Symmetry, Integrability and Geometry: Methods and Applications SIGMA 16 (2020), 142, 52 pages

An Elliptic Hypergeometric Function Approach
to Branching Rules

Chul-hee LEE T, Eric M. RAINS* and S. Ole WARNAAR $

t School of Mathematics, Korea Institute for Advanced Study, Seoul 02455, Korea
E-mail: chlee@kias.re.kr

Y Department of Mathematics, California Institute of Technology, Pasadena, CA 91125, USA
E-mail: rains@caltech.edu

§ School of Mathematics and Physics, The University of Queensland,
Brisbane, QLD 4072, Australia

E-mail: o.warnaar@maths.uq.edu.au

Received July 08, 2020, in final form December 09, 2020; Published online December 23, 2020
https://doi.org/10.3842/SIGMA.2020.142

Abstract. We prove Macdonald-type deformations of a number of well-known classical
branching rules by employing identities for elliptic hypergeometric integrals and series. We
also propose some conjectural branching rules and allied conjectures exhibiting a novel type
of vanishing behaviour involving partitions with empty 2-cores.

Key words: branching formulas; elliptic hypergeometric series; elliptic Selberg integrals;
interpolation functions; Koornwinder polynomials; Littlewood identities; Macdonald poly-
nomials

2020 Mathematics Subject Classification: 05E05; 05E10; 20C33; 33D05; 33D52; 33D67

1 Branching rules

Let g be a semisimple complex Lie algebra of rank r, with fundamental weights w1, ..., w,..
Denote by V(X;g) the irreducible g-module of highest weight A = Y°7_ | Aiw;, A; € Zxo. For b
a subalgebra of g, let V(A;g)|y be the restriction of V(A;g) to h. Generally, the h-module
V(X; @)y is not irreducible, and the branching problem refers to the problem of determining the
multiplicities multy (x) in

Vgl = @ mulea(1)V (13 ), (L1)

where £ runs over the weights indexing the irreducible h-modules, see, e.g., [18, 19, 25]. When
multy(p) < 1 for all 4 we say that the branching rule (1.1) is multiplicity free.

Proposition 1.1. Let g = sl(2n,C), h = sp(2n,C) with canonical embedding b — g. For
m, r, p integers such that 1 <r <n and 0 < p < m,

V(pwr—l‘i‘(m_p)wr?g)}h = @ V(mlwl_‘_'“—i_mTwT;h)'

me,...,myp 20
mo+mi+--+mr=m
My —1+Mr—3+:=p

This paper is a contribution to the Special Issue on Elliptic Integrable Systems, Special Functions and Quan-
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For p = 0 this is Proctor’s branching rule [34, Lemma 4] (see also [31, Theorem 2.6]), and
for general p it is equivalent to the following combinatorial identity of Krattenthaler [21, equa-
tion (3.3)]. Given a partition A, let X' be its conjugate and [°(\) the number of odd parts of A.
Moreover, for A C (m”) (i.e., A = (Aq,...,Ar) such that 0 <\ < --- < Ay <m), let (m") — A be
shorthand for the complement of A with respect to (m") (i.e., (m") —A=(m— A, ...,m— A1).
Then

S(mr=1,m—p) (xic, e ,x,jf) = Z SP2n, (mr)-A(T1, - -+, Tn). (1.2)
AC(m™)
°(\)=p

Here sy and spy, \ are the Schur function and symplectic Schur function indexed by the par-
tition A respectively [25, 26], and f(a;li, . ,x,iL) = f(xl,xl_l, .. .,:cn,x;l). For a more gen-
eral, not necessarily multiplicity-free V (A;sl(2n, C))|sp(2n,c)-branching rule, which is consistent
with (1.2) and which is expressed in terms of Littelmann paths, we refer to [29, 47].
Krattenthaler’s Schur function identity (1.2) follows from a more general identity of his for
the universal symplectic characters spy = spy (21, z2,...) introduced by Koike and Terada [19].

The latter specialise to the symplectic Schur functions as

n I SPoap A (T1, @2, .. xn) I L(N) < n,
S r7,...,2,0,0,...) = ’ 1.3
PA ( ! " ) {0 otherwise, (1.3)
and the lift of (1.2) to universal characters is given by [21, equation (3.1)]
S(mrfl,mfp) = Z Sp(my-)_A . (14)
AC(m™)
1°(\)=p

The branching problem is an important problem in representation theory, algebraic combina-
torics and orthogonal polynomials on root systems, see e.g., [8, 9, 15, 16, 18, 19, 21, 22, 23, 24,
25, 26, 29, 31, 34, 35, 47]. In this paper we are interested in ¢, t-analogues of multiplicity-free
branching rules such as (1.2) and (1.4). We prove non-trivial new examples of what appears to
be a very general phenomenon: the natural ¢,t-analogues of multiplicity-free formulas arising
in the representation theory of the classical groups, be it branching formulas, tensor product
decompositions or other types of multiplicity formulas, are usually ‘nice’. More precisely, the
¢, t-analogue of a multiplicity 1 appears to almost always factor as ratio of products of bino-
mials of the form 1 — ¢*t!. For some representative examples of this phenomenon, see, e.g.,
[7, 26, 35, 41, 42].

The natural g, t-analogues of the Schur functions sy are the Macdonald polynomials Py(q,t)
[26]. Similarly, the natural analogues of the symplectic Schur function spy, , are the C,, Mac-
donald polynomials [27]

P)EC"’B") (q,t,s) and P)SC”’C") (q,t,s).

It will be convenient to view these two families of (BC,, symmetric Laurent) polynomials as
special instances of the Koornwinder polynomials K)(q,t;t) = Kx(q, t;to,t1,t2, t3), [20]. Specif-
ically, see, e.g., [42],
Cn,Bn
P/{ . )(Qat78> - K)\(qat;sl/27_31/27q1/27_q1/2)7 (15&)
Cn,Cn
P (qt,5) = K (g, :5M/2, =512, (g5)' /2, = (g9)'/?). (1.5b)
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In the following we will also need the B,, Macdonald polynomial
Brn,Cn
PP (q,t,5) = Kx (g, -1, —¢"/2,5,54"/?), (1.6)

where we restrict ourselves to partitions \.!

Finally, in view of (1.7), the g, t-analogues of the universal symplectic characters are special-
isations of the lifted Koornwinder polynomials K(g,t,T;t), [35]. These symmetric functions,
which contain the extra parameter T, specialise to the Koornwinder polynomials as

- K ooy q,tt) i I(N) < n,
KA(:cli,... s 0,0,...;q,t,t”;t):{0)‘(:p1 i, tt) A <n (1.7)

otherwise.

In fact, the lifted Koornwinder polynomials (which are not polynomials) are the unique sym-
metric functions such that (1.7) holds, so that the above may serve as the definition of the K,.

The first main result of this paper is the following triple of ¢, t-branching rules. Let Cf\)(z; q,t),
Cy (z;q,t) and C’;\r(z;q,t) be the standard three families of ¢,t-shifted factorials indexed by
partitions (see (2.7) and (2.15) below), and, for A a partition, let 2\ := (2A1,2)2,...) and
A2 = (A, A1, A2, A, ).

Theorem 1.2. For m, r nonnegative integers,

P(mT) (Q> t) = Z Cx (q—m’ tr/T; q, t) K(mT)—)\ (Q7 L, T; t1/27 _t1/27 (qt)l/Qa _(qt)l/Q)v (183)

AC(m™)
N even
P(mr) (q7 t) = Z d)\ (q_mv tr/Ta q, t)K(mr)—A (Qa tv T7 17 _17 t1/27 _tl/z)) (18b)
AC(m™)
A even
P(mr) (q27 t2) = Z S5Y (q—m’ tr/Ta q, t)K(mr)—A (q27 t27 T27 _17 —q, —t, _qt)a (18C)
AC(m™)
where
g\ 1Al C’gz w;q,t) Cy (t q,t2) C’+(qw 22/t4,q,t2)
7q,t) = | = = , 1.9
exz(w, 21 6,1) <t> /\Q(qw/t q,t C)\( ,q,tQ) C’:\F(wQZQ/t?’ q, t2) (1.92)
g\ A CS)\ w; q, t) C/\_(qt;q2,t) C+(q w222 /1% ¢, t)
d 1q,t) == 1.9b
2 (W, 20,1) (t) CY, (qu/t; q,t C;(q ;qz,t) Cj(qw2z2/t q2, t) ’ ( )
A CUw? ¢ t%) Oy (—tiq,t) CF (qu?22 /125 ¢, )
1q,t) = | = 1.9
e/\(w,%q’ ) <t> Cg(q2w2/t2;q2,t2) C;(q7 q,t) C;— (—’ZUQZQ/t, q, ) ( C)

To highlight the combinatorial and factorised nature of the coefficients in (1.9) we have rewrit-
ten each one of them in terms of the ordinary (or type-A) arm-(co)lengths and leg-(co)lengths
of the squares s € A as well as their type-C analogues (see Section 2.1):

q(l _ wqa’(s)t72l’(s)) (1 _ wqa’(s)t72l’(s)fl)
H t(l _ wqa’(s)+1t—2l’(s)—1) (1 _ wqa’(8)+1t—2l’(s)—2)

(1 _ qa(s)tQZ(s)Jrl) (1 _ w2z2qd(5)“t*2[(3)*2)
1 — qa(s)+1420()) (1 — w222ga(s)4—2i(s)—1 ’
q q

Cx2 (’lU, z54q, t) =
SEA

'The Macdonald polynomials P>(\B"’C”(q, t,t2) may also be defined for half-partitions A = (A\1,..., A,) where
A1 =2 A, >0and A\ € 5 4 Z, in which case the right-hand side of (1.6) needs to be slightly modified [42].
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. B (1 _ wq s))( 2a’ s)—i—lt U (s))
dox(w, 2;¢,1) = H (t(l wq2d’ (S)'Ht l’(S) 1) (1 qua (s)+24—1'(s)— 1)

(1 2a(s +1tl(s )(1 w222q2a +2t (s)—l)
(1 _ q2a(s +241(s )(1 _ U)22’2 2a(s)+14— I(s )) ’

and

q(l — w? 2a (S)t 2l (s )) (1 + qa(s)tl(s)Jrl)( w2z2qa(s)+1t7i(s)fl
t(l _ w2q2a (s )+2t721’(s)72) (1 _ qa(s)Jrltl(s))( + wQqud(S)t*f(s)) .

ex(w, zq,t) = ||

SEA

For t = ¢, (1.8a) and (1.8b) simplify to the p = 0 instances of (1.4) and [21, equation (3.2)]

S(mr—p (m—1)p Z O(mr)— (1.10)
m")
m) =p

respectively. Here oy is a universal orthogonal character (see Section 3 for details). Finally,
(1.8c) for t = —q yields

Sy = Y (=) s0r), (1.11)

AC(m™)

where so) is a universal special orthogonal character. The fact that the parameters ¢ and T
(the latter only occurs on the right-hand side of (1.8a)—(1.8¢c)) is a consequence of Lemma 4.1
proved in Section 4.3.

By (1.5)—(1.7), Theorem 1.2 has the following corollary.

Corollary 1.3. Let m, r, n be nonnegative integers such that r < n, and set

= (T1,...,2n) and 2T = (27,22, t).
Then

Ponry(#5:08) = 3 Cx(q_m’t_(”‘”;q,t)P((C?)’C”)(:c q: 1), (1.12a)
AC(m™)
N even

Py (z *iq,t Z dx(q m7t7("7’");q,t)K(mr),A(x;q,t;1,—1,t1/2,—t1/2), (1.12b)
A even)

Pory (#5565 2) = D7 ex(q™™ 67075 q,0) PO (w567, 42, —1). (1.12¢)

AC(m™)

For t = ¢, (1.12a) and (1.12b) simplify to the p = 0 case of (1.2) and its dual [21, equa-
tion (3.5); p = 0]

S(mr) (:Uli, e xff) = Z Ozn,(mr)_A(xl, ceeyTp),
AC(m™)
A even
respectively.
We conjecture one more branching rule of type (C,,B;,). For the notation used in this
conjecture we refer to Sections 2.1 and 2.2.
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Conjecture 1.4. For m, r nonnegative integers,

Py (g,t) = Z Aa™™ "/ T5q,t) Ky (., T5 £4"%, £¢472)
m”)
2- core()\)z(]
and for m, r, n nonnegative integers such that r < n,
—m n—r CTL7BTL
P(mr)(x:tvq’t) = Z f)\(q »q ~ )7Q>t)P((mr),)\)(x;Q7tvt)a
2-core(38)):0

where

|A‘/2 »O N _ 'fLe li ne —TLO
Alw, zq,t) = (%) 2N =20 (V) g () =n®(A)

CUw;q,t) Oy (g, t) CY°(qw?a? /1% q,1)
CY(qu/t; q,t) Cy (g q:t) CY°(w222/t; q,1)

(1.13)

The remainder of the paper is organised as follows. The next section covers some introduc-
tory material on partitions, various kinds of shifted factorial, and elliptic hypergeometric series.
Then, in Section 3, we introduce some of the standard bases of the ring of symmetric functions
and discuss the various types of classical Schur functions and classical branching rules. The final
introductory section is Section 4, in which we survey material from Macdonald—Koornwinder the-
ory, including the elliptic generalisation of this theory. In Sections 5-7 we prove a number of new
results needed for our proof of Theorem 1.2 and Corollary 1.3, which is presented in Section 6.2.
These new results include the evaluations of two quadratic elliptic beta integrals over elliptic
interpolation functions (Theorems 5.1 and 5.4), their corresponding discrete analogues (Corol-
laries 5.3 and 5.6), a formula for the transition coefficients between Okounkov’s BC,,-symmetric
Macdonald interpolation polynomials and ordinary Macdonald polynomials (Theorem 6.3), and
a number of quadratic summations for a new type of elliptic hypergeometric series (Theorems 7.3
and 7.5). Finally, in Section 9 we propose a number of conjectures in the spirit of Conjecture 1.4.
As a simple example, we conjecture the new Littlewood-type identity

>0 = [ 0 [ Ui,

i>1 Z’q 00 i<y

where (a;¢)00 == (1 —a)(1 — aq)(l — an) .

[T5 jyer (@'t — g1 7t)
N —
A (0,1) = Tigen (a2 = 23t

0 otherwise,

if 2-core(\) =0,

and

He/o fij = H fij-

(3,7)EN s=(i,§)EA
a(s)+I(s) even/odd

To answer a question by the referee regarding the connection between the branching rule (1.12a)
and two conjectural branching rules by Hoshino and Shiraishi from [15] we have added a postsript
on pages 48-50.
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2 Preliminaries

2.1 Partitions

A partition A = (A1, A2, ...) is a sequence of weakly decreasing nonnegative integers such that
IA| :== A1 + A2 + -+ is finite. If |\| = n we say that A is a partition of n, written as A F n.
The number of strictly positive A; (the parts of \) is called the length of the partition A and
denoted by [(\). We also use [°(\) to denote the number of odd parts of A. If °(A) = 0 we say
that A is an even partition. The set of all partitions of length at most n is denoted by Py (n),
and typically we write A = (A1,...,A,) for partitions in Py(n). The multiplicity of parts of
size 7 in the partition \ is denoted by m; = m;(\). We sometimes use the multiplicities to write
a partition A as (1m12m2 . ) When only a single multiplicity arises, i.e., a partition is of the
form (m™), we refer to it as a rectangle. When m;(\) < 1 for all i we say that \ is a distinct
partition. Given a partition A € P, (n) such that A\; < m, we write (m") — A for the complement
of A with respect to the rectangle (m™). That is, (m™)—X:= (m—X\,,...,m—A1) € Py(n). The
partition A" = (A}, Ay, ...) such that A\; = >, m;()) is called the conjugate of A. Perhaps more
simply, if we identify a partition A\ with its Young diagram (in which the parts are represented
by I(X) left-aligned rows of boxes or squares, with ith row containing \; squares) then the parts \’
correspond to the columns of A\. Other special notation for partitions that we will employ is
2) := (2)A1,2)X2,...) and A% = (A1, A1, A2, Mg, ...), so that 2)\ (resp. A?) corresponds to the
partition in which the length of each row (resp. column) of A has been doubled. The partition p
is contained in A, denoted as u C A, if pu; < A; for all 4, i.e., if the diagram of p fits in the diagram
of A\. We write p < X if 4 C A such that the interlacing condition Ay > p1 > Aa > 2 > -+ - holds.
(Alternatively, u < A if the skew shape A\/p is a horizontal strip, see [26].) A partition A has
empty 2-core, written as 2-core(A) = 0, if its diagram can be tiled by dominoes. For example,
the partition (5,4,4,1) has empty 2-core since it admits the tiling

as well as four other such tilings.

