ON THE ALMOST AXISYMMETRIC FLOWS WITH
FORCING TERMS.

A Thesis
Presented to
The Academic Faculty

by

Marc M. Sedjro

In Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy in the
School of Mathematics

Georgia Institute of Technology
August 2012



ON THE ALMOST AXISYMMETRIC FLOWS WITH
FORCING TERMS.

Approved by:

Professor Wilfrid Gangbo, Advisor Professor John McCuan

School of Mathematics School of Mathematics

Georgia Institute of Technology Georgia Institute of Technology
Professor Andrzej Swiech Professor Renato Monteiro
School of Mathematics School of Industrial and Systems
Georgia Institute of Technology Engineering

Georgia Institute of Technology

Professor Michael Loss Date Approved: June 25, 2012
School of Mathematics

Georgia Institute of Technology



To my Parents with my deepest affection.

1l



ACKNOWLEDGEMENTS

Many people have contributed one way or another to the birth of this manuscript.

First of all, I would like to thank my advisor, Prof. Wilfrid Gangbo for his support
and guidance throughout these years at Georgia Tech. He has been very patient and
gracious to me. I am so grateful for him challenging me and pushing me beyond
whatever I thought I was able to do. Thanks for turning me into a mathematician.

Dr. Edoh Afambo first introduced me to Georgia Tech and has been so helpful in
so many ways to make this possible. Many thanks !

I would like to thank Dr. Cullen for coming up with the problem and explaining
the details and the Physics behind it.

Many thanks to Prof. Andrzej Swiech, Prof. Michael Loss, Prof. John McCuan
and Prof. Renato Monteiro for accepting to serve on my defense committee and
taking the time to read the manuscript.

I would like to thank my advisor for supporting me several times through his NSF
grants. I would also like to thank Prof. Ronghua Pan who supported me in Spring
2010 through his NSF grant DMS-0807406 and Prof. Andrzej Swiech, in Summer
2011 through his NSF grant DMS 0856485.

Several people have made my experience very pleasant here at Tech.

I owe many thanks to Prof. Luca Dieci for his generosity and for helping with
many administrative tasks. Ms Jacobson took the task of improving my English and
introducing me to the american culture my first year at Georgia Tech. Ms Brakebill,
Ms Grodzinsky and Prof. Heil have helped improve and hone my teaching skill over

the years. Ms Turner and Ms McDowell have been very friendly and encouraging.

v



Thank you all!
My friends in the department Romeo Awi, Liangda Huang, Hwa kil Kim, Nan Lu,
Yan Shu, Ulfar Stefansson, Ramazan Tinaztepe, Ahn Tran, Thao Vuong, Ben Webb,
Kun Zhao have made the learning experience very enjoyable.

I have been blessed to have known and shared memorable times with all the guys
in the A1 house especially David and Josh.

Joel and Valerie, Narcisse and Marie, Rebecca, Pablo, Anumu, Stephanie thank
you for being supportive all these years.

Last, my parents have been my deepest source of encouragement and motivation.

They stood with me during the most difficult times. I owe them a debt of gratitude.



TABLE OF CONTENTS

DEDICATION . . . . . . e iii
ACKNOWLEDGEMENTS . . .. ... ... . ..., iv
SUMMARY . . . . ix
I INTRODUCTION . . . . .. e 1

11

1.1 Derivation of the almost axisymmetric flow equations with forcing

terms from Boussinesq equations. . . . . . ... ... 3
1.2 Change of variables into the Dual space and formal Justification. . . 4
1.3  Comparisons with other studies. . . . . . . .. ... .. ... .... 5
1.4 Hamiltonian and a Monge-Ampere equation. . . . . . . . ... ... 6
1.5 Challenges. . . . . . . . . .. 8
1.6 Plan of thiswork. . . . . . . ... ... ... 10
DERIVATIONS OF DIVERSE SYSTEMS . . . . .. ... ... .. 12
2.1 Preliminaries. . . . . . . . ... 12

terms. . . . .. 14
2.3 Derivation of the problem in the dual space . . . . . . ... ... .. 18
2.3.1 Velocity in the dual space. . . . . ... ... ... ... ... 18
2.3.2 Domain and normal vectors. . . . .. .. ... ... ... .. 19

vi



2.3.3 Conservation of the total mass. . . . . . . . .. .. ... ... 21

2.4 Connection between the Almost axisymmetric Flows with Forcing
Term and Monge-Ampere equation. Program for solving the Almost

Axisymmetric Flows with Forcing Terms. . . . . . . . ... ... .. 33

IIT MINIMIZATION PROBLEM . . . . ... . ... ... ... ..... 36

3.1 Continuity properties of I[o] and compactness of the set of admissible

functions. . . . . . . 36

3.2 Minimization using Direct Methods of the Calculus of Variations . . 42

3.2.1  I[o](h) decreases when h is replaced by its non decreasing

rearrangement in a class of piecewise constant functions. . . . 45

3.2.2  I[o](h) decreases when h is replaced by its non decreasing

rearrangement: general case. . . . . . . .. ... ... L. 50

3.3 Duality Methods and Monge-Ampere Problem. . . . . . .. ... .. 54
3.3.1 Primal and Dual formulation of the problem. . . . . . .. .. 55
3.3.2  Existence of a minimizer for IIp(-, z) and Twist condition. . 57
3.3.3 Existence of a minimizer for the functional 7. . . . . . . . .. 63
3.3.4  Regularity property of the domain Dy. . . . . . . . ... .. 76

3.3.5  Existence and uniqueness of a solution in the Monge -Ampere

equation. . . . . ... Lo 84

3.4 Some stability results. . . . . .. ..o 84

IV A TOY MODEL OF THE ALMOST AXISYMMETRIC FLOWS

vii



WITH FORCING TERMS. . .. ... .. ... ... ... ... 89

4.1 Existence of a solution for initial data that are absolutely continuous

with respect to Lebesgue. . . . . . . . .. ... 92

4.2  Existence of a solution for general initial data. . . . . . . . ... .. 101
APPENDIX A — MONOTONE REARRANGEMENT AND PRO-

PRIETIES. . . . . . . . 112

REFERENCES . . . . . . . . 118

viil



SUMMARY

This work is concerned with the Almost Axisymmetric Flows with Forcing
Terms which are derived from the inviscid Boussinesq equations. It is our hope that
these flows will be useful in Meteorology to describe tropical cyclones. We show that
these flows give rise to a collection of Monge-Ampere equations for which we prove an
existence and uniqueness result. What makes these equations unusual is the boundary
conditions they are expected to satisfy and the fact that the boundary is part of the
unknown. Our study allows us to make inferences in a toy Almost Axisymmetric

Flows with a forcing term model.
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CHAPTER 1

INTRODUCTION

In this work, we consider the so-called Almost Axisymmetric Flows with Forcing
terms in the absence of viscosity. The variant of these flows we are concerned with,
originated in a work by Craig [17] and was built on works by several atmospheric
scientists (e.g., [23] [28] [43]). The Almost Axisymmetric Flows are designed to study
the structure of tropical cyclones and were suspected to possess a Hamiltonian struc-
ture. As we will show later, the equations describing the Almost Axisymmetric Flows
with Forcing Terms are derived as an approximation to the inviscid Boussinesq equa-
tions.

This work focuses on the free boundary version obtained by Cullen, following a pro-
cedure proposed by Craig [17] and Shutts [43]. In the cylindrical polar coordinates

(A, 7, 2), the time dependent domain where the fluid evolves is of the form
e ={(\rz):0<A <21, 0<z<H, ro<r<q(t\z)} (1.0.1)

where the boundary r = ¢! is a material surface and ry, H are positif real numbers.
We have used the notation S* = S(t,-,-). The temperature &'(¢, A\, r, z) within the
domain of the vortex (where the PDEs are considered) is higher than the temperature
in the ambient fluid which is maintained at a constant temperature 6, in a rotating
framework where the coriolis coefficient is 2. We denote by u = (u, v, w) the velocity
the fluid in cylindrical coordinates. The material derivative associated to this velocity
D ._ 9, u

in cylindrical coordinates takes the form = := 5 +

0 ol )
o o T v5 + w5 . The pressure

T oA
inside the vortex is denoted by .
The unknown of the problem are u = (u,v,w),#', ¢, s while the equations describing

the Almost Axisymmetric Flows with Forcing Terms are given by



(Du  uw 10y

1
i T -z =1 1.0.
Dt+ " +2Qv+7’8/\ SE(t, A, 2), (1.0.2a)
Do’
D =S(t,\, 1, 2), (1.0.2b)
u? 90
7 + 2Qu = ar (102C)
Op o'
ek A = 1.0.2d
0z 9«90 0 ( 0 )
10 10 ow
- = - =0 1.0.2
7 O u)+7‘8r(m)+82 ’ ( )
The conditions on the boundary are given by
u;-ng =0 on{r=r}U{z=0}U{z=H}
(1.0.3)

%_’_%%_’_w%zv on {T:g(t7)\7z)}

along with the condition

o(t, A\, s(t,\,H), H) = 0.

Here ny is the unit outward normal vector field at time ¢ and
F(t,\,r,2z) and S(t,\, 7, 2) are prescribed forcing terms of the system. These

equations are supplemented by the initial conditions

gy —
Uji—o = Uy = (o, Vo, Wo); 9|t:o =0y =0 = ¥o

The solutions we are interested in are the ones that are stable in some sense to be

made precised later. We require initially the following conditions :

(

3 =

gl

(uo) + +3r(rvo) + G2 =0
V2. (0 +925) >0
(1.0.4)

2
uy — 90
r +2QUO— or




1.1 Deriwvation of the almost axisymmetric flow equations
with forcing terms from Boussinesq equations.

The equations in (1.0.2) are obtained as approximations to the well known 3D inviscid

Boussinesq equations with forcing terms:

28 +200x 9, +Vp — e —F =0
bo—-g (1.1.1)
div(u) =0
\
Here, D% = % + ﬂ% + T)% + ’U_}%. These equations are written in the carte-

sian coordinates (z,y, z) and the velocity field u is expressed in the associated basis
(Ox, 0y, 0;). Here ¢ is the pressure, 0 is the temperature, F, S are respectively a vector
and a scalar forcing terms. As we show in section 2 of Chapter 2, under the cylindrical

coordinate change of variables, the equations in (1.1.1) transform into

(D 10
D—’;L—f—lj’—v—f—QQU‘f‘;a_f - %F(t7/\;ra Z)a (112&)
D /
Det —S(t A7, 2), (1.1.2b)
D 2
Dv s, o 1129
Dw 0O¢ o'
10 10 ow
- i - — 1.1.2

L ra)\(u) + 7’87‘<m) + 0z 0, ( )

Boussinesq equations are known to model large scale flows in the atmosphere
where the vertical component of the velocity field is much smaller than the horizontal
component. This leads to the hydrostatic approximation where %ﬂf ~ (. In addition,

in a rotating setting, the radial velocity of fluid is assumed to be small. To take this



fact into account in our equations, we also make the approximation 57 D B¢ ~ 0. Remark-
ably enough, it was predicted by Craig [17] that these approximations do not destroy
the Hamiltonian structure of the Almost Axisymmetric Flows. Thus, from (1.1.2) we

obtain (1.0.2).

1.2 Change of variables into the Dual space and formal
Justification.

The computations performed in this subsection are valid if we are dealing with func-
tions which are smooth enough.

Our approach to the problem (1.0.2) relies on a specific change of variables involving
the expressions ur 4+ Qr? and %9’ into a space we called “the dual space.” As we will
soon see, this appropriately chosen change of variables is motivated by interesting be-
haviors of the balanced axisymmetric vortex. Indeed, In the context of axisymmetric
flows, namely when the quantities involved in equations (1.0.2) are all independent
of X and F = S = 0, the angular momentum wur + r? and the potential temperature

0’ turn out to be key conserved quantities along trajectories of the flow :

Dy _y

ur+QT) iy
0

Dt(
Moreover, the same quantities somehow control the rate of change of some variant

of the pressure ¢ in the radial and vertical direction in the following way:

3 0 0? 0 0?
(wr+ QY =r'olo+ 5t go=gle ot (120)

If we introduce new variables P = ¢ + %27"2 and 2s = r;% — 72 then (1.2.1)

becomes

(ur + QT2)2 = 0, P, - 0, P



These considerations suggest to study the system in new coordinates A, T =
0sP and Z = 0,P. The new coordinates have the principal advantage of shedding
light on the strucure of the Almost Axisymmetric Flows equations and making more
transparent the main mechanisms driving the system. More specifically, in the new
variables, the Almost Axisymmetric Flows with Forcing terms have a very simple

formulation in terms of the continuity equation

Jdo .
2+ div(cX,) =0
n (1.2.2)

Olt=0 = 00

Here,
X, =

VY " .
0 2/TR, 2T {F (A,_o 8\11) +3—3} s, (A : a@))

1-2728%7 oz VARSI oz
(1.2.3)

and there exists P such that P, and ¥, are Legendre transforms of each other

and solve the Monge-Ampere equation (1.4.1).

1.3 Comparisons with other studies.

The other well known PDE whose study comes close to the inviscid Boussinesq equa-
tions is the incompressible Euler equation. Recently, the free boundary Euler equa-
tions have been studied intensively by different groups of people including Linblad [38]
Shatah-Zeng [44], Coutand-Shkoller [12]. For the well-posedness of the free boundary
problem in incompressible Euler equations, it is required that the pressure satisfies

the following condition:
Vi -ng <cy <0 on the free boundary

The above condition was instrumental to obtain an existence and well-posedness

result. This suggests that in the case of the Almost Axisymmetric symmetric Flows



a certain condition is expected to be imposed on the pressure. From a physical
perspective, we are interested in solutions that are stable in the sense that they
correspond to a minimum energy state with respect to parcel displacements that
preserve the angular momentum and the potential temperature (see [23]). For a

solution to be stable we require that

QZ 2
V,%,Z< ; + @ (r, z)) >0 (1.3.1)

Note that this conditon implies that 9227"2 + @} (r, 2) is strictly convex and validates

the change of variables discussed in the previous section.

1.4 Hamiltonian and a Monge-Ampere equation.

The Almost Axisymmtric Flows with Forcing Term comes along with an energy func-
tional which proves to be an important tool in the solution procedure that we propose.
When these flows evolve with a velocity u = (u, v, w) and temperature ', the density

energy is given by
u? g
— 4 Ly
2 b
In the variables (s, T, Z) that we introduced in section 1.2, this energy density takes

the form

ur g T Qr?
e Y/ NNy 0 1V/; UL —
> % S T o =229

The measure in the physical space can be expressed in different variables. Com-
puting the Jacobian of the change of variables, one shows the existence of a scalar

function o such that

xr. (A, 7, 2)rdAdrdz = xp, (A, s, 2)e(s)dAdsdz = o(N, T, Z)d\dYdZ

Here
4

"o 2
e(s) = m fOI‘ 0 S 27/'05 <1



and

Dy ={0<s<hy(z),z€0,H],\ € [0,27]} with 2hy(2) = — —

Let P be as in section 1.2 and assume we can choose ¥ such that Py := P,(s, 2)
and V) := U, (T, Z) are legendre transforms of each other so that s = 0,V (Y, Z)
and z = Oy VU, (Y, Z) for A fixed. Assume in addition that (P, U, h) satisfy

4
o
(1 — 27"88T\If)\)2

det(V3 ,0) = oy

Vo zUx(spt(or)) = Dp, (1.4.1)
QQ
kPA(h)\(Z% ) 2(1— 2T2h(/\ z_)) on {h)\ > 0}

Then the Hamiltonian takes the form

02
/ (— 99 >qurd>\drdz =
)

/ TOLY — 20,0 + —— + VT + Ll
T 25T 92 2(1 — 2r20¢ )

) od\dYdZ
(1.4.2)

which makes it depend on ¢ and W. We make the crucial observation that this

Hamiltonian can be expressed solely in terms of the measure o:

2T
H(o) = H,(0y))dA (1.4.3)
0
Here
H,. (o)) := inf I(hy, ) = inf I[oy\](hy) (1.4.4)
’YGF(@XDhAEQ,U,\) h
with



and

- 1 022 §° + 2°
I[oy](hy) = EWQQ(J,G(S)XDM) +/D (2(1 — 2(39r2) - > dsdz
h 0
T Y2 4+ 72
— = — dY.dZ
+/RQ(2¢3 VT 2 )UA( ,d2)

The minimization problem in (1.4.4) has a dual formulation
H.(oy) = sup J[o,\](V, P) (1.4.5)

(2% — VY - \11) ox(dg) + j(P) (1.4.6)

Taxle.P) = |

RQ

with
H
Jj(P) = hlengo/o p(h(z),2)dz.

Here, Hy consists of all borel functions h : [0, H] — [0,1/(2r). The supremum in

(1.4.5) is taken over the set

U= {(\IJ,P) € O(RY) x C(A,,) : P(p) +¥(q) > (p,q) for all (p,q) € A, x Ri}
(1.4.7)

and

g Qg 2
_ _ < : A
Ip(p, 2) /0 (2(1 517 P(s, z))e(s)ds for 0<2rjp<1 (1.4.8)

It turns out that if A7 is a minimizer in (1.4.4 ) and (P?, U?) is a maximizer of (1.4.5)
then (h?, P?,¥7) solves (1.4.1).

1.5  Challenges.

The first challenge we encounter is to show that (1.4.1) admits a unique solution
(P?, W7 h?). The lack of uniqueness would have been a source of a pessmistic pre-

vision as for any hope of regularity. The difficulty here is that the set of functions



{ XDy, (8, z)} is not closed in the L*™ weak™ topology. This is an obstacle we bypass
easily by observing that
I[oN](h}) < I[o:)(hs)

If hff is a monotone rearrangement of hy. The existence follows easily from the
fact that the monotone functions are precompact with respect to pointwise topology.
But the uniqueness proved extremely challenging in the sense that we don’t know
any strict convexity propriety for the functional with respect to any metric we could
think of. We resort to a duality argument and discover a twist condition for a certain
functional which ensure uniqueness.

The second challenge is to make rigorous the existence of X, in terms of V.

ov v ov

In other words we have to prove that (57 vl

) exists. The existence of g—‘i’ is

equivalent to the regularity of the solution of the Monge Ampere equation

4
"o

(1 - 27“(2)8]‘\1/)

S det(V2 ,0) = 0,

with respect to a parameter A when o) depends smoothly on A. This turns out to be

a problem out of reach in this work, which we hope to address in a future study.

Strategy.
We decide to start the study of a system of equations which may not be physical

but is educational and helps understand the original problem.

First simplication:

We remove all the expressions depending on A from (1.0.2) (in particular, here

% = % + U% + w% ) to obtain the 2-dimensional system of equations.



(
Du uv = 1

10, (rv) + 0.w =0

0S + w0,s = U,
\

Here,

Fe:={(r,2)

S

D¢’

subject to the boundary condition

4 20u=20,¢, 22 =3, inl;
0,0 — 93;; =0, inl: (1.5.1)
on {r =g}
| <(2) >r=>m, 2€[0,H]},
o(t,(t, H), H) = 0. (1.5.2)

Neumann condition has been imposed on the rigid boundary.

In the “dual space”, this system of PDEs takes the form

Oo :
5+ div

(Vi[olo) =0 (0,T) x R?

O|t:0 = 0p-

and has been studied under two different conditions namely when the initial data

is absolutely continuous with respect to Lebesgue and when it is not.

We note that the collection of variational problems stemming from the 2-dimensional

system coincides with the one obtained from our original problem.

1.6 Plan of this work.

In Chapter II, we first collect the notations used throughout this manuscript and

recall a few definitions. We show how the various systems of equations we study

are derived. Next, we lay down
Axisymmetric Flows with Forcin

of variational problems.

a program whose completion will solve the Almost

g Terms and explain their relationship to a collection

10



Chapter III contains our main contribution from the calculus of variations point of
view. The uniqueness of a minimizer satisfying the boundary condition (1.4.1) (iii)
along with the Lipschitz regularity of the boundary of D;, are certainly the most
remarkable facts.

In Chapter IV, It is worth mentioning that we have been able to give a meaning to
the velocity field V;[o] even for measures which are not absolutely continuous, based
on the Riesz representation argument. Having all these tools at hand, existence of
a solution in (4.2.6) based on a scheme where V;[o] is implicitly defined, is by now
standard and pionnered by Ambrosio and Gangbo [2].

We end this manuscript with an Appendix which consists of basic Analysis results.

11



CHAPTER 11

DERIVATIONS OF DIVERSE SYSTEMS

2.1 Preliminaries.

In this section we introduce some notations and definitions.

- For any real number z, [x] denotes the integer part of z.
-Let x = (21, 29...7,) and y = (y1, Y2...yn) be vectors in R™, n an integer greater or
equal to 1. Then

k=n

<X7 y> =Xy = Zxkyk

k=1

If A= (A, Ay, A,) with A; € RF and x € R¥ then
<X, A >=(<xA > L <x AL > <X A, >)

- Let v = (v1, v2,v3) in the basis (0., O, 0.) associated with system of coordinates
(a,b,c). Then div(v) = J,v1 + Opv2 + Jyvs. This is an abuse of notation but note that
if (a,b,c) is the cartesian coordinates then div(v) is the expression of divergence of
V.

- Let v € R". We denote by t, the translation of v defined by t(u) = u+ v for
any u € R”.
-Let M be a matrix. M7 denotes the transpose of M and if M is invertible then we

denote the inverse of the transpose of M by M7,

- Let A and B be two subsets of R” n > 1. Then the difference symmetric of A

and B is denoted by AAB and is equal to (A\ B) U (B \ A).

12



- For convenience, we use the notation S; :== S(t,-,-,-) and S := S(t, A, -, ).
—% denotes the material derivative and will be defined in each context as we make

precise the velocity field it corresponds to.

If F = (Fy, Fy,...F,) is smooth then 28 = (B85 DL Dlin)

-Iff: A— R (A CR")isa Lipschitz continuous then Lip(f) = ian w
x,y€ X—y
X£y

denotes the lipschitz constant of f.

-H? denotes the d-dimensional Hausdorff measure.

- P,(R?) denotes the set of all probabilities with a finite p-moment.

- Given two borel yy and p; be borel finite measures in R? we denote by I'(pg, 1)
the set of all measures on R? x R? whose first and second marginal are respectively

po and p.

Definition 2.1.1 Let po and u; be borel measures in RY. The (p-th) Wasserstein
distance between the measures po and py elements of P,(R?) is defined by
) min {fRdXRd ’.CU - y’pd’.}/ S F(:an :ul)} Zf MO(Rd) = Ml(Rd) <0

W (ro, pin
00 otherwise .

