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Abstract. We quantize abelian Yang—Mills theory on Riemannian manifolds with bounda-
ries in any dimension. The quantization proceeds in two steps. First, the classical theory is
encoded into an axiomatic form describing solution spaces associated to manifolds. Second,
the quantum theory is constructed from the classical axiomatic data in a functorial manner.
The target is general boundary quantum field theory, a TQFT-type axiomatic formulation
of quantum field theory.
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1 Introduction

The present paper represents a step in the program to formalize realistic quantum field theories in
terms of the axiomatic approach known as topological quantum field theory (TQFT) or functorial
quantum field theory. More specifically, we show how to quantize abelian Yang—Mills theory
functorially on Riemannian manifolds with boundary.

The precise framework we use is general boundary quantum field theory (GBQFT) [13]. We
choose this framework over other TQFT-type axiomatizations for two reasons. On the one
hand it is more amenable to support infinitely many degrees of freedom than the often preferred
cobordism setting originally proposed by Atiyah [2]. On the other hand it embeds into the larger
program on the foundations of quantum theory known as the general boundary formulation and
provides a direct connection to the positive formalism [18, 20]. Other TQFT-type approaches
to quantizing classical field theory (beyond dimension 2) include the program by Cattaneo,
Mnev, Reshetikhin and collaborators based on the BV-BFV formalism [5, 6] as well as work by
Kandel [11]. Works of the former group even include remarks on abelian Yang-Mills theory,
mostly on the classical level. However, as far as we are aware, a TQFT-type quantization of
abelian Yang—Mills theory in dimensions higher than 2 is achieved in the present work for the
first time.

Instead of directly attempting to quantize a classical theory in terms of its geometric and
analytic structures such as bundles, sections, spaces of solutions etc. we introduce an inter-
mediate step. This step consists of an axiomatization of the classical theory using the same
geometric structures as the quantum theory. That is, we associate data to spacetime regions
and hypersurfaces and describe its behavior under gluing. The quantization then proceeds in
two parts. The first part consists of showing that and how the classical field theory satisfies the
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classical axioms. The second part consists in constructing the quantum theory from the data of
the classical axioms.

This strategy was first proposed and carried through successfully in [16]. There, the simplest
case of linear field theory without gauge symmetries was considered. It was shown how (the
second part of) the quantization can be carried out functorially, given that additional data is
provided. This data takes the form of a complex structure for a geometric quantization with
Kaéhler polarization per hypersurface.

A generalization of the quantization functor to affine field theory, i.e., where spaces of so-
lutions are affine spaces, was carried out in [15]. This seems in principle a fitting setting for
abelian Yang—Mills theory since its spaces of solutions are naturally affine spaces. However, the
gauge symmetries of Yang—Mills theory provide a considerable complication. It was shown in [7]
how the gauge symmetries can be dealt with by symplectic reduction in such a way that the
theory on Riemannian manifolds can be brought into a classical axiomatic formulation similar
to the one introduced for affine field theory. In the process, an additional obstruction was disco-
vered. Namely, it turns out that the reduced spaces of solutions in manifolds are not necessarily
Lagrangian submanifolds of the reduced boundary data, but merely isotropic ones. In [8] the
first step was taken to construct a complex structure that would allow to complete the classical
data in order to proceed to (the second part of) the quantization. In the present paper we
bring all these ingredients together and show how to complete the picture in order to obtain
a quantization of abelian Yang—Mills theory on Riemannian manifolds with boundary in terms
of GBQFT.

In Section 2 the axiomatic system for affine classical field theory is introduced. This axioma-
tic data is quantized functorially in Section 3, leading to GBQFT. (This is step two in the
above description.) The construction of the classical data from abelian Yang-Mills theory is
presented in Section 4. (This is step one in the above description.) The special case of abelian
quantum Yang—Mills theory on 2-dimensional compact manifolds is worked out more explicitly
in Section 5. An outlook is provided in Section 6. Appendices on the axiomatization of spacetime
(Appendix A), the core axioms of GBQFT (Appendix B) and some basic facts on abelian Yang—
Mills theory (Appendix C) are also included.

2 Semiclassical axioms

For the quantization of abelian Yang—Mills theory on Riemannian manifolds as a general boun-
dary quantum field theory (GBQFT) we can make use of the machinery already developed for
linear [16] and affine field theory [15] in this context. Indeed, in those works a quantization
functor was exhibited that sends a classical field theory to a general boundary quantum field
theory (up to a certain integrability condition). For this purpose the classical field theory is
encoded not in terms of fields and differential equations, but rather through algebraic data in
axiomatic form. These data involve local solution spaces on a spacetime system. It turns out
that abelian Yang—Mills can be brought into a form that “almost” satisfies the axioms of affine
field theory as given in [15].

In this section we present a suitably generalized axiomatic system for affine field theory. In
Section 4 we then show how abelian Yang—Mills theory gives rise to data that satisfy this system.
At that point the motivation and physical meaning of this data will be clarified, see also [15].
For the moment we restrict attention to the axiomatic system itself to subsequently consider its
quantization in Section 3. Given a spacetime system (reviewed in Appendix A), we say that the
following axioms determine a semiclassical affine field theory.

(C1) Associated to each hypersurface ¥ is a complex separable Hilbert space Ly and an affine
space Ay over Ly with the induced topology. The latter means that there is a transitive
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(C2)

(C3)

(C4)
(C5)

(C6)

(C7)

(C8)

and free abelian group action Ly x Ay — Ay, which we denote by (¢,n) — ¢ +n. The
inner product in Ly is denoted by {-,-}x. We also define gx(-,-) = R{:,-}» and wx(:,-) ==
%%{-, -}» and denote by Jx: Ly, — Ly the scalar multiplication with i in Ly. Moreover
we suppose there are continuous maps fy: Ay X Ly — R and [,-]y: Ly, X Ly — R such
that 6y is real linear in the second argument, [-,-]y; is real bilinear, and both structures
are compatible via

[¢a¢/]2+92(n7¢,):92(¢+na¢/)7 VUGAEa V¢a¢/€LE-

Finally we require
WE(¢, ¢/) = %[¢7 ¢I]E - %[le, ¢]2> vqba QSI € Lyx.

Associated to each hypersurface ¥ there is a homeomorphic involution Ay, — As; and
a compatible conjugate linear involution Ly, — Lsz under which the inner product is
complex conjugated. We will not write these maps explicitly, but rather think of Ay, as
identified with Ay and Ly, as identified with Ly. Then, {¢/, ¢}s = {¢’, ¢}x and we also

require O5(n, ¢) = —0x(n, ) and [¢, ¢'lss = —[¢, ¢']x;, for all ¢,¢’ € Ly, and n € As.

Suppose the hypersurface ¥ decomposes into a union of hypersurfaces ¥ =X U---U X,,.
Then, there is a homeomorphism Ay, x --- x Ay, — Ay and a compatible isometric
isomorphism of complex Hilbert spaces Ly, @ --- @® Ly, — Lyx. Moreover, these maps
satisfy obvious associativity conditions. We will not write these maps explicitly, but rather
think of them as identifications. Also, Oy, = 0y, +---+6x, and [,-]s = [, -], + -+, |z,

Associated to each region M is a real topological vector space Lj; and an affine space Ay
over L) with the induced topology. Also, there is a map Sy;: Ay — R.

Associated to each region M there is a closed Hilbert subspace Ly on € Loy and an
affine subspace Ayron C Apar over it.

Associated to each region M there is a continuous map ays: Ay — Agy and a compatible
continuous linear map of real vector spaces ryr: Ly — Lays. We denote by A the image
of Ajs under aps and by L; the image of Ly under rj;. Then, Ay C Apraon. Also, Ly
is a closed Lagrangian subspace of the space Ljs g as a real symplectic vector space with
respect to the symplectic form wgys. We also require

Sui(n) = Sar(n') — g0onr(are(n), rar(n —n'))
— s0an(an (), ra(n —11)), V' € A (2.1)

Given a hypersurface % we have for the associated slice region 3 the equalities Ai o5 = Ags
and Li,ai = Lys. Also, Ay can be identified with Ay as a topological affine space
and Ly, with Ly as a real topological vector space. Moreover, using these identifications,
as,(n) = (n,n) and r¢(¢) = (¢, ¢) with the decompositions of (C3) understood.

Let M7 and Ms be regions and M = M LI Ms be their disjoint union. Then, there is
a homeomorphism A, x Ay, — Ay and a compatible isomorphism of real topological
vector spaces Ly, @ Ly, — Las such that ayr = an, X an, and vy = ra X rag,.
Moreover, these maps satisfy obvious associativity conditions. Hence, we can think of
them as identifications and omit their explicit mention in the following. We also require
Su = Swm, + Swm,- Moreover, writing identifications as equalities we require Ay oy =
Ay om, X Anpom, and Ly on = Ly v, © Ly o0, -
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(C9) Let M be a region with its boundary decomposing as a union M = ¥ UX UY/, where ¥’
is a copy of ¥. Let M; denote the gluing of M to itself along 3, 3’ and suppose that M;
is a region. Note OM; = 1. Then, there is an injective map VRS Apr, — Apn and
a compatible injective linear map r vy L = Ly such that

AM1 — Ay = Ay, LM1 — Ly = Ly

are exact sequences. Here, for the first sequence, the arrows on the right hand side are
compositions of the map ap; with the projections of Agys to Ax and Asy respectively (the
latter identified with Ay;). For the second sequence the arrows on the right hand side are
compositions of the map ry; with the projections of Ly, to Ly and Ly respectively (the
latter identified with Ly). We also require Sy;, = Sps o Apps sy

Consider the projection map ag: Agyr — A, and the associated linear projection map
A1t Lapr — Lony,. Then, al(AM,BM) - AM173M1 and Al(LM,BM) C L, oM, and the
following diagrams commute

Apryy?

« /
any Anpy onn <—— AM,BW\ | an

\
Ao, Ao
and
SYS>0
L M, L M

Lo,

We comment on the difference to the axiomatic system presented in [15]. In the latter it is
required that for any region M the space L; is a Lagrangian subspace of Lgys. This amounts
to requiring Lyron = Loar and Aprpnr = Aaar, resulting in a considerable simplification of the
axioms. The more general version of the axioms presented here is motivated precisely by the
discovery in [7] that for abelian Yang—Mills theory the stricter Lagrangian subspace condition is
not satisfied in general. We shall demonstrate in Section 4, however, that the present generalized
axioms are satisfied. Before that, we show in Section 3 that the quantization functor of [15] can be
generalized correspondingly. This gives us abelian quantum Yang—Mills theory on Riemannian
manifolds as a GBQFT.

