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Abstract. In this paper we construct Lax pairs for Stackel systems with separation curves
from so-called Benenti class. For each system of considered family we present an infinite
family of Lax representations, parameterized by smooth functions of spectral parameter.
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1 Introduction

Classical Stackel systems belong to important class of integrable and separable Hamiltonian
ODE’s. The constants of motion of these systems are quadratic in momenta and describe many
physical systems of classical mechanics. The Stéckel systems are defined by separation relations,
i.e., relations involving canonical variables (A;, 1£;)i=1,... » in which the Hamilton—Jacobi equations
separate to a system of decoupled ordinary differential equations. The separation relations of
classical Stéckel system are represented by n algebraic equations of the form

n 1 ‘
Uz()\z) + ZHkSzk()\z) = §fz(/\z)U127 1=1,2,...,n, (1.1)
k=1

where n is the number of degrees of freedom of the system, i.e., 2n is the dimension of the
corresponding phase space on which the system is defined, Hq, Ho, ..., H, are n Hamiltonians,
f, o and S are arbitrary smooth functions. Solving the system (1.1), under assumption that
det S # 0, with respect to all H; we get n Hamiltonians expressed in variables (i, 1ti)i=1,....n,
which from construction will be in involution, i.e., their Poisson brackets vanish {H;, H;} = 0,
and which Hamilton—Jacobi equations separate. In other words the system (1.1) describes
a Liouville-integrable and separable Hamiltonian system.

The special, but particularly important class of Stéckel systems is the Benenti class [1, 2, 3].
This class is described by the following separation relations

1 .
oi(Ni) + HiX! ™'+ Ho\ 72 4+ Hy, = ifi()‘i)uzza i=12,...,n (1.2)

There is an extended literature on systems from class (1.2), however less can be found on
their Lax representation. A Lax representation of a Liouville integrable Hamiltonian system is
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a set of matrices L, Uy (k= 1,2,...,n) which satisfy the system of Lax equations
dL
— = [Uy, L], k=1,2,...,n, (1.3)
dty

under the assumption that the time evolution with respect to t; is governed by the Hamiltonian
vector field X, .

In the paper we find an infinite family of Lax representations for an arbitrary Stéckel system
from the Benenti class generated by the following canonical form of separation curves

1

o)+ 3 HAF = FO), (14)
k=1

where the spectral parameter A is real and the functions f(A) and o(\) are smooth and real
valued. Separation relations (1.2) are reconstructed by n copies of (1.4) with (A, fti)i=1,... n-
In literature, the reader can find Lax representation for systems related to various subcases of
separation curves from the family (1.4). First constructions of Lax representation for separable
systems with separation curves of particular hyperelliptic form was constructed by Mumford [10].
For o()) in polynomial form and f(A\) = A?", r € N, Lax equations were constructed expli-
citly in [14] and analyzed in particular coordinate frames. In [8], using different technique,
Lax representation was constructed for the subclass of separation curves (1.4) with f(\) being
polynomials of order n + 1, n and n — 1, respectively, with distinct roots. Yet another subcases
of family (1.4) together with the construction of Lax representations by various techniques, the
reader can find in [11, 13].

Here we present the explicit form of infinite family of admissible Lax representations, for
systems generated by (1.4) with () and f(A) being arbitrary smooth real valued functions, in
separation coordinates and in so called Viete coordinates.

The paper is organized as follows. In Section 2 we present basic facts about Benenti sys-
tems. In Section 3 we present in explicit form the infinite family of Lax matrices L(\) and Lax
equations (1.3) in separation coordinates and state that the characteristic equation of each Lax
matrix corresponds to the separation curve (1.4) of Benenti system. All results of this section
we gather in Theorem 3.2, which we prove in Section 4. Section 5 contains the particular Lax
representations in Viete coordinates in which many formulas simplify. Section 6 contains several
examples illustrating the theory. We end the article with some comments concerning the main
result and its further application.

2 Preliminaries

Let us consider separable systems generated by separation curves for canonical coordinates in
the form (1.4). The Poisson bracket in canonical coordinates (A, ft;)i=1,...n takes the canonical
form

~~(0f 09 Of 9y
In particular

{i, i} = dij, i At = {mi g} = 0.

