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“Politicians use statistics in the same way that a drunk uses lamp-posts - for sup-
port rather than illumination.”

-Andrew Lang
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SUMMARY

This thesis explores topics from two distinct fields of mathematics. The first
part addresses a theme in abstract harmonic analysis, while the focus of the second
part is a topic in compressive sensing.

The first part of this dissertation explores the application of dominating opera-
tors in harmonic analysis by sparse operators. In the second chapter, we introduce
sparse operators. Presented therein are preliminary results on dominating certain
operators by sparse operators, and we also prove several analogous results for
other operators that we use in later chapters. The results were achieved in collab-
oration with the coauthors credited for corresponding chapters. The third chapter
concerns Calderén-Zygmund operators. We make use of the sparse domination
introduced in Chapter 2 to derive weighted inequalities for Calderén-Zygmund
operators and the Hardy-Littlewood maximal operator. This chapter comprises
results that were established in independent collaborations with Michael Lacey
and Robert Rahm. Chapter 4 establishes weighted inequalities for the fractional
integral operators (also known as Riesz potentials) and fractional maximal opera-
tor. These results were also achieved in collaboration with Robert Rahm. Chapter
5 deviates from the theme of domination by sparse operators, but continues the
study of fractional integral operators. There is a another notion from dyadic cal-
culus used here, namely averaging over dyadic operators. We use these methods
to achieve weighted inequalities for commutators of fractional integral operators
with multiplication operators. An interesting result is that the inequality can be
reversed. Since the bound depends on a BMO norm of the function in the multi-
plication operator, we characterize a certain BMO space by the boundedness of the
commutator with fractional integral operators. This work was done in collabora-

tion with Robert Rahm and Irina Holmes. Chapter 6 addresses oscillatory integral
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operators and random discrete Hilbert transforms. The oscillatory integrals are
built by polynomial modulation of Calderén-Zygmund kernels. For both of these
classes of operators, we establish sparse bilinear bounds that induce weighted in-
equalities. In the case of the random discrete Hilbert transforms, these are believed
to be the first results of their kind. This work is done in collaboration with Michael
Lacey.

In the second part, we explore the utility of learning theory in the relatively
new field of compressive sensing. The focus is on the subfield of one-bit sensing.
Chapter 7 briefly introduces the pertinent topics from compressive sensing and
demonstrates how a fundamental result of the field can be established using the
techniques in Chapter 8. The last chapter contains the point Part II. We introduce
the notion of one-bit sensing and an analogue of the Restricted Isometry Property,
which is a type of quasi-isometry developed in compressive sensing. We are able
to effectively estimate the VC-dimension of hemispheres relative to sparse vec-
tors, which allows us to employ learning theory techniques to control an empirical
process. This control implies the desired Restricted Isometry Property with high
probability. With these methods, we are also able to discuss the effects of certain

noise models on the acquisition scheme.
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INTRODUCTION

The first part of this dissertation explores application of dyadic calculus, a fruitful
subfield of harmonic analysis. This theme is relatively new, and there are many
avenues still to be explored.

In the second chapter, we introduce sparse operators. Preliminary results on
dominating certain operators by sparse operators are presented. We also prove
several analogous results for other operators that we use in later chapters. The ap-
peal of sparse operators is that they are highly-localized, positive operators, some-
thing that the operators they dominate are not. While this comparison is surprising
in its own right, the focus is on the application to attain weighted inequalities.

Next, we introduce several related classes of operators: fractional integral op-
erators, Calderén-Zygmund operators, and their related oscillatory and random
versions. These are the complicated, non-local operators mentioned above. The
sparse bounds allow the easy deduction of weighted inequalities. A weighted in-
equality is an inequality that bounds the norm of an operator, or a class of op-
erators, by a characteristic of the weights on the spaces the operator maps be-
tween. A weight is a non-negative, locally integrable function. Since we treat
them as densities of the induced measure, for a weight w we will often write w(A)
meaning | A W(x)dx. There are two techniques of domination that are explored.
For a Calderén-Zygmund or fractional integral operator, we dominated the oper-
ator pointwise by sparse operators. For an oscillatory singular integral or random
Hilbert transform, we dominate the bilinear form (Tf, g) by sparse bilinear forms.
This is a generalization of the former since the sparse bilinear forms are a gen-

eralization of the bilinear forms associated to sparse operators. While the sparse



objects in both cases depend on the function function(s) the operator is applied
to (see Section 2.2, for instance), weighted inequalities for the class of sparse op-
erators extend. In both cases, we are able to deduce new, meaningful weighted
inequalities.

Chapter 5 deviates from the theme of domination by sparse operators, but con-
tinues the study of fractional integral operators. There is a another notion from
dyadic calculus used here, namely averaging over dyadic operators. We use these
methods to achieve weighted inequalities for commutators of fractional integral
operators with multiplication operators. An interesting result is that the inequal-
ity can be reversed. Since the bound depends on a BMO norm of the function in
the multiplication operator, we characterize a certain BMO space by the bounded-
ness of the commutator with fractional integral operators.

In the second part, we explore the utility of learning theory in the relatively new
tield of compressive sensing. The objective of compressive sensing is to exploit
low dimensionality properties of certain classes of signals (read high dimensional
vectors) to acquire and reconstruct the signals at sub-Nyquist rates. For us, we
assume the signals are sparse, i.e. they have relatively few non-zero coordinates.
We point out here that this notion of sparseness is unrelated to the one mentioned
earlier. The nomenclature is admittedly inconvenient, but it is consistent with the
existing literature. We are primarily be interested in extremely quantized mea-
surement, a topic embodied by the subfield one-bit sensing. In this case, only the
sign-bit of each measurement is retained. We are able to prove results concerning
a quasi-isometry property of the measurement maps by effectively estimating the
VC-dimension of the class of hemispheres relative to sparse signals and applying
techniques from learning theory.

In both parts, constants are suppressed: by A < B, we mean that there is an

absolute, positive constant c so that A < ¢cB. By A ~ B, wemean A < Band B < A.



Part 1

Weighted Inequalities via Dyadic

Operators



CHAPTER 2
SPARSE DOMINATION

Due to deep and important theorems of Lerner, Lacey, and Rey and Conde-Alonso
[56, 47, 16] important operators in harmonic analysis (for example, maximal func-
tions, Calderén—-Zygmund Operators, Haar shifts) are pointwise dominated by fi-
nite sums of sparse operators. Thus, proving two-weight inequalities for these
sparse operators will imply the same theorems for other operators of interest. We

begin with some preliminary definitions.
Definition 2.1. A collection D of cubes in R™ is said to be a dyadic grid if:
(i) Each Q € D has side length of 2* for some k € Z.
(i) For Q,R € D: Q N Ris measure zero, Q C R,or R C Q.
(iii) If Dy ={Q € D : the side length of Q equals 2}, then R™ = Ugen, Q.

Definition 2.2. A subset § of a dyadic grid is said to be sparse if for every P € § :

1
> QISP

Qe8:QCP
Q is maximal

3 is arbitrary, and any positive constant less than 1 would work

The portion
equivalently. That is also true for the following equivalent notion of a sparse col-
lection of cubes which is sometimes more convenient. A collection § of cubes is

sparse if there is a set Eqg C Q for each Q € § so that

(a) [Eql > IQ|foreach Q € 8, and



(b) the collection of sets {Eq : Q € 8} are pairwise disjoint.

Here and throughout, we denote by (f){; the p-average of f on Q: p(Q) " [, .

When p is Lebesgue measure, we simply write (f).

Definition 2.3. An operator S is sparse if there is a sparse collection of cubes & so

that

Sf= ) (flolg.

Qes

We typically suppress the dependence of S on the sparse collection 8. By abuse of
notation, if an operator is sparse with respect to a choice of grid, we call it sparse.
The following deep and useful theorem is due to Sawyer [84]. This result is an

integral part of several of the proofs in the following chapters.

Theorem A. Let D be a dyadic grid and let & C D be sparse. Define:

P
1

T1 = f’fég oP) JP Q€§2CP<G>Q1Q(X) w(x)dx
1 v

T, = ?3121; VTP) L QE§QCP<W)Q1Q(X) o(x)dx.

Then:
1
|Tso-: LP(0) = LPW)|| ST7 +T5.

2.1 Calderéon-Zygmund Operators

A sparse operator is bounded on all LP, and in fact, is a “positive dyadic Calderén-
Zygmund operator.” And the class is sufficiently rich to capture the norm behavior

of an arbitrary Calderén-Zygmund operator. We use the recent inequality [47],



which gives pointwise control of a Calderén-Zygmund operator by a sparse opera-

tor.

Theorem B. [47, Thm 4.2] Let T be a Calderén-Zygmund operator and f € L' be com-
pactly supported. Then there are at most N < 3% sparse operator Sy, ..., S~ (associated to

distinct choices of grids) so that |Tf| < Z:Zl SI|f].

As a consequence, it suffices to prove our main theorems on Calderén-Zygmund

operators for sparse operators.

2.2 Fractional Integral Operators

In this section, we list several known results related to dominating fractional max-
imal and fractional integral operators by sparse-like operators; we include some
proofs because we could not find them in the literature. Much of this section is
taken from [77].

For a given dyadic grid, D, define the dyadic fractional maximal operator:

MPf(x) == sup 16(x) [QI*™ (f)q

QeD

and the dyadic fractional integral operator:

IDF(x) = Y 1QI*™ (flolq(x).

QeD

The following lemma is well-known and shows that fractional maximal and frac-
tional integral operators can be estimated pointwise by sums of dyadic operators.
For the proof of the fractional integral estimate see [20]; the proof of the estimate
for the fractional maximal operator is obvious given the fact that for every cube,

Q, there is a cube, Pq in a dyadic grid such that Q C Pg and [Po| < 3™(Q].



Lemma 2.4. Let M be the fractional maximal operator and 1, be the fractional inte-
gral operator. There is a collection of 3™ dyadic grids such that the following point—wise

equivalences hold for all non—negative f:

3" 3n
Mof ~ Y MP and  Iof~ ) ID.
k=1 k=1

Remark 2.5. When proving the estimates below for the dyadic fractional maximal

operator, it is more convenient to deal with the following truncated version:

1g,(x) sup Q™ (f)alg(x). (2.6)
QeD:QCQo

We then prove estimates that are independent of Q and appeal to the monotone
convergence theorem to conclude the desired results. Assuming that f is finite
almost everywhere (which will always be the case for us), we can further simplify
matters. We start by building a stopping collection, §. Initialise {Qo} — §, and
in the recursive stage, if P € § is minimal, add to § all maximal children Q of P
such that IQIO‘/TL (flg > 4|P|/™ (f)p. For a cube Q C Qo, let Q° denote the 8-
parent of Q. Similarly, let ch(S) denote the maximal 8—descendants of S. Finally,

let Eq = Q \ ch(Q). A simple computation shows that for every S € §,

1
2 ISI<Isl and SIS 2[Es.
Qech(S)
That is, the stopping collection § is sparse. Additionally, the Eq are pairwise dis-
joint and for almost every x € Q there is some Q with x € Eq (this follows from

the fact that f = oo on a set of measure zero). Thus, we may further reduce (2.6) to:

lo,(x) sup Q" (Flolax)= Y Q™ (fqley(x).  (27)
QeD:QCQo QEeS:QCQo



We also note that if {Eq}gep is any collection of pairwise disjoint sets such that
Eq C Q then Y g Q™™ (Flole, (x) < Mof(x).
There is a similar reduction for the dyadic fractional integral operator. Again,

we may reduce matters to:

lo,(x) D IQI¥™(fglox). (2.8)

QeD:QCQo

We now create the stopping family by initialising {Qo} — § and in the recursive
stage, if P € 8 is minimal, add to 8 all maximal children Q of P such that (f)q >
4(f)p. Note that we are stopping on averages, not fractional averages. Again, simple
computations show that 8 is sparse. For fixed x € Qo, and fixed S € §, the sequence

{|Q|“/n 1o (x)}gs—s is geometric and so

D IQIM ™M 1g(x) = Cam ISI¥™ 15(x). 2.9)
Q%=s

Therefore, the sum in (2.8) can be estimated as:

Y D QMM (fela) S ) (s Y Q™ 1g(x)

Se8 QS=S Ses QS=S
<D IS (f)s1s(x). (2.10)
SeS

Therefore, in all estimates below, for fixed f, we can replace the operator of
interest with one from the right hand side of (2.7) or (2.10); our estimates will be

independent of sparse collection § and root Q. O

We have the following well-known testing conditions for dyadic operators,

originally due to Sawyer. See [84, 36, 51].

