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SUMMARY

A stochastic differential equation with vanishing martingale term is studied.
Specifically, given a domain D, the asymptotic scaling properties of both the exit
time from the domain and the exit distribution are considered under the additional
(non-standard) hypothesis that the initial condition also has a scaling limit. Methods
from dynamical systems are applied to get more complete estimates than the ones
obtained by the probabilistic large deviation theory.

Two situations are completely analyzed. When there is a unique critical saddle
point of the deterministic system (the system without random effects), and when
the unperturbed system escapes the domain D in finite time. Applications to these
results are in order. In particular, the study of 2—dimensional heteroclinic networks
is closed with these results and shows the existence of possible asymmetries. Also,
1—dimensional diffusions conditioned to rare events are further studied using these
results as building blocks.

The approach tries to mimic the well known linear situation. The original equa-
tion is smoothly transformed into a very specific non-linear equation that is treated
as a singular perturbation of the original equation. The transformation provides a
classification to all 2—dimensional systems with initial conditions close to a saddle
point of the flow generated by the drift vector field. The proof then proceeds by esti-
mates that propagate the small noise nature of the system through the non-linearity.
Some proofs are based on geometrical arguments and stochastic pathwise expansions

in noise intensity series.



CHAPTER 1

INTRODUCTION

In this thesis we study the so called exit problem [34, Section 4.3] for small noise
diffusion. This model belongs to the more general area of random perturbations of
dynamical systems, which has been a very active area of research over the last 30
years [13], [34], [52]. The small noise diffusion framework has attracted the interest of
both the pure and applied mathematics communities. From the mathematical stand-
point it is interesting because this area has strong interactions with other important
branches of mathematics such as probability theory, dynamical systems, or PDE. As
regards applied mathematics, the set of problems relating to small noise diffusion has
found applications in climate modeling [10], [11], electrical engineering [16], [65], [66],
finance [27], [31], neural dynamics [55], [56] among others [23]. The main focus of
the thesis, the exit problem, was originally motivated by applications on the reaction
rate theory of chemical physics [36]. Moreover, the work presented here, although
purely theoretical, was motivated by neural dynamics [55]. We proceed to describe
the setting, in order to provide a more extensive background.

The setting of this problem is as follows. Given a smooth vector field b : RY — R?

consider the Ito equation driven by the d-dimensional standard Wiener process W:
dX (t) = b(X(t))dt + ea(X(t))dW (1), (1)
X(0) = xo.

Here o : RY — R%? is a smooth uniformly non-degenerate matrix valued function.

That is, the matrix a = 07 is uniformly positive definite. Under these assumptions

we can ensure that equation (1) has a unique strong solution (see [41] or [54] for all

stochastic analysis references).



Given an initial condition zo € R? (or a set of initial conditions), the goal is to
characterize some asymptotic properties of X, as ¢ — 0. In particular we focus on
the exit from a domain problem or exit problem for short. Consider a domain (open,
bounded and connected) D C R? with piecewise smooth boundary (at least C?). The

exit problem is the study of the time

7P (z) = inf{t > 0: X(t) € OD},

€

at which X, exits, and the exit distribution P, {X.(7P”) € -}. In this work we

aim for a joint asymptotic result on the distribution of (77, X (7?)) under certain

e
assumptions on b.

As we said before, this problem had its origin in chemical physics: it is a glorified
model for the speed at which chemical reactions take place. The first model of this
kind was proposed by Kramers [45], we refer to [14] for a modern treatment.

From a pure mathematics perspective, the problem became of interest because it
provides a framework to compute asymptotic (as € — 0) properties for solutions of

the Dirichlet problem

2

Vue(z) - b(z) + %Aug(x) =0, z€D, (2)

uc(z) = g(x), x€0dD. (3)

Indeed, using a relaxed version of the Feynman-Kac theorem [41, Theorem 4.4.2],
the solution to this PDE can be written as the average u.(x) = E,g(X (7)), where
X, is the solution of (1) with ¢ = Id. Solutions to other PDE’s can be written as
similar averages, but for this discussion we choose (2) since it is representative of the
area. Although the asymptotic study of the function u, is now known to be strongly
related to the solution to the exit problem, the first studies relied only on analytic
non-probabilistic arguments. For example, in [25], [39], [40] under some assumptions

on the drift b, they were able to rigorously write the solution as a formal series in e.



In [60] it is proved, under the assumption that b(0) = 0 and that D is contained in
the basin of attraction of 0, that as ¢ — 0, u, converges to a constant. This result
is of great importance since it means that the system forgets its initial condition.
However, this is not always true. For instance in [2] using functional analysis and
dynamical systems for the Levinson case (see section 1.1) it is proved that the limiting
function at = depends on the orbit of x under the action of the flow generated by
b. In [43] and [44] a combined approach involving probabilistic and purely analytic
arguments was put into practice. Very general limit theorems were obtained, but
strong restrictions on the non-linearity of the drift b were imposed.

The standard mindset in tackling this problem from the probabilistic point of
view is to think of the SDE that defines X, as a (random) singular perturbation
of the system & = b(z). In this context it is natural to expect that the methods
used to study the exit problem lie in the intersection between probability theory and
dynamical systems. Freidlin and Wentzell [34], [52] were the ones who put together
a general theory in this direction. They based their theory on the Large Deviation
principle for X.. This result was then used as the building block in constructing
what today is known as the Freidlin-Wentzell theory. The core of this theory strongly
relates the exit behavior of X, to the properties of the vector field b by providing two

elements:

1. Tt defines a function V' : D x 9D — [0,00], known as quasi-potential, that
characterizes the exit distribution. Indeed, the exit distribution of X, is asymp-
totically concentrated on the set Vg ) of minimizers of V(X,(0),-). Moreover,
under the assumption that o is uniformly non-degenerate, V', and hence V. (0)>
depends mostly on b. For example it can be shown that in the case of b = V¢,
V' is proportional to ¢. This is the reason why the V' function is called quasi-

potential.

2. It shows that in the case in which the domain is contained in the basin of



attraction of an equilibrium , e=2log 72 converges in probability to the minimum
of V(X.(0),-). This result is of vital importance since it gives a hierarchy of
transitions for the case in which there are several equilibria. See [34, Section

6.5] for more background on this particular direction.

The theory came to light with a series of papers beginning with [62] and [63] until
the Russian edition of the book [34] appeared. See [32] and [33] for a modern version
of the theory, and [17], [19] and references therein for a stochastic partial differential
equations version of the theory. In Section 1.1 we give a brief review of the Freidlin-
Wentzell theory necessary to understand the motivation of this work.

In contrast with the Freidlin-Wentzell theory, that mostly relies on the large devi-
ation principle, a modern trend relying on a path-wise approach has emerged in the
last years. As a consequence, more detailed phenomena can be captured. That is the
case, for example, in [4] in which a heteroclinic network is considered or in [12] in
which a bifurcation problem is studied. The monograph [13] contains several examples
in this direction together with applications.

In this thesis, a modern and more complete treatment of two cases is developed:
the saddle case in which the vector field has a unique saddle point and the Levinson
case in which the deterministic dynamics escape from the domain in a finite time.
The two results when combined complete the treatment of the case in which the
underlying dynamics admit a heteroclinic network as studied in [4]. We also provide
a 1-dimensional example that explains how to obtain a correction to the exit time for
a diffusion conditioned to exit through an unlikely exit point. The approach presented
here relies heavily on the underlying dynamical structure, and combines techniques
from differential equations, and martingale theory.

The rest of this chapter is organized as follows. In Section 1.1 we give a brief
introduction to Freidlin-Wentzell theory. In Section 1.2 we study the exit problem in

the case the system & = b(x) has a saddle point. In Section 1.3 we study the escape



when it takes a finite time in the so called Levinson setting. Applications of these
two cases are presented in Sections 1.4.1 and 1.4.2. The general setting and a brief

description of the chapters is given in Section 1.5.

1.1 Background and Motivation

In this section we gather the background tools that will allow us to explain where our
results stand with respect to the classical Freidlin-Wentzell theory.

Consider X, the strong solution to the SDE (1). If seen as a random perturbation,
the equation for X, suggests that the process should behave like the flow generated
by b:

d ot 4t to,
dtSm-b(Sx), St = x. (4)

Indeed, through a standard martingale argument, it is easy to see that for any ¢ > 0
there are constants Ci(pl’()s and C:(Fz,l)s such that
sup P, {sup | X (t) — S'z| > 5} < Cj(ﬂl’ge*C(TQ»??e_Q. (5)
zeR? t<T
This inequality can be used to show that P¢, the law of X, on C([0,T];R?) condi-
tioned to X (0) = z, converges weakly (on the space C([0,T];R?)) to the measure
concentrated on the orbit of z. See [15] for a series expansion in € and [18] for a series
expansion of more general stochastic flows.
The question now is to find the optimal constant C:(F%(); in (5), or more generally to

find a large deviation principle, see [23], [24] or Appendix A:

Theorem 1.1.1 (Freidlin-Wentzell [34] ) Let H be the space of all absolutely
continuous functions from [0, T] to RY with square integrable derivatives. Define the

functional IF. by

) =5 [ (9 ()= bele)a ()@ () = Welhds,  (6)



if o € Hyp and o(0) = x, and oo otherwise. Here b is the drift in (1) and a = 0”0,
with o the diffusion matriz in (1).

Then for each v € R? and T > 0 the family (P).so satisfies a Large Devia-
tion Principle on C ([0, T);RY) equipped with uniform norm at rate €2 with good rate

function I7%.

See [9] and [51] for more large deviations results. In order to have this thesis as self
contained as possible, we give a large deviation overview on Appendix A .

Informally, Theorem 1.1.1 says that if A C C([0,T]; Rd) then
P.{X. € A} = o€ infoea I7(p)

Intuitively, due to (6), this result suggest that /7 serves as a measure on how costly (in
terms of probability) is for the system X, not to follow the deterministic trajectory.
This interpretation is essential when solving problems that require non-compact time
frames, in particular, when studying the exit problem described above.

Regarding I} as a cost function, it makes sense to introduce

Viz,y) = inf {I7(¢) : o(T) = y, ([0, T]) € DUOD} (7)

>0

as the cost to go from x to y inside D. The function V' : D x 9D — [0, 0o], known as

the quasipotential, plays an important role on the exit problem we described:

Theorem 1.1.2 (Freidlin-Wentzell [34]) Suppose X.(0) = x¢ and let
z= yle%fD V(zo,y).
Then for every closed set N C 0D such that inf,en V(zo,y) > 2,

lim P.., {X(.) € N} = 0.

The necessary observation derived from this theorem is that, in the limit, the exit

occurs in a neighborhood of the set of minimizers of the quasipotential. The limitation
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Figure 1: Example with several minimizers

is that when there are several minimizers, the result doesn’t provide any distinction
between them. For example, suppose the phase portrait of S is as in Figure 1 and
D is a rectangular region as in Figure 1. Then the set of minimizers consists of 3
points: ¢, ¢o and g3. Freidlin-Wentzell theory ensures that, asymptotically, the exit
occurs outside this set with exponentially small probability, but doesn’t distinguish
between the minimizers. For example, the theory is not able to establish if it is more
likely to exit in a neighborhood of ¢; or in a neighborhood of ¢,. Bakhtin [4] started
a theory that will allow us to compute the probability of exiting close to each of the
minimizers. To complete this theory is part of the motivation for this work.

This work (see also [1]) drops some technical assumptions needed in [4] in the
planar case. The program makes intensive use of normal form theory and provides
small noise estimates for non-linear diffusion. With this work, the asymmetric behav-
ior found in [4] is extended to arbitrary Hamiltonian systems on the plane. Moreover,
the present text also (see [2]) provides exact scaling corrections when the flow S exits
the domain in a finite time. This is a step towards both Freidlin-Wentzell theory and
Bakhtin’s heteroclinic result, since extension to the case in which S is asymptotically
stable can be carried out by time reversing. In this direction, a 1 dimensional example

is presented in Chapter 3. This is an open and promising future research area, since



it may provide scaling limits for exit points under very general assumptions on b.

1.2 Escape from a Saddle

In this section, we assume that the system has a unique critical point and that point
is a saddle. Without loss of generality, suppose that the critical point is the origin;
that is, we are assuming that 0 € R? is the only point x € DUD such that b(z) = 0,
and the matrix A = Vb(0) has spectrum bounded away from zero with at least one
eigenvalue with positive real part and one eigenvalue with negative real part. In other
words, there is a pair of integers v, > 1 such that the eigenvalues Ay, ..., Ay of A

satisfy
Redi=..=Rel, >ReA 1 >...>ReA, >0>Re), ;1 > ... > Rels

Under this assumptions, it is well known (see [64, Theorem 3.2.1]) that, for D =
DuoD,

WY ={reD: tl'}r_noo Stz =0, and for some s > 0,57z c D},
Wi={zxeD: tlgilo Stz =0, and for some s < 0,5z c D},
and,
W = D\(W" U W?),
are smooth invariants of the flow S. Here, for a set A C R, S4z denotes the set
Stz = {S'z:t € A}.
We are ready to state the theorem in [44] concerning the exit time 7:

Theorem 1.2.1 (Kifer [44]) If x € D NW?, then

Te P 1
log e Re \;

e — 0.
Consider the (deterministic) time

T(z) =inf{t > 0: Sz € OD},



then, if t € WCUW*)N D,

. T(z), e—0.

In order to state the corresponding theorem for the exit distribution, denote I' .«
the generalized eigenspace of A which corresponds to Aq,...,\,. The Hadamard—
Perron theorem [53, Section 2.7], [64, Theorem 3.2.1] states that there is a v-dimensional
St-invariant submanifold W,,,, tangent to I'y,.. at the origin. Note that the inter-
section Quax = Wiax N 0D is not empty. Moreover, in the case of v > 1, Qpnax IS a

v — 1-dimensional manifold, while for v = 1 consists of two points: Quna.x = {q_, ¢+ }

The result in [44] reads:

Theorem 1.2.2 (Kifer [44]) Ifx € DNW? and v > 1, then for any relatively open
subset G C D such that Qunax C G, it holds that

liI%Pw{XE(Te) €eG}=1.

If v =1 then the measure P?(-) = P{X(7.) € | Xc(0) = x} converges weakly to
the measure %5(]7 + %5(1 > where &, is the probability measure concentrated at z.

If x € WCUWY)N D, PZ(-) converges weakly to the measure dgre),.

In the work by Day [22] a refinement to the theorem about the exit time is given
in the 2—dimensional situation. He proved that A\;7. can be written as a sum be-
tween — log € and a tight correction. He gave a precise asymptotic description for the

distribution of the correction:
Theorem 1.2.3 (Day [22]) Ifd =2 and X.(0) € W* N D, then
)\1TED +loge - K+ C,

in distribution. Here IC and C,, are independent random variables. Moreover, K has

a density with respect to Lebesgue measure given by

d’C = ﬁe—(x—ke_m”)dx’



and C, is a Bernoulli random variable with P{C, = C1} = 1/2, where Cy are a

constants depending only on b and o.

This theorem complements previous work by Mikami [49] which established the

decay in the distribution of — Ag} D.

lo eTE :

Theorem 1.2.4 ( Mikami [49]) For an arbitrary d > 1 and X.(0) € W* N D for
T € (0,1) it holds that

1 A
lim —log | —log P < — ! ’/'ED<T =T—-1,
«—0 loge log e

while for T'> 1,

lim
«—0 loge

)\]_ D o
P{—logETe >T}_(T 1)/2.

Theorem 1.2.4 is a good refinement of Theorem 1.2.1, but it doesn’t prove that
the distribution of the difference A7 + loge is tight as in Theorem 1.2.3. The tails
established in Theorem 1.2.4 are consistent with the tails of Theorem 1.2.3.

Bakhtin [5] gave a refinement of the last theorems. He proved that in any dimen-
sion the family of random variables 7. + A 'loge converges in distribution and he
identified the limit. He also improved the result about the convergence on the exit
distribution in Theorem 1.2.2. In the case v = 1, he showed that the factor 1/2 in
the limiting distribution %(5,1 L+ %5,17 comes from the symmetry of a certain Gaussian

random variable.

Theorem 1.2.5 (Bakhtin [5]) In the case v = 1, parametrize the manifold Wax
as a Cl-curve v that can be locally represented as a graph over the (one dimensional)
space Uyax. Let the times t(£9, qx) be the time it takes to the deterministic flow to
go from y(£0) to qx:

t(£0, ¢=) = T(~(+£9)),

with T'(x) defined as in Theorem 1.2.1.

10



Then, the numbers

i log ¢
By _(1513%< " + t(£6, qj:))

are well defined and, in the case where o0 = I, and x € D N W?, there is a Gaussian

random variable N and a number k = r(x) > 0 such that :

1. As e — 0 the convergence

P
X(1e) — ¢+ 10y + - Linv<oys

and

1 1
Te + " log e — hilgnsoy + h-linvcoy — " log(kN)
1 1

hold in probability.

2. As € — 0 the distribution of the random vector (X (7.), T + /\il log€) converges

weakly to the measure

1

1
§§q+ X /,Lh_,'_,w —+ 56(1_ X Hh_ w,

where pun, o s the distribution of

1

By — —
=7

log(kN).

The proof of Theorems 1.2.3 and 1.2.5 is based on the study of the linear system
and then an approximation to the non-linear one. The steps followed for a prototypical
2—dimensional system are presented in the next section. Part of the focus of this

thesis is on adapting this methodology to the non-linear case.
1.2.1 A 2-dimensional linear example.

For a fixed § > 0, consider the domain D = (—6,d) x (—4,d) C R% Given two positive

numbers AL > 0, we sketch the solution to the exit problem from D for the diffusion

11



Xe = (xg, a7) given by

dX.(t) = diag(\, —\_) X (t)dt + edW (1),

X.(0) = (0, o) € D.

Here, for a column vector v = (vy,vs), vy is the first coordinate and v, is the second
one.
Using [t0’s formula [41, Theorem 3.3.3] in each coordinate we write the Duhamel

. . 1 2
principle for x; and xZ as

t
2 (t) = et / eI (s), (8)
0
t
22 (t) = e M tag + e/ e M=) qW,(s). 9)
0

These two identities are the main ingredient in this development.
We will show that X, exits D along (9,0) or (—6,0). Consider the time at which

x! exits the interval (—4,0):
0 =inf{t > 0: |z}(t)] = 6}.