By taking n copies of (1.4) with (A\,u) = (\i, i), ¢ = 1,...,n, we get a system of n linear
equations for Hy:

H N 4 Ho\NP 2 o Hy = F(A, ),
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HNT 4+ Ho\J 2 - Hyy = F(Ag, pi2),

HMZ_l I H2)\Z_2 +---+ Hy,=F(\n, tin),

where F(z,y) = 3 f(z)y? — o(x). Its solution gives us n real valued Hamiltonians
= Ip F(Ni, i
i=1 0 ‘
and related evolution equations
d)\i d,ui .
— (\, Hp), — {11, Hy,), k=1,...,n, 2.2
i {Xi, Hi} i, {pi, Hey, i n (2.2)
where
o= (=1 sk, Ai= %= M),
ki

and sy are elementary symmetric polynomials. From the linearity of (1.2), geodesic parts Ej
are defined by

n

i 1
E Ej)\? J :§f()\l-),u?, i=1,...,n,
J=1

and in canonical coordinates (\;, f1;)i=1,..n take the form [4]

. IGO0 QD IS e i o
Ej(A\p) = 220 A _2Z(KJG) i s (2.3)

=1

1=

where G is contravariant metric tensor defined by F; and K; are Killing tensors of G:

Grs f(AT)57'S7 (Kj)r _ a/)j 5;‘

A, ST,
Potentials V}, defined by
o)+ ViAITT =0,  i=1,...,n (2.4)
j=1
take the form
" Opp o (\)
Vi(A) = i
k) = ON A

)

In particular, for o(\) = A7, v € Z, the corresponding potentials Vk(ﬂ’ , called basic potentials,

are constructed by the formula [7]

v = pvO, v = ({/1(’7)7 o V(V))T7

where
1
—-p1 1 0 O 0 0 0 ~on
j 0 0 7 Rl 1 0 O
0 0 1 0 0
—pn 0 0 O 0 0 1 —pZ;l
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and V(© = (0,...,0,—1)T. Notice that for y =0,...,n—1

Vk(w = _5k,n—'y
that is
v =(0,...,0,-1)7, v = (—1,0,...,0)".

The first nontrivial positive potential is

V) = (o1, pn)T

and the negative one

T
v<—1>:(1 f’) |
on’ 7 pn

3 Lax representation in separation coordinates

In what follows we will assume that the functions f(A) and o(\) appearing in the separation
curve (1.4) are smooth, real valued and defined on an open subset &/ C R such that for any
phase space point (A1, ..., A, pi1, ..., n) each \; €U, i =1,2,...,n. Moreover, we will require
that f(\) # 0 for every A € Y. In order to describe the Lax representation let us investigate the
division of a smooth function on ¢ by a polynomial.

Lemma 3.1. Let b(\) be a smooth function on U and

aN)=A=A)A=XA2) - (A= Ap) (3.1)
be a polynomial of order n whose roots A1, Ao, ..., A, € U, then the fraction % can be uniquely
written as

b _ r(\)
AT

(3.2)

where h(\) is a smooth function on U and r(\) is a polynomial of order less than n.

Proof. We calculate that

b(A) _ hi(A) n ho(A1)
aA)  A=A)A=A3)- (A=) a(})
_ ha(A) ho(A1) +hi(A2)(A — A1)
A=A =) (A=) a(A) a
— ha(\) + ho(A1) +h1(A2) (A — Ap) + - Jr()\h)nl(>\n)()\ — M) (A )\nfl)’

hi—1(A) = hi—1(N:)

Bo() = b, hg() = TR0,

1=1,2,...,n.

From the Taylor theorem we can see that each function h;(A) is smooth on Y. In particular, we
have that

) k 1 drt1

lim

oy vl =1 1 e+ hia (Ai)-
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Putting h(A\) = hyp(A) and 7(A) = ho(A1) +h1(A2) A=)+ F hpo1 (M) A= A1) - - (A= A1)
we get (3.2). The uniqueness of decomposition (3.2) follows from the fact that if

b(A) ri(A) ra(A)
m_hl()\)Jr DY = ho(A) + 2

then

r2(A) —11(\)

hi(A) — ha(X) = o) ;

where the left hand side is a smooth function on ¢ and the right hand side is a rational function
with singularities at A1, A2, ..., A\n, € U. Therefore, h1(A) —ha(A) =0 and ra(A) —ri(A) =0. W