Theorem C. Let 1 < p < q < oo, let D be a dyadic grid and let § C D be sparse. Let T



be the operator given by Tf = 3 g 1QI*™ (f)o1q. Define:

q
— # 2 ox/n
P := ilég o(P)a/p JP Qes:QCP Q7 {9)alal)] wi)dx.
1 >
— - o/n
B2 = ?};1;’ WP L QESE:QCPIQI W)alo(x)| of(x)dx.

Then:

[To : LP(0) — LI(W)[| < B1 + Bo.

2.3 Sparse Bilinear Forms

2.3.1 Oscillatory Singular Integrals

Recall the notion of a sparse collection of cubes 8 in R™ that requires the existence
of aset Eq C Q for each Q € 8 so that (a) [Eq| > ¢|Q] for each Q € §, and (b) the
collection of sets {Eq : Q € &} are pairwise disjoint. Here 0 < ¢ < 1 will be a

dimensional constant that we do not track.

Definition 2.11. A sparse bilinear form is one of the form

/\T,s(fr 9) - Z<f>Q,T<9>Q,S|Q|/ 1 g T,$ <00,
Qes8

where (f)I, == [3Q|7! [.,[f]” dx, and if r = s, then A, = A, ..
Qr 3Q ,

We consider Calderén-Zygmund singular integral operators T, which can also
be defined as L? bounded convolution operator (with Calderén-Zygmund kernel
K) given by

(Tt,9) = || Kix = )rtw)gt) axey

for compactly supported functions f, g with disjoint supports. Notable examples

9



are K(y) = 1/y in dimension one, and the Riesz transform kernels y/[y/*"!, in
dimension n.

We consider polynomials of a fixed degree d, given by

Py = > Aapx™yP,

o, B e +BI<d

where we use the usual multi-index notation. The polynomial modulated Calderén-

Zygmund operators are
Tof(x) = [ €K y)fx ) dy.

The LP result below is a special case of the results of Ricci and Stein [78, 79], and

the weak-type result is due to Chanillo and Christ [13].

Theorem D. For 1 < p < oo, the operator Tp is bounded on LP, that is
ITp : LP—LP|| <1,

where the implied constant depends on the degree of P, and in particular is independent of

A. Moreover, Tp maps L to weak 1.}, with the same bound.

The dependence on the polynomial being felt only through the degree of P is
important in many applications, see [79]. This dependence continues to hold in the

Theorem below, the proof of which we deffer to Section 6.1.

Theorem 2.12. Foreach 1 < r < 2, Calderén-Zygmund operator T, polynomial P = P(y)

of degree d and functions f, g with bounded support, there is a bilinear form /. so that

[(Tpf, g)l S A+(f, g).

The implied constant depends only on T, the degree d, dimension n and choice of r > 1.

10



2.3.2 Random Singular Integrals

Define a sequence of Bernoulli random variables {X,, : n # 0} with P(X,, =1) =
In|~*, where 0 < o« < 1. The set{n : X,, = 1}is a.s. infinite by the Borel-Cantelli

Lemma. We consider the random Hilbert transform and maximal function below:

nl—oc
n#0
;N N
M f(x) = ilil:é‘xnz_anf(x—n) , where Sn = T;Xn.

Our sparse bound here is more restrictive, with the value of the sparse index r

depending on the parameter «.

Theorem 2.13. Forany 0 < « < 1,1 + o« < v < 2, the following holds almost surely:

For all functions f, g finitely supported on Z, there is a bilinear sparse operator A, so that

[(Haf, )l S Ar(f, g).

The same inequality holds for M. (The sparse operator can be taken non-random, but the

implied constant is random.)

Weighted inequalities are a corollary. They are the first we know of holding
for operators defined on sets of integers with zero asymptotic density. We state
these corollaries in Chapter 6 and defer their proofs, along with the proof of Theo-

rem 2.13, to Section 6.2.
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CHAPTER 3

CALDERON-ZYGMUND OPERATORS

This chapter develops two-weight inequalities for Calderén-Zygmund operators.
The work is inspired by a general question: What is the ‘simplest’ condition which
is analogous to the Muckenhoupt A,, condition, and is sufficient for a two weight
inequality to hold for all Calderén-Zygmund operators? This question arose shortly
after the initial successes of the Muckenhoupt’s 1972 report that the maximal func-
tion is bounded on a weighted LP space if and only if the weight is in A,, [66].
A year later, Hunt-Muckenhoupt-Wheeden discover that the same is true of the
conjugate function [34]. In both of these works, the weight in the domain and
range are the same. It is natural to ask what can be done when the operators map
between different weighted spaces. Nearly a decade later, Neugebauer proves a
result that is fruitful in extending many one-weight inequaltites to the two-weight
setting [68], which lead to the notion of testing the density of the weights in func-
tion spaces of slightly stronger norms. This theme has been investigated by many
authors, with motivations coming from potential applications in different settings
where Calderén-Zygmund operators appear, see for instance [88, 26] for two dis-
parate applications. More relevant citations are in the introduction to [21], for in-
stance.

Concerning the maximal operator itself, the finest result in this direction is due
to Pérez [72]: A sharp integrability condition is used to describe a class of Orlicz
spaces, and an A, like condition, which is a sufficient condition for a two weight
inequality for the maximal function. We do not recall the exact conditions, since

the entropy conditions used below allow a shorter presentation of more general

12



results. For the maximal function, this is Theorem 3.3 below.

Pérez also raised two conjectures concerning singular integrals, on being the
so-called two-bump conjecture resolved in [67, 59], and the so-called separated
bump conjecture which is unresolved, [21, 49].

Several recent papers have focused on the role of the A, constant in completing
these estimates. This theme was started in [50], and was further quantified in
several papers [61, 58, 46, 40, 39, 37, 38].

Recently, Treil-Volberg [86] combined these two trends in a single approach,
which they termed the entropy bounds, and as is explained n [86, § 2], this approach
yields (slightly) stronger results than that of the Orlicz function approach. In what

follows, we will extend their results to the LP-setting, using very short proofs.

3.1 Definition

We say that K : R? x RY — R is a Calderén-Zygmund kernel if for some constants

and Cx > 0,and 0 < 1 < 1, such that these conditions hold: For x,x’,y € R4

”K(/ )Hoo < 0o,

’K(X/U)’< CK’X—UFd/ X%y/
Ix —x'

IK(x,y) — K(X//U” < CKW,

if2x —x'| < |x —yl,

and a fourth condition, with the roles of the first and second coordinates of K(x, y)
reversed also holds. These are typical conditions, although in the first condition,
we have effectively truncated the kernel, at the diagonal and infinity. The effect of
this is that we needn’t be concerned with principal values.

Given a Calderén-Zygmund kernel K as above, we can define

TH(x) = J K(x,y)f(y) dy

13



which is defined for all f € [? and x € R%. We say that T is a Calderén-Zygmund

operator, since it necessarily extends to a bounded operator on L?(R%). We define
Cr:=Cx+|T: =17 (3.1)

It is well-known that T is also bounded on LP, 1 < p < oo, with norm controlled

by CT.

3.2 Main Results

Throughout, let

JoMl(olq) dx
o(Q) '

pG(Q) = p(r,e(Q) = pO‘(Q)E(pO‘(Q))/

where ¢ will be an increasing function on [1, co). But, if the role of the weight o is

understood, it is suppressed in the notation. Define

{bnﬂmg:ifqipmanwglowQ. (3.2)

Throughout, (f)q = |QI™" [, f(x) dx. In this Theorem, we extend the result of
Pérez [72] for the Hardy-Little-wood maximal function, denoted M, to the entropy

language.

Theorem 3.3. Let o and w be two weights with densities, and 1 < p < oo. Let ¢

be a monotonic increasing function on (1,00) which satisfies [{° Eﬁ[t) - = 1. Denote by

Mf = M(of). The following two-weight inequality holds:

Mg 1 LP(0) = LP(w)|| < [o,w]/?. (34)

~Y

As above, we use the notation M f = M(of) so that inequalities are stated in a

14



self-dual way. It is natural to include 3.3 in this chapter since it is well-known that
the maximal function serves as a bounding operator for the Calderén-Zygmund
operators in an intuitive sense. For the most compelling result, see the famous
Coifman-Fefferman inequality in [15], which says the maximal function pointwise
bounds the maximal Calderén-Zygmund operators on any A..-weighted space.
However, the dependencies of the implied constants in that inequality are delicate,
so as is the case here, it is often necessary to examine the maximal and Calderén-
Zygmund operators independently.

Concerning Calderén-Zygmund operators, the case of p = 2 below is [86,

Thm 2.5]. It is slightly stronger than the two-bump results in [67, 59].

Theorem 3.5. Let o and w be two weights with densities, and 1 < p < oo. Let € be a

monotonic increasing function on (1, co) which satisfies [{° 8(‘1:) - = 1. Define

Low]p i= sup (005 "0, (Q) (W) Pw,e (Q)P ! (3.6)

For any Calderén-Zygmund operator, there holds
ITe : LP(0) = LP(W)]| S Ct LO',WJ%)/prHLp(O-).

The constant Cr is defined in (3.1).

In the condition (3.6) above, both of the weights o and w are ‘bumped.” Below,
the bump is applied to each weight separately, hence the name separated bump con-
dition. The case p = 2 below corresponds to [86, Thm 2.6] It is slightly stronger

than the corresponding results proved in [49].

Theorem 3.7. Let o and w be two weights with densities, and 1 < p < oo. Let €y, €y

be two monotonic increasing functions on (1, 00) which satisfy [ e,(t)/P4t =1, and
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similarly for e, with root 1/p’. For any Calderén-Zygmund operator, there holds

ITo : LP(0) = LPW)[| £ Cr{o, w]¥P + [w, o] /"

p’,i.p/ :

The terms involving the weights is defined in (3.2), and the constant Cr is defined in (3.1).

One should not fail to note that the integrability condition imposed on ¢, (t) ™

is stronger than in Theorem 3.5. It is not known if the condition in Theorem 3.7 is
the sharp. The following result is another separated bump condition for Calderén-
Zygmund Operators.

The type of theorems we are proving are known as “bumps” because they
slightly strengthen the joint A, characteristic. The bumps in Theorem 3.7 were
introduced in [86] and are known as “entropy bumps”. However, the bumps in
Theorem 3.8 are slightly different due to their dependence on the behavior of o,
at zero, and they seem to be new. There is a long history of theorems of this type
(see for example [20, 22, 17, 21, 49, 37, 61, 68, 67, 72]), but in [86] it is shown that
under some mild conditions, the entropy bumps are smaller than other bumps,
encouraging progress with this approach.

Our proof builds on the techniques in the proofs of Theorem 3.7 and uses an
interesting formula by Hytonen in [36] that generalizes the expansion of sums like
(Z]. a;)? to powers other than 2. This formula is powerful and it seems to have

been first observed in [36].

Theorem 3.8. Let o and w be two weights with densities, and 1 < p < oo. Define

[lo,Wllp o, == QSUPb (W) ()5 "o ((0)q),

where oy is a function that is decreasing on (0,1) and increasing on (1,00) and that
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satisfies ) .., %(2”)_% < oo. Then it follows that
[Tso-: LP (o) — LP(w)|| < Lo, wllf «, + [, o]

For all of the above, the method of proof we use is, like Lerner [57], to reduce
to sparse operators. With the recent argument of Lacey [47], this reduction now
applies more broadly, namely it applies to (a) Calderén-Zygmund operators on
Euclidean spaces as stated above; (b) non-homogenous Calderén-Zygmund oper-
ators; and (c) general martingales.

After the reduction to sparse operators, we use arguments involving pigeon-
holes, stopping times, reduction to testing conditions, and an A,-A, inequality.

These are the shortest proofs we could find.

3.3 An Entropy Condition for the Maximal Function

We prove the maximal function estimate (3.4). It suffices to prove the theorem with
the maximal function replaced by a dyadic version, since it is a classical fact that in
dimension d, there are at most 3¢ choices of shifted dyadic grids D;, for 1 <j < 39,
which approximate any cube in R¢.

