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SUMMARY

Take a soap film or other capillary surface that spans a fixed boundary at one end of
a container and bounds the volume inside. If you increase the pressure in the bounded
volume the soap film will expand outwards into the unbounded volume. In the absence of
gravitational effects, if the boundary of the soap film remains stationary then the film will
be a constant mean curvature surface at each point in time during the expansion.

We model this process mathematically as an inflation, a one parameter family of con-
stant mean curvature surfaces with the same boundary and with increasing bounded vol-
ume. Such families have been shown to exist as graphs over planar domains. However, this
places an artificial restriction on an inflation as not all constant mean curvature surfaces can
be represented as graphs over a plane.

We avoid these restrictions by using an alternative representation of the surfaces. Specif-
ically, we consider surfaces as graphs, not over a planar domain, but over a known nearby
constant mean curvature surface. In so doing we prove the existence of new constant mean

curvature surfaces beyond the limits of previous approaches.
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CHAPTER 1
BACKGROUND AND INTRODUCTION

1.1 Background

Soap films and soap bubbles have long been a topic of mathematical research [1, 2, 3, 4,
5]. These soap films tend to minimize total internal energy. When gravitational effects are
negligible this is realized by minimizing surface area subject to their boundary and volume
constraints.

Without volume/pressure constraints soap films form minimal surfaces with everywhere
zero mean curvature. Finding such surfaces is the object of the Plateau problem and its vari-
ants. When volume and/or pressure constraints are present, however, variational arguments
can show that to remain area minimizing soap films must have constant mean curvature
[6, 7]. Models in physics also demonstrate that the mean curvature is proportional to the
difference in pressure between the two separated volumes, as shown by Young and Laplace
in 1805 [8, 9].

Soap films that span a given boundary and separate volumes of different pressures are
realized mathematically as constant mean curvature surfaces with boundary. Such sur-
faces have often been studied in the context of graphs over a planar domain [10, 11, 12].
Existence and uniqueness results have been proven in this framework for a large class of
domains, so long as the surfaces in questions can still be represented as graphs. However,
constant mean curvature surfaces that bound larger volumes are typically not planar graphs.
This leads to an artificial restriction to this approach as boundary gradient values of con-
stant mean curvature graphs will approach infinity as the contained volume increases (See
Appendix A of [12]).

Our approach to this problem is to represent the surfaces in question as graphs, not



over a planar domain, but over a nearby constant mean curvature surface with the same
boundary. This allows a local reparameterization that eliminates boundary gradient blow-
up. In this way we are able to ‘push-off’ from a surface close to a gradient blow-up found
using previous approaches and demonstrate the existence of new constant mean curvature
surfaces with boundary that are not planar graphs. This builds on the techniques of [13, 14,
15, 16].

As our primary application of this technique we consider the physical situation of a
planar soap film spanning some fixed boundary, such as a bubble wand. Increasing the air
pressure on one side of the film will cause the soap film to expand towards the other side.
At each point of the expansion the soap film will remain a constant mean curvature surface
with mean curvature proportional to the difference in pressure (Laplace pressure) across
the soap film.

We can represent this situation mathematically as an inflation: a smooth, one param-
eter family of constant mean curvature surfaces with the same boundary with increasing
bounded volume. Inflations of planar domains are known to exist so long as the constant
mean curvature surfaces are planar graphs [12]. The techniques of this paper are able to

extend inflations of planar domains beyond this limit.

1.2 Previous Results

In this section we review what previous results are known about inflations. These results
are found in [12].

Starting with a smooth, connected, planar domain D we may consider the boundary
value problem for graphs over D with constant mean curvature and satisfying a zero Dirich-
let boundary value condition on dD. Such graphs are known to exist so long as the pre-
scribed constant mean curvature is not too large. In addition, these graphs depend smoothly
on the prescribed mean curvature H € [—H,4, Hynao) and foliate the volume enclosed be-

tween the graphs of constant mean curvature +H,,,,,.



One can obtain from among these graphs of constant mean curvature a unique smooth
one parameter family of graphs with the mean curvature H as the parameter. There is in
fact a unique smooth such family containing all constant mean curvature graphs over the
domain D. Let Vj; be the volume enclosed by the graph of constant mean curvature /1 and
the planar domain D. Then Vj is monotone over [—H pqz, 0]t if —H o < Hy < Hy <0
then Vi, € Vi, and Vi, € Vi,

For |H| < H,p,. each graph solution has globally bounded gradient on D. For |H| =
H,,.. the corresponding constant mean curvature graph has locally bounded gradient on
the interior of D, but is unbounded on dD. This occurs when the inflating constant mean
curvature surfaces become perpendicular to the plane of D at some point of 9D.

We show in this thesis that if D is not a circular disk the smooth inflation family can
be extended beyond H,,,, if additional surfaces which are not graphs over D are allowed.
In the case of a circular disk, an explicit such family of surfaces is known (see Chapter 2).

Additionally we show the same volume enclosing, nesting, and foliation properties hold

for the extended inflation family of (non-graph) surfaces.

1.3 Statement of the Main Theorem

We now give an outline of our main results. The following hypotheses will be made rigor-
ous in Chapter 3. Let M be an embedded constant mean curvature surface (cmc surface)
of mean curvature H,; with boundary M such that M is compact. Let v, be the Gauss
map of M and consider ¢ some scalar function on M. We let N = I' (M), the graph of ¢

over M. Here I',, : M — R3 is given by

Fcp(x> = x + vy (%) p(x).

Let ‘H be the mean curvature operator for the graph of . Our goal then is to solve the



Dirichlet boundary value problem

©lovr =0

Remark 1.3.1. Note that H is the mean curvature equation for graphs over the constant

mean curvature surface M. This is not the commonly seen mean curvature operator,

Du
Mu=div| — ),
(\/1 —|—Du2)

which only applies to graphs over planar domains.

Theorem 1.3.2 (Main Theorem). Let M be a smooth constant mean curvature graph over a
planar domain D where OM = OD. If M is not a half-sphere then for all ¢ > 0, sufficiently

small, the Dirichlet boundary value problems

@lorr =0

both have unique solutions in CP*%(M).

This result also applies to graphs with infinite boundary gradients, the limit case of the
planar graph approach. In this case one of the two solutions will describe a constant mean

curvature surface with the same boundary as )/ that is not a graph over a plane.

1.4 Outline of the Proof
We are interested in the boundary value problem

¢lorr =0
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for ¢ € CP*2(M), where Hy is a constant near H ;. The graph over M of a solution to
this problem provides the constant mean curvature surface N as described above.
This differential equation is well known [15] to separate into zeroth, first and higher

degree terms as

2Hy = 2Hy — (=L — |An [P + Qly).

To solve this differential equation we use the Fredholm alternative to show that the linear
operator L = —/A\y; — |Ay/|? is invertible, and that the inverse operator L~! is continuous.
But as —L is the Fréchet derivative of n’H at ¢ = 0, this allows us to apply the inverse
mapping theorem to nH near ¢ = (. We then find the solutions to the boundary value
problem as

p = (nH)"'[nHy]

for nHpy near nH,y.

1.5 Outline of the Paper

We begin by looking at the example of a circular planar domain in Chapter 2 and discuss
the maximum Laplace pressure problem. Chapters 4 and 5 discuss the linear operator L
and prove it’s solvability under certain conditions. In Chapter 6 we complete the proof of
a generalized form of our main theorem, while in Chapter 7 we demonstrate its application
to cmc graphs over planar domains and get our first new cmc surfaces. Finally in Chapter

8 we discus some results for inflations of general domains.



CHAPTER 2
MAXIMUM LAPLACE PRESSURE AND CIRCULAR DOMAINS

2.1 Laplace Pressure and Mean Curvature Extrema

Consider a planar wire-frame spanned by a flat soap film in the same plane. This surface
has constant zero mean curvature corresponding to the zero Laplace pressure (pressure
differential) across the film. Now consider what would happen as we begin to increase the
volume bounded by the soap film, say by sealing one side and pumping air in. At first we
expect to see the Laplace pressure and mean curvature to increase as the bounded volume
increases. There will, however, be a point after which pumping in more air to the bounded
side will actually decrease the Laplace pressure. When the bounded volume becomes truly
large, the shape of the soap film will approach a large sphere attached to the wire-frame
on one side. As the volume and radius of this ‘sphere’ increases, its mean curvature (= %)
must decrease, asymptotically approaching zero at infinite volume.

For all soap films the Laplace pressure across the film is proportional to the (constant)
mean curvature its surface [9]. Thus the soap film of maximum Laplace pressure coin-
cides with the constant mean curvature surface of maximum mean curvature (or minimum
depending on orientation) for its fixed boundary. Specifically, for each sufficiently smooth
simple boundary curve we expect to find a one parameter family of constant mean curvature
surfaces that include the surfaces of maximum, minimum, and zero curvature, correspond-
ing to maximum, minimum, and zero Laplace pressure respectively. Chapter 8 contains

results from the present work on this problem, and conjectures for further research.



2.2 A Look at Circular Domains

In the statement of our main theorem we have excluded the case of a half-sphere over a
circular domain. This is because the constant mean curvature surface of maximum Laplace
pressure with a circular boundary is the half-sphere of the same radius. (For non-circular
domains the maximum Laplace pressure is beyond the gradient blow-up of the planar graph
approach, as we show).

Consider, for example, a circular disk of R? embedded in R?,
B, = {(2,4,0) € R¥a® + 3 < r°}.

Then an inflation of B, is a one parameter family of spherical caps: For all ¢ € R there is a
sphere S, with center (0,0, ) of radius v/c2 4 72 that contains 05,. Taking the upper half
space (z > 0) portion of these yields a smooth family, S, of cmc surfaces with the same
boundary 9B,. With the addition of B, itself as S*__, this family can be parameterized by

V € [0, 00), the volume enclosed by S;” — B, given by

V, = g(vc? + 12 +c)* 2V + 12 —¢).



Figure 2.1: Volume as a function of ¢ (r = 1)

At the same time, however, the mean curvature of S is given by

-2
2H, = ——.
V2 +r?
1 .
2H.,
i C\
-2 —1 1 2

-3t

Figure 2.2: Mean curvature as a function of ¢ (r = 1)

This has a minimum value of —2 at ¢ = 0, V' = 27r®. Thus the maximum Laplace

pressure in the inflation of B, occurs at the half-sphere of the same radius as B,. Both

8



increasing or decreasing the bounded volume at this critical point will lead to a decrease in
the Laplace pressure. As the half-sphere can still be represented as a graph over the planar
domain B,, this special case must be excluded in the statement of Theorem 1.3.2.

