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SUMMARY

Interfacial adhesion and friction are significant factors in determining the reliability
of small-scale mechanical devices such as with MEMS and the computer head/disk
interface (HDI). As the interface spacing becomes smaller, operational failure via stiction
has become a growing concern in these systems. Fundamentally, interface failure is
related to mechanical instability of the interface caused by capillary effects.

When liquid is present in a small-scale interface, large concave meniscus curvatures
often develop at the liquid-vapor interface, leading to negative pressures in the liquid film
and large tensile forces on the surfaces. When the elastic restoring force cannot balance
the capillary force, the interface will lose its stability and collapse into intimate contact
(jump-on). In addition, when the elastic bodies are then pulled away from contact,
separation may occur suddenly and is related to another form of instability (jump-off).
The jump-on and jump-off behaviors determine the strength of interfacial adhesion.

In this study, the interaction between two elastic bodies coupled via a small liquid
bridge was investigated. Geometries of two half-spaces and two sphere contact were
considered.  Stable equilibrium configurations were determined, and the mechanical
stability of the interface was examined. Jump-on and jump-off conditions were given out.
Then the theory was applied to study the approach and detachment processes of two
elastic spheres in the presence of a liquid bridge. Critical values of the control variables at
jump-on and jump-off were found. The pull-off force was calculated as a measure of
interfacial adhesion. The results provide insight on some experimental data in the

literature.

XX



CHAPTER1

INTRODUCTION

1.1 Background

In microelectromechanical systems (MEMS) and computer head/disk interface
(HDI), the desired spacing between solid surfaces is often on the order of a few tens of
nanometers. In such confined geometries, any liquid present, such as from lubricants,
moisture or contamination, is readily available to bridge two solid surfaces. Large
concave meniscus curvatures then develop at the liquid-vapor interface, leading to large
adhesive forces. The strong attractive capillary forces cause the solid surfaces to deflect
toward each other. Under certain condition, the elastic members may collapse and
permanently adhere together causing a device failure. In this vein a "stiction"
phenomenon, which is characterized by large adhesion and/or friction forces, is often
observed in MEMS and HDI and remains one of the most widespread hazards threatening
the reliability of these systems!'™. It is believed that the capillary effect of liquid menisci
is one of the main sources of the excessive adhesion and friction forces[l'“], and the
catastrophic failure can be related to mechanical instability of the interface induced by
capillary effects acting in conjunction with the elasticity of the solid bodies!'*'.

Understanding the fundamentals of this phenomenon is essential for the prevention of

failure in small-scale devices.



1.2 Mechanical Collapse by Capillary Force

In MEMS, microstructures are often fabricated on a silicon substrate by deposition
and selective etching of multiple layers of structural and sacrificial films. After etch, the
structures are rinsed and dried to remove the etchant and etch products and to release the
suspended members. During the process, capillary forces can become large enough to
bring the suspended members in contact with their underlying substrate. After complete
drying, some of the members remain pinned to the substrate rendering them unusable!'”.
In 1993, Mastrangelo and Hsu!'?! first pointed out that the catastrophic failure involves
mechanical collapse and intersolid adhesion of the structures caused by capillary forces.
They considered the equilibrium between the adhesion force and elastic restoring force
using an energy function formulation that includes the surface energy and elastic energy
of the deformed member. Mechanical collapse occurs for those values of control
parameters at which a local minimum in the energy disappears by combining with a local

(1820 They thus specified a critical elastocapillary number and a peel number

maximum
to determine whether mechanical collapse and intersolid pinning will occur. The numbers
set up physical bounds on the dimensions of the elastic member for prevention of failure.
They experimentally demonstrated the presence of the failure threshold by constructing
an array of progressively weaker suspended elements followed by examination of the
sticking condition'). They claimed that if the stiffness of the microstructure is high
enough, both mechanism can be prevented.

By the end of the last century, in the magnetic recording industry, fly/stiction failure

has become a great concern as the head-disk spacing becomes smaller!>'**"** This

failure mode is a special type of head-disc interface stiction that occurs only after a head



has flown over a disc and parked at the laser textured landing zone. It is characterized by
exceptional large stiction forces, which flatten the texture bumps. Gui and Marchon!'*!
related fly/stiction to the mechanical instability of a head-disc interface triggered by the
excessive accumulation of liquids at the interface, which happens when the head picks
up liquid during flying and transfers to the laser textured landing zone after landing. They
conceptually showed how an interface may collapse as the contacting asperities deforms
under capillary force and applied load. Later, Schouterden et. al.l'¥ gave a better
description on the functional collapse of the surface texture by showing the variations of
capillary force and the elastic response of contacting bumps with surface separation at
different liquid volumes and different bump heights. They found that a minimum bump
height is required for the laser texture to be effective and for a given bump height, as the
liquid volume increases, the interface may collapse spontaneously.

It should be pointed out that the collapse in a head-disc interface results from surface
deformation. In MEMS, on the other hand, the focus is on the structural deflection of the
flexible members (e.g., bending of a cantilever beam). However, for those
microstructures which work at close contact conditions, such as engaging micro-gears,
the situation is more like what is in the head-disc interface. Surface deformation due to
bulk elasticity becomes significant compared to surface separation. Capillary force in
conjunction with the bulk elasticity of the solids may cause the interface to collapse,
greatly increasing the contact area and hence create extreme large stiction forces. The
problem cannot be avoided simply by increasing the stiffness of microstructures. It has an
impact on many contact/adhesion related areas, and thus requires an in-depth

investigation. No theoretical study in the literature has addressed the mechanical



instability induced by capillary force except the early works mentioned above. Although

(121 is helpful, the authors did not

energy method proposed by Mastrangelo and Hsu
consider the bulk elasticity of the structures. The theoretical descriptions presented by
Gui and Marchon!"”! and Schouterden et al."® are rather conceptual. Therefore, a more

rigorous theory is needed to elucidate the complex effects of capillarity on the

mechanical instability of a micro/nano-scale interface.

1.3 Studies on Mechanical Instability in Dry Contact

As limited attention has been paid to the mechanical instability caused by capillary
force and solid elasticity, such an effect has been recognized in dry contact for a while,
where surface forces (e.g., van der Waals) cause the solid surfaces to jump into or out of
contact!*?***1 Studies on the mechanical instability in dry contact have yielded some
interesting and important results.

1124 predicted an instability when the

In 1970s, JKR theory of elastic contac
contacted bodies were pulled off by tensile load. In the load-area curve, the tensile load
reaches a maximum at a non-zero contact area. At this point, the surfaces jump out of
contact. The maximum tensile load is defined as the “force of adhesion”, which is also
called the “pull-off force” and is a measure of surface adhesion. Later, DMT model*>*"
predicted a different pull-off force, and no instability was found during the pull-off
process. The discrepancy was explained by Tabor®. He noted the transition from the

JKR approximation to the DMT approximation (see Table 1.1) when a dimensionless

parameter (Tabor parameter), which measures the relative strength of surface energy and



Table 1.1

Features of different elastic contact theories.

Hertz JKR DMT
Zero interference: Zero interference:
27R* Ay
Contact a= £ 0
radius a=+RoS
Zero load: Zero load:
a= 97[R2'Ay L 97TR2A]/
2F 2E
h_i[ 2_1 h SaA}/ vz -1 1 h_ﬁ[ 2_1
R vP =" coSs ; R P
41 2 2 a1
+(p° —2)cos™ —] a 2 +(p° —2)cos™ —]
p T elp -l p
Where p=r/a>1 1 Where p=r/a>1
2 -1
Contact +(p° —2)cos —]
profile P
Where p=r/a>1
. . 5
Fixed-grips: —7RAy
Pull-off 0 6 27RAy
force

Fixed-load: %HRA ¥




elasticity, decreases. This transition is then confirmed by Maugis with an analytical
solution using Dugdale model®®),

In 1988, Pethica and Sutton*’! discovered that, for small separations and attractive
forces, the surfaces could jump into contact owing to the bulk elasticity of two solids.
They did a molecular dynamic simulation to the approach of two f.c.c. planes. Each half-
crystal was divided into a inner region of 11 atomic lattices free to move under the action
of van der Waals forces exerted by other planes, and a outer rigid shoulder which is not
relaxed. When a regular displacement was imposed on the shoulder, the corresponding
force and energy of interaction and surface separation were determined. Calculations
show steep variations in these parameters, indicating the jump. The same phenomenon

(28]

was observed by Smith et al.””" with other interaction potential and has been termed as

“adhesion avalanche***"!,

In 1992, Attard and Parker’®” calculated the deformation and adhesion of elastic
bodies interacting via Lennard-Jones pressure by self-consistently solving the elasticity
equations. They found that for soft bodies with high surface energy, the precontact
deformation is significant. An instability in the force-deformation relation means that the
surfaces jump into contact from a finite separation. The jump is an inherent property of
the solids and occurs no matter how rigidly the position of the bodies is controlled. By
taking a stability criterion, which is the response to the perturbation must be smaller than
the perturbation itself for a stable deformation, they derived an analytic expression for the
critical separation at which the surfaces jump into contact. They further pointed out that

the jump is the origin of adhesion hysteresis>").



In 1997, another paper on numerical computations of the adhesion of contacting
elastic spheres was published by Greenwood™™>. Again, the Lennard-Jones force law and
the elastic equations for a half-space are solved self-consistently. The calculations show
that, for values of Tabor parameter[33] greater than about unity, the load-approach curve
becomes S-shaped or even more convoluted, so that in a fixed-grips apparatus, jumps will
occur when the tangent to the curve becomes vertical.

341 in 2000 with more efficient

The self-consistent calculation was repeated by Feng
computational methods. It confirmed the observation of Greenwood® that turning points
appear on the “S-shaped” load-approach curves for large values of Tabor parameter,
which correspond to hysteresis discussed by Attard and Parker®**!). Passing through a
turning point, where the slope of the curve goes to infinity, corresponds to a change of

351 With an arc-length continuation algorithm®® the

relative stability of a system
hysteretic solution branches were tracked around turning points to accurately determine
Jjumping-on and jumping-off behavior of contacting surfaces. With increasing values of
the Tabor parameter, the parameters associated with pull-off force and jump-off are
found to be well approximated by the JKR model.

In summary, to study the mechanical instability of interface, one must fully
investigate the influence of surface forces on the deformation and adhesion of contacting
elastic bodies. The load-approach and load-area curves provide information on jumps.

When only bulk elasticity of solids is considered (a fixed-grips analysis), jumps are

predicted whenever vertical tangents arise.



1.4 Effects of Capillary Force on Elastic Contact

Capillary force, as an important surface force contributing the most to interfacial
adhesion™, has complex effects on elastic deformation and adhesion of contacting

39-41

bodies. Experimental results on crossed mica cylinders™ ! have shown that a liquid

meniscus can change the shape of the deformed surfaces from a JKR profile™?¥ to a
Hertzian profile® (see Table 1.1) and significantly affect the pull-off force. Few
theoretical studies have attempted to interpret these experimental results.

In 1990, Fogden and White!*?! incorporated capillary condensation into a very
general “physically consistent approximate theory”, through which they obtained a
“generalized Hertz theory”. Their numerical results show that for small, high modulus

spheres in contact with vapor near saturation, the force of adhesion assumes the Laplace

pressure force for rigid spheres (27Ry,,(cos6, +cosé,) ), whereas for larger softer

spheres at relatively low vapor pressures, the force of adhesion is in precisely the form of

JKR theory with the surface energy of the solid replaced by that of the liquid (%HR Viv)-

Later, Maugis and Gauthier-Manuel'*

applied a fracture mechanics analysis using
Dugdale model to the elastic contact in presence of liquid meniscus. Analytical solutions
for the load, the penetration and the profile of the air gap were obtained. The results show
that when the size of the meniscus increases, there is a continuous transition from the
JKR approximation'”>** to the DMT approximation™~" (See Table 1.1). They

demonstrated the similarity of their results to those of Fogden and White!**!

, and showed
a good agreement between the theoretical prediction and the experimental results, using

one or two adjusting parameters.



The model of Fogden and White!*?! and that of Maugis and Gauthier-Manuel**! treat
capillary condensation around a contact. A constant Kelvin radius (or constant Laplace
pressure) is assumed for a given humidity. As a result, no coupling occurs between the
capillary force and the elastic deformation.

Capillary effects can be quantified by appealing to the well-known Laplace-Young

equation, which is given as'**:

1 1
A — + 1.1
\p 7/LV[RI sz (L.1)

where Ap is the pressure drop across the meniscus, y,, is the liquid-vapor surface

tension, and R, are the local principal radii of curvature of the meniscus. The capillary
force is then calculated from the pressure drop and the wetted solid area. The values of
R, greatly depend on the interface geometry. Therefore, when taking into account the
elasticity of the structure, it is clear that there is a coupling between the elastic
deformation and the capillary force. The surfaces deform according to the capillary force,
which is, in turn, altered by the surface deformations.

Makhovskaya and Goryacheva™ considered this coupling effect in their
investigation on the contact of a rigid punch and an elastic half-space with a meniscus of
fluid between them. They found out that the capillary forces substantially influence the
contact characteristics of the elastic bodies, and in turn, the elastic properties of the
interacting bodies have a substantial influence on the capillary-driven adhesion between
these bodies. The effect of capillarity is stronger for liquid with higher surface tension

and solid bodies with smaller elastic moduli and lager radius of curvatures. Assuming a



fixed liquid volume in the interface, they predicted an adhesion force dependent on the
liquid volume.
The dependency of interfacial adhesion on liquid volume has been revealed by the

(781621221 ‘\When capillary condensation is taken as the

experimental studies on stiction
source, it has been found that stiction increases with increasing relative humidity of the
atmosphere. In practice, an environment usually has a constant (or slowly varying)
relative humidity, which implies a constant Kelvin radius according to the Kelvin

equation**!:

¢ = eXp{— M} (1.2)

where ¢ is the relative humidity, y,, is the liquid-vapor surface tension, V), is the molar
volume, R, is the universal gas constant, 7" is the absolute temperature and r, is the

Kelvin radius. Therefore, a fixed Kelvin radius rather than a fixed liquid volume is often
assumed in the theoretical studies, like Fogden and White*! did in their investigation.
However, with this assumption, one cannot apply the theory to explain the effect of liquid
transfer and accumulation, which exhibit in fly/stiction failure, or to describe the state
change of interfaces in MEMS devices during the rinse-and-dry process. In fact, after the
condensation has occurred, when surfaces are pressed together or pulled apart, the
volume of the condensate is essentially constant'.. This is because the process of wetting
and spreading along with the elastic response of the surface, which give rise to the
stiction, generally happen over a time scale that is much shorter than that required for full
thermodynamic equilibrium. Thus the actual, operating radius of curvature of the

meniscus developed in the interface is determined by the amount of liquid found and the

10



interface geometry, rather than by the relative humidity. For example in the case of water
at 25.0°C (298.15 K), with 7,, = 72.0 mN/m™*, ¥, =18.069 cm’/mol™”, R, =8.3145
J/mol-K* | one gets y,,V, /(R,T )=0.525 nm. Therefore to maintain spherical
meniscus having a radius of curvature of, say, | mm, such as might be the case in a
common capillary tube, the Kelvin equation predicts that the required relative humidity is
exp[(—0.525x10°m)(2/.001m)] = 0.99999895, or virtually 100%. In contrast, experience
tells us that a meniscus may persist for days in a capillary tube under typical ambient
humidity which is much lower (e.g., 40% to 80% RH). Based on this argument, the

assumption of a fixed liquid volume in the interface seems more appropriate for

theoretical studies on stiction problem.