The program is to compute 7° based on the path-wise properties of X.. Use the
identity obtained for 7° to characterize X.(7°) from which we will deduce that P{r° =
7P} — 1 as ¢ — 0. Hence, we can obtain the limiting behavior of (77, X,) based
on the identities we have obtained for (72, X (79)). This will establish a result in the
spirit of Theorem 1.2.5.

First, note that 7. < oo with probability 1. This is a fact that we prove in
Appendix B for completeness. On the set {72 < oo}, define the random variable N,
by

7
N, :/0 e M5 dWy(s).

An application of Duhamel’s principle (8) for 2! and the definition of 77 establishes

the equality § = ee*™ |IN:| with probability 1. This identity implies that, with

12



probability 1,

1 1 )
5
=——1 —1 — . 1
T ~ oge+)\+ og(M) (10)

Using equality (10) together with (8) and (9) it holds that

7 (70) = sgn (N2), (1)
and
|N‘ A /Ay 73
atet) = P (F) e [T et -
0

both with probability 1. Hence, if we can establish tightness for the distribution of the
family of random variables (N;)o, the fact that P{r? = 7P} converges to 1 would
be a consequence of (11), (12) and the tightness of the distribution of the stochastic
integral in (12).

In order to get the tightness result, we need to analyze the time 77 without any

reference to (10). We can show two properties (see Appendix B for their proofs):

1. For every 0 > 0, 7° — oo in probability as € — 0.

2. As a consequence to the last point, as € — 0,
P o0
N, — / e M E5dWy(s).
0

Let N be the limit Gaussian random variable of (V) in the second observation

above. Then, we have proved the following lemma:

Lemma 1.2.6

1 p 1 )

s

7. + — loge — — log (—), e — 0.
Ay Ay N

We apply this lemma to the exit distribution of X,. Before that, let us denote N_ a
zero mean Gaussian random variable with variance (2\_)~! independent of A/. It is

possible to prove that

D

/6 e A9 dW(s) = N, € —0,
0
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Table 1: Classification of cases according to the relationship between eigenvalues
Case || Bias in the stable direction

A_ > Ay || Symmetric

A_ = A, || Asymmetric

A_ < Ay || Strongly Asymmetric

in distribution. This convergence combined with the convergence of 70 and N, used

in (11) and (12) implies that on the set {7” = 79},

€

X(7P) = 6(sgn N, 0) + X200 (0, &), (13)

€

Here (&)eso is a family of random variables that satisfies

NI\
Sl Tolp<ay N1 sa, €—0, (14)

in distribution. Moreover, it can be shown that when A_ < A, this convergence holds
in probability.

Hence Theorem 1.2.5 holds with v(¢) = (£,0) up to time re-parametrization.
1.2.2 Analysis and generalization

The simplified argument of last section not only recovers, for this simple linear case,
Theorem 1.2.5 but also provides more information. From (12) we can see that when
A_ < Ay the exit distribution has a bias in the stable direction. In this case, the
second coordinate of the exit distribution is not centered. Indeed, from (13) and (14)

we can identify 3 cases (see Table 1):

1. When A_ > )., the second coordinate of X, converges to N_. Hence, the exit
has a centered distribution in the stable direction. We refer to this case as the

symmetric case and is illustrated in Figure 2.

A/
2. When A_ = )\, , the second coordinate of X, converges to <‘5M) " o+ N_.

Hence, the exit has a bias in the stable direction due to the initial condition xg.

We refer to this case as the asymmetric case.

14



Figure 2: Symmetric Case.

A/As
3. When A_ < A\, the second coordinate of X, converges to (%) xo. Hence,
the exit has a very strong bias in the stable direction due to the initial condition
xo. We refer to this case as the strongly asymmetric case and is illustrated in

Figure 3

The consequences of such an asymmetry, when there is one, have been explored
in [4], and it turned out to be an important improvement to Freidlin-Wentzell theory
for a particular situation. We will summarize this improvement in Section 1.4.2. For
now let us comment about how general the argument of last Section 1.2.1 really is.

The immediate limitation of the argument presented in Section 1.2.1 is that it is
mostly based on explicit representations for the solution of X.. In [5], [4] and [22]
a linear approximation to the original process X, is made. The non-optimal feature

of this procedure is that we lose all the identities, and we have just approximations.
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Figure 3: Strongly Asymmetric Case.

This is not acceptable if we are interested on computing the properties of the afore-
mentioned asymmetry.

A similar but structurally different argument is presented here in Chapter 2 (
see [4] also) in which a change of variable is introduced to linearize the system locally.
Consider the process Y, (t) = f(X(t)) and for the moment assume f to be smooth.

Then, the new process Y, solves the SDE:

1

dY, = (VYY) b(f 1 (Yo)dt + €5 (Yo)dW + €U(Yo)dt,

for some smooth (depending on the function o) functions ¥ : R — R? and & : R? —

R x R?. If we can choose the function f to be such that

(V£ y) " b(f(y) = Ay, (15)

then the proof of the theorem will follow almost identically as the case in Section 1.2.1

(only with multiplicative noise instead of additive one) giving the asymmetry for the
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general case. The existence of such a transformation belongs to the study of conjuga-
tion in Ordinary Differential Equations. The main result of the latter theory (the so
called Hartman-Grobman Theorem [37, Theorem IX.7.1], [53, Section 2.8]) guaran-
tees the existence of a homomorphism f that solves (15). This is not enough for our
purposes since we need f to be C? in order to use Itd’s formula. In [4] it is assumed
that the transformation f exists and is C2. In order to become aware on how restric-
tive (if restrictive at all) is this hypothesis, we need to study transformations f that
satisfy a relaxed (in a sense explained below) version of (15). Such transformations
are the main subject of study in normal form Theory [20], [42], [53], [64].

We will summarize the main ideas in normal form theory. Following [38], we call
a set of complex numbers A = (A1, Ag, ..., \y) non-resonant if there are no integral
relations between them of the form \; = a - A, where o = (ay,...,0q) € Zi is a
multi-index with || = a3 + ... + ag > 2. Otherwise, we say that it is resonant.
Moreover, a resonant A is said to be one-resonant if all the resonance relations for
A follow from a single resonance relation. A monomial z%; = z7"...z5%; is called
a resonant monomial of order R if & - A = \; and |a] = R. Normal form theory
asserts (see [20], [38]) that for any pair of integers R > 1 and k > 1, there are two
neighborhoods of the origin ; and Q, and a C*-diffeomorphism f : Q; — Q, with

inverse g : g — €1 such that

(V) b(f (y) = Ay + P(y) + R(y), ye€Q, (16)

where P is a polynomial containing only resonant monomials of order at most R and
R(¢) = O([¢]*™!) (see Table 2). If A is non-resonant, then f can be chosen so that
both P and R in (16) are identically zero. Moreover, due to [38, Theorem 3,Section 2],
if A is one-resonant then f can be chosen so that R in (16) is identically zero.

The result in [4] only includes the non-resonant case. When applied to heteroclinic

networks (network of saddles interconnected to each others) this assumption impose
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Table 2: Classification of normal forms (of order R — 1) according to the relations in
A= (A1,...,\2). Here P is a finite sum of resonant monomials.

Hypothesis on A | Normal Form
non-resonant || Ay
one-resonant || Ay + P(y)
resonant | Ay + P(y) + O(|z|?)

a restriction by requiring each critical point to be non-resonant. In particular, typi-
cal Hamiltonian systems (that usually present heteroclinic structures) have resonant
relations due to the symplectic structure [20].

In this work, we give a complete solution to the 2—dimensional case with no as-
sumptions about resonance, and with random initial conditions. One of the theorems

presented in this theses (see [1] also) informally reads as

Theorem 1.2.7 Let X, be the solution of equation (1) with initial condition given
by

X (0) = xo + €&,
where a € (0,1) and (£ )eso is a family of random vectors that converges weakly to

the random vector &. We assume that xo € W?* and &, is such that

P{b(z0)[|&} = 0,

where || means collinearity of vectors.
Then, there is a family of random vectors (¢.)eso, a family of random variables

(te)es0, and the number

1, al_ Z >\+
3= (17)
ai—;, al_ < Ay

such that
Xc(7P) = Q) + €7 ¢c.

The random vector

O, = (1/JE,¢E,T€D + glne)
Ay

18



converges in distribution as € — 0 to the limit ©¢ that can be identified. The exit

distribution exhibits the behavior presented at the beginning of Section 1.2.2.

The hypothesis on collinearity can be removed (and the case in which distributions
have atoms has to be considered), but it is decided not to, to keep the exposition
fluent.

The proof of this theorem is divided in two steps. One, is the study of the diffusion
X, when is close to the origin. The second, is the study of the diffusion X, far from
the origin. Here, the meaning of close and far relies on whether or not the system
can be conjugated to its Normal Form.

By the study of X, close to the critical point, we mean X, € B, where B is a
neighborhood of the origin in which normal form conjugation is valid. In this case,
the analysis has two parts. The first part is when the diffusion starts along the stable
direction. To study this part, we study the diffusion until the the projection of X,
along the stable direction dominates over the noise level. We achieve this by posing
the problem as an exit problem from the strip [—€®, €] x B, for some a € (0, ).
For the second part we study the exit problem from B with the initial condition
being the exit distribution obtained in the first part. In order for this program to be
successful, we require very precise path-wise expressions for the diffusion. By using
the general form of the resonances we are able to preserve the essence of the argument
in Section 1.2.1.

The analysis of the system far from the origin is used twice. The first time is
when the system starts along the stable manifold W?*. The second time is when X,
is about to exit the domain and it probably has some bias. Our study is based on a
series expansion in powers of € > 0. This expansion is inspired by [15], but it requires
additional geometric arguments. These results are of independent interest, so we start

a new section to describe them.
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1.3 Levinson Case.

This section is devoted to the Levinson case. We will first review the history of the
problem and then outline our contribution.

Given an initial condition zy € D, Levinson condition is a hypothesis associated
to the flow S and the domain D. This case was originally formulated in [46] with a

PDE flavor, we state the condition as presented by Freidlin [35, Chapter 2].

Condition 1.3.1 (Levinsion) The flow S satisfies the Levinson condition at xog € D

with respect to D if the following holds:

1. The exit time
T(x¢) = inf{t > 0: S*zy € OD},

is finite.

2. The flow S'xq leaves the domain immediately after T(x). That is, there is a

§ > 0 such that ST@)+s & DUAD for all s € (0,9).

We say that the domain D C R? satisfies Levinson condition if properties 1 and 2 are

satisfied at each x € D.

As mentioned in the introduction, Levinson [46], [47] was originally interested in

studying the behavior of the solution of the PDE:

2
YV (z) - b(z) + %Aue(x) —0, z€D,

ue(z) =g(x), z€dD. (18)

The claim is that the solution to this PDE has to converge to the solution of the

unperturbed PDE:
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Theorem 1.3.2 (Levinson [46]) Under the Levinson condition 1.5.1, there is a
unique (maybe generalized) solution to both, the perturbed problem (18) and the un-

perturbed problem

Vug(x)-b(x) =0, z€D,

uo(z) = g(x), =z € ID.

Let ug : RY — R? be a solution to the unperturbed problem. Then, if g : 0D — R? is
smooth,

ue(x) = uo(x) + eve(x),

where v(x) is a locally bounded function for each € > 0.

The proof of this theorem is based on a series expansion of u, along the characteristics
of (18). In order to prove the result with this idea, several technical challenges had to
be overcome in [46]. Contrastingly, as pointed out in [35], the probabilistic approach
here is simpler and cleaner. Indeed, once we know inequality (5), the convergence in
Theorem 1.3.2 is an immediate consequence of the stochastic representation u.(z) =
E.g(X.(7P)), where X, solves (1) with ¢ = Id. To get the exact behavior a series
expansion of the processes X, has to be made as in [15] and [34, Chapter 2].

In this thesis we develop a path-wise approach to this problem. We give a geo-
metrical characterization of the exit point X,(7.), and joint properties of (X.(7.), 7¢)
are obtained. We start by obtaining a generalization of the series expansion given
in [15]. This result serves as backbone of our proof and has independent interest on
itself.

In order to present our result, we need further notation. Write b as

b(x) = b(y) + Vb(y)(x —y) + Qi(y,x —y), =z,yeR?,

where

|Q1(u, v)| < K]v]®
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for some constant K > 0 and any u,v € R

Denote by ®,(t) the linearization of S along the orbit of x:

(1) = AN (1), 2,(0) =1, (19)

where A(t) = Vb(S'z) and I is the identity matrix. We can state our first lemma:

Lemma 1.3.3 Consider the initial value problem

AX (1) = (b(X.(t)) + €T (X (1)) dt + eo (X () dW (20)

X(0) = 2o + €26, > 0. (21)

where, for each €, U, is a deterministic Lipschitz vector field on R? converging uni-
formly to a limiting Lipschitz vector field Wy. Both oy and oy are positive scaling
exponents. The family of random variables (&.)e~o converges, as before, to &y in dis-

tribution as € — 0.

Let
¢
Ge(t) = €7D, (1) + €7 4D,, (t)/ @xo(s)’l\llo(Ssxo)ds
0
¢
+ 61_0‘<I>x0(t)/ @xo(s)_la(Ssxo)dW(s),
0
and
¢
¢0(t) = 1{a2:a}®xo(t)fo + 1{al:a}fbxo (t)/ (I)xo(s)_l\Ifo(SSx)dS
0
¢
+ 1{1:(1}(13350(25)/ D1 (s)o(S%xo)dW (s), t>0.
0
Then,

X (t) = S'zo + €“o.(t)

holds almost surely for every t > 0, where ¢ (t) = ¢c(t) + 1(t), and r. converges to
0 uniformly over compact time intervals in probability. Moreover, for any T > 0,

e — ¢o, in distribution in C[0,T| equipped with uniform norm.
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The reason to consider (20) instead of the more standard (1) will become evident
in Section 1.4.1. For now, let us observe that, although inequality 5 may not hold, it
is still true that

sup | X (t) — S'xo| 2.0, e—0.
t<T

Hence, under the Levinson Condition 1.3.1 the exit of X, from D will occur on a
finite (still random) time and very close to the deterministic exit z = ST(0)g,. A
better understanding of this convergence is the main result in this section.

The main theorem provides a scaling limit to the distribution of (7., X¢(7¢)). In
order to understand the theorem, we regard the boundary of D as an hypersurface
M in R? In general, for an hypersurface M in R? denote the tangent space of
M at the point z € M as T,M. Further, we denote the (algebraic) projection onto
span(b(z)) as m, : R? — R, and the (geometric) projection onto T, M along span(b(z))
as myr : R4 — T, M. In other words, for any vector v € RY, myv € R and myv € T.M

are the unique number and vector such that
v =m - b(z) + mprv. (22)

With this notation in mind, we are ready to state the main theorem proved in this

thesis:

Theorem 1.3.4 Let M be an hypersurface in R Let X, be the solution of (20)
with initial condition (21). Consider 1. and T'(xo) the exit time from M of X, and S

respectively. If o = a1 Aag A1 and z = ST@)x,, then

€ (1 =T, X(1e) = 2) = (=mpdo(T), T o (T)), (23)

in distribution. Here m, and mpyr are as in (22).
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1.4 Applications

1.4.1 Conditioned diffusions in 1 dimension

Throughout this section, we restrict ourselves to the 1-dimensional situation. In
particular, let, for each € > 0, X, be a weak solution of the following (1 dimensional)

SDE:

AX () = b(X.(£))dt + o (X.(t))dW (1),

X€<O) = T,

where b and o are C! functions on R, such that b(z) < 0 and o(z) # 0 for all =
in an interval [a;, as] containing xy. We want to study the exit of such an interval
D = [ay, as], that is

7. =1inf{t > 0: X (t) = a; or as}.

Let B, = {X(7.) = a2}, and note that, since b < 0, lim.o P(B.) = 0. More precise
estimates on the asymptotic behavior of P(B,) can be obtained in terms of large
deviations. However, our interest is to study the process X, conditioned on the rare
event B..

In this case T'(x¢), the time it takes for the flow S generated by —b starting at zg

to reach ao, is given by

T(wo) = — / ﬁd:ﬂ.

It is known from our basic Lemma 1.3.3 that 7. — T'(xo) as € — 0 in probability. But
the correction was not known so far.

The idea is to condition the diffusion to the event B, and note that this condi-
tioned process solves a martingale problem (hence is a diffusion) and the result from

Section 1.3 are applicable. Hence, we have the lemma:

Lemma 1.4.1 Conditioned on B, the process X, is a diffusion with the same dif-

fusion coefficient as the unconditioned process, and with the drift coefficient given
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where

o-en{ 2 M)

With this lemma and the help of an analogy of Laplace’s method the main theorem

in this direction is:

Theorem 1.4.2 Conditioned on B, the distribution of ¢ *(r. — T(xo)) converges

weakly to a centered Gaussian distribution with variance

a2 02(3/)
_/xo ()

The result is of relevance not only because of the correction itself, but also, because

is the first step of analysis for diffusions conditioned on rare events. Such a tool may

lead to a general theory of correction in small noise systems.
1.4.2 Planar Heteroclinic Networks

A further application of our results is to the theory of Noisy Heteroclinic Networks
first proposed in [4]. Our presentation applies only to the 2-dimensional situation.
See [6] for a survey in this direction.

In Section 1.4.2.1 we give an intuitive presentation of the argument in [4]. The
general theory developed in [4] is presented in Section 1.4.2.3. In subsection 1.4.2.4
relations of this result to the current text are highlighted. In this section, we also

introduce the idea of a random Poincaré map.
1.4.2.1 Intuitive argument

We study the exit problem of the diffusion (1) from a domain D. Consider the vector
field b : R? — R? which has finite set of critical points Z = ((;)I_, inside D. We

assume that S admits a heteroclinic network.
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A heteroclinic network for the flow S is an invariant that contains at most count-
able number of saddles connected with each other. For simplicity, in this section
we suppose that S admits a heteroclinic network with a finite set of critical points

Z = (¢,)Y_, inside D. Precisely, we assume the following:

1. Each critical point ¢ is a saddle point of the flow S. That is, b((x) = 0 and the

matrix Ay = Vb((;) has two eigenvalues: A\ > 0 and —\, < 0.