Lemma 2.1. Let A\ € Py(n) and m an even integer such that m > n. Then 2-core(\) = 0 if
and only if the ordered set

Ay={M+m—-1+m-2,.... \p+m—-nm-n-—1,...,0}
contains m even and m odd integers.

Proof. The claim is (almost) trivially true by induction on the size of A\. Either we cannot
remove a single domino from the border of A, in which case A does not have a trivial 2-core (it
is in fact a 2-core itself) and is of the form (n,n —1,...,1) for some positive n, or it is possible
to remove a domino from the border of A to form a partition of size |A| — 2. The removal of
a domino of shape [T] simply decreases one of the elements of Ay by 2, whereas the removal of
a domino of shape H decreases two consecutive elements of Ay by 1. The claim thus follows. W

Given a square s = (i,7) € A the arm-length, arm-colength, leg-length and leg-colength of s
are defined as



An Elliptic Hypergeometric Function Approach to Branching Rules 7

Extending this to type-C, we also set

~

a(s) =ax(s) = N+j—1,  I(s)=0(s):=N;+i—1.

The rationale for denoting the set of partitions of length at most n as Py(n) is that we
identify such partitions with the dominant (integral) weights of GL(n,C). Frequently we also
require the superset

P(n) = {(Alav)‘n)EZn)\1>>\2>>)\n}

of all (integral) weights. By mild abuse of notation, we sometimes write for u € P(n + 1)
with pp+1 = 0 that g € Py(n), i.e., we consider P, (n) not just as a subset of P(n) but also
of P(n+1).

For X\ a partition, define the statistic

n)= S G-=YG-n= 3 _1/2—Z<A2§>.

s=(i,j) €N 121 s=(i,5)EA i>1

This extends to skew shapes A/p in the obvious manner: n(A/p) = > (i — 1)(A — i) =
n(A) —n(u). By further abuse of notation (since conjugation no longer makes sense) we will also
use n(A) and n()\') for A € P(n), defined as

p=3G- DA amd (=) (2)

i=1 i=1

Two describe some of our conjectures we also require three types of even and odd analogues
of n(A) for A a partition:

n°(\) := > (i—1) (2.1a)
s=(1,)EX
a(s)+(s) even/odd
nco(N) = > (N, —1)/2 (2.1b)

s=(1,5)EX
a(s)+(s) even/odd

and
o) = Y (i—1). (2.1c)
s=(i,J)EX
i+j even/odd
Although

n(A) = n(A) +n°(A) = A°(\) + A°(A) = i°(A) + (W),

it is generally not true that n®°()\), 7¢°(\) and 7%°()\) (for fixed parity) coincide. In fact,
71¢/°()\) can take half-integer values.

We will in fact only use the above six functions for partitions that have empty 2-core. In
that case, we have the following simple relation.

Lemma 2.2. For X\ a partition such that 2-core(\) = 0,

12 (A) = 2a°/¢(\) — n®/°(N).
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Proof. We again prove the claim by induction on the size of the partition A. For A = 0 the
claim is trivially true. Now let A be a partition of size at least two. Because A can be tiled by
dominoes, it is always possible to remove a domino from its border to form a partition p of size
Al — 2.

First assume it is possible to remove a domino of shape [TJ such that the row-coordinate of
the two boxes of the domino is i. Then

nO(A) = n®/0(p) = */°(N) = () = 27%/°(A) — 2%/ (n) = i — 1.
The above gives
nP(A) + 172 (A) = 207 (X)) = 0Pt () + nP2 (p) — 2079 () (2.2)

irrespective of the choice of the parities p1, p2 and ps. (This is consistent with the trivial fact
that for A an even partition, nP!(\) = nP2(\) = nP3(A).)

Next assume that )\ is a distinct partition so that it is impossible to remove a domino of
shape [177. We now only need to consider the first column of A from which a domino of shape H
can be removed. If this is the jth column, then X" is a distinct partition such that \; —Aj,; =1
for1 <i<j—1and )\9 — /\;- =2 (Of course, not each such a partition necessarily has an
empty 2-core.) From a case-by-case analysis it follows that

n®(\) —n®(p) =AM -1, n°(\) —n°(n) = A\ — 2,
N =7 if A} is odd,
Ap—7—1 if \] is even,
N =7 if \] is even,
N —j—1 if \] is odd,

and
2N, — 35 if N} i
20°(N) —20%(u) = | 1 A een
2\] =35 —1 if )| is odd,
2N, — 7 —1 if \| is odd
20°(\) = 200 () = 4 1T
2\] —j—2 if A is even.
Hence (2.2) again holds, but now with p; = p2 # ps. |

2.2 Generalised shifted factorials

In this paper we require several types of shifted factorials. For complex ¢ such that |¢| < 1 the
ordinary g¢-shifted factorial (z;¢)co is defined as

(z:0)00 = [T (1 —24"1). (2:3)

k>1

This may be used to define (z;¢)y for arbitrary integer N as

(5 q)y = ((Z;q)oo

24V @)oo (24)
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In particular, if N is nonnegative, (z;¢)ny = Hi\;l (1 — zqk_l) and if N is a negative integer
1/(¢;q)n = 0. To generalise both definitions to the elliptic case, we need the elliptic gamma
function [46]

0 1— pi—i-lqj—i—l/z

Lpq(2) := H

im0 LA

where z € C* and p, ¢ € C such that |p|, |¢| < 1. This function is symmetric in p and g, satisfies
the reflection formula I'y, 4(2)T'p 4(pg/2) = 1 and functional equation

Lpq(qz) = 6(z;p)pq(2), (2.5)
where 0(z;p) is the modified theta function
0(2;p) = (21P)oc(P/21 D)oo
Since lin% 1/Tp¢(2) = (#;9)c0, the reciprocal of the elliptic gamma function can be viewed as an
p—

elliptic analogue of (2.3). The elliptic analogue of (2.4) is then

_ Thal2d")
- Lpq(2) ’ (2:6)

which for nonnegative N can also be expressed as

N
(ziq,p)v = [ [ 0(2¢""
k=1

Clearly, (23¢,0)n = (259)n
Three important generalisations of (z;¢,p)n to the case of partitions are given by [36, 52]

(z4,p)N

CNzq,t;p) : H 0 ij Lyl=. ) (2.7a)
(4,5)€A

Cy (zq,t;p) : H «9 A== g ), (2.7b)
(i,5)€A

C (234, t;p) H f(z I ip)s (2.7¢)
(4,5)€A

where it is noted that
Clwy(z10.t:p) = Clpy (530, 1:p) = (234, P)N

and

C+ 2 ,t, — (Z;Qap)QN'
a5 5:) (z:¢,p)N

From the simple functional equations for the theta function
0(pzip) = 0(1/2p) = —2~'0(2: p), (2.8)
it follows that the elliptic C-symbols satisfy the quasi-periodicities
Cpz; . tp) = (—2) Mg "MV (2 ¢, 8 p), (2.92)
Cy (pzi g, tp) = (—2) Mg NECT (20,8 p), (2.9b)
CY (pz30,1:p) = (—2q) Mg~ N3N Y (24,1 p), (2.9¢)
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as well as a long list of other simple identities, such as

CN (2t 4;p) = CR(p/ 2 4, ;D) (2.10a)
Cy(z:t,q3p) = CY (230,15 p), (2.10b)
Cy(z:t,q3p) = C5 (p/2qt; a4, t;p), (2.10c)
CYF(1/2:1/q,1/t;p) = CY* (p2;0, 15 p), (2.11)
Cox (%0, 6:p) = O (2, 2q: ¢ £5p), (2.12a)
CRe (24, t;p) = CR (2, 2/t ¢, 5 p), (2.12b)
Cra(z¢,t:p) = Cy (2,2t ¢, %5 p), (2.12¢)
Cla(z 9, t:p) = CF (2/t, 2/t%; 4, 8% p), (2.12d)
OV (2, =21, t:p) = OV (2% 4, 1% p7), (2.12¢)
and
CRy vy (234, :9) = Clyny (250, £,0)CR (2™ ¢, 85 p), (2.13a)

CY(2g™t" s q,t;p)
CY (215 q,t;p)

CR(=a*Mt' ™4, t;p)

CY (zgNt' "5 q,t5p)

Cii vy (216, 69) = Cyny (214, £:9)CY (234, 15 p)

: (2.13b)

Oy vy (0, 150) = Ol (230, 1:p)CY (2025 0,1 p) (2.13¢)

where in the final set of identities it is assumed that A € Py(n) and N is a nonnegative integer.

Expressing C?]’ijl)(z; q,t;p) in terms of the elliptic shifted-factorial (2.6), we may use (2.13) to

extend the elliptic C-symbols to arbitrary weights A € P(n):

n
C(z:0,1:p) = Cp(z¢5q,t:p) [ [ (24" %50,p), (2.14a)
=1
CO(Zq)\ntn—l.q t'p) n A
(- . — (" (- . K b n—i, 214
C\ (za,t;p) = C) (254, 85 p) CY (=t 5 q, i) g(zt BN (2.14b)
Ch(=a*t' " ¢, t:p) T e
O¥ (z50,t:p) = C)f (2434, t;p) Cl‘é((zq)‘ntln'q t.p)) I G ep), . (2140)
) Y i=1

where p1:= (A1 — A\py ..oy A1 — Ap, 0) € Py(n). All of the above identities, with the exception
of (2.10) remain valid for non-dominant weights.
For all three elliptic C-symbols we also use their non-elliptic specialisations

CYF (250,1) = O} (214,15 0). (2.15)

They satisfy the obvious analogues of (2.10)—(2.13), where it is noted that in the case of (2.10a),
(2.10c) and (2.11) one first needs to eliminate an explicit p in the argument on the right us-
ing (2.9) before setting p to 0. To avoid having to produce another five identities, we will always
refer to the above relations — even in the non-elliptic case — when manipulating C-symbols. The

reader should have no trouble writing down the explicit p = 0 versions. For instance, in the case
of (2.10a) on finds

C(zt,q) = (—2)PMg AN (1/2; 4, 1),

and so on.
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For all the shifted factorials as well as the elliptic gamma and modified theta functions adopt
the usual multiplicative and plus-minus notations, such as

C(z1, - 2 a,tp) == CR(z130.15p) -+ C (213 . D)
and

CUF5q,t5p) = CR (2,27 10, t5p),

S N S |
Cy(w™z%;q,t;p) .fCA(wz,wz LWz, W

2 g, tp).

To further shorten some of our expressions we also introduce the multiplicative well-poised ratio

Co(bl bk g t'p)
AO ab177bk7Q7t,p = A ) ’ s Yy Uy
A ) Cg(aPQ/bl,-~-,apq/bk;q,t;p)

and the non-multiplicative

C2(apg; g, t; p)
C5 (pg, t; 4, t;p)CY (a, apq/t; g, t; p)

Finally, there are six more non-elliptic C-symbols needed to describe some of our conjectures.
They are defined as

SURCTRTEIN | NIRRT 2160
s=(i,§)EA
i+j even/odd
O Pzt = [ (-7, (2.16D)
s=(1,7)EX
a(s)+(s) even/odd
CF(2q,1) = I1 (1= 2122, (2.16¢)

s=(1,)EX
a(s)+I(s) even/odd

Ax(alby, ... by q,t;p) == AS(alby, ..., br;q,t;p).

Clearly, C{(z;q,t) = CY (234, 1)C3 (24, t) for a € {0, +, —}.
Lemma 2.3. For X\ a partition,
CBE1o(z1,) = () g OO IR0 21 g,
Cy P (zt,0) = O3 (254,1),
Oy 1o(z11,) = ()7 g T 28T O 28 ) o1 g1 g, 1),
where |N||¢/° := [{(i,j) € A: i + j even/odd}| and |A|¥/° := |{s € X: a(s) + I(s) even/odd}|.

We will again only be using the above for A a partition with empty 2-core, in which case we
simply have [|A[|¢/° = |X|]*/° = |A|/2.

Proof. We will only show the last of the three identities. Applying definition (2.16¢) to its
left-hand side and interchanging ¢ and j in the product leads to

s=(4,4)EA
a(s)+l(s) even/odd
s=(1,7) €A

a(s)+(s) even/odd

By (2.1) the result now follows. [
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In a similar manner it may be shown that (the p = 0 case of) (2.11) dissects into even and
odd cases as follows.

Lemma 2.4. For X\ a partition,
O/ (1) 1/, 1/t) = (=2) NI g QO Rl (g, ),
—,e/o _ e/o ne/o n_ ﬁe/o / ne/o _ 7cbe/o —.e/o
O o (1/2:1/q 1/t) = (—2) W7 P02 0t BN =2 B 00 2, 1),
e/o _|\|e/o 7ne/o "_one/o(\ ne/o fHe/o e/o
Cy°(1)21/q,1/t) = (—qz) P77 qn P NI =2 POt P20 bl 1)

From (2.10), (2.11) and Lemmas 2.3, 2.4 it follows that the rational functions defined in (1.9)
and (1.13) satisfy the dualities

d2/\'(1/w 1/zt,q),

C{z(q, q,t
dor(w,0,0) = doa (1,15 1/0,1/1) = (‘j)“ B (10,1 t.0),
G
—(42. 2 42
ex(w, z;q,t) = ex(1/w,1/z;1/q,1/t) = (—(j)l/\ Mex(l/w,l/z;t, a),
Ptw0.0) = (1w /a0 = () LS 01 t00),

where in the final line it is assumed that X is a partition with empty 2-core.
In Sections 5 and 7 we also use the p, g-symmetric versions of many of the generalised g-shifted
factorials. For A = ()\(1), )\(2)) a pair of partitions or weights and fy(q,¢;p) one of

Y (satip),  A-lsatp)  or As(|a.tp),
we set

IAtp.q) = fLio (9 1:0) fr (0.1 D).
Hence

fom @) (tp, @) = fae oyt ¢ p).

By slight abuse of notation we will also write (n,m)A := (n)\(l),m)\@)) for positive integers
n,m, so that, for example,

Choya(ait;p,q) = C30)(a; p, £ ) Oy 2 (a3 ¢, 8 p)-
Finally, 2X := (2,2)X and A? := ((Au)){ (A(2>)2)‘

2.3 Elliptic hypergeometric series

Our proof of Theorem 1.2 relies on (the p — 0 limit of) two higher-dimensional quadratic
summation formulas for elliptic hypergeometric series. In the one-dimensional case the simplest
form an elliptic hypergeometric series can take is [13, 50, 52]

oo

- (apg; g, p)2x (a,b1, - bri g, )k
Ao (alt,br, .., br gyt , 2.17
kZ:O ilelt, b, @10 Z:;) (a5q.p)on (Pg,c1,- .. Cr3 Qs D)k (2.17)
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where, for reasons of convergence, it is assumed that one of the b; is of the form ¢~ with N
a nonnegative integer so that the series terminates. If the upper and lower parameters satisfy
aby -+ -b.(pq)® = c1--- ¢, the series (2.17) is said to be balanced, and if b;c; = apq for all i it
is said to be very-well poised. If both these conditions are satisfied then (2.17) is an elliptic
function (in multiplicative form) in each of the variables a, by, ..., b,, see, e.g., [50].

The most important identity for one-dimensional elliptic hypergeometric series corresponds
to (2.17) for r = 5, and is given by Frenkel and Turaev’s elliptic analogue of Jackson’s sum [12]:

N _
Z (apqa q>p)2/€ (a7b7 C, da €, q NaQap)k
(a;q4,p)2c  (pq,apq/b, apq/c,apq/d,apq/e,apgN*+1; q, )

_ (apg, apq/be, apq/bd, apg/cd; g, p) N
(apq/b, apq/c, apq/d, apq/bed; g, p) N

k=0

(2.18)

where bedeq™ = a?pq. Four other balanced, very-well poised instances of (2.17) for r = 7 that

admit closed-form evaluations are given by
f: (apq; 4, D)2k (a,bq,abg™,qN;q,p), (ap/b; q,p*),,
= (aiq,p)ar (pg,ap/b,pq' =N /b,apg"+1;q,p), (abpa:q,p?),,
0(abp;p®) (apg;q,p)n (P9, 0°0:4,9%)

_ 2.19a
0(abpg®N;p®) (b;q,p)n (abp,ap?/b; q,p?) 5 (2.19)
g: apq; g, p)ak (a,bp,abq™, ¢ N:q,p), (aq/b;q*,p),
= (a;,p)2 (pq,aq/b,pg* = /b,apgN+1;q,p), (abpg; 42, p),
0. b*¢%p
— (N even) ( )N/2 (apg: ¢, ) (2.19b)
(abpa. apg®/b;%,p) sy (Bi@:P)N
N _
Z (apq; q,p)ak (b,pQ/banH,q ;qap)k (a2;c]2,p)]€
= (a:0,p)ar (apg/b,ab,apg™,apgNt1;q,p), (p4*; 4% Pk
_ (apg,b/a;q, p)N (abrg™; 4% p) y (2.19¢)
(¢/a,abp;q,p)N (bg~N /a; ¢%,p)
and
i (a®p’¢*: ¢, p%) (a®,0°p*¢%, a®b?*N g7 2, p?) (a/b;q, D)ok
= (a%q%p?),,  (PPa?, 0?02 p?q? 2N 62, a?p2qPNF 2 g%, p?) | (abpg; g, p)ak
(abs g, p)an_ (—Pa,V*pa:4,p) y (aP*4% 4% %) (2.194)

 (abpg;q,p)an (ab,—a/biq,p)n (%42, p%)

The last three identities are equations (1.10), (1.15) and (1.4) of [54] respectively. The iden-
tity (2.19a) does not appear to have been stated before. It follows by inverting, using [53,
Lemma 3.1], the elliptic Jackson sum (2.18) with

(b,c,d,e,p) — (b*q, aq™ /b, apq™ /b, pa™ ™, p?).