By Sawyer’s characterization [83] of the two weight maximal function inequal-
ity, it suffices to check that inequality for f = 1¢,, and any dyadic cube Qy. Namely,

we should prove

JQ M(olg,)? dw S [0, W]y, 0(Qo).

To do so, let 8 be a sequence of stopping cubes for o, defined as follows. The
root of § is Qp, and if S € §, the maximal dyadic cubes Q C S such that (o) >

4(0)s are also in 8. Note that this is a sparse collection of cubes. Then, we have

1o,  M(olg,) S ) (0)slk,
ses
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where Es := S\ JY{S’ € 8§ : S’ C S}. The collection 8§ is sparse, and the sets Es are

pairwise disjoint, hence,

J M(01q,)? dw < D (0)Bw(S).
Qo

Ses

The sparse collection 8 is divided into collations 8, for a € Z and r € N defined

by S € 8, if and only if

2% ~ (0)2 (W) Pee(Q), and 27~ p(Q).

Notice that 8, , is empty if [0, W], <271

Holding a and r constant, it follows that

" o(S) N JsM(o1s) _ _,0(Qo)
D (ofws) 52t ) Sen st ) S S22

SE8ar ESa,r maximal S € 84+

Notice that sparsity is essential to the domination of the sum by the maximal func-
tion in the second line. To sum this over r € N, we need the integrability condition

o Efitt) - = 1. Take pth roots and sum over appropriate a € Z to conclude.

3.4 A Two-Bump Condition

This section is dedicated to the proof of the two-bump inequality that is Theo-
rem 3.5. Fix a sparse collection 8 so that for all cubes Q € 8 there holds, for some

ac’z,

29 ~ <0->5_1p0‘,€(Q)<W>QpO‘,€p/ (Q)pil

Here, 247! < |0, w],. In this case, we will verify that the norm of the associated
sparse operator is bounded as by < 2%/P. This estimate is clearly suitable in rele-

vant a € Z.
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The proof is by duality. Thus, for f € LP(c) and g € LP'(w), we bound the

pairing (S(of), gw). In so doing, we will write

(fo)q = (falo)q,
where ()3 is the average of f relative to weight o on the cube Q. Then,

2-9/P(S(of), gw) =279/P Z (of)ql{gw)q - 1Q]

Qes
1/p’ 1/p
_Z 1/p{<0> 2a§p> } l/p Q Q|
Qes
1/p (Q)l/p
2055000 i L P

Apply Holder’s inequality to the last expression. It clearly suffices to show that

S (052 < e,

and similarly for g.

This last expression is a Carleson embedding inequality. It is well known that

it suffices to check this inequality for f = 1q,, for Qg € 8, and the assumption that

Qo is the maximal element in 8. But notice that the sum to control is then

< ad IQ M(O‘lQ) dx
sy oy el
r=1 Q maximals.t.

QES, po(Q)~2"

(o¢]

Q)Y

=0

The middle inequality follows from sparseness. The last sum over r should be
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tinite, which is integrability condition f;)o d(t =

te(t)

1. The proof is complete.

3.5 Separated Bump Condition I

This section is dedicated to the proof of Theorem 3.7. In fact, we will follow the
argument presented here with an alternative one. There are two key preliminaries
in the first proof. One is the testing condition Theorem A presented in Chapter 2.

Namely, it suffices to verify: For any dyadic cube Q,,

P
[ ] X ate] aws fomlp, ol
Q0 Qes:QcQo

The dual inequality will also hold, and so complete the proof of Theorem 3.7.

The other ingredient is following Lemma 3.9 below. In the current setting, it
originates in [46], though we give a more convenient reference below. Notice that
the bound on the right in the estimates below are specific to the sparse collection

being used.

Lemma 3.9. [37, Prop. 5.3] Let § be a sparse collection of cubes all contained in a cube

Qo, defining a sparse operator S. For two weights o and w,

| (so10) aw s A ALS)0(Q), (3.10)
Qo

where Ap(8) := Sup(@gil (w)q and A (8) :=sup JqM(qo) dx
Qes Qes o(Q)

For integers a € Z, and r € N set 8§, to be all those cubes Q € 8 such that

Q - QO/
Jo M(1qo) dx

o(Q)

2% ~ po,sp(Q)<0—>Eil<W>Q, and 2T ~
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This collection is empty if [0, W], ., < 2% By construction, A (8a+) < 27, and

Thus, from (3.10), we have

2(1
ep(27)

P
JQ |: Z <0‘>Q1Q} dw 5 Ap(ga,r)Am(Sa,r)G(QO) S G(QO)'

Q€S8ar

Take pth root, and sum over the relevant a € Z, and r € N. The sum over r is finite

since [ tep?ﬁ = 1, completing the proof.

3.5.1 An Alternative Proof

We first give the proof of Theorem 3.7 in the case p = 2. We will verify the testing
conditions hold; we will only verify the first condition as the second condition
is verified similarly. Fix P € 8. By the triangle inequality and the summability

condition of ¢,, it suffices to show

|

where Q. :={Q : Q C Pand p,s(Q) ~ 2"} for r € N. Since two cubes in Q, are either

2
1

€2(27)

D (0)qlg

QeQ,

w S [0, Wl3,e,0(P), (3.11)

nested or disjoint, there holds

2

~ Y ) (0)qlo)qlg(x)

Qel, Q'CQ

Y (0)qlax)

QeQ,
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Inserting this into (3.11), and using p,(Q) ~ 2" for Q € Q,,

l

we Y Y (0)g{0)ew(Q)

Qer Q'CQ

> (0)qlo

QeQ,

- , , Ps(Qlel(ps(Q))
=) (0)q Y 1Q1{0)q (W) 0.(Q)e(pa(Q))’

Qe Q'CQ

1 /
S o ¥ ola X 1Q1.

QeQ, Q'cQ

Since Q. is sparse, } 5c0.(0)Q 2 q/cq Q' S 2 geq, 0(Q)-

Recall that for a sparse collection 8 of cubes, the following holds uniformly over
P € 8: |Uges:ocrQl < % |P|. This implies that the following holds uniformly over
allP € 8: ZQGS;QCp QI S |Pl. Foracube Q € §,let Eg := Q \ Uses:scoS and note
that [Eg| ~ |Q]. Set Q; to be the maximal cubes in Q,. Using the fact that [Eq| ~ |Q|

and that {Eq} are pairwise disjoint, it follows that:

> oQ=~ > J D (0)qleg (3.12)

QeQ, Q*e2; Q" Qco-

< Z J M(olg-)

Qre0; ¥ Q"

<2 Y olQ).

Q*eQ;

Since the cubes in Q; are pairwise disjoint, the sum is bounded by o(P), as desired.

To use a similar idea for p # 2 we need the following theorem proven in [36].

Theorem E. Let Q be any collection of cubes. With obvious notation, there holds

L( > <U>Q1Q> w < w, ol Y (0)qlQl.

QeQ:QCP QCP

We use this to prove Theorem 3.7 for all p > 1. We will verify the first testing

condition in A, and the dual condition is verified similarly. Thus, let P be any cube
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in8. Forr > 0,1et 9, = {Q C P : ps(Q) ~ 2"}. Note that for these cubes, there
holds

oo 1

w, p,\,m

[W/ G]p,sp .

Therefore, by the triangle inequality and Lemma E,

e @QlQ)pW)é =Lz <G>Q1Q>pw>;

Q:QCP QeQ,
1 1 1
Sw,olpe, > (5 > G(Q))

1
>0 sp (21‘) P
1

1
Sw,olhe, Y

1
>0 €p(27)7

T

In the last estimate, we used the fact that for the cubes in Q,, p;(Q) ~ 2" and so we
can use the same estimate as in (3.12). The summability condition on &, completes

the proof.

3.6 Separated Bump Condition I1

We conclude the chapter with a proof of the second separated bump condition
mentioned: Theorem 3.8. As above, it suffices to verify the testing conditions in
Theorem A, and we will only verify the first. Thus, let P be any cube in §. Forr € Z
let O, = {Q C P: (0)g ~ 27}. Using the summability condition on o, as in the

proof of Theorem 3.7, we may assume that all cubes are contained in Q..
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Again let Q) denote the maximal cubes in Q,. Using Lemma ??, there holds

P
1
JP (Z <G>Q1Q> e ocp(Zr)[[w’ ollpe, ) (9)01Ql

QeQ, QeQ,
1

o ol > > «Q

Q*eQr QCQ*
~ %(ZT)[[W, Iy > 1QI".

Q*eQ;

~

In the second line we used the definition of Q, and in the third line we used sparse-
ness. Again, using the definition of Q,, the sum is equivalent to }_,..o. 0(Q*) and

by the maximality of the cubes in Q*, it follows that this sum is dominated by o(P).
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CHAPTER 4

FRACTIONAL INTEGRAL OPERATORS

We are concerned with two-weight inequalities for the fractional maximal and frac-
tional integral operators. The goal is to find simple, A, —like conditions for a pair

of weights (non—negative, locally integrable functions) o, w to ensure

IT?: LP(0) = LY(w)]| < oo, (4.1)

where T denotes a fractional maximal or fractional integral operator, and T°(f) :=
T(of). One popular approach, initiated by Neugebauer in [68] and developed by
Pérez in [71, 70], has been to slightly strengthen the A, characteristic by intro-
ducing new factors. These new factors, known as bumps, have come in different
forms. For example, Neugebauer requires that the weights o'*¢ and w!"¢ belong
to A,,, while Pérez requires that the two weights have finite Orlicz norm. The Or-
licz approach is also taken by Cruz-Uribe and Moen in [20]. See the recent paper
of Cruz—Uribe [18] and the references therein for more information.

In the context of Calderén—-Zygmund operators, Treil-Volberg have recently in-
troduced the notion of entropy bounds and are able to deduce stronger results than
have been obtained using the Orlicz approach [86]. Lacey and the author [52]
simplified and extended the approach to the entropy conditions in the singular in-
tegral case. We use these same techniques to prove similar results for the fractional
integral and fractional maximal operators. These results represent an extension of
what is known, and can be proved by relatively simple techniques. In particular,

we require that our weights satisfy certain bump or separated bump conditions (to
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be defined below.) It is not known to what extent these results are sharp. However,
Treil and Volberg show that the bumps used here are - in many cases of interest -
smaller than the Orlicz-based bumps.

Before stating the main theorems, we give some definitions. For 0 < o« < n, the

fractional maximal operator for functions defined on R™ is

M f(x) := sup lo(x)

— | If(y)ldy,
Q acube |Q’1 n J‘Q

and the fractional integral operator is

,_ f(y)
Iaf(x) == JRn e X’nfo(dy.

4.1 Main Results

One reasonable generalization of the Muckenhoupt A,, condition to the present
setting is to set [0, W] := SUP e o o(Q)/P'w(Q)V/4 !Q!“/(nfl). Ideally, we would
like for (4.1) to hold when [0, w] is finite. This condition is insufficient (see [19] for
a counter example in the case of the fractional maximal operator). This condition
is enough, however, to deduce weak-type bounds for the maximal operator. We
present an alternate proof of this well-known result in Section 4.2 as an example
of the techniques used in the main theorems of this section; see [19] for another

proof. In particular, there holds:

Theorem 4.2. With [0, w] defined as above, My the fractional maximal operator, and

1 <p < q < oo, there holds:
IM(0:) : LP(0) — LY (w)|| < [o,w].

Since the finiteness of [0, w] is not enough to deduce strong bounds, we use
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two types of bumped conditions to deduce the strong estimates. The first set of
conditions on the weights that we consider require a single bump (compare with
the separated bumps to be discussed later). Set p(Q) := f o M(0lq), and
define p,, similarly, where M is the Hardy-Littlewood maximal operator. We deal
tirst with the fractional maximal operator. In [71, 70], Pérez establishes bump con-

ditions related to Theorems 4.3 and 4.4 using Orlicz norms.

Theorem 4.3. Let 0 and w be two weights, 1 < p < q < oo, and My be the frac-

tional maximal operator. Let € 4 be a monotonic increasing function on (1, co) that satisfies

7 tqt = 1. Define

o(Q)VP'w(QM ),

BIQ) = = 0" (Qlea(pe(Q),

and set [0, w] :=supqqp B(Q). Then
IMa(f0) Loy S ToWTIFllLp (o)

The corresponding theorem for the fractional integral operator is:

Theorem 4.4. Let 1 < p < oo and o and w be two weights and let 1, be the frac-

tional integral operator. Let €, be a monotonic increasing function on (1, o) that satisfies

o0
1 tep

= 1 and similarly for eq,. Define:

a(Q)VP'w(Q)d
‘Q‘lfoc/n

B(Q) = Po(Q)Pey(ps(Q))pw(Q) ¥ eq (pw(Q)),
and set [0, w] :=supq o B(Q). Then

”Ioc(fG)HLQ(w) 5 COC,HLGIWJ Hf”LP(G) 4

where C ,, 1s from (2.9).

