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PREFACE

Many machine learning tasks can be modeled as problems of estimating high-dimensional
low rank matrices, such as building recommender systems and predicting links in so-
cial networks. The estimation of low rank density matrices plays the essential role in
quantum state tomography. One problem studied in this dissertation is the low rank
density matrix estimation based on noisy observations of linear measurements of the
unknown density matrix. The minimax lower bounds are established for several sta-
tistically relevant distances. Then several estimators are studied, showing that these
minimax lower bounds are attained up to logarithmic terms. The main theoretic
results have been published in the articles [58] and [101].

While most of the thesis is dedicated to the density matrix estimation, another
problem is studied in this dissertation which is related to the spectral perturbation
bounds of matrices under Gaussian noise. The eigenvectors and singular vectors of
matrices have been widely applied in spectral algorithms for many machine learning
problems, such as community detection in social networks and the sub-matrix local-
ization. Sharp upper bounds on the perturbation of linear forms of singular vectors

under Gaussian noise are developed. This result has been published in the article

[59)].
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SUMMARY

This dissertation studies two problems related to the statistical inference for
large matrices. The first problem is on the estimation of a low rank density matrix
based on noisy observations of linear measurements of the unknown density matrix
with application in quantum state tomography. The density matrices are positively
semi-definite Hermitian matrices of unit trace that describe the state of a quantum
system. Most quantum states of physical interest can be accurately described by low
rank density matrices. It is therefore important to study the statistical limitations
of low rank density matrix estimation based on noisy measurements and to propose
computationally friendly estimators achieving the optimal convergence rates. The
first goal is to develop minimax lower bounds on the error rates of estimating low
rank density matrices in trace regression models used in quantum state tomography
(in particular, in the case of Pauli measurements) with explicit dependence of the
bounds on the rank and other complexity parameters, such as the dimension and
sample size. Such bounds are established for several statistically relevant distances,
including quantum versions of Kullback-Leibler divergence (relative entropy distance)
and of Hellinger distance (also called Bures distance), and Schatten p-norm distances
for all 1 < p < +o00. These bounds are proved in both the trace regression model with
bounded response and the trace regression model with Gaussian noise. The second
goal is to study several well-known estimators and prove that the optimal convergence
rates (with additional logarithmic terms) are attained for these estimators in different
distances. These estimators include the least squares estimator (which may be penal-
ized by von Neumann entropy), the simple projection estimator and the Dantzig type

estimator, which are popular estimators in problems of low rank matrix estimation.



The second problem studied in this dissertation is on the analysis of the per-
turbation of linear forms of singular vectors of matrices under Gaussian noise. Let
A € R™" be a matrix of rank r with singular value decomposition (SVD) A =
Y ey Ok(u, ® vg), where {og, k = 1,...,r} are singular values of A (arranged in a
non-increasing order) and uy € R™ v, € R", k = 1,...,r are the corresponding left
and right orthonormal singular vectors. Let A = A + X be a noisy observation of A,
where X € R™ " is a random matrix with i.i.d. Gaussian entries, X;; ~ N(0,72),
and consider its SVD A = ZZ;A{L o1 (i ® U ) with singular values 61 > ... > G0, and
singular vectors uy, vk, k = 1,...,m A n. The goal is to develop sharp concentration
bounds for linear forms (i, z), z € R™ and (¥, y),y € R™ of the perturbed (empiri-
cal) singular vectors in the case when the singular values of A are distinct and, more
generally, concentration bounds for bilinear forms of projection operators associated
with SVD. In particular, the results imply upper bounds of the order O( %)

(holding with a high probability) on

max Kﬂk -1+ kakyez-nH and max ‘<1~)k _ \/rbkvk’ e?>|,

1<i<m 1<j<n

where b, are properly chosen constants characterizing the bias of empirical singular
vectors dy, Uy, and {ej",i = 1,...,m},{e},j = 1,...,n} are the canonical bases of

R™ R"™, respectively.
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CHAPTER 1

INTRODUCTION TO LOW RANK DENSITY MATRIX

ESTIMATION

1.1 Notations and basic definitions

Let R denote the set of real numbers and R, denote the set of nonnegative numbers.
We denote the set of complex numbers by C. Then the linear space of m-dimensional
vectors is denoted by R™ when the entries are real numbers. Correspondingly, when
the entries are complex numbers, we denote it by C™. All the vectors in this thesis
are column vectors. For a € R, let |a| denote its absolute value . If a € C, we denote

its modulus by |a|. In other words, if a = x + yi for z,y € R, then

o = VT .

For a vector v € C™, denote its transpose by v’ and define its [, norm by

“ 1/p
ol = (3 lul) ) 1<p < oo,
=1

Then, if p = 400, we have ||v]|o = maxj<;<m |vi|. For a matrix A € C™*"™2 denote

its transpose by A" and define its Schatten p-norm by

m1/Amso

4= (Y o2@)”, 1<p< oo

i=1
where 01(A) > 09(A) > ... > 0pmyamy (A) > 0 are the singular values of A. Note that
my A mg := min(my, my) and my V mg := max(mq, ms). The rank of A is defined as
r = rank(A) := max{l < i < (m; Ama) : 0;(A) > 0}. When p =1, ||A]|; is usually
called the nuclear norm or trace norm. Similarly, ||Al|s is called the Frobenius norm

and ||Al|« is called the operator norm or spectral norm. Note that ||All.. = o1(A),



the largest singular value of A. Moreover, denote the singular value decomposition

(SVD) of A € C™*™2 with rank r by

T

A= Zai(A)ui ® v;,

i=1
where {uy,...,u,} C C™ and {vy,...,v,} C C™ are two sets of orthonormal vectors.
The notation ® stands for the tensor product which means u ® v = wv’ € C™*m2

for u € C™ and v € C™2. Moreover, if A, B € C"™*™2 we use A ® B to denote the

tensor product or kronecker product. For example, if

a1 a2 b11 b12

A= e C*? and B= e C**2
921 A929 b21 b22
then,
Ao B— anbB a;2B c (C4X4.
an B axB

The set of m x m Hermitian matrices is denoted by H,, : H,, = {A € C™*™ :
A = A*} with A* denoting the adjoint matrix of A. For A € H,,, let tr(A) de-
note the trace of A and let A = 0 mean that A is positively semi-definite. Let
Sy = {S eH,,: S =0,tr(S) =1} be the set of all positively semi-definite Hermi-
tian matrices of unit trace called density matrices. The von Neumann entropy of a

density matrix p € S, is defined as

V(p) = tr(plogp),

which is equivalent to V(p) = > Ailog();) for {\;}7, being the eigenvalues of
p. The von Neumann entropy can be viewed as a quantum version of the classical
Shannon entropy.

For a Hermitian matrix S € H,,, its spectral decomposition is given by the fol-

lowing representation,

S = Z fi P

k>1



with uy being the distinct eigenvalues of S and P, being the corresponding spectral
projectors for 1 < k < m/. Clearly, my := rank(P;) < m is the multiplicity of the
eigenvalue pi. Then the projector P, represents the orthogonal projection onto the
eigenspace corresponding to the eigenvalue p. For an eigenvalue with multiplicity
greater than 1, the eigenvectors are not uniquely defined. However, the corresponding
spectral projector is unique. The definition of P, indicates that P.Py = 0 for any
k # k' with 0 representing the m X m zero matrix.

C,Cy,C" ¢, ete will denote constants (that do not depend on parameters of in-
terest such as the dimension m and the sample size n) whose values could change from
line to line (or, even, within the same line) without further notice. For nonnegative A
and B, A < B (equivalently, B 2 A) means that A < CB for some absolute constant
C > 0, and A < B means that A < B and B < A. Sometimes, symbols <, 2 and

= could be provided with subscripts (say, A <, B) to indicate that constant C' may

depend on a parameter (say, 7).

1.2  Quantum state tomography

1.2.1 Quantum systems, quantum states and density matrices

Quantum systems are the fundamental objects in the study of quantum mechanics.
We take the simplest quantum systems, namely the two-state systems, as a basic
introduction. A two-state system is a system which can exist in any quantum super-
position of two physically distinguishable quantum states (see [75] and [35] for more
details). The most famous example of a two-state system is the spin of spin—% parti-
cles, such as electrons and neutrons, etc. The two distinguishable quantum states of
a two-state system can be viewed as quantum analogue of the basic characters 0 and
1 in modern computers, leading to their wide application in quantum computation.
As a result, such a two-state quantum system is usually called a qubit, akin to the

concept of bit in computer theories. The fundamental difference between a quantum



system and a classical system is that a bit in the classical system has to be in one
state or the other, while a qubit is allowed to be in a superposition of both states at
the same time. This is also why scientists need quantum mechanics to describe the
states of quantum systems.

To determine and characterize a quantum system, we need to know its state, which
is called quantum state. The quantum states are usually described by state vectors
in a Hilbert space over complex numbers. For a two-state quantum system, the two
basis states are denoted, following the conventional notations, by |O> and }1> known
as the basis (state) vectors. Then a pure qubit state is a linear superposition of the

basis states, meaning that the pure qubit state can be represented as

[4) = al0) + 5[1),

where the complex number o and 5 are the probability amplitudes. In other words,
if we measure this qubit |w> in the standard basis, then with probability |a|* the
outcome is |0) and with probability [8]* the outcome is [1). Therefore, the following
constraint is obvious:

o +18]* = 1.

A pure state can be represented by a single state vector |¢> and W> is usually
normalized such that it has unit norm in the Hilbert space. Given a set of pure states
{WS>}:117 a non-degenerate statistical ensemble of them is called a mixed state.

It is usually more convenient to characterize the quantum states by a positively
semi-definite Hermitian matrix which is called density matrix. The density matrix of

a mixed state is defined as
pP = Zps’¢s><ws| (121)

with p, representing the fraction of each pure states in the statistical ensemble, im-

plying that p; > 0,Vs > 1 and ) p, = 1. The notation |ws><z/13‘ can be viewed as



the outer product of the basis vectors WJS> By the definition of p, it is easy to verify

that p =0, p = p* and Tr(p) = 1.
1.2.2 Multi-qubit systems and Observables

As discussed in Section 1.2.1, it is easy to see that by taking |0> and |1> as the
basis state vectors for a one-qubit system, any pure state vector ‘1/)3> can be uniquely
determined by a 2-dimensional vector («, 3)'. As a result, the corresponding density
matrix p defined as (1.2.1) is equivalent to a 2 x 2 density matrix which belongs to S,.
The measurement of a quantum system is conducted on the so-called Observables,
which can be mathematically represented by certain Hermitian operators. In quantum
mechanics, these Observables usually correspond to certain physical properties of the
system states, for instance, the superposition of the joint states of spin—% particles.
For a one-qubit system whose density matrix p € Sy, the corresponding Observables
can be viewed as Hermitian matrices in Hy. An important class of Observables for

one-qubit systems is called the Pauli matrices. They are defined as the follows:

where the matrices 01, 09,03 are often denoted as o,,0,,0,, corresponding to the
interaction of the spin of a particle with an external electromagnetic field. They
can also be viewed as the spin along the coordinate axes in the three-dimensional
Euclidean space R3.

It is natural to extend the definition of state vectors and density matrices to the
multi-qubit systems. For a set of b qubits, any pure state vector can be represented
as a linear combination of basis vectors {’ilig .. .ib> Dy, 0 €40, 1}} , resulting in
a complex vector with dimension m = 2°. In a similar fashion, we can check that for
a b-qubit system, its density matrix p € S,,, implying that the dimension of a density

matrix grows exponentially with the number of qubits. As a consequence, a large



dimensional density matrix is often needed to characterize the states of many-qubit
systems. The Observables (namely, Hermitian operators) can be defined accordingly.
For example, the Pauli matrices for a b-qubit system consist of the following m? = 4
matrices:

Uil®"'®aib7 (il,...,ib>6{0,1,2,3}b.

Another fundamental difference between quantum systems and classical systems is
that higher correlation is allowed in a set of qubits which is usually called entangle-
ment. For example, consider a set of two qubits. It is obvious that the basis vectors

for this system can be expressed as

|00),

01),|10) and |11).
The famous Bell state of two entangled qubits has the following state vector

) = 5100) + 5 1),

which is usually called the maximally entangled quantum state. The entanglement
of multiple particles (qubits) is usually caused by the ways in which the group of
particles are generated or interacted such that the quantum state of each qubit can
not be described independently. Due to the entanglement of multiple qubits, we have

to treat them as a whole system.
1.2.3 Quantum state tomography

An important task in quantum computation and quantum information is to deter-
mine the state of given quantum systems, which is equivalent to determine its un-
derlying density matrix. The goal of quantum state tomography is to estimate the
density matrix for a system prepared in an unknown state based on specially de-
signed measurements. Let X € H,, be a Hermitian matrix (an observable) with

spectral representation X = Z;nz/l A Pj, where m" <m, \; e R,j =1,...,m' being



the distinct eigenvalues of X and P;,j = 1,..., m' being the corresponding eigenpro-

jections. For a system prepared in state p € S,,, possible outcomes of a measurement

of observable X are the eigenvalues \;, 7 =1, ..., m’ and they occur with probabilities
p; =tr(pP;),j=1,...,m'. If Y is a random variable representing such an outcome,
then

E,Y = tr(pX) = (p, X).

In a simple model of quantum state tomography considered here, an observable X is
sampled at random from some probability distribution II in H,,, E,(Y|X) = (p, X)
and Y = (p, X) + £ with noise £ such that E,(£|X) = 0. Given a sample Xi,..., X,
of n i.i.d. copies of X, n measurements of observables X, ..., X,, are performed for

a system identically prepared n times in the same unknown state p € S, resulting in

outcomes Y7,...,Y,. This leads to the following trace regression model
Y;=(p,X;)+¢&,j=1,....n (1.2.2)
with design variables X;,j7 = 1,...,n, response variables Y;,j = 1,...,n and noise

&, =1,... nsatisfying the assumption E,(§;|X;) = 0,7 =1,...,nand E,(Y;|X;) =
(p, X;). The goal is to estimate the target density matrix p based on the data
(X1,Y1),...,(X,, Ys), with the estimation error being measured by one of the statis-
tically meaningful distances between density matrices such as the Schatten p-norm
distances for p € [1,00] or quantum versions of Hellinger and Kullback-Leibler dis-
tances. Remember that the difficulties in estimating density matrices lie in the fact
that the dimension m of the underlying density matrix p is usually very large. For
instance, for a quantum system with only 10 qubits, the dimension m = 2! which
results into a density matrix with m? = 2%° entries.

Let’s see what is happening when the measurement X are chosen uniformly
from Pauli matrices for b-qubit systems with m = 2°. Note that if we define the

matrices W, = \%al-, i = 0,1,2,3 (see Section 1.2.2), it is easy to check that



{Wo, W1, Wy, W3} forms an orthonormal basis (the Pauli basis) of the space Hy. For
a system consisting of b qubits, the corresponding observables are m x m Hermitian
matrices with m = 2°. The Pauli basis of H,, is then defined (as introduced in Sec-
tion 1.2.2) by tensorizing the Pauli basis of Hj : it consists of m? = 4° tensor products
Wi, ®...@Wi,, (i1, ...,0) €{0,1,2,3}" . Let By = Wo®...@ W, and let Es, ..., E,»
be the rest of the matrices of the Pauli basis of H,,. Define €& := {Ey,..., E,2}.
It is easy to verify that &£ is an orthonormal basis of H,,. It is straightforward
to check that F; = \/—%Im, where I, denotes m x m identity matrix (thus, \/—% is
the only eigenvalue of Fy). Matrices Es, ..., E,,2 have eigenvalues iﬁ. Therefore,
|Eillc = m™/2, for all 1 < j < m?. Matrices E; have the following spectral rep-
resentations: E; = \/LEPJJr — \/LfnPj_ with eigenprojections Pj+, Prjg=1,... ,m? (for
E,, P =0). A measurement of E; for a b qubit system prepared in state p results in
a random outcome 7; with two possible values :t\/—lm taken with probabilities < 0, Pji>

For random variable 7;, E,7; = (p, E;). The density matrix p admits the following

representation in the Pauli basis:
m2
Q
p=>Y —=E,
j=1 VT

with a; = 1 and with some a; € R, j = 2,...,m? This implies that E,7; = %,

1 1+a;
]P)p{Tj:ﬂ: }_ C\f]

vml o2

a2
% Note that, for j =1, ay =1, IPp{Tl = \/Lm} =1 and Var,(n) =

m

and Var,(7;) =
0. For j =2,...,m? |oj| <1 and Var,(;) > 0.

Let v be picked at random from the set {1, ..., m?} (with the uniform distribution)
and let X = E,,Y = 7, (which corresponds to random sampling from the Pauli basis

with a subsequent measurement of observable X resulting in the outcome Y). Then

1—a?
E,(Y|X) = (p, X) and Var,(Y|X) = —*. Moreover, we have

2
1 i 2 a2 2l
IP{ YIX <—}:IP’{2>—}<2E2:— &5 2ol
VCL’I“p( | >_2m av— — au m;m m

2



Since, for p € S, ||pll2 < 1, this means that, for m > 2 with probability at least

1 -2, Var,(Y|X) > 5=. In other words, the number of j = 1,...,m? such that

1

Var,(r;) > 5 is at least m* — 2m implying that, for the most of the values of j,

Var,(r;) < L.
The variance could be further reduced by repeating the measurement of the ob-

servable X K times (for a system identically prepared in state p) and averaging

the outcomes of the resulting K measurements. In this case, the response variable

becomes ¥ = {p, X) +&, where E,(€[X) = 0 and E,(¢%|X) = Var,(V|X) = 2.

Km

1.3 Low rank (density) matrix estimation

1.3.1 The trace regression model of low rank matrix estimation

Low rank matrix estimation has been studied for several years in the literature, such
as [20], [57], [55] and [49] with references therein. In the general settings, we have
independent pairs of measurements and outputs, (X1, Y7), ..., (X,,Y,) € (R™*™2 R)
which are related to an unknown matrix Ay € R™*™2 The dimensions m; and ms
are often very large such that n < mymay. It is usually assumed that Ay has low rank,
i.e., 7 = rank(Ay) < (my A mg) such that the estimation complexity is significantly
reduced. The observations (X;,Y;),7 = 1,...,n satisfy the trace regression model

(also introduced in Section 1.2.3 for quantum state tomography):
YVi=(A, X)) +&, j=1....n (1.3.1)

where &, j = 1,...,n are i.i.d. random noises with E({|X) = 0 and E(£*|X) < 07 <
+oo. Note that when o¢ = 0, it corresponds to the problem of the exact recovery of
low rank matrices.

We begin with the clarification of some notations. Let (A, B) denote Tr(A” B) for
any A, B € R™>*™2_ The measurement X is usually assumed to be sampled randomly

from some set (of measurements) X C R™*™2. We use II to denote the distribution



of X. The distribution based dot product and L,-norm are defined as
<A7 B>L2(H) =K <A7 X> <B7X>

and

AN, = E(A, X)".

Given the data Xy,..., X, € R"™>™2 let II,, denote the empirical distribution con-
structed from Xi,..., X,. In a similar fashion, we can define the Ly(II,,) norm and

inner product as
1< 2
2 ._
AN, = - Z (A, Xi)
i=1

and
n

(AB), ) = D2 (A X)(B,X),

=1

There are several popular measurements X and distributions I considered in the

literature. There is an incomplete list of these examples given as follows.

Example 1. Matrix Completion In this situation, the distribution I1 denotes some

distribution on the set
X ={ej(m) @ex(ma),j=1,...,m,k=1,...,my} C RT>m

where e;j(m) denotes the j-th canonical basis vector in R™. It is usually assumed
that 11 is a (nearly) uniform distribution on the set X, see [53], [57], [80], [66] and
[49]. In other words, the task of matriz completion is to estimate Ay from randomly

observed entries of Ay which are corrupted with noises. [80] also considered sam-

pling without replacement from X, i.e. Xq,...,X,, must be different from each other.
When I1 denotes the uniform distribution on X, we have HAH%Q(H) = mllmzHAH% and

<A>B>L2(H) = ﬁ (A, B).

Example 2. Sub-Gaussian Design In this situation, X;,5 = 1,...,n arei.i.d. ran-

dom matrices. The entries of every X; are all i.i.d. sub-Gaussian random variables.

10



A real-valued random wvariable x is said to be sub-Gaussian with parameter b > 0
if it has the property that for every t € R one has: Ee'* < /2 Two important
examples of such random variables are Gaussian random variables and Rademacher

random variables. A random variable z ~ N(0,0?%) is a Gaussian random variable

1
2wo

with Ez = 0, E2? = 02 and a probability density function f.(z) = e_zzTQ?. A ran-
dom wvariable ¢ is called a Rademacher random variable if P(z = £1) = % Note that
in the case of Gaussian design and Rademacher design, we have ||Al|r,ay = ||A||2
and (A, B),my = (A, B). It is also studied in [55] the estimation of density matrices
i quantum state tomography under sub-Gaussian design. The Gaussian measure-
ments are widely studied in low rank estimation problem for the reason that, with

high probability, Gaussian random sampling operator satisfies the Restricted Isometry

Property (see [18], [20], [15] and [17] ) and restricted strong convezity (see [71], [72]).

Example 3. Rank One Projection As described in [16], both Ezample 1 and
Example 2 have disadvantages. Under the matrix completion model, in order to get
a robust estimation of matriz Ay, as pointed out by [21], [22], [19], [78], [86] and
[36], additional structral assumptions are needed. To be more exact, such structural
assumptions are called the incoherent conditions. Actually, it is impossible to recover
spiked matrices under matriz completion model. On the other hand, by using the sub-
Gaussian measurements, every measurement X;,j = 1,...,n requires O(myms) bytes
of space for storage, which is huge when my and ms are large. Therefore, [16] proposed
the rank one projection, X; = ajrﬁj, where a; € R™ and B; € R™ are i.i.d. sub-
Gaussian vectors for j = 1,...,n. They proved that under rank one projection, there
exists robust procedures to construct a stable estimator without addition structural
assumptions. In addition, only O(my + ms) bytes of space are needed for storage of

every X;,7=1,...,n.

It worths to point out that by using the Pauli basis X = £ := {E}, ..., E, 2} (see

Section 1.2.3) and by using the uniform distribution over £ as the design of II, we
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have ||AH%2(H) = -L||A|3 for all A € H,,. This model has been studied in [53], [54],

98] and [36]. It will be the standard setting of design in this thesis.
1.3.2 Nuclear norm penalization and computationally feasible approaches

As discussed in Section 1.3.1, the objective of low rank matrix estimation is to recover
the underlying matrix Ag € R™*™2 from the data {(X1,Y1),...,(Xn, Ys)} satisfying
the trace regression model (1.3.1) in the case that the dimensions m; and my are large
such that n < mymsy. Typically, the assumption that r := rank(Ag) < (mq A my) is
imposed to make it possible to obtain a robust estimation of Ay when n = O(m;Vms)r
which can be much smaller than myms,. First, consider the situation that it is known
that rank(Ag) < r, then an obvious estimator of Ay is the following one:

A= arg min 1 Z (Y; — (A, Xi>)2. (1.3.2)

AER™ ™2 rank(A)<r TV T

The estimator (1.3.2) involves a non-convex optimization procedure which is usually
computationally infeasible. However, we can write A = UV’ such that U € R™*"
and V' € R"™*" when r is known. Then the optimization problem in (1.3.2) can be
solved efficiently by the alternating minimization approaches, see [46], [45] and [41].
In the case that the rank of Ag is unknown, the rank penalized least squares estimator

has also studied:

n

A = arg min 1 Z (Y; — <A, Xi>)2 + ¢ - rank(A) (1.3.3)

Aermixm2 TV S
with some regularization parameter ¢ > 0, see [48] and [2]. The estimator (1.3.3)
aims at searching for a solution with a balance between the sum of squares (loss) and
its rank. Note that in general, the optimization problem in (1.3.3) is difficult to solve,
making it computationally infeasible.
The numerical difficulty of the rank penalized approaches for estimating low rank
matrices originates from the non-smoothness and non-convexity of the rank function

on R™ ™2 Note that low rank matrix estimation problem has similarities to sparse
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vector estimation problems which is usually called compressed sensing (CS), where
the [; norm is used as a convex surrogate of the non-smooth and non-convex [y norm,
see [89], [104], [103], [10], [18] and a large body of references therein. In view of
the similarity between low rank matrix estimation problems and CS, it has been
conjectured that the nuclear norm should be a good surrogate for the rank function.
This is confirmed in the pioneer work [22], [21] and further developed in a lot of
following work, including [79], [45], [57], [6], [88], etc. By considering the nuclear
norm as a penalization for the standard least squares estimator, the following so-

called matrix LASSO estimator is studied,

n

~

1 2
A= argmin— S (V; — (4, X; A 134
ar§£141nn ;( ( ) +e- AL ( )

for some regularization parameter ¢ > 0. The convex set A can be R™*™2 in many
situations, while in some cases, A := {A € R™*™ : max; ; |A;;| < a} meaning that
there is a uniform upper bound on the entries of A. This estimator has been well

studied in [57], [55], [49], [26], [67] and references therein.

Note that we can rewrite the sum of squares as

LY (- (ax)

As a result, it is equivalent to write the matrix LASSO estimator as

1 & 2 — 1 &

=1

. 2 &
A, := argmin || A% - — Yi(A, X;) +¢e-||Alx.
= angmin A, 3V + <Al

Remember that II,, denotes the empirical version of II, which is usually known in
many problems. After replacing || AL,y by ||A| L), we get the modified matrix
LASSO estimator:

y _ 2 —
A = arielﬁm ||AH%2(H) - ZY,;<A,X¢> +e- || AL, (1.3.5)
i=1

which was introduced and studied in [57], see also [54], [49]. Remember that in many

situations (for example, uniform distribution over an orthonormal basis, see Sec-

tion 1.3.1), ||A]|r,a1) = ———=||A|2. In these cases, the estimator (1.3.5) is equivalent

mima
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to

2
) + mi1mse - ||A||1

A, = argmin HA _ T zn:YiXi

AeA LC—
Moreover, if A = R™*™2 then the above estimator can be solved by a simple singular
value thresholding algorithm applied on the matrix ™2 Y™ | V; X, see [50], [14], [23],
which is usually computationally efficient.

