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Abstract. We overview the classifications of simple finite-dimensional modular Lie alge-
bras. In characteristic 2, their list is wider than that in other characteristics; e.g., it contains
desuperizations of modular analogs of complex simple vectorial Lie superalgebras. We con-
sider odd parameters of deformations. For all 15 Weisfeiler gradings of the 5 exceptional
families, and one Weisfeiler grading for each of 2 serial simple complex Lie superalgebras
(with 2 exceptional subseries), we describe their characteristic-2 analogs — new simple Lie
algebras. Descriptions of several of these analogs, and of their desuperizations, are far from
obvious. One of the exceptional simple vectorial Lie algebras is a previously unknown deform
(the result of a deformation) of the characteristic-2 version of the Lie algebra of divergence-
free vector fields; this is a new simple Lie algebra with no analogs in characteristics distinct
from 2. In characteristic 2, every simple Lie superalgebra can be obtained from a simple
Lie algebra by one of the two methods described in arXiv:1407.1695. Most of the simple Lie
superalgebras thus obtained from simple Lie algebras we describe here are new.
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1 Notation and background

To make the text understandable for the uninitiated, we place the most basic facts before the
Introduction which we have divided into two parts to make it more readable; for the same
reason we divided the background to accommodate both students and experts. Statements
proved directly, or by means of Mathematica-based SuperLie package [26], are called Claims.

We recall the basics and show how to modify familiar formulas in order to pass from C to
fields of positive characteristic, especially characteristic 2. In some formulas given for p = 2, we
retain notation convenient for comparison with the cases where p # 2.

1.1 Main points

1. We give an overview of the classification of simple finite-dimensional modular Lie algebras
and Lie superalgebras over an algebraically closed field K of characteristic p > 0. We
update the conjectures for various values of p > 0.

2. We use our results on classification of Lie superalgebras of vector fields with polynomial
coeflicients over C to describe their characteristic-p versions, especially, their desuperiza-
tions, for all 15 Weisfeiler gradings of all 5 exceptional simple vectorial Lie superalgebras,
and for several serial ones, also exceptional in a sense.

3. One of the deforms' of the divergence-free Lie algebra svect(5; N) which exists only if
p = 2. It is one of the exceptional simple vectorial Lie algebras — a desuperization of an
exceptional simple vectorial Lie superalgebra. This is the most unexpected result of this

paper.

1.2 Generalities

As is now customary, we denote the elements of Z/2 by 0 and 1, to distinguish them from
integers. For us, N := {1,2,...}, as it used to be in the past, and still is in some countries;
we set Zy := N U {0}. The parity p of a non-zero element v of a Z/2-graded space V, called
a superspace, is equal to ¢ if and only if v € V;. Any Z/2-graded algebra is called a superalgebra.

Hereafter K is an algebraically closed field of characteristic p > 0; usually, p = 2 and all Lie
(super)algebras are finite-dimensional unless otherwise stated. Mostly (exceptions indicated),
IT denotes the change of parity functor, i.e., tensoring by I1(Z).

The superization of most formulas of algebra is achieved via the following sign rule

“If something of parity a is moved past something of parity b, the sign (—1)% accrues.
Formulas defined only on homogeneous elements are extended to arbitrary elements
via linearity.”

Note that only even homomorphisms are considered as morphisms of superalgebras.

Observe that sometimes applying the Sign Rule requires some dexterity. For example, we
have to distinguish between two versions both of which turn in the non-super case into one,
called skew- or anti-commutativity, which are synonyms only in the non-super case; for two
elements a and b of a superalgebra we call the following conditions

ba = (—1)POP@)g) super commutativity,
ba = —(—1)P (®)p(a) 4p, super anti-commutativity,
ba = (—1)(p(b)+1)(p(“)+1)ab super skew-commutativity,

ba = —(—1)POFDE@OF) gp  guper antiskew-commutativity.

L Deform is the result of a deformation, like transform is the result of a transformation.
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Examples: the bracket in any Lie superalgebra is super anti-commutative; the anti-bracket
{—,—}Bb., see (2.5), being anti-commutative relative the parity in the Lie superalgebra is,
however, super antiskew-commutative relative to the natural parity of generating functions.

1.2.1 Conventions and notation often used

In what follows, we assume that every supercommutative superalgebra is associative with 1; their
morphisms send 1 to 1.

We denote by ¢ the center of a given Lie (super)algebra; both ¢(g) and ¢g := ¢ @ g denote
a trivial central extension of g.

Let ax b or b x a denote the semi-direct sum of modules (algebras) in which a is a submodule
(ideal).

Let 0(g) := g x KD, where D is an outer derivation of g; unless specified otherwise, D is the
grading operator of g. For example, for d(or1(2k)), we take D = diag(Ij, Ox).

Let g% := [g,]g,...[9,9] - -.]], the k-fold bracket.

We denote the functor of raising to the nth symmetric (resp. exterior) power by S™ (resp. E",
often denoted also by A™); sometimes we denote the exterior (Grassmann) algebra by A[6] or A(r)
in generators § = (61, ...,0,) satisfying anti-commutativity relations (and, additionally, 2 = 0
for all i if p = 2).

The symbol id (sometimes id,, ida|b) denotes not only the identity operator (in the space of
dimension n, resp. superspace of superdimension a|b), but also the tautological module V' over
the linear Lie superalgebra g C gl(V'); sometimes we write idg := V for clarity.

Lp is the Lie derivative along the vector field D.

1.2.2 Definition of Lie superalgebras for p # 2,3
The “naive” definition of Lie superalgebras for p # 2,3 is obtained by applying the Sign Rule

to anti-commutativity and Jacobi identities. To understand deformations with odd parameter,
we need a more sophisticated approach using the functor of points. The multiplication in the
Lie superalgebra will be called super-bracket or just bracket.

1.2.3 Definition of Lie superalgebras for p = 2

If p = 2, the antisymmetry condition for Lie algebra gg should be replaced by an equivalent for
p # 2, but otherwise stronger, alternating or antisymmetry condition

[z,x] =0 for any z € gj.

If p = 2, a Lie superalgebra is a superspace g = gg @ g7 such that gg is a Lie algebra, g7 is a gg-
module (made two-sided by symmetry), with a squaring = + x? and a bracket of odd elements,
which are defined via a linear map s: S?(g;) — g5, where S? denotes the operator of raising
to symmetric square, as follows:

22 = s(z @),
[,y] :=s(x ®@y+y®z) for any x,y € g7.
The linearity of the gg-valued function s implies that

(az)? = a®2? for any = € g7 and a € K, and

[,y] is a bilinear form on g7 with values in gj.
The Jacobi identity involving odd elements takes the form of the following two conditions:

[xZ,y] = [z, [z, y]] for any x € g1,y € g5, [mQ,x] =0 for any z € g7. (1.1)
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The (super)algebra satisfying only Jacobi identity, without any symmetry conditions, is called
a Leibniz (super)algebra.

Over Z/2, the condition (1.1) must (for a reason, see [44]) be replaced with a more general
one:

[332,3/] = [z,[z,y]] for any x € g7 and y € g. (1.2)

For any other ground field, this condition is equivalent to condition (1.1).

More generally, for any Lie superalgebra g, since we want the Lie superalgebra det g of all
derivations of g to be a Lie superalgebra, we have to add (to the Leibniz rule) the following
condition on derivations (it becomes (1.2) for D = ad,)

D(z?) = [D(z), ] for odd elements x € g7 and any D € det g.

By an ideal i of a Lie superalgebra g, one always means i homogeneous with respect to parity,
i.e., equal to iNggE@iN gi; for p =2, the ideal should be closed with respect to squaring.

Recall that a given Lie (super)algebra g is said to be simple if dimg > 1 and g has no proper
ideals; g is semisimple if its radical is zero; g is almost simple if it can be sandwiched (non-
strictly) between a simple Lie superalgebra s and the Lie superalgebra det(s) of derivations of s,
ie., s C g Coer(s).

The definition of the derived of the Lie superalgebra g changes when p = 2: let g(® := g and
for any ¢ > 0, set

g(i+1) — (g(i))(l) —

[69,80] + Span {g?|g € ¢\ } ifp=2.

An even linear mapping 7: g — gl(V) is said to be a representation of the Lie superalgebra g,
and V is said to be a g-module if

r([z,y]) = [r(z),r(y)] for any z,y € g,
r(z?) = (r(x))? for any z € g5.

1.2.4 Definition of Lie superalgebras for p = 3

Since we are giving a review of the context for any p > 0, we have to note a peculiarity of p = 3,
where the Jacobi identity for Lie superalgebras entails, additionally, that

[z,[zr,z]] =0 for any = € g7. (1.3)

The super anti-commutative algebra satisfying the Jacobi identity, but not (1.3) is called a pre-
Lie superalgebra. For interesting examples of pre-Lie superalgebras, see [2].

1.3 Basics on the functor of points

In this subsection, we follow [59]; we advise the reader interested in subtleties that we, like most
authors, do not dwell on, to read the Appendices to [60].

For a fixed object M and any object X of a category C, the association X — Homc (X, M)
defines a functor F': C ~» Sets. The idea is

(A) To consider Homc(X, M) as the set of points of M, which is indeed the case for any
set M if X is a point of M, and C = Sets;

(B) Considering objects of the category C of sets endowed with a structure (of a group,
algebra, module over a fixed algebra, topological space, etc.), and the morphisms in C being the
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maps of these sets preserving (exactly, or up to an equivalence, see [59, Section 1.16.3]) a certain
structure (that of a group, or of an associative algebra, or of Lie algebra, etc.), as a model, we’d
like to imitate these sets-with-a-structure by objects of another category.
For example, a Lie supergroup is any group in the category of supermanifolds, see [59].
Likewise, a Lie superalgebra is any Lie algebra in the category of linear supervarieties, see [44].
There we reformulate the naive definition of Lie superalgebras, which are Z/2-graded linear
spaces with multiplication satisfying certain identities, in terms of supervarieties.

1.3.1 PBW-theorem for Lie superalgebras

In [23], an interesting description of conditions when the Poincaré-Birkhoff-Witt theorem for
Lie superalgebras holds (or not) is offered for p > 0. Note, although we will not use this in this
paper, that for Lie superalgebras understood “naively”, the PBW theorem holds.

1.3.2 Deformations of the brackets

Let C be a supercommutative superalgebra, let Spec C be the affine super scheme.

Recall, see [62], where the non-super case is considered, that a deformation of a Lie superal-
gebra g over Spec (), is a Lie algebra & such that & ~ g ® C, as superspaces. The deformation
is trivial if ® ~ g ® C', as Lie superalgebras, not just as superspaces, and non-trivial otherwise.

Generally, the deforms of a Lie superalgebra g over K are Lie superalgebras & ®; K, where [
is any closed point in SpecC.

In particular, consider a deformation with an odd parameter 7. This is a Lie superalgebra &
isomorphic to g ® K[r] as a super space; if, moreover, ® ~ g ® K[r] as a Lie superalgebra, i.e.,

la® f,b®g) = (-1)PVP[a,b) @ fg for all a,b € g and f,g € K[r],

then the deformation is considered trivial (and non-trivial otherwise). Observe that g® 7 is not
an ideal of &: the ideal should be a free K[r]-module.

Comment. Consider formal deformations over K[[7]]. If the formal series in 7 converges in
a domain D, we can evaluate 7 for any 7 € D and — if dim g < oo — consider copies g,, where
7 € D, of the same dimension as g. If the parameter is formal or odd, such an evaluation is
possible only trivially: 7 — 0.

1.4 Linear (matrix) Lie superalgebras

Certain basics of linear superalgebra are not well-known, or given wrongly in the literature; no
harm in recalling about them.

The general linear Lie superalgebra of all supermatrices of size Size corresponding to linear
operators in the superspace V = V5 @ Vj over the ground field K is denoted by gl(Size), where

Size = (p1, ... ,p|Size‘) is an ordered collection of parities of the basis vectors of V' for which
we take only vectors homogeneous with respect to parity and |Size| := dim V; usually, for the
standard (simplest from a certain point of view) format, gl(0,...,0,1,...,1) is abbreviated to

gl(dim V5| dim V7). Any supermatrix from gl(Size) can be uniquely expressed as the sum of its
even and odd parts; in the standard format this is the following block expression; on non-zero
summands the parity is defined:

(-G (G (e
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The supertrace is the map gl(Size) — K, (X;;) — 3 (=1)P*PE)+D X, Thus, in the standard
format, str (é g) = tr A — tr D. Observe that for the Lie superalgebra gl.(p|q) over a super-
commutative superalgebra C, i.e., for supermatrices with elements in C, we have

) A B
strX =trA— (=) trD for any X = ,
C D

where p(X) = p(Aij) = p(Dr) = p(Bir) + 1 = p(Cy;) + 1.

So if C7 # 0, then on odd supermatrices the supertrace coincides with the trace.
Since str [z, y] = 0, the subsuperspace of supertraceless matrices constitutes a Lie subsuper-
algebra of gl(Size) called special linear and denoted sl(Size).

1.4.1 The queer version of gli(n)

There are at least two super versions of gl(n), not one; for reasons, see [52, Chapters 1 and 7).
The other version — q(n) — is called the queer Lie superalgebra and is defined as the one that
preserves — if p # 2 — the complex structure given by an odd operator J, i.e., q(n) is the
centralizer C'(J) of J:

q(n) = C(J) = {X € gl(n|n) |[X,J] = 0}, where J> = —id.

It is clear that by a change of basis we can reduce J to the form (shape) Jo, in the standard
format, and then q(n) takes the form

q@ﬁ:%ABL:<2 j),MMeABegWdehwz<ji %)}

(Over any algebraically closed field K, instead of J we can take any odd operator K such that
K? = aidy),, where a € K*; and the Lie superalgebras C(K) are isomorphic for distinct K if

p = 2, it is natural to select K2 = id, and hence Ly = 1o, = (1(; 16L) can serve as the normal

shape of K.)

On q(n), the supertrace vanishes, but the queertrace is defined: qtr: (A, B) — tr B. Denote
by sq(n) the Lie superalgebra of queertraceless matrices; set psq(n) := sq(n)/Kla,.

If p =2, on q(n) there is another (even) trace htr: (A, B) — tr(A), see [44].

1.4.2 The supermatrix of the dual operator (after [52])

Let F' € End¢(V). The passage from the matrix of F' in a basis of V' to the matrix of F* in the
dual basis of V* is performed by means of the supertransposition which in the standard format
is of the shape

<H ﬁ)

if p(X) =0,
R S —-st Ut
X:< >HXW— 5 U

T U ) /Rt Tt B
if p(X) =1,

where M is the transposed of the matrix M.
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1.4.3 Lie superalgebras preserving bilinear forms
The supermatrices X € gl(Size) such that
X*B 4 (=1)PXPBIBX — 0 for an homogeneous matrix B € gl(Size)

constitute the Lie superalgebra aut(B) that preserves the bilinear form B on V whose Gram
matrix B = (B;j) is given by the formula

B;; = (—1)p(B)p(”i)B(vi,vj) for the basis vectors v; € V. (1.4)

In order to identify a bilinear form B(V, W) with an operator, an element of Hom(V, W*), the
matrix B of the bilinear form B is defined in [52, Chapter 1] by equation (1.4), not by seemingly
natural — but inappropriate for such an identification — formula

Bij = B(v;,v;) for the basis vectors v; € V. (1.5)

Moreover, the would-be definition (1.5) contradicts the manifest symmetry of the odd bilinear
form gtr on q(n). To correctly define symmetry of bilinear forms, consider the upsetting of
bilinear forms wu: Bil(V, W) — Bil(W, V), see [52, Chapter 1], given by the formula

u(B)(w,v) = (—1)POPW By w) for any v € V and w € W.

If V=W, we say that B is symmetric if

R —1)PBTt R S
u(B) = B, where u(B) = =1 for B = .
(_1)p(B)5t _Ut T U

Similarly, B is anti-symmetric if u(B) = —B.

1.4.4 Notational convention

By abuse of notation we will often denote the bilinear form B by its Gram matrix B in a normal
shape.

1.5 Analogs of polynomials for p > 0

Let Clz| := Clz1,...,x,] denote the supercommutative superalgebra of polynomials in indeter-
minates z in their standard order; i.e., let the first m indeterminates be even and the other n be
odd (m+n = a). Among the bases of C[z] in which the structure constants are integers, the two
bases are usually considered: the monomial basis and the basis of divided powers constructed as
follows.

For any multi-index r = (r1,...,7r,), where r1,...,ry, € Z4 and rp41,...,7q € {0, 1}, we set
. xh )
ugn) = —Z' and w® = H ugm. (1.6)
T 1<i<a

Clearly, we have

w® .y ®) = H min(1,2 —r; — ;) - (_1)m<iz<:jﬁa7’j$i , (Ei‘§)u(ﬁ+§)7 (1.7)
m+1<i<a -
here ("7%) .= e,
whet ( T ) 1<lllm ( Ti >

These ul(”) form an “integer basis” (i.e., a basis in which all structure constants with respect to
the product (1.7) are integers) of C[z].
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1.5.1 Notational convention

In what follows, for clarity, we will write exponents of divided powers in parentheses.
Over any field K of characteristic p > 0, we consider the supercommutative superalgebra

(Ti))

(now we do not have any elements x, only the u;

< phi fori <m
O(m; N|n) := K[u; N] := Spang [ @ |r;
=0orl fori>m

with multiplication given by formula (1.7) where N = (N1, ..., Ny,) is the shearing vector with
N; € Z4 U oo (we assume that p™° = 0o0). Important particular cases of shearing vectors:

1:=(1,...,1) and N :=(o0,...,00); weset O(m):=O(m;N,). (1.8)
The algebra
F:=0O(m;N|n) =K[u; N] and its completion O(m; N__|n) (1.9)

are called the algebras of divided powers. We will sometimes need completion (5(& Z) with respect
to only one indeterminate, where (&Z)J = ﬂj except for (ﬁz)Z = 00.

Clearly, O(a;1) = KJu; 1] is the algebra of truncated polynomials. Only K[u; 1] is indeed
generated by the declared indeterminates whereas the list of generators of K[u; N] consists
of u(pki) for all 7 and all k; such that 0 < k; < N; if u; is even.

i
1.6 The (generalized) Cartan prolongation
Let g = @ g; be anilpotent Z-graded Lie (super)algebra and go a Lie sub(super)algebra
—d<i<—1
of the Lie (super)algebra derg(g—) of degree 0 derivations of g_. Recall that the graded Lie
superalgebra b = @©,>_4 by, is said to be transitive if for all p > 0 we have

{zr €by|[z,b_] =0} =0, where b_ := &;ob;.

The maximal transitive Z-graded Lie (super)algebra whose non-positive part is g— @ go is
called the (generalized) Cartan prolong of the pair (g_, go) and is denoted by (g—, go)«-

If p =0, we can realize g_ by elements of negative degree of vect(n|m;7) and go by elements
of Oth degree of vect(n|m;7) in a non-standard (see Section 2.4.1) grading of vect(n|m), where
n|lm = sdimg_. Then the Cartan prolong (g_,go)« := k>@ dgk of the pair (g_, go) is obtained

for any k£ > 0 by
gr := {D € vect(n|m; ™) | [D, gi] C gg+i for any i < 0}.

The above-described procedure is called generalized prolongation because the initial Cartan
prolongation was defined for d = 1 only.

1.6.1 Partial Cartan prolongation involving positive components

Let h; C g1 be a proper go-submodule such that [g_1,bh1] = go. If such h; exists (usually,
[g-1,h1] C go), define the 2nd prolongation of ( & g;) & b1 to be
i<0

b2 :={D € g2|[D,g-1] C bh1}.

The terms b;, where ¢ > 2, are similarly defined. Set bh; := g; for ¢ < 0 and call b, := Bb; the
partial Cartan prolong involving positive components.

Examples. The Lie superalgebra vect(1|n;n) is a subalgebra of £(1|2n;n). The former is
obtained as the Cartan prolong of the same nonpositive part as £(1|2n;n) and a submodule of
€(1|2n;n)1. The simple exceptional superalgebra tas discovered in [64, 65] is another example.
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1.7 Vectorial Lie algebras and algebras of divided powers

The Cartan prolong of (g—,go), where gy acts faithfully on g_ and sdimg_ = m|n, can be
embedded into the superalgebra of polynomial vector fields of m even and n odd indeterminates,
i.e., into der C[zy,...,z,] (where a = m + n, the first m indeterminates are even, and the rest
are odd), see [66].

Over a field K of characteristic p > 0, if one tries to follow the recipe of Section 1.6 naively
and use derivations of usual polynomials, instead of divided powers, it would not work. For
example, let us consider the prolong (g_,go)«, where g_ = g_;, sdimg_; = sdimgy = 1|0,

oo
and the action of gy on g_; is non-trivial. It has the form @ g; such that sdimg; = 1|0 and
i=—1
g = [g—bgi—l—l] for all ¢ Z —1.

The corresponding prolong over C would be embedded isomorphically into det C[z] so that g;
would be mapped into Span (:c”lax). Over K, the construction of embedding would fail for
gp—1, because [0y, 2P0;] = 0, and there is no element X such that [0, X]| = xP~19,.

However, over K, Cartan prolongs can be embedded into the superalgebra of derivations of
the algebra of divided powers. Let us first say a bit about these derivations.

Over C, consider the action of derivation 9, of C[z1,...,z,] in the basis of divided powers.
It is given by (recall the definition (1.6) of u("))
0 if T, = O,
Dp,ul) = A (1.10)
(_1)max(0,z—m—1)u((r1,...,7“2;1,Ti—l,ri+1,...,ra)) otherwise.

Since all the coefficients are integer, the map given by this formula is a derivation of K[m; N|n].
We will denote this map 0; := 0, and call the maps 01, ..., 0, distinguished partial derivatives.

The general Lie algebra of vector fields consists of the following derivations expressed in terms
of distinguished partial derivatives

vect(m; N|n) = Z fi0i | fi € O(m; Nn)

1<i<a

Note that if N # 1, then vect(m; N|n) is not the whole dert K[m; N|n]. Maps 8fk, where
1 <i<mand1l <k < N,, are also derivations of K[m;N|n], and a general derivation of
K[m; N|n] has the form?

Z Z fi,kafk-F Z fi0;, where f; 1, fi € Klm; N|n].

1<i<m 0<k<N;—1 m+1<i<a

The Lie superalgebra vect(m; N|n) and its subalgebras, are called vectorial Lie superalge-
bras (cf. with matriz or linear Lie superalgebras). Cartan prolongs can be embedded into
vect(m; N|n); in particular, the above Cartan prolong would be isomorphic to vect(1; N _|0),

with g; corresponding to Span (ugiﬂ)al).

1.7.1 Notation, again

Hereafter, the symbol g(a|b) or g(a; N|b) will designate the vectorial Lie superalgebra with given
name g realized by vector fields on the linear supermanifold A%l (the one corresponding to
the superspace K%, see [44]), and endowed with a W-grading, see Table (2.18). The standard

2It is easy to see that K[m; N|n] is isomorphic to K[> N;; 1|n], so their algebras of derivations are isomorphic
as well, so it is not surprising that a general element of der K[m; N|n] has >  N; + n functional parameters.
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grading is taken as a point of reference for regradings governed by the vector 7 of degrees,
which often can be described by one number r that usually (for details, see [56, 65]) is equal
to the number of odd indeterminates of degree 0. The regraded Lie superalgebra is denoted
by g(alb;r). In the standard grading the parameter r is usually omitted, see Table (2.18) and
tables in Section 25.4.

The module F of “functions” over vect(m; N|n) and its subalgebras (usually with the same
negative part) is an analog of the tautological module V' over gl(V') and its subalgebras.

1.7.2 Names

The Lie algebra vect(1; N) is called a Zassenhaus algebra. For p = 2 it is not simple. Observe that
vect(1; V) ~ €(1; N) (indeed, f0, «— Ky, see definition (2.2); clearly, d, is the distinguished
derivative with respect to the only indeterminate). The simple derived algebra vect™)(1; N) ~
£t (1; N) is also called a Zassenhaus algebra causing confusion, while vect(1;1) is lately called
(even for p = 0) the Witt algebra in honor of Witt who was the first to study one of its modular
incarnations, see Introduction to the first volume of [73].

In the old literature, vect(m; V), like its version for p = 0, was called the general Lie algebra
of Cartan type; lately, it is called the Jacobson—Witt algebra, whereas the name Witt algebra is
reserved for the particular case vect(1;1) for p > 2.

1.8 Traces and divergencies on vectorial Lie superalgebras

On any Lie (super)algebra g over a supercommutative superalgebra C, e.g., over a field C = K,
a trace is any linear mapping tr: g — C such that

tr (g1)) = 0. (1.11)

Now let g be a Z-graded vectorial Lie (super)algebra with g_ := @ g; generated by g_1,
i<0

and let tr be a trace on gg. Recall that any Z-grading of a given vectorial Lie (super)algebra is
given by degrees of the indeterminates, so the space of functions F, see equation (1.9), is also
Z-graded.

The divergence div: g — F is a degree-preserving ad,_,-invariant extension of the trace to
the Cartan prolong; this extension should satisfy the following conditions, so div € Z!(g; F),
i.e., is a cocycle:

Xi(div D) = div([X;, D]) for all elements X; that span g_1,
div |g, = tr,
div]g_ =0.
We denote by Vol(u; N) or simply Vol,, := F* the vect(m; N|n)-module of volume forms dual
to F over F. As an F-module, Vol, is generated by the volume element vol, = 1* with fixed
indeterminates (“coordinates”) u which we often do not indicate. On the rank-1 F-module of

weighted A-densities Vol*(m; N|n) with generator vol)) over F, the vect(m; N|n)-action is given
for any f € F and D € vect(m; N|n) by the Lie derivative

Lp(fvol)) = (D(f) + (~1)PDPLIN\f div(D)) voly . (1.12)

The special Lie algebra sg := Ker div of divergence-free elements of g is the Cartan prolong
of (g—,Kertr|g,). For example, svect(m; N|n) = (idsi(mn), sH(m|n))« N -
The vect(0|n)-module Vol(0|n) contains a submodule Voly(0|n) of codimension 1:

Volp(0|n) := {fvol | /fvol =0, where f € F = A(n)}, (1.13)
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where the Berezin integral [ fvoly is equal to the coefficient of the monomial of the highest
in fs degree.
Over svect(0|n), we often identify Voly(0|n) with a submodule of F and omit (0|n); set

T9(0|n) := Volp(0|n)/K - vol .

1.8.1 Examples of several divergences

On vect(m; N|n), the explicit expression of the standard divergence is as follows

div: Y fi0e, — Y _(~1)PEPUI, £ (1.14)

The supertrace restricted from gl vanishes on ¢, but there is an “indigenous” queer trace
on (; analogously, the standard divergence (1.14) vanishes on certain Lie subsuperalgebras of
vect(m; N|n) on which there might be defined an “indigenous” divergence. This happens, e.g.,
with €(2n + 1]2n + 2) and m(n) as will be shown later on.

If there are several traces on go, and hence divergences on g = (g—, go)« N, there are several
types of special subalgebras, and we need an individual name for each.

If g is a Lie superalgebra, then the linear functional tr satisfying condition (1.11) is often
called, for emphasis, supertrace and denoted by str. If we were consistent, we should, accordingly,
use the term superdivergence but instead we drop the preface “super” in both cases.

1.9 Ciritical coordinates and unconstrained shearing vectors

The coordinate of the shearing vector N corresponding to an even indeterminate of the Z-graded
vectorial Lie (super)algebra g is said to be critical if it cannot take an arbitrarily big value.

The shearing vector without any imposed restrictions on its coordinates is said to be uncon-
strained; we denote it by N". Let

dim N be the number of coordinates of IV,
Par N* := dim N* — card({critical coordinates)}

be the number of parameters N“ depends on.

We established the (non)critical coordinates of the shearing vectors of the Z-graded vectorial
Lie (super)algebra g with a computer’s aid by explicitly computing the bases of the first several
terms g; for ¢ > 0 without imposing any constraints on V.

Conjecture 1.1. If the value of the coordinate N, (of the Z-graded vectorial Lie (super)algebra
g) can be > 1, then it can take any value.

2 Background continued. Subtleties

2.1 The serial simple vectorial Lie superalgebras over C as prolongs

When we only need the vectorial Lie superalgebras considered as abstract, not realized by vector
fields, we may consider their simplest filtrations with the smallest codimension of their maximal
subalgebras, and gradings associated with such filtrations.

2.1.1 Convention: on central element z € gg

We chose the central element z € gg so that it acts on g; as ¢ -id. The irreducible 1-dimensional
module over the commutative Lie algebra spanned by z which acts as i - id is denoted by K[i].
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2.2 The two types of superizations of the contact series over C

The type £ Define the Lie superalgebra hei(2n|m) on the direct sum of a (2n, m)-dimensional
superspace W, endowed with a non-degenerate antisymmetric bilinear form B, and a (1,0)-
dimensional space spanned by z. Clearly, we have

t(2n + 1/m) = (hei(2n|m), cosp(m|2n)).

and, given hei(2n|m) and a subalgebra g of cosp(m|2n), we call (hei(2n|m), g)« the k-prolong of
(W, g), where W is the tautological osp(m|2n)-module.

The type m: The “odd” analog of ¢ is associated with the following “odd” analog of hei(2n|m).
Denote by ba(n) the antibracket Lie superalgebra (ba is Anti-Bracket read backwards). Its
space is W @ C - z, where W is an n|n-dimensional superspace endowed with a non-degenerate
antisymmetric odd bilinear form B; the bracket in ba(n) is given by the following relations:

z is odd and lies in the center; [v, w] = B(v,w) - z for any v,w € W.

Given ba(n) and a subalgebra g of cpe(n), we call (ba(n), g). the m-prolong of (W, g), where W
is the tautological pe(n)-module.

2.3 Generating functions over C

A laconic way of describing ¢, m and their subalgebras is via generating functions.

On the 2n + 1|m-dimensional superspace with even coordinates ¢, and p = (p1,...,DPn),
qg = (q1,...,qn), and odd indeterminates (“coordinates”) (&,n,6), where & = (&1,...,&), n =
(My...,mk) and 8 = (01, ...,60s), the odd contact form oy is defined to be

0 if m = 2k,
o = dt + Z (pidg; — qidp;) + Z (&idn; + n;d&;) + S Gdl, if m =2k + s (2.1)
1<i<n 1<5<k 1<t<s '
For any f € Clt,p,q,&,n,0), set
0 af
Kp= (2= BE)f)g; + Hy + 5 E, 22)

where F = Zyz By (here the y; are all the coordinates except t) is the Fuler operator, and

of 0 Of 0 of o of 0 of o0
Hf:Z(a a‘aa) Zaaaa Z o¢, om;  on; 06,
i<n Di 0G5 qi Op; ¢ OUp i< gj 75 Ui fj
The Hamiltonian vector field Hy with Hamiltonian f preserves the symplectic form wp := do.
On the (n|n + 1)-dimensional superspace with even coordinates ¢ = (q1,...,¢,), and odd
indeterminates (“coordinates”) & = (&1,...,&,), and 7, the even contact form ag, is defined to
be
ap = dr + Y _(&dg; + id&s).- (2.3)
i<n

For any f € C[q,&, 7], set

My =(2—E)(f)0- — Ley —(=1)PDo(f)E, where E = Zyﬁyi and where y = (¢,§),

%
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N (9 0w Of ‘9)
bes _Z(aqi o6 TV 5 aa )

Since
Lk, (1) = 2%(11 = K1(f)au,
L, (o) = —(—1)p(f)2?)£a0 = — (=)D My (. (2.4)

Let €(2n+ 1|m) be the (contact) Lie superalgebra preserving the distribution given by the Pfaff

equation with the 1-form «q; let m(n) := m(n 4 1|n) be the pericontact (“odd” contact) Lie

superalgebra preserving the distribution given by the Pfaff equation with the 1-form ay.
Equation (2.4) implies that Ky € £(2n + 1|m) and My € m(n). Observe that

p(Ley) = p(My) = p(f) + 1.