Because of the occurrence of base ¢ and ¢?> (and nomes p and p?), the above identities
are commonly referred to as quadratic summation formulas. In Section 7 we obtain higher-
dimensional analogues of (2.19a), (2.19b) and (2.19d). Two of these play a key role in our proof
of Theorem 1.2. We remark that higher-dimensional analogues of a different type of quadratic
elliptic hypergeometric series, in which the term (apq; q,p)ar/(a; q,p)ax in (2.17) is replaced by
(apq; q,p)sk/(a; q, )3k, were recently considered in [44].
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3 Schur functions and classical branching rules

In this section we briefly review the definitions of the Schur functions of classical type as well
as their occurrence in some of the branching rules stated in Section 1. For a more in-depth
treatment we refer the reader to [19, 21, 25, 26, 31, 42].

Let A, := Z[z1,...,2,]%" denote the ring of symmetric functions in n variables, and A the
ring of symmetric functions in countably many variables, see [26, 51]. The monomial symmetric
functions {m}aep, (n) and {my}, where

m)\('rla"wxn) = Z U)(Z‘A), )‘GPJr(n)?
wESy /S

form Z-bases of A, and A respectively. The elementary, complete and power-sum symmetric
functions e, h, and p, are defined in terms of the monomial symmetric functions as

Cp 1= m(y-) = E L1 Ljy ** " Ty

1<ig<to<-<ip

hy = g my = E LigLig =" Lipy

Xer 1<i <ia <<y
-— J— r
pri=mey =) .
121

These functions form algebraic bases of either A (in the case of the e, and h;) or of Ag := A®zQ
(in the case of the power sums).
A number of classical branching rules for universal characters discussed below are related by
the involution w on A defined by w(h,) = e, or w(p,) = (—=1)""p, for all r > 1.
The ordinary (or GL(n)) Schur function indexed by the partition A is defined as
det<ijcn (27" )

a H1<i<j<n(xi - x;j)

(3.1)

Sx (1, ... xn)

if I(\) < n and 0 otherwise. To simultaneously extend this to A as well as skew shapes, we use
the Jacobi—Trudi identity or its dual [26, pp. 70-71]:

Sxjp = et (ho—p—ivg) = det (exp—isj), (32)
where n and m are arbitrary integers such that n > I(\) and m > A;. Obviously, w(sy/,) =
sy /- The Littlewood-Richardson coefficients Cﬁy may now be defined by

S\/p = C//\WSV'
v
From (3.2) it follows that sy/, = S((mn)—pu)/((mn)-r) for A C (m") so that the Littlewood-
Richardson coefficients satisfy the complementation symmetry

A (

Chv = € for A C (m"). (3.3)

m")—p
mn)—\

For A a partition, the universal orthogonal and symplectic characters indexed by A are given
by [19, Definition 2.1.1]

A

ox = g?jgn(hxﬂﬂ — hx—i—j) (3.4)
spy = det (ex_irj —ex—ij), (3.5)

1<i,j<m
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with n and m as above. Hence w(0)) = spy/. In particular,

L 0,.) = {92“(””1’””2"“"””) LA € Pr(n), (3.6)

0 otherwise,

where g = sp (resp. g = o) corresponds to an orthogonal or symplectic character indexed by A.
We add to the above the universal special orthogonal character indexed by A as

soy = det (hx—itj + ha—imjp1) = det (ex_iyj+ex_iji1), (3.7)

1<i,5<n 1<i,5<m

so that w(soy) = soy. The character soy is the unique symmetric function such that

soy (27, ..., 25,0, (3.8)

sy fn

) _ SOon+1 M (21, T2, ..., xy) if A€ Pi(n),
0 otherwise,

where 502,41, is the odd-orthogonal Schur function indexed by A. The character soy may readily
be related to the universal symplectic and orthogonal characters as

soy) = Z Sp, = ZO“ (3.9a)

=N H=A

and

spy = Z(_l)p\/m S04, 0y = Z (—1)P/u SO, - (3.9b)

p=A w=<N

For the actual symplectic, orthogonal and odd-orthogonal Schur functions we have [25]

Nj+2n—j+1 —\j+ji—1
SPona (T Tp) deti<i j<n (%’ﬁ T -z i )
2 7/\ IR -
" oo H?=1(%2 - 1) H1<i<j<n(xi — ) (wizy — 1)
detycijen (237777 42V
02n,)\(xlv R xn) = Ji)n ’

H1<i<j<n(xi — xj)(wiz; — 1)
where f, , =1 and f;, =1/2if i <n, and
Xj+2n—j “Xjtj—1
detycijen (77—, T

ey (zi — 1) H1<i<j<n(33i —xj)(ziv; — 1)

502n+1,)\(x17 R mn) = H (310)

Littlewood [25] and Koike and Terada [19] proved some very general branching formulas for
the classical groups. For example, in the universal case [19, Theorem 2.3.1],

Sy = Z < Z cﬁy) oy = Z < Z cf;l,) SO (3.11)
m v even i v/ even
By (3.3) it is not hard to show that (1.4) and (1.10) follow from (3.11). Indeed,

S(mr=1t,m—p) = Z Z C;(LTril’mip) Op = Z Z C?lp),u O(m™)—p -

1V even pC(mr) v even

By the e-Pieri rule [26, p. 73],

: / !/ _
o 1 if v/ <y and |p/v| = p,
(ar)v 0 otherwise.
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Hence
S(mr=1,m—p) E: E: O(m")—p
uc(mr) v'=<pu'
vV even
[v|=|pl—p
Since

5t

T 0 otherwise,
v'=<p

v even
v|=lul—p

the branching rule (1.4) follows.

We also remark that the three universal branching rules (1.4), (1.10) and (1.11) are not
independent. Obviously, (1.10) follows from (1.4) by application of w and vice versa. Also, the
rectangular (i.e., p = 0) cases of each of the branching rules are related via (3.9). For example,
from (1.11) and (3.9a), and the fact that (m”) — A < (m") — p (for A\, p C (m")) implies p > A,
it follows that

sery = Y (FDMson = D7 (DY opun,

AC(m™) AC(m™) =X
= Z Z O(m’“)—u: Z O(m)—ps
pC(m™) A=<p pC(m”)
1 even

where in the last step we have used

Z( 1)|/\‘ B {1 if p is even,

oy 0 otherwise.

Conversely, from (1.10) and (3.9b),

Sy = D Ofmr)-r = Z > (D)W sogry

AC(m™) w=N
A even )\ even

= Z (—1)‘“‘ Z So(m")f,u = Z (—1)'“' SO(mr),H,
pC(mr) ?’w’ pC(mr)

since there is a unique even partition A\ such that \' < p’.

In the g, t-case, we neither have analogues of (3.9) nor of (3.11), making the proof of Theo-
rem 1.2 much harder than in the classical case. As we shall see, however, (1.8a) and (1.8b) are
related by the g, t-analogue of the involution w.

4 Macdonald—Koornwinder theory
In this section we survey some necessary background material from the theory of Macdonald

and Koornwinder polynomials, covering Macdonald polynomials, BC,,-symmetric (Macdonald)
interpolation polynomials, (lifted) Koornwinder polynomials and elliptic interpolation functions.
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4.1 Macdonald polynomials

Let 0 < |g|,|t| < 1. For f an S,-symmetric function (not necessarily an S,-symmetric Laurent
polynomial) we define

(n) . (Zi/zjvzj/ziQQ)oo %%
(f) '_s @) A /f : (4.1)

i T 40
q 1<l<]<n (tzi/2zj,t2j/ % Q)00 21 Zn

where T is the positively-oriented unit circle and [26]

N P PO n t tifl.
Sn(q,t) : l(2niyn / H (ZZ/ZJ’ZJ/Z”q)OO%...%:Hw—’%' (4.2)

(tzi/2zj,t2j/ 25 Q)00 21 Znooi (qyt’;Q)oo

Tn 1<i<j<n

Recall the dominance (partial) order on partitions: for \,u = m, A > pif Ay + -+ X\
pi 44 foralli > 1, and A > p if A > pand A # p. Also let 271 := (xl_l,..., x, ) Then
Macdonald polynomials Py = Py(q,t) = Px(z;q,t) for A € Py (n) are the unique homogeneous
symmetric functions in Aggs = A ®z Q(q,t) = Q(q,t)[z1, . .. , )% of the form

Py=m) + Z eaulg, t)ymy,
p<A
such that (for 0 < |g[, [t| < 1)
<P>\(37; q,t)P, (xil; q,t)>g? =0 (4.3)
if A\ # u, see [26, pp. 368-376]. For A = p,

J—itl o gj—i—1.
(t | '7qt. | 7Q)/\i_)\j
1<i<j<n (£, gt~ q) A=A
_ At a.t)Cx (10 1)

CY(qtn=1; ¢, 1) C5 (t5q,t)

(Pa(w;q,t) Py (x~ ,q,t)>(n) =

The Macdonald polynomials satisfy the symmetry
Py(z;q,t) = Px(z;1/q,1/t) (4.5)
and (dual) Cauchy identity

Z Py(x1,. . 20 ¢, 0) Py (Y1, Ymi t,q) = HH (14 zy5). (4.6)

AC(mn) i=1j=1

Povti, 1) (@3qt) = (21 20) Py, o) (750, 1),
they can be extended from A € Py(n) to arbitrary weights A € P(n) via
P)\(zaQ7t) = (ml"'xn)knp,u($;(bt)7 (47)

where 1 := (A1 — Ap, .., An—1 — An, 0) € P(n). Then {Px(q,?)}rep(n) forms a Q(g,t)-basis of
the ring of S,-symmetric Laurent polynomials, which in the following we will denote by Agr,()-
Since,

Py(z;q,)Pu(27"50,t) = Poy i —m) (@ @) Py~ -y (2715008
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where m = min{\,, i, }, the orthogonality (4.3) and evaluation (4.4) extend to all A\, u € P(n).
In the case of (4.4) for A a non-dominant weight, the first expression on the right should be used
as both C} (z¢;¢,t) and 1/02 (zqt”_l; q, t) have a pole (of order one) at z = 1.

For later use we note that by (4.7) and the complementation symmetry for Macdonald poly-
nomials (see, e.g., [3])

Povay (@ h0,8) = (@1 20) M Poy—an o —20,0) (2305 ) (4.8)
we have the further symmetry

Povoam @ a0, t) = POy, (@30, 0). (4.9)

If the involution w on A is extended to the following automorphism of Agg.):

r— 1 - qT
wQ,t(pT) = (*1> ! 1 trpr (4.10)
for all > 1, then
Waq,t (P)\(Qv t)) = Q)\’ (t’ Q)a (411)
where
Cy (t; ;1)
Q)\(Q7t) = iipk(q’ t)
Cy (g5 9,

4.2 BC,-symmetric interpolation polynomials

Let R be a coefficient ring or field, such as Q(q,t) [si] or Q(q,t,to,t1,t2,t3). A polynomial

fe R[xic, . ,xf] is said to be BC,-symmetric if it is symmetric under the canonical action of
the hyperoctahedral group W := S, x (Z/2Z)"™ on R[l’li, ..,z]. Let # := (x1,...,%,). The
monomial basis in the ring of BCy,-symmetric polynomials, Agc(n) = R[:L‘li, . ,xf] W, is given

by {mKV})\GP+(n), where
myY =m¥ (z) = Z ’w(l‘)‘).
weW/ WA

Any non-constant BC,,-symmetric polynomial is necessarily inhomogeneous. It will thus be
convenient to extend the dominance order from partitions of the same size to all partitions in
the obvious way: A > u, if Ay +---+ A\ > pur+ -+ p; forall ¢ > 1.

Let R = Q(q,t)[s*], A\, u € P4 (n) and

<)\>n;q,t — (q)qtn—l7 o q)\nfltv q>\n)
a spectral vector. Then the BC,-symmetric (Macdonald) interpolation polynomial
Pi(g,t,s) = Pi(w;q,t,5)

is the unique polynomial in Apcy) of the form

p;(Qata S) = mZV + Z Cuz\(Qata*g)m?/
)\GPJ,_(?’L)
A<
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satisfying the vanishing conditions

P, (s()\)n;q,t; q,t, s) =0 if u & A, (4.12)

see [32, 35]. Since any triangular BC,,-symmetric polynomial with leading term mZV is uniquely
determined by its values at z(\)y;q+ for A < p and some arbitrary nonzero z, the above vanishing
conditions in fact lead to an overdetermined linear system for the coefficients c,y. One of the
main results of [32] is the actual existence of the interpolation polynomials.?

The interpolation polynomial 15; (g,t,s), whose top-degree term coincides with the Macdonald

polynomial P,(q,t), satisfies the symmetries

Pi(xiq.t,s) = Pi(x;1/q,1/t,1/s) = (—1)M P¥(—x;59,¢, —5) (4.13)
and
D —nN _—n(Y) 5« -
Privmy(@;q,t,8) = (=s) Ng (Q)Pu (z;9,t, sqN) H (sat;-t; q)N (4.14)
i=1

for N an arbitrary integer such that N > —pu,. Like the Macdonald polynomials, this can be
used to extend the BC,, interpolation polynomials to arbitrary weights u € P(n):

n

Pr(wig,t,s) = (=s) g ") Py (wrq,t,50") ] (s9F50) (4.15)

n
i=1

where v := (1 — fin, -« s fin—1 — pn,0) € Py(n). Of course, for p not dominant, i.e., for

p & Py(n), P;(z;4,t,s) is not a Laurent polynomial but a rational function in .
The interpolation polynomials also admit a closed-form evaluation at z = s{it)n.q,¢

P,u (8<:u>n;q,t; q,t, S)
= (sqt”_l)7‘“‘q_2n(“/)t"(“)0; (g; q,t)C;r (32152”_2; q,t) for p € Py(n), (4.16)
as well as a principal specialisation formula
]5; (Z<O>n;q,t; qt, 8)

0 —1.
= (—Stn_l)7|M|q_”(u’)t2"(u) Ca(t" s/z 25" 5, 1)

Cu (t:q,t)

for p € P(n). (4.17)

They may also be used to define generalised g-binomial coefficients [35, p. 81]

A P*(st' "N p.as:q, t, st

[ :| — _H( - < >n,q,t q - )’ (4.18)
Hlgt.s Py (St (W) nsq 3 45 Ty St 7")

where A\, v are partitions and n is an arbitrary integer such that n > I[(\), (). The independence
of n readily follows from the fact that for any u € P(n+ 1),

_ P*(xq,...,xn;q,t,st) if p € Pp(n),
Pﬁ(m,---,xn,ssq,tvs):{ o R (4.19)

0 otherwise.