1.5 Scope of the Present Work

The aim of this research is to provide a systematic description on the effect of liquid
meniscus on the contact between elastic bodies. First, an analysis is performed on the
case of two elastic half-spaces. Then the interaction between two elastic spheres is
considered. The role of various geometric and material properties on interface instability
and pull-off force is investigated. The results of this study should assist in the design of
components to control interfacial adhesion and friction and reduce the risk of stiction

failure.
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CHAPTER II

A LIQUID BRIDGE BETWEEN TWO ELASTIC HALF-SPACES

2.1 Equilibrium Configuration without Contact

Consider two elastic semi-infinite spaces initially separated by a uniform gap, H
(Figure 2.1). If the surfaces are perfectly flat and smooth, when a small volume of liquid,
V,, is introduced into the interface, it will wet a circular area of radius b. For small H, a
highly curved meniscus is formed at the liquid-air boundary. The pressure drop across the

meniscus, Ap, can be determined from the Laplace-Young equation if the radii of

curvature of the meniscus are known. Meanwhile, we know that in the absence of solid-

solid contact, the normal (gage) pressure exerted on each surface satisfies

-Ap, 0<r<b
p(r) = (2.1.1)
0, r>b

Here, the effect of gravity is neglected because, in most cases of interest, H is so small
that the hydrostatic pressure is negligible when compared to the Laplace pressure. For
example, assuming a perfectly wetting condition, water in a 100 nm gap will create 1.5
MPa pressure drop across the meniscus according to Laplace-Young equation*, while
the hydrostatic pressure is less than 1 mPa. The effect of surface tension at the periphery
of the wetted area is also neglected. This surface tension force can be estimated by

2mby,, , while the force contributed by the Laplace pressure drop can be estimated by

12



by, ,(cosf, +cosb,)

nb) , where 6, are the liquid-solid contact angles at two

b Ap =

solid surfaces, and /(b) represents the surface separation at the edge of the wetted area.

Since, 6, , are usually close to zero, the ratio of the surface tension force to the Laplace

h(b)

pressure force is mainly determined by > For most interfaces of interest, b is very

much greater than /(b), therefore, the surface tension force is negligible when compared

with the Laplace pressure force.

Figure 2.1 Schematic of the deformed interface between two elastic half-space
connecting by a liquid bridge of volume ¥, without solid-solid contact.

Assuming there is no plastic deformation, the combined elastic deflection, u(r), of

both surfaces caused by this pressure is given by*"

13



AAPD g1y r<b
TE b

4Apr {E(ﬁ) - %)k(ﬁ)}, F> b
7E r r r

u(r) = (2.1.2)

where, E(r/b) is the complete elliptic integral of the second kind with modulus (#/b).
K (b/r) is the complete elliptic integral of the first kind with modulus (b/7). And

1 _1—vf+1—v§

E  E E,

(2.1.3)

where E|, and v, , are the elastic moduli and Poisson’s ratios, respectively, of the two

half-spaces. The gap /(r) between the deformed surfaces can be represented in the form
h(r)=H —u(r) (2.1.4)
Therefore, once the pressure drop, Ap, and the radius of wetted area, b, are determined,

the interfacial configuration is known.

If we assume that the volume of the liquid bridge remains fixed, then
b b
V= j 2mrh(r)dr = j 27 (H — u(r))dr (2.1.5)
0 0

Using equation (2.1.2) in (2.1.5) and integrating yields

16
V = aHb* ——— Apb® 2.1.6
) 3E \D ( )

The total free energy stored in the interface is the sum of the surface energy (Us) and
elastic strain energy (Ug):

U,=Us+U, (2.1.7)

For elastic deformation, the increase of the system elastic energy equals the work

done by an external force. Therefore the elastic strain energy can be determined by

14



U, = ;—J.Ob27zr(—p(r))u(r)dr (2.1.8)

Substituting equations (2.1.1) and (2.1.2) into equation (2.1.8) gives

8 273
U,=——Apb 2.1.9
ET3E P ( )

The surface energy consists of the energy at the solid-vapor, solid-liquid and liquid-

vapor interfaces, so that

Us = Ay, Vsy, * A, Vv, + A Vo, + A, Vs, T A Viy (2.1.10)
where y,, 7 and y,, are, respectively, the surface tension of the solid- vapor, solid-
liquid and liquid- vapor interfaces, while A, , 4, and A,, are the corresponding areas.

The subscripts 1 and 2 refer to the upper and lower surfaces respectively. Taking R, as

the radius of a control volume, the areas of the solid-vapor and solid-liquid interfaces are

given by
Ag, = Ag, = ab’ (2.1.11)
Ay, = A, =7(R.-b?) (2.1.12)

The liquid-vapor meniscus area ( 4,, ) can be neglected because the gap / is assumed to

be very small compared to the wetted radius, . The surface energy is then given by
Us =R =) ysy +¥5p)+ 7 (s, +71,) (2.1.13)

and the total free energy stored in the interface is expressed as
8
Up = 7R =0 )re +7s) + " (s, +75,) + 5897 (2.1.14)

A stable equilibrium configuration is that which minimizes the total free energy for

the given liquid volume (V,). By computing the free energy corresponding to all

15



provisional equilibrium configurations, as represented by all combinations of Ap and b
consistent with a given liquid volume (¥,) and with the deformation relations (2.1.2), the
actual equilibrium state can be determined.

For convenience, we now introduce a dimensionless parameter, 77, such that

2Apb
== 2.1.15
n EH ( )
Since
o =H—u<0>=H—2AE—‘?”=H<1—n> (2.1.16)

the parameter 7 can be used to indicate the extent of surface approach. When n =0, the
surfaces are at the original separation, H, while, when 7 =1, the surfaces come into point

contact.

Using 7 to replace 2}?];_[]) in equation (2.1.6), we get

Vo= 7zH(1—i77)b2 (2.1.17)
3
So
(2.1.18)
Then
(2.1.19)
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Substituting equations (2.1.18) and (2.1.19) into equation (2.1.14), we get the total free

energy as a function of 7:

[(731/. —Vsi) T Vsr, =V, )]Vo

Uy, :ﬂ-Rcz(}/SV] + Vs, )~

8
H(1—-——1m)

3 (2.1.20)

+ %E'Hzﬂz Lg

aH(1-——n)

3z
Assuming the validity of Young’s equation'*¥), we have

Vsv —Vse =¥y 0S8 (2.1.21)

where @ is the contact angle of the liquid at the surfaces. Using this relation, the total

free energy may be written as

) 7,y (cosf, +cosd,)V,

Uy, = ”Rcz (7/51/1 + sy, 3

H(l—gﬂ)

(2.1.22)

For convenience, we now define a dimensionless system free energy U, according

to

2 5
. Uy =R (g + o
U, =" CV(V;VI ymz): 3 1_2\/f—18 (2.1.23)
JREHPVE -2t VT a- Sy
kY4 kY4
where the dimensionless parameter I', defined as

cos, +cos6, )
VLVZ(lzzj v,
r

= Fa (2.1.24)
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provides a measure of the relative effects of capillarity and elasticity.

It can be seen that U, depends only on 7 and I, where I specifies the condition of
the interface and 7 represents the response. As an indicator of a provisional non-contact
configuration, 7 may take any value between zero to one. However only a value that

(locally) minimizes the dimensionless free energy U, , represents an equilibrium

configuration. For a given value of T, the dimensionless system free energy (U, ) is

plotted as a function of 7 in Figure 2.2, where several curves are shown at different

values of T
0.3
* — -~ )
- \
0.3} 0.02 \
04} J
0.5}
06 L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1
n
Figure 2.2 Dimensionless total free energy for all provisional equilibrium

configurations of the interface between two elastic half-space before solid-
solid contact appears. Curves are shown for different values of I', from top
to bottom: 0.002, 0.006, 0.01, 0.0136, 0.02.



At a stable equilibrium, the dimensionless free energy U, reaches a minimum, at

. . dU, d’U, . - :
which point P =0 and e > 0. Differentiating equation (2.1.23), we get
n n
au: 16 r( 8 j‘z 4 ( 8 j%
=——— | l=5zn| +onl-5-n
dn 3r\rx R4 RY/4 RY/4
X (2.1.25)
+2 2(1_i j%
97[277 37[77
and
UL 256 [T, 8 Y 4( 8 Y\
a9 Va3 Tl T
n (2.1.26)

+

2 i) Bl
o2 I\ 3z or | z
After setting the RHS of equation (2.1.25) to zero and simplifying, we obtain the

following condition on 7 for equilibrium

2 8 16"
n”’(A-=n)’(1-—n)=— (2.1.27)
T RY/4 T

For this equation to be stable, equation (2.1.26) requires

n <0.5577 (2.1.28)
The solution space of equation (2.1.27) for 0 <7 <1 is plotted in Figure 2.3, where 7,
represents the value of 7 satisfying equation (2.1.27) for a given value of I'. When 7, is

less than 0.5577, it is associated with a local minimum free energy and therefore
represents a stable equilibrium configuration.

When the equilibrium configuration is found, we can calculate b and Ap at

equilibrium by substituting 7,, , E', H and V, into equation (2.1.18) and (2.1.19),
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respectively. We now define a non-dimensional equilibrium wetted radius and a non-

dimensional equilibrium pressure drop as

0.014 :
l
|
0.012f - - —1- - - -
|
|
|
[ — N

I
|
|
|
I
|
:
001 - —---—-----
| |
| |
| |
0.008F - - —-———1
| |
| |
000/} E A
| ) | | | |
| | | | |
| | | | | |
0_004,,,,\,,,,\ ,,,,,,,,,,,,,,, e
| | | | | |
| | | | | |
| | | | | |

0 i

Figure 2.3 The solution space of equation (2.1.27) in the range of 0 <7 <1, where
1., represents the value of 7 satisfying equation (2.1.27) for a given

value of T.

(2.1.29)

. Ap, V1 8
Apey = \/anm/ﬂ(l—gmq) (2.1.30)

Figure 2.4 shows the dependence of Ap_, and b, on I'. Both Ap; and b, increase with

I
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Figure 2.4 Variations of dimensionless equilibrium pressure drop, Ap:q , and wetted

radius, b:q , with I, for the interface between two elastic half-spaces before

solid-solid contact occurs.

It is worth noting that equation (2.1.27) can be written as

4T 1

= 2.1.31
ﬂ(l—gﬂeq) ﬂ_neq
Then using this result in (2.1.19) gives
6, +cosd
Ap,, =2E'H /; *f _ Zur (c0s 2 cos,) (2.1.32)
©(I=—=n.) H(1-—1,)
V4 /4

Now using (2.1.2) and (2.1.4), the surface separation at the liquid-solid contact line is
given by
2 2
h,(b,,)=H-2u(b,)=H —;qu =H( —;neq) (2.1.33)
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So, from (2.1.31) we have

_ 714(cosO, +cosb)))
“ heq (beq)

(2.1.34)

10,45,48

Equation (2.1.34) is often used in the literature! I to quantify the capillary effects in

interfacial adhesion. It can be derived from the Laplace-Young equation by assuming a
circular shape for meniscus with contact angles 6,,, ignoring any deviations from
parallelism between the surfaces. Here we get exactly the same result from an energy
analysis.

With b and Ap, the adhesion force at equilibrium, F4.,, can be easily computed from

F

Aeq

2
= b, Ap,, (2.1.35)
when there is no solid-solid contact. We then define the dimensionless equilibrium

adhesion force, F,,, , as

oo L e 2.1.36
Aeq—m— oy AP, (2.1.36)

The variation of F:eq with I' is shown in Figure 2.5. It can be seen that F;eq Increases

with I' monotonically and the slope of the curve increases quickly when I' is larger than
0.012. When I reaches 0.01336, the tangent of the curve is almost vertical.
If we define the dimensionless radial variable, " and combined surface deflection, u

as

r= (2.1.37)

(2.1.38)
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Figure 2.5 Variations of dimensionless equilibrium adhesion force, F;eq , with I, for

the interface between two elastic half-spaces before solid-solid contact
occurs.

then, from equation (2.1.2), the dimensionless equilibrium combined surface deflection

. :
u,, can be written as

2 A w .
—77 4 F (r )’ r <1
e 2 A A . 2.1.39
ﬁ{E(l*)—(l— L)K(l—*)}, ST
VA r 7 r
The dimensionless equilibrium gap, h:q , 1s thus given by
* heq *
h,, = o =1-u, (2.1.40)
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Various gaps are shown in Figure 2.6. The curves are associated with different values of

I.

09,0002
0.8 0.006__
0.7 0.01
0.6
o 0013387]
0.4]
0.3F
0.2
0.1
% o5 1 15 2 25 5 a5 4
p

Figure 2.6 Profile of the dimensionless equilibrium gap between two elastic half-
spaces before contact, for various I'.

The above analysis shows that all dimensionless equilibrium parameters of the

interface can be expressed in terms of 7, , which itself is determined solely by the value

of I' (see equation 2.1.27). Therefore, the non-dimensionalized system has only one

degree of freedom with I as the control variable.
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2.2 Jump-on Condition

Inequality (2.1.28) determines an upper bound for equilibrium surface approach
(neq < 0.5577). Figure 2.6 shows what happens when the original gap H is gradually
reduced, which corresponds to increasing I' (see equation (2.1.24)). However, when
I'=0.01336, the maximum surface deflection reaches the limit, 0.5577H. No curve is
shown beyond that. One may wonder what happens when I" keeps increasing. Figure 2.5
shows that the tangent of the F, ~ " curve becomes vertical when I reaches 0.01336. In a

fixed-grips (i.e., controlled displacement) test, this means jump will occur at that point**.

From Figures 2.2 and 2.3 we can clearly see how the interface becomes unstable as I
increases. It can be seen that when the dimensionless parameter I' takes on different
values, the character of the solution of equation (2.1.27) changes. When I'" < 0.00392,
there is only one 7,, in the range from 0 to 1 (Figure 2.3). This value corresponds to a
local and global minimum in the total free energy figure (Figure 2.2). When

0.00392<T <0.01336, there are two values of 7, in the range, corresponding to a local

maximum and a local minimum in Figure 2.2, respectively. When I' = 0.01336 (@

1., =0.5577), the local maximum and the local minimum merge to an inflection point. A

global minimum appears at 7=1, which indicates a state with solid-solid contact. At the
inflection point, the equilibrium is unstable. That is, whenever there is a disturbance

causing a small increase in 77 beyond 7,,, the system will “slide down” to the point of
global minimum free energy (7,, =1) meaning that the solid surfaces jump into contact.

When I" > 0.01336 , there is no solution in the range of interest, and no stationary point
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appears on the energy curve (see Figure 2.2). In this case, the interface will go
immediately from its initial configuration to solid-solid contact. For convenience, we can
define a non dimensionless number, /V,, to specify the critical condition for the onset of

instability, whereby

2
cos@, +cosb,
— |V

2
Yiv (
. :L: 74.85 22
0.01336 EH®

(2.2.1)

When N, <1, stable equilibrium can be achieved at the interface without solid-solid

contact. Two solid surfaces gradually approach until maximum surface deflection
exceeds 0.5577H. When N, =1, the interface is unstable. Two solid surfaces

spontaneously jump into contact.

2.3 Equilibrium Configuration with Contact

Once solid-solid contact is initiated, what kind of equilibrium configuration can be
reached at the interface? This is the question to be answered in this section. We know that
if the interface is able to reach an equilibrium configuration after solid-solid contact
appears, the equilibrium configuration should look like the one shown in Figure 2.7.
Three quantities, the pressure drop across the meniscus (Ap ), the meniscus position (b)
and the contact radius (a), are now required to specify the interface configuration.

Since solid-solid contact affects the pressure distribution and the surface deflection
in the interface, equations (2.1.1) and (2.1.2) are no longer valid. Instead the pressure

distribution, p(r), and the surface deflection, u(r), satisfy the following conditions: In the
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contact region, where r < a, the pressure is unknown, while the total surface deflection
is equal to u(r) = H. Outside the contact region the deflection is unknown, while the
pressure is piecewise uniform, equaling —Ap in the annulus a <7 <b and zero in the
region of » >b. To obtain the unknown surface deflection (u) outside of the contact
region (i.e., > a) along with the unknown pressure distribution (p) within the contact

region (i.e., < a), we use pressure-based flexibility influence coefficients.

e E——
2
/I = /I
H
// //
/] //
7
Figure 2.7 Schematic of the deformed interface between two elastic half-space

connecting by a liquid bridge of volume V,,, with solid-solid contact.

