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This paper presents a constitutive modelling approach for the viscoplasticcdamage behaviour of geomaterials. This
approach is based on the hyperelasticity framework, where the entire constitutive behaviour is derived from only
two scalar potentials: a free-energy potential and a dissipation function. The novelty of the new proposed model, in
addition to being thermodynamically consistent, is that it requires only a few parameters that can be derived from
conventional laboratory testing. The model has been specifically tested for its ability to reproduce a series of triaxial
compression tests on core rock samples. The comparison between the viscoplasticcdamage model predictions and
experimental results shows that the model is remarkably successful in capturing the stress-strain response both at
peak stress and in the region of material softening and the time to reach failure.

Notation

A total cross-sectional area of a surface within the unit
cell

Aff&l algorithmic modulus

Ag solid matrix area within A

C friction angle

Cy material parameter related to cohesion

I material parameter related to the friction angle

C3 material parameter related to the dilation angle

D dissipation rate

D viscoplastic-damage consistent tangent modulus

D¢ standard isotropic elasticity tensor

E Young’s modulus

eP plastic deviator strain rate

F Helmbholtz free-energy function

f yield function

G shear modulus

) second-order unit tensor

K bulk modulus

k iteration counter

m order of the dissipation function D

n material constant

p effective mean stress

q deviatoric stress invariant

Tq material constant that governs the ratio of damage

Ty material constant that governs the ratio of
viscoplasticity

t time

ay material damage occurring with a representative
continuum volume element

a, micro-plastic strain

o, plastic volumetric strain rate

B softening/hardening parameter

& total strain tensor

& elastic strain tensor

&P plastic strain rate

€ tolerance

€ relative tolerance

n viscous coefficient that controls the extent of plastic
strain

arbitrary Lagrangian multiplier
Poisson’s ratio

(cry) hardening/softening function
true stress tensor

A

%

I1

o

(] angle of friction
X generalised stress tensor

X dissipative stress tensor

v dilatancy angle

Introduction

Creep may be defined as continued deformation without a stress
change. Creep has been studied since about 1905, although such
behaviour was documented as early as 1833 (Griggs, 1939). Most
early studies focused on the creep rupture of metals under tensile
stress. However, later studies have been carried out on rocks, in
particular salt rocks, as these soft rocks creep under temperature
and stress conditions, as evidenced from laboratory data (Hayano
et al., 2001). Determining the creep characteristics of rock is an
important stage in developing a tool that can predict the time-
dependent deformation of an underground cavity. Creep tests
performed in the laboratory are very significant in mining and
improved design of underground structures (Cristescu, 1989).
Creep testing of rock in the laboratory has been carried out by a
number of researchers (Heap et al., 2010; Langer, 1982; Le
Comte, 1965; Li and Xia, 2010; Obert, 1965; Phueakphum et al.,
2010; Scott-Duncan and Lajtai, 1993; Singh, 1975; Vouille et al.,
1984; Yang and Jiang, 2010). The simplest creep tests are those
during which the rock specimen is uniaxially loaded in
compression. The testing procedure involves an increment of load
applied quickly to the rock specimen, and the stress is held
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constant while the gradually increasing strain is recorded regularly
(Goodman, 1989). Triaxial tests have also been carried out in
which the sample is confined by an all-around pressure, more
closely simulating in situ conditions. The duration of an individual
creep test is generally several weeks or months. Tests lasting a
number of years have also been reported (Cristescu, 1989).

Laboratory data from creep tests are mostly depicted in the form
of strain—time curves of which the general form is displayed in
Figure 1 (Goodman, 1989; Jaeger ef al., 2007; Jeremic, 1994). An
instantaneous elastic strain, &, is followed by primary or transient
creep (region 1) in which strain occurs at an ever-decreasing rate.
Secondary creep (region 2) follows if the constant stress
overcomes a given limit and is characterised by a constant strain
rate. For higher constant stress levels, tertiary creep (region 3) is
also observed, which is characterised by a strain rate increase with
time and leads eventually to failure. As illustrated by Jeremic
(1994), laboratory investigations have shown that removal of the
applied load in region 1 at point P of Figure 1 causes the strain to
decrease rapidly to point Q (change in strain equal to €) and then
asymptotically back to zero at point R. Thus, region 1 can be
classified as viscoelastic. Removal of stress in region 2 at point T
will result in permanent deformation (VO). Thus, region 2 can be
classified as viscoplastic. Despite the classification of these
regions as viscoelastic and viscoplastic being an idealisation, it is
reasonable to think that at low levels of stress the material
behaviour is roughly viscoelastic and at high levels the behaviour
is viscoplastic. The tertiary stage of creep behaviour (region 3)
appears due to progressive microcracking of the material and
would result in a loss of strength and stiffness, which may
eventually lead to failure and a complete loss of the load-carrying
capacity of the material.

Creep behaviour can also be classified according to the acting
stress; it is possible to divide creep behaviour into volumetric and
deviatoric (or shear) creep (Tavenas et al., 1978). Volumetric
creep is caused by constant volumetric stress, and deviatoric creep
is caused by constant deviatoric stress. Generally, volumetric
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Figure 1. Typical deformation of creep materials as a function of
time (after Jeremic (1994))

creep consists only of the primary phase of the creep
deformation — that is, it tends to stabilise. Deviatoric creep may or
may not consist of all three phases, depending on the shear
mobilisation. If the deviatoric stress is low, then only the primary
creep phase will appear, but after crossing some level of the shear
mobilisation, the primary phase will be followed by the secondary
phase, which can lead to the tertiary phase and creep rupture.
Tertiary creep is often observed in soft rocks, and it represents a
problem in a mining environment.

There are a great number of constitutive models developed to
account for the time-dependent creep behaviour of geomaterials.
Extensive reviews for constitutive modelling of creep can be
found in the papers by Liingaard et al. (2004) and Grimstad et al.
(2017). Existing constitutive models for creep behaviour can
generally be classified into three categories (Liingaard et al.,
2004): (a) elementary phenomenological models, (b) rheological
models and (c¢) general stress—strain—time models.

In elementary phenomenological models, empirical relations are
obtained by directly fitting the observed test data with simple
mathematical functions. Logarithmic and exponential laws are often
adopted to link creep strain to time. Examples of these models can
be found in the papers by Singh and Mitchell (1968), Campanella
and Vaid (1974), Leroueil (1987), Yin (1999) and Bi et al. (2019).
One of the basic limitations of elementary phenomenological
models is that they are strictly valid only for conditions that are
identical to those of the test from which they were derived (e.g.
one-dimensional (1D) condition). However, they can provide
practical solutions to engineering problems, as far as the boundary
conditions are consistent with the laboratory experiments.