(2.1.1)

The set of minimizers in (2.1.1) is denoted by T'o(po, f11)-

Definition 2.1.2 Let uy and uy be borel finite measures on R? such that po(R?) =

w1 (RY). We say that a borel map T pushes forward pg onto puy and write Typg = iy
of
/ Fdu, :/ F o Tdug (2.1.2)
R4 R4

for all continuous and bounded functions F' on R%. The set of minimizers in (2.1.1)

is denoted by T'o(po, p1)

13



2.2 Deriwvation of the almost axrisymmetric flow equations
with forcing terms.

In this paragraph, we show how the equations in (1.0.2) are derived from the Boussi-

nesq equations with forcing terms, expressed in cartesian coordinates (z,y,z). As

mentioned in the introduction, the Boussinesq equations with forcing term F are

given by )
D4 4200 x 0.+ Vo — £00.—F =0
) %f _ 3 (2.2.1)
div(a) =0

\

Here, the velocity field u = (u, v, w)T is expressed in the basis (0., 0,,0,) corre-
sponding to (x,y, 2).
We consider the change of coordinates P from the cylindrical coordinates (A, r, z) to
(x,y, z) defined by
P(A, 1, 2) := (rcos(N), rsin(A), z)

To u = (4,v,w)", we associate the corresponding velocities u = (u,v,w)T in the
orthonormal basis (10, 8y, 0.) (with respect to the metric rdA? + dr? + dz?) and
u. = (% 0,w)" in the basis (dy,0y,0.) both associated to the coordinate system

(A, 7, z). u and u, are related by

[VPlu. =uoP (2.2.2)
We recall
D 0 - D 0
E = E + <ua vw,y,2'> E = a + <uca vk,r,z')
We set
—sinA cosA 0 r 0 0
P(A) = | cosA sin\ 0 S(r)y=10 1 0
0 0 1 001

14



and observe that

S(r)uc(A, 7, 2) = u(\,r, 2) P~1()\) = P(\) PT(\) =

Note that
-5 00
D 1
Z8§(2) =
5S¢ 0 00
0O 00
Since

—rsinA cosA 0
VPAr,2)=1| rcosA sinA 0
0 0 1
We easily check that

VP(A 1, z) =P(N\)S(r)

We note that for any real-valued smooth function m := m(t, z,y, 2)

D ou

E(mop):aop%—(uc, V(moP))
:aa—?oer(uc, [VP]"VinoP)
:%—?OPJr([VP]uC, Vi o P)
:%—Topﬂﬁop, Vin o P)

Dm
= "

Applying (2.2.4) to u, v, w, we obtain

D Du
Do) =TppeP

and so, by using (2.2.2) and (2.2.4) we obtain

op=r(@oP) =+ =

Dt Dt Dt

15

VPu.) = —([VP])u. + [VP]

Du,
Dt

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)



We compute

—(ucosA+wvsinA) —%sinA 0

D
E([VP]) = |(—usin A +wvcosA) %cosA 0
0 0 0
and notice that
v % 0
L (vp) = PO
Di —u 0 0
0O 0 0
and so
D ouv w2 \7'
By (TP =B (22~ 0) 227

As uc(\, 7, 2) = S(2)u(A, r, z), we have
Du, 1. Du DS(%)

bt S t o
:S(l Du UV

2 (™ 0,07
) Dt (r2 0,0)
This, combined with (2.2.3) yields

r

Du,

VP Dt

—P()) {% - S(r)(z—;}, 0, O)T] —P()) [% . (%, 0, O)T] (2.2.8)

We combine (2.2.6), (2.2.7) and (2.2.8) to get

%‘:OP:P(A) {%+ (@,—“—Q,OH (2.2.9)

We use (2.2.2), the fact that S(r)uc(A, 7, 2) = u(A,r, 2) and (2.2.3) to obtain that
(ux0,)oP = (uoP)x0, = ([VP]ue)x0, = (P(A)S(r)uc) %9, = (P(A)u)xd, (2.2.10)
We check that

(P(\)u) x 9, = P(\)(u x 8.) (2.2.11)
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We combine (2.2.10) and (2.2.11) to get

(W x 9,)oP =P(\)(uxd,) =P\ (v,—u,0)" (2.2.12)
Setting
p=poP
We get
(V@) o P = (VP) "V = (P(N)S(r) ™" Ve = P(N)[S(>) V] (2.2.13)
Set
0=0oP
Note that
0, = Po,

Combine (2.2.9), (2.2.12) (2.2.13) to get

Di _ _
S 90 x 0.+ Ve — Lo, —F|oP
Di %
Du w 2 ] ) (2.2.14)
+( + 2Qv, —— — 2Qu, ——9) +S(=)Vo =P 'FoP

T

:PQ)L% r fo

As det(P) = —1, in view of (2.2.14), the first equation in (2.2.1) is equivalent to

Du u? =
+( Y o0, — L o, ®4+&)V¢—P FoP=0  (22.15)
Dt r 90

This equation is written explicitly in (1.1.2) when
—1E 1 T
F:=P 'FoP=(-F00).
r

By setting S = S o P, we use (2.2.4) to obtain

D0 D - Do -
ﬁ:E(eop): i oP=SoP=3_5 (2.2.16)
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It is well known in the litterature that (divergence expressed in cylindrical coor-
dinates)

div(a) = 1div(ruc)

r

Therefore the second equation in (2.2.1 ) becomes

10 10 ow

0
Thus, (2.2.15), (2.2.16) and (2.2.17) form the system of equations (1.1.2).

2.3 Derivation of the problem in the dual space

Let u = (u,v,w) be a velocity field in the cylindrical coordinates in the basis

(%8,\, Or, 0,). Recall that we have defined by

the corresponding velocity field in the basis (0, 9, 0,). We assume that the velocity

field is smooth in {r > ry}.
2.3.1 Velocity in the dual space.

Let N be the flow in cartesian coordinates corresponding to u. defined by
Ny=ugoN,, Ny=id te(0,7T.) (2.3.1)
and ¢ be another flow associated to a velocity field X defined by
b=X,0¢. po=id  te(0,T.) (2.3.2)

We consider a function § : [0,7,] x [0,27] x R? — R3. We assume that § is
smooth on (0,7,) x (0,27) x R? such that §; := §(¢,-) is invertible for all ¢ € [0, T.]

such that N and ¢ are related by

¢r =T o NyoFyt (2.3.3)

18



To obtain an explicit expression of X in terms of § and u., we combine (2.3.1), (2.3.2)

and (2.3.3) to get
¢ = 0(Fro Ny o By )
= (0F1) o N, oFo ' + (VEo N, o Fo !, Ny oot
= (08¢ + (V31 uer) 0 Ny o Ty

= (015t + (VS uey)) © St_l o ¢y
so that

X =¢0¢, " = (0T + (Vi uey)) 0§
When we interchange the role of u and X in the above reasoning,and use §; ' instead

of §; we obtain equivalently

Uey = (at&g_l + <V3;1,Xt>) o 5
2.3.2 Domain and normal vectors.

Let ¢ : [0,7] x [0,27] x [0, H] — R be a function. Define

K={tXNrz):0<t<T, (\r,2)el,} (2.3.4)
where
I, ={(A\,r2):0< A <21, 0<z<H, r0<r<g(\2)}
We write
oK =K UK"
Here

P = {0} xT U{T}x T, and  K'={(t,\,r,2):0<t<T; (\1,z2)€0l,}

we note that the boundary 9T, of T', is the union of the subsets {z = 0}, {z = H},
{r=ro} and {r = ¢(\, 2)} of T, in R3 for each ¢ fixed. And so

Ki={z=0LU{z=HLU{r=r U{r=c(t\ 2k (2.3.5)
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in time-space. The star (*) in subscript in the above equation specifies that the
sets are considered in R*. We parametrize the boundary K of the domain K and

obtain that if ¢ is smooth, the outward unit normal vector in the time-space is given

by
(Drst, Ornst, —1,0:6)) /\/ Vi ssi])? + 1 on {r=cq(t,\2)},,
(0,0,1,0) on {r=rp},,
n= (2.3.6)
(0,0,0,1) on {z=H},
(0,0,0,—1) on {z = 0}.

\

in time-space.

Remark 2.3.1 Assume ¢ is continuous and ro < . Then ¢ has a minimum value ag

on his domain such that ro < ag. Consider a bump function ¢y such that
0< g <ag—ro on (0, H)
and assume the value 0 elsewhere. Set

o(t, A, z) = ¢o(2)

on [0,T] x [0,27] x [0, H]. We define
pL=G—¢ and p2=G+ 0o

Then
(

7o < p1 << < p2 {(t,\,z):t€[0,T], N€0,2n] z € (0, H)}
Pt N, 0) = pa(t X, 0) = ¢(£,0,0)  {(£,0):t€[0,T], A€ [0,2r]}

ot N H) = po(t, N H) = c(t,\ H)  {(t,\ H):t€[0,T], A€ [0,2n]}
(2.3.7)

\
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Set
T ={t,\rz2):0<t<T,0<A<2m, 0<2<H, p1(t, \,z2) <r < p1(t, N\, 2)}

We note that

JN{z=0}, =TIn{z=H}, =T N{r=re}, =10 (2.3.8)
and
{r=¢},CcJ
Observe that
{r=ch,={r=.nI={r=<}.nTN)U{r=<},ndJ) (2.3.9)

Here, J and 0J denote respectively the closure and boundary of J. But

{r=¢},n0T ={(t,\,s(t,A,0),0): 0<¢t<T, 0 <\ <27}
(2.3.10)

U{(t A c(t,1,0),0):0<t<T, 0< <21}

We note that the sets on the right handside of (2.3.10) are graphs of 2- dimensional

surfaces and so

H({r=¢},n0J)=0 (2.3.11)
2.3.3 Conservation of the total mass.

We recall that u = (u,v,w) is a smooth velocity field in the cylindrical coordinates
in the basis (%8,\, Or,0.) and uc = (%, v,w) is the corresponding velocity field in the

basis (0, 0,, 0,). We consider the following system of equations

¢

div(rue) =0 on T,

won, =0 {z=0U{z=H}U{r=r¢} (2.3.12)

\%+%%+w%:’(} on {T:§<t7)\7z)}
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Here, n; is outward unit normal vector of OI';, for each ¢ fixed and the equations
in (2.3.12) express the conservation of the mass in the physical space for the almost
axisymmetric flows.

Let {ot},c (o) be a borel family of probabilities and X; be a velocity field solving

the continuity equation

% +div(Xoy) =0  (0,7) x R (2.3.13)

in the sense of distributions.

Remark 2.3.2 (1) we note that

. 10 10 ow
div(ru,) =r ;a(u) + ;E(TU) + 5

(ii) for each t fized, the normal vector in space given by

(0,1,0) on {r=r},
ng =9 (0,0,1) on {z=H} (2.3.14)
(0,0,-1) on {z=0}

in either (%@\,&,@) or (O, 0y, 0,). So, using the corresponding metrics, we easily
check that

Uct " Ny = Uy - It

Lemma 2.3.3 Assume for simplicity that < is smooth and ro < <. Let § be a smooth

function on (0,T) x (0,27) x R? such that §; invertible for all t € [0,T] and satisfy

7]
Siu(rxr,) =0r  and  XoF = % +(VFi u) (2.3.15)

Then (2.3.12) and (2.3.13) are equivalent.
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Proof: Assume §; satisfies (2.3.15). Let K be as in (2.3.4), N and ¢ as in (2.3.1 )

and (2.3.2). Let ¢ and ¢ € CL((0,T) x R?) such that
G =108
On the one hand, in view of (2.3.2) and (2.3.3)

at(Ct o Nt) = at(¢t oo Nt)
= at(?/)t o ¢ 0 30)

:a—wo¢to$0+<vwo¢t0307¢t03’0>

:(Z—fogbto%’o—l—<v¢ X) o ¢ 0 Bo

0
za_qfogto]\me(V@b,XM&ONt

On the other hand, (2.3.1) yields

0
(9t(Ct e} Nt) = a—it e} Nt + <VQ, uc> e} Nt

We conclude from (2.3.16 ) and (2.3.17 ) that

o Lo
(4 (V6 ue) o087 = 2 (v, X)

Thus,

(2.3.16)

(2.3.17)

/ /R3 % + (X, Vb)) doydt = / /R3 aCt (e, VO)) 0 5 \doydt

As §; is invertible, smooth and St#rxp% = 04, we obtain that §, #at

= rxr,, and so

/ /R %+ X, Viiy))doydt = / /RS%+ (e, VC)d(rxr, )it

That is,

/ /RS %JF X, Vij))doydt = //// ?“—+ (ruc, VC)dXdrdzdt — (2.3.18)
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We apply the divergence theorem in the time-space to obtain

/// / 7’%+ (rue, V¢)dAdrdzdt = — / / / KC@(r,ruc)d)\drdzdt
+//a,cQT(LU‘c),de?’

div denotes the time-space divergence in cartesian coordinates. Note that ( = 0 on

(2.3.19)

KCsP. Using (2.3.6), we obtain
(Lue),n) =uey -y =w-ny {z2=0}LU{z=H}, U{r=ro}. (2.3.20)
and

(L,ue),n) = (9t + a,\§t + 0.6 —0)/\/|Vir.s]? +1 on {r=cg(t,\ 2)},
(2.3.21)

We next compute the second term in the left hand side of (2.3.19).

// - ¢(r(1,ue),n)dH?
_ // |l myar® + / / [ Gl m
://’Ctidr(l,uc),deg
= ///{ZZO}*U{Z:H}*U{r:rO}* rduy - n,dH3

+ /// < (Ot + Y one + wdg, — v)dH?
{r=¢(t,\,2)} |vt)\z§t| +1 r
(2.3.22)

The second equality is due to the fact that ( = 0 on IC*P. The third equality comes
from (2.3.20) and (2.3.21). We observe that div(r,ru.) = div(ru.). We combine
(2.3.18), (2.3.19) and (2.3.22) to get
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/ / (%—i— < X, Vi >)doydt = /// ¢div(rue)dAdrdzdt
0o Jms
+/// ruy - ngdH?
{z=0}U{z=H }..U{r=ro }«

S u
+ /// C > (@(t + —0,\95 + U)@Z§t — U)dH3
r=ctn2)} VIViazse|? +1 r

(2.3.23)

Assume (2.3.12) is satisfied. Then the right hand side of (2.3.23) is zero. As we can
choose ¢ arbitrary in (2.3.23), we conclude that (2.3.13) holds in the distributional
sense. Conversely, assume that (2.3.13) holds in the distributional sense. Then, the
left hand side of (2.3.23) is zero. Next, if we choose ¢ = ¢! arbitrarily in (2.3.23)
such that the support of ¢! is contained in int(K) then ¢! =0, on {z = 0}, U {z =

H}, U{r=ro}. U{r =<(t, A, 2)}. in light of (2.3.5) and (2.3.23) becomes

/ / / / o ¢Mdiv(rue)dAdrdzdt = 0 (2.3.24)

As OK is the union of the graphs of 2 dimensional surfaces, H*(0K) = 0 and so

////IC Ctdiv(rue)dMdrdzdt = ////mt(/q C*div(rue)dMdrdzdt = 0 (2.3.25)

for all ¢! € C}(K). This implies that
div(rue) =0 (2.3.26)

on I, for each ¢ fixed. Thus, (2.3.23) becomes

/// réu, - nygdH?
{z=0}U{z=H}.U{r=ro}«

i / / / - (st + —Drsi + wdisy — v)dH? = 0
tr=staa), VIVl +1 r

Take ¢ = (» such that the support of (; is contained in J (as defined in remark 2.3.1).

(2.3.27)

Thus, (» vanishes on {z =0}, U{z = H}, U{r =ro}. and so (2.3.27) becomes
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< U
/// & (Or5t + —Orgt + w05 — v)dH? =0 (2.3.28)
r=stA2)}1.0T V| Va6l + 1 r

In view of (2.3.9) and (2.3.11 ), (2.3.28) implies that

SCo u 3
0:t + —Ohgt +wd,g — v)dH? =0 2.3.29
///{rg(t,)\,z)}* vV |vt,)\,z§t|2 + ]-( ot r A ' ) ( )

for all ( € C.(J). Thus,
Ot + %(%ct +wdog —v=0 (2.3.30)
on {r = ¢} for each ¢ fixed. Consequently, (2.3.27) becomes
/// réuy - mdH? =0 (2.3.31)
{z=0}.U{z=H }.U{r=ro }«
for all (; € C.((0,T) x R?). Therefore

on {z =0}U{z=H}U{r =ry} for each ¢t fixed. The equations (2.3.26) (2.3.30)
(2.3.32) form (2.3.12). O

Let A € R be an open bounded and A, = [0, H] x [0,1/(2r3)). We consider
the set S of functions (P, ¥) such that P>(s, z) : A,, — R and YMT,Z): A — R
are Legendre transforms of each other for each A and ¢ fixed. It is well known that if
(P,¥) € S and P} is strictly convex and differentiable in the interior of its domain
then so is U} and VP, is invertible with inverse Vy z¥} in the interior of their

domains.

Lemma 2.3.4 Assume (P, V) € S and P} is strictly convezx and differentiable in the
interior of its domain.

If \— Pi(\, s, z) is differentiable at Ny € (0,27) then

a)\P(Ao, ) = —8)\\11()\0, ) o VS,ZP)\O (2333)
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Proof: Let py € int(A,,) and choose ¢y such that

Uxo(90) + Pao (Po) = (o, d0) (2.3.34)

Note that as ¥} and P} are Legendre transforms of each other, for all A € (0, 27) we

have

Ux(q0) + Pa(po) = (po, q0) (2.3.35)

We conclude from (2.3.34) and (2.3.35) that

3,\‘11()\(),(]0) = —@AP(AOJJo) (2-3-36)

By (2.3.34), qo € 0.Py,(po) = {Vs..P\ (o)} as Py, is differentiable, and so (2.3.36)

becomes

MWV ( Ao, -) © V. Py (po) = —OrP(po)

O
In the sequel, we define s : [0,00) x [0, H] — A, := [0, ﬁ) x [0, H] by
s(r,z) = (%(TO_2 —r7?), z)
Note that s is invertible with inverse
d(s,z) = (di(s,2),da(s,2)) = <\/%27025, z)
0

And so at any point of (r,z) € (0,00) x (0, H),

r3 0
[Vs] ™ (r,2) = [Vd] os(r, z) =
Let ¢ and P be functions such that
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QZ

Bros(r,2) =@\ 2) + 1 (2.3.37)

Remark 2.3.5 1. Ass is injective, P} is strictly convez if and only if oi(), ) +Qz§

18 strictly convex.

2. We observe that if (P, V) € S such that P} is strictly convez, differentiable in

the interior of its domain and X — P}(s, 2) is differentiable then in view of (2.3.33)

hp(\, ) = PN, ) os = —hT(\, ) o V. P\, ) os (2.3.38)

Remark 2.3.6 Assume ¢ is smooth and let u, 0" be functions such that

2 /
R A
r

Here 0y, g are positive constants. In view of (2.3.37), P} is differentiable and if
(P,¥) € S then

VS,ZPf‘ os(r,z) = [VS]’T (V20 + Q(r,0)]

= 7“38—90 + Q%2 8—SO
or ’

0z
. Op  u? dp
— Q 2\2 (- 7 2 Q it
((ru—l— ) —|—7’(8r . u >’82
and so, (2.3.39) is equivalent to
[V,.P}os = ((Tu + Qr?)? g@') (2.3.40)
0
or
[V..P)] = ((dlu od+Qd?)? 629 o d) (2.3.41)
0
The first components of (2.5.41) yield
0P} = (dyuod + Qd?)? (2.3.42)
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We rewrite (2.3.42) as

uod /0P _q

d a2

or

d
u:; (5,2) = /O, P} — 21354/ 0, P} — Q (2.3.43)
1

If in addition U (or P}) is strictly convex then in view of (2.3.43), the equation

(2.8.42) is equivalent to

“g 4 Vs 0 = VT — 22/ FOrT — 0 (2.3.44)
1
Note that
To
doVy 0 = [ —2 9,0
R <\/1 — 28 )

Lemma 2.3.7 F' and S are prescribed functions.
(i) Let u = (u,v,w) be a smoooth velocity field and 0" ¢ are smooth real valued
functions such that the equations (1.1.2a)-(1.1.2d) are satisfied. Assume that there
exists (P, V) € S such that (2.3.37) holds. Set F;(\,-) = (\, V5. P os). Define the
velocity field X; by

O3

X, 08 = 5t (e, VEy) (2.3.45)

If P is strictly convex then X; and ¥ satisfy (1.2.5).

(ii) Conversely, assume X; and VU satisfy (1.2.3) with (P, V) € S.and U} strictly
convez. Choose ¢ such that (2.8.37) holds for (@, P) , a velocity field u = (u, v, w)

and 0’ by setting

< , R 0,00
B = AWVeR o9 uaof = T (X VR 0=
(2.3.46)
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Then @, i = (u,v,w) and 0" satisfy (1.1.2a)-(1.1.2d).

Proof: (i) Here D% = % + (e, Vas,z)-

We use (2.3.40 ) to obtain

D D g Do
E[VS,Z-Pt)\ o) S] = (Q(UT + QTZ)E(UT + QT2), Q—OE) (2 ; 47)
Du 3.
= ( (1/Os P} o s)(rD—t + uv + 2rQv), 990 Df)
We use (2.3.34) to rewrite (2.3.47) as
D
D v..RYos-
Du Op A\ g Do
(2\/(9P os [TD_+UU+2TQU+5+8’\ (A,-) o V. P os] ’Q_OE)
(2.3.48)

In light of (1.1.2a) and (1.1.2b), (2.3.48) becomes

D / g
E[VS,ZP{\] os = ( OsP)os[F+0\¥(\,-) oV, .Pos], 9—S> (2.3.49)

0

and so

D P>
—[V&Z : ] ° S(/\7 do VT,Z‘I’Z\> -

Dt (2.3.50)
(2\/T [F,(A\,d oV z07) + 0y ¥(A, )], ¥ 95\ do V7, ))
0
We easily check that 22 od = % and exploit (2.3.44) to obtain
DX T
E(A, doVy U}) = \7{—2_ — VT TNT, Z) — Q (2.3.51)
0
We note that
DF, -1 DX D
Dtt 0F, = (Dt (A, d o Vy zU7), T [[Vs.P)]os] (A do vmxpg)) (2.3.52)
Also,
0 -1 DF -
X, = (a—f + (u,, vst>> of | = ij oF: (2.3.53)
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We combined (2.3.50), (2.3.51), (2.3.52) and (2.3.53) to obtain

Xt ==
VT A g A
— 2V YU — Q, 2V [F (A, do Vy z¥)) + 0, (N, )], e—st(x, do Vy,U})
0 0

(2.3.54)

(ii) Assume now that X; = (Xj,X7,X7) and U satisfy (1.2.3) with (P, ¥) € S.