2 Alternatively one may replace (4.12) by vanishing for A < p so that uniqueness and existence are immediate
and then prove the extra vanishing conditions.
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A

Clearly, m e T 0 unless 4 C A and [()ﬂ ats [,\] a.t,s

12g}

A I (20
H q,t,s H 1/q,1/t,1/s H q,t,—s

so that, in particular, the generalised binomial coefficients are a function of s? only. Less obvious
is that the g, t, s-binomial coefficients satisfy conjugation symmetry [35, Corollary 4.3]

N A
[ } _ [ ] . (4.21)
2 t,q,s H q,t,s—1(qt)—1/2

As an immediate consequence of (4.14),

ot v,

= 1. By (4.13) it also follows that

= q—WuIN

Cg (82q2Nt17n, qNJrltnfl; q, t)Cg (quNtlin, qtnfl; q, t) |:)\ (4 22)

CR(s2q*Ntt=n, gNH1n=1: g, £) O (2Nt —m, gt~ 15 g, ) M] GtsgN
Similarly, from (4.16) and (4.17),

[(1:2”)

Ca(t", s*Nt' ™" N5 q,t)
Ci (¢4, )Cif (525 ¢, 1)

] _ (=gl (e
q,t,s

For t = g the BC,, Macdonald interpolation polynomials simplify to the corresponding Schur
functions, see, e.g., [33]. These are expressible as a simple Weyl-type determinant as
Pr(oiae) — deti<ijen (P, 1nj) (@310, 0, 5))
3 [ S 3 - 1— )
! [Lo 2 " Ihci jen (i — ) (@im; — 1)

where
k

Pi(%¢,0,8) = (—5)"q(2) (s2%;q) .

By (4.18) this yields the following determinantal expression for the generalised binomial coeffi-
cients when t = ¢:

n 2 2-2n,
H = (—1)Mgn ) =n()~r-Dlu+ =Dl T (s " a),,
K 49,9, i=1 (Q7q)1’z (52q272nQQ)2V
(1 - qyiil/j) (1 - quyi+yj72n+2) 2 Ki—2n+2 Ki
1T —ha. 42
: 1<g<n (1 —grimrs) (1 — s2qhatrs—2n+2) &%, (s 4),,), (4.23)
where n > I(p),l(N\) and kK = (K1,...,kn), ¥ = (V1,...,Vy) are strict partitions defined by

Ki = ANi+n—1t,v:=pu+n—i.

4.3 (Lifted) Koornwinder polynomials

Let t := (to,t1,t2,t3) and = := (z1,...,x,). For our purposes the most convenient way to define
the Koornwinder polynomials

Kx(q,t;t) = Kx(w;q, ;1)
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for A\ € Py (n) — which are BC,,-symmetric polynomials with coefficients in Q(q,t,1), see [20] —
is through Okounkov’s binomial formula [32]:

Cy (4, )Cf (T q,1)
Cy (t;q,1)CY (T% ¢, t)
C/(\)(tn,tn_ltotl,tn_1t0t27tn_1t0t3§Q>t> A
OOt tn=Ytoty, " Lota, t"~Ltotz; g, 1) [

Ka(g.tit) == ) (tot" 1)~ Wulgn/m
nCA

| Blatw, a2
q,t,T

where T2 := t?"~2t(t1tot3/q, and where we recall that [2‘] T is a function of T2 only. By (4.13)
and (4.20) it follows that -

Kx(z;q,t:t) = K\(2;1/q,1/t;1/t) = (~1)M K\ (=23 ¢, 8 —1), (4.25)

where 1/t is shorthand for (1/to,1/t1,1/t2,1/t3). One drawback of the above definition of the
Koornwinder polynomials is that it hides the Sy-symmetry in the parameters tg, t1, to, t3. It
however follows from the connection coefficient formula for the interpolation polynomials [35,
Theorem 3.12] combined with the multivariable ¢g-Pfaff-Saalschiitz summation [35, Theorem 4.2]
that the obvious Ss-symmetry lifts to Sy, see [35] for details.

The main result for Koornwinder polynomial that we will be needing is Mimachi’s Cauchy
identity [28, Theorem 2.1]

Z (*1)|>\|K(mn) Azq, ) K (y;t, gt HH xiy;) (@ —yy)(zey; — 1), (4.26)
AC(m™) 1=1j=1

where y := (y1,...,Ym)-
As mentioned in the introduction, the lifted Koornwinder polynomial [35]

K)\(q7taTat) :K)\(x17x27aq7t7Ta§) (427)
is the unique symmetric function such that
~ K s Ty tit) i L) < n,
K)\(:L'it?'"axi:aoaoa"';Q>tatn;§) = )\<m17 e 77) 1 ( ) . " (428)
0 otherwise.

Some care is required when dealing with this function since the above equation requires t to be
generic. Issues may arise for ¢ such that C’/J\r (t2n*2t0t1t2t3 /4; q, t) = 0. This for example happens
for the parameter choice ¢ = (1, —1,t1/2, —¢1/ 2) in which case it is important to specialise T' = t"
before specialising t.

Recall the universal orthogonal, symplectic and special orthogonal characters, defined in (3.4),
(3.5) and (3.7).

Lemma 4.1. We have
spy = Ko (¢4, T54"%, —4*"%, ¢, —q).
or = K (q,4,T51,-1,4"%, —¢'/?),
son = K (q,¢,T;—1,—¢"2,¢"2,q).

Proof. Given that the lifted Koornwinder polynomials are the unique symmetric functions
satisfying (4.28) and the universal characters spy, oy and soy are the unique symmetric functions
satisfying (3.6) (in the case of spy and o)) or (3.8) (in the case of so)), it suffices to show that

Sp2n,)\(x17 s 7xn) = K)\ (3317 - Ins 4, 45 q1/2a 7q1/27 q, 7q)a

02n,)\(x17"-7xn) :K)\(xlv"'axn;Q7Q;17_1 q1/2 - 1/2)7
SOQn—l—l,)\(xl)' . '71"71) - K)\(J"lv ey Iy q,4q5 — -1 y —q / 1/27Q)‘
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All three of the above identities follow directly from [42, Section 2.6]. For example, for t = ¢
and t = (q1/2, —q'/2,q, —q) the Koornwinder density A(z;q,t;t) simplifies to the standard C,
density

Acz)=[[ (- -22)° ] 27200 —2/%)%( - ziz)?

i=1 1<i<j<n
for which
1 dz; dz,
—— [s S A — e —— =0y
s | o) (A T T = by,
Tn
Similar reductions to Weyl-type orthogonality relations hold for the other two cases. |

4.4 Elliptic interpolation functions

The (BC,-symmetric) elliptic interpolation functions R}, (a, b;q,t;p) [5, 36, 39] are an elliptic
analogue of the BC,-symmetric interpolation polynomials P;(q,t,s). Although they satisfy
analogous vanishing conditions, their definition is more complicated. Below we follow the char-
acterisation of these function given in [36].

A BC,,-symmetric theta function of degree m is a BC,,-symmetric meromorphic function f
on (C*)™ such that

flpxi,x9,...,2p) = (1/px%)mf(x1,x2, ceey Tp).

For example, []7"; H(uxf; p) for u € C* is a BC,-symmetric theta function of degree 1.
Given two partitions A, p C (m') such that A # p let

lo = max{i: \; # p;} and l1 = max{i: \; = m},
where I; = 0 if Ay < m. Given such l; and [o, further let

[ — ll if )‘lo < Uiy,
lg otherwise.

Note that [ = n if and only if A, > g, and [ =0 if A\; < p; for all 1 <7 < n.
Now fix a nonnegative integer m and partition x C (m™). Then the interpolation theta
function

P (. w0, b, 8 p)

is the unique BC,,-symmetric theta function of degree m such that for all A € (m"), A # u,>

P:(m) (quf)‘l, - quf)‘ltlfl, aq’\”ltn*l*l, . ,aq)‘”; a, b;q, t;p) =0

and

Py (2(0)nsqu: @, b g, 1 p)
= Gy (1" 102,b/ 25 g, t:p) A (ag ™™ "1 /bt Yz, a /2 4,1 p). (4.29)

31t is assumed that the parameters a, b, ¢, t of PSWL)(CL7 b; g, t;p) are chosen to be generic, and similarly for z
in the normalisation (4.29).
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Since the interpolation theta functions satisfy

n

P;(m+1)(l‘ a, b; q,t,p) P (m )(x a,bq; q,t; p)HG(b:L‘Zi;q,p), uC (m”)a
i=1

(and thus Pg(m)(m; a,b;q,t;p) = H?Zl(bw;-t; q,P)m), the ratio
P (a, g™ 4, t; p)
P (a,bg=m;q,t:p)

is independent of m (provided m > u1) and a degree-0 (hence elliptic) BC,-symmetric theta
function. The elliptic interpolation functions satisfy vanishing conditions analogous to (4.12):

R (a,b;q,t;p) ==

RZ(G<)\>n;q,t; a, b;q, t;p) =0 ifpd A (430)

for A € Py (n). They also satisfy

* . . . — P* (- . - Q(sz ’p)
R;Hr(ln)(xvaa baQatvp) - Ru(xaa%b/%q’t p 11;[1 G(pqa:i/b p)

so that, once again, they can be extended to all 4 € P(n) via

n o (azi;q,p)
R*(z;a,b;q,t;p) = R (z; ag"™, bg~ " q, t; e
W ¢,t;p) = R} (w;0¢",bg "5 q p)g(pqx;t/b;q,p)un

(4.31)

where v := (1 — fny- -, fin—1 — fn,0). We further extend this to pairs of weights pu =
(,u(l),,u@)) € P(n) x P(n) as

R} (7;a,b;t;p,q) := R<1 (z;a,b;p,t; q)R @ (z5a,0;q,t;p). (4.32)
In the limit the elliptic interpolation functions simplify to the BC,-symmetric interpolation
polynomials:
’ C_(tq t) _
li * o, . — (_ o1 Il n(u )t—Qn(u) HADD Y Pro ¢ 4.33
plg(l)Ru(s,bp sq,tp) = (—st" 1) Mg Ot q.1) i (q,t, ), (4.33)

for 0 << 1and € P(n).
In the following we need a number of identities for the BC,, interpolation function from [36].
By (4.29) and (4.31),

R (2(0) nig,t3 @, bi g, t;p) = A (at™ ' /blt"az,a/z;q, t; p) (4.34)
for ;1 € P(n), which generalises (4.17). The elliptic analogue of (4.16) is given by

R;(a<ﬂ>n;q,t; a,b;q,t;p)

- 1 C;r( 2t2n 27Q7t p) (4 35>
Af (a?t2n=2abt" =Y g, t;p) Ay (at™ =1 /0l g, t; p) Cpi (at™ =1 /bs g, t;p) '
for p € Py(n) and the analogue of (4.19) by
R;(.%'l, ooy Tpy a5 a,b; Q>t7p)
Co(t” apq/bt; q t-p)
LR "2 R (x4, . .., @ at, b g, t; if u € Py(n),
= ¢ CR(t"+,apq/biq,t;p) o ! tp) ifp e Pi(n) (4.36)

0 otherwise,
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for p € P(n+1). We also require the symmetry

Ri(x3a,b5q,tp) = (agt"" /b) WO 20 W B2 (p1/2; ap!/2, bp /% g, 5 p), (4.37)
for u € P(n).

Given partitions A, u and n an arbitrary integer such that n > [(\),l(u), the elliptic analogue
of the binomial coefficient m ., is defined as [36]

iAg)

</\> _ Aalbsg,t;p) Cif(aiq.tip) Ry (a2 (N) g umi /277, b/a /% g, 5 p)
1 gy AU(albia,t;p) Cif (a/b; q,t; p) R (a' P07 (1) g am; /2817, b/al /2 g, £ p)
= AR (albs 4, 1 p) Ay (a/blt"; g, t:p) By, (V287 (N) gsns a 2817, b/al 2 g, 8 p),

where the equality of the two expressions on the right follows from (4.35). Since
R (z;a,b:q,t:p) = Ry (=25 —a, =biq, t;p),

the elliptic binomial coefficients are a function of a (as opposed to a'/?) so that no choice of
branch is required. Moreover, by (4.36) they are independent of the choice of n on the right
as long as n is sufficiently large, and by (4.30), they vanish unless 1 C A. Since, for p C A,
AR (alb; q, t;p)/AB(a!b; ¢, t;p)|p=1 = 05, (and since no poles are hit by taking b = 1 in any of the
other terms in the definition of the elliptic binomial coefficients)

<A> — by (4.38)
B/ [a]sqtp

Furthermore, since Ry = 1,

A A CY (a;q,t;
< > = AY(alb; q,t;p) and < > = M. (4.39)
0 [a,b];q,t;p A [a,b];q,t;p C)\ (a/b; q,t; p)
By (4.34), also for A = (N™) the binomial coefficients factor:
(Nn) _ AO b: . A b n N;j1-n _—N,. . 4.4
- (Nn)(a| 7Qat,p) ,u(a/ |t y aq 13 yq aqvtap)' ( . 0)
K ablastp

The elliptic binomial coefficients satisfy a large number of symmetries and identities, and for
a complete list of these the reader is referred to the original papers [36, 38, 39] or the survey [45].
Here we state a selection of result needed later.

The most important summation for elliptic binomial coefficients is the convolution-type for-

A
> Aﬁ(a!d,e;q,t;p)< > <M>
B/ (abpliatip \V/ lascliqitip

vCpuCA
0 . .
_ AY(ablbd, be; g, t; p) <A> ’ (4.41)
[ab,bcl;q,t;p

mula

~ AY(a/clbd, be; q,t; p) \v

provided bede = apq. For be = 1 the right-hand side trivialises by (4.38), resulting in the
inversion relation

> <A> <“> = O (4.42)
K/ [abbliatp \V/ [a,1/8]50,tp

vCuCA
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By (4.39) and (4.40) it follows that the special case A = (N™) and v = 0 of (4.41) corresponds
to the (B)C, -analogue of the elliptic Jackson sum (2.18), see, e.g., [5, 17, 36, 43, 52].

Two important symmetries we will rely on in Section 7 are the reciprocity and conjugation
symmetries

() ~()
1 jaaminjaijep N (1 age Bt

_ (_aq)|u|—2AIqn(u’)—4n(>\/)t4n(/\)—n(#)<>‘> . (4.43)
P/ [ab/plsa.tp

Finally, as follows from (4.18) and (4.33), in the limit the elliptic binomial coefficients reduce
to the binomial coefficients (4.18):

lim <)‘> _ (S q)|)‘/ﬂ| 2n(N /u/ )t_QnO‘/M)C—’_(S q,t) |:A:| ) (4.44)
PEONRS [s2,6/p1 /2 a3 a;t,s

[Ag)

In Sections 5 and 7 we also use the p, g-symmetric variant of the elliptic binomial coefficients,
defined as

A A A2
< >[ bt <M( )> <M( )> o
a,bl;t;p,q [a,0];p,t;q [a,0];9,t;p

5 Elliptic beta integrals and interpolation kernels

5.1 Elliptic beta integrals

Let n be a positive integer, m an even nonnegative integer and p, q,t,tg,...,tm—1 € C* such
that |pl,|¢| < 1. Then the elliptic Dixon (or type I) and Selberg (or type II) densities are defined
as [38, 40, 45]

| S A
Ap(zito,- s bmoripyg) = rn [ - H =0 Lyaltr)
1<i<j<n qu p‘Z(Z )
and
T, (tzFzt o) TT Ty (82
As(z;to,.. tm 1,tp,q) = Ky, PQ( :zt :]t)H p,q()Hr_O ig‘l( )’
1<i<j<n FPv‘I(Zi Zj ) i=1 FPvQ(zi )
where
_ _ p)s(g 95
kn = Kn(p, q) = Q"n‘(—Qm)”
The actual elliptic Dixon and Selberg integral evaluations are given by [10, 11, 38, 45]
dz; dz
/AD(z§t0>'--7t2n+3§paQ)"'n = H Fp,q(trts> (5'1>
21 Zn
0<r<s<2n+3

for to - tont+3 = pq, and
dz1 dzn

21 Zn

<qu &) I Tpat 't )> (5.2)

0<r<s<h

Sn(t077t57t7p7q) = AS(Z;tO,.. t57t p?Q)

—

— o

=1
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for t2"=2tq---t5 = pg. In both integrals C is a deformation of T", separating the double
geometric progressions of poles of the integrands tending to zero from those tending to infinity.
For (5.2) we must also have that tC' is contained in C. When |u,|,|t,| < 1 for all r as well as
|t| < 1 in the elliptic Selberg case, we may simply take C' = T".* For n = 1 the integrals (5.1)
and (5.2) coincide and correspond to Spiridonov’s elliptic beta integral [49].

Given a BC,-symmetric function f, we define its elliptic Selberg average by

(n) _ ! . oL A3
<f>t0,...,t5;t;p7q " Su(to, ..., ts;t:p, q) f(Z)As(zito, -, t5it P, 0) 21 Zn
C

where C' = (Y is as above and 202ty .- - t5 = pq.