27



The condition in the next theorem is called a “separated bump” for obvious rea-

sons. We use a bump defined in terms of the fractional maximal operator, namely

[ Ma(1go)9/Pdx
PP A(Q) i= =2 ,
O'(Q)q/P

or simply p, or p when clear. We have the following

Theorem 4.5. Let o and w be weights with densities, 1 < p < q < oo, and €q, &y
R* — R be nonincreasing on (0,1) and nondecreasing on (1,00) such that fo

and [

are finite. Define

1/p
tp (t)

[0, Wlapq == sup (1Q1%™(0)o) """ (W)op®4(Q)eq (p%79(Q)).

Q a cube

There holds:

15 : 17(0) = LW S Con (Il Wil g + v, 0P )

In Section 4.2, we give some preliminary information and lemmas that will be
used below. In Section 4.3, we give a proof of the weak estimates. Section 4.4
and Section 4.5 contain the proofs of the one-bump theorems for the fractional
maximal and fractional integral operators. The proofs in these sections use the
theory of sparse operators discussed in Chapter 2, but avoid the explicit use of
testing inequalities. Finally, Section 4.6 contains the proof of the separated bump
theorem for the fractional integral operator. The proof uses both sparse operators

and testing inequalities but is still elementary.
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4.2 Preliminaries

In this section, we state a definition and believed-to-be-well-known theorem that

will be usefull later in the chapter. We include the proof for completeness.

Definition 4.6. Given a measure p on R™ and a dyadic grid, D, a sequence of

positive numbers, {ag}qen, is called a p, q—Carleson Sequence if for every P € D,

1
- <
e Y ag Sl 4.7)
QeD:QcCP

The following is a variant of a Carleson Embedding Theorem. We are certain
that Theorem F is contained in a paper, but we have not been able to find a refer-

ence. For the “continuous” version of this theorem, see [29].

Theorem F. Let p be a measure on R™, D be a dyadic grid, and {aq}oep be a p, q—

Carleson Sequence. If 1 < p < q < oo, there holds:

S ag (OB S Il -

QeD

where the implied constant depends on p, q and the best constant in (4.7).

Proof. We will treat D as a discrete measure space with measure v where v(Q) =
ag. We show that the operator T with rule (Tf)(Q) = <f>5 satisfies HTf||Eq(V) <

I[l{'» 1) The objective then is to show that for every A > 0, there holds:
AIV{TE > AD) < (APp(Mf > A) %P, (4.8)

where M is the dyadic maximal function. The lemma follows from (4.8) since the
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dyadic maximal function is bounded for p > 1:
q/p
1Tl oy = D 259v((TF > 25) S (Z 2P u({Mf > 2k})> ~ [MAIFAF, -
kezZ keZ

We now turn to proving (4.8). Fix A > 0, and let D, be the maximal elements Q € D
such that (f>(“2 > A (such maximal cubes exist since f € LP(u)). Using the Carleson

property of the sequence {ag}qen, there holds:

MVITES AN =AY Y ag< Y (PP < (APR({MF > A})Y/P.
PEeDy QeDA:QCP PED,

The last inequality follows by the disjointness of the P € D, and the fact that
q/p > 1. O

4.3 A Weak-Type Inequality for the Fractional Maximal Operator

By Lemma 2.4, Theorem 4.2 follows from the following lemma.

Lemma 4.9. Let 1 < p < q < oo and o and w be two weights. Let D be a dyadic grid,

and let M, the dyadic fractional integral operator. Define:

o(Q)/P'w(Q)Va|QI*™

B(Q) = ]
Set [o,w] .= SUPGep B(Q), then
Aw({Tof > A) < Lo, w1 || o - (4.10)

Proof. Let D) be the maximal elements of D contained in Q such that |Q)| x/n (fo)q >
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A. Since (fo)q = (f)§(0)q, there holds:

AwWME> A< Y AMW(Q) < Y 1QIT (0)dw(Q) (1))

QeDy QeDy

<lowl® ) o(Q)r ((Hy)?.

QeDa

Given the disjointness of the sets Q € D,, (4.10) is immediate for p = 1. Forp > 1,
notice the sequence {0(Q)9/P}qen, is p, ¢—Carleson with respect to the measure

0. ]

4.4 A One-Bump Condition for the Fractional Maximal Operator

By Lemma 2.4, Theorem 4.3 follows from the following lemma. We remark that
while the following proof does not make explicit use of the Sawyer Maximal test-

ing inequalities in [84], the proof does use some of the same ideas.

Lemma 4.11. Let 1 < p < q < oo, and let o and w be two weights. Given a dyadic grid
D, let M be the dyadic fractional maximal operator. Let e be a monotonic increasing

function on (1, 00) that satisfies [{° t—e‘éﬁ = 1. Define

1/p’ 1/
G(QfQF_VZES) Lo/ (Q)eq (po(Q)),

B(Q) =
Set [o,w] :=supqq B(Q), then
IMofollLapey S ToWTHIFllLe (o) -

Proof. Let 8 be any sparse subset of D. By Remark 2.5 we need to verify

.

q

> QM (fo)qle, ()| wix)dx < [o,w] [[fl{h 4. (412)
QEeS:QCQo
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Let 9 :={Q€8,QC Qo:[o,w]27* <B(Q) < [0,w]2 !} We will show

L.

Taking q*" roots and summing over k will imply (4.12).

q

> QI ™M (fo)qle, ()| wix)dx < (27)9 o, W] [Ifllfs o). (4.13)
Qe

Using the identity (fo)q = (0)q(f)g3 and the pairwise disjointness of the sets
Eq, (4.13) will follow from:

qa/n
> BT ung) 5 2900wl .
Qe

Thus, by the Carleson Embedding Theorem (Theorem F), it is enough to verify:

1 Z |Q’qcx/n U(Q)qW(Q) < (z—k)q(clw“q,

q/ q ~
G(P) P Qe9y:QcP |Q|

for all P € Q. Using the fact that (Q) ~ 2 %[0, w] for Q € Qi we estimate:

Q1™ 6(Q)IW(Q) Q1™ o(Q)9P'W(Q) .o/
D A
~ —k\q q G(Q)q/p

~ (27°)9 o, w] QEQ;QCP 0o (Q)7 el (pa(Q))’

We want to show that the sum above is dominated by o(P)9/P. To this end, set

8, ={Q €9, QCP:21 < pys(Q) < 27} Thus, the sum above is dominated by

= 1

q/p
Z rq/pe9(DT Z G(Q) :
. 2rd/Pegq(27) 4.

=0

Appealing to the summability condition on €, it suffices to show that

Z 0(Q)9/P < 297/Pg(P)I/P.
Qes,
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Let 8} be the maximal elements in 8,. Observe that for fixed S* € 8}, and for any

P C S*, there holds:

a/p q/p
(J <15*0>Q1Q> < (J sup(lg*(r)plp) .
Eq Eq PED

Since the sets E are pairwise disjoint, |Q| ~ |Eq|, and fs* supP€®<15*G>p < 0(S*)ps(S*) ~

2"0(S*) for S* € 8, we estimate

qa/p
Z o(Q)VP < Z Z (L sup<15*0>p1p>

Qes, S*es; QCs* Q Peb

< 5 ([ spiooin)”

S*e8: *PeD
< 24qr/p Z Gq/p(g*).
S*e8:
Using the disjointness of the sets S* € 87, the sum in the last line above is domi-

nated by o(P)9/P, completing the proof. O

4.5 A One-Bump Condition

By Lemma 2.4, Theorem 4.4 follows from the following lemma.

Lemma 4.14. Let 1 < p < q < oo, and let o and w be two weights. Given a dyadic
grid D, let 12 be the dyadic fractional integral operator. Let €, be a monotone increasing

function on (1, 00) such that [;° % =1, and similarly for €. Define

o(Q)/P'w(Q)Va Q™™

] Po(Q)Pep(ps(Q))pw(Q)Y Y eq: (pw(Q)).

B(Q) =
Set [0, w] :=supq o B(Q), then

”Ig(fd)Hthv)fsLODVVJHf”LP(a)'
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Proof. We proceed by duality. Let f € LP(0) and g € L9 (w). We use the identity:

(fo)q = (f)g(0)q, where () = o(Q) ™" IQ fo. From the definition of |0, w]|,

<Z Q%™ <fo>Q1Q,gw> =Y H3(9)51Q*™ (c)qw(Q)QI*™

QeQ QeQ

1 o(Q)rw(Q)s Q™™

oo QI+
(f)5o(Q) (9)aw(Q)¥

1

20 02 (Q)ep (po(Q)) 0% (Q)eq: (ow(Q))

Q

The inner product in the first line is in L?(dx). By Holder’s inequality, it suffices to

show that

1

'/q' A
and (Z p,/q‘//\’(Q)p (<g)”Q")q)

Qes Pw (Q)ezipw(Q)

T =

Qe
(é pe(Q)ehpa(Q) (“)Q)p>

are dominated by ||f|[;, ) and |/g|;4(,,), Tespectively. Since p < g, it follows that
q’" < p’, so by the the Carleson Embedding Theorem (Theorem F), it suffices to
show the following hold for all Q € &:

1)
o(Q)

< 0(Qo)

o @R lpa@) <
)

w p'/q’ wa' L
Z p'/q’ (Q)p/ <9>Qq SWP /a (QO)
Qes8:Scp Pw (Q)eq/(pw(Q))
But we omit the details since the proofs are similar to those in Lemma 4.11. O
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4.6 A Separated Bump Condition

From Remark 2.5 and Lemma A, it is enough to show

L.

for any sparse collection Q and Qy € Q (the dual testing condition follows iden-

q

> QI (o)qlo(x)| wix)dx < [[6,Wllap,q0(Qo) P
QeQ:QCQo

tically). For the remainder, fix a root Qg and let Q be a sparse collection of cubes
contained in Q. Fix «, p, q in the respective appropriate range; we’ll ignore these

fixed indices where there is no confusion. It remains to show

N

[0, W]V 90 (P)V/P.

> 1QI™ (o)qlq

QeQ

~

Ld (W/QO)

For Q € Q, define

B(Q) == (1Q™(0)0) " (W)ope(Q)eq (ps(Q)) .

For integers a and r, set Q%" := {Q € Q : B(Q) ~ 2% p(Q) ~ 2"}; notice Q7
is empty for a large enough. Construct a stopping family 8 for the o fractional
averages: let § be the minimal subset of Q%" containing the maximal cubes in Q"
such that whenever S € 8, the maximal cubes Q C S, Q € Q%" with |Q|*™(0)q >
4/S|*/™(g)s are also in 8. Denote by Q° the S-parent of Q. Partition Q%" into
Qp", those cubes in Q" such that |Q|*/™(0)q ~ 27 X/Q®|*/™(0) os. We temporarily

denote Q;" by Q’. We will show

> 1QI™o)qlq

QeQ’

1/q
<27k [Z |S|q“/“<o>gw(3)] , (4.15)

Ses

Ld(w)
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where summing over k > —2 gives

1/q
S 1QMMo)olg §[Z|S|q“/“<o>§w(8)] L (@16)
QeQar La(w) ses
Define for each S € §
Osi= ) [QIV™Mo)lq and  @sei= Osliguan s (o))

QeQ’:Q8=S

Since ) ®g is geometric for fixed £ € Z*, Holder’s inequality yields some
Ses

q q
(Z 2 CDS,e) <y ey (Z ch,¢> ~ Y PV 0. (417)
1 Ses 1 ses8 1 ses8

It is apparent that we need the following distributional estimate.

Lemma 4.18. There holds

< 27M(S).

~J

w{®s > 27| (0)s }
Proof. The inequality is immediate in the case w is Lebesgue measure from sparse-
ness of Q. Notice that we have for Q € Q' with Q% =S,

2(1

~ —k a/my—q/p’ _.
(W0 = gy (2 H)sISI ) =

where the equivalence is independent of S. Denote by Q* the maximal cubes in Q’.