Choose ¢ such that (2.3.37) holds, a velocity field @ = (@, 7, w) and @' as in (2.3.46)
The second equation in (2.3.46) implies that ( see section 2.3.1)

D, <1

_ 87 _ _
X, = (%ﬂuc,v&») 0F = o,

(2.3.55)

Here £ = 2 4 (1., V,.). Exploiting the first components equality in (2.3.55)

T - DX - u) od _
‘/—2_ —V/TOrTNTY, Z) — Q= X! = = od(A,do Vyz¥)) = LS (N do Vi, B))
o Dt dl
(2.3.56)
By remark 2.3.6 , (2.3.56) is equivalent to
0P} os(r,2) = (ru 4 Qr?)? (2.3.57)
Note that as (2.3.37) holds,
. 0y0p O, 0P}
g = 22 - 2"t 2.3.
g0z g 0z o3 (2:3.58)
Combining (2.3.57) and (2.3.58) we obtain
[V,.PMos = ((ru + Qr?)?, §9> (2.3.59)
0

and so by remark 2.3.6 again u, 8" and ¢ solve (1.1.2c) and (1.1.2d)
We compose the equality in (2.3.55) by § and exploit the equality in the second

and third components to obtain that
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(\/ asp75>\ oS [Ft + (9>\\Tf()\, ) o VS,ZPt)‘ o s} , Qist)
0

— (X2(\,V..P)os), X3\, V,.P) os)) (2.3.60)

D _
B E[VS’ZPtA os]
In view of (2.3.48), the equation (2.3.60) implies that

Da  uw 10p 1 D@’
- J— 2Q_ _— = —F =
Dt + r e rox r ! Dt

St

that is, 1, @, #' solve (1.1.2a) and (1.1.2b).

Theorem 2.3.8 Assume for the sake of simplicity that ro <. Assume u = (u, v, w)
0" ¢ and ¢ are smooth and solve (1.0.2) and (1.0.3). We assume in addition that
927“2

6 >0 and V7, (T + @ (r, z)) > 0. (2.3.61)

Let (P, V) € S such that (2.3.37) holds. Define X; as in (2.3.45). Set Fi(A,-) =
(A, VS’ZPt)‘os). If &+ pushes forwards rxr,, onto oy then oy and Xy solve the continuity
equation in (1.2.2) and X; and ¥ satisfy (1.2.3).
Conversely, assume X; and V satisfy (1.2.3) with (P,¥) € S and ¥} strictly convex.
Assume 7, is absolutely continuous with respect to Lebesqgue, such that &, and X; solve
the continuity equation in (1.2.2). Assume that there exists a function ¢ such that
d o VU? pushes forward o) to IXT - Choose @ such that (2.3.37) holds for (¢, P) ,

a velocity field G = (u,v,w) and §' by setting

_ _ R A o 0o 0p
St()‘a') = ()\,VS,ZPtAOS); Uc; O 5 = ([;t +<Xt,V3t 1>; 0 = 505
(2.3.62)

Then @, . = (u,v,w) and §' solve (1.0.2) and (1.0.3).
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Proof: As ¢ satisfies the second equation in (2.3.61), P is strictly convex. Therefore,
§: is invertible for each t fixed. Thus, the conditions in (2.3.15) are satisfied. As
u = (u,v,w) and ¢ solve (1.1.2e) and (1.0.3), by lemma 2.3.3, oy and X; solve the
continuity equation in (1.2.2). Lemma 2.3.7 (i) ensures that (1.2.3) holds. we conclude
that (i) is proved.

The fact that d o VU7 pushes forward &} to I, implies that VP o s pushes

forward rxr_, to ;. Let G : [0,27] x R? — R be continuous.
St

2
/ G o T\, 7, 2)rdrdzd\ = / d/\/ G(\,-) o V,.P}os(r, z) rdrdz
¢ 0 INSY

21
= / d\ / G(\,-)ordYdZ
0 Fg)\

= / GodYdZd\
T\

As G is an arbitrary continuous function, we conclude that §; pushes rXr,, tO 0.
This, along with the second equation in (2.3.62) fulfilled the conditions in (2.3.15).
Thus, as 7, and X, solve the continuity equation in (1.2.2) by lemma 2.3.3 again,

= (u,0,w) and ¢ solve (1.1.2e¢) and (1.0.3). Lemma 2.3.7 (ii) ensures that @,

<l

4 = (u,v,w) and & solve (1.1.2a-1.1.2d).

2.4 Connection between the Almost axisymmetric Flows with
Forcing Term and Monge-Ampere equation. Program
for solving the Almost Axisymmetric Flows with Forc-
ing Terms.

We recall that solving the Monge-Ampere equation in (1.4.1) comes down essentially
to solving the variational problem (1.4.4) and its dual formulation (1.4.5). As we
will soon show, when {5t}te(o,T) is absolutely continuous with respect to Lebesgue,

there exist (¥, P, h) such that (U}, P}) Legendre transforms of each other, Lipschitz,
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maximizer in (1.4.5) and k) minimizer in (1.4.4) such that

Vo, zVp,07 = e(s)Xp,,

t

e(s) and Dy, are defined in section 1.4. That is,

Y To
G =
V=2

d is defined as in the previous section. Moreover,

T\ =
do VT,Z\IIt#O-t =TXr._,
St

Vr 0oV, . P} =id e(s)X% (5,2)L* a.e and V,.PoVy, ¥} =id ae o)
Here is the program we plan to execute in order to solve the Almost axisymmetric
Flows with Forcing Term.

(a) Note that if U has enough regularity with respect to A then the corresponding
velocity field X, in (1.2.3) exists (7; almost everywhere) and is well defined. So, en-

suring the existence of the velocity field brings us back to the regularity of the solution

of the Monge-Ampere equation with respect to a parameter discussed in section 1.5.

(b) The next challenge will consist of finding a class of initial data oy and appro-
priate conditions on the velocity fields so that the solutions to (1.2.2) stay absolutely
continuous with respect to Lebesgue and enough regularity of ¥ with respect to \ is

maintained as time evolves in a discrete scheme.

(c) In the case, where the forcing terms F' = S = 0 in (1.0.2), we obtain the Almost

Axisymmetric Flows. These Flows are expected to have an Hamiltonian structure.

(d) Theorem 2.3.8 connects the Almost axisymmetric Flows with Forcing Terms
to the Monge-Ampere equations in the following way: it shows that if we had had
enough regularity on (U, P, h;) solving the Monge Ampere equation (1.4.1) for &;

given for each t fixed and if &, and X;, had solved the continuity equation in (1.2.2)
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then we would have obtained a solution to the Almost Axisymmetric Flows with
Forcing terms (1.0.2) and (1.0.3).

Thus, the regularity of (¥, P, h) becomes crucial in solving (1.0.2) and (1.0.3).
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CHAPTER II1

MINIMIZATION PROBLEM

In this chapter, we propose two different approaches to the minimization problem
(1.4.4). The first approach draws on the techniques of direct method of Calculus of
variations to prove the existence of a minimizer. However, we were unable to obtain
uniqueness, as the functional I[o] in not strictly convex (or even convex) with respect
to any metric we can think of. The second approach relies on duality techniques. We

invent a dual problem that provides the existence and uniqueness result.

Throughout this Chapter, Ry, ro, H are positive and prescribed. We set

1
Aro = [O,H] X [O, 2_7’8)

and

4
"o

_ 2
6(8) = m 0< 27”05 < 1.

We set
p=(rz) and q=(T,2)

3.1 Continuity properties of I|oc] and compactness of the
set of admissible functions.

We set f and g to be

_ [p]” o FE
fp) = 7\/6(8) — 5 and ¢(q) := 2—7% —OVY — 5

Here,

p=(rz) €A, and q:(T,Z)GRi



Let 0 € P([0, Ro)?) . To any h : [0, H] — [0,1/(2r2)), we associate the functional

Tol(h) = Wi oe(s)xo) + [ f@)ets)xo,(dn) + [ st (311)
with
Dy ={(s,2):0<z2<H, 0<s<h(z)}

We define

Haon = {1 0, — 0,1/ | [ elo)oydsaz =1}

which can also be rewritten as

1
Hdom = {h : [O7H] = [072_702)‘ : Hel/Q OhHLl(O,H) = 2+H7"3} (312)
0

If h € Haom then e(s)xp, and o have finite second moments so that W3 (a, e(s)xp, )
is finite.

We note that Wi (o, e(s)xp, ) is finite if and only if A € Haom.

Remark 3.1.1 Note that Le(s) = e(s)2 and so

H h(z) , H
: ve(s)e(s)dsdz = /0 /0 e(s)2dsdz = i/o eoh(z) —e(0)dz (3.1.3)

If h € Haom then

2 2
/ Me(s)dsal,z < max ﬂ < 00
Dy,

2 PEAL,

and in view of (3.1.8)

2f(p)6(8)xph(dq)‘ < oo
R
if and only f |le © Bl pa.m < o0,

As o € P([0, Ro)*) and g is continuous,

[ st@atan) = Co(o) < o

and so I[o](h) is finite if and only if Haom N {h : || o h||pij,m < 0o}

We easily check that the constant function hoo(z) = belongs to the set Hgom M

1
r3(2+Hrg)
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{h:|leoh||ppm < oo}
Set
2
C1(Rg,ro, H) := max <u)

(p,q)€Ar, x[0,Ro]? 2
If h € Haom then
W3 (o,e(s)xp,) < 2C1(Ro, 1o, H)

Lemma 3.1.2 Let 0 € P([0, Ro)*). Then there exist constants co = co(Ro, 70, H) and
¢o = Co(Ro,ro, H) independent of o such that

02 02

< lleohlluom + e = Ilol(h) 2 —[le o hll o, + co

for all h € Haom.

Proof: Set

2 2
er(ro, H) = max <S+Z)

(5,2)EAr,

We note that
QQ
—VE(s) 2 f(s,2) = —Vels) - -

In view of (3.1.3), for any h € Haom,

/ f(p)e(s)xp, (dq) + /R _9(@)a(dg)

f( Je(s )dsdz—cl/ e(s)dsdz + Co(Ry).

2 D,
QQ
=3 | eohlz) —e(0)dz —ei(ro, H) + Co(Ro) (3.1.4)
0
Q2 HQO?
:—HeohHLl[oH] 8 6(0)—01(7’0,H>+02(R0)
QQ

:_HeohHLl[OH —|—C0
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On the other hand, for any h € Hgom,

Tlo)(h) <Cu(Ry, ro, H / FE)e(s o, (da) + [ ala)oldn

=C1(Ro,ro, H) + 7 : Ve(s)e(s)dsdz + Co(Ry).

QQ
=< | eohlz) —e(0)dz + Ci(Ro, 1o, H) + C(Ro) (3.1.5)
0
0? HO?
:_Heoh“Ll[OH e<0)+01<R0,T0,H)+CQ(RO)

8
Q2
:—He o h||L1[0H} + Co

The result follows directly.

Lemma 3.1.3 Let C > 0. Assume {hy,} -, converges h almost everywhere with

respect to Lebesgue and {h,} ", h € Hiom. Then

e(s)xp,, — e(s)xp, weakly*

Moreover, if ||e © hy||p1j0,m) < C then

e(5)X Dy, — ¢()xp, narrouly

Proof: Let ¢ € C.(A,,).

/Dhn e(s)pdsdz = /OH dz /Ohn(Z) e(s)o(s, z)ds = /OH A(hn(2), 2)dz
A= [ " b, 2)e(s)ds

Let 0 < M < 55 such that ¢(s,z) = 0 whenever s > M. Then
0

where

min(M,t)
Alt, z) :/ e(s)o(s, z)ds.
0
Therefore,
|A(t, 2)| < Me(M)||¢]] (3.1.6)
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for all 0 <t < 5= and z € [0, H]. Since h, — h a.e and A(., z) is continuous
0
A(hn(z),2) — A(h(2),2) a.e (3.1.7)

Using (3.1.6) and (3.1.7) we apply the Lebesgue dominated convergence theorem
to get
H H
selsxny, dp = [ Al )z — [ A2z = [ oels)xn,dp
R2 0 0 R?
Hence { 5)X D, }Oo converges weakly™ to e(s)xp, -

By (3.1.3),
1 H
/ Velels)xo,, dp = 7lle o hullzom — 2e(0)

We extract from {h,, } ~, a subsequence that we still denote by {h,} —

Since ||e o hy||z1j0,m) < C, we have

sup \/ 8)XDy, (8, 2)dsdz < oo (3.1.8)

n

Note that for any ¢ > 0
{sz €A, \/_<c}:{,i2 1] 0, H]
2rg  2c
Therefore the c-sublevels of (s, z) + /e(s) are compact in A,,. Hence, there exists a
subsequence {h,, },-, of {h,} -, such that {e(s)XDhnk }:;1 converges narrowly (and
therefore Weakly*) to some probability measure p on A, ( see [[1], Remark 5.1.5]).
As weak™ convergence is metrizable, the limit is unique and p = e(s)xp, as obtained

[e.e]

in the first part of the proof. We conclude that the whole sequence { S)X Dhn}

n=1

converges narrowly to e(s)xp,-

Corollary 3.1.4 Let ¢ > 0. Assume {0} - o € P(|0, Ro)*) such that {o,},-,

n=1"

converges narrowly to o. Then I[o,](h) converges to I[o](h) for all h € Hyom. Assume

in addition that {h,} -, , h is a sequence of functions in Haom such that {h,}
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converges to h almost everywhere and I[o,](h,) < ¢ for all n > 1. Then I[o,](hy,)

converges to Io](h).

Proof: (a) Let h € Haom. Asspto,, C [0, Ro)?, we use the continuity of Ws (-, e(s)xp, )
and the fact that g € C ([0, Ro]?) to obtain that I[o,](h) converges to I[o](h).
(b) Since I[o,](hy) < ¢, lemma 3.1.2 implies that ||e o hy||p1j0.m < C

o0

(C'is a constant independent of n) and in view of lemma 3.1.3, {e(s)x Dhn}n .

converges narrowly to e(s)xp,. As D,, C A, and spto,, C [0, Ry]?, we use the
continuity of Ws, the facts that f € C(A,,) and g € C([0, Rg]?) to conclude that
I10,)(h) converges to I[a](h). O

Lemma 3.1.5 Let cg > 0. Assume {h,}oo, C Haom and b : [0, H] — [0, 55) such

’ 27‘3

that {hy,},~, converges a.e to h and ||e © hy||r10.5] < co. Then h € Haop .

Proof: Let ¢ > 0, since h, — h a.e and /e is continuous, /e o h, — \/eoh
a.e. By Egorov’s theorem, there exists a measurable subset A of [0, H] such that
Ve o h, — /e o h uniformly on [0, H] \ A, and |A| < e (here for convenience, | - |

denotes the one-dimensional Lebesgue measure). So

lim Ve o hydz —/ Veohdz (3.1.9)
[0,H\A

Jensen’s inequality implies that

1
Veoh, dz) < — [ eohudz
(|A| / [A] /4

Therefore
/ Veo hydz < £/|A| / eo hpdz < \/cgv/e (3.1.10)
A A

Recall that g € Haom 1s equivalent to |[v/e o g||rp,m = 2+ Hri. We exploit (3.1.9)
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and (3.1.10) to obtain

H
/ Veohdz > / Ve o hdz
0 [0,H]\A

= lim (/ \/thndz—/\/éohndz) (3.1.11)
n—oo [0,H] A
> 24 Hrl — \Joov/e

As e > is arbitrary, (3.1.11) implies that
H
/ Vveohdz > 2+ Hr} (3.1.12)
0

By virtue of Fatou’s lemma, we have

n—oo n—0o0

H H H
/ Vveo hdz < / liminf v/e o h,dz < liminf/ Veoh,dz =2+ Hri (3.1.13)
0 0 0

We combine (3.1.12) and (3.1.13) to obtain

H
/0 Veohdz =2+ Hr}

3.2 Minimization using Direct Methods of the Calculus of
Variations

In this section, 7y is the first projection in R? defined by 7 (a, b) = a for all (a,b) € R2.

Recall that
Haom = {h : [0, H] — [0, 1/(27“3)) | e(s)xp,dsdz =1 }
RZ
Let o € P([0, Ro]?). Recall

o)) = 5Wi (e chxn) + | @)atdn) + [ glaes)xo, (do)

]RQ
with
2,.2
Q°rg

pl? Y lq
- _ PP = —qoyr -4
J0)i= 5y — 5 d 9@ =55 V-5

| 2
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Let h € Hgom- Then,

1 _ 2
et = e [ P
R2xR2

v€l(o,e(s)xDy,) 2

= inf / — < q,p > (dp,dq)
R2 xR2

v€l(o,e(s)xDy,)

2 2
+ %XD;L (p)dp + %U(dfﬂ
R2 R2
we check easily that

_ ] T
I[o](h) = _ inf c(p,a)y(dp,dg) + | 5 —QVTo(dg).  (32.1)

7€l (0.e(s)xp;,) JR2 xR2 R2 27”0

where
02 .
c(p,q) == < q,p> ez om(p)

If o is absolutely continuous with respect to Lebesgue and h is such that

h € Haom and I[o](h) < o0 (3.2.2)

then (3.2.1) admits a unique minimizer 5. Moreover, there exist a
e(s)xp, L2*—measurable function T that pushes forward e(s)xp, L* to o and a

o—measurable function S that pushes forward o to e(s)xp, £ such that
7= (id x S)po = (T x id) ze(s)xp, (s, 2) (3.2.3)
In thise case
ToS(q)=q oae SoT(s,2) = (s,2) e(s)xp,(s,2)L* a.e. (3.2.4)
(see [46] Page 67) and
_ T
I[o)(h) = c(S(a),q)o(da) + | 55—/ Ta(dg). (3.2.5)
R2 xR2 R2 27
Remark 3.2.1 Assume o is absolutely continuous with respect to Lebesque and h
satisfies (3.2.2) and choose S and T as provided by (3.2.3).

(a) Set
MOZ{TOS:idR2} and %:{SOT:idR2}
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By (3.2.4), Mg has full measure with respect to o and Ny has full measure with respect

to e(s)xp, (s,2)L*. We notice that S is injective on Mgy. We next consider the sets
M,y = My N spt(o) and N, =NoyN D,

As Ny and Mg have full measures with respect to e(s)xp,L? and o respectively, by
construction N, and My have full measure with respect to e(s)XDh£2 and o respec-
tively. We also note that since S pushes o onto e(s)xp, (s, 2)L?, and N}, has full
measure with respect to e(s)xp, L2, ST(Ny) has full measure as well with respect to

g.

Define
C(h,S,0) := S (N,) N M, and  E(h,S,0) :=N,NS(M,)

We easily check that C(h,S,0) and E(h, S, o) have full measures respectively with
respect to o and e(s)xp, (s,z). As S is injective on My and C(h,S,0) C My, we

have
S(C(h,S,0)) =S (Sfl(./\fh) N ./\/lg) =N,NSM,)=E&,S, o) (3.2.6)

and so, S bijectively sends E(h, S, o) to C(h, S, o)
(b) If v € R? such that m(v) = 0 and Uy C R? such that e(s)xu, (s, 2)L? is a

finite measure then for any F € Cy(R?),
/ F oty eomyy, dC* :/ Fotyeomot_y,oty xy, ot_y oty dL?
R2 R2
= / Feomot_yxy,ot_y dL? (3.2.7)
R2

_/ F €O7TIX{U0+V} d£2
R2

In the second equality in (3.2.7 ), we have used the fact the the Lebesgue measure is
translation invariant. In the third equality in (3.2.7 ), we have used myot_y = . In

particular, when F' =1 and Uy = Dy \ E(h, S, 0) we get

/ e(s)dp = / e(s)dp=0 (3.2.8)
{(Dr\E(R,S,0))+v} Dp\E(h,S,0)

44



The last equality is due to the fact that E(h, S, o) has a full measure with respect

to e(s)xp, (s, 2)L% O

3.2.1 I[o](h) decreases when h is replaced by its non decreasing rear-
rangement in a class of piecewise constant functions.

Lemma 3.2.2 Assume o € P([0, Ry)?) is absolutely continuous with respect to Lebesque.
Let h satisfy (3.2.2) and v = (0,v) such that v # 0. Let S be as provided in
(8.2.3). Assume there exist h € Hiom, sets Vo C D;, of non zero L? measure and
Uy C E(h,S,0) such that (Dy \ Uy) A (Dj \ Vo) of zero L? measure, Vo = Uy + v.
Then I[o](h) < I[o](h).

Proof: Set
A=C(h,S,0)N S_l(Uo).

By the construction of C(h, S, o) in remark 3.2.1, A C spt(c). As S is injective in
M., thanks to (3.2.6),
S(A) = g(h, S, 0') N Uo = Uo.

As C(h, S, o) has full measure and Uy of non zero £2 measure, we obtain

o(A) =0 (C(h,S,0) NS (Up)) = a(S™(Uy)) = Spo(Us) = / e(s)dp > 0

Uo

Define

S=S5+vyxa.

Then

S(A) = S(A) +v=Uy+v =",

Note that as m(v) =0,
moS=moS+movys=moSs.