Both the matrix LASSO estimator (1.3.4) and the modified matrix LASSO esti-
mator (1.3.5) are based on (modified) penalized least squares estimator. Another type
estimator is called the Dantzig estimator which was first introduced in compressed
sensing, see [18], [10], [42], [51] and [102]. The matrix Dantzig estimator is defined as
follows

A := argmin {||AH1 : H% i (Vi — (A, X)) X;

<eAc A}. (1.3.6)

Note that the estimator (1.3.6) also involves a convex optimization problem which
can be solved efficiently. The Dantzig estimator A, aims at searching for a solution
A with a minimal nuclear norm over the feasible set containing all the oracles having
good fitness in the data. The matrix Dantzig estimator A, after setting € = 0 is the

most popular method for exact low rank matrix completion when there is no noise,

see [21] and [78].
1.3.3 Low rank density matrix estimation and von Neumann entropy

Remember that in quantum state tomography, the objective is to recover an un-

known density matrix p € S, from a set of pairs of measurements and outcomes,

{(X1,%1),...,(X,,Y,)} such that
}/1:<p7Xz>+€z7 2:1,,n

As introduced in Section 1.2.3, the dimension m is usually large and the sample size
n < m?. However, many important and interesting quantum states have density

matrices which are low rank or nearly low rank. Therefore, it is natural to adopt the
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framework of low rank matrices estimation to the settings of quantum state tomogra-
phy, see [64], [52], [54] and [30]. Note that the definition of density matrices indicates
that ||S]l; = 1 for all S € S,,. As a result, the matrix LASSO estimator (1.3.4) in

Section 1.3.2 for estimating density matrices is equivalent to

. .1 2
pe = arg min — Y, — (5, X,
= angmin 13 (- (5,X0)
for any € > 0, which is actually the standard least squares estimator. Similarly, the

modified matrix LASSO estimator (1.3.5) is equivalent to

(1.3.7)

= arg min HS - —
SeSm

for any € > 0. It is easy to see that the estimator (1.3.7) is equivalent to projecting
the matrix m% > or, Y;X; onto the set of density matrices, meaning that p. is the
closest point to %2 2?21 Y; X, in the Frobenius norm or the Hilbert Schmidt norm.
Recall the definition of von Neumann entropy: V(S) = —tr(SlogS) for any S €
S, which plays an important role in quantum information theory. It is often an
important task to produce certain quantum systems with maximum von Neumann
entropy, see [13]. In order to obtain an estimation of p with maximum entropy, the

following estimator was introduced in [53]:

p° = arg minl Z <Yi — (S, XZ->>2 +e-tr(SlogS) (1.3.8)

SeSm M7
with certain penalization parameter ¢ > 0. As introduced in [53], one advantage of
applying the the von Neumann entropy as a penalization for least squares estimator is
that the bounds on Kullback-Leibler divergence of p° can be attained. The Kullback-

Leibler divergence of two density matrices is defined as
K(S:[HSQ) = tr(Sl(log Sl — IOgSQ)), Sl,SQ € Sm, (139)

which is the quantum version of the canonical Kullback-Leibler divergence between

probability measures. It is easy to check that K(Si||S2) > 0 for any S, S, € Sy
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In the case that K(S51]|.S2) is undefined (for instance, Sy is not of full rank), we set

K(S1]|S2) = +00. Then, the symmetric Kullback-Leibler divergence is defined as
K(Sl, SQ) = K(Sl||52) + K(Sﬂ‘Sl)

A version of the (squared) Hellinger distance that will be studied is defined as

H2(S1, S5) = 2 — 2tr\/ 525,57

for S1,S5 € S, (see also [75]). Clearly, 0 < H?(Sy,S;) < 2. It is usually called
Bures distance, but it worth to point out that it does not coincide with tr(y/S; —
V/S2)? (which is another possible non-commutative extension of the classical Hellinger
distance). In fact, H?(S;,S:) < tr(v/S; — V/S2)2, 51,52 € S, but the opposite
inequality does not necessarily hold. The quantity try/ 51% 5251% in the right hand side
of the definition of H? is a quantum version of Hellinger affinity.

The following very useful inequality is a noncommutative extension of similar
classical inequalities for total variation, Hellinger and Kullback-Leibler distances. It
follows from representing the “noncommutative distances” involved in the inequal-
ity as suprema of the corresponding classical distances between the distributions of
outcomes of measurements for two states S, Ss over all possible measurements rep-
resented by positive operator valued measures (see, [75], [47], [53], Section 3 and

references therein).

Lemma 1. For all S1, 55 € S, the following inequalities hold:

1

ZHSl — Sol|f < H?(S1,85) < (K(S1]|S2) Al1S1 — Sall)- (1.3.10)
1.4 The upper bounds of empirical processes

The upper bounds for the supremum of empirical process and Rademacher process
are powerful tools in characterizing the excess risk of empirical risk minimization in
statistical learning theory. They will be frequently used in proving the low rank oracle

inequalities.
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1.4.1 Concentration bounds of the supremum of empirical processes

Let (S,.A, P) be a probability space with o-algebra A. Let X, Xi,..., X, be i.i.d.
random variables in the measurable space (5, .A) with a common distribution P. Then
denote the empirical distribution by P,. Let F be a class of measurable functions
defined on the space (S,.A4). The empirical process indexed by the function class F

is a stochastic process defined as

Zn(f)=P,f —Pf, feF.

The supremum of this empirical process is denoted by || P, — Pl := sup;cr [P f —
Pf|, where certain measurability assumptions are required to guarantee the measur-
ability of || P, — P|| 7, see [52], [28] and [92]. Without further notification, we assume
in what follows that ||P,, — P|| is a properly measurable random variable on (S, .A).

There are several types of concentration inequalities of | P, — P||r, see [52] for a
list of these inequalities. We introduce some most useful ones which are easiest to
apply in many situations. The first concentration inequality is usually referred as the

Bousquet’s version of Talagrand’s concentration inequality, which assumes that

sup |f(z)] < U,
feF,xeS

namely, the class F is uniformly upper bounded by a constant U > 0.

Theorem 1. [11] Let the function class F be uniformly upper bounded by U > 0.

Then, the following bound holds with probability at least 1 — e~ for all t > 0,

t 3tU
P~ Pllr <EIP ~ Pllr+ /2 (030) + 281, — Pl + 27

with o2(F) = sup Var(f) =sup (Pf*— (Pf)?).
fer feF

When the random variable f(z) is unbounded but has an exponential tail for each
f € F, it is also possible to derive a version of Talagrand’s concentration inequality,

see [1]. This kind of bound is further developed in [60] when the envelop of F has only
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g¢-th moment for ¢ > 2. In order to characterize the tail type of random variables,
we introduce the Orlicz norms, see [92] and [52]. For a convex increasing function

with ¢(0) = 0, define

Ifloi=int {e =0+ [ w()ar <1},

Note that if ¢)(z) = 2P, 2 > 0 for some p > 1, then the norm || - ||, is just the L, norm
for p > 1. Another type of choices are functions ,(z) = €** — 1,2 > 0,a > 1. If
| X ||y, < 400, it indicates that X has a sub-exponential tail. Moreover, if ||X ||y, <
+00, then X has a sub-Gaussian tail in which case X is usually called a sub-Gaussian

random variable, see Example 2 in Section 1.3.1.

Theorem 2. Let F(x),z € S be an envelop function of F such that F(x) > sup|f(z)|
feFr
for all x € S. Then, the following bound holds with probability at least 1 — et for all

t>0,

t
1P~ Pl < K[BIP, — Pl + 0P [ +

]
P1 N
;07 some U,nive’l“sal constant K > 0

1.4.2 Upper bounds of the expectation of supremum of empirical pro-
cesses

In order to obtain the upper bounds of the supremum of empirical processes, it
is further needed to prove the upper bound of E|P, — P||#, see Theorem 1 and
Theorem 2. It is very helpful to control E||P, — P||z by using the expectation of
the supremum of the so-called Rademacher process, which is actually a sub-Gaussian
process. The Dudley’s entropy bound and Talagrand’s generic chaining bound are
powerful tools to control the expectation of the supremum of sub-Gaussian processes,
see [87], [52], [92] and [32].

The Rademacher process indexed by a class F is defined as

Ra(f) = -3 af(X), feF,
i=1
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with g;,7 = 1,...,n being i.i.d. Rademacher random variables independent of X;,7 =
1,...,n. The following symmetrization inequality is a useful tool to control E| P, —
P|| 7, whose proof can be found, for instance, [92] and [52]. Note that the expectation

E||R,| 7 is respect both to X1,..., X, and €1,...,¢&,.

Lemma 2. For any class F of P-integral functions and for any convex function

: Ry Ry

Eo(;

where F, :={f — Pf, f € F}. In particular,

7) <E¢(||P, — Pllr) <Ep(2(|RnllF),

1
~E|R,
S|

5. SE|[P, — Plls < 2E|| Ry
If Xi,...,X, are fixed, then R, (f) is a sub-Gaussian random variable. Moreover,

ESUpRn(f) = EXEasupRn(f)'
feF feF

It turns out that the expectation of the supremum of Rademacher process E.supR,,(f)
feF
plays an essential role in the upper bound of E| P, — P||z. For any subset 7' C R™

and 7.7.d. Rademacher variables ¢, ..., ¢,, we are interested in the quantity
R,(T) :=E sup|R,(t)| = E sup git;].
@) teTl ‘ teT Z

The following inequality is called the contraction inequality for Rademacher processes

and was first proved by Talagrand.
Lemma 3. Let T'C R" and let p; : R — R be functions such that v;(0) =0 and
pi(u) —@i(v)| < Ju—vf, w,veR

forallt=1,...,n. Then,

E sup
teT

Z@z 7

Zté}

teT
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Let (T, d) be a pseudo-metric space such that 7" C R™ is equipped with a pseudo
distance d. The diameter of (T, d) is defined as

D(T) := sup d(ty,ts).

t1,t2€T

A subset T, C T is called an e-covering of T if for any ¢ € T', there exists t' € T such
that d(t,t') <e. Then let N(T,¢,d) denote the e-covering number of (7, d), namely,
the smallest cardinality over all possible e-coverings of T'. Also, denote M (T, e, d) the
e-packing number of (7', d), namely, the largest number of points in 7" separated from

each other by a distance at least €. By the definitions, it is easy to check
N(T,e,d) < M(T,e,d) < N(T,e/2,d).
Then, the e-entropy number is defined as
H(T,e,d) =log N(T,e,d).

Theorem 3 (Dudley’s entropy bound). Let T C R such that (T,d) is a pseudo-

metric space and €4, . .., &, be i.i.d. Rademacher variables. Then

D(T)
E supR,(t) < C’/ HYX(T, ¢, d)de
0

teT

for some numerical constant C > 0. Moreover, for all ty € T,

D(T)
E sup| Ru(t) — Ru(t)| < C / HY2(T, e, d)de
0

teT
The Dudley’s entropy bound holds for all sub-Gaussian processes where the Rademacher

process is a special case.
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CHAPTER 11

OPTIMAL ESTIMATION OF LOW RANK DENSITY
MATRICES

In this chapter, we introduce the main results of low rank density matrix estimation.
Both the trace regression model with bounded response and the trace regression
model with Gaussian noise will be considered. We first prove the minimax lower
bounds and these bounds are established in several statistical important distances,
including the Schatten p-norms for 1 < p < +00, the Kullback-Leibler divergence and
the Hellinger distance.. Then several estimators (introduced as in Section 1.3.2) are
studied, including the least squares estimator (1.3.4), the projection estimator (1.3.5)
and the Dantzig-type estimator (1.3.6), showing that these estimators are able to
achieve the optimal convergence rates which match the minimax lower bounds except
some logarithmic factors.

In general, the trace regression model involves a random couple (X, Y) satisfying
the model

E(Y|X) = {p. X)

for some density matrix p € S, with low rank, i.e., 7 = rank(p) < m. The measure-
ment (Observable) X € H,, is usually assumed to be sampled randomly from some

distribution which is called the design distribution. Suppose that
Dn = {(Xh le)a BRI (Xn7 Yn)}

contains 7.7.d. samples from the trace regression model. Then, the task is to develop
computationally efficient methods to estimate the unknown density matrix p from

D,,. We are also interested in the informational theoretic bound of the estimation of
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p, which is also the so-called minimax lower bound.

2.1 The trace regression model and assumptions

A common choice of design distribution in low rank matrix estimation problems is
so called uniform sampling from an orthonormal basis described in the following

assumptions.

Assumption 1. Let € = {Ey,...,E,2} C H,, be an orthonormal basis of H,, with
respect to the Hilbert-Schmidt inner product: (A, B) = tr(AB). Moreover, suppose
that, for some U > 0,

HE]”OO < U7]: 17"'7”7

where || - ||« denotes the operator norm (the spectral norm).
Since ||Ej||2 = 1, where || - ||2 denotes the Hilbert-Schmidt (or Frobenius) norm,
we can assume that U < 1. Moreover, U > m~Y2 since 1 = || Ej|la < m'?||Ej|l <

m!/2U. As introduced in Section 1.2.3, when & is the Pauli basis, the corresponding
U= Lm The fact that the matrices of this basis have the smallest possible operator

norms has been used in quantum compressed sensing (see [37], [36], [64]).

Assumption 2. Let IT be the uniform distribution in the finite set £ (see Assumption

1), let X be a random variable sampled from 11 and let Xy, ..., X, be i.i.d. copies of
X.

It will be assumed in this Chapter that assumptions 1 and 2 hold (unless it is stated
otherwise). Under these assumptions, Y7, ..., Y, could be viewed as noisy observations
of a random sample of Fourier coefficients (p, X1), ..., (p, X,,) of the target density
matrix p in the basis €. The above model (in which Xj, ..., X, are uniformly sampled
from an orthonormal basis and Y7,...,Y,, are the outcomes of measurements of the

observables X7, ..., X, for the system being identically prepared n times in the same
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state p) will be called in what follows the standard QST (quantum state tomography)

model. It is a special case of trace regression model with bounded response:

Assumption 3 (Trace regression with bounded response). Suppose that Assumption
1 holds and let (X,Y) be a random couple such that X is sampled from the uni-
form distribution I1 in an orthonormal basis £ C H,,. Suppose also that, for some
p € S, EY|X) = (p,X) a.s. and, for some U > 0, |Y| < U a.s.. The data
(X1, Y1),...(Xn, Yy) consists of n i.i.d. copies of (X,Y).

We are also interested in the trace regression model with Gaussian noise:

Assumption 4 (Trace regression with Gaussian noise). Suppose Assumption 1 holds
and let (X,Y) be a random couple such that X is sampled from the uniform distri-
bution 11 in an orthonormal basis € C H,, and, for some p € S,,, Y = (p, X) + ¢,
where € s a normal random variable with mean O and variance 02, & and X being

independent. The data (X1,Y1),...(Xn, Ys) consists of n i.i.d. copies of (X,Y).

Note that this model is not directly applicable to the “standard QST problem”
described above, where the response variable Y is discrete. However, if the measure-
ments are repeated multiple times for each observable X; and the resulting outcomes
are averaged to reduce the variance, the noise of such averaged measurements becomes
approximately Gaussian and it is of interest to characterize the estimation error in

terms of the variance of the noise, see more details in Section 1.2.3.

2.2 Minimax lower bounds

In this section, we provide main results on the minimax lower bounds on the risk

of estimation of density matrices with respect to Schatten p-norm for 1 < p < +o00

distances, as well as Hellinger-Bures distance and Kullback-Leibler divergence.
Minimax lower bounds will be derived for the class S, ,, := {S € S, : rank(S) <

r} consisting of all density matrices of rank at most r (the low rank case). We will
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start with the case of trace regression with Gaussian noise. Given that the sample
(X1,Y1),...,(X,,Y,) satisfies Assumption 4 with the target density matrix p € S,
and noise variance O'g, let P, denote the corresponding probability distribution of the
sample.

Note that [68] developed a method of deriving minimax lower bounds for distances
based on unitary invariant norms, including Schatten p-norms in matrix problems,
and obtained such lower bounds, in particular, in matrix completion problem. The
approach used here is somewhat different and the aim is to develop such bounds under
an additional constraint that the target matrix is a density matrix. The resulting
bounds are also somewhat different, they involve an additional term that does not

depend on the rank, but does depend on p. Essentially, it means that the “complexity”

of the problem is controlled by a “truncated rank” r A %, where 7 = 0'57;/2 rather than
by the actual rank r. The upper bounds (for instance, see Section 2.3.4) of several
estimators studied in the following sections show that such a structure of the bound
is, indeed, necessary. It should be also mentioned that minimax lower bounds on the
nuclear norm error of estimation of density matrices have been obtained earlier in

[30] (see Remark 1 below).

Theorem 4. For all p € [1,400]|, there exist constants ¢, ¢’ > 0 such that, the follow-

ing bounds hold:

2 /p _%
1nf sup P {Hﬁ —pll, > C<J§m ! /\(agm ) /\ 1)} >, (2.2.1)

pesr m

3
inf sup P,4 H2(p, p) > c("fm” 1)} > 9.2.2
it sup ,,{ (hsp) > T A1) > (2.2.2)

and

nt sup 7, { K017 ZC("fm”/\ )= (223)

P ,0687',771

where inf; denotes the infimum over all estimators p in S,, based on the data (X1,Y1), ...,

satisfying the trace regression model with noise variance ag.
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Proof. A couple of preliminary facts will be needed in the proof. We start with
bounds on the packing numbers of Grassmann manifold Gy, ;, which is the set of all k-
dimensional subspaces L of the [-dimensional space R'. Given such a subspace L C R!
with dim(L) = k, let Py, be the orthogonal projection onto L and let By, := { Py, :
L € Gy }. The set of all k-dimensional projectors Py, will be equipped with Schatten
p-norm distances for all p € [1,+o00] (which also could be viewed as distances on
the Grassmannian itself): d,(Q1,Q2) = ||Q1 — Q2|lp, @1, Q2 € Py, Recall that the

e-packing number of a metric space (T, d) is defined as

D(T,d,e) = max {n : there are t1,...,t, € T, such that min d(¢;,t;) > 5}.

i#]
The following lemma (see [77, Proposition 8]) will be used to control the packing

numbers of *Bj; with respect to Schatten distances d,.

Lemma 4. For all integer 1 < k <[ such that k <1 —k, and all 1 < p < o0, the

following bounds hold

C

d
(—)d < DBy, dy, ek/P) < (—) L e>0 (2.2.4)

£ £

with d = k(I — k) and universal positive constants ¢, C.

In addition to this, we need the following well known information-theoretic bound
frequently used in derivation of minimax lower bounds (see [91, Theorem 2.5]). Let
© = {0o,01,...,0x} be a finite parameter space equipped with a metric d and let
P :={Py : 6 € O} be a family of probability distributions in some sample space.
Given P,Q € P, let K(P||Q) := Eplog él% be the Kullback-Leibler divergence between
P and Q.

Proposition 1. Suppose that the following conditions hold:
(i) for some s >0, d(6;,0;) >2s>0,0<j<k< M,

M
(it) for some 0 < v < 1/8, &= 5 K(Py,||Pg,) < alog M
7=1
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Then, for a positive constant c,,

1qfsupP9{d(é, 0) > S} > Ca
0 0co

where the infimum is taken over all estimators 6 € © based on an observation sampled

from Py.

We now turn to the actual proof of Theorem 4. Under Assumption 4, the following

computation is well known: for pi, ps € S,

P,
K(P, |IP,,) = Ep, log (Xl, Yi,..., X5, Yn)

P,
Z [ (p1, X;))? LG (p2, X;))°

2 2.2.
— 2‘7§ 205 ( 5)

an 2 o n 2
Z 205 = 202 o1 — P2||L2(n)‘

It is enough to prove the bounds for 2 < r < m/2. The proof in the case r =1 is
simpler and the case r > m/2 easily reduces to the case r < m/2. We will use Lemma
4 to construct a well separated (with respect to d,) subset of density matrices in S, ,.
To this end, first choose a subset D, C B,_1,,—1 such that card(D,) > 2(r=1)(m—r)
and, for some constant ¢, |Q; — Qal, > (r — D), Q1,Q2 € By 1m-1, Q1 # Qo
Such a choice is possible due to the lower bound on the packing numbers of Lemma
4. For Q) € D, (note that @) can be viewed as an (m — 1) x (m — 1) matrix with real

entries) and k € (0, 1), consider the following m x m matrix

S=25,= . (2.2.6)

Q
0 HE

Note that S is symmetric positively-semidefinite real matrix of unit trace. It is
straightforward to check that it defines a Hermitian positively-semidefinite opera-
tor in C™ of unit trace, and it can be identified with a density matrix S € &,,.

Clearly, S is of rank r, so, S € 5, .
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3/2(_ )
WT:U with a small enough absolute constant ¢; > 0 and

We will take k := ¢
first assume that x < 1 (as it is needed in definition Equation 2.2.6).

Let S, := {5 : Q € D,} and consider a family of M +1 = card(D,) > 2(r=1)(m=r)
distributions {Pg : S € S;}. It is immediate that for S} = Sg,,S> = Sq,, Q1,Q2 €

Dy, Q1 # Q2, we have

K _
151 — Sell, = 1Q1 — Qall, > /k(r — 1)M/P
r-1 (2.2.7)
o em2(r — 1)1/ CU£m3/2r1/p 2.
= Jn = NG
with some constant ¢ > 0, implying condition (i) of Proposition 1 with s = gagm‘j//;’rl/p

We will now check its condition (ii) . In view of (2.2.5), we have, for all S} =
SQI? Sy = SQ2 S S;D,

n n
K(Ps1Ps) = 5l151 — Salldmy = s |5 — 12
£ g
2 2
nk 9 dn(r — 1)k
= — <
203m2(r — 1)? 11 = @l < 203m*(r — 1)?

=23m(r —1) (2.2.8)

<am(r—1)/log(2)/4 < %(T —1)(m —r)log(2) < alog M,
provided that constant ¢; is small enough, so, condition (ii) of Proposition 1 is also
satisfied. Proposition 1 implies that, under the assumption x = cl% < 1, the

following minimax lower bound holds for some ¢,¢ > 0 :

3.1/p
) ) gemzr ,
inf sup P — >c———23% > C. 2.2.9
o sup B =, > 2 L > (229)
In the case when
3/2 3/2(p _
L T e (r—1)

vn Vi

one can choose 2 < r’ < r — 1 such that, for some constant ¢y > 0,

oem32(r' — 1)
vn

For such a choice of ', it follows from (2.2.9) that

Co < (1 < 1.

30 1/p
inf sup Pp{up —oll, > cw} > (2.2.10)

P pESyt m

B
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The definition of »' implies that

3/2\ —1

oem

7”xr’—1x(5 > )
Vvn

Therefore,

O.gm%(rl)l/pv a§m3/2 1-1/p
vno U Vn ’

and, since S/, C S,.,, bound (2.2.10) yields

3/2\ 1-1/p 3/2\ 1-1/p
. R agm . N ogm ’
inf sup P - >c >inf sup P — >l — > c
A s Atz (=) )= i s Aol 2 e(70=) ) 2
(2.2.11)

for some constants ¢, ¢’ > 0. This allows us to recover the second term in the minimum

in bound (2.2.1). Finally, in the case when ¢, Uéf/n;m > 1, the minimax lower bound

becomes a constant (and the proof is based on a simplified version of the above
argument that could be done for » = 1). This completes the proof of bound (2.2.1)
for Schatten p-norms.

The proof of bound (2.2.2) for the Hellinger distance is similar. In the case r > 2,

we will use a “well separated” set of density matrices S;, C S, for p = 1 constructed

J§m3/2(r—1)
7

with Q1 # Qs, it follows by a simple computation and using bound (1.3.10) that, for

above. We still use k := ¢; assuming first that x € (0,1). For Sg,, 5, € S,

some ¢’ > 0,

2 _ o @1 Q-
H S, Squ) = il <r— 1r— 1)
1 & (¢)? oem3/2(r — 1)
> - _ 2> S &M\ )
_4(7*—1)2”@21 Q2||1_—4 K2>cC NG

Repeating the argument based on Proposition 1 yields bound (2.2.2) in the case when
3/2 (0 _ . . o

K= clagm—\ﬁyl) < 1, and in the opposite case it is easy to see that the lower bound

is a constant.

Finally, bound (2.2.3) for the Kullback-Leibler divergence follows from (2.2.2) and

the inequality K (p||p) > H%(p, p) (see inequality 1.3.10).
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Next we state similar results in the case of trace regression model with bounded
response (see Assumption 3). Denote by P,,,(U) the class of all distributions P of
(X,Y) such that Assumption 3 holds for some U and E(Y|X) = (pp, X) for some
pp € Sym. Given P, Pp denotes the corresponding probability measure (such that
(X1,Y1),...,(X,,Y,) are i.i.d. copies of (X,Y') sampled from P).

Theorem 5. Suppose U > 2U. For all p € [1,+00], there exist absolute constants

¢, > 0 such that the following bounds hold:

1—1
inf sup ]P’p{Hp ppllp > C(Um Y /\( ) /\1)} >, (2.2.12)

p PePrm(U)

Umzr
inf sup PP{HQ(ﬁ, pp) > c( 1)} >, (2.2.13)
b PeP, m( ) \/ﬁ /\

and

inf  sup IPP{ (opllp) > (Um“"/\ )} (2.2.14)

p PEPrm(0)

where inf; denotes the infimum over all estimators p in S,, based on the data (X4,Y1),. ..,

Proof. The proof relies on an idea already used in a context of matrix completion by
[57] (see their Theorem 7). We need the same family S, C S,,, of “well separated”
density matrices of rank r as in the proof of Theorem 4. For a density matrix p, let
(X,Y) be a random couple such that X is sampled from the uniform distribution II
in £ and, conditionally on X, Y takes value +U with probability p,(X) := % + %

{0, X)| <
ol | X |leo < U, we have p,(X),q,(X) € [1/4,3/4] (so, they are bounded away from

and value —U with probability g,(X) := ;

0 and from 1). Clearly, E,(Y|X) = (p, X). Let P, denote the distribution of such a
couple and IP, denote the corresponding distribution of the data (X1, Y1), ..., (X,, Y,).
Then, for all p € S;,n, P, € P,,n(U). The only difference with the proof of Theorem
4 is in the bound on Kullback-Leibler divergence K (P, ||P,,) (see Equation 2.2.5). It

is easy to see that

» ) ()
K (P, |[B,,) = nE (pm<X>1 2 0 (X) log 2 (X)) L (2219)
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The following simple inequality will be used: for all a,b € [1/4,3/4],

1—
alog%—l—(l—a)logl_z < 12(a —b)%

It implies that

(pr = p2 X)* _

K(IP)PI ”]P)Pz) S 3nk U'z — U2

||P1 P2||2L2(n)

This bound is used instead of identity (2.2.5) from the proof of Theorem 4. The rest

of the proof is the same. O

Note that the proof requires the possible range [~U, U] of response variable Y to
be larger than the possible range [—U, U] of Fourier coefficients (p, E;),j = 1,...,m?.
This is not the case for standard QST model described in the introduction (see also
the example of Pauli measurements) and it is of interest to prove a version of minimax

lower bounds without this constraint, including the case when U = U. The following

theorem is a result in this direction.