Since the {®gs > A27%S|*/™ (o)} is the union of the maximal cubes P € Q" with
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PS =S and in]fD ®s(x) > A27¥[S|*/™(0) s, hence a disjoint union, it follows that
xXeE

w{D@s > A27¥S|*™0)s} ~ 15 [{Ds > A27¥(S|*™(0)s }]

< Ts (2‘“‘” > IQ*I)

~270 3 w(Q).

The collection Q* is disjoint, so the proof is complete. O

Since {®s,, > A27%|S|*/"(0)s} is constant for 0 < A < % and is empty for A > ¢,

we have

J O dw =27*9S]9%/ (o) J g I W[ Dg ¢ > A27F|S|* ™ (o) s }dA
Qo 0

q
< 27Kd|S[a%/ M (g)d K;) 27/ 2w(S) + gqeq—lz—f/zww)

~ 27KA[S|9%/ M () d [g9272w(S)],

where the second inequality is the application of Lemma 4.18. Recalling (4.17), this
gives (4.15).
For each S define Es to be S less the members of 8 properly contained in S. Let
8* be the maximal elements of 8. Since 3(S) ~ 2% and p(S) ~ 2" for all S € §, the
right hand side of (4.16) is equivalent to
s 3 (151™0)s) s £
€q(27)

Ses

(Z ZJ 15*)dx>

$*e8* S*DSe8

( Z o(S q/p)
S*e§*

1 q
< [(zl/q) T r)G(Qo)l/p] .
q
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The first inequality above follows from [S| ~ [Es| = IES dx, and the third by com-
paring '™ roots and remembering p < q. Take q'" roots above to attain the de-
sired inequality. Summing the last quantity over integers r > 0 evokes the integra-

bility condition on &4; summing over relevant integers a completes the proof.
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CHAPTER 5
COMMUTATORS WITH FRACTIONAL INTEGRAL OPERATORS

Recall the Calderén-Zygmund operators:

Tf(x) := J X K(x,y)f(y)dy, x ¢ suppf,

where the kernel satisfies the standard size and smoothness estimates:

C

|KX/ |<—n/
(x,y) m—

Ih)°

y|n+6’

Wu+hw—Kuyﬂ+WMy+M—KwyN<Ch

for all [x —y| > 2|h| > 0 and a fixed 6 € (0, 1].

To contrast the Calderén-Zygmund operators with the fractional integral op-
erators, note for example that fractional integral operators are positive, which in
many cases makes them easier to work with. On the other hand, the fractional inte-
gral operators do not commute with dilations and therefore can never boundedly
map LP(dx) to itself. Additionally, the kernel of the fractional integral operator
does not satisfy the standard estimates above. Therefore, the theory of fractional
integral operators is not just a subset of the theory of Calderén-Zygmund opera-
tors. Because of this, results which are known for Calderén-Zygmund operators
also need to be proved for the fractional integral operators.

In this chapter we will characterize the triples (b, u, A), where b is a function
and p and A are A, ; weights (to be defined shortly), such that the commutator

[b, 1] is bounded from LP(uP) to L9(A9). Commutators with fractional integral

39



operators were first studied in [12].

Our characterization will be in terms of the norm of b in a certain weighted
BMO space, built from the weights p and A. This is an adaptation to the fractional
integral setting of a viewpoint introduced by Bloom [5] in 1985, and recently in-
vestigated by the first Holmes, Lacey and Wick in [33, 32]. Specifically, Bloom
characterized ||[b, H] : L?(u) — LP(A)||, where H is the Hilbert transform and p, A
are A, weights, in terms of ||b||smo(v), where BMO(v) is the weighted BMO space
associated with the weight v := u!/PA~1/P. Recall that the Hilbert transform is the
one-dimensional prototype for Calderén-Zygmund operators, a role played by the
fractional integral operators in R™.

A modern dyadic proof of Bloom’s result was recently given in [33], and the
techniques developed were then used to extend the result to all Calderén-Zygmund

operators in [32]. In particular, it was proved that
Ib, TT: LP (1) — LP(A)[| < cIbllsmov). (5.1)

for all A, weights p, A, and all Calderén-Zygmund operators T on R™, for some
constant ¢ depending on n, T, u, A and p. Specializing to the fractional integral
operators, a lower bound was also proved. The center of the proof of (5.1) is the
Hytonen Representation Theorem, which allows one to recover T from averaging
over some dyadic operators, called dyadic shifts. Then the upper bound reduced
to these dyadic operators.

We take a similar approach here, where the role of the dyadic shifts will be

played by the dyadic version of the fractional integral operator I, given by:

IDf= ) IQI*™(fqle. (5.2)

QeD

Our main result is:
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Theorem 5.3. Suppose that o/n+1/q =1/p and w, A € A, 4. Let v := pA~L. Then:

|[b, Io] : LP(uP) — LI(AY)|| =~ ||b||BMO(v)'

It is important to observe that we require that each weight belong to a certain
A, q class and this will imply that pA~! is an A, weight and in particular, an A,
weight. Standard properties of these weight classes will be used throughout the
chapter, with out tracking dependencies on the particular weight characteristics.
The liberal use of these properties indicates the subtleties involved in the general
two-weight setting. For an excellent account of this and other topics related to
fractional integral operators, see [18].

The chapter is organized as follows. In Section 5.1, we will give the requisite
background material and definitions. Note, however, that most of the material
not relating strictly to fractional integral operators (such as the Haar system, A,
weights, and weighted BMO) is standard and was also needed in [32] where it is
discussed in more detail. In Section 5.2 we will briefly discuss how the fractional
integral operator can be recovered as an average of dyadic operators. In Section 5.3
we will prove [|[b, [o] : LP(uP) — LIA9)|| < [Ibllgpo(y) and in Section 5.4, we will

prove the reverse inequality: |[b||gyvo(y) S Il[b, Lo : LP (uP) — LI(A9)|.

5.1 Background and Notation

5.1.1 The Haar System

Let D be a dyadic grid on R™ and let Q € D. For every ¢ € {0,1}", let hg be
the usual Haar function defined on Q. For convenience, we write ¢ = 1if ¢ =
(1,1,...,1). Note that, in this case, [ h; = 1. Otherwise, if ¢ # 1, then [ h¢ = 0.

Moreover, recall that {h§}qep,e21 forms an orthonormal basis for [2(R"). For a
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function f, a cube Q € D and € # 1, we denote

~

fQ €)= (f,hg),

where (-, -) is the usual inner product in L?(R™).

51.2 A, Classes and Weighted BMO

Let w be a weight on R™, that is, a locally integrable, almost everywhere positive

function. For a subset Q C R™ we denote

w(Q) == Jdex and (W)g = —~—.

Given 1 < p < oo, a weight w is said to belong to the Muckenhoupt A,, class
provided that:

= Slc12}><W>cz<w1‘1”'>}3‘1 < o0,

[w] Ap

where p’ denotes the Holder conjugate of p, and the supremum is over all cubes
Q C R™. Moreover,w € A, ifand only if w'=P" € A, and, in this case, W' ~P] Ay =
[W]E\I;l. Furthermore, if 1 < p < q < oo, then A, C Ay, with w]x . < (W] Ap for all
weEA,.

For a dyadic lattice D, recall the dyadic square function:

(Sof2= Y ‘?(Q,e)rl—Q.

PeD,e#1 |Q|

Another property of A, weights which will be useful for us is the following well-

known weighted Littlewood-Paley Theorem:
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Theorem 5.4. Let w € A,,, then:

[Sp : LP(w) — LP(w)]| ~ c(n, p, WA, ).

For a weight w on R"™, the weighted BMO space BMO(w) is defined to be the

space of all locally integrable functions b that satisfy:

1
W(Q) JQ [b—(b)gldx < oo,

[ollevow) = sup
Q
where the supremum is over all cubes Q in R™. For a general weight, the definition

of the BMO norm is highly dependent on its L' average. But, if the weight is A,

one is free to replace the L'-norm by larger averages. Namely, for w € A, define

7

1 ’ s\ P
lyor o = 552 (i [ o= bl " aw’)”,

where w’ denotes the conjugate weight w' =P, Then there holds

[bllBMow) < [bllgpor’ () < €1, P, WIAL)[[B[BMO(w)- (5.5)

The proof is similar to the proof in the unweighted case. In particular, the first
inequality is a straightforward application of Holder’s inequality and the second
inequality follows from a suitable John-Nirenberg property (which requires a suit-
able Calderén-Zygmund decomposition). The details are in [64].

For a dyadic grid D on R™, we define the dyadic versions of the norms above
by taking supremum over Q € D instead of over all cubes Q in R™, and denote
these spaces by BMOy (w) and BMO?, (w). Clearly BMO(w) € BMOg (w) for any
choice of D, and the equivalence in (5.5) also holds for the dyadic versions of these

spaces.
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A fact which will be crucial to our proof is the following:

Lemma 5.6. If w € Ay, then

(b, @) 'S [[bllmoz, (w) 1S PllLr (w)-

This comes from a duality relationship between dyadic weighted BMO spaces
and dyadic weighted Hardy spaces. For a more detailed discussion and a proof
of this fact, see [32, Section 2.6]. We remark here that Lemma 5.6 was also funda-
mental for the proof of the upper bound (5.1) in [32], essentially for the following
reason: if p, A are A, weights, then v := ul/PA=1/P is an A, weight. Thus the du-
ality statement above applied to v eventually yields, through Hoélder’s inequality,
some bounds in terms of LP(p) and LP'(A) norms. This is also the strategy we will
adapt accordingly to the fractional integral case, which makes use of A, 4 classes

instead. We discuss these next.

513 A, Classes

Throughout this subsection, «,n,p, q are fixed and satisty 1/p —1/q = «/n. We

recall first the fractional maximal operator,

M f := sup ]Q]“/“<|fI>Q1Q,
Q

with the supremum being over all cubes Q. This was first introduced in [65], where
it was used to prove weighted inequalities for I, a result analogous to the classic
result [14] of Coifman and Fefferman, relating the Hardy-Littlewood maximal op-
erator and singular integrals. We will be working with the dyadic version of this
operator, M2, defined for a dyadic grid D just as above, but only taking supremum

over Q € D.
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Also in [65] was introduced a generalization of A, classes for the fractional

integral setting: we say that a weight w belongs to the A,, 4 class provided that

—_ v/ q//
WA, == sgp(wq>Q(w Po" < oo

See [80, 77, 20, 19, 18] for other generalizations.
We will use the following important result concerning A, 4 weights due to, for

example, Sawyer and Muckenhoupt and Wheeden [83, 84, 65]:
Theorem 5.7. Let w be a weight. Then the following are equivalent:
(i) weAyq,
(ii) |[M2:LP(wP) = L9(w9)|| =~ C(n, &, p, WA, ),
(i) ||IZ : LP(wP) = LI(w9)|| = C(n, &, p, Wia,,)-
We now make two observations about A,, ; weights which will be particularly
useful to us. First, we note that:

Ifwe A, thennwP €A, wP €A, wicAj,and w9 €Ay,  (5.8)

where all weights above have Muckenhoupt characteristics bounded by powers of
W] Apq- 1O S€€ that wP € A,,, first notice w € A, 4 if and only if w9 € A, with

q _
wila,, = Wla,,, where

do:=1+q/p" =q(1—o/n).

Since the A,, classes are increasing and gy < q, we have that w9 € A4. In turn, this
gives that wd = (wa)l-a’ ¢ Ag4'. The other two statements in (5.8) follow in a

similar fashion from the fact thatw € A, q ifand only if w! € Ag/ /.
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Second, suppose that u, A € A, g and let v := uA~L. Since puP, AP € A,, Holder’s
inequality implies v € A, (with [v]} < [uP]a,[AP]a,), a fact which will be used in

proving the upper bound. Moreover, we claim that for any cube Q:

WP (Q)PATI(Q)Y S v(Q)IQI™, (5.9)

a fact which will be useful in proving the lower bound. To see this, note first that

1 —p\1/p’ —q\1/q’ 1
(WGP Phg" 1 and (A V)G ANGT S,

which simply come from u? € A, and A9 € A4. Since p’ > q’, Holder implies

i —q’ 1/q’ i( o )q’/P’( )10[’/1)’ /4’
(10 Jo w) < (IQI Jora) (g o
1 o, 1/p’
- (@L“ Ya)

and hence (ufq/ﬁg/q, < (u*p’ﬁg/p,. Combining these estimates gives:

(W) P L !