We recall the following elementary lemmas, adapted to the present setting.

Lemma 2.1 ([16]). For a region M the space Lyran decomposes as a real orthogonal direct
sum over R as Lyron = Ly & Jom Ly -

Lemma 2.2 ([15]). For a region M the space Apyron decomposes as a generalized direct sum
over R as Apypon = Ay @ Jom Ly
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We denote in the following the (complex) orthogonal complement of Lz gas in Laoas by LM M-

Corollary 2.3. For a region M the space Ly decomposes as a direct sum over R as
Loy :LM@JaMLM@Lf\Z,BM' (2.2)

Corollary 2.4. For a region M the space Agys decomposes as a generalized direct sum over R
as

A(‘)M = AM ) J(?MLM ) L*LBM'

3 Quantization

In the present section we exhibit the quantization functor that assigns to a semiclassical affine
field theory in terms of the axioms of Section 2 a corresponding GBQFT in terms of the axioms
of Appendix B in a constructive manner.! This functor is a generalization of the one given
in [15]. Correspondingly, we shall rely heavily on the results presented in [15]. These in turn
were obtained by recurrence to the linear theory and the functor presented in [16]. As we will
also make use of this recurrence here, we start by considering the linear theory. We shall use
superscripts L to distinguish the output of the quantization functor for the linear theory from
that of the affine theory, to be considered subsequently.

3.1 Linear theory

In this subsection we consider the special case of linear field theory. In terms of the axiomatic
system of Section 2 this means that the spaces Ay and Ajs of local solutions on hypersurfaces
and in regions are linear spaces, i.e., have distinguished base points ¢y and ¢ that fit together
under hypersurface decompositions and gluings of regions. The spaces As, and Aj,; can then
be identified with their vector space counterparts Ly, and Lj;s, simplifying considerably the
axiomatic system. The resulting system is then a generalization of the axiomatic system for
linear field theory presented in [16, Section 4.1]. The latter is recovered completely by always
setting Laron = Ly and eliminating mention of the action from the axioms. In case that the
spacetime system arises in terms of submanifolds of a global manifold the choice of base points is
essentially equivalent to a choice of global solution ¢ of which ¢s and ¢, are local restrictions.

The following is largely a review of [16, Section 4]. We shall indicate where new results
are presented. We recall that for a hypersurface X the real inner product % gs. on the complex
Hilbert space Ly; defines a Gaussian measure vs; on the space ﬁg which is an extension of Ly,.
More precisely, Ly, can be identified with the algebraic dual of the topological dual of Ly so
that there is a natural inclusion Ly, < Ly. Recall also that the square-integrable holomorphic
functions on Ly, form a separable complex Hilbert space H2 (f/g, 1/2) , whose elements are uniquely
determined by their values on the subspace Ly. This is declared to be the state space 7—[%
of the quantized theory. This construction is also called the holomorphic representation and
the elements of H% viewed as functions on Ly, or Ly are referred to as (holomorphic) wave
functions. The conjugate linear isometry LIf:: ’H% — ’H% associated to orientation change of the
hypersurface ¥ is given by complex conjugation of the wave function. For the decomposition
of a hypersurface ¥ = 7 U Yo it is clear that we have ”H% = HI§1®HI§2 where @ denotes
the completed tensor product, since Ly, = Ly, @ Lyx,. Thus, the quantized theory satisfies
Axioms (T1), (T1b), (T2), (T2b).

1Strictly speaking, the exhibited quantization prescription is not quite a functor since the quantum theory
might have restrictions on allowable gluings not present in the classical theory. These come from an integrability
condition.
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A particularly important set of states are the coherent states. These are the usual coherent
states in linear field theory that can be obtained as exponentials of creation operators. They are
parametrized by elements of Ly. The coherent state K¢ € ’H% associated to the local solution
& € Ly, is given by the wave function

Ke(¢) = exp (3{&0}s), Vo€ Ls. (3.1)

Key properties of these states are the reproducing property and the completeness property,
(K. )k =9(6),  VéeLs,  VieH
Wk = [ W KKewkdim(e), Vo € k.

Ly

Further properties of coherent states are

<K§’a KE)% = €xXp (%{575/}2) ) v€a€/ € Ly,
5(Kne) = Kge,  VEE Ly,
KE1UE2,(E1,§2) = thfl & Kzz,&? V& € LZ‘17£2 € Ly,.

We denote the normalized version of the coherent state K¢ by INQ.

Given a spacetime region M the inner product %gaM restricted to L,; defines a Gaussian
measure on the space L ;7 that we denote by v;. Here, L 57 can be identified with the algebraic
dual of the topological dual of L ;. Note that the measure vy (denoted v in [15, 16]) is distinct
from the measure vy, restricted to the same space. The amplitude map pIM: 7—[]5}’\/[ — C is given
by the integral (the map rjs being implicit in our notation)

Pl () = / () dvar(). (3.2)
Ly

Note that v is square integrable with respect to vgas. This does not mean that it is integrable
with respect to vys. Indeed, we shall say that p%/[ is defined for v precisely if this is the case. We
denote the subspace of HgM with this property by ngm As we shall see this includes at least
all coherent states and their linear combinations. As these form a dense subspace of 7—[]5M, ’ngf\/[
is dense. It was shown in [19] that the prescription (3.2) is equivalent to Feynman path integral
quantization.

The following result gives the value of the amplitude map on a coherent state. This generalizes
Proposition 4.2 of [16].

Proposition 3.1. Let M be a region and & € Layr. Write € = €7 + Jop&l + €0 in terms of the
decomposition (2.2). Then, K¢ € Hg;’w and

pii(Ke) = exp (2gonr (67,€7) — 2gam (€7,€) — Sgam (€7,€7)).

Proof. Observe that &Y is complex orthogonal to L ;. That is, given ¢ € L;; we have K¢(¢) =
K¢ ¢o(¢). By inspection of (3.2) we see that we must have pf, (K¢) = pjy; (K¢_¢o) if the amplitude
is defined. The statement reduces then to that of Proposition 4.2 of [16]. |

With this we satisfy Axiom (T4). Also, Axiom (T3x) is satisfied. The proof reduces to that
given in [16] due to the fact that Ly = Ly 45 for slice regions ¥, see Axiom (C7). Axiom (T5a)
is also immediate.

Corollary 3.2. For the corresponding normalized coherent state IQ we get

phi(Ke) = exp (—3gon (€7,€7) — Lgans (€7,€7) — Lgane (€°,€°)). (3.3)
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Recall that a simple, but compelling physical interpretation of the amplitude formula (3.3)
was put forward in [16], valid here in the special case Lyron = Lon. Essentially this same
interpretation extends to the present more general setting. If we think in classical terms, the
component &% of the boundary solution & can be continued consistently to the interior and is
hence classically allowed. The components JypE! and €2 do not possess such a continuation and
are hence classically forbidden. This is reflected precisely in equation (3.3). If the classically
forbidden components are not present, the amplitude has unit value. On the other hand, the
presence of a classically forbidden component leads to an exponential suppression, governed
precisely by the “magnitude” of this component (measured in terms of the metric gsps). It is
interesting to note that the suppression factor is not the same for Jyy&" and €°. However, it is
not clear whether this difference can be given a simple physical interpretation.

It remains to show that the quantized theory satisfies the gluing Axiom (T5b). Consider
a region M with boundary decomposition OM = OM; U X UY' gluable to itself along ¥ with ¥’
resulting in the region M;. Using the completeness relation of the coherent states the gluing
identity (B.1) can be rewritten as

i, () - ¢(M;2,57) = /L pir( ® Ke @ 1s(Ke)) dvs(€), (3.4)

for any ¢ € Hlé}’\/fl. Recall that for Axiom (T5b) to hold we must require an additional integra-
bility condition. We say that the gluing data satisfies the integrability condition if the function
Ly, — C given by

¢ e (Ko ® Ke ® 15(Ky)) (3.5)

extends to an integrable function on Ly, with respect to the measure vs. The validity of
Axiom (T5b) is then the subject of the following result, generalizing Theorem 4.5 of [16].

Theorem 3.3. If the integrability condition is satisfied, then Aziom (T5b) holds. Moreover, the
gluing anomaly factor is given by

(2 T) = [ (0 @ K o 5(Ke)) v (©). (3.6)

Proof. It is sufficient to show the validity of the gluing identity (3.4) for coherent states. That
is, we need to show, for any ¢ € Loy, ,

Plin, (Kg) - e(M; %, 57) = /L Phr(Kyp ® K¢ ® 15 (Ke)) dvs(€). (3.7)
P

We decompose ¢ = ¢* + ¢V with ¢* € L, om, and ¢° € Ll%/h an, - From Proposition 3.1 we

have on the left-hand side p}; (K4) = pf; (Kgx). On the other hand, the integrand on the

right-hand side can be rewritten as

pir(Ky @ Ke @ 15(Ke)) = /L - Ko(m)Ee(ne)Ke(nsr) dva ().

Here, (n1,1s,ms7) = rm(n). However, since A\i(Laronv) € L, onm, with Axiom (C9) we have
m € L, om, and thus {gb,m}ng = {¢X,771}15M1- From the explicit form of the wave func-
tion (3.1) of the coherent states this implies Ky(11) = Kyx(n1). Thus on the right-hand side
of (3.7) we can also replace ¢ by ¢=. The proof then reduces to the proof of Theorem 4.5 of [16]
by replacing Loy and Lgpy, there with Lasgar and Ly, oar, respectively. [ |
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3.2 Affine theory

We proceed in the present subsection to describe the functor that constructs from an affine field
theory in terms of the axioms of Section 2 a GBQFT in terms of the axioms of Appendix B. As
this functor is an adaption of the one presented in [15], large parts of this subsection consist of
a review of Section 4 of that paper.

Given a hypersurface 3 we denote the algebra of complex valued continuous functions on As;
by Cyx. We define the Hilbert space Hy associated to the hypersurface X as a certain subspace
of Cyx; as follows. Fix a base point n € Ay, and consider the following element of Cy

ad(p) = exp ($0s(n, 0 —n) + 10s(p, 0 —n) — gs (e — 0,0 — ).

