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Abstract

We consider Jacobi matrices J with b, € R on the diagonal, a, > 0 on the next
two diagonals, and with spectral measure dv(x) = v/'(z)dx + dvgng(z). In particular,
we are interested in compact perturbations of the free matrix .Jy, that is, such that
a, — 1 and b, — 0. We study the Case sum rules for such matrices. These are trace
formulae relating sums involving the a,’s and b,,’s on one side and certain quantities
in terms of v on the other. We establish situations where the sum rules are valid,
extending results of Case and Killip-Simon.

The matrix J is said to satisfy the Szegd condition whenever the integral

/7r In[v/(2cos6)]do,

which appears in the sum rules, is finite. Applications of our results include an
extension of Shohat’s classification of certain Jacobi matrices satisfying the Szeg6
condition to cases with infinite point spectrum, and a proof that if n(a, — 1) — «a,
nb, — [, and 2a < |(], then the Szegd condition fails. Related to this, we resolve a
conjecture by Askey on the Szeg6 condition for Jacobi matrices which are Coulomb

perturbations of Jy. More generally, we prove that if

4 =1+ = + O(n~'79), by, L +0(n~179)
n” ny

with 0 < < 1 and € > 0, then the Szegd condition is satisfied if and only if 2a > |/3].
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Chapter 1

Introduction

This thesis discusses the spectral theory of Jacobi matrices. A Jacobi matriz is the

tri-diagonal semi-infinite self-adjoint matrix

b1 ay 0
a b as ...

J: 1 2 2 (11)
0 a9 bg ce

with a,, > 0 and b, € R. We will mainly be interested in matrices which are compact
perturbations of the free matriz Jy (with a, = 1 and b, = 0). For such J we have
a, — 1, b, — 0, and 0eg(J) = [—2,2]. Outside this interval J can have only simple
isolated eigenvalues, with 42 the only possible accumulation points. We denote them
Ef >Ef >--->2and E] <E; <---< 2.

There is an intimate connection between Jacobi matrices and orthogonal polyno-
mials on the real line, that is, polynomials orthonormal with respect to a (positive)
measure on R. Actually, when we restrict ourselves to bounded Jacobi matrices on
one side, and to probability measures with bounded infinite supports on the other,
then these two objects are one. Indeed, there is a special spectral measure v for J
as an operator on ¢*({0,1,...}), namely, the spectral measure with respect to the
vector dp. It turns out that the orthogonal polynomials P, (z) for this measure are at

the same time Dirichlet eigenfunctions for J, when energy x is fixed and n is varied.
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In particular, they obey the three-term recurrence relation

2P, (x) = aps1Ppy1(x) + by Po(x) + anPy1(x) (1.2)

with Py =0 and Fy = 1. So given a measure v, one can construct the corresponding
J by means of P, and (1.2). This gives a one-to-one correspondence of matrices and
measures.

Although Jacobi matrices and orthogonal polynomials have a lot in common, it
seems that there has not been much interaction between these two areas. In the
present work we would like to join efforts in this direction by applying methods from
one area to answer questions in the other. This aim is reflected in the fact that our
work has two main parts. In the first part, Chapter 3, we develop the sum rules for
Jacobi matrices, tools which we then apply in the second part, Chapter 4, to solve an
open problem and some related questions in the theory of orthogonal polynomials.

The sum rules are trace formulae which relate spectral information of J and sums
involving the a,’s and b,’s. They were first written down by Case [2] (motivated by
Flaschka’s work on the Toda lattice [10]), who proved them for J’s with J — J; finite
rank, and his methods probably also work in the case Y n(|a, — 1| + |b,]) < co. An
important contribution in this respect was recently obtained by Killip-Simon [13],
who extended the sum rules to J — Jy trace class. The sum rule part of the present
thesis is motivated by their work. In this introduction we will only state the first of
the sum rules, leaving the rest for later. But before we can do this, we need to define
its constituents.

An object of particular interest, both for us and in the theory of orthogonal

polynomials, is the Szegd integral

(1.3)
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with v/(x) = dv,(x)/dzx. Tt is often taken in the literature as

1 T

27 Jo

In[v/(2cos6)]do,

which differs from Z(J) by a constant and a minus sign. This is a natural analogue
of the Szegé integral for measures supported on the unit circle, which is one of the
central objects in the theory of orthogonal polynomials on the unit circle.

We say that J satisfies the Szegd condition (or J is Szegd) if Z(J) is finite. The
negative part of the integrand in (1.3) is always integrable, and Z(J) > —1In(2).
Hence, we are left with the question whether Z(J) < co. There is extensive literature
on when this is the case. See, for example, [1, 2, 8, 11, 17, 18, 20, 21, 22, 28, 33, 34].

We are interested in this question for two reasons. One is that Z(J) and similar
integrals appear in the sum rules which we study here. The other is that the open
problem we want to solve is exactly this question for certain special .J’s, as we shall
see later.

Next, we introduce the eigenvalue sum

&) = Xijgjzm{%(mﬁ + (Ef)2—4)]. (1.4)

It is not hard to see that & (J) < oo if and only if

ZZ,/yEﬂ—z < 00. (1.5)

The last quantity we need is

Ap(J) = lim (_ i‘; ln(an)), (1.6)

N—oo

which we define if the limit exists, even if it is +o00 or —oo.

Now we are ready to formulate the Z sum rule, called Cj in [13]:

Z(J) = Ao(J) + E(J). (1.7)
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In this equality two terms come from the spectral measure v, whereas the third comes
from the matrix J. In this light, the form Z(J) — &/(J) = Ap(J) might seem more
appropriate, but we will see that the form (1.7) enters naturally.

As noted above, Killip-Simon proved (1.7) for J — Jy trace class, in which case
Ap(J) is well defined and all three terms can be shown to be finite. It is not a priori
clear what happens if we abandon this assumption. The interest in this question is
justified, besides the quest for broadening of mathematical knowledge, by the main
result of Killip-Simon. They were able to prove one of the sum rules (P, called Z;
here) for all Jacobi matrices, and using it they obtained a characterization of all
Hilbert-Schmidt perturbations of Jy. This result (motivated in turn by previous work
on Schrédinger operators by Deift-Killip [5] and Denisov [6]) shows how to exploit the
sum rules as a spectral tool. In particular, Killip-Simon emphasized the importance
of proving the sum rules for as large a class of J’s as possible.

In Chapter 3 of our thesis we will address this question and extend all the sum

rules to full generality. One of our main results in that chapter is the following:

Theorem 1.1. Suppose the limit (1.6) ezists. If any two of the three quantities Z(.J),
Ao(J), and E(J) are finite, then all three are, and (1.7) holds.

Remarks. 1. The full theorem (Theorem 3.14) does not require the limit (1.6) to
exist, but is more complicated to state in that case.

2. If the three quantities are finite, many additional sum rules hold.

3. Peherstorfer-Yuditskii [22] (see their remark after Lemma 2.1) prove that if
Z(J) < 00, E(J) = o0, then the limit in (1.6) is also infinite.

Theorem 1.1 is a real line analogue of a seventy-year-old theorem for orthogonal

polynomials on the unit circle:

1 2w

[/ (e”)] df =) In(1—|oy]?), (1.8)

27 Jo

where {a;}%2, are the Verblunsky coefficients (also called reflection, Geronimus,

Schur, or Szeg6 coefficients) of v. This result was first proven by Verblunsky [39]



)
in 1935, although it is closely related to Szegé’s 1920 paper [34].

One application we will make of Theorem 1.1 and related ideas is to prove the

following (= Theorem 3.20):

Theorem 1.2. Suppose oess(J) C [—2,2] and (1.5) holds. Then J is Szegd if and
only if
N
hNnLiO%f(— ;ln(an)> < 00. (1.9)
Moreover, if these conditions hold, then
(i) the limit (1.6) exists and is finite,
(il) Hmy—oe SN b, exists and is finite,

(iii)

o0

> lan =17 +82] < oo (1.10)
n=1
Results of this genre when it is assumed that o(J) = [—2,2] go back to Shohat

28], with important contributions by Nevai [18]. The precise form is from Killip-
Simon [13]. Nikishin [21] showed how to extend this to Jacobi matrices with finitely
many eigenvalues. Peherstorfer-Yuditskii [22] proved Z(J) < oo implies (i) under the
condition & (J) < oo, allowing an infinity of eigenvalues for the first time. Our result
cannot extend to situations with &(.J) = oo since Theorem 1.1 says that if (i) holds
and Z(J) < oo, then &(J) < oc.

We will highlight one other result from Chapter 3 (see Theorem 3.24):

Theorem 1.3. Suppose (1.10) holds and either limsup[— > (a, — 1 + 1b,)] = o0
or lim sup[— ZnNzl(an —1—1b,)] = 00. Then Z(J) = oc.

One of the main results of [13] is the proof of a conjecture of Nevai [20]. It states
that if the perturbation J — Jy is trace class, then Z(J) < oo. Killip-Simon were
able to prove this by extending the sum rule (1.7) to J — Jp trace class, and by using
a result of Hundertmark-Simon [12] that &(J) < oo in that case. In Chapter 4 we
will address a related question involving non-trace-class J — Jy. This is yet another
reason for us to extend the sum rules to full generality. The question is the following

conjecture of Askey about Coulomb-decay Jacobi matrices, reported by Nevai in [17]:



Askey’s Conjecture. If

1 1
n n n n

and o2 + %2 > 0, then J is not Szeg®.

These a,, b, are natural because they are just at the borderline beyond J — Jj
trace class. It has been known for some time that in the case of « = 3 = 0, one
has Z(J) < oo. These results predate Killip-Simon by more than twenty years, for
example, Nevai’s result in [17] that if > In(n)|a, — 1] < oo and ) In(n)|b,| < oo,
then Z(J) < 0.

The other cases have remained open and will be treated in this work. Actually, we
will consider more general errors here, namely, O(n='7¢) for ¢ > 0. Before stating our
main result in this respect, let us first discuss the history of these kinds of problems.

In the late 1940’s Pollaczek [23, 24, 25] found an explicit class of examples in the
region (in our language) |3| < —2a, one example for each such («, 3), with further
study by Szeg6 [34, 36]. They found that in these cases the Szegé condition fails.

In 1979 Nevai [17] reported the above conjecture of Askey. However, in 1984
Askey-Ismail [1, p.102] gave some explicit examples with b, = 0 and « > 0, and
noted that the Szegd condition holds (!), so they concluded the conjecture needed to
be modified.

In 1986 Dombrowski-Nevai [8] proved a general result that Szegd condition holds
when b, = 0 and a > 0 with o(n™?) errors. And finally, in 1987 Charris-Ismail [3]
computed the weights for Pollaczek-type examples in the entire («, 3) plane. Although
they did not note it, their examples are Szeg? if and only if 2« > |3|. We will see that
this is the general picture for this problem, and the “right” form of the conjecture.

Here is our result for this class:

Theorem 1.4. Let

a, =1+ i +0(n~179), b, =
ny
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with 0 <~y <1 and e > 0. Then J is Szegd if and only if 2a > |3].

Remark. This is a corollary of more general results, in particular, of Theorem 4.16.

We will prove even more for % < v < 1. In Section 4.4 we discuss some situa-
tions when the Szeg¢ integral is allowed to diverge at one end of [—2,2] and study
its convergence at the other end (one-sided Szegd conditions). This is of particular
interest when the perturbation J — Jy is Hilbert-Schmidt (which is the origin of the
requirement y > %) In that case the abovementioned P, sum rule of Killip-Simon
shows that the Szeg6 integral (1.3) can only diverge at £2. We establish here the

following picture for these ~:

IBK

2a=0
+2 |+2
Legend:
12 +2 — Szeg6 condition holds
o +2 — Szeg6 condition at 2 holds
+2 —2 — Szego condition at —2 holds
—2]-2
20 =—3

The (a, B) plane is divided into four regions by the lines 2o = +3. Inside the
right-hand region Z(J) converges at both ends, inside the top and bottom regions
Z(J) converges only at, respectively, 2 and —2, and inside the left-hand region Z(.J)
diverges at both ends. As for the borderlines 2ae = 4, if & > 0, then Z(J) converges
at both ends, and if @ < 0, then Z(J) diverges at +2 (convergence at F2 is left
open). The divergence results follow from the material in Chapter 3, whereas the
convergence results are proved in Chapter 4. We note that the divergence results
hold for more general errors, trace class in particular.

The thesis is organized as follows. In Chapter 2 we collect most of the background
material we need. With a couple of exceptions, proofs are provided for the reader’s
convenience. Some more specialized results are left for the appendices to Chapters 3

and 4.
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In Chapter 3 we extend the sum rules to general Jacobi matrices, non-trace-class
in particular, and prove Theorem 1.1. We then give various applications, including
Theorems 1.2 and 1.3, the second of which can be viewed as a general necessary
condition for Z(J) < oc.

In Chapter 4 we apply the sum rules to derive sufficient conditions for Z(J) < oo.
These are stated in the form of a relation between the sizes of the on-diagonal and
off-diagonal pieces of the perturbation J — Jy, and are in line with the («, 3) picture

above. In particular, we obtain Theorem 1.4.



Chapter 2

Background

In this chapter we collect most of the background material used in this work. The
majority of the results are common knowledge about Jacobi matrices and orthogonal
polynomials. In Section 2.1 we develop the basic relationships between these objects.
In Section 2.2 we state results concerning bound states: Sturm oscillation theory and
Lieb-Thirring inequalities. Section 2.3 deals with the behavior of spectral measures
and eigenvalues for converging sequences of matrices. Section 2.4 introduces the Szeg6
integral and derives some of its important properties. Finally, Section 2.5 contains

some basic facts about the m-function, the Borel transform of the spectral measure.

2.1 Jacobi Matrices, Spectral Measures, and
Orthogonal Polynomials

The main object of our investigation is the Jacobi matrix

b1 aq 0
ap by ap

0 as b3

J:

with a, > 0 and b, € R. In this work we will only consider cases where {a,} and

{b,} are bounded. Hence J is a bounded self-adjoint operator on the Hilbert space
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2(Z%) = (*({0,1,...}). Usually, J is extended to map the set of complex sequences

{un}o2_ to the set of complex sequences {v,}22, by taking ay = 1 and defining
(Ju)n = Gp41Un41 + bn+1un + aptpn—1

for n > 0. If such a sequence satisfies the eigenfunction equation

(Ju), = Cuy, (2.1)

for some ¢ € C and all n > 0, then u is called a generalized eigenfunction (or simply
eigenfunction) of J for energy . It is clear from (2.1) that any eigenfunction u for
energy ( is uniquely determined by u, and u,_; (for arbitrary n). Consequently,
eigenfunctions for a given energy form a two-dimensional vector space. Notice that if
Uy = U,_1 = 0, then the eigenfunction u is identically zero.

For any energy there are two special eigenfunctions. If u_; = 0 and ug = 1, then
the eigenfunction u is the Dirichlet eigenfunction, and if u_y = 1 and uy = 0, then
it is the Neumann eigenfunction. Obviously, ¢ is an eigenvalue of J if and only if
the Dirichlet eigenfunction for ¢ is in £?(Z"). By self-adjointness of J, this can only
happen for ¢ € R. If ¢ € C\R, then there is always an eigenfunction u € ¢*(Z") for
¢, but it has u_; # 0. Indeed, one can take

u, = —((J — C)_150)n (2.2)

for n > 0, and u_; = 1. This is well defined because (J — )~ : (*(ZT) — (*(Z") is
a bounded operator. Obviously (J — {)u = —dg + agu_109 = 0.

We define the Wronskian of two sequences {u, }5° _; and {v,}32 _; to be
Wi (u,v) = an(upvp—1 — Up_10p) (2.3)

for n > 0. Clearly W, (u,u) = 0. The most useful property of this object is that if

u, v are two eigenfunctions of J for energy ¢, then W(u,v) = W, (u,v) is independent
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of n. This is well known and can be checked easily using (2.1). Notice that then
W(u,v) = 0 if and only if u and v are linearly dependent. This shows that for any
energy there can be only one (?-eigenfunction (up to a multiplicative constant).
The vector §p = (1,0,0,...) is a cyclic vector for J. Indeed, if @, is a real
polynomial of degree n with leading coefficient ¢ # 0, then it is clear that

n n—1
Qu(J)do = q( I1 aj>5n + 3 0,
j=1 Jj=0

for some r; € R. This of course means that there is a unique real polynomial P, of
degree n such that P,(J)dy = 6, (and since a,, > 0, the leading coefficient of P, must
be positive). Hence dp must be cyclic. It follows that the spectrum of J is simple and
the spectral measure for §y (which we will call v) is a spectral measure for J, in the
sense that J is isomorphic to the operator of multiplication by z on L*(R, dv).

By the spectral theorem,

(00, (J — )7 "60) = /iVT(:CC)

for ¢ € C\R (all integrals in this chapter are taken from —oo to oo unless indicated

otherwise). More generally, we have

(o £(1)30) = [ Fla) (o) 2:4)

for any f € L'(R,dv). Notice also that v(R) = ||d||2 = 1, that is, v is a probability
measure, and the support of v is bounded. Also, it is an infinite set, because by the
spectral theorem L*(R,dv) = (*(Z") is infinite-dimensional.

Next we turn to the polynomials P,. By (2.4) and P,(x) € R we have

/ Po(2) P (@) dv(@) = (Bo(J)00, Pa(J)30) = G

Hence the polynomials Py = 1, P, P, ... are an orthonormal set in L?*(R,dv). Since

the degree of P, is n and P, is real with positive leading coefficient, these must be
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the orthogonal polynomials for v, which one obtains by applying the Gram-Schmidt
procedure to the set {1,z,2?, ...} C L*(R,dv). This latter set is a basis and thus so

must { P, Py, ...} be. Moreover, we have
/xPn(x)Pm(x) dv(z) = (P (J)b0, JPu(J)00) = ant10mmt1 + bnt10mn + @ndmn—1
and it follows that with P_; =0,
2P, (x) = aps1Ppy1(x) 4+ b1 Po(x) + an P () (2.5)

for n > 0. This is the so-called three-term recurrence relation. It shows that
{P.(x)}52, is the Dirichlet eigenfunction for J and energy z. It also shows that
multiplication by x on L?*(R,dv) is unitarily equivalent to J acting on ¢*(Z") (the
corresponding bases being { Py, Py, ... } and {dy, d1, ... }). This follows from the spec-
tral theorem as well.

In the above, we have constructed a measure v (and its orthogonal polynomi-
als) associated to a given bounded Jacobi matrix. One can also go in the opposite
direction. Given a probability measure v with bounded infinite support, one first
constructs its orthogonal polynomials P, using the Gram-Schmidt procedure in the
Hilbert space L?(R,dv) with inner product (f,g), = [ fgdv. Again, P, are all real
and have positive leading coefficients. Since xP,(x) is a polynomial of degree n + 1,
it is orthogonal to P,,(z) for m > n+ 2. It is also orthogonal to P, (x) for m <mn—2
because (xP,(x), Py (z)), = (Pu(z), 2P, (x)), and 2P, (z) is of degree at most n — 1.
If we denote the leading coefficient of P, by ~,, then

tn = (2P (2), Py 1(2))y = (Pa(x), 2Po1(2))y = (Pa(x), 7’7;”1 Po(x)), = ”Yi;nl >0

because P, is orthogonal to polynomials of degree less than n. Hence with

by = (xP,_1(x), Po_1(x)), (2.6)
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we have (2.5). This gives rise to a Jacobi matrix J. By (2.5), the spectral measure
for dg and J coincides with the one for Py(z) = 1 and the operator of multiplication
by x on L?(R,dv). This latter measure is clearly v.

We have just seen that there is a bijection between matrices and measures, so that
bounded Jacobi matrices and probability measures with bounded infinite support are
essentially two guises of the same object.

For future reference we note that by (2.5), the leading coefficient of the polynomial

P,is v, = (a1 ...a,)" ", and thus by Gram-Schmidt

[y

n—

Pu(z) = " = e, Py(@) Py(a)]. (2.7)

ai...0ap

n—1
1 2 n n n
L= (Pafa), Palw))y = (———) [t ) = DG P2
1 - Un =0
and therefore
n—1
1
a, = ————— [ (@™ 2"), — ) (2", Pj(z)):. (2.8)
ai...Qp—1 -
7=0
Let us now consider the “basic” matrix
0 1 0
1 0 1
L)E
0 1 0

This is the free half-line discrete Schrodinger operator, and therefore will be called

the free matriz. It is a direct computation that for 6 € (0, 7),

2cosf cosnb = cos(n + 1)0 + cos(n — 1)6 (2.9)

2 cosfsinnf = sin(n + 1)0 + sin(n — 1)0
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and so {cosnf}, and {sinnf}, are eigenfunctions of Jy for energy 2 cosf. Using (2.9)
and induction, one can show that cosnf and sin(n 4 1)0/siné are polynomials of

degree n in cos . We call

T, (cos8) = cosnb (2.10)
the Chebyshev polynomials of the first kind and

sin(n + 1)6
sin ¢

Up(cosf) = (2.11)

the Chebyshev polynomials of the second kind (when extended to all of R). By (2.9),
{Un(%£)}, is the Dirichlet eigenfunction for Jy and energy z, so U,(%) is the n'
orthogonal polynomial for vy, the spectral measure of Jy. For later reference we note
that

To(z) =1, Ti(z) =z, Ty(z) = 22 — 1. (2.12)

The above, of course, shows that the free eigenfunctions for energy 2 cos € (—2,2)
are of the form c1e™® + c,e™™9. For the sake of completeness, we note that one can

easily see that the free eigenfunctions for any energy = € R are

;

c1e™ + cye= Y x =2cosf € (—2,2),
cin + ¢ T =2,
Un = § (=1)"(c1n + ¢c2) = -2, (2.13)
cre™ + coe™ x =2coshf > 2,
(=1)"(cre™ + cpe™™) = —2coshf < —2.