Let F € Cy(R?). Then
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/ F(s,z)e(s)dsdz = / F(s,z)e(s)dsdz
Dy\Uo (Dr\Uo)\(Dp\Vo)

+ / F(s,2)e(s)dsdz
(Dr\Uo)N(D5\Vo)

F(s,z)e(s)dsdz (3.2.9)

/(Dh\Vo)\(Dh\Uo)

+ / F(s,2)e(s)dsdz
(Dr\Uo)N(Dx\Vo)

= / F(s,2)e(s)dsdz
Drp\Vo
The second equality in (3.2.9) is due to the fact that (Dy, \ Uy) A (D, \ Vo) of zero

L? measure. We observe that 5" 4 =t,085 and 5‘ 4c = S and so

/ FoSa(dq)z/ Foéa(dq)+/FoSa(dq)
R2 R2\A A
:/ FoSa(dq)+/FotvoSa(dq)
R2\A A

As Syo = e(s)XDh(s,z)Ez, C(h,S,o) and £(h,S,0) are of full measure and S bijec-

(3.2.10)

tively sends C(h, S, o) onto E(h, S, o), we have

/ FoSa(dq):/ Fo S o(dg)
R2\A C(h,S,0)\A

_ / F(s, 2)e(s)dsdz (3.2.11)
E(h,S,0)\S(A)

= / F(s,2)e(s)dsdz
Dp\S(A)

and
/ FotyoSo(dg) = / F oty e(s)xp, (s, z)dsdz (3.2.12)
A S(A)

We combine (3.2.10), (3.2.11), (3.2.12) and S(A) = Uy C Dy, to obtain that

/ FoSo(dg) = / e(s)dsdz +/ F oty e(s)xp, (s, z)dsdz
R2 Dp\S(A S(A)

/ e(s)dsdz +/ Fotye(s)dsdz
\U() U()
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This, combined with (3.2.9),

~—~

3.2.7) and the fact that Vy = Uy + v yields

/RQF oS5 a(dg) = /D Pl )els)dsdz / F(s, 2)e(s)dsdz

Up+v

_ /D | Fls2)els)dsdz + / F(s, 2)e(s)dsdz

Vo

As F € Cy(R?) is arbitrary, we conclude that S pushes o forwards to e(s)xp,. Note

that

(5().0) = ~(S(a).0) + 2eb om0 S(a)

, (3.2.13)

0% _
== <8(0),a> —xa <Vv,g>+—-e2omoS(g)

We exploit m 0 S = m; 0 S to obtain

¢(5(q).q) = c(S(q),0)— < v,q> xa

Thus, in view of (3.2.5)

Tlo](h) — T[o](h) < / (5(q), q)o(dg) — /

RZ

c(S(q), q)o(dq) = —/A <v,q > o(dg)
(3.2.14)
Since o(A) > 0, 0 << L? and A C spt(c) C [0, Ro]?, there exists Ag C A such
that o(Ag) > 0 and Ay C (0, Ry)?. We have (v, q) = vgy > 0 for all ¢ = (q1, q2) € Ao.
In light of (3.2.14), we conclude that I[o](h) < I[o](h). O

Let n € N*. For each 1 <7 < n, we define 7" = %H and consider the following
class of functions
D, = {h [0, H] — [0,00) | hypn oy = iy 1< < n} (3.2.15)

Corollary 3.2.3 Assume o € P ([0, Ro]?) is absolutely continuous with respect to
Lebesque. If h € Dy, N Haom then Io](h#) < I[o](h).
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Proof: Let h € D,, such that hy,,_, -y =h; 1 <i < n.

1. Assume that there exist 1 < iy < jo < n such that h;; < h;, and define

]_1(2’) = h(z) everywhere on [0, H] except [T;—1,Ti) U [Tjo—1,Tjo)- P|[Tig—1,Tiy) =

hj07 }_7/|[7—j0—177—j0) = hio- Note that }_1 S Dn

We also observe that

H
2 o Blluosn = | eohz)a:
0

— Z / e(hi)dz—i-/lo e(hjo)dz—i—/J0 e(hi,)dz
Ti—1 Tig—1 Tio—1

0<i<n

itio,ijo ) . - (3.2.16)
= Y / e(hi)dz + / e(hi)dz +/ e(hj,)dz
O<i<n Y Ti-1 Tig—1 Tio—1
i#10,i#50
H
- / eoh(z)dz = |[e"? o h||1p.m
0
We conclude that if b € Hapm then h € Hyom. Set
U= (hjoa hio] X [Tiofla Tio)7 V= (hjm hio] X [TjO*b Tjo) and V= (0’ Tio _TiO)

Note that
U C Dy, V C Dy, V=U+v.

Let (s,2) € Dy \U. If 2 & [1iy_1,Ti) U [Tjo—1,Tjo) then 0 < s < h(z) = h(z) and
(s,z) ¢ V. We obtain that (s,z) € Dy \ V. If z € [1;,_1,7;,) then on the one hand
(s,2) ¢ V and on the other hand 0 < s < h;, = h(z) otherwise (s, 2) € U. So, again
(s,2) € D\ V. If 2 € [1j,_1,7j,) then as (s,2) € Dy, 0 < s < hj, < hyy = h(2).
Again, we obtain that (s, z) € D \ V. we conclude that D, \ U C Dj \ V. A similar

reasoning yields Dy \ V' C Dy, \ U so that

Dy\U=D;\V (3.2.17)

We assume in the sequel that h € Hgom N D,,.

Let £(h,S,0) be as in lemma 3.2.2 and define

Uy=Uné&h,S, o) Vo=V n(Eh,S o)+ V)
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so that Vo = Uy +v. As U € Dy, we have D, = (D, \ U) UU so that
D\ Uy= (D, \U)U U\ E(h,S,0)) (Disjoint Union). (3.2.18)

Similarly, we use D, = (Dj \ V) UV to obtain

Dp\ Vo = (DR \V)U(V\ (E(h, 5,0) +V))

By using V' = U + v, this becomes
Di\ Vo= (D \VYU((U\ E(h,S,0)) + V) (Disjoint Union). (3.2.19)

We combine (3.2.18) (3.2.19) and (3.2.17) to obtain

(Dn\ Uo) A (D \ Vo) = (U\ E(h, 5,0)) U (U\ E(h, 5,0)) + V)

And so, as U C Dy,
(Dn \ Uo) A (D5 \ Vo) C (D \ E(h, S,0)) U ((Dn \ E(h, 5, 0)) +v)

In view of (3.2.8) (Dy \ Up) A (Dj, \ Vp) is of zero £? measure. By lemma 3.2.2, we
conclude that I[o](h) < I[o](h).

2. Let II(1...n) be the set of all the permutations of 1..n. Let p € II(1...n) such
that hya) < hge) < ... < hgm—1) < hjm) and let denote by h? the function defined by

hr(i_l 0= hg(i)- Note that hP is a non-decreasing function on [0, H). For any function

n ’n

F € L'(]0, H]), note that
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We conclude that h# = h? on [0, H].
3. If h is not monotone non-decreasing then there exist 1 < iy < jo < n such that

hj, < h;, and part 1 shows that h is not a minimizer for
inf {T[U](il) : h € Haom N Dy, B|(Tf_1,ff) = hp(i), p e H(ln)}
As II(1...n) has a finite number of elements, we conclude that the minimizer exists

and is reached at hP. O

3.2.2  [[o](h) decreases when h is replaced by its non decreasing rear-
rangement: general case.

In this section D, is defined as in (3.2.15) and we set

D= U D,
n=1
We recall that
1
Ho = {h 0.H] 5 [0, 515) ¢ [leM% 0 Bllgspn = 2+ H} (3.2.20)
0

Set

Hiam = {9 [0, H] = [10,00) : |90 = 2+ Hir }

For simplicity in the presentation, we set €(s) = e!/*(s) and note that € : [0 : 55) —
0
[r9, 00) is continuous and strictly increasing and so bijective. € induces a bijective

map Pz : Haom — Hdom defined by g — € o g with inverse ®; 1.

Definition 3.2.4 A function h : [0, H] — R is said to be a rearrangement of a

function g if for every measurable function F such that F o g € L'[0, H|, we have

H H
/ Fogdz:/ Fohdz.
0 0

g4 X[0,H] = haX[0,H]-

Fohe LY0,H] and

In other words,

20



We denote by h* the rearrangement of h that is monotone and non-decreasing as

provided by lemma A.0.14 (i).

Lemma 3.2.5 (i) ®,-1(h*) = ®.1(h)* for all h € Haom.

(ii) Let g € Haom N L*[0, H]. Then there exists g, € DN Haom and a constant ¢ > 0
such that {g,}o-, converges to g in L*0, H] and ||gy||rap,m < c.

(#ii) the monotone rearrangement operator # is continuous from Haom t0 Haom €n-
dowed with the L*[0, H|— norm.

(iv) If gn and g € Haom such that {g,}o, converges to g in L*[0, H] then (up to a

subsequence) ®z-1(gy,) converges to ®z-1(g) almost everyhere.

Proof: (i) is a direct consequence of lemma A.0.14 (iii).
1. We proceed to show part (ii) of the lemma.
(a) Assume 0 < f € L*[0, H|. Define g, = fX{f<n}. Then g, € L*[0,H] 0<g, < f

gn — [ a.e and lgn — f|* < 16|f|* € L'[0, H]

By the dominated convergence theorem, we obtain that g, converges to f in L*[0, H].

(b) Assume f € L*®[0, H|. we extend f to be zero outside of [0, H] and call the
new function f . For each € > 0, set g. = f * 1. where 7). are the standard mollifiers

. Then g. € C[0, H], g. converges a.e to f and ||g:||z20,) < || f||22[0,1)- Moreover,

|9=()] < /le(y)na(x—y)ldy < ||f||L°°<R>/R775(w—y)dy= 1f 1|z = M

Note that
g — fI* <8 (lgel* + | f]*) < 8M*+8|f|* € L'[0, H]

By the dominated convergence theorem, g. converges to f in L*[0, H]
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(c) Assume h € C|0, H] and set,

d(n) = max max |h(z)— hyl.

1<i<n [r1 77
where h; is the minimum value of h on [7/,,7/"]. Since h is uniformly continuous
lim, .o d(n) =0.

Set izn = Z?Zl hiX[TZLl,TZl)- Then Bn € D. By construction, 0 < izn < h. We easily

check that
- n Tz‘n+1
= Rl =3 [ =l < H540
i=1 77

and so,

lm ||k — hn|| 240, = O.
n—oo

Now let g € Hyom N LA[0, H]. Without loss of generality we assume g > 0. From
the results established in (a), (b), (c), there exists a sequence of functions {g, } -, C D
such that {g,}.~ | converges to g in L*[0, H]( and thus in L?[0, H]) and ||gy||r2(0,# <
|19][2[0,r17- We lose no generality if we assume that g, € DN Hom. This follows from
the following fact :if {a,},-, C L?[0, H] is such that ||a,||r2p0.m < ||al|r2p,m and

_ HaHL?[O’H]

{a,}o7, converges to a in L?0, H] then b, a, converges to a in L*[0, H]

= Tlanlls2m
and |[bn|| 1200, = [lal| 220,17 As {gn}oe, converges to g in L*[0, H], we obtain that
{gn}:2, is bounded in L*[0, H]. This concludes the proof of (ii).

2. The continuity of the Monotone rearrangement operator is immediate from
lemma A.0.14 (ii).
3. Assume {g,} -, converge to g in L?[0, H|. There exists a subsequence {ny},-, of

1

integer such that {g,, },., converge to g a.e. Since €' is continuous, it follows that

®.-1(gn, ) converges to ®.-1(g) a.e. O

Proposition 3.2.6 Let o € P([0, Ry|?) absolutely continuous with respect to Lebesque

measure. Assume h € Haom such that ||e o h|[ij0,m) < 00. Then

W € Hipm  and  I[o](h¥) < I[o](h)
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Proof: By lemma A.0.14 (iii), (v/e o h)#* = \/e o h¥. The fact that h* € Hgpp, is a

consequence of the following:

Ve o h||piom = [|(vVeo h)#||nip,m = |[vVeo h#||Lip,m

The first equality in the equation above is a consequence of the definition of the

rearrangement of functions. Let h € Hgom such that h = &, (}_z) As

H}_lHi‘l[O,H] = \|‘I)é(h)’|i4[o,H} =[[Veo hHi‘*[O,H] = |le o hl[Lipo,m < o0

By lemma 3.2.5 (ii), there exists {l_zn}:;l € DN Hgyopm such that {l_zn}zo: converges

1
to h in L*[0, H] and a constant ¢ such that [|2,|[7a ;) < ¢ Set hy := Pe-1(hn). By
Lemma 3.2.5 (iv) we may assume without loss of generality that h, converges to h

a.e. Note that

lle o hullzipo,m = [1V/e 0 hullzag,m = 1€ © Pt ()l a0 a1y = enl Lo,y < € (3.2:21)

And so, by using lemma 3.1.2 first and then corollary 3.1.4, we have that I[o](h,)

converges to I[o](h). By lemma 3.2.5 (i), we obtain

This, combined with the fact that ||Bn||‘}44[07 ) < ¢ gives

lle o ki |lzao.m = [[¥/e 0 hif[7ap,m = 1@e(Pi) a0, = Il Loy < ¢ (3.2.22)

As h,, converges to h in L?[0, H], the continuity of the operator # ensures that
{h#} " converges to h* in L?[0, H]. Lemma 3.2.5 (iv) again ensures without loss
of generality that {h#}:}:l converges to h* a.e. In view of (3.2.22), lemma 3.1.2 and
corollary 3.1.4 guarantees that I[o](h#) converges to I[o](h?).

By Corollary 3.2.3, we obtain I[o](h#) < I[o](h,). Hence, in the limit I[o](h¥) <

Io](h) a
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Proposition 3.2.7 Assume o € P (|0, Ro]?) is absolutely continuous with respect to

Lebegue. Then I[o] has a minimizer in Haom.

Proof: let {h,} -, be a minimizing sequence in

inf I[o](h)

heH dom
We assume without loss of generality that I[o](h,) < I[o](hg) < 0co. By lemma 3.1.2,
this implies that ||e o hy||L1j0,#) < ¢ for some constant c. In light of Proposition 3.2.6
, we can assume without loss of generality {h,} -, is a sequence of monotone non
decreasing functions. By Helly’s theorem, we may assume that {h,} _, converges
some h. By using lemma 3.1.2 and then lemma 3.1.5, we obtain that h € Hgom.

Corollary 3.1.4 ensures that A is a minimizer for I[o]. O

3.3 Duality Methods and Monge-Ampere Problem.

In this section, we show the existence and uniqueness for the minimization problem
(1.4.4) by coming up with a dual problem. This provides a unique solution to the
Monge Ampere equation (3.3.1). Futhermore, this dual formulation helps establish a

better regularity result for the domain Dj,.

Given o a probability measure in [0, Ro)?, we consider a system of PDEs, where

the unknown are functions

1
U :[0,00) x [0,00) — R, P:[0,-—) x [0, H] — R, h:[0,H] — [0, =—).
2rg 2rg

We impose that ¥ and P are Legendre transforms of each other and these functions
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solve the system of equations

(

e(%¥) det(VE ,0) =0

\ V¥ (spt(c)) = Dy, (3.3.1)
921”8
\P(h(Z), Z) = QOTM on {h > O}

Definition 3.3.1 We assume that 0 = pL*. Let P : [0,5=) x [0, H] — R and ¥ :
0

[0,00) x [0,00) — R be Legendre transforms of each other and h : [0, H] — [0, 53).

2
2rg

We say that P, U and h solve equation (3.3.1) in a weak sense if

VY’Z\I/#O' = €(S)XDh<S, Z)EQ

(3.3.2)
022
P(h(Z), Z) = 2(1T80h(z)) on {h > 0}
For o € P([0, Ro)?), we say that P, ¥ and h solve equation (5.3.1) in the dual weak

sense if

V Py (e(s)xp,(s,2)L?) =0
(3.3.3)
P(h(z),2) = 5=~ on {h>0}

2(1-2r¢h(z))

Our main result is the following

Theorem 3.3.2 Let Ry > 0. Let o be a probability measure on R? such that the
support of o is contained in [0, Ro]?. Then (3.8.1) admits a unique solution (U, P, h).
(U, P) is obtained as the mazimizer in (3.3.11) and h is monotone and obtained as the
minimiser in (3.3.5). Moreover, if the support of o is contained in [Rio, Ry x [0, Ry

then 0Dy, is Lipschitz continuous.
3.3.1 Primal and Dual formulation of the problem.

Let o be a probability measure such that spt(c) C A C [0, R]?>. Thanks to (3.2.1),
we rewrite

Io](h) = inf I(h,7)

Y€T (0, e(s)xD,, (5:2))
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Here,

. Q2
I(h,7) = / C(p,q)y(dp,dq) with C(p,q) = —{p, >+__Q\/_+
DpxA 2(1 —2r¢s)’
(3.3.4)
and so,
nopd Alol(h) = inf  I(h,7) (3.3.5)
where
Ls = {(hﬁ) the 7'[0,/ e(s)dsdz =1,v € F(e(s)th£2,0)} (3.3.6)
Dy,

Ho is the set of all borel measurable functions A : [0, H] — [0, 5 2) To study the
minimization problem in (3.3.5), we will introduce what will turn out to be its dual

formulation by setting:

J[o)(¥, P) = / (E—Qf W)oda) + (P j(P) = inf / p(h(2), 2)dz.
(3.3.7)

J[o] is defined on

U= {(,P) € C(R2) x C(By,) : P(p) + ¥(g) > (p,q) for all (p,q) € Ay, x B2}

(3.3.8)
To P : A,, — R we have associated
8 O*rg 2
Hp(p, Z) = ; (m — P(s,z))e(s)ds for 0< 27’0p < 1. (339)

We observe that if P, < P, then IIp, > IIp, and also that if P is a constant function

that is equal to C' in (3.3.9) then

Prg(l—prg)p  Crop

II =11 = 3.1
The dual problem we will be looking at is the following:
sup J[o](V, P) (3.3.11)

(\II7P) GZ’{O
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3.3.2 Existence of a minimizer for II5(-, z) and Twist condition.

Let’s denote by Uy the subset of U consisting of pairs (¥, P) such that

P(p) = sup (p,q) —¥(q)), peD, and ¥(q) = sup ((p.q) — P(p))  qeR:.
' i (3.3.12)

We note that if P and U satisfy (3.3.12 ) then P and ¥ are convex lower semicontin-

uous as supremum of convex and lower semicontinuous functions and

O0.P(p) C Aforall p € A, and 0¥(q) C A, forall g e RZ  (3.3.13)
As a consequence P and W are lipschitz continuous with

1
LipP < Ry and Lip¥ < max{H, F} (3.3.14)
o

By abuse of notation we denote the expression at the right handside of the first
equation in (3.3.12) by ¥* and the one at the right handside of second equation in
(3.3.12) by P*.

We consider functions P : A,, — R lipschitz such that

oP oP
0< %(s,z) < Ry and 0< %(8, z) < Ry (3.3.15)

Lemma 3.3.3 Let A € R,. Suppose P, : A,, — R such that P, < P,(0,0) + A.

Then there exists a constant Mp, depending on P,(0,0) such that 2riMp, < 1 and

sup  sup {p|Ip.(p,2) <0} < Mp,. (3.3.16)

0<z<H 0<2r2p<1

Furthermore, Mp, is monotone nondecreasing in P,(0,0).

Proof: Since P, < P,(0,0) + A,

Up, = Up,(0,0)+4 (3.3.17)
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Let (p, z) € A, such that IIp (p,2z) < 0. Then, by (3.3.17) and (3.3.10)

O%r8(1 — pr? P.(0,0) + A)rd
0>1lp(p,2) > ol p202)p_ (50,9 2) o
2(1 —2prg) 1 —2pr§

That is,
Prg(1— prg)p
2(1 — 2pr)
Therefore, for any z € [0, H] fixed,

< [P*(O, 0) + A] rip (3.3.18)

Q*rg(1 — prg)p
2(1 —2prd)

{p | Tp.(p,2) <0} C {p| < [P.(0,0) + 4] rip}

Set
Q*ri(1— pré)p
< |P. Alrg

We note that Mp, is independent of z and so (3.3.16) is satisfied. Moreover, p = 0

Mp, := sup {

0<2r2p<1
satisfies (3.3.18) so that Mp, € R. As p tends 1/(2r3)" the expression at the left
hand side of (3.3.18) tends to +o0o and the one at the right hand side of (3.3.18) goes
to a finite value. We then conclude that 2r2Mp, < 1. The expression of Mp, above

shows that it is monotone nondecreasing in P, (0, 0). O

Remark 3.3.4 Let P be a continuous function on A,, and K be a compact subset
of ATO. Then, as the integrand in I1p is continuous on K, Illp is continuous on K.

Let ¢y be an upper bound for (s, z) — e(s) on K. Then we have the estimate

1

2r2 C
M p.2) = 1o 2)| < o [ |Pa(o,2) = Plsy2) ds < 35 1P = Plliao
0 0

And so, if we assume that {P,}>°_| is a sequence of continuous functions on A,, such
that {P,}°, converges uniformly to P on K then we easily show that {I1p, }>°; con-

verges uniformly to llp on K.

Lemma 3.3.5 Assume P,, P : A,  — R satisfy the hypotheses in lemma 3.3.3 and

are continuous .

o8



(i) Given z € [0, H]|, the set Argminllp(-,z) consisting of h minimizing lp(-, z)
over [0,1/(2r2)) is non empty. Moreover,
U ArgminIlp(-, z) C [0, Mp] (3.3.19)
0<z<H

where Mp is as in lemma 3.3.5.
(ii) Suppose {P,}°, converges uniformly to P on A,,. Then
2r2 sup Mp, < 1. (3.3.20)

If in addition, {z,}5>, C [0, H] converges to z and we assume that h, €

ArgminIlp (-, z,) and that {h,}>2, converges to h then

lim I1p, (h,, z,) = p(h, 2) and h € ArgminIlp(-, z). (3.3.21)

n—o0

In particular, for each z € [0, H] the set Argminllp(-, z) is compact subset of R.

(111) Assume in addition that P(p,-) is Lipschitz and the first equation in (3.5.15)
holds a.e on (0, H) for each p fized. Let z1,zo € [0, H] be such that zy < zy. If

h; € ArgminIlp(-, z;) i = 1,2 then hy < hs.

Proof: (i) Let z € [0,H]. As IIp(0,z) = 0, in light of lemma 3.3.3, minimizing
Ip(-,2) over [0,1/(2r3)) is equivalent to minimizing I1p(-,z) over [0, Mp]. As ob-
served in remark 3.3.4, IIp(-, z) is continuous on [0, Mp|. Hence, it admits a minimum

there and Argminllp(-, z) C [0, Mp]. This establishes (3.3.19).