It will be shown in Chapter 8 that this minimum of mean curvature corresponds to a

zero eigenvalue for the stability operator L. Indeed, L on the surface S, is given by

2
T Asgu 2+ r?
and has as an eigenfunction
z—c
u =
Va2 +y? + (2 — 0)?
with
Liul=—A 2
[u] == Agpu— ot
B 3(z —c) B 32+ + (2 —)?)(z —¢)
B R R CR 0 CE R PR e PR D
2(z—c¢) 2 z—c

(22 + 12 + (2 — ¢)2)3/2 22 \/x2+y2—|—(z—c)2

=0

since u(Z) = u(Z/||7]|) and 2% + y* + (2 — ¢)> = * + r? on S/, In particular if ¢ = 0
this is a Dirichlet eigenfunction with zero boundary values. We will see in Chapter 5 that
this implies the operator L : Cg+2(5_0+) — CP (S_(}L) is not invertible, and our argument
breaks down on S; the half-sphere. Inflations can still be obtained around extrema of
mean curvature in some cases (as we have for the half-sphere) but require conditions on the

kernel of L which are beyond the scope of this work [15, 17].



//.--'J' )

W

——

Figure 2.3: Inflation of a Circular Domain
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CHAPTER 3
BASIC NOTIONS

While our main theorem is applicable to graphs over planar domains, most of our results
apply to general constant mean curvature surfaces and we work in that framework. The

following notations and assumptions will be used throughout the work.

3.1 Hypotheses

Let M C R™"! be an n-manifold, a (hyper)-surface, with boundary M. We suppose that
M = M U dM bounded, compact, complete, connected, orientable, and embedded. We
also suppose that M and OM are of class C*°.

Let vy, (x) be the unit normal to M at z € M. Define I : M x R — R" to be the map
given by

(x,t) = x4ty (z).

Let dist(z, y) be the geodesic distance between x,y € M. Let 7i(z) be the unit exterior
boundary normal to M at z € OM. For all z € OM let ~, : [0,b] — M be the unit speed
geodesic in M of maximum domain such that v,.(0) = x and 7, (0) = —i. We extend this
map to 7, : [0,00) — M where 7, (t) = 7, (b) forall t > b. Define v : 9IM x [0,00) = M
to be the map given by

(@,t) = 7a(t).
These assumptions are well known to imply the following:

e The surface M satisfies an interior sphere condition at each point of 9M: For all
x € OM there exists y, € M and R, > 0 such that Bg_(y) = {z € M|dist(y, z) <
R,} C M and x € 0Bg,(y).

11



e The surface M has positive reach: There exists Ry, > 0 such that I' is one-to-one
when restricted to the domain M x [— Ry, Ryy]. Since M is C™ and compact, there
is a minimum value for the radius of curvature for geodesics on M. The bound R,
must be less than this minimum radius, but may need to be even smaller if T'(M, r)

is not an embedding for some r # 0.

e The boundary of M has positive reach in M: There exists Rgy; > 0 such that v is
one-to-one when restricted to the domain M x [0, Ryy,]. Similar to the above, there
is a minimum value for the radius of )/-geodesic curvature for geodesics on OM.
The bound Ryy; must be less than this minimum radius, but may need to be even

smaller if v(OM, r) is not an embedding for some 7 # 0.

3.2 Differential Operators

Suppose as well that M has everywhere constant mean curvature H,;. We describe the
differential operator that gives the mean curvature of graphs over M. To define a graph over
M we let p € CP*2(M) be a scalar function on M where p > 0. Define I', : M — R*!
to be the map given by

z— Tz, p(z) =2+ p(x)vy.

Then if ¢ = 0 on OM the surface N = I',(M) has the same boundary as M. For ||¢||p12 <
Ry, T'y is an injection and the mean curvature of N at I',(z) is well defined for all x € M.

We define the operator

nH : U — CP (M)

for

U={peC"?*M)|¢=00ndM,|¢|2 < Ru}

by setting #[¢](z) equal to the mean curvature of N at I',(x). This differential operator

12



separates into zeroth, first, and higher degree terms as

nH[e] = nHy — (—Ax — [Aul?)e + QL]

where H), is the mean curvature of M, /A, is the Laplace-Beltrami operator on M, and
Ay the second fundamental form of M (see Appendix A). Thus |A/|? is also the sum of
the squares of the principle curvatures of M. The linear operator L = —Ajy; — |Ay]? is
known as the stability operator for M [12, 17], see Chapter 8.

We are interested in the solutions of the Dirichlet boundary value problem

elom = 0.
Remark 3.2.1. This approach is a variation of the approach of Kapouleas. In [14, 15, 16]
he looks for solutions to a similar problem without boundary constraints. However, where
we have our base surface M as constant mean curvature and fixed, the base surfaces of

Kapouleas are explicitly constructed to be only nearly-constant mean curvature and must

be adjusted to arrive at the necessary inequalities.

We use the non-standard notation

CEAM) = {p € C*(M)NCO(M)|o = 0 on dM}

and

HE (M) = {p € H*(M)NC°(M)|p =0ondM}.

Under this notation L : C2™>%(M) — CP(M). We can also define the standard bilinear

form associated with L,

B : CPP2*(M) x CPP>*(M) — R.

13



For all u,v € CY>*(M), let

Blu, v] =(L[u],v) 2an)

I
ST

L{ulvdx

—(Apru)v — |APuvdr

—(V - Vu)v — |A|Puvdz
:/ Vu - Vv — |APuvdr — / vVu - nds
M oM

= [ Vu-Vv—|Auvdz.
M

Using this last equation as a definition for all u,v € H(M), the bilinear form B can
be extended to B : H}(M) x H}(M) — R. Note also that B is symmetric over both
CP> (M) and H} (M).

Since the second order terms of L are simply those from the symmetric Laplace-
Beltrami operator, we note that L is uniformly elliptic. Since M is C*°, the coefficients of
L are also C™ and bounded on M. The symmetry of B also implies that L : C2*>%(M) —
CP*(M) C L*(M) is formally self-adjoint:

(L{u],v) 2y = Blu,v] = Blv,u] = (u, L[v]) L2(a)

for all u,v € CET>*(M). Thus the eigenvalues of L are countably infinite, real, and
bounded below. The first eigenvalue is also known to be simple and have a positive eigen-

function [11, Theorems 8.37-38].

14



3.3 Solutions and Regularity

Given f € L*(M) we let f* € L?*(M)* denote its dual given by

fflv) = fudzx

M

forall v € L?(M). Then we say u € H} (M) is a weak solution to the Dirichlet boundary

value problem

Liu] = fon M
uw=0onodM

if for all v € Hg (M) we have

Because the coefficients of L are smooth we get greater regularity for weak solutions.

We will use the following regularity theorem from [18, Section 6.3.2 Theorem 6]:

Theorem 3.3.1. Let L' be a uniformly elliptic linear second order differential operator
with C*(M) coefficients. Then if f € C>°(M), OM is C=, and v € H}(M) is a weak

solution to the Dirichlet boundary value problem

L'ul = fon M
u=0onoM
then
u € C°(M).

Since L satisfies these conditions we will use Theorem 3.3.1 to show that weak solu-
tions are in fact C'* classical solutions. Specifically we note that Theorem 3.3.1 implies
that the eigenfunctions of L are in C*°(M).

We can also state a form of Theorem 3.3.1 with weaker hypotheses.

15



Theorem 3.3.2. Let L' be a uniformly elliptic linear second order differential operator
with C=(M) coefficients. Then if f € CP*(M), OM is C*, and w € HL(M) is a weak

solution to the Dirichlet boundary value problem

L'ul=fon M

u=0onoM

then

u e HEP?(M).

Also if p > 2 + n/2 then there exists « € (0, 1) such that

we CP>(M).

Proof. The first part of this theorem is equivalent to [18, Section 6.3.2, Theorem 5]. If
p > 2 + n/2, then the Sobolev inequalities imply that there exists « such that H (M) C
Cg’o‘(ﬁ). Then u is also a classical solution and by standard regularity theorems u €

CP>%(M), see [11, Theorem 6.19]. O

Remark 3.3.3. In their original sources the two regularity theorems above are stated in the
non-parametric realm of functions over a domain in R"™. These results are, however, well
known to extend to the parametric case of functions on a sufficiently smooth manifold. See

for example [19].
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CHAPTER 4
BOUNDS ON THE EIGENVALUES OF L

In this chapter we show when there exists a positive super-solution A to L the eigenvalues
of L are non-negative. If h is also non-zero on a boundary point of M then we show that
all eigenvalues of L are strictly positive. This result is an adaptation of the methods of [20]

to include boundary conditions.

4.1 A Proposition about Super-Solutions of L

Since the boundary of M has positive reach in M there is some 29y, > 0 such that the map
v 1 OM x [0, Rgpns] — M is a one-to-one diffeomorphism. Thus we can also define 7 :
Y(OM % [0, Rons]) — OM to be the boundary projection x — y where ~, (dist(z, OM)) =

x. For ease of notation we also define on the same domain the unit vector field
U(2) = Yo (dist(z,0M)) € T, M.
We first prove a proposition concerning super-solutions of L that will be used later. We

will use the following version of the Hopf boundary point lemma [11, Lemma 3.4]:

Lemma 4.1.1 (Hopf Boundary Point Lemma). Suppose that L is a uniformly elliptic linear

differential operator and that L'[h] > 0 on M. Let xo € OM be such that
e h is continuous at x,
e h(z) > h(xg) =0forallz € M,

e and OM satisfies an interior sphere condition at x.

17



Then if the exterior normal derivative of h at x exists, it satisfies the strict inequality

oh _
i (Vh(xg),7i(xg)) < 0.

Proposition 4.1.2. If there exists a function h : M — R in C*(M) N C*(M) such that

and v € C*(M) such that
u=0ondM

then % € L>(M)
Proof. Suppose instead that there exists z; € M such that

u(;)
h(x;)

Without loss of generality we can replace z; with a subsequence convergent to some x, €

M since M is compact. As u is bounded on M, we must have h(zy) = 0. This may occur

only when zy € OM.