\

In general, if ¢ € C is different from 42 and z + 2~! = (, then the eigenfunctions for

energy C are u, = c12" + cpz™".

Finally, the spectral measure for Jj is
V4 — a?

dvy(z) = X[f2,2}(x)dea (2.14)
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as can be seen from

2 ™
/ Un(5)Un(5)V4 — 22 dx = / 4sin(n + 1)8 sin(m + 1)0 df = 2mw0,,,,

2 0

by using the change of variables x = 2 cos#.
We close this section with an estimate of the norm of the difference J — Jy in the
Schatten classes J, [29]. This appears in [13] and will be useful in our considerations

of compact perturbations of .Jj.
Lemma 2.1. If ¢, = max{|a, — 1, |bn|, |an_1 — 1|}, then for any p € [1,0),
() 1/p 00 1/p
%(Zcf;) <1 = Jolly < B(Zci) -
n=1 n=1

Proof. Let C be the diagonal matrix with ¢,,’s on the diagonal. Then the tri-diagonal
matrix S given by C/2SC'/? = J — J has all elements bounded by 1, so that the

operator norm ||S|| < 3. By Hoélder’s inequality for J, [29] we have

o 1/p
1T = Joll, < IC]5 [1S] HCl/2H2p§3(Zcﬁ> :
n=1

On the other hand,

S} 1/p 00 1/p o 1/p
(Zcz) s(Dw) +2(Z|an—1|p) <30 = ol
n=1

n=1 n=1

using

|Al} = sup { Z [{Ln, AV} P [{pnt}, {tbn} orthonormal Sets}

from [29]. O

In this context, we also mention the obvious fact that
sup{c,} < [|J — Jo|| < 3sup{c,} (2.15)

which was used to obtain ||S]| < 3.
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2.2 Bound States

In this work we will mostly consider Jacobi matrices whose essential spectrum is
[—2,2]. We will call such matrices BW matrices (for Blumenthal-Weyl). Note that
this class includes compact perturbations of Jy, that is, such that a,, — 1 and b, — 0.
Hence from now on, unless stated otherwise, all matrices will be assumed to be BW
matrices.

The condition oess(J) = [—2, 2] and boundedness of J imply that outside of [—2, 2]
there can be only simple isolated eigenvalues, with 42 the only possible accumulation
points. We denote these Ef > Ef > .-+ >2and B < E; < --- < —2, and call them
bound states. To avoid possible notational problems, we define E]i = +2 whenever J
has less than j positive/negative bound states.

In many of our considerations we will deal with positive bound states only. The
reason is the following. If we define J to have a, = a, and b, = —b,, then J =
U(=J)U where U = U* is the unitary transformation taking a vector {u,} € ¢* to
{(=1)"u,}. Due to this symmetry, negative bound states of J are negatives of positive
bound states of J and any results for the latter translate to the former. Note that
Jo = Jy, which is reflected in the fact that the free eigenfunctions (2.13) for energies
x and —z differ by (—1)".

We quote here without proof two important results involving eigenvalues. The
first is from Sturm oscillation theory (see, e.g., [37]), which relates behavior of eigen-
functions for some energy x > 2 (x < —2) and the number of eigenvalues above
(below) this energy. We say that a real sequence {u,}>° ;| crosses zero at n > 0 if
UpUn—1 < 0, with m > n smallest such that u,, # 0. For non-zero eigenfunctions,
this is the same as saying that u crosses zero at n if u,u, 1 < 0 or u, = 0, because

in the latter case u,, = 0 implies u,1u,—1 < 0.

Theorem 2.2. Let J be a BW matriz.
(i) If x > 2, then the number of eigenvalues of J strictly above x equals the number
of times the Dirichlet eigenfunction for x crosses zero on the interval [1,00).

(ii) Ifu,v are non-zero eigenfunctions for energies x > vy, respectively, and u crosses
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zero at both n < m, then v crosses zero at least at one of n,n+1,...,m.
(iii) Ifx < —2, then the number of eigenvalues of J strictly below x equals the number
of times the Dirichlet eigenfunction for x fails to cross zero on the interval 1, 00).
(iv) If u,v are non-zero eigenfunctions for energies x < y, respectively, and u fails
to cross zero at both n < m, then v fails to cross zero at least at one of

n,n+1,...,m.

Remarks. 1. So, for example, (i) shows that the Dirichlet eigenfunction for x > E;
stays positive.

2.(iii) and (iv) follow from (i) and (ii) by the above symmetry argument.

The second result is a Lieb-Thirring inequality for Jacobi matrices [12], bounding

the distance of eigenvalues from the essential spectrum in terms of a certain J, norm

of the difference J — J,.

Theorem 2.3. For any p > % there exists ¢, < oo such that for any J

S (187 =2+ 1B +2) <6 2 (jon = 1972 + [0 2).

7 n

p+1/2

Remarks. 1. By Lemma 2.1, the right-hand side is comparable to |[.J — Jo[[,;/»-

2. We will mainly use this result for p = % and J — Jy € Jq, that is, trace class.

2.3 Convergence of Jacobi Matrices

Most of the techniques we develop here will, in one way or another, involve succes-
sive approximation of a Jacobi matrix of interest by other Jacobi matrices. We will
therefore need various results on limits of matrices. We collect these in this section.

The first is a well-known theorem relating convergence of the matrix elements and

of the spectral measure.

Theorem 2.4. Assume that J,,, m = 1,2,..., and J are uniformly bounded Jacobi

matrices with spectral measures v, and v, respectively, and matrix elements aﬁ{”), b
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and ay, by, respectively. Then v, — v (weak convergence) if and only if for all n

lim o™ = a,, lim 5™ = b,. (2.16)

m—00 m—0o0

Proof. Let M be the uniform bound on ||J|| and ||J,,||. This means that all spectral
measures are supported on [—M, M]. Let us first assume that v,, = v. We will show
by induction that for all n

lim |a{™ — a,| =0, lim < sup |[P{™(x) — Pn(:lz)\) = 0. (2.17)
Clearly [a™ — ao| = 0 and |P™ (2) — Py(x)| = 0. The induction step for a, follows
from (2.8), the assumption v,, — v, v,(R) = v(R) = 1, and from the induction
hypothesis. The induction step for P, then follows from the same facts, (2.7), and
from the convergence for a,, which has just been established. This proves (2.17). Eq.

(2.6) then proves the convergence for b,.

Now we assume that (2.16) holds for all n. Notice that

/xjdy(qz) = (80, J700) = (J7)11

and (J7)11 — (J7)11 for each j by the hypothesis. Hence, [Q(z)dvy,(z) —
[ Q(x)dv(x) for every polynomial Q. Using the uniform approximation of contin-

uous functions by polynomials on [~M, M] and an § argument, we obtain

@@~ [ elyiv)

for any ¢ € C(R). Therefore v, — v. O

From now on we shall say that .J,,, converge to J (denoted J,, — J) whenever
(2.16) holds, or equivalently, whenever v,,, — v.

In much of what follows, we will consider two natural approximating sequences
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connected to a matrix J. We let

by

b1 Gp_
J, = Lo (2.18)
Qp—1 bn 1
1 0 1
1 0

be the matrix obtained from J by changing b,, to 0 and a,,_; to 1 for m > n. Clearly
Jn — Jo has rank at most n and so has only finitely many bound states. Notice that
Jn, — J in the above sense. This sequence will play an important role in proving one
inequality in the sum rules in Chapter 3.

It will be useful to define .J,,.r to be the upper left-hand n x n corner of J (or J,).

For J, we will denote this matrix Jy,.». We have the following result.

Lemma 2.5.

det(z — Jpp) = a1 ...a,P,(2). (2.19)

Proof. 1t is easy to check that (2.19) holds for n = 0,1 (with the determinant of the

0 x 0 matrix being 1). Then by expanding in the last row, we obtain
det(z — Ju1.r) = (2 — bpya) det(z — Jpp) — a2 det(z — Jo_1.5)

which, by (2.5), also holds for a; ...a,P,(z) in place of det(z — J,.r). This finishes
the proof. O
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The second sequence is formed by the matrices

bni1 Qngr 0
an, b, Qn .
g = | Tt Tz G2 (2.20)
0 any2 bnys

obtained from J be deleting the first n rows and columns. Note that J™ — .J,
whenever .J — .Jy is compact. This property will prove useful for obtaining the opposite
inequality in the sum rules in Chapter 3.

We have the following application of Sturm oscillation theory.

Corollary 2.6. Ife > 0 and J has only finitely many eigenvalues above 2 + € /below

—2 — ¢, then there is n such that J™ has no such eigenvalues.

Proof. 1f there are only finitely many eigenvalues above 2 + ¢, we only need to choose
n to be larger than the last crossing of zero of some eigenfunction for energy 2+¢. By
Theorem 2.2(ii), the Dirichlet eigenfunction for J™ and energy 2 + ¢, which crosses
zero at —1, cannot cross zero at m > 0. Theorem 2.2(i) then gives the result. The

case —2 — ¢ is similar. O

Next, we prove two results on the convergence of sums of eigenvalues. These
involve the matrices J, and J™ which we have just introduced. In the following we
assume that f is a continuous function on R such that f is even, f(x) = 0 for |z| < 2,

and f is monotone increasing on [2,00). We have the following result from [13].

Lemma 2.7. For any J and all n,
(1) 1BV ()] < [EF ()] +1,
(i) [B5.(J)| < |EF(J)].

In particular, for any f as above,

Zf(E}‘L(Jn)) < FEF(D) £1) + ) FEF(J). (2.21)

J=1 Jj=1
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Moreover, iof J — Jy is compact, then
Tim S FEEL) = 3 FEE). (2.22)
j=1 j=1

Remarks. 1. Each of (i), (ii), (2.21), and (2.22) is intended as two statements —

one with all plus signs and one with all minus signs.
2. Recall that EJjE = +2 if there are less than j positive/negative bound states.

3. The sums for J are allowed to be infinity. Since J,, has only finitely many

bound states, the corresponding sums are finite.

Proof. By the symmetry discussed in Section 2.2, we only need to consider E;“ We
follow the proof in [13]. We start by proving (i),(ii) in 4 steps.
First, we compare J and J, . Since the latter is a restriction of the former to

?%({0,1,...,n — 1}), the min-max principle [26] shows that

Second, we let J,;t 7 be the matrix obtained from J,,.p by adding 1 to its bottom

right-hand corner (changing it to b, + 1). Obviously
EF(J5e) < B (Jur) +1< BH () +1 (2.23)

and since the change is a rank 1 perturbation, we also have (again by the min-max

principle)

E+

j+1(<]:;F) < Egﬂ‘]n;F) < E;F(J) (2-24)

Next, we let J;~ be Jy with its upper left-hand corner changed to 1 (instead of 0).
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We let J,F = J, @ Jg, that is,

p
(J:;F)k,l 0< k,l <n,

(J;)kyl = (J(;r)kfn,lfn ]{Z,l 2 n,

0 otherwise.

\

Here we denote by Ay, the (k,1) element of the matrix A, with the upper left-hand
corner being Ag. Since J;© has no eigenvalues by Theorem 2.2 (the Dirichlet eigen-
function for energy 2 is u, = 1), inequalities (2.23) and (2.24) hold with J;I in place
of J) p.
Finally, J, is obtained from J} by adding the matrix
-1 1
dJt =
1 -1

at sites m,n + 1. Since {p,dJTp) < 0 for any ¢ € R? this change decreases all
eigenvalues. This proves (i),(ii), and (2.21) follows immediately.

To prove (2.22) we note that if J — Jy is compact, then ||/, — J|| — 0. Hence also
1ES (Jn) = Ef (J)|| — 0. (2.25)

Thus if 322, f(E](J)) < oo, then (i) and the dominated convergence theorem imply
(2.22). Tt 3577, f(E(J)) = oo, then Fatou’s lemma gives

lim ian F(BS () > Z FEF(T)) = o0

and (2.22) holds again. O

We finish this section with proving a related result for J™.
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Lemma 2.8. For any BW matriz J and all n we have
B (D] < |EF(I™)] < |EF(T)]. (2.26)

If f is as in Lemma 2.7, then

[e.9]

Jim 37 [FEF) — FEFI)] = D FEFD)). (2:27)

J=1

Remarks. 1. Again, each of (2.26) and (2.27) represents two statements.

2. By (2.26), the sum on the left-hand side of (2.27) has non-negative summands

and is finite for every n.

3. In (2.27) both sides can be infinity.

Proof. Again consider only E;“ Since J™ is a restriction of J to 2({n,n+1,...}),
(2.26) holds by the min-max principle.
Call the sum on the left of (2.27) 6:(f,J). Since E; (J™) < EX(J), we have for

any m,

60 (5 0) 2 3 [FES(I) = FEF(I™)].

J=1

From Corollary 2.6 we know that for each j

lim Ef(J™) = 2.

n—oo

Hence we have by taking n — oo and then m — oo,

il 57(1,1) = 3 105 ().
=1

On the other hand, since f > 0,

n—oo

limsup 4, (f,J) < if(E;F(J))
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is obvious. This proves (2.27). O
2.4 The Szeg6 Integral and Its Siblings — a

Semi-Continuous Family

This section follows the exposition in [13]. One of the main objects of study in this

thesis is the Szegd integral

Z(J) =

! /2 ln<m> d (2.28)

o 2mv(z) )4 — 22’

where v/(z) dx = dv,.(z) is the absolutely continuous part of v. With the change of

variables x = 2 cos @, this integral can be written as

Z(J) = % /0 ’ 1%%) do. (2.29)

Before we proceed, let us introduce two classes of related integrals. For ¢ > 1 we

define

Y
;/2 (o A e

and
280 = o [ ) (1 cos(t) (232)
5 () (D) e

with 7} from (2.10). Of course,

ZF(J) = 2()) F 1 Yu(J) (2.34)

2
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when all integrals converge.

Many authors consider the integral

1 ™

27 Jo

In[v/(2cosf)] df (2.35)

instead of Z(J). By (2.29), this differs from Z(J) by a sign and a constant. Our
choice of Z(J) has two reasons. The form (2.28) appears in the sum rules which play

a major role in this work, and from (2.14)
Z(Jo) = Zi(Jo) = Ye(Jo) = 0.

We add that each of Z7, Y; will have its own sum rule, as Z has (1.7) (see Chapter 3).
The first question to be answered at this point is the convergence of the above

integrals. Let Iny be defined by
Int(y) = max{0, +In(y)},

so that

In(y) = Iny (y) — In_(y),

In(y)| = Iny(y) + In_(y).

Lemma 2.9. The In_ piece of (2.28), (2.30), and (2.32) always converges.

Proof. Since 1 + cos(0) < 2, we only need to treat (2.28):

[on-Coey )= Lo () -0

2 2 de’
< o (x dx+/ln 4 — 2 < 00
_/_27<> ()

using In_(zy) <In_(z) +In_(y) and In_(x) < 2~ . O

It follows that the integrals defining Z(J) and Z7(J) either converge or diverge to
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+00. We therefore always define Z(.J) and ZF(J), although they may take the value
+00. Since the weight in Y,(J) does not have a definite sign, Y;(J) cannot always
be defined. However, Z(J) < oo clearly implies the convergence of both Z;(J) and
Yy(J), so we define Y;(J) by (2.34) if and only if Z(J) < oc.

Note that the proof of Lemma 2.9 actually gives a lower bound on Z(J) and
ZE(J), since [vV'(z)dz < 1. We will improve this bound for Z(J) and Z, (J) in
Lemma 2.12. These two integrals are of special interest among the Z family, as will
be seen in Chapter 3. The weights in them, in terms of 6, are 1 and 2sin*(6) and so
represent the two types of decay at +2 which are exhibited by the weights 1+ cos(¢0).

It is clear from their definitions that Z(J) and Z;(J) can be 400 when v/(z) is
small on a large enough set. For example, if it decays fast enough at +2 (which will
be the case in one part of Askey’s conjecture as we shall see in Chapter 3) or if it
vanishes on a set of positive Lebesgue measure. Conversely, Z(.J) < oo implies that
the essential support of v, is [—2,2].

If Z(J) < oo, we say that J obeys the Szegd condition or J is Szegd. This
condition is a natural object in the theory of orthogonal polynomials (see, e.g., [36]).
If ZF(J) < oo, we say J is Szegd at £2. This is because if Z; (J) < oo, then the
integral in (2.28) can only diverge at = —2 and if Z; (J) < oo, the integral can
only diverge at x = 2, as can be seen from changing variables to 6. Note that if

Zy (J) < o0, then Z; (J) < oo because
1 — cos(26) = 2sin*(9) < 8sin® (&) = 4(1 — cos¥).

Similarly Z;"(J) < oo implies Z, (J) < oco. As in [13], we will call Z; (J) < oo the
quasi-Szegd condition.

In the remaining part of this section we will prove a result of Killip-Simon [13],
who realized that integrals like Z(J) are just negative entropies. Entropies are up-
per semi-continuous w.r.t. weak convergence of spectral measures, which translates,

via Theorem 2.4, into lower semi-continuity of Z(J) w.r.t. pointwise convergence of
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matrix elements. That is,

Z(J) <liminf Z(J(n)) (2.36)

whenever J(n) — J (and similarly for ZF(J)). This will be proved by obtaining vari-
ational principles for Z(J) and similar integrals, as suprema of (weakly) continuous
functions. Inequality (2.36) is the cornerstone of the passage from step-by-step sum
rules to “full size” sum rules (see Chapter 3), and plays an important role in the
proofs of the main results of Chapter 4.

Following [13], if p, v are two finite measures, we define the entropy of u relative

to v to be

— [In (¥Ydy if pis v-a.c.,
sy = 4 @i ity (2.37)

—00 otherwise.

Notice that if du = f dv, then
S(ulv) == [ (@) f(a) dve), (239
the usual definition of entropy. In that case
dp -1
[ (Bt [ 7@ dute) =l 20 < v®) <0 (239

so that the integral in (2.37) can only diverge to —oc.

Lemma 2.10.

R
() < () (2155 (2.40)
with equality if and only if 1 is a multiple of v.

Proof. 1f p is not v-a.c., then there is nothing to prove, so assume du = f dv. Then

by the concavity of In and Jensen’s inequality for the probability measure du/u(R),

dp()
1(R)

®)

S(ulv) = ul®) [ 1n (71(2))
< u(R)In ( [

d
I
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- (A £00)

o (13)

Since In is strictly convex, equality in the first inequality holds only if f~!(x) is a
constant where f(z) # 0, and in the second inequality only if f(z) # 0 everywhere

on the essential support of v. This proves the claim. Il

Theorem 2.11.

S(ulv) = i%f l/F(x) dv(z) — / (1+ InF(z))du(z) (2.41)

where the infimum is taken over all real-valued bounded continuous functions F with
infer F(z) > 0. So if u, — p and v, — v and the supports of pin, i, Vs,V are
uniformly bounded, then

S(plv) > limsup S(pn|vn).

n—oo

Proof. Let us define

S(F)=6(F;p,v) = /F(a:) dv(z) — / (14 InF(x))du(z)

for ' > 0 with F € L'(dv) and InF € L'(du). For any fixed continuous F this
function is weakly jointly continuous in g and v on the set of measures with uni-
formly bounded supports. Since the infimum of continuous functions is upper semi-
continuous, the second claim of the theorem follows from the first. We are left with
proving (2.41).

First consider p to be v-a.c., so assume that dyu = fdv. Then

whenever f(z) > 0, which is equivalent to

—f(@)In f(z) < F(z) = f(2)(1 +In F(z)).
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Integrating w.r.t. dv gives S(ulv) < &(F), and so S(u|v) < infp S(F).
To obtain equality, one could take F' = f. But f might not be continuous nor

bounded away from 0, 0o, so we will have to approximate it instead. First take

(N f(z) > N,
fn(@) =4 fx) %< fl@) <N,
¥ fl@) <+,

\

and pick continuous Fl., such that % < Fyn < N and Fy,, — fy in L'(du + dv).
We have
S(Fnyn) — G(fN)’ = ‘/(FN;n — fn)dv — /(thN;n —1In fn) dﬂ‘
< [ 1B = doldv+ [ 1Py = Sl dutz)

and so lim,, .. &(Fn.,) = &(fn). Moreover,

S(i) = [~ Nav— [ fudus 1o gy dp

Clearly fy — fin L'(dv), so the first integral converges to 0 as n — oo. By monotone

convergence theorem (and using (2.37) and (2.39)), the rest converges to

—/1n+fd,u+/1n_fd,u25(u|y).