2. The flow S generated by b admits a heteroclinic structure in D. We give the
technical description of this assumption. For each critical point 2, € Z, let W}
be the 1-dimensional locally stable manifold and W the 1-dimensional locally
unstable manifold. Take a 0 > 0 small enough so that normal form conjugation
and Hadamard—Perron invariant manifold theorem holds for a ball By, = Bs(()
of radius § > 0 centered at each critical point . Denote {¢;", ¢, } = W}NOBs((x)-
The hypothesis that b admits a heteroclinic structure means that for each integer

1 <k < N, there is an integer ni € {1,..., N} such that
. t £
tliglo Sy = C”ki
3. All nondegeneracy assumptions made in Section 1.2 hold for each critical point.

Suppose the starting point for the diffusion X,(0) is a deterministic point in W;.
Theorem 1.2.7 implies that with high probability the diffusion will exit B; approxi-
mately along ¢;” or ¢, with equal probability. Moreover, Theorem 1.2.7 tells us how to
compute the scaling exponent of the additive exit correction term and the asymptotic
distribution of this correction term.

For this discussion, we suppose that the diffusion exits By asymptotically close to
q. The exit from B; will now be the initial condition in Lemma 1.3.3. Applying this
lemma (with W, = 0) for sufficiently large 7', we can derive the asymptotic represen-

tation of the entrance distribution for an, which satisfies the properties imposed to
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the initial condition in Theorem 1.2.7. Observe that Lemma 1.3.3 also implies that
the scaling exponent of the additive correction in the entrance distribution for Bn1+
is the same as in the exit distribution for By. Moreover, this lemma implies that the
asymptotic distribution of the additive correction term has in the entrance to an” is
the evolved (under the linearization of S) version of the asymptotic distribution of
the correction term at the exit from Bj. In particular, any bias on the exit of B; gets
translated, by the linearization of the flow, to the entrance of BHT‘ Let iy = ni". Then
Theorem 1.2.7 applies again to derive that asymptotically the exit distribution from
Bn1+ is concentrated mostly along 4t OF G-, but with possible unequal probability.
We can proceed like this iteratively along any sequence of saddle points 21, 2;,, ..., 2,
such that for any j, i;41 = nt(i;) or ij41 = n=(i;).

The result of this procedure allows us to conclude that the system evolves in a
Markov fashion (choosing the next saddle with probability 1/2 independently of the
history of the process) until it meets a saddle point at which the exit distribution
becomes asymmetric. After that the choice of the two heteroclinic connections is not
Markov anymore. The choice of the two heteroclinic connections may become Markov
again if the system meets a saddle in which the symmetry is reestablished. We will

illustrate how this phenomenon affects the exit distribution.
1.4.2.2  Planar heteroclinic network with two nodes

Let us give a concrete example. Consider the system in which b has two critical
points {(1, (2} and phase space of the flow S is as depicted in Figure 4, with D being
a rectangle around the two critical points. Let X.(0) = zo be on the locally stable
manifold W; of ¢;. Consider {q,q. } = W N dBs((), where Bs((x) is a ball of
sufficiently small radius around ¢; and Wy the locally unstable manifold of (;. There

is an orbit connecting (; with (o:

ltlim Stqr = Co.
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Figure 4: Heteroclinic network example

Recall from Section 1.1 that as ¢ — 0 the exit distribution concentrates near the
minimizers of V(x,-) over the boundary of dD. For a heteroclinic network this means
that the exit concentrates at all points in the boundary that can be reached from z

along a sequence of heteroclinic connections. In this case, these points are
yi = lim S'qf, = lim S'q],
and y3 = lim;_., S'q; . Then, the exit measure will weakly converge, as € — 0, to
P10y, + P20y, + P3y,, (24)

where pi,po and ps are positive numbers that sum up to 1. In the spirit of Theo-

rem 1.2.7 a direct application of our results imply a scaling limit to this convergence.
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Lemma 1.4.3 Consider the system just described. There is a family of random vari-

ables (0.)eso, a family of random vectors (¢ )eso and the random variable g such that

P{6. € {1,2,3}} =P{ap € (0,1]} =1, and
X6<7—61)> = Yo. + €a0¢67
for every € > 0. The random vector (0, ¢.) converges in distribution to (6o, ¢o).

The random vector (0, ¢o) in principle can be obtained explicitly. It is clear from (24)
that p;, = P{6p =i}, i=1,2,3.

Let {\;, —A_} be the set of eigenvalues of Vb((;) and {u, —p_} the set of eigen-
values of Vb((2) (see Figure 4). Using the three observations made at the beginning

of Section 1.2.2 several cases can be considered (see [6] for further explanation):

o If uy < p_, and Ay < A_ then the system is symmetric with p; = 1/2,
pe = p3 = 1/4, and oy = 1. Here symmetric means that the random vector ¢y
has no bias along the direction of WY if ) = 1 or along the direction Wy if
0o € {2,3}. Asymmetric means that there is a bias in any of the aforementioned

cases.

o If uy Ay < p_A_,and Ay > A_, the system is symmetric if 6y € {2, 3}, strongly
asymmetric if Ay < A_ and 0, = 1, and asymmetric if A\, = A_ and 6y = 1.
Moreover, p; = 1/2, po = 0,p3 = 1/2, when A_ < Ay, and p; = 1/2,py =

0,p3 = 1/2, when A_ = \,. The random variable «y is given by

A
ap = —01(0o) + 012 (6)-
+

o If Ay > p A, and A\; > A_, the system is strongly asymmetric and p; = 1/2,

pe = 0,p3 =1/2, and

A
ap = Zfs{l}(eo) + A/ (g At )0q2,33 (6o).-
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o If uo = p_ and Ay = A_, the system is asymmetric and p; = 1/2, ps €

(0,p3),p3 < 1/2, and ag = 1.

o If o > p_, and Ay = A_, the system is asymmetric if §y = 1 and strongly

asymmetric otherwise. Moreover, p; = 1/2, ps € (0,p3),ps < 1/2, and
ag = 0¢13(60) + (11— /114)0¢2,3) (6o)-

o If py = p—, and Ay > A_, the system is strongly asymmetric if 6, = 1, and

asymmetric otherwise. Moreover, p; = 1/2, po = 0,p3 = 1/2, and ag = A_/A4.

A formalization of this argument based on a weak convergence result is done in [4].

In such, the limiting behavior of the rescaled process
Z(t) = Xc(tlog(e™!))

is obtained. Notice how this rescaled process instantaneously jumps along saddles.
Hence if a weak convergence result has to be established, we need to introduce a new
topology. Indeed, the standard Skorokhod topology does not allow to capture the
curves along which the jumps are made. We state the weak convergence result in the

next section.
1.4.2.3 Weak convergence result

In order to present the weak convergence result for the rescaled version of X., we
need to introduce a new topology.

Consider all paths v : [0,1] — [0,00) x R? such that the first coordinate ~° is
nondecreasing. Equip the space of paths with the equivalence relation ~, where
v1 ~ 7o if and only if there is a path v* and non-decreasing surjective functions
A1, A2 1[0, 1] — [0, 1] such that 7; = v* o A;. The set of curves X is the quotient of the
space of paths with the equivalence relation ~. Actually the set X can be regarded

as a Polish space:
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Lemma 1.4.4 ( [4]) X can be made into a metric Polish space with distance func-
tion

.19 = inf S — .
p(T1,Ty) WGFIE}WGFQSE%%I%(S) Ya(s)]

Refer to [4] for more information about this space.
In order to state the result, we give a non-technical introduction to the notion of
entrance-exit maps introduced in [4]. Let P be the set of probability measures in R?,

define out = (0, 00) x [0,1] x R? x (0,1] x P and
OUtk - {((t—vp—ax—aﬁ—aF—)a (t+,p+,X+,ﬁ+,F+)> € Oth :
= t+7xi = q]:gt?p* TPy = 17ﬂ* = ﬁ+}
Then we have the following definitions.

Definition 1.4.5 For each k, an entrance-exit map is a map
‘I}k : {qz;raql;} X <07 1] X P — Outk,

where the domain of Wy, satisfies some reqularity assumptions(see [4, page 10] ) . We

denote Wy, = (U, 0, ).

Definition 1.4.6 Suppose o € W, for some 1 < k < N. The sequence z =
(B, Ziyy -y Or_1, 2, 0r) is admissible for xq (refered as xg-admissible) if

1. By is the orbit of xo with S'xy — z;,, ast — oo,

2. for each j € {1,..,r}, 0; is either the orbit of q;g, or the orbit of q; ;

+
i

3. foreach j € {1,..,1}, ij41 is either n; or n;, according to whether theta; is the

orbit of q;; or q;. -
With each admissible sequence z we associate the sequence

’I](Z) = ((Zlfi), Qq, ,MO)a (tlapla Xy, 01, ,ul)a sy (t'rapra Ty, Qi ,u’l’))7

31



where ) = S @)z ap = 1,
t'(xg) = inf{t > 0: S*zy € Bs((i,)},
and the rest of the entries are given by

+ .o+
‘I’ij (Tj 1,051, 1), 15 = n;,

(tj Py w0, 05) = 7 -
\Ijij(xjflaoéjfhl’bjfl)? tj = nij

To each admissible sequence z we can associate a piecewise constant curve I'(z)

by identifying it with the path of curves such that spend time ¢, at the point z; and

jump to the next point along the path ;. Also we can associate probabilities through
the relationship
m(2z) = p1...pr-

Note how the set of all admissible sequences for xy has the structure of a binary
tree partially ordered by inclusion. We say that a set of admissible sequences L of
xo is free if no two sequences of L are comparable with respect to this partial order.
Additionally, if any sequence not in L is comparable to one sequence from L then L
is called complete. It is clear that for any free set 7(L) := >, _, 7(z) < 1, while for
a complete set (L) = 1.

The main theorem is:

Theorem 1.4.7 (Bakhtin [4]) Suppose that X.(0) = zo is in the heteroclinic in-
variant. For each € > 0, define the process Z.(t) = X (t|log(e)|). Then, for any
conservative set L of xg-admissible sequences, there is a family of stopping times
(T:)eo such that the distribution of the graph Iz ) 1. converges weakly in (X, p) to

the measure M,, 1, concentrated on the set
{I'(z) :z € L}

and satisfying Mx, 0),.{0(z)} = 7(z).
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1.4.2.4  Contributions made in the case S admits a heteroclinic network

In this section we outline our contribution for the case in which S admits a heteroclinic
network.

The iteration procedure described in Section 1.4.2.1 was first proposed in [4]. Tt is
the central idea in proving the main results in [4]. This iteration is carried out in [4]
by using an equivalent version of Theorem 1.2.7. This version was proved under the
hypothesis that the non-linear system can be locally conjugated to a linear system
by a C? transformation. That is, in [4] Theorem 1.4.7 is proved under the following

hypothesis:
Condition 1.4.8 At each critical point ( € Z there are non-resonant conditions.

As discussed in Section 1.2 this is in general not the case, and examples of saddle
point that do not satisfy this condition are known [48]. In this work, we completely
remove condition 1.4.8 in the 2-dimensional situation.

On the other hand, observe that the iteration procedure is Section 1.4.2.1 is based
on the computation of a random map. This map is such that, for a domain V', to any
given initial distribution of the diffusion X, it gives the exit distribution of X, from V.
We call this map a random, or distributional, Poincaré map. For V C R?, let I} be
the set of probability measures with support on V. Then, the random Poincaré map
for D, Yp : lIp — Ilyp is the (deterministic) map such that TpQ = Pq{X. (77},
where Pq is the original probability measure conditioned on X,(0) being distributed
as Q. The iteration in Section 1.4.2.1 illustrates the use of this map. Notice that this
methodology applies regardless the type of equilibria that the system exhibits. We
base our proof of Theorems 1.2.7 and 1.3.4 on a similar idea. Hence, it is worth to
study small noise perturbations with this direction in mind.

As an example of a Poincaré map, consider our example in Section 1.4.2.2. The

exit distribution is the composition of the Poincaré maps Tp, o...0Tp,d,,, where D;

33



are illustrated in Figures 5 and 6, and we are conditioning on exit along ys.

1.5 General Setting

The objective of this section is to establish the general setting and notation, although
each chapter has the necessary modifications and additions to the following.

Let (22, F,P) be a complete probability space (every subset of every measurable
null set is measurable) and W be a d-dimensional standard Brownian Motion on
it. Let (FV)i=o be the filtration generated by W which satisfies the usual hypoth-
esis [54, Section 1.5] . We assume that (2, F,P) is rich enough to accommodate a
family of random vectors (£ )c>o in R? such that the sigma algebra generated by &,
is independent of F for each ¢ > 0. For each € > 0, we consider the left continuous
filtration

Gi=a(&)VF",

as well as the collection of null sets
No={Z CQ:3G € G, with Z C G and P{G} = 0}.

Let us create the augmented filtration Ff = o(Gf U Ny) for ¢t € [0,00), and FS, =
0(Up>oFy). It can be shown that W is a Brownian motion with respect to (Fy):>o,
the path of W is independent of & and (F;);>o satisfies the usual hypothesis, for
every € > 0.

Throughout the text, we suppose that the family of random variables (&0
satisfies £ — & in distribution, and that & has a finite second moment for each
e > 0.

Consider a C*°-smooth vector field b on R? and a C2-smooth matrix valued func-

tion o : R? — R¥9. Consider the Itd stochastic differential equation

dXe = b(X.)dt + ea (X )dW (25)
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Figure 5: Illustration of the domains Dy, Dy, and D3 used to compute the Poincaré
maps in the case of a heteroclinic network with 2 nodes conditioned on exit along ys:
escape from the first saddle.
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Figure 6: Illustration of the domains D3 and D4 used to compute the Poincaré maps
in the case of a heteroclinic network with 2 nodes condition on exit along y3: escape
from the second saddle.
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equipped with initial condition
Xe(0) = o + €%, (26)

where o € (0,1]. Hypothesis regarding the point xy € R? will be given in each
chapter. We assume that both b and ¢ are uniformly Lipschitz and bounded, i.e.,

there is a constant L > 0 such that
lo(2) = a(y)| V b(z) = b(y)| < Lz —y|, x,y€R,
lo(z)| v |b(x)] < L, = €R?

where | - | denotes the Euclidean norm for vectors and Hilbert-Schmidt norm for
matrices. Further assume that the matrix function a = oo™ is uniformly positive def-
inite. These conditions can be weakened, but we prefer this setting to avoid multiple
localization procedures throughout the text. These assumptions imply [41, Theorems
5.2.5 and 5.2.9] that equation (25) has a strong solution with strong uniqueness on the

filtered probability space (Q, F, P, (Ff)+>0) with initial condition (26) for each € > 0.

Let us recall the definition of strong uniqueness and strong solution for completeness.

Definition 1.5.1 A strong solution of the stochastic differential equation (25) with
initial condition (26) on the filtered probability space (Q, F, P, (Ff)i>0) is a process
Xe = {X(t);0 < t < oo} with continuous sample paths and with the following

properties:

1. X, is adapted to the filtration (F;)i>o0,
2. P{X.(0) = x¢ + €*&} =1,
3. P{f§(|b¢(Xe(8))\ + 0,.;(Xc(5))?)ds < oo} =1 for every 1 <i,5 <d and t > 0,

4. the integral version of (25)

holds with probability 1.
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Given two strong solutions X, and X, of (25) with initial condition (26) relative to
the same Brownian motion W. Then, we say that strong uniqueness holds whenever

P{X (t) = X.(t);0 <t < oo} =1.

For a general background on stochastic differential equations see, for example, [41,
Chapter 5].
The flow generated by b is denoted by S = (5'%) (1 1)erxra- That is, S'z satisfies

d t,. t 0, _
dtSaz—b(Saj), Str = x.

The linearization of S along the orbit of x is denoted by ®,(¢):

where A(t) = Vb(S'z) and I is the identity matrix. Here V is the derivative operator,
that is, for a differentiable vector field h : R — R?, Vh is the R¥? matrix derivative
of h.
Throughout the text D is a domain (open, connected and bounded) in R? with
piecewise C? boundary.
The exit problem for the diffusion process X, in D is studied. We are interested in
D

the joint asymptotic properties (as € — 0) of (X (72),7P), where 77

€ ’ € €

is the stopping
time defined by

€

Specific hypotheses on the vector field will be given in each chapter. On the other
hand, the abstract formulation will not be given in each chapter, instead we assume

this technical formulation to hold throughout the text.

1.5.1 Organization of the Text

The organization of the rest of the text closely mimics the presentation given in this

chapter.
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In Chapter 2 the planar (i.e. d = 2) exit problem is studied under the assumption
that S has a unique saddle at the origin. That is, 0 € R? is the only critical point
b(0) = 0 and the eigenvalues Ay, —A_ of the of the matrix Vb(0) are such that
A+ > 0. The exit problem is studied conditioned that the process X, starts on the
stable manifold W? of 0.

In Chapter 3 the Levinson case in arbitrary dimensions is considered. We also
proved Lemma 1.3.3 stated in this chapter, and use it intensively in the proof of the
Levinson case. In this section, we also study the 1-dimensional example discussed in
Section 1.4.1 of this chapter.

In Chapter 4 we present a short survey on how the techniques in this text can be
extended. Several open problems are also discussed.

In Appendix A we give a review of Large Deviation theory. The technicalities left

out in the sketch of Section 1.2.1 are included in Appendix B.
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CHAPTER 11

SADDLE POINT

In this chapter we study the stochastic process X. when the underlying deterministic
system S has a unique saddle point.

In Section 2.1 we introduce the setting, which relies on the setting presented in
Section 1.5 of Chapter 1. In Section 2.2 we state the main theorem and split the proof
into several parts. In Section 2.3 we introduce a simplifying change of coordinates in
a small neighborhood of the saddle point. The analysis of the transformed process in

Section 2.4 is based upon two results. Their proofs are given in Sections 2.5 and 2.6.

2.1 Setting

For this chapter we consider the general formulation made in Section 1.5 of Chapter 1,
except that we restrict ourselves to the 2—dimensional situation. The process X, is
the strong solution of (25), under the assumptions made on the C'*°-smooth vector
field b, the C?-smooth matrix valued function o : R?> — R?*? and the standard
2-dimensional Wiener process W in Section 1.5 of Chapter 1.