Theorem 6. Suppose Assumption 1 is satisfied and, moreover, for some constant
€ (0,1),
‘tr(Ek)‘ <A-y)Um, k=1,...,m% (2.2.16)

Then, for all p € [1,+00|, there exist constants c,,c., > 0 such that the following

Y

bounds hold:

U 1/p 1-3

mar Um®/ P

inf sup P { p—p >c ( ( ) 1)}>c’, 2.2.17

p FGJErm(U) d H P“p 7 /\ /\ é ( )
inf sup P {H2(A ) >c ( mgr/\1>}>cl (2.2.18)
P PEPrm(U) " e ! Vn v o

and

inf sup ﬂ»p{mppnmm(m” A1)b=e (22.19)

P PEPrm(U)

where inf; denotes the infimum over all estimators p in Sy, based on the data (X1,Y1),. ..,
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Proof. The proof is based on the following lemma:

Lemma 5. Suppose assumption (2.2.16) holds. Let K be a sufficiently large absolute
constant (to be chosen later) and let m satisfy the condition Klm% < 2 (which means
that m > A, for some constant A,). Then there exists v € C™ with |jv|]| = 1 such
that

‘(Ekv,m‘ <(1—~/2Uk=1,...,m> (2.2.20)

Proof. We will prove this fact by a probabilistic argument. Namely, set
vi=m Y2 (e, ... Em),

where ¢; = £1. We will show that there is a random choice of “signs” ¢; such that

(2.2.20) holds. Assume that ¢;,j = 1,...,m are i.i.d. and take values 1 with prob-

ability 1/2 each. Let Ej := (af‘f))iﬁjzl m. For simplicity, assume that (az(?))i,j:l ,,,,, m

.....

is a symmetric real matrix (in the complex case, the proof can be easily modified).

We have

1 & 1 tr(Ey) | 1
(Exv,v) = p” Z alPe? 4+ - Z ag-g)aisj = % +— Z al(f)eiej.
i=1 i#j i+

It is well known that

2 2 2
Vor( Sl ) =B( S aee)) =230 () <230 (o) <20mulg =2
i#£j 1,J

i i
Moreover, it follows from exponential inequalities for Rademacher chaos (see, e.g.,

Corollary 3.2.6 in [27]) that for some absolute constant K > 0 and for all ¢ > 0, with

probability at least 1 —e™*

tr(Ey)

Kt
< —,
m m

(Buwo) -

1 (k)
— ’E Z aij EiEj

i#]
Taking ¢t = 2logm and using the union bound, we conclude that with probability at

least 1 — me=2lem =1 — % > 0,

tl"(Ek)

< Klogm < Klogm

(Epv,v) — - NG

max
1<k<m?

v
< L
U_QU,
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—-1/2

where we also used the fact that U > m™"/“. Thus, there exists a choice of signs ¢;

such that
tr(E
max |(Epv,v)| < max il k)‘ —|—1U,
1<k<m? I<k<m|  m 2
which, under condition (2.2.16), implies (2.2.20). O

We set e; := v (where v is the unit vector introduced in Lemma 5) and construct
an orthonormal basis e, . . ., €,,. Assume that matrices S¢ defined by (2.2.6) represent

linear transformations in basis eq, ..., e,,. Then we have
(Sq: Bi) = (1= 1) (Brv, v) + ——(Q. By).
Therefore,
[(Sa, B)| < (1) (Buv, v} [+ —= | Bullc | Q1 < (1=)(1=7/DU+KU = (1=(1=r)(3/2))U.
Assuming that © < 1/2, we get
‘(SQ,E,Q’ <(1—~/A, k=1,...,m% (2.2.21)

The rest of the proof becomes similar to the proof of Theorem 5 (with U = U).
Namely, bound (2.2.21) implies that, for p = Sgp and X being sampled from the
orthonormal basis {E, ..., E,2}, probabilities p,(X) and ¢,(X) are bounded away
from 0 and from 1 : p,(X),q,(X) € [y/8,1 — ~/8]. This allows us to complete the

argument of the proof of Theorem 5. n

Theorem 6 does not apply directly to the Pauli basis since condition (2.2.16) fails
in this case. Indeed, by the definition of Pauli basis, U = m~'/2 and tr(E;) = /m =
Um > (1 —v)Um. Note also that tr(E;) = 0,5 = 2,...,m? Thus, for Pauli basis,
E, is the only matrix for which condition (2.2.16) fails. However, for this matrix
(p, B1) = m™?tr(p) = m~Y/2? = U for all density matrices p € S,,. This immediately
implies that p,(E1) = 1 and ¢,(E;) = 0 for all p € S,, and, as a result, the value

X = F; does not have an impact on the computation of Kullback-Leibler divergence
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in (2.2.15). For the rest of the matrices in the Pauli basis, condition (2.2.16) holds
implying also bound (2.2.20). Therefore, if X # E;, we still have that, for p = Sp,
Pp(X),q,(X) € [v/8,1 —~/8], and the proof of Theorem 5 can be completed in this
case, too. Note also that, given X sampled from the Pauli basis, the binary random
variable Y taking values £U = :I:\/% with probabilities p,(X) and g,(X), respectively
(this is exactly the random variable used in the construction of the proof of Theorem
5) coincides with an outcome of a Pauli measurement for the system prepared in

state p. These considerations yield the following minimax lower bounds for Pauli

measurements.

Theorem 7. Let {F,..., E,2} be the Pauli basis in the space H,, of m x m Hermi-
tian matrices and let X1, ..., X, be i.i.d. random variables sampled from the uniform
distribution in {E, ..., Ey2}. Let Yy, ..., Y, be outcomes of measurements of observ-
ables X1,..., X, for the system being identically prepared n times in state p. The
corresponding distribution of the data (X1,Y1),...,(X,,Ys) will be denoted by P,.
Then, for all p € [1,+o0], there exist constants ¢, > 0 such that the following

bounds hold:

1/p 1*%
B O
inf sup PP{HZ(/;, p) > c(@ A 1)} > ¢, (2.2.23)
P p€Srm \/ﬁ
and
inf sup Pp{K(pHﬁ) > c(ﬂ /\ 1)} >, (2.2.24)
P peSrm \/ﬁ

where inf,; denotes the infimum over all estimators p in S, based on the data (X1,Y7), .

Remark 1. Minimaz lower bounds on nuclear norm error of density matriz esti-
mation close to bound (2.4.7) for p = 1 (but for a somewhat different “estimation
protocol” and stated in a different form) were obtained earlier in [30]. This paper also
contains upper bounds on the errors of matriz LASSO and Dantzig selector estimators

in the nuclear norm matching the lower bounds up to log-factors.
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Remark 2. It is easy to see that, if constant v € (0,1) is small enough (namely,
v<1— \%), then, in an arbitrary orthonormal basis {E1, ..., E,2}, there is at most
one matriz E; such that |tr(E;)| > (1 —v)Um. Indeed, note that tr(E;) = (Ej, Ln).

Since

m2

= [[Imll3 =

J:1

and U?m > 1, we have

card({j (B, L) > (1 —7)Um}> <

< m = 1 < 1 <2
T (1=)20Pm? (1—9)2U?m ~ (1—9)* 7

- 1
provided that v < 1 — 7

Remark 3. It will be shown in Section 2.3.4 that the minimazx rates of theorems 4, 5,

6 and 7 are attained up to logarithmic factors for the von Neumann entropy penalized

least squares estimator.

Remark 4. Similar minimax lower bounds could be proved in certain classes of

“nearly low rank” density matrices. Consider, for instance, the following class

By(d;m) := {S € Sm Z X (9)]7 < d} (2.2.25)

for some d > 0 and q € [0,1], where A\ (S) > -+ > A\, (S) denote the eigenvalues
of S. This set consists of density matrices with the eigenvalues decaying at a certain
rate (nearly low rank case) and, for ¢ = 0, d = r it coincides with S, ,. It turns out
that minimaz lower bounds of theorems 4 and 5 hold for the class By(d;m) (instead

of Sy.m) with r replaced by

7 :=7(r,d,m,q) =dr * Am,

Tm3/2 .

vn

the case of trace regression with bounded response. These minimaz bounds are attained

m3/2 . . i . .
where T 1= Ug\/ﬁ in the case of trace regression with Gaussian noise and T :=
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up to logarithmic factors for a slightly modified von Neumann entropy penalized least

squares estimator.

Note that, for p € By(d, m) with eigenvalues A1(p) > -+ > A\p(p), we have A;(p) <
%,j =1,...,m. Therefore, for j > 7, X\j(p) < 7. Note also that T characterizes the
minimaz rate of estimation of p € S, ,, in the operator norm for any value of the rank
r (see bound (2.2.1) for p = +o0; the corresponding upper bound also holds for the
least squares estimator up to a logarithmic factor, see [101]). Roughly speaking, T is

a threshold below which the estimation of eigenvalues \;(p) becomes impossible and 7

can be viewed as an “effective rank” of nearly low rank density matrices in the class

B,(d, m).

2.3 Least squares estimator: low rank oracle inequalities
and its optimality

Recall that the the least squares estimator penalized by the so called von Neumann

entropy is defined as

p° 1= argmin [l Zn: — (S, X;) ) + etr(Slog S)] (2.3.1)

n

Note that when € = 0, it reduces to the standard least squares estimator.

The goal of this section is to study optimality properties of von Neumann entropy
penalized least squares estimator p° defined by (2.3.1). In particular, we establish
oracle inequalities for such estimators in the cases of trace regression with bounded
response (Subsection 2.3.2) and trace regression with Gaussian noise (Subsection
2.3.3), and prove upper bounds on their estimation errors measured by Schatten p-
norm distances for p € [1,2] and also by Hellinger and Kullback-Leibler distances

(Subsection 2.3.4).
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2.3.1 Preliminaries and matrix Bernstein inequalities

The following well known interpolation inequality for Schatten p-norms will be used
to extend the bounds proved for some values of p to the whole range of its values. It

easily follows from similar bounds for £,-spaces.

Lemma 6 (Interpolation inequality). For 1 < p < ¢ <r < oo, and let p € [0,1] be

such that

Then, for all A € H,,,
1Al < [l 1Al

Given A € H,,, define a function fu : H,, — R : fa(x) := (A, x),z € H,,. For a
given random variable X in H,, with a distribution IT, we have || fa |7,y = Ef4(X) =
E(A, X)2. Sometimes, with a minor abuse of notation (see also Section 1.3.1), we
might write ||A||%2(H) = me<A, z)?I(dx) = ||fA||%2(H). Remember that II is typically
the uniform distribution in an orthonormal basis &€ = {E1, ..., E,,;2} C H,,, implying

that
HfAH%g(n) = ||A||%2(n) =m~*||Alj3,

so, the Lo(IT)-norm is just a rescaled Hilbert—Schmidt norm.

Consider A € H,, with spectral representation A = Z;”:ll A Pj, m" < m with dis-
tinct non-zero eigenvalues \;. Denote by sign(A) := Z?L sign(A;)P; and by supp(A)
the linear span of the images of projectors P;, j = 1,...,m’ (the subspace supp(A) C
C™ will be called the support of A).

Given a subspace L C C™, L* denotes the orthogonal complement of L and
Pyp, denotes the orthogonal projection onto L. Let Pr,P; be orthogonal projection
operators in the space H,,, (equipped with the Hilbert—-Schmidt inner product), defined
as follows:

P[JT(A) - PLLAPLL, PL(A) - A — PLLAPLL.
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These two operators split any Hermitian matrix A into two orthogonal parts, Pr(A)
and P; (A), the first one being of rank at most 2dim(L).
For a convex function f : H,, — R, f(A) denotes the subdifferential of f at the

point A € H,,. It is well known that
A = {Sign(A) FPEM) M e H,,, || M| < 1}, (2.3.2)

where L = supp(A) (see [52], p. 240, [99] and references therein).
Non-commutative (matrix) versions of Bernstein inequality will be used frequently
in this Chapter. The most common version is stated (in a convenient form for our

applications) in the following lemma.

Lemma 7. Let X, X,..., X, € H,, be i.i.d. random matrices with EX = 0, 0% :=

|IEX?|| 0 and || X||oo < U a.s. for some U > 0. Then, for all t > 0 with probability at

I [t +log(2 log(2
_ZXj §2|:0'X t + log( m)\/Ut+ og( m)}
n ‘= - n n

The proof of such bounds could be found, e.g., in [90].A simple consequence of

least 1 — e,

the inequality of Lemma 7 is the following expectation bound:

Iy s {Ux\/m\/(]bg(zm)}.

It follows from the exponential bound by integrating the tail probabilities.

E

Other versions on matrix Bernstein type inequalities for not necessarily bounded
random matrices will be also used in what follows and they could be found in [52],
[54] and [53].

Lemma 8. Let X, X1,..., X, bei.i.d. random matrices in H,, with EX = 0. Suppose
that, for some a > 1, U®) := 2||||X||OOH% < +oo. ! Let 0% := |EX?||o. Then, for

all t > 0 with probability at least 1 — e,

[t + log(2 U@\ t + log(2
SO[O’X L oslem) OTgL( m)\/U(a)logl/a< . ) i OS( m)].

! Remember that || - ||, denotes the 1, Orlicz norm in the space of random variables defined as

Xi+---+ X,
n
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2.3.2 Oracle inequalities for trace regression with bounded response

In this subsection, we prove a sharp low rank oracle inequality for estimator p° defined
by (2.3.1). It is done in the case of trace regression model with bounded response (that
is, under Assumption 3 in Section 2.1). The results of this type show some form of
optimality of the estimation method, namely, that the estimator provides an optimal
trade-off between the “approximation error” of the target density matrix by a low rank
“oracle” and the “estimation error” of the “oracle” that is proportional to its rank.
Sharp oracle inequalities (in which the leading constant in front of the “approximation
error” is equal to 1, so that the bound mimics precisely the approximation by the
oracle) are usually harder to prove. In the case of low rank matrix completion, the
first result of this type was proved by [57] for a modified least squares estimator with
nuclear norm penalty. A version of such inequality for empirical risk minimization
with nuclear norm penalty (that includes matrix LASSO) was first proved by [55].
Low rank oracle inequalities for von Neumann entropy penalized least squares method
with the leading constant larger than 1 were proved by [53], see also [31]. The
main result of this section refines these previous bounds by proving a sharp oracle
inequality, improving the logarithmic factors and removing superfluous assumptions,
but also by establishing the inequality in the whole range of values of regularization
parameter ¢ > 0 (including the value e = 0, for which p° coincides with the least
squares estimator p, see Section 1.3.3). In addition to this, for a special choice of
regularization parameter €, the theorem below also provides an upper bound on the
Kullback-Leibler error K (pl||p°) of p° that matches the minimax lower bound (2.2.14)

up to log-factors (and “second order terms”). It turns out that, for this choice of ¢, the

follows (see Section 1.4):

1Mlpe == inf{c >0: Eexp{ In } < 2}.

CC!
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estimator satisfies exactly the same low rank oracle inequality as the best inequalities
known for LASSO estimator and minimax optimal error rates are attained for p° also
with respect to Hellinger distance and Schatten p-norm distances for all p € [1, 2] (see
Section 2.3.4). For simplicity, it will be assumed that constants U in Assumption 1

and U in Assumption 3 coincide (in the upper bounds, one can always replace U and

Uby UvVD).

Theorem 8. Suppose Assumption 3 holds with constant U = U and let € € [0,1].

Then, there exists a constant C > 0 such that for all t > 1 with probability at least

1—et

/7= — fp||2Lz(n) < infges,, {Hfs - pr%g(n) + C(rank(S)m262 log®(mn)

n n

+U2 rank(S)m log(2m) + 2 t+10glog2(2n)>} ' (233)
In particular, this implies that

|mr4wamé0FM@mwmﬁmm

—|—U2 rank(p)m log(2m) + U2 i+log 10g2(2n):| ) (234)
Moreover, if
L log(2m) \/ 02 log(2m)
log(mn) nm n ’

then, with some constant C' and with probability at least 1 — ™!

rank(p)m log(2m m log(2m
= ol g < ©|rebimiton (1 2mtst )

n

+U2 t+log10g2(2n):| (235)

and

ran m3/2 o m) log(mn m lo, m
K(p||5) SCU{ k(p) \/\;ﬁg@ ) log( )<1VU / li(2 )>

m (t+loglog,y (2n)) log(mn)
+\/: \/log(2m) :| ' (236)

39



Proof. The following notations will be used in the proof. Let {(y,u) := (u—y)* y,u €

R be the quadratic loss function. For f : H,, — R, denote

(Lo f)x,y) = (flz)—y)? (Cof)(z,y)=2(f(x)—y)

and
n

P(te f)=E(Y — f(X))>, Pu(lef)=n"'> (¥;— f(X;)).

=1
For A € H,,, let fa(x) = (A, ),z € H,,. Since for density matrices S € S,,, ||S]1 =

tr(S) = 1, the estimator p = ¢ can be equivalently defined by the following convex

optimization problem:
p = argmingcs L,(S), L,(S):= [Pn(ﬁ o fs) +ctr(SlogS) + &||S|1 |,

for an arbitrary € > 0.
The following lemma will be crucial in the proofs of Theorem 8 as well Theorem
9 in the following subsection. Note that it does not rely on Assumption 3, only

Assumptions 1 and 2 are needed.

Lemma 9. Suppose Assumptions 1 and 2 hold. Let € (0,1) and S := (1—6)S"+54=,
where S" € Sy, rank(S’) = r and I,,, is the m x m identity matriz. Then the following

bound holds:

Vo= FollZn + 3065 = Fslyqm + <K (5:5) + €| PE(5)
1
< N fs = Foll2m + rm?e?log?(m/6) + rm?e? (2.3.7)

+486 + (P — P,) (¢ o f3)(f5 — [s).

Lemma 9 will be often used together with the following simple bound:

1fs = Lol = mzllS = pll5 <
2l = pl3 + 1S = pllallS" = Sl + 72115 = SII3 (2.3.8)

2
< s = foll o + mz + iz < s = FollZ,m + 72
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Together, they imply that

PLG)|,

<\ fsr = follZ,m +rm?e? log?(m/8) + rm?&? (2.3.9)

1= Folldaay + $155 = Fsl + <K (55) +¢]

+425 + B + (P — P,) (U o f3)(f5— fs)-
We will now give the proof of Lemma 9.

Proof. By standard necessary conditions of extremum in convex problems, we get

that, for all S € S,, and for some V € 9|1,
Pn(‘gl b fﬁ)(fﬁ - fS) +€<10gﬁaﬁ_ S> —{—5<‘~/”5— S> S 0

(see, e.g., [3], Chapter 2, Corollary 6; see also [52], pp. 198-199; for the computation
of derivative of the function tr(SlogS), see Lemma 1 in [53]). Replacing in the left
hand side P by P,, we get

P(l" o f5)(f5 = fs) +e(logp, p— S) + &V, p = S) < (P = Po)(l" e f5)(f5 = [s)-
It is easy to check that for the quadratic loss
P(l"e f3)(fz = fs) = P(le f5) = P(Ce fs) + | f5 = fs|Lom;
implying that
P(le f5) = P(Ce fo) + || f— fsllT,m +e(log p, 5 — S) +&(V, 5 — 5)

< (P —Po)(" e f5)(f5 = fs)-

Also, for the quadratic loss,
P(te f)—P(lef,)=|f~ follLan-
Therefore,
175 = Sl + 1f = FsllZaqm +€(log o, p = S) + &V, 5 = 5)
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<\ fs = folliya + (P = B) (€ o f3)(f5— [s)-
Recall that we have set S = (1—§)S"+ 622, where S’ € S,,,, rank(5’) =, § € (0,1).
Clearly,

m

< 26,
1

](f/,s-s’)

<V NeollS = S'lh < 1S = Sl = 5\ 5

where we used the fact that ||V||e < 1 for V € 9||p||;. This implies

15— follZ L) T 15 — fS||L2(H +¢e(log p, p— S) + 5_<‘~/u5 —-5)  (2.3.10)
<= FolB + 250+ (P — P o f5)(fi — fs).
Recall formula (2.3.2) for the subdifferential of nuclear norm. Let L = supp(S’).

By the duality between the operator and nuclear norms, there exists M € H,, with

|M||s < 1 such that

(PE(M), 5= §') = (M, PE(5 = S)) = |[PE(5 - 5

=P

With V' = sign(S’) + P (M) € 9|51, by monotonicity of subdifferential, we get

that

(sign($), 5 — ) + [P, = (V.5 = 8) < (V.5 - 8. (2:3.11)
In addition to this, we have
(log p, p—S) = (log p—log S, p—S)+(log S, p—95) = K(p; S)+(log S, p—S5). (2.3.12)
Substituting (2.3.11) and (2.3.12) into (2.3.10), we get
175 = Follaaiy + 105 = Fsly + €K (35.9) + 2| PG|,
< lfs = Fll3 + 2008 5,5 — 7) + Elsign($), 8 — 7Y (23.13)

+286 + (P — P,)(¢" o £5)(f5 — fs).

The following bound on &(sign(S’), S" — p) is straightforward:
£(sign(sS"), 8" — p) < &(sign(9), S — p) + &|lsign(S) [l 1S — 'y
< &|sign(S)12llS = pll2 + 286 < &v/rml|fs = foll o + 220 (2.3.14)

< rm?&? + 4||fs - fPHLQ + 280.
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A similar bound on e(log S, S — p) is only slightly more complicated. Suppose S’
has the following spectral representation: S" = >} | AP, with eigenvalues Ay € (0, 1]
(repeated with their multiplicities) and one-dimensional orthogonal eigenprojectors
P;. We will extend Pj,7 = 1,...,r to the complete orthogonal resolution of the
identity P;,7 = 1,...,m. Then

log S = log((l —0)S" + 5%) = ilog((l — 0N + 5/m>Pj + zm: log(6/m)P;

j=r+1

= Z 1og(1 +(1- 5)mAj/5)Pj + log(d/m) I,

J=1

and

(log S, S — p) = <i10g<1 +(1- 5)mAj/5)Pj, S - ﬁ> +1og(8/m){I, S — p)

j=1
— <Zlog(1 +(1- 5)mAj/5)Pj, S — /3>
j=1
where we used the fact that (/,,, S — p) = tr(S) — tr(p) = 0. Therefore,

e(log S,5 —p) <e

> log(l T (- 5)mAj/5>Pj

IS=7ll  (2315)
2

1/2
= em (S5 og? (14 (1= 9mA/8) ) s = fillaan

< eyrmlog(m/0)||fs = fyll o < rm?e*log®(m/0) + {l fs = fllf, -

where it was used that for \; € [0, 1]

o+ (16— 5)m)

log(l +(1— 5)m)\j/5) < log( < log(m/9).

Substituting bounds (2.3.14) and (2.3.15) in (2.3.13) we easily get bound (2.3.7), as
claimed in the lemma.

]

We will also need the following simple lemma that provides a bound on K (5'||5)
in terms of K(S||p).
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Let

h(9) ::510g1 1i5.

5+(1—5)10g

Observe that

1 )

(this bound will be used in what follows).

Lemma 10. Let 6 € (0,1), S € S, with rank(S’) = r and S = (1 — 0)S + §L=.
Then, for any U € S,,,

K(SIU) + h(s)

! <
K(s'o) < ==

Proof. The following identities are straightforward:

K(S|U) = tx(S(log S — log U))

= (1 - 6)tx(S"(log S — log U)) + dtr((In/m)(log S — log U))

= (1= 8)tr(S'(log 8" — log U)) + (1 — 8)tr(S(log S — log S'))
+5tr((In/m)(l0g S — 10g(In/m))) + 8tr((In/m) (1oL /m) — log U))

=(1-0)KS|U)— 1 —=0)K(S|S) + K (Ln/m||U) — 6K (I,/m||S).

Since K (I,,/m||U) > 0, it follows that

K(5)|U) , b
15 TEWNS) + =5 K (Ln/m]|S). (2.3.16)

K(S'U) <

Assuming that S’ has spectral representation S’ = Z;Zl A; P; with eigenvalues A\; > 0

and one-dimensional projectors P;, we get

5
K(S'S) = ZMO if /m
J

= E )\jlog(l—cﬂ—%) > log(1 —9) E A; =log(1 —9),
m\;
j=1 J

Jj=1
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implying that K (5'||S) < log 155. On the other hand,

1/m 1
K(I,,/m|S) = Zlog A=), —1—(5/m < Zlog log—.

Substituting these bounds in (2.3.16) yields the result. O

To complete the proof of Theorem 8, we need to control the empirical process
(P — P,)(¢' e f3)(f5 — fs) in the right hand side of bound (2.3.7). Our approach
is based on the following empirical processes bound that is a slight modification of
Lemma 1 in [55]. As before, we assume that S = (1 — §)S’ + L= with §' € S,
rank(S’) = r. We will set ¢ := ——.

Let 2. :=n"! Z?Zl e, X;, where ¢; are i.i.d. Rademacher random variables (that
is, €; takes values +1 and —1 with probability 1/2 each) and {¢;}, {X,} are indepen-

dent.
Lemma 11. Given 61,60 > 0, denote
0 (81,62) = sup{\(Pn—P>w-fA><fA—fs>] : A € Sy |l fa=fslleaa < 00, IPE Al < 52}.
Let 0 < 0y < 07,0 <8y <d5. Fort>1, denote
t:=t+ log<[log2(5f/51_)] + 2) + log<[log2(5;/52_)] + 2) +log 3.
Then, with probability at least 1 — e~ for all 6, € [0y ,6]],02 € 05,651,
(01, 62) < CLUE||Ec || (\/Fmal + 0y + 5) + CQU(SI\[ + 03U2£

where C1,Cy, C3 > 0 are constants.

We will use this lemma to control the term (P — B,)(¢ o f;)(f5 — fs) in bound

(2.3.7). Let 61 := || f5 — fs|lroan and 85 := || P p||1. Define also

2 1
0 ==, 05 =1, 6] =0, = —
1 m? 2 V1 2
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so that ¢ < t+2log(logy(mn)+3)+log 3. It is easy to see that §; < d; and 5, < &5 . If,
in addition, d; > 07, do > 65, the bound of Lemma 11 implies that with probability

at least 1 —e™¢,

(P — Pn)(gl b fﬁ)(fﬁ — fs) < an(01,62)

i
< CUE||Z. ||« (ﬁmél 46yt 5) + C’QUél\/7 + U

If £ > CLUE||Z. ||, the last bound implies that

(P = Fp) (" f3)(f5— fs)
< illfo = fslZ,qm +rm?& + &|PLpl + &6 (2.3.17)

+5llf5 = Isllz,m + (CF + C)UPL
Substituting this bound in the right hand side of (2.3.9), we get

1f5 = foll 2o + €K (5; 5)
<|lfs = foll3 o) + rm?e® log?(m/6) + 2rm?e? (2.3.18)

+5e6 + CU?L + 128

m2 )

where C' := C% + Cj.