Hence infr &(F) < infy,, &(Fn.,) = S(u|v), as was to prove.

Now assume g is not v-a.c. Then there is a set A C R such that u(A) > 0
and v(A) = 0. Let fy(x) =1+ Nxa(x), and let Fy., be continuous and such that
1< Fy, < N+1land Fy,, — fyin L'(du+dv). Then as above, lim,, .o, &(F.,) =
S(fy). But

S(/x) = (R) — ju(R) — u(A) n(N + 1)

that is, &(fn) — —oo. Hence infy, &(Fn.,) = —o0 = S(p|v). O
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This result can now be applied to Szego-type integrals via the following lemma.

Lemma 2.12. Let v be the spectral measure of J and let

dx
d = 2.42
MO(x) ﬂ_\/m ( )

1+T,(%)

duf(z) = ——=224 2.43
wew) = (2.43)

for £ > 1. Then there are Ky, l'iz: € R such that
2(J) = ro— 1S (u) (2.44)
ZE(J) = kE = LS (i), (2.45)

Moreover, ko = —%1In(2) and k5 = 0.

Remark. Here py and u@t are probability measures, as can be seen using the change

of variables = 2 cos . Hence Z(J) > ko and Z;(J) > k7 by Lemma 2.10.

Proof. Notice that since jg, p are absolutely continuous, S(uo|v) = S(jo|vac) and
S(uF|v) = S(uF|Vae). If po, iy are not v-a.c., that is, v/(z) = 0 on a subset of [~2, 2]
of positive measure, then all the —S’s and Z’s are +00. So assume the u’s are v-a.c.

Then (2.44)/(2.45) follow directly from (2.28)/(2.33) and from (2.37), if we take

1/21 4 — g2 dx

kKo = — n

"= or |, 2 ) Vi_22
1 2

L 1 4 — g2 )11:@(%)
= ) (2(1iTg(§)) Vi

Since Th(y) = 2y* — 1, we have k, = 0. To compute kg we apply once again the
change of variables x = 2 cos 0:

1 s
ko= — [ In(2sin®6)do

:27T0

= 1111(2) + i/27rln]sin(9|d9
2 21 Jo



1— 622'«9

1 2m
= -In(2) + — / In d9
0

1
2
1
2

where we used Jensen’s formula for f(z) = 1(1 — 2?) to evaluate the integral.

]

Hence Z and ZgjE are lower semi-continuous in J. We gather the results obtained

in this section in

Theorem 2.13. The negative parts of the integrals defining Z(J) and Zi(J) are

bounded by

1 2 dx

razQ—i——/ In_ (4 —2%)——.

el B Gk by
Moreover,

Z(J) =z —31n(2)
and

Zy(J)>0

If J(n) — J (in terms of pointwise convergence of matriz elements), then

Z(J) <liminf Z(J(n))

n—oo

and

ZE(J) < liminf ZF(J(n)).

n—oo

(2.46)

(2.47)

(2.48)

(2.49)

We note that the bounds (2.46) and (2.47) are sharp, as can be seen from Lemma

2.10 by taking v = pp and v = py, = %\/4 — 22 dx, respectively.
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2.5 mand M

One of the central objects of spectral theory of Jacobi matrices is the m-function.

This is the Borel transform of the spectral measure v of J, defined by

_ [dv(z) _ a1
m(© = [T = (60, (7 - O (2.50)

for ¢ € C\R. We write m((;.J) when we want to make the J-dependence explicit. In
the case under consideration, that is, when v is supported on [—2,2] plus the set of

points { £}, we can write

{Ei} 2 dv(z)
ZZ /_2 T—¢ (2.51)

Clearly, m is meromorphic in C\[—2, 2] and analytic off the support of v.
One usually looks at m(¢) for ¢ € C*, the (open) upper half-plane, since m({) =

m(¢). Clearly Imm({) > 0 in C*. More precisely, for £ € R and ¢ > 0,

Imm(E+z'£):/(x_ © dv(z). (2.52)

E)? 42

Using this and
€
L S
[eratr=n

one can show that Imm(FE + ic) dE recovers dv(E) as € | 0, as can be seen in the

following standard result (see, e.g., [30]).

Theorem 2.14. Let m be the Borel transform of the measure v. Then
liﬂ)l Imm(E + ie) dE = wdv(FE) (2.53)
in the sense of weak convergence of measures. Pointwise,

hgl Imm(E +ig) = 7/ (E) (2.54)
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for almost all E (w.r.t. the Lebesque measure), and the singular part of v is supported

on the set of those E for which

hg)l Imm(E + ie) = oc. (2.55)

Remark. Actually, (2.54) and (2.55) hold with non-tangential limits from C*.

In light of Theorem 2.14, the following lemma relates the spectral measure and

the behavior of ?-eigenfunctions at the origin (cf. Theorem 4.25).

Lemma 2.15. If u({) is an eigenfunction for J and energy ¢ € C\R such that
u(C) € (2(Z7), then

m(¢) = — . (2.56)

Proof. From (2.2) and the argument after it, we know that v must be a multiple of

5,1 - (J - C)_léo. Then

= (b0, (J — ¢)"'do),

which is m(¢) by (2.50). 0

This equality can be used to derive an important relation between the m-functions
of J and JM, which will play a crucial role in the proof of the step-by-step sum rules

in Chapter 3:

Lemma 2.16.
m(G J) "t = —C 4 b — alm(¢ TW). (2.57)

Remark. One can iterate this to obtain a continued fraction expansion of m around

oo (since m(o0) = 0).

Proof. Let
un(¢) = (6.1 —(J =)o),
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for n > —1 be the (*-eigenfunction for J and energy ¢. Then

un-i—l(C) n 2 07

ajup(¢) n=-1

un(¢) =

is the £2-eigenfunction for J™), as can be easily verified (notice that a,(JM) = a,1(J)
but ag(JM) = 1). Therefore

(o 0) = O (€= buolQ) ~ua() | =Ch by = m(Ci )

ajug(C) azuo(C) at

by using (2.1) and (2.56). Eq. (2.57) is immediate. O

It will be useful to transfer everything into the unit disk D = {z | |z| < 1}, using
the fact that z +— ¢ = 2z + z~! maps D bijectively onto the Riemann sphere cut along
[—2,2]. Under this mapping, the upper half-disk is mapped onto the lower half-plane
and the lower half-disk onto the upper half-plane. Thus we define for |z| < 1

M(z)=—m(z+z1). (2.58)

The minus sign is picked so that Im M (z) > 0 if Im z > 0. Hence M is meromorphic
in D with poles at (ﬁf)*l such that

B = 5 + (55) (2.59)

and |ﬁ]i| > 1. Hence ﬁ]i = B(E]i) with

_ E+sgn(E)VE? -4

3(E) .

for |[E] > 2. It is clear that the function B(FE) is well defined and increasing on
(—o0, —2]U[2,00) with 3(£2) = 1. One can easily see that || —1 < \/|E| — 2 for
|E| — 2.

We would now like to write (2.51) (or rather its imaginary part) in terms of M.
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By separating the pole terms (including those at 2, if they are present), we get

_ a(£1 (ﬁf)
ImM(z)—ImZ Imzz+2_1 (ﬁi) ]—l—K(z), (2.60)

—1
Z+z
<t

where
du( )
) = Im
/ A AP R

and we use a(ﬁf) for the weights V({Eji}) (and a(%1) for v({£2})). Also, x(—22)
ensures that possible mass points at +£2 do not enter twice. We note that since a(ﬁf)

are point masses of a probability measure, we have
> alff) <1 (261)
jt

with the a(41) terms included in the sum as 8% = +1.
Note that K(z) is a harmonic function in D, so one should be able to rewrite it
in terms of its boundary values using the Poisson kernel

1—r?
1+ 172 —2rcos(6 — ¢)

P.(0,¢) = (2.62)

with r < 1 and 6, € [0,27]. Since the imaginary parts of the pole terms in (2.60)

go pointwise to 0 as r T 1,

lim [K (re”) — Im M(re”)] =0

rTl

for any 0 € [0, 27]. Hence the boundary values of K (z) coincide with those of Im M (z).
By the definition of M and by (2.54) for non-tangential limits, we have

Im M(e?) = —Im M (™) = 71/ (2 cos ) (2.63)

for a.e. 6 € [0, 7], where

Im M () = 1i%111 Im M (re) (2.64)
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exists almost everywhere. Note that by using this, one can substitute Im M (¢%) for
7/ (2cosf) in (2.29), (2.30), and (2.32). In Chapter 3, the sum rules will be stated

in these terms and proved using the properties of the limit in (2.64).

If /1 is a finite measure on [0, 27| such that a({0}) = a({r}) = a({27}) = 0 and
a(I) =mv(2cos) (2.65)
for any interval I C (0,7) U (7, 27), and we let
dp#(0) = (2sin0) " dju(0), (2.66)
then by (2.63) and (2.65),
K(e) =Tm M(e") = (u*)'(6) (2.67)

for a.e. 6 € [0, 27]. Hence one should expect the Poisson integral formula

dp# ()
2w

K(re) = /0 WPT(G,so) (2.68)

to hold in some sense (see, e.g., [27]).
The problem with this identity is that the measure p# inside the integral is signed
and may be infinite, as can be seen from (2.66). One can remove the signature

problem by using the symmetry of p#. If we let

Dr(07 @) = Pr(97 ()0) - Pr(07 _()0) (269>

and define a (positive but possibly infinite) measure p on [0, 7] by

du(0) = dp®(0) | [0,7] = (2sin )~ d() | [0, 7], (2.70)
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then the integral in (2.68) becomes

/OWDT(G,sO)dl;—(SD).

7

This is because by (2.66), du™(0) | [r,27] = —du(27 — 6). Since ¢ € [0, 7] implies
D,(0,¢) > 0 for 6 € [0,7] and D,(0,¢) < 0 for 6 € [r, 27|, the integral is well defined
(although, a priori, it may be infinite). It turns out that, as one expects from the

above heuristic, this integral is finite and

0y _ o) " du(p)
Im M (re") _Img re® 1o 0~ [GF § (35 1] —I—/O D, (0, ) o (2.71)

for r < 1. By M(z) = M(z) and D,(—0,¢) = —D,(0,¢), we only need to consider
6 € [0,n]:

Lemma 2.17. If M and u are defined by (2.58) and (2.70), r < 1, and 0, € [0, 7],
then D,.(0,¢) > 0, it is bounded and continuous in ¢, and (2.71) holds.

Proof. 1t 0, € [0, 7], then D,(0,¢) > 0 and it is bounded in ¢ by (2.62). We use
(2.62) and (2.69) to show

(1 —r?)2r[cos(0 — ) — cos( + ¢)]
(1472 —2rcos( — )] [1 + 72— 2rcos(0 + ¢)]
4r sin 0 sin
1472 —2rcos(6 + )

Dy (0, p) =

= Pr('gv 90)

Notice that if 0, ¢ € [0, 7], then 2r cos(d + ¢) < 2r|cosf|. Since r < 1, we have

. 5 5 1+ 72
sin(0) + 2| cos @] = 1 — cos”(0) 4+ 2| cos | < 2 < :

which implies
rsin’(6)
1472 —2r|cosf] —

Hence

DT(97()0> < 4PT(97 ()0>

0<
~ sinp T sind

(2.72)
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for 6, ¢ € (0, ).
Since ([0, 7]) < 7 by (2.65), the integral in (2.71) can be estimated as

" D0, ¢) dii(e) _ [Pl

0< . .
~Jo sinp 4m T sind

and so it is finite (notice that if § = 0,7, then D,(0, ) = 0).
To show (2.71), one can check directly that

Dr(8,¢) = Im re + rjzij;p— 2cosp’
Then by (2.65),
K(re?) = /07T tm rei 4 7’—16}” —2cos dﬁ7(rg0)
- /O ’ Dy(0, ) %
2/07r D, (0, ¢) dl;if),
and so (2.71) is just (2.60). O

For later reference, notice that (2.67) shows
Im M (") = 4/ (6) (2.73)

for a.e. 6 € [0, 7).
Finally, we note that (2.57) reads

~M(z )= —(z 42+ by + M (2 JD). (2.74)

We have that M(0;.J) = m(oco; J) = 0 and similarly M (0; JV) = 0. Hence if we let

f(z) = M(z)’ (2.75)

z
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then by (2.74), f(0) = 1. This will be used to prove the sum rule for Z. To prove
sum rules for Zlft, we will need to compute the Taylor coefficients of In f. We will do

this, using the method of [13], in the appendix to Chapter 3.
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Chapter 3

Sum Rules for Jacobi Matrices

Most of the material contained in this chapter is a joint work with Barry Simon [33].
In Section 3.1 we prove a technical result on continuity of boundary values of the
M-function introduced in Chapter 2. This is then applied in Section 3.2 to derive the
step-by-step sum rules. Section 3.3 iterates these to obtain the “full size” sum rules,
and proves Theorem 1.1 and related results. In Section 3.4 we prove Theorem 1.2

and in Section 3.5 Theorem 1.3, along with other results.

3.1 Continuity of Integrals of In(Im M)

In this section, we will prove a general continuity result about boundary values for
M-functions satisfying (2.71). We will consider suitable weight functions, w(y), on
[0, 7], of which the examples of most interest are w(p) = sin®(¢), k = 0 or 2. Our
goal is to prove that

lim [ In[Im M (re")] w(p) dp = /ln[Im M ()] w(p) dp (3.1)

rTl

and that the convergence is in L' if the integral on the right is finite. All integrals in

this section are from 0 to 7 if not indicated otherwise. We define

d(p) = min(p, ™ — @) (3.2)
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and we suppose that

0 < w(p) < Crd(p)~*° (3-3)

for some C;, > 0 and that w is C! with
' (p)w(p) ™' < Cod(p)™” (3.4)

for Cy, 8 > 0. For weights of interest, one can take a« = 3 = 1.

Remarks. 1. For the applications in mind, we are only interested in allowing
“singularities” (i.e., w vanishing or going to infinity) at 0 or 7, but all results hold
with unchanged proofs if d(¢) = min;{|p — ¢;|} for any finite set {¢;}. For example,
w(p) = sin®(my), as in [14], is fine.

2. By (3.3), [y w(y)dp < .

3. Note that (3.1) does not contradict (2.53) because the logarithm kills the
singular part of the measure under consideration, which affects M(re*?) but not
M(e*).

The main technical result we will need is

Theorem 3.1. Let M be a function with a representation of the form (2.71) and let
w be a weight obeying (3.3) and (3.4). Then (3.1) holds. Moreover, if

/ln[lm M (e")]w(p) dp > —o0 (3.5)
(it is never +00), then
lrlgl /|ln[1m M (re?)] — In[Im M (")]| w(p) d = 0. (3.6)

We will prove Theorem 3.1 by proving

Theorem 3.2. For any a > 0 and p < oo, Iny[Im M (e*)/a] € LP((0,7), w(p)dyp),

and
p

w(p)dp = 0. (3.7)

lim
rTl
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Theorem 3.3. For any a > 0, we have

im [ 1n_ (w>w(gp) dp — / n_ (M)w(go) do. (38

11 a a

Proof of Theorem 3.1 given Theorems 3.2 and 3.3. By Fatou’s lemma and the fact
that for a.e. ¢, Im M (re?) — Im M (e?), we have

lim inf /ln_[ImM(Tew)]w(go) dp > /ln_[ImM(ew)]w(@) dep. (3.9)

rTl

Since Theorem 3.2 says that supg.,<; [ Iny [Im M(re')Jw(¢) dp < oo, it follows that
if [In_[Im M (e")]w(p)dp = oo, then (3.1) holds.
If (3.5) holds, then

al0 a

Im M (e
lim [ In_ <m—(e)> w(p)dp =0
since In_(y/a) is monotone decreasing to 0 as a decreases. Given ¢, first find a so

/m_ (M>w(¢) dyp <

a

and then, by (3.8), r; < 1 such that for r <r <1,

/ In_ (W) w(y) dp <

Wl ™

a

By (3.7), find 75 < 1 such that for r, <r < 1,

/ In, (%) “In, (%) ‘ w(ep) dy < %

Writing

In(e) —In(B)] <

) (B)m 2) o (9
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we see that if max{r,m} <r <1, then
/‘ln[lm M (re'?)] — In[Im M (¢")]| w(p) dp <&,

so (3.6) holds. O

We will prove Theorem 3.2 by using the dominated convergence theorem and
standard maximal function techniques. We let the maximal function of the measure

fi defined in (2.65) be
iz —a,z +a])

0*(x) = su
a ( ) 0<aI<)7r 2a

The Hardy-Littlewood maximal inequality for measures (see Rudin [27]) says that

- 34a(10, 27 6
o () > ) < 22T O (3.10)
Lemma 3.4. Let M satisfy (2.71). Then for 6 € (0,7) and r € (0,1),
o 204 (0) 1
Im M (re) < : 11
m M(re”) < sin 0 * 7 sin®() (3:11)

Proof. We have that P, is a convolution operator with a positive even function of ¢,
decreasing on [0, 7|, with fo% P.(0,¢)dp/2m = 1. So by standard calculations, (2.72),
and (2.70),

or sin 6 A7~ sinf

/ow D, (0, 0) ) o /0 PO 9) dite)  20)

On the other hand, for |5] > 1,

1 B z - |z 1
22t =B =07 [(z=0) (-8 Mmz2  rsin®(6)
if 2 =re? so (2.61) yields
+ =
Imz 1 a( j:) N1 S Zjd: 02{(6] ) S N 12 .
et - - —(57) rsin®(0) rsin®(6)
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Proof of Theorem 3.2. Let

ﬁ@%:mww h@%:.f :
sin ()

For a.e. ¢ we have In,[Im M(re*?)/a] — In, [Im M (e*?)/a] by (2.64). By (3.11), for
all 7 € (3, 1), Iny [Im M (re*) /a] < Iny[(fi(¢) + f2(#))/a]. Thus if we prove that for

/‘lm (fl(@) + f2(<P))

we obtain (3.7) by the dominated convergence theorem. Since

all p < oo
p

w(p) de < oo,

I ()7 < C(p, q)]|?
for any p < 0o, ¢ > 0, and suitable C(p, q), and
|z 4yl < 2%a]? + 2y,
it suffices to find some ¢ > 0 such that

JUs@r+ 1560 wie)de < o

Since for v !+t =1,

/|f1(90)|qIU(<,0) dp < (/|f1((p>|qv d¢> 1/v (/|w(¢)|td¢> 1/t

and w(yp) € L' for some t > 1 by (3.3), it suffices to find some s > 0 with

Js@r + 1)) do < o

If s < 3, then [|f2(¢)|* dp < 0o and by Cauchy-Schwartz and (3.10),

/ ()] dp < ( / I2ﬂ*(<ﬂ)\2sdso>é( / |sin¢|—28d¢)2 <.
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O
As a preliminary to the proof of Theorem 3.3, we need
Lemma 3.5. Let w obey (3.4). Let 0 < o < 7 and let @1, s € [0, 7] obey
(a)  d(pr) 2 d(po), d(p2) = d(po), (3.12)
(b) 1 — ol < dl0)”. (3.13)
Then for Cy = Coe®®,
SO~ 1| < byl ). (3.14)
w(p2)
Proof.
w(er) ' (/” w'(n) ) ‘ 5
— 1| = |ex dn | — 1] < |exp (C — d —1
ey Pty @) 1 = Low (Glee =l dan™) 1]
by (3.4) and (3.12). But |e® — 1| < el”l|z|, so by (3.13),
w
(er) _ 1‘ < Coe®[ip1 — o d(00) ™"
w(¢p2)
O
We will also need the following pair of lemmas:
Lemma 3.6. Let 0 <n <0 <7m—n and
0+n d
¥
N,(0,n) = D,.(0,p) —/.
(6,m) - (0. 9) 5
Then
4(1 —
0<1—N,(0,n) < U _ r) (3.15)
rsin®(n)

Proof. We have
2w d(,D
= / Pr(‘ga (;0) 2_7
0 s
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so since D, < P,, we obtain N, < 1. Also, by (2.69),

2
1-— Nr(e77]) < — /pE[O,ZTr] P,«(H, 90) dg&

~ 27
0—¢[>n
If |0 — ¢| > n, then
(6, ) = 1—r? 2(1—r) <2(1—r)
P = 1 —7)2 4 4rsin®[ (0 — ~ 4rsin®(n/2) ~ rsin®(n
2 Y
and (3.15) is immediate. O

Lemma 3.7. There is ¢ > 0 such that for § € [0,7] and r € (1, 1),
Im M(re®) > c(r=" —r)sin. (3.16)

Proof. In terms of m, for ¢ > 0 and F € R,

2 edv(x)

et (3.17)

Im[—-m(E — ig)] > /
Now if z = re?, then
M(z) = —m(E — ig)

with 2+ 27! =F —ie,or E=(r+r")cosf and e = (r~' —r)sinf. If r > 1 then

|E| <3, el <2, and in (3.17), |z| < 2. Thus by (3.17),

e [? ~v([-2,2)
ImM(z) > %/ dv(z) = 59 ©

-2
which is (3.16). O

Proof of Theorem 3.3. Since In_ is a decreasing function, to get upper bounds on

In_[Im M (re?) /a], we can use a lower bound on Im M. The elementary bound

In_(ab) <In_(a) 4+ In_(b) (3.18)
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will be useful.
As already noted, Fatou’s lemma implies that the liminf of the left side of (3.8)
is bounded from below by the right side, so it suffices to prove that

lim sup /0 Wln(w>w(9)d9§ /0 W1n<w)w(9)d9. (3.19)

r1 a a

Pick v and & so that 0 < max{3,1}y < k < 3, and let 6y(r) = (1 — )" and
n(r) = (1 —r)~. We will bound Im M (re®) from below for d(#) < 6y(r) using (3.16),
and for d(0) > 6y(r) we will use the Poisson integral for the region |0 — ¢| < n(r).

