August 7, 1930

Receipt is hereby sacknowledged ot two ccopies of u thesis for the
Doctor of Philoscphy conferred in Jule 1830 by

Benedict Cassen



T4IORY OF GR.VITATIONAL SPIN,

Thecis by

Benedlcet Capsen

In Partial Talfillment of the

Regquirementa for the degree of Doctor of

Philosophy

Callfornia Institute of Technology

Pasadena , Californis

1930



THEORY 07 CTAVITATTONAL "©"N.

“"enedict C-sgen,

Dirac's - ell knowr; Tamiltomian operator
e 2N A ;c@(,ﬁb +S A +xyme
deseribing sn electron 1in an el ctromagnetic fiecld determined
by the potentinls Ao) Ac, Az} A3 » When mrltiplied by 1ts
conjugate operator, givi: a quadratic Hamig}onian oi;zator
- (p 12 AY+ S g AT S AP L,

The last térm of this operator shovs that the electron acts

as 1f it had an imsginary rpin energy 4in an eleetric fieid,

or what amounte to the sz2me thing, s real spin energy in an
imaginary electric fleld. 1In what follovs, 1t wlll be shéwn
that an imaginarv electric field h:s the same progertios 8

a real acoelerétion or gravitational fiedd ~nd that we may
eiter say that a gravitational field 1s an imeginary ekectric
field or that =2n électric field 1s an 'maginary gravitational
fie .d. Fubther , by the introdumtion of s gravitational vector
potential ag an imaginary electromagnetic vectdr potentlal, it
is possible to desoribe electromagnetic amd gravitational
-henomena by a simple unified theory. Th's theory h s as 1its
basie the known theory of the electrémaghetie field:anﬁ&énot
the Zinsteinian geometrieal picture of the gravitational'field.
T¥hen an imnaginary electric field 1s interpreted as a gravitat-
ional fleld, then a2 Diracian electron, desceribed by thc above
Hamiltonian operstor, vill act as 4if it had a grovitational

epin mornt vhen in a gravitational field., This mesms- to be



(2)
the rial phyeleal nirnilflcance of !"» im plnary -pin terms
vhich are necesesary in ‘he cuadratic form of Dir c'se
Hamlltonlan operat-r in ord r thnt 1* chonid be relatividtically
invarient,
Let A be the se~lor potential nt A, Az, As
the components of the vemt r potentlal ~f the elcctromarnetic

field, If we define

2
Lo g (ki vid) cars ()

and “dentif i: vith ¢l etric ch~rre dens’'ty, JZQ jQ)_Z; +ith
the current densities, then th- egquatione (7) are the Ynxvell-

Polagon equations of the ei.sctromagnetic fiold,

Let bz be the -enlar potential ~f the cecel-
evatton flield, "e introduce a graviistion L vecto potential

vitih ¢com onente l//) Vz) 1/5 . Ve A-Tin®

Cc: ;é}(’é %—;4"‘ 721//,)/420/’;2;'5 (z)

and identify C} *1th the mass ‘ensity or zfij times the
energy densi‘y, and C/) G) ('3 with the comoonenta of
momentum, Te will th-n e¢-1l equ-tions ({)the Nevton ~-Polsson
equati~ng of the rravitation~l flel”,

In the game v~y that 'h components of foree
on aqhnlt electric charge ~re

L= -t e A

the components chrrav’i;t{igél fcggg ser it maas are

proporti~n2l té
-L W _ Juk
C o JY,

It srems necessary t¢ introduce thig gravitation-~l wveetor
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potential in -rder that gravitational vaves might be quant-

ized, Otherwige,there would be no gravitatfonal Poynting's
vector znd there wonl? b no actirn in the field that
could be quantiged .

Of cou:se, equations (;)are equivalent to four
of Einstein's ten equations for a ' eak gravitational field
where b@ is & linear function of the j?zfjl It vould be
posgible to consider a s .ace time manifold with a complex
line element, thatiis, with com lex (., s and interpret
the real part of the SﬂK'E a8 gravhtational potentials in
the usual way and %1e imaginary parts as electrome@netie
ootentials, However, this proceedure would lead to wige
vell known dlftlai&%iés, that the true equations satisfied
by the g&}are non-lineaP and only take the Polsson form
for veak flelds. Ve knov from experience that the electro-
magnetle equations are lineap for strong filekds 28 well as
for veak flelds. 4is we desire té& consider the crravitational
laws as being exactly anwlsgoﬁa to thecdlectromaghetic laws,
Instead of neing the methols of the general theory of
relativity, we will assume *‘he gravitational equations to be
linear and of the same form as the electromagnetic equatbons

as civen by equations (1) and (2.