We will denote h(A) in the decomposition (3.2) by [Zm . and 7()) by b(}) mod a(}). In
practice both these functions can be calculated using the recursive formulas derived in the proof
of Lemma 3.1. In a particular case when b()\) is a polynomial or a pure Laurent polynomial

we may equivalently use the division algorithms for the division of polynomial by polynomial
m

and the division of pure Laurent polynomial by polynomial. For example if b(A) = 3 bpA\F is
k=0

a polynomial of order m and a()) is a polynomial of order n given by (3.1), such that m > n,
[%]+ is a polynomial part of % of order (m —n) and b(A) mod a()) is the reminder of %,

b(\) mod a(}) = rem [] ,

being a polynomial of order less than n. In the division algorithm we divide b(A) by the highest

m

order term of a(A). On the other hand if b(A) = ¢(A™!) = 3 ¢xA ™" is a pure Laurent polynomial
k=1

of order m and a(\) is a polynomial of order n given by (3.1), [CS;E;)I )] . is a pure Laurent

polynomial of order m and c()\_l) mod a(\) is the reminder of CE;E;)I ) being again a polynomial

of degree less than n. In the division algorithm we divide c()\*l) by the lowest order term
of a()). In the case of arbitrary Laurent polynomial P (X, A7!) = b(X) + ¢(A™1), the division by
polynomial a(A) splits onto two parts described above. Note, that for a smooth function b(\)
and a polynomial a(\) there holds

b(A) = b(A) mod a(X) + a(N) {Z((i\\))] )
+

We will consider infinitely many non-equivalent Lax matrices L € s[(2,R) parameterized by
smooth functions g(\), everywhere non-zero on the same domain U as functions f(A) and o ().
The Lax matrices in the canonical representation (A, 1), parameterized by g()), are taken in the
form

LX) = <U<A) u(d) ) , (3.3)

uA) =[O =) =D X%, pp=1 (3.4)
k=0
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and
n—1
[Z 8”” L AA) AF, (3.5)
k=0 Li=1 !
Notice that u(\;) = 0, v(A;) = g(\i)p; and
u(\ du(\ "0
Ai=ui()),  uwi(d) =y E i =— ai-) =[[A =20 =- aﬁ’w*’f. (3.6)
’ ! ki k=1 "
Moreover,
L9 [F(v(N)/9(N)
o = -2 [P 37

where F(z,y) = 3 f(2)y? —o(z). The function w(\) splits onto kinetic part wg(A) and potential
part wy () respectively:

) — P [FROVEN)] g [o)
wl0) =) + v ) =~ AR o [T &

The main result we state in the following theorem.

Theorem 3.2. For arbitrary everywhere non-zero smooth function g(\), separation curve (1.4)
that generates dynamical systems (2.1), is reconstructed as follows

det [LN) —g\pl] =0 <= o(\)+ in)\”‘l = %f()\);ﬂ. (3.9)

Moreover, Lax equations for systems (2.2), parameterized by g(X), take the form

d
diL(/\) = [Ur(X), LN, (3.10)

where the Lax matrices L(\) are defined by (3.3)—(3.7) and

Bir(A 1 f(A
o< [B48] -8 2]

The proof of the above theorem is involved so we present it in the separate section.

As an example let us find explicit formulas for the matrices L(A) and Ug(\) written in
a coordinate independent way for a general Stackel system from the Benenti class in the case of
two degrees of freedom, i.e., n = 2. A separation curve of that system has the form

B(\) =

1
o(\) + Hi\+ Hy = 5f(A);ﬂ,

where f(\) and o(A) are smooth functions. According to (2.1) the Hamiltonians in separation
coordinates are equal

F(A1, p1) — F(A2, po)
A1 — Ao

H1<)‘7:u’) =
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_ L () o 1 f(A) o(A2) —a(M)

- - 2
IS VIS VA ST VI W S W W
HQ()\,/J/) _ /\1F()\27M)\23 : izF()\laul)
_IMfe) o TAaf(M) 5 Aeo(M1) — Mo (A2)
2 — 2T 2 A — A '

The Lax matrix L(\) parameterized by a general everywhere non-zero smooth function g(\) will
be equal

where in accordance to (3.4), (3.5), (3.7) and (4.1)

u(A) = N+ p1A + pa,
v(A) = v\ + vy,
(N | 2°(Na(h) | 26%(N)

w) =) T Ty T i uey A ),

where in separation coordinates

p1 = —A1 — A2, P2 = A,

o = 9 — g(A2)p vy = A19(A2)p2 = Aag(M)
PYED A= Az '

We find that

where
_ f)v) _ A+ p) MoV
(V) = TR F ) eV = SRR () o),
_ f)uV) _ A+ p)f(NuN)
N ACVTICY _ QA+ p)fANwN)
c1(A) = oy 2{v(A), H1}, (A) = lg()\) —2{v(A), H2}.