Contact brackets, Poisson bracket, antibracket a.k.a. Buttin (Schouten) bracket.
To the (super)commutators [Kf, K4| and [My, M,] there correspond contact brackets of the
generating functions:

[Kf7 Kg] = K{f, 9}k,

[Mf’ Mg] = M{f7 g}mb

The explicit expressions for the contact brackets are as follows. Let us first define the brackets
on functions that do not depend on ¢ (resp. 7).

The Poisson bracket {—,—}pp. (in the realization with the form wg := day for m = 2k +1 it
is given by the formula

B of 0g  Of Og
{fgten. =) <5piaqi a aql-@pz)

i<n

of 9 of 0g ~ Of 0g
— (=1)P) — 4 (-i—) for any f, g € Clp,q,&,n,0).
= % 00, 00, g dE; On; | On; OE; y f,9 € Clp,q,€,1,0]

The Buttin® bracket {—, —}p.., discovered by Schouten and initially known as the Schouten
bracket, is very popular in physics under the name antibracket, see [24]. It is given by the formula

b =5 (280 apin® 20

i<n dg; O (=1) 3&'8%’) for any f,g € Cla,l 29

In terms of the Poisson and Buttin brackets, respectively, the contact brackets are as follows:

oha =@ - BYNY - W o~ B)o) - 7.0}
(Frghn = 2~ BN + (1PN 2= B)(g) ~ (£ ghmn. (2:6)

The Lie superalgebras of Hamiltonian vector fields (or Hamiltonian superalgebras) and their
special subalgebras (defined only if n = 0) are

h(2n|m) = {D € vect(2n|m) | Lpwy = 0, where wp := day },

b (0jm) = {Hf € h(0|m) | /fvol = O} .

3C. Buttin was the first to publish that the Schouten bracket satisfies super Jacobi identity.
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The “odd” analogues of the Lie superalgebra of Hamiltonian fields are the Lie superalgebra of
vector fields Les introduced in [50], and its special subalgebra:

le(n) = {D € vect(n|n) | Lpwi = 0, where w; := dag},
sle(n) = {D € le(n) | divD = 0}. (2.7)

It is not difficult to prove the following isomorphisms as Lie superalgebras with the brackets on
the right-hand sides given by the above-described brackets k.b. (where K; and H are involved)
and m.b. (where My and Ley are involved)

t2n +1|lm) = {K; | f € C[t,p,q,&]} = C[t,p, q,&],

po(2n|m) := {Kf | f € C[t,p,q,&] such that % = 0} = Clp, q,¢],

h(2n|m) = {Hy| f € C[p,q,&]} = C[p,¢.£]/C -1,
m(n) ={My|f € C[r,q,&]} = Clr,q,¢],
of
b(n) = {Mf | f € C[r,q,§), such that 9= O} =~ T1(Clq, &]),

le(n) = {Ley | f € Clg, €]} = II(C[g,¢]/C - 1).
We have

poM) (0|m) = {Kf € po(0m) | /fvol = o},
b (0lm) = potV(0jm)/C - K.

2.3.1 Generating functions over K

Recall that the contact Lie superalgebra £(ng + 1; N|ng) consists of the vector fields D that
preserve the contact structure (a non-integrable distribution given by a contact form ag, cf. (2.1))
on the supervariety M associated with the superspace Knotiini,

Lp(ay) = Fpay for some Fp € F, where F is the space of functions on M. (2.8)

Consider the form (here ng = 2kg; if ng is odd, no contact form exists)
a1 = dxg + Z Tid Ty
1<i<k
{0 if n=(ng+1)+n; = (2kg+ 1) + 2kt = 2k + 1,
+

(2.9)
Top1dTok1  ifn=(ng+1) +ng = (2ky + 1) + (2k1 + 1) = 2k + 2,

where in order to make expressions for brackets simpler, we consider the following nonstandard
order of indeterminates the constituents of dual pairs one above/under the other:

even: xg, even: Iq, ooy Tl odd: Tggt1s--- ) Ttk
even: xk()+k1+17 (R 7m2k()+ki7 odd: x2k6+/€1+17 -y L2k odd: T2k+1-
The vector fields D satisfying (2.8) for some function Fp look differently for different character-
istics:
Forp # 2, and also if p =2 and n = 2k + 1, the fields D satisfying (2.8) have, for any f € F,
the following form (compare with (2.2)):

Kf:(l—E’)(f)i%—ﬁE’jL > <8f A > (2.10)

Ooxg Oxg | Sk 0%4i 0x;  OT; 0Ty
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(5 (e ooy [0

e ) : ) ,
ko+1<i<k Opqi O Oxi OTpy f

1 i -
3 Dt OTor iy ifn=2k+2
where

if n=2k+1,
= ) 20, + '
1<i<k 9C2k+139c2,wrl if n =2k +2.

Forp=2 and n = 2k+2, we cannot use formula (2.10) anymore (at least, not for arbitrary f)
since it contalns 5

. In this case, the elements of the contact algebra are of the following three
types, and their hnear comblnatlons where k = kg + ki:

a) For any f € F such that axo of

=0, we have
85[32k+1 0’

B of 9 of d
Kp=(1+E') 6x0+1z ( + )

2.11
0r; Oxpyy  Oxpy; Oy (2.11)
where E' := Yz ax
1<i<k '
Observe that in (2.10) and (2.11) we can also take E/ := ) xi%.
E+1<i<2k ¢
b) Set
F = 020,01, -y Thyy Thils - - > kg N |Thot 15 - - -5 Thor Thakgt 15 - - - > T2k)- (2.12)
For any g € f or equivalently, for any g € F such that M% =0, we set

bl) Ag:= g (24102 + Onyrsr) »
b2) Bg = gl'2k+la$2k+1'

For the pericontact Lie superalgebra m(n; N|n) the analog of the formula (2.9) takes the form

ag = dxg + Z TidT g,
1<i<k

where the parities of indeterminates are such that p(x;) = p(x;1x) + 1; e.g., they are as follows

even: Ii,...,Tk; odd: xgyq,...,22k, and xg.

Theorem 2.1 (on explicit squaring and contact brackets for p = 2). Brackets and squares of
)

contact vector fields, and the corresponding contact brackets of generating functions, are given
by formulas (2.14). Both the contact brackets {—, —}x 1. and {—, —}mp. are of the shape

U=

(1+E’)(f) 1+ E)(f af1+z <8f Oh
1§7,

0 OT 44
where E' = Z xl

1<i<k ‘

of 8fl)

Ozp i Ox;

ig forany f.fr€F

a . (2.13)
k+1<i<2k !
Then, for any f, f1,9,91 € .7?, we deduce
[Kf’ Kfl] = K‘[fvfl}k.b.’ [Mf7 Mf1] = M{f,fl}m,b;
(Kf)2:K of _df (Mf)2 =M of _8f
1575k Ow; Oz,

1S5k Ox; Oz
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[Kf’ Ag] = A{f,g}k.b.’ (Ag) =B 6‘99 +9 Kl’
0
[Kf7 Bg] = B{f,g}kbﬂ [Ag’ BQI] = Aggl’
[Ag, Ag,] = B%, [Bg, Bg,] = (39)2 =0. (2.14)
0
Proof is based on direct computations, see formulas (2.14). [

In particular, for ¢(1; N|0), we have (unless a = b = 0)

) = (1) () = (e

Lemma 2.2 (A helpful lemma). For any g € F, see (2.12), we have g € K, see the expressions
for (Ay)? and [Ay, B,) in equation (2.14).

Proof. Indeed, g =), grx ), where r is a (2k +1)-tuple of non-negative numbers and the sum
runs over a set of such tuples and gr € K for all r. Then,

g-9=>_ grgsz™ -z

i.e., the terms with r # s, are encountered 2 times, so what remains is

¥ a0 = S () -t (I (7)) o a9

k3
i=0

a

If @ > 0, then ( . ) =0 (mod 2). By definition, (2) := 0; hence the product in equation (2.15)
vanishes even if there are only even indeterminates involved. Therefore, only the summand with
r=(0,...,0), i.e, (g(,.0)? survives. [

Claim 2.3 (Grading operators in ¢(2ng + 1; N|m) and m(n; N|n + 1)). For p # 2 and the
bracket (2.13), the xo-action gives a grading of g by the formula ady, |4, = iid; this action
also defines the 1-dimensional go-module we denote by K][i].

Forp=2, let

K[*] denote the Kzg-module analogous to K[i] Z TiThoti- (2.16)
1<i<k

For p = 2, the element xo annihilates a subspace ann(xo)|q_, of g—1 and acts as multiplication
by 1 on both g_1/(ann(xo)|g_,), and g—o.

For p = 2, the operators ady, |g, and ade |, interchange their roles as compared with p # 2:
now ade commutes with gg.

Claim 2.4 (brackets in £(2kg + 1; N|2k; + 1)). In items 1)-3) the isomophisms are between
the LHS, defined as the Lie superalgebras of vector fields that multiply the contact form o by
a function, and the RHS, the brackets and squarings in which is given by formulas (2.14).

1) €(1; N|0) ~ vect(1; N|0).

2) ¢(1; N|1) ~ (KEK10O(zo; N)) QII(O(x0; N)). The even part of the simple Lie superalgebra
£ (1; N|1) is solvable. (For other examples of the same phenomenon indigenous to p = 2,
see [10, Section 16.2].) This Lie superalgebra is the superization of vect®)(1; N +1) by
“method 27, see [12] and [43)], and the desuperization F(¢1)(1;N)) is simple Lie algebra
vect(1; N 4+ 1).

3) €(2kg + 1; N|2k; + 1) ~ (po(2kg; N|2k7) @ .7?) @H(]?), where N = (No, N) and at least
one of ki and ki is non-zero. These Lie superalgebras and their desuperizations are not
simple, the ideal i is generated by the Ay and By; recall (2.12). We have

(2k5 + 1; N|2k1 + 1) /i ~ b(2kg; N|2kq).
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2.4 Weisfeiler gradings

For vectorial Lie superalgebras, the invariant notion is filtration, not grading. In character-

istic 0, the Weisfeiler filtrations were used in the description of the infinite-dimensional Lie

(super)algebras £ by selecting a maximal subalgebra Ly of finite codimension; for the simple

vectorial Lie algebra, there is only one such £y. (Dealing with finite-dimensional algebras for

p > 0, we can confine ourselves to maximal subalgebras of least codimension, or “almost least”.)
Let £_1 be a minimal Ly-invariant subspace strictly containing Lg; for ¢ > 1, set:

[L_1, L]+ L unless p =2 and i = 1,
L=
! (L1, L]+ L_;+Span (X?| X € L) forp=2andi=1,

Li={DeL;1|[D, L] CLi—1}.
We thus get a filtration:
L=L 4gDL 411D -DLyDLI D --. (2.17)
The d in (2.17) is called the depth of L, and of the associated Weisfeiler-graded Lie superalgebra
g= @ g where g; = L;/L;11. We will for brevity say W-graded and W-filtered.
F;;lgtlhe list of simple W-graded vectorial Lie superalgebras g = @ g; over C, see [55]

—d<i
reproduced in Tables 25.2 and 25.3.

2.4.1 The Z-gradings of vectorial Lie superalgebras

These gradings are defined by the vector 7 of degrees of the indeterminates, but this vector can
be shortened for W-gradings to a number r, or a symbol, which we do not indicate for » = 0.
Let the indeterminates ¢, p;, gj, and uy be even, while 7, &, n;, and 0y be odd. Let the contact
Lie superalgebra £(2n + 1|m) preserve the distribution given by the Pfaff equation

a1(X) =0 for X € vect(2n + 1|jm),

where the form «; is given by (2.1). For the £ series, let uw = (¢;p, ¢) be even indeterminates,
the odd indeterminates being the 6 (resp. 6, &, 1), see (2.1).

For the m series, the indeterminates in Table (2.18) are denoted as in formula (2.3), i.e., the g;
even, the &;, and 7 odd.

In Table (2.18), the “standard” gradings correspond to r = 0, they are marked by an aster-
isk (x). For r = 0, the codimension of Ly is the smallest.

Lie superalgebra its Z-grading
vect(n|m;r), degu; = degf; =1 for any ¢, j (%)
where 0 <r <m degf; =0for 1 <j <
degu; = degf,+s =1 for any i, s
m(n;r), deg T = 2, degg; = deg0; = 1 for any i (*)
where 0 <r <mn—1 degT =degqi =2,deg& =0for 1 <i <
and one more grading (next line): deg ¢r4j = deg&ry; =1 for any j (2.18)
m(n;n) degT =degq; =1,deg& =0for 1 <i<n
¢(2n + 1m;r), degt =2, degp; = degq; = deg&; = degn; =degb, =1
where 0 <7 < [2], for any i, j, ¢ (*)
r#k—1if (n,m) = (0,2k) degt =degé& =2, degn; =0 for 1 < i <
and one more grading (next line): degp; =degq, =degfy =1 for £ > 1 and all 4

£(1|2m;m) degt =deg& =1,degn; =0for 1 <i<m
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2.5 Divergence-free and traceless subalgebras

In this subsection, the ground field is any K for p # 2. The peculiarities of p = 2 are considered
in Sections 2.9 and 2.10. Here we will not mention N if p > 2.

2.5.1 ¢ series

Since the restriction of the standard divergence (1.14) to the subalgebra of degree 0 is (su-
per)trace, and since the space go/[go, 90|, where g := €(2n + 1|m), is spanned by K; for
(n,m) # (0,2), it is easy to calculate that

divKy=(2n+2—-m)oy(f) if2n+2—-m#0, (2.19)

it follows that the divergence-free (relative the restriction of the divergence (1.14) to ¢(2n+1|m))
subalgebra of the contact Lie superalgebra either coincides with it for m = 2n+2 or is the Poisson
superalgebra singled our by the condition d;(f) = 0.

On £(2n + 1|2n + 2) there is its own, “indigenous” divergence Ky — 0;(f); it also singles out
the Poisson superalgebra. This, however, is not the whole story: the case £(1|2) is exceptional.

The case of £(1|2). Let ay = dt + {dn + nd€. Since £(1]2)p is commutative and 2-dimen-
sional, there are 2 linearly independent traces on it: one — tr — is equal to 1 at ¢ and vanishes at
&n, the other one — call it tr() — is equal to 1 at {n and vanishes at ¢.

Clearly, the condition Kj(f) = 0 singles out the subalgebra t_ @ K¢&n of £(1]2). In other
words, the operator 0; = %K 1 in the adjoint representation is an analog of the divergence — the
prolong of the trace on £y; this analog is equal to 1 at ¢t and vanishes at &n.

The divergence-free condition divD = 0, where D € g for a Z-graded vectorial Lie super-
algebra g, should single out the complete prolong of (g_,s), where s = {g € go| trg = 0}.
Therefore, the condition that determines the divergence is

X (divD) = div([X, D]) for any X € g_. (2.20)

Since g_1 generates the negative part, it suffices to require fulfillment of the condition (2.20) for
any X € g_1.

Therefore, we have to express the divergence not in terms of partial derivatives, but in terms
of the operators commuting (not supercommuting) with g_ (recall that in [66], the operators
that span g_ are denoted by X;, and the operators commuting with g_ are denoted by Y;).

To write the second divergence div(y), which is the prolong of tr(,), we need two operators
commuting (not supercommuting!) with ¢(1]2)_. In our case, the X-operators are

K1 =20, ng@n—i—fat and anﬁg—i—nat,
then the needed Y-operators are
Ky =0, Ke(f) = (=10, = €0)(f) and  Ky(f) = (=1’ —nd)(f). (221)

Let oy = dt + £dn which works for any characteristic. Then, the X-operators are

Ky =0, K¢=0, and K, =0:+n0,
and the Y-operators are

Ri=0, Ke(f)= (100, —a)(f) and K (f) = (~1"Do(f). (2.22)
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Claim 2.5 (the second divergence on €(1|2)). The prolong of tr(z) composed of the Y -opera-
tors (2.21) or (2.22) is the same
diV(g) = an(g — Kl,
and div(g)(§n) = 1 while div(y)(t) = 0.
The £(1|2)-module of weighted densities. Over contact Lie superalgebras €(2n + 1|m)
it is natural to express the spaces of weighted densities in terms of the conformally preserved

form «y. This recalculation is well-known for m = 0, where vol = a1 A (dap)™. The general case
follows from equation (2.19): from the point of view of the €(2n + 1|m)-action

| [ (@B it (mom) £ (0,0),
vol =
aq if (m,n) = (0,0).
Since the center of €(1]2)¢ is of dimension 2, the weights of the spaces of weighted densities
have 2 parameters, not one: F,j := }"a‘fﬂb, where a,b € K.

Let 3 be the symbol of the class of the differential form d¢ (or, equivalently, (dn)~! )in the
quotient space Q'/Fay of 1-forms. The Lie derivative acts as follows

L, (af8°) = (adu(f) + (=1)"Vbdiva(Ky)) (af8°)
= ((a = (=1)PD0) 3y (f) + (—1)PUBEK, Ke(f)) (a5 8). (2.23)

The space F,; of weighted densities over £(1|2) is a rank-1 module generated by a¢3° over the
algebra of functions F = F .

2.5.2 m series, its simple subalgebras, and weighted densities

For the pericontact series, the situation is more interesting than that for contact series: the
divergence-free subalgebra is simple and new (only as compared with the above-described alge-
bras; it is known since ca 1978, see [1]).

Let p # 2. Since

div My = (=1)PD2 | ( Za 5 |
qi0Gi

it follows that the divergence-free subalgebra of the pericontact superalgebra is

gm(n) = Span Mf € m(n) ‘ Z 6q 85

In particular,

62
ivL P(fg E: = (—1)P2A here A =) .
div ef aqlagz ) (f)a whnere 8(]@052

i<n <n

The divergence-free vector fields from sle(n) are generated by harmonic functions, i.e., such that
A(f) = 0.

Rank 1 over the algebra F modules F}', := F agvb, where a,b € K, are generated by agq/b,
where 7 is a symbol of the class of differential forms (whose explicit expression is irrelevant,
same as that of 3, see equation (2.23)). The Lie derivative acts as follows:

L, (087?) = (=1)PDba, () +a A™(f)) (adr?).
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The divergence-free relative the standard divergence Lie superalgebras sle(n), sb(n) and
svect(1|n) have traceless ideals sle(™(n), s6()(n) and svect™(n) of codimension 1; they are
defined from the exact sequences

0 — sleM(n) — sle(n) — K-Leg, ¢, — 0,
0 — sbM(n) — sb(n) — K- Mg, &, — 0,
(

0 — svectM(1]n) — svect(1|n) — K- & -+ £,8, — 0.

2.5.3 A deform of the series b

Let p # 2. For an explicit form of My, see Section 2.3. Set

bap(n) = {Mf cm(n) |a div My = (~1)PV)2(aE — bn) Zf }

T

We denote the operator that singles out by(n) in m(n) as follows, cf. (1.12):

0 2
divy = (bn — aFE)— — aA, for A\= ——2  and A= Z

or n(a —b) 3(]@8&
Taking the explicit form of the divergence of M into account, we get
bop(n) = {Mf em(n)|(bn — aE)gi = aAf}
= {D € vect(n|n + 1) | Lp(voll ;. af~"") = 0}. (2.24)

It is subject to a direct verification that b, p(n) =~ by(n) for A = n(a 5y € KP!. Obviously, if
A =0,1,00 (where by := b and by, := bg ) the structure of by (n) differs from the other members
of the parametric family: the following exact sequences single out simple Lie superalgebras (the
quotient le(n) and ideals, the first derived subalgebras):

0 — KM; — b(n) — le(n) — 0,

00— bgl)(n) —bi(n) — K- Mg, ¢, — 0,

0 — bl (n) — boo(n) — K- Mrg, ¢, — 0. (2.25)
Problem 2.6. The Lie superalgebras by(n) can be further deformed at certain points A, see [58],

where K = C; the Lie superalgebras of series b and le also have extra deformations. Describe
the deformations of by(n; N), as well as b and le for all p > 0.

2.6 Passage fromp=0top >0

Here we have collected answers to several questions that stunned us while we were writing

this paper. We hope that even the simplest of these answers will help the reader familiar with

representations of Lie algebra over C, but with no experience of working with characteristic p > 0.
For p =2, several of our definitions are new, see Sections 2.9 and 2.10.

2.6.1 The Lie (super)algebras preserving symmetric non-degenerate
bilinear forms B

We often denote the Gram matrix of the bilinear form B also by B, let aut(B) be the Lie
(super)algebra preserving B. If B is odd and the superspace, on which it is defined, is of
superdimension n|n, we write peg(n) instead of aut(B).
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Let p # 2 and g = peg(n). The Lie superalgebra g consists of the supermatrices of the
form

A B
X = (C At> , where B is symmetric and C' is antisymmetric

0 1
if the form B is in its normal shape II,,,, := I3, = (1 g)
n

Clearly, str X = 2tr A. We also have g(!) = spe(n), i.e., spe(n) is of codimension 1; it is singled
out by the condition str X = 0, which is equivalent to tr A = 0.

The Lie superalgebra le(n; N|n) is, by definition, the Cartan prolong (id, pe(n)). -

Over C, there is no shearing vector, and le(n) := le(n|n) is spanned by the elements Ley,
where f € C[q,£].

If p > 2, the elements of O(q; N|{) & Span (qz-(pﬂi) | N; < oo), or O(q; N |€) for N = N,
see (1.8), generate le(n; N). If N; < oo for at least one ¢, the additional part Irreg does not
change while the regular part looks the same for any p > 2:

Reg = Span(L O(q; N|¢)) @ Span (¢ | N;
eg = Span(Le; | f € O(q; N[¢)) @ Span (¢;7 | N; < o0),
Irreg = Span(&;0y, )i, (2.26)
In other words: there are vector fields corresponding to non-existing generating functions, like
N,
qi(’F ) and 5?. The prolong sle(n; V) := (id, spe(n)). n is singled out by the condition
62
0q;0&;

divLe; =0 <= Af =0, where A=)
<n

kY

The operator A is, therefore, the “Cartan prolong of the supertrace on go” expressed as an
operator acting on the space of generating functions.

Modifications in the above description for p = 2. If p = 2, the analogs of symplectic
(resp. periplectic) Lie (super)algebras accrue additional elements: if the matrix of the bilinear

form B is Iy, (vesp. IL,,),,), then aut(B) consists of the (super)matrices of the form

A B
X = (C At> ,  where B and C are symmetric, A € gl(n). (2.27)

Denote the general Lie (super)algebra preserving the form B as follows:

0gen(2n)  for B = Iy,
aut(B) = { ° (2n) ?

pegen(n) for B =1L,
Let

Z D denote the space of symmetric matrices with zeros on their main diagonals.

The derived Lie (super)algebra aut™™) (B) consists of the (super)matrices of the form (2.27), where
B,C € ZD. In other words, these Lie (super)algebras resemble the orthogonal Lie algebras.
On these Lie (super)algebras aut™™ (B) the following (super)trace (half-trace) is defined:

A B
htr: — tr A.
Cc At
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The half-traceless Lie sub(super)algebra of aut)(B) is isomorphic to aut® (B).

There is, however, an algebra aut(8), such that aut)(B) C auwt(B) C aut(B), consisting of
(super)matrices of the form (2.27), where B € ZD, and any symmetric C' (or isomorphic to it
version of the Lie superalgebra with C' € ZD, and any symmetric B). We suggest that it be
denoted as follows:

F(pe)(2n) for B even,

aut(B) =
®) {pe(n) for B odd,

F(spe)(2n) for B even,

autV(B) = {X € aut(B) |htrX = 0} =
spe(n) for B odd.

2.7 Central extensions

There is only one non-trivial central extension of spe(n) for p # 2,3 existing only for n = 4.
We denote it as because it was discovered by A. Sergeev (1970s, unpublished). For numerous
non-trivial central extensions of versions of spe(n) and its simple subquotients for p = 2, 3, see [6].

Let us represent an arbitrary element A € as as a pair A = z+d- z, where z € spe(4), d € C,
and z is the central element. The bracket in as is

R S N T R

where ~ is extended via linearity from matrices ¢;; = E;; — Ej; on which ¢;; = ¢ for any even
permutation (1234) — (ijkl). Recall that b = b" and b’ = (V)" in (2.28), whereas ¢ = —c' and
d=—()"

The Lie superalgebra as can also be described in terms of the spinor representation. For this,
we need several vectorial superalgebras. Consider po(0|6), the Lie superalgebra whose superspace
is the Grassmann superalgebra A(&,n) generated by £ = (&1,&2,&3) and n = (11, 12, n3) with the
Poisson bracket.

Recall that §(0|6) = Span(Hy | f € A(§,7n)). Now, observe that spe(4) can be embedded into
H(0|6). Indeed, setting deg&; = degn; = 1 for all i we introduce a Z-grading on A(§,n) which,
in turn, induces a Z-grading on h(0|6) of the form §(0|6) = i>@1 h(0]6);. Since sl(4) = 0(6), we

can identify spe(4)o with H(0[6)o.

It is not difficult to see that the elements of degree —1 in the standard gradings of spe(4) and
h(0]6) constitute isomorphic s[(4) = 0(6)-modules. It is subject to a direct verification that it is
possible to embed spe(4); into §(0/6);.

Sergeev’s extension as is the result of the restriction to spe(4) C h(0]|6) of the cocycle that
turns h(0[6) into po(0|6). The quantization deforms po(0|6) into gl(A(£)); the through maps
T\: as — po(0]6) — gl(A(&)) are representations of as in the 4|4-dimensional modules spin,
isomorphic to each other for all A # 0. The explicit form of T) is as follows:

Ty: (Zj _l;t) +d-z+— (Z b:;f) +Ad - 1y,
where 144 is the unit matrix and ¢ is defined in the line under equation (2.28). Clearly, T) is
an irreducible representation for any A.

2.8 Prolongs

The Lie superalgebra pe,,(n) is larger than pe(n): both B and C in pege,(n) are symmetric,
see (2.27). Observe that pey.,(n) C sl(n|n). Denote

[egen(HQM’n) = (idapegen(n))*yﬂ'
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Clearly, if N = N
tion (2.26):

Regge, = Span(Leys | f € O(q; N|§)), Irreg,, = Span(B; := &i0q )iz (2.29)

0o, See (1.8), then legen(n; N|n) consists of the following two parts, cf. equa-

The part Irreg,,, corresponds to the nonezisting generating functions 2. Clearly, legen(n; N|n)
is contained in svect(n; N|n), and therefore
legen (125 N |n) = slegen(n; N|n).

The difference between legen(n; V1) and le(n; N|n) is constituted by the space Irreg,,. The
nonexisting generating functions 552) generate linear vector fields corresponding to the diagonal
elements of the matrices B in (2.27), like the qz@) generate linear vector fields corresponding to
the diagonal elements of the matrices C' in (2.27), but these two sets of elements are different in
their nature: there are no elements of degree > 0 in (id, pege, )« ;v Whose brackets with g_; give
the B; in (2.29).

The correct p = 2 analogs of the complex Lie superalgebras sle(n) and spe(n) are, respectively,
(id, (pe(n))(l))*’N and pe(n).

In [48], Lebedev considered g = pe(n), the derived algebras g(!) and g(®, and the Cartan
prolongs of these derived algebras playing the role of gg, whereas for g_; he considered the
tautological go-module id. Clearly, g™V consists of supermatrices of the form (2.27) with zero-
diagonal matrices B and C, whereas g(? is singled out of g(!) by the condition htr = 0. The
corresponding Cartan prolongs only have the regular parts:

(id,g'), y = Span (Leys | f € O(g; L[€));
(id,g(Q))*’M = Span (Lef | f€0O(q;11€) and Af = 0).

Let a non-degenerate (anti)symmetric bilinear form B be defined on a superspace V; let F(B) be
the same form considered on F(V'), the same space with superstructure forgotten. Let hg(a; N|b)
denote the Hamiltonian Lie superalgebra — the Cartan prolong of the ortho-orthogonal Lie
superalgebra oog(a|b) preserving the non-degenerate form B; its desuperization is hg(g) (a+b; N ),
where & has no critical coordinates.

Remark 2.7. For N with N; < oo for all ¢ and p = 2, the Lie superalgebra (e(l)(n;ﬂm) is
spanned by the elements f € O(q; N|{), whereas each of the “virtual” generating functions

ql-@ﬂi) ¢ O(q; N|€) determines an outer derivation of le™) (n; N|n).

2.8.1 Divergence-free subalgebras g of series § and le in the standard W-grading

These subalgebras are prolongations of subalgebras of Oth components of h and le consisting of
traceless subalgebras; that is how these (super)algebras were described in [48].

It is possible, however, to describe various subalgebras of hy or leg, generated by (linear
combinations of ) quadratic monomials, by eliminating squares of indeterminates from the set of
functions generating go. In other words,

constraints imposed on the shearing vector N corresponding to the space of
generating functions determine various divergence-free subalgebras of h(n; N)
and le(n; N).

2.8.2 svectq(0|n)

For p > 0, let svect,;,(0|n) denote svect(0|n) x K(az + bd), where the element d:= )" &0,
determines the standard Z-grading of svect(O|n), while z is an element generating the trivial
center commuting with svect(0n) x K- d.
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2.8.3 speyp(n)

For p = 0, the meaning of spe, ,(n) is similar to that of svect, ;(0|n), but with d := diag(1,, —1,).
To define the analog of spe,,(n) for p = 2, see line N = 7 in Table 25.2, observe that the
codimension of spe(n) in mp, where m := m(n) is considered in its standard Z-grading, is equal
to 2.

So, to pass from spe(n) to my, we have to add two linearly independent elements, whereas to
pass to spe,;, we have to add a linear combination of these elements with coefficients a and b.
The question is: “can we single out these elements in a canonical way?”

For p = 0. The identity operator (in matrix realization) is one of these elements. How to
select the other element? There is no distinguished element in pe(n)\ spe(n). But, if p = 0, there
is an element diag(1,,—1,) corresponding to a “most symmetric” generating function » ¢;&;.

For p > 2 this “most symmetric” element lies in spe(n) if p divides n and the choice of the
linearly independent second element from pe(n) \ spe(n) becomes a matter of taste.