Now OM satisfies an interior sphere condition at all of its points. As L[h] > 0 and

h(xz) > h(xg) = 0 as well, h satisfies the conditions of the Hopt boundary point lemma at

zo. Thus we have

(Vh(zo),0(xg)) = —(Vh(zo),7(x0)) > €>0

for some e. By the continuity of the first derivatives of A there is a neighborhood U ¢ M

of g such that (Vh(z),d(z)) > €/2 > 0 for all z € U. Note as well that since u is C'* on

the compact M there exists  such that ||Vu|| < § < oo everywhere in M. Consider then

18



that forallz € U

since u(m(x)) = 0. In particular this gives a contradiction to the first supposition as the

+ fdlSt (z,0M) VU(

)
=
=1
~
)
=
=

_'_fdlst(:vaM Vh(
d‘“WMR Vu(x), i(z))dt

IN

8
:_/

o1l
—

8
~—
\/

0
dist(xz,0M

oSO (T h(2), T(x))dt
fodlst(x,aM) Sdt

fodlst z,0M) /2 d +

dist(z, OM)o
dist(z,0M)e/2
20

=— <0
€

<

<

sequence of ; is eventually in U. Thus % is bounded and in L (M).

4.2 A Condition for Non-negative Eigenvalues

This allows us to use positive super-solutions to prove results about the eigenvalues of L.

Lemma 4.2.1. Suppose that there exists a function h : M — R in C*(M

that

L[] >0

h>0o0n M

Then A > 0 for all eigenvalues \ of L.

Proof. Letting w = log h, we consider the following:

19




L[h] = —Ah— |APR >0

Ah Vh
A e 2
w=
—|A?h
S |h‘ o |VUJ|2
= —|Af = [Vuw|®

Let M, = {z € M|dist(z,0M) > e}. Alsoletu € C*(M) C Hy(M) C L*(M)
be an arbitrary nontrivial eigenfunction such that ||u| 2y = 1. Multiplying the above

inequality by 2, integrating over M., and rearranging terms gives us

/ |APu? + |Vw|*u?dr < —/ (Aw)uldz
M.

€

Then as & is C? and positive on M, U M, C M integration by parts also yields

—/ (Aw)ugdx:/ 2u<Vw,Vu>dm—/ u*(Vw, i) dx
€ € OMe
g/ 2]uHVwHVu]dx—/ PV, ) da (1)
M, oM.

S/ u2|Vw|2+|Vu|2dx—/ w*(Vw, it)dw (2)
€ OM.

by application of the Cauchy-Schwartz inequality and the arithmetic mean-geometric mean

inequality. Thus

/ |Al2u? + |Vw|*u?dr < / w?IVw|? + |Vul|*dz — / u*(Vw, it)dx
Me Me 8M€
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Canceling like terms and rearranging yields

/ u*(Vw, f)dr < / |Vul? — |A|*u?dw
OMe M.

lim u*(Vw, fi)dr < lim/ |Vul? — |APu?de
e—0 M.

e—0 OM.

= [ |Vul|® — |APv?dx

M

= Blu, u]

To complete the proof we now need only to show that the limit on the left evaluates to

zero. Let w71 : 9M — OM., be the inverse of . = 7|y, . Consider then

lim w*(Vw, i) dw
e—0 M
U .
= lim u—(Vh,n)dx
e—0 OM
~1
—tiny [ ula ) T ), i) (Do
(m)

(Vh(r. '), —v(n ")) det(Dr")|de

as a result of the dominated convergence theorem. Specifically u, (Vh, —0), and | det(Dm1)|
are uniformly bounded from continuity on the compact domain M. Proposition 4.1.2 shows
that 3 is also uniformly bounded since u € C* (M) as an eigenfunction. The limit then

follows by noting that

limu(r ' (z)) = u(z) =0

e—0
for all z € OM. Thus

0 < Blu,ul.
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Let A be the eigenvalue associated with the eigenfunction u. Then

B[U, U] :<L[U], u)LQ(]V[)
:<AU,7 u>L2(M)
:)\<UJ7 u>L2(M)

=\

Since u was an arbitrary eigenfunction of L,

0<A

for all eigenvalues of L.

4.3 A Condition for Positive Eigenvalues

In the following chapters we will apply the Fredholm alternative on the operator L. To do
so we need the strict inequality A > 0. We can show this by adding the condition that A is

non-zero at some point on the boundary of M.

Corollary 4.3.1. If there exists a function h - M — R in C*(M) N C*(M) such that

LR > 0

h>0o0nM

h(xg) > 0 for some xy € OM
\

Then \ > 0 for all Dirichlet eigenvalues \ of L.

Proof. Let A be a Dirichlet eigenvalue of L with u € C°(M) is associated eigenfunction

such that ||u||,2 = 1. From Lemma 4.2.1 we have A > 0. However, equality in the proof
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of Lemma 4.2.1 requires equality in the Cauchy-Schwartz and arithmetic mean-geometric

mean inequalities (1) and (2). This would imply that

fVw =Vu

and

jul[Vw] = |Vl

respectively, where f is a scalar function on M. Taken together these imply that f = +u,

so that

Vu = +uVw
Vh
::t —
“

0= Vu+ %Vh

from which we obtain

V% = 0or V(uh) =0.

But this has only the solution u = ch*!. Since 0 > h > —oo on M and w is nontrivial,
¢ # 0. But as this would imply that u(x¢) = ch(xg)*' # 0 this leads a contradiction to
the Dirichlet conditions on u. Thus we can take these inequalities to be strict, giving us

A> 0. O
We also note that the same conclusion would result if h was a strict super-solution.

Corollary 4.3.2. If there exists a function h - M — R in C*(M) N C*(M) such that

Lkl >0
h>0o0nM
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Then A > 0 for all Dirichlet eigenvalues \ of L.
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CHAPTER §
INVERTIBILITY OF THE LINEAR OPERATOR L

In this chapter we complete the proof of the invertibility of the linear operator L by using
the Fredholm alternative to reduce this problem to the Dirichlet eigenvalues of L all being
non-zero. This follows the standard approach for weak solutions to linear problems [11,

18].

5.1 The Eigenvalue Condition on the Invertibility of L

First, we note that regularity results for linear, uniformly elliptic operators on manifolds are

well established and it is known that a weak solution, u € H 1(]\/[ ), to the linear problem

Llu] = f
u’aM =0
is typically also a classical solution in C*°(M) (See Theorem 3.3.1). Therefore in this

chapter we will concentrate primarily on weak solutions. We add regularity arguments at

the end of this chapter.
Lemma 5.1.1. The following are equivalent:

1. The boundary value problem
Llu] = f
u’aM = 0

has a unique weak solution in H}(M) for every f € L*(M), and the inverse function

L= L3(M) — H}(M) is continuous.
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2. The homogeneous boundary value problem

Liu]=0
U|8M =0
has only the trivial weak solution in H}(M).

To prove Lemma 5.1.1 we will make use of the Lax-Milgram Theorem and the Fred-

holm alternative. We begin with the Lax-Milgram Theorem for bilinear forms:

Theorem 5.1.2 (The Lax-Milgram Theorem). Suppose H is a real Hilbert space with norm
| ||, and that

B:HxH—R

is a bilinear form. If B is bounded,
| Blu, v]| < Cil|ull[|v]| for all u, v € H,

and coercive,

Blu,u] > Cyl|ul|? for all u € H,

then for all bounded linear functionals F' : H — R in H* there exists a unique element
up € H such that

Blup,v] = F(v) forallv € H.

In subsequent proofs we wish the element v produced by the Lax-Milgram theorem to
be a weak solution to the linear problem L[u| = F. Recall then the bilinear form B defined

in Chapter 3 and extended to u,v € H} (M),

B(u,v) = / Vu - Vv — |APuvdz.
M

26



This bilinear form is bounded, but not coercive. As an alternate approach we investigate

instead the related linear operator and its associated bilinear form

L,[u] =L[u] + ou
=— Ayu+ (0 — |AP)u
By, (u,v) :/MLU[U]de

:/ Vu- Vo + (o — |AP)uvdz
M

where 0 = sup,, |A|?> + 1. As before, using this last equation as the definition we may

extend B, to

B, : HX(M) x H:(M) — R.
Proposition 5.1.3. The bilinear form B, (u,v) is bounded and coercive.

Proof. Now consider that

| Bo(u, v)] S/ [Vul[Vo| + (o — [A]*)|ul[v]dz
M
g/ o|Vu||Vv| + o|ul|v|dz
M

<ollullgganllvll g
by the Cauchy-Schwartz inequality, so B, is bounded on H; (M ). But also

1B, (u,u)] = / IVl + (o — |A?)[uf*dx
M

> [ [VuP +ufds
M

:HuHJ%I&(M)a

which proves coercivity.
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Thus the bilinear form B, satisfies the hypotheses of the Lax-Milgram theorem. This

allows us to show the solvability of problems of the form L, = f.

Lemma 5.1.4. Forall f € L*(M) there exists a unique weak solution to the linear problem
Lolu] = f.
Proof. Now u € H} (M) is a weak solution to L, [u] = f if

Blu,v] = [ fodx
M

forallv € Hy(M). Let f* € Hj(M)* be the linear functional

Fr(v) = /M fodz.

Then since B, satisfies the hypotheses of the Lax-Milgram by Proposition 5.1.3 there exists

a unique uy € Hg (M) such that

Blug,v] = f*(v) = /vada: forallv € H.

Thus uy is the unique weak solution to L, [u] = f. O

In light of Lemma 5.1.4 we define the function
L' L*(M) — Hy(M)

given by L *[f] = uy, the unique weak solution to L, [u] = f.
To complete the proof of Lemma 5.1.1 we will require the following form of the Fred-

holm alternative [11, Theorem 5.3]:

Theorem 5.1.5 (The Fredholm Alternative). Suppose H is a real Hilbert space and K :
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H — H is a compact linear operator. Then the following are equivalent:

o The equation v — Ku = f has a unique solution for all f € H and the inverse

operator (I — K)~! is bounded.
o The equation u — Ku = 0 has only the trivial solution in H.
We give a proposition to facilitate our use of the Fredholm alternative.

Proposition 5.1.6. The operator L' : L*>(M) — Hj(M) is continuous. When restricted

to the domain H} (M) C L*(M) the operator L;* : HY (M) — H} (M) is compact.