(ii) The convergence propriety of { P}, ensures that {P,(0,0)}52, converges to
P(0,0) and so {P,(0,0)}°, is bounded above by one of its terms say P,,(0,0) or
P(0,0). The monotonicity result in lemma 3.3.3 ensures that Mp, < Mp, < 55 or

0

Mp, < Mp < # for all n > 1. Thus, (3.3.20) holds.
0
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Let {z,}52, C [0, H] be a sequence converging to z and assume h,, € ArgminIlp, (-, z,)
and is such that {h, }52, converges to h and let p € [0,1/(2r2)). We choose M such
that Mp,sup, Mp,,p < M < ﬁ so that K := [0, M] x [0, H] is compact subset of
A,,. We use the fact that h, minimizes Ip (-, z,), that {IIp, }°°; converges uniformly

to I1p on K and that IIp is continuous (cfr. remark 3.3.4) to get

II (h Z) = lim 1_IP (hnazn) < hm 1_[P (p7 Zn) HP(ﬂa Z)

n—o0

Since this holds for any p € [0,1/(2r2)), we have that h € ArgminIlp(-,2). In par-
ticular, the previous conclusion holds for z, = z and P, = P for all n, to yield that

ArgminIlp(-, z) is a closed subset of [0, Mp| which implies that it is compact.

(iii) For each z € [0, H], IIp(-, 2) is differentiable on (0,1/(2r2)) and its derivative
is the integrand of I1p. As P(p,-) is Lipschitz , dl1p/0p(p, ) is differentiable almost

everywhere on (0, H) and

911 p opr
— —e(p)— <0. 3.
8Zap(p,z) fip)az(p,Z)_.O (3.3.22)

We have used the first equation in (3.3.15). This means that [Ip satisfies the so—
called twist condition. Let z; € [0, H] and h; € ArgminIlp(-,2;) i = 1,2. We use the

minimality condition on hy, hy and the fact that P(p,-) is lipschitz to obtain

ho
0< (Hp(h2721)—Hp(h1721))+(Hp(h1722) —IIp( h27Z2 / dp/ 9200 8 (p, z)dz.
h1 21
(3.3.23)
If 27 < z, then we use (3.3.22) and (3.3.23) to get hy < hs. O

Remark 3.3.6 Let z € [0, H| and h € Argminllp(-, 2). If h > 0 then 011/0p(h, z) =

0 that is,
Q2rk

P(h,z) = S0 —om)

(3.3.24)
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Let P : A,, — R be such that ArgminIlp(-, z) is compact for each z € [0, H] .

We define

h*(z) = max h, h™(z)= min h (3.3.25)

Argminllp(-,z) ArgminIlp(-,z)

Lemma 3.3.7 Assume P satisfies the hypotheses in lemma 3.3.5 and the first equa-
tion in (3.3.15). Then, the following hold:

(i) h™ is lower semi-continuous and h™ is upper semi-continuous .
(ii) h~,h* is monotone nondecreasing.
(iii) Let z1,z9 € [0, H] be such that zy < z3. Then h(z1) < h™(z9).
(iv) h™ is left continuous and h™ is right continuous.

(v) Let z € [0, H). If h™ is continuous at z then h™(z) = h*(z).

Proof: (i) Let {z,}°°, C [0, H] be a sequence converging to z and set

a = liminf, ,., h™(z,). We assume without loss of generality that a = lim,, o, h™(2,)
by passing to a subsequence if necessary. We use corollary 3.3.5 (ii) to get that
a € Argminllp(-, z) The definition of h~(z) ensures that a > h~(z). So, h~ is lower
semi-continuous. We obtain the upper semi-continuiuty of A+ in a similar way.

The monotonicity of A~ and h* comes from corollary 3.3.5 (iii).

(iii) is immediate again from corollary 3.3.5 (iii).

(iv) We use the fact that A~ is monotone nondecreasing and lower semi-continuous to
obtain that A~ is left continuous. A similar argument gives that A is right continuous.
(v) Let zp € [0,H) such that h™(z9) < h*™(z). We note that, as h~ is monotone
nondecreasing, it has a right limit. For § > 0 small enough, we use Part (iii) to

obtain that h*(29) < h™ (20 + ) and so

h™(20) < h™(z0) < 5h%1+ h™(z0 +9).
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This implies that hA~ is discontinuous at zy which proved (v). 0

Corollary 3.3.8 There exists a countable set N C [0, H| such that for every z ¢ N,

Argminllp(-, 2) has a unique element.

Proof: Since h~ : [0, H] — R is monotone nondecreasing, h~ has a countable set
of points of discontinuity . We use lemma 3.3.7(v) to conclude that there exists a

countable set N C [0, H] such that for z ¢ N, h™(z) = h'(2). O

Remark 3.3.9 If P is Lipschitz and satisfies (3.3.15). Then

P(p) - P(0,0) < |P(p) — P(0,0)] < Rolp| < Ry (QL " H) (3:3.26)

for any p € A,,. And so, P satisfies the hypotheses in lemma 3.5.3, lemma 3.5.5
and lemma 3.3.7.

Consequently,
Ip(h™(2),2) < p(h(2), 2).

for all h € Hy. Thus,

/OH fp(h™(2), 2)dz < /0 " Hp(h(2), )

As h is arbitrary in Ho, we conclude that h™ is a minimizer in the second equation
of (3.3.7) .
O

Remark 3.3.10 Let P be Lipschitz and satisfying (3.5.15) and h(z) a minimizer in
the second equation of (3.3.7). By (3.3.19),

- 1
0<h(z) < Mp< =3 (3.3.27)
2rg
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for all z € [0, H]. Moreover, if {P,} —, is a sequence of Lipschitz functions uniformly
convergent on A, and satisfying (3.5.15) with minimizers {h”}nzl in the second

equation of (3.3.7) when P is replaced by P, then by (3.3.27) and (5.5.20)

- 1
0 < hy(z) < sup Mp, < o2 (3.3.28)

for all z € [0, H] and alln > 1. O

3.3.3 Existence of a minimizer for the functional /.

Remark 3.3.11 Let (U, P) € Uy. As A and A,, are bounded, by (3.3.13), P and ¥
are Lipschitz cfr(3.3.14) and P satisfies (3.3.15). If in addition P(0,0) = 0 then, in
view of (3.3.26)

P(p)| < Ro(%ﬂq) —: RoHo. (3.3.20)

We note that 0 < (p,q) < RoHy for ¢ € A and p € A,,. This combined with the

second equation in (3.5.12) and (3.3.29) yields that W is bounded on A more precisely

—2RyHy < —RyH, < \D(q) < 2HyR,

for g € A. As a consequence

)/ __Q\/_ ¥)o(dg)| < /(—+Q\/_) (dq)+2Ho Ry =: C(Ro)+2HyRy < 0.

2r2 2r2
Lemma 3.3.12 Let Cy € R and o € P([0, Ro|?). There exists a constant Cy depend-
ing only on Cy (and the data Ry, Hy ) satisfying the following: whenever (P, V) € Uy
with P(0,0) =0, A € R such that —Cy < J[o](V + X\, P — \) then |A| < C}.

Proof: By (3.3.29) —LyHy < P(p) for p € A,, so that
Hpx < H_pyre-a
Therefore, if J[o](V + A\, P — \) > —Cj then
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_4%g—A+[xjﬂ_Q¢T—W)ﬂ@y+AHnﬁMrmm@¢mz

2r2
for all h € Hy. Hence, using C(Ry) as given in remark 3.3.11 and setting h to be a

constant function hy we obtain
H —
—Co S —A -+ C(Ro) + 2H0R0 -+ / H,HOLO,)\(ho, Z)dZ
0

We use (3.3.10 ) to get

927“8(1 — Borg)iloH _ (—H()L() — )\)H’I‘éilo

—Cy:=—Cy— C(Ry) — 2HoRy < —\ _ _
0 0 = O(Ro) 0f0 S A T T 2hgr2)? 1 — 2hgr?

we rewrite this as

7’4}_l0 = T4H0L0ilo 927’6(1 — }_L07’2>}_lo
A(1—ff——lf——)<:c  Fotto 7 i A LA DAL 3.3.30
1—2hgr2/) = o+ 1 — 2hor? 2(1 — 2hgr2)? ( )
set ho = 0 in (3.3.30 ) then
A< G (3.3.31)

when the constant value of hg is chosen in [0, #) ( for instance close enough to
0

5= ) so that the factor of A in (3.3.30 ) is negative then there exists a constant C}
0

such that

A> G (3.3.32)

We combine (3.3.31) and (3.3.32) to get the result. O

We recall that for each P : A,, — R lipschitz,

Jj(P) = hienq_lzo/o p(h(z), z)dz. (3.3.33)
and
h™(z)= min h

ArgminIlp(-,z)
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Lemma 3.3.13 (i) Let P be a lipschitz function satisfying (3.3.15) on A,,. Then,

h~ is the unique minimizer in (3.3.33) (up to a set of zero lebesque measure).

(ii) Assume that {P,}>" | is a sequence of Lipschitz functions on A, satisfying

(3.3.15) such that {P,}.>, converges uniformly to P. Then
J(P,)  converges to j(P).

Proof: i) The function A~ is a minimizer in (3.3.33) as stated in remark 3.3.9 . Let

h be another minimizer. Then

/0 Ip(h™(2),2)dz = /0 p(h(z), 2)dz. (3.3.34)

Since h™(z) € ArgminIlp(-, z),

p(h™(2),2) < Op(h(z), 2) (3.3.35)

We use (3.3.34) and (3.3.35) to obtain that

p(h(2),2) = Up(h(z),2) ae (3.3.36)

Therefore h(z) € Argminllp(-,z) a.e. By corollary 3.3.8 we obtain that h(z) =
h=(z) a.e.
ii) We first note that as {P,} -, is uniformly lipschitz and converges uniformly to P,
we have that P is lipschitz.
Let h;, be defined as in (3.3.25) when P is replaced by P,.

By Helly’s theorem there exists a subsequence of {h;, } ~, that we denote again by
{h,,}.7, and h monotone nondecreasing such that {h; } ~, converges to h pointwise.

In view of (3.3.28), there exists a positive constant M such that

2roM < 1 and 0<h,(z) <M.
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for all z € [0,H] and all n > 1. {Ilp, } ~ | converges uniformly to IIp on [0, M] x
0, H] by remark 3.3.4 . As {h, } ~, converges pointwise to h, by (3.3.21),

{Ilp, (R, (2), 2)},—, converges pointwise to IIp(h(z), z) and h(z) € ArgminIlp(-,z)
for all z € [0, H]. And so, as P is Lipschitz, ArgminIlp(-, z) reduces to h~(z) a.e so
that

h™=h a.e.

As {P,}>° | converges uniformly to P, {P,} -, is uniformly bounded by a constant

C and we have

p,| <H_jp, <H_¢

Therefore, since 0 < h,(z) < M and II_¢(., z) is monotone non decreasing,

g, (hn(2),2)| <T_c(ha(z),2) <II_¢(M, z) =: const (3.3.37)

By the Lebesgue dominated convergence theorem, we use the fact that

{Ilp, (hn(2), z)},—, converges pointwise to IIp(h~(2), z) and (3.3.37) to obtain

Jj(P,) converges to j(P).

Remark 3.3.14 We recall that if P has the representation in the first equation of
(3.8.12) for some ¥ € C(A) then subgradient O P(p) C A C [0, Ro] x [0, Ro] and so
P s Ry-Lipschitz.

Lemma 3.3.15 Let o € P([0, Ro)?) and (Py, Vo) € Up.
(i) Let g € C.(R?). For any § € (—1,1), we set

\I’g = \110—1—59, and P5: \I’g
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Then, {Ps} ,_5-, C C(4,,) and

Ps(p) — Po(p)

155 = Polloe < 0lllglloc and  lim 5 = —9(VF(p))
for all p € dom(VF).
(ii) Likewise, let f € C.(R?). For any d € (—1,1), we set
Ps=Py+4of and U5 = Pr.
Then W5 C C([0, RJ?) and
15 ol <1011l amd i PO pgug)

for all ¢ € dom(VWy).

Proof: Let p € A,, and 6 > 0.

Ps(p) = sup ({p, ¢) — Yo(q) — dg(q)) -

qeEA

As A is compact, there exists ¢s € A such that

Ps(p) = (p, as) — Vs(as) — 09(as) < Fo(p) — 69(as)
When § = 0, we use the equality in (3.3.40) to obtain
Bo(p) = (p:90) — Yolgo) — 09(q0) + 99(q0) < P5(p) + 9(qo)

We combine (3.3.40) and (3.3.41) to obtain

69(gs) < Po(p) — Ps(p) < 09(q0)
so that

155 = Folloo < 101]]g]]o

We rewrite (3.3.42 ) as

9(qs) < w < g9(qo)
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And so, to prove the second equation in (3.3.38), as ¢ is continuous, it suffices to
show that

lim g5 = g0 = V Po(p) (3.3.44)
—0

if P, is differentiable at p. Note that the first equation in (3.3.40) shows that
qo € OPy(p) and so if B is differentiable at p then gy = VFy(p). let {d,},~, C (—1,1)
be a sequence nonzero numbers that converges to 0. Then, as g5, € A there exists
a subsequence of {0,} -, still denoted by {0, } -, such that {gs, } -, converges to
g € A. We substitute g5 by ¢s, in the first equation of (3.3.40) and let §,, go to 0. As,

{Ps, }>° and {Ws, } 7, are uniformly convergent we obtain in the limit

Py(p) = (p, @) — Vo(q)

If p is a point of differentiability of Py then ¢§ = qo = VFy(p) and so the whole
sequence {gs, },—, converges to gy and we conclude (3.3.44).

A similar reasonning leads to (3.3.39). O

Lemma 3.3.16 Let {Ps} ,_;_, € C(A,,) uniformly lipschitz continuous and satis-

fying the first equation in (8.3.15) such that {Ps}_,_s;_, satisfies the first equation

in (3.3.38). For each —1 < § < 1 we define hy as in (3.3.25). Then {hy }_1<6<1
540

converges to hy . Moreover, if {0,} C (—1,1) converges to 0 then

limsup | — =0

n—o0

i(Ps.) — 5(Py) / / (P;, (5,2) Po(s,z))e(s)dsdz]

Proof: As (3.3.38) holds, {Pg}_lgésod converges uniformly to Py as § goes to 0.

Fix z € [0, H] and let {6,} -, C (=1, 1) be sequence of non zero numbers converg-
ing to 0. As {Pj, }»; uniformly converges to Py, we have that {h; ( )}(l)o is bounded
in light of (3.3.28) and so, without loss of generality we assume that {h(;_n (z)}zo:l
converges. If z is a continuity point for hy then lemma 3.3.7 (v) ensures that hg (2)

is the unique element of ArgminIlp, (-, 2) and so by using lemma 3.3.5 (ii) we obtain
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lim hy (2) = hg (2).

n—oo

As {6,},-, is arbitrary, we obtain

lim hy (2) = hy (2). (3.3.45)

6—0

In light of corollary 3.3.8, (3.3.45 ) holds for almost every z € [0, H].

Fix 6 € (—1,1). By definition of h; (z) we have I1p (hy (2),2) < Ilp,(h; (2), 2) and so

HP()(ha(z)’ 2) - HP5<h6_(z)’ 2) < HPo(hE(Z)v Z) - HP&(hE(Z)v z)
h () (3.3.46)

- /0 (Ps(s,z) — Po(s, 2))e(s)ds.

Similarly, we establish that

HPé(hE(Z)v Z) - HP()(hU(Z)? Z) < HPa(ha(Z)v Z) - HP()(ha(Z)’ Z)
he () (3.3.47)
. / (Py(s,2) — Po(s, 2))e(s)ds.

Let again {0, },-, C (—1,1) converging to 0. We use the definition of j in (3.3.33),
along with (3.3.46), (3.3.47) to obtain that

H hy (2)
/0 & /0 (Ps.(5,2) — Pols, 2))e(s)ds < j(Py) — j(Ps.)

H hy, (2)
< /0 dz/o (Ps, (s,2) — Py(s, z))e(s)ds.
(3.3.48)

As {P;s, }° | converges uniformly to Py, and satisfies (3.3.15), by (3.3.28), there

exists M such that 2r2M < 1 and

0< hy (2) <M (3.3.49)
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for all z € [0, H] and n > 1. This ensures that the integrals in (3.3.48) are finite

for n > 1.

We rewrite (3.3.48) as

H hy (2
0<i(Py) — j(Py)— /O d /0 (Ps. (5, 2) — Pofs, 2))e(s)ds
H  rhy (2)
< /0 /W) (P, (5,2) — Pols, 2))e(s)dsd=

We use the fact e is bounded on [0, M], the first equation in (3.3.38) and apply the

(3.3.50)

Lebesgue dominated convergence, using (3.3.45) and (3.3.49) to obtain that

lim sup / dz/ ACE 5PO(S’Z))6<S)ds
e o (2) " (3.3.51)
H
< maergHoohmsup/ |hys (2) — hg (2)|dz <0
[0,H] n—oo  Jo "
0J

Proposition 3.3.17 Let 0 € P([0, Ro]?).

(i) The set of mazimizers M of J[o] over U is such that M NUy is non empty. Uy

is defined by (3.5.12).

(ii) 1(vy,h) > J[o](V, P) for all (¥, P) € Uy and all (v, h) € £,. The equality holds
if and only if VP pushes forward e(s)xp, (s, z)L* onto o and h(z) minimizes
IIp(.,2) for almost every z € [0, H]. If in addition o is absolutely continuous
with respect to Lebesque L2, then the equality holds as well if and only if V¥

pushes o onto e(s)xp, (s,z) L%

(7i) I has a unique minimizer (7o, ho) over £,. Moreover, if (Vo, Py) € Uy mazimizes

Jlo] onU then J[o](Wo, Py) = I(v0, ho), id x V Py pushes e(s)xp, (s, 2)L* onto
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Yo and hg is monotone non decreasing on [0, H] satisfying
2(1 — 2r5ho(2))P(ho(2), 2) = 7202 on {hg > 0} (3.3.52)

If o is absolutely continuous with respect to Lebesgue then VW, x id pushes o

onto vy and

Voo VFE =id e(s)xp,, (s, 2)L* ae VP oVV¥;=id ae o (3.3.53)

(i1i) J[o] has a unique mazximizer (Vo, Py) on Uy in the sense that if J[o|(Vy, Py) =

Jo] (1, Pr) then Pr = Py e(s)xp,, (s,2)L* a.e and ¥, =Ty ae o.

Proof: 1. Set

so that

(@0, P()) clu and - CO = J[O’](\I/(), Po) — 1 is finite.

Let {(¥,,, B,)}>°, C U be a maximizing sequence for J[o] over U.
We note that whenever (¥, P) € U, by the double convexification trick (cfr. [46] Page
51), we have

(P*, Pxx) € Uy and J[o](¥, P) < J[o](P*, Pxx).

This shows, on the one hand, that if the set of maximizers M of J[o] over U is non
empty then so is M NU, and, on the other hand, that we may assume without loss

of generality that {(P,, ¥,)}>, is contained in Uy. We assume so and set

U, =", + P,00,0), X\, =-PF,(0,0), P,=P,— P,0,0)

we easily check that {(V,, P,)}>; C Uy and

n—oo n—o0

lim J[o](¥,, + A\, P, — \n) = lim J[o](V,,, P,) = sup J[o]
u

71



and so, for n large enough
—Co < J[o](V), + A\, Py — An)- (3.3.54)

Therefore, as P,(0,0) = 0 by lemma 3.3.12 we obtain that {)\,}>%; C R is bounded.
Hence, up to a subsequence, {\,}52, converges to a real number A,.

We substitute P, for P and ¥,, for ¥ in remark 3.3.11 and note that the sequences
{P,}>2, Cc C(A,,) and {¥,}>7, C C(A) are uniformly bounded and uniformly Lip-
schitz. We then use Ascoli- Arzerla to conclude that there exists a subsequence of
{(V,,, P,)}>2, converging uniformly to some (¥,, P,) € C(A) x C(A,,).

In the sequel, we assume without loss of generality that
{An}o2 converges to A, and {(V,, P,)}>2; converges uniformly to (U, P,).
We set
P()I:P*—A*, \I/():\If*—i-)\*

Therefore

{(¥,, P,)}°2, converges uniformly to (¥, Fp).

We note that {P,}>, are lipschitz and satifies (3.3.15) (cfr remark 3.3.11).

We use the fact that {¥,)}>, converges uniformly to Wy, and lemma 3.3.13 (ii)

to obtain that

{J[o](¥,, P,)}52, converges to J[o](¥o, Pp).

This established that (Vg, P) is a maximizer of J[o| over U.

2. Let (U, P) € Uy and (y,h) € £,. Then W, P are Lipschitz by remark 3.3.11

and P(p) + ¥(q) > (p,q).
Recall
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JMWRP%iA R2(———9\/_ @)@@A@+jgﬁ (3.3.55)

27‘0

We note that

i(P) S/o Ip(h(2), 2)dz —/ / 20 —23r0) P(s,z))e(s)dsdz

(3.3.56)
= /Dh (—2(1 e P(s, z))e(s)dsdz,
and as v € ['(e(s)xp, L% o),
/Dh <2(1gz—;?sr§) — P(s, z))e(s)dsdz = /thRi <2(IQ——7;?STS) — P(p))y(dp, dq)
(3.3.57)
We combine (3.3.55-3.3.57) with P(p) + ¥(q) > (p,q) to get
Jol.P) < [ (< gz~ VT 4 5 ) ) = 1)
(3.3.58)

Note that equality holds in (3.3.58) if and only if equality holds in (3.3.56) and
P(p) + ¥(q) = (p,q) for v almost every (p,q) . The first condition means that
h(z) € Argminllp(-, z) for almost every z € [0, H] by using lemma 3.3.13 (i). As the
first projection (marginal) of 7 is absolutely continuous with respect to £2, the second
condition means that ¢ = VP(p) for v almost every (p,q) and so, v is concentrated
on the graph of VP. This implies that v is the push forward of e(s)xp, (s, z)L£?
by id x VP. If o is absolutely continuous with respect to £? then the condition
P(p)+ ¥(q) = (p,q) for v almost every (p,q) implies that 7 is the push-forward of &

by V¥ x id.
3. Assume that (P, Uy) € U is a maximizer of J[o] over U.

(a) Let g € C.(R?) {(P5,¥s)} as defined in lemma 3.3.15. As Py is lipschitz, the

second equation in (3.3.38) holds almost everywhere with respect to £2.
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By the Lebesgue dominated convergence theorem, (3.3.38) implies that

ho(z) P P ho(z)
lim/ dz/ (5 2) 5 b(s, 2) / / g(VPy(s, 2))e(s)dsdz
(3.3.59)

We note that

TP B) 2 AP Y) __ [y 3P0 S

(3.3.60)

We use the fact that {4, } - is an arbitrary sequence that converges to 0, lemma

3.3.16 and combine (3.3.59) and (3.3.60) to get

li 2 121(F5, ¥s) = Jlo)(Fo, Wo) _ /gda+/ dz/ho J(VP(s, 2))e(s)ds.