Rheological models consist of a combination of different
components, such as springs, dashpots and sliders, to describe the
time-dependent creep behaviour of a material. The structure of
these models is not related to a particular creep test, and therefore,
only the model parameters change between tests in order to provide
a fit for the strain—time data. Linear viscoelastic models consist of
various combinations of two states of deformation, -elastic
behaviour (represented by a spring) and viscous behaviour
(represented by a dashpot). Many different linear viscoelastic
models have been proposed, such as the Maxwell, the Kelvin and
the Burgers model. The simplest model that can be used to trace
strain up to the onset of secondary creep is the Burgers model,
which is composed of a Maxwell model and a Kelvin model
connected in series (Figure 2(a)). An overview of these viscoelastic
models can be found in the book by Jaeger et al. (2007). These
viscoelastic models are typically formulated for 1D problems.
However, they can be extended and applied to three-dimensional
boundary-value problems. Birchall and Osman (2012), for
example, presented analytical solutions for predicting the creep
displacements of deep tunnels in three dimensions using the
Burgers model. Linear viscoelastic models cannot simulate the
failure of geomaterials. Slider elements (St Venant elements) are
added to the elastic and viscous components of viscoelasticity in
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Figure 2. Examples of rheological models: (a) Burgers model; (b) Bingham model

order to include the failure process. Typically, a slider element is
placed in parallel with a dashpot element, known collectively as a
Bingham unit (Figure 2(b)). The model by Perzyna (1966) is a
well-known example of a viscoplasticity model. A viscoplastic
material exhibits a time-dependent behaviour only in the plastic
region. This behaviour corresponds to the secondary stage of creep.
However, these models cannot replicate tertiary creep behaviour.

Generalised stress—strain models can describe both viscous effects
and rate-independent behaviour of soils under general loading
conditions. Several theoretical approaches have been used to
derive these models. Borja and Kavazanjian (1985), for example,
used the concept by Bjerrum (1967) of total strain decomposition
into an immediate (time-independent) part and a delayed (time-
dependent) part to model the stress—strain—time behaviour of wet
clays. A modified Cam-Clay yield surface (Roscoe and Burland,
1968) is employed to characterise the time-independent
stress—strain behaviour. Kaliakin and Dafalias (1990) presented a
bounding-surface model for the time-dependent response of
overconsolidated soils. The basic characteristic of the bounding-
surface approach is that the material exhibits a memory of the
loading history and the plastic deformation depends on the
distance between the present stress point and an image stress
point on the bounding surface defined by a mapping rule for
stress states within the surface. Hashiguchi and Okayasu (2000)
adopted the subsurface modelling approach to simulate the time-
dependent behaviour. This model assumes a bounding surface and
a subloading surface that always passes through a current stress
point. The model can describe the continuous stress rate—strain
rate relation in the loading process with smooth elastic—plastic
transition. Despite the complexity of the generalised models
mentioned earlier, numerical investigations have focused on
volumetric creep under undrained conditions, despite the fact that
creep is an inherently drained phenomenon, as it takes a long time
to develop (Jardine, 2014, Kavvadas and Kalos, 2019). At large
shear stress approaching strength, deviatoric creep strain rates
accelerate and lead to tertiary creep and failure (Bishop, 1966).

The literature on constitutive formulations for predicting tertiary
deviatoric creep is sparse. Dragon and Mroz (1979), Al-Shamrani
and Sture (1998), Pellet et al. (2005) and Shao er al. (2003)
modelled tertiary creep using a strain-softening/hardening approach
based on the shear-stress-driven damage mechanism. Gioda and
Gividini (1996) predicted tertiary creep by introducing viscous
damage on a Bingham model. Kavvadas and Kalos (2019) presented
a time-dependent constitutive model for cohesive structured soils
(TMS model). The TMS model is constructed from three
characteristic surfaces: (@) an internal plastic yield envelope (PYE),
which is a small surface bounding the elastic domain; (b) an external
structure envelope (SE) bounding the PYE and all accessible states;
and (c) an intrinsic envelope, corresponding to an equivalent intrinsic
state. The size, shape and location of the SE give the magnitude of
the structure (and strength), which increases with viscous volumetric
strains and degrade with plastic strains and viscous shear strains. The
TMS model is capable of simulating tertiary creep; however, it
requires identification of 21 material constants.

The main aim of this work is to model tertiary creep using a sound
theoretical framework. The new simple model, presented here,
makes use of damage mechanics concepts. The damage mechanics
framework is a powerful tool that can be used to simulate many
features in geomechanics, as illustrated by Xiao and Liu (2017) and
(2019a, 2019b). This paper extends the
hyperplasticity approach of Collins and Houlsby (1997), Houlsby
and Puzrin (2000) and Puzrin and Houlsby (2001) to model
coupled viscoplastic-damage frictional materials. This paper focuses

Xiao and Desai

on deviatoric creep and presents a model that obeys the laws of
thermodynamics. The entire constitutive behaviour can be derived
from two scalar potentials: a free-energy potential that provides the
elasticity law and a dissipation potential that provides the yield
function, the direction of plastic flow and the evolution of a
damage variable. No additional assumptions are required. The
motivation here is to derive a simple model. Thus, the new model
has only a few parameters that have physical meanings and is
capable of capturing the tertiary creep observed in soft rocks.
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The hyperplasticity framework

For isothermal deformations of a continuum undergoing small
strains, the first and second laws of thermodynamics can be
written as

1. og:6€=F+D

where F represents the Helmholtz free-energy function; D is the
dissipation rate, which is strictly non-negative; and o denotes the
true stress tensor and & denotes the total strain rate tensor. Collins
and Houlsby (1997) and Houlsby and Puzrin (2000) introduced
the hyperplasticity theoretical framework, in which they
demonstrated that the material behaviour can be determined from
the knowledge of the two thermodynamic potential functions F
and D. The local state of the material is assumed to be defined
completely by the knowledge of (a) the strain tensor &, (b) a set
of internal tensor variables and (c¢) the entropy. For the isothermal

case, the entropy does not enter into the formulation.

For a damaged material, the internal variables can, most usefully,
be thought of as the micro-plastic strains &, and the material
damage @y occurring within a representative continuum volume
element. Therefore, free energy is chosen to be of the form F(g,
0, 0y), while the dissipation rate function is taken to be
D(&, a,, &, &,, &4). If the dissipation function is homogenous
of the first order, then Equation 1 can be rewritten as

O':i‘:a—F:i'—l——aF L +_6F 1 —|——aD
o€ oa, P oy Y oa,
. oD .
2- :ap+aT“(i:ad

It follows that

oF

o
3. o€

and

(xp—)—(p) L, =0
4. Xa—Xa) a4 =0

where the generalised stress tensors X, and Xy are given by

X __oF

P oa,
__oF

5. X7 oa,

and the dissipative stress tensors X, and X4 are given by

—c)
P o,
_ 76D
6. Xdiadd

Following the orthogonality condition by Ziegler (1983), which
was adopted in the hyperplasticity framework of Houlsby and
Puzrin (2000), a wide range of classes of materials can be
described by enforcement of the stronger condition in Equation 4

7. Xda=Xd

To develop rate-independent thermomechanical models, Puzrin
and Houlsby (2001) suggested a decoupled form of dissipation
function that is appropriate for multiple surface kinematic
hardening plasticity models. For a rate-independent damage
material, the dissipation function takes the form of

oD . oD .
D=_——:a,+-—:0,
8. oa, oay

As noted by Einav et al. (2007), adopting a decoupled dissipation
for rate-independent plasticity-damage models may result in
damage prior to plastic straining or vice versa. Furthermore, the
uncoupled dissipation potentials imply multi-yield surfaces, each
one associated with the evaluation of each internal variable.
Therefore, Einav et al. (2007) proposed a coupled dissipation
function for rate-independent materials, which leads to a single
yield function, of the form

o D= (3 e ao )"

where c(&, @) is a positive definite function and ®;(¢;) is a
homogenous first-order function operator returning a positive
scalar. It should be emphasised that for a rate-independent
material, the dissipation function is chosen to be a homogeneous
first-order function of the internal variable rate. Thus, the
dissipation function can be expressed mathematically through the
Euler equation

oD .
D=— '«
10. o

In rate-dependent materials, the dissipation function is not a first-
order function. Thus, Equation 9 and the formulations mentioned
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earlier cannot be directly applied. If D is of order m, then Z =
D/m can be defined so that

oz .

and the dissipative stress tensor can be derived as

_ 0z
X=—

12. oa

For more details about the mathematical formulation of the
hyperplasticity framework, the reader is referred to the book by
Houlsby and Puzrin (2006).