In the case when & = ||f5 — fs|lzoan < 07 = = or 8 = ||Prpll1 < 65 we

mn’

can replace the terms || /5 — fS||L2(H or ||Pi le in bound (2.3.17) by their respective

upper bounds (1(07)? = 55—, or §; = --), which would be smaller than CU?L

Am2n2)

for large enough C' > 0, so bound (2.3.18) still holds (recall that U > m~'/2). Note

also that % = 12m41n2 < 12U 2%. Thus, increasing the value of constant C, one can

rewrite (2.3.18) in a simpler form as

If5 — fp||L2 +eK(p; S)
< fsr = foll7 ) + rm®e® log?(m/8) + 2rm*e (2.3.19)

+580 + CU?L.
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The following expectation bound is a consequence of a matrix version of Bernstein

inequality for ||Z.]« in Lemma 7 in Section 2.3.1 (it follows by integrating out its

E|E: | < 4{\/@\/[]@%@}

(it is also used in this computation that, in the case of uniform sampling from an

exponential tails):

orthonormal basis, o2y = [[EX?|| = L, a simple fact often used in the literature;

see, e.g., [53], Section 5). Let

s DU log(2m)
’ nm

for some constant D’. If D’ is sufficiently large and

ylosm)  , jlog(2m) (2.3.20)

n nm
then the condition € > C1UE||Z,||« is satisfied and bound (2.3.19) holds with prob-
ability at least 1 — e~*. Moreover, &5 <pr 6 Spr UZ%, implying that the term 50 in
(2.3.19) can be dropped at a price of further increasing the value of constant C.
If (2.3.20) does not hold, we still have that

2 _ 16— rli3 2 ot
15 = follLom = T < — <CU -

Recalling that ¢ <t + 2log(logy(mn) + 3) and log(m/d) < log(mn), we deduce from

(2.3.19) that with some constant C' and with probability at least 1 — e™*

1= Dol < s — FllZ,m +C [m log?(mn)

+U2 rm 105(2m) + U2 t+log(log2(mn)+3):| . (2321)

n

Note that, for n > 2,
log(logy(mn)+3) = log (log2(4m)+log2(2n)> < loglog,(4m)+loglog,(2n), (2.3.22)

since log,(4m) + log,(2n) < log,(4m)log,(2n). Since also, for r > 1,

>t +loglogy(4m) . ,rmlog(2m) (2.3.23)

n n

U
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we can replace in bound (2.3.21) the term U? Hlog(logs(mn”?’) with the term UQM

(increasing the value of the constant C' accordingly). This yields bound (2.3.3) of
the theorem. For S' = p, it yields bound (2.3.4), and, moreover, for S’ = p and
S=(1-10)p+dix with § = —}, bound (2.3.19) also implies that
eK(p; S) < rank(p)m?e?log?(m/§) + 2rank(p)m?& (2.3.24)
+580 + CU?L.
We will now take

g:=D'\U log(2m) WM
B bt

for a large enough constant D’ so that £ > C1UE||Z,||«. Assume that

1 log(2m) ,log(2m)
°T log(mn) [U nm \/U n }

As before, the term £§ in bound (2.3.24) will be absorbed by the term C’U2£ with a

larger value of C' and also

rank(p)m?e®log®(m/8) <p rank(p)m?&* <p

2 rank(p)m log(2m) (1 \/ 2™m log(2m) ) .

As a result, taking into account (2.3.22), (2.3.23), bound (2.3.24) can be rewritten as

follows:

n

eK(p;5) < CU? [M (1 \/ U””L(Qm)) (2.3.25)

n

+ t+loglogs (2n) :| ‘

Using the bound of Lemma 10 along with the bound

t + loglog,(2n)) log(mn)
log(2m)

?

h(6) < dlog(e/d) = #log(eanQ) S Uy %<

we easily get that (2.3.6) holds. O]
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2.3.3 Oracle inequalities for trace regression with Gaussian noise

In this subsection, we establish oracle inequalities for the von Neumann entropy pe-
nalized least squares estimator p° in the case of trace regression model with Gaussian
noise (Assumption 4). Unlike in the case of Theorem 8 of the previous section, our
aim is not to obtain sharp oracle inequality, but rather to get a clean main term of

the random error bound part of the inequality, namely, the term 0‘2 raLnk(S)m(;t;rlog@m))

in inequality (2.3.27) below. Note that this term depends only on the variance of the
noise ag , but not on the constant U from Assumption 1 (the constant U is involved
only in the higher order O(n™?) terms of the bound). Note also that there are no
constraints on the variance O'g that could be arbitrarily small, or even equal to 0 (in
which case only higher order terms are present in the bound). This improvement
comes at a price of having the leading constant 2 in the oracle inequality and also
of imposing assumption (2.3.26) that requires the regularization parameter € to be
bounded away from 0 (again, unlike Theorem 8, where it could be arbitrarily small).

As in the previous section, we also obtain a bound on Kullback—Leibler divergence

K(pll ).

Theorem 9. Lett > 1. Suppose

{DUQt—HOg mlog?n Dio¢ /t—i—log (2m) \/DU2t+log mlog®n
n "log(mn)

(2.3.26)

with large enough constants D, Dy > 0. There exists a constant C' > 0 such that with

probability at least 1 — e™*

n

I =l < nf (2055 = Sl + €

yrank(S)m?2(t + log(2m))*log(2m) L rank(S)m?(t + log® mlog® n)?log?(mn)

< yrank(S)m(t + log(2m))

2
agU

n? n?

(2.3.27)
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In particular,

n

rank(p)m(t+log(2m
I = Fol < € |opbiomtstaten) (2.3.2%)

+U§ 12 rank(p)mQ(t—i—lc;gQ(Qm))2 log(2m) + 4 rank(p)mQ(t—i-logS:QL log? n)? log? (mn) ‘

Moreover, if

Do /t+log (2m) \/DU2t+log mlog®n
log mn)

for large enough constants D, Dy, then with some constant C' and with the same

probability both (2.3.28) and the following bound hold:

K(p|p) < C |:o'£ 1”ank(p)m‘"’m(lt-i-lf/‘éﬁ(?m))1/2 log(mn) (2.3.29)

+U§ rank(p)m?2(t+log(2m)) log(2m) + 2 rank(p)m?2(t+log® mlog? n) log?(mn) '

Proof. As in in the proof of Theorem 8, we rely on Lemma 9, but we use a different
approach to bounding the empirical process (P — P,)(¢ o f5)(f; — fs). The following

identity follows from the definition of quadratic loss ¢

("o f)la,y)(f(x) = fs(x)) = 2(f(2) = fs(2))* + 2(fs(x) — y)(f(2) = fs(2))
and it implies that

(P = Pa) (' ® [5)(f5 = fs) = =2(Pu = P)(f5 = fs)" = 2(Z,5 = S) (2.3.30)

where
=n"'> (fs(X;) = V) X; — E(fs(X) - Y)X.
7=1
We will bound (P, — P)(f5 — fs)? in representation (2.3.30) as follows:
Io = fsllLoq
P, — P)(f5— fs)*| < (HK =), 2.3.31
(.= P)(fy — J5) P (2331)
where

cAeH,, |Al < 1 fallp,a) < A}'

.(8) = supd |7, - )2
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The next lemma provides a bound on (,(A). Its proof is somewhat involved and
it will be given in Section 2.5. It is based on Rudelson’s L. (P,) generic chaining
bound for empirical processes indexed by squares of functions and on the ideas of the
paper by [38] combined with Talagrand’s concentration inequality (see also [4], [64]

and Theorem 3.16, Lemma 9.8 and Proposition 9.2 in [52] for similar arguments).
Lemma 12. Given 0 <0~ < 0% andt > 1, let
Fimt 4 log<log2(5+/5_) + 3).

Then, with some constant C' and with probability at least 1 —e~*, the following bound
holds for all A € [0—,07] :

3/2 3 2 -
B.(A) < C| AU \/”Zlog" L glog mlogn AU\/7 U } (2.3.32)
n n n

We will use Lemma 12 to control §,(A) for A : % Let 6% := L and
0 = i. With this choice, ¢ < t + log(logy,n + 3). Note that for A = £=5
2 lp—Sll1’
All Loy = Al < |A” m~' = 6T. If also || fallL,an > 07, then we can substitute
[l 2(11) )
bound (2.3.32 Bn(A) into (2.3.31) that yields:
(0] 3/2m ogn
(Pa = P)fs = 1o < €[5 = fulla 5~ S
~ og®mlog?n ~ 3
15 — SIBURE B | 5 — foll 16— snlvﬁ
Hip - s1pd]
O, 3m O 277, ~
< 5llfp = Fslliym +8(C* + C/8)UPEEEER 5 — S| (23.33)

+35llf5 = fslli,m +8(C% + C/RULIIp — SIIE

3 27
< 16llf5 = fslliym + CUPREREE |5 — S,

where C" := 8(C? + C'/8). If, on the other hand, || fallr,an) < 6~ = -, then [|f; —
sl Lo(my in the above bound can be replaced by —||5— S|, and the proof that follows
only simplifies since

1
_16

2 o _U2log mlogn +1t
— 16

1
16l — fsll, ) 1o — SIIt.
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Another term in the right hand side of representation (2.3.30) to be controlled is

(=,p — S). Note that = = Z; + =5, where
n
El = —nfl ijXj
j=1

and
n

Bar=nt ) (fs(X)) = [o(X)X; — E(fs(X) — f,(X))X.

Jj=1

Recall that S = (1 —6)S + 622 with §’ € S,,, rank(S’) = r, supp(S’) = L and
§= —i.

The term with = is controlled as follows:
(E1,5-9)

+| @ PG = 8] + |[(PEED, S = )

< |(PL(Z1),p = 5)

< IPLELNF = 2 + [Ed Il PEG) I + || PEED| 1S = Sl
< 2v2rml|Ealocll 5 = Fsla + IE1 el PEG) | + 40111 (2:3:34)
< 32rm?|E1l1% + 5115 = Fs 1,
1E o PE ()1 + 40]Zs
We also have
(2.5 — 9)| < Z2llcllf = Sl < IZ2llllp = Sl + IZ2llS” = Sy

< [|Z2lloollp = S"ll1 + 26[|Z2 | oo- (2.3.35)

Thus,

(E.5— 9)| < s2rmllIiliE + 15 — sl

HIE Pz (D)1 + 40]E1lloe + [Z2lloollp = 'll1 + 20]|Z2]loo-  (2-3.36)
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It follows from (2.3.30), (2.3.33) and (2.3.36) that with some constant C’

(P = F) ("o f3)([5— fs) <
og® mlog? n+¥ || ~
H1f = Fsl2y + CUPE L 5 _ g (23.37)
+64rm?||E: |2, + 2/|E1 oo 1Pz (A) 11 + 80[1Z1 oo

+2[|1Zzloollp = S"llx + 40]|Z]|oc-

This bound will be substituted in (2.3.7). Note that, if assumption (2.3.26) on ¢ holds

with a sufficiently large constant D, then we have

s 8C,U210g3mlog2n +1

n

(this follows from the fact that £ < t + log(logyn + 3) < t 4 clog® mlog®n for some
constant ¢ > 0). Assume also that £ > 4[|Z; || and recall that K(p;5) > 1[p — S|3

(see inequality 1.3.10). Taking all this into account, (2.3.7) implies that

1f5 = Foll s + 515 — fsllE,qn + 55(7: S) + 5P ol
<|lfs = follZ,qn + rm*e®log?(m/d) + 5rm*&* 4 620 (2.3.38)

+2[|Ealloc |6 = S'l1 + 4122|000

It remains to control ||Z;]|e and ||Zs]|s- To this end, we use matrix versions of
Bernstein inequality. To bound ||Z3]/~, we use its standard version as in Lemma 7

which yields that with probability at least 1 —e™*

1/2 t+log(2m)

n

oo

[E2|oe < Q[HJE(fS(X) (X)X

V] s - £l |2,

where || - ||z, denotes the essential supremum norm in the space of random variables.

Since

|ECrs () = £,02X2| < 02N fs = ol
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and
| s(2) = 0NN |, <207,

we get
[Zelloe < 4 [nfs = ollaa Uy SR U2—”1°i(2’“>} -
This implies that

—_ ~ log(2m) || ~
2|Ballocllp = S'llx < Il fs = Loll3,my + 16022522 5 — g2

+8U2t+loi(2m) Hﬁ . S/Hl-
Note that
16U2t+loi(2m) Hﬁ . S/H%
< 16U 5 g2 4 1602 M) (45 4 62)

and

]2 t+log(2m) ||ﬁ . S/Hl

< SUHHECIL | Py |, U2 HER | P (5 — )|y

< 8U2 t+10i(2m) ||7)[J/_,5||1 + 8U2 t+loi(2m) HPL (ﬁ i S) ||1 + 16U2 t+loi(2m) 5.

Since, for some constant C” > 0,

8U2t+loi(2m)|’,PL(lb~_ S)HI < 8\/§U2t+loi(2m)ﬁ’|PL(ﬁ_ S>||2

(2.3.39)

(2.3.40)

(2.3.41)

(2.3.42)

m r 2 2
< 8v2UHEEM. S| f5 — fsllzom < 315 — fsll3 ) + CrUt g (L+log(2m)”

it follows from (2.3.40), (2.3.41) and (2.3.42) that

2[1Zlloollp = Sl < Mfs = follZ,m +
F16U2EHBCmY 5 g2 16028 (45 4 §2)
+8U2 t+log(2m) ||/P£',5||1 + 16U2 t+log(2m)5

n

7‘77L2 m 2
1o = sl + OO PR

n2

o4

(2.3.43)



Note that (2.3.39) also implies that

22|00 < 4 {%\/”l‘)i@m) 1+ U2 ”l"i@m)} (2.3.44)

(since || fs — foll Loy < m7H|S —pll2 < 2m™1). Let us substitute (2.3.43) and (2.3.44)

in the last line of (2.3.38). Assume that

s 16U2t + log(2m)
o n

and that constant D in assumption (2.3.26) is large enough so that

t + log(2m)
n

160° |5 SIIE < SK(5,9)

(recall inequality 1.3.10). It easily follows that with some constants C, Cs,

15 — fp||L2(H EK(ﬁQS)
< 2| fs = foll7,m + Cirm®e®log®(m/8) + 5rm?*e (2.3.45)

FCo0 + 32U [ Hloslm) 5

(note that the term C”U4% of bound (2.3.43) is “absorbed” by the term
Cirm2e?log®(m/d) of bound (2.3.45) provided that constant C is large enough).

Since

(recall that U? > m™!), we have &6 < &2. Also, since U > m~'/2,

2
U i+ 10g(2m)5 U [t + log(2m) < Ut t 4 log(2m) <2
m n n m3n2 n

Therefore, (2.3.45) implies that with some constant C

155 = foll Loany + TK(5;.5)

<20 fs = follZ,m + C<rng2 log2(m/6) + rm2€_2>. (2.3.46)
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To bound ||Zi|lo, We use a version of matrix Bernstein type inequality as in
Lemma 8 in Section 2.3.1. Its version for a = 2 (with U® < Us¢) implies that for

some constant K > 0 with probability at least 1 —e™*

_ t + log(2m t + log(2m)) log'/?(2Um!/?
11l < K{UH/L\/QM 8(2m)) log )} (2.3.47)
nm n

We choose

£ 1= Doy B g gy o8B Do o)

with a sufficiently large constant Dy to satisfy the condition [|Z]|s < 4 with prob-

ability at least 1 — e~* (the rest of the assumptions we made on & are also satisfied
with this choice).
Bound (2.3.46) then implies that with some constant C' and with probability at

least 1 — 3e" the following inequality holds:

15 = Foll 2o < 20fs — follZom

rm(t + log(2m rm?(t + log(2m))? log(2m
1 olo? ( (2m)) 271 ( (2)) (2m) (2.3.48)

2
—|—0£U

n n

Lrm2(t +log® mlog® n)? log®(mn)
+U - |

Using bound (2.3.8) to replace S in || fs — fp“%Q(n) with S” and adjusting the value

t

of constant C' to rewrite the probability bound as 1 — e™", it is easy to complete the

proof of (2.3.27). If S’ = p, this also yields bound (2.3.28). Moreover, with a larger

value of regularization parameter

o Dioe [t +log(2m) \/ DUZt + log® m log? n’
log(mmn) nm n

bound (2.3.46) and Lemma 10 easily imply bound (2.3.29). O

2.3.4 Optimality of von Neumann entropy penalized estimator

We start with upper bounds on the error of estimator p° (von Neumann entropy

penalized least squares estimator defined by (2.3.1)) in Hellinger, Kullback-Leibler
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and Schatten p-norm distances for p € [1,2] for the trace regression model with
Gaussian noise (Assumption 4). To avoid the impact of “second order terms” on the

upper bounds, we will make the following simplifying assumptions:

Ui/ mn logm <1 and U?y/ n log®? mlog® nlog(mn) < oe. (2.3.49)
n n

Recall that, for the Pauli basis, U = m~'/2, so, the above assumptions hold if
n > log®m and o¢ is larger than \/%7 (times a logarithmic factor). We will choose

regularization parameter ¢ as follows:

Dyoe  [log(2m)

= otV (2.3.50)

with a sufficiently large constant D; > 0. The next result shows that minimax rates

of Theorem 4 are attained up to logarithmic factors for the estimator p°.

Theorem 10. There exists a constant C' > 0 such that the following bounds hold

for allr =1,...,m, for all p € S,,,, and for all p € [1,2] with probability at least

1—-m™2:
3/2\ 17 -
||ﬁ€ _pHp S C(O-ém T /log 10g2 p/p mn /\(O-fj;]’ﬁ ) (logm)22p> /\27
(2.3.51)
3
H*(57, p) < C’Jg\?;gr\/logmlog(mn) /\2 (2.3.52)
and
3
K(p||p©) < C%j/n_r\/logmlog(mn). (2.3.53)
n

Proof. We will need the following simple lemma.

Lemma 13. Forallp € S, and alll =1,...,m, there exists p' € S, such that

NI)—\

lp =2 <

Proof. Suppose that p = Z;“:l AjP;, where \; are the eigenvalues of p repeated

with their multiplicities and P; are orthogonal one-dimensional projectors. Note that
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{\; 1 j =1,...,m} is a probability distribution on the set {1,...,m}. Let v be a
random variable sampled from this distribution and vq,...,v; be its i.i.d. copies.

Then EP, = p and

EH11 > P, —p

2
_ BB, =l _ BRI = el _ 1=1lpll3 _ 1
7.

= 9 l l l -
Therefore, there exists a realization vy = kq, ...,y = k; of r.v. 14, ..., such that
BN 1
| 2P| <7
Denote p' := 71 22:1 P,,. Then, p' € Sy, and ||p — /I3 < 1. m

First, we will prove bound (2.3.51) for p = 2. To this end, we use oracle inequality
(2.3.27) with t = 2log m+1log 2 and with oracle S = p’ € S, such that ||p—p/||3 < %

Under simplifying assumptions (2.3.49) it yields that with probability at least 1—1m

i 1
16 = plls = M| foe = foll 2o S |5 + T2l logm|,
I

oem3/?

where 7 := —7 On the other hand, using the same inequality with S =p € S,.,
yields the bound

15" = pllz < T°rlogm

that also holds with probability at least 1 — %m_Z. Therefore, with probability at least

1—m™2

1
155 = pll3 < (7 + 7%l log m> /\7'27“10,5.); m. (2.3.54)

Let [ = ﬁ. If [ € [1,m], set [ := [l]. Otherwise, if [ > m, set [ :=m and, if [ < 1,
set [ := 1. An easy computation shows that with such a choice of [ bound (2.3.54)
implies (2.3.51) for p = 2.

Next we use bound (2.3.29) that, for t = 2logm, implies under assumptions

(2.3.49) that with some constant C' and with probability at least 1 — m ™2

~c 7’m3/2 ogm lo mn
K(p||5°) < Co o miogtmn)

= , (2.3.55)
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which is bound (2.3.53). Bound (2.3.52) also holds in view of inequality (1.3.10).
Now, we prove bound (2.3.51) for p = 1 (the bound for p € [1,2] will then follow
by interpolation). To this end, we will use the following lemma (see Proposition 1 in
[53]) that shows that if two density matrices are close in Hellinger distance and one of
them is “concentrated around a subspace” L, then another one is also “concentrated

around” L.
Lemma 14. For any L C C™ and all S1,55 € S,,,
1L Sl < 2[|Pr Sell +2H2(S1, S2).

We apply this lemma to S; = p°, Sy = p and L = supp(p) so that Pip = 0. It
yields that
1Pz %Il < 2H(57, p).
Therefore,
17" =l < N PL(B=p)hHIPE (=)l < V2|57 =plloHPLF Il < V2|5 —plla+2H? (5, p).

(2.3.56)
Using bounds (2.3.51) for p = 2 and (2.3.52), we get from (2.3.56) that

3
e oem2r
17° =l < €70 flogmlog(mn) A2 (2.3.57)

which is equivalent to (2.3.51) for p = 1. Note that by choosing t = 2logm +1log 2+ 2
(which might have an impact only on the constant), we could make probability bounds
in (2.3.51) for p = 2 and (2.3.52) to be at least 1 — m 2 implying that (2.3.57) holds
with probability at least 1 — m™2, as it is claimed in the theorem.

To complete the proof, it is enough to use the interpolation inequality of Lemma

6. It follows that, for p € (1,2),

5 B 2.1 . 2-2
165 = plly <1157 =pllf 1167 =plly "

Substituting bound (2.3.51) for p = 1 and p = 2 into the last inequality yields the

result for an arbitrary p € (1,2). O
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Similarly, in the case of trace regression with bounded response (see Assumption
3), minimax rates of Theorem 5 are also attained for the estimator p° (up to log
factors). In this case, assume that Assumption 3 holds with U = U and, in addition,

let us make the following simplifying assumptions:

mlogm

U

<1 and loglog, n < mlogm. (2.3.58)
n

For the Pauli basis (U = m™/2), the first assumption holds if n > log m. The second
assumption does hold unless n is extremely large (n ~ 29P{mlogm})  Under these

assumptions, we will use the following value of regularization parameter ¢ :

U log(2m)
~ log(mn) nm

The following version of Theorem 10 holds in the bounded regression case (with a

similar proof).

Theorem 11. There exists a constant C' > 0 such that the following bounds hold
for allr = 1,...,m, for all p € S,,, and for all p € [1,2] with probability at least
1—-m™2

Um3rl/p Um3/? =3 11
15° = pll, < O(—\/logmlog@p)/p(mn)/\ (logm)>~2 ) A2,
vn vn
(2.3.59)

H*(5%,p) <C—\/10g log(mn /\ (2.3.60)
and

K(p||7) < C%\/logmbg(mn). (2.3.61)

Remark 5. In the case of Pauli basis, the minimaz optimal rates (up to constants

m

and logarithmic factors) are: m\%p A (\/—ﬁ)l_% A 2 for Schatten p-norm distances for

p € [1,2]; % for nuclear norm, squared Hellinger and Kullback-Leibler distances

(provided the mr < \/n).
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2.4 The projection estimator and Schatten p-norm conver-
gence rates
Our main goal in this section is to study a minimal distance estimator p of p (initially

proposed in [54]) defined as the projection of a simple unbiased estimator
A m2 n
J =— Y. X
" ;:1: J<%j

onto the convex set of density matrices S,,, see also (1.3.7) in Section 1.3.3. We show
that the minimax error rates established in Section 2.2 for the classes of low rank
density matrices are attained for this estimator up to logarithmic factors in the whole
range of Schatten p-norm distances for p € [1,00] as well as for Bures and relative
entropy distance. The proof of these results relies on simple properties of projections
of Hermitian matrices onto the convex set S, of density matrices (see theorems 15
and 16) that might be of independent interest.

For the model of uniform sampling from an orthonormal basis £ = {Ey, ..., E,2},

the following simple estimator of unknown state p € S, is unbiased:

2 n
N m
Z = — Y. X,
- ; 3

Indeed,
E,Z = m’E, (Y X) = m*E(E,(Y|X)X) = m*Etr(pX) X

m?2

1
= m’E{p, X)X =m’— > (. EE; = p.

Jj=1

Clearly, Z is not necessarily a density matrix.
2.4.1 Schatten p-norm convergence rates of the projection estimator

We will now define the minimal distance estimator p as the projection of Z onto the

convex set &, of all density matrices. More precisely, for an arbitrary Z € H,,, define

s, (Z) = argminges [|Z — S|f5. (2.4.1)
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Clearly, 7s,,(Z) is the closest density matrix to Z with respect to the Hilbert—Schmidt
norm distance (that is, the projection of Z onto S,,; such a closest density matrix
exists in view of compactness of S,, and it is unique in view of strict convexity of
S ||Z - S||3). Let

p=ms, (Z), (2.4.2)

which is actually the modified least square estimator p. (1.3.7) for any € > 0 intro-
duced in Section 1.3.3.

We will show that the upper bounds on the error rates in Schatten p-norm dis-
tances for p € [1, 00| and in Bures distance that match the minimax lower bounds of
Theorems 4, 5 and 7 in Section 2.2 up to logarithmic factors hold for the estimator p.
We will then introduce a simple modification of this estimator for which a matching
upper bound holds also for Kullback-Leibler distance.

First, we consider the case of Gaussian trace regression model (Assumption 4).

U

We need an additional assumption that o > —75 (the variance of the noise is not

too small).

Theorem 12. Suppose Assumption 4 holds and o¢ > # For allp € [1,+00], there
exists a constant C' > 0 such that, for all A > 1 the following bounds hold:

{ip-ol > O(Tl/,,agmij /\(”gmg/zﬂww A1)} = 2

sup PP,
pEST',nL

(2.4.3)

and

sup ]Pp{Hz(p, p) > C(rgfmg V:/Llﬁlog@m) A 1)} < (2m)~4, (2.4.4)

PESr,m

If e < #, the bounds still hold with o¢ replaced by #

Similarly, in the case of trace regression with a bounded response, the following

result holds.
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Theorem 13. Suppose Assumption 3 is satisfied. Then, for all p € [1,+0o0], there
exists a constant C' > 0 such that, for all A > 1, the following bounds hold:

Li=el > C(rl/pUmg\/W /\(Umg/WfW)1; A1)} < ey

sup Pp
PEPm(U)

(2.4.5)

and

sup IP’p{H2(p, pp) > C(rUmg Vﬁﬁbg@m) /\1)} <(@m)A. (2.4.6)

PEPm(U)
For completeness, we state also the upper bounds in the case of Pauli measure-

ments (that immediately follow from Theorem 13).

Theorem 14. Suppose the assumptions of Theorem 7 hold. Then, for allp € 1,400,

there ewists a constant C' such that, for all A > 1, the following bounds hold:

sup B =l > € (PSR A (S DR ) A 1)} < my
(2.4.7)

and

sup Pp{m(f), p) > o(r% /\1)} < (2m)~A. (2.4.8)

pESr,m
The proof of these results relies on the following fact that might be of independent
interest and that essentially shows that s, (Z) is the closest density matrix to Z not

only in the Hilbert—Schmidt norm distance, but also in the operator norm distance.

Lemma 15. For all Z € H,,,
|12 =75, (2l = inf 17 = Sl

The proof of this lemma will be given in Section 2.4.2. Here we use it to establish

the next result that is the main ingredient of the proofs of theorems 12, 13 and 14.

Lemma 16. Let p € [1,+00]. For all Z € H,, and all S € S, n,
I75,,(2) = Sllp < min (2710171 Z - 8|0, 212 = S|177).
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The proof relies on Lemma 15 and on a simple lemma stated below.
Lemma 17. Let S, 5" € S,,, and rank(S) = r. Then, for all p € [1, 0],
15" = Sl < min((8r)"/71S' = Sllac, 275" = S| 7).