Define Hy as the subspace of Cyx, of elements ¢ that take the form

P(p) = X" (e — nad(p), (3.8)

where x" € ’Hli Equip Hyx, with the inner product
Wby = [ s,
Ls,

‘Hyx, becomes a complex separable Hilbert space in this way, naturally isomorphic to ’HIi Cru-
cially, the definition is independent of the choice of base point as shown by Lemma 4.1 of [15].

As for the elements of H& we shall refer to the elements of Hy also as wave functions.
Note that a% = @. Thus, complex conjugation of wave functions yields a conjugate linear
isomorphism tx: Hy — Hs. For a hypersurface decomposition ¥ = ¥; U X2 and n; € Ay,

n2 € Ay, we have a(;lldg; = a%ll o/g2 and therefore naturally get Hyx, s, = Hx, ®Hs,, where the

tensor product is the completed tensor product of Hilbert spaces. Thus, we satisfy Axioms (T1),
(T1b), (T2), (T2b).

It turns out that in affine field theory there is a natural notion of affine coherent states,
somewhat, but not completely analogous to the coherent states for linear field theory. For a
hypersurface ¥ the affine coherent states are parametrized by Ay. Given ( € Ay the associated
coherent state K’g € Hy is determined by the wave function

~

Ke(p) =exp (305(C o — Q) + 30s(0. 0 — () — 39s(p — (o — ().

The affine coherent states satisfy the reproducing property and a completeness relation

(K¢, ¥)s =v(0),
W/,?ﬂ)z:/ W Kyie)s(Kype, ¥)s exp (3g5(€,€))dvs(€). (3.9)

Ly

Note that in the completeness relation we use a base point 7 € Ay; as we have a measure on Ls,
rather than on Ay. However, the choice of base point is arbitrary. We also exhibit the inner
product

(Ko, KoYy = exp (305(¢, ¢ — ¢) + 40s(¢, ¢ = ¢) — Lgs(¢ — ¢, ¢ —0)).

Note in particular, that the affine coherent states are already normalized. The behavior of
the affine coherent states with respect to orientation change and hypersurface decomposition is
straightforward

Kiv( =1z (KE:<)7 KEUE’,(C,Q’) = KZ,C ® KZ/7C/.
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It is also useful to explicitly relate the affine coherent states to the coherent states of the
linear theory. Given a base point 1 € Ay, and an element £ € Ly; we consider the state K g € Hx
given by the wave function

Kl(p) = Ke(p —mag(p), Ve e As. (3.10)
We observe that this state is related to the affine coherent state Rn% by a constant factor

Kyie = Kl exp (=ifs(n.€) — 1[6.€]s — 1g(£.9)). (3.11)

Let M be a region. The amplitude map ppr: H3,, — C in M is defined with the help of
a choice of base point n € Ay as follows. We decompose the wave function of a state ¥ € Hyys as
in equation (3.8). This specifies an element x7 in Hgys. In particular, x7 determines a complex
function on Lgy. If this function is integrable with respect to the measure vy; on L 7> then we
declare 1 € Hg,, and the amplitude of 1) to be given by (with 7, implicit)

par () = exp (1S (1)) / V(6) dvar(6). (3.12)

Ly

By Lemma 4.2 of [15] this definition is independent of the base point. It was shown in [19]
that this definition precisely implements Feynman path integral quantization. As we shall see in
a moment the subspace H3,, of Hoys of wave functions which are integrable contains at least all
coherent states. Thus, H,, is dense in Hyps and Axiom (T4) is satisfied. Also, Proposition 4.4

of [15] shows that Axiom (T3x) is satisfied. The proposition is applicable since Ly = Lg g5

and Ayg = Ag 55 by Axiom (C7). Axiom (Tba) is straightforward using the additivity of .S as
exhibited in Axiom (C8).

The following result yields an explicit formula for the amplitude of an affine coherent state.
This generalizes Proposition 4.3 of [15].

Proposition 3.4. Let ¢ € Agyr and ¢ = CR + Jop ¢t 4 €0 be its decomposition with respect to
the generalized direct sum Apn = Ay © Joy Ly @ Lﬂj anr according to Corollary 2.4. Then

pr (K¢) = exp (iSa (¢) — i0an (¢}, Jons ¢ + ¢°)
— $[TonaCt 4+ %, Tona 4 Clons — 2900 (¢ C1) — 19001 (¢°,C0))- (3.13)

Proof. Taking ¢® as base point and defining ¢* = ¢ — ¢° we decompose the coherent state
wave function as in (3.8)

S R R
Ke(p) = X (9 = maga(p).
Combining (3.11) and (3.10) then yields

X = K, ctsco exp (—i0anr (€7, Jone ¢t 4 ¢0)
— $[Jonr¢t + ¢°, Tana ¢t + € 5,y — 29000 (Jona €+ €O, Jonr ¢t + C0)).

The relevant integral in (3.12) is
/ﬂ~ K, yetico(9) dva (@) = /L ~ K, ,c(9) dvar(¢) = exp (—390m (¢, ¢1))-

The first equality comes from the fact that ¢° is complex orthogonal to L 47 and thus does not
contribute to the coherent state wave function (3.1) evaluated on ¢. The second equality follows
from Proposition 4.2 of [16]. Combining, formula (3.12) yields equation (3.13). |
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It remains to demonstrate the validity of the gluing Axiom (T5b). Thus, consider a region M
with its boundary decomposing as M = X1 U X U Y/, where X/ is a copy of ¥. M; denotes
the gluing of M to itself along ¥, ¥’ and we suppose that M; is an admissible region. Fixing
a base point 7 € Ay the gluing identity (B.1) of Axiom (T5b) in terms of the affine coherent
state completeness relation (3.9) takes the form

pan, (V) - e(M;3,5) = /L pr (1 ® Kyie ® 15 (Kypie)) exp (3g5(€,€)) dvs(€), (3.14)

for all ¢ € My, .

As in the linear case, we require an integrability condition for the axiom to hold. Here, this
condition is that for some, hence any, n € Ay, , the extension of the function Ly, — C defined
by

&= prr (K, ® Kyyre ® 155 (Kypgpe) ) exp (395(6,€)) (3.15)

to a function on Ly, is vy-integrable and its integral is different from zero. Here (n1,7x,ny/) =
an © ayyv57(n), compare Axioms (C6) and (C9).

Theorem 3.5. If the integrability condition is satisfied, then Aziom (T5b) holds. Moreover,
gwen a base point n € A,

c(M; 3, @) = exp(—iSn, (n)t)

X /L PM (Km ® Kﬁ2+5 Qs (Kﬂﬁﬁ)) exXp (%92(57 5)) dvs(8), (3.16)

and this expression is independent of the choice of base point.

Proof. We perform the proof by reducing it to the corresponding Theorem 3.3 of the linear
theory. We first relate the amplitude maps of the affine setting explicitly with those of the linear
setting. Decomposing the wave function of a state ¥ € Hgy on the boundary of a region N
with respect to a base point n € Ay as in (3.8) we have

pn(¥) = exp (1Sn () Py (X),

as seen by inspection of equations (3.2) and (3.12). In particular, for coherent states of the type
exhibited in (3.10) we obtain with £ € Loy

pn (K) = exp (iSn(n) piy (Ke)-

In the context of the gluing data, upon choosing a base point n € Ay, and using equation (3.11)
we can rewrite the integrand of (3.16) in terms of the linear amplitude map

exp (—1Sm(n) + 395(6,€)) prr (K, ® K¢ @ 12 (K1) = pis (Ko © Ke @ 1n(Ke))-

This shows that the claimed anomaly factor (3.16) is in fact precisely the anomaly factor (3.6)
of the linear theory. This also shows that the integrability condition (3.15) for the affine theory
is equivalent to the one (3.5) of the linear theory.

We proceed to reduce the gluing identity (3.14) to that of the linear theory (3.4). It will be
convenient to use coherent states of the form (3.10). We use a base point ¢ € Ay, but ¢ € Ly,
arbitrary. With Theorem 3.3 we obtain, as desired,

par (KG') - (M 3,5 = exp(iSh, (C))plir, (Ky) - ¢(M; %, 5)
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= exp (1500 (0) | (I © Ke @ es(0) dvs(€)

- /L pur (K @ K¢&° @15 (KE®)) dus(€)

= /L par (K§ @ Kegpe ® 15 (Kgype)) exp (3gs(€,€)) dvs(8). _

4 Semiclassical abelian Yang—Mills fields

In the present section we show in a constructive manner how abelian Yang—Mills theory gives
rise to the data of semiclassical affine field theory in terms of the axiomatic system of Section 2.
Together with the quantization functor of Section 3 this provides quantized abelian Yang—Mills
theory as a GBQFT. We work on smooth manifolds equipped with a Riemannian metric. For
the reader’s convenience we review some of the geometric facts for YM fields in Appendix C,
see also [7]. We rely on the results obtained in [8]. We start with an overview and motivation
of the construction in the more general context of affine field theory.

For the Yang—Mills model, manifolds carry additional structure arising from the metric and
from the principal bundle over it. Hypersurfaces should be considered with their metric germs in
the ambient manifold. During the gluing procedure we need to provide additional data that en-
codes the topology of the final principal bundle, see Appendix A. In our case a cohomology class
c(€) € H2x(M,Z) associated to the final principal bundle carries this additional information.

4.1 Overview

Our starting point is affine classical field theory for an action Sj; on a spacetime region mo-
deled as a smooth oriented n-manifold M with smooth boundary OM # @. We consider the
compact abelian structure Lie group U(1). Moreover, for simplicity we fix a principal bundle &,
with fiber U(1). Each smooth connection n € Conn(€) has a closed curvature 2-form on M,
F" € Q?>(M). For any other smooth connection 7/, 7 — 7 is in correspondence with certain
¢ € QY(M), hence F" = F" 4 dy, and the cohomology class

(&) = [ F"] € Hip(M,Z)
does not depend on 77 € Conn(€). For other (non-compact) abelian Lie groups without compact
factor, there is no need to consider ¢(€). Thus the choice of U(1) forces considerations of the
topology of the region M and the bundle £ in our calculations (expectation values).

We consider the Yang-Mills action

Sy(n) = 5/M F"AxF", Vn € Conn(&), (4.1)

where x stands for the Hodge star operator in M.