; < — < —
ST gt gt T g T (e

< (Vo

The last two inequalities are more application of Holder’s inequality and the fact

that v-! = p'A. This proves (5.9).

5.2 Averaging Over Dyadic Fractional Integral Operators

In this section, we show that I, can be recovered from (5.2) by averaging over
dyadic lattices. The proof here is modified (and abridged) from the proof in [74],
but it is possible to modify any of the proofs in, for example, [75, 35, 48]. For the

sake of clarity, we only give the proof for the one-dimensional case.
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Given an interval [a, b) (it is not too important that the interval be closed on
the left and open on the right) of length r, we can create a dyadic lattice, D, in a
standard way. In particular, D , is the dyadic lattice on R with intervals of length
127% k € Z, and the point a is not in the interior of any of the intervals in D .. For
example, Dy, is the standard dyadic lattice on R. For a given lattice D, ,, we let
D¥ . denote the intervals in D, with length 2%, In this section we slightly abuse
notation and let h} = %1,

Define:

]P)(()a,r)f(x) = Z |U°‘ <f’ h%> h% (X)
1eDY .
With r and x fixed, we can parameterize the dyadic grids by the set (—,0] and
we can give this set the probability measure da/r. For a fixed x € R, we want to

compute:

da

0
E(E%, . f(x)) = J B ) 22,

Let t¢f(x) := f(x + t) be the translation operator and note that P,_ty = TP,.
From this it easily follows that EIP)(()arr)’tt = TtIP(()a,r)' That is, EP?Q’T) is given by

convolution. Let:
EP{ . f(x) = Fo,r  f(x).

We want to compute F(,. First, note that PV  is convolution with the function

a,r
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%1 (—r/2,r/2]- Therefore, we have:

For x f(x) = EIP?alr]f(x)

x+1/2 T dt
:Ep?a/z,r)f(X)J J f(S)Tl—T/Z,T/2(t_S)dST~
x—1/2 JR
Using Fubini, we see that:
X+T/2 po dt % X T
For(x) = Lrﬂ Tl[—T/Z,T/Z](t)T = 71[—r/z,r/z](x) (1 - ’;D = TFO,l (x/T).

Now, fix an r € [1,2) and define:

Fr = Z FO,Z“r-

nez

The grids DX , k € Z can be unioned to form a dyadic lattice (here a is fixed). Call

a,r’/

1 the calibre of the dyadic lattice. Convolution with F, is averaging over all the

dyadic lattices D , with fixed calibre r. That is:
F, % f = EPyp_ f.

Finally, we need to average over r € [1,2). Set ﬁ Fr(x)% := F(x) and compute:

2
Fx) = | R &
J1 T

2

dr

= Z FO,Z“r (X) —
1 T

Yt nez
OO

= FO,p (X)
JO

!‘m X
= | Foal(=
Jo P
> X x|, p%
= 1.y (—)(1—’—')—(1?-
Jo VA p| p?

)—dp

© e
—ON| 52—O|'O




Now, if x > 0, making the change of variable t = x/p, we see:

* dy 1
F(x)=—| F Jp——
(%) L 01(U)y = Ca iy

A similar computation for x < 0 yields F(x) = c"‘lxI%'

5.3 The Weighted Inequality

The decomposition in Section 5.2 means that the upper bound in Theorem 5.3
follows from the following, where the implied constants are independent of the

dyadic lattice:

Lemma 5.10. Suppose that oo/n+1/q =1/p and u, A € A, 4. Let v := pA~". Then:
||[b, I0]:LP(uP) — LqU\q)H S bllsmoy)

Proof. We show that [b, I2] can be decomposed as the sum of four operators which

will be fairly easy to bound. First note that for ¢ # 1, there holds:

Phe = Y |P|“/“h5(P)1P=( > |P|°‘/“1p> 5 = calQI* ™Ry,

PeD:PCQ PeD:PCQ
Similarly,
n nl
Dl =(1+c) Q¥ 1o +IQ > R “§|
RED:QCR
Using these computations:
cc,CIPﬁQI%hehTl ,ifP#Qorif P=Qand e #n1;

[ (hphy) = e
(14 ca) QI 1§ + Zroq IRIF ifP=Qande=n
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Thus:

cahG(PIhG (IQIF —PI%) ,if PCQ;

e 1D _ a ]
e, IThG = § —1QIF & — Xroo
0 ,ifQ C P,orif Q=Pand e #n.

Rn&  ifP=Qande=mn;

R
IR]

Expressing b and f in terms of their Haar coefficients, we obtain that

b,121f= Y Y b(P,e)f(Qmn)hi 12

P,QeD en#l

Using this, there holds
[b, I21f = e Tif — colTyd ' f — TTVONf — Tof,
where:

ﬂg),imf — Z b(Q, e)(NqlQI*h§;

QeD,e#1

Moo= 2 blQelf ”Q’“|15|
QeD,e#l

Tif:= )  b(Pe) ( Z (P)IQI" )h{i;
Q2Pnm

PED,e#£1

Tf= Y b(P,e)f(Pe) (Z ’Q’a|1(§|> |

PED,e#1 Q2P

We will show that all of these operators are bounded LP (uP) — L9(A9). Below,
all implied constants are allowed to depend on n, &, p, [W/a,,, and [A]a, . Also all
inner products below are taken with respect to dx and therefore it is enough to

show:

(TF, )| S [[ollsmov) IFllie e 19l Lara-ar) /
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for each of the four operators above (this is because the dual of LY(A9) with respect
to the unweighted inner product is L9 (A=9")). The idea, which is taken from [33,
32], is to write the bilinear form, (Tf, g) as (b, ®) and then show that [|[Sp @l .,
is controlled by ||f[l s (p) l9llLa’(r-a'y; Dy the weighted H! — BMO duality, this is
enough to prove the claim.

The estimates for the two paraproducts are almost identical, and we only give

the proof for ﬂg’;’o). First with

©:= )  (NalQI"g(Q e)h,

QeD,e#1

there holds:

(Mat,9) = (b, ).
Then:

(Sp02 = 5 [RoPIQFGQ &P < (Muf(Sng)?
QeD,e#1 |Q|

Therefore,

HS’Dq)HLl(v) < HMocf”Lq(uq)||S®9||Lq’(7\—q’) S ||f||U’(uT’)HQHLq/(A—q’)/

where the last inequality follows from Theorem 5.7 for the fractional maximal func-
tion, and from Theorem 5.4 and the fact that A=9" € A, for the dyadic square

. is very similar, and we omit the details.

function. The proof for IT 1(30,,0,1)

Now let us look at Ty. As above, we have (T;f, g) = (b, ®), with

O:= ) a(P,e)< > ?(Q,n)hg_(Pn@ﬁ) R,

PeD,e#l QDPn#£l
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Then:

2
(Sp0P< Y |§(P,e)|2< y <|f|>Q|Q|%) ﬁﬁ

PeD,e#l Q2P n#l

< (IFI)?*(Sng)™
From Theorem 5.7 and Theorem 5.4, it follows that

1Sp@1lL1(v) < NI Laua 1Sp gl ar (r-ary S IFllrur 19l Lo (a7
The estimates for T, are similar and we omit the details. O

5.4 The Reverse Weighted Inequality

In this section, we prove the lower bound in Theorem 5.3, which follows immedi-

ately from the Lemma below. In particular, we will show the following:
Lemma 5.11. For all cubes, Q:

1
TQ)JQ Ib(x) — (b)gl dx < [|[b, Io] : LP(1P) — LI(A)]|.

Proof. The proof here follows along the lines of the proof in [11]. We first make
some reductions. As with unweighted BMO, we can replace the (b)o with any

constant. Indeed, there holds:

1
v(Q)

JQ b(x) — (b)ol dx < —— JQ b(x) — Col dx + V'%) ICo — (b)ol

2
< T@ JQ |b(X) — CQl dx.

Second, let P be the cube with 1(P) = 41(Q), where 1(Q) is the side length of Q, and

with the same “bottom left corner” as Q. By the doubling property of A, weights,
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there holds v(P) ~ v(Q), and therefore it is enough to prove:

1
WL Ib(x) — Coldx < ||[b, Ia) : LP(P) — LI(A9)]|.

Finally, let Pk be the “upper right half” of P. Below, we will use Cq = (b)p,.

Now, for x € Q and y € Pg there holds:

_ 1/n . 1/n
x—yl VARV 1 x—yl _ AP 1

2ymIP™ T 2ympt 8 2ymlPl™ T 2y P T2

The point is that there is a function, K(x), that is smooth on [—1,1]™, has a smooth
periodic extension to R™, and is equal to [x|"~* for 1/8 < |x| < 1/2. Therefore, for

x € Q and y € Py there holds:

(%) e <2Xﬁ1|31|) |

Important for us is the fact that K has a Fourier expansion with summable coeffi-

cients.
We are now ready to prove the main estimate. First, let o(x) = sgn(b(x)—(b)p, ).

Then:

1
Pal JR JR(b(x) —b(y))o(x)1g(x)1p, (y)dydx

1 b(x)—bly) [(Ix—yl\"*
~ |PR JR ,[R ( x—y| )“—“ <2\/ﬁ|p,) o(x)1q(x)1p, (y)dydx
2 mIPl

~ —a/n b(X)_b(y) ( X—y )
~ |P| JRJR L K NG o(x)1q(x)1p, (y)dydx.

|, 1o0x) = (ool ax =
Q

IINII

Observe that the integral above is positive, so the “~" is not a problem. Expanding
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K in its Fourier series:

X—Yy _ ikx/2v/m|P| ,—iky/2v/7|P|
K = e e ,
(2vw) = 2o

the integral above becomes:

2 JQ J e gy = 3 “kJ R ()b, L Jfic () dx,

n—«
k R |X_y| k R

where hy(x) = o(x)e™/¢IPI1p(x) and fi(y) = e *V/¢lPI1, (y). We control the

integral by:

Jth(X)[b/ [ Jfi(x)dx < ||[bIIoc] (P (uP) — Lq()\q)H ”kaLp(up] Hhk“]_q’()rq’)
= ||[b, 1] : LP(uP) — LI(AD) || wP (PR)V/PA—9' (P)/ 9

= [|[b, Lo : LP (1) — LI(A%) || wP (P)/PA~9'(P)/".
By (5.9), this is dominated by:
ITb, Lo : LP(uP) — LIQAD| [PI" v(P).

This completes the proof. O
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CHAPTER 6

OSCILLATORY AND RANDOM SINGULAR INTEGRALS

This chapter explores the theme of bounding singluar integral operators by sparse
operators in the settings of (a) oscillatory singular integrals, and (b) discrete ran-
dom operators. In both cases, we easily derive weighted inequalities. In the latter
case, these are the first such weighted inequalities known. We state our results
before providing a broader context.

Theorem 2.12 yields a non-trivial corollary:

Corollary 6.1. For 1 < p < oo, the operator Tp, where P = P(y) is of degree d, is bounded

on LP(w), where w is a Muckenhoupt weight w € A,,.

Weak-type and weighted estimates for oscillatory singular integrals have been
studied in this and more general contexts by various authors, see for instance [27,
28, 30, 31, 82]. Y. Ding and H. Liu [27] were interested in LP(w) inequalities for
more general operators T. The approach of these authors entails many complica-
tions.

The method of proof of Theorem 2.12 is very simple, so we suspect that stronger
results are possible. For instance, this Conjecture would imply nearly sharp A,

bounds, forall1 < p < 2.

Conjecture 6.2. For 1 < r < oo, the operator Tp, where P = P(y) is of degree d, for each

bounded compactly supported function f, there is a sparse operator A4 , so that

[(Tef, g)| < Aae(f, g).
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It seems likely that the weak type argument of Chanillo and Christ [13] would

establish the Conjecture for r = 2. Also see [45].

We turn to weighted inequalities for discrete random Hilbert transforms acting on

functions on (?(7Z).