Indeed, for a smooth function b(\), with the use of the recursive formulas derived in the proof
of Lemma 3.1, we get that

b(A)—b(A1)  b(A2)—b(A1)

[W)} B = v v
u(A)] 4 A= A
W) 1 (B(A) =b(Aa) | Mb(Aa) — Aeb(M)
Cu(h) u(N) < AL — Ao At A — o ) (3.12)
and
b(Y) e (VOW b)) — b(Ag) B
|:u()‘):|+ A=\g - ( 1) < A1 — A9 + ()\1 _ )\2)2 > ’ k=1,2. (313)
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From (3.13), by putting b(A) = F(X,v(\)/g(N)), we can calculate w(A;) and w(A2) and then

f()\l)w(Al) _ f()\g)w()\g) - %81&71 n %8Hl _ 81)1 8H1 _ %8[‘[1
2(/\1 — )\2)9()\1) 2()\1 — )\Q)g(Ag) 8)\1 8/1,1 8)\2 8/@ 8/1,1 8)\1 8/1,2 8/\2
= {Ul,Hl}. (314)
Using the fact that
Ovs __\ On v __, O v\ Ou v\ Oun
ox PO dx Ttox’ om Pow’ O om
o oy  0Hy , 0Hy  OHy _, oH,  O0Hy | OH
o Pon My Tor o Com’ Oy oy’
we also get
A2 f(Ar)w(Ar) ALf(A2)w(A2)
_ (3.15)
2(M = A2)g(A1) - 2(M1 = A2)g(A2)
61}1 8H1 82}1 8H1 (%1 8H1 81}1 3H1
SN Vit Bt R Wi = Hy} = H:
20N O YOXg Opa O O YOug Oy {2, Hi} = (v, o},
AMfADwh) M fA)w(Xe)
2(M = A2)g(A1)  2(M — A2)g(N2)
ovy OH ovy OH ovy OH ovy OH
2 1 1 2 1 1 2 1 1 2 1 1
_y29u ou oty _ — {vy, Hy}. 3.16
20\ O YoXa s PO OM YOps O {v2, Ho} (8.16)
From (3.12), by putting b(\) = %(WA()/\) and b(\) = W, and using (3.14), (3.15),

(3.16) and
u(A)

4, -en [

we get formulas for ¢;(A) and ca(\). Similarly we calculate ai(N), az(X), b1(A) and ba(N).

Let us notice that for a given Lax representation (L, U), with fixed g()\), there exist infinitely
many gauge equivalent Lax representations (L', U’). Actually, let Q be a 2 x 2 invertible ma-
trix, with matrix elements dependent on phase space coordinates but independent on spectral
parameter A. Then, for

L' =QLO™ 1, U=uQt+Q0!

one can show that

Li=[UL <+ L =[U,L|
and
det(L — g(A\)ul) = det(L' — g(\)ul) = 0.

Hence, from the construction, such class of equivalent Lax representations has the same A-struc-
ture.

4 Proof of Theorem 3.2

First, let us prove the following lemma.
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Lemma 4.1. The following equality holds
> HA"F = F(Xv())/g()) mod u()) (4.1)
k=1

for F(z,y) = 3 f(2)y? — o(x) and Hy, defined by the linear system (1.2).

Proof. In the proof we will use the property that a polynomial of order less than n is uniquely
specified by its values at n distinct points. The functions Hy = Hg(\1, ..., An, fi1, - - -, iy satisty
the equations (1.2)

n
ZHk()\la s 7)\717/’617' . 7/~’Ln))\;n_k = F(A’MMZ% 1= 1)2)' <oy T
k=1
For fixed A1,..., Ap, ft1, ..., ftn, such that A; # \; for i # j the expression
n
> T He(Ay o A s ) AT
k=1

is a polynomial in \ of order n — 1, which takes values F'(\;, i;) at A = A;. On the other hand

F(Xv(A)/g(N\) mod u(N) = F(Av(N)/g(N)) —u(N) [F()\,Ulf()\)?)/g()\))} )

is also a polynomial in A of order n — 1, which takes the same values F'(\;, ;) at A = \;, since
u(A;) =0 and v(\;) = g(A;)p;. This proves the equality (4.1). [ |

Now we can pass to the proof of formula (3.9).