Formulation of a new viscoplastic damage
model

This paper presents a new viscoplastic-damage model that is
capable of simulating secondary creep and tertiary creep. The
viscoplastic component of the model describes the secondary,
steady-state creep, while the damage component of the model can
describe the tertiary creep during which the strain rate increases
with time due to a reduction in material stiffness. Here the theory
of continuum damage mechanics is used, which was developed by
Kachanov (1958), who introduced an internal scalar variable to
model the creep failure of metals under uniaxial loads. Other
significant contributions to this theory were made by Lemaitre and
Chaboche (1990), among others. The authors combined continuum
damage mechanics within the framework of hyperplasticity, thus
encompassing viscoplasticity and damage within a single theory.

In this paper, the attention is focused on the case of isotropic
damage, so that ¢y is simply a scalar internal variable starting
from O and increasing to a maximum value of 1. The damage
variable can be defined as

A—4

S

A

13. O!d =

where A is the total cross-sectional area of a surface within the
unit cell in one of the three perpendicular directions and Ag is the
solid matrix within 4.

The free-energy potential can also be written as follows

1

14. Fzz(l — o) : D° : €°

where €° is the elastic strain tensor defined as the total strain
minus the plastic strain and D¢ is the standard isotropic elasticity
tensor. From this potential, the elasticity law is given by

oF
o

15, O gg - (Im D :e

The stresses associated with the damage can be derived from the
free-energy potential as follows

F 1 .
_or =——-50: D o
ooy 2(1 - o)
¢ »

+
16. 6G(1 — Ofd)z 2K(1 - ad)2

Xd =

where G is the shear modulus; K is the bulk modulus; p =
tr[o]/3 is the effective mean stress; tr[-] is the trace operator of [-];
and ¢ = (3J2)1/ % is the deviatoric stress invariant, with J, =
[(1/2)(s : 5)]V?. s =@ —pl, with I as the second-order unit
tensor.

For a coupled viscoplastic-damage material, the authors propose a
dissipation function of the form

D= \/ [raler + ep)ol” + [rap(er + cap)é] + m e
17.

The term inside the first brackets under the square root, in the
expression of the dissipation function, D, represents the
dissipation due to plasticity, while the term inside the second
brackets represents the dissipation due to damage. The additive
term under the square root is the dissipation due to viscosity.
¢ = cTH(ad) and ¢, = cjl'[(ocd), where cT and c: are material
parameters related to the cohesion and the friction angle,
respectively. () is a hardening/softening function, ¢, and &,
are internal variables associated with the micro-plastic strain, ¢y
is the material damage, 7 is the viscous coefficient that controls
the extent of plastic strain, n is a material constant, while 7, and
rq are two constants governing the ratio of viscoplasticity and
damage, and p is defined as

p=—Hi_
q—¢Gp
_ q2 pZ
18. 6G(1 — ay)*(q — e3p)  2K(1 = 09)*(q — c3p)

The internal variables ¢,; and ¢, can be taken as equal to the
plastic deviatoric shear strain rate Ozy, which is defined as

2
Sop . P
3e i e
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where

o O
%0, &P =¢ 3I

and é” is the plastic deviator strain rate; &P is the plastic strain
rate; and ¢, = tr[£P] is the plastic volumetric strain rate.

The dissipation function (Equation 17) is consistent with the
coupled form given by Equation 9 and therefore yields a single
yield surface. This coupled dissipation function, therefore, defines
a model that introduces damage whenever plasticity occurs and
vice versa. As will be illustrated later, the definition of p given by
Equation 18 implies that the damage starts with the plasticity
behaviour. In the absence of damage in a rate-independent
material, this dissipation function collapses to the standard form
of dissipation in a Drucker—Prager-type material (i.e. D =

pley +6p) dy)*

A linear relationship between the volumetric and shear strain rates
can be introduced as follows

where ¢; = c;k I(ey) is a material parameter related to the
dilation angle. Therefore, the modified dissipation function can be
written as

D" = \/[rter + ] st + eamraf

71 . . .
2. +n'" e + A(c306y + av)

where A is an arbitrary Lagrangian multiplier.

Since the dissipation given by Equation 22 is the summation of
homogeneous functions of different orders, Equations 11 and 12
can be applied to obtain the dissipative stresses. It follows that the
dissipative deviatoric stress ¥, is given by

7, = dY{rp(czp+Cl)n_l]2

2
Vst + 0| +apteap +
23. +07e T + A

and the dissipative stress due to damage is given by

> _ lrp(eap + )P

Xa =
2
" \/ [raleap + ), | +iraplesp + )]’

and the dissipative mean stress is equal to the Lagrangian
multiplier

25. 7, =A

Manipulating the preceding stress expressions (Equations 23-25)
leads to the following equation

Xy~ X~ Moy _|_[ Xa r: 1
26. rplep +¢) rap(cop +¢y)

Since there is no kinematic hardening, the true stresses and the
dissipative stresses are identical; from Ziegler’s orthogonality, the

dissipative stresses and the generalised stresses are equal — that is

27. Zp:){p:p )_qulq:q

An expression for the damage internal variable in the true stress
space can be found by substituting Equations 23 and 24 into
Equation 18 and making use of Equation 27

&,(q — c3p)

2
7,
A p
“=(2)
Iy <q —cp— d;*lnn*l>

28.

Equation 26 can be rewritten in the true stress space as

q-cp-nley +[ q=¢cp r_l
29 r(cp +¢p) ra(ep +¢p)

Rearranging the preceding equation, the following is obtained

o, =
1/(n—1)
1 N
—8qg —CGp—(Cp Cq)r, -
n ’ R (e2p +er)rg
30.

The plastic deviatoric strain rate ¢, is a non-negative quantity;
therefore, the expression inside the braces in Equation 30 must be
greater than or equal to zero. As a result, the yield criterion can be
easily derived and is shown to be given by
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where

~ (g—cp)

¢
32. ° (ap+te)

For Drucker-Prager-type materials, the constants 7, and rq are
related by the following expression

33. v T4

This is consistent with the definitions of 7, and ry in a rate-
independent material as proposed by Einav et al. (2007). It
follows that 7, > 1 and r4 > 1. In the limiting case when r,, = 1, r4
— o and the constitutive model simplifies to a viscoplastic
model. It should be noted that Equation 17 implies that

34. Jq=p(c; +cyp)

Thus, comparing this with the definition of p given by Equation
18, the expression for the yield surface (Equation 31) can be
retrieved. Thus, damage can start only with the start of the plastic
behaviour.

By applying the dilatancy constraint of Equation 21 and using
Equation 20, it can be shown that for a Drucker—Prager material,
the components of the plastic strain rate are given by

3 c
Do o __3,
35. € V(zqs 3 >

The preceding relationship can be written as

. . 0g
p __ _<
36. £ " 750

where g = ¢ = c3p and 7 = &,. For convenience, the set of
constitutive viscoplastic-damage equations is summarised in
Table 1.