Proof. Take any f € L*(M) and let uy = L'[f]. As a consequence of the coercivity of

B, we have

| Boluss ugll = gl an)-

But we also have

|Bolug, ug]| =|f*(uy)]
:Hf*HHg(M)* HUfHHg(M)

<[ f*I L2 (any

ufHH(}(M)

= llz2an v a2 oy

by the isometry of L?(M) and L*(M)*. Together imply

1L g any = Nlusllmgon < 1f 2

which shows the boundedness, and thus continuity, of L;l.
Lastly consider that

L;1|H6(M) = L_l @) _[

g

29



where [ : Hj (M) < L?(M) is the inclusion map. But as the imbedding I is compact [11,

Theorem 7.22], 50 is L |71 (1s), its composition with the continuous function L. O
We can now use these results to prove Lemma 5.1.1.

Proof of Lemma 5.1.1. The operator o L' : H} (M) — H}(M) is compact by Proposition
5.1.6. Thus we may apply the Fredholm alternative to o L;'. Then the following are

equivalent

(1) The equation
u—oL;'[u] = ¢

has a unique solution for all ¢ € HJ (M) and the operator (I —o L ')~ is continuous.

(i1) The equation

u—oL;'u]l =0
has only the trivial solution in Hg (M).

Consider (i). This equation has a unique solution for all ¢ € HJ} (M), so in particular has a
unique solution for ¢ = L;'[f] € H} (M) forall f € L*(M). Butu € H}(M) is a unique

solution to

u=L"ou+ f]

if and only if it is also a unique weak solution to L,[u] = ou + f, namely that for all
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v € H} (M) we have

B, Ju, v] = /M (ou+ fode

/ Vu - Vo + (0 — |A?)uvdr :/ (ou+ f)vdx
M

M
/ Vu - Vv — |APuvdz :/ fodx
M M
Blu, v} =f*(v)

which is the condition for u to be a weak solution to L[u] = f. Therefore if L~'[ f] denotes

the unique weak solution to L[u] = f we have

L7'f] = — L") 'L f]

where L™ : L?(M) — H}(M). Now as L, and its inverse are continuous, L ™! is continu-
ous if and only if (I — o L;!)~! is continuous. Thus (i) is equivalent to (1) in the statement
of Lemma 5.1.1.

Consider (ii). A non-trivial solution to

u— oL [u] =0

L [u] :lu

7 o

in H}(M) is equivalently a non-trivial weak solution to L, [%u] = u, 1.e. that for all
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v € H} (M) we have

]

—/ Vu- Vo + (0 — |AP)uvdz /uvdx
—/ Vu - Vv — |APuvdr =0
g Jm
1
—B [u,v] =0
o

Blu,v] =0

so that u is a weak solution of L[u] = 0. Therefore (ii) is equivalent to (2). Thus as (1) =

(i) = (i1) = (2), this completes the proof of Lemma 5.1.1. [

5.2 Regularity of the Inverse L~!

Based on this result we can turn the question of the invertibility of L into a question about
the eigenvalues of L. with respect to functions that vanish on M. Combining this with the

regularity theorems in Chapter 3 we have the following corollaries.

Corollary 5.2.1. If A # O for all Dirichlet eigenvalues of L then the boundary value prob-

lem
Llu] = f
u’aM =0
has a unique solution in C°(M) for every f € C=(M), and the inverse function L' :

C>®(M) — C(M) is continuous.

Proof. Suppose that u € Hj (M) is a nontrivial weak solution to the boundary value prob-
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must also be in C5°(M) by the regularity theorem 3.3.1. Therefore u is a classical eigen-
function with eigenvalue 0, a contradiction. The homogeneous boundary value problem

then has only the trivial weak solution in H} (M) and Lemma 5.1.1 implies that

Llu] = f

u’aM = O

has a unique weak solution in HJ (M) for every f € C=(M) C L?*(M), and the inverse
function L~ : C*°(M) — HZ(M) is continuous. Again by the regularity theorem 3.3.1
we see that any weak solution u must also be a classical solution in C§°(M) and L~ :

C>®(M) — C&(M). [
We can state a similar result with weaker hypotheses.

Corollary 5.2.2. If p > 2 +n/2 and A # 0 for all Dirichlet eigenvalues of L then the
boundary value problem

Llu] = f

u|aM = 0

has a unique solution in C§+2’Q(M) for every f € CP*(M), and the inverse function

L=1: (M) — CP***(M) is continuous.

Proof. Proof follows just as in 5.2.1 with the weaker regularity theorem 3.3.2 substi-
tuted for theorem 3.3.1. Specifically, under these hypotheses we have that for all f €
CP*(M) there exists a unique weak solution u; € H}(M) and the inverse function L~" :
O (M) — H} (M) is continuous. But by Theorem 3.3.2 this implies that u; € C5*>*(M)

and is a classical solution. Thus L~ : C»*(M) — CY™>*(M). O

The invertibility of L allows us to complete the proof of our main theorem in the next

chapter.
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CHAPTER 6
PROOF OF THE MAIN THEOREM

Consider again the mean curvature operator
nH :U C CE>*(M) — CP*(M)
for

U={p ey (M) l¢llpza < Rar}

which gives the mean curvature of N = I',,()M) as
nHte] = nHy — Llg] + Q[e].

To complete the proof of the main theorem we wish to show that this operator is invert-
ible near 0 and is a local C"*°-isomorphism. We do this via the inverse function theorem,

following the approach of [17]. Throughout this chapter we assume p > 2 + n/2.

6.1 Bounds on the Operator ()

Consider first the operator (). Since () is of at least quadratic degree we can show that it is

quadratically bounded near 0. For ease of use we denote

lellpa = lellcremn = Y lesllcoan.-

|BI<p

Lemma 6.1.1. There exists Cq,r > 0 such that ||Q[¢]|l,a < Collol2, o for all ¢ €

C?*(M) such that ||o||pro.a < 7.

Proof. Suppose that F' : CP*2%(M) — CP*(M) is a polynomial of at least quadratic
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degree in ¢, ¢; and ¢;;. Then F(0) = 0 and there exist polynomials P3, in ¢, ¢; and ¢;;

such that

F(p)= > Po(0)psey

18L1v1<2

1E@)lpa < Y 15 (@)lpallesllpallorlipa
18L1v1=2
< D 1P @)lpalleliioa
18L1v1<2

Now if |||y« < 7 for some r > 0, then by compactness

Y 11Ps (D)l < Cr

18], 1~v1<2

for some C'r(r) > 0. In this case we have

I (@)llpa < Crlielpis.a-

It is shown in Appendix A that the operator () is given by

Qle) = — b + &
AT 0T R 2 T 1Rt (1t By

where I, Iy, F3 are polynomials of at least quadratic degree in ¢, ¢; and ¢;;. Therefore
given > 0 there exists Cp, > 0 such that || Fy||p.o < Crll¢ll2,,, forall [o[2,,, <7
Let r be sufficiently small to ensure that if |[¢||,126 < 7 then || Fsllpa < Crl@ll2,50 <

Cp,r* < 1 (this will also ensure that T'()/) is an immersion, see Appendix A). Under this
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assumption we have

F E
1QL] e = H TRt TR
< F Fy
TN E)R,, L+ B+ (L4 B2,
1Fillpa | Fallp
ST Eslpa) T [Fsllpm + (L~ [Fsllpa)
_ [ CnlelBian CrrllolPana
“ (1 =Cpr2)/2 1 —-Crr?+ (1 — Cpr?)l/?
Cr Cr, 9
<
< [ T+ T el

=Collllpra.a

]

Using this result we note that the Fréchet derivative of nH : CZt>*(M) — CP*(M)

at 0 is the linear operator — L. Indeed,

[n#H]p] — nH[0] = (=Llg])llp.a

lollp+2,0-50 [ellp+2.a
Iy = Lle] + Qle] — nHa A+ L]|lpa
lellp+2,0-+0 lellp+2.a
_ 1Q[¢]llp,o
lelptz.a—0 [[@]lpt2.a
Collella.a

lellprza=0  [|@llpr2,a

= Aim - Collellpza

llellpt2,a—0

=0

6.2 Application of the Inverse Mapping Theorem

We now wish to use the inverse mapping theorem on n’H. The following two isomorphism

results for Banach spaces are found in Section 1.5, Theorem 5.2 and Proposition 5.3 of
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[21]. Here and in the following we say a map between Banach spaces is of class C'? if it

has Fréchet derivatives up to order ¢ which are all continuous.

Lemma 6.2.1 (Inverse Function Theorem). Let E, E' be Banach spaces with F' : U — E’
a C%-morphism, q > 1, from the open set U C E to E'. If F'(xy) : E — E' is a bounded
linear isomorphism for some xo € U, then F is a C*-isomorphism in a neighborhood of

Zo.

Lemma 6.2.2 (Inverse Function Theorem (Induction)). Let E, E' be Banach spaces with
UCE,VCFEandletF :U —V beaC%morphism, ¢ > 1. If F is a C' isomorphism,

then F is a C'l-isomorphism.

Remark 6.2.3. In their original statement in [21] the two lemmas above are stated for finite
dimensional normed vector spaces. They are, however, well known to hold for Banach
spaces, or any normed vector space where the contraction mapping principle holds. See for

example [22].

To use these results we prove the following. Without loss of generality we may reduce

Ry (the reach of M) or r (from Lemma 6.1.1) so that r = R, > 0.
Proposition 6.2.4. The map nH : U — CP*(M) is of class C*.

Proof. Since in the decomposition nH[p] = nHy — L{p] + Q[¢] the constant and linear
terms are C'> by default we need only show that Q : U — CP*(M) is C>. However it is
shown in Appendix A that Q[¢] is the sum of two rational functions in ¢, ¢;, and ¢;;. Note
though that the product and chain rules hold for Fréchet derivatives (see for example [23]).
Thus rational functions are C'*° as compositions of the C'>° multiplication, derivative, and
division (multiplicative inverse, see Appendix D) operations. We need only show that the
denominators in () are never 0. This is guaranteed by ||¢||,+2.. < Ray = 7 as in the proof

of Lemma 6.1.1. ]

Proposition 6.2.5. If \ > 0 for all Dirichlet eigenvalues of L, then the map L : C?*>*(M) —

CP(M) is an isomorphism.