Proof of (3.9). We calculate that

det[L(A) = g(A)pul] = det (U(A)w_&w —v(Aqf(—A)gmu)

= = () = g(N)p)(v(A) + g(N)p) — u(A)w(X)
2 v
g (/\)U(A) [F(A, (/\))/9(/\))]

= v (\) + (N +2 )

n
? v
= 2200 (G000 — o10) — ) [FLNI) )
9> (N
~2500 (AN +g*(Vp?
- o) mod u 7\ 1 2 g
200 (F o) /g mod () + 225 (G0 = o)
2 n
=27 ) <— HA"F 4 1f()\) 2 o’()\)> )
ey ; g o T\
where in the last equality we used Lemma 4.1. This proves (3.9). ]

Now we will show that the Lax equations (3.10) hold. The proof is based on the following
lemmas.
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Lemma 4.2. The Poisson bracket of u(\) and v(\) is equal

{u(N),u(N)} =0, {v(\),v(\)} =0, (4.2a)

{uN),v(\)} = {u(\),v(\)} = — Z <g()\) [m} mod u()\)> Ak, (4.2b)
k=1 +

Proof. In the proof we will use the property that a polynomial of order less than n is uniquely
specified by its values at n distinct points. The first equality in (4.2a) is straightforward. The
second equality follows from

{v(N),v(Aj)} = {g(Ni) i, g(Nj)pjt =0 for 4,7=1,2,...,n.

For the proof of (4.2b) note that

{oe: v(A)} = {prs 9(Nj)py} = (1) Z {A AL - A g (At

1<h <la<- <l <n
k—1 k—1
—gO\) D N prem—1{ N 115} = —g(N) D AT prome1
m=0 m=0

is a value of the polynomial

k—1
(—g()\) Z )\mpkm1> mod u(A) at A=),

m=0

since u()\;) = 0. Because this polynomial is of order less than n we can write

o o u(N)
(o v} = | =90 Y- X"promet | modu(d) = —g(N) | i | modu(d).
m=0

Thus

(u(X), o) = Z{pk, At =37 (o) [aks | modaty) o

k=1

which proves the second equality in (4.2b). For the proof of the first equality in (4.2b) we
calculate that

{u(\),0(N)} = {H Zg A mH e }

i=1 J#l
_Zg(/\l){H)\—/\ }
= =1
_ _Zg 30 [T 2022 g v, .
J#l

Lemma 4.3. Let q(\) be a polynomial of order n and p(\) a smooth function defined on a domain
containing all roots of q(\), then

n

Z N=Rp(X) [A‘”*k_lq()\)]+ mod g(A Z AR [N TR (V)] . mod g(X).
k=1
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Proof. We have that

P 1g(0)] , mod g(A) = r(X) [\ 1g(M)], mod (A,

+

where r(A) = p(A\) mod g(A). Since [2&;]+ = 0 it further follows that

POV mod ) = P —a) |5 Y], |
= POV, =0 | BN ]|
= AT GO)], gV O],
Using this equality we get
A0 o )
= D ATHE O ], g )
- SO 0] =)
_ ’; APV X)), mod (),
where the seco;d equality is easily proven by expanding the polynomials. m

Lemma 4.4. The action of Hamiltonian vector fields X = { -, Hi} on uw(\) and v(\) is equal

Xpu(N) = _(35()\’ v(N)/g(N)) [)m} . mod u(A), (4.3a)
Xeo(h) = —g() [F(/\,vu(/\/\))/g(/\))] [AZSQH . mod u(\), (4.3b)
+

where F(z,y) = 3 f(z)y? — o(z).

Proof. Using Lemmas 4.1, 4.2 and 4.3 we calculate that
D Au(N), H b = {u(X), F(A, v(A)/g()) mod u(A)}
k=1

= Ou(X) OF 1 au(N)
=2 o gy o) T mod uy

, 1 OF
= {u(X), v(A )}Q(A) ay( v(A)/g(A)) mod u(A)

n

Z—Z@j( [An kﬂ} mod u(\ >>\’”_k
)

k=1

=3 (S ) [ e (] modupy) ek

k=1
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By comparing the coefficients of \»* on the left and right hand side of the above equality we
get equation (4.3a). For the proof of (4.3b) we first calculate

0

x: (FO0O)/9(0) mod u(n) = 52 (FOLo)/00) — u |

F, UIE(AA))/Q(A))} +>

1 oF v\ du(N) [FOh, 0(0)/g(N)
- oo A - % [ = L
1 oF v FO,o(0)/g(\) du(\)
) | gy OO ) - TR
1 OF dv(N) ~ Ou(N) [F(/\,fu(/\)/g(/\))]
X

mod u(A)

= =0 a—y(A,v(A)/g(A)) o, ON; u(N)

FQA,0(M)/g(V)) du(X)
+ u(A) [ 200) o, Lr.