By (3.16) and (3.3), using

0o
/ In_(sin 0)9*1“‘ df = 0(03 In_ 60)
0
as 6y — 0, we have

/ - <w)w(9) 48 < Cob2 (1) [Co + In_(r~ — 1) + In_(60(r))]
d(6)<6o(r)

a

which goes to zero as r T 1 for any a. So suppose d(0) > 0y(r). By (2.71), (2.73), and
D, >0,
0+n(r)

. o d
Im M (re') > / D, (6, ) Im M(e'?) =
0-n(r) 27

0+n(r) D (9 S0) '
= N,,(Q,n)/ ——— Tm M (") dy, (3.20)
0—n(r) 27TN7"(07 77)
where we dropped the pole terms and the contribution of fig, in (2.71).
For later purposes, note that for d(0) > 0y(r), (3.15) implies

0<1—N.(0,n) <C—r)2 (3.21)

which goes to zero as r 1 1 since x < 3. Using (3.20) and (3.18), we bound

In_[Im M (re®)/a] as two In_’s. Since In_ is convex and D,.(6,)[27N,(0,7n)] "1 dp

restricted to (6 —n, 0 +n) is a probability measure, we can use Jensen’s inequality to
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see that

w(®) In_ (M)

ImM(ew)> dp

a o

(3.22)

In the first term (for the 6’s with d(6) > 6y(r)), N, obeys (3.21), so as r T 1,

/ w(f)In_ [N,(0,1)] df = O((1 —r)'7>*) — 0. (3.23)
d(6)>0o(r)

In the second term, note that for the 6’s in question, N,(6,7)™t —1 = O((1 — r)'2%)
and by (3.14), w(f)/w(p) — 1 = O(n(r)6;"(r)) = O((L = r)*="). Since D, (6, ) <
P.(0,¢), we thus have

i0
/ In_ (M)ww) do
d(0)>6o a

<O((1=r)"2) + 1+ 0((1 =) [L+ O((1 = r)~)]

Im M (e
[ reemen (M) a5 o
d(0)>00  |p—6]<n a 27

Since the integrand is positive, we can extend it to {(0,¢) | 8 € [0,27], ¢ € [0, 7]}
and do the ¢ integration first, using [ P.(6,¢)df/2m = 1. We obtain

/ "l (M)w«» <o)+ [1+0(1)] | "l (%)ww) "

a a

Take r T 1 and (3.19) follows. O

This concludes the proof of Theorem 3.1. By going through the proof, one easily

sees that

Theorem 3.8. Theorem 3.1 remains true if in (3.1) and (3.6), In[lm M (re#)| is
replaced by In[g(r) sin ¢ + Im M (re'?)| where g(r) >0 and g(r) — 0 asr T 1.

Proof. In the In; bounds, we get an extra [sup$<r<1 g(r)]sin® in fy(0). Since we still
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have pointwise convergence, we easily get the analog of Theorem 3.2. In the proof of

Theorem 3.3, Fatou is unchanged since g(r) — 0, and since
In_ [g(r)sin + Im M (re*)] <In_ [Im M(re’?)],

the lim sup bound has an unchanged proof as well. O

3.2 The Step-by-Step Sum Rules

Before we state the step-by-step sum rules, we need to define several quantities. By

Lemma 2.8, if f is even or odd and monotone on [2,00) with f(2) = 0, then
ou(f, )= > [F(EF () = F(EF(TM)] (3.25)
£ j=1
exists and is finite. If ﬁji is defined by EjjE = ﬁji + (ﬁjc)*1 and |3, > 1, we let

In|3 (=0,
X)) =6.(f. ), f(B) = i (3.26)

—¢B° =57 =1

In addition, we will need

gy = " m ) U )
4 = .
210, oo [T (To(2 Ter)) — Te(T, (AT )] 0> 1,

)

where J,,.r is the finite matrix formed from the first m rows and columns of J, and
Ty is the ¢*® Chebyshev polynomial of the first kind defined in (2.10). By Lemma 3.31
(applied to J, JY, ..., J®= Y and added together), the limit in (3.27) exists and the

expression inside the limit is independent of m once m > ¢ 4+ n. Note that by (2.12),

() = Z by, (3.28)



&) =Y L2+ (a2 - 1)]. (3.29)

n—1
X(I) =Y X (3.30)

j=0

and .
=3¢y, (3.31)

j=0

Finally, M(2) = M(z), (2.63), and (2.29)/(2.30)/(2.32) imply

1 [ sin 6
and for ¢ > 1,
Z5(J) = /%1 sin 0 (1 = cos(£6)) db (3.33)
¢ CArm t Im M (e%; J) o8 ’ '
Yi(J) = 1/%1 sin 0 (00) do (3.34)
ST o "\ Im M (e?; J) cos ' '

Our main goal in this section is to prove the next three theorems.

Theorem 3.9 (Step-by-Step Sum Rules). Let J be a BW matriz. Then
Z(J) < oo if and only if Z(JWV) < oo. If Z(J) < 0o, then for £ > 1 we have

Z(J) = —In(ay) + X$(J) + Z2(JV), (3.35)
V() = ¢ () + X () + Ye(TW), (3.36)

Remarks. 1. By iteration and (3.30)/(3.31), we obtain Z(J) < oo if and only if
Z(J™) < oo, and

20y =~ Inay) + X0() + Z(J), (337)



o1

Yi(J) = ) + X () + VeI ™). (3.38)

2. We call (3.35)—(3.38) the step-by-step Case sum rules.

Theorem 3.10 (One-Sided Step-by-Step Sum Rules). Let J be a BW matriz.
Then Zi£(J) < oo if and only if ZEf(JW) < oo. If ZiF(J) < oo, then for{ = 1,35, ...

we have
ZE(J) = —In(a) F 1 ¢V () + XV () F LX)+ ZEID). (3.39)

Remark. Theorem 3.10 is intended to be two statements: one with all the upper

signs used and one with all the lower signs used.

Theorem 3.11 (Quasi-Step-by-Step Sum Rules). Let J be a BW matriz. Then
Zy (J) < oo if and only if Zy (JV) < co. If Zy (J) < 0o, then for £ = 2,4,6,... we

have
Z;(J) =1 L) + X + LX) + Zg (O 3.40
¢ (J) n(a) + 56 (J)+Xg'(J) + 3 X, (J) + Z, (JV). (3.40)

Remarks. 1. Since Z(J) < oo implies Z; (J) and Z; (J) < oo, and Z; (J) or
Z7 (J) < oo imply Z5 (J) < oo, we have additional sum rules in various cases.

2. In [14], Laptev et al. prove sum rules for Z, (J) where ¢ =4,6,8,.... One can
develop step-by-step sum rules in this case and use them to streamline the proof of
their rules as we streamline the proof of the Killip-Simon P; rule (our Z; rule) in the
next section. One only needs to repeat the proofs in the previous section with d(y)

as in the remark after (3.4).

The step-by-step sum rules were introduced in Killip-Simon, who first consider
r < 1 (in our language below), then take n — oo, and then, with some technical
hurdles, » T 1. By first letting » T 1 with n = 1 (using results from the previous

section), and then taking n — oo (as in the next section), we can both simplify their
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proof and obtain additional results. The idea of using the imaginary part of (2.74) is
taken from [13].

Proof of Theorem 3.9. Taking imaginary parts of both sides of (2.74) with z = re'

and r < 1 yields
Im M (re®; J) [M(re; J)| 72 = (1= — r) sin 6 4 a2 Tm M (re; JV).

Taking In’s of both sides, we obtain

sin 0
In(————— | =t t t A1
n(ImM(rew;J)) IR (3.41)
where
t1 = —2In|M(re; J)),
tg = —2In as,
P sin 6
3= g(r)sinf + Im M (re??; J))
with
o) = ar*™ =)
Let
M(rz; J
fr(z) = —(m ), (3.42)

so f-(0) = 1 (see (2.75)). Obviously, f, is meromorphic in D. Inside the unit
disk, f, has poles at {(rﬁf(J))*l | 7 so that |ﬁf(])| > r~!'} and it has zeros at
{(r3;"(JV)7 | j so that |3;7(JM)| > r~}. This is because the zeros of M(z;J) are
the poles of M (z; JW) by (2.74). Thus, by Jensen’s formula (3.91) for f,:

1 2

— [ tdd=—Inr+ D g - Y Wpsr(JY)].

47
0 |82 ()] >r—1 18D |>r—1

By (2.26), the numbers of terms in the sums differ by at most 2, so that the In(r)’s
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cancel up to at most 2In(r) — 0 as r 1 1. Thus as r T 1, (3.26) shows that

1 2

— | (1 +t2)df > —In(ay) + XV ().
AT J,

By Theorems 3.1 and 3.8 (with w(#) = 1) and by (3.41),

1 21
— tadf — Z(JWY
47 J, 3df — Z(J),

1 2

E ; (t1+t2+t3)d9 — Z(J)

Hence Z(.J) < oo if and only if Z(JM) < oo, and if they are finite, (3.35) holds.

To obtain (3.36) for £ > 1, we use the same method but with higher Jensen’s
formulae (3.92) for f,. We first note that by (3.42) and (3.98), the £*" Taylor coefficient
of In f,(2) is TZCél)(J). So by (3.92):

(rB; (JW)) = (3 (JD))
0

rt (1) J :l 2”111 - e 00) db —
) W/O [£(e)] cos(£6) >

1B (D) >

(rBE ()" = (rB(T)
2

_l’_
l
|ﬁji(J)|>r—1
1 2
=5 i (t1 + ta) cos(£0) dO
Tﬂ
W{ PRNICACHES DY [(ﬁf(ﬂ”»f—l}}
187 ()|>r 1 B (TD)[>r1

—7{ PORNCCHRES SN [(ﬁf(J“)))f—l]}.
185

()]>r1 B (D) >

Again, as r T 1, we obtain

I ] (B () = (57 ()"
3/ (t, + t2) cos(£0) df — QS)(J)—; ;
(r3; (JO))! = (rB; (D))~
+‘Zj:: ;

= G+ X).
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By Z(J) < oo, the L' convergence in Theorems 3.1 and 3.8, and by (3.41),

1 2
—— [ tycos(t0) df — Y (JV
3 [ tacostin)ao — vi(a),
1 2m
~5- (t1 + ta + t3) cos(€0) df — Yi(J),
proving (3.36). O

Proofs of Theorems 3.10 and 3.11. These are the same as the above proof, but now
the weight w(#) is either 1 % cos(#) or 1 — cos(26), and that weight obeys (3.3) and
(3.4). O

Corollary 3.12. Let J be a BW matriz. If J — J is finite rank, then J is Szegd
(resp. Szegd at +2) if and only if J is.

Proof. For some n, J™ = J( so this is immediate from Theorems 3.9 and 3.10. O
Given this result, a natural question arises:

Conjecture 3.13. Let J be a BW matrix. If J — J is trace class, then J is Szegd
(resp. Szegd at £2) if and only if J is. It is possible this conjecture is only generally

true if J — Jy is only assumed compact or is only assumed Hilbert-Schmidt.

This conjecture for J = Jy is Nevai’s conjecture recently proven by Killip-Simon.
Ideas in this work would prove this conjecture if one can prove a result of the following

form. Let J — J be a finite rank operator so that by Lemma 2.8,

50 legr;OZZ(wEi -2 - iEr -2 )

exists and is finite. The conjecture would be provable by the methods of this work (by
using the step-by-step sum rule to remove the first n pieces of J and then replacing

them with the first n pieces of .J) if one had a bound of the form

6(.J, J)| < (const.)Tr(|.J — J|). (3.43)
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This is because |3] — 1 = O(y/]E[ — 2) shows that X\ (J) — X\ (J) is comparable
to 6(J,J).

Inequality (3.43) holds for J = Jy by Theorem 2.3. There are counterexamples
that show (3.43) does not hold for a universal constant ¢. However, in these examples,
|.J|| — oo as ¢ — oo. Thus it could be that (3.43) holds with ¢ only depending on J
for some class of J’s. If it held with a bound depending only on ||/||, the conjecture
would hold in general. If J was required in Jy+ Hilbert-Schmidt, we would get the
conjecture for such J’s.

For later reference we write down the step-by-step Z, Z , and Z, sum rules

(iterated (3.35) and (3.39)) explicitely. We define

E5(B) =gl £ 3(6-67Y), (3.44)
F(E) =1[8* - 672 —In(3")], (3.45)
G(a) =1 [a® — 1 —In(a?)], (3.46)

with £ = 3+ 37! and || > 1. We then have

=Y tn(ay) + 30 [ |BF ()]~ |8 + 2. (3.47)

n

25 () ==Y [In(a;) + 3b)] +Z[f+ () = € (BF () | + 2 (1),

7=1

(3.48)

[In(a)) = 30,] + 3 [¢ (BE () — € (BFI™))| + 2 (I,

Jj=1

n

() =Y [Glay) + 1¢7] Z[F(Ef(J))—F(EjE(J%)}+Z;(J<">). (3.50)

J=1 JE
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3.3 The Z, Zli, and Z, Sum Rules

Our goal here is to prove that “full size” sum rules of Case type hold under certain
hypotheses. Of interest on their own, these considerations also somewhat simplify
the proof of the P, sum rule in Section 8 of [13], and considerably simplify the proof
of the Cy sum rule for trace class J — Jy in Section 9 of [13]. Throughout, J will
be a BW matrix. Our three main tools are lower semi-continuity of the Z’s in J,
their boundedness from below, and the step-by-step sum rules. We use lower semi-
continuity of the Z’s in two ways — we approximate .J with J,, and .Jy with J™ (the
latter when J — Jy is compact). As we shall see, these and the step-by-step sum rules
will yield the two opposite inequalities in the “full size” sum rules.

Motivated by (3.47)—(3.50), we introduce the following quantities:

Ao(J) = lim sup (— Zn;m(aj)), (3.51)

Ay(J) =lim mf( Zln(aj)),
A5 (J) = limsup -1+ %bj)>, (3.52)
As(J)) = hnilnf(— (aj — 1+ %bj)),
n—oo ey
A(1) =Y [Glay) + 107, (3.53)

where G(a) is from (3.46). Note that G(a) > 0 because In(a?) < 2a — 2, and G(a) ~
(a — 1) for a ~ 1. Since G(a) > 0, the sum in (3.53) exists (but may be +00).
Since G(a) = O((a — 1)?), it follows that Ay(J) is finite if and only if J — Jy is
Hilbert-Schmidt.

In (3.52), we use a; — 1 in place of In(a;), which appears in (3.48). The reason for
this is that we will mainly be interested in the ZF sum rules when J — Jy is Hilbert-
Schmidt, in which case {a; — 1} € % and so Y |In(a;) — (a; — 1)| < oo. Notice also
that in the case of a discrete Schrodinger operator (i.e., a, = 1), Ag(J) = Ay(J) = 0.
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Next, we introduce some functions of the eigenvalues:

Eo(J) = Y _ A7, (3.54)
& () = Z VIEF =2, (3.55)
E(J) =D F(E]), (3.56)

where F(E) is from (3.45). In (3.54) and (3.56), we sum over + and —. In (3.55), we
define £ and & with only the + or only the — terms. Note that F is even, increasing
on [2,00), F(2) =0, and F(E) ~ 2(|E| — 2)*? for |E| ~ 2. Hence &(J) < oo if and
only if

> (IEF = 2)%7 < o

j?i

Also, since || — 1 = O(y/|F| — 2), we have that &(J) < oo if and only if

> WIE | -2 <. (3.57)

e
We will need the following basis-dependent notion:

Definition. Let B be a bounded operator on £%(Z"). We say that B has a conditional

trace if
;

Jim > (65, BS;) = ¢-Tx(B) (3.58)

j=1

exists and is finite.

Remark. If B is not trace class, this object is not unitarily invariant.

Our goal in this section is to prove the following three theorems whose proof is

deferred until after all the statements.

Theorem 3.14. Let J be a BW matriz. Consider the four statements:
(1) Ao(J) > —o0,
(i) 4y(J) < oo,
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(i) Z(J) < oo,
(iv) &(J) < o0.

Then

(a) (ii) + (iv) = (iii) + (1),
(b) (i) + (ii) = (iv) + (i),
(c) (iii) = Ao(J) <

(d) (iv) = Aq(J) >

Thus (iii) + (iv) = (i) + (ii). In particular, if Ay(J) = Ao(J), that is, the limit exists,
then the finiteness of any two of Z(.J), E(J), and Ay(J) implies the finiteness of the

third.
If all four conditions hold and J — Jy is compact, then
(e) The limit

exists and is finite, and the Z sum rule holds:
Z(J) = Ao(J) + &(J).

(f) For each ¢ =1,2,...,

=N HBEU) - BE) T = X))

JE

converges absolutely and equals lim,,_,., X E(n)((] ).

(g) For each 0 =1,2,...,

has a conditional trace and

Tr(By(J)) = lim ¢™(J).

n—oo

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)
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For example, for { =1 we have that Z?Zl b; converges to a finite limat.

(h) The Yy sum rules hold:
Yi(J) = - Ta(Be(J) + X (J) (3.64)

where Yy is given by (3.34), Xéoo) by (3.61), and c-Tr(B,(J)) by (3.58), (3.62),
and (3.63).

Remarks. 1. In a sense, this is the main result of this chapter.

2. We will give examples later where Ag(J) = A,y(J) and one of the conditions
(i)/(ii), (iii), (iv) holds but the other two fail.

3. By Lemma 3.29, for ¢ odd, Ty(Jy/2) vanishes on-diagonal, and for ¢
even, Ty(Jo/2) eventually vanishes on-diagonal and c-Tr(Ty(Jo/2)) = —i. Thus
(g) says c-Tr(Ty(J/2)) exists and the sum rule (3.64) can replace c¢-Tr(By(J)) by

2¢-Tr(Ty(J/2)) plus a constant (zero if £ is odd and 1§ if £ is even).

Corollary 3.15. Let J — Jy be compact. If Z(J) < oo, then — 37 In(ay) either

converges or diverges to —oQ.

Remarks. 1. We will give an example later in which Z(J) < oo, and
limy, oo (=27 In(a;)) = —oc.
2. In other words, if J — Jy is compact and Ag(J) # Ay(J), then Z(J) = cc.

3. Similarly, if J — Jy is compact and &y(J) < oo, then the limit exists and is

finite or +o0.

Proof. 1f Z(J) < oo and Ay(J) > —o0, then by Theorem 3.14(b), all four conditions
hold, and so by (e), the limit exists. On the other hand, if Ay(J) = —oo, then
Ao(J) = Ay(J) = —c0. O

Corollary 3.16. If J — Jy is trace class, then Z(J) < oo, E(J) < 00, and the sum
rules (3.60) and (3.64) hold.

Remark. This is a result of Killip-Simon [13]. Our proof that Z(J) < oo is

essentially the same as theirs, but our proof of the sum rules is much easier.
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Proof. Since J — Jy is trace class, it is compact. Clearly, Ag(J) = Ay(J), and is
neither oo nor —oo since a; > 0 and > |a; — 1] < oo imply > |In(a;)| < co. By
Theorem 2.3 and (3.57), &(J) < oo. The sum rules then hold by (a), (e), and (h) of
Theorem 3.14. O

The following result is a “one-sided” analogue of (a)-(d) of Theorem 3.14 for J — Jy
Hilbert-Schmidt:

Theorem 3.17. Suppose J — Jy is Hilbert-Schmadt. Then
(i) AF
(i) A7
(iii) ZF

)

(J) < 0o and EF(J) < oo implies Zi(J) < o0,
J) > —oc and ZF(J) < oo implies EF(J) < oo,
)

J) < oo implies AL (J) < oo,

Remarks. 1. Each of (i)—(iv) is intended as two statements.