§—0 )
(3.3.61)

Since (Fy, ¥o) maximizes J[o] over U and (Ps, ¥s) € U, (3.3.61) implies that

/ gdo — / i / " Y Pa)e( ). (3.3.62)

(3.3.62) holds for any g € C,(R?) which means that VP pushes e(s)xp, (s,2)L?

forward to o.

(b) Let f € C.(R?) and {(P5, ¥5)} as defined in lemma 3.3.15. As ¥ is lipschitz,

in view of (3.3.39) the Lebesgue dominated convergence implies that

im [ (Y50 = %@), / F(V U (p))do (3.3.63)

n—oo A On

We also have that

/OHdZ/OhO(Z) (Ps (s, 2) —550(5,2))6(S)ds:/OH/OhO(Z)f(S,Z)e(s)dsdz (3.3.64)

We use lemma 3.3.16 and (3.3.64) to obtain that

Ps,) — j(P) hol=
lim i 5” b) / / (s,z)e(s)dsdz (3.3.65)

n—oo
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As,

Jol(Bs,, ¥s5,) — Jlo](Fo, Vo) _/ (¥5,(0) = Yola)) , . I(F5,) = i(Fo)

We combine (3.3.63) and (3.3.65) to obtain

iy 21 95) — T 0y
—0

) H ho(z)
= —/ f(V\Ilo(q))da—i—/ dz/ f(s,2)e(s)ds.
A 0 0
(3.3.66)
(Py, Wo) is a maximizer (3.3.66) yields that

/A F(VTo(q))do — /0 Y /0 s 2e(s)ds. (3.3.67)

The arbitrariness of f € C.(R?) in (3.3.67) implies that V¥, pushes o forward to
e(s)Xp,, (5, 2) L%
4. Let (Py,Wo) € Uy be a maximizer of J[o] over U. Here, we denotes by ho(z) is

the smallest element of ArgminIlp, (-, z) and we set
Yo := (id x VFy)ge(s)xp,, (s, 2)L?

that is, 7o is the pushed forward of e(s)xp,, L? by (id x V). Then, by part (ii)
we have I(hg, ) = J[o](Fy, ¥o) which ensures that (hg,70) is a minimizer in (3.3.5).
Let (h,%) be another minimizer in (3.3.5). Then I(h,%) = I(ho,7) and so I(h,7) =
J[o](Po, ¥o). Again by part (ii), 7 is the pushed forward of e(s)xp, £* by (id x VF,)
and h(z) € Argminllp, (-, z) for a.e z € [0, H]. We use corollary 3.3.8 to obtained that

h(z) = ho(z) a.e. These prove that the minimizer in (3.3.5) is unique. By remark
3.3.6, 2(1 — 2r2ho(2)) Po(ho(2), 2) = 2r2Q% on {hy > 0}.

If in addition ¢ is absolutely continuous with respect to Lebesgue then again by
using part (ii) of this theorem, we have that (hg,7:) is a minimizer in (3.3.5) with

7 = (VU x id)zo. The uniquness of the minimizer in I guarantees that v, = 7.

5. Let (Fy, ¥o) be a maximizer of J[o] on Uy as in part 4. We have Py(p)+¥q(q) =

(p, q) for vy almost every (p, q) (see part 2). Assume o is absolutely continuous with
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respect to Lebesgue. Then

Po(p) + Wo(VPy(p)) = (0. VPo(p))  e(s)xp,(s,2)L% ace (3.3.68)

Po(V¥o(q)) + Yolq) = (V¥o(q).q) o ae (3.3.69)

Let N be the set of points where ¥ is not differentiable. Then o(N) = 0. As
V Poye(s)xn, (s, 2)L? = o, we have that the preimage of N by VP, is of zero measure
with respect to e(s)xp, (s, 2)L? In view of (3.3.68) and (3.3.69), we conclude that
VU,oVPy(p) =p e(s)xp,, L* —a.e. A similar argument shows the second equation
of (3.3.53).

6. Assume (P, Uy) is another maximizer of J[o] in Uy. Then
Yo = (id x V) ge(s)xp,, (s, 2)L* = (id x VPy)ge(s)xpy, (S, 2) L2

This implies that VP = VPy e(s)xp,, (s, 2)L%*-a.e and so L*-a.e on Dp,. As, Dy,
is connected and Py and P; are lipschitz continuous satisfying (3.3.52), we conclude

that P = Py on Dy, and without loss of generality P, = Py on A,,. Consequently,
\111 = \112 on A.

3.3.4 Regularity property of the domain Dj,.

In this section we consider the functions P lipschitz that satisfy

opP 1 0P
< — < — < — < 0.
0< P (s,2) < Ry and TN (s,2) < Ry (3.3.70)

As a consequence, Argminllp(-, z) is compact. We recall that

h*(z) = max h, h™(z)= min h (3.3.71)

ArgminIlp(-,z) ArgminIlp(-,z)

Lemma 3.3.18 Assume P is Lipschitz and satisfies (3.3.87).
The set Z = {z € [0, H] : 0 € Argminllp(-,2)} when non empty is a closed interval

of the form [0, z*]. In the case Z is empty we set z* = 0.
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Proof: Assume Z is non empty and set z* to be its supremum. By definition of z*,
Z C [0, z*]. Conversely, let z, be a sequence in Zj such that z, converges to z*. Then
we use lemma 3.3.5 (ii) to obtain that 0 € Argminllp(-,2*), that is 2* € Z. Lemma

3.3.5 (iii) ensures that [0,2*) C Z. O

Lemma 3.3.19 Let z* be as in lemma 3.53.18. Assume P is Lipschitz and satisfies

(3.3.87).

(i) There exists co > 0 such that if z* < z; < zo < H and h; € Argminllp(-, z;)
1=1,2, then
29 — 21 S Co(hg — hl) (3372)

(ii) For any z1, 2z € [2*, H], ArgminIlp(-, z1) N Argminllp(-, 29) = 0 if 21 # 22
(111) h= , h™ are strictly increasing on [z*, H].

Q22
2(1-2srd) "

Proof: Let m(s) = We check that m is lipschitz continuous on [0, Mp].

Here, Mp is defined as in lemma 3.3.3.

Set

02l
2(1 — 2srd)
As P satisfies the first equation in (3.3.15), we have

a(s, z) = — P(s,2)

—Ry < 0sa(s,z) < Lip(m) (3.3.73)

Let 21,29 € (2*, H| such that z; < 2z, and h; € Argminllp(-,z) i = 1,2. Remark

3.3.6 ensures that a(hg, 22) = a(hy, 2z1) = 0 and so
Oé(hg, Zl) - Oé(hg, 22) = Oé(hg, Zl) — oz(hl, 21). (3374)
We exploit the second equation in (3.3.87) to obtain that

a<h2,z1)—a(h2,22):/ (?Zoz(h2,z)dz:/ 0.P(hy, 2)dz > Ri(zrzl). (3.3.75)
22 21 0
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The second inequality in (3.3.73) leads to

ha
alhg, z1) —alhy, z1) = Osa(s, z1)ds < Lip(m)(he — hq). (3.3.76)
h1

We combine (3.3.74- 3.3.76) to conclude that
(2’2 — Zl) § R()Llp(m)(hg — hl) = Co(hz — hl)

for all 2* < z; < 2o < H . Note that if Z = (), the argument above is valid when
21 = z* = 0. In the sequel, we assume that Z # (). To obtain the inequality (3.3.72)
when z; = z*, we consider a sequence {z"} -, in (z*, H] such that z" > z* and
{z"}>2 | converges to z*. Let A" € Argminllp(-,z"). As {z"} | converges to z*,
lemma 3.3.5 (ii) ensures that {h"} ~, converges to {0} = Argminllp(-, z*). We let
n go to 0o in zg — 2" < ¢o(hy — h™) to obtain the desired result. (ii) and (iii) follow

directly from (3.3.72). O

We recall that

ht(z) = max h, h™(z)= min h
ArgminIlp(-,z) ArgminIlp(-,z)
We define
a(s) =inf {z € [2*, H] : h™(z) > s} (3.3.77)

Lemma 3.3.20 Let z* be as in lemma 3.5.18 such that z* < H. Assume P satisfies
(3.3.87)

(1) If s € (h*(2*),h~(H)) then a(s) is an interior point in (z*, H).

(1)) If s € [h=(2%),h"(H)] then s € [h~(a(s)),h™(a(s))]. As a consequence the
disjoint union of {[h™(2), h*(2)]},.c.<y covers [h™(2*),h™(H)]. Moreover, if

s € [h(z),h"(2)] for some z € [2*, H) then a(s) = z.

(7i) a is non decreasing on € [0,h™ (H)].
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Proof: Let s € (h'(2*),h (H)) and set A(s) = {z € [z*, H] : h~(2) > s} so that
a(s) = inf A(s) (3.3.78)

We note that H € A(s). Let a(s) < z < H, by (3.3.78) there exists z € A(s) such
that a(s) < z < z. Consequently, h~(Z) > s and as h~ increasing, h™(2) < h™(2).
We conclude that A~ (z) > s and so z € A(s). Hence (a(s), H] C A(s). We next show

that a(s) is an interior point of the interval [z*, H].

Let {a,},~, be a sequence in (z*, H) such that {a,} -, converges to z*. We use
the right continuity of At ( cfr lemma 3.3.7 iv) to obtain that {h*(a,)}, -, converges

to h™(z*). As s > h*(z*) we obtain
s> h*(a,) > ht(z%) (3.3.79)

for n big enough. We next choose a, in (3.3.79) to be points of continuity of h~
so that h'(a,) = h™(a,)( cfr lemma 3.3.7 v). Therefore (3.3.79) becomes

s> h™(a,) > ht(z%) (3.3.80)

for n > ng for some ny € N. In light of the defintion of A(s), the first inequality
in (3.3.80) implies that a, € (2*, H) \ A(s) and so in view of (3.3.78) a,, < a(s) for
all n > ny. Since a, converges to z*, there exists py > ng such that a,, < a(s).
The second inequality in (3.3.80) implies that h™(a,,) > h*(z*). This combined with
ht(z*) > h™(z*) gives h™(ayp,) > h™(z*). By lemma 3.3.18 h™ is strictly increasing

on [z*, H] and so a,, > z*. We conclude that

2* < a(s) (3.3.81)

Set b, = H — L. By the left continuity of h~(cfr lemma 3.3.7 iv), {h™(b,)}r,

converges to h~(H). This, with the fact that s < h™(H) yields

s<h™(b,) <h (H) (3.3.82)
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for n big enough. For such n, b, € A(s) so that a(s) < b,. This, combined with
b, < H, yields
a(s) < H (3.3.83)

From (3.3.81) and (3.3.83) we conclude that a(s) € (z*, H) which proves (i).

Let s € (h™(z*),h~(H)). Since a(s) is an interior point in the interval [z*, H], there
exists a sequence {z,} -, in (2*, H) such that a(s) < z, and {z,} , converges to
a(s). As (a(s), H] C A(s), we have that z, € A(s) and so h™(2,) > s. Without loss of
generality take z, to be a point of continuity of A~ so that h™(z,) = h*(z,). Therefore,
as h' is right continuous, h*(a(s)) = lim, .o h'(2,) = lim, oo b (2,) > s. On
the other hand let {Z,} 7, be a sequence in (z*, H) such that {Z,} ~, converges
to a(s) and z, < a(s) so that z, ¢ A(s). Then, necessarily h™(z,) < s. Hence

h=(a(s)) = lim, o A~ (Z,) < s by using the left continuity of A~. We conclude that
s € [h~(a(s)), AT (a(s))]. (3.3.84)
Thus
(h*(2%),h™(H)) C U (@), k()] (3.3.85)
ht(z*)<s<h=(H)
As a(s) € [¢*, H] and
(W™ ("), K (H)] = [ ("), B ()] U (R (27), ™ (H)) U [h™ (H), b (H))
we obtain

(R (2%),h™ (H)] C U [h™(2),h"(2)] (disjoint union) (3.3.86)
lemma 3.3.19 ensures that the family {[h™(z), h"(2)]},...<p is disjoint.
Let s € [h™(2),h"(2)] for some z € (2*, H). By (3.3.84), s € [h™(a(s)), h*(a(s))].

In view of the fact that sets in (3.3.86) are disjoint, we have h~(z) = h™(a(s)) and
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ES

the strict monotonicity of h~ ensures that z = a(s). when z = 2*, we have a(s) = z
for all s € [h=(2*),h™(2*)] by using (3.3.77). Thus, if s € [h=(z*),h(z*)] for some
z € [z, H), then a(s) = z.

(b) Let s; € [h(2*),h (H)] i = 1,2. Then s; € [h(a(s;)),h"(a(s;))]. Since
the family {[h(2), h™(2)]},.<.<p is disjoint, either the intervals [h™(a(s1)), " (a(s1))]
and [h™(a(s2)), ht(a(s2))] are the same or they are disjoint. Assume s; < sp. As
s; € [h™(a(s;)),h"(a(s;))], in the case where the 2 intervals above are disjoint, we
necessarily have h~(a(s;)) < h™(a(sz)). In light of the fact that A~ is strictly in-
creasing (and thus injective), we conclude that in all cases either a(s;) = a(s2) or
a(s1) < a(s2). We have thus establised that a is increasing on [h~(2*),h™ (H)]. If
h=(z*) > 0 by definition of z* we necessarily have z* = 0. In this case, we easily

check that a(s) = 0 for all s € [0,h~(2*)) by using (3.3.77) and as a has values in

[0.H] we conclude that a is increasing on [0, h~ (H)] O
oP 1 0P
0< g(s, z) < Ry and R < 5(5, z) < Ry (3.3.87)

In this case Argminllp(-, z) is compact. We recall that
ht(z)= max A, h™(z)= min h (3.3.88)

ArgminIlp(-,z) ArgminIlp(-,2)

Corollary 3.3.21 Assume the hypotheses in lemma 3.3.20 hold. The function a is

lipschitz continuous.

Proof: We first note that as a is non decreasing, we only need to show that

a<82> — Cl(Sl) S Co(SQ — 81) (3389)

for all s5 > sy in [0, A~ (H)] and some constant c.
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(a) Assume h*(z*) < sy < h™(H). Lemma 3.3.20 (ii) on [2*, H| ensures that
s1 < h*(a(s1)) so that ht(z*) < h*(a(s1)). As h' is strictly increasing on [z*, H]
(see lemma 3.3.19), we obtain that z* < a(sy). Let sy € [0, h~ (H)] such that s; < ss.
As a is increasing a(s1) < a(sz). Thus, 2* < a(sy) < a(sg). If a(sy) = a(sz) then
(3.3.89) holds. In the sequel, we assume z* < a(s;) < a(sz). Choose z" > a(s)
such that {z"} 7 converges to a(s;) and z" are points of continuity of A~, that is,

h~(z") = h*(z"). We use the fact that h* is non decreasing to obtain
ht(a(s1)) < hY(Z") =h™(z").

This, with the fact that s; < h*(a(s;)) implies that s; < h™(z") which we use along

with (3.3.72) and the fact that A~ (a(sz)) < s9 (see lemma 3.3.20 (ii)) to get
Cl(Sg) —z" S Co(h_(a(SQ)) — h_(Z”)) S 60(82 — Sl)

By letting n — oo we obtain (3.3.89) for h*(2*) < 51 < s9 < h™(H).

By lemma 3.3.20 (ii), a(s) = z* for all s € [h~(2*), h*(2*)]. To show that a is lipschitz
continuous on [h~(z*), h~ (H)], it suffices to show that a is continuous at h*(z*) and
more precisely right continuous at h™(z*).

Let h'(z*) < s, such that {s,} - converges to h™(z*). By lemma 3.3.20 (ii) s, €
[h~(a(sn)), hT(a(s,))] so that h~(a(s,)) converges to h*(z*). We use (3.3.72) to
obtain that

0<a(s,) — 2" <co(h (a(s,)) — hT(z%)) (3.3.90)

As h™(a(s,)) converges to h*(z*), (3.3.90) implies that a(s,) converges to z*. We
conclude that a is continuous at h*(z*) and so lipschitz on [h~(2*), " (H)] . In the
case where h™(z) > 0, we have z* = 0 by definition of z*. But a(s) =0 on [0, h™ (2*)]

Therefore, the result holds on [0, 2™ (H)]. . O
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Q={(s,2): 2" <2< HO<s<h (H), z*<a(s) <z}

Q ={(s,2): " <2< HO<s<h (H), 2" <a(s) <z}

Lemma 3.3.22 Assume the hypotheses in lemma 3.3.20 hold. Then QQ C ®),- C Q*

.Q is open and Q* is closed.

Proof: 1. Q C ©),- C Q*

Let (5, 2) € Q. To show that (8, 2) € D), we only need to show that s < h™(2). Note
that 2* < Z < H and as h™ is increasing, we have h™(2*) < h™(Z). Assume h™(2*) > 0
(in this case z* = 0). If 0 < § < h™(2*) then § < h™(Z) and so (5,z) € Dj-. In
the sequel, we assume h™(2*) <5 < h™(H). As z* < a(5) < z, by lemma 3.3.18 (ii)
[h~(a(5),h"(a(5)] and [~ (Z),h"(Z)] are disjoint. This, combined with the fact that
h~ is increasing guarantees h*(a(5)) < h7(Z). But lemma 3.3.20 (ii) again ensures
that § < A (a(3)). We conclude that 5 < h™(Z). Hence Q C D-.

Let (5,2) € ©p-. To obtain that ©,- C Q*, it suffices to show that a(5) < z. As
s < h™(z), we use the fact that a is non decreasing to obtain that a(s) < a(h™(2)).
by lemma 3.3.20 (ii), a(h~(2)) = Z so that a(5) < Z. Hence (5, z) € Q*. We conclude
that ©,- C Q*.

2. We recall that a is continuous (see corollary 3.3.21). Therefore the fact that @ is

open and Q* is closed is trivial.

Set
Qr={(s:2):0<s<h™(H), z=a(s)}, Q= {(s,2): 2= H, 0<s <™ (H)}
Qs={(52):s=0 2" <2< H} Qu={(s,2):2=2" 0< s <h (")}

Lemma 3.3.23 Assume the hypotheses in lemma 3.5.20 hold. Dj,- is a domain with

a Lipschitz boundary.
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Proof: We claim that

09, = |J @

1<i<4

Indeed, we easily check that Q* is the closure of ) and that 0Q = U1§i§4 Q;.
The lemma 3.3.22 implies that the interior and the closure of the domain ®,- are
respectively @@ and Q*. This proves the claim. As (); are graphs of lipschitz functions,

®),- has a Lipschitz boundary. But
Dyp- =95-U{(s,2) :s=0, 0< 2z < 2"}

The result follows immediately. OJ

3.3.5 Existence and uniqueness of a solution in the Monge -Ampere equa-
tion.

Theorem 3.3.24 Let Ry > 0. Let o be a probability measure on R? such that the
support of o is contained in [0, Ro]?. Then (3.3.1) admits a unique solution (U, P h).
(U, P) is obtained as the mazimizer in (3.3.11) and h is monotone and obtained as the
minimiser in (3.3.5). Moreover, if the support of o is contained in [RLO, Ry x [0, Ry

then ODy3, is Lipschitz continuous.

Proof: Proposition 3.3.17 shows that (3.3.11) has a unique maximizer (¥, P) and
(3.3.5) has a unique minimizer h so that (3.3.1) has a unique solution. As e(s)xp, is a
probability measure and k2 monotone non decreasing , {ﬁ > 0} is of positive Lebesgue
measure so that zx < H (z* is as defined in lemma 3.3.18). Thus, by lemma 3.3.23,
if the support of o is contained in [Rio, Ry x [0, Ro] then 0Dy, is Lipschitz continuous.

O

3.4 Some stability results.

Theorem 3.3.24 generates two operators H, H defined in the following way: To any
o € P([0, Rg)?), we associate h = H(c) the minimizer in (3.3.5) and (P, ¥) = H(o)

the maximizer in (3.3.11).
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Remark 3.4.1 Let o € P([0, Ro)*). If h = H(o), (P,¥) = H(o) and v = (VP x
id)ze(s)xp, then Propositon 3.3.17 and (3.3.5) yield that

Io](h) = I(h,~) = J[o](¥, P)

and

v € To(o,e(s)xp,)

Lemma 3.4.2 Let {0,} >~ and o be probability measures on P([0, Ro)?) such that

{on}.2, converges to o narrowly. Let (P,,V,) = H(o,) then {P,},~, and {¥,}

are precompact respectively in C(A,,) and C([0, Ro)?).

Proof: Let h, = H(o,). Set P, = P, — A\, ¥,, = ¥,, + \, and )\, = P,(0,0). By
using lemma 3.1.2 first and then Proposition 3.3.17 (iii), we obtain a constant ¢y € R

such that

Therefore , in view of lemma 3.3.12, |\,| < Cy. In light of remark 3.3.11, we obtain

that {Pn}zo: and {\ifn}zo: are uniformly lipschitz and uniformly bounded. This,

1 1

combined with the fact that |A,| < Cy implies that {P,} ~, and { ¥, } 7, are uni-
formly lipschitz and uniformly bounded as well. Thus, by Arzela- Ascoli, {P,}

and {V,}>° | are precompact respectively in C'(A,,) and C([0, Ro]?). O
Recall

o)) = 5W3 (o e(sx) + [ F@)otdn) + [ alare(s)o, (do)

where

0*rg p* Y 4
=0 P and g(g) == — — VT - 14
TW) = 5 gy — 5 9@ =55 VI -5

and

Hoom = {h 10, H] — [0, 1/(212) | /R o(8)xp, dsdz — 1 }
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Lemma 3.4.3 Let {0,}.-,, 0 be probability measures in [0, Ry|* and let h, = H(0,),
h=%H(o), H(o) = (P, V) and H(o,) = (P, V,) forn > 1. Assume that o,, converges
narrowly to o. Then
(i) {hn},—, converges pointwise to h and so e(s)xp, converges narrowly to e(s)xp, -
Moreover, if {P,}>" is uniformly convergent in C(A,,) then there exists M > 0 such
that
2roM < 1 and 0<h,,h<M forn>1. (3.4.1)
(i)
VP, — VP  L*—aeinl,,. (3.4.2)

o0

1, 0 are absolutely continuous with re-

Moreover, suppose in addition that {o,}

spect to Lebesque. Then
VU, — VU  L*—aein R (3.4.3)

Proof:

(i) Let’s extract from {h,} - a subsequence still denoted by {h,} - ,. By Helly’s
theorem, there exists a subsequence {h,, }r—, of {h,}>-, and a monotone function h
such that {h,, },—, converges pointwise to h. We use the minimality property of h,,

and lemma 3.1.2 to obtain

_ _ Q2 .
Ion, | (hy,) < Ion,](h) < §|]e o h||p1jo,m) + Co (3.4.4)

for all h € Hapm. Set h = hgo (hoo is as defined in remark 3.1.1) , corollary 3.1.4
ensures that [0, |(h,,) converges to I[o](h). The same corollary guarantees that

~

I[o,,](h) converges to I[o](h). Therefore, (3.4.4) becomes in the limit

I[o](h) < I[o)(h)

As h is arbitrary in Hgom, we conclude that h = H(o). The uniqueness of this

minimizer ensures that h = h, a.e. Thus {h,, },-, converges to h. We conclude that
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the whole sequence {h,} -, converges to h. Remark 3.3.10 provides M such that
(3.4.1) holds.