We suppose that the Euler-Lagrange equations yield an affine space of solutions, Ay;. For
first-order Lagrangian densities, the space of first order boundary data, Agps, is also an affine
space describing both Dirichlet as well as Neumann boundary conditions. Among boundary data,
those that can be extended as fields in the bulk describe an affine subspace Ay oar € Agnr, while
we denote those that can be extended as Euler-Lagrange solutions in the bulk as A;; C Apr o
Since the general boundary value problem is uniquely solved, Agys may be regarded as the space
of solutions on a small cylinder M x [0, €), while the particular topological restrictions imposed
by the inclusion OM C M may manifest as a proper inclusion Axronr © Asar. The linear spaces
associated to the previous affine ones are denoted as Lys, Loy, Ly; and Lag g, respectively.
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Geometric quantization requires the presence of a linear presymplectic structure wy, defined
in the Lagrangian setting, see [27]. According to Appendix A for a spacetime system we consider
n-dimensional spacetime regions M as well as thickened (n — 1)-dimensional hypersurfaces X.
Thick in this situation means a suitable normal structure attached to ¥ when we regard it as
a Riemannian submanifold. To the pair (M,0M) we will associate another pair (A;, Ayonm)
which would define a Lagrangian relation. We avoid regarding Ay, C A pn as morphisms, i.e.,
canonical transformations in a “would be category” of symplectic linear vector spaces, see [25].
We rather postulate how gluing rules for two spacetime regions lead to reconstruction of solutions
in a new region obtained by gluing old regions along a boundary hypersurface.

Gauge symmetries in the boundary may be encoded in this context as the degeneracy linear
subspace ker wWyys of the presymplectic structure. This follows from the horizontal exactness of
the multisymplectic current contracted with gauge variations. See [12, 28], although the roots
of this argument may be traced back to Dirac. Hence, in this particular case gauge reduction
takes the simple form of a linear space quotient. Throughout this work we consider that all our
linear and affine spaces are the final result of gauge reduction. We regard Lgys, Agps as linear
and affine symplectic spaces.

A suitable polarization requires a tame complex structure Jgp; on Lgps. This is the main
ingredient determining the resulting quantum theory apart from the purely classical data de-
scribed so far. Jyps can be constructed using the Dirichlet—Neumann operator. For the abelian
Yang—Mills case the latter was obtained in [8].

In this section we proceed to the definition of the main objects of the theory and validate the
axiomatic framework of Section 2.

4.2 Hypersurfaces

We proceed in this subsection to prove semiclassical Axioms (C1), (C2), (C3). For each (n—1)-

dimensional hypersurface ¥ we define the space Ly as well as bilinear maps, ws(-,-), [, ]s,

gs(+,+), {*,}», and a complex structure Jx; mentioned in Axioms (C1), (C2), (C3). The complete

validation concerning affine spaces Ay, and an affine 1-form 6y, will be given subsequently.
Take the bilinear map

(61, bl = /E o2 Axso?, (4.2)

where xy; is the Hodge star operator in ¥ and where each ¢1, ¢2 is a couple ¢; = ((Z)ZD , ¢fv ) €

(Ql(E))®2. QL(X) denotes the 1-forms in X. At this stage indices D, N are just labels. When
applied to hypersurfaces ¥ embedded into a region M with embedding ix;: ¥ C M and to 1-
forms ¢ € Q1(M), then ¢ means the Dirichlet boundary data i of ¢, while pV = *xi% (xdp)
refers to the Neumann boundary data of ¢. Thus ¢ — ¢ = (goD o ) defines a linear map

ra () = 6, rars QM) = (Q1(2) 7
The presymplectic linear form Wy is described by the antisymmetric part of the bilinear
form [-, ]

wx (01, ¢2) = 3 ([¢1, dals — (B2, P1]x).

Define the complex structure Js: Q1(2)%2 — QY(2)%? as
Jx (¢D7 ¢N) = (¢N7 _(Z)D) (43)

We can also define a symmetric bilinear part gs (-, ) = 2wx(-, Jx-). More explicitly

g2(01,92) = /qu? Axsdy + o1 Axsdd .
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Lemma 4.1. The degeneracy space of the bilinear antisymmetric form Wy, is
ker wy, = {df @dg: f,g€ (QO(Z))}.

Proof. For the proof consider the gs-orthogonal Hodge decomposition
QF(E) = dFHE) & HF (D) @ d=M (D),

where $*(X) := {A € Q%(X): d\ = 0 = d*A} stands for harmonic k-forms. Thus
kerd®= = {¢ € Q'(2): d*=¢ = 0} = H*(T) @ =" (D) ~ QF(X)/dQF1(T).

Hence wx,(¢,df1 @ dfz) = 0 for every ¢ = ¢P @ ¢V € (kerd*>)®? and exact 1-forms dfy,dfs €
Q1(X). On the other hand, the equality ws (¢, df1 @df2) = 0 for every f1 D fo € Q°(X)®? implies

/2 dfi Axso™ — ¢P Axsdfs = /E fd=gN — fod=¢P, VY fi, f2 € QUT),

hence, d*=¢"V = 0 = d*=¢P. |

The complex structure defines the scalar multiplication by i, hence we may define a Her-
mitian product {-,-}x = gx + 2wy, which in the complex linear vector space (kerd*>)®? is
non-degenerate.

Since in our proposed axiomatic framework we need Hilbert spaces, we rather complete the
spaces of boundary data, i.e., we consider the Hilbert space L2Q!(X) obtained as the gs-closure
of Q1(X). In order to see that the closure space of the Dirichlet boundary data ¢” on ¥ is in
fact in L2Q'(¥) take the closure ker d*= in the Sobolev space W2Q!(X). Then the quotient
norm of the gauge quotient for Dirichlet conditions ker d*= /ker d*= N dW?22Q%(X) is isomorphic
to the gs-norm in L?Q!(¥). On the other hand, the Neumann datum ¢V is contained in
ker d*= C L?2QY(X). Thus we consider the Hilbert space obtained by the gs-completion of the
first-order boundary data on ¥ as the space of pairs of 1-forms

Ly, == (ker d*= /ker d*= N dW>?Q°(%)) @ ker d*= C L*Q1(¥) @ L*Q'(2). (4.4)
In (4.4) we have used the fact that in X the differential has the following domains and rank

d: wh2Ql(s,) — L2QY(%.).
This follows from Gaffney’s inequality, see [22],

lwlBne < CldwlZe + [dwlZe + wl). Ve € WHPQL (D). (45)

Whenever we consider an abstract hypersurface ¥ we consider it as an (n — 1)-manifold
together with an n-dimensional Riemannian metric defined in a cylinder

Y. =¥ x[0,¢].

We recall some definitions of Sobolev spaces. First recall Hodge-Morrey—Friedrichs (HMF)
decompositions for any Riemannian manifold Y., with boundary 9%, = ¥ U ¥’ with inclusion
of the bottom component ix: ¥ — 3, see [22],

OF(32) = A (2) @ 5% (3) @ (9F(3) NdF'E.) @ QR (3.,
QM) = dOl (2 @ H)(Z) @ (9F(2) Nd*QFIEL) @ (), (4.6)
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* is the Hodge operator on ..

Recall also that the differential d acts on the chain complex Q% (3.), meanwhile the codif-
ferential d* acts on the complex Q’f\,(EE). The space of harmonic forms, $*(3.), is infinite-
dimensional. Nevertheless its boundary conditioned subspaces, $5% (3.), 9% (2.) C H*(X.) are
finite-dimensional. For Sobolev spaces in decomposition (4.6) we substitute the orthogonal

summands of W*~1PQF(3.) by
AW*PQE1(S,) = {a € domd C WPQ*1(%,): ijy a = 0},
W IPHR (Se) = W HPHb (S n W Pag (2),
W Pak(8,) = {\ € domd Ndomd* C W PQF(X.): d\ =0 = d*\},
WP (S,) = {8 € domd* € WHPQFTH(E,): ifs_(xB) = 0}.
Notice that by finite-dimensionality Ws=1PHk (3.) = 9k (2,).

Consider a principal bundle £(e) = i5,€ where £ is a principal bundle over ¥.. We fix base
points 7¢(.) for the affine spaces Conn(€) of connections Ay, modulo gauge, as follows.

Definition 4.2. We say that a fixed base point 7¢(.y € Conn(&) of the affine space of connections
of £, Conn(€) is a local minimum if it satisfies the following conditions:

1. ng(e) is a solution of d*F"() = 0. The (affine) space of solutions with Lorentz gauge fizing
can be defined as

{n € Conn(E(e)): &*F" =0, d*p = 0, p € W¥22Q1(5,)},

where we consider the decomposition 1 = g () + dp. We consider this space as the space
of representatives of gauge classes with the gauge defined by exact 1-forms translations.
The gauge quotient will be

AZ@: = [775(5)] + LEE?

which is an affine space modeled over the corresponding linear space Ly_ obtained as the
topological quotient of

{p e Q(Se): d*p =0, p € W31 (5,)},

by the exact translations dW?>/22Q0(%,). For the choice of the Sobolev ratios 3/2, 5/2,
see (4.10) and the explanation below for the domains and range of Dirichlet and Neumann
maps.

2. mg(e) satisfies

/ Fe@ A xdé = 0

5

for every coexact 1-form & € Q1(%.), d*¢ = 0.
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This induces a base point
nsee) = ([MEo] 180 € As (4.7)

in the space of boundary conditions modulo gauge Ay, := (Conn(&(e))/dW?2Q(X)) x ker d*».
Define

O (. ) = /2 6P i (xF). (4.8)

Then the following lemma holds.
Lemma 4.3. Let ng () be a local minimum. Then the following assertions hold.

1. 52(775(5), ©) =[5 ©P Ni%(xF"€©) vanishes for every ¢ € kerd*.
2. For the variation along the boundary Ox(n, @) with n = Ne(e) + 5 for p € kerd*, we have

O5:(n, ¢) Z/EsoNA*z(sD’)D-

3. Oy, is gauge invariant, where the gauge action in As,. is by exact translations df €
AWP22Q2(S), = 1+ df = (ng(o) +¢) +df

Os(7,¢") = / AN () V' € kerd”.
b

Therefore Os, induces a symplectic potential Os; for the translation invariant symplectic
structure ws, in As.