Proof. Let S =3"_, \j(¢; ® ;) be the spectral decomposition of S with eigenvalues
A; and eigenvectors ¢;. Let L := supp(S) be the linear span of vectors ¢1,...,¢, €
C™. Denote by Pr, P;. the orthogonal projection operators onto subspace L and
its orthogonal complement L+, respectively. We will need the following projection

operators Py, Pi : H,, — H,, :
Pi(A) =P LAP,, PL(A)=A— P, AP, AcH,,.
The following bounds are obvious:
IS =1 =15l = IS" = S+ Sl = [|PL(S" = 8) + P(S = 8) + Slx

> [PL(S" = 8) + Sl = [PL(S" = 91

Since S = PSPy, we can use the pinching inequality for unitary invariant norm || -

(see [9], p. 97) to get:
1P (S = 8) + Sl = [|1PLS Py + Pre(S" = S)Pre |

= |PLSPL|l + || Pra (8" = S)Pre|ly = [|S]l + [P (S = 9)]x

Therefore,

1Sl > IS]: + 1P (S" = )l = 1PL(S" = S)ls,

implying that
1Pz (S" = )l < [IPL(S" = 9)]s-

It follows from the last bound that
15" = S|l = |PL(S" = S) + P (S = 9l < 2[|P(S" = ).
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Since dim(L) = r, the matrix Pr(S" — 5) is of rank at most 2r. This implies that
IPL(S" = ) < 2r|[PL(S" = )l

< 2r([[(8" = ) Prlloc + [ PL(S" = §) Prilo) < 4r([S" = S]loc

Therefore, ||S" — S|j1 < 87||S" — S|, and since also ||S" — S|y < 2,5,5" € S, we
conclude that

|5 — S|l1 < min(8r[|S" — 5|, 2).

Together with interpolation inequality this yields that for all p € [1, 0]
18" = Sllp < 118" = SIFPIS" = S < min ((8r)7)1S" = Sllac, 271" = S 151/7).
m

Proof. We now prove Lemma 16. It immediately follows from Lemma 15 that, for all

Ses,,
|75, (Z) = Sllee < 75,,(Z) = Zl|oo + [|Z = S0 <2/ Z — S[co-

If S €8, is a density matrix of rank r, the last bound could be combined with the

bound of Lemma 17 to get that for all p € [1, +00]
I5,,(2) ~ S, < min (24107 Z — S]], 22 — S|V,
O

Proof. We now turn to the proof of theorems 12, 13 and 14. To this end, we use the

bound of Lemma 16 with Z = Z and S = p € S,.m that yields:
15— plly < min (274549 2 — pll. 212 — pl1577). (2.49)
The control of

A m?2 n
12 = ol = | 15, -
=1 00
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is based on a standard application of matrix Bernstein type inequalities. We give a
detailed argument for completeness. Note that ||p— p||, in the left-hand side of bound
(2.4.9) is upper bounded by 2, so, if Bernstein bound on ||Z — p||« is larger than 1
(or even 2 1), it could be replaced by the trivial bound equal to 1. In the case of
Theorem 13, we use the version of Bernstein inequality for i.i.d. bounded random
matrices, see Lemma 7 in Section 2.3.1.

For V=YX — E(YX), we get, under Assumption 3, that
0% = [[EV? oo < |E(Y?X?)[[oo < U?||EX?||.

It is also well known that, under the same assumption, ||[EX?||o = m™!. [Indeed, if

{ej,7 =1,...,m} is an orthonormal basis of C™, then

IEX?||lo = sup E(X?v,v)= sup E|Xv|*= sup EZ\XU ei)|?

veC™,|v|<1 veC™,|v|<1 veC™ ,|v|<1 =1
= sup EZ] (X,v®e;)[? = sup Zm Z| Ep,v@e;)[ = sup m~ ZHU@GJHQ =
veCm™, |v|<1 =1 veC™ |v|<1 veCm™ |v|<1
sup m- ZM le;|? =m™].
veC™,|v|<1

We use the bound of Lemma 7 with ¢t = A log(2m), A > 1 to get that with probability

at least 1 — (2m)~4,

2 n m2
HEZ}GX]'_ H <C’[Um3/2 /Alog 2m) Alog(2m)}
n
j=1

with some absolute constant C' > 1. If

U?m? Alog(2m) > U3 | Alog(2m)
n - n ’
then Um!/2,/ Al%@m) > 1 implying that Um?/2,/ Al%@m) > 1. Thus, when the bound

on ||Z — pllos is substituted in bound (2.4.9), it is enough to keep only the first term

Um?/ 2\/%(%), the second term could be dropped. This implies that with some

constant C" > 0 (that does not depend on p € S, ,,,) the inequality

-l < (et AT (T Ao B])
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holds with probability at least 1 — (2m)~4, implying the first bound of Theorem 13.
The second bound immediately follows from the inequality H?(p, p) < ||p — pll1 (see
Lemma 1). Theorem 14 is an immediate consequence of Theorem 13.

The proof of Theorem 12 is very similar. In this case, Assumption 4 holds and it

is natural to split 7 — p into two parts

n

N m2 777,2 -
Z—p="2 0 X)X;—p+— > X, (2.4.10)
j=1

=1
and to bound ||Z — p||s by triangle inequality. For the first part, an application of

matrix Bernstein inequality of Lemma 7 yields the bound

n
mQ

Alog(2 *m?Alog(2
2 5 < clumy AL o

n

} (2.4.11)

n <
Jj=1

that holds for some absolute constant C' > 1 with probability at least 1 — (2m)~4.
Indeed, in this case V = (p, X)X — E(p, X)X and

_ Ul _ U

= T 5y
m?2 m?

o < |E{p, X)*X?||c < UE(p, X)?

1o, X) Xlloo < NIl 1X13, < X115, < U,

and Lemma 7 implies (2.4.11). As before, if M > Um Al%(zm), then
Um ’41%(27”) > 1. Thus, the second term w could be dropped when the
bound on ||Z — pl|s (for which the right hand side of (2.4.11) is a part) is substituted
in (2.4.9).

As to the second part of representation (2.4.10) that involves normal random
variables &;, it is bounded using another version of matrix Bernstein inequality for
not necessarily bounded random variables (see [53], [52], [55]).

We apply the bound of Lemma 8 in the case when V = (X, a = 2 and t =

Alog(2m) for A > 1. By an easy computation,

2 2 2 052
o USHIEX loo = —
m
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and

U@ = 2|¢l| X |, < 20 Ellvy < doeU

This yields the following bound

m? & Alog(2m) m?2Alog(2m) log'/*(4U /m)
I IR R e A ;
=1 0

(2.4.12)

that holds with probability at least 1 — (2m)~* and with some absolute constant C' >
1. If the second term in the maximum in the right hand side of (2.4.12) is dominant,
then Um/?y/218CM) 1061/2(477 /m) > 1. Under the condition that o¢ > Um™~"/2, this
implies that also oem?®/2,/ Al%@m) > 1. Thus, when the bound in the right hand side
of (2.4.12) (used to control ||Z — p||-) is substituted in (2.4.9), it is enough to keep
only the first term in the maximum. Finally, under the assumption o¢ > Um~1/2, the
first term of bound (2.4.12) dominates the first term of (2.4.11), so, only this term is

needed to control HZ — plle in bound (2.4.9). These considerations imply the bound
3 _1
p— pll, < C" Tl/pUEmQVAIOg(2m> /\ oem®?\/Alog(2m)\ ' 7 /\1
" vn vn

that holds with some constant C’ > 0 (that does not depend on p € S, ,,) and with

probability at least 1 — (2m)~“. The first bound of Theorem 12 now follows for all
p € [1,00] (which also implies the second bound in view of Lemma 1.

]

It turns out that for a slightly modified version of estimator p, minimax lower
bounds are also attained (up to logarithmic factors) in the case of Kullback-Leibler
distance. For S € S, and 4 € [0, 1], define S5 = (1 —§)S+ 6L Clearly, S5 € S,,. Let
Smes = {Ss: S € Sp}. Define 75, (Z) the projection of Z € H,, onto the convex set
S

TSs(Z) = argminges, 12 = S|3.

Let

~

ps = 7s,,5(2)
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with pp = p. We will prove the following versions of theorems 12, 13 and 14 for the

estimator ps.

Then bounds (2.4.3) and (2.4.4) hold for estimator ps. Moreover, for A > 1, define

5/2 [ Alog(2m)
roem®/?y /82 Am

J

A=

Then, for some constant ¢ > 0,

ngPmPp{K(p||/35)Zc(raémgv:j_log (2m) A )log 1+c/\)} (2m)~4. (2.4.13)

If e < 1/2, the bounds still hold with o¢ replaced by 1/2

Theorem 16. Suppose Assumption 3 is satisfied and

%\/log 2m) /\

Then (2.4.5) and (2.4.6) hold for estimator ps. Moreover, for A > 1, define

rUm5/2 Alog(2m) /\ m

J

A=

Then, for some constant ¢ > 0,

sup IP,,{K(pHm) > c(r miy Alog (2m) /\ )log (1 +c)\)} < (2m)7A. (2.4.14)

PESrm

Theorem 17. Suppose the assumptions of Theorem 7 hold and

5§m—vljgﬁ<2m)/\1.

Then (2.4.7) and (2.4.8) hold for estimator ps. Moreover, for A > 1, define
Alog(2m) /\m

J

rm?

A=

Then, for some constant ¢ > 0,

sup PP{K(p|]ﬁ5) > c(rmv Alog(2m) /\ ) log(1 + c)\)} < (@2m)™A.  (2.4.15)

PESr,m
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Remark 6. If, under the assumptions of Theorem 16, we choose

5— Umgw\/_/lz g(2m) /\ 1,

then the logarithmic factor in bound (2.4.14) satisfies the inequality
log(1 4 ¢)) < log(1 4+ ermV/A),

so it is of the order logm. Under the assumptions of Theorem 15, this would require

the choice of &

5— agmgw\/_/l;) g(2m) /\ 1,

so 0 would depend on an unknown parameter o¢. Replacing o¢ in the definition

of 6 by the lower bound Um~Y? would result in a logarithmic factor < 10g<1 +

o
crmy AUm—El/Q) .

Proof. We start with the following modification of Theorem 16.

Lemma 18. Let p € [1,00]. For all Z € H,, and all S € S, ,,, the following bound
holds:

s, (Z)=S||, < min( 2P VP (|| Z-S||o+26),2(1-0)? (|| Z—S +251_Up +20.
I7s,,5(Z)=S|l, < | oo ,2(1=8) P (|l oo

Proof. The following formula is straightforward: for 6 € [0, 1),

VA o I, 1,
ng’g(Z) = (1 — (5)7T5m (1—_5 - mg) + (SE
Indeed, 7s, ,(Z) coincides with (1 —§)S" + §L=, where
112
S’ = argming.g 'Z —(1-90)S—6—2=
m g

A o Iy

52_ Z 5 I
1-6 1-0m |, ™\1-6 1-0m)

implying the claim.
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Let S € ;. Then, for p € [1, o0,
175,.6(2) = Slp < lI7s,,5(Z) = Ssllp + 155 = Sl (2.4.16)
s (% - 15l ) - 8

To control the first term in the right hand side, we use the bound of Theorem 16,

+ 2.
p

< (1-9)

which requires bounding ‘ 1_is — 1;;6%" -S H . We have
TZ(S_%%_SH :1%5”2—56”00 (2.4.17)

< 7502 = Slloo + 518 = Ssllos < 15117 = Slloo + 125

Using bounds (2.4.16), (2.4.17) along with the bound of Theorem 16, we get the
bound of the lemma.

]

We will use the bound of Lemma 18 to control ||ps — p||, for p € S,,. To this
end, we need to bound || Z — p|| using matrix Bernstein inequalities exactly as it was
done in the proof of theorems 12, 13 and 14 (under assumptions of these theorems).
Denote by A such an upper bound on ||Z — pl|s that holds with probability a least
1 — (2m)~4. Recall that A < oem3/2y/ Al%(?m) under the conditions of Theorem 12
and A < Um?/24/ Al%mm) under the conditions of Theorem 13 (it is the same under
the conditions of Theorem 14 with U = m~"/2). Setting A = A A 1, we get from the

bound of Lemma 18 that
1-1/
1ps = pllp < min (23/p+1r1/1’ <A + 25) ,2(1 — §)7 (A + 25) p) Y

that holds with the same probability at least 1 — (2m)~4. Recall that we replace A by
A since the left hand side ||ps — pl|, < 2; for the same reason, we can and do drop the
“exponential parts” of matrix Bernstein bounds leaving in the definition of A only

the “Gaussian parts”. For 6 < A, we get
175 = pllp S min(r/PA, AYP),
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Exactly as in the proof of theorems 12, 13 and 14, this implies that bounds (2.4.3),
(2.4.4), (2.4.5), (2.4.6), (2.4.7) and (2.4.8) hold for estimator ps.

The bound on the Kullback-Leibler divergence K(p||ps) is an immediate conse-
quence of the bound on ||ps — p||; and the next lemma that follows from Corollary 1

in [5].

Lemma 19. Let Sy, S € Sy, be density matrices and let f := A\pin(S2) be the smallest

eigenvalue of Sa. Suppose that 5 > 0. Then

S1 — S
K“%%§W$—Mm%0+i%ﬁﬂ%.

We apply Lemma 19 to Sy = p, Sy = ps, observing that ps € Sy, 5 and Apin(ps) >
d/m. We then use the bound on ||ps — p||1 to complete the proof of the bound on

K(pllps).
[l

We conclude this section with a simple result concerning the least squares estima-

tor p defined as

1 & 2
) 1= arg min — E Y, — (S, X)), 2.4.18
P SeSm M ( < >) ( )
see also (2.3.1) in Section 2.3 when € = 0. It shows that the estimators p and p are

close in the Hilbert-Schmidt norm. As a result, the bounds of the previous theorems

could be applied to estimator p as well (at least, under some additional assumptions).

Theorem 18. Under the assumption that i.i.d. design variables Xy,..., X, are sam-
pled from the uniform distribution 11 in an orthonormal basis € = {Ey, ..., E2}, the
following bound holds with some constant C' > 0 for all A > 1 with probability at least
1—(2m?)~4:

15— dlla < Oy 1022

Proof. Note that the gradient (and subgradient) of convex function S + ||S — Z||3

is equal to 2(S — Z). By a necessary condition of minimum in convex minimization
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problem (2.4.1), for p = ws, (Z), Z — p should belong to the normal cone Ng, (p) of
the convex set S, at point p (see [3], Proposition 5, Chapter 4, Section 1). Since

both p, p € S,,, this implies that

(p—Z.p—p) <0. (2.4.19)

m2 -
<— D p X)X = Z.p - /3>2 0. (2.4.20)

2 n
o= == pp- 3 < ("G X)K ~pp-5).  (242)

We will now write 2

m? <=, . L omi Ny, .
- D X)X —p= — Z((P, X;)X; —E(p, X>X)
=1 =1

=t [2 30050 - B @ )5

j=1
It follows from (2.4.21) that

16121l — pll2-
op

lp = pll3 < m?

1 n
EZXJ»®XJ-—]E(X®X)
j=1

2Here we view the tensor product A ® B of operators A, B € M,, as an operator acting from
the space M, of m x m matrices equipped with Hilbert-Schmidt inner product (-,-) into itself as
follows: (A ® B)C = A(C,B). Let || - |lop denote the operator norm of linear operators from M,,
into itself, which corresponds to the || - || in the case of m x m matrices.
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Since [|p]l2 < 1, we get

. IS
16— pll2 < mQHEZXj@@Xj ~E(X ® X) (2.4.22)
j=1

op

It remains to control the operator norm in the right hand side for which we can again

use matrix Bernstein inequality of Lemma 7 applying it to V =X @ X —E(X ® X).

In this case,

0% = |EV?|lop < [E(X®X)?|lop = sup E(X®@X)*U,U) = sup E((X@X)U, (X®X)U)
[U]l2<1 [U]2<1

Ull? 1
— swp B X)PIXE < swp B, X)P = sup L2 _ L
IU]2<1 IU]l2<1 [Ullz<1 T m

and

Vlop < 1X ® Xllop + EIX & X[lop = | X2 + E[ X3 < 2.

Bound (2.4.22) along with the bound of Lemma 7 with ¢ = Alog(2m?), A > 1 yield

the following inequality

15— plla < m [ Alog(2m) \/m2Alog(2m)
n n

that holds with probability at least 1 — (2m?)~4. Since ||p — p||2 < 2, the second term

2 Alog(2m)
n

m in the right hand side could be dropped (if this term is dominant, the

bound is 2 1). This completes the proof of the theorem. ]

Since ||[p — pllee < |19 — Al|2, the bound of Theorem 18 also holds for ||p — pl|wc-
Combining this with the bound of Theorem 13 for p = oo, it is easy to conclude that

under conditions of this theorem

R Alog(2m)
— pll S UMP?y | =222
17 = plloc S UMy —

and that the last bound holds (with a proper choice of constant in relationship <) with
probability at least 1 — (2m)~4. In view of Lemma 17, this immediately implies that

all the bounds of Theorem 13 also hold for the least squares estimator p. In a special
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case of Pauli measurements, this means that Theorem 14 holds for the estimator p.
Concerning Theorem 15, the same conclusion is true under the additional assumption

that o > m~1/2. Moreover, if p; is the following modification of estimator p

ps o= argminges, , |17 D035 - (5.2 (2.4.23)

j=1
then the statements of theorems 15, 16 and 17 hold for the estimator ps (in the case

of Theorem 15, under the additional assumption that o¢ > m~1/2).
2.4.2 The minimal distance in spectral norm of the projection estimator

Recall that

s, (Z) = argminges || Z — S|3, Z € H,,

defines the projection of Z onto S,,. The mapping H,,, > Z +— 75, (Z) € S, possesses
a couple of simple properties stated in the next proposition. Denote by S¢ the set of

all diagonal density matrices.

Proposition 2. 1. For all m x m unitary matrices U,

s, (U1ZU) = U~lrs, (Z2)U, Z € H,p.
2. If D € H,, is a diagonal matriz, then 7s, (D) € S2.

Proof. To prove the first claim, note that, by the unitary invariance of the Hilbert—

Schmidt norm,
U120 = S|3= U1 (Z - USU U3 = |Z = USU'|}3.

In addition, the mapping S + USU ™! is a bijection from the set S,, onto itself. This

immediately implies that

Ts,, (U ZU) = argmingg, |Z — USUTY|5 = U 'ns, (Z)U.
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For an m x m matrix A = (a;;)}%_, € Hy, let A? be the diagonal matrix with
diagonal entries a;;,7 = 1,...,m. It is easy to see that if A is a density matrix, then
A% is also a density matrix. Moreover, it is also obvious that, for a diagonal matrix
D,

ID — AYf5 < [ID — All3, A € S,
with a strict inequality if A is not diagonal. These observations immediately imply
the second claim.

]

We will now state and prove a vector version of Theorem 15 in which the role of

the set of density matrices S,, is played by the simplex
A, = {u: (Ut tim) €R™ 2y > 0,3 uy = 1}
j=1

in R™ (this is equivalent to considering the set of diagonal density matrices). We will
then show that the matrix version of the problem reduces to the vector case.
Define
T, (2) = argmin,cn ||z — uH?gL, z e R™.
Since the function u — |z — u||§£n is strictly convex and A,, is a compact convex
set, such a minimizer exists and is unique. In other words, ma, (2) is the projection
of the point z € R™ onto simplex A,, (the closest point to z in the set A,, with
respect to the Euclidean ¢3'-distance). The next lemma shows that the same point

also minimizes the ¢ -distance from z to the simplex A,,.
Lemma 20. For all z € R™,
12 = 78, (2) e = min [z —v]lep.

Proof. Without loss of generality, assume that z = (z1,..., z,) € R™ is a point with

z1 > -+ > Zn. Denote
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Clearly, z; = 2z and z; > 25,7 = 1,...,m. Let
. _ 1
k::max{j <m:Zz Szj+—,}.
J

Note that if £ > 1, then, for all j <k, z; < z; + % Indeed,

kZe —S°F oz ka4 1l—(k—j i+ 1 1 1
7 = k Z.zf]-‘rl < 2k + .( J)zk :jzk.‘F L i
j j j j j

On the other hand, if & < m, then z > 2,1 + % Indeed, if z < zp4q + %, then

kzy + 21 kzigr + 1+ 20 1
S - Zk+1 + 9
k+1 k+1 k+1

Zky1 =

which would contradict the definition of k.
Let A = (A1,...,A\y), where \; = z; — Z; + % for j =1,...,k and \; = 0 for
j=k+1,...,m. Sineeikﬁzkjti§zj+%f0rallj§k‘,wehave)\jZO,jzl,...,m

and

m k

i=1

Thus, A € A,,. It turns out that 7a,, (2) = A. ® To prove this it is enough to show

that z — A € Na,,(\), where
Na,,(A) ={ueR™: (u,v—A) <0,veA,}

is the normal cone of the convex set A,, at point A (see, e.g., [3], Proposition 5,
Chapter 4, Section 1). Let ¢ := z; — % Clearly, we have 2,1 <t < z; if E < m and

t<z,ifk=m.Fork=m,z— A= (t,...,t) and

m

(z—=Av—2N\) :Zt(%—&):t(iui—ixi) =0

=1

since v, A € A,,. For &k < m, note that

z2—=A=(t,...t, 2Zk1s -y Zm)

3The computation of the projection onto a simplex occurs in many applications and has been
studied before: see, e.g. [83] and [70]. See also [25], where an explicit expression for the projection
was derived. For completeness, we provide our version of the proof below.
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and, for v € A,,,

k m
(z—=XAv—=\) = Zt(% —\)+ Z 2;V;.
i=1

i=k+1

Using the facts that Y7 v; = 1 and Y.F A, = 1, we get

<n—xv—mzﬁ<§:m—§:&>+-§3%m

i=1 i=1 i=k+1
i=k+1 i=k+1 i=k+1
where we also used that, for alle =k +1,...,m, z; —t < 2,1 —t < 0 and v; > 0.

Thus, z — A € Na,, (M) and, by the uniqueness of the minimum, A = wa, (2).
Note that

2 = Mg, = max([e], [zt . 2]

For any v € A,,,

?vl»—
wlr—‘
?vli—‘
| =
x| =
wlr—‘

k k
Z Z 2 — ;) < ||z = |

On the other hand,

m k k
Ewﬁ 5%— Ew:
i=1 =1 =1

Zm 2 2m — U > — |2 = v]en.

Since

we conclude that, for all v € A,,,

2= Mleg < llz = vlleg.

We now turn to the proof of Lemma 15.

Proof. Any matrix Z € H,, admits spectral representation Z = U~'DU, where D is

the diagonal matrix with real entries dy, ..., d,, on the diagonal and U is a unitary
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m X m matrix. Let d = (dy,...,d,) € R™ Given v = (vq,...,0,) € A, the
diagonal matrix V with entries vy, ..., v,, is a density matrix. This defines a bijection
A,, > vV = J(v) between the simplex A,, and the set 8¢ of all diagonal m x m
density matrices. Moreover, J is an isometry of A,, and 8% : || J(v) — J(u)||? =

[u = vl u,v € Ay,

We will now prove the following lemma.

Lemma 21. Let Z = U'DU with a unitary m x m matriz U and diagonal matriz

D with d = (dy, . ..,dy) € R™ being the vector of its diagonal entries. Then
75, (Z) = U " J(ma,, (d)U.

Proof. This is an immediate consequence of Proposition 2 and the following simple

fact:

argmin y.g, [[D — Al = J(argmm@m 17(d) - J(v) ||§)

3 (angminc, = vl ) = (s, (@),

To complete the proof of Lemma 15, observe that, In view of lemmas 20, 21,
1Z = 75,,(Z)lloe = U (T (d) = J (7, () Ul

= [[J(d) = J(ma,(d)llec = ld = 78, (d) e = mf ld—leg.

Without loss of generality, assume that dy > --- > d,,. Let S € §,, be a density

matrix with eigenvalues vy > -+ > v,,. Clearly, v = (vy,...,v,) € A,,. Therefore,
1Z = 75, (Z)||oc < [ld = V]|oo < [|Z = S|oo,

where to get the last bound we used Weyl’s perturbation inequality (see [9], Corollary
[11.2.6).
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2.5 The optimality of Dantzig-type estimator

We define the matrix Dantzig estimator (or selector) g as the solution of the following

convex optimization problem:
min ||S]|; subject to S € A(e), (2.5.1)

where

Ale) = {S € S,

Ly sy,

1=

SE}
o

for some constant € > 0. When € = 0, it corresponds to the noiseless case(i.e., o = 0)
where the exact recovery of p is the main interest, see also Section 1.3.2. The original
Dantzig estimator was introduced in [20] for low rank matrix estimation and was
applied in quantum state tomography for estimating low rank density matrices, see
[64], [36] and [30]. Our definition adds another constraint that the solution should be
a valid density matrix. They also proved sharp convergence rates in Schatten 1-norm
and Schatten 2-norm distances by applying some techniques based on the restricted
isometry property(RIP) which requires n 2 mr log® m Pauli measurements. Note that
RIP is a strong assumption, but there is yet no results related to the convergence rates
of P in other Schatten p-norms. It is commonly known that proving the convergence
rate in spectral norm (i.e. p = 00) is difficult.

When S € S, the objective function in (2.5.1) is always 1 and has no effect on

the optimization problem. Instead, we will study the following estimator:
fe = argmin{tr(Slog S):Se A(&t)}, (2.5.2)

where we replaced the nuclear norm in (2.5.1) with the negative von Neumann entropy.

Remember that the von Neumann entropy of a density matrix p is defined as

V(p) = —tr(plogp), Vp € Sm,

which is a concave function on S,, and then (2.5.2) is actually a convex optimization

problem. In this section, we prove the sharp convergence rates of g, in all the Schatten
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p-norms with p € [1,+00]. These rates also hold for the standard matrix Dantzig
estimator 4 as the solution in (2.5.1). Moreover, we obtain sharp convergence rate of
pe in Kullback-Leibler divergence. In Section 2.4.1, we proved similar upper bounds
of Schatten p-norms for the (modified) least squares estimator, based on a minimal
distance projection onto the simplex. It will be shown in Section 2.5.1 that the

condition needed for /° is improved than the projection estimator p in (2.4.2).
2.5.1 Oracle inequality and the Schatten p-norm convergence rates

Theorem 19 displays the performance of p. by a low rank oracle inequality. The
low rank oracle inequality has been well studied for (matrix) LASSO estimator, see
Section 2.3, also [52] and [55]. When studying Dantzig estimator in compressed
sensing, the sparsity oracle inequality is considered over all oracles in the feasible set,
namely A(e) in (2.5.1), see for example [51]. It is generally impossible to compare the
performance of the estimator with sparse oracles (or low rank oracles in the matrix
case) when they are not in the feasible set. Surprisingly, we can obtain the following
low rank oracle inequality for p. which actually hold for all the oracles in S,,, even
when the oracle is infeasible for the optimization problem (2.5.1) and (2.5.2).