2. In Section 3.5, we will explore (iii), which is the most striking of these results
since its contrapositive gives very general conditions under which the Szegé condition
fails.

3. The Hilbert-Schmidt condition in (i) and (iv) can be replaced by the somewhat

weaker condition

> (B - 2)*? < . (3.65)
==

That is true for (i) and (iii) also, but by (3.66) below, (3.65) plus Z(J) < oo implies
J — Jy is Hilbert-Schmidt.

Theorem 3.18. Let J be a BW matrixz. Then the Z; sum rule holds:
Zy (J) 4+ E(J) = Ag(J). (3.66)

Remarks. 1. This is, of course, the P, sum rule of Killip-Simon [13]. Our proof
that Z, (J) + & (J) < Ay(J) is identical to that in [13], but our proof of the opposite

inequality is somewhat streamlined.

2. As in [13], the values +o0 are allowed in (3.66).
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Proof of Theorem 8.14. We let J, and J™ be as in (2.18) and (2.20). Then (3.47)
for J, (noting (J,)™ = Jy and Z(Jy) = 0) reads

Z(J,) = — Z In(a;) + Z In| B (J)]- (3.67)

Lemma 2.7 implies that the eigenvalue sum converges to & (J) if J—Jy is compact.
More generally, the sum is bounded above by & (J) + ¢ where ¢y = 0 if J — Jp is
compact and

co = |7 (J) + 2| + In|Br () — 2| (3.68)

otherwise. Moreover, by Theorem 2.13, Z(J) < liminf Z(J,). Thus we have
Z(J) < Ag(T) + &) + co. (3.69)
Thus far, the proof is directly from [13]. On the other hand, by (3.37), we have

Z(J) > Ag(J) + liminf X" (J) + lim inf Z(J™). (3.70)

n—oo n—oo

By Lemma 2.8, lim Xén)(J) = &o(J). Moreover, by Theorem 2.13, Z(J™) > —11n(2),
and if J — Jy is compact, that is, J™ — Jy, then 0 = Z(Jy) < liminf Z(J™).
Therefore, (3.70) implies that

where

c=0if J— Jpis compact, ¢ = =1In(2) in general.

With these preliminaries out of the way the rest of the proof is straightforward:

Proof of (d). (iv) and (3.69) imply that

Ag(J) > Ag(J) > Z(J) — E(J) — o > —oc. (3.72)
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Proof of (a). (3.69) shows Z(J) < oo, and (d) shows that (i) holds.

Proof of (¢). By (3.71) and &(J) > 0,
Z(J) > AO(‘]) -G

so Z(J) < oo implies Ay(J) < oo.
Proof of (b). Since Ag(J) > —oo and ¢ < 0o, (3.71) plus Z(J) < oo implies &(J) <
oo. Clearly, (c) shows that (ii) holds.

Note that (iii), (iv), and (3.71) imply that
Ay(J) < Ag(J) < Z(J) — &(J) + $1n(2) < oo. (3.73)

Thus we have shown more than merely (iii) + (iv) = (i) + (ii), namely, (iii) + (iv)
imply by (3.72) and (3.73)

|
8
AN
&
=
IA
k>
=
+
N =

111(2) + cop < 0.

With ¢g as in (3.68). We can say more if J — J; is compact:

Proof of (e). (3.73) is now replaced by
Ay(J) < Ao(J) < Z(J) = &o(])

since we can take ¢ = 0 in (3.71). This plus (3.72) with ¢g = 0 implies Ag(J) = A,(J)
and (3.60).

Proof of (f), (g), (h). We have the sum rules (3.37), (3.38). By Theorem 2.13,
Zy(J) = Z(J) F $Yu(J) is lower semi-continous in J. Since [|J™ — J|| — 0, we

have

liminf [Z(J™) F 1Y, (J™)] > ZF(Jy) = 0. (3.74)

n—oo

On the other hand, since Z(J™) < oo and & (J™) < &(J) < oo, J™ obeys the
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sum rule (3.60). Since —> 7 In(a;) converges conditionally,

lim Ag(J™) = lim ( Zln a; ) = 0.

Moreover, &(J™) — 0 by Lemma 2.8 and by the fact that &(J) < oo, and we
conclude that Z(J™) — 0. Thus (3.74) becomes

lim sup Yy(J™) <0, lim inf Y(J™) >0,

n—00 n—0oo

or

lim Yy(J™) = o0. (3.75)

By Lemma 2.8, lim, X\ (J) = X{™(J), with X\°(.J) from (3.61). Since &(J) <
oo implies Y, (|6;| — 1) < oo, we have that the sum defining X% (J) is absolutely
convergent. This proves (f).

By this fact, (3.38), and (3.75), lim,, Cén)(J) exists, is finite, and obeys the sum
rule

Yi(J) = lim ¢"(J) + X ().

n—oo

Hence (h) will follow from (g), and we are left with showing (3.63). But by (3.27), the
existence of lim,, Cén)(J ) is precisely the existence of the conditional trace of By(.J),

and they are equal. Indeed, if m > 2¢ + n, then for k > ¢,

(Tf(Q‘J?S?)nF» ( JmF))k—i-nk:—i-n
(T2(5 Jo)) =0

by the argument in the proof of Lemma 3.29 below, and for k£ < ¢,

(Tf(%Jv(n)nF»k,k - (Tﬂ(%JO))k,k

as n — oo (and m > 2¢ + n) by compactness of J — Jy. This proves (3.63). O
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Proof of Theorem 8.18. By (2.47), Zy (J™) > 0 for all J™. Thus, following the
proofs of (3.69) and (3.71), but using (3.50) in place of (3.47),

Zy (J) + &(J) < As(J)

and

Zy (J) + &(J) = As(J),

which yields the Z; sum rule (3.66). In the above, we use the fact that in place of
Z(J) > —51n(2) one has Z; (J) > 0 (and so ¢ = 0), and the fact that Ay(J) < oo
implies J — Jy is compact (and so always As(J) + co = As(J)). O

Proof of Theorem 3.17. Let £*(E) be as in (3.44) and consider g(3) = ¢~ (E) in the
region 3 > 1. Then

g8 =87 =3 =367 = 3876 - 1",

so g is analytic near =1 and g(1) = ¢'(1) = ¢”(1) = 0, that is, g(3) = O((8 —1)3).
On the other hand, ¢*(F) = g(8)+8—-08"' = —8"1+0((8—1)3). Since 3+ = F
means 3 — ' =VE2—4=2VE -2+ O(|E —2]*?) and f —1=0O(E —2), we

conclude that

- _ _ 93/2
E>2= B) = 0(E =21, (3.76)

§HE) =2V|E| -2 + O(|E - 2P°?),

while in the same way

“(E)=2/|E| -2 + O(|E +2*?
ooy JE B =2V =2 +0(B+27), -

§H(E) = O(|E +27).
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It follows that

Y EH(ES) =28 () + O(|1J = Joll2),
j.t

Zé* (E5) =287 (J) + O] = Joll2),

since Theorem 2.3 implies . , (|E;°| — 2)*? < ¢379/|J — Jol|2. Thus for some ¢ < oo
we have

ZE(T) < AF(J) + 265 (J) + el T = Joll2 (3.78)

by writing the sum rule (3.48)/(3.49) for J, (with Zi((J,)™) = 0), taking limits, and
using Lemma 2.7 and Z:5(J) < liminf ZF(J,,). Theorem 2.13 says Zf(J™) > —x,
and so by (3.48)/(3.49) and Lemma 2.8,

ZE(J) > AT (J) +28E () — || — Joll2 — & (3.79)

With these preliminaries, the proof is straightforward:

Proof of (i), (iv). Immediate from (3.78) and Zi"(J) > —k.

Proof of (ii), (iii). Immediate from (3.79) and £ (J) > 0. O

Remark. (i)-(iv) of Theorem 3.17 are exactly (a)-(d) of Theorem 3.14 for the Zi
sum rules. One therefore expects a version of (e) of that theorem to hold as well.
Indeed, a modification of the above proof yields for J — Jy Hilbert-Schmidt that if
EX), Z{(J), AT (J) are finite, then

ZH() = -

o

[In(an) + 36 + > [|BF]+ 387 — (37) )],

1 J,E

S
Il

and if & (J), Z7 (J), A7 (J) are finite, then

Zy(J) == [In(a,) — 3b.] + > [m|Bf| = 38 = (87)™)].
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3.4 Shohat’s Theorem with an Eigenvalue

Estimate

Shohat [28] translated Szegd’s theory from the unit circle to the real line and was able
to identify all Jacobi matrices which lead to measures with no mass points outside
[—2,2] and have Z(J) < oo. The strongest result of this type, so far, is the following
theorem from Killip-Simon [13, Theorem 4’| (the methods of Nevai [18] can prove the

same result):

Theorem 3.19. Consider the statements
(i) Ag(J) < o0,

(i) Z(J) < oo,

(i) 307, [(an — 12 + 2] < o0,

(iv) Ay(J) = Ao(J) and is finite,

(v) limy_ oo 25:1 b, exists and is finite.

If o(J) C [—2,2], then we have

(i) = (i),
and either one implies (iii), (iv), and (v).
We can prove the following extension of this result (= Theorem 1.2):

Theorem 3.20. Theorem 3.19 remains true if the assumption o(J) C [-2,2] is

replaced by 0ess(J) C [—2,2] and E(J) < oc.

Remarks. 1. Goncar [11], Nevai [18], and Nikishin [21] extended Shohat-type

theorems to allow finitely many bound states outside [—2, 2].

2. Peherstorfer-Yuditskii [22] recently proved that (ii) and & (J) < oo implies (iv)

and additional results on polynomial asymptotics.

Proof. Let us first suppose that oes(J) = [—2,2], so that J is a BW matrix. By
Theorem 3.14(a), (i) of this theorem plus & (J) < oo implies (ii) of this theorem. By
Theorem 3.14(c), (ii) of this theorem implies (i) of this theorem.
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If either holds, then (iv) follows from (e) of Theorem 3.14 and (v) from the ¢ =1
case of (g) of Theorem 3.14. Finally, (iii) follows from Theorem 3.18 if we note that
Eo(J) < oo implies E(J) < oo, that Z(J) < oo implies Z; (J) < oo, and that
G(a) = O((a —1)%).

If we only have a priori that oes(J) C [—2, 2], we proceed as follows. If Z(J) < oo,
then o,c(J) 2 [—2,2], so in fact oess(J) = [—2,2]. If Ay(J) < oo, we look closely at
the proof of Theorem 3.14(a). Inequality (3.69) does not require oess(J) = [—2, 2], but
only that gess(J) C [—2,2]. Thus, Ay(J) < oo implies Z(J) < oo if E(J) < co. O

There is an interesting way of rephrasing this. Let v, be the leading coefficient of

the orthogonal polynomial P,. Then by (2.7),

Yo = (a1ay ... a,) " (3.80)
Thus
Ay(J) = liminf In(y,) (3.81)
and
Ao(J) = limsup In(v,,). (3.82)

Corollary 3.21. Suppose oess(J) C [—2,2] and E(J) < co. Then Z(J) < oo (i.e.,
the Szegd condition holds) if and only if -y, is bounded from above (and in that case,

it is also bounded away from 0; indeed, lim,,_, v, exists and is in (0, 00)).

Remark. Actually, limsup~, < oo is not needed; liminf v, < oo is enough.

Proof. By (3.81), ~,, bounded above implies A,(J) < oo, and thus Z(J) < co. Con-
versely, Z(J) < oo implies —oo < Ay(J) = Ay(J) < 0o. So by (3.80), it implies v, is

bounded above and below. O

In the case of orthogonal polynomials on the unit circle, Szegd’s theorem says
Z < oo if and only if k, is bounded if and only if Y77 |a;|* < oo, where &, is
the leading coefficient of the orthogonal polynomial ¢,, and «; are the Verblunsky

(a.k.a. Geronimus, a.k.a. reflection) coefficients. In the real line case, if one drops
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the a priori requirement that & (J) < oo, it can happen that -, is bounded but
Z(J) = oo. For example, if a,, = 1 and b, = n~', then Z(J) cannot be finite. For,
as J — Jy is Hilbert-Schmidt, Theorem 3.17(iii) is applicable and A; (J) = oo implies
Z(J) = 0.
But the other direction always holds:

Theorem 3.22. Let J be a BW matriz with Z(J) < oo (i.e., the Szegd condition

holds). Then 7, is bounded. Moreover, if J — Jy is compact, then lim, ., v, exists.
Remarks. 1. The examples of the next section show that Z(J) < oo is consistent
with lim v, = 0.
2. This result — even without a compactness hypothesis — is known. For =, is

monotone decreasing in the measure (see, e.g., Nevai [19]) and so one can reduce this

to the case o(J) C [-2,2].

Proof. By Theorem 3.14(c), Z(J) < oo implies Ay(J) < oo which, by (3.82), implies
v, is bounded. If J — Jy is compact, then Corollary 3.15 implies that lim~, =

exp(lim — > 7 In(a;)) exists but can be zero. O
Here is another interesting application of Theorem 3.20:

Theorem 3.23. Suppose b, > 0 and
D an — 1] < 0. (3.83)
n=1

Then Ey(J) < oo if and only if Y~ | b, < .

Proof. It 3~ | b, < 00, then &(J) < oo by (3.83) and Theorem 2.3. On the other
hand, if £(J) < oo, (3.83) implies Ay(J) < oo, so by Theorem 3.20, S b, is

convergent. Since b, > 0, > 7 b, < cc. O
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3.5 Necessary Conditions for Z(J) < oo

One necessary condition for the Szegé condition to hold is Corollary 3.15. In this

section we will provide others. These will yield one part of Askey’s conjecture.

Theorem 3.24. Suppose

i [(an — 1)* 4+ b2] < o0, (3.84)

and

lim sup (— ZN: (an— 1=+ %bn)) =00 (3.85)
for either plus or minus. Then the Szegd condition fails at +2.
Remark. This proves Theorem 1.3.
Proof. (3.85) implies that AF(J) = oo, so by Theorem 3.17(iii), Zif(J) = oo. O
Here is a related result:

Theorem 3.25. Let J be a BW matriz. If

N—oo

lim sup (— i [In(a,) + pbn}> =00 (3.86)

n=1
for some |p| < %, then the Szegd condition fails.

Remark. If (3.84) holds, assumption (3.86) is slightly stronger than (3.85), but
we do not need (3.84) here. This also shows why In(a,) replaces a,, — 1 in (3.86).

Proof. Note that one can prove a step-by-step sum rule and a version of Theorem 3.14
for the weight w,(f) = 1+ 2pcosf just as we did it for the weight wy(¢) = 1. Here
Z(J) is replaced by the Szegé-type integral with the weight w,(#), Ag(J) by the
lim sup in (3.86), and &(J) by >, . §p(E;E), where

GE) = (3 +p)(E) + (3 - )& (B).
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We have &,(E) ~ (1+2p)/[E] — 2 if E ~ 2 and & (E) ~ (1—2p)\/[E[ - 2 if B ~ —2
(see (3.76) and (3.77)). In particular, |2p| < 1 gives >, §p(E]j-E) > —o0. It follows
that (c) of this modified Theorem 3.14 holds. This, (3.86), and 0 < w,(¢) < 2 imply
Z(J) = 0. O

These considerations yield another interesting result:

Theorem 3.26. Let [p| < 1 and |q] < L.

(i) If
N
limsup| — In(a,) +pb,| | > — 3.87
1N—>oop< ;[ ( ) P ]> ( )
and
N
hmmf( Z [In(a,) + qby }) —00, (3.88)
n=1
then Z(J) = 0.
(i) 1f
N
lim su ln (an) +pbn| | =00
and

N
h]\r[nmf (— Z [In(a,) + qbn]) < 00,
then Ey(J) = 0.

Remark. In particular, if a, =1, b, > 0, and >~ b, = 00, we have Z(J) = oo
and & (J) = co. On the other hand, if instead ), b, < oo, then Z(J) < oo and
Eo(J) < oo by Theorems 3.23 and 3.14(a).

Proof. Consider Theorem 3.14 for the weight w, and its corresponding Szegé-type
integral in place of Z(J). Since w, is bounded away from 0 and oo, the integral
is finite if only if Z(J) < oco. By the computed asymptotics of &,(E) at £2, the
corresponding E-sum is finite if and only if . | |E’Ji| — 2 < 00, which holds if and
only if &(.J) < oo. The same is true for the weight w,.

If Z(J) < oo, then by using (b) of Theorem 3.14 for w, and (3.87), one obtains
E(J) < oo. But then (d) of Theorem 3.14 for w, contradicts (3.88). This proves (i).
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The proof of (ii) is similar, using (a) and (c) of this modified Theorem 3.14. O

Corollary 3.27. If

o}
a, = 1+E—|—ea(n), bnzg+eb(n)
with
lim n(|e.(n)| + |es(n)]) =0 (3.89)

and 2a £ 8 < 0, then the Szegd condition fails at 2.

Remarks. 1. This is intended as separate results for + and for —.

2. All we need is

N
lim (In N) IZ lea(n)| + |ey(n)]) =0
n=1

n—oo

instead of (3.89). In particular, trace class errors can be accommodated.

3. This settles the 2a: < |3] case of Askey’s conjecture. The complementary region

2a > | 8| will be treated in the next chapter.

Proof. We use Theorem 3.24. If (3.89) holds, then

NE

(an —1£1b,) = (@£ 1B8)InN +o(lnN),

n=1

0 (3.85) holds if 2a £ 3 < 0. O

We can use these examples to illustrate the limits of Theorem 3.14:
(1) Ifa, =1, b, = =, then Z(J) = oo (by Corollary 3.27) while Ag(J) = 4,(J) < oo.
Thus & (J) = oc.
(2) Ifa, =1—21,b, =0, then Z(J) = oo (by Corollary 3.27) and Ay(J) = Ay(J) =
00, but &(J) < oo since J has no spectrum outside [—2, 2].
(3) Ifa, =1+ 2%, b, =0, then Z(J) < co (by Theorem 1.4, proved in Section 4.3)
while Ag(J) = Ay(J) = —cc. Thus &(J) = .
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Finally, we note that Nevai’s result that a, = 1+ (—1)"a/n + O(n™?) and b, =
(—=1)"8/n + O(n~?) implies Z(J) < oo ([17]; see also [4]) shows that we can have
Z(J) < o0, &(J) < 00, and have the sums ) a, and/or > b, be only conditionally

and not absolutely convergent.

3.6 Appendix to Chapter 3

In this appendix we collect auxiliary results which we have used in the present chapter.
The first result are Jensen’s formulae for Taylor coefficients of logarithms of functions

meromorphic in a neighborhood of D (see, e.g., [13, Proposition 3.1]).

Lemma 3.28. Let f be a function meromorphic in a neighborhood of D with f(0) # 0

and

In (%;) - i 2! (3.90)

for small |z|. If z; are the zeros of f inside D and p; the poles, then

27
nlfO)] = 5= [ WlfElas+ Y nls| - i (3.90)
J J

Re(ar) = = /O In | £(¢%)]| cos(£0)d6 — Rez 4 Re ZpJ B z02)

The next three lemmas are from [13]. The last of them, Lemma 3.31, computes
the Taylor coefficients of In(M(z)/z) using a method independent of Lemma 3.28.
Our proof of higher order sum rules (3.36) rests on equating the outputs of these two
lemmas.

Recall that the upper left-hand corner of a matrix A is Ag .

Lemma 3.29. Let T; be as in (2.10) and let n > € > 1. Then

Tr[T(3Jonr)] = —2(1 4 (-1)"). (3.93)
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If € is odd then both Ty(3Jonr) and Ty(1Jo) vanish on-diagonal. If € is even, then
(To(2J0))kr =0 for k> £, and

(Tf(zjo))k,k if0<k<g—1
(TeTomm) s = § (T3 ),y gy n—E<k<n-—1, (3.94)
0 otherwise.

In particular, the sum of the diagonal elements of Ty(3Jy) is —3(1+ (—1)).

Remark. The picture we are establishing for even ¢ is the following. If J; were a
doubly infinite matrix with 0’s and 1’s (acting on ¢*(Z)), then T;(1J;) would vanish
on-diagonal. Since Jy has one end, this will affect the first é diagonal terms. And, of

course, Jy . r has two ends.