For p = 2, the situation becomes completely miserable. Now, the restriction of My~,.c, tom_1
not only lies in spe(n) for n even, it coincides with the identity operator. So, in this case, there
is no distinguished operator not lying in spe(n). What to do?

We suggest considering the elements of mg as operators acting not just on m_1, but on the
whole m_. If mg is thus understood, there are two well-defined linear forms ¢ and p that single
out spe(n) in mg:

for any operator A € mg, let A; = ady |m,; then A_9 = ¢(A) -id and A_; is as in (2.27),

htr(A_ for p = 2,
MA:{ (A-1) p

(2.30)
str(A_y) for p > 2.

Now, spe(n) is singled out by conditions ¢(A) = u(A) = 0, while
spe, p(n) == {X € pe(n) = mp | (ap + b0)(X) = 0}.

2.9 Onmandb

To pass from b(n; N|n) to m(n; N|n+1), we have to add to b(n)o = pe(n) the central element; it
will serve as a grading operator of the prolong. We see that m is the generalized Cartan prolong
of (b(n)—_,cb(n)o).

The commutant of m(n; N|n 4 1)¢ is the like that of b(n)g = pe(n), so is of codimension 2.
Hence there are two traces on m(n; N|n + 1), namely htr and ¢, see (2.30), and therefore there
are two divergences on m. One of them is given by the operator

OJr, more precisely D, := 0, o sign,

e, D (f)=(-1)PYa.(f) forany f e O(g;N|r,¢)

since this should be the mapping commuting (not supercommuting) with m_, see [66]. The
condition D,(f) =0, i.e., just 0-(f) = 0 singles out precisely b(n).

The other divergence is given by the operator (2.32).
2.9.1 sb

The definition of sb(n; N) is the same for any characteristic p (in terms of generating “functions”
from an appropriate space F, see (1.9)):

sb(n; N) = Span(f € F[A(f) = 0).
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2.9.2 bgp for p=2

The direct analog of trace on mg is htr. On [e, the prolong of htr is the operator A. But A does
not commute with the whole of m_. To obtain the m_-invariant prolong of this trace on my,
we have to express htr in terms of the operators commuting with m_ (Y -type vectors in terms
of [66]). Taking m_ spanned by the elements

m_o =K-0;, m_; = Span(dy, +&0r, O )i-1,
we see that the operators commuting with m_ are spanned by
a‘r’ aqia afi + Qia‘r-

In terms of these operators, the vector field M; takes the form:
Mf = fa‘r + Z (8q1(f)(a§z + QiaT) + (851 + QZaT)(f)aqz) (2'31)

and the invariant prolong of htr — the direct analog of divergence — takes the form:

2

A™(f) = ((0e, + 4:0:)04,(f) = A(f) + Eg0r(f), where B, := Zqiaqi. (2.32)

The condition A™(f) = 0 singles out the p = 2 analog of sm, whereas the condition
bO-(f) + aA™(f) = (b+ aEy)0-(f) +aA(f) =0 (2.33)

singles out the p = 2 analog of by, cf. (2.24).
Setting
pogp(2n; N) := F(byp(n; N))

we single out a subalgebra in the Lie algebra of contact vector fields which has no analogs for

p#2.
Let us figure out how the parameter A of the regrading po,(2n; N) := F(bx(n; N)) depends

on parameters a, b above; for a summary, see N = 6,7 in Table 25.2. The space of b, ;(n; N)
consists of vector fields (2.31) whose generating functions satisfy equation (2.33); the regrading

degT =degq; =1, deg& =0 forall g

turns b, p(n; N) into the Lie superalgebra by(n; N;n) whose Oth component is isomorphic to
vect(0|n) and the (—1)st component is isomorphic to the vect(0|n)-module Vol* of weighted
A-densities. Set

poy(2n + 1;&) =F(bx(n; N;n)).

To express A in terms of the parameters a,b, we take an element in the Oth component of
b,s(n; N) not lying in b(n; V) and see how it acts on M.

Let f = ar+ fq1&1. Equation (2.33) implies that ab+ Sa = 0, so we can take f = ar+bgq1&;.
Observe that My, ¢, acts on the (—1)st component as the vector field D = b;0¢, and

[Myr, Mi] = [aT0-,0;] = a0y = %(divD)Ml, hence A = %.

The p = 2 version of equation (2.25) are the following exact sequences that single out the
simple Lie superalgebras (recall that b(n; N) = bx(n; V) for A = 0):

0 — KM; — b(n; N) — le(n; N) — 0,
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0— bM(n; N) — by (m; N) — K- Me, ¢, —> 0,
0 — b8 (15 N) — boo(n; N) — K- Mye, ¢, — 0. (2.34)

o
The following statement follows directly.

Proposition 2.8 (two exceptional deforms of the Poisson algebra). Desuperization of the simple
Lie superalgebras introduced in (2.34) yields 2 exceptional serial Lie algebras that have no analogs

forp #2:
poi (n; N) := F(6) (s V) and  pold) (n; N) == F(6Y) (n; ).

Problem 2.9. In [58], we described the deformations of the Buttin algebra b(n) over C, having
corrected a result due to Kochetkov [42] who described exceptional deformations of bx(n) at
certain values of A; some of these deformations having an odd parameter. It is an open problem
to obtain a version of [58] in the modular case.

2.10 On ¢ and po for p =2

Observe that po;(n; N), a central extension of the Lie algebra hr(n; N), is not a Lie algebra.
Indeed, the bracket should be anti-symmetric, i.e., alternate, while {z;,z;}; = 1, not 0, so
po;(n; N) is a Leibniz algebra, not Lie algebra. Only hp(2n; N) has an analog of the familiar
central extension; this nontrivial central extension is a correct direct analog of the complex
Poisson Lie (super)algebra po(2n|0).

To pass from po(0[n) to £(1; N|2n), we have to add, as a direct summand, a central element
to po(0|n)o = og)(n); it will act on the prolong of (po(0[n)_, cog)(n)) as a grading operator.
We see that the generalized Cartan prolong of (po(0|n)_, col(-ll)(n)) is £(1; N|2n).

e The commutant of € (1; N|2n) is isomorphic to that of poy(0jn) = og)(n), so it is of
codimension 2 in £y(1; N|2n). Thus, there are two traces on €3(1; N|2n), and hence there are
two divergences on €(1; N|2n), like on m(n; L|n). These divergences are given by almost the
same formulas as for m(n; L|n), where L = (N, 1) and 2% is the hight of ¢, “almost” because 0
should replace 9.

For p # 2, we have two divergences on €(1; NV|2n) only if n = 1, see Section 2.5.1.

2.11 Exceptional simple vectorial Lie superalgebras for p = 2
analogous to their namesakes over C

We give detailed description of all exceptional simple vectorial Lie superalgebras over C and fields
of characteristic 2 in the main text; for a summary, see Section 25. These Lie superalgebras
constitute two non-intersecting sets as follows.

The complete Cartan prolong of its negative part: such is every Lie superalgebra of series
vect, € and m in the standard grading, see (2.18) and each simple exceptional Lie superalgebra g
of depth > 1, whose negative part in its W-grading is different from the negative part of the Lie
superalgebras of series £ or m in their respective standard gradings.

The complete Cartan prolong of its nonpositive part: such are the exceptional vectorial Lie
superalgebras, and their desuperizations, see Tables 25.3 and 25.5, other than in the above
paragraph; the corresponding gradings are explicitly given in Table (25.4).

The desuperizations of two nonisomorphic Lie superalgebras realized by vector fields on su-
pervarieties of different superdimension might turn out to be vectorial Lie algebras realized on
varieties of the same dimension. We distinguish these cases by indicating their depths as an
index at the name (mby(11; N) and mbs(11; V), and also £lex(20; V) and le3(20; NV)); for the

case of equal depths, we distinguish non-isomorphic algebras by a tilde: vle(9; V) and vle(9; L),
as well as tas(7; V) and tas(7; L); for details, see respective sections.
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2.12 A technical remark: natural generators of vectorial Lie superalgebras

This subsection is needed for calculations only. Let g = ®g; be a Weisfeiler grading of a given
simple vectorial Lie superalgebra. We see that g_; is an irreducible go-module with highest-
weight vector H, and g; is the direct sum of indecomposable (sometimes, irreducible) go-modules
with lowest-weight vectors v;.

Over C, and over K for N = 1, the simple Lie superalgebra g is generated (bar a few
exceptions) by the generators of gg, the vector H, and the v;. (For other values of N, we have to
add the go-lowest-weight vectors v;“ € g, for some j > 1 to the above generators; these cases are
not considered.) So we have to describe the generators of gg, or rather of its quotient modulo
its center.

If go is of the form g(A) or its simple subquotient, we select its Chevalley generators, see [10].

If go is an almost simple “lopsided”, see Section 3.2.2 (in particular, of type pe, spe), but
Z-graded Lie superalgebra, we apply the above-described procedure to gg: first, take its Oth
components and its generators, then the highest and lowest-weight vectors in its components of
degree +1, etc.

If go is semi-simple of the form s ® A(r) x vect(0|k), where s is almost simple, then we take
the already described generators of vect(0|k) and apply the above procedures to s.

For a list of defining relations for many simple Lie superalgebras over C, and their relatives,
see [27, 29]. For defining relations for Lie algebras with Cartan matrix over K, see [5].

3 Introduction: overview of the scenery

In the Introduction (divided into two parts to ease digesting it) we give a brief sketch of the main
constructions and ideas; for basic background, see Section 1. For further details, see [48, 55, 56].
All voluminous computations are performed with the help of the SuperLie package, see [26].

3.1 Goal: classification of simple finite-dimensional Lie algebras
over K a.k.a. modular

In 1960s, Kostrikin and Shafarevich suggested a method for producing simple finite-dimensional
Lie algebras over K for any p > 0, together with the final list for p > 5. This list is explicit
for simple Z-graded algebras; for the rest, it is somewhat implicit (“and deforms of Z-graded
algebras”), see [40]. The above-mentioned deforms are often deforms of non-simple algebras the
stock of which was not clearly described; this made this part of the KSh-method rather vague.

3.1.1 The original KSh-method

The initial ingredients are simple Lie algebras over C of two types:

finite-dimensional, i.e., of the form g(A), where A is a Cartan matrix, (3.1)
infinite-dimensional vectorial types (vect, svect, h, and €)

with polynomial coefficients. (3.2)
Next, one, respectively,

takes a Z-form g(A)z of g(A) corresponding to the Chevalley basis,
and tensors with K to get g(A)z ®z K, (3.3)
considers modular, over K, analogs of simple vectorial Lie algebras over C with divided

powers as coefficients of distinguished partial derivatives, see equation (1.10). (3.4)
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The ingredient (3.1) yields via (3.3) one finite-dimensional Lie algebra; the ingredient (3.2) yields
via (3.4) an infinite family of finite-dimensional Lie algebras over K depending on the shearing
vector N. Each of the finite-dimensional Lie algebras thus obtained is either simple, or a “re-
lative” of the simple Lie algebra over K (a central extension or a subalgebra in the algebra of
derivations). Some of these simple Lie algebras can be deformed.

To describe the deforms is a rather complicated part of the KSh-method. (3.5)

Let us clarify claim (3.5). Tables (3.8) and (3.11) show that some of simple Lie algebras are
filtered deforms not of the simple Z-graded algebras, but of certain non-simple subalgebras of
their Cartan prolongs (since their dimensions differ from those of simple algebras). The list of
deforms was obtained in a roundabout way, avoiding computing the cohomology that describes
a filtered deformation:

1) In [76], Wilson sharpened a result due to Kac [32, Proposition 7.2] and classified equivalence
classes of volume forms for p > 5; later, it turned out that the description works for p > 2.
(Earlier Tyurin published a solution of the same problem [74], but got more classes than
Wilson: Tyurin missed some equivalences.)

2) Skryabin [69, 70] classified (for p > 2) all equivalence classes of symplectic forms (Skryabin
called them Hamiltonian forms); some of Skryabin’s difficult-to-obtain results hold for
p =2 as well.

Types of Lie algebras svect described by Tyurin and Wilson [74, 76]. In the mid-
1970s, Kac observed in [32] that the Lie algebra that preserves the volume element of the form
hvol, where h € 5(& ;) is invertible, can be a subalgebra of vect(m; N) with finite coordinates
of N. Let p > 2 and suppose that

le"':Nt1<Ntl+1:"':Nt2<"'<Nt571+1:"':Nts:Nm~ (36>

The results of Tyurin and Wilson, correct for p > 3, state that there are only the following three
types of non-equivalent classes of volume forms, and hence filtered deforms with parameter
e € K* of divergence-free algebras preserving them:

svecty(m; N) := {D € vect(m; N) | Lp(hvol) =0}, where h is one of the following:

L,
h— ) ltet where @ := [[ u; and u; := uEpNi_l), (3.7)
Ny, N\ () ~ o~
exp (sut(ip )) =Y (5ut(ip >> € O(N,).

>0

(») )

For brevity, set svectey, (m; N) := svecty,(m; N), where h = exp (wti
Remarks 3.1.

1. For p = 3 and 2, these deformations of svect are also possible. For p = 3, nobody knows
if there are other deforms, whereas for p = 2, there definitely is at least one more deform:
its existence is the most spectacular result of this paper, see Section 14.

2. S. Tyurin described the Lie algebras of divergence-free type and got an extra type of
volume form, as compared with Wilson’s list (3.7), cf. [74].

3. S. Kirillov [38] verified Skryabin’s remark in passing [71] for which i the ith derived algebra
from Wilson’s list (3.7) is simple, and found the dimensions of these simple Lie algebras:

dim svectex, (m; N) = (m — 1)pl i=0

dimsnectﬁzﬁ(m;ﬂ) = dimsvectM (m; N) = (m — D)p¥ —m +1 | i =1

(3.8)
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Hamiltonian Lie algebras h described and classified by S. Skryabin [69, 70]. Let
h(2k; N) or b, (2k; N) be the Z-graded Lie algebra preserving the symplectic form

wo = Z du; A dugy;.
1<i<k

The only non-isomorphic filtered deforms of b, (2k; N) with parameter ¢ € K* are b, (2k; N),
where ¢ = 1,2, which preserve the following respective forms (of type 1 and 2 in Skryabin’s
terminology):

wa; = d | exp(euy) Z widugy; | ,where j =tq,...,ts, see (3.6), (3.9)
1<i<k

N; .
WA =wo+e Z A; jd(u;) A d(uy), where 4; := ul(p ) for the shearing vector N,
1<i,j<2k

and where the non-equivalent normal shapes of the indecomposable matrices A = (A;;) can
only be equal for p > 2 to one of the following:

type of A form of A detailed notation of wy
Ji(0) antidiag (J5,(0), —Jx(0)") wyo for k>1

Jir(X), where X # 0 | antidiag (Jk,r()\), —(ka()\))T) wipy for k=mrnfor r,n>1
Ck antidiag (C’k, —C’,;F) wi,c for k>1

where Ji(A) is a Jordan k x k block with eigenvalue A, and Jj,,(A) is a k x k block matrix with
blocks of size r x r, so k = r x n for some r,n > 1:

0, 1, 0
Jk?" A) = K )
(A N .
Jr(N) 0,
and
0 1 0
Cr = h . is of size k x k for k > 1.
10 0

The two conditions on Ji ,(A) and Cj. 1) The case with Jj ,(\) occurs only when
Ni+ -4+ Npp = Nppy1 + -+ + Nop (recall that k = rn) (3.10)

and, furthermore, N;_; = N foralli =1,...,2nand all j = 1,...,r—1; i.e., r indeterminates
in each of the 2n successive groups have equal heights.

The case with C}, occurs only when condition (3.10) is violated.

2) Let G be the group generated by the cyclic permutations of the row vectors of length k.
Then, the identity element is the only permutation in G that simultaneously fixes the two vectors

CL:(Nl,...,Nk) and b:(Nk—i—la---,NQk)-

It suffices to consider representatives of equivalence classes of pairs (a,b) under the G-action.
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Remarks 3.2.

1. Over C the supervarieties of parameters of deformations of Poisson and Hamiltonian Lie
superalgebras can differ, see [58]. For p = 2, there is at least one new type of deform: a 1-
parametric family of non-isomorphic deforms different from the above — desuperisations of

ba,b(n; M)

2. S. Kirillov [38] determined the i for which the ith derived algebra of the Hamiltonian Lie
algebra from Skryabin’s list [69] is simple and what its dimension is equal to:

P — 2 if w=wy i =2,
pl if w=wy,where k+1#0 (modp) =0,
dim b (2k: N) = p —1 ?f w=wy,where k+1=0 (mod p) z =1, (3.11)
¥l — 1 if w = w4, where det A # 0 i =1,
p¥l — 2 if w = w4, where det A = 0
\ (type J5(0)) 1=2.

3.1.2 True and semi-trivial deforms

In particular, the amount of infinitesimal deformations is overwhelming and even frightening as p
becomes small (p = 3 or — a horrible case — p = 2). We recall reasons not to be too frightened;
besides, the KSh-method had been considerably improved over the past years.

The abundance of deforms of simple Lie (super)algebras for p > 0, especially overwhelming
for p = 2, is somewhat misleading. It is occasioned by semi-trivial deforms each of which is given
by a cocycle representing a nontrivial cohomology class but, though integrable, yields a deform
isomorphic to the initial algebra. For a description of many semi-trivial deforms, see [13]. We
say that a nontrivial and nonsemi-trivial deform is a true deform.

The Lie (super)algebra g is said to be rigid if it has no true deforms; until recently we thought
that semi-trivial deforms existed only if p > 0, but a more careful study of the literature shows
they are a universal phenomenon [61].

If p > 3, the classification has been completed, mainly due to Premet and Strade [3, 73], based
on explicit description of deforms [4, 70, 76].

If p = 3, we conjecture the classification: the examples obtained by Cartan prolongation
(see Section 1.6) of appropriate parts of Lie algebras with Cartan matrix [7, 28], exhaust the
list of “standard” examples some of which were discovered by Frank, Ermolaev and, mainly,
Skryabin. For an (incomplete at the moment) list of true deforms of several “standard” algebras,
see [8, 45, 46, 47, 70], and [14] in which an earlier claim concerning deforms is corrected.

If p = 2, we are still completing the stock of “standard” examples.

3.1.3 Amendments to the formulation of the goal

On several occasions P. Deligne told us what we understood as follows (for Deligne’s own words,
and several open problems, see [49]):

“In positive characteristic, the problem “classify ALL simple Lie (super)algebras,
and their representations” is, perhaps, not very reasonable, and definitely very tough;
investigate first the restricted case related to geometry, and hence meaningful.”

Following Deligne’s advice, we investigated several plausible notions of restrictedness for p = 2
in [12] and gave explicit expressions of the restriction maps for several types of simple Lie
algebras and superalgebras in [11]. Nevertheless, even to describe restricted Lie (super)algebras
one often needs nonrestricted ones; for more serious examples of their usage, see [40].
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In this paper, we concentrate on simple Lie (super)algebras, keeping in mind that algebras
of the following types are no less important than simple ones:

e Lie (super)algebras of the form g(A) where A is indecomposable, see [7, 10].

e Central extensions and algebras of derivations of the known simple Lie (super)algebras
(see Section 14.1 and [6]). The algebras of these two types will be called relatives of the
corresponding simple Lie (super)algebras and each other.

e The generalized Cartan prolongs (g—,go)«n Wwith go close to simple, see Sections 1.6
and 14.1.

e True deforms (for definition, see Section 3.1.2) of Lie (super)algebras, see [41, 8].

e Restricted closures of nonrestricted simple Lie algebras.

3.2 Improvements of the KSh-method
3.2.1 “Standard” modular Lie algebras

Dzhumadildaev and Kostrikin [41] suggested simplifying the KSh-method by skipping the step
over C and considering certain “standard” modular Lie algebras from the very beginning, further
deforming them and their “relatives”. On the other hand, the stock of “standard” examples
should include, if p < 7, certain non-simple Lie algebras, see [25, 41, 72]. The snag is: we have
no idea how to select them.

Until the year 2000 or so, it was believed that the initial KSh-method produces all simple
Lie algebras only if p > 5. This belief was based on insufficient study of deformations and too
narrow a choice of “standard” examples: as shown in [41], the Melikyan algebra, indigenous for
p = 5, are deforms of Poisson Lie algebra which should be considered “standard” and processed
via the KSh-scheme (3.1)—(3.5).

What examples should qualify as “standard”? In [51], the improvement of the KSh-
method suggested in [41] was developed further by eliminating the vectorial simple Lie algebras
from the input of the KSh-method thus diminishing the stock of “standard” simple Lie algebras.
In the new procedure, the role of generalized Cartan prolongation (complete or partial), see Sec-
tion 1.6 and especially Section 1.6.1, becomes even more important than in the KSh-procedure.
This approach definitely works for p > 3, and conjecturally works for p = 3.

The stock of “standard” (not necessarily simple) Lie algebras must be enlarged with examples
found after [41] was published; for p = 3, see [28]; for p = 2, see [7, 13, 22, 25, 48, 72], and this
paper.

3.2.2 Splitting the problem into smaller chunks

All simple Lie algebras are of the following two types: the root system of a “symmetric” algebra
contains the root —o of the same multiplicity as that of o for any root o¢; the algebras with root
systems without this property are said to be “lopsided”.

This paper is devoted to the study of lopsided algebras, but “symmetric” Lie (super)algebra
will be needed in the process

Symmetric algebras. A significant quantity of symmetric simple Lie algebras consists of
algebras g(A) with indecomposable Cartan matriz A or simple “relatives” of such algebras of
the form g(¥(A)/c, where* g (A) is the ith derived algebra of g(A) and ¢ is the center of g((A).

For any p, finite-dimensional Lie algebras g(A) with indecomposable Cartan matrix A, and
their simple relatives, were classified in [75] with an omission; for corrections, see [34, 71], where

4This is shorter and more graphic than the correct notation (g(A))(i); usually, we will similarly place subscripts
designating the degree (closer to the “family name” g).
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no claim was made that these were the only corrections needed; for this claim with a proof,
a classification of Lie superalgebras of the form g(A) with indecomposable Cartan matrix A,
and their simple relatives, and precise definitions of related notions, see [10].

Lopsided algebras: the set they constitute is a virtually virgin territory a part of which —
vectorial Lie (super)algebras — we investigate through the whole of this text.

3.2.3 Cartan prolongations of Lie (super)algebras with Cartan matrix

It turns out that every known Z-graded simple Lie algebra for p > 2 is obtained as a (gener-
alized, perhaps partial) Cartan prolong of the non-positive part of a Lie algebra g(A) with an
indecomposable Cartan matrix A. For p > 3 this follows from the classification.

Conjecture 3.3. The above Z-graded simple Lie algebras and simple relatives of their deforms
constitute the list of simple finite-dimensional Lie algebras for p =3 as well.

3.3 Super goal

Although Lie superalgebras appeared in topology in the 1940s (over finite fields, often over Z/2),
the understanding of their importance dawned only in the 1970s, thanks to their applications in
physics. This understanding put the problem “classify simple Lie superalgebras” on the agenda
of researchers. Over C, the finite-dimensional simple Lie superalgebras were classified by several
teams of researchers, see reviews [33, 37]. The classification of certain types of simple vectorial
Lie superalgebras was explicitly announced in [33], together with a conjecture listing all primitive
vectorial Lie superalgebras; for the first counterexamples, see [1, 50].

A classification of the simple vectorial Lie superalgebras over C was implicitly announced
when the first ezceptional examples were given [63, 64, 65] and explicitly at a conference in
honor of Buchsbaum [57]. The claim of [33] was corrected in [55] (the correction contained both
the complete list of simple vectorial algebras, bar one exception later described in [64], and
the method of classification of simple Z-graded Lie superalgebras of depth 1) and in a series of
papers [17, 19, 20, 21, 35, 36], where the proof in the case of Z-grading compatible with parity
was given; for further corrections and proofs, see Section 13. The classification is not completed
till today: there is no classification of deformations with odd parameters.

Although to complete the classification of the simple finite-dimensional Lie superalgebras
over K for p “sufficiently big” (say > 7) will be a more cumbersome and excruciating task
than that for Lie algebras, the answer (conjectural, but doubtless) is obvious: to get restricted
superalgebras, take the obvious modular analogs of the complex simple Lie superalgebras (of
both finite-dimensional and of infinite-dimensional vectorial considered for the shearing vector
N = 1, see definition (1.8)) passing to the derived algebra and quotients modulo center if
needed; to get nonrestricted superalgebras, consider true deforms, see Section 3.1.2, of the above-
mentioned analogs (for NV unconstrained, speaking about vectorial algebras). For p “small”, the
classification problem becomes more and more involved, see, e.g., [9, 30]. Nevertheless, in the
two cases the classification is obtained:

e [For any p, the super goal is reached for Lie superalgebras of the form g(A) with inde-
composable Cartan matrices A or its “relative”, see [10]. Either g = g(A) or its “relative”
of the form g(i)/ ¢, where g(? is the ith derived algebra of g and ¢ its center, is simple. For
deforms, see [8].

e Amazingly, the super goal is reached if p = 2, see [12], with a catch: modulo the clas-
sification of simple Lie algebras, i.e., without an explicit list of all examples.” Here, we
contribute to a conjectural list of “standard” simple Lie algebras (conjecturally a tame

5Thus, [12] resembles the classification of restricted Lie algebras for p > 5 in the paper [4]: there are no explicit
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problem); in particular, we explicitly describe simple vectorial Lie algebras analogous to
those over C.

e p > 5. The conjecture [51] is easy to formulate (“take direct characteristic-p versions of the
simple complex Lie superalgebras of the form g(A), queer, and vectorial with polynomial
coefficients, and their deformations”), but to describe deformations of even the symmetric
ones (of the form g(A) and queer) is not easy (for partial results, see [8]).

e p = 5. Most plausible conjecture is like for p > 5. Observe that there are indigenous p = 5
examples of the form g(A),

e p = 3. We have discovered several new vectorial Lie superalgebras, see [8, 15], and of the
form g(A), see [10].

3.4 Getting simple Lie algebras from simple Lie superalgebras if p = 2

If p = 2, there are two methods for constructing a simple Lie superalgebra from a simple Lie
algebra, and every simple Lie superalgebra is obtained by one of these two methods; for an
amazingly short proof, see [12]. Reversing the process we recover a simple Lie algebra given any
simple Lie superalgebra.

Even before these two methods were known, it was clear that one can get a Lie algebra
from any Lie superalgebra as follows. Observe that for any odd element z € g in any Lie
superalgebra g over any field K, we have [z, ] := 202 € U(g). That is why if p = 2, then one
needs a squaring x — z2 for any odd z € g; together with the brackets of even elements with
all other elements, it is the squaring that defines the multiplication in any Lie superalgebra (for
details, see Section 1.2.3), while the bracket of odd elements is the polarization of the squaring.
Hence,

For p =2, every Lie superalgebra with the bracket as multiplication —

we forget the squaring — is a Z/2-graded Lie algebra. (3.12)

To classify simple Lie superalgebras is a much more difficult task than to classify simple Lie
algebras of the same type: the former is based on the latter as well as on careful study of the
representation theory of Lie algebras. In [39], it was, nevertheless, suggested — for p = 2 — to
reverse the process:

Let F be the desuperization functor forgetting squaring, see (3.12).
To obtain simple Lie algebras for p = 2,

(A) apply the functor F to every simple Lie superalgebra g;

(B) single out the simple Lie subalgebra s(F(g)) of F(g).

(3.13)

Clearly, s(F(g)) is uniquely recoverable by inverting one of the two superization processes (either
queerification or “method 2”) that had lead to g, see [12].

Observe immediately that the idea of [39] just to apply F to the simple Lie superalgebra g to
get a simple Lie algebra, see (3.12), was naive and partly wrong: the example of psq(n) should
have hinted at importance of item (B) in the process (3.13). Understanding of this subtlety
came together with the description of the two methods of superization of any simple Lie algebra
as the only means to obtain any simple Lie superalgebra, see [12]. For the simple vectorial Lie

formulas for p-structures of simple Lie algebras of Hamiltonian series to this day, see Strade’s lamentations in [73,
Vol. 1, p. 357]: “The problem of restrictedness is approached. ... [But] the family of Hamiltonian algebras ...
is not yet handable”. This is no wonder: although Skryabin classified symplectic forms in 1985, the answer was
published only in 1991, see [70], three years after [4] appeared (and the details of [70], obtained in 1985, became
available only recently, see [69]). The explicit formula for the bracket in any of the deformed Lie algebra of
Hamiltonian vector fields is not published to this day and can be found only in Kirillov’s Ph.D. Thesis only (in
Russian), not in its published summary [38].
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superalgebras, in particular, exceptional ones, just by forgetting squaring we get a simple Lie
algebra. Let

F~! = 5(F(—)) denote the complete desuperization—

the composition of F and application of item (B) of (3.13).
Two reasons to take the direction of study opposite to a seemingly reasonable one:

(a) Although the classification of the simple vectorial Lie superalgebras over C was only con-
jectured at the time [39] was written, the list of known examples was already wider than
that of known simple vectorial Lie algebras for p = 2, and was (and is, as we demonstrate
in this paper) able to provide new simple examples.

(b) The results of [25, 72] show that a “frontal attack” on the classification for p = 2 is likely
to be much more excruciating than that performed for p > 3 by Premet and Strade. Even
to classify restricted Lie algebras for p = 2 will be much more difficult problem than
that Block and Wilson solved for p > 5, see [4]. (Even if we confine ourselves to the
classical definition of restrictedness, while certain examples, which should be considered
as “classical”, have another version of restrictedness, see [12].) So, a plausibly complete
inventory of simple examples will be helpful. Our interpretations of the Lie (super)algebras
are of independent interest.

Here, after a long break, we continue exploring method (3.13). It provides us with new
examples of simple vectorial Lie algebras of the form F(g), where g is a modular, indigenous for
p = 2, version of a simple vectorial Lie superalgebra over C. The two methods of superization
(see [12]) applied to F(g) bring many more simple Lie superalgebras than g, most of them new.

3.5 Forgetting the superstructure if p = 2

Applying F to the serial vectorial Lie superalgebra g(m; N|n) we get the Lie algebra F(g) (m +
n; N ), see Table 25.2; these Lie algebras are not necessarily simple, but their simple derived
algebras are; here N = (N, 1,...,1) with the last n coordinates equal to 1.

3.5.1 Parameters of the Lie superalgebra that change under desuperization
Here are several examples:

e The unconstrained shearing vector N u, see Section 1.9, of the vectorial Lie algebra F(g)
may depend on more parameters than the shearing vector N* of g.

For example, dim N = Par N* = a for vect(a; N|b), whereas
dim&u = Par&u =a+b, where N = (N,1...,1)

for F(vect(a; N|b)) = vect(a+ b;&). In all cases, except for U[e(4;ﬂ\3), the tilde over any
shearing vector L is understood in the above sense: it enlarges the set of coordinates of L
acquiring the coordinates of the desuperized odd indeterminates.