First, we discretize the domain of interest. In this work, the domain of interest is a
circle area of radius b, which includes the contact region (0<r <a) and the liquid-
wetted annulus (a < » < b). Since the problem is axisymmetric, the region is divided into

many small annular elements. The position of an element is specified by the radial
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position of the inner boundary of the element. The deformed surface shape and the
pressure distribution are represented by adjacent columns of uniform deflection or
pressure acting on discrete segments of the surface (Figure 2.8). For example, for the /™
annular element, the radial position is 7;; the surface deflection is u;; and the pressure is p;.
In this analysis, because the relative size of the contact zone changes, in order to maintain
enough elements in and out of the contact zone to guarantee high accuracy of
computation, the whole region of interest is unevenly divided, NV uniform subintervals in
the region of » <a and another N uniform subintervals in the region of a<r<bh.
Therefore the continuous radial position, 7, can be discretely represented by a vector of

size (2N+1) by 1 with each elements given by

(i-1-=, 1<i<N+1
= N , 2.3.1)
at+(i-N-1)2=2%  N+1<i<2N+1
N
!
_!_
|
i
|
i i
; or
|
i
' » s
| *
Vo )
Figure 2.8 Discrete pressure and deformation elements.
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The influence coefficient ¢; is defined on the discretized domain as the deflection at
position r; due to a unit pressure applied at position 7;. The value of ¢;; can be determined
in the following way: Suppose we wish to find the normal deflection at some radius 7;
caused by a thin circular ring of constant pressure at radius r;. By superposition we can
view the pressurized ring as a combination of a uniform pressure circle of radius r+Ar;
with a uniform tension circle of radius 7; (Figure 2.9). The magnitudes of pressure and

tension are the same. Then the normal deflection at radius 7; can be write as

dpryr | Ar. . A . 7
SO 44 iy - B | r<r,
nE v 1Ay Ty '
C A . _ N
(+—DE—) - E(D)+
4[’(’}_)”, ” BEA r.<r.<r +Ar
u(rl) = o 7 (;/;2 l)k(r/) > J i j J (232)
v, r_z 7.
L ! J !
V. ~ 12 v, A T V. V. ~ 1.
—E( lAr )= E() + (=K () -
ap(rr |1y T tAG s A
x|y (r, +Ar)’ . 1+ A, S
L7 hi Fi
| pj Pj P
i ,
!
| - N
!
|
] A 4
Y ! A L

Figure 2.9 Equivalency of a pressurized ring to the superposition of a uniform
pressure circle of radius 7;+Ar; with a uniform tension circle of radius 7;.
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where r;; are specified by equation (2.3.1) and Ar;; are given by

, I<i<N
Ar. = (2.3.3)
, N+1<i<2N+1

7
N

By definition, the influence coefficient is

4r. | AV 7 AT
— | (I+—D)E(———) = E(-5) |, n S,
Vi) | ; rj+Arj v
[ A . A T,
(+—DE—) - LB L)+
4r, r r+Ar
_u() _ |- .2 . ) r<n<r+lAn (034
Top(r) (-5 =DK(-)
' o 7
[ . T N
I E(’”_z)_i E(_f)_,_(i__f)K(_f)_
r |1, A 1o roo 7,
j . s . . .
— s s L2r+Ar
| r (r.+Ar)" . r +Ar,
L - R
L7 7 7

Now we can see that the matrix of influence coefficient, [c;] i1s a (2N+1) by (2N+1)
matrix with all its elements determined by equation (2.3.4) when a and b are given.
Once the influence coefficient matrix [c;] is generated, the deflection and pressure

satisty the system of linear equations
fu}=1c,1p,} (2.3.5)
For convenience, we use vectors {r, } and {r,}, {u,, | and {u,},{p, } and {p,, }to

represent the radial position, surface deflection and the pressure distribution, where the
subscript s1 and s2 indicate that the quantities are for the region inside or outside the

contact zone, respectively. Now
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r, :(i—l)%, 1<i<N+1 (2.3.6)

b-a :
Voo =a+i Y I<i<N (2.3.7)
a
Ar, Y (2.3.8)
b—a
Ar, = N (2.3.9)
and
u, =H, I<i<N+1 (2.3.10)
Do = —Ap, I<i<N (2.3.11)

Then the unknowns {psl} and {usz} can be solved for by decomposing the system of

equations (2.3.5) to two linear subsystems
{usl } _ |:cs11 Cs1a Hpsl } 2.3.12)
Ug Con Csm [(Ps2

{usl } = [ si1 {psl }+ [Cslz ]{psz} (2.3.13)

1e.,

ot =lea Rpat+leam p. ) (2.3.14)

where [c.,,], [¢.1]s [¢.,,] and [c,,,] are the corresponding sub-matrices in the influence
coefficient matrix [c;]. [cm] takes all (N+17) by (N+1) elements of [c;] at the upper-left
corner; [c,,, | takes all (N+1) by N elements of [¢;] at the upper-right corner; [c,,, ] takes
all N by (N+1) elements of [c;] at the lower-left corner; [cslz] takes all N by N elements

of [c;] at the lower-right corner. Therefore, the unknown pressures and deflections are

given by
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{psl } = [Csu ]_1 {{usl }_ [Cslz ]{psz }}
{”sz } = [Cs21 ]{p.ﬂ }+ [Cszz ]{psz }

(2.3.15)

(2.3.16)

Similarly, vectors {i,} and {h,}can be used to represent the gap between the

deformed surfaces inside the contact region and outside the contact region, respectively.

Now

h, =0, 1<i<N+1

h, =H-u

N

I<i<N

s2i°

Therefore, the conservation of the liquid volume can be expressed by

b
v, = [ 2mh(r)dr

N
~a (b’ -a’) - ZzﬂrsﬂusZiArsZ

i=1

The elastic strain energy is determined by
e d
Uy =], 2 (= p(r)urydr

1 N+l N
zE szslipsliusliArsl +22ﬂ752ip52iu52iAr52
i=1

i=l1
The surface energy is now computed by
Us = (R =" )V, +7s,)

+77(b? _az)(75L1 +7SL2)+7ZU27512

=R, (V5. +Vsr,) = 7"y, (c0s 6, +cos 6,)

2 2
—ma (Y, +Vs,) T Y1,

(2.3.17)

(2.3.18)

(2.3.19)

(2.3.20)

(2.3.21)

where yg,, is the surface energy of the solid-solid interface. The total free energy stored

in the interface is then written as
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U, =U, +U,

1 N+1 N
~ B zzmslipsliusliArsl + zzWSZiPSZiusziArsz
i-1

i=l1

+ ”Rcz(?/syl +Vsp,)— b’y ,, (cos 8, + cos b,)

2 2
—a (J/SLI +7SL2)+7m 7 s12

Scaling,
« T
ro=—
b
a
m=—
b
« U
U =—
H
c_ P
p Ap
gives
(-2, 1<i<N+1
* N
}"l_ =
. 1-m )
m+(l—N—1)T, N+1<i<2N+1
ﬂ, 1<i<N
Arl.*z f\’
—_ N+1<i<2N+1
N
* . m .
FS“=(1—1)N, 1<i<N+1
. 1- .
Ty =M =+1 > 1<i<N
Ar’ =

s
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(2.3.22)

(2.3.23)

(2.3.24)

(2.3.25)

(2.3.26)

(2.3.27)

(2.3.28)

(2.3.29)

(2.3.30)

(2.3.31)



Ay =122 (2.3.32)

u,, =1, 1<i<N+1 (2.3.33)
Doy =1, 1<i<N (2.3.34)

And defining the dimensionless influence coefficient matrix [C[j*] as

4p
[Ca*]= e, V (2.3.35)
7E
results in
*_ AI”.* A ]",* A ]"4* * *
J
ro |+ —)E(—— *)—E(’—*)} r <r,
| l"j I"j + I l"j
I AI’C* ~ r_* r_* ~ }’.* ]
(I+—P)E(———) 5 E(-5)+
. r; r; +Arj r; 7, . . . .
.| « 0 . R r, <r, <r; +Arj (2.3.36)
C; = J i
i rj* i
M o« * * * T
i E( i j
N }"-* I".*+ .* }". }" ]/'* 7 i i X
- J J J J i y i i ’ s A
J * *(2 * * i j Jj
7; ( J ) > J +Arj
- - K(———)
L 7 " ]

One can see that besides indices i and j [CU'*] depends only on m and M.

From equations (2.3.15) and (2.3.16), the dimensionless unknown pressures, {p;},

. *
and deflections, {usz } are solved as

o e SN SN 2337)
b= e o e 2 e ) (2.338)
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Introducing 7 defined (as before) by

_ 2Apb
EH

results in

{p;}=§{p;l}—{p;z}

T I O

iat=len] e o)
and

=22 B 22 e )

=2 e} )

W =len Jen I )

O R 15 S O o
wt=len o)

Use of equation (2.3.19) leads to

2

N
V, = zHb*(1—m®) = 272Hb* Y riu A,

i=l1

= b (1—-m* — A, + A,1n)

where

N
* * %
A= 22 Vi AF U
i1

(2.3.39)

(2.3.40)

(2.3.41)

(2.3.42)

(2.3.43)

(2.3.44)

(2.3.45)

(2.3.46)

(2.3.47)

(2.3.48)



4 N * * * *
A, = ;erziArsz (Uypp; —Uy3,) (2.3.49)
i=1

Therefore, the wetted radius b is given by

b= 2V° (2.3.50)
aH(1-m~ =4, + 4,n7)

The elastic strain energy can be written as

N+1

N
2 * * * * * * * *
UE = ﬂ-Hb Ap|:z rslipsliusliArsl + z rsZipSZiuSZiArsZ:|

i=1 i=l1

2 g P (2.3.51)
=|Z A, == Am—-EH> A" |b
4 2
where
N+1 * * * *
Ay = erliArslpslliusli (2.3.52)
i1
ks * * % * N * * * *
Ay = Z’”snArupslzi”sn - ZK@Z[A”SZPSZ[MSZU (2.3.53)
i=1 i=1
N * * * * *
As = erziArszpszi (Ugpp —U25;) (2.3.54)

1

From equation (2.3.22), the total free energy stored in the interface is then given by

Uy = ”Rcz(ysvl + 7SV2)

) (7/SL1 +7/SL2)_7512

—7b*? cos &, +cos @,)(1+m
7ur ( : 2 ¥ 14 (cos O, +cos 0,)

) (2.3.55)

+fﬁEH2 7E'H?

2 Ay — /1477—E'H215772)b

A dimensionless system free energy Ur may be defined as

. Ur _”Rcz(ySVl +7/SV2)

= . (2.3.56)
JREH W )
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Substituting equation (2.3.50) into equation (2.3.55) and nondimensionalizing gives

Vs 1 1 )
2 A= An——4n")
U, = —2\E A+Pm?) 4" 2 1 (2.3.57)
7 (A=m* =2 +4m)  JA=m® =2, +Am)
where
) {cosé’l +cos b, sz
LV o
= ‘22 (2.3.58)
E"H’
as before, and
® (7’SL1 +7/SL2)_7S12 (2.3.59)
7. (cosf, +cosb,)
Applying the Young’s equation (equation (2.1.21)), it can be rewritten as
= (751/] + Vs, — Vs12) — 71y (€086, + cos b))
7, (cosf, +cosb,) (2.3.60)

_ Ay q
7, (cos@, +cosb,)

where Ay is the Dupré energy of adhesion in dry contact. Therefore, it is seen that @ is a

measure of the relative strength of solid-solid interaction to the meniscus capillarity.

Now factors A~ As depend on m and N. When N goes to infinity, A;~ As converge to
certain functions of m (Figures 2.10-2.14). The convergence can be checked from the
relative approximate error, which is less than 1% when N increases from 100 to 150.

Then, by curve fitting, we get

A, =1.2878m—0.9242m’> —0.6635m> +0.7092m* —0.4073m’ (2.3.61)

A, = —3i +1.2971m —0.0252m> —0.6381m> +0.4596m* —0.2458m°  (2.3.62)
T

A, =0.4037m (2.3.63)
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As =—§ +1.0387m —0.1035m" —0.2148&n° —0.1035n" +0.0505m"

(2.3.64)

The relative errors of all these curvefittings are less than 0.3%. In Figure 2.13, A4 does

vary with m. However, it is noted that the values of A4 approach zero when N increases.

When compared with the corresponding values of A;~ A3 and As, the values of A4 are two

order less, except for m close to zero. Therefore, the effect of A4 can be neglected for

most conditions. So, for simplicity, A4 1s set to be zero independent of m.

A, =0

M

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05 i

..
o

N=50
N=100
N=150

Fitting curve

0.1

0.2

Figure 2.10

0.3

0.4

05 06 07 08 0.9

Variation of coefficient A; with m and V.

38

(2.3.65)



Figure 2.11  Variation of coefficient A, with m and V.
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Figure 2.13  Variation of coefficient A4 with m and N.
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<)
w

mee= N=150
06 7 ——  Fitting curve ,

Figure 2.14  Variation of coefficient As with m and V.

Substituting equations (2.3.61-2.3.65) into equation (2.3.57), we can compute the
dimensionless system free energy U, directly from 7, m, I', and ®. And by controlling
the accuracy of convergence and curve fitting, the relative error of U, calculated this
way can be very small. It should be pointed out that equation (2.3.57) reduces to equation
(2.1.23) when m = 0, so the dimensionless system free energy U, is continuous at 77 =1.

For a given set of I' and ®, a particular combination of 7 and m represents a

provisional equilibrium contact configuration, which yields a deflection profile u(r) and

associated pressure distribution p(r), that (i) satisfy equation (2.3.5), (ii) prevent surface
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interpenetration, and (iii) conserve liquid volume. When the configuration corresponds to
a local energy minimum, a stable equilibrium is reached. To form a provisional
equilibrium contact configuration, 77 and m must satisfy some conditions. First, to avoid
surface penetration, m must be greater than 0 (m > 0) except for point contact where
n=1and m=0. Second, to keep a positive liquid volume in the interface, from equation
(2.3.47), it is necessary that
1-m* -4, +4,n7>0 (2.3.66)
These constraints delineate a feasible region on m—n plane for any provisional
equilibrium contact configuration (Figure 2.15). By looking for a local energy minimum
in this region, we may be able to obtain the actual equilibrium contact configuration for
the given I, and ®.
Figures 2.16 shows the energy surfaces for I' = 0.01336 (when the interface just lost
its stability) with @ =0.001 and ® =1000, respectively. As observed, there are no local
minima on the energy surfaces and the lowest values of energy are found on the boundary

of the feasible region, which is specified by 1—m* — A, + 4, = 0. From equation (2.3.50)

it is see that, the wetted radius b goes to infinity on this boundary, and as does the contact

radius a, since m (equals %) is finite. Hence no stable equilibrium contact configuration

exists once the interface lost its stability and the surfaces go from separation into full
contact. For a real structure, the details of the boundary supports will determine the final
interface configuration. Nevertheless much of the interface may be in solid-solid contact.
This kind of interface geometry may induce large adhesion forces (e.g., stiction) and

cause operational failure.
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Figure 2.15  Feasible region for a provisional equilibrium contact configuration of the
interface between two elastic half-spaces.
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Ur

Ao

(b)

Figure 2.16  Dimensionless total free energy for all provisional equilibrium
configurations of the interface between two elastic half-space after solid-
solid contact appears. Energy surfaces are shown for I' = 0.01336 (when
the interface just lost its stability) with (a) @ =0.001 and (b) ® =1000.
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2.4 Conclusions

The interaction between two elastic half-spaces bridged by a fixed volume of liquid
was investigated and the mechanical stability of the structure was examined. From the
analysis, the following conclusions can be drawn:

1) The non-dimensionalized system before contact is one-degree-of-freedom system

in that all dimensionless equilibrium parameters of the interface can be expressed in

cos @ +cosd ?
7LV2(122j v,

terms of I', where I' = 3
E°H’

2) A dimensionless number N, =74.85" was found to determine the structure
stability. When N, <1, the system can reach equilibrium without solid-solid contact.
When N, >1, the interface jumps into solid-solid contact.