37



Proof. By Corollary 5.2.2 for all f € CP*(M) L7'[f] € C?">*(M) gives the unique
classical solution to
Llu] = f

u’aM =0

As suggested by our choice of notation, we need only show that L' (defined via weak
solutions and added regularity) is the inverse of the operator L. Let ¢ € C2**>*(M). Then

 1s a solution of the boundary value problem

ulaM = 0

But L'[L[p]] is the unique solution to this problem, so ¢ = L~![L[¢]]. Suppose f €
CP(M). Then L~'[f] is a classical solution to L[u] = f, i.e. L[L7![f]] = f. Thus

LtoL = Icg+2,a(ﬁ) and Lo L' = Iep.oar)- This completes the proof. [
Using these we can prove the following theorem.

Theorem 6.2.6. If \ # O for all Dirichlet eigenvalues of L, then there exists a neighbor-

hood U, C U C C¥***(M) of 0 and its image V,, = nH(U,) C CP*(M) such that

nH:U, =V,

is a C'™° isomorphism.

Proof. By Proposition 6.2.4 the operator
nH:U — CPY(M)

is a C'"*°-morphism. We noted above that the Fréchet derivative of nH at ¢ = 0 is the linear

operator — L. But if \ # 0 for all Dirichlet eigenvalues of L we see from Proposition 6.2.5
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that L, and thus — L, are linear isomorphisms. Lemma 6.2.1 then implies that n’H must be
a local C'! isomorphism. Namely there exists a neighborhood U, C U of 0 and its image
V, = nH(U,) such that

nH:U,—V,

is a C! isomorphism. But as nH is C* as a differential operator, Lemma 6.2.2 implies that

nH:U, =V,

is a C'? isomorphism for all ¢ > 1. Thus nH is also a C**° isomorphism on U,,. ]

Remark 6.2.7. The above proof does not apply to functions in C5°(M) since it is not a

normed space. The conclusions of Theorem 6.2.6 can, however, be improved to show that

nH:U C CP(M) — C®(M)

is a local C'*° isomorphism near ¢ = 0 by an appeal to the Nash-Moser theorem. This
would require that the linear map (n#)’ remain a bijection in a neighborhood of ¢ = 0

instead of at only ¢ = 0 itself, which is beyond the scope of the present work.
This yields a version of our main theorem.

Corollary 6.2.8. If the Dirichlet eigenvalues of L = —/\y; — |Ayf|* are all non-zero then

for all e > 0, sufficiently small, the Dirichlet boundary value problems

nHlp]l =nHy L€

lom =0

both have unique solutions in a neighborhood of 0 in C’g+2’a(M ).

Proof. Since 0 € U,, nH[0] = nH)y; € V,. Butas V, is open then there exists 6 > 0

such that if € < 0 the constant functions nf,, & € are both in V},. Thus there exist unique

39



solutions u. € U, of the Dirichlet boundary value problems given by

Uy = (nH) ' nH,, + €.

Combining this result with Lemma 4.3.1 gives the following corollary.

Corollary 6.2.9. If there exists a function h : M — R in C*(M) N C*(M) such that

LK >0

h>0o0n M

h(zo) > 0 for some xo € OM
\
then for all € > 0, sufficiently small, the Dirichlet boundary value problems

H[p] = 2H, + €

lorr =0

both have unique solutions in a neighborhood of 0 in C§+2’O‘(M ).

Remark 6.2.10. Instead of using the inverse mapping theorem we could have arrived at the
same conclusions using the more classical approach of finding fixed points of an operator
related to nH. As this alternate method is both instructive and non-trivial, it has been

included in Appendix B.
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CHAPTER 7
EXISTENCE OF A SUPER-SOLUTION TO L

The methods of the preceding chapters apply to all compact constant mean curvature sur-
faces with boundary. Thus the existence of a nearby constant mean curvature surface NV to
any given cmc surface M with boundary can be guaranteed by the existence of the super-
solution h € C%(M) N C*(M) from Chapter 4:

L[h] <0

(*)Sh>00n M

h(zo) > 0 for some zq € OM

\

Such super-solutions are, however, somewhat elusive. For this reason we restrict M
to be a cmc surface that is a graph over a convex planar domain. In this case we find the

vertical component of the gauss map satisfies the above conditions.

Lemma 7.0.1. Let M be a cmc graph over a (hyper-)planar domain D, with OM = 0D.

Let €, be the unit normal to D and h € C*(M) be given by

x = vy (T) - €.

If M is not a half-sphere, then h satisfies (x).

Proof. It is well known that the Gauss map vy, of a cmc surface M satisfies the linear
elliptic PDE

L[VM] = AMI/m -+ |AM’2I/M/ = 6

and in particular does so in each of its coordinates. (See for example Remark 7 in [12].)

Thus vy, - € also satisfies L[vy - €] = 0.
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Since M is a planar graph of some function f : D — R,

1

— >0
VIV

necessarily in M.

Suppose that h = 0 on dM. Then ||[Vf|| = oo on 0D and in particular g—f; =
(Vf,11) = oo on 0D where 7 is the outward unit normal to dD. Since f also satisfies
M][f] = div (%) =nH,, # 0and f = 0 on D, we can use Serrin’s application of
Alexandrov reflection [24, Theorem 2] to show that D is a ball and f is radially symmetric.
Now the only radially symmetric constant mean curvature graph over a ball with infinite

boundary gradient is the half-sphere of the same radius. Thus if M is not a half-sphere

there exists xy € dM such that h(xy) > 0. O

Lemma 7.0.1 and Corollary 6.2.9 together complete the proof of the main theorem 1.3.2
as stated in Chapter 1.3. This proves the existence of new cmc surfaces beyond the scope

of planar graph methods.
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CHAPTER 8
INFLATIONS OF GENERAL DOMAINS

8.1 Inflations

As mentioned in Chapter 2, we conjecture that there is a smooth, one parameter family of
constant mean curvature surfaces for each boundary curve. We formalize that here as an
inflation. This gives us a mathematical analog to a soap film inflating due to an increasing

bounded volume.

Definition 8.1.1. Let A/ C R"*! be a known smooth cmc (hyper-) surface with smooth

boundary OM. A CP-inflation of M is a C? map

X : M x (a,b) — R™!

such that X;(M) = X (M,t) is a cmc surface with 0X;(M) = OM. We also require the
volume of the region bounded by X;(M) — M to be strictly increasing in t. Equivalently if

t1 < ty then the region bounded by X, (M) — X;, (M) has positive signed volume.

In this situation we may define H; as the constant (in M) mean curvature of X;(M).
We can also define a bounded volume parameter V; as signed volume of the region bounded
by X;(M) — M. As seen in Chapter 2 we have the natural example of the inflation of the

unit circular disk:

Example 8.1.2. Let B; = {(x,9,0) € R*|z* + y* < 1}. Then an inflation of B; is given

by
V1?2 4 1sin (rsm ( t;+1>>sm9
X(r,0,t) = t? + 1sin (rsm ( tzlﬂ))cosﬁ
1
t2 + 1 cos (rsm ( tQH)) —t
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Under this inflation we have
Vi= s(VEET 4P VP T - 1)

—2
2=y

We also note that this is the unique inflation of B; up to reparameterization.

In [12], McCuan showed that a C”** domain in R™ has C”* inflation parameterized by
mean curvature up to the gradient blow up of planar graph methods.

We also see that the C* regularity of (nH)™! : V, C CP*>*(M) — U, C CP*(M)
implied by Theorem 6.2.6 extends the results of our main theorem 1.3.2 to the existence of

a CPT2 inflation.

Corollary 8.1.3. Suppose that M is a smooth constant mean curvature surface that is a
graph over a planar domain D such that OM = 0D. If M is not a half-sphere then there

exists a CP*2% inflation of M given by

(ZE, 6) — F(n?—[)*l[nHM—i-e] (l‘)

forall x € M and € € [0, 0] for some 6 > 0 sufficiently small.

Remark 8.1.4. Strictly we also need an increasing volume condition for this map to be an

inflation. This follows as a consequence of Proposition 8.2.1 below.

8.2 The Eigenvalues of L in an Inflation

Inflations also have many important properties, some of which we can describe here. In the

following we let X : M x (a,b) — R™"! be an inflation of M. There is a natural normal
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Figure 8.1: Inflation of a Non-Circular Domain
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variation to X;(M) at each ¢ given by

0X,
— .V = ;.
o’ X (M) Pt

This normal variation is also related to the derivative of mean curvature (and thus Laplace
pressure) in an inflation. We let L;, (); denote the linear and higher degree terms respec-

tively of the mean curvature operator n’H, for graphs over X;(M). Then
WMy, Le, Qv 2 CF (X (M) = CP*(X(M)).

Proposition 8.2.1. The derivative SnH, = —L;[¢,] on X,(M).

Proof. For all ty,t, with |to—t] sufficiently small, there exists ¢y, ,, suchthat'y, , [ Xy, (M)] =

Ptito [

Xy, (M). Here y,4, is the height function that represents X, (M) as a graph over Xy, (M).

Consider then that by Lemma 6.1.1 we have at each point of X, (M)

|Qto [Prot] | < lim Q1o [Pr0t] ||p,a

lim <
t—to |t — to t—to |t — tof
2
< lim CQtO H(pt0t|’p+2,a
t—to |t — 1o

<Cq,, 1t llp+2.0 thjt% etotllp+2,0

=0
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Then at each point of X, (M) we have

d
EnHt

— lim nHi, [Prot) — nHy,
t—to t— 1o

m — Ly [010t] + Quo [P0t
t—to t—1p

t=to

— — lim Lto [Sptot}
t—to ¢t — &g

—— L, {lim ot ]
t—to t — 1o

== Lto [‘Pto]

which follows from the continuity of L;,. ]

This shows that if %nHt = 0, then L;[¢:] = 0 and ¢ is a Dirichlet eigenfunction of L,
on X;(M) with an eigenvalue of zero. If in addition ¢; is positive on X; (M) then 0 is also
the first eigenvalue. In fact, we get a similar result when %nHt > (, i.e. in the realm of

decreasing Laplace pressure for high |V}].

Proposition 8.2.2. Let A, ; be the first eigenvalue of L on the cmc surface X,(M). If the

derivative %nHt > 0 then A\ < 0.