5.2 The interpolation kernel

Let z,y € (C*)™ and ¢,p,q,t € C* such that |p|,|q] < 1. Then the interpolation kernel
Kc(z;y;t;p, q) is a meromorphic BC,,-symmetric function in both z and y, satisfying

Ke(z;ystip, q) = Ke(@; ys tyq,p) = Ke(y; 25630, 9) = K—e(—x5 9580, q) (5.3)
such that [40]

n (1) (2) + +
pg 2w Ty g0y, ba)
Kol 4 it;p,q) = R (x;a,b;q,t; (—) ey 5.4
c(x a<“>n,t,p7q/c p Q) “(QZ a,0;q p)l:[ ab qu(tz,abtnfz) ( )
=1 ’
where ¢ = abt" ! and
(COREC R (1) (2) (1) (2)
(W)nitipg i= (P @ t" 1, pPemaghnsat, phn gt

is an elliptic spectral vector. The interpolation kernel may recursively be defined using the initial
conditions

r ca:iyi
Ke(=5—t,p,q) =1 o Ke(zi;913t,p,9) = Llj) (5.5)
Lpq (t,c )
and branching rule
IC (x v tp q) o H?:l vaq (Cy?:’th;t)
c\Ly Yy by Py - + +
RO (] B (c?) [hi<icj<nTra (t; Z; )
. dz; dz,—1
X /’Cc/tl/z(Z;y;t;p, Q) Ap (t'/22%, gyt fct'/?; z; p, Q)ZT'“ — = (5.6)
.
C

for z,y € (C)™, § = (y1,---,Yn-1), 2 € (C*)"~! and a suitable subset of the parameter space.
By (5.3), making the substitution

(c,tl/Q,x) — (—c, —tl/Q,—:r)

(and also negating the integration variables on the right) leaves (5.6) unchanged. Hence there
is no need to fix a branch of t!/2. We further note that the symmetry of the kernel in y is
not manifest from the recursive definition, but follows from a similar such symmetry for the
“formal interpolation kernel” K.(z;vy;q,t; p) defined in [40] as a generalisation of the connection
coefficients identity for Rj(z;a,b;q,t). (By (5.5), for n = 2 the symmetry is an immediate
consequence of a special case of the elliptic integral transformation [38, Theorem 4.1].)

4For a more detailed analysis of the contours and potential issues, including existence, see the appendix of [38].
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5.3 The dual Littlewood kernel

Following [40] we consider two further kernels, known as the dual Littlewood kernel and Kawana-
ka kernel. For the dual Littlewood kernel, L..(z;;p, q), let © € (C*)™ and ¢, p, ¢, t, u,v € C* such
that ctuv = p and |p|,|q| < 1. Then [40]

1

I, T, (cunlcjE cvwi)
da  da

//C zxitp, @) As (25 u,v; 5 p, ¢%) —

z1 Zn, '

Lo (x;t;p,q) =
(5.7)

As shown in [40, Corollary 7.3], the right-hand side depends on the product of u and v only so that
the dual Littlewood kernel is well-defined. Like the interpolation kernel K., £’ .(—x;t,p,q) =
Ll(—z;t,p,q). Tt further satisfies the symmetry

Li(zipa/t;p,q) = Li(zitip,q) [[ Tpg(taiay),
1<i<j<n
and factorisation formula
n
cl(p/ql‘/)l/2 (m;t2;p2’ q2) - FZ2,q2 (p/qt) HFP2#14 (pqxiﬂ/t H [y pqx mi/t) (5.8)
=1 1<i<j<n

Evaluating (5.7) at © = a(()n.t.pq/c and using (5.4) as well as the simple relations I', ;,(2) =
T, .2(z,2q) and

Pyq
T k 0
Loa(2'0) _ (—2) G g *C) (23 p, q)u(2: 9, ), (5.9)
an(z)
we find
(n)
;C’ (a<“>n,t,pq/c t: ' D, q ) ( t” 1>22n (2) <RH(Z a, b qat p)>a ,aq,b,bq,u, v,t,pq

Eé(a< >n,t,p,q/ca t;p,q)

4

A, (at®=1/blaut™1, avt" 1 t;p, q)’

where, as before, c*uv = p and ¢® = abt"~!. Replacing (p,q,t) — (pz, 7, t2) and then specialis-
ing ¢ = (p/qt)*/? the left-hand side factors thanks to (5.8). By (5.9) this yields

o peg2.02 2)\ ()
<RZ (z,a, bit5p7q )>a,aq2,b,bq2,u,v;t2;p2,q4
— Ag, (at2”_2/b|a2q2t2”_2,athn_2 avt2n_2't2;p2, q2)
— 4202 2 + 244n—4. 42
y C,, (pat; 125 %, ¢*) Cf (@@t =% 2 p%, ¢?)
Oy 1y (@Pq 251292, ¢)

; (5.10)

where uv = (qt)? and abgt®* !

= p. For later convenience we interchange p and ¢ (and
(,u(l),,u(z)) > (,LL(Q),,u(l))). Using the p, g-symmetry of the Selberg average, and finally re-
placing (a,b,u,v) — (q/bt,q/at,ptv,pt/v), (5.10) may equivalently be stated as in our next

theorem.

Theorem 5.1. For u € P(n) x Py(n) and a,b,v,p,q,t € C* such that ab = pqt**~3 and
pl,lal <1,

* (. 2.2 2\\(n)
<R“ (z,q/bt,q/at,t P )>q/at7p2q/at7q/bt7p2q/bt,ptvmt/v;tQ;p47q2
C,. (pat; %502, ¢%) Ct (0?5 8% 0%, ¢7)
O ), ((apt) %82 p%, ¢2)

= A} (a®t/pq|a®t>*", atv*; % p%, ¢°) (5.11)
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Eliminating b, let f,(a,v;t;p,q) denote the left-hand side of (5.11) for p = (0,u) and
€ P(n). By (4.31) and (5.9)

fula,vit;p.q) = fo(ag® ", vit;p,q),

where v 1= ((1 — fin, - - -y ln—1 — in, 0). For this special choice of p, the same functional equation
is satisfied by the right-side of (4.31) thanks to (2.14), leading to the following corollary.

Corollary 5.2. For i € P(n) and a,b,v,p,q,t € C* such that ab = pqt>*=3 and |p|, |q| < 1,

. L2 420 2\\(n)
<RZ(z,q/bt,q/at,q 5P )>q/at,pQQ/at,q/bt,pQq/bt,ptv,pt/v;tz;p4,q2
Cy (pat; %, 8% 9%) Cf (0% 6%, 1% p%)

= A%(a®t/pq a2 atvt @2, t2 p? (5.12)
H( | ) Cg,ﬁ((apt) q2 t2- p )
According to [39, Corollary 4.14], if a?b?uvt?~2 = p then®
(Ba(za,0:t5p,0))") o= AR (at" ! /bla?qt™ ! aut™ avt™ ™ 1 p, q)
A (1/0%]E", a®qt™ st p, ¢2) < A > (5.13)
I A2 (1/0%]t7, a?qt Yt p, q) \(1,2)p [at™ =1 /b,abt"1];t;p,q
Combining this with (5.10) and using
A X o 1
AP ), (1/0%tn a2qtr=Yitp, ) AR (1/6%qt", a?q?t" Y, 2)

which is equal to 1 if a?b?qt?>"~! = p, leads to the following quadratic summation formula.
Corollary 5.3. For A € Py(n) x Py(n),

Ap(al-5t% %, q) < A >
A2y (al =58%0% 6%) \(L2)B/ apg/t p gtz g2

|
Cy (pat; t%;p%, ¢*) CY (ap? /1% £%; 0%, q )
Clhpyne (aP*0% 1% 0%, ")

N

5.4 The Kawanaka kernel

For the Kawanaka kernel, £ (z;t;p,q), we have a very similar definition and set of results as
for the dual Littlewood kernel.

Let x € (C*)" and ¢, p, q,t,u,v € C* such that c2uv = pq and |p|, |¢| < 1. Then the Kawanaka
kernel is defined as [40]

L (z;t;p,q) =

|::]:

- ch cv%i)
d dzp,
/IC 22w t% 0% q )Ag(z w, v;t;p, q) 22’1 : i7 (5.14)
1

Zn

which once again does not depend on the individual choice of u and v. The Kawanaka kernel
satisfies the symmetry

L. (x5pq/t;p,q) = L, (z;—t;p,q) ) I] Tw z¥),

1<i<y<n

®The statement of [39, Corollary 4.14] contains a minor typo in the argument of A$.
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and factorisation formula
- n 1/2 :t +
Loy (3 ltp,q)—F,,2,q2(19Q/t)1_[1 pa(—(pa/t) 1<1:[< Tpz g2 (pgaia /t). (5.15)
i= i<j<n

Evaluating (5.14) at = = a(u)
case, also using

Fp27q2 (22) = ]'_‘pvq(z’ _Z)7 (5'16)
we find

'Cc_ (a<p’>n;t2;p2,q2/c; t;p, Q)

Lo (a<0>n;t2;p2,q2/6; t;p, Q)

( 2,,242n— 2)227 L <R (Z a,bi ", % p” )>51732ﬁal/Q,bl/Qﬁbl/Q,u,v;t;p,q

Ag (atQ”_Q/b]aUQt%_z, anth—Q; t2; p27 q2)

nit2:p2 g2/ ¢ and proceeded exactly as in the dual Littlewood

where c2uv = pq and ¢ = abt**~2. Replacing t — —t and then specialising ¢ = (pq/t)'/2, the
left-hand side factors by (5.15), leading to our next theorem.

Theorem 5.4. For pu € P (n) x Py(n) and a,b,u,v,p,q,t € C* such that abt® ' = pq, uv =t
and |pl, lq| < 1,

<RZ (223 a, b; t2;p2, q2) >S32,7a1/2,b1/2,7b1/2,u,v;ft;p,q
— AE)J, (ath—Q/b‘GQth—Z’ au2t2n—2 anth—Q_ t2;p2, q2)
y C,, (pat; 125 0%, ¢*) Cf (044 4% p? g ).
C3 2 (—at?™ 1 —t;p, q)

(5.17)

From (2.13), (5.9) and (5.16) it follows that (5.17) for pu = (0, ) again extends from partitions
to weights.

Corollary 5.5. For y € P(n) and a,b,u,v,p,q,t € C* such that abt>*~! = pq, uv = t and
Ipl, lal <1,
2, 7. 2,2 2\\(n)
<RZ(Z ;a,b;q”, 1% p )>a1/2,—a1/2,b1/2,—b1/2,u,v;—t;p,q
_ Ag (atznfz/b’a%whz7 aut? =2, g2, q27t2;p2)
C,, (pat; ¢, 1% p*) CF (a4 ¢, 1% p?)
X )
C3 2 (—at* =L q, —t; p)

The analogue of (5.13) in the Kawanaka case is given by [39, Corollary 4.16]

k(2. 1,422 2\\(n)
<R)\(Z ;a,b;t%p%,q )>a1/2,—a1/2,61/2,—b1/2,u,v;—t;p,q
— A(}]\ (at2"_2/b|a2t2"_2, au2t2n—2’ av2t2n—2; t2;p2, q2)

» Z A (1/6(—=t)", —a(—=t)" "1 —t; p, q) <)‘>
" Ay (1/[)2’752”, at?n=2: 12, p2, q2) B/ [at2n—2 /b,abt2n—2];12;p2 g2

t2n—1

t2n—2

for abuv = pq. Since for ab

=rq

AL (1/6l(=t)", —a(=)"" Y5 —t;pq) 1 B
AY (1/02(20, a?t2n=2; 12, p2, ¢2) AY, (1/b]=(=t)™, a(—t)"~1; —t; p, q)

we thus obtain the quadratic summation formula of the next corollary.
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Corollary 5.6. For A € P (n) x Py(n),

Z Aplal—;—t;p, q) < >
(a2|7 t%;p?, q [a?pq/t,pq/t];t%;p% .42

"
C tt, 2 222t2;t2; 2’2
_ Cx (pats 1% 0%, ¢%)CX (a®p?¢/ pq). (5.18)
CY,2(—apg; —t;p, q)

Here we note that @ in (5.17) has been replaced by apgt!=2".

6 Transition coefficients via elliptic hypergeometric integrals

6.1 Transition coeflicients

Recall that the Macdonald polynomials Py indexed by weights A € P(n) form a basis Aqy,,). In
particular, any BC,,-symmetric polynomial can be expanded in terms of Macdonald polynomials.
If {fa} (for A € Py(n) or A € P(n)) is a basis of Agg(,) and g an arbitrary element of Agc(y)
which expands in this basis as

9=>_cnfn
A

we will write [fy]g to denote the coefficient cy. By (4.9) it then follows that

[Pov o) (@ D)) g = [P —a)(@:1)] g, (6.1)

so that it suffices to consider [Px(g,t)]g for A € P(n) such that A; > 0
We are concerned with computing the transition coefficients

(gt 5) = [Pa(g. )] Pila.t,5) € Q(q.t)[5,57"] (6.2)
for A € P(n) and p € Py (n). Apart from

((:\11), 7)\ )’ (Q7t73> - C((z))\n7._.7,)\1)7u(Q7t7 S)?

it follows from (4.13), the homogeneity of the Macdonald polynomials and (4.5) that C/(\Z) satisfies
the simple relations

(g, t8) = &1/, 1/t,1/s) = (=DM (g, 1, ).
(n)

It will be convenient to scale ¢, , (¢,t,s) to a function that depends polynomially on s2. To
this end we define

(g1, 8) 1= (st 1)) =nO)2n0)=2m (1) (g 4 ) € Q(g,1)[57], (6.3)

where we recall that n(\) and n()\’) are defined for arbitrary weights A on page 7. Some of the
above symmetries for C/(\Z) translate to

C)(\M) (C.I7 t7 8) = >(‘M) (Q7 ta _8) = (?) C((_))\n’._.7_)\1)’H(Q7 t’ S)' (64')
Lemma 6.1. Let A\, u € Py(n). Then
ciats)=0  if Agp

and C/&) (g,t,s) =1.
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Proof. According to [35, Theorem 6.16], for A\, u € Py (n),
CAN = [P)\(-ZU:‘:; Q>t)]p;($7 q,t, 3) =0

if A\ ¢ u (where Cy, € Q(g,t)[s%]), and C,,, = 1. We also have, for A € Py(n) and v € P(n),
that

Cox = [Py(z;q,1)] Pr(z%5¢,1) =0

if |A| — |v| is odd, or if there exists an 1 < i < n such that |v;| > A; (where Cyx € Q(g¢,t)), and
Cyx = 1. Combining these two results the claim immediately follows. |

Corollary 6.2. Let N € Z and pn € P (n). Then
oy (@ t5) =0 if (IN]") & p

It seems to be a hard problem to get a handle on the general form of Cﬁz) (q,t,s). Whenn =1
it is a straightforward exercise in basic hypergeometric series to show that for N an integer and
k a nonnegative integer

k
(1) 1/2\ _ 2 i(i+N) | K k
Congpy (@:150'7%) = 3 s )[i]q[mz\fh (65

Here mq is the standard ¢-binomial coefficient

k % for 0 <i <k,
| =9 @ )ilG e
“Jq 0 otherwise.
For s = 1 the sum in (6.5) can be performed by the ¢-Chu-Vandermonde summation [13,

equation (IL.7)] to give

(1) 1/2 2k
Gy (4:1:477) = [k:+N]

which generalises nicely for A = (N").

Theorem 6.3. For N a nonnegative integer and p € Py(n) such that (N™) C u,

) Cp(t" q. ) Cf (at™ 21 0,1) ﬁ (qt" ha),, |
Cp (t;q,t) = (gt (qt” 549), o n

(N™),p (q’ 2 q1/2) =

(6.6)

By (6.4) with s? = g, the restriction that N is nonnegative is non-essential, and it is of course
clear that the right-hand side of (6.6) is invariant under negation of N. Replacing p +— p+(N")
and using (2.13) and (4.14), it follows that (6.6) may also be stated as

C (  q, )C+( 2N+1t2n 2. . q, t)
(n) t q\/?
Cvmy v (@ 1:477) = Ch(at"1:q.t)Cy (t; 0, 1)

(6.7)

By the connection coefficient formula for Pj(g,t,s), see [35, Theorem 3.12], (6.6) leads to an
(n)

expression for the more general transition coefficient C Cinmy (q, t, sq" 2). Since this result is not
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needed later, we omit the details. We do remark, however, that this expression does not (in an
obvious manner) generalise (6.5), but instead extends the alternative form

(n) : (5¢; Or (5 Qp—i [k 2i
s s =) sV D ’ ‘H [ ] , 6.8
W (@ 1:507) Z-Z;S (sq; 9)i il li+N], (6:8)

which obscures the fact that this is polynomial in s?. The equality of (6.5) and (6.8) follows
from the transformation formula

-N _N 1/2
291 [ /bq g, a2q2N“] = (a/b,aq; q)N 195 [

~bg'% —bg.g™N
qu,aq, bg'~Nja 7

which we have not yet succeeded in generalising to the multivariable setting. The more gen-
eral expression for C((N)") e ( Nn)(q,t,sql/ 2) does however show it to be a rational function in

Qg t,5,",¢"t").