3) No equilibrium state exists after solid-solid contact appears. Once contact is
initiated, the contact region will continue to expand until the two surfaces are in full

contact.
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CHAPTER III

A LIQUID BRIDGE BETWEEN TWO ELASTIC SPHERES

3.1 Equilibrium Configuration without Contact

Now consider two elastic spheres of radii R, and R, coupled via a small liquid bridge

of volume, V, (Figure 3.1). They are initially separated by a minimum gap, H. And like

in the half-space case, b is the radius of wetted area; E,, and v,, are the elastic moduli

and Poisson’s ratios, respectively, of the two spheres.

Assuming b is very small compared to R; and R,, we can ignore the influence of

body curvature and adopt the half-space approximations for the surface deformation.

Therefore, equations (2.1.1) and (2.1.2) still can be used to represent the normal pressure

on each surface, p(r), and the combined elastic deflection, u(r), of both surfaces.

However, the gap A(r) between the deformed surfaces is now represented in the form

2

p
h(ry=H +§—u(r)

where

1 1 1

R R R

52
And conservation of liquid volume is expressed by

2

V, = [ 2mh(r)dr = [ 2m(H + ;—R —u(r))dr

which yields

16

V, = nHb> —— Apb® +—=
3E

2= pt
4R
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(3.1.2)

(3.1.3)

(3.1.4)
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Figure 3.1 Schematic of the deformed interface between two elastic spheres connecting
by a liquid bridge of volume V,, without solid-solid contact.
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The total free energy Ur can still be computed from equation (2.1.14), i.e.,

8
U= ”(Rcz _bz)(7s1/1 "'751/2)"'7Zb2(7/SLI +}/SL2)+EAp2b3

(3.1.5)
= ”Rc2(7sr/l +Vsr,) by, (cosb, +cosb,) + %Apﬁf
For non-dimensionalization, we introduce dimensionless quantities
_ 24pb (3.1.6)
EH
bZ
B = 3.1.7
RH ( )
V
Wy o 3.1.8
e (3.1.8)
2 cosf, +cosb, ?
v, Vs
= R (3.1.9)
E°H’
and define the dimensionless system free energy U, as
o Up=27R (rg, +
U, = T c (575V11 7/SV2) (3.1.10)
2E H2R"
2
Dividing both sides of equation (3.1.4) by RH* and replacing 2A,p b by 7, b by
EH RH
B, we get
Yo rl-2 B+ Z B (3.1.11)
3z 4
Solving equation (3.1.11) for B yields
B:—Z(l—i77)+2\/(1—i77)2+E (3.1.12)
RY/4 kY2 T
Therefore
4R
b =~/RH, :—2RH(1—£77)+\/4R2H2(1—£77)2 L3RV, (3.1.13)
RY/1 kY1 T
and
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ap=THE 1 nHE (3.1.14)
26 2 8 . ., 8 , ARV
“2RH( -2 n)+ ., JARPH>(1- 2 p)? + e

kY4 kY4 V4

Non-dimensionalizing the total free energy Ur in equation (3.1.5) according to

equation (3.1.10), we get

U, :—2‘/$B+ln2B”2 (3.1.15)

kY4
The dimensionless system free energy U, depends only on 77, I’ and ¥. And like in the
half-space case, 7 indicates the extent of surface approach and its value represents a

provisional equilibrium configuration of the interface. The parameter I' evaluates the
combined effects of solid elasticity, meniscus capillarity, volume of liquid bridge and the
interface geometry. The new dimensionless parameter ¥ can be seen as a normalized
measure of liquid bridge volume. By taking the ratio of I' and ¥ another dimensionless

parameter can be introduced, according to

cos@, +cosB, )
e
©=—= _ (3.1.16)

¥ E"H?®

[33]

It can be seen that x4, which is analogous to the Tabor parameter~”' in dry contact

RAy? : e o
(1 :TJ/3 , where ¢ is the local equilibrium separation), is another measure of the

E ¢
relative strength of meniscus capillarity to the solid elasticity. From equation (3.1.15), we

can see that 7, # and ¥ may be a better set of parameters to describe the system.
However, in order to be consistent with the results of Chapter II, 7, I' and ¥ will

continue to be used in this analysis.
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For given values of I' and ¥, the variation of the dimensionless system free energy

with 7 is shown in Figure 3.2. At equilibrium, the dimensionless free energy U,

*

T

reaches a minimum, at which point p
n

=0. After differentiating and simplifying,
following condition for equilibrium is obtained

2
Yi1 , 1 8 ., Y
—|—n"+=n,|/0-——n)" +—
8 (37[77 277\/( RY/4 ) 72')

8
RY/4

=T (3.1.17)

=S pefu- St
3z V4

The solution space of equation (3.1.17) for 0 <7 <1 is plotted in Figure 3.3. As the

function represented by the left-hand-side (LHS) of equation (3.1.17) depends on ¥,
several curves are shown in Figure 3.3 at different values of V.

From Figures 3.2 and 3.3 we can see that when the dimensionless parameters I and
Y take different values, the character of the solution of equation (3.1.17) changes. When
Y <0.6143, the solution space (Figure 3.3) is similar to the half-space case in that the
curve has local maximum. Also for sufficiently small I', there is only one corresponding

1.,- This value corresponds to a local minimum in the total free energy figure (Figure
3.2). As T increases to a certain level (for a given V), two values of 7, appear in the

range, corresponding to a local maximum and a local minimum in Figure 3.2,
respectively. A local minimum on the energy curve refers to a stable equilibrium
configuration without solid-solid contact. Therefore for these small to moderate values of
I', stable equilibrium configurations can be achieved in the interface without solid-solid
contact, and the two surfaces of the interface gradually approach each other as I

increases. Then, for given ¥, when I reaches the local maximum (Figure 3.3), the two
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Figure 3.2 Typical dimensionless free energy curves as a function of 7 for the interface
between two elastic spheres before solid-solid contact occurs:

(a) ¥ <0.6143; (b) ¥ >0.6143.
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Figure 3.3 The solution space of equation (3.1.17) in the range of 0 <7 <1, defining the
equilibrium configurations in the case of no solid-solid contact.

solutions merge to one, and the local maximum and the local minimum on the
corresponding energy curve merge to an inflection point (Figure 3.2). At the inflection

point, the equilibrium is unstable. A global minimum appears at =1, which indicates a

state with solid-solid contact. Thus, whenever there is a disturbance causing a small

increase in 77 beyond this 7, , the system will “slide down” to the point of global
minimum free energy (7,, =1) meaning that the solid surfaces jump into contact from

finite separation. If " increases further, there is no solution in the range of interest, and no
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stationary point appears on the energy curve (see Figure 3.2). In this case, the interface
will go immediately from its initial configuration to one with solid-solid contact.
Therefore, the maximum value of the LHS of equation (3.1.17) for given ¥ is a critical
value. When I' is less than this critical value, the interface can achieve some stable
equilibrium configuration without solid-solid contact; when I is greater than or equal to
this critical value, the interface is unstable with any non-contact configuration and thus
solid-solid contact must occur.

When Y >0.6143, the corresponding curve in Figure 3.3 increases with 7
monotonically, and reaches a maximum at 7=1. For those I' less than the maximum

value of the curve, there is only one 7,, in the range from 0 to 1. This value corresponds

to a local minimum in the total free energy (Figure 3.2). So, for these I', stable
equilibrium configurations can be achieved in the interface without solid-solid contact.

And as I' increases, the value of 7, approaches unity; i.e., the two surfaces of the

interface gradually come into point contact. When I is equal to the maximum value of

the equilibrium curve (e.g., I' =0.043 for ¥ =0.9425 in Figure 3.3), the solution 7, is
equal to 1. The corresponding energy curve (Figure 3.2) attains a minimum at 7, =1,

where the slope is zero. These results seem to imply a stable equilibrium with point
contact configuration. However, to determine the real state of stability of point contact,

one needs to know the variation of the system free energy beyond 7,, =1, which will be

studied in the next section.
When I is greater than the maximum value of the equilibrium curve, there is no

solution in the range of interest. The energy continues to decrease with 7, and no
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stationary point appears on the energy curve. In this case, the interface cannot achieve an
equilibrium without solid-solid contact. So, the maximum value of the LHS function of
equation (3.1.17) in the range of 0 <7 <1 still is the critical value. When I is less than
this value, the interface can achieve some stable equilibrium configuration without solid-
solid contact; when I is greater than or equal to this value, solid-solid contact appears at
the interface. This critical value is denoted as I'.. For both situations (¥ > 0.6143 and
Y < 0.6143), this parameter, which depends on ¥, defines the boundary between contact
and non-contact regions in the W-I" plane as shown in Figure 3.4. The critical boundary

in Figure 3.4 can be fitted by the curve T (W) = 0.03007%"**** +0.01336 with an error

less than 7%.
4
35} . ) |
— Numerical Solution
S Fitted Curve |
250 —
— 2+ r=r, i
150 —
Contact Non-contact
1k 4
0.5} |
0 L L L L L
0 5 10 15 20 25 30
v

Figure 3.4 The division of contact and non-contact regions in W-I" space as surfaces
approach. When I' =T'_, the surfaces first come into contact.
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If the system can achieve stable equilibrium without solid-solid contact, the

equilibrium configuration can be found by solving equation (3.1.17) for 7, (i.e., for

given values of I" and ). As there is no closed-form solution of equation (3.1.17). One
must find the roots graphically or numerically. When there are two roots in the range
(0<n <1), the one associated with the local maximum free energy is discarded. The one
associated with the local minimum free energy is substituted into equations (3.1.13) and
(3.1.14) to calculate b and Ap at equilibrium, respectively. We now define a
dimensionless equilibrium wetted-area radius and a dimensionless equilibrium pressure

drop as

~ —2<1—877)+2J(1—8n)2+‘P
b =b, | = 37 w7 (3.1.18)
v, ¥

o By |V, Ny

A : 3.1.19
Peq E \VH’> 2b ( )

eq

Figures 3.5-3.7 show the equilibrium surfaces of neq,b; and Ap; for various I' and Y.

%

Then the non-dimensional adhesion force at equilibrium, F,, , and the dimensionless

*

equilibrium combined surface deflection, Upy»

can be calculated from equations (2.1.36)

and (2.1.39). The dimensionless equilibrium gap, /.

eq

is then given by

E3 £

}’*b* 2
:1+( ) ¥ —u

eq 2 eq

(3.1.20)

From the above equations, it is seen that the dimensionless system has two degrees of

freedom with I" and ¥ as the control variables.
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Figure 3.5 Equilibrium surface of 7,, before contact for various I' and ¥
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Figure 3.6

Equilibrium surface of b:q before contact for various I" and .
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Figure 3.7 Equilibrium surface of Ap:q before contact for various I and V.
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3.2 Equilibrium Configuration with Contact

A schematic of possible equilibrium configuration for sphere-sphere contact is
shown in Figure 3.8. As the wetted radius b and the contact radius a are very small
compared to the radii of the spheres, R; and R,, one can ignore the influence of body
curvature and perform an analysis similar to that done in section 2.3. Again, three

quantities, the pressure drop across the meniscus (Ap ), the meniscus position (b) and the

contact radius (a), are sufficient to specify the equilibrium interface configuration.

2a

2b

Figure 3.8 Schematic of the deformed interface between two elastic spheres connecting
by a liquid bridge of volume ¥, with solid-solid contact.

The pressure distribution and the surface deflection in the interface after contact are

summarized as below:
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? 0<r<a

p(r)y=9—Ap a<r<b (3.2.1)
0 r>b
r2
H+— 0<r<a
u(r) = 2R (3.2.2)
? r>a

The unknown pressure distribution within the contact region (i.e., p(r) for 0<r<a)
along with the unknown surface deflection outside of the contact region (i.e., u(r) for
r > a), can be solved using the influence coefficient method shown in section 2.3. The
same discretization and influence coefficient matrix can be used here. For convenience,

we still use vectors {r,}, {p,,}, {u,} and {i,} to represent the radial position, the

pressure distribution, the surface deflection and the gap in the contact region and use

{rsz }, { 2% }, {usz} and {hsz} to represent those out of the contact region. Now we know

h, =0, 1<i<N+1 (3.2.3)

Dy = —Ap, I<i<N (3.2.4)
» 2

u,, =H+-=—, 1<i<N+1 (3.2.5)

‘ 2R

The unknown pressures, {p_, }, and deflections, {u_,}, can then be solved from equations

(2.3.15) and (2.3.16) and the gap outside the contact region, {hsz } , can be computed by

2

Ly .
By = H o+ 2=y, 1<i<N (3.2.6)

The conserved liquid volume is then represented as

b
v :J- 27rh(r)dr
i N (3.2.7)
~ 7Z'H(b2 - az) + E(b4 - a4) - ZZWSZ[usZiAKVZ

i=1
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The energies stored at the interface can still be determined from equations (2.3.20)-

(2.3.22).

For non-dimensionalization, we introduce dimensionless quantities

* r
ro=—
b
* u
u =—
H
r_ P
p Ap
_ 2Apb
EH
a
m=—
b
2
p=?b
RH
VO
RH?
0, +cos b,
}/LVz(COS , + cos ZJ v
r= 2
- E’H®
® = (7SL,+7/5L2)_7512 _ Ay

7,y (cosf, +cosb,) - 7,y (cosf, +cosb,) -

From equations (3.2.4) and (3.2.5), we get

£

P =1, I<i<N (3.2.7)

* 2

u..:l+%B, 1<i<N+1 (3.2.8)

For convenience, we decompose {uj1 } into two (N+1) by 1 vectors {u; H} and {uj1 2 }, 1e.,

*

Ugip =Ugm T UGgR (3.2.9)
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where

U =1 (3.2.10)
r*z
U p = 12 B (3.2.11)

The dimensionless unknown pressures, {pﬂ} and unknown deflections, {uqz } can still be
solved by equation (2.3.37) and equation (2.3.38) with new deflections in the contact
region, {u;}, shown by equation (3.2.9). Substituting equation (3.2.9) into equation

(2.3.37), we get

{p; } = ﬂ [c:n ]_1 {”:111 }"' ﬂ [C:n ]_1 {”:m }_ [0:11 ]_1 [0:12 ]{p; }

by SR (3.2.12)
= o lpin b el tol)
where
=l e ) (3.2.13)
iat=len] e o) (3.2.14)
Past=len ) (3.2.15)

Substitute this new equation of {p;} into equation (2.3.38). The dimensionless unknown

deflections, {”:2 } is given by

b= e Joi e 2 e )

:2_77[6:21]{17:1}"'2_77[6:22 ]{pjz} (3.2.16)
T T
= {u;l }+ g {“:24 }_ 2777({“:22 }_ {”:23 })

where
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158 o o
=lesn fpo )
=len en I e}

Non-dimensionalizing equation (3.2.6) leads to

N
¥ =mB(-m")+ %Bz (1-m*)— 27rBz T AP UL

i=1

Substituting equation (3.2.16) into the above equation yields,
Y =z(1-m* -, +2277)B+%(1—m4 —)B’
where

N
% % %
A = 22 i AT U ),

i=1

2 = _erziArsz (Uypp; —Uy23,)
T iz

N
* €k
A = 42 Vi AV U 0y,

i=1

Solve equation (3.2.22) for B, we get

—2X+2‘/X2+EY
B= 1

Y

where
X=01-m’ -4 +4,n)

Y=(010-m"-2)
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(3.2.17)

(3.2.18)

(3.2.19)

(3.2.20)

(3.2.21)

(3.2.22)

(3.2.23)

(3.2.24)

(3.2.25)

(3.2.26)

(3.2.27)

(3.2.28)



Non-dimensionalizing the total free energy Ur in equation (2.3.22) according to

equation (3.1.10), we get the dimensionless system free energy U, given by

= —2\/E(1+C1)m2)3

nBl/2 |:N+1

Substituting equations (3.2.12) and (3.2.16) into equation (3.2.29), we get

. r V4
U =—2‘/— 1+ ®m*)B+ (=1
T ‘P( m”) (4 3

T 1 T
+(ZA, ——A.nB¥* + = 1 B>?
(8 7Ty /), 167

where

N+l

13 zrsllArslpslll slHl

N+1

14 = erllAr 1p5121 s1Hi ZFSZIAF 2p521 s21i

N
* * * % *
As = Z”sziA”szpszi (Ugpp —Uy23;)

i=1

N+1 N+1

17 :ZT"IIAI"IP\”I U iri +erler1psl3z Ui pi

N+1

1’8 = zrshArﬂplez Uspi ZFYZIArﬁple Usng;

i=l1

N+1

/19 = zr.sllAr_slpél3l _SlRl

1/1 ﬂ—liﬂ?z
T

zrslz 911 slersl+zr\21ps2z 921Ar
i=l1

)BI/Z

(3.2.29)

(3.2.30)

(3.2.31)

(3.2.32)

(3.2.33)

(3.2.34)

(3.2.35)

(3.2.36)

Factors A;~A9 depend on N and the dimensionless parameter m. When N goes to

infinity, they converge to some functions of m. Comparing these factors with those found

in section 2.3, we can see that A;~As listed above are exactly the same as that given by
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equations (2.3.48)-(2.3.49) and (2.3.52)-(2.3.54), while As~h9 are new factors. Figures
3.9-3.12 show the variations of A¢~A¢ with m and the convergence when N becomes large.