4. For any other local minimum base point ng(s), the assertions given above also hold.

Proof. Let us consider condition 1. Recall that 90X, = ¥ LY with ¥/ = ¥. Take ¢ € ker d*.
By Lemma C.2 there exists a o1 € Q'(X.) such that

dxdp; =0, d*p1 =0, inp1 = inp, isvp1 = 0.

Then

/ i (o ANxFE@) = / is(p1 A <F@)
% 0%,

= / is(dp1 A<F2E) + o1 Adx FE@)) = / Fe@) A xdepy = 0.
< 3% [0,e]

The last equality follows from the very definition of local minimum. Condition 2 follows from

F1 = F7e(©) 4 dyp for n = Ne(e) + ¢, d*p =0, and condition 1 so that

/ ix (' A*FT) = / is (' A*(Fe +dy)) = / i% (¢ A *dyp)
P P )

- /Z it A it(xdp) = /E (@)D Az

Condition 3 follows from the triviality of the gauge action in the Neumann component, 7V = n¥.

To verify condition 4 take two local minima ng, 7, with 772‘(5) = Ng(e) + ¢, d*¢ = 0. Then

/ (an(e) _ F"'s(s)) /\*(an(e) — F"'s(a) _/ (F"E(s) — F”é(e)) A xdp = 0,
M M
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by condition 2 of local minimum. Therefore F"¢() = F"e(<). Hence

O, (772(5) - 775(5)75) =0

for every coclosed £ and

92 (7]/5(5), g) = gz (775(5)’ g) . u

Relation (4.2) implies the following translation invariance condition

(01, P2l + O (0, d2) = Ox (1 + 1, ¢2) V1,2 € Ly, n € As. (4.9)

Notice that here the notation 7' refers to gauge classes [n] of boundary conditions n =
(nD N ) in ¥. This provides the definition of the affine spaces Ay, as well as the definition of 6
and completes the proof of Axioms (C1), (C3). A change on orientation ¥ in ¥ proves (C2).
Axiom (C7) is just the formal definition of an infinitesimal cylinder with slice region.

4.3 Regions and hypersurfaces

In this subsection we prove the validity of semiclassical Axioms (C4), (C5), (C6). Axiom (C8)
follows from the very definition of YM action (4.1).

For a space-time region M with boundary dM, the space of boundary conditions in the
boundary cylinder, Lgys is defined as in the hypersurface case as (4.4). We now consider the
subspace Laron € Loar of topologically admissible boundary conditions, as the image of the
continuous linear map 7 of Dirichlet—~Neumann boundary conditions. This verifies Axiom (C5).
In principle, 73, should have domain in W#3/22Q' (M) N kerd~/W. Nevertheless, the normal
vanishing components in the first HMF decomposition (4.6) yield the gauge fixing subspace

ker d* = )y (M) @ A W5/22Q3 (M) € W*22Q) (M),
that is orthogonal to exact forms and that has the same image Ly sar. Hence we take
ra: O (M) @ W08 (M) — Lou (4.10)

as the linear map of boundary conditions. Since we consider the (topological) gauge quotient
of the W3/22_closure of the gauge fixing space on the bulk (4.11) modulo translations by exact
forms, dW5/ 2200(M), then in the preimage we consider the quotient wt/ 22_topology (coarser
than the W%/ 22_topology). Meanwhile on the codomain of ry; we consider the L2-topology
defined in (4.4). Thus we verify Axiom (C5).

More precisely, the Dirichlet and Neumann condition maps ¢ (ng o ) for any hypersur-
face X2 C M, are defined by the inclusion ix: > — M for linear spaces

W3/2201 (M) - W2QL(S),

o P =it
w3220 (M) — L*QY (D),

o o = xonris (xdg),

restricted to H (M) @ d*W>/22032 (M). For the justification of the power 3/2 in the Dirichlet
map see [22, Lemma 3.3.2]. For the rank L?-space in the Neumann condition map, we use
a condition generalizing Gaffney’s inequality (4.5), see [22, Lemma 2.4.10(iii)], namely

[wlwsr < C([|dw|lws—10 + || d*w]lpprs—1), Vw e WHPQL(M).
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Hence when we take the gauge classes in ¥ we get rM([goD ] o ) € L?QY(2)®2 such that the
following diagram of continuous linear maps commutes

]\}90]3,90’\’)
(M) & IWP220% (M) —= WH2QN(X) @ L*QN(T)
~/dw2v2ﬂ°<M>$ ST i%dW“QO(E)

WI/Q,QQl(M) Ly = LQQI(E)GQQ’
where the downwards projections mean gauge quotients in the bulk and the boundary respec-
tively.

On the other hand, the affine space Ajp; consisting of solutions modulo gauge, is modeled
over a linear space Ljy; obtained as the Lorentz gauge fixing on the bulk

{p e W¥22Q(M): d*dp = 0, d*p = 0}, (4.11)

quotiented by exact 1-forms acting by exact translations df € dW>/ 2200(M).
For every first variation, £ € W3/22QY (M) (not necessarily a variation of solutions), for
Lorentz gauge fixing on the bulk, d*¢ = 0, take n = ng +t§, t € (—e,¢). Then

2
Sn(n) = Su(ne) +t/M F"e A *d€ + Z/M d& A xd€.

Condition 1 of Definition 4.2, integration by parts and Stokes’ theorem together imply that the
variation of the action in the boundary is

asil(©) = 5| Swln = [ e nsds= [ @ Fenaes [ e (e )
t=0
—/ ipar N igar (* FE),
oM

where igp: OM — M is the inclusion. Define
Oanr[ne](§) = / ipnr (E A KFE).
oM

See [27] to recall the definition of the boundary variation 0y, for arbitrary field theories. If we
consider Lemma 4.3 with ¥ = 0M then condition 2 of Definition 4.2 implies

Oon I (§) =0, V¢ € kerdr CWH/22QN(M).

Notice that this coincides with (4.8) with ¥ = OM and that it actually depends on the ima-
ges apr(ne), rar(€). Thus we have

Oont(ant(ne), 1 (§)) = Oant [ne] (§)-

Furthermore, F"7 = F" + dp is the orthogonal decomposition, where F"€ is orthogonal to
every exact 2-form dp, with d*¢ = 0 for every [n] = [ng] + [¢] € Anm. That is why [ne] is
a local minimum. The local minimum representative 7¢ does not have to be unique in general.
If [nt] € Aps solves Fz = F"e then n). is also a local minimum representative.

Recall that when we consider boundary conditions consisting of pairs of 1-forms (gZ)D LoV ),
we take the gauge quotient of the azial gauge firing space on the boundary M. This topological
quotient yields the linear space Lgys obtained as the closure of the pairs of coclosed 1-forms,
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([¢P],0") € L2QY(OM) ® L?*Q' (OM) just as in (4.4). If we consider the closure for the Wi/22.
topology (coarser than the w3/ 22_topology) of the Lorentz gauge-fixing for solutions intersected
with suitable summands in the second HMF decomposition (4.6)

{d*dp = 0} 0 (85 (M) & 0% (M), (4.12)

then (4.12) is isomorphic to the space Ljs of solutions modulo gauge. Therefore to obtain
the boundary conditions L = 7y (Lar) € Laran, we can take just the ry-image of (4.12).
For the linear map ryr: Ly — Lo, rar(p) = ([ng],gpN), where P and ¢ are the Dirich-
let and Neumann boundary conditions respectively, we consider the corresponding affine map
an : Ay — Apnr, with image A ;.

We summarize the results we have obtained so far. The space Lgps depends just on M and
the Riemannian metric of the cylinder OM x [0, €] and does not depend on the topology of M.
The subspace Ly sy depends on the germ of the metric on the boundary, and on the relative
topology of M and OM. For YM fields the inclusion Apspnr € Apps is proper in general. More
explicitly, L;; € Lasgn is the Lagrangian subspace obtained by the closure of

{([¢P],¢") € Larom: ¢ € (HN(M) @& *W220%,(M)) N {d*dp}}.

Recall that the harmonic components of ¢® for all solutions ¢ define a finite codimension space
of H1(OM) ~ Hl, (OM).
Let Egnr = i,,€ be the induced principal bundle on M C M. Take the fixed base point

NM.E = (ngD,néV) € Conn(Espr) x ker d*om . (4.13)
Its gauge class apr(ng) = ([n? ] , név ) is also well defined in
Agnr = (Conn(gaM)/dW2’2Q0(8M)) x ker d*om

The Dirichlet condition, ngD € Conn(&yyys) is given by the connection in the induced bundle on
Conn(&yyy) defined by ne € Conn(E). Here g, denotes the Hodge star for the induced metric
on M. On the other hand, the Neumann condition n¥ € ker d*om C L2Q'(OM) is defined as
the derivative 17(0) of a one parameter family

7 =nf +% € Conn(Eanr), 70 =nf.

That is,

ny = d 7" € kerd*om C L2QY(OM).
dr 7=0
See Lemma C.1 for further details.

For ¥ = OM and ¢; = ry(pi), i@ = 1,2, we have (4.2) and the translation invariance
condition (4.9). Notice that we have two base points for Ayy;. On the one hand, a base point is
defined for 9M as boundary component of a cylinder M, Ngpre(e), as in (4.7). On the other
hand one is defined on the boundary of M, nas ¢, as in (4.13). Then

Ne(e) — Ne = #, FeE — [ = dop, d*p =0,

/ (Fﬂs(s) — Fﬂs) /\*(F’ng(e) — Fns) :/ (Fﬂs(a) — F??s) A xdp = 0.
(0M). (0M).

Thus F" ’(8M)8 = F"¢). Hence both ng(.) as well as g are local minima for the YM action for
the cylinder (OM).. The translation invariance condition (4.9) holds for ¥ = oM.
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We verify Axiom (C6). Notice that
/ d*p Axd*p = / dd*p A xp + / d* Ax(vaplaar)
M M oM

=/ sM*dd*so—/ soD/\*(wdsOIaM)z—/ 0P A xonp™,
M oM oM

where v is the normal vector to OM, and vadp|an = (—1) *xans 35, (xde).

Let ne be a fixed point so that for every connection 7, its curvature is F"7 = F"¢ 4 dp with
© € QY(M) and dy orthogonal to F"e.