The same applies to the desuperizations of the Lie superalgebras of the series €, b, m, le
and their divergence-free subalgebras.

The abstract Lie superalgebra g realized as vectorial Lie superalgebra, g(a; N|b), depending
on a even and b odd indeterminates, can be realized in several ways as g(a; N |b; ) by means
of Weisfeiler filtrations or associated regradings r, see Section 2.4. This g(a; N|b;r) can
be interpreted as the (generalized) Cartan prolong of the nonpositive part of g in the
corresponding grading, see Section 1.6.1.
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e The Lie algebra obtained by desuperization might acquire new properties which its name-
sakes for p # 2 do not have. For example, the Lie algebra po(2n; N) = F(by(n;n; N))
has a deformation depending on a parameter A € KP!; the corresponding non-isomorphic
(for different values of \) deforms are additional to the well-known one, which for p = 0 is
called the result of the quantization.

e Desuperization F might turn distinct (types of) Lie superalgebras into one (type of) Lie
algebras:

— the Lie superalgebras of types £ and m in the standard grading (2.18) turn into &,
— the Lie superalgebras of types by and le in the standard grading (2.18) turn into by.

3.6 Comment on Volichenko algebras in characteristic 2

The notion of Volichenko algebra®, which is an inhomogeneous (relative to parity) subspace
h C g of a Lie superalgebra g closed with respect to the superbracket in g, was introduced
in [39]. For a classification of simple (without any nontrivial ideals, both one-sided and two-
sided) finite-dimensional Volichenko algebras over C under a certain (hopefully, inessential)
technical assumption, and examples of certain infinite-dimensional algebras, see [53, 54].

The results of [31] suggested that we look at the definition of the Lie superalgebra for p = 2,
see Section 1.2.3, more carefully. If one does this, it is not difficult to deduce that

if p =2, the Volichenko algebras are, actually, Lie algebras. (3.14)

In [31, 39], the fact (3.14) had not been understood, and therefore there is no need to consider
these papers or Volichenko algebras in characteristic 2 while searching for simple Lie algebras.
Unlike desuperizations of Lie superalgebras, which are worth investigating.

4 Introduction, continued. Our strategy, main results
and open problems

4.1 Generalized Cartan prolongation

This is a principal procedure for getting vectorial Lie (super)algebras over C, the following fact
is well-known [77]:

given a simple Lie algebra of the form g(A), and its Z-grading, the generalized pro-

long of the nonpositive (with respect to that grading) part of g(A) is isomorphic

to g(A), bar two series of exceptions corresponding to certain simplest gradings of (4.1)
the embedded algebras — sl(n + 1) C vect(n) and sp(2n +2) C €(2n+ 1) — and the
ambients are the exceptional prolongs.

In [51], it is shown how to obtain simple Lie algebras over C of the two types of prime
importance for the classification procedure over K: finite-dimensional and vectorial. Namely, by
induction and using (generalized, in particular, partial) Cartan prolongation, see Section 1.6.
First, one thus obtains all finite-dimensional simple Lie algebras (each of them has a Cartan
matrix); during the next step one obtains all four series of simple vectorial Lie algebras, by
considering not only complete Cartan prolongs as in equation (4.1), but also partial ones.

The same method works to obtain Z-graded simple Lie algebras for p sufficiently big and with
new standard examples added. After that, there still remain considerable technical problems:
namely, to describe the deforms and to classify non-isomorphic deforms.

5In memory of I. Volichenko who was the first to study inhomogeneous subalgebras in Lie superalgebras.
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For any characteristic, the super version of classification of simple Lie algebras is much more
complicated than its non-super counterpart: we have to supply the input with several more
types of algebras, but the main procedures are still the same: generalized, especially partial,
prolongations and deformations.

In several papers (e.g., [8, 7, 15]), we have considered simple Lie (super)algebras, and have
investigated the prolongs of the nonpositive parts relative to their Z-gradings with one (or two
if p = 2) pair(s) of Chevalley generators being of degree £1, and the other generators being of
degree 0.

Here we consider serial and exceptional simple vectorial Lie superalgebras over C and desu-
perizations of their analogs for p = 2. Realization of a given Lie (super)algebra g in terms
of vector fields implies that g is endowed with a filtration; one of these filtrations, called the
Weisfeiler filtration, is the most important, see equation (2.17). Associated with the filtration
is the grading; for brevity, the Weisfeiler filtrations and gradings are referred to, respectively,
as W-filtration and W-grading. For several vectorial Lie algebras over fields of characteristic 2,
we investigate the following problem answered by the fact (4.1) over C:

when (g—, go)« N+ =~ g and when the prolong strictly contains g?

We consider only the Z-gradings of the finite-dimensional vectorial algebras corresponding to
the W-gradings of their infinite-dimensional versions corresponding to N*. For examples of Lie
(super)algebras g that differ from the prolong of the nonpositive part of a regrading of g, see [7].

4.2 “Hidden supersymmetries” of Lie algebras

It is sometimes possible to endow the space of a given simple Lie algebra g with (several) Lie
superalgebra structures. For example, for g = sl(n) over any ground field, consider any dis-
tribution of parities (of the pairs corresponding to positive and negative simple roots) of the
Chevalley generators; we thus get Lie superalgebras sl(a|b) for a + b = n in various superma-
trix formats. The sets of defining relations between the Chevalley generators corresponding to
different formats are different.

It is, clearly, possible to perform such changes of parities of (pairs of) Chevalley generators
for any simple Lie algebra but, except for sl(n), the simple Lie superalgebras obtained by
factorization modulo the ideal of relations [10] are infinite-dimensional unless p = 2.

If p = 2, the following fact is obvious (here z —— 212 is the restriction mapping and z —s 22
is the squaring):”

any classically restricted and Z/2-graded Lie algebra g = g4+ @ g— can be turned
into a Lie superalgebra by setting z° := 22 forany x € g_. (4.2)

In [12], a (rather unexpected) generalization of the possibility (4.2) is described: every simple Lie
algebra g can be turned into a simple Lie superalgebra by slightly enlarging its space if g is not
restricted. This generalization, and a “queerification”, are the two methods which, from every
simple Lie algebra, produce simple Lie superalgebras, and every simple Lie superalgebra can be
obtained in one of these two ways, as proved in [12]. These two methods applied to the simple
Lie algebras we describe in this paper yield a huge quantity of new simple Lie superalgebras,
both serial and exceptional. We do not list them; this is routine, modulo the far from routine,
as shown in [43], job of describing all Z/2-gradings of our newly found simple Lie algebras.

"In [12], in addition to the classical restrictedness, we introduced other, indigenous to p = 2, versions of
restrictedness; their meaning is yet unclear, but since they pertain to classical and often used algebras, e.g.,
o(2n + 1) and h(2n + 1; 1), we believe that these new “restrictednesses” are important.
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4.3 From C to K

We consider the W-grading (of the desuperized p = 2 version of the simple vectorial Lie su-
peralgebra over C) for which the nonpositive part, especially the Oth component, is most clear.
Then, we consider the regradings described in Table (25.4), and perform generalized Cartan
prolongation of the nonpositive (or negative) part of the regraded algebra in the hope of getting
a new simple Lie (super)algebra, as in (4.1).

When this approach is inapplicable since there is no visible analog, suitable for p = 2, of the
Lie (super)algebras we worked with over C, we consider the description of the Lie superalgebras
as the sum of its even and odd parts, desuperize this description and only after this consider
the W-grading of the desuperization.

4.4 Owur main results

Observe that every modular analog of one vectorial Lie (super)algebra over C is usually a family
of algebras depending on N; by abuse of speech we often skip the word “family” (of algebras)
and talk about one algebra having in mind the extra parameter V.

Of the simple Lie superalgebras that can be obtained by the two methods described in [12]
from the simple Lie algebras we describe here all but one (the initial one, the one we desuperized)
are new. In more details the Lie algebras obtained by desuperization are described in the
following Theorems 4.1-4.5 summarizing respective sections with proofs.

Theorem 4.1 (an exceptional deform of svect(5; V)). All W-regradings of mbs(11; N) are W-
regradings of a previously unknown true deform of svect(5; N).

Proof. See Section 14. [ ]

Theorem 4.2 (desuperizations of b, ;(n) and 5~bl,(2"_1 — 1]2"71) for n even, as well as
5?1,,(2"_1]2”_1 — 1) for n odd). As (generalized) Cartan prolongs, the desuperizations of the
characteristic-2 analogs of complex Lie superalgebras b ,(n) and sb,, (2"‘1 — 1|2"‘1) for n even,
as well as sb, (2”*1]2”*1 — 1) for n odd, yield sb,, (2” — 1;&) and

po\(2n+ 1;N), the serial simple (for % generic) Lie algebras po, ,(2n; N),

their simple relatives for % =0, 1, and oo (for a #0,b =0), see (2.34).
Proof. See Sections 2.9.2 and 21. |

Theorem 4.3 (desuperizations of the 15 exceptional simple vectorial Lie superalgebras). The
generalized Cartan prolongs of the nonpositive (or negative) parts of all 15 W-gradings, see
Table (25.3), of the 5 exceptional simple vectorial Lie algebras — desuperizations of the charac-
teristic 2 analogs of complex exceptional simple vectorial Lie superalgebras, see Section 2.11 —
yield three simple Lie algebras, see Table (25.5) while the other two, vle(9; N) and mbs(11; N),
are described from another point of view in [7].

Theorem 4.4 (isomorphisms between desuperizations of the 15 exceptional simple vectorial Lie
superalgebras).

(i) For p # 2, the characteristic-p analogs of the 15 W-graded analogs of the complex excep-
tional simple vectorial Lie superalgebras constitute, as abstract Lie superalgebras, 5 Lie
superalgebras.
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(ii) Forp = 2, all their finite-dimensional analogs, and their desuperizations, remain regradings
of each other, with one exception: the 3 indeterminates of Eas(?;K) are defined to be
constrained, Par Ku = 3.

One — for p # 2 — exceptional family (tas) yields — for p =2 — two families:

D[e(?;i) ~ U[e(Q;M) ~ 6@(9;&) Pariu = Parﬂu = Par&u =3
mbg( ‘N) mbg(ll‘ﬁ) :mbg(ll;&) Parzu :Parﬂu :Par&uZS
#le(15; K) o tle(15; L) = ble3 (20; M) =~ €lez(20; N) | ParK' = ParL“ = Par M =ParN" =5
tas(D (7 L) ~ tas™ (S;M) ~ tas™ (10;&) Parzu = Parﬂu = Par&u =7
(1)(7 K) ParKu:?’
nas“>(8 N) Par N* =4

Proof of Theorems 4.3 and 4.4. For U[e( ) see Section 7. For vle(5; N|4) and vle (9 N)
see Section 8. For U[e(15, N) see Section 9. For tles (20 N) see Section 11. For mb( ) see
Section 15. For %(5 N\5) see Section 20.

For vle(7; L) see Section 6. For mbz(ll N) see Section 16. For ley (20;&), see Section 12.

For tas(8; M) see Section 19. For Eaﬁ(? M) see Section 18. For vas(4; N|4) and vas(8; V), see
Section 22. m

Theorem 4.5 (desuperizations of tas). For p = 2, the analogs of the W-graded simple vectorial
Lie superalgebra tas over C are not simple; they contain a simple ideal of codimension 1, the
derived algebra.

Proof. See Section 17.4. [ |

Other results. We explicitly describe characteristic-2 Shen’s version (see [68] and Section 23
here) of both g(2) and the Melikyan algebra as vectorial Lie algebras.

We single out the divergence-free subalgebra shyy (2n; N ) of the Lie algebra of Hamiltonian
vector fields br(2n; M) = F(le(n; N|n)), discovered in [48], by imposing constraints on M.

4.4.1 Open problems

1. In this paper, for serial simple vectorial Lie superalgebras, we considered 2 W-gradings
of F(sb(2" — 1)) (the standard and of depth 1). We did not consider 32 W-gradings of
the remaining simple vectorial Lie superalgebras, see Section 1.16 in [56]. The fact (4.1)
suggests that we should investigate if these W-gradings yield new simple Lie algebra.

2. Describe all the Z/2-grading of the newly found simple Lie algebras in characteristic 2 (see
[7, 13, 22, 25, 48, 72], and this paper) to obtain new simple Lie superalgebras. For first
results, see [43].

3. Are the partial prolongs described in Section 19.1 and in equation (21.1) isomorphic to
known simple Lie algebras?

4. See Problems 2.6, 2.9, 22.1.

5 The Lie superalgebra vle(4|3) over C and its p > 2 versions

5.1 Recapitulations, see [67]

In the realization of le(3) by means of generating functions, we identify the space of [¢(3) with
II(C[4, q]/C- 1), where before the functor II is applied 8 = (6, 02, 03) are odd and q = (q1, g2, q3)
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are even, see (2.7). In the standard grading degy;. of le(3), we assume that deggq; = degf; =1
for all ¢, and that the grading is given by the formula

degr;(f) :=degLes = deg f —2 for any monomial f € C[6, .
The nonstandard grading degy ;.5 of g = le(3;3) is determined by the formulas

degz0; =0 and degzq; =1 fori=1,2,3,
degyie.3(f) = degg f —1 for any monomial f € CJ0, q].

This grading of g = [¢(3;3) is of depth 1, and its homogeneous components are of the form:
g-1 =1II(C[01,02,05]/C- 1), gx = II(C[b1,02,05]) © S*!(q1,q2,q3) for k > 0.

In particular, go ~ vect(0|3), and g; is an irreducible go-module with the lowest-weight vec-
tor q%. The whole Lie superalgebra le(3; 3) is the Cartan prolong of its nonpositive part and the
component g; generates the whole positive part.

To obtain vle(4|3), we add the central element d to the Oth component of le(3;3); so that ady
is the grading operator on the Cartan prolong of its nonpositive part; this prolong is strictly
bigger than [e(3;3) x C - d.

This Cartan prolong is the exceptional simple Lie superalgebra vle(4|3).

Its component vle; is reducible, but indecomposable vleg-module such that

0[61/[2(3; 3)1 ~ ([e(?); 3),1)*.
The other, not lying in le(3;3)1, lowest-weight vector in vle; is the element dual to the highest-
weight vector in g_1, i.e., to I1(616203).
5.1.1 Introducing indeterminate y (as well as x; and &;)

Under the identification

H@@%we—@,rmokﬁ4%,H(W%?M>Hﬁ_%

each vector field D € vle(4]3) is of the form

0 f
_ _(—1)2() 2__ 74
Df“q = Lef —l—ny ( 1)p <yA(f) +vy 851852853) 8y

o3
+8,— (190 (8l + 205 5 L) 0 5.1

where f, g € Clz,&]; the operators B, and A are given by the formulas

P9 0 g 0 9% 9 52

Ba = pe06 06 9606 06, T daog 06 © T 2,
There are two embeddings of le(3) into vle(4]3). The embedding i; : le(3) — vle(4|3) corre-
sponds to the grading le(3;3). Let us reproduce the explicit formulas from [67]:
Let us clarify notation of indeterminates. At the beginning, the indeterminates describing le
in any grading are denoted by ¢ and 6, while the indeterminates describing vle are denoted by z
and £. Hence, introduce the passage i from one set of indeterminates to the other, and f :

i(q1,q2,q3,61,02,02) := (21,22, 23,1, &2, &3),
flar, w2, 23,61, 6, &) = f(i(q1, g2, 43,01, 02, 62)).
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a) If f = f(q), then

11 (L =L ¢ .
7’1( ef) ez (%)fjgk—yf’

where y is treated as a parameter and (i, j, k) € A3 (even permutations of {1,2,3}).

b) If f =3 fi(q)0:, then
i1(Lep) = Le; —p(x) Y &de, + (—p(@)y + Alp(x)€16263)) 0y
where p(z) = A(f)

c) If f=11(q)0205 + 1¥2(q)0361 + 13(q)0102, then

i1(Ley) = = ) iz 8&

1<i<3
d) If f =1(q)010203, then
i1(Lef) = —(x)0y.

The embedding is: le(3) — vle(4|3) corresponds to the standard grading of le(3). In terms
of generating functions this embedding is of the form

i2(f(4,0)) — Dy(i(q.0)), 0- (5.3)

As vector spaces, we have
vle(4]3) = i1(le(3;3)) + ia(le(3))  while 41(le(3;3)) Niz(le(3)) ~ sleV)(3). (5.4)
By abuse of notation, denote the operator »_ %;0 acting on the space of functions (divided
1<i<g

powers if p > 0) in ¢;, 6; also by A. In this no_ta_tion, we have

i1(f(q)) = i2(A(f(q)016203)), i1(A(f(q)010203)) = —i2(f(q)), (5.5)
and
in(f)=if) if f= ) fila)pi and Af=0. (5.6)
1<i<3

The formulas (5.3), (5.5), and (5.6) are valid for any p, in particular, for p = 2.
The lowest-weight vectors in vle; are iy (q%) and i9(0102603). We have

sdim ble; = 28|27. (5.7)

Proposition 5.1 (passage from C to K for p > 2). The situation described in the previous
subsection does not change under passage from the ground field C to any field of characteristic 0
and also to K if char K = p > 2 provided the coordinates of the shearing vector M of the algebra
of coefficients of the vector fields are such that M, = oo for each even indeterminate x;.

In all these cases, the Lie superalgebra g — the Cartan prolong of the nonpositive part of vle —
remains simple and of infinite dimension. The component g; also retains its structure as a gg-
module, but it does not generate the whole of g (since the x; do not generate O(x; M) if M # 1,
see (1.8)).
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Proof. Proof follows directly from the formulas of Section 5.1. |

In what follows we will investigate the case of shearing vectors with finite coordinates.

Theorem 5.2 (vle exists for any p > 0). A characteristic-p version U[e(4;ﬂ|3) of the Lie
superalgebra vle(4|3) exists for any p > 0 and any shearing vector ﬂ = (M, M,) provided
M, =1.

For the case p = 2, see Sections 6, 7, 8. For the case p > 2, see the next proposition.
Proposition 5.3 (description of n[e(4 M|3)) If p > 2 and M; < oo for i = 1,2,3, then
vle(4; M\S) = Span(Dy, ), where M= (M,M y) and My =1, and

f € O(x; M|€) & Span (xgsi))le and g€ O(zx; M|§) @ K - 2l {2 Vg Ve,

Proof. For p > 2, the component g; also retains its structure as go-module even if any (or all)
of the coordinates of the shearing vector M = (M, M,, M) become finite. If M, < oo for all 4,
the Cartan prolong is finite-dimensional. It can be described by means of equation (5.1), but
we should investigate when Dy , € Dect(4;ﬂ|3), where

M = (M,M,) and M,=1.
Direct observation gives the answer:

f € O(x; M[€) ® Span (z, (s ’)) M;

1> Where s; =pTh

i.e., we should add “virtual” (non-existing for the given M) elements f = a:l(.s") fori =1,2,3.
Since due to (5.5)

Dy = i2(a™) = i (56 010205)).

we see that ia(q; (s 2)) e ole( (4;M|3) though qu8¢) ¢ 1) (3; M).
Now, let us investigate the generating functions g. We have

Ker(Dg —: gHDog)—Span<Dog—0\g—g 01"g—§:gZ §1W1thAg—0> (5.8)

If g =3 gi(z)&, but Ag = h(x) # 0, then Dy 4 = h(z)d, depends on h only. It is clear that any
function h € O(x; M) can be expressed as h = Ag for some g € O(x; M|£), except for

—1 -1 ~1
he = l‘gsl )x§52 )$g83 ), where s = (s1, 52, 53).

To obtain D = hy0,, we should add to the space of generating functions any of the “virtual”
functions

— 600k (Va5 al) for i =1,2,3, and j k£, j #£ k.

Modulo the kernel (5.8) of the map Dy — only one “extra” generator suffices; for definiteness,

we select gg = $g81)33g52_1)x§53_1)§1

component of degree

. Formula (5.1) shows that Dy g4, lies in the homogeneous

s1+(s2—1)+(s3—1)+1—-3=-4 mod p.
Since the Lie superalgebra U[e(4;ﬂ\3) has a grading operator, it follows that
Dy, € vleM (4; M|3)
for p > 2. Moreover, as was shown in [67] for p = 0 (but the formulas remain true for any p > 0),

Doy, = i1(—hs€1&2€3), and hence Dy, € i (IeV)(3; M) for p > 2. ]
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If p > 2, the fact (5.4) does not hold. We have

D07 hs€1&2€3 € U[e (47M’3)7 but DO7 hs€1&283 — Zl(f) - ZQ(f)a

where
f _ q§s1)q§sz—1)q§53—1)61 4 q§s1—1)q§sg)q§53—l)92 i ngI_l)qu_l)qg%)g:’) Qf O(Q;MW)

If M, > 1 fori=1,2,3, then sdimg; = 28|27 remains the same as over C and any other
p > 2.

6 A description of vle(7; ﬂ) := F(vle(4; M|3)) for p = 2

In this and two next sections we prove Theorem 5.2 for the case p = 2.

There are three W-gradings of vle with unconstrained shearing vector. In this and two next
sections, we consider each of these gradings for p = 2, describe the corresponding 0th and
1st components of the regraded Lie superalgebra vle, and calculate partial prolongs. Next, we
consider desuperizations of each of them. As a result, we get a new simple Lie superalgebra and
a new simple Lie algebra in p = 2. Unfortunately (we’d like to get new simple algebras!), there
are no partial prolongs. .

The Lie superalgebra vle (4; M |3) for p = 2 is a direct reduction modulo 2 of the integer form,
with divided powers as coefficients, of the complex vectorial Lie superalgebra vle(4|3).

First of all, let us define squares of odd elements for the Lie superalgebra le(n; M), cf. equa-
tion (2.14):

of of
2 _ af of
1o 1§Z¢S:n 0q; 00;

and have in mind that if p = 2 and M, < oo for all 4, the Lie superalgebra g = le(n; M) is not
simple: the generating function of the maximal degree qgslfl)qésrl) e q£5"71)9192 ---0, does
not belong to g(!), the latter being simple.

For p > 2, we just reduce the expression (5.1) modulo p.

For p = 2, we cannot just reduce the expression (5.1) modulo 2; we should modify it. Indeed,
the system of equations on the coefficients of the field D € vle(4]|3) whose solution is given by
the formula (5.1) contain coefficients %, see [67]. The vector field D € vle (4;@\3) is of the form
(recall formula (5.2) for By):

Dy g = Les +yBy + yA(f)d, + By + A(9)d,, where M = (M, M,) and M, = 1. (6.1)

Let us explain how we got this formula: we just rewrote equations from [67] without %
(multiplied the equations by 2) and solved them in the same way as it was done in [67].
For p = 2, unlike the case p # 2, this Lie superalgebra g = vle (4;M\3) is not simple, but g
is simple, its codimension in g is equal to 2: for f = qfl_1)q§82_1)q§83_1)919203, we have
Dro=i(f) ¢ 8, Dy o) 6a-n, 00 = (f) € 6.

For p = 2, the structure of the go-module g; differs drastically from that for p # 2. Instead
of two lowest-weight vectors, we have three of them. Besides, these three lowest-weight vectors
do not describe the whole complexity of the module.

The submodule 71 (le(3;3)1) has a complicated structure. To describe it, observe that for any
vectorial Lie (super)algebra expressed in terms of generating functions, the shearing vector can
be considered either
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(1) on the level of generating functions (let us denote it M in this case) or

(2) on the level of coefficients of vector fields they generate (let us denote it M in this case).

In case(1), we obtain the “underdeveloped” Lie superalgebra
le(n; M) := Span(Ley | f € O(n; M|n));
in case (2), we get the correct [e(n;ﬂ) = Span (Lef € Uect(n;ﬂm)). We have
[e(n;ﬂ) = le(n; M) x Span (qgsi) li=1,...,n).
Accordingly, for ﬂ unconstrained, the component [e (S;M; 3)1 is of the form:

[e(3;ﬂ; 3), = II(K[616265]) ® S*(q1, g2, q3)-

This component contains submodules corresponding to the minimal values M; = 1 for some .
To describe gy as gg-module, consider the submodule

Wo = 1e)(3;3), = Span(g;q;j¢ (@) for any 4, j and any function ¢).
It is irreducible. It is glued to the submodules

W; = Wy X Koq@)

i

in each of which Wj is a submodule, but not a direct summand. Each W; can be further enlarged
to the module

W; 9 := W; x Span (q(%(e)) corresponding to M; > 1, where M, =1 for j # i

i

with shearing performed on the level of generating functions.
Let us describe the subalgebras of vle (4; ]l|3), the partial prolongs. In what follows we will
often use the following

6.1 Notational convention: on partial prolongs

Let v; be a lowest-weight vector of the gg-module g,

and V; the submodule generated by v;.

Let gy, ;) be the kth prolong “in the direction of V; C g7, i.e.,

kth prolong of (g, go, Vi). (6.2)

Consider the gp-submodules W C g1 not contained in i1(le(3;3)). There is only one such
submodule V3 C W generated by v, see (6.3). The go-module g; ps has the following three
lowest-weight vectors expressed in the form Dy 4, and also as i1(—) or ia(—):

v1 | 21Y0¢, + 218302, + 21€10x; + 2y0¢, i1(q192) Dayeres+aagaes, 0

+228305, + 128202, + £3820¢, + £3£10¢,
va | T1Y0¢, + 218301, + 1182025 + 3820, i (qf”) Dazyeze5,0 (6.3)
v3 | Y&30g; + y&20g, +y&10e, + €38204, i2(010203) | De eaes, 0

+ &3810z, + £261044
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By increasing the value of some of the coordinates M, we enlarge g (3) = 0[6(4; 1\3)1. As
go-module, gy (3) is of the following form:

Wy € (Wh + Wy + Ws) C 91,(3)>

where gy (3)/(W1 + Wa + W3) =~ (g—1)*, and (W7 + Wa + W3) /Wy is the trivial 0[3-dimensional
module, and where sdim Wy = 12|12.

The superdimensions of the positive components of vle(4;1|3) (and of its derived algebra in
parentheses) are given in the following table:

g1 g2 g3 g4
sdim | 16[18 | 10(9)|12 | 4/3 | 1(0)|0

6.2 Partial prolongs as subalgebras of vle (4;ﬂ|3)

We have [g_1, g1,(;)] = vect(0[3) for i = 1,2. (Actually, g1,2) = g1,(1) X K- 41 (qf)).)

6.2.1 Convention: on partial prolongs “of no interest”

In what follows, we do not investigate partial prolongs with [g_1, 91,(i)]; see (6.2), smaller than g
if the [g-1,81,(1)]-module g1 is not irreducible: no such prolong can be a simple Lie (su-
per)algebra with the given nonpositive part.

6.3 Desuperization

We have go ~ c(vect(3;1)), and g_1 ~ F/K.

For N unconstrained, we have dim g; = 55. (Compare with (5.7) and (6.4): for N = 1, the
dimension drops.)

Critical coordinates of the unconstrained shearing vector: Ml, Mg, Mg, ]\77.

The dimensions of the positive components of U[e(?;i) and its simple derived algebra (in
parentheses) are given in the following table; so dim ple( (7; i) = 94:

g1 | g2 (orgi®) | gs=91" | gaor —
dim | 34 | 22(21) 7 1(-)

(6.4)

6.4 Partial prolongs as subalgebras of vle (7; ﬂ)
(i) We have dim(g}) = 34. (If N = 1, then dim(g, (1)) = dim g1; otherwise, g; (1) < g1.) The
partial Cartan prolong

t’[e/(77 M) = (9—7 g0, gl,(l))*;ﬁ

is such that [g-1,g1] = coect(3; 1); this prolong is vle(7; ).
(ii) The partial Cartan prolong (g—, go, 81,(;))+nm is such that [g_1,91 ()] = vect(3;1) for i =

2,3. By Convention 6.2.1, we do not investigate this partial prolong.

Conclusion. We have found a new simple Lie superalgebra vle(”) (4;M|3) and a new simple
Lie algebra ole( (7; M ) Partial prolongs do not yield new simple Lie (super)algebras.
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7 vle(9; N) := F(vle(3; N|6)),
where vle(3; N|6) := vle(4; M |3; K) for p = 2

The Lie superalgebra vle(3; N|6) := vle(4; M|3; K) is the complete prolong of its negative part,
see Section 2.11. A realization of the weight basis of the nonpositive components by vector fields
is as follows, where the w; is a shorthand notation for convenience:

9i the basis elements
g-2 01, 02, Os
g-1 04, Os, 0s, wr = 2503 + 2602 + 07,
wg = 403 + T601 + Os, wg = x402 + 501 + o
9o = X" = 2201 + 2405 + 2705, X; = 2102 + 2504 + 2807, X5 = [X{, X5 ],

5[(3) (&) g[(2) X2+ = 230> + 2505 + 1’889, X; = 2203 + 1605 + .Tgas, H;, = [X:r, X;] fori=1,2;
)~(1+ = x7 2803 + 7 X9D2 + T8 X901 + 704 + 1805 + x90s,

X; = 242503 + 242602 + 52601 + 2407 + 2508 + 2609,
d= 12101 + 2202 + ©303 + 2404 + 2505 + 2606, Hy = P?f,)?f]

The go-module g; has the following lowest- weight vectors:

vl = 212403 + 212601 + 120503 + T22602 + 1108 + 1207 + 242604 + 47907
+ 252605 + 52908 + Tex707 + TT808,
V9 = 110503 + 212602 + 2107 + 52604 + 52907 + X62807.

7.1 No simple partial prolongs

For N unconstrained, dim g; = 18. The module V; generated by v; is 6-dimensional, and the
module V5 generated by vy is 8-dimensional; V; C V5. N N
C'ritical coordinates of the unconstrained shearing vector: Ny, ..., Ng.

8 A description of UN[e(Q;E) := F(vle(5; N|4)) for p = 2

Whenever possible in this section, we do not indicate the shearing vectors. This Lie superalgebra
is the complete prolong of its negative part, see Section 2.11.

For p = 0, the gg-action on g_; is that on the tensor product of a 2-dimensional space on the
space of semi—densities in 2 odd indeterminates. So it is not possible to just reduce modulo 2
the formulas derived for the characteristic 0. We have to understand how gg acts on g_; when
p = 2. For this, we use the explicit form of elements of vle(4|3) for p = 2, see equation (6.1).