(ii) Let v, € I'o(on, e(s)xp,, ) and v € T'y(a,e(s)xp, ). By [[1], Proposition 7.1.3],
every subsequence of {7, } >~ | is relatively compact in P(A,, x [0, Ro]?) and its limit
point belongs to I'y(o, e(s)xp, ). As I'o(o,e(s)xp,) reduces to {7}, we conclude that

Y }>2 . converges to v. We have the following representation of v, and ~ :
n=1
T = (VB xid)ge(s)xp,, v = (VP xid)ge(s)xp,

so that spt(y,) C 0.8, C A,, x [0, Rg)* and spt(y) C O.P C A,, x [0, Rg)>. We

consider a subsequence of {P,} 7, and {¥,} 7 | still denoted respectively by {P,} -,

[eS)
n=1

and {U, } >, for simplicity. By lemma 3.4.2 , up to a subsequence {(P,,¥,)}
converges locally uniformly to some (P, ¥). Note that as P,, ¥, are convex, P ¥ are

convex. The convexity of the P, implies that
Po(p) = Pa(p)+ < VE(p).p — D > (3.4.5)

for all p € A,, and any point p where {P,}~ | are differentiable. Fix py € A,
such that {P,}>7 | and P are all differentiable at py so that 9 P, (py) = {V P, (o)} and
d.P(po) = {VP(po)}. Note that {VP,(po)};" C [0, Ro] % [0, Ry]. Then there exists
a subsequence {n;},-, of integers such that {VP,, (po)},., converges. By passing to
the limit in (3.4.5) when p is replaced by py we obtain that {V P, (po)},-, converges
to VP(py). Since the set of points of differentiability of P, and P is £? negligible, we
eventually get

{VP, };2, converges to VP  a.e-L” (3.4.6)

To obtain (3.4.2), we only need to show VP = VP a.e-L£? so that the limit in
(3.4.6 ) is independent the subsequence considered. Let (a,b) € spt(y) C dP. Since
{7, }7" narrowly converges to v, there exists (ax,br) € spt(yn,) C O.P,, such that

(ag, by) converges to (a, b). The subdifferential inequality for the convex functions P,,

Pnk(p> Z Pnk(ak)+ < bkap_ak >
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This yields in the limit

P(p) > P(a)+ <bp—a>

Therefore (a,b) € OP. If P and P are differentiable at a then VP(a) = VP(a). As
the points of non-differentiability of P and P are negligible with respect to Lebesgue,
we conclude that VP = VP a.e-L2.

(b) Suppose now that {0}, and o are absolutely continuous with respect to

Lebesgue, we have
Vo = (id X V¥, ) n0,, v = (id x V¥).o

so that spt(vy,) C 0V,, and spt(y) C OV .

We assume without loss of generality that (P,, ¥,,) converge uniformly in C(A,,) x
C([0, Ro]?). By (i), {hn}.—, and h are uniformy bounded above by some 0 < M < %
so that e(s)xp, and e(s)xp, are supported in [0, M] x [0, H] C A,, . By a reasoning

similar to the one in Part (a), we obtain (3.4.3).
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CHAPTER IV

A TOY MODEL OF THE ALMOST AXISYMMETRIC
FLOWS WITH FORCING TERMS.

In this Chapter we consider a toy model related to the Almost axisymmetric Flows
with Forcing Terms by reducing the problem to a 2-dimensional system of PDEs.
Though the resulting simplified version may not be physical, we hope to gain some
insights into the structure of the full system. The unknown here are @, 7, w, 6 and @
D

. . . . . a — 8 — 8
the material derivative takes the special form 5; = 5 + 05 + w5,

(Du  uv _
— 4+ — 4200 =1iF 4.0.
Dzi—i_ " + 2Q0 SE(t,r, 2), (4.0.7a)
D¢’ _
Det = S(t,r, 2), (4.0.7b)
u? ~ o
op 0
g = 4.0.7d
5, g(% 0 (4.0.7d)
10, . Ow

\ ;E(TU) + % —O, (4076)

The above equations are to be solved in the moving domain
Ie ={(r2): 0<z<H, ro<r<g(t2)} (4.0.8)

where ¢ is a free boundary and ry, H are positif real numbers. The conditions on the

boundary are given by

((@t,wt);nt>:0 on {T:TO}U{Z:O}U{Z:H}
(4.0.9)
% 4l = on {r=23(t,z2)}
along with

@(t,s(t,H),H) = 0.
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Here ny is the unit outward normal vector field at time ¢ and
F(t,r,z) and S(t,r, 2) are prescribed functions. The system described above turns
out to be linked to the continuity equation (4.0.11). We show that when enough

regularity is assumed and @ + % is strictly convex, (4.0.11) provides a solution to
(4.0.7) and (4.0.9).

These equations are supplemented by the initial conditions
(u, v, w)ji=0 = (o, Vo, Wo); %zo = g Plt=0 = Yo

and we initially require the conditions:

(
L () + 22 =0

\%& ((Po + Q2§> >0

(4.0.10)
2
04 2Qug = S0
0 06
|5 98 =

Our goal in this chapter is to solve the following continuity equation under two dif-

ferent assumptions on the initial data.

9 +div(eX) =0  (0,00) x [0, Ro)?
(4.0.11)

Olt=0 = O¢

holds in the sense of distribution with

_ T ow i ov
X, = (2\/TFt (Wﬁ) ;&S <\/#702¥ﬁ>) (4.0.12)
Here ¥, : R — R and P, : [0,1/(2r])) % [0, H] — R are Legendre transforms

of each other and there exists h : [0, H] — R satisfying

o det(V2U) = o

(1-2r3 9% )2

VU(spt(c)) = Dy (4.0.13)
P(h(2),2) = y=gi; on (b >0}



In the next theorem, we show that (4.0.11) provides a solution to (4.0.7) when enough

regularity is assumed. To do so, we start with the following lemma.

Lemma 4.0.4 Let T > 0 and A C R? open. Let {0} be a collection of probability
measure and X a velocity field such that (4.0.11) holds. Let § be a smooth function
on (0,T) x A such that for §; is invertible for all t € [0,T]. Assume that there exist

v,w and < such that I', C A for allt € [0,T] and

Slrx) = and - XoF =2 (0. v5)
Then
(O, wr);me) =0 on{r=roU{z=0}U{z=H}
a—;t—l—wa—z:@ on {r=23(t,z2)}
K%%(rv}—l—%—fzo in T'c
Proof: The proof is similar to the proof of lemma 2.3.3. 0

We recall the function s : [0,00) x [0, H| — A,, := [0, ﬁ) x [0, H] defined by

s(r, 2) = (%(roz - r2),z>

and its inverse d given by

d(s,z) = (T—O,z)
V1-2rgs
Theorem 4.0.5 Assume P, : A,, — R and ¥, : [0, Rg)> — R legendre transforms
of each other, smooth enough and P 1is strictly convex so that VP and V'V are inverse
of each other (on the interior of their domain) and P, ¥, X, F', and S solve (4.0.11),
(4.0.12) and (4.0.13). Define , 0" by

~ g - _ 022 _ o

ar+12Q)? = 0,Pos, 20 =0,Pos, = Pos— =

( ) 90 v 2 ' 1-— 2T(2]ht
(4.0.14)
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and choose (u,v) such that

o 0

(@) o VWod =2 V¥od+ (X, V¥od) (4.0.15)
Then (u,v,w), ¢ , 0 and < solve (4.0.7) and (4.0.9).

Proof: Based on the discussion in section 2.3.1, we can rewrite (4.0.15) as

0 D
X;oVPos= EVP os+ ((u,v),VIVPos]|) = E[VPt o s (4.0.16)
Here, % == % —H‘)% +w%. But, by using the first two equations in (4.0.14), we obtain

D D DO’
E[th os| = (2(@7’ + QTQ)E(QT + Qr?), 9% D )

. e (4.0.17)
(o5 Pos) 27 4 a4 ram). L
= (2( OsP os)(r D + uv + 2rQQv), 0. Dt )
and thanks to (4.0.12),
X;0VPos= (2(\/851%, o s)Fy, 925}) (4.0.18)
0

We combine (4.0.16), (4.0.17) and (4.0.18) to obtain (4.0.7a) and (4.0.7b)

Thanks to remark 2.3.6, the first two equations in (4.0.14) imply that % ¢ and ¢’
solve (4.0.7¢) and (4.0.7d).

Note that (4.0.13) means that VW pushes o; onto e(s)xp,, . This implies that VF;
pushes e(s)y Dy, onto oy and we easily check that VP, os pushes rxr,, to o;. This,

combined with (4.0.16) yields (4.0.7e) and (4.0.9) by applying lemma 4.0.4.

4.1  FExistence of a solution for initial data that are abso-
lutely continuous with respect to Lebesgue.

In this section, 3 denotes the set of all borel probability measures o on Ri that are

absolutely continuous with respect to Lebesgue and whose support is contained in

0, Rol?
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We consider the functions F' = Fi(r, z), S = S;(r, 2) such that S, F € C*((0,00) x

R?) and satisfy the following conditions:

e (A1) 0 < F, %5 < M for some positive constant M.

o (A2) 2£ =25~

o (A3) OF 05 -, )

r 0z

Lemma 4.1.1 We consider a family o = oL?, 0" = o"L* € PR*)NLY(R?) n > 1
that is equi-integrable and let {v"} ., : R? —— R? be borel measurable such that

v < My a.e where My is a positive constant. Assume {J”}:;O:l converges narrowly

to o and v" converges to v a.e. Then

v'e" — vo in the sense of distribution.

Proof: let ¢ € C.(R% R?).

/R2<¢; v")@”dq—/RQ@; v)edq = /RQ<¢; (v”—v)>g"dq+/ (¢; V(0" —0)dg (4.1.1)

R2

As {0"} ), converges narrowly to o, we obtain

lim sup
n—o0

/R2<¢§ v) (0" — Q)dCI‘ < M lim sup e |p| (6™ — o)dg =0 (4.1.2)

n—oo

Let ¢ > 0, and denote by Ay the support of ¢. Since {0"}, -, are equi-integrable,
there exists 0 > 0 such that for any Lebesgue measurable set B,

L*(B) <§ = sup/ o"dg<e (4.1.3)
n JB

As {v"} 7, converges to v a.e, Egoroff’s theorem provides a lebesgue set A C Ay

such that £2(Ay\ A) < and v" converges uniformly to v on A. Using the uniform

convergence of {v"} " | we get

lim sup

n—oo n—oo

/(qﬁ; v — V>Q"dq‘ < [[@]|oo limsup [|[V" = V|| poe(ay = 0 (4.1.4)
A
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In view of (4.1.3) and using |v"|, |v| < My, we obtain

limsup| <¢a v — V>Qndq| < limsup/ ||¢||oo|Vn B V|Qndq
n—00 Ap\A n—00 Ao\ A
< 2Mp|)]o limn sup / o (4.1.5)
n—00 Ag\A
< 2[|¢[|oc Mo

We combine (4.1.1) (4.1.2) (4.1.4) and (4.1.5) to obtain

limsup| [ (¢; v")o"dg — / (6 V)oda| < 2Mye

n—oo

As ¢ is arbitrary, the result is established. O

Theorem 4.1.2 Let I be an open interval in R and p > 1. If a narrowly continuous

curves oy : I — P,(R?) satisfies the continuity equation

do .
8_tt + div(oyvy) =0

in the sense of distribution for some Borel velocity field vy with ||vi||pr(u) € L*(1)

then p : I — P,(R?) is absolutely continuous and
¢
Wy(ot, 05) < / [Vl 2o (o, ydT (4.1.6)
Proof: [see [1], Page 183]

Lemma 4.1.3 Leta, 7 > 0 and L, > 1. Let o, = 0,L£? be a borel probability measure

on R that is absolutely continuous with respect to Lebesgue such that
spto, C [0, La)*.

Assume that U : [0, 00) xR2 —— R is such that for eacht > 0 fized, U(t,-) : R — R

is convex and whenever VU (t,-) exists, it has values in [0, 7z) % [0, H]. Set
0
PN o ov 4G ro ow
Vt(Q) - < 2 TFt < 1—2 (Q)%(t,q)’ EYA (t7 Q)) N t ( 1727‘3%(757(])7 EYA (t, q))) (417)
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with ¢ = (Y, Z). Assume that (Ay),(As)and (As) hold. Then, there exists a family of

measures oy = p.L* € P(R) absolutely continuous with respect to Lebesgue such that
sptoy C [0, Loir]? fort €la,a+ 7] with1 < Loy, := Lo(1+ M7)?

satisfying the following:
(a) [geoidq < [p.0dq for anyr>1 andt € [a,a + 7.

(b) t — 0, € AC: ((a,a+ 7); P(R%)) and

92 + div(ovy) =0, (t,q) € (a,a+ 1) x R?
(4.1.8)

J|t:a = 5-(1
holds in the sense of distribution.

(c) t — oy is lipschitz continuous with respect to the 1— Wasserstein distance with

lipschitz constant less than ¢y := M~/4Lo + 1 in [a,a+ 7] .

Remark 4.1.4 Since V(t,-) is convex, VY(t,-) exists L* a.e so that v, is defined L>

a.e. As o, is absolutely continuous with respect to L2, v, is defined a.e oy.

Proof: We subdivise the proof into several steps.

Step 1 We assume that W, is C>(R%’) for each ¢ fixed.

We observe that the vector field v is smooth in (0,00) X (0,00)? and define the
associated flow by

b =v,0¢; and ¢, = id for t € (a,a+ 7). (4.1.9)

We note that oy = ¢rz0, solves the continuity equation (4.1.8)(see [46], Page 167).

A simple computation gives

3T PUOF 9*V IS

1
di = —=I+ st
vinl=75 (1 agpe) 00 O 070
097
(4.1.10)
i OF |05 o
0YoZ 0z  Or 3
(1-2r35%)
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As (A2) holds

G- gy VT RWOP 0vos
T (/- 2m> o2 or 07 0=
Toor

Since VU, is convex, its second partial derivatives with respect to T and Z are all non

negative. This, combined with (A3) leads to

div [Vt] 2 0

It is well known that

t
det V¢, = det Vo, exp (/ div [vg] o gbsds)

Therefore, as div [v;] > 0, t — det(V¢;) is non decreasing and so

det(Vy) > det(V,) = 1 (4.1.11)

2. We use (A1) and the definition of the flow in (4.1.9 ) to obtain that
0< i <2v¢uM, 0<du <M

or

< \/¢1t ¢1t <M 0§¢2t§M
=@ -

By integrating this equation from a to t, for each (Y, 7) € Rf, we obtain
ou(Y,Z) = VY < M(t—a), Z<¢u(Y,2)<Z+M(t—a)
that is,
T<ou(Y,2) < (VY +Mit—a)?  Z<¢u(Y,Z)<Z+M{t—a) (4.1.12)
And so, for (T, Z) € [0, L,)?, (4.1.12) implies that
0< ¢u(Y,2) < (VLo + M(t —a))? 0< (Y, Z)< Lo+ M(t—a) (4.1.13)

96



Since L, > 1, (4.1.13) implies that

$1([0, La]*) € [0, La(1 + M (t — a))°]?

Therefore, as o, = ¢140, and ¢, is continuous,

spt(oe) = o1 (spt(0a)) C 64([0, L]*) C [0, La(1 + M(t — a))*]*

3. In view of (4.1.11), 0y = ¢rp0, is absolutely continuous with respect to the

Lebesgue measure £2 and its density function g, satisfies

Oa
= — <
0t © Pt det(V@) > Oa

Therefore, using the equality in (4.1.14) we obtain

(4.1.14)

oy =0oho¢ " (det[Ve] ) 07t =gl op! (det[Vey] ') o (det[V@]_l)r_l op !

As det[V¢,] > 1, (4.1.15) implies that
o < g0 ¢ det[Vg] 0!
for any r > 1. We exploit (4.1.16) to obtain that
[ o< [ qootaedvel oo g = [ g
R? R? R2
This establishes (a). We easily check

|V|§M\/4La—|—1:CO

and so, by (4.1.6)

t
Wi(on,04) < / 1Vl ooy dr < cot — s)
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foralla<s<t<a+r.

Therefore t —» o0 is ¢o-Lipschitz continuous on [a, a + 7]. Thus ,
Wi(da,01) < co(t —a) < cor (4.1.18)

forallt € [a,a+7]. Asa consequence {0:},c(, ., is bounded in the 1—Wasserstein
space.

Step2 We consider now the general case where W is not necessary smooth. We
note that, as W(Z,-) is convex, W(t,-) is locally lipschitz and so W(t,-) € W} (R*?)

for each ¢ > 0 fixed. We set
\Ijn(ta ) = \Ij(ta ) * jn

Here, {j,} -, are the standard mollifiers. We obtain that U, (¢, ) converges to W(t, -)
in V[/lic1 (Rf). This convergence guarantees that up to a subsequence VW, (¢, ) con-
verges VU(t,-), a.e in R*2.

Let’s denote by v,, the velocity field when W is replaced by ¥,, in (4.1.7). Without

loss of generality, we have that
V, — V a.e

Let 0™ = ¢"L? denotes the solution of (4.1.8) when v is replaced by v,,. Then " sat-
isfies (4.1.17) and the conditions (a), (b) and (c). We obtain that the family t — o7’
is equi-Lipschitz on [a, a + 7| with respect to W and (4.1.18) ensures that it is equi-
bounded in P(R?) with respect to W;. Therefore, there exists a subsequence that we
still denote by ¢ — o7 ( n is independent of ¢) such that {o]'} ~, converge narrowly
to o, for each t € [0, 7].

Since the Wasserstein distance is lower semi-continuous with respect to narrow con-
vergence and o} satisfy (4.1.17), o, also satisfies (4.1.17), that is, oy is ¢p-lipschitz
continuous on (a,a + 7). By condition (a), {0}'},~, is equibounded in L", r > 1 and

so, as {0}'}.—, converges weakly* to oy, the Dunford-Pettis theorem guarantees that
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o, is absolutely continuous with respect to Lebesgue , that is o, = o,£* . Also, as
{o}}2 | satisfy the condition (a), the weakly lower semi-contnuity of the L" norms
ensures that g, satisfy the condition (a) as well.

To obtain the continuity equation in (c¢), we only need to show that {vjo}} >,
converges to v;oy in the sense of distribution for each ¢ fixed, as {vj'o}dt} | converges
to vioudt in the sense of distribution will be obtained by a simple application of
Lebesgue dominated convergnce. We note that the inequality in (a) ensures that
{or'}>7 | is equi- integrable. As v} converges to v; and o™ = ¢"L£? narrowly to o = pL?

we use the lemma 4.1.1 to obtain the desired result ]

Let 0 € X. Set (P, ¥) = H(o) and define

— o[ ——r 9% 96 (——m __ 9¥
X,[o] := <2\/T [Ft (m BZ)] L &S, (m 8Z)) (4.1.19)
Theorem 4.1.5 Assume that (FS1),(FS2) and (FS3) hold. Assume 0 < Ly < Rg

and let 5o = poL? € ¥ such that
spt(&o) C [0, Lol?

Let T > 0 such that Lye®™MT < Ry . Then, there exists o, = 0,L* € ¥ satisfying :

(a) fRz ojdg < fR2 ovdq for anyr >'1
(b) t — o, € AC ((0,7); P(R%)) and

9 + div(oXy[o]) =0, (0,7) x R?
(4.1.20)

Olt=0 = 0o
holds in the sense of distribution.

(c) t — oy is lipschitz continuous with lipschitz constant less than cg.

Proof: We fix a non negative integer N. and divide the interval [0, 7] into NNV intervals

with equal lenght 7 = % We first show that we can construct a discrete function
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oV = oV L£? satisfying the following proprieties:

(al) [po(o0M) dg < [ga(00)"dg for any r > 1

(bl) The “delayed” equation

908 4 div(eNv)) =0,  (0,T) x R?

(4.1.21)
Oli=0 = 00
holds in the sense of distribution and v¥ = X[L]T[aﬁ ] for all £ € [0, 7).

(c1) t — o is lipschitz continuous with respect to Wi with lipschitz constant less

than cg.

The construction of 0¥ goes as follows: we start off by setting o)’ = 7y and
vV = Xy[oo] for t € [0, 7]. we use lemma 4.1.3 to obtain a solution ¥ on [0, 7]. We re-
peat inductively the same process (N —1) times by setting Jf\f =0 and vV = X, [0,]
for t € [iT, (i — 1)7] and using lemma 4.1.3 to obtain ¥ on t € [i7, (i + 1)7]. In view
of lemma 4.1.3, we note that the process described above works as long as {0, }, ;< x
stays absolutely continuous with respect to Lebesgue and compactly supported in R? .