Let n —ne = ¢, ' — ne = ¢', then for the YM action

1 1
Sy(n) — Su(n) = 2/M dp A xdp — 3 /M dy’ A xdy’

1

=73 / P Axane™ + ()P Axan (@)Y
oM

On the other hand
Oont (anr(n), rar(n — 1)) + arr(ans ('), ras(n — "))
=/ P Axonr(p — )N +/ ()2 Axonr(e — &)Y,
oM oM
Since ¢, ¢ are tangent to a Lagrangian subspace,

—/ 0" Nxonr(¢)" +/ (¢")P Nxorre™ = 0.
oM oM
Therefore,

Su(m) — Su(n') = —20on(ane(n), rar(n — 1)) — L00n1 (ans ('), rar(n — 1))
holds Vn,n" € Aps. This proves (2.1) and completes the verification of Axiom (C6).

4.4 Gluing

For the process described in the semiclassical Axiom (C9), suppose that a region M is obtained
from a region M by gluing along X, € OM. We also suppose that the principal bundle
& = pyar, €1 on M is obtained from the principal bundle & on M;. From the projection map
pya: M — My we get the inclusion pj . : QY (M) — QY(M). We obtain maps

TM;EW = p}kWMl‘L]Ml : LM1 — LM.
For the affine spaces Ay = [ne] + Ly and Apn, = [ng,] + Lag,, with local minima base
points ng, ng, respectively. The corresponding affine linear map a,, y5: Ay, — An, yields
aM;zﬁ(m&]) = [ne]-
From the decomposition

Loy = Ly, © Ly @ Lsy,

we get projections from Lgps onto Ly, Lsy. From the gluing isometry fx: ¥ — >, there is
a commuting diagram

gM;z:ﬁ TM;®

L, Ly Ly,

S
SVeS3 T
LW'
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Here

fsorys(e)) = (et — et ) = rus(ler),
for [p1] € Lar,. Then by the uniqueness of boundary conditions 7.5, ([¢1]), associated to
solutions [p1] € Lz, we have that
TM;x © TM;EW([‘Pl]) = ras([e1]), Ty © TM;z:W(‘Pl) = TM;W([SDl])‘
Consider the map, ¢ — i3, ¢, ton, : OMy — OM, arising from the inclusion OMy C OM. It
induces a linear map A1: Larov — L, onmy
M@ e™) = (g [07] @ ioan #"),

and a commuting diagram of linear maps

ISY8>51
Ly, Ly
| |
\ \ / |
| |
M | L, om, < Lo |y
| |
‘ / !
N \
Lo, - sLowm,
Loy

while for the corresponding affine spaces Apronr = ([ng],név) + Lyron, Aovr = ([n?],név) +
Layr we have

Cprssr

A, Ay
|
| \ /
|
"My | AM1,8M1 <<TAM’3 | T
|
N

Adnr, - yAanr-
Lo

Recall that [n¢] is a local minimum base point in A while 77? , and né«v are its Dirichlet and
Neumann boundary data respectively. This yields a fixed point ([ngD ] , név ) for Anron.

Recall that Jyys is densely defined in Ly, = L2QY(OM). By taking the L2-closure we have
a continuous linear map Jonr: Loy — Lapr. As observed in [8] there is a densely Jyps linear
subspace consisting of smooth topological admissible boundary conditions. By taking the L2-
closure we induce a continuous linear map Joar: Larov — Laran- Thus, Laran is a complex
subspace of (Lgas, Jonr), hence symplectic. Notice that the general Dirichlet—Neumann map
(D-N) for classical Hodge Laplacian BVP on functions is a map with domain W%2(9M) and
rank W*~12(9M). Nevertheless, we used the D-N operator for 1-forms modulo gauge actions.
This yields an operator continuous with respect to L?-topologies both in the domain and the
rank. This gauge freedom is an important difference between the treatment of BVP for 1-forms
with respect to the BVP for functions.

5 Special cases

In this section we specialize to the case where regions are 2-manifolds. Then, hypersurfaces are
disjoint unions of circles. What is more, the data Ly, for a circle ¥ consists of just a pair of
real numbers ¢ = (¢2D , ¢g ) Recall that Yang—Mills solutions on a region M satisfy that their
curvature F" is f - dups where f is a constant and dups the area form on M, see [3].
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5.1 The disc

Take a Riemannian 2-dimensional region B which is the injective image of a ball of radius § > 0
under the exponential map with center P € B. We call this region the disc B of center P and
geodesic radius § > 0.

We now describe the space Ag of YM solutions in a disc B of radius 6 > 0 and with
boundary component 0B = 3. For any YM solution, € Ap may be explicitly described in

D
polar coordinates (r,0), r € [0,4], 6 € [0,27), as n(0,r) = %—%erG. Along ¥ the Dirichlet

condition is 7(#,§) = n£df. For the Neumann condition notice that %n(a, 0) = ﬁd@ implies
N =2nL /§ and dn = 21" /6%rdrdd is proportional to the usual area form dup = rdrdf.

For the general Riemannian case we consider a disc B of geodesic radius § > 0 and center of
the exponential map P, see for instance [10]. Take the coordinates (z,7) of B — { P} obtained
from the collar along ¥ = 9B, Xx: ¥ x [0,6) — B. With these coordinates the center is
P = lgr(ls Xy (x,7) while ™ = X5 (3, 7) is the image under the exponential map of the circle of

radius 6—7 > 0. The area form in the disc can be then written as dup = length (X7) drAdz. Here
x € [0,1] is a coordinate in X7 proportional to the arc-length coordinate, with proportionality
constant

K(P)

length(%7) = 27(6 — 7) (1 - (6—7)*+0((0 - 7’)2)> ,

where K (P) means curvature. Hence, we have the explicit solution

" length(X7)dr
n(z,7)| =% f‘% da,
J5 length(¥X7)dr

d length (37
dTn(va) = 775 0 ( T)
5 length(¥X7)dr

)

such that dn = o dup, and the boundary conditions

n
f60 length(X7)

d
n(z,0)|p = nidz, (@,0)5 = g dx

. N _ D length(®) iy . .
satisfy 5y = 15 T length(Z ) a7 Therefore, the condition required for every YM solution holds,

namely F"7 = fdup for a constant f with

0
f= 775// length(X7)dr = 1Y /length(%).
0

This completes the description of the space Ap of all YM solutions in the disc B. Notice that
for the disc B, since any principal bundle £ is trivialized by the choice of a connection (by
parallel transport along geodesics stemming out of the center of the disc), we have a natural
identification of linear and affine spaces

Ap = Lp, App = Lop.

Hence, for Ly C Ly, = Lp gp we consider the subspace of pairs ((bg , ¢g ) € Ly, such that

0
PN -length(X) = ¢& - / length(X7)dr.
é
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5.2 Surface of genus g > 2 with boundary

Let M be a connected 2-manifold of genus g > 2 and with m > 1 boundary components
¥1,..., 2. In this case

LaM:Lgl@-"@LgmﬁRQm

is a 2m-dimensional linear space consisting of constant boundary data, ¢ = ((b? , ¢{V ) CRERNS)
(qbﬁ, gb%) It has symplectic form

m

wort(6,6) =D _ (67 - &Y — ¢ - &P) -length(S;), V¢, & € Lo,

i=1

where length(X;) is the total length of each boundary component ;.

Take a principal bundle £ over M. Recall that the base point g € A,y is chosen in such a way
that F"¢ is orthogonal to every exact one form dy for every curvature form F7 = F"€ 4 dy
of a connection = ng + ¢ € Ay, ¢ € QY(M). Since the space of closed 2-forms is one-
dimensional, the curvature F" is already contained in the one-dimensional space generated
by F"¢, the curvature of the base point ng. Therefore ¢ is closed. This imposes a necessary
condition for vectors in the (2m — 2)-dimensional linear subspace Lz gns, namely

quEDi -length(%;) = 0, Y (¢5nrs dhar) € W. (5.1)
=1

In fact, Lys par consists of the maximal symplectic subspace of Lyys contained in the codimension
one (non-symplectic and coisotropic) subspace W C Ly defined by (5.1). More precisely,
Lranr is isomorphic to W/ W+ where W+ is the one-dimensional symplectic complement of W,
with W+ C W. This ends the description of linear spaces L MoM» Lo .

For the space Lj; we consider the space of flat connections which is parametrized by a linear
space of dimension dim L = (2g+m—1), see [23]. In fact, Ly consists of two types of boundary
data: on the one hand the data of the integral of the connection along the boundary components,
qbgl, e ,qbgm, satisfying condition (5.1). On the other hand, the data of the connection integral
along the 2g non-contractible cycles in the interior of M generating H;(M). Hence we have the
Lagrangian L ; consisting of (gbgl,()) G- P (gbgm, 0) € Lo, satisfying (5.1).

5.3 Surface of genus g > 2 without boundary

Let M; be a closed 2-dimensional surface of genus g > 2, obtained by gluing m > 1 discs of
certain suitable small radii §; > 0,7 = 1,...,m, along the boundary components of a surface M’
of genus g > 2 and m boundary components. Thus we glue regions

My =M Us M”, M=M UM, M'"=BiU---UB,,,
along the boundaries
Y =0M =U",%,, Y =0oM" =umr 3, ¥ = 0B;.

Let & be a fixed principal bundle on M; inducing the bundle & = pj;;, & in M. This means
that we consider connections

n=ne+ey= GM;ag(m) € Ay € Conn(€)

that are YM solutions induced by solutions 11 = ne, +¢ € Ay, ¢ € QY (My). Since region M; is
a surface without boundary, hence Lo, = L, om, = Ly, = 0. From condition dp = 0 (which



Quantum Abelian Yang—Mills Theory on Riemannian Manifolds with Boundary 23

implies the YM condition d*d¢ = 0) it follows that dim Ly, = 2g = dim H} (M;). Notice that
the gauge condition is already incorporated in the cohomology class, ¢(&1) = % [F7] € H3g (M),
which is fixed.

Recall that for the discs we naturally identify

Apr = Lagn, Agagn = Loy,
We also have Lgn» = Ly gprr. Furthermore, there is an affine isomorphism Apnp ~ Agpsr
given by
D D N N
My = —Ms;s My = 7s;-

Due to the natural identification Agy; = Lgps, there is an associate isomorphism Lgps ~ Lgps .
Stokes’ theorem explicitly imposes m necessary conditions on ap(n) € Ay,

0
nE length(%;) = nd, / length (X7 )dr, i=1,...,m, (5.2)
k2 K2 61

for every solution n € Ay Hence Ly, C Loy is a subspace of dimension m consisting of

(¢§1,¢gl) DD (¢€m, qbgm) € Lgpr, satisfying (5.2).
From this follows the Lagrangian condition. That is, for each ¢ € L,

Zgbz, ¢V - length(X Z¢Z, P length(3;),

where £ € Ly satisfying the Lagrangian condition (5.2).