Integration of the constitutive model

In order to use the proposed damage viscoplasticity model in a
displacement-based finite-element formulation, a stress integration
procedure of the constitutive model, which takes place at the
elemental Gauss points, is required. Here the iterative implicit
backward Euler stress integration scheme based on the operator
split methodology is used (Simo and Taylor, 1985). For a strain

Table 1. Drucker—Prager viscoplastic-damage model
(a) Additive split of the strain tensor
£E=¢" | &
(b) Elastic constitutive equation
c:%:m - oy)D® : &
() Yield function

(o, aq) = C/%(% + %) -lg= (ﬁﬁ?)

(d) Non-associative flow rule
#=7%g=qg-c
_ Yog 949 3£(3p L1 /2 710=1)
v=7 [q - Gp = (P + Q) {1 =l } ]

(e) Evolution of accumulated plastic strain and damage

& =7
= (rfp)z7 LACRST)
d = Y/ (g-cap-&f )

increment A€ over a time step Az and the state variables at ¢#,, the
updated stress vector 0,4, and the damage parameter 0y ., can be
obtained. This involves two basic sequences over a time interval
[#,, t,+1] — namely, an elastic predictor and a plastic corrector,
depending on whether the elastic trial stress falls inside or outside
the yield function f.

Elastic predictor

During the elastic predictor, the plastic internal variables are kept
constant and equal to their respective values at time ¢ For the
initial iteration count k£ = 0, these variables are

0 0)
37. A0 =0 o =0y,

where the subscript (n + 1) indicates that all values are obtained at
the end of the increment. Furthermore, the elastic trial stress is
expressed as

trial
a"+] - (1 B ad/1+l)D

38. L (€ + Agyy,) — (1 - ocdnH)D L AL,

At this stage, if the trial state is admissible (i.e. f'( 5,?21, 0‘0(1??1) <g,

where & is a tolerance factor) then (-),.; = ()t,,rfl1 Otherwise, the

yield criterion is violated and plastic and damage strains are
expected to occur.

Plastic correction

The Newton—Raphson scheme, which can lead to efficient return
mapping procedures (de Souza Neto et al., 2009), was adopted to
evaluate the plastic corrector sequence. To this end, a system
of non-linear implicit equations has to be solved simultaneously
for the unknowns a!., = {0,,,, adm}T iteratively using the
Newton—Raphson method. The discrete residuals associated with
the unknowns are written as follows
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trial

) ) ont1” (1= Ogurt )

-0y

n+1

A 7/(1 - ad,,H)Deao n+1
39. —0y

where k is an iteration counter. In the linearisation process of
Equation 39, the directional derivative of the system variables

{o-n+1 > ad,, +
constant during the return mapping, implies that

]} in the direction of Aa,.,, with Ag,;, being kept

6r
[ }5"%1 = _"51121 |:Af(’l]21i| n+1
aarHrl
k+1 k
40. ”;(1++1 )= §1+>1 + 5"n+1

where the components of [A, 421

residual vector with respect to the non-linear system {o,,, oty

| are the partial derivatives of the
1 }
If the residuals are greater than a specified tolerance — for instance,
I "51121 /1 "5.(21 I < ¢, where ¢ is a relative tolerance — Equation
39 is solved again to update the unknowns and iteration is
continued until the residuals fall within the specified tolerance. For
presentational convenience, Table 2 summarises more clearly the
operations needed for the iterative implicit stress-update algorithm
for the viscoplastic-damage model.

Consistent tangent operator

The next task consists of the derivation of the elasto-plastic
tangent operator consistent with the algorithm employed to update
the stress for use in finite-element computations. The viscoplastic-
damage consistent tangent modulus is derived as

_ 00,41 pr1 Oy

oo,
D = !
oa,_ AL 'og

41. OE,

n+1

The computation of Equation 41 relies on the total derivatives
Or,,,/0€,,, of the implicit non-linear residual equations in
Equation 39 and the inverse of [A], which can be extracted from
the local iteration procedure of the return mapping algorithm
(Rouainia and Muir Wood, 2001; Rouainia and Peric, 1998).

Selection of model parameters

Many advanced constitutive models have been developed to
reproduce some aspects of viscoplastic behaviour identified in the
literature. However, these models are often characterised by their
use of numerous parameters, many of which have no clear
physical meaning and require extensive laboratory testing to be
calibrated and be practical as a design tool. In addition to being

thermodynamically consistent and derived entirely from two

Table 2. Stress-updating procedure — small strain
(a) Initialise
k — 0, aéo) _ adn’ 02921 — o.trial

(b) Check the yield condition and evaluate residuals

f<k1 =f(o n+1'aélr<7)+1)
- _{fﬁ?rg adn+1)0‘n’f'1}+m{y(1 al) )3, fk>}
On41 ~ Odn —0q
If | rn+1 | <& and f, 1 < &, then
set ()pp1 = (-)2@1 and exit
Else

(c) Compute the algorithmic modulus

a0y

A(k o An+1 An+1
n+1 — O 00,
A“d A%

n+1 n+1

where
k)
AR% =1+ [Ay G frgﬂ @ fn+‘| {a A7n+1 } 10 - adn+1)D

K
A = [Ay amxd fn+1 +0g fn+1 e ](1 ac(in)H)De
+o - Ayn+1 9 fn+1
o T
Ar‘ﬁ? = {ac Aaén>+1 }
Aﬁtﬁd =1= a AO!dn)H

(d) Evaluate increment of stresses and internal variable
{ Ao ;k++1” } . _(A(k) ) 0
Aa ey [ = TVn) o
(e) Update stresses and internal variable
oD\ [olh | f el
{- o) -1 . Pl

Set k=k+ 1 and go to (b)

n+1

potentials without any additional assumptions, the proposed
model requires only eight parameters to capture both the elastic
and the coupled viscoplastic-damage behaviour: two for linear
elasticity, three for the yield surface,
behaviour and one for defining damage. These parameters have a
physical meaning and can be obtained from
straightforward testing procedures.

two for the viscous

relatively

The pre-yield behaviour is modelled linear elastically using
Young’s modulus £ and Poisson’s ratio v, which can be obtained
from the approximately linear part of a stress—strain curve obtained
from laboratory testing (following a triaxial test, for example). The
model requires the identification of three conventional parameters
of the Drucker—Prager model (cT, cj and c:), which are related to
cohesion, C; friction angle, ¢; and dilatancy angle, y. The
cohesion, friction angle and dilatancy angle can be identified from
conventional triaxial tests. In triaxial tests, the Drucker—Prager
yield surface can be taken to circumscribe the Mohr—Coulomb
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yield surface as shown in Figure 3 in the deviatoric stress space.
Therefore

* _6Ccos(¢) =* _ 6sin(¢)  6sin(y)
“CT3 sin(g) P T 3-sin(¢) 3 -sin(y)
% 6sin(y)
- sin(y)

42.

In this model, the post-yield behaviour is described by the
softening/hardening function II(cy) equal to (1 — Boy)?, where 8
is the softening/hardening parameter. This function fits well with
experimental data, as demonstrated by Shao er al. (2003). The
parameter [ can be obtained from the post-yield stress—strain
curve in triaxial tests; if the geomaterial softens, > 0, and if it
hardens, then < 0.