We next show that {o;;},.,.ny C 2. We first observe that by construction, lemma

4.1.3 guarantees that {o;,}, <i<y are absolutely continuous with respect to Lebesgue
in Ri
Define
L; := max (sup{Y : (Y, Z) € spt(o;;) };sup{Z : (Y, Z) € spt(oir)})
for 1 <¢ < N. By lemma 4.1.3,
Livi < Li(14+M7)* < Lo(1+M7)*H < Lo(14M71)N = L0(1+M%)6N < LoeSMT,

With the constraint Lye®™” < Ry, on T, we obtain that for any 0 < i < N,

spt(cy,) is contained in [0, Ro]?. Therefore the above construction of oV is thoroughly
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justified. We easily check that the conditions (al) and (cl) follow from the condition
(a) and (c) of lemma 4.1.3

Step 2 By (c1), t — o} are equi-Lipschitz continuous on [0, 7] and since oY = 7
for all N they are equibounded in the 1-Wasserstein space. Thus, there exists a
subsequence of t — o} still denoted by ¢ — oY (N independent of ¢) such that
{va }?Vozl convereges narrowly to o for any ¢ € [0, T].
In view of (al), the theorem of Dunford-Pettis ensures that o, = p,£%. The lower
semi -continuity of the L"- norms leads to (a). We next show that oy satisfies (4.1.20
). It suffices to show that there exists a subsequence {on, };o; of {on}y_, such that

N;

N. . . . .
vig,'t converges to v;o; in the sense of distribution. As {O-Ni}?il converges to o , by

lemma 3.4.3, VU, converges to V¥ so that {v"}* converges Xy[o] £? — a.e. We

replace N by N; in (4.1.21) and let N; — oo to obtain (4.1.20).

4.2  Existence of a solution for general initial data.
In this section, we impose the following conditions on the forcing terms F and S :
R, x R? — R.

e (B)) F and S are continuous and bounded.

e (By) F>0and S >0

Let o € P([0, Ro)?). If H(c) = (P, V) then (P,¥) € Uy and VP has values in
[0, Ro)?.
Recall

d(S, Z) = (\/1_—738, Z)

Set
Ft = (Ftod,StOd)

As F and S are bounded, there exists a constant Cj (independent of t) such that
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Co
vV Ro

for all £ > 0. To any function G = (G, Gy) we associate A[G] defined by

[IFe][|oo <

A[GY(Y, Z) = (\/Talmr, Z),Ga(T, Z)) .
Note that if G € C([0, Ry|?) then

AlGI e C(0, ko)) with [ A[G]]le < VRollGlo

If h="H(o) and (P,¥) = H(o) then we define
Lio](G) = /11{2 (A[G] o VP, Fy)e(s)xp, (s, z)dsdz
for all G € L'(0,R?). Note that if G € L'(0,R?) then
AlG] € LMo R?)  with  JAG] |1 o) < VR |Gl o

for all G € L'(0,R?). Observe that if G € L'(0,R?) such that G; > 0,G3 > 0
then L;[o](G) > 0.

Lemma 4.2.1 Fizt > 0. Let o € P([0, Ro]?).
Then, there exists Vi[o] = (V,'[o], V}2[o]) € L>(0;R?) such that

Li0](G) = /R (Vilo, G)do (4.2.1)
for all G € L'(0,R?).
||‘/;5[0-]||LOO(O-;R2) S Co (4.2.2)
and
Vel >0  VZ2o]>0 o ae (4.2.3)
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Proof:
ILJ0)(G)] < ||Fy]l / G| 0 VP e(s)xp, dsd=
RQ

— IFil [ | 14G) do
R2
= oo/ Bl Gl i

< GollGll 1 om2)
By the Riesz representation theorem for linear functionals, we obtain that there exists

Vilo] such that (4.2.1) and (4.2.2) holds. Note that

Lio)(G1,0) = / Wilol, (G, 0o = |

V[e]>0

Vil o]|Grdo +/ ViHo]|Grdo

V}[o]<0

Choose G = X{vjo)<0} > 0 so that L;[0](G1,0) > 0. If o(V;*[o] < 0) > 0 then

0 < Ly[o)(G1,0) = /{Vl[ » Vil [o)do < 0

Therefore, V,!'[o] > 0 ¢ a.e. A similar argument shows that V;*[c] > 0 o a.e. O

Remark 4.2.2 Let 0 € P([0, Rg)?) and h = H(o) and (P, V) = H(o). Then for
t,r >0

Lio|(G) — L,[0](G) = /R?<A[G] o VP, F, —TF,)e(s)xp, (s, z)dsdz

and so in view of lemma 4.2.1,

= [Li[o](G) = Ly [a](G)]

| Wite = Vilol.Gydo

< AIC] e sup [Fu(p) — Folp) / 9)xo, (5, 2)dsd

PEAL,

< |Gl sup [Fi(p) — F.(p)|

peAro

(4.2.4)

Lemma 4.2.3 Let t > 0. Let {0,},—, and o be elements of P([0, Ro)?) such that
{on}.2, converges narrowly to o. Then {Vi[o,|o,}, converges to Vi[olo in the sens

of distributions.
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Proof: Let (P,,V,) = H(o,), (P,¥) = H(o). We extract from {o,} -, a subse-
quence that we still denote by {o,},~,. As {0,} -, converges narrowly to o, lemma
3.4.2 ensures that there exists a subsequence {n},-, of integers such that {P,, },~,
converges uniformly. Hence, by lemma 3.4.30 < h, h,, < M, < ﬁ for some constant
My and so {e(s)xp, },—, is equi-integrable. Lemma 3.4.3 ensures that {VP,, },~,
converges a.e to VP. Let G € C([0, Ro]?). Then A[G] is continuous on [0, Ry]* and
(A[G] o VP,,;F;) converges a.e to (A[G] o VP;F;). Moreover, as G is bounded func-
tion, A[G] is bounded. In addition, since F is bounded, there exists M > 0 such that

|(A[G] o VP,,;F;)| < M for all £ > 1 and ¢ > 0. Using lemma 4.1.1 , we obtain that

lim [ (A[G]o VPnk;]F>6(S)XDhnk (s,2)dsdz = /(A[G] o VP;F)e(s)xp, (s, z)dsdz

k—oo

This, in light of (4.2.1) becomes

im [ (Vilow],G)don — / (Vilo), G)do

k—o0 R2 R2

As G is arbitrary, we obtain that {Vi[oy, oy, }, converges to Vi[o]o in the sens of
distribution. Since the limit V;[o]o is independent of the extracted subsequence of
{Vilon]on},,, we conclude that the whole sequence {V;[o,]0,}, converges narrowly to

Vilolo.

Definition 4.2.4 LetT > 0. t — oy is an absolutely continuous path in P([0, Ro]?).

Let (P(t,-),V(t,-)) = H(o:) and hy = H(or) We say that
o = xﬁ(at)
in the weak dual sense if

4 Oy T
/ dt/ ¢ ° VP(t,-)e(s)xp,, dsdz + / Li[o](Ve)dt =0 (4.2.5)
0 R? o

for all ¢ € C*((0,T) x R?).
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Remark 4.2.5 This definition is natural in the sense that if oy is absolutely con-
tinuous with respect to lebesque then we recover the continuity equation in (4.1.20 ).
Indeed, if o, is absolutely continuous with respect to lebesque, then VW, o VP, = id
e(s)xp,, a-e (see Proposition 3.3.17 (ii)). Thus,

Li[o](Ver) :/ (A[Vpi] o VE, Fi)e(s)xp,, dsdz :/ (A[Vy], Fy o V¥,)do
R2 R2
for all o € C1((0,T) x R?). And so, (4.2.5) becomes

0
—l— St odjo V\Ifagdatdt =0

/dt/ —+\/_FtodloV\I/(T Z)a
R2 oY

for all ¢ € C1((0,T) x R?). That is,

% + div(cX[o]) =0, (0,T) x R?

holds in the distribution sense when X[o] is given by (4.1.19)
Remark 4.2.6 In view of lemma 4.2.1 , (4.2.5) becomes
[t [ %+ e vtohdot =0
R2
for all p € C*((0,T) x R?). That is,
do , 9
5 div(oVilo]) =0, (0,7) xR (4.2.6)

holds in the distribution sense.

Lemma 4.2.7 let be f a borel map, p € P(R?) , and v € L™(u,R*R?). Then

setting v = fyu, we have fu(vi) = wv for some w € L (v, R?* R?) with

W] Lo, R2iR2) < |[V]] 100 (4, R2iR2)
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Proof: Let ¢ € L'(v,R?* R?). We have

/RQ@OJZVMM‘

LI / v o fldn (4.2.7)
R

/R ] @d(f#vu)‘ =

= ||V||L°°(;L,]R2;R2)/ lo|dv
RQ

By Riesz representation theorem for linear functionals, there exists w € L>®(v, R?; R?)

such that
d( favi) = w)d
/80 ( # M) /RQ@, > v

and

Wl (v, R2R2) < (V]| (1, R2iR2)

Theorem 4.2.8 Assume F and S satisfy (By) and (By). Assume 0 < Ly < Ry. Let
g9 € P(R%) such that spt(do) C [0, Lo]*>. Let T' > 0 such that Ly + CoT < Ry, Then
there exists oy : [0,T] — (P(RZ),W:) Cy-lipschitz continuous such that spt(oy) C

0, Ro)? and

(4.2.8)

Proof: Stepl (Construction of a discrete solution) We choose V = (V! V?) as pro-
vided by lemma 4.2.1. For any o € P([0, R]?), by redefining V;[s] on a o negligible
subset of R? we may assume without loss of generality that V,'[o],V;*[¢] > 0 and
[Vi[o]] < Co on R? all t > 0. Let N be a positive integer. We first build a solution
ol¥ satisfying

(a) t — ol is Lipschitz continuous with the Lipschitz constant less than or equal

to CO
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(b) spt(a}) C [0, Ro)? for t € [0, T]
(c) t — ol¥ satisfies
2% 1 div(e¥wN) =0,  (0,T) x R?
N —

Olt=0 = 90

holds in the distributional sense with

) (Vier lo 1o, (4.2.9)

wiol = (i + (0= [ErVi o, )

We construct the solution on [0, 7]. We set wj)’ = V;[5o] and consider the following

id +twl’) , (wli5y)
O'tN:(id—{—tWév)#ﬁo in:( (;])V# 0 te0,7]
¢

Clearly, o}’ and w}’ above solve the equation in (c). To see this, we choose ¢ €

C>°(R?) and note that

d d
— | dol¥ = —/ go(id—i—twév)d&:/ < Vo(r +tw));wi > do
dt R2 dt R2 o

2 0

Z/}R? 8I1d< 1d+twév)#(w(])v&o)> :/R2 < Vo, wl > dol

(4.2.10)

As ¢ is arbitrary, we obtain the continuity equation in (a) on the interval [0, 7].
Note that the components of w{¥ on R? are all non negative and bounded by Cy. As
spt(do) C [0, Lo]* and 07" = (id + twév)# 0, spt(al) C [0, Lo+Co1]? for all t € [0, 7].

Moreover,
W oo o m2) < 11Wo [lzoe(o0,22) = |[Voloo0] | 2o (o0,m2) < Co (4.2.11)

for t € [0, 7]. The first inequality in (4.2.11 ) is ensured by lemma 4.2.7 and the second
inequality comes from (4.2.2).

As oY and wi¥ solve the continuity equation in (c) on (0,7), we use (4.2.11) and

(4.1.6) to obtain
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¢
W(JtN, éV / ||w7{v||L1(Ut,Rz)d7’ < Co(s —1t) 0<t<s<rT.

Therefore t — oY is lipschitz continuous on [0, 7]. In particular, W (a,c}) < Cor

for all ¢t € [0, 7].

We can repeat this process by setting w = V[0 and by extending the solution

to [7,27] in the following way:

o) = (id+ (t—T)Wf_V)#O'T wl = < t e r,27]

A computation analogous to the one in (4.2.10) shows that this extension solves the
continuity equation in (c) on (7,27). We also have spt(a¥) C [0, Lo + 2Cy7]? for all

t € [r,27] and

Wi(oN,oN) < Co(s—t) 7<t<s<2r

By iterating this process N — 2 more times by setting wi = Vi [o4,], k = 3,..N
we build a solution ¢t — o} to the continuity equation on [0, 7). Futhermore, this

solution satisfies the following

WQ(O-ZV,O-O) S COT, ||W£N||L2(ot,R2) S Co (4212)
spt(al¥) C [0, Ly + NCo7]? = [0, Lo + CoT)? C [0, Ry)?

for all t € [0,T]. The first inequality is due to the triangular inequality with the
Wasserstein metric and our choice of T', and expresses the fact that o is equibounded
in P([0, Ro)?). The second equation (4.2.12) proves (a) which ensures that ¢;" is equi-
lipschitz. Therefore, there exists a subsequence of {at }  still denoted by {atN } N

such that {afv } n converges narrowly to some oy for each ¢ fixed independently of V.
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We next show that o, solves (4.2.8) or equivalently (4.2.6) in view of remark 4.2.6
. For this purpose, we only have to show that up to some sequence {wNoNdt}
converges in the sense of distribution to V;[o;]oydt.

We recall that

o] = wi (4.2.13)

Let ¢ € C}((0,T) x R?,R?). Then, using (4.2.13), we have

/OTdt/sz(t,x); Wiv>da§V—/OTdt/RQ<¢(t,x); Vifo])doy =
(/Tdt/sz(t,x); wi)dol _/Tdt/RQ@b(t,x); wl, >dgivt)
(/ it [ 00,20 Vgl /dt [ olt.2): Vilo3, Jao, )
(/ dt/Rz ot z); Vilo / dt/R2 ot 2); vtatpdat)

First, we look at the first term in the right handside of the equality in (4.2.14).

(4.2.14)

We use (4.2.9 ) to obtain

[ (@t wityaol - /dt/RQ ot ); Wl dos
<Z/ . dt/RQ (tx—i—t—T[T])) ot 2); W)

SWRGE

dt

doll. (4.2.15)

(w2 ldory

(t x4 (t — r[j])wNu> — B(t, x)
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We use the facts that o’ has its support in [0, Ry|?, ¢ is Lipschitz on [0, T] x [0, Ro)?

and the second equation of (4.2.12) to get

/ ")

-7 R2
t

/ af il T[—]'|wiv[t]|2daf[t]

[ORO T T T

t
. LABILLAN

<t v+ (t—7[=]) %) —o(t, )

N
< C3Lip(e) Z/ (kT —t)d (4.2.16)
k=1
N
= C¢ Lip(¢) Z tdt
k=170
72 T?

= NCELip(6) 5 = CLip(é) 5

We combine (4.2.15) and (4.2.16 ) to obtain

T T
lim sup / dt/ (o(t,x); wi¥doN —/ dt/ (p(t,x); Wﬁgﬂdgi\{q
N—oo |Jo R? 0 R? . ! (4.2.17)
- 2.
< C3Lip(¢) h]%l_?olip ON 0
To control the second term in (4.2.14), we use (4.2.4) to obtain
T
dt [ {(o(t,x); Vf[g][ai\fgﬂ - W[Uﬁg]DdUﬁg]

(4.2.18)

<lole [ s [F. 1))~ E)] o

As |t —7[Lt]| <7 =% and F is continuous and bounded on [0,7] x A,,, we use

the Lebesgue dominated convergence theorem to obtain that

T

lim sup dt [ (o(t,x); ‘/T[i][ai\fq] — W[Uﬁi]])daﬁq

N—oo T T = p
T (4.2.19)

< [|¢]] oo lim SUP/ sup FT[L]@) - Ft(p)‘ dt =0
N—oo J0 pelAy, T
Let’s work on the third term in (4.2.14).
We note that

[ ot viiod oy | < ol (4.2.20)
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Using (a), we have

Wi (o2 1) <o

. t<C’0T
TT - N

And so, As N goes to oo, 0,[+] converges narrowly to o, and lemma 4.2.3 ensures

that

/ (p(t,x); V}[Ui\{i]bdai\fi] converges a.e to / (o(t,x); Vi[oy])doy (4.2.21)
R? T T

R2
We combine (4.2.20) and (4.2.21) and use the Lebesgue dominated convergence

theorem to obtain that

T T
/0 dt /ﬂ@((b(lﬁ, x)%[a%gbdaffé] converges to /0 dt/RZ@b(t,x),Vt[at])dat (4.2.22)

In view of (4.2.14), (4.2.17 ) (4.2.20 ) and (4.2.22) we have

/ dt/ o(t,x), w¥ydoN / dt/ o(t, x), Vi[oy])doy
R? R2

As ¢ is arbitrary, we obtain that {W,{V ol¥ dt} n converges in the sense of distribution

lim sup =0

N—oo

to Vi[oy]odt which concludes the proof. O
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APPENDIX A
MONOTONE REARRANGEMENT AND PROPRIETIES.

We use the following lemmas in the sequel.

Lemma A.0.9 (Approzimation by convolution) Let n € P,(R) and let p. be a family

of nonnegative mollifiers such that

o) = 2p(%), / @)z =1,  m= / 2P p(z)dr < oo

Then ans = Pe* 7]
Wy(pe, p) < me

Therefore p. converges narrowly to p.
Proof: See [[1] Page 156]

Remark A.0.10 Note that if p > 0 in lemma A.0.9 then n. > 0.

Theorem A.0.11 (Brenier’s theorem) Let u and v be probability measures with finite
second moments. If p is absolutely continuous with respect to Lebesque, then there

exists a borel function Ty such that
To=Vy p—ae (p conver) and Topp = v.
Moreover Ty is the unique minimizer of
G [l = Tfdu(e)

Proof: See [[46], Page 67]

Lemma A.0.12 On the real line, the set of all the functions which are gradients of
convex functions is equal to the class of functions which coincide with monotone non

decreasing functions almost everywhere.
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Proof: 1. we recall that if ¢ is convex, ¢/ and ¢’ (respectively,

right and left

derivative @) exist are finite at each point and are non-decreasing and so ¢ is differ-

entiable except at countably many points at most and ¢’ coincides with a monotone

non-decreasing function a.e.

2. Conversely, assume f is monotone non-increasing. Then f is borel measurable and

locally integrable. Set
o) = [ fuda
0
Note that ¢ is continuous. We next show that ¢ is convex.

For any a,b € R, as f is non decreasing,

a+b
fna,“;blﬁf( 5 )§f|[“;b,b1

Thus, we have

a+b a+

/agf(z)dzﬁ/aQbf(a;b)dz:/abbf(a;—b)dzg :r

2

Lwﬂmugﬁjmm

/Oasz f(z)dz — /0“ f(2)dz < /Obf(z)dz — /02 F(2)dz

This, we rewrite as

2

and so,

that is,

Thus,

b f(2)dz

We conclude that ¢ is convex. As f is locally integrable, the Lebesgue differentiation

theorem ensures that ¢’ = f a.e.
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Definition A.0.13 A function h : [0, H] — R is said to be a rearrangement of a

function g if for every measurable function F such that F o g € L'[0, H|, we have

H H
/ Fogdz-/ Fohdz.
0 0

9#X[0,H) = huX[0,H]-

Fohe L'0,H] and

In other words,

Lemma A.0.14 Let h, g: [0, H — R be L* functions. Then
(i) There exists a unique (up to a set of Lebesgue measure zero) nondecreasing rear-
rangement h* of h.
(i)
17% — g* (120,67 < [P — gll2210,m1)

(iii) (N o h)# = N o h# if N is monotone non decreasing.

Proof: 1. Set

1

Mo = EX[O,H]['I n = hyno

As h € L?|0, H], we have that 7 is of finite second moment. We use theorem A.0.11 to
obtain the existence of a unique monotone nondecreasing function h* such hino =,
which completes the proof of (i).

2. Set

n=gxm v =("hXg)un

Note that 77 € P2(R), 7o € I' (n,7) and

W2 (n,1) < / i — yPdvo = || - gl oy
[0,H]?

To obtain (ii), we are to show that
Wy (n,7) = [|1h% — g%||r2j0,m)- (A.0.23)
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As n € P»(R), lemma A.0.11 provides a family of probability measures {n"}
absolutely continuous with respect to Lebesgue such that W3 (5™, n) < % We may

assume 7" > 0 in light of remark A.0.10. For each n € N, we define
M, (x) = np(—o00, x), hy(z) :=sup{z € R: HM,(z) < z}

is absolutely continuous with respect to Lebesgue and strictly positive, M, is contin-
uous and strictly increasing. Therefore, M, : R — (0, 1] is bijective.

Thus,
hi(z) =sup{z € R:x < M, ' (z/H)} = M, *(z/H.)

and so, h% is invertible with inverse A o M,, (here, A\(z) = Hx).

Fix x € R,

g ((—00,2]) = L1, (= € [0.H] : hi(2) <))

0, )

({z€[0,H]: M,"(z/H) < z})

1o,

1
= —Lf
H

_ %Ll[w {z €10,H]: 2 < HM,(z)})
1

_ L
o HE\[O,H]

= E‘l[ 0, M, (x)) = M,(x) =n"(c0, )

(H{z€[0,1]: 2 < M,(x)})

0,H] (

We have used the scaling property of the Lebesgue measure is the fifth equation.

Therefore,
hosto = 1" (A.0.24)
This implies that
Ao Mpgn" = no.
Now, as M, is strictly increasing, h; is strictly increasing and by using the theorem

of Helly, we may assume that A converges to h* pointwise for some h* monotone

increasing. Let I be a continuous and bounded function of R. Then, in view of

115



(A.0.24), we have

H H
/ Fohidn = / Fdn™
0 0

As n — oo, by using the theorem of dominated convergence on the left hand side and

the narrow convergence on the right hand side of the previous equality we obtain :

1 rH H H 1 rH
—/ Foh'dz = / Foh*dny = / Fdn = —/ F o hdz (A.0.25)
H J 0 0 H J

By a density argument, (A.0.25) holds for all F' € L'(n). Thus, by the uniqueness

of the monotone rearrangement
R =h* a.e

As h# o X o M, is monotone non-decreasing and h# o X o M, ,n"* = 7, theorem

A.0.9 ensures that h# o A o M,, minimizes

W (n",n) = igf{/[OH] | — Tl dn - Tyn = 'rz}

and so

1, — H# | = / 1 () — ) P

(0,H]

_/ |h% o Ao M,(x) — h* o X o M,(x)|*dn"
[0,H]

(A.0.26)
= / |z — h* o X o M, (x)|*dn"
[0,H]
= W3 (")
A similar argument shows that
Ry, = g7 122000y = W5 (0", 0) (A.0.27)

We combine (A.0.26) and (A.0.27) and use the triangular inequality to obtain

1y, = 1 || 2noy + 15, = 9% 12000 < Wa (") + Wa (°,77)
() (m) (A.0.28)

<2Wy (0", n) + Wy (n,n)
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As Wy (g™, n) < £, (A.0.28) implies that

2 _
||g# - h#||L2(n0) < o + Wy (n,n) (A.0.29)
We easily check that
Wy (n,17) < |lg7 = h*|| 2o (A.0.30)

We combine (A.0.29) and (A.0.30) to obtain (A.0.23).
4. Assume N is monotone. We easily check that N o h# is a rearrangement of

Noh. As h" is monotone, N o h# is monotone non increasing and the uniqueness in

(i) ensures that (N o h)# = N o h#. O
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