Proof. By the Rayleigh characterization of the eigenvalues

Bilu, u)
[Jul| 72
<Bt[<,0t7%0t]
B H%H%?
_fM L[] oy de
B ||Q0t||%2
_fM —%n[—]tgpt dx
I
d Joy e de

= CpH M
dt " led2s

Al,t =inf

<0
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since [, pidz = LV, > 0. H

We get a similar result for %nHt < 0 1in the increasing Laplace pressure regime with

relatively weak additional assumptions.
Proposition 8.2.3. Suppose
e X, in an embedding for all t € (a,b),
e LnH, <0over(a,b),
e and there exists ty € (a,b) such that @i, > 0 on Xy, (M).

Then X is a foliation of its image. This implies that for every v € X(M x (a,b)) there

exists a unique t,, € (a,b) such that x € X, (M).

Proof. As X itself acts as a foliation cover we need only show that X is one-to-one. Since
each X, is an embedding, may complete the proof by showing that X, (/) is distinct for
allt € (a,b).

Since £ pylimty, = @1, > 0 on Xy (M) then for all z € M () must be strictly
monotone in ¢ for ¢ near ¢,. Thus there exists some € > 0 such that X;, (M) and X,,(M)
are distinct for all t1, 5 € (to — €, tp + €).

Suppose that not all X, (M) are distinct. Let
t1 = 1inf {t € (to,b)| X¢ (M) N X (M, [to, 1)) # 0} .

Since t; > t, we may conclude that ¢;, > 0 on Xy, (M) but there exists x € X3, (M) such
that ¢, () = 0. Now

d
Lt1 [Qoh] = _Ench:tl >0
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implies that

By continuity there must be a neighborhood U C X, (M) of x such that Ag;, > 0. Thus

the maximum principle on U implies that for the non-constant function ¢,, we have

i (p) > minpy, >0,

a contradiction. Thus we must have X,;(M) distinct for all ¢ € [ty,b). An equivalent

argument extends this result to ¢ € (a, b), which completes the proof. O

Corollary 8.2.4. If the hypotheses of Proposition 8.2.3 hold, then A\ > 0 for all Dirichlet
eigenvalues of Ly on X,(M) for all t € (a,b).

Proof. As a consequence of the proof of Proposition 8.2.3, ¢; > 0 for all £ € (a, b). But at
the same time

d
Lt[@t] == _EnHt > 0.

Thus ¢ is a strict super-solution to L; and satisfies the conditions of corollary 4.3.2. This

allows us to conclude that A > 0 for all Dirichlet eigenvalues of L, on X;(M). O

8.3 Stability in an Inflation

A related property of inflations is the stability of the cmc surfaces under volume preserving

variations. Given a variation of a cmc surface M,
Y i M x (—e,¢) — R*H
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we can define its normal variation

_ /M
Y=\ o

We say that Y is volume preserving at ¢ = 0 if

/ pydr = 0.
M

Since M is a cmc surface it is necessarily a critical point of the area functional with

) VM> .
t=0

respect to volume preserving variations that fix the boundary. However, being a station-
ary point does not necessarily imply that M is stable. For M to be stable under volume

preserving variations it must satisfy the positivity of the second variation

/ (—Dpy — APy ovde = Blgy,oy] > 0
M

for all volume preserving variations Y that fix the boundary of M.
Conditions for the stability of cmc surfaces have are given in [17] in terms of the eigen-
values of L. We use the following results, translated into the notation of this work, from

Theorem 1.3 and Corollary 1.1.

Theorem 8.3.1. Given a cmc surface M let \i, \y be the first and second eigenvalues of

the operator L on M. Then
o [f Ay > 0 then M is stable.
o [f Ay < 0then M is unstable.

o If A\ <0< Ay, let X : M x (—a,a) = R"™ be a C>% inflation of M such that
Xy (M) = M and LV,|;—y, > 0. Then

— If $nHy|,—y, > 0 then M is stable.
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- If%nch:to < 0 then M is unstable.

Thus we can translate our above conditions on the eigenvalues of L; into statements

about the stability of X, (M ).

Proposition 8.3.2. The surface X,(M) is stable under volume preserving variations under

any of the following conditions:
° %nHt > 0 and >\2,t >0
° %nHt = 0and o, > 0on X, (M)

® or %nHt < 0 and ¢y, > 0 on Xy, (M) for some ty such that %nHt < 0 on the

interval [t,to).

Proof. This results from a combination of Theorem 8.3.1 with Proposition 8.2.2, Lemma

4.2.1 (with h = ), and Corollary 8.2.4 respectively. [

Lastly we note that in the %nHt < 0 case the additional condition ¢, > 0 holds for

any X;, (M) that is a graph over a planar domain.

Proposition 8.3.3. If X;(M) is a graph over a planar domain D for all t € (to — €,ty + €)
for some € > 0 and %nHt < 0 over the same interval then ¢, > 0 and A\ > 0 for all

eigenvalues of Ly on X;,(M).

Proof. Let f; : D — R denote the function whose graph is X;(M). Since M([f;] = H; >
Hy = M([fy]ift < t'in (ty — €t + €) the comparison principle implies that f; < fy in
D. But this implies that X, (M) and X are distinct for all £ # ¢’ in (to — €,y + €). Thus
X 1s a foliation over this domain and in particular ¢;, > 0. The remainder follows from

Corollary 4.3.2 with h = ¢,. [

Remark 8.3.4. The condition that A\; > 0 for the first eigenvalue of L is termed oversta-

bility by [12], as it is a stronger condition than stability. It implies that 2 A(py ) > 0 for all

51



variations Y (not just volume preserving ones) where A is the area functional on CZ(M).
This holds even though § A(¢y) # 0 in general. Thus an inflation of a planar domain will
remain overstable up to a critical point of mean curvature.

Additionally some further conditions for the positivity of A\;, A, are given in [25].

8.4 Conjectures about Inflations

These results suggest our conjecture from the introduction, that every planar domain has

an inflation up to and beyond the point of maximum Laplace pressure.

Conjecture 8.4.1. Suppose that D is a open pre-compact connected (hyper-) planar do-
main in R™ C R"™! with CP™1% boundary. Then there exists a CP* inflation X : D x R —

R such that
e Xo(D)=D,nHy=0,

o V, =1, i.e. the inflation is parameterized by the signed volume of the region bounded

by Xi(D) - D,

limy 400 Hy =0,

[ Ht = —H,t

there exists some to > 0 such that
- 4nH, <0 for|t| <ty
- %nHt = 0for|t| =tg
_ %nﬂt > 0 for |t| > to
e X,(D) is stable with respect to volume preserving variations for all t # 1

e and all C? inflations of D are equivalent to X for all |t| < to up to reparameteriza-

tion.
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Figure 8.2: Example graph of nH; in terms of V;

Using this notation we conclude with an isoperimetric conjecture.

Conjecture 8.4.2. For any open compact connected (hyper)-planar domain D, |nH,,| < 2

where 1 is the radius of the circular disk in R® C R"*! with the same boundary measure
as D. Similarly |V,,| is less than or equal to the volume of the half sphere of radius r.
Le. the minimum of maximum mean curvature for planar domains with the same boundary
measure occurs only when D is a circular disk and the maximum volume of mean curvature

maxima occurs at the same point.

Figure 8.3: Two surfaces of mean curvature extrema with the same boundary length

33



Computational results give suggestive evidence for Conjecture 8.4.2. Take for example
the two surfaces in Figure 8.4. The boundaries of both surfaces have the same length and
both surfaces are mean curvature extrema for their respective boundaries. In this example
however the half-sphere has a mean curvature of ~ (.3 while the surface on the left has a
mean curvature of ~ 0.57. Similarly the half sphere bounds a volume over twice as large
as the other. Should this conjecture prove true, it would add one more property to the long

list of isoperimetric qualities enjoyed by the geodesic sphere.
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APPENDIX A
THE MEAN CURVATURE OPERATOR

In this appendix we derive the form of n? || in arbitrary dimension. Let X : M — R"*!
be an isometric embedding of the hypersurface M into R"*! of constant mean curvature
Hy. Let ¢ € C*(M) be a real valued function on M. Then H[y] will be the mean
curvature of the hypersurface X, = X + vy, where vy, is the unit normal (Gauss map)
of X(M). In this appendix, Einstein summation convention is used.

First, let g, e1, . . ., e, be a local orthonormal frame for R"*! where ey, e, . .., e, are
tangent to M, and thus ey = vy;. Let n°, ', ..., n" be the dual orthonormal coframe, and
let V be the connection on M induced by the embedding in R"*!. Letting indices range

over 1,...,n, we can find

VX =n'e
Vo =o'
Vey=— Aznjei

Vej :Aijnieo

where A} = A;; is the second fundamental from of M. (Typically A} = g** Ay; were g;;
is the first fundamental form or metric on M. In the given orthonormal frame, however,
g = g;;' = 6! is the identity matrix.)

In the following we denote by é;, éy, g, and A the tangent vectors, unit normal (Gauss

map), and first and second fundamental forms of N = X (M), respectively. (Note that
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fl; = §™* Ay, and n'H[p] = AL) Thus,

€ =V, X,
:Vei (X + QOVM)
:veiX + (vez'SO)VM + QOVQVM

=€; SOAl ej + Qpieo
AS gzj éZ : Afj’ we ha\/e

Gij :55 - 29014; + Qip; + ¢ Z AfAf
k

=0; — 2<PA§' + Gij
where the G;; are of quadratic degree in ¢, ¢,;. From this we see that in matrix form,

G =1 —2pA+ DpDp" + p* A?

=] — (20A - G)

Setting ||¢]|2 sufficiently small we can make [29A — G| < 1, and ensure that § is

non-singular (and that X, is an immersion). Given this we can see that

1 TH+20A+ G
det(I — (2pA - @)
T+ 20A+
A

where G” and the elements of G’ are polynomials of at least of quadratic degree in ¢, p;.
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Consider now

/\(él, ceyEy) :/\(61 —Ale; 4+ pieg, ... en — oA e, + onep)
:/\(61, cey€n) F /\(—gpA{ej + pr€e0,€2. .., €p)
+o Tt /\(6’1, s et —pAjer + nco)
+ FOqy + Fle;
=co + (—pAieo — pre1)
+o o (—pAeo = nen)
+ FP%qy + Fle;
(1 - i F)eq + (—p1 + F)e,

=(1— onHy + F%)ey + (—¢p; + F')e;

where [V, F* are polynomial of at least of quadratic degree in ¢, ;.