We will study the exit problem from the domain D C R? with piecewise C?
boundary. Assume that the origin 0 belongs to D and it is a unique fixed point for S

in D, or, equivalently, a unique critical point for b in D. Therefore,
b(r) = Az + Q(x),

where A = Vb(0) and @ is the non-linear part of the vector field satisfying |Q(x)| =
O(|2|*), z — 0.
Suppose that 0 is a hyperbolic critical point, i.e. the matrix A has two eigenvalues

Ap and —)A_ satisfying —A_ < 0 < A,. Without loss of generality, we suppose that

40



the canonical vectors are the eigenvectors for the matrix, so that A = diag(A, —A_).

For an interval J C R, let S’z denote the set
STy ={S'x:t e J}.

According to the Hadamard—Perron Theorem (see e.g. [53, Section 2.7]), the curves
W? and W*" defined via

W'={zeD: lim Str =0},
and,
W={zeD: lim Stz = 0}.
are smooth, invariant under S and tangent to es; and, respectively, to e; at 0. The
curve W?* is called the stable manifold of 0, and W" is called the unstable manifold
of 0.
We assume that W*" intersects 0D transversally at points ¢, and ¢_ such that the

segment of W* connecting ¢q_ and ¢, lies entirely inside D and contains 0.

We fix a point g € W* N D and equip (25) with the initial condition
X(0) =z0+ €%, €>0, (28)

where o € (0, 1] is fixed, and (&)>0 is a family of random vectors independent of W,
such that for some random vector &, £ — &y as € — 0 in distribution.

If a # 1, then we impose a further technical condition

P{& || b(x0)} =0, (29)
where || denotes collinearity of two vectors.

2.2 Mawn Result.

The main result of the present chapter is the following:
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Theorem 2.2.1 In the setting described above, there is a family of random vectors

(hc)e0, a family of random variables ()eso, and a number

1, al_ Z A+
B = (30)
ai—;, al_ < Ay

such that
Xe(TeD) = Gsgn(e) T " ¢..

The random vector

66 = (@%@ﬁ? + ilne)
At

converges in distribution as € — 0.

The distribution of .,¢., and the distributional limit of ©, will be described
precisely.

The proof of Theorem 2.2.1 has essentially three parts involving the analysis of
diffusion (i) along W?; (ii) in a small neighborhood of the origin; (iii) along W*.

In order to study the first part, we need to introduce ®,(t) as the linearization of

S along the orbit of x € R?, i.e. we define ®,(¢) to be the solution to the matrix ODE

where A(t) = Vb(S'z). We have the following theorem:

Theorem 2.2.2 Let z € R? and (&) be a family of random wvectors independent

e>0
of W and convergent in distribution, as € — 0, to . Suppose o € (0,1] and let X,
be the solution of the SDE (25) with initial condition X (0) = x + €*¢.. Then, for

every T' > 0, the following representation holds true:
X (T) = STx + e, >0,

where

— L —
feﬂ)&)? 6_)07
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with

§o = Po(T)&0 + 1ja=1y N,

N being a Gaussian vector:
T
N = &, (T) / B, (5) " o(S*2) AV (s).
0

If a =1 or assumption (29) holds, then P{& || b(STx)} = 0.

The second part of the analysis is the core of the chapter. Theorem 2.2.3 below
describes the behavior of the process in a small neighborhood U of the origin. Notice
that since zy, € W?, one can choose T large enough to ensure that that STz, €
W?® N U. Therefore, the conditions of the following result are met if we use the
terminal distribution of Theorem 2.2.2 (applied to the initial data given by (28)) as

the initial distribution.

Theorem 2.2.3 There are two neighborhoods of the origin U C U’ C D, two positive
numbers & < &', and C* diffeomorphism f : U — (=0',8)%, such that f(U) =
(—6,8)? and the following property holds:

Suppose x € WP N U, and (& )eso @s a family of random variables independent of
W and convergent in distribution, as € — 0, to &, where &, satisfies (29) with respect

to x. Assume that o € (0, 1] and that X, solves (25) with initial condition
Xe(0) =z + €, (31)

where & satisfies condition (29) with respect to x.
There is also a family of random vectors (¢.)e=o, and a family of random variables

(¥7)es0, such that
X (V) = g(sgn(v!)der) + "L,

where g = f~1, B is defined in (30), and the random vector

0, = (wz,qﬁi,i] + glne)
A
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converges in distribution as € — 0.

The notation for © and its components is chosen to match the notation involved in
the statement of Theorem 2.2.1. Random elements .,¢. and the distributional limit
of © will be described precisely, see (57). Obviously, the symmetry or asymmetry in
the limiting distribution of ¢/ results in the symmetric or asymmetric choice of exit
direction so that the exits in the positive and negative directions are equiprobable or
not. On the other hand, the limiting distribution of ¢, determining the asymptotics of
the exit point can also be symmetric or asymmetric which results in the corresponding
features of the random choice of the exit direction at the next saddle point visited by
the diffusion.

In Section 2.4 we prove Theorem 2.2.3 using the approach based on normal forms.

The last part of the analysis is devoted to the exit from D along W". We need

the following statement which is a specific case of the main result of Chapter 3.

Theorem 2.2.4 In the setting of Theorem 2.2.2, assume additionally that (i) ¢ =
STx € OD; (ii) there is no t € [0,T) with Stz € D; (iii) b(q) is tranversal (i.e. not

tangent) to 0D at q. Then

TGD LA T, €—0, (32)
and
X (D) — ) why, €—0, (33)

where ™ denotes the projection along b(q) onto the tangent line to 0D at q.

Now Theorem 2.2.1 follows from the consecutive application of Theorems 2.2.2
through 2.2.4 and with the help of the strong Markov property. In fact, in this
chain of theorems, the conclusion of Theorem 2.2.2 ensures that the conditions of
Theorem 2.2.3 hold, and the conclusion of the latter ensures that the conditions of

Theorem 2.2.4 hold. Notice that the total time needed to exit D equals the sum of

44



times described in the three theorems. Notice also that at each step we can compute
the limiting initial and terminal distributions explicitly. Theorems 2.2.2 and 2.2.4
contain the respective formulas in their formulations, and the explicit limiting distri-

bution for © of Theorem 2.2.3 is computed in (57).

2.3 Simplifying change of coordinates

2.3.1 Smooth Transformation and Normal Forms

In this section we give a brief review of the theory of Normal Forms. In particular,
we focus on the neighborhood of a saddle point for the deterministic flow S.

The idea is to find a local change of variables # : R? — R? such that z(¢) = 6(S'z)
satisfies 2 = Az with the appropriate initial condition. First, note that z satisfies the

equation

d ¢ ¢
EZ“) =VoO(S'z)b(S"x)

= VO(=(t)) 607" (2(1)),  2(0) = 0(x).

Hence, the goal is to find a transformation 0 : R? — R? that leaves VO(2)1b(671(2))
as simple as possible (ideally equal to Az).
We start with some notions. For a multi-index a = (o, a2) € Z3 and a base

{e1, e} of R?*(as a vector space over R) we denote the monomial z%; = x{'z5%e;.

Definition 2.3.1 For a non-negative integerr, the space of linear combinations (over
R) of monomials x“¢; with |o| = a1 + g = 7, is called the space of Homogeneous
Polynomials in 2 variables of degree r. This space is denoted as H,.. In other words,
H, is,

H, = spang {x%¢;: v € Z3, o] =1 and 1 < j < 2}.

It is easy to see that H, is isomorphic (as a vector space over the real numbers) to

RQ(’I‘-Fl).
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Using this notation, use Taylor’s classical theorem to decompose the function

b:R* — R? as
b(z) = Az + by(2) + ... + br(2),
with b; € H; for 1 <i < R, and bg(z) = O(|z|?) as |z] — 0.

Suppose that z = 0,((), where 0y is the near identity transformation

0p(C) = C+he(C), hx € Hi, k2>2.

(34)

(35)

Note that 6 is a topological diffeomorphism in a small open neighborhood of the

origin €. Throughout we restrict the analysis inside 2. A Taylor approximation

shows that the inverse of 0, satisfies

0,1(C) = ¢ = Q) + O(I¢[* )
= ¢ = h(¢) + O(I¢[).

(36)

Further application of Taylor’s approximation together with the condition that k > 2,

imply that for any ¢ € Qy,

VOi(Q)™t =T — Vhg(C) + O([¢[2*1)

= I = Vhi(Q) + O(IC").
Also, from (36), we obtain that for any i =1,..., R — 1,
bi(B;;1(C)) = bi(C) + O(|¢[*).
Using (34) and this bounds, we get that

(VL)) T0(0,1(C)) = AC+b2(C) + o + brr ()

+(0u(¢) = LA4(C)) + O(I¢IM),

where we defined the operator E’jg : Hr — Hy by
L51(C) = h(Q)AC — AVA(C).

It is clear that the following theorem holds:
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Theorem 2.3.2 Let R(LY) C Hy be the range of the operator LY : Hy, — Hy.. Take
Ti. C R? be any subspace such that Hy, = R(LY) & Iy. Then, there is a sequence of
near identity transformations of the form (35) and nested neighborhoods of the origin

Qri1 C Qg, such that 2(t) =6, 0--- 0 0y(S"x) satisfies

L 2(1) = A2(t) 4 ba=(0) + - by (1) + O(12l™),

nside ., and by € Iy, k=1, ...,r.

An equation written in this form is said to be in Normal Form up to order r.

The idea is to characterize the image of the operator £% and simplify each non-
linear part of b, starting from by and all the way up to bg. In order to achieve this,

we remark that, z%; is an eigenvector of £% for any o € Zi:
Lhrve; = (Mo — )\j)a%;,
for A = (A, A_). This motivates the following definition:

Definition 2.3.3 A pair of complex numbers X = (A1, A2) is said to be non-resonant
if there are no integral relations between them of the form A\; = a - A\, where o =
(1, 00) € Z% is a multi-index with |a] = oy + ag > 2. Otherwise, we say that
A = (A1, \a) is resonant.
A resonant X is said to be one-resonant if all the resonance relations for A follow
from a single resonance relation.
al Q2

A monomial z%; = 1 x5%¢e; is called a resonant monomial of order R if av- A = \;
j 1 X276 j

and |a| = R.

In the spirit of Theorem 2.3.2 it is clear (see [38],[20]) that for any pair of integers
R > 1 and k£ > 1, there are two neighborhoods of the origin Q; and €, and a

C*-diffeomorphism f : Q; — Q, with inverse g : Q, — Q such that
(Vg(y) " bla(y) = Ay + P(y) + R(y), vy €, (38)
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where P is a polynomial containing only resonant monomials of order at most R and
R(¢) = O(|¢|*). Moreover, the so called Poincaré theorem [20, Theorem 2.2.4]
asserts that if A is non-resonant, then f can be chosen so that both P and R in (38)
are identically zero. If X is one-resonant then [38, Theorem 3,Section 2] says that f

can be chosen so that R in (38) is identically zero. More precisely:

Lemma 2.3.4 For any k > 1, there are two neighborhoods of the origin Q0 and €,

and a C*-diffeomorphism f : Qp — Q, with inverse g : Q, — Q such that

(Vg() ' blg(y)) = Ay + P(y), y € Qy, (39)

where P is a polynomial that contains only resonant monomials.

This is the core result we use to study the stochastic case in the next section.
2.3.2 Change of Variables in the Stochastic Case

In this section we start analyzing the diffusion in the neighborhood of the saddle
point. The first step is to find a smooth coordinate change that would simplify the
system. This can be done with the help of the theory of normal forms presented on
the last section.

Let g be a C*°—diffeomorphism of a neighborhood of the origin with inverse f.
When X, is close to the origin and belongs to the image of that neighborhood under

g, we can use [t6’s formula to see that Y, = f(X,) satisfies
1
dY. = Vf(X)dX. + §[Vf(X6),X€]

= V(g(Y))b(g(Yo)dt + 5 (Yo)dW + ¥ (Yo)dt,

for some smooth function ¥ : R*> — R? and 6 = ((Vf)og)o. Here the square
brackets mean quadratic covariation. Since Vf o g = (Vg)~!, we can rewrite the

above SDE as in the deterministic case as
dY, = (Vg(Yo) " b(g(Yo) + €W(Ye)) di + e5(Ye)dW. (40)
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In order to simplify the drift term in this equation, we rely on Lemma 2.3.4.
First, note that (A, —A_) is either non-resonant or one-resonant (resonant cases that
are not one-resonant are possible in higher dimensions where pairs of eigenvalues get
replaced by vectors of eigenvalues). The non-resonant case (in any dimension) was
studied in [4]. In this paper, we extend the analysis of [4] to the non-resonant case,
i.e. the one-resonant case, given that we are working in 2 dimensions.

To find all resonant monomials of a given order » > 2, we have to find all the

integer solutions to the two 2 x 2 systems of equations:

()él)\+ — 062)\_ = :t)\:t,

a1+ g =T,

Therefore, the power multi-indices of a resonant monomial of order r has to coincide

with one of the following:

(@F ():03()) = (s + A r= 1A, (41)

(@7 ()07 () = 55 (= DA A 1) (42)

Let us make some elementary observations on integer solutions of these equations for

r > 2.

1. None of the solution indices can be 0. Moreover, neither a; (r) nor a; (1) can

be equal to 1.

+

2. As functions of r, a; (r) are increasing.

3. Expressions (41) and (42) cannot be an integer for r = 2.

4. The term P = (P, P,) in (39) satisfies Py (y) = O(y%|ya]) and Pa(y) = O(|y1]y3).
This observation is a consequence of observations 1 and 3 since they imply
that resonant multi-indices have to satisfy a™(r) > (2,1) and o™ (r) > (1,2)

coordinatewise.
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5. If at least one of the coordinates y; and ys is zero, then P(y;,y2) = 0. This is

a direct consequence of the previous observation.

Given all these considerations, the main theorem of this section is a simple conse-

quence of Lemma 2.3.4.

Theorem 2.3.5 In the setting described in Section 3.1, there is a number &' > 0,
a neighborhood of the origin U’', and a C*-diffeomorphism f : U' — (=§,8") with
inverse g : (—8',8")? — U’ such that the following property holds.

If X.(0) € U, then the stochastic process Y. = (Yeq,Ye2) given by
Yo(t) = f(X(t A7)
satisfies the following system of SDEs up to 7V :
dY;l = (/\+)/571 + H1 (Ye, 6)) dt + 65’1 (}/e)dW (43)
dYeo = (—A\_Yeo + Hao(Ye, €)) dt + eaa(Ye)dW, (44)
where ¢; : (—8,0")*> — R are C' functions for i = 1,2. The functions H; are given
by H; = I:L + €2V, where U, : (=0, 5’)2 — R? are continuous bounded functions, and
H; : (8,82 x[0,00) are polynomials, so that for some constant Ky > 0 and for any
Yy € (_5,75,)27
~ ot et
[H1(y)| < Kilya|* [y2]*,

|Ho(y)| < K]y [yo]2 .

Here, the integer numbers o, i = 1,2, are such that (of,ag) is of the form (41)

7 7

for some choice of r =1y > 3, and and (a7, a5 ) is of the form (42) for some choice

r=ry > 3. In particular,

|Hy(y, €)| < Kiyilya| + Ka€?,

|Ha(y, €)| < Kilyilys + Kae?,

for some constants K1 > 0 and Ky > 0.
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2.4 Proof of Theorem 2.2.3

In this section we derive Theorem 2.2.3 from several auxiliary statements. Their
proofs are postponed to later sections.

Theorem 2.3.5 allows to work with process Y, = f(X.) instead of X, while Y, stays
in (—d',6")?

If we take § € (0,0"), then for the initial conditions considered in Theorem 2.2.3
and given in (31),

P{X.(0)eU}—1, e—0,
ie.,
P{Y.(0) € (=¢,8)*} =1, e—0.

Moreover, denoting f(z) by y = (0, y2) we can write

Ye(0) =y + €"xe = (€"Xe1, ¥2+€"Xe2), €>0,

where x. = (Xe1, Xe2) is a random vector convergent in distribution to xo = (x0.1, X0.2) =
V f(x)&. Due to the hypothesis in Theorem 2.2.3, we notice that the distribution of
Xo,1 has no atom at 0.

Let us take any p € (0, 1) such that

1-— A <p< ——m—, (45)
and define the following stopping time:
T = inf{t : |Y1(t)| = €*P}.

Up to time 7, the process X, mostly evolves along the stable manifold W?. After
T, it evolves mostly along the unstable manifold YW*. Process Y, evolves accordingly,
along the images of WW* and W*" coinciding with the coordinate axes.

Let us introduce random variables n* via
+ _ —a =T ~
Nne —¢ ¢ * 6}/671(7—6)7

€
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Also we define the distribution of random vector (g, 7, ) via

e = Xo1+ o=y N7, (46)
o = Ing My,
where
Nt = / e 5G1(0, e 5yo ) dW (47)
0

is independent of xq .
Lemma 2.4.1 If the first inequality in (45) holds, then

P(Yu(7) = ePsmnf} = 1, e 0 (48)
and

N « Law _ 1
(ni,m,nJrA—(l—p)loge) — (né,no,—ylog\né), e— 0. (49)
+ +

We prove this lemma in Section 2.5. Along with the strong Markov property, it
allows to reduce the study of the evolution of Y, after 7. to studying the solution of

system (43)—(44) with initial condition

Y,(0) = (e sgun, exmPA-Aep oy (50)
where
(0 00) =5 (g omg), € — 0. (51)
We denote
Te =7.(0) =inf{t > 0:|Ye1(t)| = J}. (52)

Our next goal is to describe the behavior of Y(7.). To that end, we introduce a

random variable 6 via

N, ai_ > )\+,
Law A/
0= (D) T g N e = (53)
+1\ A=/ A+
\ <IWT§)|> Y2, al_ < A



where the distribution of N conditioned on 7y, on {sgnny = %1} is centered Gaussian

with variance

0
o4 :/ e?rs ‘52(:|:5e)‘+s,0)}2d5.

—0o0

Let us also recall that 3 is defined in (30).

Lemma 2.4.2 Consider the solution to system (43)—(44) equipped with initial con-
ditions (50) satisfying (51). If the second inequality in (45) holds, then

P{|Yc1(7)| =0} — 1, e€—0, (54)
ap p 1

T + — loge — —log (55)
At At

e Y o(7) 25 0. (56)

Moreover, if 3 < 1, then the convergence in probability also holds.