The parameters r,, and r4 are related by Equation 33 and govern
0, the model
performs as a classical viscoplastic model and the damage

the damage as shown in Figure 4. When ry/r, =

mechanism is deactivated. However, when 0 < ry/r, < 1-0, the
model is allowed to undergo damage and therefore softening.
The ratio r4/r;, can be estimated by measuring the damage in the
material. The variations of the elasticity modulus can be found in
a displacement control triaxial test by carrying out a post-yield
unloading/reloading cycle and comparing the values of the
material stiffness with that of its original value before the yield
stress is reached. There are other techniques for measuring
damage in materials reported throughout the literature (see e.g. the

Mohr—Coulomb — Drucker—Prager

Figure 3. Comparison of Mohr-Coulomb and Drucker-Prager
failure criteria in the deviatoric plane

rg/ro =0

O<ryry<1-0

&

Figure 4. Modelling coupled plasticity-damage behaviour

paper by Lemaitre and Dufailly (1987)). If a rapid test is carried
out and the damage oy is plotted against the accumulative
deviatoric plastic strain «,, then the ratio r4/r;, can be estimated
from the initial slope of the ¢, — oty curve. From Equation 28

Two parameters are used to describe the viscoplasticity response;
viscosity is defined by the parameter 1, and the rate-sensitivity
parameter is described by the non-dimensional parameter n. Both
parameters are positive. These parameters are analogous to the
parameters of the model by Perzyna (1966), which are widely
used in computational applications of viscoplasticity and can be
obtained using triaxial tests from the relationships given by
Equation 30.

Numerical simulations and comparison with
experimental data

The model has been specifically tested for its ability to reproduce
a series of triaxial compression test results on three different
geomaterials reported in the literature: (a) sandstone (Yang and
Jiang, 2010), (b) Meuse—Haute/Marne claystone (Hu et al., 2014)
and (c) Inada granite (Fujii ez al., 1999).

Stress—strain response in drained triaxial tests

Yang and Jiang (2010) carried out drained triaxial tests on
sandstone core samples extracted at the Xiangjiaba Hydropower
Project in south-western China. The samples were taken at a
depth of between 61-2 and 62-5m, where the Poisson’s ratio
and density are approximately v = 0-22 and 2-600 Mg/m®,
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respectively. Triaxial loading tests under drained conditions
performed on isotropically compressed samples were used to
illustrate the short-term and the long-term behaviour.

The short-term loading tests were conducted under three different
confining pressures (03 = 3, 5 and 7 MPa), and axial stresses were
imposed at a constant rate of 0-127 MPa/s until peak strength was
reached. The measured angle of friction ¢ was found to be about
58-4°. Table 3 shows the mechanical behaviour observed under
triaxial compression. The peak axial strain &, is defined as the
strain value at rupture in terms of the complete stress—strain
curve. The modulus of elasticity (E;) refers to the slope of the
approximately linear part of the stress—strain curve, while
the modulus of deformation (Es5) is defined as the slope between
the original point and the stress at half-peak strength.

The parameters cT, c;k and c;k of the viscoplastic-damage model
are calculated from the measured angle of friction ¢ and a
dilatancy angle of ¢/4 using Equation 42. Hoek and Brown
(1997) studied the relationship between the angle of dilation y
and the angle of friction ¢ and recommended that for a good-
quality sample, w can be taken as ¢/4. The average value of the
Young’s modulus (E5, + E;)/2 for each sample is used in the
numerical simulation (see Table 4). In the absence of the detailed
testing procedure (described earlier) for obtaining the model
parameters, the short-term loading test data for a confining pressure
of 5 MPa are used to obtain the remaining model parameters. A
Matlab software built-in standard Levenberg—-Marquardt optimisation
procedure has been utilised to estimate the set of material parameters.
Table 4 shows the resulting set of material parameters used in the
simulations.

Figure 5 shows the comparison between the short-term drained
stress—strain response of the model and the experimental data with
three different confining pressures. As can be seen from
Figures 5(a)-5(c), the new coupled viscoplastic-damage model is

Table 3. Mechanical behaviours of sandstone samples under
conventional triaxial compression (Yang and Jiang, 2010)

Confining pressure, o3: MPa B 5 7
Peak strength, (07 — 03)peak: MPa 1636 180-7 209-6
Residual strength, (oy — 43-0 42-2 44-7

0-3)residua\: MPa

Axial strain at peak strength, &, 7-6250 7-6700 7-5556
x 1073

Young's modulus E: GPa 2577 2773 32-69
Young's modulus Esy: GPa 21-41 32-63 30-91

remarkably successful in matching the general shape of the
stress—strain response for all three confining pressures, at both
peak stress and in the region of material softening.

Validation was also carried out with drained triaxial compression
tests of saturated Meuse—Haute/Marne claystone. These tests were
undertaken by Hu ef al. (2014) on samples taken from a depth of
about 521 m and were subjected to an in situ vertical stress of
12-7MPa and horizontal stresses in the range 12-3-13-8 MPa.
The axial strain rate in these tests was set at 10~ /s (corresponding
to an average stress rate of 10* MPa/s). The measured angle of
friction ¢ was found to be about 21-4°, and the cohesion ¢ was
found to be 3-94 MPa. The optimised parameters used in the
analysis are shown in Table 3. Figure 6 shows the relationship
between the radial strain and the axial strain at different confined
pressures. This figure demonstrates that except for the case of
high confining pressure (20 MPa), the new model can reasonably
replicate the experimental data.

Table 5 shows the evolution of the relative residual norm for a
confining pressure of 5MPa for three typical load increments.
These results provide a clear indication of the good rates of
convergence. The number of iterations needed to meet the
convergence tolerance of & = 10 is between three and four per
load step.

Strain—-time response in creep triaxial tests

Yang and Jiang (2010) also conducted creep tests on sandstone in
triaxial cells. In these tests, the deviator stress ¢ = (07 — 03) was
kept constant. Figure 7 shows the comparison between the results
of the viscoplastic-damage model and the experimental data for
creep tests with a confined pressure of 5MPa and a constant
deviator stress of 160 MPa. The failure occurs after approximately
31-48 h. It can be seen that the general trend is well captured in
terms of the time required to reach failure and the magnitude of
axial strain. The evolution of the accumulative damage predicted
by the model during the creep test is shown in Figure 8. It can be
noticed that the accelerated damage rate follows a pattern similar
to that of the accelerated creep strain. This is consistent with the
experimental data of Heap ef al. (2010), which show an
accelerated rate of change in the pore volume of sandstone during
tertiary creep.

Validation is also made against triaxial creep tests on Inada
granite reported by Fujii et al. (1999). These tests were conducted
under a confining pressure of 10 MPa. The testing programme
investigated the effect of creep stress on the strain—time
behaviour. The numerical simulations were carried out with the

Table 4. Viscoplastic-damage parameters used in the numerical simulation

* *
Sample (A ()

Sandstone (Yang and Jiang, 2010) 21-95 1-83
Claystone (Hu et al., 2014) 7-21 0-64
Inada granite (Fujii et al., 1999) 31-39 1-86

G n 0 ' B
0-55 5800 1-42 1-05 0-4
0-19 6000 3-00 1-08 0-5
0-56 6300 1-35 1-02 0-2
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Figure 5. Comparison of model predictions and short-term stress—strain triaxial results for (a) o3 = 3 MPa, (b) o3 = 5MPa and (c) o3 = 7 MPa
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Figure 6. Comparison of model predictions and experimental
results for drained triaxial with different confining pressures

parameters for Inada granite shown in Table 4. Figure 9
demonstrates that the viscoplastic damage model is capable of
predicting the time required to failure at different stress levels.