Thus

I A1, el =II(1 = gnHar + FO)eq + (—p; + Fl)ei|
_ 11/2
= [(1—pnHy + F°? + Y (—¢p; + F')?

- 11/2
- 1+ onHy + F°
— 1— H F02 —; F'LQ
( WAH‘)+%(¢+) 15 only, + BV

B [1+F]1/2
14 pnHy + FO
1 H F°
I\ )| =2
1+ F)

where F'is a polynomial of at least quadratic degree in ¢, ¢;. From this we can find the
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unit normal

€0

“TAGL el

. 1 H FO
= ((1 — enHy + FP)eq + (—p; + F')e;) ( + pntly + )

[1+F]1/2
(1 + F)ep + (=i + F")e;
[1+ F)/?

where F'°, F' are polynomials of at least of quadratic degree in ¢, ;.

Consider also

Vgierso =Ve,8;
=V, (e + pjva — pA%ey)
=V + Ve, 0ivn + @i Ve Var — VeigoAfek — cheiA?ek — goA;‘?Veiek
=Ayvy + oivm — @i Afer — piAle, — Al — AL Ay

=(Ai; + i — pAE A )var — (0, AF + i AR + p AL ey

where VA% = A%, n".

Now,

Al] :<vgl‘6]’ X@’ é3>

=((Aij + wij — 0 AT Ai)var — (9 A7 + @i AY + 0 AT ex,
(1 -+ F’O)eo + (—801 + F/l)€l>
[1+ F|/2
(Aij + @iy — AT A) (1 + F°) + 32, (0 A7 + i A} + 0 AL) (—1 + F'™)
(14 F]/2

A+ i — AT Ay + By
B [1+ F]1/2
1

2 2
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where the F;; are polynomials of at least of quadratic degree in ¢, ;.

Lastly,
A; :AikAkj
I +2pA+ G 1
:( e )[1+F]1/2(A+D2¢—¢A2+E)
1
:(1 IR e (A+20A% + D*p — pA* + E')
1
ZW(A + D0+ pA* + E)

where F” is a polynomial of at least quadratic degree in ¢, ;, and elements of E’ are

polynomials of at least quadratic degree in ¢, ; and (;;. Therefore,

1
(W tr(A+ D*0 + 9A* + E)

1 i
:m(nHM + DN+ |APPo + EF)

=nHy + Ap + |A]*p + Q[¢]

where

EY (1+F)/* -1 ,
E! F )
AR I E g ey e T Aot lAR)
_ Ey 4+ E,
T+ )2 I+ (Lt F)2

where Ey, F, are polynomials of at least quadratic degree in ¢, ; and ¢;;.
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APPENDIX B
ALTERNATE APPROACH USING FIXED POINT THEOREMS

In this appendix we give an alternate approach to obtain the results of Chapter 6. While that
chapter relies on the inverse function theorem for Banach spaces, here we use fixed point
theorems to find a solution and subsequently use regularity estimates to prove uniqueness
and continuity.

Specifically, we define the mapping .J : U — C?+**(M) for

U={p ey (M) l¢llpza < Rar}

Jle] = —L7'[2Hy — 2Hy — Q[y]].

We show J[p] can be bounded in terms of 2Hy — 2H); = € and ||]| since Q) is quadratic
(and very small for ||| near 0). Using this we will show that J has a fixed point. This

fixed point is the solution to our original differential equation and yields a new cmc surface

N =T(M).

B.1 Schauder Fixed Point Theorem Approach

We begin with the Schauder fixed point theorem. Here we can show the existence of a

solution to nH[p] = nHy using no estimates stronger than those in chapter 6.

Theorem B.1.1 (Schauder Fixed Point Theorem). Suppose K is a convex, compact subset
of a Banach space. If J : K — K is a continuous map from K to itself then J has a fixed

point in K.
First we use the Arzela-Ascoli Theorem to prove a result about Holder spaces.

61



Theorem B.1.2 (Arzela-Ascoli Theorem). Let X is a compact Hausdorff space. If {f;}
is equicontinuous and point-wise bounded then {f;} has a subsequence that converges

uniformly to a continuous function f.

Proposition B.1.3. If K C CP* (M) is closed and bounded by some b < oo, then its

embedding into CP*(M) for 0 < a < o is compact.

Proof. Since M is Hausdoff as a manifold and compact by hypothesis the Arzela-Ascoli
Theorem applies. Take any sequence { f;} in K’ C C®. Then as || f;||,.o < b, boundedness
of derivatives implies that (f;)s is equicontinuous for all derivatives || < p. Similarly
the Holder condition implies equicontinuity of all (f;)s, || = p. Thus by applying the
Arzela-Ascoli Theorem recursively to subsequences there exists a subsequence { f;} such
that {(f;)s} converges uniformly on M to some continuous f# for all |3| < p. Since this
convergence of derivatives is uniform we have additionally that f* = f5 and f € C?(M).
Therefore {f;} — f in CP(M), also by uniformity.

Lastly let g; = f — f;. We see that for all || = pand all x,y € M

(95)8(x) — (95)5(y)] < (|(gj

()
(dist(z, y))~ i

_ . a/a’ /

2 BB ()00 ~ (gt

(f3)s(x) — (f5)s

= ( (dist(x, y))e
<I(f)sll6a" (2l (g5)sllo) =/

<2 (£)sllon 1 (95)sllo

<2 g gy

p?a

/

a/o
(y") (9)s(e) — (g7)s)] =

<21/ f]1976 | g | Ll

P,

SQl—o//aboz/a’ ||gj||;—a/o/ -0

as j — oo since {g;} — 0in CP(M). Thus {g;} — 0 in CP*(M) as well. Therefore
{f;} — f in the norm of C»*(M) and f € CP*(M) since CP*(M) is a complete Banach

space.
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Since any sequence in K has a subsequence convergent in C?* (M), K is compact in

Cre(M). [
We can now prove the following version of our main theorem.

Theorem B.1.4. If p > 2 + n/2 and the Dirichlet eigenvalues of L = —/\y — |Ay|? are

all non-zero then for all ¢ € CP(M),

¢|| sufficiently small, the Dirichlet boundary value

problems

©lorr =0

both have solutions in C**%(M).

Remark B.1.5. While our primary concern is with € a constant, as with the inverse function

theorem approach we get solutions for arbitrary variations ¢ € C?*(M) sufficiently small.

Proof. Consider again the PDE that ¢ must satisfy for N = I',(M) to be a surface of

constant mean curvature H y with the same boundary as cmc surface M,

2H[p] = 2Hy = 2Hyr — L[] + Q[¢)].

By Lemma 5.2.2 L is invertible and the operator

L7L: CP(M) — CPP>(M)

is continuous. Let e = 2H y—2H),, the (assumed small) change in mean curvature between

M and N, and define

Jlg] = L™ [—e+ Q[y]].

Since L~! was shown via Lemma 5.1.1 to be continuous, it is also bounded by its operator

norm ||L~!]] < co. Also we recall the constants Cg and r from Theorem 6.1.1. Then we
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can set

b = min (; 'r)
2Cq|IL7H|”

and let

K = {90 € Ogva/(M” HSOHIH’Q,O/ S b}

where 0 < o < &/
We note that for all ¢ € K, ||¢||p+2.0 < 7 so that Lemma 6.1.1 applies for all ¢ € K.

Let

b
lelly < 55—
P2

Then if p € K we have

1 [l s20 = 127 =€ + QLN lp+2.0
<L = llpr2.a + 1L QAN I pr2.0
< IL7HHlel + 127 Q) pa

< IL7HHlell + Coll L™ Il 2.0
b

< N gy + ol I
2]
b b
< -4+ Co||L7Y|—=——
=3+ el gy

=b

Thus for J : K ¢ CVP> (M) ¢ C?™**(M) — CP*>(M) we have J[K] C K.
As K is closed and bounded in C?t2¢' (M) the embedding of K in C2™*(M) is com-

pact via Proposition B.1.3. Since J is a continuous map from the convex compact set K to

64



itself, the Schauder fixed point theorem applies and J has a fixed point, ¢. Thus

o = Jlp] =L [—e+ Ql¢]]
Llp] = — e + Ql¢]
— L[] + Q] =¢

nHlp] = nHy — L[] + Qo] =nHy + €

and this fixed point is the solution to our initial differential equation. This yields a new cmc

surface N = I',(M ) with mean curvature nH ), + €. O
Combining this result with Lemma 4.3.1 gives the following corollary.

Corollary B.1.6. If there exists a function h - M — R in C*(M) N C*(M) such that

L[] >0

h>0o0n M

h(zg) > 0 for some xq € OM

\

then for all € > 0, sufficiently small, the Dirichlet boundary value problems

lorr =0

both have solutions in a neighborhood of 0 in C?™>*(M).

While the above result is essentially equivalent to Corollary 6.2.9, the approach of
Chapter 6 can be extended to inflations almost immediately. This is because the inverse
function theorem gives continuity/regularity of the inverse of nH.

The Schauder fixed point theorem has no such standard result. In fact, the solutions

found above are not even known to be unique near M. To achieve the same results then we
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must also provide regularity results that lead to uniqueness and local continuity of solutions.
One possible approach is to use the uniqueness result of [26]. However this would require
a bound on the eigenvalues of (n#)’ in a neighborhood of ¢ = 0, instead of only at zero.
As mentioned in Remark 6.2.7, such a result is beyond the scope of this work.

Instead, by showing stronger conditions () we can show that .J is in fact a contraction

near ¢ = 0 and use the contraction mapping principle instead.

B.2 Contraction Mapping Principle Approach

In this section we are able to show both existence and uniqueness of fixed points of .J for

small(er) € and ||¢||,+2 using the contraction mapping principle:

Theorem B.2.1 (Contraction Mapping Principle). Suppose that B is a closed subset of the
Banach space E. If f : B — B is a contraction, i.e there exists C' € [0, 1) such that for all
r,y e U

1f (@) = fW)ll < Cllz =yl

then f has a unique fixed point in U.

Remark B.2.2. While the contraction mapping principle requires only that £/ be a complete
metric space, we use the present formulation as Banach spaces will be required in the next

section for the continuity of fixed points.