By curve fitting, one gets

Ae =—0.0251m +0.2577m* +0.6454m"> +0.9474m"* —1.8163m’ (3.2.37)
A, =0.0444m —0.0783m’> +0.1439m’ +0.9920m"* —0.5686m’ (3.2.38)
Ay =0.0935m” —0.4463m"> +0.6722m* (3.2.39)

Again, the relative errors of all these curve fittings are less than 0.3%. Like A4, the effect
of Ag can be neglected, therefore A is set to be zero for simplicity.

Ay =0 (3.2.40)

0.3

0.25-

0.2

0.15+

As

0.1+

0.05+-

———— N=150
0 ——  Fitting curve

_005 L L 1 1 1 L 1 1 1

Figure 3.9 Variation of coefficient A with m and V.
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Figure 3.10

Variation of coefficient A; with m and N.
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Figure 3.11  Variation of coefficient Ag with m and V.
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Figure 3.12  Variation of coefficient Ay with m and V.

Substituting the fitted equations of factors A;~A¢ into equation (3.2.30), we get a
closed-form expression of the dimensionless system free energy U,. We can see that U,
depends on 77, m, I', ¥, and @. For given I', ¥, and ®, a particular combination of 7 and

m represents a provisional equilibrium contact configuration as described in section 2.3.
There are physical constraints on 7 and m to form a provisional equilibrium contact
configuration. First, m must be greater than or equal to 0 by definition.

m >0 (3.241)
Second, in order to obtain a real, positive value of B and hence a practical wetted radius b,

equation (3.2.26) requires that
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X’ +—Y>0 (3.2.42)
1e.,
2 2 lP 4
(1—-m* =2, + A,n) +;(1—m -2,)=0 (3.2.43)

Equation (3.2.43) sets up the upper bound of m. When plotting the left-hand-side function
vs. m for various 7 and ¥, one can see that the maximum possible value of m increases
with increasing 7 and decreases with increasing V. In all the cases of interest in the
present work, this maximum value falls in a narrow region from 0.9922 to 1. For

simplicity, the upper bound of m is set as 0.9922 in this study. Because only a small

fraction of configurations would have a ratio of % greater than 0.99, there is little loss

of generality with this assumption.
When a provisional configuration corresponds to a local energy minimum, a stable

equilibrium is reached, at which point the following conditions are satisfied

*

Ur _y (3.2.44)
on
Ur _y (3.2.45)
om
2 *
6@ UZT >0 (3.2.46)
n
2 * 2 * 2 * 2
6@7(7]; aani]; —(Sng’;j >0 (3.2.47)

Solving equations (3.2.44) and (3.2.45) simultaneously for 77 and m, and checking with

inequalities (3.2.46) and (3.2.47), we can find the stable equilibrium contact
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configuration, represented by a solution of equations (3.2.44) and (3.2.45), for a given set
of parameters I', ¥, and ®. Thus the dimensionless system of liquid-mediated sphere
contact has three degrees of freedom with I', ¥, and @ as the control variables.

Numerical solutions of equations (3.2.44) and (3.2.45) are pursued here. The
numerical method and the following description are borrowed from Feng’s paper[34]. To
solve the equation set (equations (3.2.44) and (3.2.45)), the Newton-Raphson method!*"!
is used. The equations can be rewritten in a vector form:

F(x)=0 (3.2.48)
Where x=(n,m)’ and F =(dU, [dn,dU, /6m)" , with superscript T denoting the
transpose. Starting from an initial guess x ,, , successive iterates are determined by

Xy =X +OX (3.2.49)
with the solution of

J(x;) 0x=-F(x) (3.2.50)
where J is the Jacobian matrix, i.e.,

o’U, 0o'U,

on®  ond
J=| T e J=F, (3.2.51)
= |o’Uu, o'U, =

omoén  Om’

At each iteration, the Jacobian matrix J is evaluated with the values of unknowns x
determined in the previous iteration and the resulting system is solved for ox. The

iteration is continued until both the uniform norm ||E || and relative error of the solution,

57
n

om -6
%D, become less than 107,

b

defined as max(
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The Newton-Raphson method usually exhibits quadratic convergence to the solution.
It is critical here to make an initial estimate of the solution x, that falls within the
domain of convergence. In the present work, when necessary, an initial guess of the
solution can be made graphically by looking for a local minimum on the contour figure of
U, computed from equation (3.2.30).

For a given set of the parameters I', ¥, and @, the equation set (3.2.48) may admit a
unique solution, multiple solutions or no solution. To investigate the structure of the
solution space, continuation from an existing solution is desirable by varying a physical
parameter in the governing equation, such as I', ¥, or ®. For example, a solution at

I'=T, +J' may be obtained by the Newton-Raphson method in four or five iterations,
using an existing solution at I’y as the initial guess x,, = x(I';) . Such a simple procedure
is called zeroth-order continuation. With the available Jacobian matrix J(I';) already
computed for Newton iterations for x(I')), a more cost-effective approach would be the
first-order continuation®® because the corresponding initial guess

X =2(0) =S (T)E (T,)(T = T,) (3.2.52)
is often closer to the sought solution x(I') than x(I'y), where F . stands for the

derivative of F with respect to I'. However, zeroth-order and first-order continuations

fail at bifurcation points and turning points in the solution space where the Jacobian
matrix becomes singular and the solution is not unique. Turning points in the solution
space of contacting elastic spheres have been shown to appear in the non-contact
configurations (see Figure 3.3) and reported by Greenwood” and Feng®¥ for dry

contact with folded load-approach curves for large values of Tabor’s parameter. To
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obtain solutions using continuation near a turning point, Keller’s method of arc-length

[3637) is used. The essence of Keller’s method is to treat the arc-length along

continuation
a solution branch as the continuation parameter, with respect to which the solution
becomes unique at the turning points. In other words, the solution x and the physical
parameter (e.g. I') are both parameterized by the arc-length, s, along the solution branch;
namely, x = ;(s) and I' =T'(s). The equation defining the arc-length along the solution

branch is?**:

(x,.x,)+0, =1=0 (3.2.53)
where the subscript s stands for differentiation with respect to s and <, > is the Euclidean
inner product of vectors. Linearized around a known solution (x(s,),I(s,)), equation

(3.2.53) becomes

G(x(). T(s). 5) = (x,(5,). (x() — x(5,))
#T (5,)(0(8) = T(5,) ~ (5 = 5,) (3.2.54)
=0

To satisfy equation (3.2.54), the new solution must lie on a hyperplane perpendicular to

the tangent vector evaluated at s =5, and at a distance |s—s0| from ( x(s,),I'(s,)).

Simultaneously solving equations (3.2.48) and (3.2.54) by the Newton-Raphson method

means to iteratively determine ox and ol as solution of

F. F,
[_’* - ]Fﬂ:—[ﬂ (3.2.55)
G, G, || |o

The augmented Jacobian is non-singular at turning points. Therefore, turning points can

be passed smoothly along a solution branch and quadratic convergence of Newton
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iteration can be sustained. The entries in the last row of the augmented Jacobian, i.e.
G,=x,(sp)and G =T (s,), are obtained by solving

Jxp =—F (s0) (3.2.56)
for x | at s=so, and then determining I" (s,) and x (s,)as:

L (s))==0+(xp,x )" (3.2.57)
and

x,(50) =T (s0)xr (3.2.58)

Both positive and negative signs can be used in front of the square root term in equation
(3.2.57). The positive sign is used when I and s increase in the same direction and the
negative sign is used when I" and s increase in the opposite direction. Because the last
row equation (3.2.55) in corresponds to a linear equation (3.2.54) with respect to the

unknowns x(s) and I'(s), computations of equations (3.2.56)-(3.2.58) for I (s,) and
x,(s,) are needed only once before starting the iterations. As in first-order continuation,
the Jacobian matrix J(I';) computed for Newton iteration at the previous step of

convergence for x(I')) can be used for the next step of solving equation (3.2.56), by

virtue of the bordering algorithm for arc-length continuation™” as follows.
At each Newton-Raphson iteration, two equations

Jy=F, (3.2.59)

and

Jz=-F (3.2.60)
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are solved, where y and z are two intermediate variables; then 6x and o' are

determined by

o = (<Gg,g>+G)/(<Gg, Z>—GI) (3.2.61)
and

ox=z-0y (3.2.62)

Thus, one factorization of J can be used several times in solving equations in
(3.2.56), (3.2.59) and (3.2.60). The bordering algorithm can be used as long as J is non-

singular; namely, as long as the continuation straddles the turning point instead of
“hitting” a very small neighborhood around the turning point. In the present work, the
latter never occurred when using the bordering algorithm. As a summary, the flow chart
of the calculation is shown in Figure 3.13.

The solution space of the equation set (3.2.44) and (3.2.45) is shown in Figure 3.14,

where 7,,, m,, represent the value of 77 and m satisfying equations (3.2.44) and (3.2.45)

eq

for a given set of I', ¥, and ®. When (7,,, m,, ) satisfy the inequalities (3.2.46) and

(3.2.47), they represent a stable equilibrium contact configuration. From this combination

of (n,,, m, ), we can calculate the dimensionless equilibrium wetted radius, contact

radius and pressure drop as

: [H B
beq = beq 7 = ?q (3263)
a, =a, /; =m,b,, (3.2.64)
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Specify @, ¥, As and I'(s,), x(s,) = [n(so), m(so)]T .

UL UL U o
2
="l o U 0!
omon  om® | om | omar ||,
Xr :_JilE,ra

T (so) =1+ (x o x 0 )72, x,(59) =T, (59)x p »
G,x =X, (s0), G’r =TI, (s¢)-

y=J'Fr, z=-J'F

o =(G,,z)+ (G, y)=Gyr), Sx=z-dy
L@s)=T(s)+, x(s)=x(s)+x.

l

U, U, ou, o’U,
2
Je on * 8776n: F= 877* L F, = 87761: ’
= |o°U, o'U, ou, o’U,
omon  om* | om ||, omar |,
G = (x . (55) (x(s) = x(5,))) + T, (5, )(T(s) = T(s,)) = As.

GU%U" ‘3(/%?"" ‘G‘J <10
YA RS

ma){
max(

[(sg) =T(s), x(s,) = x(s)

I

Figure 3.13 Flow chart of Newton-Raphson iteration with arc-length continuation for
investigation of the structure of the solution space of equation set (3.2.44)
and (3.2.45).
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Figure 3.14  The solution space of the equation set (3.2.44) and (3.2.45) for various @
and Y.
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* :Apeq I/o _ ﬂeq

S V7R TS

(3.2.65)

where B, can be calculated by substituting (7,,, m,, ) into equation (3.2.26). The results

are shown in Figures 3.15-3.17.

10

Red color: ¥ =0.03141
Blue color: ¥=0.6143
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eq
variables I', ¥ and @ for positive rigid surface separation, H.

Figure 3.15 Variation of dimensionless equilibrium wetted radius, b, , with control

Figure 3.15 shows the variation of the dimensionless wetted radius, b:q with I for
various ¥ and ®. In general, for given ¥ and @, the dimensionless wetted radius, b:q
increases with increasing I', and when I' is fixed, b; decreases with increasing ¥ and

decreasing ®@. For very large ¥ and small T, b:q tends to be independent of ®@ and I'. This
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is because, for these combinations of ¥ and I', the capillary effect is weak, and the
influence of surface deformation, which is caused by the capillary force and solid-solid

interaction, on the interfacial space is negligible, considering the large size of the liquid

bridge.
10°
Red color: W =0.03141
102 L || Blue color: ¥ =0.6143
Green color: ¥ =10
Black color: ¥ =100
10} 1| Solid line: d=1
i} Dashed line: d=5
oy Dash-dotted line: @ =10
10° L ;- 4| Dotted line: d =20
Asterisks:

the points where
surfaces first come
into contact

10 I I I I
10 10 10 10 10 10

Figure 3.16 Variation of dimensionless equilibrium contact radius, a:q, with control

variables I', ¥ and @ for positive rigid surface separation, H.

Figure 3.16 shows how the dimensionless contact radius, a:q depends on I', ¥ and ®.
For given ¥ and @, a:q increases with increasing I' . When I' is large, the curve in the
log-log plot is linear. But for small I, the curve curls down. As I" decreases, the slope of

the curve gradually increases and becomes infinity at certain value of I', indicating a
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jump at the interface. When ¥ increases, a:q decreases and the linear region of the curve

shrinks, i.e., the non-linearity appears at relative higher value of I'. When ® increases,

* . . . . . .
a,, increases and the linear region of the curve enlarges, i.e., the non-linearity appears at

relative lower value of .

10
1 : Red color: W =0.03141
10 ¢ 1| Blue color: ¥ =0.6143
Green color: ¥ =10
o Black color: ¥ =100
10 | 1
Solid line: o=1
_—l || Dashed line: o=5
Ap,, Dash-dotted line: ® =10
. ; ; Dotted line: O =20
1 0—2 L v ~..‘..".'.’.,- . |
H Asterisks:
i the points where
10°L § surfaces first come
: into contact
10—4 | | | |
10° 10" 10” 10° 10° 10*
I

Figure 3.17 Variation of dimensionless equilibrium pressure drop, Ap:q, with control

variables I', ¥ and @ for positive rigid surface separation, H.

For large I" , small ¥, the curves in Figure 3.16 are linear and can be fitted by
i, = @)y (3.2.66)

where
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B(D) = 2.342(D +1)> (3.2.67)
If we substitute for @, ¥ and I', the dimensional equilibrium contact radius, a,,» is then

given by

20 \5
RA j (3.2.68)

a,, = 1.859( ,
E
Equation (3.2.68) is very close (within 1.4% relative error) to the JKR prediction of

26y )

1
3
equilibrium contact radius at zero interference (a,, = [ E ] )24, which deals with

the contact of spheres in the absence of liquid. It shows that the equilibrium contact
radius is independent of both the liquid volume of the bridge, V,, and the original
minimum sphere-sphere separation, H. The result makes sense because when the original
minimum sphere-sphere separation, H, goes to zero (zero interference), I" goes to infinity.

For moderate R, small ¥ with small H implies very small V,. But since

2
7L2A(cos 6, —|2—cos sz R

E°H?