By defining

7, = 1, +er e
G, = A +or Ve

where 7/ is a constant, ve can combine e u-tions (1) and

(3)

(2) in the form
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/¢ = 27%{2/; %-}6—;—-)7‘5) (=9/,2,3 (4)
This combination can be made more than a merely formal one
by riving 77 & particular nimerical value. e define 7~
a8 the square root of Nevton's constant Jg vhich enters
into the Nevtonian law of gravitation. The accepted numerical
value of - }2/ is

. K7 6 bt ¥/0T oY G aee®

that
Pe Yz Z25FY l0% O gt ga (5

THe reason why we take this partirular value of 4 1is illustrated
in the simple limiting case of the repulsion of two particles .
For a particle

To = 1,+4e7(, = € +cri7
where € 1is the charge of the particle in elestrotatic units
ani /7 1is 1te mass in grams. Then a particle of charge €

and m”88 M7 in an electro-gravidtatic field of potential

Go= At v Vs
is acted upon by a force
(Eterm) W/&, FL Phad V) -
——C’Wﬁo +7"3Mf/1/«/% 'é’)(/h/yw/% %f/WU)
The fileld of a jarticle at rest of m-ss /7% and charge >

followe from (4) to be

é'a = ﬁz;,.:fg%’/?j‘a__ ) G, =Gy = Gyec

Therefore the Conlomb-Newton repulsion of two particics 1is

given by
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/= Gterrm)tirnm

_ ¢ , ,
R e e 7“7(6”@‘;‘3”’) )

The real part of thie foree is the actual force to be expected

with the correct relative signs for the electrical and the
gravitational parts. That 18, the fact that masses of like
sizn attract, follows from the fact that chargses of like sign
repel, if mass '8 considered to be am an imaginary charge.

There does not seem to be any reason why
negative mass should be excluded from existing. However,
negative mass would rave the property~-of c¢-llecting itself
together and being repelled by posltive masees. Therefore
it would seem that 1t would have a tendeniy to remove itself
tqﬁnfinity with respect to the universe of poritlve mass.

If any necative m=a8s 1s obcervable by us, 1t will probably
he found receeding away from our universe of positive mass
at ~n acceleraiiﬁg speed!

It shouid be noted that two particles such
a8 1nucleus and an electron, on the p egent theory, would
have a~complex interactiom cnergy. The real part of the
irteraction igsthe combined electrostatlie and gravitational
interaction, The imaginary —art h-c no mesning vith r-apoct
to anm previous thecories.

If we are to consider complex Ham!ltonlan
frmectl ne, we nust be able to interpret the non-Hermitian
Hamiltonlan operators obtained by means of the correspondence

principle, desgscribing the corresponding quantized gystem.
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The Hamiltonlan oper=tor must be of the type known as normal,
that 18, that 1f H 1s the oper~tor and [{* is its conjugate
transpoeged operator then

Hu* = H*H
in order that 1t may be transformed to the 3iagonal canonical
form, A non-Hermniilan Hamiltonian operator, o7 the normal
type, vhen transformed to the diagonal form, w:'ll in general,
have complex component ‘erms.

According t6 the paralleli-m between electro-

magnetic and gravitational phenomena ~hich we are following,

and vhich 18 exhibited in the following table, the real parts

1

real imaginary rea inaginary
electric charge . mass electric field sprravit., fleld

electric current —- momentum || magnetic fleld->grav. vector file

of the eigenwerte of the Hamiltonlan operator should constitute
the spectrum of the ordilnary energy, vhich energy 18 proportional
to the total massof the system represented by the Hamiltonian,
The lumaglinary p-rts should then constitudte the spectrum of

the imaginary energy, whieh energy must be proportional to

the electric charge of the system.

If the total mass ~nd charge of the system
are to be simultaneously measurable, and 1if /4representa the

mass operator and [3 the charge operator w2 have

[ME]= ME-EM= o ()
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Then % and E can be gimultaneously transformed to the

dlagonal form and wve murct have

He M- L F (&

vhere H ‘g the total Har'lt-ni=n operator.The wave transform-
ation S th~t changes H t{its Alaronnl “orm, therefore trane-
forms both ¥ -nd % to thelr dlagonal forms simultnéously.

o that in the cacse that m=ac ani charge
are simuitaneously me~surable, the wave furnctions &f the
gystem can be obtﬁmne&?by Juet coneldering the renl part
of the Hami tcnlen fuﬁction.that is , the Hermitian part of
the Hamiltonlan operator. In thils case, the electric charge
is a constant of the motion. This correspondsg to the faocts

in all systems of which we are familiar.