A proof of this lemma is given in Section 2.6.
Now Theorem 2.2.3 follows from Lemmas 2.4.1 and 2.4.2. In fact, the strong

Markov property and (48) imply
P{TeU =T +71(0)}—1, e—0,

so that the asymptotics for 7V is defined by that of 7. and 7.(§). It is also clear that
one can set . = nt and ¢, = Vg(sgn(n)de;)Y(7.), so that the limiting distribution

of ©! is given by

1 1)
(not V(s )oes) (Bes), —- 1og—+) | (57)
>\+ ‘770

where random variables 7 and 6 are defined in (46) and (53)

2.5 Proof of Lemma 2.}.1

In this section we shall prove Lemma 2.4.1 using several auxiliary lemmas. We start

with some terminology.
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Definition 2.5.1 Given a family (£, )c~o of random variables or random vectors and a
function i : (0,00) — (0, 00) we say that & = Op(h(e€)) if for some ¢y > 0 distributions
of (§c/I(€))gccee,, form a tight family, i.e., for any § > 0 there is a constant K5 > 0
such that

P{le| > Ksh()} <6, 0<e< e

Definition 2.5.2 A family of random variables or random vectors (&)~ is called

slowly growing as e — 0 (or just slowly growing) if £ = Op(e™") for all r > 0.

Our first lemma estimates the martingale component of the solution of SDEs (43)

and (44). Let us define

t
SHIT) = sup| [ e n)AVE)|. T >0
t<T 0
t
S (T) = sup / e A ==95,(Y.(s))dW (s)|, T >0.
t<T 0

Lemma 2.5.3 Suppose (T.)e=0 is a family of stopping times (w.r.t. the natural filtra-
tion of W). Then
SE(r) = Op(1).

If additionally (7¢)eso is slowly growing, then S=(7.) is also slowly growing.

Proof. Let us start with the proof for SI. Use BDG inequality (see [41, Theorem

3.3.28]) and Itd’s isometry to see that for every constant K > 0,

1
EES;F (TE)

<Y / P (Vi(s))ds.
0

P{S*(r)> K} <

< 12
Since Y (t) = f(X(t A TY)), the process t — 1(Yc(t)) is almost surely bounded.

—22+t implies that for any § > 0, there is

Hence, integrability of the exponential ¢t — e
a K5 > 0 such that

sup P {SF () > K5} <6,

>0
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proving the first part of the lemma.
For the second part, fix 6 > 0 and r > 0. For every 0 < p < 2r, there is K, > 0

and ¢y > 0 such that

sup P {e’7. > K,} < /2.

0<e<eg

Then, for an arbitrary K > 0, 0 < € < ¢y and 0 < p < 2r, it holds that
P{S (1) > K} <P{r.>e¢"’K,} +P{'S () > K, 7. < ¢ ’K,}

[Kpe?]
<d/2+ Z P{er sup
k=1

(k—1)<t<k

/0 e 095, (Y, (5))dVV (5)

. K} .
In order to bound each probability in the last sum, proceed as for the other case:
PJe  sup > K
(k—1)<t<k

<P {e’“e_(k_l))‘ sup > K}

0<t<k

/ot e, (Y(s))dW ()

| i

€2r e—2(k—1)x-

k
< TE/O e =%155(Ye(s))|?ds

621‘02
< — =
— K2 )

for some constant C5 > 0. Hence, there is a constant C3 > 0 such that

P{eS (1) > K} <é/2+ %GQTP

Y

which implies the result and finishes the proof. m

Lemma 2.5.4 Suppose Y, is the solution of equations (43)—-(44) with initial condi-
tions given by

Ye1(0) = €*xeq and  Yi2(0) = yo + €¥Xe2, (58)

where distributions of random variables (Xe1)eso and (Xez2)eso form tight families. Let

us fir any R > 0 and denote I. = 7V A (—ﬁloge + R) fore> 0. Then

sup e”\t|Y€71(t)| = Op(e”),
t<l.

95



and the family

<e‘a sup [Yeo(t) — e M (y2 + Gaxe,2)|)
e>0

t<le

15 slowly growing.

Proof. The tightness property implies that without loss of generality we can assume
that |xe1l, |xe2| < C for some constant C' > 0 and every e > 0.

Let us fix v > 0. We can use Lemma 2.5.3 to take ¢ = ¢(y/3) > 0 such that
P{SH(L) > ¢} < /2.
and
P{S(le) > e} <v/2,

where ¢ is an arbitrary number satisfying 0 < ¢ < a. Let us introduce a constant

K = (3¢) V C and stopping times

Be=inf{t>0:e M|V, 1(t)] > 2K},
B =inf{t>0:|Yea(t) — e " (yo + €Xen)| > 2K 9},

B =Py NB-Nle.

We start with an estimate for Y, ;. Duhamel’s principle for (43), Theorem 2.3.5 and

Lemma 2.5.3 imply that the estimate

B 2
supe MY, (1) < K + K, / e MY 1 (5)?|Yea(s)|ds + Kg)f— + ST (83)
t<p 0 +

62

g K
<K+ Ky / e MY (5)*Yea(s)|ds + K2>\— teg (59)
0 +

holds with probability at least 1 —~/2. We analyze each term in the RHS of equation
(59).
Let us start with the integral in (59). For s < /3, we see that
Yor(s)?|Yea(s)| < 4K+ ([Yoa(s) — e (ya + € xe2) | + €7 °[yn + € xe2])

< 8K363a_q€2/\+s + 4K262ae(2)\+—/\7)5(|y2| + EaC>.
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Therefore,

8K3K1€>\+R 2

_l’_

a—q

B
Ki [ e Voo IVaa(o)lds <
0
B
+AK K (|yo| + €C) / e
0
B
< Ke® /12 + 5K, K2y | / eP+A)3ds (60)
0

for all e > 0 small enough. Notice that this is a rough estimate, the constants on the
r.h.s. are not optimal but sufficient for our purposes. This also applies to some other
estimates in this proof.

Let us estimate the integral on the r.h.s. of (60). When A\, > A_, the integral is

bounded by

(AL—=A_)R
]' e(}\.&.*)\-)ﬁ < € * €*a+a/\_/)\+;

Ay — A T A=Al
if A, < A_, then the integral on the r.h.s of (60) is bounded by (A_ — Ay)~ % if
M. = A_, then the integral is bounded by 2aA;'|loge|. Hence, for some constant

K). . >0 and € > 0 small enough,
p +
Kl/ e MY 1(5)?Yea(s)|ds < Ke® /12 + Ky, 5 e 2072207 Jog |
0
< Ke"/6. (61)

Also, for € > 0 small enough,

Ky /A, +eK/3 < Ke®/2. (62)
From (59), (61) and (62) we get that for all € > 0 small enough, the event

A= {sup e MY (1)) < 5K6a/3}
t<p

is such that P(A4) > 1 —~/2.

Let us now consider Y, »(¢) and denote
Z5<t) = Y;Q(t) - 6_>\7t(y2 + EaXE,Q)-
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Duhamel’s principle for Y., the definition of 3, Theorem 2.3.5 and Lemma 2.5.3

imply that the inequalities

¢
sup | Z.(t)| < K, Sup/ e_/\*(t_s)|Y€71(s)|°‘1 [Yeo(s)|*2ds + K262//\_ +eS:(P)
0

t<p t<p

t
< K sup / A=Y, | ()] Yo (s)[° ds
0

t<B

P )
t
< 2T K I spe [ O (a) s+ U2 (63
t<p 0

hold with probability at least 1 — /2 and for all € > 0 small enough. We analyze
the integral term in (63). Note that, from the definition of 3, and the inequality
(a+b)" <2 Ya" 4+ b") we have that for any ¢ < 3 and any € > 0 small enough,
Yea(t)|™ < 2% 71 Ze(t)* +2% ~lem®2 My + x|
< 22042771[(04276(01711)04; + 22(a;71)67a27)\_t’y2|a27
+ 22(&5—1)€aa2_ e—ag)\,t|X€72|a2_
< Eoz; (a—q)22(o¢5—1) <2Ka; + Eqag |X€ 2|a;> + 22(0427—1)6—0427)\,t|y2|0427 )
Hence there is a constant K, > 0 such that
Yeo(t)]*2 < e @ DK, + Kye 2t ¢ < 8.
Using the last inequality, the definition of (3, and the fact a; Ay — (ag — )A_ =0
from Theorem 2.3.5, we get
t
Eaa; 6)\_t/ €(A_+QIA+)S|K72<S)‘a;dS
0

5 Koe 12
Ao+ aj g

o Ko B
A taiks

Again, from Theorem 2.3.5 we know that ;7 > 1 and a; > 2 which together with (64)

t
< Ea(al_—l-a;)e)ural_ + Kaﬁaal_ / e(al_)ur—(a;—l))\,)sds
0

< la—q)

+ Kqe*1 3. (64)

imply that for all € > 0 small enough

t
2%1 €21 K K sup e’\‘t/ eP=Fer A8 |y o (s)[%2 ds < Kev1/6. (65)
0

t<pB
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Using (65) and (63) we conclude that the event

B= {sup Yeo(t) — e (ya + €xen)| < 2K6”‘_q/3}

t<p
is such that P(B) > 1 —v/2, for all € > 0 small enough.
The proof will be complete once we show that 3 = [, with probability at least
1 — 7. The latter is a consequence of the following chain of inequalities that hold for

all € > 0 small enough:

P{B NG <L} <P{B+ANB-<I}NANDB)+P(A°) + P(B°)
<SP{BAB-<I}NANB)+~
SP{B:+ <BALINA)+P({B- < BLALINB) +7

=P{2<5/3} +P{2<2/3} +~=1.

Let us now analyze the evolution of the process Y, up to time 7. A 7¥. We start

with an application of Duhamel’s principle:
t
Yoi(t) = MY 1 (0) + / M UTIH (Yo(s), €)ds + ee NI (1), (66)
0
t
Yoo(t) = e Y. 5(0) + / e =D Hy (Y (s), €)ds + eN (1), (67)
0
where N*(t) are defined by
t
N (t) :/ e M55, (Yo(s
0
¢
N (1) ~as(

)dW (s),
/0 e A= Y. (s))dW (s). (68)

Lemma 2.5.5

sup |Yeo(t) — e *"yo| = Op (™).

t<7e
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Proof. Duhamel’s principle, Theorem 2.3.5, and the definition of 7, imply that for

some K > 0,
t
[Yoolt) — e "g] < ol + / ) (Yo ()Y 2(8) + Kae?) ds + €S, (1)
0
< €Xe| + K + € (e 7PS7 (7))

for any ¢ € (0,7.). The result follows since by Lemma 2.5.3 the r.h.s. is Op(¢*?) m

As a simple corollary of this lemma, the first statement in Theorem 2.4.1 follows:

Corollary 2.5.6 Ase — 0,
P{rV <7} —0.

In particular, (48) holds true.

Lemma 2.5.7 Let
t
NiH(E) = / N P S
0
Then

sup | N (t) — Ny (1)) Lz, 0, €—0.

1<7e

Proof. BDG inequality implies that for some constants C7, Cy > 0,

Esup [N (1) — Ny ()] < ClE/ P61 (Yo (s), Yea(s)) — (0, €74 "ys) | ds
0

t<7e

< CyEsup |61 (Ve (s), Yeo(s)) — 61(0, e 5yy)|%. (69)

t<7e

From Lemma 2.5.5 and the definition of 7., it follows that

sup | (Yeu(t), Yea(t) — (0,7 )| = Op (). (70)

t<re
The desired convergence follows now from (69), (70), and the boundedness and Lip-
schitzness of 7;. m

We are now in position to give the first rough asymptotics for the time 7.. From
now on we restrict ourselves to the event {7Y > 7.} since due to Corollary 2.5.6 its

probability is arbitrarily high.
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Lemma 2.5.8 Ase — 0,

P {T; > —3loge} 0.
Ay

Proof. Let u,. be the solution to the following SDE:

du(t) = Ao (t)dt + 61 (Yo (t))dW (1),

ue(0) = €¥Xe1-
Let us take dg € (0,1) to be specified later and consider the following stopping time
Te=1inf {t : [uc(t)] = €**}.
Duhamel’s principle for u, writes as

uc(t) = e“eMixer + ee™ NI (1)

— 6a6A+tﬁE (t),

with
Ne(t) = Xea + € TONI(). (71)

Hence, the definition of 7, implies €% = e*e 7|7, (7.)|, so that
_ o 1 SO
Te = —)\—(1 — dp) log e — oW log |77e(7e) |
- +
Due to (71) and Lemma 2.5.7, the distributions of ﬁ log [7:(7¢)| form a tight family.

Therefore,

limP{ﬁ > —(1—5§)iloge} = 0. (72)
e—0 A_|_
This fact allows us to use Lemma 2.5.4 to estimate Y, up to 7. A 7.. From (66), the

difference A, =Y, 1 — u, is given by
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We can use (72) to justify the application of Lemma 2.5.4 up to time 7. A 7.. Then,

we combine Theorem 2.3.5, Lemma 2.5.4, and the definition of 7, to see that

sup e M UH(Yo(0), )] < Ky sup (M Yo () Yo ()] - Yo (0)]) + Koe?

t<TeNTe t<TeNTe

_ OP (€a+ap)

and

M TN Te Op (E—a(l—(sg)) ‘

These two estimates together with (72) imply

sup_|A(t)] = Op (9] loge])

t<TeNTe

On one hand, (72) implies

P <{T > —ﬁlogg} n{7 < ’ﬁ}) 0.
Ay

On the other hand, if 7. > 7. then

Yea ()l = [ + Op(e* @) log ])

Y

and

[Yer(7e)| < €.

These relations contradict each other for sufficiently small € if we choose dy < p. So,

this choice of dy guarantees that P {7. > 7.} — 0 implying the result. m

Proof of Lemma 2.4.1. Recall that we work on the high probability event {7, <

7Y}, Hence, for each € > 0, we have the identity

AgFe

P = e*e™ T nt|.
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Solving for 7. and then plugging it back into Y. ;, we get

. o)
Te = ——

1
1—p)loge — —log|nt
A+( p)loge ~ og [nS], (73)

Yeu(7e) = e sgn(n).

Using this information we are in position to get the asymptotic behavior of the random

variables nei. First, from relation (66) we get
= X1+ e_a/ e_’\+sH1(Y;(s), €)ds + el_aN:“(T}). (74)
0
Using (73) in (67) we get

e = InJIA“*(yz+eaxe,z)+|n?|A”*/ A Hy(Ye(s), €)ds
0

+ e AN (7). (75)

The main part of the proof is based on representations (73)—(75).
Lemma 2.5.8 allows us to use the estimates established in Lemma 2.5.4 up to

time 7.. In particular, now we can conclude that the family

(e_a sup |Yeo(t) — e_’\ty2|> (76)
e>0

t<7e
is slowly growing thus improving Lemma 2.5.5.

To obtain the desired convergence for 1, we analyze the r.h.s. of (74) term by
term. The convergence of the first term was one of our assumptions. For the second
one, we need to estimate H;(Y.,¢). Using Lemma 2.5.4, the boundness of Y;, and

the definition of 7., we see that

sup e Y2 (1)|Yea(t)] = Op (7). (77)

<A

This estimate and Theorem 2.3.5 imply that

Te Te K.
o / ML (Yi(s), )ds < Kye® / NV s Venls)lds + 32
0 0 +

= Op (™[ loge]).
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Let us estimate the third term in (74). We can use the last estimate along with (74)
and Lemma 2.5.7 to conclude that the distributions of positive part of A" log ||

form a tight family. Therefore, (73) implies that

Combined with It6 isometry and Lemma 2.5.7, this implies
N*(3) S Nt e,
which completes the analysis of 7/ and, due to (73), of 7..
To obtain the convergence of 7., we study (75). Combining (76), the inequality
Yea(O)IY2(t) < 2[Yeu ()] (1Yea(t) — el + 7 "93)
and the definition of 7. we see that for any ¢ € (0, ap),
fEP e’\*tlYejl(t)|Y32(t) =Op (eaera_qu*ﬁ + eap) )

Hence, as a consequence of Theorem 2.3.5 and (73) we have
/ e’ Hy(Ye(s),€)ds = Op ((e*7797%M" + ) |loge])
0
= Op ((Ea(l—(l—p)k//\+)+(ap—q) + eap) |loge|) )
Combining this and Lemma 2.5.3 in (75) we obtain

n. = |776+’/\—/A+y2 + Op(e*) + Op ((Ga(lf(lfp))\_/M)Jr(apfq) + 6azo) llogd)

+ Op (El—a(l—p)/\f/h—q)
which finishes the proof of Lemma 2.4.1 by choosing ¢ small enough. =

2.6 Proof of Lemma 2.4.2

Consider the solution to system (43)—(44) equipped with initial conditions (50) sat-

isfying (51). Let us restrict the analysis to the arbitrary high probability event
{Inf] < K.},
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for some constants K1 > 0.

Lemma 2.6.1 Let p € (0,1) satisfy (45), and let (t¢)eso be a slowly growing family

of stopping times. Consider t. =t. AU, then for any v > 0,

€

lim P {S“p Yoalt)] < (K- + v)ea“””_m} -

t<t!

Proof. Let v > 0. We recall that N is defined in (68) and introduce the process
t
M =N +e [ NI, (5))ds, (78)
0
where W5 was introduced in Theorem 2.3.5, and the stopping time
Be =inf {t: |Yoo(t)] > (K 4 7)er T PA-/A 1

Using the fact that Y, ; is bounded, it is easy to see that there is a constant K _

independent of ¢, so that for any ¢t < . A t., we have
t
| e I s < By oA
0

This estimate, along with Duhamel’s principle and Theorem 2.3.5 implies that for
some constant C' > 0 and any t < G A t.,

t
Yealt)] < 0P Ky [ I ()Y s + esup (1)
0

t<Be

< @A 4 02e=PA-A 4 egup | M(t)].