Proof. First notice that by (2.19), the Chebyshev polynomial of the second kind
Un(3) from (2.11) is a multiple of the characteristic polynomial of Jy .. This means
that its zeros y; = 2cos(n+1) (j =1,...,n) are the eigenvalues of Jy,.r. By (2.10),

To(3y;) = cos(=2% L) and so

n+1
n+1
€j7r 1 1 1 €j7r
T[ JUnF E:COS o) = —3—3(= E:exp i257)
j_f’n

The last sum is 0 because ¢ is not a multiple of 2(n 4 1). This proves (3.93).
Assume /¢ is odd. By (2.9) and induction, 7} contains only odd powers of . Since
Jo has non-zero terms only on places with odd sums of indices, Ji* and Jg’, - vanish
on-diagonal when m is odd. Hence so do Tg(%Jo) and Tg(%Jo,n;F>.
Now assume ¢ is even and consider Jy and Jy,.r extended to act on (*(Z) by
adding only zeros (so they become doubly infinite matrices). Notice that if A is a
tridiagonal matrix, then (A™); ; only depends on elements of A with distance at most

m — 1 from the position (&, j) (in the metric |k — k2| 4+ [j1 — jo|). This means that

(Tf(%JU:n%F))k,k - (Tf(%‘]o))k,k
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for k <mn — é. But it also means that if £ < n — 1, then

Tr[Ty(3 Jonsr)] — Te[To(3Jon-1;r)] = (Té(%JO,n;F))k’k

for any k € [£,n — 1 — £]. Hence, by (3.93) for n and n — 1, this element must be 0

for any such k. Since each Jg’,  must have a symmetric diagonal, (3.94) follows. [

Lemma 3.30. For any fired A € R and small z,

In (1 S ) = f: 2IT,(0) — Tu(3N)] 2" (3.95)

-1
z z
- (=1

Proof. We use the generating function
g(z,2z) = ZTZ(:B)Y =—1In(1 - 22z + 2%). (3.96)
=1

Hence, with 2z = A,

In (1 o ) =2[g(0,2) — g(z,2)] = Z%[Tg(O) — Tg(x)}ze.

(=1

Eq. (3.96) is well known (see, e.g., [36, eq. (4.7.25)] or [13]) and can be proved as

follows. First consider x = cosf € (—1,1) and |z| < 1. Then

dg 1 ¢
g(cos 0,z) =— Z cos(00)z

z

1 — 2zcosf + 22

10 5
= —§&ln(1 —2zcosf + z7).

Since (3.96) obviously holds for z = 0, it holds for |z| < 1 and |z| < 1. The coefficient
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at z¢ of both sides of (3.96) is clearly an £** degree polynomial in , so the polynomials

must coincide and the equation holds for any fixed x and all small z. O

Using this lemma, we will now compute the Taylor coefficients of In(M(z)/z) in

terms of J.

Lemma 3.31. For /(> 1,

¢y =2 lim [Tr(Tg(%Jm;FD —Tr(Tg(%JS)_l;F)ﬂ (3.97)

m—00

exists, and for small z,

In (Mf)) - f: V(1) (3.98)
(=1

Proof. First notice that by the argument in the proof of Lemma 3.29, the difference
of traces in (3.97) is constant once m > £, so él)(J) exists.

If we consider J,,.r as an operator on ¢*(Z") (extended by zeros to a semi-infinite
matrix), then J,,.p — J elementwise as m — oo. Hence the spectral measures of
Jm;r converge weakly to v, and so do the M-functions (at any fixed z € D). We let
¢ =z+2z"1 sothat 2( =1+ 22 By (2.50), (2.58), and Cramer’s rule,

M(z; ;) 1det(C — J1511)71;F> 1 det(l- C_IJS)A;F)

Jm(2) z Tz det(C— Jpep) 1422 det(1— ¢ Vpp)

where the last equality holds because the numerator matrix has order one less than
the denominator matrix. By the above argument, for any 2z € D we have

M(z;J)

fm(2) = [(2)

Next we notice that if A; are the eigenvalues of a matrix A, then Indet(A4) =

>~ In(};). Hence, by Lemma 3.30, with K,(z) = 2[T;(0) — Ty(%)] and |z| small,

I fn(2) = = (14 2) + 3 [ Te (Ko ) = Tr(KelTmir)) |2
/=1
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Z o
—In(1 —(=

NI[\D

where the first sum appears because with 0,,«, the zero n x n matrix,

2t

[T (T 0 1ye00)) ~ T (T (0))] = ZT100),

2% 4
N

and Ty,11(0) = 0 and T (0) = (—1)* by (2.10). Since

Z% - —11’1(14—22),

k=1

[Tr Ty(3Tir)) — Te(THT )]

2t

the ¢*® Taylor coefficient of In f,,(2) converges to lel)(J) as m — oo. But In f,,(z) —

In f(z) for all z in a neighborhood of 0, so (él)((] ) must be the ¢ Taylor coefficient

of In f(2).

O
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Chapter 4

Szego Jacobi Matrices

The contents of the first four sections of this chapter follow, often verbatim, the
contents of [42] although, of course, we change numbering to be appropriate. Our
goal is to derive sufficient conditions for Z(J) < oo, which will yield the 2a > ||
case of Askey’s conjecture. We let a, = max{a,0} and a_ = max{—a,0}. Our main

result is
Theorem 4.1. Let
an = ¢+ 0(n179) by =d, +O(n179) (4.1)

for some € > 0, where ¢, > 1+ % forn > N, lim, .oc, =1 and

> Cn Cn
ZTL |:C721+1 - Ci + 2+1 ‘dn+2 - dn+1’ + E‘dn+1 - dn’ < o0 (42)
+

n=1

Then the matriz J, given by (1.1), satisfies the Szegd condition.

Remarks. 1. The notation n > N means that ¢, > 1 + @ is required for all but

finitely many n.
2. Notice that the sum in (4.2) cannot be simplified. We cannot replace the last
two terms by ¢,|d,+1 — d,| because we take positive parts of the summands in (4.2).
3. In particular, one can take ¢, = 1 + a/n and d,, = §/n with 2a > |3]. This

settles the 2a0 > | 3] case of Askey’s conjecture.
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We will prove this theorem in two steps. The first one is an extension of a result
in [8], and shows that J is Szegd whenever a,, b, satisfy the conditions for ¢,,d, in
Theorem 4.1.

The second step lets us add O(n~'7¢) errors to such a,, b,. Our tools here are the
sum rules, in particular, the step-by-step Z sum rule (3.47). By Corollary 3.12, the
Szeg6 condition is stable under finite rank perturbations. We will be able to pass to
certain infinite rank perturbations of J by representing them as limits of finite rank
perturbations and using (2.48). To do this, we will need to control the change of the
E]:-bS under these perturbations, in order to estimate the eigenvalue sum in (3.47) (or,
more precisely, in (4.22) below).

In Section 4.1 we prove an extension of the abovementioned result from [8]. Sec-
tion 4.2 provides the desired control of movement of eigenvalues under perturbations.
In Section 4.3 we use these tools to prove Theorem 4.1 and related results (includ-
ing Theorem 1.4). In Section 4.4 we complete the picture outlined in Chapter 1 by

providing sufficient conditions for Zi(J) < oc.

4.1 On an Argument of Dombrowski-Nevai

In this section we will improve a result of Dombrowski-Nevai [8]. We will closely
follow their presentation and introduce an additional twist which will yield this im-
provement. The notation here is slightly different from [8] because their b,’s start

with n = 0 and their “free” a,’s are % We define
Sul@) = af + 3 [(a2y = )PHR) + a5 (b — b B(@) Pra(@)] (43)
j=1
for n > 0. Notice that the S,, obey the obvious recurrence relation

Sp(r) = Spa(x) + (agw-l - ai)Pg(x) + an(bny1 — bn) Pu() Pooa (2). (4.4)
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Using this and (2.5), one proves by induction the following formula from [7]:

z—b,
Sn(x) = aiﬂ Pr?Jrl(I) - T:lpn-‘rl(x)Pn(I) + PEL@) . (4-5)

The results in [8] are based on (4.4) and (4.5). Our simple but essential improve-
ment is the introduction of a function closely related to S,,, but satisfying a recurrence

relation which is more suitable for the purposes of this argument. We define

an,

so that we have

R, (z) = Rnfl(x)+(@721+1 —ap) Py () + an(bpy1 — bn) Po(2) Py ()

Qp Qp,
+ 2“ brgo — by | Pr(z) — 7|bn+1 — by |P2_ ().

The importance of this relation lies in the fact that it implies the crucial inequality

ap a,
Ry(z) < Rypa(x) + ai—s—l - ai + 2+1 |bnva — bnsa| + ?|bn+1 — bn| P’r?(x) (4.7)

by writing |P,(z)P,_1(z)| < 3 (P2(z) + P2_,(z)). Hence, our choice of R,, eliminated
the unpleasant cross term in (4.4).

Now we are ready to apply the argument from [8], but to R, in place of S,,. We
define

Qp, Qn,
On = ai—&—l - ai + = b2 = buga | + 5 |bnsr — bl | (4.8)
2 2 n
Lemma 4.2. Ifa, > 1+ @ forn > N, then forn > N
P2a) < — R 1 (2), 2] < 2, (4.9)
"N T 4 — 2

P2(z) < 1)2 . 4.1

max (@) < (n+1) max 1 1(2), (4.10)

44,
0 < R,(z) < exp(4 xz)Rn_l(x), |z <2, (4.11)
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< ) . 4.12
gllan(x)_e ﬁan—l(af) (4.12)

Proof. From (4.5),

Sn—1(x) = a;, | Po_1(x) — o

n

Pn(x)] 2 + 411 {4%% — (- bn)ﬂ P2(x).

The assumption 2a,, > 2+ |b,| implies 4a2 — (z — b,)? > 4 — z? for |z| < 2, and (4.6)
implies R,_1(z) > S,—1(z). This proves (4.9). Inequality (4.10) follows from (4.9)
and Lemma 4.23, and (4.11)/(4.12) from (4.7), (4.8), and (4.9)/(4.10). O

In [8], similar statements are proved for S,. The important difference is that
the proofs use (4.4) rather than (4.7), and therefore involve 6], = [a2., — a2]; +
ap|bny1 — by|. This is a serious drawback because the condition ) nd, < oo will play
a central role in our considerations. If, for example, a, = 1 + a/n and b, = (/n,
then Y nd!, < oo only if « > 0 and § = 0 (cf. the result from [8] mentioned in
Chapter 1), but > nd, < oo whenever 2« > |3|. This is because in 4, (and not in
/) the contribution of the positive |b,+1 — b,| terms can be canceled by a decrease

in a,. Therefore R, can sometimes be a better object to look at than S,,.

The next result relates R,, and Z(J).

Lemma 4.3. Suppose lim,_, a, =1, lim,,_... b, =0, and

K

(|ant1 = an| 4 [bps1 — b|) < oco. (4.13)

n=1

Then V'(z) is continuous in (—2,2) and for x € (—2,2),

N
lim R, (x) vi—a®

n—00 - 21! (x)

(4.14)

Remark. The right-hand side appears in (2.28) and so one can use (4.14) and
Fatou’s lemma to obtain upper bounds on Z(J) in terms of the R,’s (see the proof

of Theorem 4.6).
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Proof. Theorem 4.25 shows continuity of v/(z) and that for any = € (—2,2),

Vi—?

nll_{go[P2+1<m> - .TPn+1(JI)Pn<I) + PT%(‘r)} = 27TV/(1') :

Then (4.5), (4.6), boundedness of {P,(x)}, (Theorem 4.25), a,, — 1, and b, — 0
imply that this limit is the same as lim,, R,,(x). O

In the light of the discussion preceding Lemma 4.3, the following will be useful.
Lemma 4.4. Ifinf{a,} >0 and ), 0, < oo, then (4.13) holds.

Proof. We have 0 < [a2,, — a2]; < &, hence > [a2,, — a2]; < co. By telescoping
Ylany —anl- < af + Xlan, — aj]e < oo and so }olaj,, — ap| < oco. Since

inf{a,} > 0, it follows that ) |an+1 — a,| < co. Also, since

Ap41 2

Qn
0 < =5 sz = b | + 5 buss = ba| < 6+ [ayy — a

and a,, are bounded away from zero, Y |b,11 — b,| < o0. O

These lemmas have the same consequences as in [8], but with d,, in place of J/,.

Thus we can prove the following two results.

Theorem 4.5. Suppose a,, > 1+ |b—2"| form > N, lim, . a, =1, and

o0
a a
2 2 2 n+1 n
Zn [an+1—an+ 5 |bn+2—bn+1|+7|bn+1—bn| < 0.
n=1 +

Then there is ¢ > 0 such that for x € (—2,2),

V(x) > evd — 22

Remarks. 1. In particular, the corresponding matrix J is Szego.

2. Notice that the above conditions are satisfied for a,, | 1, b, = 0, as pointed out

in [8].
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Proof. By (4.8) and (4.12), we have for all |z] <2 and n > N

R,(z) < exp (Z(] + 1)2(5]-) max Ry (z) = 1 < 00.

: |z|<2 2me
J=N

Lemmas 4.4 and 4.3 finish the proof. O
The main result of this section is

Theorem 4.6. Suppose a,, > 1+ |b—2”| forn > N, lim, . a, =1, and

o

a a
E n {aiﬂ — a2 + n2+1 b2 — bnga| + ?"]bnﬂ —by|| < o0
n=1 +

Then Z(J) < 0.

Remark. This is Theorem 4.1 without the O(n~'"¢) errors.

Proof. Once again, we closely follow [8]. By Lemmas 4.4, 4.3, and Fatou’s lemma

, .1 dz
Z(J) < 161?61 (hgg.}f o ) Iny (Ry(z)) \/4——73:2)’

and so it is sufficient to prove

/0 Ul (Ra(e) 2 / I, (R (x)) 2 < C

2—x —24n—2 2+ x

for some C' < oco. Let us consider the first integral, which we denote I,, (the other

can be treated similarly).

By (4.11) and (4.12), for n > N

91 _ 9L
n—1)2 d n2 d
I, <I, 1+ 25n/ oy —x3 +In, {max Rn(z)} / <
0 2—

(2—1x)2 |z|<2 s V2—zx
2 2
=l 1+26,(2n — 2 — \/5) + (m — ﬁ) In, [rﬁ?z( Rn(:c)]
2 2(n +1)%6, 2
<I, 1 +4né, + T In, h?%( Rnl(x)} + % - In, hﬁfg{ Rn(x)]
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<I,_1 + 13nd, +

2 o, [max Rn_l(:g)] _ %m {max Rn(:v)]

n— |z <2 |2 <2

because Iny (zy) < Iny(z) + Iny (y). Iterating this we obtain

I, <Iy+13 Z Jo; + N In, {maXRN(x)} < 13Zn5n +5In, {max RN(x)} =3

J=N+1 lel<2 — |z[<2

as desired. ]

For further reference we make the following

Definition. We call a pair of sequences {a,,b,}°>, admissible, if a, > 1 + Ib—;l for

n > N, lim, ., a, =1, and

oo
n, n 00
n ai+1 —ap + + brt2 = bny1| + — |bnr — ba| | < 00,
> 2 2 +

n=1

Hence, if {a,,b,} is admissible, then J is Szegé. We make some useful observa-

tions.

Lemma 4.7. Suppose {a,,b,} is admissible and {e,, f,} is such that 2e, > |f,| for
n>N, e, — 0, and Zn(|en+1 —en| + | far1 — fnl) < 00. Then {a, + €n, by + fn} is

also admissible.
Proof. We only need to show the last condition for admissibility. If

Apy1 + €nt1
2
ap + ey
2

en = (ant1 + €n+1)2 — (an + en)2 + |brt2 + fot2 — b1 — fot

’bn—&-l + fn—i—l - bn - fn|7

then we want ) nle,]; < co. Notice that

En < Op + 2an+1|€n+1 - €n| + 2|an+1 - an||en| + ’en—&-l + enHen—&-l — €n

Qn + €n
2 |fn+1_fn|

pt1 + €ng1 T
R S

2 fn+1|+
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En+1
2

€n
|bn+2 - bn+1| + E|bn+1 - bn|7

and so we only need to prove > nX, < oo for X, being any of the above terms.
If X,, is 0, or one of the terms containing |e, 11 — e,| or |fni1 — fnl|, then this is
obvious. For the remaining three terms the same will hold by Lemma 4.4 if {ne,}, is
bounded. But Y n|e,11 —e,| < oo and e,, — 0 imply ne, < > °_ nleyi1 —e€m| — 0

as n — oo. O

Lemma 4.8. Suppose {a,,b,} is admissible and e,, | 0 is such that {ne,|a,+1 — a,|}

or {ney|byia — bui1|} is bounded. Then {a, + e,,b,} is also admissible.

Proof. 1t
Aps1 + € an + ey
en = (anr1 + €ni1)” — (an +€,)° + %‘bwﬂ — by | + bn1 — bul,
then by e,1 < ey,
€n

€n
En SO0p + 2ap 116041 — 2an€, + €i+1 - 6721 + 2+1 |brto = bpg| + ?’bn-&-l — by

S(Sn +én (Q(an—i-l - an) + %|bn+2 - bn-i—l‘ + %’bn—&-l - bn|)

2611 |an - an+1| |an+1 - an|
<Op + —————— (0 + ——— b2 — by ——|bnr = ba[ |,
SOn + P +an( + 1 b2 +1] + 1 |brt1 |

and so > nle,]+ < oo by the hypotheses and Lemma 4.4. O

We conclude this section with an interesting corollary. It shows that there are
many Jacobi matrices which are Szeg6, but one cannot pass to the “full size” sum

rule (3.60) because Ag(J) = —occ and Ey(J) = .

Corollary 4.9. Let {a,,b,} be admissible and let J be a matriz with a, = a, + c/n
and b, = b, for some ¢ > 0. Then Z(J) < oo but Ay(J) = —oco and Ey(J) = co.

Proof. Z(J) < oo by Lemma 4.8, and Theorem 3.14(c) shows Ay(J) < oco. Since
a, — 1 and ) £ = oo, we obtain Ag(J) = —co. By Theorem 3.14(d), this implies
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4.2 Control of Change of Eigenvalues under

Perturbations

In this section we will prove results on the behavior of eigenvalues under certain finite
rank perturbations of the a,,’s and b,,’'s. Namely, we will show that these perturbations
decrease E;“ and increase E for all but finitely many j. This, of course, means that
we will not consider arbitrary perturbations. Indeed, in all the perturbations we can
treat, the a,,’s cannot increase. Immediately a question arises, how is this compatible
with the possibility of a, > ¢, in Theorem 4.1. The answer is in Lemma 4.8. Before
doing a general O(n~17¢) perturbation of c,, d,, we will increase the c,’s by Cn~1~¢
for some large C', so that the assumptions of Theorem 4.1 will stay valid and the new
¢, will be larger than a,,. Then we will use results from this section. For details see
the proof of Theorem 4.1 in the next section.

For 7 > 1 and n > 0 we define
P(E;)
- 1/2°

pn(ij) =

Hence p(£j) = {pn(£j)}22_; with p_1(£j) = 0 is the normalized Dirichlet eigen-
function of J for energy E]i Naturally, p(+j) satisfies the same recurrence relation

as P(E;E), and so for n > 0,

J

E:t - bn+1 . (07% .
—————pa(E)) — ——pn-1(E)). (4.15)
Qp+1 Qp41

Pn+1 (ij) =

In what follows, we will use a well-known result from first order eigenvalue per-

turbation theory (see, e.g., [38, p.151]):

Lemma 4.10. Let J(t) = J +tA fort € (—¢,e) where J and A are bounded self-
adjoint operators on a Hilbert space. Assume that J(0) has a simple isolated eigen-
value E(0) ¢ 0ess(J(0)) and let ¢(0) be the corresponding normalized eigenfunction.

Then there are analytic functions E(t), ¢(t) defined on some interval (—€',€’) such
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that E(t) is a simple isolated eigenvalue of J(t) with normalized eigenfunction ¢(t),
and we have %E(t) = (p(t), Ap(t)).

In the case of Jacobi matrices, all eigenvalues outside [—2, 2] are simple. Hence if

J(t) = J + tA with A bounded self-adjoint matrix, then
G55 (t) = (p(£7:1), Ap(£531)) (4.16)

as long as Eji(t) stays outside [—2,2].

We have Eji = £2 whenever J has fewer than j positive/negative bound states.
Then, of course, (4.16) does not apply when Eji(t) = =42, but we at least have
continuity of Eji(t) in ¢ by norm-continuity of J(t).