Limitations of the new viscoplastic damage model

Inherent or structural anisotropy is observed in many types of
sedimentary rocks. The strength of the rock material strongly
depends on the loading orientation with respect to the
microstructure (Pietruszczak er al., 2002). The model presented
here deals with isotropic damage only. Therefore, it is applicable

Table 5. Return mapping residual norms for three typical load
increments

Iteration Increment 70 Increment 200 Increment 300
1 0-0354 0-2442 0-0575

2 1-65 x 1074 0-0027 122 x 1074

3 347 x 107° 6:35 x 107/ 300 x 1078

4 — 224 x 10710 170 x 1072
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Figure 7. Model prediction: comparison with creep data (g =
160 MPa)
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Figure 8. Model prediction: evolution of damage with time

only to the case of monotonic loading. The present formulation
assumes that the dilatancy angle is constant and that there is a
unique relationship between the plastic shear strain and the
volumetric strain increments. Alejano and Alonso (2005) showed
the dependency of the dilatancy angle on the confining stress and
the material plasticity. The model is formulated in terms of triaxial
stress space, and validation is carried out against triaxial data. It
could be generalised by incorporating an appropriate Lode’s angle
dependency function such as that suggested by Eekelen (1980).
The strength parameters c¢;, ¢, and c¢3 can be expressed as a
function of Lode’s angle. However, further validation is needed.
Furthermore, dependency could be

temperature easily

65
O g=280MPa
A g =289MPa
60 0 g=304MPa
' . * g=312MPa
§ === \/iscoplastic-damage model
S A A A Aﬁ
= A A
x 25 AAAAAAAAAAA
. A
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Yo
45 L L L 1 1 1 L L g
0 5 10 15 20 25 30 35 40 45
Time: h

Figure 9. Comparison of model predictions and experimental
results for triaxial creep tests (Fujii et al., 1999) at different
deviatoric stresses

incorporated within the hyperplasticity approach as explained by
Houlsby and Puzrin (2000).

Conclusions

In this paper, the authors have combined the continuum damage
approach within the framework of hyperplasticity for rate-
dependent materials, thus encompassing viscoplasticity and damage
within a single theory. A novel coupled viscoplastic-damage
constitutive model has been derived from two scalar potentials: a
free-energy potential that provides the elasticity law and a
dissipation potential that provides the yield function, the direction
of plastic flow and the evolution of a damage variable. No
additional assumptions are required. The model is formulated with
few parameters that can be derived from conventional laboratory
testing. It has been shown that the new model is capable of
capturing the secondary and tertiary creep observed in soft rocks.
Comparison with triaxial data has shown that the model provides a
good approximation to short-term stress—strain curves obtained for
different confining pressures and to long-term creep data.

Acknowledgement

The authors would like to thank the UK Engineering and Physical
Sciences Research Council (EPSRC) for the PhD studentship
awarded to the second author (Grant reference: EP/D504376/1).

REFERENCES

Al-Shamrani MA and Sture S (1998) A time-dependent bounding surface
model for anisotropic cohesive soils. Soils and Foundations 38:
61-76, https://doi.org/10.3208/sandf.38.61.

Alejano LR and Alonso E (2005) Considerations of the dilatancy angle in
rocks and rock masses. International Journal of Rock Mechanics and
Mining Sciences 42: 481-507, https://doi.org/10.1016/j.ijrmms.2005.
01.003.

Bi G, Briaud JL, Sanchez M and Kharanaghi MM (2019) Power law model
to predict creep movement and creep failure. Journal of Geotechnical

37

Downloaded by [] on [05/07/21]. Published with permission by the ICE under the CC-BY license


https://doi.org/10.3208/sandf.38.61
https://doi.org/10.1016/j.ijrmms.2005.01.003
https://doi.org/10.1016/j.ijrmms.2005.01.003

Geotechnical Research
Volume 7 Issue 1

A simple model for tertiary creep in
geomaterials
Osman, Birchall and Rouainia

and Geoenvironmental Engineering 145(9): article 04019044, https:/
doi.org/10.1061/(ASCE)GT.1943-5606.0002081.

Birchall TJ and Osman AS (2012) Response of a tunnel deeply embedded
in a viscoelastic medium. International Journal for Numerical and
Analytical Methods in Geomechanics 36(15): 1717-1740, http://doi.
org/10.1002/nag.1069.

Bishop AW (1966) The strength of soils as engineering materials.
Géotechnique 16(2): 91-130, https://doi.org/10.1680/geot.1966.16.2.91.

Bjerrum L (1967) Engineering geology of Norwegian normally-
consolidated marine clays as related to settlements of buildings.
Géotechnique 17(2): 83-117, https://doi.org/10.1680/geot.1967.
17.2.83.

Borja Rl and Kavazanjian E (1985) A constitutive model for the
stress—strain—time behaviour of wet clays. Géotechnique 35(3):
283-298, https://doi.org/10.1680/geot.1985.35.3.283.

Campanella RG and Vaid YP (1974) Triaxial and plane strain creep failure
of an undisturbed clay. Canadian Geotechnical Journal 11(1): 1-10.

Collins IF and Houlsby GT (1997) Application of thermomechanical
principles to the modelling of geotechnical materials. Proceedings of
the Royal Society of London A: Mathematical and Physical Sciences
453(1964): 1975-2001, https://doi.org/10.1098/rspa.1997.0107.

Cristescu N (1989) Rock Rheology. Kluwer, Dordrecht, the Netherlands.

de Souza Neto EA, Peric D and Owen DRJ (2009) Computational Methods
for Plasticity: Theory and Applications. Wiley, Chichester, UK.

Dragon A and Mroz Z (1979) A model for plastic creep of rock-like
materials accounting for the kinetics of fracture. International Journal
of Rock Mechanics and Mining Sciences & Geomechanics Abstracts
16(4): 253-259, https://doi.org/10.1016/0148-9062(79)91200-2.

Eekelen HAM (1980) Isotropic yield surfaces in three dimensions for use
in soil mechanics. International Journal for Numerical and Analytical
Methods in Geomechanics 4(1): 89101, https://doi.org/10.1002/nag.
1610040107.

Einav |, Houlsby GT and Nguyen G (2007) Coupled damage and plasticity
models derived from energy and dissipation potentials. International
Journal of Solids and Structures 44(7/8): 2487-2508, https://doi.org/
10.1016/}.1js0lstr.2006.07.019.

Fujii Y, Kiyama T, Ishijima Y and Kodama J (1999) Circumferential strain
behavior during creep tests of brittle rocks. International Journal of
Rock Mechanics and Mining Sciences 36: 323-337, https://doi.org/10.
1016/S0148-9062(99)00024-8.

Gioda G and Cividini A (1996) Numerical methods for the analysis of
tunnel performance in squeezing rocks. Rock Mechanics and Rock
Engineering 29(4): 171-193, https://doi.org/10.1007/BF01042531.

Goodman R (1989) Introduction to Rock Mechanics, 2nd edn. Wiley New
York, NY, USA.

Griggs D (1939) Creep of rocks. Journal of Geology 47(3): 225-251.

Grimstad G, Karstunen M, Jostad HP et al. (2017) Creep of geomaterials —
some finding from the EU project CREEP. European Journal of
Environmental and Civil Engineering, https://doi.org/10.1080/
19648189.2016.1271360.

Hashiguchi K and Okayasu T (2000) Time-dependent elastoplastic
constitutive equation based on the sub-loading surface model and its
application to soils. Soils and Foundations 40(4): 19-36, https://doi.
org/10.3208/sandf.40.4_19.

Hayano K, Matsumoto M and Tatsuoka F (2001) Evaluation of time-
dependent deformation properties of sedimentary soft rock and their
constitutive modeling. Soils and Foundations 41(2): 21-38, https://doi.
org/10.3208/sandf.41.2 21.