N t<B

Hence, using Lemma 2.5.3 to estimate M., we obtain that

P{g <t} =P { sup |Yeo(t)| > (K- + ’y)eo‘(lp)’\—/)”r}

t<BeALL

<P {C’eo‘(lp)’\‘/>‘+ + el 7el=PA- A qup |M(t)] > ’7}

t<Be

converges to 0 as € — 0 proving the lemma. m
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Lemma 2.6.2 Under the assumptions of lemma 2.6.1, for any p € (0, %], v >0,

and C > 0, define p. = (—ploge+ C)ATY. Then, we have

€

i P {S“p Yoa(®)le ™ < (1+ we‘”} -t

t<pe

Proof. Define the stopping time
Be =1inf {t : [Yo1(t)[e ™" > (1 + 7)™} .
As a consequence of Duhamel’s principle and Theorem 2.3.5 we get the bound

BeApe
sup Va0l < Ky [ e VA Vealo)lds
0

tgﬁe NApe

+ KoM+ eSH(B).

This estimate together with Lemma 2.6.1, Lemma 2.5.3 and the definition of p.
implies that for any small 6 > 0 we can find a constant K > 0, so that with probability
bigger than 1 — ¢, the inequalities
sup |V (t)|e Mt < P 4 Keortol=pA=-/A (3 A p) + Ke
t<BeApe
< €9 (1 4 2K pe?I=PA=/ A+ | Jog e| + Kl 7o),

hold for all € > 0 small enough. Hence, for any small enough € > 0,

P{ﬁe<pe}=P{ sup |n,1<t>|ek+tz<1+w>eap}
t<BeApe

<P {ero‘(l’p)’\—/)‘ﬂlog |+ Ke' ™" >~} + 4,

which implies the result. m

The following is an important consequence of Lemma 2.6.1:

Corollary 2.6.3 With 7. as in (52) it holds that
lir% P{rV <7} =0.
In particular, (54) holds.
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From now on, we restrict our analysis to the high probability event {7V > 7.}.

Let 07 = ¢ *Pe=+"<Y_1(7.). Then, (52) implies

1
Te = —— loge + — log (79)

M 0]
and

Y.1(7e) = dsgn6r.

Our analysis of these expressions will be based on the next formula which directly

follows from Duhamel’s principle:
0F =sgnnt + e_o‘p/ e M H (Y(s), €)ds + ' PN (1,). (80)
0

The main term in the r.h.s. of (80) is sgnn}. We need to estimate the other two
terms. Lemma 2.5.3 implies that ¢! =*? N"(7,) converges to 0 in probability as ¢ — 0.
Let us now estimate the integral term. Relations (79) and (80) imply that (7)eso is

slowly growing, and we can use Lemma 2.6.1 to derive

sup |Yeo(t)] = Op(eo‘(lfp)’\‘/)”“). (81)

t<Te

We can now use Theorem 2.3.5 to conclude that

e P sup | Hy (Yo(t), €)| = Op(ermPA-/Ai—ap 4 2-ap),

t<7e

and (45) implies that the r.h.s. converges to 0. Therefore,

eov / M HL (Y (s), O)ds 2 0.
0
The above analysis of equation (80) implies that if we define 6] = sgnn ", then
oF =5 65, (82)

which implies (55) due to (79). It remains to prove (56).

Duhamel’s principle along with (79) yields
0] A/ Te
Yeo(re) = (TE> A=/ —|—/ e A=) H, (Y (s), €)ds + eN_(1.). (83)
0

In order to study the convergence of N (7.) we first give a preliminary result.

67



Lemma 2.6.4

sup Ve (1) — e sgnnt| =0, € — 0.
t<Te

Proof. The lemma follows from Duhamel’s principle and Lemma 2.6.2. =
The following result is essentially Lemma 8.9 from [4]. It holds true in our setting

since its proof is based only on the conclusion of Lemma 2.6.4.

Lemma 2.6.5 Ase — 0,

Law

N (1) — N,

€

where N is the Gaussian random variable in (53).

We finish the proof of Lemma 2.4.2. Recall that the process M, was defined in (78)

and introduce the stochastic processes
t
R(t) = / e MU= [,(Yo(s))ds. (84)
0
Note that (83) and (79) imply
Yoo(r) = e Y. 5(0) + / e ) [1,(Y(s), €)ds + eN (.)
0
= AT 4 €M () + Re(e)
|6+] A-/Ay
- (T) NI eM(7) + Ro(7.). (85)

Relations (51) and (82) imply
G ('”%')MM " (56)
Lemma 2.6.5 and estimate (81) imply
M(7.) LN, e— 0. (87)

Equations (86) and (87) describe the behavior of first two terms in (85) and the proof
of the lemma will be complete as soon as we show that

e PR(7.) 250, €—0. (88)
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We can write the following rough estimate based on (81) and Theorem 2.3.5:

sup | R (t)] = Op(e2 7P/, (89)

t<Te
This is not sufficient for our purposes. We shall need a more detailed analysis instead.

First, note that

sup |YE,2(t) — EME(t) _ Re(t)|e’\—t — 6oz(l—:o)/\_/)\+|n;’ — OP(Ea(lfp))\_/)\_;,_).

t<7e

Hence, for any v > 0 there is a K, > 0 such that the event

D, = {sup |Yeo(t) — eM(t) — Re(t)\e’\*t < Kweo‘(l_p))‘/ﬁ}

t<Te
has probability P(D,) > 1—+ for € > 0 small enough. Moreover, using Theorem 2.3.5

we see that for some constant Kg > 0,
t
RIS Ka [ e s
0

Then, using the inequality (a — b)? < 2a? + 2b* and defining K3, = KgK.,, we see

that on D, for each t < 7,
t
|R(t)] < Kﬁe_A‘t/ (eA‘SYE,g(s))Qe_)“sds
0
t t
< QKBWG_’\t/ e A=se2al=PA- /A s 2Kﬁ/ e M=) eM(s) + Rc(s)|*ds
0 0

K K t
<9 )\ﬁ,v 20(1=p)A- /A=At | 4)\_562]\43,00 + 4Kﬁek—t/ e**R(s)*ds, (90)
_ — 0

where M., = sup;.,, |Mc(t)|, so that (according to Lemma 2.5.3) M is slowly
growing. Due to (89) we can find a constant K! > 0 (independent of € > 0 and ¢ > 0)

so that the event

D.=D.N {sup |R(t)| < nga(l_p))‘/’u}

t<Te
has probability P(D.) > 1 — v for all ¢ > 0 small enough. Hence, multiplying both

sides of (90) by e*~*, we see that for some constant C,, > 0 and all ¢ < 7,

t
@W&®Hm§Mﬂ+@ﬂ”W/“/6AmﬂﬂhW&
0
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where

at) = 0762‘”(1_”)’\*/)‘+ + 0762M2006A*t. (91)

Using Gronwall’s lemma and (91) we get

Lp e ' Re(t)]

IN

t
a(t) + G [ a(e)ec g,
0

a(lfp))\_/)\_‘_t

S a(t) + O$€3a(1—p)>\,/)\+tec‘»ye

2 (I=p)A_/A
- Vi a /24
)\’Y €2+o¢(1 D)A_ /At 2 te)\,t—‘rC’.ye )

Hence,

1p ’Re(t)l < Cve2a(1—p))\,//\+€—)\,t(l + C’YEa(l—p))\,//\theC’WeQO‘(l*p))‘*/>‘+t>

+07€2M€2’OO(1 + %eo‘(l_p)’\/)‘+t6076a(1w_”+ ).

Using (79), we get that for any ¢ > 0,

Lp;|Re(7e)| = Op (20T L @02 )

— OP (EOZ)‘*/)LFJ’_O‘(I_IJ))\*/)‘%* _|_ 62_(1) ,

so that (88) follows, and the proof is complete by choosing ¢ small enough.
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CHAPTER II1

LEVINSON CASE

In this chapter we study Levinson case as presented in Section 1.3 of Chapter 1. We
then apply the results obtained for this case to the 1-dimensional diffusion conditioned
on rare events as explained in Section 1.4.1 of Chapter 1.

The chapter is organized as follows. In Section 3.2 we state the main theorem
for the Levinson case, postponing its proof to Section 3.4. A approximation to the
diffusion by the deterministic flow in finite time is presented in Section 3.3. This
approximation is a key ingredient in all the arguments of Section 3.4. In Section 3.5
we state the result on the diffusion conditioned on a rare event and derive it from the

main theorem and some auxiliary statements proven in Section 3.5.1.

3.1 Introduction

In this section we consider the dynamics in d dimensions. That is, we consider a
C?-smooth bounded vector field b in R?. The unperturbed dynamics is given by the
deterministic flow S = (S");cr generated by b.

The model has slight modifications from the classical exit problem. For this
chapter, we introduce three components of perturbations of this deterministic flow.
They all depend on a small parameter € > 0.

The first component is white noise perturbation generated by the matrix eo, where
o :R? — R ig a C%-smooth bounded matrix valued function.

The second one is €1 W,, where W, is a deterministic Lipschitz vector field on R?

for each e, converging uniformly to a limiting Lipschitz vector field ¥y, and a; is a
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positive scaling exponent. These conditions ensure that the stochastic It6 equation
dX (t) = (b(X(t)) + €MV (X (1)) dt + ea(X(t))dW (92)

w.r.t. a standard d-dimensional Wiener process W has a unique strong solution for
any € > 0 and all initial conditions.

The last component of the perturbation is the initial condition satisfying
X(0) = g + €&, €>0. (93)

Here as > 0, and (& )e>o is a family of random variables independent of W, such that
for some random variable &y, £ — &y as € — 0 in distribution.

Let M be a C?-smooth hypersurface in RY. If
Te=inf{t > 0: X (t) e M},

then on {7. < co} we have X.(7.) € M. We are going to study the exit problem from
M under the assumptions above. We use M instead of D, since M is assumed to be
an hypersurface and we want to stick to the standard notation. In this setting, we

state the main theorem in the next section.

3.2 Mawn result

In this section we state the main theorem and its hypothesis. Let us start with the
assumptions on the joint geometry of the vector field b and the surface M. First we
define

T:inf{t>0:5tm0€M},

and assume that 0 < T' < co. Secondly, we denote z = STz, € M and assume that
b(z) does not belong to the tangent hyperplane T, M. In other words, we assume that
the positive orbit of z( intersects M and the crossing is transversal. The reader can

check that this is equivalent to Condition 1.3.1 in Section 1.3 of Chapter 1.
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In the case of £ = 0 and ¥ = 0, Levinson’s theorem states (see [46], [34, Chapter
2], and [35, Chapter 2|) that X.(7.) — z in probability as ¢ — 0. Levinson worked
in the PDE context and showed how to obtain an expansion for the solution of the
corresponding elliptic PDE depending on the small parameter €. The main result
of this note describes the limiting behavior of the correction (1. — T, X (1) — 2)
and extends [34, Theorem 2.3] to the situation with generic perturbation parameters
&, ¥, a1, and ay. This extension is essential since, as the analysis in [4] shows, in
the sequential study of entrance-exit distributions for multiple domains one has to
consider nontrivial scaling laws for the initial conditions; also, considering nontrivial
deterministic perturbations will allow us to study rare events, see Section 3.5.

We need more notation. Due to the smoothness of b,

b(x) = b(y) + Db(y)(x —y) + Q:(y,x —y), =z,y € R, (94)

where
|Q1(u,v)] < Kol (95)
for some constant K > 0 and any u,v € R%. We denote by ®,(t) the linearization of

S along the orbit of x:

Z0a(t) = AD(1), 2.(0) =1, (96)

where A(t) = Db(S*z) and I is the identity matrix.

Finally, for any vector v € R?, we define myv € R and myv € T, M by
v =mv - b(2) + Ty,

i.e., m, is the (algebraic) projection onto span(b(z)) along T,M and 7, is the (geo-

metric) projection onto 7, M along span(b(z)).
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Theorem 3.2.1 Let o= a3 ANas A1, and

¢0(t> = 1{042:0z}(1)270(t>£0 + 1{6!1:&}(1)330 (t)/o (]j)m()(S)*l\I;O(SSI)dS

-+1ﬂqﬂ¢m@)1f¢%ganyw@qus% t>0. (97)

Zo

Then, in the setting introduced above,
e e =T, X (1) — 2)—=(—mp0(T), s 0(T))- (98)

in distribution. If additionally we require that & — &y in probability or that as > «,

then the convergence in (98) is also in probability.

Remark 1 The conditions of Theorem 3.2.1 can be relaxed using the standard lo-
calization procedure. In fact, one needs to require uniform convergence of ¥, — W,
and regularity properties of b and o only in some neighborhood of the set {S'z, :

0<t<T(x))}

Remark 2 In applications (see [4],[7]), the parameters a; and as can be chosen so

that the r.h.s. of (98) is nondegenerate.

Remark 3 In the case where d = 1, the hypersurface M is just a point. Therefore,
my is identical zero and the only contentful information Theorem 3.2.1 provides is

the asymptotics of the exit time.

3.3 A finite time approximation result

With high probability, at time 7" the process X, is close to z and the hitting time 7,
is close to T'. The idea behind the proof of Theorem 3.2.1 is that while the diffusion
is close to z, the process may be approximated very well by motion with constant
velocity b(z).

In this section we prove the main ingredient to ensure this approximation.
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Lemma 3.3.1 Let X, be the solution of the SDE (92) with initial condition (93).

Let

O.(t) = €D, (t)é. + O, (1) /O By (5) oS 20)ds
—i—el_a(I)xO(t)/o ®,, (5) Lo (S5 2)dW (). (99)

Then,
X (t) = S'zo + ¢ (t)

holds almost surely for every t > 0, where ¢.(t) = O(t) + r.(t), and r. converges to
0 uniformly over compact time intervals in probability.

If & — & in distribution, then for any T > 0, ¢. — ¢o in distribution in C|[0,T]
equipped with uniform norm, where ¢q is the stochastic process defined in (97).

If & — & in probability or ay > «, then the uniform convergence for ¢. also holds

i probability.

Remark 4 This lemma gives the first-order approximation for X.(¢). Higher-order
approximations in the spirit of [15] are also possible. They can be used to refine

Theorem 3.2.1.
Proof. Let Al = X (t) — S'zo and note that it satisfies the equation
dA! = ((b(X(1)) — b(S'mo)) + €M W (Xc(t))) dt + ea(Xe(t))dW (t),

with initial condition AY = ¢*2¢.. We want to study the properties of this equation.

We start with the difference in b. Since b is a C? vector field, we may write
b(X (1)) — b(S'zo) = Db(S*wo) AL + Q1(S*xg, AL). (100)
Also, we can write

U, (X.(t) = Uo(S'ao) + Qa(S'mo, AL) + Re(S'ap), (101)
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and
O'(Xg(t)) = O'(Stl‘()) + Qg(stl’o, Ai), (102)
where
Re(r) = Ve(z) = Yo(x) = 0o(1), €—0,

uniformly in z; Q; : R? x RY — R, i = 2, 3 satisfies
1Qi(u,v)| < Kl|v|, wu,veR (103)

We can assume that the constant K > 0 in (95) and (103) is the same for simplicity
of notation.
Let Q = Q1 + €' Q2 + €*' R.. Combine (100), (101), and (102) to get
dAi = (A(t)Ai + e \I’()(Stﬂﬁo) + Q(Stl'o, Ai)) dt
+ € (0(S'mg) + Q3(S'xo, AL)) AW (t), (104)
A =e*2¢,. (105)
Hence, applying Duhamel’s principle to (104) and using (99), we get
t
Al = @O, (1) + By (1) / B, ()1 Q(S 0, AY)ds
0
t
+ e@mo(t)/ D, (5) 1 Qs3(S5wo, AS)dW (s)
0
= €O (t) + OL(1), (106)
where O is defined by (106). A simple inspection of (99) shows that (©.)_. , converges
in distribution in C'(0,7") to the process ¢g(t). This convergence is in probability if

as > a or & — & in probability. Therefore, the lemma will follow with ¢, =
O, + ¢ O if we show that
e “sup |OL(t)] =0, €— 0. (107)
t<T
For any § € (1/2,1), we introduce the stopping time

(0) =inf {t > 0:|A! > €*}.
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Now, ©, = O_, + €O, ,, where

0!, (t) = By 1) / By (5) ' Q(S 0, A%)ds,

and
00,(t) = @y (1) [ (5) 1 QulS"0, AV (5).
0

Bounds (95), and (103) imply
sup |@’E’1(t)| = O(2 + €17) 1 o(e”1) = o(e”). (108)
t<TAL(5)

Likewise, (103) for Q3 and BDG inequality imply that for any £ > 0 there is a constant
K,. such that

P{ sup O ,(t)] > K,{EHQ‘S} <K (109)

t<TAL(9)

for all € > 0 small enough. Then, this together with (108) imply that
e sup |OL(t)] 2,0, e—0. (110)
t<TAL()
Then, if I.(§) < T we use (106) to get
1= sup |AY
t<TAL(5)

< sup |O.(1)] + € sup [OL(1)].
t<TAlL(5) t<TAlL(5)

The r.h.s. converges to 0 in probability due to (110) and the tightness of distributions
of ©.. Hence, P{l.(6) < T} — 0ase — 0. Using T instead of T A [(d) in (108)
and (109), we see that with the choice of § > 1/2, (107) follows and the proof is
finished. m

3.4 Proof of Theorem 3.2.1

As we said before, the core idea of the proof is to approximate the behavior of the

process X, with that of the deterministic low in a small neighborhood of z. Let
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us start analyzing the process X (t) — z for ¢ close to T. Let us first estimate the

deviation of the flow S from the motion with costant velocity b(z). Let
ro(t,r) = Sy — (x £ tb(2)), t>0, 2 € R% (111)
Lemma 3.4.1 There are constants Cy and Cy so that for any t > 0 and x € R?

sup |ry (s, z)| < Cre®!(tlz — 2| + 7).
s<t

Proof. We prove the result for r,. The analysis of r_ is similar since S~'z is the

solution to the ODE

d —t,. —1
dtS r=—b(S""x).