Note that the mapping Ley —— D(;) determines a Lie superalgebra isomorphism be-
tween [e(3) and its image in vle. However, first, the mapping Do : g = Do, 4 has the
kernel:

Ker(Do,—) = {g € O(x; M[¢) | dege g < 2 and Ag = 0}, (8.1)

and, second, certain coincidences Dy o) = D(g ) might occur. Formula (6.1) makes it clear that
such a coincidence takes place if and only if (recall formula (5.2) for By)

By =0, Af=Ag=0, and Le;=B,.
Taking equation (5.2) into account, these conditions are equivalent to following conditions:

F=iw, 9= Y e (52

(17]7k)6A3
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The grading of the Lie superalgebra we are interested in is induced by the following grading
of the space of generating functions:

deg& =0, degx; =2, degéy =degés =degry =degaxz =1, degy=0. (8.3)

Clearly, deg D¢ 4) = deg f —2 = deg g —2. Therefore (here we introduce the 9 indeterminates
21, 22, 23, 28, 29 (even) and z4, 25, 26, 27 (odd) of the ambient Lie superalgebra vect(5; N|4)
containing our g) and 0; := 0,

0i the basis elements in terms of vect(5; N|4)

g—2 D(f}o), where f = 51 81

g—1 D(f,o), where f = T, §1§, |€1, 51331' for 1 = 2, 3 T < 82+i, {1& <—— 84“- + zg.H-@l
& +— 0i, &1y 4 Oori + 2:01

because, for the nonzero vector fields of the form D(q 4 lying in g—, we have, thanks to condi-
tions (8.2), the following identifications:

Dogie2) = D@0y Di0grgs) = Do 0)-
Because the tautological representation of sl(2) is isomorphic to its dual, we identify
g1 ~W=V®A(,n), where V = Span(vi,vs)

using the rules listed in Table (8.4). The table also contains the explicit form of the vector fields
D40y € g-1 needed to calculate the action of the fields of the form Do,y € go on g1 (the
action of the fields of the form D(; o) € go can be computed in terms of generating functions
and the bracket in [e).

f | Do) | the image in W f Dy,0 the image in W

& Oz, v1 &1&a | €20z, + £10, + yOg, V1 ®E

£ | Ouy v2 &1&3 | €30z, + &102, + Y0k, v ® € (8.4)
T2 Oe, v2 ® N &122 £10¢y + 204, v2 Q&N

z3 ey v1 ®n ISEZ £10¢y + 1304, v1 Q&N

Proposition 8.1 (the component g of g = vle(5; N|4) := vle(4; N|3;1) and its action on g_1).
The component go of g = vle(5; N[4) := vle(4; N|3;1) consists of vector fields Dy, 4y, where
deg f = degg = 2 in the grading (8.3). Table (8.5) shows the correspondence between pair of
generating functions (f,g) and operators in End(W)

(f,9) its image in End(W) (f,9) its image in End(W)
ago as3 a2 a23
f= ¥ aijzi&, ( ) ®1 f=6& X ajzi€;, ( ®¢&
1,5=2,3 az2  ass3 4,j=2,3 azz  ass
A(f)=0, g=0 agz +agzz =0 A(f)=0, g=0 ags +azz =0
0 1 0 1
(@5?,0) < ) ®n (1257, 0) ( ) ®&n
0 0 0 0
- 0 0 0 0
(@52, 0) < ) ®n (e1257,0) ( ) ® &n
1 0 1 0
1 0 1 0 (85)
(z273,0) ®mn (§12223,0) ® E&n
0 1 0 1
(z1,0) O¢ (¢é121,0) £0¢
(£2€3,0) On (£1€2€3,0) £y
1 0 1 0
(z2€2,0) ® 1+ ndy (§172€2,0) ® &+ Endy
0 0 0 0
(0,€121) 19¢ (0, €1€2€3) §0¢ + oy
1 0
(0, €18222) ) ® N+ €nodg
0 0
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Thus, go ~ 0(sl(2) ® A(2) x vect(0|2)), where the operator of outer derivation added to the
ideal sl(2) ® A(2) x vect(0[2) is D = D ® 1, where D = (}9), and the subalgebra vect(0|2)
acts as X — 1® X + D ® div(X) for any X € vect(0]2). Hence, g—1 ~ Vol(0|2) & A(2), as
vect(0]2)-module.

Proof. Let us begin with fields of the form Dy q).
As we have already noted above, [D(f1,0)7 D(f270)] = D({,,2},0), and hence the action of such
fields can be described in terms of the generating functions and the Buttin bracket.
If f= > ayz& and A(f) = 0, then f acts on g1 as > a;;(§;0, + ©:0,;) which,
i,j=2,3 i,j=2,3
thanks to our identification, corresponds to the action of the operator (g22 g% ) ® 1; i.e., the

elements of this form span the subspace s[(V) ® 1 € End(W).
Analogously, the functions of the form f =& > a;;x;€; such that A(f) =0 act on g as

§,j=2,3
&1 Y aij(&0¢, + xi0,,) which corresponds to the action of the operator (33 a33) ®&; i.e., the
1,j=2,3
elements of this form span the subspace s[(V) ® £ € End(W).

The correspondence between the other operators D ;) and operators in End(W) is not so
evident. To find it, in tables (8.6)—(8.8) and (8.9)—(8.10) we indicate nonzero actions of an
operator Dy gy in the first row of these tables and the same actions in the basis of the space W
in the second row. This allows us to reestablish the operator in End(W).

For example, Table (8.6) describes the action of the generating function f = xg). In terms
of generating functions, f acts as Ley, i.e., as the vector field (operator) X = x20¢,. Looking at
Table (8.4) we deduce that this X acts as non-zero only on & and &;&2. Explicitly, X (§2) = 2,
and X (&1&2) = &1xe. This is precisely what is written in the first row of Table (8.6).

In the 2nd row there is the same action in terms of the basis of W. Indeed, looking again at
Table (8.4) we see that in W the incarnation of & is denoted by v, whereas x5 by ve ® 7; i.e.,
the equality X (£2) = x2 in the new notation takes the form X (vi) = ve @ n:

§a —> §1§2 — §112
V2N | 11 @ v2 ®EN

(8.6)

Thus, f = xg) acts as 20, i.e., as (§§) ®@n € End(W).

Similarly, f = mgz) acts as (99) @ n € EndW, whereas f = zox3 acts as the operator
(49) @7 € Ead(W).

Thus, the functions of the form f = f(z2,x3) span sl(V) ® n € End(W).

Analogously, the functions of the form f = & f(x2,2z3) span sl(V) ® &n € End(W).

Clearly, f = x1 acts on g—1 as O¢, which corresponds to the operator d¢ € End(W), and
f =& acts on g_; as §;0¢, which corresponds to the operator {0; € End(W). The element

[ =§&&3 acts on g1 as £20.,; + &304, i.e., as 0, € End(W):

r3 — & To — &3 §1w3 — §182 §1wo — €183 (8.7)
VRN | 1@NF—= v | 11N 11 Q& | 12®EN— 12 ®E '
Analogously, f = £1£2€3 acts as the action of {0, € End(W).
Finally, f = z2& acts as ({§) @ 1 4+ ndy:
§or— &2 | §1§2 — &1éo To > T 129 — 12 (8.8)
V=0 |1 RE | 1N v, | 12 ®EN > V2 ®EN '

Analogously, f = &22&, acts as the operator (§8) ® & + £nd,.
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Now, let us describe the action of operators D(q 4. First, taking equation (8.2) into account,
we have

Do,g2¢s) = D@1,0)  Dogagans) = D@ g
D(0,€1§3I2) = D(mf),o)? D(07E1€2x2+£163x3) = D(z2x370)'
Now, taking the kernel (8.1) into account, we only have to establish the three operators corre-

sponding to the functions g = &1, £1£2&3, and &1&9xs.
For g = &121, the operator D(g 4 = 0, corresponds to nds € End(W):

§1§2 — w3 §1§3 — @9 (8.9)

VR V10N | 128 1R '
If g = 16283, then D gy = > &0;, which corresponds to £0; + 19, € End(W).

1<i<3

Finally, let Do ¢, ¢y00) = 220g; + £10y. This operator acts as follows:

Oz, = Digy,0) = Ogs = Dy 0) | &30 +&10z; + Y9 = Dig15.0)

— 51352 —+ xgazl = D(&Imo) (8.10)
vy —> v QN V2R E > 12 ®EN

which corresponds to the action of the operator (}8) ® 7+ &nde € End(W).
D16, +as0,616265) COrTEsponds to the operator D := () ® 1 € End(W), and Dy,e, ¢ ¢5)
corresponds to the operator (§§) ® 1 + £0: € End(W).

Critical coordinates of &u: &1, &2, &3, and sdim g; = 20|20. There are five lowest-weight
vectors in gp:

v1 = 212301 + 2109 + 232606 + 232707 + 232808 + 232909,
V9 = Z§2)a3 + 232404 + 232606 + 232909 + 242609 + 212301 + 2109 + 222304
+ 202405 + 29270¢ + 222809 + 232606 + 232707 + 242705,

v3 = Zéz)az + 232405 + 232706 + 232809 + 242709,

V4 = 212200 + 2108 + 222606 + 222707 + 222808 + 222909 + 252)‘92
+ 222303 + 222707 + 232504 + 232607 + 232908 + 252609 + 212201 + 2108
+ 292404 + 202707 + 292909 + 242608 + 292505 + 202606 + 252703,
vy = z§2)83 + 232404 + 232606 + 232909 + 242609 + 232505 + 232707 + 232909 + 25270.

No simple partial prolongs. The module generated by either one of vi, vy is g1. The
modules V; generated by either of vs, v4 are of dimension 4|4 and sdim([g—1, V;]) = 4|4; sdim V5 =
8|8 and sdim([g_1, V;]) = 8|10, so there are no new simple partial prolongs, see 6.2.1.

8.1 Desuperization

For N unconstrained, the critical coordinates are those that correspond to the formerly odd
indeterminates.
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9 tle(15; N) := F(tle(5; N|10))
Whenever possible in this section, we do not indicate the shearing vectors. The Lie superalgebra
tle(5; N|10) is the complete prolong of its negative part, see Section 2.11.

Recall that for g = £le(5[10), we have g5 = svect(5]0) ~ dQ3(5|0) and g7 = II(dQ2*(5/0)) with
the natural gg-action on g7 and the bracket of any two odd elements being their product, where
we identify

dzi Adxj A dxy, A dxy @ vol ™! = sign(ijklm)d,,, for any permutation (ijklm) of (12345).

Let z;, where 1 <1 < 5, be the even indeterminates, 0; := 0,,. Let 04, where 1 < a,b <5,
be an odd indeterminate such that 6,, = —0p,; in particular, 6,, = 0 and we may assume
that a < b. Let 04 = 0p,,. Let go = sl(5) = sl(V) act on g_» as on its tautological 5-
dimensional module V. Let E2(V') be the 2nd exterior power of V. For a basis of the nonpositive
components of F(tle(5; N|10)) we take the following elements (only Chevalley generators are
given for go):

g9 the basis elements
go2=V 01, 02,03, 04, 05
g_1=E2(V) | wia =812 + 03405 + 04503 — 03504, wis = 613 + 02504 — 02405 — 04502,
wiq = 814 + 02305 + 03502 — 02593, wis = 615 + 02493 — 02394 — 03492,
wa3 = 623 + 04501, waq = 624 + 03501, was = d25 + 03401,

034, 035, a5

g0 = sl(V) Z1 = 2102 + 023602405 + 02302504 + 02402593 + 023513 + 024014 + 025015,

Zy = 2203 + 03403501 + 013012 + 034024 + 035525,

Z3 = 2304 + 014613 + 024023 + 045035, Z4 = 405 + 015014 + 025024 + 035034
Hy =[Z1,Y1], H2 = [Z2,Y2], H3 = [Z3,Y3], Hy = [Z4,Y4]

Y1 = 2201 + 01301405 + 013601504 + 01461503 + 013523 + 014624 + 015025,

Y2 = 2302 + 02402591 + 0120813 + 024034 + 025935

Y3 = 2403 + 6013614 + 023024 + 035645, Y4 = 504 + 014015 + 024625 + 034635,

The go-module g; is irreducible of dimension 40. The lowest-weight vector is

v1 = 012013015 + 012023025 + 013623035 + 014023045 + 01201302304 + 01201462303
+ 01301402302 4 01302302401 + x5045.

No simple partial prolongs. Critical coordinates of the shearing vector for E[e(15; &) are those
corresponding to the formerly odd indeterminates.

10 €le(15; N) := F(le(9; N|6))

The construction of £le(9; N|6), and its desuperization %(15;&), resemble that of tas, see
Section 17.

However, tas is a partial prolong of £(1|6)<o © tasi, where tas; is a “half” of £(1]6);. Indeed,
tas; is one of the two irreducible modules whose direct sum is £(1/6)1, and the Lie superalgebra
£le(9; V|6) is the prolong of €(9; N|6)_ & €le(9; N|6)o, the latter summand constituting a half of
£(9; N|6)0; this half corresponds to either of the two possible embeddings svect(0]4) — o0sp(6]8)
corresponding to the representations of svect(0]4) in the space T3 (0[4) = Volp(0]4)/K - vol,
see (1.13), and in its dual.

This is why £le(9; N|6) is NOT the complete prolong of its negative part, see Section 2.11.

To determine the component gg of g, we have to consider a linear combination of two elements:
the central element Z commuting with the image of svect(0]4) in 0sp(6/8) and an outer derivation,
say D = &10g, € vect(0]4).
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Let & be the prolong of the nonpositive part where & := (svect(0]4) x KD) P KZ and
®_ := g_. Having computed [®;,g_;] we determine the coefficients in the linear combi-
nation aZ + bD that should belong to go := svect(0]4) x K(aD + bZ) from the condition
(61, 9-1] = go-

To realize the Lie superalgebra g by vector fields, we use the representation of the even
part of g as svect(5; M) and its odd part as H(dQl(5;M)): whatever the Z-grading of g,
the components gz and g; have the needed nonpositive part. For convenience, we use gl(5)-
weights of the elements of g, having added the outer derivation — the grading operator — to
svect(5; M).

Let u, ..., us be a basis of the space U we used to define svect(U) and dQQ'(U). In our grading,
deg(us) = 2 and deg(u;) = 1 for i < 5. Let x1,...,z15 be the desuperized indeterminates. Then,

Opy + -+ —0Ouyy  -vvy Opy+ oo Oyy,s
8;05 + H(duldUQ), ey 89610 — H(dU3dU4),
Oz, < U10uy, .., Oy U0y, Oy < Oug- (10.1)

The functor IT is interpreted as multiplication (tensoring) by the 1-dimensional module whose
generator Il has the following weight w to make the weight and degree compatible:

W) = (=5, =3)
deg(IT) = —g.

To get rid of fractions, we multiply all weights by 2; assuming that deg du; = degu; we have

w(zs) = w(Il) + w(duy) + w(duz)
= (-1,-1,-1,-1,—1) +(2,0,0,0,0) + (0, 2,0,0,0)
(1,1,-1,-1,-1).

Now, the weights are symmetric in the sense that if there is an element of weight (2,0, 0, 0,0),
there should be elements whose weight have all coordinates but one equal to 0, one coordi-
nate being equal to 2. This symmetry helps to find correct expressions of the vector fields
in each component. Thus, the weights of the indeterminates in the new grading are as fol-
lows:

z1 — {=2,0,0,0,0}, ze — {1,-1,1,—-1,—-1}, a1, — {2,0,0,0, -2},
x5 — {0,-2,0,0,0}, zr—{1,-1,-1,1,—-1}, 212 — {0,2,0,0, -2},
x5 — {0,0,-2,0,01, zs — {-1,1,1,—1,—-1}, x5 — {0,0,2,0, -2},
x4 — {0,0,0,—2,01, 29— {—1,1,—-1,1,—-1}, 14 — {0,0,0,2, -2},

x5 —{1,1,-1,-1,-1}, =z —{-1,-1,1,1,—1}, z15 — {0,0,0,0,—2}.

The degree is equal to one half of (the sum of the first 4 coordinates plus the doubled fifth
one).

In equation (10.2) we give the basis of the negative part and generators of the Oth component.
It is possible to generate the semi-simple part of gg by just 1 positive and 4 negative generators,
or 4 positive and 1 negative ones, but for symmetry we give 4 and 4 of them. These 8 generators
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do not generate the element D + Z € [g1,g_1] of weight (0,0,0,0,0), so we give it separately.

9i the generators

g-2 O15

g-1 ~F(T5(0/4)), | 01+ 211015, 02 + 12015, O3 + 213015, 04 + T14015, O5 + 210015,
see (1.13) 06 + 19015, 07 + 8015, O, ... ,014

go ~K(D + 2) {~1,-1,-1,1,1} — 2206 + zed12 + 305 + T10013 + 2155
xsvect(4; 1) + 27011 + 2127015

{=1,-1,1,-1,1} = 2207 + 28012 + £405 + £10014 + 7199

+ 26011 + x126015 (10.2)
{-1,1,—-1,-1,1} = 2307 + 28013 + 2406 + 29014 + 11010

+ 25011 + 125015
{1,-1,-1,-1,1} = 22010 + 25012 + T2x5015 + 2309 + w6013

+ 2326015 + £408 + 17014 + £427015
{0,0,0,0,0} = x101 + 2808 + 909 + 10010 + 12012 + 13013

+ 214014 + 715015

{0,0,0,4, -2} = 21401 + 22015, {0,0,4,0, -2} — 21305 + 22015
{0,4,0,0, -2} = 21202 + 22015, {4,0,0,0, -2} — 21101 + 2{2 015

No simple partial prolongs. Critical coordinates for %(15;&) are those corresponding to
formerly odd indeterminates.

11 Ele3(20; IN) := F(£le(9; N|11))

Whenever possible in this section, we do not indicate the shearing vectors. The Lie superalgebra
£le(9; N|11) is the complete prolong of its negative part, see Section 2.11.

11.1 Description of £le(9; N|11)_

We consider the realization of g = Ele as the direct sum of g5 = svect(U) and gy = II(dQ'(U)),
where U = Span(uy,...,us). Let i,j = 1,2, while a,b,c = 3,4,5. Let {ijabc} = {12345} as
sets, Oq := Oy, for any index a. Set, cf. (25.4):

degu = (3,3,2,2,2), degdu=(0,0,—1,—1,—1), where u = (uq,...,us). (11.1)
Then,

g-3 = Span(81,82),
g—2 = Span(d,, dug A duy for any a,b = 3,4,5),
g-—1 = Span(ug0;, du; A dug for any ¢ = 1,2, a = 3,4,5).

The brackets are as in grading K, see (25.4):

[0-1, 9-1]: [dui A duzg, dug A dup] = O, for {a,b,c} = {3,4,5},
[du; A dug, up0;] = dug A duy,
[9—1, 9—2]: [duz A dug, dup A duc] = aj [8(17 Uaai] = 0;.
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11.1.1 Description of £le(9; IN|11)_ in terms of vector fields

We use the realization of Section 10 with the same weights and degrees (11.1).

Recall that g := €le(9; N|11) is the prolong of its negative part, and g = svect(5; M ). For
a basis of the negative part we take the following elements, where we denote the 20 indeterminates
by x, set §; := 0y;:

i the generators

g-3 {2,0,0,0,0} — 19, {0,2,0,0,0} — d20

g2 {0,0,2,0,0} — 013 + 27819 + xsd20, {0,0,0,2,0} — 614 + 29019 + T10020,
{0,0,0,0,2} — 015 + z11019 + T12020,

{1, 1,-1,-1, 1} — d16, {17 1,—-1,1, —1} — 017, {1, 1,1,-1, —1} — 018

g-1~ | {-1,1,—-1,1,1} — 81 + 25015 + T6014 + 9016 + 11617 + T18020

{-1,1,1,-1,1} — 02 + x4015 + 6013 + T7016 + 11518 + 17020

{-1,1,1,1, -1} = 3 + 24914 + 5013 + 7017 + T9d18 + 16020

{1,-1,-1,1,1} = 04 + z10016 + 212017 + T18019

{1,-1,1,-1,1} — 05 + 28016 + 212018 + 217019

{1,-1,1,1, -1} — 6 + x8d17 + 10018 + Z16019

{2,0,-2,0,0} — o7, {0,2,—2,0,0} — ds, {2,0,0,—2,0} — d9, {0,2,0,—2,0} — d10
{2,0,0,0, -2} — 11, {0,2,0,0, -2} — &1

No simple partial prolongs. Critical coordinates of&u for tles (20; &) are those corresponding
to formerly odd indeterminates.

12 €ley(20; N) := F(kle(11; N|9))

Whenever possible in this section, we do not indicate the shearing vectors. The Lie superalgebra
£le(11; N|9) is the complete prolong of its negative part, see Section 2.11.

12.1 Description of £le(11; N|9)_

In [67], the Lie superalgebra €le was constructed from a central extension of sle() (4) with central
element further denoted by c. The algebra 5[2(1)(4) was considered in the grading where the
degrees of the odd indeterminates are all 0. The regradings of this realization are listed in
equation (25.4). Let us give details.

Let the degrees of the generating functions of 5[6(1)(4) be determined as follows:

degés =degé&y =0, degqs =degqs =2, degqg;=deg& =1 fori=1,2.
Then, (recall that the parities of the function are opposite to the “natural” ones, and c is even)

g-2= Span(ca 637 547 5354)7 g-1= Span(gb 621 q1, Q2) & A(£37 54))

with the nonzero brackets of the generating functions f and g in £3 and &4 being as follows:

[f&1, g&a] = C/g(fg&@), where /{F = coeff. of £1£2€3&,4 in the expansion of F,

for i =1,2.

0 iffgeK,
[f&, g%]:{ hoe

fg otherwise
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12.1.1 Description of £le(11; N |9)_ in terms of vector fields

The above was a description easy to understand for humans. To compute with the aid of
SuperLie, we use the realization of Section 11 with the same weights and the degrees given by
(compare with (11.1))

degu = (2,2,2,1,1), degdu=(0,0,0,—1,—1), where u= (uq,...,us).
Let us express the basis of g_; in terms of the w; introduced in (10.1):

Opy + - 4 Ouys Oy + - 6 Ous,

Oy + -+ — (durdug), ..., Og + - -+ +— II(dugdus),

Opg < U4Oyy, ..., Oy, > Us0y;,

Orys <— M(ugdugdus), Opyy — M(usdugdus),

Opyr < Ouyy  oovy  Opyg ¢ Ougy,  Onyy < H(dugdus). (12.1)

The Lie superalgebra tle(11; V|9) is the prolong of the negative part. For a basis of the negative
part we take the following elements, see (12.2). For their weights we take

w(u;) = w(du;) = (0,...,2,...,0), wdl)=(-1,...,—1).

We select the degree of II so as to ensure the correct degrees of the d,,, see (12.2), where by
abuse of notation d; := d,,. Looking at the expression of 0y,,, see (12.1), we set deg(Il) = —4.
Likewise, the weights of 015 and 01¢, see (12.2), are deduced from their expressions in terms of
the wu;, see (12.1):

i the generators

g—2 | {=2,0,0,0,0} = di7, {0,-2,0,0,0} — dus, {0,0,—2,0,0} — D1,
{~1,-1,-1,1,1} — 20

g-12~ | {0,0,0,-2,0} — 01 + 29017 + 210018 + 11019 + 215020,
{0,0,0,0, =2} — 92 + x12017 + 213018 + 214019 + 216020,
{1,-1,-1,1,-1} — 03 + 28018 + x6019 + 212020,
{1,-1,-1,-1,1} — 04 + 7018 + 25019 + 920, (12'2>
{-1,1,-1,1, -1} = 95 + w8017 + 213020,

{-1,1,-1,-1,1} = 96 + x7017 + x10020,

{-1,-1,1,1, -1} = 07 + 214020, {—1,-1,1,—1,1} — s + x11020,
{-2,0,0,2,0} — 89, {0,-2,0,2,0} — D10, {0,0,—2,2,0} — 011
{-2,0,0,0,2} — d12, {0,-2,0,0,2} — O3, {0,0,—2,0,2} — 014,
{—1,-1,-1,3,1} = d15, {~1,—1,-1,1,3} — 16

No simple partial prolongs. The critical coordinates of the shearing vector for €les (20;&) are
those corresponding to the formerly odd indeterminates. Explicitly: noncritical coordinates of
the shearing vector correspond to x1, x2, 17, T18, T19-

13 The Lie superalgebra mb(4|5) over C

In this section, we illustrate the algorithm presented in detail in [66], verify and rectify one
formula from [17]. This algorithm allows one to describe vectorial Lie superalgebras by means
of differential equations. In [64, 65] the algorithm was used to describe the exceptional simple
vectorial Lie superalgebras over C.



Simple Vectorial Lie Algebras in Characteristic 2 and their Superizations 61

The Lie superalgebra mb(4|5) has three realizations as a transitive and primitive (i.e., not
preserving invariant foliations on the space where it is realized by means of vector fields) vecto-
rial Lie superalgebra. Speaking algebraically, the requirement that it should be transitive and
primitive vectorial Lie superalgebra is the same as to have a W-filtration, so mb(4|5) has three
W-filtrations.

Two of these W-filtrations are of depth 2, and one is of depth 3. In each realization this Lie
superalgebra is the complete prolong of its negative part, see Section 2.11. In this section we
consider the case of depth 3 (the grading K); i.e., we explicitly solve the differential equations
singling out our Lie superalgebra. We thus explicitly obtain the expressions for the elements
of mb(4/5; K).

In this realization, the Lie superalgebra g = mb(3|8) = mb(4/5; K) is the complete prolong of
its negative part g = g_3 @ g_2 P g_1, where

sdimg_3 =0[2, sdimg_o =3|0, sdimg_; =0l6.
We would like to embed g_ into the Lie superalgebra

v := vect(3[8) = verCluy, ug, uz; N1, 12,13, (1, C25 (35 X1, X2]
considered with the grading

degn; =deg& =1, degu; =2, degy; =3 forany i,j.

According to the algorithm described in [66], we find in v_ two mutually commuting families
of elements: X-vectors (the basis of g_) and Y-vectors. The table of correspondences, where
i1=1,2,3and 5 =1,2:

k basis in mb_g Y
-1 q1, 42, g3 Xns | Yo

§283, §381, 6182 | X¢, | Y,
—2 &1, &2, &3 Xu;, | Yu,
-3 1,1 X | Yy

The nonzero commutation relations for the X-vectors are of the form ((i, 7, k) € A3):
[vaXui] = _XX17 [XCNXui] = _XX27 [Xm?XCk] = _Xuj7 [va XCj] = Xuk‘

The nonzero commutation relations for the Y-vectors correspond to the negative of the above
structure constants:

[Ym'v uz] = YXU D/C“Yuz] = YXQ’ [YvaVCk] = Yuj7 D/?h)YVCJ] =-Y,

.
Let us represent an arbitrary vector field D € vect(3|8) in the form
X = FlYXl + F2YX2 + Z (fCiYCi + mem + fquuz) (13~1)
1<i<3

As it was shown in [66], any X € mb(3|8) is completely determined by a pair of functions Fj,
F5 by means of equations, where i = 1,2,3 and (i, j, k) € As:

(F) =0, Yp(F)=—(—0)Pu)f, =Y (F), Yy (Fa) =0,
(fu) = Ym(fui) =0,

(fu)) = (CUPI%) fo s You(fu,) = =(=1)PVe) f,

(fu) = =0 fy Yu(fu) = (DP9 fe,

=



62 S. Bouarroudj, P. Grozman, A. Lebedev, D. Leites and I. Shchepochkina

(Comment: since (i, j, k) € As, i.e., is an even permutation, the formulas (13.4) and (13.5) are
different; of course one can express the system by one formula inserting the sign of permutation.)
Therefore the functions Fj, F5 must satisfy the following three groups of equations:

YCi(Fl) = O, Ym(Fl) = YYCZ(FQ), Ym(FQ) =0 fori= 1,2,3. (136)

The relations (13.2), (13.4) determine the remaining coordinates while the relations (13.3), (13.5)
follow from (13. ) (13.4) and the commutation relations that the Y-vectors obey. Indeed, since

p(fu;) = p(fu;) = p(X), we have

Yo (fuy) = {_(_l)p(f“i)YcimFg) =0 for i = j,
S S 0PYY Y (F) = (—1)PU) Y Yo (Fy) = Y (fu,)  for i # .
Besides,
foo = —(=DPUDY (fu;) = =Yy, Yo, (Fo) = Yo, Y, (Fo) + Yo (F) = Y, (F).

We similarly get the expressions for the remaining coordinates:

foe = Y (F1).

Therefore, an arbitrary element X € mb(3|8) is of the form

X=X"=FRY, + BYy,+ Y (Y (FR)Y, + Y, (F)Y,, — (-1)PXY (R)Y,,), (13.7)
1<:i<3

where the pair of functions F' = {F}, F} satisfies the system of equations (13.6).

We select the Y-vectors so that the equations (13.6) the functions Fy, Fy should satisfy were
as simple as possible. For example, take the following Y-vectors, where ¢ = 1,2,3, s = 1,2,
(i,j, k‘) € As:

Yu, = Ou; + mi0xy + CiOyys Yy, = Oy,

Then, the corresponding X-vectors are of the form

X, = Op +uilyy,  X¢; = 0 — 00wy, + MkOu; — NjikOyy + Uil
Xu, = Ou,, Xy, = Oy,

The Lie superalgebra mb(3|8) consists of the vector fields preserving the distribution deter-
mined by the following equations for the vector field D of the form (13.1):

fu1:fu2:fu3:F1:F2:0- (138)

Let us express the coordinates f of the field D in the Y-basis in terms of the standard
coordinates in the basis of partial derivatives:

D = gy,0x; + 9x20x; + Z (9¢:0¢; + 9n,On; + Gu,Ou,)-
1<i<3

We get

Fui = Gus + gnyCe — 9 (s for 1 <i <3 and (4,5, k) € As,
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Fy =gy, — Zgumz', Fy =gy, — ZQWQ - Z Ini G k-

1<4<3, (i,5,k)€As

Therefore, in the standard coordinates, the distribution singled out by conditions (13.8) is given
by the equations:

Gu, +g77]'<k - gnkgj =0 fori¢= 17 2737

> i =0, g — Y guli— > IniGiCk = 0. (13.9)

1<4<3, (i,5,k)€As

The three equations determined by the first line of (13.9) allow one to express g,, and substitute
into the third line to get

Ix2 T Z 9n,CiCk = 0.

1<i<3, (i,5,k)€As

Assuming that the pairing of the space of vector fields with that of 1-forms is given by the
formula

(O, gd€) = (-1 fg for any f.g € F,

we see that the distribution is singled out by Pfaff equations given by the following 1-forms®:
dui + Cjdng — Crdnj, where (i, j, k) € As,
dxi — > midui, dxa+ > G Crdn;-

i such that (4,5,k)€As

Let us now solve the system (13.6).
Since Yy, = 0,, the condition Y¢,(F1) = 0 implies that F; = Fi(u,n,x). The condition
Y, (Fp) =Y, (F1) takes the form:

oFy 8F1 OF, OF, OF,
a¢; 8771 (Ck‘ 8u3 Ga— o ) + (Ckn] Cﬂ?k) C]Ck:
wherefrom (since F; does not depend on &) we see that
OF OF OF
Z Cz ! Z GiCj ( ! + Mk p) 1) C1C2C3 +042, (13.10)
1<i<3 i=1,2,3, (i,j,k)€As

where ag = as(u,n, x), i.e., does not depend on (.
Let us consider the last group of equations (13.6):

Y, (Fo) =0 fori=1,23. (13.11)

To solve this system, take the expression (13.10) for F» and apply the operator Y;,. As a result,
we get a function depending on various indeterminates, in particular, on ¢;. By virtue of (13.11),
the coefficients of all monomials in ¢ should vanish. Observe that the coefficient of (1 (2(3 vanishes
automatically. The terms of degree 0 in ( are of the form:

Oas
on;

=0= az = as(u, x).