6.2 Proof of Theorem 6.3

In this section we give a proof of Theorem 6.3 based on the elliptic hypergeometric integral (5.12).
Proposition 6.4. For € P(n) and q,t,s € C such that 0 < |q|,|t| < 1 and |s¢'"| < 1,

n (n)
< ZQ7tSH evz“) >

i—1 \5% 34

CY (", s q,1) O (227725 ¢, )
C’B (svt”fl, sv—lgtn—1;q, 75) Cu (t;q,t)
(svti_l, svlgti = q)oo

_ (_stnfl) —|M|q7n(,u’)t2n(,u)

n

X . . 6.9
11]1: (qtz—l, SQtz—l; q)oo ( )
The integrand on the left has simple poles at z; = (sq/‘”““) foroe{-1,1},1<i<nandk

a nonnegative integer. The condition |s¢#"| < 1 ensures that the poles at z; = sq“"“‘k lie in the
interior of T" and the poles at z = s~ 1¢~#»~F lie in the exterior.
Before showing how (6.9) follows from (5.12), we first use the former to prove Theorem 6.3.

Proof of Theorem 6.3. Let N be a nonnegative integer and replace s,v gV tl2 in (6.9).
By (2.8) and (4.14) this yields

n (n)
(_qN+1/2tn—1)Nqn(u’)t—Zn(u)<P;+(Nn) (z; qvt’q1/2) H ZiN>
i=1 q,t

_ Cg(tn, Q7t)0/j_( 2N+1t2n 2’ q,t)
CY(qt"=1;q,t)Cp (t; g, t)
By the orthogonality (4.3),
(Pr(z715q,t) Pi(zq,t, $)>,(;?
(P\(2715q,t) PA(z; q,t)>f;?

Since Pyny(z;q,t) = [[7_, 2, for A\ = (N™) this simplifies to

i=1%i s

) n\
vt = (Bt [[o)

i=1

(6.10)

CA,LL(Q? t7 S) =
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Shifting p +— p+ (N™) and using (6.3), this yields

CO(t7; ¢, ) Cof (N H11202; g, 1)
CY(qt"=1;q,t)Cpi (t5 g, 1)
Equating this with (6.10) we obtain (6.7). [

Covmy s vmy (@ 1,4"%) =

Proof of Proposition 6.4. We begin by making the substitutions a + st>*~2 and v +— v/p
n (5.12), resulting in

. 1-2n /.. .2 ;2. 2\\(n)
<R;(Z7S/pa qt n/S,q 5 p )>qt1*2”/s,p2qt1*2"/s7s/p,sp,tv,p2t/v;t2;p47q2
_ A2(82t4n—3/m‘52t2n—2’ Sth—lv/p7 spt2n=1y; q2,t2;p2)
Cf (st 2,12, %) O, (pat; 4%, %5 p?) -
X 0 (S 244n—2. ;2 {2. 4) : (6.11)
2N2 p 7q 9 7p

The general method for taking the p — 0 limit of integrals such as (6.11) was developed in [37]
and has also applied more recently in [1]. It relies on a trick to break the BC,, symmetry,
resulting in an integral with S,-symmetry only. Denote the left-hand side of (6.11) by .Z.
Then, by

L2 o(2,p2) =Tpq(2),

we have
1

Sn(qt' =27 /s, p2qt!=2" /s, 5/p, sp, tv, p?t [v; 12, p*, ¢?)

x| Ri(zs/p.at' ™" /s;¢* 1% p*) As (2 tv, p*tv; %5 " ¢7)

7

dzl dz
XHFp 2 (87 £ /pqt™" jE/s) ce—,
z1 Zn
=1
By BC,,-symmetry and the identity

S H toz 7 taz]t 1" Mot taz; 7 q) 1 0(t=2]";q)
2 i 0i 5. ’
eIy inl 7i pi- 1t0t1 t=tota, t1=1te; q) \<idien 0(27"2;;9)

we may multiply the integrand by the symmetry-breaking factor
ﬁ szz/p, qtt=22; /s, tvzi,qu_l/p; 2) H(tQZizj;qz)
2i—2n—1 2i—1 2i—2 . 2)

i1 02, =2 /p, st~ o [p, qt* v /5;0%) | o= 0(zizji ¢°)

By the functional equation (2.5) for the elliptic gamma function, this leads to
4 92 2
_ 2n/€n(p 4 )F;l47q2 (t )
Sn(gt'=2/s,p?qt' =" /s, sp, s /p, tv p2t/v‘t2'p4 )

/R* (z:8/p.qt' " /s; ¢, t%; %) HH pqzi/viq°)

T D2 (s(p20)* gt 2"( )i/S) 2 (pto(pz)*, p*tz /v)
H ( 2 (p?2 ) )
H Lyt g2 (077 (0 lej) t*(2i/ %) )%dﬁ

1<icj<n  Lptg? ( (p ZlZJ) (2i/%) ) “1 Zn
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We can scale the contour C' by a factor 1/p without crossing any poles. Then replacing z; — z;/p
(so that the contour is once again given by C') and using (4.37) with

(z,a,b,p,q.t) — (2/p,s/p,qt'~*"/s,p%, ¢*, %),
this yields
- on gAn(u') g—4n(p) (82qt4"*3/p)|“|/€n (p4, q2)FZ4,q2 (tQ)
© Su(qtt2n/s,p2qt =21 /s, sp, s/p, tv, p2t/v; 1% pt, ¢2)

n
X /RZ (215, pgt" " /537, % p%) [ [ 0(qzi/vi ¢°)

i=1

" ﬁ L2 g2 (szii,pqtl_%zii/s)lﬂp 72 (ptvzii,ptzi/v,pgtzfl/v)

F (pQZ:I:Z)
T Tl P b
1<i<j<n Fp‘*,qg(pz(zizj) (2i/z)%) A n

Taking the p — 0 limit using (4.33) and

1/(#:¢) if @ =0,
lm T(p%z;p,q) = 1 ifo<a<l,
p—0 .

(0/29)00 ifa=1,

we obtain

n 2t27, 2t2i—2; q2)oo

Il
lim (p) : P — ( st2n— 2)3|H| Gn,u)t 8n(u)

p—0 \ gt o sqt%_ vi;qQ)oo
C- (t2'q2 t2) _ 0(qz~/v‘q2) (n)
RN T ) P (02 42 62 Z’> 6.12
X CB (th; q27 t2> < " (Z7 q,t,S ) g (szli, q2)oo q27t27 ( )

where we have also used the evaluation (4.2).
Taking the same limit in the right-hand side of (6.11) yields

CB (SZth—Q; q27 t2) C/j_ (82t4n_4; qQ, t2)
02 (sqt2"*2vi; C]Z, t2) :

p\ M ol ,
lim () R = (st?n=2) M gin()—an(p) (6.13)

p—0 \ qt
Equating the right-hand sides of (6.12) and (6.13), and replacing v — ¢/v results in (6.9) with
(q,t) — (q2,t2), completing the proof. |
7 The elliptic hypergeometric function ®,

In this section we define a new elliptic hypergeometric function,

D\ = Pa(q,t;p) = Palas b, ¢, d; q,t; p),

study its symmetries and prove two summation formulas for one-parameter specialisations of

{a,b,c,d}. The p — 0 limit of (g, t; p) will play an important role in proving the ¢, t-branching
rules (1.8) and (1.12).
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For A a partition and a,b,c,d,p,q,t € C* such that |p| < 1, the elliptic hypergeometric
function ®y(q,t;p) is defined as

Q)\(a; b7 c, d7 q, tp)

B Z Cy. (pat; ¢, t%0°) Cf (a®p? /4% %, 85 9) </\>
A9 (el f; q2 2, p?) C9(ap, bp, cp, dp; ¢, t%; p) 1/ (e flig 42
1 2\ 1l 2n(u') —2n(u)
= —eq q t
A (elf: a% 1% p?) % <( )
e (pat; ¢, 1% %) C (0 /6% ¢, %5 p?) </\> ) (7.1)
CB((I, ba ¢, da q27t2;p) H le,fl;q2,t%;p

where e := bed/aq? and f := bedq/a®pt. The equality of the two expressions on the right of (7.1)

is a direct consequence of the quasi-periodicity (2.9) of the elliptic C-symbols. We also note that

®y(a; —a,c,d; q,t;p) is a function of a? only, so that ®y(a; —a, ¢, d; q,t;p) = ®r(—a;a, ¢, d; q,t;p).
For later use we also define the following basic hypergeometric analogue of ®,(q, t; p):

Ct(a®/q,5%q,t) [A
Pa(q,1) = Baasb,c,dig,1) ==y (=1)Wlgmn0gn ) [ ] : (7:2)
% Co(a b ¢, d Q7 ) H q,t,s
where s? := bed/aq. The reason for renaming e in (7.1) as s? is the convention of writing [ ]q e

Here we recall that the g, ¢, s-binomial coefficient is a function of s? only. For A a partition of
length at most one ®,(g,t) is independent of ¢ and simplifies to a balanced, terminating ¢,
basic hypergeometric series [13]:

@ vy (asb,c,d; q,t) = 59, (7.3)

a‘qil/27 _a‘qil/2> —a, dequl/aw qu 2 q,q
a2q717 b7 C? d , ’
Lemma 7.1. We have

; . . -n) = P . -a? %),
;1_1)1(1)(13)\(@, b7 ¢, daQatap) )\(CL, b7 ¢, daq 7t )
Proof. By (2.9a),

AS(elfya.t;p) = (eq)Mg® N2V A (e| £ g, 85 p).

Replacing (p, q,t) — (pz, 7, t2) and substituting the above in the second form for ®, the p — 0
limit can be taken using (4.44) and lim, g C’g’i (zp; 7>, t2;p2) = 1, resulting in the claim. |

The function ®) satisfies the following symmetries.
Lemma 7.2. For \ a partition
®A(1/a;1/b,1/c,1/d;1/q,1/t;p) = ®x(a;b, ¢, d; q,t;p) (7.4a)
and
Dy(a;b,c,d;t,q;p) = Pa(1/a;1/b,1/c,1/d; q,t; p). (7.4b)
Combining these two results further yields

Pyr(a;b,c,d;1/q,1/t;p) = @y (a;b, ¢, d;t, q;p). (7.5)
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Proof. Throughout the proof e and f are fixed as e = bed/aq? and f = bedq/a®pt.
By (2.11) and (4.43),

®\(1/a;1/b,1/c,1/d;1/q,1/t;p)

1 < 2\l —2n(u’) 20 (k)
= (—eq™)~Hlg— e
AR (1/el1/ fp*:1/q?, 1/t% p?) %

e (p/at; 1/¢%,1/t%p°)CF (47 a1/ ¢%, 1/8%; p?) <>\> >
02(1/0’7 ]-/ba 1/67 1/d7 1/q2a 1/t27p) K [1/e,1/ fp2];1/q2,1/t2;p?

<f2p6> [A] g8 8N
AR(

63q6 €q2/p4’fp2; q27 t27p2)
- a2 42,2 +(42/,2. /2 42.,2
X Z(epq/t)lﬂlt_4n(#)cﬂ (qt/p’q U5 p )C,u (CL /q 1q°, 7 p ) A
C9(a,b,c,d; ¢%,t%;p) L :
HCA p\ s U, €, s g, L7, e, f];q2,2;p2

The first claim now follows by applying (2.9a) to A and (2.9b) to C.
Similarly, by (2.10) and (4.43),

(I))\/ ((17 ba ¢, da ta q; p)

L T ((_eq2)lulq2n(u’)t2n(u)

AR (e /12 q% 12, %) 4
y Co (pat; %, 4% p°) C (a® /12587, 4% p7) <X> )
02, (a, b,c,d;t2, q?; p) w [eq?/t2,ft2 ) q?];t2,q2:p?
3,2 10\ |Al —8n(X\)418n(A
_ <e P q ) q n( )t n(A) Z ((_eq2)—|ﬂ|q2n(ﬂl)t_2n(ﬂ)
) A3(1eptatla?/ 1% 4 835 p7) 2
C (pat; ¢*,8%:0°) C,l (1/a*a*; 6%, % p7) </\> >
CS, (1/&, 1/b, 1/6, 1/d; q2, t2;p) H [1/eq%,q2/ fp2t2];q2 £2;p2
By (2.9a) applied to A} this yields
Dy (a;b,c,d;t, q;p)

1 < 2\ — || 2n (') j—2n(u)
= (—eq?) Iulq (') g—2n(p
AS (1/eq*la®/ fp?t2; 2, % p?) %
Cy (pat; %, 8%:0°) C,l (1/a*a%; %, 1% p°) </\> >
CE, (1/@, 1/(), 1/6, 1/d; q2, t2;p) H [1/eq%,q2/ fp2t2];q2 £2;p2
= ®x(1/a;1/b,1/c,1/d; q,t; p).

For the final equality we note that if for e = e(a,b,c,d;q) and f = f(a,b,c,d;q,t;p) we define
é = e(1/a,1/b,1/c,1/d;q) and f = f(1/a,1/b,1/c,1/d;q,t;p), then eq®> = 1/éq* (so that
1/eq* = é) and ¢/ fp*t® = f. |

The elliptic hypergeometric series (7.1) is balanced but not, generally, (very-)well-poised. For
example, as follows from (4.40), the one-row case of ®, is given by

2.2 c A2 2 2,2 .2,2/,2..4 .2
Oy (aib e, diq tip) =Y <(ep E /f;q ;p o (47", a%P*/q 7q2,p )i
(e/f:¢%p )2k (ap, bp, cp, dp; q ,p)k

k=0
y (e/f.pat, eq®™ N ; ¢%, p?) >
(P?q%, 0%/, p* > 2N | f,ep®®N+2 5 ¢%,p?)
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generalising (7.3). Since

(a*p?,a®p? /% 4% p?),  (—ap, —ap®, +ap/q,+ap®/q; ¢, p?),
(ap, bp, cp, dp; ¢2,p), (bp, bp?, ep, cp?, dp, dp%; 2, p?) ,

, (7.6)

D3y (a;b, ¢, d; q,t;p) is a balanced elliptic hypergeometric series of the form (2.17) for r = 9.
The ratio of elliptic shifted factorials (7.6) is however not well-poised, and there are exactly eight
choices for b, ¢, d for which it is: b € {—a, —at/q} and ¢, d one of

c=—d=at, (7.7a)
c=—d=alq, (7.7b)
c=oat, d=—oa/q, (7.7¢)

where o € {—1,1}. By (7.4b) only four of these are independent, and irrespective of the choice
of b, (7.7a) and (7.7b) as well as the two choices for o in (7.7c) are related by conjugation.

For two of these independent choices we have a closed-form evaluation, generalising (2.19Db)
and (2.19d). Our first result is a generalisation of (2.19b), which is recovered for A = (N) after
making the substitution (a,t) — (aq4/bp2, bp/q) followed by (p2, q2) — (p, q).

Theorem 7.3. For )\ a partition,

Bulol/@| 0 2%50%)
7 = s
Dy (a/?;—al? 0" ?t, —a?t;q,t;p) = { Dop(at?/q?|qt/p; ¢%, 125 p?) : (7.8)
0 otherwise.

Proof. By the inversion relation (4.42), the quadratic summation of Corollary 5.3 implies
C,. (pat; %502, ¢*) C (ap® /1251207, ¢%) /X
ZH: Oy 1) (ap?a; %502, ¢*) <
Ay (al-;5t%p?%, ¢%)
= A(1,2)u(a|*;t2;p2aq2)
0 otherwise.

,u> [a,qt/p);t%;p?,q2

if A = (1,2)v, 79)

Choosing A = (0, \) and noting that

Chs (ap®®; q*, % p%) = CO( + a'Ppq, +a'pa/t; ¢, % p),
leads to

3 C. (pat; ¢, 1% p°) Cf (ap? /125 4%, %5 p°) <>\
— CR(£a'?pq, £a'l2pg/t; ¢*, 1% p)
Ay (al-;¢* % p?)
= { Az (al-;¢%t%p?)
0 otherwise.