Since [L) ag/(\;\)]Jr

A
1 Bu() F(A,U(A)/g(x))L _ [u1 du(N) [F(A,U(A)/g(A))u+

= 0 we can write

_ 2y MA) [F@,vw/g(x))LL

and we get

0
O\

1 or
g(A) oN Oy

du(A) [E,v(N)/g(N)
~ o [ ey ] mod u(\).

(FO\’U()\)/Q()\)) mod u()\)) =

(A, v(A)/g(A)) mod u(A)

Jr
Using this equality and Lemmas 4.1, 4.2 and 4.3 we have

D (o) Hid A ™ = {o(X), F(A v(A)/9(V)) mod u(N)}
k=1

= (ov(N)du(\) 1 OF . .
_§< D Oy g ay YN/ 9(N) mod u(d)

_Ov(N)Oov(N) 1 OF

Ou; O\ g(A)@(AvU(A)/Q(A)) mod u(A)

du(X) u(A) [F(A,v(N)/g9(N)
o o [ ey L_modu(A))
, 1 OF
= {v(A )70(/\)}@@(%”()\)/9()\)) mod u(A)

# {u, o)) | FR )

- Xn: (g(A) [F(A’UJ(AA))/‘Q(A))] . [A:(é)ﬂ} N mod u(A)) Ak

k=1

== i (Q(A’) [F(X’ UJ(AA/?)/Q(X))} . [;fl(_ﬁlL mod u(X)> Ak,

k=1

L mod u()\)

This proves equation (4.3b). [
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Proof of (3.10). The equations (4.3) can be rewritten in the form

Xpu(\) = —ggiiv(x) [ Afffﬁl] ) B 8; Z@; [ Afjfﬁlu R (4.40)
o) = 5 5 s = 5200 [y (e (a0
We can now compute Xgw(\)
]
-5 [y o] o [P A,

Since [ ey = (0 we can write

IR

F(AW(A)/Q(A))XW(A)} HF(A,U(A))/Q(A))} Xku(A)}
+ +

u(A) u(A) u(A L+ ou(A)
1 A) w(
=3 |0y ) XV . )
By (4.4) and (4.5) we have
P [ ) 2O [FO) w(h)
X = 20 | LR “’L T L0 “)L
0[S0 A ) [ e
iy [gw) *) [gm ey [An-k“LLL
PN [0 TR ) [ e
oy Lﬂm > ey i (e J+
TR ey o w0 Ty
A rate [A"Muﬁ iy bl W IR
From (4.4) and (4.6) we get
L) = XL = [0, L] .
k

5 Lax representation in Viete coordinates

Separation coordinates (A, fti)i=1,...n are important from the point of view of integrability of
considered systems, but not practical for our purpose, as for n > 2, matrix elements of any Lax
pair (L, Uy) contain in any case a complicated rational functions. So, let us express considered

systems and their Lax representations in so called Viete coordinates
n »

AP Z/’l’k
e -)\’ ;= — k 5 .:1,..., . 5]-
qi pl( ) bi kgl Ar ? n ( )

The advantage of such coordinates relies on the fact that for o(A), f(A) and g(\) of polynomial
form, all Hamiltonians and Lax matrix elements are polynomial functions of Viete coordinates
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as well. Here, just for the simplicity of formulas, we will consider the particular class of systems
where f(A) = A", g(A) = A" and o(\) =\, m,r,y € Z.
The Hamiltonians (2.1) take the form

H; = Z(Kij)ikpjpk + VJ-(A/) (@),
ik
where

k—1 7j—1
=S V"), Ep= Y asi V()
1=0 =0

and basic potentials V(¥ in ¢ coordinates are generated by the recursion matrix

1
g 1 0 0 00 0 —%
R 0 Of  ga_|t 00
;0 0 1 0 .0 i
~¢u 0 0 0 0 0 1 —%=L

For Lax representation, we get immediately

Aq) = qu)\"_k, q = 1. (5.2)