Recall that for a surface M’ of genus g > 2 and m > 1 boundary components dim L 3, = m—1
while dim Ly;s = 2g + m — 1. Each cohomology class in HJg (M’) is represented by a unique
harmonic form in $} (M), while each class in Hlg (M’,0M’) is represented by a unique harmonic
form in $H},(M’), yielding 2g and (m — 1)-dimensional subspaces of Ly, respectively.

Let m1 = ng, + ¢ € Apr,. The linear inclusion r vz Ly — Ly maps ¢ onto

Ty (P) = ippp @ iy € Ly © Ly,

where i},,¢ € Ly, M’ with

er(i?W/SD) = (905170) G- D ((’ng’o) € LM” Zsogm =

Meanwhile, i3, € Ly = Apr consists of YM solutions on discs, which may not be flat. If
CLM”(Z‘*M”TH) = (‘Zﬁgfla(lﬁg/l) DD (¢2D/m7 (bg/m) S AM//,

then the relation (5.2) holds for every pair of Dirichlet-Neumann data.
Recall that F"1 = fduy,, with f = ¢, /length(%;), and duay, the area form in M, and

that f = 2mwc(&)/area(M;) where ¢(&) € HdR(Ml, Z) ~ 7. Hence, the boundary data gi)z/, qﬁzl

can be obtained from the geometry of the boundary components and from the bundle &;.
Therefore the base point Ny ¢ = ap (V3pme,) = anr(ne) € Ay € Lo equals

(—or, —o5) ® - @ (05, ,—o%) )
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and the affine space A, is the translation of L,
AM/ =nmre+ LM’ C Laopyy =~ Loy

(which has null Neumann components) prescribed by £; with translation vector ap(i},7¢, )-
In particular, if we take m — 1 = 2g, then we have the exact amount of degrees of freedom in
the boundary conditions space Ly, € Ly gy to parametrize solutions ¢y € Lyy,. Thus

m —1=dim Ly, = dim L;, =dim L;;, — 1.

This completes the description of the closed surface without boundary.

The case of the sphere M; obtained by gluing two discs M’, M" should be treated differently,
but the construction can also be performed.

We now calculate the amplitude corresponding to a closed surface M; of genus g > 2. We
decompose M; as described in our previous discussion. The cases of genus g = 0,1 will also be
excluded, but by the quantum setting, see Section 5.4 below.

To calculate the anomaly factor ¢(M;¥,Y’), considering the linear theory will suffice. For
every 1 € Ly, the induced solutions in M’ and M” satisfy px, = —¢psy and

Ke(ps)Ke(psr) = exp (5 ({& pstonr — {& estomr)) =1,

where we used coisotropy for solutions. Thus, the anomaly factor can be calculated as in (3.6)
by

/ pg‘g (Kg ®E)dyg =1. (53)
Lx

Therefore, since L in =0 the vacuum amplitude pas, (Km) would be independent of the choice
of the fixed base point connection 7; in the cohomology class ¢(&7).

Related to this example, according to [17], if M; is obtained by gluing of M’ and M" along
the boundary ¥ = ¥/ where M’ = ¥ UY and OM" = ¥/ LU ¥, then ¢(M; %, ¥/) = 1.

If f denotes the constant factor of the curvature F"é1 = f-duy, with respect to the area form,
then the Hodge dual f* € R satisfies f*f = 47%(c(€1))%. Hence pyy, (Km) = exp(iSar, (ne,))
equals

exp (3f - f*-area(M)) = exp (i2n2area(M)) - (¢(&1))?). (5.4)

The partition function (as the amplitude is also called in the case of empty boundary) for
quantum YM theory on compact closed surfaces has been extensively studied in several quan-
tization frameworks where the Hilbert spaces Hy associated to circles ¥ are generated by class
functions of the structure group. In the axiomatic GBQFT this deduction was reported in [14].
In the present work geometric quantization yielded another prescription for Hilbert spaces. The
precise relationship of these two quantization frameworks needs to be clarified. In particular we
need to clarify how (5.4) is related to the expression

Z exp (—2area(M) - nQ)
neL

appearing for instance in [4, 26].

In the torus case the partition function yields infinite trace. We may ask also what is the
precise relationship between the divergence of the partition function and the anomaly factor
c(M; %, %),
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5.4 The torus

We contrast the case of gluing two isometric regions, with the case of a cylinder, where c¢(M;X%, ¥)
yields infinity and the integrability condition required in Theorem 3.3 is not satisfied. We
consider M = ¥ x [0,1] with the gluing of the bottom and top hypersurfaces ¥ = ¥ x {0},
¥ =¥ x {1}. This includes the case of a closed surface My of genus g = 1.

Any Dirichlet condition together with a null Neumann condition on ¥ determine completely
solutions 7, € Ly, in the whole M after gluing. More explicitly, we have n(z,7) = nZ(z),
7 € [0,1] for every coclosed n& € QY(M").

Hence 77{?E = 7752/7 77{\,[2 = 77{\’72, = 0. Therefore 71 = n;sv. Thus using a projection

Ly — L M, induced by the inclusion r : Ly, = Lps we have

MY

plr(Ke o Ke) = [ exp (o (€% m o)y ).

LMl

By replacing in (5.3), p%; (K¢ ® ix(K¢)) equals exp (395 (€8, ¢R)), which is not dvs-integrable.

5.5 Complex manifolds

For the abelian Yang Mills theory on some complex surfaces, namely CP?, CP! x CP!, there
are also formulae for partition functions in the Euclidean action convention after Wick rotation,
see [24]. The precise process of how we can obtain these quantum calculations from its classical
counterparts will be treated elsewhere. We envisage the use of a gluing process similar to that
given for surfaces.

6 Outlook

We have presented in this work a functorial quantization prescription for abelian Yang—Mills
theory on Riemannian manifolds targeting general boundary quantum field theory (GBQFT).
There are some obvious directions for generalization which we comment on in the following.

Corners. We have restricted ourselves here to only consider hypersurfaces that are closed,
i.e., that do not have boundaries. However, this considerably restricts the possibilities for gluing
regions. In particular, from a physics point of view it is important to be able to glue two regions
with the topology of a ball to a new region that also has the topology of a ball (compare the
discussion in [13, 14]). In order to accomplish this the gluing has to proceed along pieces of
the boundary that are not connected components. That is, the gluing hypersurface has itself
a boundary, usually referred to as a corner. Corners are already allowed in the semiclassical
axioms of Section 2 and in the functorial quantization scheme for affine field theory of Section 3.
What is more, for abelian Yang—Mills theory implementing the symplectic reduction (Section 4)
on the spaces Ay and Ly of germs of solutions on a hypersurface ¥ appears to generalize
straightforwardly to the case that ¥ has a boundary. It remains to see that the complex structure
generalizes nicely, but formula (4.3) is quite suggestive.

Lorentzian manifolds. To describe physically realistic theories (such as electromagnetism )
we need to work on Lorentzian manifolds. This introduces several complications. On the
one hand the boundary value problem is hyperbolic instead of elliptic. Also, three different
signatures for induced metrics can occur on hypersurfaces depending on them being spacelike,
timelike or null. Finally, the complex structure has to be defined in a different way. For
spacelike hypersurfaces there is considerable guidance from the literature, see, e.g., [1]. For
timelike hypersurfaces there are some very basic examples [16, 17]. The general situation is
open.



26 H.G. Diaz-Marin and R. Oeckl

Non-abelian gauge theory. In two dimensions non-abelian Yang—Mills theory is solvable
and its quantization has been described in a TQFT-type formalism [4, 9, 21, 26]. The generali-
zation to include corners was described in [14]. It is clear from the latter work that and how
in the case with corners the axioms of the quantum theory (Appendix B) have to be modified.
Whether this modification is also sufficient in higher dimensions is unclear. On the classical
side the symplectic reduction on hypersurfaces becomes more complicated than in the abelian
theory, at least when corners are present. However, working out the modifications compared to
the abelian theory appears feasible. What in much more problematic in dimensions higher than
two is the description of the dynamics within regions. The solution spaces become complicated
manifolds and it is unknown what they are in general. Thus, it is quite unclear how to perform
the step of the quantization that consists in constructing the amplitude maps. Of course this
problem is not special to the present framework of GBQFT but appears in all approaches to
quantum field theory when trying to deal with non-linear theories.

A  Geometric data

We recall here the formalization of the notion of spacetime in terms of a spacetime system on
which both the classical axioms (Section 2) and the quantum axioms (Appendix B) are based.
The presented version is adapted from [17, Section 4.1].

There is a fixed positive integer d, the dimension of spacetime. We are given a collection Mg
of connected oriented topological manifolds of dimension d, possibly with boundary, that we shall
refer to as (connected)/(regular) regions. Furthermore, there is a collection M of connected
oriented topological manifolds of dimension d — 1, possibly with boundary, that we shall refer
to as (connected) hypersurfaces. The manifolds are either abstract manifolds or they are all
concrete closed regular submanifolds of a given fixed spacetime manifold. In the former case we
call the spacetime system local, in the latter we call it global.

There is a notion of formal disjoint union both for regular regions and for hypersurfaces.
This leads to the collection Mg, of all formal finite unions of elements of M, and to the
collection M, of all formal finite unions of elements of M. In the local case, the unions may
be realized concretely as actual disjoint unions. In the global case, only unions with members
whose interiors are disjoint are allowed in M; and M. Note that in this case the elements
of My and My cannot in general be identified with submanifolds of the spacetime manifold as
overlaps on boundaries may occur. We call all members of My (regular) regions and all members
of M1 hypersurfaces and extend the notion of disjoint union to them.

The collections M; and My are closed under orientation reversal. Also, any boundary of
a regular region is a hypersurface. That is, taking the boundary defines a map 9: Mg — M;.
If we want to emphasize explicitly that a given manifold is in one of those collections we use the
attribute admissible.