To use this result we will need a stronger estimate on () than that given in Lemma 6.1.1.
Specifically we need to show that () itself is a contraction near ¢ = 0. While this result
could be obtained directly, a simpler argument is given as follows from the mean value

theorem for Fréchet derivatives.

Theorem B.2.3 (Mean Value Theorem). Let f : B C E — F be a C' map between Banach
spaces E, F. Let D f(z) be the linear Fréchet derivative of f. Then if | D f(x)| < C; for

all x € B then
[ f(z) = f(W)ll < Cyllz -yl
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forall x,y € B.

Proposition B.2.4. For all C' > 0 there exists r¢ > 0 such that if v1, 2 € B,,(0) CU C
CP**(M) then

1Qle1] — Qlwallly < Cligr — wallpra-

Proof. Since Q is C* (see Lemma 6.2.4) on U C C?**(M) we let DQ(ipo) bet the Fréchet

derivative at ¢y. Thus DQ(y,) : CP*(M) — C?(M) is linear and

i 1914 = Qlie] = DO = ol

=0 le = @ollp+2

= 0.

Now by Lemma 6.1.1 we have

lim QL] <1 CQ||‘P||§+2

20 [lpllpra T e=0 [lllpra

< lim Coll¢llps2 = 0
Consider then that at ¢y = 0 we have

1Qly] — QI0] — DAO)[p — O]ll,

0 = lim

0 lp = Ollpt2
_ i 190¢] = DRO) el
#0 o llp+2
_ i QL1 = DRO)]ll, , 1QL1
#0 o llp+2 ol
> lim 191 = DQO)] — Qlllp
0 e llp+2
_ iy 12ROl
#=0  [lellpro
>0
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In particular this implies that

o 1DQO) Il
R e
D

. 1DQO)l

=5 Tl

[1DQO) ¢l
1@llp+2

for all ¢ € C2*(M). Thus DQ(0) = 0.

Since Q is C', DQ(¢yy) is continuous in ¢y and DQ(¢g)[p] is continuous (and thus
bounded) in . Thus the map ¢ — ||[DQ(p)]| (in the operator norm for linear functions)
is also continuous. Therefore as ||[DQ(0)|| = ||0|| = 0 there exists rc > 0 such that

| DQ(po)|| < C forall ¢y € B,.(0) C By, (0) CU.

By the mean value theorem we may then conclude that for all 1, o € B, (0),

1Qle1] — Qleallly, < Cligr — @2llpra-

Now we can conclude that J is a contraction.

Proposition B.2.5. There exists r; > 0 such that the map J : B,,(0) C U — C2*(M) is

a contraction with factor 1/2.

Proof. Let r; > 0 be given such that for all ¢y, s € B,,(0),

1
1Qer] = Qlpa]llp < WH% — ©2llpt2-
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Then for all ¢y, @5 € B,,(0),

171e1] — Jlpa]llpr2 =1L [—€ + Q)] — L7 [—€ + Q2] lp+2
=|L7'[Q[e1] — Qle2]]llp+2

<IZ7HHIQler] — Qlea]lly

_ 1
SHL 1” 2HL,1” ngl - 902||p+2

1
:§||<P1 - 902||p+2

We now give use the contraction mapping principle to find a unique solution.

Theorem B.2.6. If p > 2 + n/2 and the Dirichlet eigenvalues of L = —/\y; — |Ap|* are

all non-zero then for all €, ||€|| sufficiently small, the Dirichlet boundary value problems

M| = 2Hy + €

¢lorr =0

both have unique solutions in B, ,(0) C CP*2(M).

Proof. Let ||¢]|, < sz Then for all p € B, ,(0) we have

1 7Tellpr2 <[] = J10]|p+2 + [[T[0] |2
1 _
<5l = Ollps2 + 1L [€]llp+2

1 _
<slellpz + IZ el

1 ry
<= L
_2TJ+ || ||2HL,1H
:’["J

Thus J : B,,(0) — B,,(0) and J is a contraction, so by the contraction mapping principle
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has a unique fixed point in B, (0). As in the proof of Theorem B.1.4, this fixed point is a

solution to our initial differential equation and yields a new cmc surface N = I',(M ) with

mean curvature nH ), + e. Additionally however, this solution is unique in B, (0). [

Combined with Lemma 4.3.1 this gives an alternate proof of the Corollary 6.2.9. Now
using a family of contractions we are in a position to show the continuity of this solution

with respect to € in the next section.

B.3 Regularity of the Fixed Point Operator

Using the above contraction principle approach to find unique solutions in B,,(0) we are

able define the map
X : B,,(0) c C*(M) — B,,(0) c Cy**(M)
for r. = ﬁ where € maps to ., the unique fixed point of of the operator

Jelel = L [—e + Q[y]].

We wish demonstrate that X is C?. First we note that X is uniformly continuous in e

via the following recursive argument. In fact, we get Lipschitz continuity:

H§061 - 9062Hp+2 :”Jel [(:061] - J€2 [(Péz”|p+2
=L a1 + Qlye,|] — L7 [—e2 + Qlwwes]llp+2
=L ez — e1 + Qle,] — Qlpelllp+2

<IL7 [ le2 — exll, + L7 1QLpe] — QeI

- _ 1
<L le2 = el + L7 22T l1 = @2llp+o

1X (&) = X(e2)llprz =ll0er — Peallpra < 2L ez — eall,
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Next consider we consider the Fréchet derivative of X, with respect to e. We see a

similar recursive argument in an informal derivative argument.

0 0
&Qpe _aJE[QOE]

=2 1 e+ Qled

=L [%(—e + Q[we])}
=L [—I - DQ(%)%%}
L {%%1 S DQ(%)%%

%906 = (DQ((pe) - L)il

This suggests that the Fréchet derivative of X by e,
DX(e) : CP(M) — C2*(M),
is given by

DX(e) = (DQ(¢c) — L)™".

This holds true formally as we show. Consider first the following relation.

Llpe = pey] =L[Jelpe] = Je e, ]
=LIL7 [~e+ Qo] = L7 [~e0 + Qlpe]]
=Qled — Qlee] — (€ — €0)
=DQ(pe,) e — Pee) — (6 = €0) + Qo] — Qlpe,] — DQ(e,) [ e — Pec]
(DQ(pe,) — L)[pe — ¢e] =(€ — €0) = [Qlpd] — Qlvee] — DQ(0e,)[ e — ¢, ]

P — P =(DQ(pe,) — L) '[(e — €0) — [Qlipe] — Qleoe,] — DQ(pey) [0 — el
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Therefore we see that

1X(e) — X(eo) — (DQ(pe) — L) '[e — eo]llp+2

lim
€—€Q ||€ - E()Hp
i 1% = 90 = (DQ(pe) — L) 7e = eolllp
€—€Q ||€ — €O||p
< iy 10e0) = D) e— 0] = (D) = e~
€e—€Q € — € P
i i L= (0Qe) = 10l Qleal - Deulee - pulle
€e—€0 € — € P

<1(DQ(on) — L) tim NQLed = Qlee] = DQ2a)lge = el o = Pallore
—~ €0 E—€Q ||90E — g060||p+2 HE _ €0||p
LY (D) — L)Y tim 1QLPd = Qlva] = DO(a)lpe = Pelllpr2

P e = Peollp+2

<2LHHI(DQ(pe) — L)7HI -0 =0

The above argument plus Lemma 5.2.1 proves the following:

Theorem B.3.1. Suppose that X # 0 for all Dirichlet eigenvalues of L. Then there X is C*

and exists a C* inflation of M given by

(Iv 6) = FX(E)(:U)

forall x € M and € € [0, 0] for some 6 > 0 sufficiently small.

Greater regularity of the fixed point operator X can be obtained by induction or by
appealing to a version of the inverse function theorem. Though this would amount to using
or reproving Lemma 6.2.2. This is leading us away from the stated fixed point approach.
In fact, many of the arguments above have already been straying into the approach of
Chapter 6. The proofs of Proposition B.2.5 and Theorem B.2.6 together contain many of
the arguments used to prove the inverse function theorem (Lemma 6.2.1).

Considering the benefits of each approach, the inverse function theorem is very useful
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in quickly arriving at strong results so long as the problem contains sufficient regularity.
The fixed-point theorem approach is more useful in cases where very weak regularity is as-
sumed. In such cases the Schauder, Contraction, and Leray-Schauder fixed point theorems
may be able to guarantee the existence and/or uniqueness of a solution where the inverse

function approach fails.
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APPENDIX C
POSITIVITY OF THE FIRST EIGENFUNCTION

Given a uniformly elliptic operator with suitably smooth coefficients

Llu] = Z AijUs,e; + Z biu,, + cu

over a suitably smooth domain M it is well known that there exists a ‘first’ eigenvalue \;
such that \; is real,

Re(\) < Ay

for all other eigenvalues A, and that \; is a simple eigenfunction.
In addition, it is also known that if ¢ < 0 then the corresponding eigenfunction is also
known to be positive on the interior of the domain. We make the small extension to show

the same result holds assuming only that c is bounded above.

Lemma C.0.1. Let u be the eigenfunction of L associated with \\. Suppose that c is

bounded above by the constant o — 1 everywhere in the domain M. Then v > 0 in M —0M.

Proof. Let L, = L — 0. Consider that
L{w] = \w

if and only if

Therefore the eigenfunctions of L, are the same as those for L, and in particular the first
eigenvalue of L, is A\; —o and is associated with the eigenfunction u. Butasc, = c—o < 0

the standard approach shows that « > 0 on interior of the domain M. 0
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Since we are assuming a level of continuity for the function c, this result also holds

whenever the domain M is compact.
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APPENDIX D
FRECHET DIFFERENTIABILITY OF THE THE MULTIPLICATIVE INVERSE

Consider g : W C C?(M) — CP(M) defined by

glfl = %

for

W = {f € C*(3D)| || f(x)| > wforall x € M}.

Proposition D.0.1. The operator g is C' in the Fréchet sense and

g'f] = —pl
Proof. Consider
e G L0 ) O O]
lim - = lim -
f—fo If = follp f=fo 1f = follp
o W= PR+ £ = o)l
= l1im 2
it FRIS = folly
RY.
B 0 1 1
s=do | f5 Il = foll
L= ol
= lim ————
i=do IFf3 N
J— 0 —
I1/5 1l
which holds for all f, € W since f, f, are never zero on M. ]
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