From (2.4) and (5.1) it follows that

An+r Z n+r—i) - n— (n+r—i)
PR ZV S ZV
k=1 k=1
So,
n n n k—1 r4+k—s—1
Opr N\ o AT fi \ | e
(A ¢,p) < mkA) k:Z[ ( P Ak
k=1 \i= v k=1 Li=1 \s=0 !
n k—1 n N
r+k—s—1 n—
=S [ v ) AR (5.3)
k=1 | s=0 j=1

where we used the identity

k-1

Ipx, k—s—1
= AFTsL

Notice that in particular for r = 0

n

k—1
v gp) ==Y D Gejpng | AV

k=1 | j=0

Thus, the substitutions (5.2), (5.3), (3.8) and (3.11) in L(\;q,p) and Ux(A; ¢, p) lead to Lax
equations (3.10), for f(A) = A™, g(\) = A", written in canonical (g, p) coordinates.
Besides, when f()\) is a polynomial of order less or equal n, the contravariant metric tensor

6 =g (102, . £000)

JAN YA W

defined by Ej; in (2.3) is flat, so one can pass from Viete coordinates to various admissible flat
coordinates [9)].
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6 Examples

Example 6.1. Our first example is a system described by a separation curve of the canonical

form
1
NS+ HiAN? + Ho\ + Hg = 5,&

ie, n =3 and f(A\) = 1. This is the case for which there exist flat coordinates [6], related to

Viete coordinates by

1 1
q1 = %1, q2 = x2 + Zfb’%, q3 =23+ 52171?62,

Lo (e 1 1
— — =T —Tr1 — =X = — —x — .
P Y1 9 1Y2 4 1 2 2 1Y3, b2 Y2 9 1Y3, p3 Y3

In flat coordinates Hamiltonians are

1 1 3
Hi = -y3 +y1ys + -2} — ~2172 + 73,

2 2 2
1 1 1 1 3,
Hy = 11y + 53?1313 - §$3y32, + > T1Y1Y3 = 5 T2Y2y3 + TGml — ry73 — 23,
1 1 1 1 1 1
Hz = 59% + gx%y% + éfU%y?Z, + 5T1y1Y2 + 5T2Y1Y3 — (4361962 + 363) You3
3, 3., 1,
+ Z$1$3 + §$1$2 — XT3 — §x1m2

and Lax representation for g(A) = 1 takes the form

—ysA? = (g2 + dz1ys) A N + 202 + (L2 + 22) A
— Y1 - %-TI?D - %$2y3 + 3+ %161962

L= ;
2)\2 — (y§ + 2561))\ yg)\2 + (92 + %1‘13/3) A

— 2ypy3 + S — 229 +y1 + 3312 + S22u3

U = 0 3 , Us = ~abs %)\j%xl ;
00 1 593

—%yg)\ — %yg — il‘lyg %)\2 + %xl)\ + %CE% + %CCQ
A= 2y3 —x SUsA + Lyo 4+ 1213 .

&
I

Example 6.2. Our second example is a system described by a separation curve of the canonical

form
Ly o 4
Hi\+ Hy = 5/\,u + A5,
ie, n = 2 and f(A\) = A. This is one of the integrable cases of the Henon—Heiles system.
Actually, in Cartesian coordinates, related to Viete coordinates by

2y
T

qQ = —x1, q2 = —1%7 b1 = —Y1, D2

both Hamiltonians are

1 1 1
Hy = iy% + §y§ + 23 + §x1x%,
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1 1 1 L
Hy = 5T2y1y2 — 21‘13/2 + 4:131:62 + 162

Lax representation for g(\) = 1 takes the form

BNty - 2 PP
N —2)\—(%+2$1>+(%—%—2$%—7$2>)\1 —%)\—y1+2ﬁﬁ% ’
1_<_1 _ﬁ)’ o )\—2%2—1‘1 —BA R Sy

Lax representation for g(A) = A is

YIA + 52210 A=z ) — a3
L= 3 2 2,12 2
—2X\° — 21‘1)\ — (21‘1 + §$2) A+ Ya *?/1)\ - §$2y2
O % %yl 1)\ 2.%1
Ur = ) Uz = 2 2 1.2 1 )
—A—2z; O —A* —m A —x] — 575 —3U1

while Lax representation for g(\) = A2 is of the form

(z1y1 + Fw22) A + 12301 A2 — @\ — 73

L= —2)% — 22\ — (222 + L22) A3 + (47 + y5)N\? ) e
1 9 —(ar1y1 + §$2y2)/\ — 1T5Y1
+y1(z1y1 + T2y2) A + 57197

- yl)\ 1 1)\ 1
1= _ )
22— 22\ — (3x% + %x%) - le)\ 1 %ylx\ 1
Uy — %3313/1)\_1 % — %-’EM_l '
N =2 — (2 + Jad) A+ S (vl + 93 — w1ad) + Joia Tt — oy

Lax representations for g(\) = 1 and g(\) = A? are new one, at least to the knowledge of
authors, while that for g(A) = X is well known (see for example [12] or [11]).