The potential energy in te real agmé Ham-
iltonian function for an electron in » central field of force

Aue to a positive nucleves of charg‘.Zif and macs ¥ is

/Q[ (Ze +erM)(-e %c’rm)/: — Zez_22 M.,
S > S

ag should be expected., Of 2ourse, tre gravétailonal part of
thds Interaction is numeric~1lly insirnificant in comparison
vith the electrostatic part sn? h~s no effect in sny ordinary

measurements, It is hovever, n cessary for a complete theory

to take into seeount =2nd guantize the gravitational field,
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e will quantize the gravitat%o?al waves by
1
t e method developed by Helrenberg and Paull Tor the

(1) Zeits, f£. Phyesik 556, 1, (1929)

~uantization of the electromaghetic fiel?, Or, to be more
precise, w: v1ll quantige the electromagne‘ic and gravi*at-
iomal fields torether.
I ve put 64 = ¢ @ ’1’/ LCZ:nd let
)Gy -
- ()6 (Z, = .
| ;;96 QX c’¥6 | )85 = 52 Bt (<&;)

then

Fre =t (& ey ;) (%=425 ) (1))

and /Tg /%;/72 are the eomponentsdol *ﬂs complex magnetic
fleld. Also /6@51'— 2 Then for a space free of charge
and mass, cauatione (£4) ore equivalent to

Verd OX,&
These equationg are derivable from the variation principle

szdw/f:a.

L—'~-4{ %@3@/6 (/5)

vhere in this casec Zi is no IGng@r In reneral a real function.

where

Ag Helsenberg and Pauli have shcwn for the re=zl case, the

variables A¥4.which a e canonically conjugate to the (;a,are

given by
R
/%;f - RS (fﬁ{)
g0 trat O kg ‘

/p/cl,!:” & (/L- 63)

The commwtnti%gp

y ‘/2;4 =9

rales for acuantizing the cicctromasnetic
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and gravitatiomali waves Jjointly in vacwmm sre then
. 4. ) 4/¢ —v (/5)
LFae, G :I Pew '12 (—azﬁb/)
vhere [P (\)J’Ls an abbreviation of [P(X/, X, )(3) )(f)) (\/(X;)Xz/ A *¢27

Accori‘ng to the general formmlation , the particulsr values

of #ee any flelde at different space- time pointe commate

v1i'h each other, This 1ls expressed by the fact that 51~/L Ab/)—o
wvhen j’" )k' are different vectors, but 5‘6_4,) _):)_;/

From equa ions (15) folliow
[(HL 'H/’de)) CHe' +LrdeD J =0
[ CEcHLY Fo)y (£ Vv Ee NT=0
[(EL'}‘/’V F) ( Hea +¢/VJL,—V;>J5 . ( lé)

= [(EuwnterF,,,) (e d,) ] = be YA n1)

where d S<3“A’ '8 sn oper-tor such that O Xurs
o€,
j; (i )b'2>(YEL)¢9v éﬁ bK(Qy Mf&a“’zyfiékf
59 e

Th» equattons (16) , on expansion givxe

[”o) HK ] 712 EJU )(}Ic J + L’r(t'h) (//c’_] 'f’[(/o) H,c]) =0 “‘;a
[Ec; g J -t L "k:] + Lt &L&c) Fch F LF;) EIJJ):O ,{

i P o) ¢ PR F(
Ll:o,)—hﬂj )ZEFL)JWJ‘ _}L?(Lgé)dc;zj*ﬂr L+J)¢ 7r() )
2 f2 X

e no longer have gimple commmutation 1-ws for the electro-
marnetic “7eld alone or for the pgravitational flels alone.
The laws given by Helsenbe g and Toulil szve a first approx-
imation to these. But all the methods usci by Helsenberg

(
~nd Psull, es ecially thoge used in thelr second p per 2)

{2) Teits, . “hveik 52, 168 (1330)
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are applicabde in our case if we use complex pétentials
vhere they use real potentisla, Our complex Lagrangian
function [_Go for 'he electromagrgnetic and gravitational

radlation is
<I3)

A () L s
4 e E/é /C;</a
The correrronding comrlex Hamiltonlan fo  the rravi-electro-
magnetic radiation is

G 9(; 5 - |
16, gf Xou 0. 8 ?z%%,éggnhﬂf{;??fw& (Is)

k=]
For want of a better Hamiltonlan for the material rart we

follow Helgenber and Pauli in nging Yir-c's c eratorfeited
in thebepinning  of this thesie, The vavs 2o tion obtainsd
by nee of thic operator snd iteg -4 joint are obtained by tre

nanal variational principle from t' e Lastansisn Tunction

0. //f/[d/)/‘y 277” z‘(,,)%gwmcz% %0] (17)

where we nre now using the complex potentlals 624 inetead

of the ordinary poteﬁtials of the e.ectromarnctic féeld

and f ECHLYM tv%:he complex charre of the narticle.