,u> la,qt/p);q?,t%;p?

if A =2v,

Dividing both sides by A} (a\qt/p; 7, t2;p2) and replacing a — at?/q¢? results in (7.8). |
The p — 0 limit of Theorem 7.3 yields a summation generalising Andrews’ terminating
g-analogue of Watson’s 3F» summation [2, Theorem 1]
N/2 bla: g2
a1/2 _a1/2 qu_l q_N a (q7 /a‘7q )N/2

193 o b2, 12 $q,q| = (aq.b50%) y 5
0 otherwise.

if IV is even,
(7.10)
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Corollary 7.4. For A a partition,

@y (a'/? a2, (at)'/?, —(at)"/?; q,1)
(a/ )Wt—Qn(u) Cu (q, atiq ’t)CI (a, at;qQ?t) f A =2
_ ) (a/a CY o (at; 42, t) e i
= 2u2 at; q=, ( ‘ )
0 otherwise.

Andrews’ summation is obtained by taking A\ = (N) and replacing (a,t) — (aq,b/aq). In
Conjecture 9.1 below we give a second multi-sum generalisation of (7.10).

Proof. In the following we consider the right-hand side of (7.8) with (p2, 7, t2) — (p,q,t).
By (2.9),

A 0 R
A (a|,. t )_ ¢ . —4n()\’)t6n()\) 02)\2(@(]7 Qatvp)
A 34,0, p) = 33 q o 0t OF ot
asq A (q’ 4, 7p) by (a>GQ/ 3 4, ap)

This implies

A, (at/ql-; ¢ t,p)
p=0 Agy (at/ql—;q,t,p)

_ (asqtz)\u\an(u')fan(u)

C3 2 (agt; ¢, 1) Gy, (g, 4, £)Cof (a, at /¢; ¢, 1)
C’O 2(at; ¢, t)Cr (¢2, 65 ¢2,t) C (ag, at/q; ¢2,t)
c, (q, qt; ¢*, )G, (a, at; g2, t)

C3 2 (at; 2, ) ’

_ (a3qt2)\u\q8n(u')t—6n(u)

where the last line follows from (2.12a). Also

1
AS,(at/qlb; q,t; p)

, 1

— =2|p| —8n(n') pAn(p)

= (aqt q t ;
(ogt) A9, (at/qlbp; g, ; p)

and thus

1
lim
p—=0 A9 (at/q|(qt/p)Y/?; ¢, ; p)

— (aqt)—Qlulq—8n(u’)t4n(u)_

The identity (7.11) now follows from Lemma 7.1. [

Before stating our second summation formula for ®, we remark that if instead of specialising
A =(0,A) in (7.9) we take A = (\,0) and then swap p and ¢, we obtain the following higher-
dimensional analogue of (2.19a):

Z C,, (pat; q tQ,p VC.F(ag?/t%; 2, 12 p? )<>\> _ Ax(a\*;q2,t2;p4)‘
5 (ap?a®; 2, % pt) apt/gazzp? Aa(al—; 2, 8% p?)

Our second theorem generalises (2.19d), obtained by taking A = (N) and replacing (a,b) —
(—a/bp,b°pq).

Theorem 7.5. For \ a partition,

Ax(at/q| 54, —t;p)
Ax(a®t?/q?|t/pg; 2, £ p?)

@) (ag; a, —aqt, —at; ¢*, 1% p°) = (7.12)
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Proof. The proof is basically the same as that of Theorem 7.3. Inverting (5.18) using (4.42),
we have

Z Cyu (pgt; ° ,p q )C+(a2p2q2/t2;t2;p2,q2)<>\> __Ax(al-3-tip,q)
( apq; —t; p’Q) [a2 t/pq] tzp q AA(CLQ’*;tZ;pZan)

Taking A = (0, A), noting that by (2.12)
C3 2(—apg; ¢, —t;p) = Cp(—apq, —apq®, apq/t, apg® /t; ¢, t%; p),
and finally dividing both sides by A (a2]t/pq; 7, tz;pQ), we obtain (7.12) with a — agq/t. |

The p — 0 limit of (7.12) yields a generalisation of the following quadratic summation due
to Bressoud, Ismail and Stanton [4, equation (2.1)]:

a,aq, B* N2 g7 5 51 a1 —b/q)(—q,b/asq)N

145,97 = 7.13
193 a?,b,bq a4 (1 —bg?N=1)(—a,b/q; q)n (7.13)
Corollary 7.6. For A a partition,
C5 (—q,—t;¢,t)C (a,at/q; q,t
0 (ag;a, aqt, at; ¢*,1*) = (—a) M2 3 (20 764,00 (0,0t/0:0,1) (7.14)

CQ)\Q(at q,t)

We note that for A = (N) and (a,t) — (—a,b/a) this is (7.13) and that in going from (7.12)
to (7.14) the parameter ¢ has been replaced by —t.

The proof of Corollary 7.6 proceeds along the same lines as the proof of Corollary 7.4, and
we omit the details.

8 Proof of Theorem 1.2

In Section 1 we stated (1.12) as a corollary of (1.8), but in fact both results are equivalent,
and proving (1.12) for fixed m, r and all n > r is the same as proving (1.8) for fixed m, r. To
avoid the use of virtual Koornwinder polynomials in our proof, we will in the following establish
Corollary 1.3 instead of Theorem 1.2.

The first step in our proof is to dualise the three claims of Corollary 1.3, an approach that
was also utilised in [42] to prove bounded Littlewood identities for Macdonald polynomials.

Let  := (z1,...,2,) and y := (y1,...,Ym). By the complementation symmetry (4.8) and
homogeneity of the Macdonald polynomials, the (dual) Cauchy identity (4.6) can be written in
the form (see also [32])

> DM Py (@i g, ) P (vt g) = [ T — -
pC(m™) i=1j=1
Replacing n — 2n and then specialising x4, = x;l for all 1 < ¢ < n yields

n o m

> (0P (25, ) P (vt ) = [T [ ] (s — w) (1 = wayy).

puC(m2m) i=1j=1

Up to the simple factor (—1)™"(y1 - - ym)™ the right-hand side coincides with the right-hand
side of the Cauchy identity (4.26) for Koornwinder polynomials. Correcting for this factor, we
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can thus equate the respective left-hand sides, resulting in

Z (_1)|M|P(m2”)—,u (xi; q, t) P,u’(l/? t, Q)
MC(?’TLZn)

= Z (=)™ K oy (30,68 (Y1 - ym) "B (Y3 L, g5 £). (8.1)

vC(mn)

Let r be an integer such that 0 < r < n, A a partition contained in (m"), and s :=2n—7r > n.
Extracting the coefficient of

Kmry=x (25,15 1) Pmy (y5 t, q)
in (8.1) picks out the term g = (m?®) in the sum on the left and

v=(m,...,m,A1,..., \)
——

n—r times
in the sum on the right. For such x4 and v,
(m*) — = (m") and V =X+ (N™),
where N :=n — r. Hence
[K (-2 (250,15 8)] Piry (554, 1)
= (=) [Pramy (i t, @)] (1 - ym) " K (vmy (3 1, 43 1), (8.2)

where the reader is warned that in the above right-hand side we have not followed our earlier
convention, and [P,\(y;t,q)]f(y) denotes the coefficient of P\(t,q) of f € Agr(m)-

Recall that in (4.7) we extended the Macdonald polynomials to arbitrary weights. Accord-
ingly, for k € Z and p € P(m),

Pu(y;a:t) = W1 Ym) " Plo—r ot (U3 0 1).
This implies that if f is an S,,-symmetric Laurent polynomial in y, then
[Puyst. )] (w1 ym)* F W) = [Plo—tr oty Wi 1, @) f (1)
Equation (8.2) therefore simplifies to
(K iy (@3 ¢, 15 8) | Py (253 0,8) = (= 1) M [Py (3£, )] K (v (3 £, 03 1),

where we recall that N := n —r > 0. Comparing this with (1.12) (where P(B»Cn)(q, ¢, s) and
P(CnCn)(q,t,5) are given by (1.5)) it follows that we must prove three identities for

[Povmy (ys ty ) Koy (vmy (5 £, 65 2).

(Of course, by duality we only need to actually prove two identities.) To state these in the
simplest possible form we first define, in analogy with (6.2),

‘{)EZ) (qataé) = [P)\(J}, q7t>]KIJ«(w7 q7t7£) € Q(Q7t7t07tlat27t3) (83>

for A € P(n), p € Py(n). By (4.25), (6.1) and the homogeneity of the Macdonald polynomials,
these coefficients satisfy the symmetries

60 (g 1:8) = &) (1/q, 1/61/1) = (“)Ng (g 65— = & (g t1),  (84)
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where A = (A1,..., An).
In the case of (1.12a) we need to show that

“m=Niq,t) if X even,

Ay sy (B2 =872, (@)%, —(q1)1 /%) = {(C)A “ otherwise,
where N is an arbitrary nonnegative integer and A\ € Py (m). Replacing

(M N Y15 Yms G 1) = (N 21, 2, £,Q)
and defining

éan(w, 2z:q,) = vy (271wt q),
this can be rewritten as

e (qN,t”; q,t) if \ even,

0 otherwise,

Ay e vy (@102, =2, (qt) 12, (qt)'1?) = { (8.5)

where now A € P (n). By (1.9a) and (2.10),

¢ (w 2:q t) = CSA(Z’qat) C)T (q’ q2’t) C;_ q2w222/t27q27t)
22\W, <5 d, Cg)\(qz/t; q, t) C; (t;qQ,t) C:\l‘(quZQ/t; q2,t) .

Similarly, the dual case of (1.12b) translates to

7 (N 1n TV
(n) ) 12 1/2y _ dr(gV,t";q,t) if X even,
d/\n (g, t:1,—1,¢Y2, — =
WA )(q ! ") {0 otherwise,
with N and A as above, and

Ch%(zq,t) Oy (gt;q,t%) CY (qu?2/t%; q,t%)
C%(qz/t;q,t) Cy (t%¢,12) COF (w222/t3;¢,12)

d)\Q (’U), 2 qat) - d?)\’ (z_l7w_1; i, Q) =

Finally, in the case of (1.12¢) we get

(n) 2 42, — oy (N 7.
L[(N"),/\—i-(N") (q 7t ) _]-a -9, _t7 _qt) = €\ (q ) t 74, t)v (87)
where

é/\(wvz;Q7t) - (_1)‘)\|6)\' (zilawil;tHQ)

B C&) (ZQ; q2,t2) Cy(—q;q,t) C’/J\r (qw2z2/t2; q,t)
N C’g(q222/t2;q2,t2) C, (t;q,1) C’j\r(—wZ,zQ/t;q,t)'

By (8.4) we also have the companion identity

(n) 2 42, _ Ma (N yn.
d‘(N"l)7)\+(Nn)(q )t 717Q7t7qt) - (_I)I |€)\(q )t aQ7t)'
In the following it will be convenient to define

n n—1\|Al,—n n
DN (g, tito 1, o, t5) = (tog™ " )N (@t

CUqt™ Y54, t) Oy (£ 0, ) O (totrtatsg® 122 q,t)
CY (&, gV 11 tot1gN 1 totagN 1 totsgN i1 g, t)

(8.8)
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for A € Py(n). The colon between ty and ¢, t9, t3 indicates the absence of full S4-symmetry.
Comblmng (4.24) with Corollary 6.2 then gives
(q,t to:t1,t2,13)
. Z |!L| —n(p') g) Cg (qtrhl; q, t) C;: (t§ q, t)CJ (t0t1t2t3q2N71t2n72§ q, t)
CH(tm, gNHn=1 tot1gN =1 totag Nt totsgN 1 g, )

HCA

) [)\} C((Jy\LfL) +(Nn)(QatvtO)),
H q,t,(t0t1t2t3q2N71t2n—2)1/2 e

where we have also used (2.13) (with p = 0) and (4.22), as well as the definitions (6.2) and (6.3).

Recalling that Cinlz (q,t,t0) is a function of #3, it follows from (6.7) that

N,
D\ (g, t; —q" 2 =g 21, —g e, "/ ?t)

_ Z( 1)l o) ) H
,u/ q, 7(tlt2t3q2N+1th72)1/2

nCA
C;LF( 2N+1t2n 2 t1t2t3q2N 1t2n 2. q t)
X CO( N+1yn—1 thN+1tn 1 t2qN+1tn 1 t3qN+1tn*1;q,t)

with @, defined in (7.2). If we specialise {tl,tQ,tg} = {—1,t1/2, —t1/2} then, by Corollary 7.4,
N7
DM (g,8;—"2:q12, —(qt) /2, (qt)/?)
— L2 ON+2,2n—2 2N+2,2n—1. 2
(H)Cﬂ(Q7qt7Q7t)CI(q +tn yq +tn aqat)
CO ” (q2N+2t2"*1; q2, t)

::(q2N4Jt2n—2)“4t—2n

if A =2p and 0 otherwise. By (8.8) the non-vanishing case finally gives

)
‘f((fvz'zl) s vy (@102, =a 2 ()2, = (qt)'?)
B Cgﬂ(t",q,t)(7 (42, t)CF (2N 222 g% 1)
C,(at" 3¢, 1) i (t: 6% 1) O (PN 1215 g2, 1)
=an(dV,t"q.t),
where we have also used (2.12) to simplify the C-symbols in the second line. This completes the
proof of (8.5) and, by duality, that of (8.6).

To prove the identity (8.7), we replace (g,t) — (q2,t2) in (8.9) and then make the speciali-
sation {t1,ta,t3} = {1/q,t,t/q}. This gives

N
@g ) (q27 t2; —q: _17 _tv _qt)

— ‘13)\ (q2N+2t2n—2. 2N+1t2n—2

.q 2N+2t2n—1

2N+1t2n—1; q2’ t2)_

4 g

By Corollary 7.6 this series on the right once again can be summed to yield
N7
D\ (¢7, 1 —q: -1, —qt, —t)
—t, q, t)C;\'r (q2]\7+1t2n727 q2Nt2n 17 q’ t)
CSA? (q2N+1t2n—1; q, t) )

(__q2N+4t2n—2)|Mt—2n(A)CE:(__Q7

and hence by (8.8) and (2.12),

CY(#*"; 6% %) Oy (—¢; 4, 1) O (a/g; 4, 1)
CY(g?t2=2; 2, 12)C5 (4, t)Cy (—at/q?; ¢, 1)
=eéx(dV,t";q,1).

(n) 2 42 —
‘{(]$7L)7)\+(N7L) (q 7t 7_17_Q7 _t7 _qt) -
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9 Open problems

The problem with proving the branching rule of Conjecture 1.4 is that it requires the following
curious identity for the basic hypergeometric function

@5 ((ag)?; —(aq)'/?, (at)/?, —(at)'/?; ,1).

Conjecture 9.1. For A\ a partition

+ :
Z(—l)qu’"(M)t”(u) Cu(a,at/a;q,1) [)‘]
= Ch(ag, at; ¢, t2) Ll g 1 (at/g)1/2
—,e . +,e .
a|)“/2q2ﬁo()‘/)72ﬁc()‘l)t72no()\) C)\ (Q1t7OQ7t)C)\ (a7at/q7 Q’t) Zf 2-C0re()\) — 0’
= C9 (aq, at; g2, %) (9.1)

0 otherwise.

For A = (N) this is (7.10) with b replaced by at. By the p = 0 case of (7.5) it follows that, up
to a rescaling of a, (9.1) is invariant under conjugation of X'. Hence it also holds for A = (1™).
Since the elliptic hypergeometric series

@5 ((ag)? —(aq)'/?, (at)*/?, —(at)"/*;q,1;p)

is not very-well poised, it remains unclear what the elliptic analogue Conjecture 9.1 should be.
Another obvious special case arises when ¢t = ¢, in which case we can use the determinantal
expression (4.23) for the generalised binomial coefficients. Up to an overall factor, the left-hand
side of (9.1) for a — at®"~2 may then be written as

- 1 Ki y—FKi 2
§ooqp e, (e, )
aquﬁ-w) 1<i,j<n (¢, a3 )y, (aq,q )Vj

Vlyeeoyn =0 1<z<]<n

where k; := \; +n —i. It is again unclear why this vanishes unless A € P, (n) has empty 2-core.
We conclude with several conjectures closely related to Conjecture 9.1, such as new vanishing
integrals in the sense of [35, 41] and a number of new Littlewood-type identities.

Let
1
AT(z) = — L dz daw
2nnl(2m1)™ T

and, for |a|, |b], |q|, |[t] < 1,

rEp? :
Zn(a,byq,t /H = bl,ﬁ:2 2) I1 M}OdT(@

Tn = 1 oo 1<i<j<n

_ ﬁ (t, abt" "2 q)
i (g1, —ati=1, —bti=Lq) (abt21*2;q2)io’

where the explicit evaluation is a special case of Gustafson’s BC,, analogue of the Askey—Wilson
integral [14].