Corollary 6.3. For any 0 < « < 1, almost surely, the following holds: For all 1 + « <

p < %, and weights w so that

Wl+oc c A(1+oc)(p—1)+1/ W & Al+(]+o¢)%p/—])/ (64)
we have |[Hy : P(w) — P(W)|| < oo. The implied constant only depends upon
WA s A1 W] A, 1 - The same inequality holds for M.

a(p’—1)

The study of these questions was initiated by Bourgain [8], as an elementary
example of a sequence of integers for which one could derive £? inequalities, with
the sequence of integers also having asymptotic density zero. Various aspects of
these questions have been studied, both in (P and at the weak (1,1) endpoints [81,
9,63, 87, 53]. We are not aware of any result in the literature that proves a weighted
estimate in this sort of discrete setting. (If the set of integers has full density, it is
easy to transfer weighted estimates.)

There is a subtle difference between the Hilbert transform and the maximal
function in this random setting. In particular, more should be true for the maximal

function. Prompted by the work of LaVictoire [53], we pose

Conjecture 6.5. For 0 < o« < 1/2, almost surely, forall 1 < r < 2, and finitely supported

functions f, g, there is a sparse operator A , so that

(M«f, g) S Aur(f, g).

We turn to the context for our paper. The concept of sparse operators arose from
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Lerner’s remarkable median inequality [56]. It’s application to weighted inequali-
ties was advanced by several authors, with a high point of this development being
Lerner’s argument [57] showing that the weighted norm of Calderén-Zygmund
operators is comparable to that of the norms of sparse operators. This lead to the
question of pointwise control, namely Theorem ??. First established by Conde-
Alonso and Rey [16], also see Lerner and Nazarov [54], Lacey [47] established
Theorem ?? with a stopping time argument. The latter argument was extended
by Bernicot, Frey and Petermichl [3] to a setting where the operators are gener-
ated by semigroups, including examples outside the scope of classical Calderén-
Zygmund theory. For closely related developments see [60, 41]. The sparse bounds
for commutators [55, 25] are remarkably powerful. Edging beyond the Calderén-
Zygmund context, Benau, Bernicot and Frey [2] have supplied sparse bounds for
certain Bochner-Riesz multipliers.

Very recently, Culiuc, di Plinio and Ou [23] have established a sparse domina-
tion result in a setting far removed from the extensions above: The trilinear form
associated to the bilinear Hilbert transform is dominated by a sparse form. This is
a surprising result, as the bilinear Hilbert transform has all the difficult features of
the Hilbert transform, with additional oscillatory and arithmetic-like aspects. Wile
the point of this chapter is to understand how general a technique ‘domination
by sparse’ could be, there are plenty of additional directions that one could think
about.

For instance, the interest in the oscillatory singular integrals is driven in part by
their application to singular integrals defined on nilpotent groups. Implications of
the sparse bound in this setting are unexplored.

After applying the known sparse bounds for singular integrals, for the remain-
ing parts of the operator, there is a very simple interpolation argument which you

can use in the bilinear setting. The notable point about the proofs are that they are
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quite easy, and yet deliver striking applications.

6.1 The Sparse Bilinear Bound of Oscillatory Singular Integrals

We prove here Theorem 2.12. Our conclusion is invariant under dilations of the
operator. Hence, we can proceed under the assumption that ||P|| = >, [A«l = 1.
We can also assume that the polynomial P has no linear term, as it can be absorbed

into the function f. Under these assumptions we prove

Theorem 6.6. Let P be a polynomial without linear terms, and ||P|| = 1. Then, for
bounded compactly supported functions f,gand 1 < r < oo, there is a sparse form Ay and

an > 0 so that

(Tof, )l SAF, )+ D> (For(g)elQl ™ (6.7)
QeD:|Ql>1

It is easy to see that this implies Theorem 2.12, since the second term on the
right is restricted to dyadic cubes of volume at least one, and there is a gain of
|Q[™". Moreover, we will see that this Theorem implies the weighted result.

Let e(A) = e for A € R. If the kernel K of T is supported on 2B ={y : |y| <2},

then we have

le(P(y))K(y) — K(y)| £ Lop(y)lyl ™",

so that [Tpf — Tf| S Mf. Both T and M admit pointwise domination by sparse
forms, hence also by bilinear forms. (This is the main result of [47].)
Thus, we can proceed under the assumption that the kernel K is not supported

on B. We can then write N
K= Z @;
j=1
where @; is supported on 27'B \ 2172B, with |V @jle 2™ %, for s =0, 1.
We use shifted dyadic grids, Dy, for 1 < t < 3™. These grids have the property
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that

1Q:QeD, tQ=251<t<3"

form a partition of R™. Throughout, £Q = |Q['/™ is the side length of the cube
Q. We fix a dyadic grid D, throughout the remainder of the argument, and set
D, ={Q : €Q > 2% Define

Iszje(P(y))cpk(y)u Hlx—y) dy, Q=252

1
3Q

Note that I f is supported on Q, and that we have suppressed the dependence on
P, which we will continue below.

The basic estimate is then this Lemma.

Lemma 6.8. For each cube Q with |Q| > 1and 1 < r < 2, there holds

[(Iof, )l S 27" (f) o (9)orIQl (6.9)

wheren =n(d,n,r) > 0.

Theorem 6.6 follows immediately from this Lemma. The oscillatory nature of

the problem exhibits itself in the next Lemma. Write

Tolob(x) =11, (x)- Jl Kolx y)oly) dy.

3

Lemma 6.10. For each cube Q € D, and x € %Q, we have
Ko(xy)l S1QMz,(x —y) + QI 1o (x)1q(y),

where Zgo C Q has measure at most (£Q)~¢|Q|, where e = e(n, d) > 0.

This Lemma is well known, see for instance [85, Lemma 4.1]. Here is how we
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use the Lemma. Using Cauchy-Schwartz, we have

IHQmiﬁlerLlLIHXMﬂx—chde+KM‘Wﬂ6ﬂQI
Q

< 1QI/ 13-

We also have the trivial but rarely used ||Iof|ls < [QI7!||f1q]1- By Riesz Thorin

interpolation, there holds with {Q = 2k,
IToflle S 27™QIT 1ol 1<7<2, 7" =1
Above, 1 =n(e, 7). But, this immediately implies (6.9). Namely,

((Iof, 9l < o fllllglolls

N 27nk|Q|71+2/r HleHnglQHT

=2""(f)q,r(9) @+ 1Ql-

(Alternatively, one can just use bilinear interpolation.)

We now give the weighted result.

Proof of Corollary 6.1. The qualitative result that Tp is bounded on LP(w) for w €
Ay, 1 < p < oois as follows. Given w € A, recall that the dual weight is 0 =

w!~P’. Then, it is equivalent to show that

(T (fo), gW)I < Crwin, [Ifllr ) l1gllLe ()

Using the sparse domination from (6.7), we see that we need to prove the corre-
sponding bound for the terms on the right in (6.7). Now, it is well known [57]
that

1
max{l,m}

Ailf,9) S W, IFllcr w191 Lp () -
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Indeed, this is a key part of the proof of the A, Theorem by sparse operators.
So, it remains to consider the second term on the right in (6.7). For each k € N,

we have by Proposition 6.15, k € Z,

D> (Dar(9)erlQl S WK Wlrn, [odri, Iflle oIl Lo (-
QeD : |Q[=2nk

As we recall in § 6.3, thereisar = r([w]Ap) > 1 so that [Wlgp, [0lrn, < 4. And so
the proof of the Corollary is complete.

Indeed, it is easy enough to make this step quantitative. For 2 < p < oo, the
choice of r can be taken to satisfy r —1 > c[w] /}i, which then means that the choice

of 1 =1(r) in (6.7) is at least as big is c[w] ;\]10. Then, our bound is
< 1+5
(Tp(of), gw) S WL " Ifllee o llgller ), 2<p < oo

We have no reason to believe that this estimate is sharp. O

6.2 Random Hilbert Transforms

The discrete Hilbert transform

Hi) = Y @

n#0

satisfies a sparse bound: For all finitely supported functions f and g, there is a
sparse operator A so that

[(Hf, g)| < A1a(f, g). (6.11)

This is a consequence of the main results of Theorem ??. Recall the definition of H«

in Subsection 2.3.2; there is also stated there Theorem 2.13, which we prove here.
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Notice that EH,f = Hf, so it remains to consider the difference

Hof() —HF) =Y Y %f(x _n)

k=1 n :2k-1g|n|<2k
00
= ka(X)

k=1

Above, we have passed directly to the distinct scales of the operator. We will subse-
quently write Y;, = X, —n~%, which are independent mean zero random variables.

The crux of the matter are these two estimates:
Lemma 6.12. Almost surely, for all 0 < € < 1, and for all integers k, and f, g supported

on an interval 1 of length 2%, we have

[(Tef, g)| < 2 {ghall
k ’g ~

25 (f)y11(g)11]]]

The implied constant is random, but independent of k € N and the choice of functions f, g.

Proof. The second bound follows trivially from [Yy,|/n'™ Lokt jp oo < 25*71. For

the first bound, we clearly have
(Tf, I < [T = € = &~ (F12(g)12/1l,

so it suffices to estimate the operator norm above. The assertion is that with high

probability, the operator norm is small:

P(|T : €2 = & > CVk2*7%) <27k,

provided C is sufficiently large. Combine this with the Borel Cantelli Lemma to

prove the Lemma as stated.
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By Plancherel’s Theorem, the operator norm is equal to || Z(0)||1«(4e), Where

627119

Z(0) := > Yo

n 2k n|<2k+1

The expression above is a random Fourier series, with frequencies at most 2.
By Bernstein’s Theorem for trigonometric polynomials, the L*°(d0) norm can be
estimated by testing the norm on at most 2%+ equally spaced points in T, that is,

we have
P(]Z(8)] > CVK2 7 '2") < 2¢sup P(1Z(8)] > CVR2 ¥'7),
)

where we have simply used the union bound.
Now, Z(0) is the sum of independent, mean zero random variables, which are
bounded by one, and have standard deviation bounded by c¢27%'2*. So by, for

instance, the Bernstein inequality, it follows that
P(Z(0)| > CVk2™2%) <27,

for appropriate C. This completes the proof. O

From the previous Lemma, we have the Corollary below. It with the sparse
bound for the Hilbert transform (6.11) completes the proof of Theorem 2.13, for

the random Hilbert transform. The case for maximal averages is entirely similar.

Corollary 6.13. Almost surely, for 1 + « < 1 < 2, there isan > 0 so that for all integers

k, and all functions f, g supported on an interval 1 of length 25, we have

[(Tif, @)l S 27"(F) 1, ()1, 1. (6.14)

Proof. This follows from Lemma 6.12 by interpolation. The relevant interpolation
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parameter 0y at which we have only an epsilon loss in the interpolated estimate is

given by

We see that rp = 1 + «. And so we conclude that forrg =1+ & < r < 2, we have

the required gain in the interpolated bound, which proves the Corollary. O
We now turn to the weighted inequalities of Corollary 6.3.

Proof of Corollary 6.3. For the deterministic Hilbert transform, we have the sharp

bound of Petermichl [73], namely

1
max{l,ﬁ}

IH : P(w) = P (W] S W]

~ Ap

So, it remains to bound the terms in (6.14). By Proposition 6.15, we then need to
see that the hypotheses on w, namely (6.4), imply that for some choice of r > 1+ «,
we have

weA, weRH, o= w!™P" € RH,.

Recall that v € A4 N RH; if and only if v* € Ag(q_1)+1. Now, by assumption,
W € Ao (p-1)+1. SO, thereisat > 1 so that w*™*) € A1, 4)(p—1)+1, and the
A4 classes increase in g, so we conclude thatw € A, NRH,, forar > 1+ a.

The second hypothesis is w € A 1 . This is equivalent to
a6
(WP € Ay (pr1) e

Now, w!=P" = ¢ is the dual weight. So by the argument in the previous paragraph,
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o € RH,, for some r > 1 + «. So the proof is complete. O

6.3 Weighted Inequalities

Let us recall the weighted estimates that we need for our corollaries. A function

w > 0is a Muckenhoupt A, weight if

< 0.

w”v(Q)]v—lw(Q)
Q]

Wia, =su [

SR

Above, we are conflating w as a measure and a density, thus Wi Q) =/ o W(x) ™5 dx.
We have these estimates, which are sharp in the A, characteristic. They are an ele-

ment of the sparse proof of the A, conjecture. (See [57] for a proof.)

Theorem G. These estimates hold for all 1 < p < oo.

max{1, -1}
A1 : LP(w) = LP W) S Wl 7

For our applications, we have a second class of operators, a simplified form
of those introduced by Benau-Bernicot-Petermichl [2]. For our purposes, we need

a much simplified version of their result. Define an additional characteristic of a

weight, namely the reverse Holder property.