, I becomes much greater than ¥ as H — 0. Thus large I"

< | =

and small ¥ can be interpreted as correspond to small H and small V,. In this case, the
liquid in the bridge is squeezed out to form a large but thin annulus around the contact
region, and the wetted area on the surface becomes so small comparing with the large
contact area that its influence on the contact can be neglected. Therefore, the equilibrium
contact radius converges to the dry contact radius at zero interference when I' goes to

infinity and ¥ goes to zero.
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For small I" and large ¥, the curves in Figure 3.16 are nonlinear. If we still fit the
nonlinear part curves with a function in the form of

a, = @I, (3.2.69)

we can see that both x; and x, increases with decreasing I', but x, grows a little faster.

These effects make the dimensional equilibrium contact radius, a,, decrease with

increasing H and V.

Negative H
It should be pointed out that the above analysis is done with a positive H in
consideration. For sphere contact, negative H is possible, which means that the two

spheres are pressed together. The analysis for a negative H is nearly the same as the one

for a positive H. Only now H = —|H , S0 we define

ut= (3.2.70)
1|
y = 200b (3.2.71)
E|H|
b2
B=—— (3.2.72)
RiH]
L (3.2.73)
R|H| RH
2 cosb, +cosb, ’
LV f I/()
I'= 5 (3.2.74)
E'|H|

The negative sign of H creates differences in the expressions for dimensionless surface

deformations and pressure distributions.

% 2
= —1+%B = 1<i<N+1 (3.2.75)

*

u

sli
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{p; }= _ZEb—LIj [0:11 ]_1 {“:111 }+ %[C:M ]_1 {”:m }_ [C:n ]_1 [0:12 ]{p:z }

i (3.2.76)
= _% {p:n }+ Z_U {p:w }_ {p:IZ }
{”:2 }: 7;{7% [0:21 ]{p :1 }"' ;?% [0:22 ]{p‘:z }
=2777[c;1]{p;}+2777[c:22 ]{p;} (3:2.77)

— it b - 2 - )

Different from equations (3.2.21) and (3.2.22), the conservation of the non-

dimensionalized liquid volume ¥ is now expressed as

*

N
¥ = —B(1-m>)+ %Bz (A=m*) =278 iy Ariuly,
= (3.2.78)
= —n(l-m> -4, —/1277)B+%(1—m4 —1,)B

Therefore

with

—2X+2‘/X2 +EY
B = T (3.2.79)

Y

X=-(1-m*-2 - An) (3.2.80)

Y=(1-m"-4) (3.2.81)

And the dimensionless system free energy U, is now given by

U, = —2\/E(1+®m2)3+(£/13 Lan-Linsr
¥ 47 2 4 (3.2.82)

T 1 T
+(-=A ——AnB¥* + =1 B?
( g7 T, s77) 167
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Based on equation (3.2.82), the equilibrium configuration for negative H can be found

using the same method mentioned above. The results are shown in Figures 3.18-3.20.

— ¥Y=0.1,0=10

-—- ¥Y=0.1,9=0.1

— ¥Y=1,0=10

-—- Y=1,0=0.1

¥Y=10,®=10

b ¥Y=10,d=0.1

—_— ¥Y=100,0=10

--- ¥=100,0=0.1

10_ L L
10 10 10 10

*

Figure 3.18 Variation of dimensionless equilibrium wetted radius, b, ,

variables I', ¥ and @ for negative rigid surface separation, H.

with control

Figure 3.18 shows the variation of the dimensionless wetted radius, b:q with I" for
negative H. For large I" and small ¥, the dimensionless wetted radius, b:q depends on all

three control variables, I', ¥ and ®. It increases with increasing I', decreasing ¥ and

increasing ®@. But for small I" and large ‘P, b:q becomes independent of ®@ and I" and only

depends on V.
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—_— ¥Y=100,0=10

--- ¥=100,0=0.1

10_ L L
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Figure 3.19 Variation of dimensionless equilibrium contact radius, a;, with control

variables I', ¥ and @ for negative rigid surface separation, H.

Figure 3.19 shows the variation of the dimensionless contact radius, a:q with I for

negative H. For given ¥ and @, a:q still increases with increasing I' . When I' is large,

the curve in the log-log plot is linear, just like what has been observed for positive H. But
for small I', the situation is different from what has been observed for positive H. The
curve levels out instead of curling down. As I' decreases, the slope of the curve tends to
zero. When ¥ increases, the dimensionless equilibrium contact radius a:q decreases, and

the level-out appears at a relative higher value of I'. When ® increases, a:q increases, and

the non-linearity appears at relative lower value of T'.
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For large I' and small ¥, the curves in the log-log plot of Figure 3.19 still can be

fitted by
a. =2342(®+1) 5 T/ow 7 (3.2.83)

L.e., the dimensional equilibrium contact radius, a,,, converges to the dry contact radius

27R* Ay

b
E ] ) now from the negative side. This result reveals

at zero interference (a,, = (

a continuity at / =0. And the convergence can still be interpreted as a result of a
negligible wetted area compared to a relatively large contact zone.

At the other end of the spectrum, for small I and large ¥ (i.e., small value of u),

the curves in the log-log plot of Figure 3.19 converge to
. _1
i = (3.2.84)
which is independent of ®. If we substitute for ¥, the dimensional equilibrium contact

radius, a,,, is given by

a,, = R/H]| (3.2.85)

Equation (3.2.85) is the equilibrium contact radius predicted by Hertz contact model®*,

with |H | replacing the interference (0 ) in the Hertz contact model. This convergence is

easy to understand because, for small I" and large ¥, the capillary effect and the solid-
solid interaction are weak and negligible when compared to the relative strong elastic
effect.

As a summary, let us consider the situations for both positive H and negative H.
When H decreases from positive to negative, we can see that I first increases from zero

(where H =+00) to infinity (where H =0), then goes back from infinity toward zero
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(where H takes large negative value). For given ¥ and ®, the equilibrium contact radius
continuously transits from a pre-JKR radius, which is achieved before the JKR

predication is reached at the interface and is smaller than the JKR radius, at small values
of I' (large positive H) to a JKR radius at ' =0 (H =0) and then to a Hertz radius at
I' =0 (large negative H). Increasing ¥ or decreasing @ shrinks the near-JKR region, i.e.,

makes the pre-JKR radius and the Hertz radius appears at relative higher value of I'

(corresponding to smaller |H | ).

10
— ¥=0.1,0=10
--- ¥=01,0=0.1
10 E
— ¥Y=1,0=10
-—- P=1,0=0.1
2
* 10 1
Apeq ¥=10,d=10
¥=10,0=0.1
10 1
— ¥=100,0=10
-—- ¥=100,0=0.1
10°

10°

Figure 3.20 Variation of dimensionless equilibrium pressure drop, Ap:q, with control

variables I', ¥ and @ for negative rigid surface separation, H.
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The equilibrium contact profile can be shown by the dimensionless gap h; , which is
given by
0, r <m

h,, = B (3.2.86)

. eq *2 *
szgn(H)+—2 U, »

and where u;eq is determined from equation (3.2.16) (for positive H) or equation

(3.2.77) (for negative H) with all the equilibrium parameters. In Figures 3.21-3.22, the
profiles show the same transition from a pre-JKR profile at small values of I' (large
positive H), which has a slimmer but more stretched neck, to a JKR profile at I' = o0
(H =0) and then to a Hertzian one at I =0 (large negative H). A similar result has been
obtained by Maugis and Gauthier-Manuel™ for a sphere in contact with an elastic plane
in the presence of a liquid meniscus. They gave an analytical analysis using a Dugdale
model and demonstrated that there is a continuous transition from a JKR profile to a
Hertzian profile as a parameter A defined as

2
%o (3.2.87)

A=——"7"20—H

(7ZWK2 /R)l/3
decreases from infinity to zero, where o, is equal to the Laplace pressure drop, Ap, and
w is equal to 2y,,,and K = % E'. Thus, Maugis and Gauthier-Manuel pointed out that

the contact profile changes from JKR profile to Hertzian profile when the size of the
meniscus increases, which is reflected as decreasing o,. The result was also confirmed

by some experimental observation on contact of crossed mica cylinders®**%!.
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Figure 3.21 The transition of contact profiles for positive H.
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Figure 3.22 The transition of contact profiles for negative H.
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3.3 Jump-on Condition

The results in section 3.1 revealed a kind of instability at the interface, that is, under
certain condition, surfaces jump into contact (jump-on). It was found that when
[>T, (¥)=0.03007%""" +0.01336, the interface is unstable with any non-contact
configuration and must come into solid-solid contact. And when ¥ <0.6143, the
surfaces jump into contact from a finite separation; when W >0.6143, the surfaces
gradually come into point contact. The stability of the point contact configuration is not
determined in section 3.1 because of the lack of information on the variation of energy

beyond 7, =1. This stability problem can now be solved with the results from section

3.2.
In Figure 3.16, asterisks mark out the points where the surfaces first come into

contact (at I'=T", ). Equilibrium configurations for lower values of I' can only be
achieved during the detachment process, in which the surfaces are pulled apart. In the

figure, the dimensionless equilibrium contact radii a:q at these points are non-zero, but
the values decrease when W increases for given ®. One may wonder what occurs if ¥
keeps increasing. Will the value of a:q at ' =TI, finally become zero? Calculation shows
that for given @, when ¥ reaches certain value, a:q at I' =TI, does become zero, which

indicates a stable point contact configuration. Figure 3.23 shows this critical value of ¥ at

different ®. The curve can be fitted by ¥, (®) = 33.25+1083.40D +9938.64d> with an
error less than 5%, where ¥ denoted the critical values. When ¥ < ¥, (®), point contact

is unstable at I'=T . Once solid-solid contact is initiated, it spontaneously grows to
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finite area, i.e., the surfaces jump into a finite area contact. When ¥ > ¥ (D), the
interface achieves a stable point contact configuration at I' = I, . Therefore, the change of

interface configuration from non-contact to contact is a smooth process.

x 10

4 o
3.5¢ o Numerical Solution

s | Fitted Curve
25}

2 Y= ‘i}
1.5¢
Point contact

1 L
05. Contact with finite area

(m_v L L L L L L L L

0 2 4 6 8 0 12 14 16 18 20

Figure 3.23 Critical values of ¥, which determine the manner of the interface getting into
contact. When ¥ <'¥_, the interface jumps into finite area contact. When

Y > _, the interface gradually goes through point contact.

In summary, the jump-on condition can be expressed as the following: When
[ >0.03007%"*> +0.01336 and W <33.25+1083.40D +9938.64®* , the interface
jumps-on. And if ¥ <0.6143, the surfaces jump from finite separation into finite area

contact. If W > 0.6143, the surfaces jump from point contact to finite area contact.
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3.4 Jump-off Condition

The solution space of the equation set (3.2.44) and (3.2.45) shows that for given ¥
and @, when I is reduced to a certain value, the solution branch folds back, and there is
no solution for the equation set for I' less than that value (Figure 3.14). At the turning
point, the tangent to the curve becomes vertical, which implies that a jump is going to

{32

occur at that point”®?. It is also shown in Figure 3.16 that the curve of dimensionless

equilibrium contact radius a:q vs I has a slope of infinity at the critical value and the

corresponding value of a:q at the point is finite, which indicate that the surface is going

to jump out of contact (jump-off). We denote this critical value as I, i.e., I at separation.

It can be seen from Figure 3.14 and Figure 3.16 that I's depends on ¥ and ®. When
¥ increases or ® decreases, the value of I's increases. To quantify the relation between I
and ¥ and @, one needs to determine the value of I's at various combinations of ¥ and ®.
However, finding I's by tracking the turning point on the solution space curve is laborious.
In order to obtain the value of I's more efficiently, the corresponding dimensionless free
energy U, was checked at the turning points in Figure 3.14. It was found that, at the
turning points, there is always a saddle point on the energy surface, and the energy curve
at the saddle point inflects in the m-direction with a global minimum appearing at m =0
(Figure 3.24). This feature causes the surfaces jump out of contact. Since an inflection
point on an energy curve in m-direction can be determined by

o’U,

om*

~0 (3.3.1)
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Figure 3.24 Typical contour of the dimensionless free energy U, at the turning points in
the solution space of equation set (3.2.44) and (3.2.45).

a turning point on a solution branch of given ¥ and ® can be located efficiently by

solving equations (3.2.44), (3.2.45) and (3.3.1) simultaneously for I', 7 and m. The

solution yields the value of I'y for the given set of ¥ and ® and the corresponding
equilibrium configuration (unstable). The Newton-Raphson method is used to solve the
equation set. Because the solution of the non-linear equation set is not unique, it is
important to start from a correct point and maintain continuity of the solution. Some
starting points can be obtained from Figure 3.14 and it turns out that a zeroth-order

continuation is sufficient.
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Figure 3.25 shows the variation of I's with ¥, where several curves are given for

various ®. For a given @, the curve can be roughly fitted by T, = ¢, ¥** +¢,'¥, where the

10" | -

Contact side

10° L

Non-contact side

10 10 10 10 10 10

Figure 3.25 Critical values of I', at which the surfaces jumps apart. Red color is for
® =0. Cyan color is for ® =0.1. Magenta color is for ® =1. Green
color is for ® =5. Blue color is for ® =10. Black color is for ® =20.
Dashed line is the jump-on condition as a reference.

numerical values of ¢, and ¢, are listed in Table 3.1 for different ®. It can be seen that
both ¢, and ¢, depend on the value of ®. Thus, more generally, one can write
[, =c,(®)¥P** +c,(®)V¥ . The precise determination of the form of the functions c, (®)

and c,(®) as well as a comprehensive assessment of their accuracy, which requires
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extensive calculations, is reserved for a later investigation. When I' > T, the interface
can achieve some stable equilibrium contact configuration. When I' <T', the interface

becomes unstable with any contact configuration and must depart from solid-solid

contact.

Table 3.1 The numerical values of coefficients ¢, and ¢, in the jump-off condition
(obtained by curve fitting).

() e c,
20 0.08 0.001667
10 0.18 0.002
5 0.6 0.002222
1 4.0 0.003571
0.1 2.5 0.02
0 1.0 0.05

From Figure 3.25, we can also see that all curves end at the jump-on boundary

['=T, =0.03007%'*” +0.01336 (dashed line in the figure), and the intersection

coincides with ¥ =W, =33.25+1083.40® +9938.640°. When ¥ <¥,, at [ =T ,, the

surfaces jump out off contact from finite area contact. The value of I's is always lower
than the corresponding I'c, which indicates a hysteresis and hence energy consumption in
the approach and detachment process. As W increases or @ decreases, the difference

between I's and I'c decreases. When W > ¥, I'. =T ; the surfaces smoothly come into

and get out of contact through point contact at the same value of I'.
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Therefore, the jump-off condition can be summarized as follows: When I' <T’, and

Y < ¥, the interface jumps off from finite area contact.

3.5 Conclusions

The interaction between two elastic spheres coupled via a small liquid bridge was
investigated and the mechanical stability of the interface was examined. Stable
equilibrium configurations were determined. From the analysis, the following
conclusions can be drawn:

1) The non-dimensionalized system before contact has two degrees of freedom with

cos@, +cosd, )
7LV2[122j v, v
Y—_ o

E*H?

I’ and ¥ as the control variables, where I = 5
RH

2

2) The non-dimensionalized system after contact has three degrees of freedom with

I, ¥ and @ as the control variables, where @ = Ay -1.
¥,y (cos6, +cosb,)

3) When I' <0.03007¥'*** +0.01336 , the interface can achieve some stable
equilibrium configuration without solid-solid contact.

4) When T >0.03007%"'** +0.01336 and ¥ < 33.25+1083.40D +9938.64d" , the
interface jumps into contact. Additionally if W < 0.6143, the surfaces jump from finite
separation into finite area contact. If ¥ > 0.6143, the surfaces jump from point contact to
finite area contact.

5) When T >0.03007¥'*> +0.01336 and W >33.25+1083.400 + 9938.64d>, the

interface comes into and gets out of contact smoothly through point contact configuration.
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6) In the case of solid-solid contact, for given ¥ and @, the equilibrium contact
radius continuously transits from a pre-JKR radius at small values of I' (large positive H)
to a JKR radius at I' =00 (H =0) and then to a Hertz radius at I =0 (large negative H).
Increasing ¥ or decreasing @ shrinks the near-JKR region, i.e., makes the pre-JKR radius

and the Hertz radius appears at relative higher value of I' (corresponding to smaller |H | ).