Define for any S € §,,, and ¢t > 0,
mogrank(S) (¢ 4 log(2m))

n
ogm*Urank(S) (t+ 10g(2m))2

n2

v1(n, S,t) == ¢1(n, S, U, 0¢,t) :=

+

and

pa(n, ;1) := p2(n, S,U,t) == m>Urank(S) 1;)2g3 mlog'n + t)Q.

These are the main terms in our low rank oracle inequality characterizing the conver-
gence rates of g.(and g”). The first term is directly connected to the noise level o.
The second term is related with the randomization error and involves the constant

U in the higher order term O(n~%). These are also the main terms in the oracle

inequality for the least squares estimator proved in Section 2.3.3. For the sake of

81



brevity, let denote ¢1(n) := ¢1(n, p,log(2m)) and @a(n) = @a(n, p,log(2m)). It is
possible to improve the exponents of the logarithmic terms which is beyond our main

interest and will not be pursued here.

Theorem 19. Suppose Assumptions 1 and 4 hold and p € S, ,,,. Let p. be as defined

nm

in (2.5.2) and any e > C4 (O’g tlog(2m) +0§Uw> for any t > 1 and some large

enough constant C; > 0. There exists a constant C' > 0 such that with probability at

least 1 —e™t,

C e o { T
[ p”LQ(H) > SIEI}S’fm 2|8 pHLg(H)
+ C<m252mnk(5) + ¢1(n, S, t) + va(n, S, t)) }

(2.5.3)

nm

Moreover, if e = C; <a§ log(m) . %Ul(;g(?m)), then with probability at least 1 — =,

16==pIl75m) < C(gol(n) + QOQ(TL)) (2.5.4)

and

mn

K(pllpe) < Cm\/(@l(n) + ¢2(n))rank(p) log 0_5

+ 28 rank(p) log mn
n O¢

Remark 7. The objective function in optimization problem (2.5.2) is not involved in

(2.5.5)

the proof of (2.5.3). Therefore, the bound (2.5.3) also hold for the standard Dantzig

estimator pP. Moreover, instead of (2.5.3), we actually prove a sharper bound:

he=plRucmy < 208 = ol
+C (22 rank(S) + 1 (n, S,) + w2 (n. S,0) (1= = SIE + 15 = o) ).

for any S € S,,. It indicates that if Pauli measurements are used(U = \/La) and

n > C'mrlog® mlog®n for large enough constant C' > 0 such that (due to Lemma 17

in Section 2.4.1 with p = 1) p2(n)||p- — pllf < 82(n)rllf- — pll3 < 3l15e — plIL,m) we
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get || pe —p||%2(n) < 2C (m?*erank(p) +¢1(n)), which reduces to the canonical result by
applying the restricted isometry property(see [64],[20]). This bound depends linearly

on o¢ (which can be arbitrarily small, even 0), see also Remark § after Theorem 20.
e ( Y

Generally, if we assume that (remember that o < U)

fm
U? - log®? mlog®n < O, (2.5.6)

the choice of € can be simplified to

log(2m)
mn

£ = 010'§

and (2.5.3) and (2.5.4) in Theorem 19 can be simplified into

, rank(p)m3/? log"/?(2m)
19 = pll2 S o¢ Tn (2:5.7)

and (due to Lemma 17 with p = 1)

, rank(p)m?®?2 log"/?(2m)
16 = pll < o¢ 7 (2.5.8)

and

) rank(p)m?®?2log'/?(2m)log(mn/o¢)
K(pllpe) < o NG =3
n

According to the minimax lower bounds established in Section 2.2, these bounds
are optimal except the logarithmic terms. Note that by applying the interpolation
inequality in Lemma 6 with (2.5.7) and (2.5.8), we can also get the upper bound of
|6 — pl|p for all 1 < p < 2. In the case of Pauli basis where U = \/Lm’ the assumptions
(2.5.6) hold if o¢ is larger than \/#mfn(times an additional logarithmic factor), which
is also the condition needed for the optimality of the least squares estimator (see
Section 2.3.4).

The main technical tool for our proof is the following lemma which gives a prob-
abilistic upper bound of the product empirical processes. For any A € [0, 1], define

the set and quantity

A(D) = {A € Hp, [Alls <1, [|AllL,m < A}
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and

an(A1, Az) ‘= sup sup
A1€A(A1)A2€ A(A2)

1 n
=3 (A, Xa)(Aa, Xi) — E( AL X ) (A3, X)|.
i=1
Lemma 22. Given 0 <0~ <0t andt > 1, let
t =1t + log(logy(67/67) + 3).

Then, with some constant C' and probability at least 1 —e™t, the following bound holds

for all 21582 €[5~ 6F]:

log®? mlog®?n + Vi L log® mlog®n + f]

vn n

Generally, tight upper bounds (generic chaining bounds) of product empirical

an(Ar, Ag) < C[(Al + AU

processes are not easy to derive due to the nontrivial geometric structure of the
indexing classes of the product empirical processes, see [69] and references therein.
Even though we suspect that the bound in Lemma 22 might not be sharp, it is
sufficient for us to prove the results we need in this section. Lemma 22 will be used to
prove the oracle inequality (2.5.3) and the spectral norm (i.e., p = +00) convergence

rate of g in (2.5.15). The proof of Lemma 22 is given in Section 2.5.2.

Proof of Theorem 19. Denote = = %Z?:l &X;. By Lemma 8 in Section 2.3.1 with

a = 2, we know that with probability at least 1 — e™?,

t + log(2 t 4 log(2
Flogam) | 1o+ oa(m))
nm n

(2.5.9)

for some constant C' > 0. Note that we used the facts |[E€2X2[|? < 05\/71% and
HH&’XHoon2 < ||€]|lpU < 20¢U a.s.. The choice of € in Theorem 19 guarantees the
existence of the solution g, since A(g) is nonempty and p € A(e).

The fact p. € A(e) indicates that, for any S € S,,,,
1), ) )
= (e X5) = V) (e = 8. X) < el — S|

=1
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Then, by arranging the terms accordingly,
(Pe = pobe = S) pyny < llpe = Sl + (E1, 4 = S)
+| Z (B = 0. X (e~ 8, X)) ~ B(f. — p, X){p — 5, X)|.
Observe that

2(pe — p, = — S>L2(H) =116 — Pl 7o — 1S = pllL,am + 15 = SIIZ, -
Therefore, we get
16 = P12,y 16 = Sy < IS = pllT,am + 2(e + [1Eillso) 12 — Sl
1~ ) ) )
+2‘5 Z <p8 - P Xi><pa - Sa Xz> - E<p5 - p7X><p5 - S,X>‘
=1
(2.5.10)

By definition of av, (A1, Ay), we can control the last term in above inequality as follows:

\%Xxé—m&Xm—&X»—Mm—@xx@—&xﬂ
=1

16 — pllLoary 114 — 5HL2<H)>

<llge = pllull e = Slhan (- e
) ) 16 = pllx 16 = Sl

if 1Pe—pllyam i ll6e—=SllLy(m)

: - _ 1 + - 1
We apply Lemma 22 with 6~ = — and 0" = —-. Clearly, sl F=slh 2

0~, Lemma 22 yields that, with probability at least 1 —e™?,

%Z?:l <p/5 - p7XZ><p/E - S7Xl> - ]E<p’€ - p>X></55 - 57X>

. . 6= —~ll [16= =51 3/2 32 t
< ”ps _leHpa — SHI( pﬁp’;:;ﬁl(n) 4 pipsstﬁl(m)OUlog ml&gﬁ n+vi

‘ ‘ og3 mlog3 nt+t
+1pe = pllallpe — S| CU R mloentt

, , 0g3/2 mlog3/2 n t
= 14 = Slhllge — pll oy CU 2o 22

, , 0g®? mlog®/? n+vt
1 = pllllfe — Sy CU LI 2

16 — pllllpe — S|l CUZ et mloeZnt,

where ¢ = t + log(logyn + 3). Recall from the proof of Lemma 17 in Section 2.4.1
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that ||g. — S|1 < 24/2rank(S)||p — S|z,

) ) log*? mlog®?n + V1t
e _S||1Hpa_p”L2(H)CU NG

log® mlog®n +t

<=1pe = Pl + 2C°1p = S|FU?

N

) L. )
<18 = ol + 718 = Sl + crpa(n, S, 014 = S,
for some constant ¢; > 0, where we applied the inequality ab < % +b% multiple times.

Moreover, since ||gz = pllv < [|4- = Sl + 5 = el

) ) log®? mlog®*n + Vit
1= = pllallA= = S,y CU NG

log® mlog®n +t

L ,
Sg”ps - SH%Q(H) + 402”/35 - pH%U2

1., , log® mlog®n + t
SngE_SH%Q(H) +8O2||p5—5||%U2 n

log® mlog®n +t
+8C2|S — p| U228 08 N

1., 1 ,
<16 = Slizaa + Z 1S = pllzoan + crga(n, S, 0 (118 = Sl + 115 = pll7).
Similarly, we can get

. . 1.
14 = pllllpe = SIhCU? <7 le = SlL

log® mlog®n + ¢
n

+crpa(n, S, ) (e — S|+ (1S = pl7)-

Therefore, we conclude that if HpETPJL?(H) + ”pETS_HLQ(H) > §~, with probability at least
’ lp=—pllx lp=—=Slh

1—et,

IRYP . . .

‘EZ<P5_p7Xi><P5—S,Xi>_]E<Pg—p,X><P5_S,X>‘
=1

3., 1., 1 2.5.11
< = S + =16 — ol + IS — ol (25.11)
4 4 4

+eipa(n, S, t) ([16= = SIT+ 1S = pll7).

If, on the other hand, ”pi;ﬂ;ﬁfn) + ”ﬁi;ﬂgﬁfm < 0~ = -, then the proof of (2.5.3)

only simplifies since

, 1 , logmlog®n +t,
1A= = Pl < 5l = pli <U*m? = (16 = SI + 1S = pll7)

<wa(n, 8, ) (|l = SIIF + 115 = pl).-
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Plugging (2.5.11) into (2.5.10), we get that with probability at least 1 — e,
3., 9 1, 5 5 5 _ )
Z”Pe - PHL2(H) + Z”Pe - S||L2(H) < Z”S - P”LQ(H) +2(e + [|E1lleo) 14 = ST
(2.5.12)

By the bound (2.5.9) and the choice of ¢, we have

- ) L., -
2(e + Zlloo) 1 = STy <7 l1A= = Sllzaq + 4mrank(S) (e + [|Z1]|o0)”
(2.5.13)

<7l = Sl + C(m*Srank(s) + o1(n, 5,1).

By putting the bound (2.5.13) into (2.5.12) and adjusting some constants, we get the
bound (2.5.3). Then (2.5.4) is an immediate result from (2.5.3) by setting S = p.

We are ready to prove (2.5.5). Consider p' = (1 — §)p+ 6= with § = %= < Y a

technique already used in the proof of (2.3.29) in Section 2.3.3. It is easy to check

that p/ € A(e) as long as the constant C in ¢ is large enough. By definition of 4.

(the subdifferential of function tr(SlogS) at p. is log(p:) + I, see [53]), we get
<10g Iééa p,a - p/> S 07

since (I, g — p') = 0. Meanwhile, suppose r = rank(p) and p = >_,_, A\;P; with

eigenvalues \; € [0, 1](repeated with their multiplicities) and one dimensional or-

thogonal eigenprojectors P;. We extend P;,7 = 1,...,7 to the complete orthogonal

resolution of the identity P;,7 =1,...,m. Then

log p’ :10g<(1 - 5)p+6%n> = ilog((l —0)A, +6/m> + i log(6/m)P;

Jj=r+1

= 21”: log<1 +(1- 5)m/\j/5>Pj + log(6/m)1,,.

=1

Therefore,

K(pe,p') <= (logp', p- — p') = <Zlog(1 + (1 - 5)m>\j/5)Pj,p} - p’>
j=1

<[> row (14 (1= ymrs6) B - = e
j=1
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Note that ||/ — p/ll2 < |4 — plls + 8llo — In/mlls < ll3= — pll2 + 25 and
r T 1/2
HZIQg(l—i—(l — 6)m)\j/5>Pj = <Z log”(1+ (1 — 5)m)\j/5)>
j=1 =1

<V/rlog(m/9).

Then, together with (2.5.4), we get

mn
K(pe, p') <r(llp- — PH2+25)108§—£

(2.5.14)
SCm\/(sm(n) + pa(n))rlog = —6 + 2—f10g —

Recall that K(p'||p:) < K(pe, p') and Lemma 10 in Section 2.3.2, we get K(p||g:) <

K(p'||p=) + 2% log o Replacing K(p'||pe) with the right hand side of (2.5.14), we

obtain (2.5.5). O

Theorem 20. Suppose Assumption 1 and 4 hold with rank(p) < r. Under the
conditions (2.5.6) and the choice of e = Cyo¢ log Cm) for some large enough constant

C1 > 0, there exists a constant C' > 0 such that with probability at least 1 — E?

m3/2\ 1-1 )
||P/6_P||p§C(0m—\/1p log® m log® n/\( NG )1 p(log?’mlog?’n)lp) /\2,
(2.5.15)

foralll <p< 400 and 7 := (05\/\/%).

Remark 8. In the case of Pauli measurements, we consider that o¢ < \/—UE, i.e. every

Y; is taken as the average of m outcomes from independent measurements (this is

also the experimental scheme proposed in [30, section II.A]). Note that the condition
U

0 2 Im is also needed in the proof of the Schatten p-norm convergence rates of

the projection estimator, see Section 2.4.1 The bound (2.5.15) is equivalent(up to

1= = pll» S \/gr”” A <\/: o "AL (2.5.16)

for all 1 < p < 4o00. It matches the minimax lower bounds shown in Theorem 4 in

logarithmic terms) to

Section 2.2 by setting o¢ = % there. Fssentially, it means that the “complexity” of

88



the problem is controlled by a “truncated rank” r A \/g Basically, bound (2.5.16)
indicates that whenever o¢ > %, estimator p. can achieve optimal convergence rates
(up to logarithmic factors) in all the Schatten p-norms for p € [1,+00]. Note that
even though our proof does not require n 2 mr(with logarithmic terms), the bound
(2.5.16) is nontrivial only when n 2 m for 1 < p < +o0.

Moreover, it worths to point out that actually

U m
o= V ——||p: — VU =|p. —
7= (o v —=llg = ol v U [ 1. = plh)

in (2.5.15). Then, by the bound (2.5.8) and U = %, we get from (2.5.15) that (up

m

to logarithmic factors)

, oem3/2rt/r o m2r1+% oem?/? 0 m2r »
1A = ol S (= v = A (= : /\1
Vn n Vn

for all 1 < p < +oo. This bound is important because of its linear dependence on the

noise level o¢ (see also [86]), which can be significantly small in certain situations. If
n 2 mr? (with logarithmic terms), we get a cleaner bound(recall also Remark 7),

I = plly (—“&mj;“/’ﬁ AL 1<p <o, (25.17)
which holds even when o¢ is significantly smal (it even holds when o¢ = 0). It is in-
teresting to notice that the condition n = mr? (with logarithmic factors) is also needed
in proving the optimal convergence rates in Schatten p-norms of Dantzig estimator
for estimating general low rank matrices with Gaussian measurements, see [100]. It

18 still an open problem that whether this condition is necessary.

Proof of Theorem 20. We begin with the proof of the spectral norm ||g. — p||s. Note

that

1= = plloo<H Z<p ,

¥ H— - P X)X — Bl — p, X)X
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The first term is upper bounded by 2e = Cio¢y/ % with probability at least

1 — 5=, since g, € A(e) and,

1,
HE;<P5—P;X1'>X1 -

By the definition of spectral norm, the second term can be written as follows (recall

< e+ [1E e

the definition of A(A) in Lemma 22):

1, )
HE > (pe=p, Xi) X; —E(p. — p,X>XHOO
=1

1 n
= swp | =3 (5 - p XY (V. Xi) ~ B — p, X)(V,X)| (2518)
VeA(L)!
, /s - 1
<l - plia, (L Ll L)

To this end, we can apply Lemma 22 with = = ﬁ and 61t = % and get

"L

5. — 3/2 3/2
an(HPs Pllzoam) i) <(J< U log”“mlog
LD vnm

log® mlog® n)
which holds with probability at least 1 — 5. We can simply replace g — p|l; with

Y

1Pz = plly " m

2 in (2.5.18) and get that, with probability at least 1 — %,

15 — pllsc <C<( U )10g3/2m10g3/2 U210g3m10g3n>
m? vm n

<C’<cr§\/—\/U2 / log mlog n

Observe that if U?,/™ > Z= then UJs > 1. Since ||p8 — pll, has a trivial upper
bound 2, we conclude that the term o, V \/—Um will be sufficient in the above bounds.

Therefore,

[113
||Iés - p”oo < Co m_10g3m10g3n/\2'
n
By the proof of Lemma 17 with p = 1, we get that with the same probability,
, , , _ m? . g 3
1A= = pllv < 20Pr(pe = p)lls < 2rllpe = plloo < Cory [ —~log”mlog n /2,

where L denotes the support of p. Applying the interpolation inequality from Lemma 6,

1= = pllp < 16 = pIVP|lp= — pllis VP

for all 1 < p < 400, we will get bound (2.5.15). O
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2.5.2 Upper bounds of the product empirical processes

Proof of Lemma 22. For any A € [0, 1], define the following quantity

()= [13504,X)" - B(4 )]

AcAA)! M
For all A; € A(A;) and Ay € A(A), the following fact is clear,

‘% zil (A1, Xi)(Ag, X;) — E(A, X><A2’X>‘
1 1

<z Z (A + A2, X;)" — E(A; + Ay,

+Z E ; <Al - A27Xi>2 - ]E<Al - A27

SBH(”AI + AzHLQ(H)/2) + ﬁn(HAl — AzHLQ(H)/2)7

where the last inequality holds because 41542 € A([|A; & Ay||,m)/2). Observe that

||A1iA2||L2(H> < A1+A2 for all A; € A(A) and As € A(Ay). Therefore,

A1+A2)‘

Oén<A1,A2) S 2671( 9

It suffices to prove an upper bound for f,(A) for A € [67,6"]. Remember that the
upper bound for f3,,(A) has been claimed in Section 2.3.3 without proof. We give the
proof based on Dudley’s entropy bound and the L. (II,,) complexity of unit ball in
H,,, equipped with Schatten 1-norm.

Assume that A € [67,07], the main strategy is that we derive the upper bound
of B,(A) for A € [6;,6,11] with §; =276~ for j =0,1,2,..., |log, 9L |. Then, we take
the bounds uniformly over the whole range [0~, "], which is a standard argument.

For a fixed j such that A € [0}, d;11], we apply Bousquet’s version (see [52, Chap-
ter 2]) of Talagrand’s inequality for empirical processes and get that with probability

at least 1 —e™¢,

Bu(A) < 2EB,(A) + ZUA\/% poret
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for any ¢ > 1. We used the facts

sup E(A, X)' <U? sup E(A,X)* < U?A?
AcA(D) A€A(A)

and <A, X >2 < U?. To control EB,(A), by the symmetrization inequality, we get

EB,.(A) < 2ExE. sup —Zél

A€ A(A)
where ¢4, ...,¢, are 7...d. Rademacher random variables.
Now, we fix X7, Xs,..., X, and consider the sub-Gaussian process indexed by

A e A(A) defined as
[ L 3 . \2
Ga: Tn ;1 e A, X;)".

This is a sub-Gaussian process with respect to the pseudo-distance
1/2 2 BN 2 2 1/2
d(AlaAQ) =E (GA1 - GA2) = (ﬁ Z<A1 - A27Xi> <A1 + A27Xi> >
i=1

<L20,[| A1 — Aol L)

where 02 := sup % Zl 1<A X, > According to Dudley’s entropy bound (see The-
AEA(A)

orem 3 in Section 1.4),
4Uoy,
E. sup |Gal < / HY2(A(A), d, u)du,
AcA(A) 0
where the entropy number H(A(A),d,u) = log N(A(A),d,u), the logarithmic of
u-covering number of A(A) with respect to the pseudo-metric d.

Since d(Ay, Az) < 20,[| A — As||zo1,), We have

HY2(A(A),d,u) < H?(A(A), Loo(IT,), —).

20,

As a consequence,

2 ydu

20,

4Uoy,
E. sup G4 < / HY2(A(A), Loo(I1,),
A€ A(A) 0

<20n/ HY2(A(A), Loo(IL,), u)du.
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The L (I1,)-complexity of unit balls in H.,, equipped with nuclear norm distance
has been thoroughly studied. When X1, ..., X, are fixed, the vector ((A, X1>, ey <A, Xn>),
belongs to the cube [—U, U]™. The l-covering number is upper bounded by
20N\
N(A(A), Loo(M,)0) < (14 22) "

u

This bound will be used when wu is small. When u is large, we apply the following

bound, see [64, (21)], [38],[4, Lemma A5],

U?log® mlogn
N(A(A), Loo(I1,), u) < exp{C’ - }
for some constant C' > 0. Then, by setting K = \%,

2U 1/2

1 1

E. sup GA <0n/ \/_10g 1+_U)du+an/ Ulog™" mlog " du
AcA(A K u

2U U
Sonv/nK log(1 + 7) + Uoy log®? mlog? nlog I
<Uo,log®?mlog®?n

Therefore, we conclude that

1
EB,(A) = —=ExE. sup G4 < ]EXUanlog/ mlog®*n

Vn ACA(A) Vv

Note that

Therefore, we get

Ulog3/2mlog3/2n
ES,.(A) S VEBL(A) + A? )

which can be simplified into

log®? mlog®?n N U?log® mlog®n

Bi(8) § AUE— -
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Therefore, for A € [0;,0,41], with probability at least 1 — e,

3/2 3/2 3 3
Bu(A) < caposmioeTn | ypplog miogTn 2UA\/Z 4ot
N4 n n n

for some C' > 0. By making it uniform over all j =0,1,...,|log, g—f] and adjusting ¢

to t +log(log, g—f +2), we get the uniform upper bound of 8,(A) for A € [6~,67]. O
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CHAPTER II1

SIMULATION RESULTS OF LOW RANK DENSITY

MATRICES ESTIMATION

The main purpose of this chapter is to discuss the numerical algorithms for solving
the estimators studied in Chapter 2, including the least squares estimator, the projec-
tion estimator and the Dantzig-type estimator. There are many algorithms available
for solving the optimization problems involved in these estimators. For instance, the
proximal gradient method is a popular class of algorithms for solving the constrained
convex optimization problems, see [65] and [74], etc. In principle, the proximal gradi-
ent method is equivalent to the projected gradient descent method. In this chapter,
we focus on the alternating minimization method for the least squares estimator. The

Dantzig-type estimator is usually formulated as a semi-definite programming.

3.1 Algorithms
3.1.1 The ADMM algorithm for the least squares estimator

The alternating direction method of multipliers (ADMM) is a popular algorithm in
convex optimization problems, see a comprehensive introduction in [12], the applica-
tion of ADMM in matrix estimation problems in [63], [24] and refernces therein. The
ADMM algorithm has shown great success in many problems, which (empirically)
converges much faster than many famous algorithms, such as Nesterov’s accelerated
gradient algorithms, see [73].

Recall that the least squares estimator with penalization is defined as

pe = argmin L.(S5), (3.1.1)
SESm

where L.(5) := %Zn ) (YJ — <S, Xj>)2 +e- tr(Slog S). The optimization problem

1=
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in (3.1.1) belongs to the standard form of optimization problems considered in the
ADMM algorithms, see [12]. It usually involves the sum of two functions of the
underlying parameter, i.e., a loss function and a penalization function. Then ADMM
algorithm solves the optimization problem by introducing a new variable such that

the following function is considered in stead of L.(S):

n

1
L5<Sl, SQ) = ﬁ Z (Y} — <Sl, Xj>)2 + & - tr(Sg IOg SQ)
j=1
Then, it is easy to check that we can define p. equivalently as
(1567 156) = arg min Le(Slv 52)

S1 ESm,Sli,Sz

The augmented Lagrangian multipliers of function L.(S7, Ss) is defined as
A 2
Le(S1, 8, Z,A) i= Le(S1,52) + (S1 = 95, Z) + 5|51 = Sz,

for some A\ > 0 and Z € H,,. The parameter \ can be fixed and can also be pre-
determined a sequence of sizes {\;}x>1. Then ADMM algorithm updates S; and Sy
aternatively and the multiplier Z is updated by the difference between S; and Ss.
The algorithm is listed as in Algorithm 1, with tolerance e4,; > 0 being the stopping
criterion and max _Iteration being the maximum number of iterations.

In order to update Sy, we need to solve the following optimization problem:

D Z® o
S = argmin ZS( -5 + T2+ ctr(STog ).

k+1) k1) | 2®)
)

In the case ¢ = 0, Sé is equivalent to the projection of the matrix SE

onto the compact and convex set S,, whose explicit solution is given as in Lemma 20
in Section 2.4.1. It is clear that when € > 0, there is no explicit solution for Sékﬂ),

in which cases, it is usually solved by iterative algorithms such as [8], which is often

referred as the projected gradient descent algorithm.
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Algorithm 1 ADMM Algorithm
Set up value of max_Iteration and tolerance ey, > 0
Initiate S\” € H,,, 5 € S, and Z© = 0 € H,,, k=0
3: while k<max_Iteration (}LO
SYHU =argmin = 3 (Y; — Tr(SX;))” + <S - Sék), Z(k)> + 2|15 — Sék)H%
j=1

SeHm
S$¥) = argmin e - Tr(Slog(S)) + <S§k+1) -5, Z(k)> + %||S§k+1) — 5|3
SeSm
6: > S8 g also the minimizer of %HS{HD — S+ Z® /N2 + e - Tr(Slog(S))

Zk+) — z(k) 4 )\(S (k+1) S§k+1))
if ||SSY = |2 < gy or [|Z0HD) — ZW)|2 < £,y A2 then

9: Reaching the tolerance. Return Sékﬂ).
end if
k=k+1
12: end while
Return S (kD)

3.1.2 The computational advantages of the projection estimator

An advantage of the minimal distance estimator j = s, (Z) is the simplicity of its
computational implementation. The computation of the matrix 7 = %2 S VX,
requires O(nm?) operations. It is followed by an eigen-decomposition of Z that re-
quires O(m?) operations(see [33]); there exist efficient software packages designed for
this kind of tasks, for instance, LINPACK and PROPACK, etc.). As it is shown in
the previous section, the problem of computing ﬂsm(Z ) then reduces to projecting of
the vector of eigenvalues of Z arranged in a non-increasing order onto the simplex
A,,. The last problem has been studied in the literature (see [70], [83], [25]) and it
has an explicit solution of computational complexity proportional to m (see the proof
of Lemma 20). Thus, the computational implementation of the minimal distance
estimator p requires O((n + m)m?) operations.