Here is the main idea of this section. Fix n and take A to be the matrix with
Ap1n = Apno1 = —1 and all other entries zero (the upper left-hand corner of A

being Ag). Then increasing ¢ corresponds to decreasing a,. We have
O () — . .
EEj (t) - _2pn(i]7 t>pn—1(:|:j7 t)

Let us take j = 1. Then by Theorem 2.2(i),(iii) we know that sgn(p,(1;t)) =
sen(p,_1(1;t)) and sgn(p,(—1;t)) = —sgn(p,_1(—1;¢)) for n > 1. Hence E; will
decrease and E; will increase when we decrease a,,. This is exactly what we want.
Unfortunately, it is not always the case for other eigenvalues. Indeed, let us
consider a positive eigenvalue E;“ By Theorem 2.2(i), p(j) changes sign j — 1 times,
and so E;r will grow when we decrease the corresponding a,,’s. However, if E;r ~ 2,
a, ~ 1, and b, ~ 0, then by (4.15), pps1(j) ~ 2pn(J) — Pn_1(j), that is, p(j) is
(locally) close to a linear function of n. Therefore, if sgn(p,(7)) = —sgn(p,_1(j)),
then sgn(pm(j)) = sgn(pm—1(y)) for m # n but close to n. Hence, a suitable decrease
of a, along with some neighboring a,,’s should still result into a decrease of Ej This

is the content of the present section.

Definition. Let § > 0. We say that .J §-minorates J, if |E]i(j)| < |E]i(J)| whenever
|ES(J)| <2+6.
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Remarks. 1. This is well defined because E]i = %2 whenever J has less than j

positive /negative bound states.

2. Notice that for fixed § this relation is transitive.

Lemma 4.11. There exists 6 > 0 such that the following is true. If for some J we
have |ay, — 1] < & and |by| < 8 form € {n,n+1,n+2}, and J is obtained from J by
decreasing a, by ¢ > 0 and a2 by d > 0 so that |a, —c— 1| < 0, |apie —d—1| < 4,

and c/d € [{5,13], then J d-minorates J.

Remark. That is, decreasing both a,, and a, s results into a decrease of all but

finitely many |E;E| The same trick applied to a, and a,; fails.

Proof. Let ¢ = ¢/d. Let E = E;L and p, = p,(+7j) with 2 < E;L < 2+ 4. Then by
(4.15),

E — 2an+1 - bn+1 Upy1 — Ap
n =2 n — Pn—1+ n T n—
Pnt1 =2Pn — Pn—-1 1+ (an1 — 1) p 1+<an_1>P 1
:2pn — Pn—1 + 0(5)(|pn| + |pn—1|> (417>

with |O(d)| < C¢ for some universal constant C' < oo and all small 6. Similarly we

obtain by iterating (4.15),

Ptz = 30n — 2pp—1 + O0)(|pnl| + [Pn-1])- (4.18)

Let now J(t) = J + tA where A is such that A, 1, = A, ,-1 = —¢, Apt1n+2 =
Apion+1 = —1 and all other entries are 0. Then obviously Ef(()) = Eji and J = J (d).

By (4.16),

S EF(0) = (p, Ap) = —2(qpnPn—1 + Prs2Put1)-

By (4.17) and (4.18),

qPrPr-1 + PnroPns1 = 6p2 — (T — Q)pupn_1 + 202, +O0)(p2 +p2_,).  (4.19)
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Since 6 - 2 — (%)2 > 0 for ¢ € (7T—4V3,74 4V3) D [£,13], it follows that

6p2 — (7 — @)pnpn_1 + 202 > do(p> +p2_))

for some small &, and all ¢ € [15,13]. So if we choose ¢ such that |O(6)| < &, then
S E7(0) <0.

This argument obviously applies to all ¢ € [0,d], not only to t = 0, as long as
E(t) > 2. This is because for each such t, J(t) satisfies the conditions of this
lemma. Hence £ (t) can only decrease with ¢ (and so stays smaller than 2+4). Also,
no new bound states can appear. Indeed, if E(t;) = 2 and EJ (ty) > 2 for some
to > t1, then E;r(t) would have to have a discontinuity in [t1, 2], because by the above
argument it has to decrease whenever it is larger than 2.

A similar argument applies to E; (0) > —2 — ¢, with p,y1 ~ —2p, — pn—1 and
Pnt2 ~ 3Pn + 2p,—1 in place of (4.17) and (4.18), and shows that such E} increases
with ¢. The result follows. O

As mentioned earlier, same trick with a,,; in place of a,, .5 does not work. Indeed,
in (4.19) we would have 2p? — (1 — q)pupn_1 + O(8)(p2 + p2_,), which cannot be
guaranteed to be positive for any 6 > 0. However, we can replace a,12 by a,i
for £ > 2, and the lemma stays valid for some smaller § = d(k) > 0 and ¢/d €
[(4k* — 3)7", 4k* — 3] (we use that ppip ~ (k + 1)pn — kpp—1 for EJ). Of course, the
bounds on |a,, — 1| and |b,,| have to hold for all m € {n,...,n+ k}.

Before we start perturbing the b,’s, let us state one more result with the same

flavor.

Lemma 4.12. There exists 6 > 0 such that the following is true. If for some J we
have |ay, — 1| < 6 and |by,| < 6 form € {n,n+1,n+2}, and J is obtained from J by
decreasing a,, ani1, and a,o by ¢ > 0 so that |a,—c—1| < § form € {n,n+1,n+2},

then J d-minorates J.

Remark. Again, the result can be extended to decreasing a,, ..., a,.y (for k > 2)

by ¢ > 0, with a smaller § = §(k) > 0.
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Proof. An argument as above gives for A, 1, = Ayn-1 = Apnt1 = Apiin =

An+1,n+2 = An+2,n+1 = —1 that

gE’-i_(o) = _2(pn—1pn + PnDny1 + pn+1pn+2)

= —2(8p2 — Tpapn_1 + 2021 + OO) (P2 + p?_)))

which is negative for small enough 9, since 8 - 2 — (%)2 > 0. The rest of the previous

proof applies. O

Our next aim is to allow perturbations of the b,’s as well. If one decreases b, it
is obvious that all E;“ decrease, but all £ decrease as well. Hence, perturbing the
b,’s alone will not move “in” all bound states. To ensure that, we have to counter

the undesired movement of E]i by decreasing a,,’s.

Lemma 4.13. There exists 6 > 0 such that the following is true. If for some J we
have |ty — 1| < 6 and |by,| < 6 form € {n,n+1,n+2}, and J is obtained from J by
decreasing a, and anys by ¢ > 0 and changing b, by d € [—5, §] so that |a, —c—1| < 6,

|apio —c—1| <6, and |b, + d| < 6, then J &-minorates J.

Proof. This time we have A,_1, = A,n-1 = Antinre = Ansonn = —1 and

A,1n-1=q=d/c. We obtain

BEF(0) = —2(pn—1Pn + Prs1Pns2) + a0a_4

= —2(6p% — 6pupa—1 + (2 — Dp2_, + 00) (P2 +p2_1)),

which is negative for small enough 6 if ¢ < 1 (ie, if 6(2— %) — (£)* > 0). A

similar argument for £ requires ¢ > —1, so there is a § > 0 which works for all

q < [_%7%] L
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4.3 Sufficient Conditions for Z(J) < 0o

We will now outline an argument which shows how to use (3.47) to prove stability of
the Szeg6 condition under certain trace class perturbations. A hint of this appears in
Section 3.2 as a commentary to Conjecture 3.13.

Let J be a trace class perturbation of a matrix J such that Z(.J) < co. That is,

Z(|&n — | + |by — b)) < oo (4.20)

n

Let J, be the matrix which we obtain from J by replacing a;,b; by &jjj for
j = 1,...,n. Notice that this is different from (2.18), but we still have .J, — J
(elementwise and also in norm). Now by applying (3.47) to both .J, and J and

subtracting, we obtain

n

Z(Ja) = Z(J) = ) [In(@;) —In(ay)] + ) [m\ﬁi( Wl =B (4.21)

Jj=1 JE

From (2.48) we know that Z(J) < liminf Z(.J,). So by taking n — oo,
Z(J +Z|ln (a;) —In CL])|+hmlan[ln|ﬁi )|—1n|5i( )|] (4.22)

If inf;{a;, a;} > 0, then the first sum is finite by (4.20). Hence, if we could show
that the liminf is smaller than +oo, we would prove Z(J) < oo. Notice that this
is true if for some § > 0 each .J, é-minorates .J, because then |ﬁi( )| < |ﬁi( )|
whenever |Eji( )] < 2+ 6 and the remaining |ﬁ]i( J,)| are bounded. This is where
results from the previous section enter the picture.

Unfortunately, we cannot treat general trace class perturbations at this moment.
The reason is the necessity of using Lemma 4.8, as described in Section 4.2. It also
needs to be said that in what follows, the “partial perturbations” J, will be slightly
different from those above. They will differ in some matrix elements, but they will

still converge to .J and so (4.22) will stay valid.
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Let us now apply the above argument. We start with

Lemma 4.14. Let J be Szegé with a, — 1, b, — 0, and let e, | 0, e, < a,,

Y en < 00. Then the matrix J with an = ap, — €, and En = b, 1s also Szego.

Proof. Let § = min{d(2),6(3),6(4)} > 0 where §(k) are as in the remark after Lemma
4.12 (that is, good for decreasing 3, 4, and 5 consecutive a,’s). Let N be such that
for j > N we have |a; — 1| < 6, |a; — 1| < d, and |b;| < 6. For n. > N + 1 let .J, be

such that b;(J,) = b; and

;

i, j<N-1,
aj(jn) =3 a4 +e,r1 N<j<n,
Q; jZn—i—l

\

Then Jy,; is Szegd because it is a finite rank perturbation of J.

Let n > N + 2. Notice that J, is obtained from J,_; by decreasing aj(jn_l) by
c=e, — ey for j = N,... n. This can be accomplished by successive decreases of
3, 4, or 5 neighboring a;’s by ¢, as in Lemma 4.12 (and the remark after it). It follows
that J, d-minorates .J,_1, and so by induction J, é-minorates Jy,;. Then by (4.21)
(with 6 < 3),

Z(J) < Z(Jna1) +2) e+ KIn(M) < oo,

j=N

where K is the number of eigenvalues of Jy,; outside of (=2 — 8, 2 + §) and

M = 3sup;{ay, [bj|} > | Ju]l. So Z(J,) are uniformly bounded and since .J, — .J,

(2.48) implies Z(J) < oo.

Corollary 4.15. Suppose {an,b,} is admissible and {e,, f,} is such that e, — 0,
fn—0, e, > —a,, and Zn(\enH —ep| + | fror1 — fn]) < 00. Then the matriz J with

Gy = Qp + €4, by = b, + f,, is Szego.

Remark. This is Lemma 4.7 with the condition 2e, > |f,| removed.
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Proof. Let us define ¢, = Z;‘;n lej+1 — e;| and similarly for f,,. Notice that e, > |e,|,

e, 1 0, and

o0 o0
E e, < E nleni1 — ey < 00.
n=1 n=1

Then if é, = e, + &, + fn, we have 26, > |f,|, and so {a, + &,, b, + f,.} is admissible
by Lemma 4.7. By Lemma 4.14, the result follows. O]

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Our strategy is as outlined at the beginning of Section 4.2 and
this section. We let

C = sup {n' |, — a,|, n'T¢|b, — ba|} < o0, (4.23)

—1—¢

and increase a, by 6Cn (we call these again a,). Then by Lemma 4.8 (or by
Lemma 4.7), {a,b,} (with the new a,) is also admissible. Thus, the new J is Szeg¢

and we now have

an — @p € [5Cn~ 175, 7Cn~ 177,

by — b, € [-Cn~ 175, Cn~17). (4.24)

Let & be such that both Lemmas 4.11 and 4.13 are valid. Let N be such that for
§ > N we have |a; — 1] < 6, |a; — 1] < 6, |b;j| < 6, and |bj| < §. We let Jy_; be such
that
- a; j<N-—-1,
aj j Eij,

and similarly for bj(j ~N—1). Then Jn_1 is Szegd because it is a finite rank perturbation
of J.

We construct jN from jN—l in two steps. First we decrease ay, ayi2 by 2|by —I~)N|
and change by to by. Then we decrease ay by ay —ay and any2 by (ay —ay)/13 (in

terms of the new ay). Both perturbations are -minorating by Lemmas 4.11 and 4.13,
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and the obtained matrix Jy agrees with J in first N couples a;(Jy), b;(Jy). The
others are the same as in J, a possible exception being a N+2(j ~), for which we only

know

ans2(Jy) = Gns2 € 2O(N +2)775, 7TC(N +2)717] (4.25)

(if N is chosen so that (2 + 15)N7'7¢ < 3(N +2)7179).

Now we apply the same procedure to inductively construct J, from J,_; for n >
N + 1. Each J, will agree with J up to index n, and other elements will be the same
as in J, possibly except of an+1(jn) and an+2(jn). For these we will have (4.25) (with
n+ 1 and n + 2 in place of N + 2), which is just enough so that we can change b,,,4
to Enﬂ when passing to jn—i—l by the same method. Since jn d-minorates jn_1, we

obtain by induction that each jn S-minorates J N_1-

Again, we have by (4.21) (with 6 < 1),

Z(J,) < Z(Jy-1) +14C Y 77+ KIn(M) < o0

j=N
with K and M as in the proof of Lemma 4.14. Since J,, — J, the result follows. [

For a sequence e,, we define de,, = e,,11 —e, and &%¢,, = 9(De,,) = €,19— 26,11+ €n.

Using results in this section and those in Section 3.5, we can prove the following:

Theorem 4.16. Let
an =1+ ae, + O(n~179), b, = Ben, +O(n™179)
with e, | 0, Y. e, =00, Y. n[d*e,]_ < oo, and e > 0. Then Z(J) < oo if and only

if 2a > | ).

Remark. Notice that the last condition on e, is satisfied whenever e, is eventually
a convex sequence. In particular, e, = n~7 with 0 < v < 1 is included, proving

Theorem 1.4.
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Proof. First consider o < 0. Then

N
— Zln an) = Z lale, + O(e) + O(n™'7%)] — oo
= n=1

as N — oo, and so Z(J) = oo by Corollary 3.15.
Next assume 0 < 2o < |3|. If we take |p| < 3 such that o < —p/3, then

N Z [ In(an) + pbn] = Z [(—a—pB)e, + O(el) + O(n™'7%)] — 0

by the hypotheses. Also, since —a + pg < pf < —a <0,

N N

= [n(an) = pba] = [(—a +pBlen + O(el) + O(n™'%)] — —o0.

n=1 n=1

Theorem 3.26(i) then gives Z(J) = oc.
Finally, assume 2« > |3|. Note that de, < 0. We let ¢, = 1 + «ae, and d,, = fe,,.

Then the square bracket in (4.2) equals

1+ ozenﬂ 1+ Oéen

2ade,, + 042(en+1 + ep)0e, — |B|l—————0en11 — |7 en
2 + 6X(enss + ) — \m% e P
— (20— g T Menntenl g, w\—l R
S

since de,, < 0 and 1+ e,y > 0. Hence, (4.2) holds by > n[0%,]- < oo (ie.,
{¢n,dy,} is admissible). Theorem 4.1 finishes the proof. O

Corollary 4.17. Let 2a > |f], €, | 0, v >0, € > 0, and
by
nvy

a, =1+ <y en +O0(n~179), by, —leey,
ny

O(n

Then Z(J) < 0.
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Remarks. In these cases, — 3. In(a,) diverges to —oo. This is only consistent
with (3.69) because &(J) = oo, that is, the eigenvalue sum diverges and the two

infinities cancel.

Proof. By the remark after Theorem 4.16 and by the proof, {1 + an™,fn~7} is
admissible if 2a > |f|. By Lemma 4.8, {1 + an™" 4+ ¢,,8n" 7} is admissible. Then
use Theorem 4.1. O

A natural question here is what happens if we allow errors more general than just
O(n~17¢), but still small compared to the leading term of the perturbation. As for
the Z(J) = oo result in Theorem 4.16, it certainly holds for such errors, as can be
seen from the arguments in the proof.

On the other hand, the stability of Z(J) < oo is unclear. One can easily see
that we need strong hypotheses at 2 = |3|, the boundary of the “Szegé” region. For
example, if a, = 1+an™' —(nln(n))~! and b, = 2an™!, then the Szegd condition fails
(at —2), as follows from Theorem 3.24. Hence, in this case one cannot expect more
than trace class errors to preserve the Szeg6 condition. Inside the “Szegd” region the
situation might be different, but at the present time we are not able to treat even
trace class errors for 2a > |3 (see Conjecture 3.13).

Let us now return to considering perturbations of a single a,,. As noted in Section
4.2, decreasing it can only guarantee decrease of |Ef|. However, if we know that .J
has no bound states, then this is sufficient to conclude that no new bound states can

appear when decreasing a,,.

Theorem 4.18. Assume that J with a, — 1, b, — 0 has only finitely many bound
states, and let J have a, < a, and b, = b, with @, — 1. Then Z(j) < oo if and
only if Z(J) < oo and ), (a, —a,) < 0o. In any case, J also has only finitely many

bound states.

Proof. We only need to prove this theorem for J with no bound states. For by
Theorem 2.2(i),(ii), J has finitely many of them if and only if J™ has none for large

enough n — one only needs to choose n to be larger than the last crossing of zero of
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some eigenfunction for energy 2 and the last non-crossing of zero of an eigenfunction
for —2. And by (3.47), J is Szegé if and only if J™ is.

So let us assume that J has no bound states. Then by the above discussion, J
has none as well. Indeed, if we let J, have aj(jn) =a; for j=1,...,n and all other
entries same as J, then jn is created from jn_l by decreasing a,,. Since jn_l has no
bound states, the same must be true for jn Since jn — J in norm, J also has no

bound states.

If Z(J) < oo and ) (a, — a,) < oo, then Z(J) < oo by (4.22). No bound
states and Theorem 3.14(d) imply A¢(J) > —oco. So if > (a, — @,) = co, we obtain
Ao(J) = o0, and then Z(J) = oo by Theorem 3.14(c). Finally, if Z(.J) = oo, then no
bound states and Theorem 3.14(a) give Ay(.J) = oo. This implies Ay(.J) = oo and so

again Z(J) = oo. O

Since Theorem 3.14 does not distinguish between no bound states and Ey(.J) < oo,
we can extend the above result to that case, but we need to restrict it to J-minorating
perturbations of the a,’s only (e.g., decreasing a, by e, | 0). If &(J) = oo, then
such a result cannot be generally true. For example, if a, =1+ a/n and b, = 3/n
with 2o > ||, then decreasing a by a — |3]/2 results into a non-summable change of

the a,’s, but the matrix stays Szegd.

4.4 One-Sided Szego Conditions

In this section we will discuss Jacobi matrices which are Szegd at 2 or —2. That is,
such that Z;"(J) < oo or Z; (J) < co. One might say that a better definition would
be to call J Szego at £2 if the Szeg6 integral converges at 42, without any conditions
on the rate of divergence at 2. We cannot object to this, but note that in the case
J = Jo+Hilbert-Schmidt (i.e., J — Jy € Jz), which we will consider here, these two

definitions coincide. Indeed, for such J we know from Theorem 3.18 that

Zy (J) < . (4.26)
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That, of course, means that Z(J) can only diverge at £2, and it diverges at 42 if
and only if Zi(J) = oo (since the weight in Zi" has the same decay at F2 as the one
in Z;).

Hence we will use the sum rules (3.48) and (3.49) in this section. Just as with
Z(J), the infinite sums are always absolutely convergent and (3.48), (3.49) hold even
if Zi(J) = co. This shows that the one-sided Szegd conditions are also stable under
finite rank perturbations.

Actually, we will only consider the Szegd condition at 2 and use only (3.48). The
reason for this is the spectral symmetry discussed in Section 2.2. Therefore, our
results for 2 will immediately translate into similar results for —2.

As in the previous section, the main tool for handling trace class perturbations
will be the following inequality, which we obtain from (3.48) just as we obtained (4.22)
from (3.47) (with the same J,). With £*(E) from (3.44) we have

Zf (J) < ZF(J) +Z|1naj 1n<aj>|+%Z|Bj—bj

+11Trlri£f2[§+ EX(J,)) - 5+(Ei(J))} (4.27)

A direct computation shows that {T(FE) is increasing and positive on [2,00), and
increasing and negative on (—oo, —2]. This means that the last sum in (4.27) will be
negative whenever Ef(.J,) < Ef(J) and E; (J,) < E; (J) for all j. In particular, if
a; = a; and bj < b; for all 5.

Theorem 4.19. Suppose J — Jy is compact.
(i) If J is Szegd at 2, and J has @, = an, b, < b, with > (bn — l;n) < 00, then J is
also Szegd at 2.
(il) If J is Szegd at —2, and J has G, = ay, by > by with 32, (b, — by) < 00, then J
15 also Szegd at —2.
(iii) Let J have a, = ay, b, > b, with Zn(l;n —b,) < oo, and let both J, J be Szeqao.
If J has @, = a, and b, < En < zSn, then J is also Szegd.