The yb,ﬁqre the ooeraTO”s corrcaponding to th wave fnctlons
for tme porticleg and the %ﬁ; s are the operators a?joint

1, r -~ 3 ,
to thesme, The oerators conjqwate to the %&; S are

-4 * . I L <
o y 2”1‘74(14)/J 10f
or
co¥x o L <g7 . .
?/J - . 21(%4-)/0( )/07‘ (,Z(J/

The commntation lawe for the yk}are not in ony vay saffected
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~ : i - . .
by the uge o~ the compie- (;\f g0 ‘mat wo will not rlve
trom here,

A ourrent vector with componente &

satisfying . ng
> Zos =0
O bu (=)

is given by

(1) <1 | p
A TR A AL

As ff' @-H'fh,is complex, the components of the current vector
are compiex and represent-momenta as well as current. Then the
real oapt o (21) 1s the equation of continuity Tor electric
flow while the imaginary part is the ecnstion of continulty

of momentum flow,

The Hanilionlan for nateri=1 &z then

4 - xc X - Cr)
= 217 o -&‘%‘«—Z

;‘L’ 5 W)oey WSS ) e T )y
re 3y y{,. G,

and the complex Hamiltoniam analorous to the real} one used

by Helrenberg and Panll ieg the rux of thie snd that for the

radiation ¢ ven in (13).

The invarlaace o” ~ Hgriitonisn function~l

- / p ¥ .
of the Oys , ;Vg—and ;7‘*5'wnder the transformation

or the corpegoomdin: ‘nfinitesimal tranaformations, in the

(=

JOREY: STAE T
ot e TRy ey

rc
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care vhen <%+ ie taken ag zero zand ilf is »n srbiltrary

functlion of )’,} Ye, X,

GG FS2E s - STt
¢ )/'/0 L’/;y "ﬂcék/ %ﬂ

9 X¢

requir: the existence of =2n oper-tor ommuting with the

S Y
{ <_{ “ )
AL =/

H-miltomlan overator , vhich for this particndar tronaformstion

J1 (et T Y iy

(2¢)

The operstor conjiugate to (? 18 from (14)

~F, 7 —e (L Aoy /2) |

Therefore
3 2/ _
6, T} (‘é;.%é/vabr) (2%)
The operntor conjugate to %Z; 1s from (20)
—_ #{cr %/y ¥
Therfore
§ -
A O /25)

Then (26) Lecomes

P L
<7 (ry e ) bl
e ( 7 ¢ (); ,
e J X’ \¥<(:-/ 2%, +b7‘4_/3)(0 7#477% (\) / *’%// (2‘?}

o tuat 1f t e Ismiltontan ir invarlont in tho above Aegeribed

ranhar, (29) te = constant of *‘he metlon . As it would be go

for an ar:itrary continu-nsg funct'on /k{(TYL,IQ)X%)thGn

N _ < JIE i . :
Cod S5 #er 235 +47erom) Sy g

ig a const~nt of the motion, IFf (: is 0, it vill then
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“li=sys be rzer- 2ni in theat c2- we ~an gepa ate the real

and im°ginary partd of (30) cbtadning

%—% FaTe 3 X ) =5 )

>
(%)
oF, . -
2 = Fdrn O }{/*J///OM

c X 2
This separation is allovable as é;?%;”?g’ commutes with the

0 £ e and the __)f’f
d K X

Ag the total Hamltentan A %4/ ™ wen
6;4 =0 , 1s cance Invariant nder the trancformationm (24)
then tre rolatisne (%1) hold 4n this e-c2, Tf they hold in
geners] then é%,must ente» Into the "-miltonlan aeg = roduct
with ¢, g~ th=' for the prrticular v-lue Cﬂ’o t:e Hamilt-
ontan Joes uot depeni ~n C;4 . fﬁéﬁfﬁh&s ir the case 18
shown by Helgenterg and Paull for the ﬁamiltonians Involving
re~l otentials, It holde in an exactl  simml r vay vith the

Hamiltonian involving complex >otentials.