8We do not use the formulas thus obtained in THIS text. However, they describe the algebra in meaningful
terms, “as preserving a distribution” and explicitly define this distribution. So we provide these formulas, and
keep them for future use.
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Now, let us look at the degree 1 terms in (. To get them we should either take the term
independent of ¢ in expression (13.10) for F» (and this is as), and apply to it the degree 1 terms
in  of ¥y, i.e

<kauj — (jOu;, + (Ck”] ank) X1

or, the other way round, take the degree 1 terms in ¢ in (13.10), i.e., > (s ‘ggl, and apply to it

the degree 0 in ¢ term of the operator Y;,, i.e., Op,.
Therefore, the terms of degree 1 in ( are of the form:

das 0*Fy 0*Fy
K. k75 — GiMk k )
C du gja (G = ) ox1 =G OniOn; OOy,
implying that
Oa Oag
Py = Z Wb’% +mnans 5 — + a1 (4, X) Z filw, x)ni-
o —~ U ox1
i=1,2,3,(1,5,k)EAs 1<i<3

So, the functions Fi, F5 are completely determined by the 5 functions a1, a9, f1, fo, f3 that
depend only on u and Y.

The terms of degree 2 in ¢ follow from the same expression (13.10) and the same explanation
as in the above paragraph leads to the equation (the coefficient of (;(x):

0°F 0 8F1> OF) Dy
sy T - t5-=0 13.12
1<§<3 <8u58n5 ! s Oxa Ox1  Oxe2 ( )

Let us expand this equation in parts corresponding to degrees in 7. In degree 0 we have:

S (1 )0fi O Oon _ (13.13)
152 ou; ' dx1 Oxz

In degrees 1, 2, 3 in 1 the equation (13.12) is automatically satisfied.
Let us express equation (13.13) in the following more lucid way. We designate

fir= P+ Fxa+ fixe+ fPxaxe, as = al + aixi + alxe + o’ xixe-
The equation (13.13) is equivalent to the following system of four equations:

S Ul o ey Wio apry Wi alvagr Y P

- Uj - % - Us - Us
1<4<3 1<:<3 1<:<3 1<4<3

Let us describe the commutation relations in mb(3|8) more explicitly. Let us represent the
vector field (13.7) as

X =af £ 37 (fo Yo + fo Yo, — (FDPNfY,), where 2 = Fiy, + Fady,, (13.14)
1<i<3

and observe that, taking relation (13.2) and (13.4) into account, we have
[XF,XG] = X" where
G
Hy = [mFﬂxG]l + Z (fuigm - (_1)p(X )fmgui)v

1<i<3
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Hy = [xF’xG]Q + Z (fuigCi - (_1)p(XG)ngui)'

1<i<3

Observe that it suffices to compute only the defining components of F', G, and H:

the pair | determined by the set
F {asafi|5:1>27i:13233}
G {Bs,9i1s=1,2, i =1,2,3}
H {7vs,hi|s=1,2,i=1,2,3}
Then, we get
n=> ( ff’ﬁl N e )
1<i<3 8“’
051 861 ) XFV\p(XGC 8&1 (9051
+ + — (=1 p( )( ) — 4 — 1,
< Yoxa T P oxe (=) A Ix1 & Ox2
0 oo
= Y (~hge+ (195
1<i<3 e Ui
+ < gﬁi +a gi) — (1) DRX) <ﬁ G0z 4 528a2> ,
_ dg; Ofi
B Z Ir ou, + Z Oou, Ir
1<r<3 1<r<3

_ (_1)p(XG) Oag 01 O 0B a1 OBy | Oon OB2
au]' Ouy, (‘)uk 8’LL] auj Ouy, ouy, 8’LL]'

dgi XF)p(xC) ofi , .
+ — (—1)PXe( A for i =1,2,3, (i,5,k) € As. 13.15
321:2 v ) s;f . (4,4, k) € A3 (13.15)

In what follows we identify the vector field X ¥ with the collection
{as, fils=1,2, i=1,2,3}. (13.16)

The bracket of vector fields corresponds to the bracket of such collections given by equa-
tions (13.15).

Consider now the even part mb(3|8)5 of our algebra. Since p(Fy) = p(Fy) = 1, it follows that
p(as) =1 and p(f;) = 0 for all s and i. The component mb(3|8); has the three subspaces:

mb(3|8)g = V1@ Vo @ Va.
The subspace V; is determined by the collection (13.16) such that

ofi
{a1 =a =0, f; = fi(U)X1X2 ’ Z 81{‘ = 0}'
i=1,2,3 ~ °

Equations (13.15) imply that the vector fields generated by such functions form a commutative
ideal in mb(3|8)g; we will identify this ideal with dQ!(3):

0,0, fi|i=1,2,3} — — > fiduj A duy,.
i such that (ijk)€As

The subspace V3 is determined by the collection (13.16) such that f; =0 for i = 1,2,3. We
will identify this space with Q°(3) ® sl(2), by setting

{a(u)(ax1 +bx2), a(u)(ex1 —axz), 0,0,0} — a(u) ® (Z —Ca> 7
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where a € Q°(3), a,b,c € C. Equations (13.15) imply that the subspaces Vi and Va commute
with each other whereas the brackets of two collections from V5 is in our notation of the form

[f®A,g® B]=fg®[A,B]+df Ndg-tr AB.

Concerning V3, we have the following three natural ways to describe it: in all three cases we
take f; = fi(u) for all i, whereas for the oy, we select one of the following:

Ofi
@ a=-Y 0 a=0

ofi
(b) a1 =0, Q= — Z &aXz,
_ 1 9f 10
(€) a1 =—5 o Xl 2= 50 X (13.17)

For p # 2, the case (c) is more convenient to simplify the brackets. Thus, we identify V3 with
vect(3), by means of the mapping

1 9fi 1 9fi

{—2 o, X1 T3 2 gy X2 filw), falw), f3(u)} — Dp ==Y fi(u)dy,.

The actions of Dy on the subspace V; (as on the space of 2-forms) and V5 (as on the space
F ®5l(2) of s[(2)-valued functions) are natural. The bracket of two elements if the form Dy is,
however, quite different from the usual bracket thanks to an extra term:

1
[Df, Dg] = Dng — Dng - §d(div Df) A d(diV Dg).
Consider now the odd part: mb(3|8);. We have p(F;) = p(F,) = 0, and hence

plas) =0, p(fi) =1

Let V; consist of collections (13.16) with f; = 0. We identify V; with Q°(3)vol™*/2 @C?2, by
setting

—wq

{mwmhmmwwmmn~+mwmwﬂ®(w).
Let V5 consist of the collections (13.16), where
Ofi Ofi
fi = fillw)(oixa + vaxa), o1 =wvy» Ju, XXz 2= > Ju, X2 (13.18)

We identify Vs with Q2(3) vol"'/2 ®C2, by assigning to the collection (13.18) the element

v
wvol 2 g ( 1) ,  where w = — Z fiduj A duy,.

v
2 i such that (ijk)€As

Let us sum up a description of the spaces V; and their elements, see Table (13.19).

Having explicitly computed the brackets using expressions (13.15) and presenting the result
by means of correspondences (13.19), we obtain the formulas almost identical to those offered
in [17]. The difference, however, is vital: the Jacobi identity either holds or not.

We have already given the brackets of the even elements. The brackets of elements of mbg
and mbi are of the form:

Vi, V4): [(,u,avol*l/2 ®v] = - wvol Y2 ®v € Vs,
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The space a1 a2 fi the element of V;
V= dQl(?)) 0 0 fi(u))(lxg, w = Z fidu]' N duk,
Y oh=0 dw =0
Vo & a c
a(u)(ax1 + bxz)|a(u)(ex1 — axz) 0 a(u) @
Q°(3) ® 51(2) b —a
Vs —5f (W —3f(u)x2 fi(u) D = =3 fi(w)dy,
vect(3) flu) =3 5L divD = —f(u)
Vy = w2
a(u)w; a(u)ws 0 Vil(f‘/)Q ®
Q% vol /2 ®C? —w:
U1
Vs & va f(u)x1x2 —vif(wxaxz |fi(w)(vixy +vax2)| i ®
V2
02 vol ™12 @2 fluw) = gii w = fidu; A dug,

[V, Vi4l: [f ® A,ozvol_l/2 ®U] = fozvol_l/2 RAv —df A davol 2 @Av € Vi & Vs,

[V3, Val: [D’ avol /2 ®v] = (D(a) - %divD Q) vol 172 @y

1
+ 5d(divD) Ada-vol Y2 gu e Vy @ Vs,

[V1,V5] =0,
[Va, V5]: [f ® A, wvol /2 ®v} = fwvol Y2 ®Av € V3,

1
[Va, Vs]: [D,wvol V2 @v] = (Lpw — 5 divD- w)vol 2 @u € Vs.

(13.19)

To describe in these terms the bracket of two odd elements, perform the following natural

identifications:
02(3
) = pect(3): BV D,
vol vol
ip, (vol) = w, i.e., Z fidx; A dxy, «— Z fi0s,

{4,5,k}={1,2,3} such that (ijk)EA3

A2C?2 2 C: vAw <+ det <Ul w1> ,

V2 w2

—V1W2 — VW1 21)121}1
—2v2w3 viwg + vows |

S%(C?) = 5l(2): v-w <

The bracket of two odd elements is of the form:

) [ f g __df/\dg®v/\w _
[Vzla VZ;] _V011/2 R v, V011/2 ® w_ = vol S nect(?)) = ‘/:3,,
[ wr w3 1 .
[Vs, V5] Vol ® v, woll? ® w_ = (Dy; (w2) — (div Dy, ) -wi)v Aw € Vi,
S w ]
Vs, Vsl: _V011/2 o, volt/2 @ w_
f

vol

1
:—w®v/\w—i(fdw—w/\df)®v~w+df/\d(diva)®v/\w.

(13.20)



68 S. Bouarroudj, P. Grozman, A. Lebedev, D. Leites and I. Shchepochkina

In the last line above, the first summand lies in V3, the second one in V5, and the third one
in V1. The difference as compared with [17]: the coefficient of the third summand in the last line
on (13.20) should be 1 whereas in [17] it is equal to 1.
To verify, compute the Jacobi identity (it holds for 1 and not for %) for the triple
U1

ugdus A dug € Vi, W ® e, and
VO

U2

172 ® eg € V4, where e, eg span C2.

VO

For p = 2, when case (c) in (13.17) is not defined, we can select any one of the cases (a)
or (b), we take case (a) for definiteness. In these cases (a) and (b), we get two embeddings
vect(3) C mb(3]8)g.

14 The Lie algebra F(mb(3; IN|8)) is a true deform of svect(5; &)

In this section, we describe the analog of the complex Lie superalgebra mb(3|8) for p = 2 and
consider its desuperization. For brevity, whenever possible we do not indicate the shearing
vectors.

In Section 13, we showed that an arbitrary vector field X' € g, where g = mb(3|8), is of the
form (13.14) and is determined by 5 functions («, ag, f1, f2, f3) in indeterminates x1, X2, u1,
ug, uz. Now, in discussing F(mb(3|8)), we assume that all these indeterminates are even.

For consistency we replace x; with us;, and o; with f3.;. Accordingly we denote X ¥ by X/,
where f = (f1, fa, f3, f4, f5). The equation (13.13) takes the form

> Ofi _y, (14.1)

- Ui
1<i<5h

The equation (14.1) is the only condition imposed on the functions f;, and hence there
are no restrictions on the values of coordinates of the shearing vector corresponding to the
indeterminates u;, including u4 and wus.

Consider the mapping

p: g— vect(5), X DI =" fi0,,. (14.2)

Clearly, this is a linear injective mapping. Formula (14.1) implies that ¢(g) = svect(5). The map-
ping ¢ is not, however, an isomorphism of Lie algebras g and svect(5). Indeed, equations (13.15)
rewritten in new notation imply the following equality (since p = 2, we skip the signs):

0fs0g5  Ofs0gs\ O
f oxal) — I g E (
P(|X7,X7]) = [, D] +(, s <8m du; " ou 8uj'> dur’ (143)
2,75 3

Realization of Ele convenient in what follows: for g = £le(5]10), we have gg = svect(5|0) ~ dQ3
and g7 = H(dﬂl) with the natural gg-action on g7, while the bracket of any two odd elements
is their product naturally identified with a divergence-free vector field.

For any D = Y fi0y, € svect(5), we define
1<i<5

Zi(D) := du; A df; € dQL(5)
and construct the embedding (as a vector space)

1 svect(50) —s F(tle), D+ D+ Zy(D) + Z5(D). (14.4)
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Let us compute the bracket of two fields of the form (14.4):
[Df + Z4(DY) + Z5(DY), DI + Z4(D?) + Z5(DY)].

In order not to write too lengthy expressions, let us compute, separately, the brackets of indi-
vidual summands. First, let + =1,2,3, and k =4, 5:

[fiOu;» 90wy, + Z1 (910w, )| = [fiOu;> 9k0u, + dug, A dgy]
_(,99\ O gk dfi 0
(f’(?uZ)a + du k/\d<fz ) 8ukaul
= [£i0i, gr0k] + Zi([£10s, gr.0k]). (14.5)

Here we applied the Leibniz formula for the action of a vector field on a 2-form, and the expres-
sions for the Lie derivative along the vector field X:

Lo, (dug) =0 and Lxod=doLx.
Now, let £k =4 or 5:

[frOu, + Zi(fxOuy)s 960wy, + Zk(gr0u,)] = [fkOu, + dug, A df, gr0u,, + dug A dgy]
= [f1Ouy» 910w, | + Lo, (duk A dgg) + Lg,o,, (dug A dfy) + [duk A dfy;, dug A dgi

15) 0 15) 0
= fkﬁ+gk fk 8uk + dfy N dgr + dug A d fk Ik + dgr A dfy, + dugp Ad | g =— fk
= [f1Ou, 90u, ] + Zk([fkaukvgkauk])' (14-6)
Finally, let ¢ =4 and k = 5:
[f10uy + Za(f40u,), 950us + Z5(950us)] = [faOuy + dua A dfs, g50us + dus A dgs)
dgs\ O 995 0fa 0fa
<f48U4>a5+d 5/\d< 8u>+ 8u84+du4/\d< 85)
dug N dfy N dus A dgs
+
vol
_ Of10g5 0
= [f404, 9505] + Z4([f404, 9505]) + Z5([ 104, g505]) + . %:ES Ju: Du, Dy (14.7)
7, 3

The expressions (14.5), (14.6), and (14.7) show that the through mapping ¢ o ¢ determines
an embedding g — &le, and hence the Lie algebra g is isomorphic to the thus-constructed Lie
subalgebra of tle.

Remark 14.1. Note that, thanks to formulas (14.5) and (14.6), the image of Lie algebra svect(5)
under the embedding

svect(5) —> tle, Dr+—— D+ Z(D) for any k
is isomorphic to svect(5). The image of the embedding with three additional terms
svect(b) — tle, D +—— D+ Z3(D) + Zy(D) + Z5(D) (14.8)

is not a proper subalgebra of tle: it generates the whole tle. Indeed: take the bracket of the
images of two fields of the form fd4, 905 € svect(5); we see, thanks to equation (14.7), that the
image of svect(5) under the mapping (14.8) must contain 2-forms such as dus A dh for certain h,
and hence this image is not a subalgebra. Since the svect(5)-module dQ'(5) is irreducible, the
image of (14.8) generates the whole le.
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14.1 The Lie algebra F(mb(3; N|8)) is a true deform of 5bect(5;ﬁ)

Indeed, for the shearing vectors of the form N, all W-gradings of mb are the same as over C.
None of them has a maximal subalgebra of codimension 5, whereas svect(5) has such a subalge-
bra; cf. deforms described in [74, 76] as well.

We consider g as a deform of svect(5) with the grading

degu, =2, degu; =3, where a=1,2,3, 1=4,5
and the new bracket (14.3) designated [[—, —]]:
[[Df, D9]] = [Df, D] + (D!, DY), (14.9)

where D' = 3~ £,0; € svect(5), [—, —] is the usual bracket of vector fields, and the cocycle that
determines the deform is

o(DF, D) = 3 (af4‘995+‘9f5394>3

(i.7,) €S53 6u1 8Uj 8uz 8Uj 8uk

All calculations in this realization are rather simple. We have (observe that thanks to for-
mulas (14.2) and (14.9) brackets between the elements of g_; are nontrivial, and g_; generates
the negative part)

gi its basis

g-3 | 04, O

g—2 | O1, 02, O3

g1 | ugd;, where a =1,2,3, i =4,5

We also have

go = sl(3) ®sl(2) & K(u101 + us05), where

sIB) =S > catads] Y 0aa=0p, sl(2)=Span(usds,us0s,usds + us0s).
a,b=1,2,3 1<a<3
14.1.1 The deforms of svect(n; N) for p > 3

These deforms are described in [76].

14.2 Partial prolongs

The Lie algebra g = F(mb(3|8)) constructed above is the complete prolong of its negative
part, see Section 2.11; let us investigate if there is a partial prolong inside g. The component
g1 = V1 & Vs is the direct sum of the following go-invariant subspaces:

Vi = Span(u;0, |i = 4,5, a=1,2,3), Vo= Span(u,upd;|a,b=1,2,3, i =4,5).

The go-module V; is irreducible.

The go-module V5 contains an irreducible go-submodule Vi = Span(z,z,0; |a # b) C Va
and go acts in the quotient space as follows: sl(3) acts in Va/V5 by zero and sl(2) acts as idgo)
with multiplicity 3, so dim Va/Vy = 8.
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Using (14.9) it is easy to see that

[Vi,9-1]] = g0, [V, 9-1]] Csl(3).

This means that only partial prolongs with g; C g1 containing V; can be simple.

For g1 = V1 © V3, the partial prolong with the unconstrained shearing vector which is of the
form N* = (1,1,1, 00, 00) is a deform of svect(5; N*).

For g1 = V4 @ V)Y @ Span (ugz)ﬁi i =4, 5), the partial prolong is a deform of 5nect(5;ﬂ“)
with N* = (00,1, 1, 00, 00).

For g = Vi @ Vi ® Span (ugz)ai la = 1,2, ¢ = 4,5), the partial prolong is a deform of
svect(5; N*) with N* = (o0, 00, 1, 00, 00).

The subspace V; is commutative and the partial prolong h with V; as the first component is
trivial, i.e., h = g_3®g_oDg_1 ®go® (g1 = V4). Since [[V1,g—2]] = 0, it follows that g_3® g2
is an ideal in h. The simple 24-dimensional quotient obtained is isomorphic to s[(5) with the
degrees of Chevalley generators being (0, £1,0,0).

Concluston. There are no new algebras as partial prolongs.

15 mb (9;&) and analogs of semi-densities for p = 2

The Lie algebra mb (Q;M) is the desuperization of mb(4;M|5), the p = 2 analog of mb(4|5)
over C. It can be obtained from the Lie algebra F(mb(3;N|8)), a deform of 5Uect(5;&), by
regrading of the latter:

degus =2, degu; =1 fori=1,2,3,4.

Let us recall a description of mb(4|5) as the Lie superalgebra that preserves something.

Over C, the Lie superalgebra mb(4]5) was initially constructed as follows. Consider the Lie
superalgebra m(3;3): this is the regrading of m(3) which preserves the distribution given by the
Pfaff equation with the form dr + ) ¢;d§;; this regrading is a Z-grading of depth 1, see (2.18).
We have (assuming p(vol'/?) = 1)

m = (m_y,mp)s,

where

11/2 as sgaces

mp = vect(§) X A(§)7 and m_; = A(§) ®vo

Here vect(§) = Span (Y fi(€)qi). Denote n:= A(&)7.
Considering m_; as a vect({)-module, we preserve the multiplication of the Grassmann alge-

bra A(€); i.e., the vect(£)-action satisfies the Leibniz rule, whereas the ideal n of mg does not pre-
serve this multiplication. However, there is an isomorphism of vect(£)-modules o: n — TI(m_1)
and the action of n on m_; is accomplished with the help of this isomorphism?:

TI(A(S))-

[f.g]l=0(f) g forany fen, gem_y.

98peaking informally, although n does not preserve the multiplication in m_; considered as the Grassmann
algebra, n “remembers” this multiplication. And since m is the Cartan prolong, it also somehow “remembers”
this structure.

The bilinear form w with which we construct the central extension m_ = m_o @ m_; is the Berezin integral
(the coefficient of the highest term) of the product of the two functions:

w(gi,g2) = /9192 vol for any g1,g2 € m_1;

i.e., it also “remembers” the multiplication in m_j.



72 S. Bouarroudj, P. Grozman, A. Lebedev, D. Leites and I. Shchepochkina

The “right” question therefore is not “which elements of my preserve w?”, but rather
“which elements of my preserve w conformally, up to multiplication by a scalar?” (15.1)

It is precisely these elements which are derivations of the Lie superalgebra m_, and since m is
the maximal algebra that “remembers” the multiplication, it follows that the whole of det(m_)
lies inside my.

Let us give an interpretation of the analog of the space of semi-densities for p = 2.

For p # 2, we know the answer to the question (15.1): these are elements of the two types:

(a) the elements of (by/5(3))o, the space of linear vector fields preserving the form w, i.e.,
elements of the form

D+ %divD, where D € vect(€);

(b) the elements of the form ¢ -7 € n which multiply w by 2¢ € K.

For p = 2, the elements of the form c¢-1 € n, where ¢ € K, multiply w by 2¢ = 0 € K.
Moreover, any function f € n preserves w as well:

fw(gr,92) = /((fg1)gz +91(fg2))vol =0 for any f €n, g1,92 € m_y.

Thus, the form w is preserved by svect(£) x A(£) which is isomorphic to the subalgebra of linear
(degree 0) vector fields in bs. This should have been expected: since 2 = 0, then % = 00.

The elements conformally preserving w are precisely &0; <— ¢;§;, so we have to add their
sum to the Oth part and calculate the Cartan prolong.

Now we are able to obtain the basis of the nonpositive components of mb(9; M). A realization
of the weight basis of the negative components and generators of the Oth component by vector
fields is as follows, see Section 2.12 (X;= are the Chevalley generators of s[(3) = svect(0]3)o):

9i the generators

g-2 o1

g1 &1 < 02, &2 —> 03, &3 > Oa, £162€3 <— Oy + 2801,

0(3;1) 14— 0s, §182 +— 05 + 2401, §1&3 +— O + 1301, 283 +— 07 + 1201
go ~ KDx O¢y > 26x701 + 2408 + 1602 + 1703 + 905,

(svect(3;1) x O(3;1) | X +— 2302 + 2706, X" <— 2203 + 2607,

X5 +— 3403 + 1605, X3 < 1304 + 1506,

16203 +— 2001 + 1405, €16302 —— x5 D1 + 2305,
£26301 +— $22)81 + 2207, £1&283 +— rrgf)@l + 2809,
D =2101 + 2202 + x505 + 2605 + 909

For M unconstrained, dim g; = 64. The lowest-weight vectors in g; are

v1 = Tox5Te01 + x§2)88 + 292503 + Toxg0s + To2x907 + T52607,

Vo = 22230401 + T2w305 + 127406 + 137407 + 122709 + 21802 + 147500 + 147804
+ x52805 + x72307 + 12801 + 109 + 222709 + 22802 + T62806
+ 2821909 + x3T609 + x31803 + xz(f)@g,

v3 = 22252701 + 13757601 + 122308 + T2x500 + T2w704 + 127906 + X37503 + 37604
+ x32907 + w5606 + T52707,

vy = 1108 + 52602 + 50703 + 257905 + 161704 + T6T90s + T7T907.

Critical coordinates: My = Mg = M, = Mg = 1. This Lie algebra is a regrading of
mbs(11; V).
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15.1 No simple partial prolongs with the whole gq
There are remarkable elements in gi:

v = xg2)87 + $§3)81, Vo = a;é?)a@ + l’és)ah V3 = xf)fk + 1’4(13)81, Vg = ajg)ag + 1’5(33)81.
Each of the first three vectors generates a submodule of dim = 32; any two of the first three
generate a submodule of dim = 40; all three together generate a submodule of dim = 48. The
last one generates a submodule of dim = 8. All 4 together generate a submodule of g; of
dim = 56. The quotient g;/g; is an irreducible go-module. We have dim([g_1,g1]) = 25 while
dim gg = 26; absent is the vector of weight 0:

2101 + 2209 + 1505 + x606 + T90y.

Note that [g—1,g1] = go-

For the 24-dimensional intersection gi; of the 32-dimensional submodules, we see that g_; is
irreducible over [g_1, g1;], and hence over [g_1, g1]; we have dim([g_1, g1;]) = 21.

The elements absent in [g_1, g1;] as compared with go:

:c§@1 + x50, :E%(% + 2907, 13%(91 + 230, 122181 + 2405.

16 A description of mbg(ll;&) := F(mb(5; IN|6))

Whenever possible in this section, we do not indicate the shearing vectors. The Lie superalgebra
mb(5; N|6) is the complete prolong of its negative part, see Section 2.11.
Let us consider g := F(mb(5; N|6)) as a deform of svect(5) with the grading

degu; =degug =1, degus = deguy = degus = 2.

Let us describe the complete prolong of this negative part of this Lie superalgebra, see
Section 2.11. We deduce the form of the vector fields forming a basis of the negative part
of mb(5; N|6) from nonzero commutation relations between 0y and x;0,, where k = 1,...,5,
a=3,4,5,and i = 1,2, cf. (14.3), (14.9), considered as elements of F(mb(5; N|6)):

[[05, ui04)] = Ou,  [[u104, u205]] = [[u105, u204]] = O3. (16.1)

For a basis we take realization in vector fields in 5 indeterminates z;, where k =1,...,5, and 6
indeterminates z;,, where a = 3,4,5 and i = 1,2, of which z1, 29, 23, 213, 203 are even while z4,
25, Z14, 215, 224, 225 are odd and &; := 0,

it

g the generators (even |odd)

g—2 03 | 54, 05
g-1 | 01, 2, 813 + 2103, 23 + 2203 | 014 + 2104 + 22503, 24 + 2204, 015 + 2105 + 22403, 025 + 2205

Because the bracket (16.1) is a deformation that does not preserve the grading given by the
torus in gl(5), we consider the part of the weights that is salvaged, namely, we just exclude the
3rd coordinate of the weight; whereas the weight of z3 is defined to be equal to (—1,—1,1,1).

The dimension of gg is the same for all p; it is the expressions of the elements that differ.
The raising operators in gy are those of weight (1,—1,0,0) or (0,0,1,—1), and those with
a positive sum of coordinates of the weight, dim(gg ) = 13; we skip their explicit description (it
is commented with % marks in the TEX file available in arXiv).
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The lowering operators in gg are those of weight (—1,1,0,0) or (0,0,—1,1), and those with
a negative sum of coordinates of the weight; dim(g, ) = 4:

— {213014 + 223024 + 21502 + 22501 + 2304 + 21522303 + 21522404 + 21522505},
— {213015 + 223025 + 21402 + 22401 + 2305 + 21422303 + 21422404 + 21422505 },
— {2201 + 213023 + 214024 + 215025 + 21421503},

— {214015 + 224095 + 2405} (16.2)

Noncritical coordinates: Ny, No, N3.
For the unconstrained shearing vector, sdim g; = 20|20 with the lowest-weight vector

v1 = 301 + 6707 + Texgds + TeT10010 + L7809 + T7x10011

+ 2371002 + T8T9x1004 + T8T10T1105

generating the whole gg-module g;. All other highest- and lowest-weight vectors together ge-
nerate a submodule V' of g; of superdimension 16/16 such that [g_;, V] is a 20-dimensional
subalgebra of gg. The go-module g;/V is irreducible.

16.1 Desuperization

Its Oth component is the same as in (16.2) with parities forgotten.

Noncritical coordinates: Ni,..., Ns.

17 On analogs of tas for p = 2

In this section, whenever possible, we do not indicate the shearing vectors. All computations
in this section are performed for p = 2; however, for comparison, we also recall expressions
obtained earlier over C in [64, 65, 67]. These expressions do not differ, usually, from those for
p > 2.

The Lie superalgebra tas over C was the last example needed to complete the list of simple
W-graded vectorial Lie superalgebras, see [64, 65]. Its nonpositive part is the same as that of
g := £(1/6) (generated by the functions in the even ¢t and 6 odd indeterminates) in its standard
Z-grading while the component g; is exceptional, as a go-module, among various €(1|n): only
for n = 6 does g split into 3 irreducible components: one depends on ¢, the other two are dual
to each other. For any p # 2, we define two copies of tas; each of them is the partial prolong
generated by the nonpositive part, and the two submodules of g;: the one that depends on ¢,
and any one of the other two submodules.

To distinguish between these two isomorphic copies of tas, we denote by tas¢ the one whose
space of generating functions contains the product £1£2€3; let tas” be the one whose space of
generating functions contains the product n1m2n3. We always consider only tas®, see (17.4), so
we skip the superscript.

For p = 2, the structure of g; as a ggp-module is rather complicated, and it is not clear what
should one take for an analog of tas. Let us investigate.
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17.1 The component g; as go-module for g := €(1|6) if p = 2

Let g = £(1]6) be described in terms of generating functions of £, n, ¢, where £ = (&1, &2,&3) and
n = (m,n2,n3), with the bracket

0 / nep 2 of ag  of @
U 9hew = (4 B)(g) + <1+E>(f)8§+1<;3 (aéagi + 8;’;851,), (7.1)

where E' =" &;0,, and the standard grading degt = 2, deg&; = degm; = 1.
We have gg ~ D(o(nl)(4)). However, since &, ~ 0(or1(4)) for & := £(7; N), we have to

investigate how can we enlarge D(o(nl)(él)) to get a “correct” version of F(tas).

Consider the subalgebra b := 0%”(6) ~A%(6,m) =bh_o@bhoDhy of gg = 0(0(Hl)(6)), where

ho = A2(£)v ho = Span(finj | 1,J=1,2, 3) = g[(?))’ b2 = Az(ﬂ) (172)

Set ® := )" &n;. For p # 2 and the contact bracket (2.6), we have adg |y, = 7id, hence the
grading in (17.2). For p = 2, the elements ® and ¢ interchange their roles: ® commutes with

go = cog)(G), while ¢ is a grading operator on go = ho ® b1, where h; = h_o @ bha.

17.2 Desuperization

Under desuperization £(1; N|6) turns into & := €(7; &), whereas the Lie algebra b, see (17.2),
turns into 9 := or(6) = S2(£,7) C B ~ d(or1(4)), where

Hoo = 52(5)7 o = Span(fz‘ﬂj ‘ Zv] = 172>3> = g[(?’)) $H2 = 52(77)

The highest-weight vectors of the &g-module S3(¢,7) are as follows (in parentheses are the
dimensions of the respective $y-modules these vectors generate)

£926), 6&2(26), G&E(14), & (Eam + Ens)(6).