Let L > 0 be the Lipschitz constant of b. The proof follows from the inequalities:
t
et ) < [ (S°) ~ bia)lds
0
t
SL/ |S°x — z| ds
Ot t
< L/ Iry (s, z)|ds + L/ |z + sb(z) — z| ds
Ot Ot t
< L/ ir (s, 2)] ds + L/ = 2ds + L/ o|b(2)|ds
0 0 0
t
< L/ ir (s, 2)| ds + Lt|z — 2| + £2L[b(2)| /2.
0
The result follows as an application of Gronwall’s lemma. m

Lemma 3.4.2 Let v € («/2,a). Then, there are two a.s.-continuous stochastic pro-
cesses I'c 4 such that

sup [Te+ ()] 2.0, e—0,
te[0,e7]

and almost surely for any t € [0, €7]
X (T —t)=2—1tb(2) + € (¢(T —t) + T _(t)) (112)

and

XA(T +1) = 2+ th(2) + € (B.(1)de(T) + T (1)) (113)
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Proof. Due to Lemma 3.3.1, the flow property, and (111) we have

X (T —t) = ST o + ¢ (T — t)
=872+ g (T — t)
=z —th(z) +r_(t,2) + (T —t).
The first estimate with I'c _(t) = e *r_(t, z) follows from Lemma 3.4.1 for x = 2.
Due to Strong Markov property and Lemma 3.2.1 the process X (t) = X (t +T)

is a solution of the initial value problem

dX (1) = (D(X (1)) + €T (X (t)))dt + ea(X(t))dW,

Xe(0) = X(T) = 2+ €¢c(T),

with respect to the Brownian Motion W (t) = W (t +T) — W(T). So, again, applying
Lemma 3.2.1 to this shifted equation, we obtain X.(t) = Sz + eo‘gzge(t), where, for

t>0

~

¢e(t) = (I)z(t)¢6(T) + Qe(t),

and
0.(t) = el_O“CIDZ(t)/O @z(s)_la(ssz)dW(s) + eal_aéz(t)/o @z(s)_llllo(Ssz)ds + 7 (1),

where 7, converges to 0 uniformly over compact time intervals in probability. Then

due to (111),

Xe(t) = 'z + €(D2(t)9e(t) + 0e(2))

— 2 th(2) + o (t 2) + (LD (t) + 0.(1)).

Hence, with I'c ; (t) = 0.(t) + e *r,(t, 2) the result is a consequence of Lemma 3.4.1.

Let us now parametrize, locally around z, the hypersurface M as a graph of a

C?-function F over T, M, i.e., y — z+y+ F(y) - b(z) gives a C*-parametrization of
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a neighborhood of z in M by a neighborhood of 0 in 7T, M. Moreover, DF(0) = 0 so
that |F(y)| = O(ly|?), vy — 0. With this definition, it is clear that, for w € R? with
w — z small enough, w € M if and only if m,(w — 2) = F(mpy(w — 2)).

Let us define

O = {7’6 =inf{t > 0:m (X (t) — 2) = F (mp (X(t) — z))}},
QQ,E = {|7-e - T| < E,y}a
Qe - Ql,e N 9276.

Lemma 3.4.3 P(Q,) — 1 as e — 0.

Proof. The definition of F' and Lemma 3.2.1 imply that as ¢ — 0, P(;.) — 1.

We use (113) to conclude that
7 (X(T + ) = 2) = € (14 7, (B2()6u(T) + T (1))
and
F(my (X(T + €)= 2)) = F("mar (P(7)0e(T) + e (€7)))

Since |F(x)| = O(]z|?), these estimates imply that

limsupP ({7e > T+ €'} Ny )

e—0

<limsup P {m, (X (T +€) —2) < F(my (X(T+€") — 2))} = 0.

e—0
It remains to prove

lir%P {re<T—-€}=0. (114)
Let us denote the Hausdorff distance between sets by d(+, -). Then an obvious estimate
d({S'2g: 0 <t <T =6}, M) >co

holds true for some ¢ > 0 and all sufficiently small § > 0. Now (114) follows from

Lemma 3.2.1, and the proof is complete m
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Lemma 3.4.4 Define 7/ = 1. —T. Then,

e + 1o (T) =50, €— 0.

Proof. Let us define A, ={0<7/ <} N, and B, = {—¢" <7/ <0} Ny, so

that Q. = A, U B.. We can use (113) and the definition of € . to get

1o, 7+ 1A, (Po(7))0e(T) + T i (77) = 1a F (¢“mar (D.(7))0e(T) + T (7)) -
This implies
Lae 21l =€ "1p F ("my (Po(7)0e(T) + T 4(70)))
— 14,7 (.(7)9e(T) + T 1 (7))
= =14 (Po(7))Bc(T)) + Ten

= —1AE7Tb¢€(T) + 1A57Tb ((I P ( ))¢6( )) + Te,1, (115)

where 7. ; is a random variable that converges to 0 in probability as € — 0.
Likewise, since 7. = T — (—7/) and 15,7/ < 0, we can use (112) and the definition

of {2y . to see that
Lp, 7+ 1.y (0e(T + 7) + Lo (=70)) = 1p F (" (¢e(T + 7)) + L -(=7))) -
Hence, proceeding as before, we see that

1366701 "= —13 7Tb¢€(T—|— T ) —|—7”€72

= _1Be7rb¢e(T) + 1B67Tb (¢E(T> - ¢€(T + Te/)) + Te2

for some random variable 7. 5 such that r. o — 0 in probability as e — 0. Adding this

identity and (115), we see that on €2,

e 7l = =me(T)+1a,m (I = @2(7)0e(T)) + 1.7 (Pe(T) = Ge(T + 7)) Frea+rea.

Due to Lemma 3.4.3, to finish the proof it is sufficient to notice that as e — 0

sup [(1 = @.(1))é(T)| == 0, (116)

0<t<e?
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and

sup |¢e(T) — (T + t)] = 0. (117)

0<t<eY

Lemma 3.4.4 takes care of the time component in Theorem 3.2.1. We shall consider
the spatial component now.

Let A. and B, be as in the proof of Lemma 3.4.4. Then, (113) implies
La, (Xe(7e) = 2) €% = 1a, € *7b(2) + 1a, (P2(7)0e(T) + T4 (7))
=14, (e7°7/0(2) + 6(T)) + 1a, [(D=(77) = Dpe(T) + Tei (7)) (118)
Likewise, from (112) we get that
Lp, (Xe(7e) = 2) € = 1p,e *1ib(2) + 1, (0e(T + 7)) + T - (=7)))
= 1p, (€ °7b(2) + ¢e(T)) + 15, [(9e(T + 7)) = ¢e(T)) + Te(=7))] . (119)
Adding (118) and (119) and proceding as in the proof of Lemma 3.4.4 we see that
(Xe(te) = 2) € ¥ = munde(T) = (677, + m0e(T)) b(2) + pe,

where, due to (116), (117) and Lemma 3.4.2, p. — 0 in probability as ¢ — 0. From

this expression and Lemma 3.4.4 we get that

(Xe(Te) — Z) € — 7TM¢€(T) L 0, e—0.
Then, using this and the convergence in Lemma 3.4.4

€ “(1e =T, Xc(7e) — 2) = R + G(¢(T)),

where R, is a random variable such that R, — 0 in probability as e — 0. G is
the continuous function = +— (—mx, mpx). Hence, Theorem 3.2.1 follows from the

convergence in Lemma 3.2.1.
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3.5 Conditioned diffusions in 1 dimension

In this section we apply Theorem 3.2.1 to the analysis of the exit time of conditioned
diffusions in 1-dimensional situation for the large deviation case.

Suppose, for each € > 0, X, is a weak solution of the following SDE:

dX.(t) = b(X.())dt + eo(X.(1))dW (1),

X5<O) = Xy,

where b and ¢ are C'! functions on R, such that b(z) < 0 and o(z) # 0 for all z in an

interval [a1, as] containing z5. We introduce
Te =1nf{t > 0: X (t) = a; or as}

and B, = {X.(7.) = as}. Since b < 0, B, is a rare event since lim. o P(B,) = 0.
More precise estimates on the asymptotic behavior of P(B,) can be obtained in terms
of large deviations. However, here we study the diffusion X, conditioned on the rare
event B..

Let T'(x¢) denote the time it takes for the solution of & = —b(x) starting at xq to
reach as. Given that b < 0 on the hole interval [a1,as], a simple calculation shows

that
T(x0) /a2 ! dx
0) =~ AT,
z 0(2)

Theorem 3.5.1 Conditioned on B, the distribution of e ‘(1. — T(xg)) converges

weakly to a centered Gaussian distribution with variance

B a2z 0_2(y)
/xo )

To prove this theorem, we will need two auxiliary statements. Their proofs are

given in Section 3.5.1.
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Lemma 3.5.2 Conditioned on B., the process X, is a diffusion with the same dif-

fuston coefficient as the unconditioned process, and with the drift coefficient given

by
he(x)

Jo he(y)dy’

he(z) = exp {—6% /w :2(&”;) dy} . (120)

Further analysis requires understanding the limiting behavior of b.. This is the

be(z) = b(z) + 20*(x)

where

purpose of the next lemma:

Lemma 3.5.3 There is 6 > 0 such that

lim sup €2 ( sup  |be(x) + b(:c)|> < o0.
€l

e—0 w€[z0—6,a2+9]
Remark 5 Although we need the condition that b(z) < 0 for all © € [a, as] for The-
orem 3.5.1 to hold, Lemmas 3.5.2 and 3.5.3 hold independently of the sign properties
of b.

Proof of Theorem 3.5.1. Let us fix § € (1,2). Lemmas 3.5.2 and 3.5.3 imply

that X, conditioned on B, up to 7. satisfies an SDE of the form
dX (t) = (=b(X(t)) + ? U 5(Xc (1)) dt + ea (X (t))dW (2),

for some Brownian Motion W and with U, 3 — 0 uniformly as € — 0. We can assume
that after time 7., this process still follows the same equation at least up to the time
it hits g — 6 or a; + 6.

So, having the dynamics from & = —b(z) as the underperturbed dynamics, we can

apply Theorem 3.2.1 (taking into account Remark 1) to see that

p 1 T (z0) N
e 1 — T(x0)) — _M®10<T(x0)>/0 @;Ol(s)a(SsxO)dW(s), e — 0, (121)

where S'zq is the flow generated by the vector field —b, the time T'(zq) solves

ST@0) gy = ay, and ®,, is the linearization of S near the orbit of z;. The limit is
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clearly a centered Gaussian random variable. To compute its variance we must first

solve

d

T 0u(8) = —V(5'20) sy (1), Py (0) = 1.

The solution to this linear ODE is

O, (1) = exp {— /Ot b’(SSa:O)ds} ,

so that after the change of variables u = S®x( in the integral, we get

b(Stl’g)
b(zo)

(I)l“o (t) =

Using this expression and It6 isometry for the limiting random variable in (121), we

get that the variance of such random variable is

/T(wo) o2 (Stxo) "
0 b2(StI0) '

We can now use the change of variable u = S°ry to get the expression in Theo-

rem 3.5.1. m
3.5.1 Proof of Lemmas 3.5.2 and 3.5.3

Proof of Lemma 3.5.2. Let us find the generator of the conditioned diffusion. To

that end we denote the generator of the original diffusion by L.:

Lef(w) = bo)f'(z) + %za%)f"(x) _ i Eef (X — f(2)

t—0 t ’

(122)

where f is any bounded C2-function with bounded first two derivatives and E, de-
notes expectation with respect to the measure P, the element of the Markov family
describing the Markov process emitted from point .

Let us denote u.(z) = P,(B,). This function solves the following boundary-value

problem for the backward Kolmogorov equation:

L€UE<I') = 07 ue(al) = O? UE(CL?) =1L
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Using (122), it is easy to check that a unique solution is given by

)y
faal2 h’e (y)dy 7

ue()

where h. is defined in (120).
Now we can compute the generator L, of the conditioned flow. For any smooth

and bounded function f € C? with bounded first two derivatives, we can write

E.[f(X)|B] = u'(2)E. f(Xc(t) 1.
= u. (2)Ep f(Xe(t)1p 1 (r>0) + Re
= u ' (0) BBy [f (Xe(t))1p. 1 (r2p | F] + Re
= u. ' (2) By f(Xe(t))Px.n(Be) + Re
= u_ (2)Ep f(Xe(t))ue(Xc(t)) + R,
where
IR.| = u ' (2)| By f(X)1p,1ircy| < C(2)P{r. <t} = 0(t)
for some C(x) > 0. Therefore, we obtain

E,[f(Xc(t))|B] — f(z)

Eef(x) = 12% :

iy e @B f (X (1) ue(Xc() — f(x)

t—0 t
_ L B f(X(®)ud(Xe (1) — f(r)uc(z)

ue () t—0 ;

1

= mLe(fue)(x)
_ )+ 202(x u(z)\ . 6202($) "
_<b()+ ()ue(x))f()+ 5 (@),
= | b(z) + €0 (x _he(z) " 62@ "y
_(b()+ ()fflhe(y)dy)f(H 5" (@),

completing the proof. m

Proof of Lemma 3.5.3. The proof is a variation of Laplace’s method. Let

O(x) = 2/3: :g—ady, T > a, (123)
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so that he(z) = e~®@)/< We take any 8 € (1,2) and break the integral of k. in two

parts:
/ e_‘b(y)/€2dy = I1(x) + o),
where
ol
A (124)
and
Io(z) = / e~ *WIe gy, (125)
z—ebP

The idea is to prove that I ; is exponentially smaller than I, and then estimate /.

We start with some preliminaries for the function ®. Since both b and ¢ are C*
and o # 0 in [ay, as] we conclude that ® is a C? function so that we can find a function
R:R xR — R and a number dy > 0 such that for every x,y € [a1,as + o], we have

the expansion

O(y) = (z) + (2)(y — =) + R(z,y — 2), (126)

and

|R(x,v)| < Kj|v]?, =« € [ay,as + &,v € R, (127)

for some K; > 0.

To estimate I, ;, we introduce

J€71<£IZ') = 16,1(33'), T € [04, as + 50]

€20?(x)
Since ® is decreasing, we have that for some constant Ky > 0 independent of x €

la1, as + &),

K
Jealw) < et (128)

Since < 2 and @' is negative and bounded away from zero, we conclude that there

is a(€) such that a(e) = o(e?) as € — 0 and

sup  Jea(x) < afe). (129)

xe[al,a2+60]

87



We now estimate I.,. Using expansion (126) and the change of variables u =

—®(x)(y —x)/e, we get

Leo(z) = 6%C)/EZ/ ; e @ (y—o)/=R(zy—a)/e g,

62 ) 2 0 R 2 ‘I:‘/ 2
= e / =R~ /@' (@))€ g,
() P (z)/e2=8

e’o’(x) —®(z)/e?
- S Joa(2), (130)

where we use (123) to compute the derivative of ®, and we define J. 5 by (130). Hence,

combining (128) with the definition of b and (130), we get

1
J€71(l’) — %JE’Q({L‘) '

be(w) = b(x) +

Due to (129), the proof will be complete once we prove that for sufficiently small

0 >0,
lim sup e ( sup | Jea(z) — 1|> < 0.

e—0 x€[zo—0b,a2+7]

Note that for any 6 € (0,29 — a1), some constant K3 = K3(6) > 0 and all

x € [zg — d,as + 9],
0 2 / 2
|[Jea() — 1] = ‘/ (1 — e Ra—Sw/ @ @)/ g,
’ ((a)fe2?

@/(z) /27
+ / edu

o0

0
< / ¢U|1 — e~ R@—u/P @)/ | gy | o~ Ka/EP (131)
- Je@)yes

Using (127) we see that for some constant /K, > 0 independent of x € [xg — §, ag + 0]
and u € R,

|R(z, —*u/®'(7))| /€ < Kie*u®.

In particular,

sup sup |R(x, —u/®'(2))|/¢ < Ky,
z€[z0—0,a2+6] uc[d’ (x)/e2~5,0]
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Since 3 > 1, the r.h.s. converges to 0 and we can apply a basic Taylor estimate which
implies that for all € > 0 small enough,
sup sup ‘1 _ efR(z,fezu/q)’(x))/eQ’ < K5€2U2,
x€[xo—0,a2+0] ue[d®’(z)/e2-5,0]
for some K5 > 0. Using this fact in the integral of (131), we can find a constant
K¢ = Kg(d) > 0 such that
sup | Jea(2) — 1| < Koe® + el
z€[zo—0,a2+4]

which finishes the proof. m
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CHAPTER IV

CONCLUSION

This chapter is devoted to give further discussion of the topics covered in this text. In
Section 4.1 we made some comments related to the application of normal forms. In
Section 4.2 we comment about the exit problem in the case where the deterministic
flow has a unique saddle point. In Section 4.3 we present an open problem related to

scaling limit and show a possible relation with Chapter 3.

4.1 Normal Forms

In this thesis, a transformation (normal form transformation) is used to conjugate
the original equation for X, into a non-linear perturbation of the linearized equation.
This is done so we can avoid an approximation step between our original equation
and its linearization. There is evidence that a similar methodology has been in the
mind of the researchers since the publication of [22]. A concrete conjugation of the
original equation into the linearized system was used in [4]. Although this result
was successful, it required certain assumptions that are removed in this work (in the
2-dimensional setting) by conjugating to a non-linear system instead. As far as the
author knows, it is the first time a program of this nature has been successful.

Inspired by [13], in [30] a normal form transformation was applied to an epidemi-
ological model. Contrastingly to our case, this is a specific equation and not an
abstract setting. In [3] the normal form theory is presented for stochastic differential
equations in the abstract setting. Although the transformation is presented, no esti-
mates are computed as in this work. Further the development of normal form theory

in [3] is not complete. For example, it excludes the one-resonant case.
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Although normal form theory has proved to be a powerful tool in dynamical
systems, in probability is still not clear how powerful the theory really is. In this
text we use the very explicit shape of the nonlinearity in the normal form to obtain
specific estimates that successfully lead to a complete solution of the problem in
Chapter 2. As far as the author knows, this work is the first time in which normal
form theory is applied in an abstract setting and is used to obtain tight estimates
that lead to a solution of a probabilistic problem. The approach presented has some
further generalizations in which the application of normal forms may be useful. We

give a brief presentation about the possible complications that may be found.

4.2 Escape from a Saddle: further generalizations.

In this work we have studied the exit problem for small noise diffusions. In partic-
ular, we have shown the existence of possible asymmetries in the case in which the
flow generated by the drift admits a saddle point. The proof is restricted to the
2-dimensional setting. Let us discuss about this particular restriction.

Our method of proof was to transform the original equation into a very specific
non-linear equation known as normal form. Then, we obtained several estimates that
intensively uses the smallness of the noise and the specific form of the nonlinearity in
the normal form. Let us recall the form of the nonlinearity.