Recall that the matrix LASSO estimator for estimating density matrices is defined

as
n

p = arg minl Z (Y; — {5, XZ->>2 (3.1.2)

n
SeSm N

which is actually the least squares estimator. Clearly, there is no explicit solution for
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this optimization problem and it is usually solved by iterative algorithms, such as the
ADMM algorithm introduced in Section 3.1.1. In addition to the ADMM algorithm
explained in Section 3.1.1, a well know iterative singular value thresholding (SVT)
algorithm was proposed in [14], and was also implemented in quantum compressed
sensing in [30]. The main idea is that (3.1.2) is equivalent to the following optimization

problem: for any 7 > 0,

m? — 2
pi= argmin = (Yi— <Z,Xi>> + 7S - Z|2.
SESm,ZeH,,,5=2 T i1

The proposed algorithm updates Z and S alternatively, with the only constraint for
S being that S € §,,,. Therefore, the main ingredient of SVT is the following iterative

updating rule (with initial Zy = 0): for k =1,2,...,

Sk = 78, (Zk-1) (3.1.3)

Zy =S+ 5k(2 - m72 > i <Sk, Xi>Xi)
with certain pre-determined step sizes d; > 0. The algorithm terminates at some step
k = N and outputs Sy € S,, when ||[Sy — Sy_1]|2 < € for some numerical threshold
e > 0. It is clear that the minimal distance estimator p can be produced by the
above algorithm with one iteration and the initialization Z, = Z,8; = 0. When the
number of qubits k is not small (for instance, about 20) and the dimension m is very
large, the iterative algorithm (3.1.3) is much more computationally expensive than
the algorithm for the minimal distance estimator (since every iteration requires the

eigen-decomposition of a high dimensional matrix).

3.1.3 A semidefinite program for the Dantzig-type estimator

Given the data D,, := {(X1,Y1),...,(X,, Y,)}, define a linear map as follows:
T:H,—C" T(S):=((SX1),....(5X,)) ecCn

Its adjoint operator is easily defined as

T :C"— Hm 7-*(7”) = Z?"ZXZ € Hm
i=1
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Then, the Dantzig-type estimator can be equivalently written as (by written ) =
(Y1,...,Y,) € R?)

pP = argmin {||S||,||T*(Y = T(9))||, <& S €Sn}. (3.1.4)

It is also possible to replace the nuclear norm |[|S||; with the negative von Neumann
entropy —V(S) = tr(Slog.S). Note that the feasible set in (3.1.4) involves an upper

bound on the spectral norm of 7*(Y — 7(S)) € H,, which can be written as

el TV - T(9))
(¥ - T(S)) eI,

= 0.

As a result, we can write the Dantzig-type estimator g as the following semidefinite

program:

minimize [|S][; = 1 or tr(Slog S)

S 0 0
subject to 0 el T*(y — T(S)) =0 (3.1.5)
0 T(¥Y-T(9) el

S*=5,tr(S) = 1.

There are many efficient algorithms (for instance, interior point algorithm, see [39]

and [93]) and softwares available for solving semidefinite programs, see [85] and [34].

3.2 Numerical results

In this section, we display the numerical simulation results of several estimators.
The data is generated according to the trace regression model with Gaussian noise.
The bounded response model is not considered here since it usually requires a larger
sample size, and its result can be reproduced by the Gaussian noise model with large
noise variance. The numerical results of Dantzig estimator will not be presented since

they are pretty close to the least squares estimator.
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Table 1: The Schatten p-norms for n = 600 and different ranks

Rank p=1 p=2 p=3 p=4 p=b p=6 p=7 p=8 p=9 p=10
2 0.733 0.297 0.240 0.222 0.213 0.208 0.205 0.203 0.201 0.200
7 1.068 0.261 0.183 0.161 0.154 0.151 0.150 0.150 0.149 0.149
12 1.057 0.233 0.168 0.154 0.150 0.149 0.148 0.148 0.148 0.148
17 1.057 0.233 0.177 0.166 0.163 0.162 0.162 0.162 0.162 0.162
22 0.954 0.196 0.146 0.136 0.134 0.133 0.133 0.132 0.132 0.132

3.2.1 Low rank estimation with small noise level

The example considered in this section is related to the trace regression model with
small noise. The density matrix p is considered with 6-qubits such that m = 2° = 64.
The Pauli measurements are sampled uniformly with n being the sample size. The
data is generated with Gaussian noise such that o¢ = 073 which we call small noise
level. If o > #, we refer it to large noise level. The least squares estimator is
considered here and the singular value thresholding algorithm is applied as introduced
in Section 3.1. We also considered different cases such that p has an increasing rank.
Note that we are interested in the Schatten p-norm convergence rates for different
values of p, which decreases as p increases. We consider that p = 1,2,3,...,10.
Actually when p > 5, the Schatten p-norms are nearly equal to the operator norm in
many cases.

The low rank density matrix p € &, with m = 64 is constructed as follows.
The eigenvectors are generated randomly from a Gaussian random matrix and the
eigenvalues have the following form: if rank(p) = 1, then we set A\(p) = 1; if
rank(p) > 1, then we set A\i(p) = % and Xao(p) = ... = A\, = 5. The reason
that we set A\j(p) = Q(1) is that we don’t want ||p||o to decrease as the rank in-
creases in order to emphasize the convergence rates in spectral norm. The ranks
considered in this example are » = 2,7,12,17,22. The sample sizes considered are

n = 200, 300, 400, 500, 600, 700, 800, 900, 1000.
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Table 2: The Schatten p-norms for n = 1000 and different ranks

Rank p=1 p=2 p=3 p=4 p=b p=6 p=7 p=8 p=9 p=10
2 0.331 0.133 0.108 0.100 0.097 0.095 0.093 0.092 0.092 0.091
7 0.873 0.215 0.147 0.127 0.119 0.115 0.113 0.113 0.112 0.112
12 0.876 0.181 0.117 0.099 0.092 0.089 0.087 0.086 0.086 0.086
17 0.896 0.175 0.117 0.103 0.098 0.096 0.096 0.095 0.095 0.095
22 0.835 0.153 0.101 0.089 0.085 0.083 0.082 0.082 0.082 0.082

Table 1 and Table 2 show the average values of ||p — p||, for p = 1,...,10 and
rank(p) = 2,7,12,17,22 when n = 600 and n = 1000. For every r and n, the
experiments are repeated for 5 times and the average values of ||p — pl|, are shown in
these tables. It is interesting to notice that there is a big gap between the trace norm
distance and the Frobenius norm distance. Moreover, when the rank r increases,
there is no clear increase in the Schatten p-norm distances. This might be due to the
special structure of p we constructed.

In Figure 1, we showed the convergence rates of Schatten norms when the rank
is 3 and the sample size n is increasing. The Schatten 1-norm, 2-norm and 5-norm
are considered when the noise level o, = 0—7;11. It is clear that when the sample size n
increases, the Schatten norm distances decrease which is within our expectation.

Next, we are also interested in the dependence of the Schatten norms on the noise
level, namely o¢. In the following, we consider an example with n = 1000, m = 64,r =
3 and different levels of noise mo = 0.01,0.05,0.1,0.15,0.20. The result is shown in
Table 3. It is clear that the error rates have a positive relation with the noise level o.
However, it seems that the error rate is not increasing proportionally with respect to

the noise variance.
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Figure 1: The convergence rates of Schatten p-norm distances
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Table 3: The Schatten p-norms for n = 1000, m = 64, r = 3 and different noise levels

mO'g

p=1

p=2

p=3 p=4 p=5 p=6

p="T

p=23

p=9 p=10

0.01

0.377

0.126

0.095

0.085

0.081

0.078

0.076

0.075

0.074

0.074

0.05

0.406

0.136

0.103

0.092

0.086

0.083

0.081

0.080

0.079

0.078

0.10

0.428

0.145

0.109

0.098

0.092

0.089

0.088

0.086

0.086

0.085

0.15

0.533

0.182

0.137

0.123

0.116

0.112

0.110

0.109

0.108

0.107

0.20

0.675

0.230

0.173

0.154

0.145

0.140

0.137

0.135

0.134

0.133
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Table 4: The Schatten p-norms, KL-divergence and Hellinger distance for n =
1000, m = 64,r = 3 and different choices of regularization parameter

£ p=1 p=2 p=3 p=4 p=5 p=6 p=T7 p=8 K(plp:) Hp,p.)
100 0.621 0.207 0.157 0.141 0.133 0.129 0.126 0.125 0.675  0.527
2x 1077 0599 0.197 0.151 0.136 0.129 0.125 0.123 0.121  0.623  0.515
5x107% 0.698 0220 0.173 0.158 0.150 0.146 0.143 0.142 0.520  0.590
1073 1.079 0335 0271 0.251 0.241 0236 0233 0231 0917  0.788
15x 103 1274 0394 0323 0.300 0.290 0.285 0282 0281 1.168  0.884

3.2.2 Estimation with von Neumann entropy penalization and small noise
level

In this section, we considered the least squares estimator with von Neumann entropy
as the penalization. The optimization problem can be solved by the ADMM algorithm
introduced in Section 3.1 and also the singular value thresholding algorithm. Actually,
both two algorithms produce similar results. In addition to the Schatten p-norms
considered as in previous section, we will also include the Kullback-Leibler divergence
and Hellinger distance. It worths to point out that due to the unboundedness of the
derivative of the entropy function, both the singular value thresholding algorithm
and the ADMM algorithm converge slowly, especially when £ > 0 is larger than the
optimal choice based on theoretic analysis (see Section 2.3).

In Table 4, we provide the Schatten p-norm distances, Kullback-Leibler divergence
and the Hellinger distance of the estimator p. according to different choices of €. In
this example, we set m = 6,r = 3,n = 1000 and noise level o¢ = 0_7;11. For every choice
of e =107%,5x107%,10 x 10~* and 15 x 10~*, the experiment is repeated for 5 times
and the average errors are taken.

There are several important observations from Table 4. Even though we know
that when € > 0, the estimator p. has full rank. The simulation result indicates

that when ¢ is small (for instance, O(107*)), p. has actually nearly low rank, many
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Figure 2: The convergence rates of von Neumann entropy penalized least squares
estimator with noise level o¢ = % and € = 1074,

The convergence rates of p. when m = 64,r =3
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of its eigenvalues are extremely close to 0. In this cases, the von Neumann entropy
penalized estimator p. is close to the standard least squares estimator p. Moreover,
when ¢ > 0 is small, the Kullback-Leibler divergence K(p|p:) is larger than the
Schatten 1-norm distance ||p. — pll1. When ¢ slightly increases, the KL divergence
K(p||pe) decreases and ||p. — pl||1 increases such that K(p||p:) is becoming smaller
than [[p. — p|l1. If € becomes even larger, then the KL-divergence K(p|p.) is also
increasing and is still smaller than ||p. — p||;. Note that by the theoretical analysis,
we know that the optimal choice of ¢ is of the order O(O’S \/%) which should be
O(107°) in this example.

Next, we are also interested in the dependence of the convergence rates of p. on
the sample size n. We still focus on the same example, namely, m = 64,r = 3 and

L Moreover, the regularization parameter ¢ is set to be € = 107*. The result

32

0'52

is shown as in Figure 2.
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It shows that when e = 1074, the Kullback-Leibler divergence is always larger than
the trace distance and the Hellinger distance is always between the KL-divergence

and trace distance.

3.2.3 The projection estimator when noise level is large

In this section, we consider that the noise level o¢ is large such that o > % As
proved in Section 2.4.1, the simple projection estimator is able to achieve the optimal
convergence rates in all the Schatten p-norms for 1 < p < 400 when o, > % The
goal of this section is to numerically verify this claim. The example considered in this
example is m = 2%, = 10 and the density matrix p is constructed as in Section 3.2.1.
The noise variance is chosen as o¢ = %

Both the standard least squares estimator and the projection estimator are imple-
mented for this example under the same settings to verify that the simple projection
estimator is able to achieve the optimal convergence rates. Moreover, the projection
estimator is much more computationally friendly. The results are shown in Figure 3.

The least squares estimator is slightly better than the projection estimator in trace

norm distance. There is no clear difference in other Schatten norm convergence rates.
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Figure 3: Comparison of the convergence rates between the least squares estimator(p)
and the projection estimator (p) when o¢ = 2
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CHAPTER IV

PERTURBATION OF LINEAR FORMS OF SINGULAR
VECTORS UNDER GAUSSIAN NOISE

4.1 Introduction and notations

Analysis of perturbations of singular vectors of matrices under a random noise is of
importance in a variety of areas including, for instance, digital signal processing, nu-
merical linear algebra and spectral based methods of community detection in large
networks (see [44], [84], [29], [62], [81], [61], [43], [40] and references therein). Re-
cently, random perturbations of singular vectors have been studied in [95], [97], [76],
[7]. However, up to our best knowledge, our work proposes first sharp results con-
cerning concentration of the components of singular vectors of randomly perturbed
matrices. At the same time, there has been interest in the recent literature in so
called “delocalization” properties of eigenvectors of random matrices, see [82], [96]
and references therein. In this case, the “information matrix” A is equal to zero,
A = X and, under certain regularity conditions, it is proved that the magnitudes of
the components for the eigenvectors of X (in the case of symmetric square matrix)
are of the order O(%) with a high probability. This is somewhat similar to the
results on “componentwise concentration” of singular vectors of A=A+ X proved
in this chapter, but the analysis in the case when A # 0 is quite different (it relies on
perturbation theory and on the condition that the gaps between the singular values
are sufficiently large).

Later in this section, we provide a formal description of the problem studied in
this chapter. Before this, we introduce the notations that will be used (some of them

have been introduced in Section 1.1). In what follows, (-, -) denotes the inner product
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of finite-dimensional Euclidean spaces. For N > 1, eév ,j = 1,..., N denotes the
canonical basis of the space RY. If P is the orthogonal projector onto a subspace
L Cc RV, then P+ denotes the projector onto the orthogonal complement L*. The
Schatten p-norms of matrices and the [, norms of vectors will be denoted, following
the notations used in Section 1.1, by || - ||, for 1 < p < +o0. With a minor abuse of
notation, || - || denotes both the ly-norm of vectors in finite-dimensional spaces and
the operator norm of matrices (i.e., their largest singular value). In other words, for
any matrix A € R™*" || A|| is equivalent to ||A||w.-

In what follows, A" € R™™ denotes the transpose of a matrix A € R™*". The

(m4+n)x(m+n

following mapping A : R™*" +— R ) will be frequently used:

(° *)aerme
A0
Note that the image A(A) is a symmetric (m + n) X (m + n) matrix.

Vectors u € R™ v € R™, etc. will be viewed as column vectors (or m x 1,n x 1,
etc matrices). For u € R™, v € R", denote by u ® v the matrix uv’ € R™*™. In other
words, u ® v can be viewed as a linear transformation from R™ into R™ defined as
follows: (u® v)r = u({v,z),r € R™.

Let A € R™*™ be an m X n matrix and let

mAn

A= Z oi(u; ® v;)

i=1
be its singular value decomposition (SVD) with singular values o1 > ... > oan > 0,
orthonormal left singular vectors uq, ..., unmsr, € R™ and orthonormal right singular
vectors vy, ..., Upan € R™ If A is of rank rank(A) = r < m An, then o; = 0,i > r
and the SVD can be written as A = >, 0;(u; ® v;). Note that in the case when
there are repeated singular values o;, the singular vectors are not unique. In this

case, let puy > ... pug > 0 with d < r be distinct singular values of A arranged in

decreasing order and denote Ay :={i:0; = up}, k= 1,...,d. Let v := card(Ag) be
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the multiplicity of pg, k= 1,...,d. Denote

P = Z(uZ ®uv;), P = Z(Uz ® u;),

1EAL i€EA
P]gu = Z(’U,Z ®uz), P,;w = Z(UZ ®’UZ)
1EA €A

It is straightforward to check that the following relationships hold:
(P) = B, (PE)? = B, P = (PY), PPy = Py (4.1.1)

This implies, in particular, that the operators P, PP are orthogonal projectors (in

the spaces R™ R", respectively). It is also easy to check that
PMPE =0, PPy =0, PPUPY =0, PP =0, k#k. (4.1.2)

The SVD of matrix A can be rewritten as A = ZZ:1 pp P and it can be shown

that the operators P,k =1,...,d are uniquely defined. Let

0 A d 0 pPw
s=s=( 1) =2 )

For k=1,...,d, denote

Pk =

1
s P_k = 5
pr Py —ppu P

)

() b

1
2
and also
H—k = — k-

Using relationships (4.1.1), (4.1.2), it is easy to show that PPy = Py P, = 1(k =
KBy for all k, k', 1 < |k] < d,1 < |K| < d. Since the operators P : R™™™
R™*" 1 < |k| < d are also symmetric, they are orthogonal projectors onto mutually
orthogonal subspaces of R™*". Note that, by a simple algebra, B = Zlélkl <d Mi P,

implying that p are distinct eigenvalues of B and Py are the corresponding eigen-

projectors. Note also that if 22%21 v, < m 4+ n, then zero is also an eigenvalue
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of B (that will be denoted by ) of multiplicity vy := n + m — 222:1 V. Rep-

0
resentation A — B = A(A) = <

) will play a crucial role in what follows
A0
since it allows to reduce the analysis of SVD for matrix A to the spectral represen-

tation B = Zlg\k\ <a MiPy. In particular, the operators P involved in the SVD

A= ZZ:1 P can be recovered from the eigenprojectors Py of matrix B (hence,

V2

% — U

Uq Uq
they are uniquely defined). Define also 6; := L( > and 0_; = \%( ) for
<

i=1,...;rand let Ay :={—i:i € Ax},k=1,...,d. Then, 0;,1 < |i|] < r are
orthonormal eigenvectors of B (not necessarily uniquely defined) corresponding to its
non-zero eigenvalues oy > --- >0, >0>0_, > --- > 0_; with 0_; = —0; and
Po=> (:;@6;),1< k| <d.
i€l
It will be assumed in what follows that A is perturbed by a random matrix X €
R™" with i.i.d. entries X;; ~ N(0,72) for some 7 > 0. Given the SVD of the
perturbed matrix X
A=A+ X =3 a(mon).
j=1

our main interest lies in estimating singular vectors u; and v; of the matrix A in the
case when its singular values o; are distinct, or, more generally, in estimating the

operators P, Py, PP, PYY. To this end, we will use the estimators

Pr=Y (i @), B =) (@),

1EAL 1EAL
[ISTANA 1EA

and our main goal will be to study the fluctuations of the bilinear forms of these
random operators around the bilinear forms of operators P, P, P, P{. In the
case when the singular values of A are distinct, this would allow us to study the
fluctuations of linear forms of singular vectors u;, v; around the corresponding linear

forms of w;, v; which would provide a way to control the fluctuations of components of
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“empirical” singular vectors in a given basis around their true counterparts. Clearly,
the problem can be and will be reduced to the analysis of spectral representation of

a symmetric random matrix

B:A([}):(? A)zB%—F, WhereF:A(X):< ! X)v

A0 X0

(4.1.3)

that can be viewed as a random perturbation of the symmetric matrix B. The spectral
representation of this matrix can be written in the form

B= ) 50:96)

1< i|<(mAn)

where

—3 — — 0y, ‘;2 = — ; ‘;—Z = — ; — 1,..., /\ .
ol o \/_‘2 b \/— . /3 I m n

K3 3

If the operator norm [|T'|| of the “noise” matrix I" is small enough comparing with
the “spectral gap” of the k-th eigenvalue py of B (for some k = 1,...,d), then it
is easy to see that Py, = Y, Ak(éi ® 6;) is the orthogonal projector on the direct
sum of eigenspaces of B corresponding to the “cluster” {G; : 1 € Ag} of its eigenval-

D pe
(

ues localized in a neighborhood of . Moreover, P, = %

R 3 ) Thus, it is
Py Py
enough to study the fluctuations of bilinear forms of random orthogonal projectors Py
around the corresponding bilinear form of the spectral projectors Py to derive similar
properties of operators 15,3“, P,;“’, 15,;’“, ]5,;’”.

We will be interested in bounding the bilinear forms of operators P, — P, for k =
1,...,d. To this end, we will provide separate bounds on the random error P, — EP,
and on the bias EP,— P,. Fork = 1,...,d, gr denotes the distance from the eigenvalue
tr to the rest of the spectrum of A (the eigengap of py). More specifically, for
2 <k <d-1, g, =min(p— i1, fe—1— k), 1 = pi1—po and gg = min(pg—1—fid, fla)-

The main assumption in the results that follow is that E[| X || < £ (more precisely,

E||X| < (1 —~)% for a positive 7). In view of the concentration inequality of
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Lemma 23 in the next section, this essentially means that the operator norm of
the random perturbation matrix ||I'|| = || X|| is strictly smaller than one half of the
spectral gap g of singular value j. Since, again by Lemma 23, E||X| < 7v/m V n,
this assumption also means that g, > 7v/m V n (so, the spectral gap gy is sufficiently
large). Our goal is to prove that, under this assumption, the values of bilinear form
(ka, y) of random spectral projector P, have tight concentration around their means
(with the magnitude of deviations of the order \/%) We will also show that the
bias EP, — P, of the spectral projector Py is “aligned” with the spectral projector P

(up to an error of the order Wﬁ in the operator norm).

4.2 Preliminary lemmas

The proofs follow the approach of [56] who did a similar analysis in the problem of
estimation of spectral projectors of sample covariance. We start with discussing sev-
eral preliminary facts used in what follows. Lemma 23 and Lemma 24 below provide
moment bounds and a concentration inequality for ||I'|| = || X||. The bound on E|| X ||
of Lemma 23 is available in many references (see, e.g., [94]). The concentration bound
for || X is a straightforward consequence of the Gaussian concentration inequality.
The moment bounds of Lemma 24 can be easily proved by integrating out the tails of

the exponential bound that follows from the concentration inequality of Lemma 23.
Lemma 23. There exist absolute constants cy, c1,co > 0 such that
cotvVmVn <E||X| <cagrvmVn

and for all t > 0,
P{|I1X] — B X|| > eV} <.

Lemma 24. For all p > 1, it holds that

EY?|X||P =< 7v/mVn
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According to a well-known result that goes back to Weyl, for symmetric (or Her-

mitian) N x N matrices C, D

max Aj(C) — )\ﬁ(D) <||C-D|,

1<j<N

where AH(C), 2 (D) denote the vectors consisting of the eigenvalues of matrices C, D,
respectively, arranged in a non-increasing order. This immediately implies that, for
allk=1,....d,

5 — ] < |0
max |7 — | < [T

and

in |6, — el > gk — .
jemin, 105 = il = g = |IT

Assuming that ||T]| < £, we get that {5, : j € Ay} C (s — G&/2, tr + Gr/2) and
the rest of the eigenvalues of B are outside of this interval. Moreover, if |T]| < L
then the cluster of eigenvalues {7, : j € A} is localized inside a shorter interval
(g — g /4, 1 + gr/4) of radius gr/4 and its distance from the rest of the spectrum
of Bis > %gk. These simple considerations allow us to view the projection operator
P, = > jeAL (éj ®§j) as a projector on the direct sum of eigenspaces of B corresponding
to its eigenvalues located in a “small” neighborhood of the eigenvalue ;. of B, which
makes ]5k a natural estimator of P.
Define operators CY, as follows:

Cr=>_ L P,.

s;ékﬂs_'uk

In the case when 2 Zizl v, < m+n and, hence, pg = 0 is also an eigenvalue of B, it
will be assumed that the above sum includes s = 0 with Fy being the corresponding
spectral projector.

The next simple lemma can be found, for instance, in [56]. Its proof is based on

a standard perturbation analysis utilizing Riesz formula for spectral projectors.
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Lemma 25. The following bound holds:
- r
17— A < 410,
9k
Moreover,
Py — P, = Li(T") + Si(I),

where Ly(T") := CxT'P, + P,I'Cy, and

ISl < 14 (”F”)

gk

4.3 Main results and proofs

Theorem 21. Suppose that for some v € (0,1), E||X|| < (1 — v)%. There exists
a constant C., > 0 such that, for all x,y € R™™ and for all t > 1, the following

inequality holds with probability at least 1 — et :

\/_ \/m+7\/i
T ( 0 + 1>||I|H|yH' (4.3.1)

\«&—E&xyﬂ<c

Assuming that ¢ < m V n and taking into account that 74/m VvV n < E||X|| < g,

we easily get from the bound of Theorem 21 that

(P —ER)a,y)| <, ——WMM iy,

1

so, the fluctuations of (P, y) around its expectation are indeed of the order —

Proof of Theorem 21. Since EL,(I") = 0, it is easy to check that
P, —EP, = Li(T") + Si(T) — ES,(T) =: Li() + Ri(T). (4.3.2)

We will first provide a bound on the bilinear form of the remainder (R, (T')z,y). Note

that
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is a function of the random matrix X € R™*" since I' = A(X) (see (4.1.3)). When we
need to emphasize this dependence, we will write I'x instead of I'. With some abuse
of notation, we will view X as a point in R™*" rather than a random variable.

Let 0 < v < 1 and define a function A, 5(-) : R™*" — R as follows:

hesX) = (Sl o 121,

where ¢ is a Lipschitz function with constant % on R, and 0 < ¢(s) < 1. More
precisely, assume that ¢(s) = 1,5 < 1, ¢(s) = 0,s > (14+) and ¢ is linear in between.
We will prove that the function X +— h, , 5(X) satisfy the Lipschitz condition. Note

that

[((Sk(Tx,) = Sk(Tx,)) 2, 9) | < 15k (Fx, ) = Sk(To) [y ]

To control the norm ||Sk(I'x,) — Sk(I'x,)||, we need to apply Lemma 4 from [56]. It

is stated below without the proof.

Lemma 26. Let v € (0,1) and suppose that 6 < 193 There exists a constant
C, > 0 such that, for all symmetric I'1,I'y € Rmtm)x(mtn) gqtisfying the conditions

T4 < (1 47)0 and ||Tsf| < (14 7)0,
o

1SK(T1) — Se(Ta)|| < C’W?le 1.
k

We now derive the Lipschitz condition for the function X +— hy, 5(X).