The lowest-weight vectors and the dimensions of the Bp-modules these vectors generate are
the same with the replacement & <— 7. However, since the modules generated by lowest or
highest-weight vectors do not span the whole of &; if p = 2, it is more natural to describe this
component differently, as follows.

Bracketing 51(3) (resp. 773(.3)) with g_q yields {Z.(Q) (resp. 77(.2)), and since each of the 26-dimen-
sional modules generated by any cube contains only one cube, to have all squares in F(tas)g, we
have to take for F(tas); the module generated by all cubes. But we cannot do this: the prolong of
the module containing all cubes is equal to €(7). Let us establish which cubes should be absent
in the correct version of F(tas); and how many versions are there.

At this stage we do not yet know what shall we eliminate in &g to get a correct version
of F(tas)y, so we consider modules over gg.

The go-submodules of E3(£,n) and g;. The submodule V' = Span(§®,7,®)3, C E3(£,n)
is the smallest; observe that in E3(¢,n) all squares vanish. By adding any of the following
8 one-dimensional modules

spanned by expressions x1xsx3, where x; is any of & or 7;, (17.3)

we can enlarge V' and still have a gg-submodule. Together these modules span a 14-dimensional
submodule W. The quotients E3(&,n)/W ~ V* and W/V are irreducible go-modules.

Now, let us involve t. Set P := Span(t&;, n;(t+&;n;) |1 # j). Asis easy to see, dim VNP = 3.
The go-module generated by t&; is of dimension 16, as space it is the direct sum

(V + P) @ a 4-dimensional subspace of the 8-dimensional space (17.3).
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The go-module generated by t§; and ¢n; is of dimension 26; as a vector space it is the direct sum
(V 4+ P) @ the 8-dimensional space (17.3).

The go-submodules of S3(¢,7n) and &1. There are 6 modules of dimension 26 each, each of
3
J

them is generated by one cube (§Z-(3) or n )). The intersection of > 2 of these modules is

a 20-dimensional module E3(¢,7n). Unions of several of these modules form 32-, 38-, 44-, and
50-dimensional submodules, or the whole S3(¢, 7).

The module generated by {53) is of dimension 16, and contains 5 elements with §§2), V and
4 elements of the form & xox3, see (17.3). The intersection of all 6 such modules generated by
cubes is equal to W = V@the 8-dimensional space (17.3).

The dimension of the union of the modules generated by fi(g) and §](3) for i # j is equal to 24.

The dimension of the union of the modules generated by §§3) and 77](-3) for any ¢ and j is equal

to 26.
The dimension of the union of the modules generated by §§3) and 7](3) for all 7 and j is equal
to 50, it is all &1 except for V*. Verdict:

F(tas(1; N|6)) is the prolong of ¢(7)_ and Y & (V + P),
where Y is the 8-dimensional module (17.3),
V= Span(nicb,gj@)ij:l, P := Span(t&;, ni(t + &n;) |1 # 7). (17.4)

17.3 Remark: useful formulas for manual computations

The lowest-weight vectors of the gg-module g; are as follows:

mn28s,  mmnens, tm for p=0,
mn2s,  mmnenz,  mnede +mnzés =m® for p=2.
Clearly, A3(&,n) is a go-submodule. Let us describe it.
Let Xo := mmens. The subalgebra hy C go commutes with Xg, and by acts on Xy by scalar
operators, so U(go)Xo = U(h—_2)Xo. Denote V; := Span(n @, n2®, n3P).
We have

{&&2, Xo} = Eamanz + Eiming = n3(&im + Eamz) = n3P.

Similar computations show that [h_2, Xo] = V4.
Let us now describe [h_a, V1]. Clearly, see (17.1),

{6, ma®} = {&i&j, M0} - @ + na{&il;, O}
We have

26, forp # 2,
0 for p =2,

and respectively we have

E3(=&1m + &amp),

E(=&m + &sms), (6165, D) = {g

{&&, <I>}={
162, ¢

2%, 3%,

2 ;
(6x6s @) = { m&283
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We set Vs := [h_2, V1] = Span(&; P, £2@, &3P) and see that [h_o, Vo] = 0.

Therefore, KXg ® V1 @ Vs is a gg-submodule.

We have {n;n;,n.®} = 0; i.e., V = V; @ V5 is a submodule to which KXy us glued “from
above”.

Absolutely analogously, if Yj := £1£2€3, then Y) generates the submodule KYy @ Vi @ V5, and
KYj is now a submodule glued to V' “from below”.

Now, let W1 := Span(§283n1, §1&3m2, §162m3) and Wy := Span(§1m2m3, L2113, §3min2). Then,

Va  fori# g,
fifj: W1 — 0, {inj: W1 — ) ) ninj - W1 — Vl,
Wy for i = j,
Vi fori#j,
§ij: Wo — Vo, &imj: Wo — . mimjr Wa — 0.
Wy  for i = j,

We see that U := V @ W; @ Ws is a submodule and b annihilates the quotient U/V, and
hence it is possible to glue any element of W1 & W5 to V.

Finally, the tautological representation of 0%”(6) is realized in the 6-dimensional quotient
of A3(&,m); it cannot be, however, singled out as a SUBmodule, moreover, it is glued to the
whole submodule U, including the elements Xy and Yj.

Now, look at the elements of g; whose expressions contain t.

The Lie algebra hy = gl(3) acts in the same way as for p = 0 (as on the direct sum of the
tautological gl(3)-module and its dual). Whereas

nin;Mk = Xo  if the indices ¢, j, k are distinct,
{nimj tne} =

otherwise.

Further,

{6162, tm} = St +&m), {&&s,tm) =& +&m), {&&stm} = &lsm,

and {&&;,&(t+ &m)} =0 for all 4, 5.
Thus, under the action of h the space Q1 = Span(tny, tne,tns) generates the space

Q2 = Span(&1(t + &ana), ot + &3m3), E3(t + 1)),

as well as Vo, W1, and KXj.

We can try to twist the elements tn; by adding something to them to enable the subalgebra bha
annihilate them. Such twisted elements span the space Py := Span(n;(t + &;n;) | # j). Under
the action of g_s we obtain from P; the spaces Py := Span(t;,t&2,t&3), Wa, and KYj.

17.4 The simple ideal €as(1; N|6) in tas

Let g := tas(1; N|6) considered with the standard Z-grading. In go, the subalgebra b, see (17.2),
is not simple: it contains the ideal og )(6) of codimension 1, consisting of matrices (é ft) with
zero-diagonal symmetric matrices B and C' and A € sl(6) whereas b consists of the same type
matrices with A € gl(6). Therefore, g = tas(1; N|6) contains a simple ideal tas™)(1; N|6) of
codimension 1, its outer derivation being the outer derivation of gg. This derivation is present

in the versions of tas considered in the next three sections.
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17.5 Desuperizations of tas(1; N |6)

For one of the W-gradings of F(tas), we do not require presence of all squares in F(tas)o, but
rather require their absence; this affects the number of parameters the shearing vector depends

on.

Critical coordinates. The shearing vector & of the desuperization ¢ := E(?; & ), the ambient
of the desuperized tas(1; N|6), has no critical coordinates.

18 tas(7; M) := F(tas(4; N|3)), where tas(4|3) := tas(1]6; 37)

element of its action the corresponding
9o on g_1 ~ Woly vector field € vect(4; N|3)
S Ony 2100 + 21202 + 21303
&2 Ony 2200 + 21201 + 22303
&3 m 2300 + 21301 + 22302

t+— 1, & <— 00y, = t+ &M —> 10y, + div(n:0y,)

t 1 > 2505 for any index s
&im 110, 2101 + 212012 + 213013
§2m2 7200, 2202 + 212012 + 223023
&3m3 N30, 2303 + 213013 + 223023
&1me 120n, 2102 + 213093
&ims 130, 2103 + 212023
Eam N1y 2201 + 223013
&ams 130, 2203 + 212013
&M N10n3 2301 + 223012
&3m2 120n; 2302 + 213012

§inme < 1;nkOn; € svect(n), i#j#k
§1m21m3 121300, 21023
Eomns MN30n, 22013
E3mine MN20n; 23012

7P — m(m% + 70y, )

esvect(n), 1 £j#£k

m®
n2®
n3®

71(1203, + 1305;)
110y, + N30y,)
1203, + MO0y, )

T2
E]

(
(

22012 + 23013
21012 + 23023
21013 + 22023

ni(t 4+ &5m5) < 0im;On; + 1 = MinjOn; + div(nin;Oy,)

m(t + &2m2) Mn20n, + M 2001 + 23013
n2(t 4 £31m3) M2130n; + N2 2002 + 21012
n3(t + &) MmN30n, + N3 2003 + 22023
0ini (L + Exni) <— mn2n3On, + min; = MuansOn, + div(mnansdy, )
mn2(t +&nz) | mn2nzdys + mn2 20012
mna(t +&am2) | mn2030n, +Mins 20013
Nena(t +&im1) | mn2030n, + n2ns 20023

(18.1)
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For bases in g_; and gy we take the following elements:

- 0 «— 1, Oip<—mmz, O3 <— mng, Oa3 < nams, (18.2)
—1: .
81 — N1, (92<—>7]2, 83%)7]3.
Let £(1; V|6) be considered as preserving the distribution given by the form dt+ ) &;dn; with
the contact bracket (17.1) and the grading of the generating functions given by, see Table (25.4):

degt =deg& =1, degm; =0 fori=1,2,3, hence degy;(f)=deg(f)— 1.

For g := Ea5(4;&|3), we have g_1 ~ Voly = Span(f(n)| [ f = 0), i.e, all polynomials of n
without the product of the three of them. In (18.2), (18.1) we express these fields in terms of
the 7 indeterminates z; we set 0; := 0.,, 0;j := 0,,;. We have (recall the definition of Volo,
see (1.13))

go =~ c(vect(0]3)),

with vect(0]|3) acting on g_; as on the space of volume forms, i.e., D — D + div(D), and the
element ¢ generating the center of gy acts on g as the grading operator. To simplify notation,
we redenote the indeterminates as follows:

20— 14— 21, 22— MmN < T2, 213 <> M3 > T3, 223 <> 203 > Ty,
21 &> M1 <> T5, 22— <— Tg, 23— 13— 7.

18.1 Partial prolongs

The unconstrained shearing vector only depends on Nj, we have sdim g; = 16|18.

Let V; be the ggp-submodule in g; generated by v;. For the unconstrained shearing vector, we
have sdim V; = 86, sdim V5 = 12|9 with [g_1, V;] = go, and V; C V5.

The prolong in the direction of Vi, see (6.2), is trivial, namely gng) =0.

The prolong in the direction of Va, see (6.2), gives sdim ggvz) = 4]4, and sdim gg&) = 0|1.
sdim([Va, Va]) = 3[4, while [V3, g8"?] = 0.

There are also 3 highest-weight vectors that generate nested modules W7 C Wy C Wj3; we
have

Wy =V, sdim(Wy)=38|7 and sdim(W3) = 12|12.

The prolong in the direction of W5 is trivial, as is the prolong in the direction of Vj.

The prolong in the direction of the 12|10-dimensional module V5 + W is equal to the prolong
in the direction of V5.

The prolong in the direction of W3: sdim g
one parameter: Nj.

The prolong in the direction of the 16|15-dimensional module Vo 4+ W3 is the same as for
(Va+W3)

%

(Ws)

i

= 12/12 for every ¢ > 1; and N depends on

the whole of gy, and sdim g = 16|16 for every i > 1; and hence N depends on one

parameter: Nj.
The lowest-weight vectors in g, are

v1 = 212906 + T12307 + 12501 + X22509 + T32503 + L4250,
+ 20704 + 232604 + T52606 + T5T707,
Vg = 292303 + 22404 + 122505 + X2x606 + 32607 + 4507 + X52601 .

The highest-weight vectors in g, are

)

wy = 1’52 05 + x12602 + w§2)35 + 212703, wo = w2702, w3 = 3352)32'
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18.2 Desuperization

For the unconstrained shearing vector, we have dim g; = 55 with three lowest-weight vectors.
The first two are as above, and the third one is

v3 = Tow304 + Tow506 + 32507 + xg2)81.

The unconstrained shearing vector is of the form M = (m,1,1,1,n,s,t).

18.2.1 Partial prolongs

For the unconstrained shearing vector, we have
dimV; =14, dimV, =21, dimV3=31 and dim(Vs+ W3) =40

with [g_1, V;] = go for every i, and V; C Vo C V3, Wy C Vi.

The unconstrained shearing vector for the prolong in the direction of V3 depends on 1 pa-
EVS) = 32 for every i > 1.
The unconstrained shearing vector for the prolong in the direction of V3 4+ W3 depends on 2

parameters N1, N5, and

rameter N5, and dim g

dimggvﬁw‘?’) = 56, dimgév3+w3) =72, dim gELV3+W3) = 88.

19 tas(8; M) := F(tas(4; N|4))

Let £(1; V|6) be considered as preserving the distribution given by the form dt + > &;dn; with
the contact bracket (17.1) and the grading of the generating functions given by, see Table (25.4):

degt =degnm; =1, degé& =0 fori=1,2,3, hence degy;.(f) =deg(f)— 1.
For the subalgebra g = Eas(4;&|4) of £(1; N|6; 3¢), see (17.4), we have

s[(1]3) x O(0|3), where s[(1]|3) C vect(0[3), for p # 2,
| o(svectM(03)) x O(0[3), see (19.2), for p = 2,

with the natural action of sl(1|3) if p # 2, or d(svect)(0|3)) if p = 2, on O(0|3).
Indeed, the element (¢t + ®)f(£) € go acts on g_; as the operator of multiplication by f(£).
Additionally go contains the following operators:

n; < 85“ fﬂ]j — fia§j7 &P +— fi(fjagj + §k85k) (19.1)

For p # 2, the last 3 elements in (19.1) do not belong to svect(0|3) and the elements (19.1)
generate s((1[3).

For p = 2, the last 3 elements in (19.1) do belong to svect(0|3), whereas the elements &;n; do
not; it is the sum of any two of them that belongs to svect(0|3). So the elements (19.1) generate
a subalgebra d(svect(")(0]3)) in the Lie algebra det(svect() (0[3)) of all derivations of svect(D) (0[3).

In (19.2) we introduce 8 indeterminates = needed to express tas(4; N|4) and its desuperization
in terms of vector fields as the prolong; 0; := 0,,. For a basis of the nonpositive part (the XijE
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are the Chevalley generators of what is s{(1]3) for p # 2 and turns into svect™)(0[3) for p = 2)
we take:

g-1 even: 1 +— 01, £1&2 «— 02, £1&3 +— 03, &283 «— O

odd: & < 05, &2 «— 06, &3 +— 07, £1€2€5 «—— Os

t4+ @ — > 3:0i, (t+ P)&1 +— 1105 + 1405 + x602 + 703,
(t + ®)&2 < 2106 + 303 + 2502 + 704,

(t 4 @)&s <— 2107 + 2208 + 503 + w604,

(t+ ®)&1&o +— 2102 + 2703, (t + P)&1€5 +— 1105 + x60s,

go =~ 0(0[3) (t+ ®)eals — 2104 + w503,  t&16283 «— 1105

xd(svect™ (0[3)) | m1 — 2206 + 2387 + 501 + 2804, N2 —> 205 + £407 + 1601 + 503,

(19.2)
X; =n3 < 2305 + 2406 + x701 + 2802,

X =6 ¢ 2602 + 2703, £2® > 1502 + 1704, E3D +— 1503 + 260,
X5 =mé&s +— 2304 + w505, Mm&s +— 204 + T507,

X = maé1 < 2405 + 2605

X3 = 1283 > 2205 + w607, N3&1 +— 1402 + 2705,

X = nséa < 2302 + 2706

Mmé1 <— 2202 + x303 + 505 + 803, N2b2 +— X202 + 404 + 1606 + 308
n3&3 «— 303 + 1404 + ©707 + 1308

For the unconstrained shearing vector, sdimg; = 16/16. The gop-module g; splits into the
2 irreducible submodules: g; = Vi @ Vs, where sdim(V;) = 12|12, and sdim(V2) = 4[4. There
are the 2 highest-weight vectors in gi:

hi1 = 12602 + £12703 + 262703, ho = 5552)88;
and the 2 lowest-weight vectors:

V] = 292303 + T22404 + T2x505 + 22606 + X32607 + 4507 + T5x601
+ 250803 + X680y,

vy = $(12)31 + 12202 + 212707 + 120808 + T2x708 + Jc?)

+ x12808 + 31608 + 1’52)61 + 212404 + 212505 + 212808 + T4x508 + T5X600

01 + 117303 + 117606

+ x5x703 + T62704.

19.1 Partial prolongs

We have sdim([g_1, g1]) = 12]10, as it should be (having in mind the outer derivation of tas);
for its representative, we can take 1101 + 1902 + 1303 + x£404.

In the direction of Vi, we have sdim([g_1, V1]) = 12|9 (apart from the outer derivative, 10z
is absent); the [g_1,Vi]-module g_; is irreducible, sdim(ggvl)) = 4|7, and ggvl) = 0. More
precisely, sdim([V4, V1]) = 3|3 and the [g_1, Vi]-modules V; and [Vi, V;] are irreducible. Thus,
the superdimension of this simple prolong is 31|28.

In the direction of Vo we have sdim([g_1, V2]) = 4|4, the [g_1, Vi]-module g_; is not irre-
ducible, so no new simple partial prolongs exist in this direction.

Critical coordinate: only Nj.

19.2 Desuperization

The same as above, with dimension a + b instead of superdimension a/b.
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20 The Lie superalgebra Eus(5;&|5) C €(1; N|6;1&)

Whenever possible we do not indicate the shearing vector.

Let ¢(1;N|6) be the Lie superalgebra which preserves the distribution given by the form
dt+> " &dn;. Then, £(1; N|6) is endowed with the contact bracket (17.1); set deg Ky = deg(f)—2,
where the grading of the generating functions is given by

degt =degn =2, deg& =0, degn =deg& =1 fori=2,3.

We identify g_; with V(A) @ W, where A := A[&;] and V(A) :=V ® A; let V = Span(vy, v2),
W = Span(wy,ws). For a basis of the nonpositive part of g, we take the elements listed in (20.2).
The component

o((sl(W) @ (gl(V; A) x vect(0[1))/KZ)),
go = where 0 = KD, see (20.2) if p=2, (20.1)
sI(W) @ (gl(V; A) x vect(0[1)) if p £ 2
of the subalgebra g := Ea5(5;&]5) C €(1; N|6;1¢), see (17.4), is rather complicated for p = 2.
To describe this component, we compare it with the complete prolong of the negative part, see
Section 2.11. The Oth component of this prolong is equal to the Oth component of ¢(1; V|6; 1€).

Its 3 elements that do not belong to go are easy to find from the description of tas given in
Section 17 (they are boxed):

i the basis elements

g_o~A 1+—02|& «—

g—1 = idgwy | €162 +— §1v1 Q w1 03, &1&3 +— £1v1 @ wa > Oy,
® idgi(v;a) &imp — §1v2 @ w2 +— 05, {113 +— 102 @ w1 — 06 |
.52 — 11 @ Wy < x501 + 071, &3 > v1 ® wa —— 1601 +88,

N2 <— V2 @ w2 <— 301 + 702 + Oy, M3 > V2 @ w1 +— 401 + 802 + 1o

EE®1L +— O < 2703 + 1905 + 2804 + 1006 + T72901 + T8T1001
(06,) ®L «— t& «— w703 + x30s + 2201
X7 ® L« &imans +— 706 + 1805 + w7301
HEXT R L« &6 +— 904 + 11005 + ToT1001
Xt &8s — 1504 + 2603 + 19058 + 21007 + ToT1002 (20.2)
Xt s E3mp <> 304 + 2605 + 708 + 1009
9o <—> N2 — 306 + 405 + 7010 + 2809 + x72802
<—> Eamg +— 1403 + 1506 + w307 + 19010
D:=(50)®@1+1®(37) +— &amz «— 2305 + 2505 + 2707 + 2909
E +— &me + &3m3 +— 2303 + £404 + 1505 + 2606 + 1707

+ 2803 + 2909 + 10010
£10g, +— &1m < 2404 + 2606 + 2803 + 10010
(39)® 1 +— t+ &m <— 2202 + 2303 + 2404 + £9Do + 10010
<—> M +— 232501 + 42601 + T52702 + Tex302

+ 2102 + 2307 + £40s + 599 + 6010

The component go contains two copies of s((2); to distinguish them, we endow one of them
with a tilde: sl(2) = sl(W) generated by X and X, the other copy being sl(V') generated
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by Xt and X~. These two copies of s[(2) are “glued”; their glued sum has a common center
spanned by Ej; i.e., their direct sum is factorized by a 1-dimensional subalgebra KZ in their
2-dimensional center, the explicit form of Z is inessential for us at the moment. Observe that
D, &10¢, ¢ [9-1,01]; only their sum D + &0¢, «— &1 + &am2 belongs to the commutant.

In (20.2), we expressed the nonpositive part of g by means of vector fields in 10 indetermi-
nates x setting 0; := 0y,.

The reader wishing to verify our computations will, of course, use the contact bracket and
generating functions to compute inside gg. The realization by vector fields is only needed to
compute g; for i > 0 (with computer’s aid to speed up the process).

The only noncritical coordinate of the shearing vector N is Na; it corresponds to what used
to be t.

For the unconstrained shearing vector, we have sdim g; = 8|8. The only lowest-weight vector
(w.r.t. the boxed operators) of g; that generates g; as a go-module is

u1 = 2109 + 137404 + 132606 + 132707 + 137909 + T47605 + L4708
+ 2471009 + 2627010 + T6180y + 12301 + 12702 + TeT7T802.

The other lowest-weight vector and the only highest-weight vector (together and separately)
generate a submodule V' which, together with g_1, generate an 8-dimensional part of gg. The
quotient g1 /V is an irreducible go-module.

20.1 Desuperization of tas (5;E|5)

The only critical coordinates are N1 and Ns. (For the unconstrained shearing vector, dimg; =
16, dim(g2) = 20, dim(gs) = 24, dim(g4) = 28.)
21 A description of 5b(2" — 1;&) for p = 2

21.1 Recapitulation: p = 0, n even

Let ¢ = (q1,...,qn) and & = (&1,...,&,). We consider the subsuperspace of functions Clg, £] of
the form

{1+2)f(¢,&)|A(f) =0 and /gfvol§:0}, where Z:= & -+ &,,

with the Buttin bracket. In this section we use only this bracket and omit the index “B.b”.
Let us compute the bracket in (1 4 Z)sb™ (n;n) realized by elements of s6(!)(n). We have

{1+5)f,1+E5)g}

{f,9} =Q+3){f. g} if dege(f), dege(g) > 0;
{1+E5)f.9} =1 +E){f. g} if dege(f) =0, dege(g) > L;
{1+5)f,9} =

= (L+E{fig} + 2 0Ef04:(g:)6 if dege(f) = 0, dege(g) =1,
(since 3~ O, Ef0q; (gz‘):& =Ef320q;(9:) =0)

(L+3){f 9} if g =>"9i(q)& and A(g) = 0;
> afiE(alh(f)g —04,(9)f) if degg(f) = degg(g) =0.

In the Z-grading of g = gi)(n, n) by degrees of the ¢ shifted by —1, we have:
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e g_1 is spanned by monomials in & of degrees 1 through n — 1, and by 1 + =;

e go is spanned by functions of the form g = (1 +Z) > gi(£)q;, where > 0¢,9; = 0.

The go-action on g_1 is as follows. If degf(gi) > 0, then we can ignore = in the factor 1 + Z
since = annihilates g;, and hence ad, acts on g_; as the vector field ) g;0¢, acts on the space
of functions in €.

If g = (14 2)qg;, then the adg-acts on g_; precisely as an element of svect(0|n) acts on the
space Volg:

{9} =1 +E)0i5, {9,1+E}=0(E), ady(f)=0¢(f) for monomials f = f(&).

Since (1 — Z) vol is the invariant subspace in Volg, it follows that, in the quotient space, we can
take for a basis elements of the form f(&)vole, where monomials f differ from 1 and Z, and
either 1 or Z. For reasons unknown, SuperLie selected =, not 1.

21.1.1 Recapitulation: p = 0, n odd

Everything is as above but with 7=, where 7 an odd parameter, instead of =.

21.2 F(sb(2" % N|2*~' — 1)) for n odd, p = 2

For p = 2, it is possible to desuperize deforms with odd parameters and consider them in the
category of superspaces, see [12]. We assume that p(vol¢) =n mod 2.

21.2.1 Example: n =3

For a basis in g_;, where 0; := 0,,, we take:

O =& volg, 0y =&volg, 03 =¢&volg, 04 =& & volg, 05 = 13 vol,
O0p = &283vole, 07 = 7§16283 vole .

For a basis of go, where §; := 0¢, we take the following elements, where the go-action on g_;
is given by realizations on the right of the <—-:

(1 + 7£1£283)61 < 2107 + 2402 + 2503 + 2706, 203 +— @30y + 500,
(1 + 7€1£263)02 «— 2207 + 2401 + 1603 + 1705,
(14 7616283)03 < 1307 + 2501 + w602 + 2704,
§102 < 1201 + 2605,

§301 < 103 + 1406,

302 < 1203 + 1405,

16203 < w30y,

1302 < 1205,

§18202 + £16303 <— 1204 + 7305,
§28361 <— 1106,

§1£301 + £26302 <— 1105 + 2206,
16201 + £2€303 «— 1104 + 7306.

§103 < 2301 + w604,
§201 < 1102 + 2506,
€101 + 209 «— 2101 + 2202 + 505 + 2606,
§101 + €303 +— 2101 + 1303 + 1404 + 2606,

The weights are considered with respect to s[(3) C F(?Ue?c(()|3)), ie.,

w(fl) = (1’0)7 w(§2) = (_17 1)’ w(€3) = (07 _1)'

The raising elements are those for which either wy + wo > 0 or w; = —ws > 0; the lowering
elements are those for which either w; +wy < 0 or w; = —wg < 0. (To find lowering and raising
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operators, we could have considered a Z-grading of s/t;\e?c(O\n) by setting deg&, = —n + 1 and
degé = -+ = deg&,—1 = 1 with ensuing natural division into “positive” and “negative” parts.)

The highest-weight vectors of the gg-module g, are

wy = 222307 + 222501 + w2w602 + T2w704 + 237401 + 37603
+ 232705 + T42604 + T52605,
wo = Xox301 + Toxg04 + T3x605,

w3y = x:(f)& + 232604.

The lowest-weight vectors of the go-module g; are

v = x§2)31 + 212202 + 212505 + 12606 + 22506 + x§2)81 + 212303

+ 212404 + 212606 + 137406,
Vg = xf)@l + 212209 + 112505 + T12606 + Tox506 + xf)al + z12303

+ 212404 + 212606 + T37406,

V3 = .%‘52)66,

Partial prolongs: The elements of gg absent in go := [g1, g-1] are £1&203, £1€302, €28301. The
go-module g_1 is irreducible.

Let V; and W; denote the go-modules generated by v; and w;, respectively. We have

dimg, = 31, dimgs =49, dimgs =71,

dimV; = dim W, =7, dimVy = dim Wy =8, dim Vs = dim W; = 16,
Vi=Wy, VicWCVs, Wi CWyCWs,

dim(Va + Wa) = 9, dim(Va + W) = dim(Vs + Wa) = 17, dim (V3 + W) = 24.

The brackets with g_1:

dim([g—1, V1]) = dim[g—1, Vo + W] = 14,
([9-1,V3]) = 15 (absent are £1£203, £1£302),
dim([g_1, W3]) = 15 (absent are £1&302, £2€301),
dim([g—1, Vs + W3]) = 16 (absent is £1€302).

dim

Therefore (recall the convention (6.2))

Partial prolongs in the direction of | dimensions

Vi or Vo or Vo + Wsh dimga =1, gs=0

Vi or Vs + Ws dim g» = dim g3 = 16 (21.1)
Vi + W3 dimQQ =32, dimgg =40

[g-1, V4] or [g—1, Vo + Wo] dimg; = 10 absent are vs and w3, dimge =1, g3 = 0.

Critical coordinates 0f5~b (7; &) are Ny, N5, Ng, and Ny, as follows from (21.1).

21.3 F(sb(2"~! — 1; N|2"~1)) for n even, p = 2

For the unconstrained shearing vector N, the dimensions of homogeneous components of g =
sb(2" —1; N") are the same as those of s6(!)(n) in the nonstandard grading sb*) (n;n) for p = 0.
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The main idea: sb(Y)(n) = Im Alp(n), where A = - %{;&. The dimensions of homogeneous
components for n even are:

i sdim g, sdim sb™ (n; n);
-1 2n71|2n71 2n71|2n71 -1
n(2" 2" ) (n—1)(2"']2"7") + 1]0
1 Intn+1)2" "2 | 2(r® —n+2)(2" 2" ) — 01

Let the weights of & be w(&;) = (0,...,0,1,0,...,0) with a 1 on the ith place for i < n and
w(&,) = (—1,...,-1).

21.3.1 Example: n = 4

For a basis (even | odd) of the go-module g_; ~ K(E&\?—%&, where go ~ svect(0[4)), we take:
61 = fl VOlg, 82 = §2 VOlg, 89 = {152 VOlg, 810 = 5153 VOlf7
03 = 3 volg, Oy = &y volg, 011 := §1€4 vole, O12 1= §2€3 volg,
05 = §1&283volg, 06 = &1&28a vOle, | D13 1= a8a volg, O14 := §3€4 volg,

07 = £18384 volg,  Og = 28384 vOlg, | O15 1= §1828384 vOl¢ .

Critical coordinates 0f5~b(15;&) = F(ﬁ%(&ﬂ]?)) are the same as those of sb(8; N|7): N5 =
Ng = N7y = Ng = 1, and also all those corresponding to the formerly odd indeterminates.

21.3.2 Partial prolongs

We have sdimgg = 25|24, and go contains a simple ideal of sdim = 21|24, the quotient is
commutative; g_; is irreducible over this ideal. We have sdim g; = 56|55, there are 3 highest-
weight vectors and 2 lowest-weight vectors in gi;

Vi=Wy, VicCVy, Wy CWyCWs,
sdim Vi = 24|21, sdim V5 = sdim W5 = 32|31,  sdim W, = 24|22,
sdim(Vy + Wy) = 32(32,  sdim(Ve + W3) = 40]|40, sdim go = 105(104.

The highest-weight vector of W3 is ws = x§2)65. This answer seems strange: the algebra
is symmetric with respect to the permutation of the & while the list of highest-weight vectors
is not. Performing all possible permutations we obtain similar vectors :cgz)(?g, x52)87, a:gz)aﬁ
(which are not highest/lowest with respect to the division into positive/negative weights we
have selected first), but generate similar submodules Y7, Y2, Y3 (and Yy = W3).

We have Y1 + Yo + Y3 + Yy = g1 and sdim(Y; + Y2 + Y3) = 48]48.