Proof. (i) follows from the discussion above, (ii) from (i) by symmetry, and (iii) from
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(i) and (ii) and the fact that J is Szeg6 if and only if it is Szegé at both £2. O

When perturbing the a,,’s as in Section 4.2, we have to be careful with negative
bound states. Indeed, decreasing all |Eji| does not necessarily make the last sum in
(4.27) negative because £ (F) increases on (—oo, —2]. This problem can be overcome
if the contribution of the E; (J)’s to that sum is finite. Since for £/ ~ —2 we have
EF(E) = O(|E + 2/*?) by (3.77), this means that we need

D IE; () + 2/ < oo (4.28)

Then the liminf in (4.27) will be bounded from above as long as every change
Jn_1 — J, decreases all E € (2,240), irrespective of what happens to £ (because
¢F(E; (Jn)) < 0). By Theorem 3.18, (4.28) holds whenever J — Jy € Js.

But before we can use this idea to handle certain trace class perturbations as in
Section 4.3, we first need to find some a,, b, to be perturbed. Our aim is to treat the
case a, = 1+an " +O0(n~'7¢) and b, = Bn™" + O(n~17¢) with 2a > £+, and show
that such J is Szegd at F2. Since we need J — Jy € Jo, we will consider v > % To

prove the next result, we will return to the methods of Section 4.1.

Lemma 4.20. Suppose a,, — 1, b, — 0.

(i) Let {a,} be eventually strictly monotone and

bn - bn
o Tntl g AR NN (4.29)
Apy1 — Ap Ap+1 — Ap

with w finite. If eventually
Wsgn(ant1 — p) < —28g0(Ant1 — ap),

then there are § > 0, ¢ > 0 such that V'(x) > ¢4 — 2% for x € (2 —6,2).

(ii) Let {b,} be eventually strictly monotone and

bn - bn—l Qpy1 — Ap
N 17 e

4.
bn-l—l - bn bn+1 - bn o ( 30)
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with wy finite. If eventually
wy sgn(bpyq — by) < —% sgn(bpr1 — by),

then there are § > 0, ¢ > 0 such that v'(x) > ¢4 — 2% for x € (2 —6,2).

Remarks. 1. (ii) is (i) with w; = w™!. It handles the case w = Foc.
2. In particular, such J is Szeg6 at 2 if J — Jy € Js.

3. By symmetry, the same result holds for the Szeg6 condition at —2, with “< —2”

and “< —%” replaced by “> 2”7 and “< %.”

Proof. (i) First notice that (4.13) holds because a, is (eventually) monotone, and
either b, is monotone (if w # 0) or b1 — by| < |api1 — ay| (if |w| < 1). Hence, we
can use Lemma 4.3. This time we will work with S,, instead of R,,, because it has a
simpler recurrence relation (4.4). Notice that by the proof of Lemma 4.3, for every
|z| < 2 we have S,(z) — V4 — 22/271/(x) as n — oco. The result will follow if we
prove that S,,(z) < C for some C' < oo, all x € (2 — ¢, 2), and all large n.

We will show this by proving that for some K and all large enough n we have
Snar—1(x) < Sp_1(z) for all z € (2 — 6,2). That is, we will iterate (4.4) K times at
once. Here K > 3 and 6 > 0 will be fixed, but they will not be specified until later.

We let n be large and such that for all j > n we have |a; — 1] < § and |b;| < 9,
and we take x € (2—0,2). Then by (2.5) in the form (4.15) we obtain for P, = P, (z)
and k€ {0,..., K — 1}

Poiw=(k+1)P, —kPy1 + O(0)(| Pl + |Poal)-
We also have

a721+k+1 - afmq =(Anyrs1 — Anyr) (2 +0(1)),

Atk (Ontrs = Onyk) =(Cniks1 — angr) (W + 0(1))
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with o(1) = o(n°) taken w.r.t. n. From these estimates we obtain

Stk = Sntk-1 = (@5 i1 = i) Prsk + Gk (bnisr = Ongi) P Pk
= (@nsrsr = anei) { [+ (1) (k + 1 + (@ + o(1) (k + 1)] P2
— [(2+0(1))2k(k 4+ 1) + (w+ o(1))(2k* — 1)| P, Pyy
+ [(2+ o(1)k* + (w + o(1))k(k — 1) P7_,

+O)(P2+ PLy) ),

where the O(d) also depends on K and w (but not on x or n). Using the identities
MR = K(2K? = 3K +1)/6, i)'k = K(K — 1)/2, and anigr1 — Gnik =
(@n+1 — an)(1 4+ 0(1)), we obtain for K > 3,

3 Snt+r—1— Sn-1
K Apy1 — Ap

=000) (P + Py y)

+ [2K* 4+ 3K + 1+ w(K* = 1) + o(1)| P}
— [AK? =4+ w(2K? = 3K — 2) + o(1)] P, P s

+[2K% — 3K + 1+ w(K? - 3K +2) + o(1)] P2,

where both O(0) and o(1) depend on K and w. Let I, 11, 11I denote the three square
brackets in the above expression, without the o(1) terms. If I - ITT — (I1/2)* > 0,
then for small enough § and large n (so that O(J) and o(1) are negligible) the above

expression will have the same sign as I. We have I - ITT — (I1/2)* > 0 whenever

6+ 2v3VEK?2 -1 ) 6 —2v3VK?2 -1
K2 _ 4 ’ K2 _ 4 ‘

wé e(K),cK))=|-2-

Also, I > 0 when w > d(K) = —(2K?+3K +1)/(K*—1), and I < 0 when w < d(K).
Since ¢;(K), c2(K),d(K) — —2 as K — o0, and by the above,

Se0(Sn k-1 — Snot) = sgn(ans1 — ar) sgn(l),

one only needs to take K large so that w > max{cy(K),d(K)} (if sgn(ani1—a,) = —1)
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or w < min{c (K),d(K)} (if sgn(an41 — an) = 1). Then for small enough ¢ and all
large n one obtains sgn(S,+x-1(z) — Sp—1(x)) = —1 whenever z € (2 — §,2). The
result follows.
(ii) The proof is as in (i), but with the role of a,y1 — a, played by b, 11 — b,,. We
obtain I = w; (2K*+3K+1)+ K?—1 and sgn(S,s 51— Sn_1) = sgn(bn+1—b,) sgn(I)

whenever

| Lo V3 L, V3
! 2 o/K:-1 2 oVK:-1]
0

Now we are ready to introduce errors and state the main result of this section.

Theorem 4.21. Suppose J has
an = an +0(n179), b, =b, + O(n~'79)

with Y071 [(an — 1)* + b2] < 00 and € > 0.

(i) Assume a,,b, satisfy (4.29) and n**¢|a, 1 — a,| — oo. If eventually
wsgn(api1 — apn) < —28gn(a,1 — ay,),
then J is Szegd at 2. If eventually
wsgn (a1 — ap) > 2sgn(a,11 — ay),

then J is Szegd at —2.

(ii) Assume an, b, satisfy (4.30) and n*T¢|b, 1 — b,| — oo. If eventually
w1 8N (bpt1 — by) < —% sgn(bp+1 — by),
then J is Szegé at 2. If eventually

w1 Sgn<bn+1 - bn) < %Sgn(bn+l - bn)7
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then J is Szegd at —2.

Remark. Notice that if sup{n®*¢|a,,1 — a,|} < oo, then |a, — 1] < n~'7° and
since (in (i)) w is finite, we also have |b,| < n~'7¢. Hence, J — Jy is trace class and

so Szeg6 by Corollary 3.16.

Proof. (i) We follow the proof of Theorem 4.1. First we increase a,, by 6Cn~'7¢ with
C from (4.23). We have

6C 6C
an + nite Ap—1 — (n—1)1+¢ Ay — Ap—1 O(l) 0
— — —
6C 6C 2 :
Qp41 + (n+1)te Qp — nlte an41 — An n +€(an+1 - an) + O<1>

So if we call a, + 6Cn~'17¢ again a,, we still have (a, — a,_1)/(Gpns1 — a,) — 1.
Similarly, (b,41 — by)/(an+1 — an) — w. And, of course, {a,} has the same type of
monotonicity as before, by the assumption n?*¢|a, 1 — a,| — oco. We call the matrix
with these new a,,b, again J. By hypothesis J — Jy € Jg, so J is Szeg6 at 2 by
Lemma 4.20(i) and (4.26).

Now we consider the same J,, as in the proof of Theorem 4.1. The first of them is
jN_1 and it is Szego at 2 because it is a finite rank perturbation of J. Each next jn
will 6-minorate J,_,. That proves that in (4.27) (with Jy_; in place of J) the sum
involving £~ will be bounded above by K&+(M) with K and M as in Lemma 4.14.
The sum with E will be bounded above by ¢ = Zj[—£+(E;(jN_1))], and this is
finite by (3.77) and (4.28) (which holds because Jy_1 — Jo € J5). So the liminf in
(4.27) cannot be +o00 and the result follows.

(ii) The proof is identical. O

Corollary 4.22. Let v > %, >0, and

an =1+ % + O, by = =+ O(n~19). (4.31)

If 2a > £3, then J is Szegd at F2.

Proof. If v > 1, then Z(J) < oo by Corollary 3.16, and so Z;"(J) < co. If vy € (3, 1],
then use Theorem 4.21(i) (if @ # 0) or (ii) (if @« = 0) with an, b, in that theorem
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being 1 + an™ and fn~"7. O]

As for other pairs («, 3) in (4.31), Theorem 3.17(iii) shows that if 2a < £/, then
J cannot be Szegd at F2. Hence, the (a, () plane is divided into four regions by the
lines 2a = 4. Inside the right-hand region J is Szegd, inside the top and bottom
regions J is Szegd only at, respectively, 2 and —2, and inside the left-hand region J
is Szegd neither at 2 nor at —2. On the borderlines the situation is as follows. If
2ac = £ and a > 0, then Corollary 4.17 shows that J is Szegd, and so Szegé at
both 2 and —2. If 2a = £+ and « < 0, then J cannot be Szeg6 at £2 by Theorem
3.17(iii). It is possible that such J is Szeg6 at F2.

By this, the picture from Chapter 1 is justified.

4.5 Appendix to Chapter 4

In this appendix we prove auxiliary results which we used in the present chapter. The

following lemma from [16] was applied in the proof of Lemma 4.2:

Lemma 4.23. If Q(z) is a polynomial of degree at most n — 1 and for |x| < 2,
Vi —a2?|Q(z)] £ 1, (4.32)

then for |z| < 2,

Q)] <

|3

In the proof we will need the Gauss-Jacobi quadrature for the Chebyshev polyno-
mials of the first kind:

Lemma 4.24. Let z; = cos ((2j — 1)7r/2n) with 5 = 1,...,n be the roots of the
Chebyshev polynomial of the first kind T,(z). If Q(z) is a polynomial of degree at

most n — 1, then

Q(2r) = Z (_172j1 \1— a3 Q(2x])5n—($x)3 (4.33)

j=1
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Proof. By (2.10), T,,(z) = cos(narccos(x)) for |z| < 1. Since x; is a root of T, (x),
the right-hand side of (4.33) (denoted Q(2z)) is a polynomial of degree at most n— 1.
Obviously lim, .., T,(7)/(x — x;) = T, (z;). Moreover,

T (&) = [cos(n arccos(z))] = "-Sn{narccos())

T (4.34)

and so
(1) 'n

_ 2
1mj

T, (v;) =

Since for j =1,...,n,

Q(2z)) = (_172]_ 1 =25 QQ2xy)T, (x5) = Q(2x;),

and both Q and Q are of degree n — 1, they must coincide.

O

Proof of Lemma 4.23. Let x; be as in Lemma 4.24. First assume 2z, < x < 2z;.
Then

N|=

= (ot (7))} = g <

2sin (%)

N|=

Q) < (4—a7)

ESIIS

because |z1| = |z, and sin(£) > +.
Now let > 2z, (the case v < 2w, is identical) and put y = 7. By (4.32) and
(4.33),
Tu(y) g~ 1
Q@) =1yl < = 2> | ——|
j=1

y—x

n Tn
_Z (v)

1
2n —~ Y=

because y > x; for all j. Now since x; are precisely the roots of T,,(y), the last sum
is just 77 (y). We have

sin n6

T =
T(w)| = | =7

—n O

by (4.34) with y = cos# and induction on n. Hence |Q(x)| < ;‘Z

The following result from [15] was used in the proof of Lemma 4.3:
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Theorem 4.25. Suppose lim,,_.,, a, =1, lim,,_. b, =0, and

> (lans1 = an] + [basr — bal) < oo (4.35)
n=1
Then the spectral measure of J is purely absolutely continuous in (—2,2) with contin-

uous density V'(x) > 0. Moreover, for any energy x € (—2,2), all eigenfunctions are

bounded and

lim [P3+1($) — 2P, 1(x)P,(x) + PS(fEH — —"4_332

N0 - 2m ()

(4.36)

Remarks. 1. In [15], a, — % and the limit is 2v/1 — 22 /7/(z).

2. With slightly more effort one can show that the m-function is continuous on
CtuU(-2,2).

3. Results relating density of the absolutely continuous part of the spectral mea-
sure and asymptotics of the solutions of difference (or differential) equations, under

the assumption of finite variation of the potential, go back to Weidmann [40, 41].

Proof. We start with showing the existence of WKB asymptotics for energies in
(—2,2), asin [31]. We fix z € (—2,2) and define w, = (z—b,)/2a,. Welet I C (—1,1)
be a closed interval containing £ in its interior and consider ng such that w, € I for

all n > ng. Then we have

[ (4.37)
1

Next we define

= ZZO arccos(w;) (438)
for n > ng. Then
+ +

+ +
An+1Up 41 + (bn—l-l - .Z’)Un Tt apl,_ =¢C

(Ths (4.39)
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with

+ +i n ’ n
=4 1e i arccos(wn+1) + aneqizarccos(w ) + bn+1 —r

boy1 —bn .
:% + z(anH\/ 1 —w? | —apy/1— w%),
since sin(arccos(t)) = /1 — t2. Hence

|wn+1 - wn|

with dyp = |ans1 — @n| + |bpis — bn|, and C' < oo depending on I. That is, ¢& € ('

1
el < 5 lbust = bl + lanss = au| + a < 0d,

We will also need the Wronskian of «™ and ™~ (which depends on n). We have

i arccos(wn ) —1q arccos(wn))

—ut u) = ag(e —e

3 T
and since w,, — 7,

lim W, (u",u”) =iv4 — 22 (4.40)

n—oo

Now we turn to eigenfunctions ¢, for energy x. We will show that each of them

asymptotically approaches a linear combination of ™ and u~. If

Apy1Pnr1 + (bn—i—l - x)(pn + appp—1 = 07 (441)

then we let «y,, 3, be such that

©n U U oy,
= " " : (4.42)
_l’_ —
Son—l un— 1 'LLn_ 1 Bn
By (4.41),
+ - T=bni1  _ _a + -
Upy1 Upgq Qnt1 | a1 anil Uy u, o,
+ — + —

2 Uy, BnJrl 1 0 Uy 1 Uy q ﬂn
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From this and (4.39),

Qi1 1 —crutu,  —c unu, ap,
Bt W) \ ctupul cqutur )1\ B,
=1d+M,) | "],
Bn
with
1 —cf = (uy)?
Wb \ehw)? o

summable because ¢ € 1. Hence for D = 2C/v/4 — 22 (so that || M, | < Dd, for

large n) and n — oo,
H 1d - [ (1d +Mj)H < ZTIMINT M) < PETE DY dy 0. (4.43)
It follows that a,, — as and 3, — Bs. Then from |uE| =1 and (4.42) we have

lim |¢, — (et + Boou, )| = 0. (4.44)

n—oo

This proves boundedness of all eigenfunctions for energy z.

Before we proceed, we note that if we consider a closed interval of energies I C
(—2,2) instead of a single energy z, then ny, C, and D can be chosen uniformly for
x € I, and (4.40), (4.43) also hold uniformly in z. Hence from now on we will consider
all x € I with I C (—2,2) an arbitrary closed interval.

Let us now prove the remaining claims for J — J; finite rank. For all small € > 0

and z € I we let 0(x + ic) = arccos(*5=), taking the usual branch of arccos. Note

that Im(6(z +ic)) < 0 for € > 0. We define u(z + ic) to be the unique eigenfunction
for energy +ie such that u, (z+ic) = e~@+€)" for large n. Then u(x+ic) € (2(ZF)
for € > 0 and so by (2.56),

ug(z + ic)

m(x + ie) = @)
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Since uy,(z + i€) and wu,41(x + ic) are obviously continuous up to € = 0 for large
n, by solving the eigenfunction equation backwards, so must be u_;(z + i) and
uo(z + 1€). Also, u_1(z) # 0, because u_1(x) = 0 forces ug(x) # 0, and then
un () /uo(x) would be real for all n, which is a contradiction. In conclusion, m(x + i¢)
and each u,(x +ic) are continuous in € up to € = 0. This shows that lim. o m(z + ic)
is finite and so there is no singular spectrum in (—2,2) by Theorem 2.14. We define
m(z) = m(x +1i0) = lim. o m(z + ie).

Next we let v,(x) = —u,(z)/u_1(z) so that v_1(x) = —1 and vo(x) = m(z).

Let n(x) = ilu_i(x)|/u_1(z) so that |n(z)] = 1 and v,(x) = in(x)u,(z)/|u_1(x)|.

Since v, (x) — v,(x) is an eigenfunction for energy = with v_y(z) — v_1(z) = 0 and

vo(x) — vo(x) = 2 Imm(x), the orthogonal polynomials clearly satisfy

So for large n
n(l.)efw(m)n + ,'7($)619(x)n
2|u_q(z)| Imm(x)

Po(z) = (4.45)

Notice that Imm(z) = Imwvg(z) # 0 because otherwise v, (z) would be real for all n,
which is a contradiction. Also notice that J — Jy finite rank and (4.38) implies that
e~ ?@n /y~(z) is constant in n for large n, and this constant has modulus 1. Similarly
for ¢?@n /yt(z), and the two constants are complex conjugates of each other. It

follows that if P(x) plays the role of ¢ in (4.44), then

1

- 2|u_q1(x)| Imm(x)

| oo ()] = | Boo ()]

and o (7) = Bso(z). A direct computation, using (4.45) and z = €*(®) 4+ =@ then

gives for large n

P2y — 2Py P+ P2 = |ag? (2 — € — 7)) = |aw|* (4 — 27). (4.46)
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Looking at the Wronskian of v and v at n = 0 and at large n, we obtain

W(v,0) = (=1)m — (—=1)m = —2iImm

and
T, . : 24 Im (w, Uy 1) RVZ
W(v,0) = ———= (INU4INUp_1 — INUp_1INU, ) = = —1 .
( ) |U_1|2 ( n n 1 n 1 ) |U_1|2 |u_1|2

By equating these we have

1 1 2

T 2uy(2)|Imm(z) |2V = 22 Imm(z)

| oo ()| = |Foc ()] (4.47)

Substituting this into (4.46) and using (2.54), we obtain (4.36) for a.e. . By (4.46),
P2 () — Py (z)Py(x) + P2(x) is constant in n for large n, and it is obviously
continuous on I for all n. So the density v/(z) must be positive and continuous too.
Since I was arbitrary, the result for finite rank J — J; follows. Notice that we have
shown that in this case v/4 — 22 /271/ () is a polynomial, positive on (—2,2).

Now we return to general J. Let J; be obtained from J by replacing a,, by 1 and
b, by 0 for n > k. Notice that ng, C, D can be chosen uniformly for all x € I and
all Jy,. The functions uF will, of course, be k dependent, but ur(z;J;,) = uk(z;J)
whenever ng < n < k. Therefore also ag(z; Jx) = ag(z;J). Moreover, obviously
| (25 Ji) — ag(x; Jp)| — 0 as k — oo uniformly on I, and by (4.43) the same is
true for |aoo(z;J) — ag(x; J)|. Thus, aw(z; k) — qoo(x;J) uniformly on I. The
same holds for B (2; J), and s0 e (2; J) = Boo(2; J). This means that oo (z;.J) # 0,
because otherwise P,(x) — 0 by (4.44). Then, however, W(P(x),p(z)) = 0 for
any other eigenfunction () (by (4.44), ¢,(x) is bounded) and so P,(z) = 0, a

contradiction. Therefore, |aoo(z;J)| must be bounded away from 0 and oo on I,

because it is a uniform limit of continuous functions |ay(x; J)|, and hence continuous.
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By the above, (4.47) for Ji, and (2.54), we have for gx(z) = v/(x; Ji) and

1

90) = T @ )]

>0,
2

that gi(x) — g(x) uniformly on I. Since g are continuous, so is g. By Theorem 2.4
we know that gi(x)dx weakly converge to dv(z) on I, so we must have v/'(z) = g(x)
for x € I, and vgne(I) = 0. Since I was arbitrary, v is purely a.c. in (—2,2) with
positive continuous density. Finally, by (4.46) we have

lim [Py (7) = 2Pha (2) Pi(w) + Pi(2)] = lim Jase (25 Jp4a)*(4 = 27)

k—o0
=| oo (x; J) 2 (4 — %)
V4 — x?

" 2mg(a)

which is (4.36). The proof is complete. O
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