Heap MJ, Baud P and Meredith PG (2010) Time-dependent brittle creep in
Darley Dale sandstone. Journal of Geophysical Research — Solid
Earth 114(B7): article B0O7203, https://doi.org/10.1029/2008JB006212.

Hoek E and Brown ET (1997) Practical estimates of rock mass strength.
International Journal of Rock Mechanics and Mining Sciences 34(8):
1165-1186, https://doi.org/10.1016/S1365-1609(97)80069-X.

Houlsby GT and Puzrin AM (2000) A thermomechanical framework for
constitutive models for rate-independent dissipative materials.
International Journal of Plasticity 16(9): 1017-1047.

Houlsby GT and Puzrin AM (2006) Principles of Hyperplasticity: an
Approach to Plasticity Theory Based on Thermodynamic Principles.
Springer-Verlag, London, UK.

Hu DW, Zhang F and Shao JF (2014) Experimental study of
poromechanical behavior of saturated claystone under triaxial
compression. Acta Geotechnica 9(2): 207-214, https://doi.org/10.
1007/s11440-013-0259-y.

Jaeger J, Cook NGW and Zimmerman RW (2007) Fundamentals of Rock
Mechanics, 4th edn. Blackwell, Oxford, UK.

Jardine RJ (2014) Advanced laboratory testing in research and practice:
the 2nd Bishop Lecture. Geotechnical Research 1(1): 2-31, https://doi.
org/10.1680/geores.14.00003.

Jeremic ML (1994) Rock Mechanics in Salt Mining. Balkema, Rotterdam,
the Netherlands.

Kachanov LM (1958) Time of the rupture process under creep condition.
Izvestiva Akademii Nauk SSSR, Otdelenie Teckhnicheskikh Nauk 8:
26-31.

Kaliakin VN and Dafalias YF (1990) Theoretical aspects of the
elastoplastic-viscoplastic bounding surface model for cohesive soils.
Soils and Foundations 30(3): 11-24.

Kavvadas M and Kalos A (2019) A time-dependent plasticity model for
structured soils (TMS) simulating drained tertiary creep. Computers
and Geotechnics 109: 130-143, https://doi.org/10.1016/j.compgeo.
2019.01.022.

Langer M (1982) Geotechnical investigation methods for rock salt.
Bulletin of the International Association of Engineering Geology
25(1): 155-164, https://doi.org/10.1007/BF02603210.

Le Comte P (1965) Creep in rock salt. Journal of Geology 73(3):
469-484, https://doi.org/10.1086/627078.

Lemaitre J and Chaboche JL (1990) Mechanics of Solid Materials.
Cambridge University Press, Cambridge, UK.

Lemaitre J and Dufailly J (1987) Damage measurements. Engineering
Fracture Mechanics 28(5/6): 643—661, https://doi.org/10.1016/0013-
7944(87)90059-2.

Leroueil S (1987) Tenth Canadian Geotechnical Colloquium: recent
developments in consolidation of natural clays. Canadian
Geotechnical Journal 25(1): 85-107, https://doi.org/10.1139/t88-010.

Li YS and Xia C (2010) Time-dependent tests on intact rocks in uniaxial
compression. International Journal of Rock Mechanics and Mining
Sciences 37(3): 467-475.

Liingaard M, Augustesen A and Lade PV (2004) Characterization of
models for time-dependent behavior of soils. International Journal of
Geomechanics 4(2): 157177, https://doi.org/10.1061/(ASCE)1532-
3641(2004)4:3(157).

Obert L (1965) Creep in Mine Pillars: Report of Investigation. US Bureau
of Mines, Washington, DC, USA. Report No. 6703.

Pellet F, Hajdu A, Deleruyelle F and Besnus F (2005) A viscoplastic model
including anisotropic damage for the time dependent behaviour of
rock. International Journal for Numerical and Analytical Methods in
Geomechanics 29: 941-970, https://doi.org/10.1002/nag.450.

Perzyna P (1966) Fundamental problems in viscoplasticity. In Advances in
Applied Mechanics (Chernyi GG, Dryden HL, Germain P ef al. (eds)).
Academic Press, New York, NY, USA, vol. 9, pp. 243-377.

Phueakphum D and Fuenkajorn K (2010) Effects of cycling loading on
mechanical properties of Maha Sarakhm salt. International Journal of
Rock Mechanics and Mining Sciences 112(1-4): 43-52.

Pietruszczak S, Lydzba D and Shao JF (2002) Modelling of inherent anisotropy
in sedimentary rocks. International Journal of Solids and Structures
39(3): 637-648, https://doi.org/10.1016/S0020-7683(01)00110-X.

Puzrin AM and Houlsby GT (2001) A thermomechanical framework for
rate-independent dissipative materials with internal functions.

38
Downloaded by [] on [05/07/21]. Published with permission by the ICE under the CC-BY license


https://doi.org/10.1061/(ASCE)GT.1943-5606.0002081
https://doi.org/10.1061/(ASCE)GT.1943-5606.0002081
http://doi.org/10.1002/nag.1069
http://doi.org/10.1002/nag.1069
https://doi.org/10.1680/geot.1966.16.2.91
https://doi.org/10.1680/geot.1967.17.2.83
https://doi.org/10.1680/geot.1967.17.2.83
https://doi.org/10.1680/geot.1985.35.3.283
https://doi.org/10.1098/rspa.1997.0107
https://doi.org/10.1016/0148-9062(79)91200-2
https://doi.org/10.1002/nag.1610040107
https://doi.org/10.1002/nag.1610040107
https://doi.org/10.1016/j.ijsolstr.2006.07.019
https://doi.org/10.1016/j.ijsolstr.2006.07.019
https://doi.org/10.1016/S0148-9062(99)00024-8
https://doi.org/10.1016/S0148-9062(99)00024-8
https://doi.org/10.1007/BF01042531
https://doi.org/10.1080/19648189.2016.1271360
https://doi.org/10.1080/19648189.2016.1271360
https://doi.org/10.3208/sandf.40.4_19
https://doi.org/10.3208/sandf.40.4_19
https://doi.org/10.3208/sandf.41.2_21
https://doi.org/10.3208/sandf.41.2_21
https://doi.org/10.1029/2008JB006212
https://doi.org/10.1016/S1365-1609(97)80069-X
https://doi.org/10.1007/s11440-013-0259-y
https://doi.org/10.1007/s11440-013-0259-y
https://doi.org/10.1680/geores.14.00003
https://doi.org/10.1680/geores.14.00003
https://doi.org/10.1016/j.compgeo.2019.01.022
https://doi.org/10.1016/j.compgeo.2019.01.022
https://doi.org/10.1007/BF02603210
https://doi.org/10.1086/627078
https://doi.org/10.1016/0013-7944(87)90059-2
https://doi.org/10.1016/0013-7944(87)90059-2
https://doi.org/10.1139/t88-010
https://doi.org/10.1061/(ASCE)1532-3641(2004)4:3(157)
https://doi.org/10.1061/(ASCE)1532-3641(2004)4:3(157)
https://doi.org/10.1002/nag.450
https://doi.org/10.1016/S0020-7683(01)00110-X

Geotechnical Research
Volume 7 Issue 1

A simple model for tertiary creep in

geomaterials
Osman, Birchall and Rouainia

International Journal of Plasticity 17(8): 1147-1165, https://doi.org/
10.1016/S0749-6419(00)00083-8.