Other highest-weight vectors:

2
wy = 2324010 + 371305 + 965; V01 + 2421205 + 2421306

+ xox409 + 1221405 + $512)811 + 2421205 + 2471407,

Wy = 132409 + 321405 + T421406. (21.2)
The lowest-weight vectors:

v1 = 212204 + 12507 + 129011 + £1212014 + T27508
+ 2229013 + 22210014 + 921007 + T9x 1208,

Vg = CC§2)84 + 12508 + T129013 + T1210014 + T9x1008.
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We have

sdim([g_1, V1]) = 21|24, sdim([g_1, Y;]) = 22|24,
sdim([g—1,Y; +Yj]) = 23|24 for i # j,
sdim([g_1,Y; + Y; + Yi]) = 24(24 fori# j # k #i. (21.3)

Partial prolongs of gg and the following parts of g;:

e from Vi = W; and Wa: sdim gy = 11|8, sdim g3 = 0|1, no parameters;

e from V5: sdim go = 33|32, 1 parameter: Ny (same for W3, parameter Ny);

e from V5 4+ W3: sdim go = 56|56, 2 parameters: N; and Ny, similar for Y; + Y;
e from Y] + Y5 + Y3: sdim g = 80|80, 3 parameters: Nj, Ny and Ns.

Partial prolongs of the following parts of gg, see equation (21.3):

e from (21]24): sdim gy = 24|27, sdim g2 = 11|8, no parameters;

e from (23]24

e from (24|24

(21]24):

e from (22|24): sdim g; = 32|34, sdim g2 = 33|32, 1 parameter;
( ): sdim g1 = 40]41, sdim go = 56|56, 2 parameters;
(24]24):

sdim g; = 4848, sdim go = 80|80, 3 parameters.

22 vas(4;N|4)

In this section, we can omit N when the arguments do not depend on it.

22.1 For p # 2

For g = vas(4]4) described in Table 25.4 as the Cartan prolong of the pair (idgs, as), we have
another description: gg = vect(4/0) and g7 = Q'(4/0) ®00(4/0) Vol~1/2(4]0) with the natural
gg-action on g7, and the bracket of odd elements given by

v'vol ’ v vol

where we identify

)

w1 o)) . dwi A wa + wy A dwo
vol

dz; \dx; N dxy,
vol

= sign(ijkl)0,, for any permutation (ijkl) of (1234). (22.1)

22.2 For p=2

The first impression is that the characteristic-2 version of the Lie superalgebra vas does not
exist: the cocycle that determines the central extension as of spe(4) is trivial, see [6]. The
following problem is most natural.

Problem 22.1 (on analogs of as for p = 2). For p = 2, there are 8 analogs of pe(n) and 8
analogs of spe(n), and lots of their nontrivial central extensions, see [6]. Is there a nontrivial

central extension ¢ of one of these Lie (super)algebras, and an irreducible e-module M such that
(M7 2)1 7é 0%
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The above-mentioned “first impression” was, however, too hasty. Define a character-2 analog
of vas in the form g = g5 ® g1, where gg = svect(4|0) x F(4]0) and g7 = Q!(4|0) with the natural
gg-action on gi. Define the bracket of odd elements by the formula
d(wl VAN wg) + div <dUJ1 A a&)

vol vol

subject to identification (22.1). Define the square of every w = 3. fidz; € Q'(4]0) as follows,
where (i, 7, k) is a permutation of indices (1,2, 3):

2:261lcu/\w+ afi ((9fk+8f4>'

vol vy Oxj \Oxy  Oxzp,

w1, wa] =

W

Let svect(4|0) = svect(y), where y = (y1,¥2,y3,y4). Consider the Z-grading of g of depth 1,
by setting

degy; =1, deg(dy;) = —1.

We get an embedding g — vect(4]|4). Let us describe the non-positive components of the
embedded algebra. Let the coordinates of the ambient be x and &, and let us identify the basis
elements of g_; with the following vector fields in vect(4[4) = vect(z|)

Oy; < Op;y,  dy; < Og,.

Then, g—1 = Span{d,,,dy;} for i = 1,...,4, and (go)s consists of the pairs (D, c), where
D =3, ; aijyi0y, is any vector field such that div D = 0, and ¢ € K, whereas (go); consists of
1-forms y;dy;:

Element of go its non-zero action the corresponding vector field
yiayj,i +7j aw — Gyj, dy; — dy; 3318% + 57'(95“1' #*j
yiayi + yjaij ayq‘, = ayi,’ ayj = ayja xlaﬂﬂq + xjawj + fia& + é-jagj?
1< dy; — dyi, dyjr—>dyj 1< ]
X id on (g-1)1 Sed (22.2)
0 on(g-1)o e
Yidy; Oy, — dy; zi0¢,
yidyj7 8111 = dij dyk‘ = 81/17 dyl = ay}w ‘Tiaﬁj + €7€8Tz + glaﬂ%
iFJ (i,5,k,1) € Sa
This go is a characteristic-2 analog of as. In the basis 0;,,...,0.,,0¢,...,0, the go-action

in g_; is given by the following (super)matrix whose correspondence to vector fields we give ex-
plicitly only for (gg)g since the correspondence with (gg)7 is too cumbrous to describe; moreover,
is not worth the trouble thanks to the explicit table (22.2):

( ¢ _ i) + ddiag(04,14), where b* =b, c€ ZD, a € sl(4),
b+¢ a

Gij = Ep for k<land decK, corresponding to Zaijyiayj +d.

Claim 22.2 (description of the simple part of vas).
1) The Lie superalgebra vas™) (4; N|4) is simple; its even part is svect™d) (4; N |0) x Volg(4; N|0),
see Section 24.1.2.
2) The critical coordinates of the shearing vector for the simple Lie algebra pas() (8;&) — the

desuperization of bas(l)(4;ﬂ|4) — are the ones that correspond to formerly odd indetermi-
nates.
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22.2.1 Partial prolongs

In order to investigate possible partial prolongs, we have to consider the gg-submodules V;
of g1 such that [vas_q,V;] = go. Since it is not clear what is a lowest/highest-weight vector
with respect to go, we consider the lowest-weight vectors with respect to (go)g, and build the
go-submodules from them.

Claim 22.3 (lowest-weight vectors). There are 7 lowest-weight vectors LWVs:

’ LWV ‘ its 1mage in (x,&)-model its image in y-model ‘
v xow30¢, + T2240¢; + T3140k, y2y3dya + Yoyadys + ysyadyz
V2 23240z, + 3810g, + £4£10¢5 Y3YaOy,
U3 28" D, + 340, v§” dys + ysyadys (22.3)
4 20, ys® dys
Us 200y + 2410, ys? 0y
Vg 23240¢, + 4610z, + 4€202, + £1620¢, y3yadya
vr | ma Y, &0k, + 1620k, + E1€30n, + 2630, Ya

Claim 22.4 (no partial prolongs). Let g := vas(4; N|4).
1) Let V; be the go-submodule of g1 generated by v;, see (22.3). Then, [Vi,9-1] = go for all i.
For N unconstrained, we have sdim(gy) = 40|40, and
Veo=Ve=Vo=V1 =V3NVy, this go-module is irreducible, Vy = Vs,
sdim(V7) = 24|24, sdim(V3) = sdim(V}) = 28|28.

2) Let g% := (g_, g0, Vi) be the prolong in the direction of V;. Then, g"* = vas(4;1]4). We
have sdim vas(V)(4; 1|4) = 60/64.

3) In the quotient g1/V1, to eachi € {1,2,3,4} there corresponds a 4|4-dimensional submodule
M; spanned by the images of yi(z)@yj and yz@)dyj for j =1,2,3,4. Each M; is irreducible,
and the images of M; and M; in g1/Vi do not intersect for i # j. Thus, g1 contains
a submodule Vi corresponding to N = 1, and up to four modules M; glued to Vy if N # 1.
The partial prolongation in the direction of (@ielc{1,2,3,4}Mz’) x Vi is vas(4; N|4), where

co ifi€l,
N; =
1 ifigl

Idea of the proof. Since there is no complete reducibility, to prove item 3) we have to consider
also highest-weight vectors (HWV) with respect to (go)s. Then, we are able to find the two
quotients modules M; invisible in table (22.3) since their LWVs go to Vi under (gg)5. We have
already encountered similar phenomenon in previous sections considering LWVs and HWVs with
respect to the whole gg for respective g. We skip the table of HWVs analogous to (22.3). |

23 Cartan prolongs of the Shen algebra; Melikyan algebras
for p = 2
23.1 Brown’s version of the Melikyan algebra in characteristic 2

Brown [16] described characteristic-2 analog of the Melikyan algebra as follows. As spaces, and
7Z/3-graded Lie algebras, let

L(N):=g5® 91 D gz ~vect(2; N) ® WI(2; N)  O(2; N).
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The gg-action on the g; is natural (adjoint, on volume forms, and functions, respectively);
O(2; N) = Klug,ug; N] is the space of functions; WVol(2; V) is the space of volume forms with
volume element vol := vol(u), where u = (u1,u2). Let the multiplication in L(/N) be given, for
any f,g € O(2; N), by the following formulas:

[fvol,gvol] =0, [fvol,g] = fHy, [f, g]:=H¢(g)vol,
where

_ of of

Define a Z-grading of L(IN) by setting
degu™a,, = 3|r| — 3, degu™vol =3|r| —2, degu™ = 3|r| —4.

Now, set me(5;N) := L(N)/L(N)_4, where L(N)_4 is the center (the space of constants).
The algebra me(5; V) is not simple, because Vol(2; N) has a submodule of codimension 1; but
me (5; N) is simple; in [22], Eick denoted what we denote me(!)(5; 1) by Broy(1,1). This algebra
was discovered by Shen Guangyu, see [68], and should be denoted somehow to commemorate
his wonderful discovery, we suggest to designate this Shen’s analog of g(2) by gs(2).

There are two Z-gradings of g(2) with one pair of Chevalley generators of degree +1 (the
other generators being of degree 0): one Z-grading of depth 2 and the other one of depth 3.
As is easy to see, for the grading of depth 3, the nonpositive parts of g(2) over fields K of
characteristic p # 3 and those of me(5; V) are isomorphic. Remarkably, this description holds
for any p # 3, see [66]. For p = 3, the positive parts of the prolongation have the same dimensions
as those of g(2) for p # 2,5, but [g1, g—1] = Klg, the center of gl(2). (By the way, the realization
of the nonpositive components of g(2), see equation (23.1), that works for p # 3, should be
modified for p = 3, but we skip this since neither the complete prolong nor any partial prolong
is simple.)

Let U[k| be the gl(V)-module which is U as s[(V)-module, and let the central element z €
gl(V) represented by the unit matrix, which acts on U[k] as kid, where k should be understood
modulo p. Then, the grading of depth 3 is of the form

go g-1 g2 g-3
gl(2) g (V) | V=V[-1] | E*(V)[-2] | V[-3]

for char K # 3.

Set 0; := 0y, to distinguish it from 0,,; we use both representations in terms of x and u,
whichever is more convenient. Here is the (borrowed from [66]) description of nonpositive com-
ponents of me(5; V), which are the same as those of gs(2) and g(2), by means of vector fields:

’ gi ‘ the basis elements ‘

g-3 (91“ — 61, 8u2 < 0o

g—2 vol «— 03

g-1 X5 i=u1 «— (23 + 2425)02 + 01, U2 «— 2301 + 403 + 05 (23.1)
U1 Oy, < 101 + 2303 + 2404,

go~ | Xit = w104, +— mé3)81 + (1 + x4x<52))82 + 122)83 + 2504
gl(2) | X{ = u20y, «— (z2+ xf)m)al + :rf)@g + xf)@g + 2405

U200y, ¢ T202 + 2303 + 2505
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The highest-weight vector in g_; is X, := u;. Consider the positive part of g = gs(2). The
lowest-weight vector in g; is given by the vector field

X;_ = :L'Z(lg)$562 + (.ZCQ + xfl )335)(93 + z42505 (: U9 VO]).

So far, the generators and the dimensions of the components look like their namesakes in g(2)
for p > 3; however, the relations are different: To facilitate comparison with presentations in
terms of Chevalley generators, set H; := [X;r,Xi_]; ie.,

Hy = 2101 + 2202 + 2404 + 2505 (= 110y, + u20y,),
Hy = 2909 + 2303 + 2505 (: u28u2).

Clearly, H; is the central element of go; for its grading element we take u10,,, see [10].

Lemma 23.1 (the multiplication tables in gs(2 ) d g(2)). The multiplication tables in 95(2)
and g(2) are as follows (for g(2), we get [Hj, X ] = +4;;XE, not [H,,,X]i} = :l:AﬂXj ; let
X5 = [XF,X5])

in gs(2) in g(2)||in gs(2) n g(2)||in gs(2) n g(2)

[Hi,X{1=0 | 2X]" ||[[H2, X;"] = X;t| -3X " ||[H1, H2] = 0 0

(Hy, X3 = XF | =XF ||[Ho, XF]1=0 | 2X5 ||[X7, X5 ] = 2301 + 2405 + 05| X5

[Hi,X{]=0 |-2X; ||[[H2 X, ]=X;]| 3X; ||[X{, XS] = u1vol X+

[Hi,X;]=X5| X5 ||[H2,X5]=0 |—2X;||[X{,XF]=0 0

Critical coordinates of me(5; N): Ny = 1.

The go-module g; is generated by the lowest-weight vector X2+ ; we have dim gy = 2. Since X f[
and X; contain x4 and x5 in degrees 2 and 3, see equation (23.1), the corresponding coordinates
of the shearing vector in the generic case are > 2; for the shearing vector with the smallest
coordinates still ensuring simplicity; i.e., for N = (1,1, 1,2, 2), the prolong g is of dimension 17;
it has ideals of dimension 14, 15, 16. The ideal of dimension 14 is simple, see [16, 22, 68].

24 Miscellaneous remarks

24.1 Desuperizations that are nonsimple if IN; < oo for all 2

In Section 17.4, the simple derived algebras of various W-graded versions of tas are described;
this is new. The results of this section are not new (although they were usually considered for
p > 2); see, e.g., Lemma 2.4 in [32]; we present them for completeness, see also equation (2.34)
and Section 23.1 on me().

24.1.1 g = svect(n;N)

Let us prove that the elements of the form

Dk = H .CEEZNi?l) ak
1€{1,...,n}, i£k

do not lie in g(). In what follows we assume that k = n, for definiteness. As g is a sum of its
Z"-weighted components, it suffices to show that D,, cannot be obtained as the bracket of two
elements homogenous with respect to the grading by the weight. As the x,-weight (i.e., weight
with respect to x,0,) of D, is equal to —1, which is also the minimal possible x,-weight in g,
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it follows that, in order to obtain D,, as a bracket, one of the factors (we say “factor” speaking
about the Lie bracket, just as we do it for an associative multiplication) has to have weight —1
as well. Then, if this factor is homogenous w.r.t. the Z™-weight, it must be a monomial of

the form a = ( I xl(m)f)n up to a scalar multiplier, where 0 < r; < 2™i. Then, from the
1<i<n—1
weight considerations, the other factor must be of the form

N; . N
b= Z C H :):5.2 7 —1-ry) xEQNZ_”)ai—&—cn H x§2 ) ZrOh-

1<i<n, r;>0 1<j<n, j#i 1<j<n-1

Clearly,

[a,b] = Z ¢ | Dn,

1<i<n such that r;>0, i=n

divb = Z 1 H x§2Nj —1=mi)

1<i<n such that r; >0, i=n 1<j<n—1

So b € g if and only if [a,b] = 0, hence g contains no elements of the same weight as D,,.

24.1.2 vas for p =2

In this case, the even part of the Lie superalgebra vas(4; N|4), and of its Z/2-graded desuper-
ization, should be diminished to get a simple Lie algebra, namely

vas™M (4; N|4)5 = svect™ (4; N|0) x Volo(4; N|0).

24.1.3 The Lie (super)algebra of contact vector fields

Let p # 2. As follows from equation (2.19), if 2n+2—m =0 mod p, then the Lie superalgebra
£(2n + 1; N|m) is divergence-free, its derived algebra is simple.

If 2n +2 —m = —2 mod p, then &(2n + 1; N|m) ~ Vol, and hence not simple; it contains
a codimension 1 ideal, ¢ (2n + 1; N|m).

Let p = 2. If (n,m) # (0,0), then the Lie (super)algebra ¢(2n + 1; N|2m) is divergence-free
ifn+m+1=0 mod 2, see equation (2.11).

The Zassenhaus algebra vect(1; N) for p = 2 is not simple; observe that vect(1; N) ~ £(1; N).

24.2 On deforms of svect and h. Quantizations

e In [74], Tyurin described non-isomorphic filtered deforms of the Lie algebras of series svect
for p > 3 considered in the standard Z-grading. There are three statements in [74] that
should be corrected.

First, in the introduction to [74], Tyurin wrote that in [32] Kac proved that all deforms of
svect for p > 3 are filtered. Kac did not claim this in [32]. Moreover, Kac did not claim
he described all filtered deformations, either; Kac writes only about filtered deformations
associated with the standard Z-gradings.

Today, when the simple modular Lie algebras are classified for p > 3, the list of all their
deforms is not needed for classification, but is a useful part of interpretation of the algebras
found, see, e.g., [69, 70]; this is of independent interest, like knowledge about “occasional
isomorphisms” 0(3) ~ sl(2) or 0(6) ~ sl(4), or vect(1|1) ~ m(1) ~ €(1|2), as abstract Lie
superalgebras.
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Second, for any p, a particular deformation — called quantization in physical literature —
of the Poisson Lie algebra on 2 indeterminates, induces a deform of svect(2; V) ~ h(2; N),
at least for N of the form (a,a) for any a > 1, cf. [13]. Therefore, in [74], the claims
describing all deformations of svect(m; N) should have been confined to m > 2 and, more-
over, Tyurin’s main theorem should only claim a complete description of non-isomorphic
filtered deforms related to the standard Z-grading; for examples of filtered deforms of
svect)(3;1) ~ h(M(4;1) corresponding to distinct Z-gradings, see [18].

Although other deforms of h(2n;N) do not provide us with new Lie algebras, they do
provide us with new deforms, non-isomorphic to the filtered deforms.

Third, Wilson [76] corrected the main result of Tyurin who found all normal shapes of
volume forms for p > 2, but missed an isomorphism. Wilson wrote only about normal
shapes of volume forms, thus avoiding any discussion of deforms of svect.

e The deform of svect(5; V) we describe here is a completely new, exceptional, simple vec-
torial Lie algebra. It exists only for p = 2, the case neither Tyurin nor Wilson considered.

e The characteristic-2 analogs of exceptional deformations of h and b described in [58] can
have both even and odd parameters. The complete description of the deformations is
unknown.

25 Tables

25.1 Series of vectorial Lie superalgebras over C;
conditions for their simplicity

In Table (25.1), FD indicates finite dimension.

N | the family and conditions for its simplicity

vect(m|n;r) form>1and 0 <r <n
vect(0|n;r) for n > 1 and 0 <r < n (FD)

svect(min;r) form >1,0<r <n
svect(0|n;7) for n > 2 and 0 <r < n (FD)
svectP(Un;r) forn>1,0<r<n
svect(0[n) for n > 2 (FD)

N[O W N

£(2m 4 1jn;r) for 0 <7 < [3] unless (m|n) = (0]2k)
e(12k;r) for 0 <r < kexceptr=k—1

8 h(2mn;r) for m > 0 and 0 < r < [F]

9 | ba(2/2;7) for A #£—2,—2,-1,1,0,1,00, and (25.1)
r =0, 1 and Reg, (see Sect. 1.3.1 in [58])
10 | ™ (0|n) for n > 3 (FD)

11 | m(nln+1;7) for 0 <r < mnexcept r=n—1

12 | sm(njn+1;r) forn >1,but n #3 and 0 <r <nexcept r =n—1

13 | ba(n|n+ 1;7) for n > 2, where A #0,1,00 and 0 <r < n except r =n — 1

14 bgl)(n|n+1;7’) forn>2and 0<r <nexceptr=n—1

15 bg)(nm—l—l;r) forn>2and 0 <r <nexceptr=n—1

16 | le(njn;r) forn >1and 0 <r < nexceptr=n—1

17 | ste™(n|n;r) for n > 2 and 0 < r < n except r =n — 1
18 | sb, (271 —1[2" 1) for £ 0 and n > 2




25.2 Lie algebras F(g) over K (p = 2) analogous to serial vectorial Lie superalgebras g over C and names of both

N g g-2 g-1 go F(go) F(g)
vect(n|m) _
1 — id~V gl(n|jm) ~ gl(V) gl(n +m) vect(n +m; IN)
formn#0,n>1lorm=0,n>2
2 svect(n|m) for m,n # 1 - id~V sl(n|m) ~ sl(V) sl(n+m) soect(n +m; N)
3 hs(2n|m), where mn # 0, n > 1, - id 0spi(m|2n) opB)(m + 2n) bre)(2n + m; N)
4 £(2n + 1|m) for mn # 0 and m even F id~V cospz(m|2n) ~ cosp(V) copsy(m + 2n) £(2n 4+ m+ 1; N)
5 m(n) :=m(nln+1) for n > 1 II(TFF) id~V cpe(n) = cpe(V) cpe(n) ¢(2n + 1; N) (25.2)
6 ba(n;n) forn > 1 — II(Vol* (0|n)) vect(0|n) vect(n; 1) po,(2n +1;N)
61 6{" (n;n) for n > 1 - I1(Volo (0[n)) vect(0[n) vect(n; 1) poi’ (2n 4+ 1; N)
600 b8 (n;n) ~ sm(n;n) for n > 1 - II(Volp(0|n)) svect(0n) x Volg(0|n) | svect(n; 1) x Volo(n; 1) | po'l)(2n+ 1; N)
7 bap(n) for n > 1 II(TF) id spe(n)q,p spe(n)q,p po, ,(2n; N)
le(n) := le(n|n) for n > 1 - id~V pe(n) ~ pe(V) pe(n) b (2n; N)
9 sle(n) := sle(n|n) for n > 1 - id~V spe(n) ~ spe(V) spe(n) shi(2n; N)
10 [ obu @ — 12" Horshu@ 2 1) | - | PO suect, (0]n) swect, (n; 1) 0,(2" — L)

25.2.1 Remarks

In all lines Par N = dim N , except for the bottom line, see Section 21. To save space, we skip most of the conditions for simplicity in Table (25.2).
2a

In columns g; for i < 0, obviously, F is C or K. In lines N = 6,7, we have A\ = 2lash) for p# 2 and A = 7 for p = 2. In line 6, we identify
Volp with a subspace of the space of functions F. In line 10, the Lie superalgebra

f;/t;zc/tu(O\n) = (14 p&i - & )svect(0|n) preserves the volume element (1 — pé;---&,) volg, where p(u) =n mod 2.

For n even, we can (and do) set u = 1, whereas u odd should be considered as an additional indeterminate on which the coefficients depend.
The Lie superalgebras svect, (0|n) are isomorphic for nonzero p’s; and therefore so are the algebras

5~b#(2”_1 - 1\2”_1) = (14 p&y -+ - &,)sb(n; n)for n even, 5~b”(2”_1|2n_1 —1) = (14 p& - - - & )sb(n; n)for n odd,

Recall the definition of spe(n),p in Section 2.8.2.

To be specified: Some of the Lie superalgebras in Table (25.2) are not simple; it is their quotients modulo their centers or ideals of
codimension 1 which are simple (such are svect(1|m), h(0|m), by(n) for certain values of A, and sle(n)); some small values of superdimension
should be excluded (like (1|1) and (0|m), where m < 2, for the svect series; (0|m), where m < 3, for the b series; etc.)
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25.3 Exceptional vectorial Lie superalgebras over C
g g2 g1 g0 g(sdimg-)
vle(4]3) — II(A(3)/C1) c(vect(0[3)) vle(4]3)
ole(4]3;1) C[-2] id (o (2)) K vol'/2 c(sl(2; A(2)) x T2 (vect(0[2)) vle(5]4)
ole(43; K) | idazy KC[-2] | idfys) Ridsiz) BC[-1] sI(3) @ sl(2) ® Cz vle(36)
vas(4/4) - spin as vas(4]4)
tas C[-2] T0(id) co(6) tas(1(6)
tas(; 18) A(1) idgi(2) Midgi2;a (1)) s0(2) @ [gl(2; A(1)) X vect(0[1)] tas(5(5)
tas(; 3¢) - A(3) A(3) @ s1(1]3) tas(4[4)
tas(; 3n) — Volo (0|3) c(vect(0|3)) tas(4]3)
mb(4]5) I(C[-2]) Vol'/2(03) c(vect(0[3)) mb(4]5)
mb(4]5;1) A(2)/C1 idq((a(2)) K vol'/2 e(s(2;A(2)) x TY?(vect(0]2)) |  mb(5]6)
mb(4]5; K) | ideis) KC[~2] | I(id% s Kids ) KC[-1]) sI(3) @ sl(2) ® Cz mb(3|8)
£1e(9/6) C[-2] 1(T0(0)) svects 4 (0]4) tle(9/6)
tle(9]6; 2) T (iday(1)3)) idar2:n(3) sl(2;A(3)) x sI(1]3) tle(11]9)
tle(9]6; K) id TI(A2(id*)) s1(5) tle(5]10)
Ee(96;CK) | idZgary idsi(2) Ridei(3;a(1)) s1(2) @ s1(3; A(1)) x vect(0]1) | €le(9]11)

Depth 3: None of the simple W-graded vectorial Lie superalgebras over C is of depth > 3 and
only two superalgebras are of depth 3:

mb(3[8)_3 = II(C W idgy2) KC[-3]),

3[2(9|11)_3

= II(idgy(2) XC[-3]).

(25.3)

For the definition of the module Volg, see (1.13). Here, T/2 is the representation of vect in

the module of 3-densities, and as is the nontrivial central extension of spe(4), cf. [6].

For

the definition of svects4(0[(4), see Section 2.8.2. In the Oth term (s[(2) X A(3)) x sl(1]|3) of
g = tle(11; N|9), we consider sl(1]3) naturally embedded into vect(0|3) with its tautological
action on the space A(3) of “functions”.

For the notation C[i], see Section 2.1.1.

25.4 The exceptional simple vectorial Lie superalgebras over C

as Cartan prolongs

For depth 2, we sometimes write (g_2,9—1, g0)« for clarity.

In Table (25.4), there are given indeterminates and their respective degrees in the regra-

ding R(r).

ole(43;7r) = (II(A(3))/C - 1, coect(0]3))«  C vect(4]3; R(r)) r=0,1,K
vas(4]|4) = (spin, as). C vect(4/4)

tas(1/6;r) C £(1)6;r) r=0,1¢£,3¢
tas(1|6; 3n) = (Wlo(0]3), c(vect(0]3)))« C svect(4]3) r=3n
mb(4|5;7) = (ba(4), coect(03)) C m(4/5; R(r)) r=0,1,K
£le(9|6;7) = (hei(8]6), svects 4(0]4))« C £(916;7) r=0,2, CK
£le(9]6; K) = (idai(5), A*(idfys)), 8(5))«  C svect(5]10; R(K)),r = K
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1 w2 xz oy | & & &
o3 [RO={7 1 7 1 1 1 1

1 w2 x3 Yy | & & &

1 w2 x3 Yy | & & &
oe(36) [RU)=y 5 5 o | 1 1 1

o x1 x2 x3 | & & & & T

o T1 x2 wx3 | & & & & T
meOI6) R ={( 9 1 1 | 2 0 1 1 2

o x1 x2 x3 | & & & & T

t | & & & om om2 ms
bas(l6) | RO =1y | 1 1 1 1 1 1

(25.4)

t | & & & om ome s
tasGP) | RO =1y | o 1 1 2 1 1

t | & & & om m2 M
tas(4) |EGO =1y | o o 0 1 1 1

t | & & & om o om2 M3
tas(4]3) | R(3n) = 1] 1 1 1 0 0 o0
cetois | (o @1 g2 g3 g4 p1 p2 p3 pa t | & & & m M2 3
@) JRO=17 v 1 1 1 1 1 1211 1 1 1 1
(11l | pry — (B @ @ PP ps o & & &omomo
CWORD=11 1 2 2 1 1 0 0 2] 0 1 1 2 1 1
welsho | megy— (@ ® @ @ popeops e b L& & &
e(|)()_22221111;2\111111
welont) | por) — (1@ @ @ Pop2 psopa & & & omomom
COIDIRCE) =13 5 9 2 0 1 1 1, 3] 2 2 2 1 1 1




25.5 Exceptional vectorial Lie superalgebras over K and their desuperizations

g F(g-2) F(g-1) F(go) F(g) Par N
vle(4; N|3) - O(3;1)/K1 c(vect(3; 1)) ole(7; N) 3
ole(3; N|6) idsi(z) KK[*] id};(3) R idsi(2) KK[#] s1(3) @ sl(2) Kz ole(9; N) 3
tas(1; N|6) K[#] id coll’ (6) tas(7; N) 7
tas(5; N|5) O(1;1) idgi(2) Midgiz) BO(151) | o((sU(W) @ (g(V; O)(1;1)) x vect(1;1))/KZ), see (20.1) | tas(10; N) 7
tas(4; N|4) - 0(3;1) O(3;1) x d(svect™(3; 1)), see (19.2) tas(8; N) 7
tas(4; N|3) - Volo(3; 1) ¢(vect(3; 1)) tas(7; N) 3
mb(4; N|5) K[%] 0(3;1) svect(3;1) x O(3;1) mb(9; N) 5
mb(3; N|8) | ideis) KK[#] iy 3 Rideyz) KK[%] s1(3) @ sl(2) & Kz mb; (11; N) 5
mb(5; N|6) 0(2;1)/K1 idgy(2) KO(2; 1) c(s1(2) M O(2; 1) x T (svect(2; 1) x O(2; 1)) mbz (11; N) 5
tle(5; N|10) id A2 (id*) sl(5) ele(15; N) 5
Ele(11; N|9) idgi(a) idgi(2) KO(3; 1) (sI(2) K O(3;1)) x pgl(4) tle2 (20; N) 5
Ble(9; N|11) | idfys) RO(1;1) | idge) B (idss) BO(1; 1)) s1(2) @ (sI(3) K O(1;1) x vect(1; 1)) tles (20; V) 5
vle(5; N|4) K[] idRO(2; 1) c(s1(2) K O(2; 1) x T (vect(2; 1)) ole(9; N) 3
£le(9; N|6) K] T svect(4;1) x K(D + Z), see (10.2) tle(15; N) 5
vas(4; N|4) - idp (as) F(as) vas(8; N) 4

Recall the definition of the module Voly, see (1.13) and (2.16); before desuperization we replace (25.3) with

mb(3[8) -3 = (K X idgy o) XK[%]), €le(9[11)_5 = I (idg2) KK[#]).

To distinguish the two desuperizations of tle realized by vector fields on the spaces of the same dimension, we indicate by an index the depths
of these algebras, e.g., tles (20; N ); if both algebras are of the same depth, we cover one of the desuperizations with a tilde. Clearly, under the
desuperization we should ignore the change of parity in the negative components of F(g).
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