A similar transition exists in the contact profile.
7) When T >c (®)P** +c,(P)¥Y , the interface can achieve some stable
equilibrium configuration with solid-solid contact.

8) When I'<c (®)¥** +c,(P)¥Y and ¥ <33.25+1083.40D +9938.64D° , the
interface jumps-off from finite area contact.
9) When W >33.25+1083.400 +9938.640° , the interface smoothly gets out of

contact via point contact configuration at I' = 0.03007%"*** +0.01336.
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CHAPTER 1V

SURFACE APPROACH AND DETACHMENT OF TWO ELASTIC
SPHERES IN PRESENCE OF A LIQUID BRIDGE

4.1 Paths of Surface Approach and Detachment

The analysis in Chapter III is for static systems. However, the results can be used to
study the approach and detachment of two elastic spheres in presence of a small liquid
bridge when the process is slow enough to allow a quasi-static assumption. Consider the
same system as shown in Figures 3.1 and 3.8. From the analysis in Chapter III, one can
see that, in a ['-¥ plane, whenever the system condition moves toward the jump-on
boundary from the non-contact side (Figure 3.14), the surfaces of two spheres approach
and finally will jump into finite contact when the jump-on condition is reached; whenever
the system condition moves toward the jump-off boundary from the contact side (Figure
3.14), the surfaces of two spheres retract and finally will jump out of contact when the
jump-off condition is reached. Theoretically, there are infinite ways to induce jump-on
and jump-off at the interface. One can arbitrarily vary one or more of the physical
parameters in the definitions of I" and W to bring the system to the critical conditions. But
practically, among the parameters, only the rigid surface separation H and the applied
liquid volume ¥, can be changed continuously, so the surface approach and detachment
are usually achieved by continuously varying H or V,. The paths of surface approach and
detachment can be shown in a I'-¥ plane.

Because
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2 cos, +cosb, ?
wl T, v,
= 5 (4.1.1)
E'H’
:RI;—UIZ (4.1.2)

when R, E, Vs 0,Ay,V are fixed and only H is varying, the paths of surface

approach and detachment are lines with a slope of 5/2 in a log-log plot of I" vs. ¥ and the

intercepts of the lines at the Y-axis are determined by a dimensionless factor

. cos, +cosb, 2R5/2

r LV 2

=— 7= > (4.1.3)
\P E' V3/2

V4

With a certain value of y, as H is varying, the system condition shifts along a specific

line. To locate a point for a prescribed value of H on the specific line, a dimensionless

minimum rigid surface separation /' 1is defined as

. R 1
el s

For such a system, with R, E, Vs 60, Ay, V, and H at each step assumed to be known,
one can compute the values of ¥ and H" and follow the steps of surface approach and
detachment easily on the log-log plot of I vs. Y.

On the other hand, if a system has the values of R, E, Vs 0, Ay, H, fixed with
V' as the only variable, the paths of surface approach and detachment are lines with a

slope of 1 in a log-log plot of I vs. ¥ and the intercepts of the lines at Y-axis are

determined by a dimensionless factor x, which is given by
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) (cos@1 +COSH2j2R

Ir_ 2 (4.1.5)
v E’H

A certain value of x4 corresponds to a specific line, and to locate a point for a prescribed

value of ¥, on the line, we need to know the dimensionless liquid volume, ¥, , which is

defined as
V= RI;;Z =2 (4.1.6)

Figure 4.1 shows these paths along with the jump-on and jump-off boundaries. In the

10 - 1

I Contact side
10° - .

—

10° - .

I Non-contact side
10° .

10° 10°
Y
Figure 4.1 Paths of surface approaching and detachment. The red curve is the jump-

on boundary. The blue curves are the jump-off boundaries for different ©,
from top to bottom ® =0,0.1,1,5,10,20. The solid lines are paths by

changing H. From right to left, y =107°,107,100. The dash-dotted lines
are paths by changing V,. From right to left, #° =5x107,5x107, 5.
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figure, the red line is the jump-on boundary and the blue lines are jump-off boundaries
for different ®@. The solid black lines correspond to the paths for the cases where only H

is controlled. The dash-dotted black lines correspond to the paths for the cases where
only ¥V, is controlled. When R, E, y,,, 0, Ay, V, are fixed and only H is varying, the
system condition moves along one of the solid black lines according to the values of y

and H. When H is very large, the interface achieves a non-contact equilibrium
configuration. As H decreases, the system condition moves upward along the line

specified by the value of y. When it reaches the jump-on boundary, the interface comes

into contact. If H~ decreases further, the contact region grows. If H increases, the contact
region shrinks and the system condition moves back along the line. When it reaches the

corresponding jump-off boundary (depends on the value of @), the surfaces separate.

Similarly, when R, E, y,,, 6, Ay, H are fixed and only V, is varying, the system
condition moves along one of the dash-dotted black lines according to the values of u
and V. Whenever the jump-on boundary is reached from the non-contact side, the

interface comes into contact, and whenever the jump-off boundary is reached from the

contact side, the interface gets out of contact.

4.2 Critical Values of Changing Variables at Jump-on and Jump-off

From Figure 4.1, one can clearly see the paths passing through the boundaries. The

intersections of the path and the boundaries define the critical values of H  or V' at

jump-on and jump-off for certain y or s’. These critical values can be easily extracted
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from Figure 4.1. For convenience in analyzing certain effects, another non-dimensional

system is adopted, which is similar to that commonly used in the studies of contact. A

new dimensionless minimum rigid surface separation H as

H Wy 1/3 1 1/3
H = — :(—j :( Zj (4.2.1)
2 r TH'
, [cosé, +cosb,
Rypw|———
2
12

E

and a new dimensionless liquid volume, V, as

v = 0 i :(Fj :( 1:2 J (4.2.2)
RSy cosd, +cosb,
Vv 2
EV4

The variations of critical H#  with y, and the variations of critical ¥, with 4’ are shown

in Figure 4.2 and Figure 4.3, respectively.

It can be seen that, for the cases where H is varying, the situation is relatively simple.
For certain @, there is one critical A at jump-on and one critical H' at jump-off for any
given value of y which satisfies y >1.84x107°(® +0.054)7. The critical A  at jump-
on is always smaller than the critical H' at jump-off. For these combinations of ® and
7, the interface will jump into and out of contact with a finite area, and once the jump-

on occurs, in order to separate the surfaces, one has to pull them further away from the

jump-on H, meaning there is a hysteresis or energy dissipation in this process. When

7 <1.84x107° (CD + 0.054)_2 , the jump-on and the jump-off curves merge in Figure 4.2.
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Figure 4.2 The critical values of H at jump-on and jump-off as a function of y. The

red curve is the jump-on condition. The blue curves are the jump-off
conditions for different @, from top to bottom, @ =20, 10, 5,1, 0.1, 0.

The above equation can be derived from equations T, (¥) = 0.03007¥"**> +0.01336 and

¥ (D) =33.25+1083.40D +9938.64D° (see section 3.3), but was obtained by direct
curve fitting with an error less than 4%. For any given value of y in this region, there
will be no jump at the interface. The surfaces get into and out of contact smoothly

through a point contact configuration. No hysteresis appears. The critical values of H

shown at these values of y correspond to the moment when an equilibrium point contact

configuration is assumed at the interface. The above results are supported by some
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experimental observations. Both Christenson'*”! and Maugis!*’! have reported that for

small liquid annuli the jump apart occurs with the surfaces still flattened, but for large
menisci the separation of the two solids occurs after a point contact.

Looking at the jump-on curve (red curve in Figure 4.2), we can see that the curve
tops at y =0.04577 and H =2.7956 (corresponds to H = 1/% =1.0000). When y is

larger or smaller, the critical value of H at jump-on decreases. Therefore, the interface

with y =0.04577 is the most susceptible to the jump-on instability. In Figure 4.2, the
linear part of the jump-on curve at large y can be fitted by H'=2.2734""* with
relative error less than 3%. Therefore, when y —> o, H — 0. If we take y —> oo as the
result of ¥, — 0, this means that in dry contact the two surfaces jump into contact at zero

interference (H = 0). The prediction agrees with the JKR model****.

The jump-off condition is shown as the blue curves in Figure 4.2. Each of these

curves is associated with a different value of @. For any given ®, first the critical value of

H' at jump-off increases quickly for small values of y which are just above the value of
1.84x107°(d +0.054) . Soon the curve reaches a peak and then drops a little and
plateaus afterward for relative large y. When @ increases, the curve shifts up and the
peak moves toward lower y. The jump-off values of H at large values of y (the
plateau height) can be fitted by H =2.62 1((D +1)2/3 with an error less than 3%. If we

substitute for A , the jump-off values of H at large values of y is given by

RAy?
2

E

1/3
H :1.651[ J . The equation can be taken as an estimation of the jump-off
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separation for dry contact. It is close (within 3% relative error) to the JKR prediction of

dry-contact jump-off displacement for fixed-grips device!**,

5:_]_[:_3 2/3 (RA72J1/3_

which gives

4 E?

For the cases where ¥, is varying, the situation is complicated. First, from Figure 4.3,

[15,16]

it can be seen that, as revealed by the studies on fly/stiction phenomenon , changing

V, surely can cause instability at some interfaces. Given @, for any given value of z’ in

10
; »
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L 4’.'--.-::::::.:.-_::::—4—7(
. il _.-—-""—-.__-._-.-_/9(
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Y ( (’ vl ]
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Figure 4.3 The critical values of V, at jump-on and jump-off as a function of z’. The

red curve is the jump-on condition. The blue curves are the jump-off
conditions for different @, from left to right, ® = 20,10, 5,1, 0.1, 0.
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the range of 0.04577 < u* <1.872(® +0.0577)**, there are two critical values of V, for
jump-on and one critical value of ¥, for jump-off. For moderate liquid volume ¥, which

makes ¥, in between the two jump-on values, the interface is unstable with any non-
contact configuration and hence must collapse into intimate contact. For smaller or larger
V, which is out of the region between the two jump-on values, the interface will not

collapse if it was initially out of contact. In this range of 4, the jump-off value of V, is

larger than both of the two jump-on values of V, . So, even though the interface may be

caused to collapse by increasing or decreasing the liquid volume V,, depending on the
initial liquid volume in the interface is small or large, there is only one way to separate

the contacted surfaces by increasing the liquid volume ¥V, until it reaches the jump-off

value of V.

When 2 >1.872(d +0.0577)**, the jump-off curve merges with the higher branch
of the jump-on curve. Again, the equation is obtained from direct curve fitting with an
error less than 6%. For any values of these 1, if the initial liquid volume ¥, in a non-
contact interface is very small, the interface is still going to jump into contact when V,
increases and reaches the lower jump-on value of ¥, . However, the critical ¥, shown on
the high branch is now corresponding to the one at which the interface going through an
equilibrium point contact configuration. Therefore, if the initial liquid volume V, in a
non-contact interface is very large, when V, decreases and reaches this value of ¥, the
interface will smoothly come into contact through an equilibrium point-contact

configuration and no jump is going to happen. Once the interface is in solid-solid contact,

no matter how it gets there, through a jump or a smooth transition, there will not be a
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jump-off behavior. When the liquid volume ¥, is increased in order to separate the

surfaces from contact, the interface configuration will gradually evolve and reach a point-

contact equilibrium at the high branch critical value of ¥, and then separate.

For small values of 4’ which satisfy x° < 0.04577, there is no jump-on value of V.
This means that if the interface is initially non-contacted, it will remain non-contacted

and never collapse no matter how the liquid volume V, in the interface changes. For 1’
in the range of 0.04577(® +1)~ < 1’ < 0.04577, there is at least one jump-off value of
V. This means that if the interface is initially in contact, it will jump out off contact at

these values of ¥, . The situation can be achieved if the presence of liquid in the interface

occurs following the presence of solid contact, such as with liquid condensation around
the contact zone. Even though our analysis assumed a pre-existing liquid bridge, in the

calculations it was found that there is only one equilibrium contact configuration for a
given condition specified by a set of #° and V,. Once 4’ and V, are given, the
equilibrium contact configuration is set. The interface is indifferent as to when the liquid
is introduced. So, the analysis is applicable to these situations with later-introduced liquid
in the interface. When z° < 0.04577(® +1)~, there is no critical value of ¥, associated
with any kind of contact/non-contact transition. The interface is always free of contact. It
is impossible to achieve an equilibrium contact configuration for these values of z°.

Figures 4.2 and 4.3 provide some valuable information for understanding and
preventing fly/stiction failure in hard disk interface. According to Gui and Marchon!"),
the fly/stiction phenomenon is related to the collapse of the head-disc interface, triggered

by the excessive accumulation of the liquids in the interface. Unlike the normal stiction
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values, fly/stiction values exhibit a unique bi-modal distribution (Figure 4.4). In Figure
4.3, one can clearly see the collapse of the interface at some values of z°, caused by

varying liquid volume in the interface. Since the liquid transfer at the head-disc interface

is a random process and occurs in both directions, jump-on may randomly occur at the
high jump-on ¥, or the low jump-on ¥, . After jump-on, i.e., the collapse of the interface,

if we start to pull off the head, the interface then goes through a process with fixed liquid
volume and changing H. Because the interface may have a high volume or a low volume

of liquid after jump-on, it may precede on a path with a small value of y or a relatively
large value of y. In the next section, it will be shown that different paths lead to different

pull-off forces. And this may be the reason for the bi-modal distribution of the fly/stiction

total sample size: 226 head/disc pairs
50% MR heads/laser textured media

Frequency (%)

0 50 100 150 200 250

Stiction Force (mN)

Figure 4.4 The bi-modal distribution of fly/stiction values. The forces were measured
after 18-hour on-track flying in the data zone plus 2-hour rest dwell in the
laser texture zone. Bump height = 20 nm, lube thickness = 2.5 nm. (Copy
from Gui and Marchon!", 1998).
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forces. To prevent fly/stiction, one can try to make z° less than 0.04577 by changing R,
E, y,,, 6 and H, which means carefully choosing the size of the crown on the head,

the head/disk material, the lubricant, the shape and the height of the laser texture in the

landing zone. Alternatively, one can try to control the amount of the liquid at the head-

disc interface and let the volume vary in a safe region, say, beyond the high jump-on V.

4.3 Evolution of the Interface Configuration for Controlled H

From Figure 4.1, one can see that when the interface condition lies below the
corresponding jump-off condition, the interface assumes an equilibrium configuration
without solid-solid contact. When the point lies above the corresponding jump-on
condition, the interface assumes an equilibrium configuration with solid-solid contact.
When the point lies in between the corresponding jump-on and jump-off conditions, the
equilibrium configuration of the interface depends on the history of the interfacial
evolvement; that is if the interface was out of contact before it reaches the point, it will
remain out of contact whereas if the interface was in contact before it reaches the point, it
will remain in contact. As the system condition moving along a certain path, the
equilibrium configurations of the interface can then be easily found out by computing I,
¥, ©, using the methods shown in section 3.1 or 3.2. In order to see the evolution of the
interface configuration, radius-approach curves, load-approach curves and the change of

interface profiles are shown in Figures 4.5-4.11 for some cases with controlled H.
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New dimensionless quantities are used to reflect the variations of corresponding

dimensional quantities. The new dimensionless equilibrium wetted radius, b;q is defined

as

: b .
b, = & 5 =b, 70w (4.3.1)

eq
RZVux(COS 0, -; cos 6, j

I

The new dimensionless equilibrium contact radius, a,, is defined as

, a .
a, = =1 0 =a€ql""”6‘1’2/3 (4.3.2)

eq
RZ}/LV(COS o, —|2— cosd, j

£

The new dimensionless adhesion force, F,, is defined as

F, 1w

F = = —F 433
4 27Ry,,(cosf, +cosh,) 4n Jro ( )
where
* _ FA _ x 2 * 1 * % *
T b, A, | 27 p’ (r)dr (4.3.4)
The new dimensionless radial position, ', is defined as
r= - 7y =r b, Y (4.3.5)
2 cos6, +cosb,)
R yLV T~
2
z

The new dimensionless gap, / , is defined as
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h . \P 1/3
h'= — = (—j (4.3.6)

» [ cosé, +cosb, I
Ry.y T,

2

E

These new dimensionless quantities are proportional to the corresponding dimensional

ones.

eq

_05 I I I I I I
-1 0 1 2 3 4 5 6

Figure 4.5 Effect of y on the variation of wetted radius b;q with the original

separation H .
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From Figures 4.5-4.8, one can see that the wetted radius and contact radius increase

as the solid bodies approach. The load-approach curves in Figures 4.9-4.10 reaches a

maximum tensile force at some positive H and the tangents to the curves become

vertical at jumps. Jumps and hystereses are clearly shown in the figures. Changing y or

@ affects the jumps and the hystereses. For the cases shown in the figures, it can be seen

that as y or @ decreases, the hystereses decrease, indicating less energy dissipation.
However, to fully investigate the effect of y and @, more cases need to be studied. This

will be done in the future.