Roscoe KH and Burland JB (1968) On the generalized stress—strain behavior
of ‘wet’ clay. In Engineering Plasticity (Heyman J and Leckie FA (eds)).
Cambridge University Press, Cambridge, UK, pp. 535-409.

Rouainia M and Muir Wood D (2001) Implicit numerical integration for a
kinematic hardening soil plasticity model. International Journal for
Numerical and Analytical Methods in Geomechanics 25(13):
1305-1325, https://doi.org/10.1002/nag.179.

Rouainia M and Peric D (1998) A computational model for elasto-viscoplastic
solids at finite strain with reference to thin shell applications. International
Journal for Numerical Methods in Engineering 42(2): 289-311.

Scott-Duncan E and Lajtai E (1993) The creep of potash salt rocks from
Saskatchewan. Geotechnical and Geological Engineering 11(3):
159184, https://doi.org/10.1007/BF00531249.

Shao JF, Zhu QZ and Su K (2003) Modeling of creep in rock materials in
terms of material degradation. Computers and Geotechnics 30(7):
549-555, https://doi.org/10.1016/S0266-352X(03)00063-6.

Simo JC and Taylor RL (1985) Consistent tangent operators for rate-
independent elastoplasticity. Computer Methods in Applied Mechanics
and Engineering 48(1): 101-118, https://doi.org/10.1016/0045-7825
(85)90070-2.

Singh DP (1975) A study of creep of rocks. International Journal of Rock
Mechanics and Mining Sciences 12: 271-276.

Singh A and Mitchell JK (1968) General stress—strain—time function for soils.

Journal of the Soil Mechanics and Foundations Division 94(1): 21-46.

Tavenas F, Leroueil S, La Rochelle P and Roy M (1978) Creep behavior of
an undisturbed lightly overconsolidated clay. Canadian Geotechnical
Journal 15(3): 402—423.

Vouille G, Tijani F and de Grenier F (1984) Experimental determination of
the rheological behaviour of tersanne rock salt. Proceedings of the Ist
International Conference on the Mechanical Behaviour of Salt,
Clausthal-Zellerfeld, Germany, pp. 407-420.

Xiao Y and Desai CS (2019a) Constitutive modeling for overconsolidated
clays based on disturbed state concept. I: Theory. International
Journal of Geomechanics 19(9): article 04019101, https://doi.org/10.
1061/(ASCE)GM.1943-5622.0001475.

Xiao Y and Desai CS (2019b) Constitutive modeling for overconsolidated
clays based on disturbed state concept. II: Validation. International
Journal of Geomechanics 19(9): article 04019102, https://doi.org/10.
1061/(ASCE)GM.1943-5622.0001475.

Xiao Y and Liu H (2017) Elastoplastic constitutive model for rockfill
materials considering particle breakage. International Journal of
Geomechanics 17(1): article 04016041, https://doi.org/10.1061/
(ASCE)GM.1943-5622.0000681.

Yang S and Jiang Y (2010) Triaxial mechanical creep behaviour of
sandstone. Mining Science and Technology 20: 339-349, https://doi.
org/10.1016/S1674-5264(09)60206-4.

Yin JH (1999) Non-linear creep of soils in oedometer tests. Géotechnique
49(5): 699-707, https://doi.org/10.1680/geot.1999.49.5.699.

Ziegler H (1983) An Introduction to Thermomechanics. North-Holland,
Amsterdam, the Netherlands.

How can you contribute?

To discuss this paper, please submit up to 500 words to
the editor at journals@ice.org.uk. Your contribution will be
forwarded to the author(s) for a reply and, if considered
appropriate by the editorial board, it will be published as a
discussion in a future issue of the journal.

39

Downloaded by [] on [05/07/21]. Published with permission by the ICE under the CC-BY license


https://doi.org/10.1016/S0749-6419(00)00083-8
https://doi.org/10.1016/S0749-6419(00)00083-8
https://doi.org/10.1002/nag.179
https://doi.org/10.1007/BF00531249
https://doi.org/10.1016/S0266-352X(03)00063-6
https://doi.org/10.1016/0045-7825(85)90070-2
https://doi.org/10.1016/0045-7825(85)90070-2
https://doi.org/10.1061/(ASCE)GM.1943-5622.0001475
https://doi.org/10.1061/(ASCE)GM.1943-5622.0001475
https://doi.org/10.1061/(ASCE)GM.1943-5622.0001475
https://doi.org/10.1061/(ASCE)GM.1943-5622.0001475
https://doi.org/10.1061/(ASCE)GM.1943-5622.0000681
https://doi.org/10.1061/(ASCE)GM.1943-5622.0000681
https://doi.org/10.1016/S1674-5264(09)60206-4
https://doi.org/10.1016/S1674-5264(09)60206-4
https://doi.org/10.1680/geot.1999.49.5.699


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Europe ISO Coated FOGRA27)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AbadiMT-CondensedExtraBold
    /AbadiMT-CondensedLight
    /AndaleMono
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellGothic-Black
    /BellGothic-Bold
    /BellGothic-Light
    /BernardMT-Condensed
    /Bodoni
    /Bodoni-Bold
    /Bodoni-BoldCondensed
    /Bodoni-BoldItalic
    /Bodoni-Book
    /Bodoni-BookItalic
    /Bodoni-Italic
    /Bodoni-Poster
    /Bodoni-PosterCompressed
    /Bodoni-PosterItalic
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /Braggadocio
    /BritannicBold
    /BrushScriptMT
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /CurlzMT
    /Desdemona
    /EdwardianScriptITC
    /EngraversMT
    /EngraversMT-Bold
    /EurostileBold
    /EurostileRegular
    /FootlightMTLight
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /GillSans-UltraBold
    /GloucesterMT-ExtraCondensed
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /Gulim
    /Haettenschweiler
    /Harrington
    /Impact
    /ImprintMT-Shadow
    /KinoMT
    /LatinWide
    /LucidaBlackletter
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /MS-Gothic
    /MS-Mincho
    /MS-PGothic
    /MS-PMincho
    /MaturaMTScriptCapitals
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /NewCaledonia
    /NewCaledonia-Black
    /NewCaledonia-BlackItalic
    /NewCaledonia-Bold
    /NewCaledonia-BoldItalic
    /NewCaledonia-BoldItalicOsF
    /NewCaledonia-BoldSC
    /NewCaledonia-Italic
    /NewCaledonia-ItalicOsF
    /NewCaledonia-SC
    /NewCaledonia-SemiBold
    /NewCaledonia-SemiBoldItalic
    /NewsGothicMT
    /NewsGothicMT-Bold
    /NewsGothicMT-Italic
    /Onyx
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /Playbill
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /Sabon-Bold
    /Sabon-BoldItalic
    /Sabon-BoldItalicOsF
    /Sabon-BoldOsF
    /Sabon-Italic
    /Sabon-ItalicOsF
    /Sabon-Roman
    /Sabon-RomanOsF
    /Sabon-RomanSC
    /SimSun
    /Stencil
    /Symbol
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanPS
    /TimesNewRomanPS-Bold
    /TimesNewRomanPS-BoldItalic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-Italic
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Universal-GreekwithMathPi
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Wingdings
    /Wingdings2
    /Wingdings3
  ]
  /NeverEmbed [ true
    /Arial-BlackItalic
    /ArialUnicodeMS
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /LucidaConsole
    /TimesNewRomanMT-ExtraBold
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    23.95276
    23.95276
    24.12284
    24.12284
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ([Based on 'Sheridan'] Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