¥e have - own then, 1Bt t-& ~aantum
theory ~f the electromagnetic field ae deveio ed by Helsgen-
berg and Paull e~n be used without 41ff'eulty when the
potentl=le =re complex =md the imasina y -aris s«¥ are

interpreted o8 gravitationsl potentlals.

Returning to Dirae's Hamiltonizn for a

single p-rticle in a ghsvielectromegnetic Jicld we h-ve
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for the l&ne=r op ra or

’D ¥ €+L’)’M k[L*VrV) + % 5{‘(/9 4 .&Mé'f&?’y))vﬂfﬂhj )
32

The gpin prt of the quadratic Hamiltoni=n 18

L 4 3
S (€107m) G % (H #¢ r/Jf (6#7/?7) T (L i)
The refl part of this 7/ (33)

4 E A P
‘9570”/,/ bowr 72 der 4 A
g’J (‘:/’} X [ mwmr : .
< ¢
277c 7 27 5 T~ = ¢ Zre & X, £, (5{)
Tha real magnetic spin moment 1s the- for the usual h =

5,554 x 10 7

+ _j?;éL~ 88 usual,
4 hc
the real eleciric g:in mom nt ie
// Py I
<+ AL
FrC

*wich 1r extremely small,
.:i.' "&“

the real sravitational apin moment is

ACF
TITHIC

and ‘{he real apin morent in 8 gravitationa ficld is
+ AT

wvhich 1le =lso ertremely gZZil.

The fact th-t =2 particle hes a spin energy
of 1 Zi_jf‘/, in a gravi‘attonsl field F indlcstes that

AT e

an lrt:nege pgravitationsl fleld should cmuse & splitting of
gpvectral t rme, Due to the fact that the gpin m-trices for
the rravit-ti-nai spin =re the X % and not the ofﬁiggiure
£ t ¢ sppitting will be entirely 3Iilesimiler 1> that due to
the ma;netic ep'n. "he gravitatlonal St-rk nnd Zeem~n effeets
vonld n-t be sn-lorote to the e~rrsspondin- elec'romagnetic

effects.
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Aer

The numerical v-iue Of.ZT_——‘is 42 /4 v /o 23
At the asuface of *he earth the value of ™ due to the normal
gravity &f the earth 1s 1.47x ldLa eo that the maximum
energy difference in ergs for on clectron spinning vith -nd
against the eartan's gravitatlonal fleld 1is
Z X3 /3 x/p-"3 ergs
This L& equlvslent td 2x .196 eleetron ¥olts whalch is very

considerable . 3ut the signs of the e'genterte of the

matrices =.g.

A (ooor K, (000, As | 0070
0oro CO-L¢ doco -/

0100 / 0t oo !/ oc¢ o
/200 (-,00 0 (o=-100
ccrpesponding to the -/ 2nd — | eigenwerte of tre

m2trieces are bolh of t“e sgsme sign. An nppogite gravitotional
epin will therefore pertain to one o@ihe four yVGwhich
18 only very slightly excited under ordinary conditions.

If the gravitational chilt of he enetgcy
le¥els of =2n octom are the same for =11 of them, then no shift
v1ll occur in the observed posittons of spectr-l lines asg dhe
ghift in the final level will be the same ag the shift in the
initlal level . Gravitational shifts of gspectral lines could
be produced only when there ig 2 coupling between the gravitat-
ional spin and the other quanium numbers of an electron in
the atom.

Besideg the well knowvn commutation rules
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for the < ) and the & 's

3
Tosoaa (k0 |y
Xe Xy = - xu X, ) (¢ #e) -
ve can easlly £ind those bhetveen the o ¥ snd the A % as
T, A, =, o ) (~¢.:-ozv 3) >
oo L 5 | |
¢ Xk = =xwop oy ((k=lz, 3 (EK) s o
o y e Py : (36)
e Xy = Xgoe ) (C'—/)'Z)z) 5

The first set of relations in (36} ghow tha' the magnetic
gpin commutes with the cravitational spin in the same
direetion, so that it 1e pogsidble to similteneously specify
the two sping in a given direotion. If the exclnaion
principle, excluding states of nepative enerpgy, as recently
suggested by Nirac, whMRSL 18 in operation , then the
reiative probabliitfes of finding sn electron with a given
magnetic spin having gravitational epins with or ageinst

& gravitational field snddenly applied in some direction
will be grestly modified from thoge expected by the

second set of relations in (36).