In our case, the nonlinearity in the normal form is given by a finite sum of resonant
monomials (see Section 2.3 ) of the form (:U?Txg;,x?;xgg), where (af,05) € Z2

satisfy the resonance relations
aFAL —af Al = £)g,

of some order r = af 4+ a5 > 2. If we were to generalize the argument in Chapter 2
to the d-dimensional case, we would need to take into account the particular form
that the nonlinearity would have in the normal form. Indeed, there are two points to

consider:

91



. The resonant monomials of order r > 2 are of the form

al,1 a1,d Qd,1 Qd,d
(I’l "'I‘d 7...7x1 "‘.Z’d )7

where the vector oy = (a1, ..., a;q) € Z¢ satisfies

Oéi71/\1 + ...+ Ozi7d/\d =\

a1+ ... taq=r,

for each i = 1,...,d. Here Ay, ..., \g are the eigenvalues of the matrix Vb(0).

. According to [38, Theorem 3,Section 2|, the nonlinearity N, after being trans-

formed by a normal form transformation of degree R > 1, will be of the form

N(z) = P(x) + Q(x),

where P is a finite sum of resonant monomials, and @ is a correction of order

|ZE|R+1 (

resonant and identically 0 when A is one-resonant.

as |x| — 0) when the vector of eigenvalues A = (Aq, ..., \y) is not one-

The first point implies that to obtain the exponents «; ; more combinatorial work

than the one put in Section 2.3.2 is needed. Still this is not the biggest difficulty. The
biggest difficulty relies on the lack of structure of the correction () in the case A\ is
not one-resonant. Indeed, to have any hope that our techniques in Chapter 2 work,
we require at least that whenever o, # 0 for some k£ < ¢, then o;; # 0 for some
k < j < d (this is in the case we order the eigenvalues as usual: Re A\; > ... > Re \y).
There is no guarantee that a condition of this form holds in the not one-resonant case.
In conclusion, a higher dimensional analogue for the saddle case can be obtained using
the techniques presented in this theses only in the one-resonant case. This is so, unless
the particular structure that the eigenvalues Ay, ..., Ay have in this case implies that a

normal form transformation can be chosen so that the non-linearity of the transformed
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drift is a finite sum of resonant monomials with no correction. As far as the author
knows, this is an unsolved issue in normal form theory.

There are still some results to be filled in order to complete the case in which the
deterministic flow has a saddle, and hence the case in which it admits a heteroclinic
network. This result is worthwhile pursuing since the implications of the asymmetry
found in Chapter 2 has very interesting analogues in higher dimensions as famous
chaotic systems (such as the Lorentz system) in higher dimensions exhibit homoclinic

behavior (see [64, Chapters 27,30 and 31] for further examples).
4.2.1 A non-smooth transformation alternative

As discussed in Section 2.3.2, it is possible to conjugate a nonlinear equation to a linear
one. The restriction for Itd equations is that this transformation has to be at least C2.
Recent results have extended Ito’s formula for functions with less smoothness. The
first result of this nature is the well known Tanaka’s formula [54, Chapter IV], which
relies on the existence of local time for one dimensional semimartingales to extend
the range of applicability of 1t6’s formula to convex functions. For higher dimensional
semimartingales there is no local time, so there was no immediate high dimensional
analogue for Tanaka’s formula. For a long time Tanaka’s formula remain the more
general change of variables (in terms of smoothness requirements) known. Recent
studies have established change of variables for higher dimensional semimartingales
with less smoothness [57], [58], [29], [26]. Let us give a brief (and informal) comment
about this setting.

Consider f : R — R to be a continuously differentiable function. Let Z be
a semimartingale in R¢ with Z(t) = V() + M(t), M being a martingale and V a
stochastic process with bounded variation paths. Then [57], [58], [29], [26] agree

that if the quadratic covariation [f(Z), Z7] is well defined for every 1 < j < d, then
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1t0’s formula holds:

d

F(2(1) = £(Z(0)) + / VAZ$)Z(S) + 5 310, £(2), Z7)(0)

1,j=1

We recall the definition of quadratic covariation (see [54, Section V.5]):

Definition 4.2.1 Let H and J be two continuous stochastic processes in R. The
quadratic covariation of H and J, denoted as [H, J|, is, when it exist, the continuous
process of finite variation over compacts, such that for any sequence o, of random

partitions tending to the identity,
[H,J] = H(0)J(0) + lim Z T — gTY(HT 4 — HT, (132)

uniformly over compacts in probability. Here, for any random S > 0, the process
H® is short for t — H(t AS), and o, is the sequence 0 = Ty < ... < T, where

sup; (17, —T{") — 0, k, — oo, and, T} — oo as n — oo.

For our diffusion process X, there are several problems to consider. One is to

show that [0,, f(X.), X/] is well defined. The other, is to prove that
8, f(X), X]] 250, e—0. (133)

Once this is established, the result in Chapter 2 follows immediately.

In order to show that [, f(X.), X!] is well defined, the proposal in [57], [58], [29]
is to use the theory of reversible diffusions proposed in [50]. Indeed, assume for a
moment that we know that, for a fixed T > 0, X (t) = X(T —t) is a diffusion. Then,

observe that (132) for H = 0,, f(X,) and J = X! can be written as

00, (X, / 0u, F(X(5))dX; (s / O f(RE)AXL). (3

where both integrals are It integrals with respect to different filtrations. In order to
use this formula to prove (133) the first attempt may be to get the generator of X..

Under several assumptions (the most important one being the ellipticity of the noise)
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in [50] it is proved that, for a fixed time T > 0, X (T — -) is also a diffusion with
the same diffusion matrix and with drift b = —b(z) + V log pr_s.r(z, X(T)), where
pr—e 7 is the transition density of the Markov process X, (which existence is proved
in [50]). Hence in order to establish (133) we first would need to have a bound in €
of Vlogpr_.r. This quantity is of interest in control theory [28], but there is, as far
as the author knows,no reference to an estimate in € > 0. Another option that avoids
this estimate is to extend the filtration F" to the minimum complete filtration that
includes F" such that X (T') is measurable and write Doob-Meyer decomposition for
the process X, with respect to this filtration.

This is still undergoing work, that is promising not only because it allows to prove
the results included in this thesis, but also because it uses several tools of modern

stochastic analysis.

4.3 Scaling limaits

In this thesis we proved a scaling limit for the exit problem for two cases, the case in
which the flow S has a unique saddle and the Levinson case. The idea will be to prove
scaling limits for more general systems. In particular, recall that if the quasipotential
has a unique minimizer z, then the exit point X (7.) converges to it in probability
as € — 0. By a scaling limit, we mean find an « > 0 such that the distribution of
ez — X (7P)) is tight.

Let V : D x 0D — [0,00) be the quasipotential given by (7):

Vi(z,y) = mf {17(¢) : ¢(T) = y,¢([0,T]) € DUID}

In order to state the claim, given xg € D, let M,, C 0D be the set of minimizers of

y — V(zo,y). The claim is the following:

Claim 4.3.1 Suppose M., is finite My, = {e1,....,e,}. There is a probability dis-

tribution v over M, a random number o € (0,1] and a family of random variables

95



(&e)eso such that the exit can be written as
X(1) = ver + ... + vge, + €%
Further, there is a random variable & so that & — & in distribution as € — 0.

The results of this thesis imply this claim in the case the flow S admits a het-
eroclinic network (see Section 1.4.2). The proof was done by solving two simple
cases (saddle point and Levinson case) and then using a Poincaré distributional map
argument for each critical point in the network.

Here we shall proceed similarly: start from simple cases with random initial con-
ditions so that a Poincaré argument can be applied. The proposal is to choose as the
base case the well developed stable case [34]: 0 € D and D is contained in the basin
of attraction of 0. It is known that if the domain D is attracted to the origin and
M,, = {e} then X (r.) — e in probability. Moreover, if there is a unique extreme

trajectory g (the one that realizes the minimum in V') then for every 6 > 0,

lir%ch0 { sup | Xc(t) — po(t — b +6p)| < (5} =0,
€ 0c<t<7e

where 6. () is the last time X, (¢g) hits a ball of arbitrary small (but fixed) radius
around the origin. From the perspective introduced in Chapter 3, consider the process
conditioned on exit close to e. This process is a semimartingale with the same diffusion
matrix as the original process, but with a drift of the form b, = —b(z) + €2p.(t, 1),
where ¢, is uniformly bounded. Hence, our results in the Levinson case of Chapter 3
apply.

Once this result is established, we can follow the same pattern as in [34] to study
possible asymmetric behavior in metastable process. With this development we can

show that the idea of random Poincaré maps apply to a general dynamical system.
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APPENDIX A

LARGE DEVIATIONS

Large deviation theory is a mixture of probability theory, analysis, variational cal-
culus, point set topology among others. This theory has been used for different
purposes. In Section 1.1 we discussed the role played by large deviation theory in the
development of Freidlin-Wentzell theory. The purpose of this chapter is to provide a
quick reference to large deviation theory as needed to understand Section 1.1.

We present the general theory of large deviations. The theory was first formulated
in the right degree of abstraction by Varadhan [61], we follow [52] in this exposition.
In Section A.1 we begin with the basic definitions. In Section A.2 we present the

large deviation results related to diffusion processes.

A.1 Large Deviations Principle (LDP)

Let X be a Polish metric space with metric function d : X x X — [0,00). By a
probability measure on X', we mean a probability measure on the Borel sigma algebra
on X. We will give the general definition of large deviation principle for a family of

probability measures on X. First, recall the following definition.

Definition A.1.1 The function f : X — [—o0,00] is lower semi-continuous if it

satisfies any of the following equivalent properties:

1. liminf, . f(x,) > f(z) for all sequences (xp)neny C X and all points x € X

such that z,, — = in X.

2. For all v € X, lims_ginfyep, @) f(y) = f(x), where Bs(x) = {y € X : d(x,y) <
d}.
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3. f has closed level sets, that is, f~'([—oo,c]) = {z € X : f(x) < c} is closed for
all c € R.

Here are the key definitions of large deviation theory:

Definition A.1.2 The function I : X — [0,00] is called a rate function if
1. I # o0,
2. I is lower semi-continuous,

3. I has compact level sets.

Definition A.1.3 A family of probability measures (P)co on X is said to satisfy

as € — 0,the large deviation principle (LDP) with rate ae — 0 and rate function I if
1. I is a rate function,
2. limsup,_,a.log P (C) < —I(C), for every C C X closed,
3. liminf. o a.logP.(O) > —I1(0), for every O C X open.

Here the bounds are in terms of the set function defined by

I(S)=1inf I(x), SCAX.

seS

The goal of large deviation theory is to build up an arsenal of theorems based
on these two definitions. We will not describe most of this theorems, since they are
out of the scope for the present text. The interested reader is invited to consult the
standard monographs on the subject [23, Chapter 4], [24, Chapter III], [52, Chapter
2]. The only theorem that we cite is the so called contraction principle. First, we

give some remarks

Remark 6 1. It is a standard exercise to show that once the large deviation prin-

ciple is satisfied, the rate function I is unique.
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2. In Definition A.1.3 it is crucial to make a difference between open and closed
sets. Nawvely, one might try to replace the second and third conditions with the

stronger requirement that

limaP.(S)=—-I(S), ScCA&X.

e—0

However, there are examples that show that this would be far too restrictive.
We now present the contraction principle:

Theorem A.1.4 Let (P)c~o be a family of probability measures on X that satisfies
the LDP, as ¢ — 0, with rate function o, and with rate function I. Let ) be a Polish
space, T : X — Y a continuous map, and Q. = P.oT~! an image probability measure.
Then, the family (Q¢)eso satisfies the LDP on Y with rate o and with rate function

J given by

with the convention infy I = oco.

A.2 PFreidlin-Wentzell LDP

In this section we present the large deviation results that Freidlin-Wentzell theory is
based on.

Given T' > 0, let W (t),t € [0, T}, be a standard Brownian motion in R?. Consider
the process W, (t) = W (t), and let P! be the probability measure induced by W, on
C([0,T]; R%), the space of all continuous functions ¢ : [0, 7] — R equipped with the

supremum norm topology. We first state the LDP for W, derived by Schilder [59]:

W) eso on C([0, T); RY) satisfy

€

Theorem A.2.1 The family of probability measures (P

a LDP with rate €2 and with rate function

LT (s)Pds , 6 H

o0 , otherunse

JT(Cb) =
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Here H' is the space of absolutely continuous functions with square integrable deriva-

tive.
The simple case in which the process X, is the strong solution of
dX(t) = b(X(t))dt + edW (t)

is a consequence of Theorem A.2.1 and the Contraction Principle A.1.4. Indeed, let
F: C([0,T;RY) — C([0,T];R?) be the map defined by f = F(g), where f is the
unique solution of

0= [ snas + g0
Then, after noticing that F’ is continuous and some calculation, Theorem A.2.1 implies

the following result:

Corollary A.2.2 The law of X, on C([0,T];RY) satisfies a LDP with rate €* and

with rate function

LT 1g(s) — b(s)ds , ¢ € H

%) , otherwise

Jp =

Now, consider X, to be the solution of our typical SDE
dX (t) = b(X(t))dt + ea(X(t))dW (t).

As said on Section 1.1 a LDP for this process is the base of Freidlin-Wentzell theory.
It turns out that to obtain a LDP for the law of X, the contraction principle does not
apply. Instead, raw approximations have to be made. We state the theorem without

a proof (see [23, Section 4.2] or [34, chapter 3] for a proof).

Theorem A.2.3 (Freidlin-Wentzell [34] ) Let Hjp be the space of all absolutely
continuous functions from [0, T] to RY with square integrable derivatives. Define the
functional I by

1

Ir(p) = 5/0 (% (s) = blp(s)).a " (p(5))(® () = blep(s))))ds, (135)
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if o € Hyp and o(0) = x, and oo otherwise. Here b is the drift in (1) and a = 0”0,
with o the diffusion matriz in (1).

Then for each v € R? and T > 0 the family (P).so satisfies a Large Devia-
tion Principle on C ([0, T);RY) equipped with uniform norm at rate €2 with good rate

function I7%.
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APPENDIX B
APPENDIX TO SECTION 1.2.1

The purpose of this appendix is to present any technical material left out in Chap-
ter 1 Section 1.2.1. This appendix (in contrast with Appendix A) contains original
material in the simple case discussed on Section 1.2.1. Let us recall the setting from
Section 1.2.1.

Given two positive numbers Ay > 0, consider the diffusion X, = (z!, 2?)

dX.(t) = diag( Ay, —A_) X (t)dt + edW ().

Let § > 0 and D = (—4,6) x (—4,0) C R?. We study the exit problem of X, from D.
We start the diffusion X, inside D: X (0) = (0,z¢) € D.

Recall that in Section 1.2.1, we used It6’s formula in each coordinate to write
Duhamel principle for z! and x?. Here we rewrite identities (8) and (9) for easier

reference:
t
zl(t) = ee’\+t/ e M dWy (), (136)
0
t
22 (t) = e Moy + e/ e A=) dW, (s). (137)
0

Let N (t) denote the stochastic integral in (136).

Recall that 70 is defined as
70 =1inf{t > 0:|zl(t)| > 6}.

First we prove that 70 is finite with probability 1. This is a general fact that can be
found in the literature, for example in [8, Proposition 1.8.2], but we chose to prove

it directly from Duhamel principle. We do this in order to stress the importance of
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such a representation in our setting. Without any further discussion, we go into the

results.
Lemma B.0.4 For every § >0 and ¢ > 0, 7° < 0o P—a.s.

Proof. Let n € N, it is enough to show that P{r° > n} — 0 as n — oo. Observe

that (136) implies that

P{rP>n}=P { sup ee™IN(1)] < 5}

te[0,n]

<P { sup e N(1)] < 5}

te[n/2,n]
<Pee™? sup |N(t)|<dp.
te[n/2,n]

Here the last two inequalities follow from the properties of the supremum and the
exponential function respectively. Take ny € N such that e 16 < e™/*, for every

n > ng. Then, for every n > ng,

P {ee)‘+"/2 sup |N(t)] < 5} <P {ee’\+"/2 sup N (t)] < 8,4 sup [N ()] > 1}
te

te[n/2,n] [n/2,n] te(n/2,n]

+P{6A+”/4 sup [N (t)] <1}

te[n/2,n]
<P {e>‘+”/4 sup |N(t)] < 1} :
ten/2,n]

The proof will be finished as soon as we can show that the last probability converges

to 0. To see this, note that, for every ¢ > 0, the random variable A/ () is a zero mean

. . . . t e 224t
gaussian random variable with variance fo e~ Ptds = IZT Denote

a, = e M/ _ .
1 _ €—2>\+TL

The result follows since, a,, — 0, as n — oo, and

P 6)\+n/4 sup ’N(t” <13 <P {6A+n/4’,/\/’(n>| < ]-}
L[
. —r?/2
- e dr.
vV 27T —Qy
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Lemma B.0.5 For any d > 0,

as € — 0.

Proof. Let § > 0. It is enough to prove that P{7° > T} — 0, ¢ — 0, for any T > 0.

Use Duhamel principle (136) to get

P{r’ >T}:P{ sup |xl(t)| >(5}

tST/\Tg
t
/e)”“sds >0 p.
0

The last inequality, Chebyshev inequality [21, Section 3.2], BDG inequality [41,

<P {ee’\+T sup

t<TATS

Proposition 3.3.28] and Itd isometry [41, Proposition 2.10] imply that for some con-

stant C',

TATS
P@5>T}§cw%J3E/' s dTy (s)
0

Cy
< LT 2,
+

This proves our result. m
The last technical step in this appendix is about the convergence of the random

variable AV;. Recall that N = N'(7°) and
N = / e MW (s).
0
Lemma B.0.6 Ase¢ — 0, N. — N in probability.

Proof. The lemma is a consequence of [t isometry and Lemma B.0.5. Let v > 0

and T, = —(2\;) ' log(yA+) > 0. Due to Lemma B.0.5 we can find ¢y > 0 such that

P{r > T} <A (138)
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for every € € (0,¢€p). Use It6 isometry and (138) to obtain

EIN, - NJ? = E/ e PMeds
8

22+ T

1
< P{r’ <T
— 2)\+ + 2)\+ {TE < ’7}

<7

— b

for every e € (0,¢€p). The result follows since v > 0 is arbitrary and L? convergence

implies convergence in probability. =
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