Example 6.3. Our last example is a system described by a separation curve of the canonical
form

1
A2+ H\+Hy = ixl,ﬁ,

i.e.,, n=2and f(A\) = A~!. Contrary to the previous cases the metric defined by H; is non-flat.
In Viete coordinates
1pf apipz | 1 ( B q%) s Q@

le - - + - ’
2q2 q2 2 ©»)? @

1 qip? i 1g} 1 ¢
Hy=—-—2+(1-L)pipo+ (qn—=-- | ;s + — — 5.
2 qo q2 2qo @2 g

Then, the Lax representation for g(A) = 1 takes the form

. ( —p2 X — p1 — Q1P2 M+ @+ g )
= (

+ 2 2 —
— (nrapa)? BT At tap
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_1pitqip2y—1 1 1 -1
- 3 A 5 T2
1= 2
_ (1 (prtaip2) @) Al 1 y2 1pitqip2 A1 ’
(2 a3 + a t a3 a2
_1a(pit@p2) y—1 1y-1
U 2 q2 A 2)\
2= _(;MJF%)/\—%L@)\Q Lai(pitapa) y—1 |7
2 as a a 2 a2
for g(A\) = A1 we have
p1+aq1p2 q(pi+aip2) 2
w At - D2 M4+ qaA+ @
L= 1| _(+ap)?® (q1(p1+q1p2)2 _ 2(p1p2+q1p§)) A1 ,
a5 @ q2 _pit@aipzy q1(p1+q1p2) + po
o @A—Q + l)\—S q2 q2
a2 a2

1
U ’ 2
1= 2 242 2¢2 _ — _
<P1P2+Q1P2 . lq1(pl+q¥72) 2 4 %) P Qq%)\ 2 4 q%)\ 3 0]
2 2

q% 2 a3 d2
1pit+qip2 1 1
2 @ 2)‘ + 320
Uy = | (ar2eitaips) _ 1aieitap2)’+6a | 247 \ -1
2 = 2 -3 3 +

42 42 92 _1pitqipe

2¢? _9 — 2 g
+ (% - %) A2+ g3
q5 a5 q5

and for g(A) = A

—P1A + @2p2 M+ g+
b= <— ((pl+;1721p2)2 -5+ %) A+ (21?1172 + qp3 + %) A—@p3  piA—q@p )
1o \—2 _ lpitqipz y\—1 1. y—2_ 1y-1

Ui = Plp:f;i% 12 q721 )\1 2y—2 _1 2q1:\ j— 2:\ 1)

(metort 4 L)\t 132 _lppa 24 fotom ol

2

v - %q2p2)\2—27_ %qlprqzzgﬁqlm A1 %)\—27 2

<%p2(2q1p1+§;11p2 @p2) | Zé) A1 %q1p§>\*2 _%q2p2/\72 I %qm q2£2+q1p2 A1

7 Final comments

The main result of the article is a systematic construction of a family of non-equivalent Lax
representations, parameterized by smooth functions g(A\) of spectral parameter, for arbitrary
Liouville integrable system defined by separation curve from the class (1.4). We presented in
explicit form the Lax matrices (L, U) in separation coordinates (A, p) for arbitrary g(\) and in
so called Viete coordinates for g(A) = A". It is really astonishing result that any dynamical
system (2.2) has so large set of non-equivalent Lax representations. It is still not clear for us
what is the geometric meaning of such freedom for the Lax pairs.

In all presented examples, our choice of g(A) was determined only by the simplicity of formu-
las. In principle there is no obstacles to apply more complex form of g()), but then all formulas
extremely complicate. We did it for the case of two degrees of freedom in Section 3.

It is well known that the knowledge of Lax representation for a given dynamical system allows
to construct constants of motion and separation coordinates. So why to study Lax pairs when
we start from Liouville integrable and separable system? We were motivated by at least two
important reasons. The first one was related with the investigation of the problem of admissible
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structure of Lax pairs. It can be done in a systematic way just in a separation coordinates and
led us to the large family of non-equivalent Lax representations. The second one is closely related
with our further research program. Actually, it relies on deformation of autonomous Liouville
integrable systems, with isospectral Lax representation, to non-autonomous Frobenius integrable
systems (Painlevé systems in particular), with respective isomonodromic Lax representation [5].
In order to construct the isomonodromic Lax representation of deformed system the complete
knowledge on related isospectral Lax representation is necessary. The work is in progress.
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