There is a notion of gluing of elements, both of My and of M;. To avoid confusion we
prefer for hypersurfaces the term decomposition, reserving gluing for regions. Given a presen-
tation of a hypersurface 3 as the union of hypersurfaces 31,...,%, we call this a decomposi-
tion if (a) each ¥; is closed in ¥ and (b) the intersection of ¥; with X; is contained in their
boundaries for each ¢ and j with ¢ # j. These intersections are called corners. Throughout
the present article, we do not allow for corners. That is, we require these intersections to be
empty.

It is convenient to also introduce the concept of a slice region. A slice region is topologically
a hypersurface, but thought of as an infinitesimally thin region. Concretely, the slice region
associated to a hypersurface ¥ will be denoted by $ and its boundary is defined to decompose
as the disjoint union 8% = X UX. There is one slice region for each hypersurface. We refer to
regular regions and slice regions collectively as regions.
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The notion of gluing of regions is as follows. Suppose we are given a region M with its
boundary decomposing as the union M = ¥; U X UY/, where X' is a copy of ¥. (31 may be
empty.) Then, we may obtain a new region M; by gluing M to itself along ¥, /. That is, we
identify the points of ¥ with corresponding points of ¥’ to obtain Mj. The resulting region M
might be inadmissible, in which case the gluing is not allowed.

Depending on the model to be considered, the manifolds may carry additional structure.
It is common in particular that the hypersurfaces need to be “thickened”, i.e., are equipped
with germs of ambient d-manifolds. Also, the additional structure of a metric or other types of
vector bundles or principal bundles are common. In that case all the hypersurfaces and regions
are equipped with this additional structure and the different operations such as orientation
reversal or gluing need to be compatible with the additional structures. This might also entail
that additional data must be specified when a gluing is performed. In the present work the
additional structures present are those of a Riemannian metric and of a principal bundle. In
Section 5 examples are shown where associated additional data required for gluing need to be
made explicit.

B Quantum axioms

A GBQFT on a spacetime system is a model satisfying the following axioms [16].

(T1) Associated to each hypersurface ¥ is a complex separable Hilbert space Hy, called the
state space of 3. We denote its inner product by (-,-)x. If ¥ is the empty set, Hy = C.

(T1b) Associated to each hypersurface ¥ is a conjugate linear isometry ¢5;: Hy, — Hs. This map
is an involution in the sense that t5 oty is the identity on Hy.

(T2) Suppose the hypersurface 3 decomposes into a union of hypersurfaces ¥ = %1 U --- U X,,.

Then, there is an isometric isomorphism of Hilbert spaces 75, .. »,..: Hy, @ - OHs, — Hs.

(T2b) The involution ¢ is compatible with the above decomposition. That is, 75 w 5o
(L21® o ®L2n) =1z 0 TZL...,ZH;E'

(T4) Associated to each region M is a linear map from a dense subspace H$,, of the state

space Hoys of its boundary OM to the complex numbers, pyr: Hg,, — C. This is called
the amplitude map.

(T3x) Let X be a hypersurface. The boundary 9% of the associated slice region 3 decomposes into
the union 8% = S UY, where ¥’ denotes a second copy of ¥. Then, TE,E/;SE(%§®%E’) -
H?... Moreover, ps, o TS 508 restricts to a bilinear pairing (-,-)n: Hs x Hyy — C such
that <~, ~>2 = (LE(-), ~)2.

(Tha) Let M; and My be regions and M = M; U My be their disjoint union. Then OM =
OM; L OM> is also a disjoint union and Toar, on:0m (’H?)Ml ® 7-[3M2) C H3y- Moreover,
for all ¢y € 1), and ¢y € Hyy,

PM © Tors oMxoM (V1 @ Y2) = pary (Y1) par, (Y2).

(T5b) Let M be a region with its boundary decomposing as a union M = ¥; UX UY’, where X’
is a copy of ¥. Let M; denote the gluing of M with itself along ¥, ¥/ and suppose that M;
is a region. Note My = ¥1. Then, Ty, 557,90, (¥ @ £ @ 15(§)) € Mgy, for all ¢ € H),
and § € Hy. Moreover, for any ON-basis {§; }ics of Hy, we have for all ¢ € H3,, |

o (@) (M35, ) = 3 par 07y, s smont (¥ ® & ® 1(£)), (B.1)
i€l
where ¢(M;¥,3) € C\ {0} is called the gluing anomaly factor and depends only on the
geometric data.
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C Geometry of abelian Yang—Mills fields

We present minimal tools of differential geometry to deal with abelian gauge classical Yang-Mills

(YM) fields.
Suppose that M has Riemannian metric hgp, a,b =1,...,n. Consider a hypersurface ¥ C M
with induced a Riemannian metric h;; = h;j, 7,5 = 1,...,n—1. For a geodesic tubular neighbor-

hood ¥, C M we consider the immersion Xx: ¥x[0,e] — X. C M where geodesics 7 — Xx(z, 7)
remain orthogonal to the hypersurfaces X7 := Xx(X,7) C M that describe the evolution of ¥.
Here x € ¥ and 7 € [0,¢]. Using this foliation with leafs ¥7, decompose 1-forms on ¥. as

@ =@ + pdr.
First let us consider the expression

n—1
S heib dpi Oy Z dpi  Opr
_ aigb J ai
*dp = henY <83:J B m2> Hap + 21 < ar ot ) Hem
a,b=1

where we used that h™ = 0] and dp = uab/\dma/\dxb with dy = \/det(hab)d:c1 A---Adz" I AdT
the volume form of hg, (notice that we adopt the notation 2™ = 7). For o = *d¢, condition
d xdy =0 reads as da = 0.

For the restriction onto X7, we have

n—1

@’ (XE Z‘Pz z,7)da’ € Q'(%), Pr = (X§>*%0‘r
i=1

with X§, = Xx(-,7) and

n—1 )
(X)) = () (555 = 52 ) ).

a=1

We denote the Riemannian metric induced on X7 as @T, ,7=1,...,n—1, and p, Adz® = du,
pa(T) = (XT)*pq. Since

¥ d
X7 dp) = *gr | d@ 4
(XT) (%) = =z < P ? )
then the YM condition, d x dp = 0, implies that
ao (Lom) 2 g ap. (C.1)
dr T

On the other hand, we can decompose the divergence

d*¢1: __j{: lawk EE:ka%

kl=1
as
n—1 n—1 n—1
3@k i j dip
N L Zrkl% —~ W = Ther | +Ther +
k=1 =1 j=1
Hence
T \* 1% 6¢T *nT—=T
()(Z) d Y = 87' +’d = @, (CLQ)
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where we use that h™ = 0/ and that for geodesics the Christoffel symbols I',.. vanish for Fermi
coordinates adapted to that geodesic.
For the linear gauge action ¢ = ¢ + df we have

n—1
~T T 0 ) ~ 0
o =¢ + E 8‘xfidx, Dr = (cpTJrai) dr.

i=1

Choosing an axial gauge fixing in . means solving @, = 0 or equivalently 0, f = ¢; — ¢, where
the constant ¢, may be chosen in such a way that ¢|;—9 = 0. Thus the YM condition in (C.1)
can be rewritten as

d -
& (237 =o.
(7)) ¢

In particular, the Neumann boundary condition

d—
H(0) := [ — ¢
¢(0) ( o )
is divergence-free. Furthermore, the Dirichlet boundary condition may also be gauge adjusted as

divergence-free. Just solve the Poisson-Laplace equation, d*=df? = —(X2)*d*¢p, for f0 = f|s.
Therefore the divergence decomposition (C.2) yields

7=0

Choosing a Lorentz gauge firing in 3. means obtaining d*¢ = 0 by solving 85’2’ +d="e" =0

with initial condition such that @;|x = 0.

Lemma C.1. Let ¢P, ¢ € kerd*® be any pair of 1-forms in X. Then there exists a solution
0 € QY(X.) of the YM condition belonging to the axial gauge fizing space in the bulk and whose
boundary conditions belong to the divergence free gauge fixing space. In other words, there exists
a solution of the following boundary value problem

dxde=0, ta.p=0, ©”=0¢" N =09V
Proof. Our aim is finding a one-parameter family " € Q!(X) such that

*‘rdfT —
dz@@ :07 SDO:(Z)Da

d

o = o (C.3)

=0

We recall Moser’s argument. Take the induced metric on 37 and 3, W and hTJ respectively
with corresponding volume forms, us- = uyx, and ¢, such that c; fz Usr = fz s Recall that
both volume forms py and (¢ pux-) have the same cohomology class. Define the volume forms

pr(t) = (1= t)us + t(erpsr),  0<t<1.

Then % gt(t) = ¢rpuyr — px. Define the t-dependent family of vector fields Z.(¢) such that

Lz ()t = UE — Cr iz,

Let 9,(t), t € [0, 1] be the non-autonomous solution for Z,(t). Then

(17 (£))* (crpr (1)) = ps-
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If we define a family of diffeomorphisms as 1,: 3 — 3, 7 € [0, €], ¥r := (1), then

Vi(crpsr) = py, Yo = idyx.
Take

e D K AN L) M (D AN )

Then, by definition, (X%)*(%‘T:()@) = oV, (X%)*W = ¢P. Furthermore d xx- %@T =d *yr
(w; 1)*¢>N , hence

d * % 1k
erpydmr =7 = erfdsr (7 1) 0N = dert) o (¥77)"6N = dx g™ = 0.

That is, d xy- di@’r =0. |

T

Lemma C.2. Let ¢P € kerd*> be any 1-form in . Then there exists a solution ¢ € QY(X,)
of the YM condition belonging to the Lorentz gauge fizing space in the bulk and whose boundary
conditions belong to the divergence free gauge fixing space with ¢ vanishing in the top boundary
component of the cylinder X.. In other words, there exists a solution of the following boundary
value problem

dxdp =0, dxp =0, Y= Z*Z]’SO:O:

with ¥ = X5 (3, £).

Proof. First we obtain a solution for axial gauge fixing, proceeding as in Lemma C.2, but
solving

d
dr=r E@T =0, @0 - ¢D7 @E =0,

instead of (C.3). This ¢ solves YM condition (C.1). To obtain a Lorentz condition take a gauge
translation

U . of - . =
P =@ +¢dr = +df, Pr =50 ¢ =p +df.

Lorentz gauge (C.2) can be written as

aT _ *ETTT
5. Pr = 4o

This implies

0% f —

_J — _d*ET—T _ d*ETd

9.2 » £,
which yield a Poisson equation for f in .. This can be solved if we consider the suitable
boundary conditions f|x =0 = fls. [ |
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