Il
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1

Figure 4.6 Effect of ® on the variation of wetted radius b;,q with the original

separation H .
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Figure 4.7 Effect of y on the variation of contact radius a'eq with the original

separation H .
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Figure 4.8 Effect of @ on the variation of contact radius a;q with the original

separation H .
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Figure 4.9 Effect of y on the variation of adhesion force F, with the original
separation H .
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Figure 4.11  Evolution of the interface profile as the original separation H changes.

4.4 Pull-off Force

The pull-off force is a measure of interfacial adhesion, and is sometimes called the
force of adhesion. It is the adhesive force measured at the point of separation of two
joined surfaces. It is also the maximum tensile force that the interface can sustain. In dry
contact, there is no ambiguity about the separation of the solid bodies, which is the
contact/non-contact transition. But in wet conditions, the concept of separation may cause

confusion. As pointed out in section 4.2, for small liquid annuli the separation occurs
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with the surfaces still flattened, therefore the separation of the solid bodies coincides with
the contact/non-contact transition. However, for large menisci the surfaces get out of
contact after a point contact configuration, but the liquid bridge remains, and the final
jump-apart of the bodies corresponds to the instability of the liquid bridge. Clearly, it is
not the contact/non-contact transition any more. Since the instability of the liquid bridge
is not within the scope of this research, the contact/non-contact transition is always
chosen as the separation of the solids in this study, and the pull-off force is defined as the
equilibrium adhesive force achieved at the interface immediately before the surfaces get
out of contact. This pull-off force may be different from that measured in experiments
when the liquid meniscus is large and the jump-apart of the bodies is due to the collapse
of the liquid bridge.

For a given set of condition of the interface, we can find the corresponding jump-

off value of A and the equilibrium configuration a, b and Ap right before jump-off. The

pressure distribution at this equilibrium can then be determined from equations (2.3.10)-

(2.3.12) using the equilibrium parameters. And the pull-off force, F,, can be computed
from

F, = [ 22p(r)dr (4.4.1)

The dimensionless pull-off force, F p , may be defined as

* Fp % 2 « 1 £k *
Fy == b, A, Lzﬂr P (r)dr (4.4.2)

The dimensionless pull-off force can be computed for any given set of ® and y. In order

to compare with others’ results, an alternative method of scaling is adopted. The new

dimensionless pull-off force is defined as
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i . N ,[127z7f* (r)ydr
P 27Ry,,(cosf +cosl,) 4rx \/f eq Bl p

1 ¥ _.
— Fp

C4n T

(4.4.3)

where the value of ¥ and I' can be computed from y and the corresponding jump-off

value of H . Figures 4.12 and 4.13 show the values of F;; as a function of y for ® =0

and @ =1, respectively. In order to see the effect of liquid volume, F p is plotted vs.

-2/3

4

0.3 L L L L L
0 5 e 0 100 200 300 400 500 600

0.47 D = Ay 1=0 | 1

- ¥,y (cos 8, +cos 8,) -

0.3 : :
0 5 10 15

-2/3 x 10

Figure 4.12  The dimensionless pull-off force, F 1; , as a function of y " for ®=0.

The inset is a zoom-in figure showing the variations F, at small y"*.
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Figure 4.13  The dimensionless pull-off force, Fp' , as a function of " for ® =1.

The inset is a zoom-in figure showing the variations F, at small y"*.

From the figures it can be seen that when the liquid volume in the interface is large,
F p' =1, i.e., the pull-off force is equal to 27Ry,, (cosé, + cosd,), which is the Laplace
pressure force between two rigid bodies!*®. The contribution of the solid-solid interaction
can be neglected; the capillary force completely determines the interfacial adhesion.
When the liquid volume in the interface goes to zero, F p approaches 0.4221 for the case
with @ =0 and 0.8219 for the case with ® =1. Thus the pull-off force is

0.84427Ry,,(cosf, +cos6,) when @ =0 and 1.64387Ry,, (cosf, +cosd,) when © =1.
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Recalling that y,,(cos@, +cosb,) = (<DA7 0 these results yield a pull-off force of
+

0.84427RAy for ® =0 and 0.82197RAy for @ =1. It is noted that the JKR model for

dry contact predicts a pull-off force equal to %7ZRA]/ in a fixed-grips analysis®*],

Considering the error in the calculation, the present values are very close to the JKR
prediction. Therefore, one can say that, at dry contact, the pull-off force can be predicted
by the JKR model. When ® =0, as the liquid volume increases, the pull-off force
increases from the JKR prediction at dry contact limit to the Laplace pressure force for
rigid spheres at large liquid volume regime. When @ =1, the pull-off force first increases
then decreases with increasing liquid volume, but still approaches the JKR prediction at
dry contact limit and the Laplace pressure force for rigid spheres at large liquid volume
regime.

On the curves in Figures 4.12 and 4.13, there is a jump in F;; at
7 =184x10"° (q) + 0.054)72 . This effect becomes clearer when ® getting larger. This is a
result of the sudden change of the contact radius at separation, because the surfaces jump
out of contact from a finite contact area when y >1.84x107°(d +0.054)” and go
through a point contact when y <1.84x107° ((D + 0.054)72 .

Figure 4.14 show some experimental results of the pull-off forces between two

crossed mica cylinders measured by Christenson'*'). In the figures, F , / 47R 1is plotted as

a function of the relative vapor pressure. For the same liquid, according to Kelvin
equation (equation 1.2), a higher relative vapor pressure means a larger Kelvin radius, 7, ,

and hence a larger liquid volume V,. When the contact angles at the two surfaces are
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Figure 4.14
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Measured pull-off force as a function of the relative vapor pressure. (a)
Water with normal mica surfaces. (b) Cyclohexane. Open circles were
obtained using a leaf spring and solid circles with a double cantilever
spring. The dashed line corresponds to the bulk surface tension of water.
The dashed line corresponds to the bulk surface tension of liquid (72
mN/m for water, 25 mN/m for cyclohexane). (copy from Christenson'*",

1988).
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same, the rigid Laplace pressure force equals 47Ry,, cos@ where 6 =6, =0, . If the
pull-off force equals to this rigid Laplace pressure force and the contact angle € is close
to zero (for the liquids in the experiments 6 is less than 2°), F, / 47R gives the surface
tension of the liquid, which is shown as a dashed line in the figures. The open circles in
the figures are the forces measured with a leaf spring. The closed circles are the results of
an experiment using a double cantilever spring, and are believed to be a better
measurement of the pull-off force. The results in Figure 4.7(a) are for water with normal
(potassium) mica surfaces, and the results in Figure 4.7(b) are for cyclohexane. It can be
seen that for both liquids, in the large-liquid-volume regime as the relative
pressure p/p, — 1, the pull-off force is as expected from the Laplace pressure in a
capillary-condensed annulus around rigid surfaces. When normalized by 47zR (right-hand
ordinate) it is only slightly larger than the bulk surface tension of the liquids. In dry

contact at p/p =0, F B /47zR is around 55 mN/m in both Figure 4.7(a) and Figure
4.7(b), i.e., the measured pull-off force for dry contact is F, =2207zR (mN). Since the

JKR prediction for a fixed-load device, such as the surface force apparatus(SFA) used in

this experiment, is %ﬂ'RA}/ . Fitting the measured pull-off force with the JKR prediction

gives a value of Ay around 146 mN/m for the mica surfaces. Therefore, the value of @
for the system with water (Figure 4.7(a)) is close to zero, and the value of @ for the
system with cyclohexane (Figure 4.7(b)) is close to two. According our theory, the pull-
off force for should increasingly approach the rigid Laplace pressure 4zRy,, cos@ the

system with water, and decreasingly for the system with cyclohexane. The experiment

data confirms these trends. So qualitatively the theoretical predictions are in good
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agreement with the experiment results. Unfortunately, we cannot quantitively compare
our fixed-grips prediction with the fixed-load experiment results. In order to do that, one

has to plot the whole load-approach curve (F, vs. H) to get the fixed-load predictions for

various conditions. That will be done in the near future.

4.5 Conclusions

The approach and detachment processes of two elastic spheres in the presence of a
liquid bridge were studied with the theory presented in Chapter III. Critical values of the
control variables at jump-on and jump-off were found. The pull-off force was calculated
as a measure of interfacial adhesion. The results were compared with existing
experimental data on crossed mica cylinders. The following conclusions can be drawn:

1) The approach and detachment of the surfaces can practically be achieved by
varying H or V.

2) In the cases where H is the only variable at the interface, when

) [cos 0, +cosb,
2

E'2V3/2

2
j R5/2
¥ = >1.84x107° (d) + 0.054)72 , the interface jumps into and

out of finite contact; when y <1.84x107°(®+0.054)”, the interface smoothly comes

into and out of contact through a point contact.

3) The interface is the most susceptible to the jump-on instability at y =0.04577 .
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4)  For dry contact, the surfaces jump on at H =0 and jump off at

RA 2 1/3
H=1.651( 7} .

2

E

5) In the cases where V, is the only variable at the interface, when
0.04577 < 1° <1.872(® +0.0577)°" | the interface may jump on with a low liquid
volume or a high liquid volume. And this may be the reason for the bi-modal distribution
of the fly/stiction force.

6) When 1’ < 0.04577, varying ¥, will not cause the interface collapse, and thus

fly/stiction can be prevented.
7) The pull-off force at the interface transitions from the JKR prediction (%ﬂRA]/) to

the rigid Laplace pressure force (27Ry,, (cosé, + cosé,)) as the liquid volume increases

from zero to a large value.
8) The theoretical predictions of jump-on and jump-off displacements and pull-off

force at dry-contact limit are in good agreement with JKR model.
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CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

The interaction between two elastic bodies coupled via a small liquid bridge was
investigated. Geometries of two half-spaces and two sphere contact were considered.
Stable equilibrium configurations were determined, and the mechanical stability of the
interface was examined. Jump-on and jump-off conditions were determined. The theory
was then applied to study the approach and detachment processes of two elastic spheres
in the presence of a liquid bridge. Critical values of the control variables at jump-on and
jump-off were found. The pull-off force was calculated. The results provide valuable
information on the fly/stiction phenomenon in HDI, and qualitatively agree with
experimental results on crossed mica cylinders. From the analysis, the following
conclusions and recommendations can be drawn:

1) The interaction between two elastic bodies coupled via a small liquid bridge is

2
»( cosB, +cosé
- (lzj v,

. : 4
governed by three dimensionless parameters: I' = > 2 S , VW=""o=="—
E"|H] RiH|
and @ = Ay —1, or alternatively, by combinations of these three. For
7,y (cos, +cosb,)
9 6 2 1/3
cosd, +cos
s RVLVZ(IZ]
2 . .
example, i = (—j = T is often a convenient replacement to
¥ E|H|
I.
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2) For positive H, the size of the liquid bridge determines the manner by which the
interface goes into and out of contact. When ¥ < 33.25+1083.400 +9938.64D7 , the
interface jumps into and out of finite contact, and the jumps are the origin of adhesion
hysteresis; when ¥ >33.25 +1083.40D + 9938.64® 7, the interface comes into and out of
contact smoothly through a point contact. When I' >0.03007%'**” +0.01336 , the
interface can only achieve stable equilibrium configuration with solid-solid contact; when

[ <c (D)¥P** +c,(D)Y, the interface can only achieve stable equilibrium configuration

without solid-solid contact; when ¢, (®)¥** +c,(®)¥ <T < 0.03007¥"** +0.01336,
the equilibrium interface configuration depends on the history of the interfacial
evolvement, i.e., if the interface was non-contacted before it reaches the current condition,
it will remain non-contacted and if the interface was contacted before it reaches the
current condition, it will remain contacted.

3) In the case of solid-solid contact, for given ¥ and ®, the equilibrium contact
radius continuously transitions from a pre-JKR radius at small values of I (large positive
H) to a JKR radius at ' = (H =0) and then to a Hertz radius at I' =0 (large negative
H). Increasing ¥ or decreasing @ shrinks the near-JKR region, i.e., makes the pre-JKR

radius and the Hertz radius appears at relative higher value of I" (corresponding to smaller
|H | ). A similar transition exists in the contact profile.
4) The approach and detachment of the surfaces can practically be achieved by

varying the rigid surface separation, H or the liquid volume, V. In the case of varying H,

the interface is the most vulnerable to the jump-on instability at y =0.04577. And for

2

2 1/3
dry contact, the surfaces jump on at H =0 and jump off at H =1.65 l( RAY J . In the
E
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case of varying V,, when 0.04577 < 1° <1.872(® +0.0577)** , there are two critical
values of ¥, for jump-on and one critical value of ¥, for jump-off; when z° < 0.04577,

varying V, will not cause the interface collapse.
5) The fly/stiction phenomenon can be related to the interface instability caused by
the change of ¥, and should be prevented by choosing the size of the crown on the head,

the head/disk material, the lubricant, the shape and the height of the laser texture in the
landing zone to make g’ less than 0.04577, or by controlling the amount of the liquid in

the head-disc interface to let the volume varying in a safe region beyond the high jump-

on value of V.

6) The pull-off force at the interface changes from a JKR prediction at dry contact to
a rigid Laplace pressure force at large liquid volume.

7) The theoretical predictions at the dry-contact limit are in good agreement with the
JKR model.

This study represents a fundamental study of the interaction between two elastic
bodies with an intervening liquid bridge. Surface roughness is not considered in the
model even though it can play a significant role in adhesion. Nevertheless, the study may
still have some practical value. For example, if the surface roughness is small compared
to the nominal surface separation, its presence will not significantly alter the non-contact
equilibrium state nor the jump-on condition. Only when the interface collapses, will
asperity contact significantly influence the resulting adhesion forces and the jump-off
condition. Meanwhile, one may apply the present theory to each liquid meniscus and

asperity contact, and thus extend the theory to rough surface interaction.
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Another issue that is not considered is the stability of liquid bridge. One can see
from the Laplace-Young equation that when the radii of meniscus curvature are very
small, the pressure drop across the meniscus can be very large. For example, water in a
100 nm gap will create 1.5 MPa pressure drop. In this case, the liquid in the bridge is
under large negative pressure. Cavitation may occur at this situation, making the present
analysis invalid. However, experiments on crossed mica cylinders”®” obtained small radii
of meniscus curvature down to 1-2 nm without cavitation. The tested surfaces are atomic
smooth and the liquid annulus is formed by condensation. Lacking of the heterogeneous
nuclei may be the reason of the absence of cavitation. For rough surfaces and regular
lubricants, the cavitation condition needs to be determined and incorporated into the
theory.

In general, since many assumptions and simplifications were made in the analysis,
the validity of the theory needs to be verified. Even though it has been shown that the
theoretical results are qualitatively in agreement with some experimental data in the
literature, direct quantitative comparison should be done in the future.

As a summary, the following future work is recommended:

1) Incorporation of the effect of surface roughness,

2) Incorporation of the stability of liquid bridge,

3) Experimental verification of the theory.
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