Lemma 27. Under the assumption that § < ;—3%’“, there exists a constant C, > 0,

ollX; — X
O = Xalla . (4.3.3)
9k

ey 5(X1) = Py 5 (X5)] < Oy
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Proof. Suppose first that max(||x, ||, |Tx,]|) < (1 +v)d. Using Lemma 26 and Lips-

chitz properties of function ¢, we get
[ I, |
s (X1)—hays(Xo)| = |(Sk(Tx, )z, )¢ — (Se(Txy)z,y)¢ 5

<lIsu(rx,) - sarxgnwuuwn¢(”rxﬂ)

1)
I} _ (Il
Sk ‘ﬁb( el
5HFX1 FX2” 14<1 + 7)252 HFX1 FXQH
<0, M —Lally 4 A Ll
gk 9k Y

OITx, — I || | X1 — X2||2
Szl S ——=——

~Y

k Ji
In the case when min(||I'x, ||, |[T'x,||) > (14 7)d, we have hy ,5(X1) = hyys(X2) =0,

and (4.3.3) trivially holds. Finally, in the case when ||T'x,|| < (14 7)d < ||T'x, ||, we

have
r
o)~ s62) = (81 (P )|
F F
‘<Sk Iy, >¢<’ Xl”) —(S(Tx)e, >¢<’ XQ”)]
F 1 F 2
<tsecrl o ") - o (T2l e
147 I'x, —I'x,
cia (LE00) W=Dl
Jk y
< 0% — Xo
SIS ),
The case [|[I'x,|| < (14 7)6 < [[I'x, || is similar. O

Our next step is to apply the following concentration bound that easily follows

from the Gaussian isoperimetric inequality.

Lemma 28. Let f : R™"™ — R be a function satisfying the following Lipschitz

condition with some constant L > 0 :

|f(A1) — f(Ag)| < L||A; — Asl|2, Ay, Ay € R™
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Suppose X is a random m x n matriz with i.i.d. entries X;; ~ N(0,7%). Let M be a

real number such that

P{A(X) =M} > i and P{f(X) < M} > i.

Then there exists some constant Dy > 0 such that for all t > 1,

P{|£(X) — M| > DiL7Vi} <.

The next lemma is the main ingredient in the proof of Theorem 21. It provides
a Bernstein type bound on the bilinear form (Ry(I")z,y) of the remainder Ry in the

representation (4.3.2).

Lemma 29. Suppose that, for some v € (0,1), E||T|| < (1 —~)%. Then, there exists

a constant C, > 0 such that for all x,y € R™" and all t > log(4), the following

inequality holds with probability at least 1 — e™*

TVt (T\/m Vn+ Tﬁ) 1zl
T :
9k r Y

Proof. Define 8, ,,(t) := E||T'|| + co7v/t. By the second bound of Lemma 23, with a

[(Bi(T)z, y)| < Cy

proper choice of constant ¢y > 0, P{||T|| > 0,.m(t)} < e'. We first consider the case

when ¢yt < %%’“, which implies that

_l-vg
1++ 2

bumlt) < (1= /2%

for some 4" € (0,1) depending only on 7. Therefore, it enables us to use Lemma 27
with 6 := 6,,,,,(f). Recall that h, , 5(X) = <Sk(F)x,y>¢(”%) and let M := Med ((Si(D)z,y)).

Observe that, for t > log(4),

P{heys(X) = M} = Plhays(X) = M, [T < 6nm(t)}

1 1
>P{(Sk(D)z,y) > M} = P{IT|| > Gnm(t)} > 5~ et > 1
and, similarly. P(h,,s(X) < M) > i. Therefore, by applying lemmas 27,28, we

conclude that with probability at least 1 — e,

Sn.m t)T\/I_f
oy s(X) — M| <, DTV )

g
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Since, by the first bound of Lemma 23, 6,,.,,(t) < 7(v/m Vn + /1), we get that with

the same probability

T\/T_fT\/ Vn+ 7'\/_
Ik Ik

[Py s(X) = M| <5 [ lll-

Moreover, on the event {||T'|| < 0, (¢)} that holds with probability at least 1 — e,
Ry s(X) = (Sk(T)z, y). Therefore, the following inequality holds with probability at

least 1 — 2e~t

[(Sk(D)a,y) — M| <, gﬂ V"”fn llyll- (4.3.4)

We still need to prove a similar inequality in the case coTv/t > 3 9’“ . In this case,

7] 2c5(1 —
E|T|| < (1 - v)% < #Nﬂ

implying that 6, ., (¢) <, 7Vt. Tt follows from Lemma 25 that

I

(Su(T)z, )| < 1Se @2l < ”92 el

This implies that with probability at least 1 — e™%,

( )il T
eyl
’Y gz

[(Sk(T)z,y)| <

Since t > log(4) and e~* < 1/4, we can bound the median M of (S (I')z, y) as follows:
2
-
M <, Syl
Gk

which immediately implies that bound (4.3.4) holds under assumption c,7v/t > 7%

as well. By integrating out the tails of exponential bound (4.3.4), we obtain that

Vi

[E(Sk(T)z,y) — M| < E[(Se(D)z,y) — M| <, ey,

i
which allows us to replace the median by the mean in concentration inequality (4.3.4).
—t

To complete the proof, it remains to rewrite the probability bound 1 —2etas 1 —e

by adjusting the value of the constant C.. O

118



Recalling that P, — EP, = L (') + Ry(T), it remains to study the concentration
of (Ly(T)z,y).
Lemma 30. For all x,y € R™™ and t > 0,
P <}<Lk(f‘)x,y>‘ > 4%) <e
Proof. Recall that Li(I") = P,I'Cy + CiI' P, implying that

(Lp(T)z,y) = (' Pox, Cry) + (T'Crz, Pry).

T Y1

If 2 = ( ),y = ( ), where x1,y1 € R™, 25,92 € R", then it is easy to check
T2 Y2

that

(L, y) = (Xxg, 1) + ( Xy, 21).

Clearly, the random variable (I'z,y) is normal with mean zero and variance
E(I'z,y)* < 2|E(X g, y1)* + E(Xyg,l'1>2:|.
Since X is an m x n matrix with i.i.d. A(0,72) entries, we easily get that
E(Xx2,y1)* = E(X, 51 @ 22)" = 72|y @ 22|35 = 72|22 |3 [

and, similarly,
E(Xya, x1)% = 72|21 || w2]|*
Therefore,
E(Tz,5)* <27 |22 llya | + 111
<27’ [(HmHQ + ) (Ul I” + Hy2HQ)} = 27%||z|*[ly]|*.

As a consequence, the random variable (L (T')x, y) is also normal with mean zero and

its variance is bounded from above as follows:
E(Li(T)z,y)> <2|B(T Pz, Cyy)? + BT Cy, Pyy)’|

<472 P PN Ciyl® + | Cral P Peg]
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Since || P|] <1 and ||Cy|| < gik’ we get that

2 877 2 2
E(Lp(D)z, )" < —-|lzl[*[lyl*.
k

The bound of the lemma easily follows from standard tail bounds for normal random

variables. O

The upper bound on |<(]5k — EP,)z, y)| claimed in Theorem 21 follows by com-

bining Lemma 29 and Lemma 30. [l

The next result shows that the bias Eﬁk — P of Pk can be represented as a sum

of a “low rank part” Pk(E]Sk — P;) P, and a small remainder.

Theorem 22. The following bound holds with some constant C' > 0 :

72(m V n)

gz

’@E—aﬂgc (4.3.5)

Moreover, suppose that for some v € (0,1), E|X|| < (1 —)%. Then, there exists a

constant C, > 0 such that

2
|EB, — P, — P(EB, — P)R| < ¢, 2T

7 (4.3.6)

Since, under the assumption E[| X || < (1 — )%, we have g, 2 7v/m V n, bound

(4.3.6) implies that the following representation holds
EP, — P, = Py(EP, — P,) P, + T},

with the remainder T} satisfying the bound

2/mVn < Vg
gz ~/myvn

Proof of Theorem 22. Note that, since Py — P, = L(I") 4+ S(I') and EL (") = 0,

1Tkl <o

we have

EP, — P, = ES,(I).
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It follows from the bound on ||Sk(I")|| of Lemma 25 that

E||T||?
g

(4.3.7)

|E2: - | < BISW(T)) < 14

and the bound of Lemma 24 implies that

~ 2(mVn
Jor - |« Z
9k

Y

which proves (4.3.5).

Let
Onm = E||T|| + co7+/log(m + n).

It follows from Lemma 23 that, with a proper choice of constant ¢y > 0,

1

P(|T] > dpm) < .
(T 2 o) < ——

In the case when ¢y74/log(m + n) > 2% the proof of bound (4.3.6) is trivial. Indeed,

in this case

2 log(m + n) < vT3/mVn
= ~ = :
Ik P

|E2 - B <EIZI 1PN <25,

Since , bound (4.3.6) of the theorem follows when

‘Pk(EPk - Pk)PkH < HEPk _ B,

comy/log(m +n) > 1%
In the rest of the proof, it will be assumed that co7v/log(m +n) < 2% which,

together with the condition E|I'|| = E[| X[ < (1 — )%, implies that d,,, < (1 —

v/ 2)%. On the other hand, 6, ,, < 74/m V n. The following decomposition of the bias
E]Sk — P, is obvious:
EP, — P, = ESi(I') = EP,S(T) P
+E (P Sp(T) Py + PuSu(D) B + P Sp(D) P ) 1) < bnm) - (4:3:8)
+E (P Se(T) Py + PuSi(D) Py + PrSi(D)P) 1T > Gnm)
We start with bounding the part of the expectation in the right hand side of (4.3.8)

that corresponds to the event {||I'l| < d,,,,} on which we also have ||I'|| < . Under
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this assumption, the eigenvalues ;. of B and Uj(B), j € Ay of B are inside the circle
v in C with center u; and radius %’“. The rest of the eigenvalues of B, B are outside

of 7. According to the Riesz formula for spectral projectors,

. 1
Py =—-— ¢ Rp(n)dn,

211 i~

where Rr(n) = (T'—nl)~',n € C\ o(T) denotes the resolvent of operator T' (o(T)
being its spectrum). It is also assumed that the contour v has a counterclockwise
orientation. Note that the resolvents will be viewed as operators from C™" into

itself. The following power series expansion is standard:

Rz(n) =Rpir(n) = (B+T —nl)™!
=[(B=nI)(I+ (B—nl)"'D)]"!

=(I + Rp(nT) "' Rp(n) = Y (1) [Re(nI]" Ru(n),

r>0

where the series in the last line converges because || Rg(n)I|| < [|[Reg(n)||||T]] < %%’“ =

1. The inequality ||Rp(n)| < % holds for all 7 € ;. One can easily verify that

P =- QLm Rp(n)dn,
L) =5 § RalTRa(n)dn,
ST) =~ 5= & SO (-1 [Ru(n)I] Ro(n)dn

Ve r>2

The following spectral representation of the resolvent will be used

RB(U) :Z ! P57

B s — M

where the sum in the right hand side includes s = 0 in the case when g = 0 is an

cigenvalue of B (equivalently, in the case when 2327 v, < m +n). Define

~ 1 1
Rp(n) 3=RB(77)—M_77P1€=ZM _nPs-
#k 1°
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Then, for r > 2,

P lRa (T Ro(n) P = Mkl_ nP;i[RB(n)F]’“Pk
:ﬁ Z(RB(W)F)SAPkF(RB(U)F)FSPk + Mkl— U(RB(U)F)TPk.

The above representation easily follows from the following simple observation: let

a:= %F and b := Rg(n)I". Then

(a+b)" =ala+b)""+bla+b) !
=a(a +b)""" + ba(a + )" + b*(a + b)"?
=a(a+b)""" +bala+b)">+b*ala+b) + b (a+b)°

T

== P lala+ b+ b
s=1

As a result,
1 1 -
PrSy(T)P == (-1)"— — I)* ' P IDS
% k(D) P ;_2( )5 j{k [(ﬂk_n>2 s:Q(RB<77) )’ Pl (Rp(n)I) ™ Py
1 -
+ R Y Pyl d
uk—n( B(MT)" Py | dn

(4.3.9)

Let P, = > 6, ® 0, where {0,,] € Ay} are orthonormal eigenvectors corresponding
leAg

to the eigenvalue py,. Therefore, for any y € R™*",

(R ' PI(Rp(mT) Py = > (Rp(n)T)* 0, @ 6,7 (Rp(n)I)" Py

leEAE

= Z (D(Rp(n)T)" ™ Pyy, 0)) (Rp(n)T)**R(n)T6,
I

(4.3.10)

Since | (C(Rp(n)L) =Py, 60) | < [T~ Rs(m)"[lyll, we get

9 2(r—s)
E| (D(Ra(n)T)* Py, 60) [PLIT] < 5y pm) < 52054 (g—) Iyl
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Also, for any x € R™*" we have to bound

E[((Ru(mD)Ro(m)T00 )| 1T < b, (1311)

In what follows, we need some additional notations. Let X¢, ..., X¢ ~ N (0,7%1,,)
be the i.i.d. columns of X and (X7),...,(X") ~ N(0,721,) be its i.i.d. rows (here

I,, and I,, are m x m and n X n identity matrices). For j = 1,... n, define the vector

X = ((X5),0)" € R™*™" representing the (m + j)-th column of matrix T'. Similarly,

fori=1,...,m, X = (0,(X7)) € R™™ represents the i-th row of I'. With these

notations, the following representations of I" holds

F:Ze’,ﬁiﬁ@XHrZXC@eziy

L=y K oqm+Y am e,
i= i=1

and, moreover,

n m n m

m+n c T m+n V" C m+tn __ m+n T
E Cmtj ®X E:Xi®ez' ’ E Xj®em+j_§:ei ® Xj.
=1 i=1 =1 i=1

Therefore,

((Ro(a))~*Rolt) = 32 (X5.8) (o) RoCi) 3.

+Z<e$¢77 Ry 2 Rp(n) X5, 2) = Ii(x) + L),
and we get

£ |((Bs()T)* Ra()Tor,2 )| 1T < 5,.0)
(4.3.12)

<2E(|11(2)]* + [2(2) )LL) < )
Observe that the random variable (Rg(n)T)*2Rp(n) is a function of {Pth,t #
k,j=1,...,n}. Indeed, since RB(n) is a linear combination of operators P;, t # k, it
is easy to see that (Rz(n)T)*2Rz(n) can be represented as a linear combination of

operators

(Pt1FPt2>(PtzFPt3) s (Pts—zrpts—1)
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with ¢; # k and with non-random complex coefficients. On the other hand,

FPtk“ Z Py.e €mis ® Ptk+1XJ? - Z Pthf ® -Ptk+1 emtn.

m—+7 m-+J
Jj=1

These two facts imply that (Rg(n)T)*2Rp(n) is a function of {PtX]‘?,t # k,j =
1,...,n}. Similarly, it is also a function of { P, X7t # k,i=1,...,m}.

It is easy to see that random variables {P;.C cj = 1,...,n} and {PtX;, Jj =
1,...,n,t # k} are independent. Since they are mean zero normal random variables
and X;,j =1,...,n are independent, it is enough to check that, for all j =1,...,n,

t#k, P.X 5 and PX i are uncorrelated. To this end, observe that

E(P:X; ® LX) =RE(X] @ X;)P,

1 Pl;l/u, P];l:l/U Im 0 ]Dtuu Pt’lL’U
=i O )

P’;)’U, P];l:IU O O })tvu Ptvv

| ( PPy P P - ( 0 0 )

ppupuu prupue 00
where we used orthogonality relationships (4.1.2). Quite similarly, one can prove
independence of {P, X7, i =1,...,m} and {PX],i=1,...,m,t # k}.

We will now provide an upper bound on E|I;(z)|?1(||T|| < &nm). To this end,

define
wi(@) = ((Ro)D) 2 Rp()es ey, j=1,..n
:wj(-l)(x) + iw§2) (x) € C.

Let I1(z) = kM (2)+ix® (z) € C. Then, conditionally on {P,X¢ : t # k,j =1,...,n},
the random vector (kM (z), K (z)) has the same distribution as mean zero Gaussian

random vector in R? with covariance,
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(to check the last claim, it is enough to compute conditional covariance of (k) (z), k®(z))
given {PtX; t#k,j=1,...,n} using the fact that (Rp(n)T")*2Rz(n) is a function
of {PtX;,t #k,j=1,...,n}). Therefore,

PtX;;t7Ak,j:1,...,n)

E (|1(x)P
=E (@) + (s (a))?

:% z:<(w](-1)(x))2 + (W (x))Q) = % Z |w; () |2

PtX;:t7ék,j:1,...,n)

Furthermore,

anf2le<x>l2 _ Z wy (@)
=T ZK )(T'Rp(n))*~ 2x,egj:;l> :

=2 <J%B<n><r1%3<n>>s%, Ri(n) (DR ()1~

<72 Rp ()|~ DT)PC2 2.

Under the assumption d,, ,, < % the following inclusion holds:

2

n 2(s—1)
T < Onm}t © {Zlewj@)!? <7 (g—) §2(s=2 Hxll2} e
j=1 k

Therefore,

PtX;,t%k,jzl,...,n)]lg

) 9 2(s—1)
3X§,t7ék,j:1,...,n)ﬂg§72<_—) O 2l 1.
9k

(4.3.13)

ElL(2)P1(T] < bnm) < ElL(2)]1e = EE(![1($)|2

ZEE(éTQij(x) >

A similar bound holds also for E|I(z)]?1(||T]] < dpm) :

9 2(s—1)
E|L(2) P17 < dnm) < 72 (g—k> 252 || |2, (4.3.14)
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For the proof, it is enough to observe that
B(e) = 35 (615,60 ((Ra(o)T)*Ra(n) X, )
— ( (Rata)=Ra(o) (S X 0 €217
<(RB<77)F)S_2RB(77) (Z:n et e X’") 0, x >

= 3" (X7.0) ((Rs(n)D) Ry (m)el ", z)

=1
and to repeat the previous conditioning argument (this time, given {PtX,Z" t£ ki =

,m}).
Combining bounds (4.3.13), (4.3.14) and (4.3.12), we get

B e 9 92 2(s—1)
E | ((Relor)* Ra(tona) [ 10T < ) <202 (2] 022

Then, it follows that

E(D(Ra (L) Py, 00) { (R ()T) R () T00, ) LTI < o)

< (B |(0(Rp ()T Py, ) 2000 < 8,,))
x (E \<<R3<n)r>s—2fé3<n>rel,x>\2 1(T)| < 5n,m>)1/2
<ar (2em)

which, taking into account (4.3.10), implies that

[ ((Rs(m)T)* P (Re()T)™* Py, LI < G)|

2Wpm\
<V2ut < > [l [lyll
Gk

Since (Rp(n)I')" Py = (Rg(n)T)" ' Rp(n)[' Py, it can be proved by a similar argument

that

& (o) P ) 10T < 3| < VB 2 (20m) ™
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Therefore, substituting the above bounds in (4.3.9) and taking into account that
|, — n| = £, n € v, and that the length of the contour of integration 7 is equal to

2%%, we get

rg 2 2 25nm r—1
[E(PESUT) Py ) T < 00m)| < D528 (=) Vamr (=22)
2 9k

>2 Gk

2 2(5 r—1 (S
=2 e (2m) el <, el
Ve y (=) lalllyl S5 vl

r>2 k

where we also used the condition 6, < (1 —~v/2)% implying that 22% <1-—7/2.

Clearly, this implies that

< Onm < veTv/mvVn

VT
=2 ~Y =2
9k Ik

~Y

|EPE SR < 8um)
Furthermore, the same bound, obviously, holds for
[E{PeSu(T) Py, ) LTI < Snm)|| = [[E(Pg Sk(T) Prz, y) LTI < G|
and, by similar arguments, it can be demonstrated that it also holds for
[ERE s 0P| 1T < 61)

(the only different term in this case is (Rg(n)T)" Rg(n), but, since {u,t # k} are
outside of the circle 7, it simply leads to ka(RB(n)I‘)’”RB(n)dn =0).
It remains to observe that
HE (PLSW(T) Py + PuSi(T)PE + PESK(D)PY) 1(|T)| > 5"”“)H
g]EHP,jSk(F)Pk + PSP + P,jsk(r)P,jHuurn > )
<E[[SkM)TUT] > dn.m)

<(E[SeMI*)*PY2(IT) > 8nm)

4 2 2

e (L1 prgiey > b,,) 5 ST S TR
9k 7 mvVn 9i 9

and to substitute the above bounds to identity (4.3.8) to get that

2. /
|EA - P - PES\()A| 5, 25"
Ik

Y

which implies the claim of the theorem. O
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We will now consider a special case when g has multiplicity 1 (v, = 1). In
this case, Ay = {ix} for some i, € {1,...,(mAn)} and P, = 6, ® 0, . Let b, =
0;, ® 0;,. Note that on the event ||| = ||X|| < Z that is assumed to hold with a
high probability, the multiplicity of &;, is also 1 (see the discussion in the next section

after Lemma 24). Note also that the unit eigenvectors 6, ézk are defined only up to

ik

their signs. Due to this, we will assume without loss of generality that (6;,,6;, ) >

Since P, = 0;, ® 0;, is an operator of rank 1, we have
Po(EP, — Py) Py, = by Py,

where
by := <<E]5k — Pk:)ewc?e > <élk79zk>2 — 1.

Therefore,

EP, = (1 + by) Py + Ty,

and by, turns out to be the main parameter characterizing the bias of Pj. Clearly,
br € [—1,0] (note that by = 0 is equivalent to élk = 0;, a.s. and b, = —1 is equivalent
to 91,@ 1 6;, a.s.). On the other hand, by bound (4.3.5) of Theorem 22,

72(m V n)

52

|0k | < HEPk - PkH S
9k

(4.3.15)

In the next theorem, it will be assumed that the bias is not too large in the sense

that by is bounded away by a constant v > 0 from —1.

Theorem 23. Suppose that, for some v € (0,1), E[|X| < (1 —7)% and 1+ by, > 7.

Then, for all x € R™™ and for all t > 1 with probability at least 1 — e,
™Vt mv/mVn + 1Vt
(i, — VT b8, 2)| 5, D (B +1) el
Ik Gk
Assuming that ¢ < m V n, the bound of Theorem 23 implies that

(0 = V1 + i, )| Nv_—||$||

Therefore, the fluctuations of (6;,, ) around /I + b (6;,, ) are of the order |/——.

Tk mvn

~lz]]-
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Proof of Theorem 23. By a simple computation (see Lemma 8 and the derivation

of (6.6) in [56]), the following identity holds

(05 — 1+ byl ) = pi(z)

\/1+bk+pk( )
VI+b
T+ b+ ol ) (V1 + b + pi(x) + 1+ by)

(4.3.16)

pi(0ii) (O, )

where py.() == (B, — (1 + by)P)0i,, 2),x € R™™. In what follows, assume that

|z|| = 1. By the bounds of theorems 21 and 22, with probability at least 1 — e~ :

()] < p, T (TR ETL ),

The assumption E[|X| < (1 —~)% implies that 7v/mVn < gi. Therefore, if ¢
satisfies the assumption Tg‘[ < ¢, for a sufficiently small constant ¢, > 0, then we have
|px(z)] < /2. By the assumption that 14b; > -, this implies that 14-by+pg(x) > /2.
Thus, it easily follows from identity (4.3.16) that with probability at least 1 — 2e~*

'( — V1400, 2)| S, g\f<7'\/m\/n+7\/f+1>'

Ik

It remains to show that the same bound holds when %{ > c¢,. In this case, we

simply have that

~ - 7_2t
‘<9ik — VIF bty )| < 0+ (L Bl <2 5, S
k
which implies the bound of the theorem. O

U
Recall that 6;, = \/Li( g >, where w;, ,v;, are left and right singular vectors of
ik
A corresponding to its singular value pg. Theorem 23 easily implies the following

corollary.

Corollary 1. Under the conditions of Theorem 23, with probability at least 1 — +n,

e {5, — v/TF B | 13, — VI ]|} 5 (/2B

mvVn
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For the proof, it is enough to take t = 2log(m +n), z =™ i=1,...,(m +n)

and to use the bound of Theorem 23 along with the union bound. Then recalling

!/

that 0, = —5(uj,, v},

), Theorem 23 easily implies the claim.

Theorem 23 shows that the “naive estimator” (6, ,z) of linear form (6;, , ) could
be improved by reducing its bias that, in principle, could be done by its simple
rescaling (0, ) — ((1 + by)~"/2;,,x). Of course, the difficulty with this approach
is related to the fact that the bias parameter by is unknown. We will outline below
a simple approach based on repeated observations of matrix A. More specifically, let
A = A+ X' and A% = A+ X2 be two independent copies of A and denote B! =
A(AY), B? = A(4?). Let 6} and 62 be the eigenvectors of B! and B? corresponding

to their eigenvalues ¢; , &7 . The signs of 91 and 92 are chosen so that <6’1 62 ) > 0.

1 Tk
Let
1 52
by = (0},03) — (4.3.17)
Given v > 0, define
N1
é(’Y) — elk '
" 14 b,V 4

Corollary 2. Under the assumptions of Theorem 23, there exists a constant C, > 0

such that for all x € R™™ and all t > 1 with probability at least 1 —e™¢,

wwwﬂ<crf[”mv"+ﬂﬁ+q (4.3.18)
gk 9k
and
(6 — 6;,. )| < C, J[”mgH¢ﬂ+4mw (4.3.19)
k

Note that éfz) is not necessarily a unit vector. However, its linear form provides
a better approximation of the linear forms of 6;, than in the case of vector éllk that
is properly normalized. Clearly, the result implies similar bounds for the singular

(™) ).

vectors ;) and 0;] o
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Proof of Corollary 2. By a simple algebra,

by — by _‘<93k,93k —a +bk)‘ < (F F oL — /1 + bibi,, 0:,)
+w\/1—+bk (07 —\/1+bib;,,0:,) 4—’( — 1+ 040, 07 — /1 + b0, ).

Corollary 2 implies that with probability at least 1 —e™*

IFh Tty 00)| <, DA [DYMV b TVE
1k & %

~ Gk [ Tk }’

where we also used the fact that 1+ by, € [0, 1]. A similar bound holds with the same

probability for
V(02— T+ 8, 0,,)|

To control the remaining term

‘(é}k — V14040, 07— \/1+ b0,

note that é}k and éfk are independent. Thus, applying the bound of Theorem 23

conditionally on éfk, we get that with probability at least 1 —e™!

(0, /T4 b, 82— TH048,)] <, T\f[“mngMﬂH}||5?k—v1+bk9ikll-

It remains to observe that
182 — /T4 beb, || < 2

to complete the proof of bound (4.3.18).
Assume that ||z]| < 1. Recall that under the assumptions of the corollary, 7v/m V n <,

gr and, if & Vi< ¢, for a sufficiently small constant ¢, then bound (4.3.18) implies
that b, — bk| < 7/4 (on the event of probability at least 1 —e™"). Smce L+0b, > /2,

~ . . /\(
> :
on the same event we also have 1 + b, > /4 implying that 9% m Therefore,

<, (6L — 1 —|—_bk0ik,x>’ n

T+0,—\V1+0b.
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The first term in the right hand side can be bounded using Theorem 23 and, for the

second term,

. b — b -
‘\/1+bk—\/1+bk‘: 15 = bl — <, |br — byl
V140 + 1+ b

so bound (4.3.18) can be used. Substituting these bounds in (4.3.20), we derive
(4.3.19) in the case when 2 < Cy.
9k

In the opposite case, when /i ¢y, we have
9k

1 2
07 = i, 2)| < NODN 4+ 165,]l € ———— +1< —+1.
’< o =) Vi vy el

Therefore,
A T\/_
‘ <91(Z) - zk 9 > ‘ < —

which implies (4.3.19) in this case.
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