Conjecture 9.2 (vanishing integral). Let A € Py(2n) and a,b,q,t € C such that |al,|b|, |q|,
[t| < 1. Then

o
Zn(a,b;q,t)

n ‘ zrriig
X /PA(xli,...,xf;q, H 12 bxiz 3 H (iJ)OOdT(:c) (9.2)

Tn =1 oo 1<i<j<n

I (a, b;q,t, t") =
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vanishes unless 2-core(\) = 0. Moreover

0,e . ) .
e()‘/)7n0()\/)t2ﬁ0()\)72ﬁe(>\) O)\ (T2’ q7 t) C)\ e(Q? q7 t)

Iq.t:q,t,T) = q" CO° (T2 /t; 4,1) O °(t:4,1) (9.32)
and
DLt t,T) = 2@ @7 G (a0 G laal) (9.3b)
1+7T CY°(qT2/t; 1) Cy °(t; q,t)
where
un(g,t) i= g2 N2t )=o),
(g, 1) = g2 N)H2ACN) =200 (V) =20 (V) 440 (\) =472 (V) +n°(N) =1 (V)

That the integral on the right of (9.2) depends on n only through ¢" follows from the fact
that this integral is equal to the T = t" instance of

[Kg(xl, ey T g, t, T a1/2, —a1/2, bl/Q, —bl/z)]PA(ﬂvf, ey :L‘ff; q,t)

with K the lifted Koornwinder polynomial (4.27), see [35].
When t = g we have a proof of the vanishing part of the conjecture and alternative expres-
sions for the right-hand sides of (9.3a) and (9.3b) in terms of pfaffians. Define I)(a, b;q,T) :=

I(a,b;q,¢,T) and Zy(a,b;q) := Zn(a, b;q,q).
Proposition 9.3. Let A € P, (2n) and a,b,q € C such that |al, |b|, |q| < 1. Then

/8)\ H = 'bl‘ig’q) H (l—x x; )dT( ) (9.4)

Tn z:l oo 1<i<yj<n

vanishes unless X has empty 2-core. Moreover,

q21 1)2n72i+1
INCRN H B

q(AZ—,\j—z‘+j—1)/2
x  pf —— i—Aj—i+] is odd) (9.5a)

———x(A
I<ij<on \ 1 — @l it

and

1 ) n (1 o q2i—1)2n—2i+1
L(1,¢%a.q") == 1T 57\2n2i
2n1+qni:1 (1_qz)n 7

x  pf

T oy oo X
1<i,j<2n A=Ay —it]

: (N —\j— i+ is odd)) . (9.5b)
—4q

Before we prove this, we remark that for any fixed choice of partition A with empty 2-core each
of the above two pfaffians can be written as an n x n determinant containing the non-vanishing
entries, up to sign. For example,

(1 _ qQZ 1)211 2¢1+1 q(jfl'*l)/Q ' :
I,r'n 454, ™) = f —_— — dd
(r? )(q 4;9,4 ) H )2 1<iI;'<2n x(j — i is odd)
)
)

=S =

1— 21—1\2n—2i+1 -1 Jj—t,]—1
(1-q L (YT
1<, 1— q2]—22+1

Il
=

_ 421\2n—21
o (—g¢

Il
-
=
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We do not know, however, how to compute the pfaffian for arbitrary A. Of course, from (9.3a)
it follows that we must have

ﬁ (=g )™ (e (v s —i 45 is 0dd)
' X = A —it s o

0,8 mn. ) .
_ -2 -2ie ) O (¢*";a.9) Cy (g5 9, 9)
CY° (42 q,9) C °(a:4,9)

)

with a similar result for the second pfaffian.

Proof of Proposition 9.3. Using (3.1) to express the Schur function sy as a determinant, we

have
1 +2n—j Hn Z;Q)
. n J
Iy(a,b19.4") = Zn(a,b;q) /1<(11§22n e iz bxiz q?) dT(@), (9.6)
where y = (21, :1;_1, ceoy T,z ). Let (aq(x)) be a 2n x 2n matrix such that ag;—1.:(x) = ¢;(x;
1 n J »J J

and ag; j(x) = j(x;). Then [6, equation (7.3)]

: det (ajj(z)) du(er) - -dpu(zn) =  pf </(¢z( z)j(x) — ¢j($)¢i($))du(w)>.

n! J 1<ij<2n 1<i,j<2n
Applying this to (9.6) yields

v
2" Z,(a,b;q)

-1 2.
% pf 1/ Ai—Aj—i+j _ /\ —Xi+i— j) < 0(2: ,Q) % )
1<ij<2n \ 2 J (az®2,b2%2; %) 2

The (i, j)-entry of above pfaffian vanishes if A\; — A; —i+j is even. For the pfaffian to not vanish
the set

I (CL, b;q, qn) =

{)\1+27’L—1,..., lznfl—i-l,)\gn}

must thus have n even and n odd elements. By Lemma 2.1 this is exactly the case if A has
empty 2-core, which settles the non-vanishing part of the proposition.

For the second part, we take a = ¢!~ and b = ¢®T! with o € {0, 1} so that

0(22; q) o 0(gv2%¢P)

azi2,bzi2;q2 2 e(qa+1z2;q2)oo.
[ee]

Assume now that \; —\j —i+j is odd, say 2k+1. Then the (4, j)-entry of the pfaffian is given by

i‘ / (22041 z_%_l)z—le(q%%q?) dz
2mi 0(q°t122 %) 2
T
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L i/ 2k+1 —2k—1) —2j— 1q1+]+a(z ( /q q ) (q; q2)j%
2m o= (¢%6),(¢%d?), 2
_ i 0i 1/q, i)y iqm(a_l)(k“) (Va0 (@:0%);
par (0% ¢%), (%) = (4% ¢%);(a* ¢%), 4,
g (@Dk (q’q )OO - @D (k+1) (q;qz)oo
1= 1 (% q?) . 1—q %1 (%)
qf(afl)k + qa+(a+1)k (q. q2)2
1 _q2k+1 (q q )2 ’

where the second equality follows from double use of the ¢g-binomial theorem [13, equation (II.3)]

190(a; 54, 2) = ((azz,;qq))oo

and the second-last equality from the ¢-Gauss sum [13, equation (I1.8)]

201(a, b ¢;q,2) = m

Since

2n 2n—21
- 1+ ¢ [ (6:6?) u 7*)
Zn(q1 O‘,an;Q) =7 < ) H g2 1 2n—2i+1°

(4% ¢%) Pl

we obtain (9.5a) and (9.5b). [

By [42, Proposition 4.9] the integrals (9.3a) and (9.3b) are equivalent to a pair of bounded
Littlewood identities. To state these we define, for A\ a partition such that 2-core(\) = 0,

O,e/_2.
kD (23, 1) i= V)N 20 () =200 (ﬂ)“'” SA (=% a.t) Cy*(tg.t)
t CY°(2%q/t; 4, )CA “(g;q,t)
@, qERTONZRR I )OO it (V)4 V) 20 ()43 () =5 ()
/i)\ (27Q7t) =

1+2
X(g)\/\V? Y (1 a,t) Cy“(ta,1)
t) O (2q/t;q,t) Oy (g5 0,1)

(1)

and set )’ (z;q,t) = /{E\Q)(z;q,t) = 0 if X has a non-trivial 2-core. As follows from Lem-
mas 2.2 and 2.3, in the non-vanishing case these two functions are related to I\(q,t;q,t,T) and
I\(1,qt;q,t,T) as conjectured on the right-hand side of (9.3) via

s (zq,t) = Iu(t, g;t,q,1/2)  and K(f)(z;q,t) = Iv(1,qt;t,q,1/2).

Conjecture 9.4 (bounded Littlewood identities). For m, n nonnegative integers,

ST k@™ )P 0,1) = (01 20) K gy (230, 8 472, —q1 /2, 112, —t1/2)
AEPy(n)

and

Z HE\Q) (q—m; q, t)P)\(J); q, t) = (xl e xn)mK(m”) (J?; q,t;1,—1, (qt)1/27 _(qt)1/2)'
AEPL(n)
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Both Iig\l) (g™;q,t) and Hg\2) (g~™; q,t) vanish if A\; > 2m so that only partitions A contained in
the rectangle ((2m)™) with 2-core(\) = 0 contribute to the sum. We also remark that bounded
Littlewood identities and integrals such as (9.2) satisfy a duality in which the Koornwinder
parameters ¢, (for 0 < r < t3) are mapped to —(qt)"/?/t,, see [42]. With respect to this duality
both vanishing integrals and bounded Littlewood identities are self-dual.

Finally, define

. ’fLO N _ ﬁe ’ ne 7710 ,e t q’
K (g, 1) = ZILI{}oﬁgl)(Z;q,t)zf (V) =20 (X') 4 () (A)M7
Cy\
,€e
( )( q,t) ;== lim K(Z)(z;q,t) = q”e(x)*no()\/)tT N)— 2ne()\)w
e C@a.t)

In the large-m, n limit, Conjecture 9.4 then simplifies to the following pair of unbounded Little-
wood identities.

Conjecture 9.5 (Littlewood identities). We have

(txz ) q txlxj7 Q)
P — 0
Z/{ )\ x4, ) H ( z2;q ) H xlx]7

1>1 00 1<jJ Q)

and

tr2: a2 e
S0P = [T = T it

i1 (qxivq )OO i<j (i3 @)oo

The above identities are no longer self-dual and, as follows from Lemma 2.3 and (4.11) as
well as Lemma 9.6 below, they form a dual pair with respect to wg.

Lemma 9.6. Let wy be the automorphism of Ag(qy) given by (4.10). Then

(te?:0°) o 71 iz @)oo\ 17 (@8253%) o 17 (q2imyi b)ss
qut(H @2 ) |} R )‘H (t22:12) =11

i>1 0o i<j (i3 @)oo i>1 0o i< (it t)oo

Proof. We have

at:cz; 2 00 tr;Ti:q)o0o
E(CL;Q,t):ZH( zq) H( Jq)
<J

i>1 (aw?;qg)oo ici (xixj;Q)oo

Z (Z log q27at:c?) — log( anTxQ))

r=0 i>1
+ Z (log (1 — thxixj) — log (1 — q’"xi:z:j)))
1<j
Using log(1 — z) = —>_, -, 2"/n, the sum over r can be carried out by the geometric series.

Since >, ;(zix;)" = (p? — pan)/2, we thus find

1—t" anp2n 1p2 — P2n
['(a7Q7t):Z n <1_q2n+2 ?_qn '

n=1

In particular,

2

1 1—t" p Don
Claan =3 X0 (- ).

n>1
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and

1 1—t" p2 P2n
E(l;q,t):§z n <1—nq”+1—|—q” '

n=1
Applying wy ¢ to this last expression yields

I—1-¢"( p; Pan
E(l;qyt)=§z - <1nt”_1+t" = L(t;t,q),

n=1

completing the proof. |

Postscript

One of the referees posed the question as to how the branching rule (1.12a) compares to
conjectural branching formulas of Hoshino and Shiraishi [15] between certain type A and C
asymptotically-free eigenfunctions of Macdonald operators. In this postscript we address the
referee’s question.

Hoshino and Shiraishi [15, Section 9] considered functions

gz (slalg,t)  and (@) (s|zlg, 1),
where s = (s1,...,8,) and x = (x1,...,x,), such that for A € P (n)
93)‘ 5(A2n—1) (t"q)‘l, e tq)‘"|sc\q7 t) =P, (mi; q, t), (9.7a)
PO (1Mt |xlg, t) = PO (g, 1), (9.7b)
where z* = :zri‘l ...z, Here we note that the function @(A%*l) arises by folding the asymp-

totically-free solution of the trigonometric Ruijsenaars model [30, 48] of rank 2n — 1, see [15] for
more details. In the rank-one case,

t,t 2
51 qxl} . (9.8)

PA (s1)21]g,t) = L9 (s1]710, t) = 26, [ 051 L

Let 0 = {0;;}1<i<j<n be a set of nonnegative integers and, for 1 < i < n, define

d)z '_Zejl+ Z 91]

j=i+1

and ¢ := (¢1,...,¢y). Hoshino and Shiraishi considered the problem of determining the rational
functions e, (s;0;q,t) for n > 1, such that the following branching rule holds:

(AQn—l) (s|z|q,t) Zen s:0;q,t (C”)(Sqfd)‘x}q,t)x*d), (9.9)

@

where sq~ := (s1¢7 %, ..., s0q ") and &% = 27?20 = [y (@imy) 0.
By (9.8), e1(s1;—;¢,t) = 1. In [15, Conjectures 9.12 and 9.13] Hoshino and Shiraishi made

the following two conjectures.

Conjecture 9.7. We have

t t/sl t/SQ q612+1/t8182;q [}
e2(s1, 82;h2;¢,t) = ( : : i )912 (Q) 12’

(a,q/51,q/s2,4"2/s152;q)

012
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and

3 (t/sizq
27
e3(s1, 82, 53; 012, 013, 0233 ¢, t) H
i=1 /SZ’

X

1 0
(tsj/s’“ j6 i— JSJ/tSZ, )01’57j (t’q +Zl<k<l<3 kl/tslsj’q)ﬁw (q)ew
1<i<j<3 (qu/si7 —0j6—i—j sj/si, )0175_j (q, q21<k<l<3 ekl/sisj; q)% t s

where 0;; = 0;; for 1 <1 <j<3.

To now answer the question of the referee, we first notice that (9.7b) can be used to define

P/ic"’c”)(:):;q,t,t) for integer sequences A\ = (AM,...,Ay) that are not necessarily partitions.
In (9.9) we can then specialise s; = ¢*t" ! for 1 < i < n, multiply both sides by z*, and
use (9.7a) and (9.7b), to obtain

CnCr
Pa(atiqt) =Y en(@™ " M0, ) PRCY L (wig,t8).
6

Assuming Conjecture 9.7,
e2 (M, 201239, ) =0
unless 012 < Ao, and
e3 (M, 2, ¥t 012, 013,023, ¢,t) = 0

unless 912 S )\2 — )\3, 913 < )\1 )\2 and 913 + 023 )\3 For n = 2 this implies that )\1 — ¢1 =
A1 — 012 > 0, and for n = 3 it implies

(M —¢1) — (A2 —¢2) = A1 — A2 — 013 + O3

(A2 —¢2) — (A3 — ¢3) = A2 — A3 — 012 + b3
A3 — @3 = A3 — 013 — O3 > 0.

23

)

>053>0
2913>03

It is thus reasonable to conjecture that
en(q’\lt”, ot 6 q,t) =0
if (A —¢1,..., 0 — dpn) & Pr(n), so that
P\(zF;q,t) = Z én (q)‘lt”, o 0: g, t)P(()iTjgf’)“"Ani%)(x; q,t,t).
(=11 —)E P ()

If A = (m") for 0 < r < n we may compare the above with the branching rule (1.12a). Let
p= LT/QJ’ I, = {(l,]) 1<i<y < n}7

Jp={(r—2i+1,r—2i+2):1<i<p} and Jrm =TI \ Jp.

)

It then follows from (1.12a) that

en(qmt", .. g™ T L 40;q,t)

is non-vanishing if and only if

gij =0 for (l,]) S Jn,r,
mz 07”—1,7“ = 6)7“—3,7“—2 Z 2 0r—2p+1,r—2p+2 =0,
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in which case

Gr—2i+1 = P2-2i42 = Or_2i112i2i12 for 1 <i < p,
¢; =0 otherwise.

Moreover, for such non-vanishing 6 we have the following identification of e,, and the function c,2
defined in (1.9a). Let p C (m") such that g is even (i.e., 4 = A?) and let 6 be fixed in terms of
wu (or \) as

Or—2i+1,r—2i42 = H2i—1 = \; for 1 <i < p,
0;; =0 for (i,5) € Jnr.
Then
en (g™t . gt LT 00,t) = e (7™ T g,). (9.10)

It is readily checked that the rational functions es and es of Conjecture 9.7 satisfy (9.10),
showing that the conjecture is consistent with the branching rule (1.12a). In particular, we have
the slightly more general

€9 (tZS, t;012; q, t) = 5912,07
€2 (tQS, ts; 612;q, t) = 6(9127912)(1/8’ L;q, t)

and

e3(t3s, 12, 012, 013, 0235 ¢, ) = 8p15.00015,0002,04
e3(t%s, 1%, t; 012,013, 02334, 1) = C(g15.012)(1/5, 1/t 4, 1)80,5,00055,0,
e3(t?s, 125, 53 012, 013, 0235 4, 1) = C(0y5.005) (1/5, 130, £)3915,000,5.0-
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