— up WQr
Wlrn, = sgp Who

Proposition 6.15. Fix an integer k, and 1 < v < 2. We have the bound below for all

/ T

wE A, wherer <p <1’ = 1.

> (Dar(9)erQl S WX ki, ok, [Tl w19l )
QeD :[Q[=2nk
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where o = W' is the ‘dual’ weight tow.
Let us recall these well known facts.
1. We always have [w]a,,, [WlgH, > 1.

2. Forw € A, and ¢ = w!™?, the weight ¢ is locally finite, its ‘dual’ weight is

w, and [o],, = Wi} .

3. For every w € A, thereisar = r([w] Ap) > 1 so that w € RH,.. (In particular,

we can take r so that r — 1 ~ [w] ;1, by [39]*Thm 2.3. )
4. For every w € A,,, thereisar = r([w]Ap) > 1sothatw"™ € A,,.
5. We have w € A, N RH, if and only if w™ € A, (,_1)11, by [44].

Proof of Proposition 6.15. This inequality is rephrased in the self-dual way, namely

setting o = wl=P’ itis equivalent to show that for k € Z,

Y (fo)qr{gw)qrlQl < IR [oTrm, Wlrre 1l (o) 19 Lo o) (6.16)
QeD
|Ql=2mk

Fix the integer k. We can assume that for |Q| = 2™, if f is not zero on Q, then

fl30\q = 0, and we assume the same for g. Then, set

=Y ol el

QeD :|Q[=2mk

and likewise for g’. It is immediate that ||f'||ir(o) S ||f|lir(e), thus in (6.16), it
suffices to assume that f = f’. Then, we can even assume that f and g are supported

on a single cube Q, and take the value 1 on that cube.
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Then, write

(01q)or(WlQ)qrIQl < [olrH, WlrH, (010) 01 (W1q) 0,11Q
< [olrn, Wlrn, (010) g§ (W1Q) QT - o(Q)/Pw(Q)V™

< [o]rm, WRH, [WJX:G(Q)VPW(Q)VP/.

N

This is the inequality claimed.
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Part 11

A Learning Theory Approach to

Compressive Sensing



CHAPTER 7
COMPRESSIVE SENSING

Compressed sensing is a modern data processing scheme that is proving useful in
many scientific areas, such as MR imaging, radar, astronomy: see [1, 6, 62] for more
details. The overarching goal is to reconstruct a signal x € R™ from the measure-
ments Ax € R™ (m < n) given the sensing matrix A € R™*™ and some constraint
on the set of signals. Without such a constraint, this is an ill-posed inverse problem,
while more information about the signal x may make the objective approachable.
One common situation is that the signal is sparse: for a signal x = (x!,...,x™),
we say x is s-sparse if [{x) #0}| < s. A successful program for reconstructing
sparse signals is {;-minimization. This convex optimization algorithm is tractable
and perfectly reconstructs s-sparse vectors (and well approximates them in the

presence of noise) if the sensing matrix A has the (s, 8)-RIP with small enough 6

[10]. A matrix A is said to have the (s, §)-RIP if
(1=8)[x —yllz < [[Ax = Ay|l; < (1 +38)[[x —yl3

for all pairs x, y of s-sparse vectors.

The focus of this Part is the analogue, i.e., dimension reducing quasi-isometric
embeddings of sparse vectors, in the one-bit sensing framework. The purpose of
this chapter is two-fold. First, it is natural to first introduce the somewhat easier
case of linear measurements. After all, it was linear compressive sensing that came
tirst, begetting one-bit sensing only as the intricacies of quantization in applica-
tions became apparent. Secondly, it turns out that some of the arguments in Chap-

ter 8 extend naturally to the linear case. As such, we are able to prove a known

71



results, Corllary 7.3, with a new and efficient proof. These results are organized in

the following section

7.1 Corollaries

For s-sparse x € R™, set H, « = {y € R™ : (x,y) > «}, the half-space associated to
x at height «. Denote by H™* the set of such skew half-spaces in R™ associated to
s-sparse signals: H™* = {H, , : x € R™, [{¥) # 0}/ < s, « € R}. The first result listed
here gives a useful upper bound on the VC-dimension of H™*. VC-dimension is

defined in Section 8.2
Corollary 7.1. VC(H™*) < slog(n/s).

Proof. The analogue of the lower bound in Lemma 8.11 is achieved by shattering
B = {0, ey,..., e}, the standard basis vectors together with the origin. Any subset
of {ej, ..., es} can be achieved in the same was as in the Lemma, and an appropriate
choice of « includes or excludes the origin as needed. The upper bound is Radon’s
theorem. This establishes VC(H**) = s + 1. The extension to VC(H™*) is the same

as the remainder of Section 8.2.2. OJ

Consider a sensing matrix with rows {gix} drawn from the standard Gaussian

distribution. Then \/%A has the (s, 8)-RIP if and only if

<d

D (g2’ —1
k=1

1
m
for all 2s-sparse unit signals z € R™. It is clear that {{(,z)? > o} : {ZJ # 0} <

2s, « € R} is a subset of the set of all unions of pairs of skew half-spaces in H™*.

We have the following Lemma to control the VC-dimension of the latter.

Lemma 7.2. If VC(C) = d, then VC(C*) < 10d, where C* :=={BU C: B, C € C}.
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Proof. Suppose [X| = k and €* shatters X. From Theorem H, m®(k) < (&) 4 Hence

2k < (£5)*%, or equivalently k < 2d log, (£X). O

This Lemma and the discussion preceding it establishes the bound
VC ({{(-,2)> > o} : {2 # 0} < 25, x € R}) < slog(n/s).

An argument identical to the one in Section 8.3 proving Theorem 8.3 yields the fol-
lowing corollary. This is one of the fundamental results inspiring randomly drawn
sensing matrices in compressive sensing. It is the smallest known portion of mea-
surements necessary for the Restricted Isometry Property, and many practitioners

and theorists believe that it cannot be beaten.

Corollary 7.3. Let A € R™*™ with rows drawn independently from the standard Gaus-
sian distribution. Then forany 0 < e,6 <land1 < s <mn, V%A has the (s, d)-RIP with

probability at least 1 — ¢ provided

m > & 2 [log(2/¢) + slog(n/s)].

73



CHAPTER 8
ONE-BIT SENSING

We study the dimension reducing sign-linear maps of one-bit compressed sensing.

Associated to each A € R™*™ is the sign-linear map

q)A : Sn_l - H™

® A x = sgn(Ax),

where H™ is the Hamming Cube {£1}™, the sgn map is applied component-wise,

and

sgn(x) =

We restrict our attention to the sphere since any two signals that differ only in norm
will have identical measurements. In the larger realm of compressed sensing, one-
bit sensing is the case of extreme quantization: only the sign-bit of each linear
measurement is preserved. The concept was initially suggested by Boufounos-
Baraniuk [7] in 2008.

Let St! denote the set of n-dimensional, unit length s-sparse signals. The
(s, 8)-Restricted Isometry Property, or (s, )-RIP, analogue for @ 5 that we investigate
is

Sup ’dj{m(q)AX, (DAU) - d(X/y)‘ < 6/

xyest!
where d(-, -) is geodesic distance on the sphere, and dgm (-, ) is the Hamming met-
ric:

dgem(a,b) == - {1 <k <m:ax # bl
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The reader may notice that the one-bit RIP given above is single-scale, while
the original RIP is multiscale. This modification is unavoidable; given A ¢ R™*™
and ¢ > 0, there are x,y € SI! such that d(x,y) < ¢ and dgen (@ax, Day) > L.
This formulation of the RIP has been studied theoretically, see [4, 43, 76]; it also
plays a role in sparse signal recovery from one-bit measurements, e.g. [42, 43].

The effects of noise on a one-bit embedding is a natural concern, and we con-
sider the case of additive white noise prior to quantization. When our sensing
matrix is drawn randomly, we always assume the noise and matrix are indepen-
dent. Associated to a matrix A € R™*™ and random vector n € R™ is a one-bit

embedding of the form

Q) :R™ — H™

O x = sgn(Ax +mn).

This is the the model of systematic noise, where the noise is randomly drawn but
constant relative to the signals. In many applications, however, this is not the case,
and the noise varies from signal to signal. In attempt to model such noise, we
consider the one-bit embeddings associated to a matrix A € R™*™ and collection

of random vectors {n(x)} ¢ R™:

Y1 R™ — H™

Y2 x = sgn(Ax +mn(x)).

The affects of the additive white noise on the RIP are analyzed by increasing the
Gaussian measurements’” dimension and lifting the sphere to a higher dimension

by padding with ¢* (and zero, depending on the noise model).
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8.1 Outline and Main Results

For x € S™ !, set Hy = {p € S™ ' : (p,x) > 0}, the hemisphere associated to
x. Denote by H™* the set of hemispheres of S™! associated to s-sparse signals:
H™ = {H, : x € SM1}. The first result listed here gives a useful upper bound on
the VC-dimension, defined in Section 8.2.2, of H™*. The result easily applies to
half-spaces (Corollary 7.1), a well studied classification scheme in learning theory;
it is well known that the VC-dimension of half-spaces in R™ indexed by s-sparse
vectors is O(slogn). The theorem below is slightly better (at least in some case,
when n/s is small enough), but the author is unsure if it is known. We include the
proof in Section 8.2.2 for completeness, and note that it is quite surprising to find
the popular slog(n/s) quantity. Throughout, x < y means there is an absolute

C > 0 such that x < Cy.
Theorem 8.1. VC(H™*) < slog(n/s).

Definition 8.2. Let @ : ST~ — H™. We say ® has the (s, 8)-RIP if

sup |dgm (Ox, Dy) — d(x,y)| < 6.

x,y€esy!

Of note in Definition 8.2 is the metric d(-, -), which is not the euclidean distance,
but rather the geodesic distance on the sphere, normalized so that antipodal points
are unit distance apart:

d(x,y) := L arccos(x, y).

This choice of metric is natural since it is the expectation of dgm (O ax, D aYy).

In Section 8.3 we employ a standard entropy integral argument to bound a
supremum, indexed by pairs of s-sparse vectors. This is an alternative proof of a
recent result of Bilyk-Lacey, the case of sparse vectors in [4, Theorem 1.14], which
is:
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Theorem 8.3. Let A € R™*™ with rows drawn independently from the standard Gaus-
sian distribution. Then for any 0 < ¢,6 < 1land 1 < s <n, O has the (s, d)-RIP with

probability at least 1 — e provided

m > 6 % [log(2/¢) + slog(n/s)].

The next theorems, proved in Section 8.4, are the import of the chapter. We
consider the one-bit sign-linear maps with additive white noise prior to quantiza-
tion. A curious detail about the result is that the error due to noise is not naturally
expressed in the distortion parameter, nor the number of measurements or prob-
ability of success, but rather in the metric on the sphere. That is, if the sphere is
endowed with a certain “distorted” geodesic metrics (8.4) and (8.5), the noisy em-
beddings have the (s, 5)-RIP with the same order of measurements and probability

of success as determined in Theorem 8.3. Before stating the theorems, we define:

d°(x,y) :== + arccos <<Xﬁ>;§02> (8.4)
do(x,y) := L arccos (ﬁ—f’f%) . (8.5)

We also define the following noisy versions of the one-bit RIP:

Definition 8.6. Let @ : ST~ — H™. We say ® has the (s, 5)°-RIP if

sup |dgem (Dx, Oy) —d(x,y)| <9,

x,y€eSy

and it has the (s, 8) ,-RIP if

sup |dgem (Ox, Oy) — do(x,y)| < O.

x,yeSy!

Theorem 8.7. Let A € R™*™ with rows drawn independently from the standard Gaus-
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sian distribution and n ~ N(0, 0*1,,,). Then forany 0 < ¢,6 <1land1 < s <n, @} has

the (s, 8)°-RIP with probability at least 1 — € provided

m > & 2 [log(2/¢) + slog(n/s)].

Theorem 8.8. Let A € R™*™ with rows drawn independently from the standard Gaus-
sian distribution and {n(x)} a collection of pairwise independent random vectors indexed
over the sphere with each n(x) ~ N(0, 0*L,). Then forany 0 < ¢,6 < land1 < s <mn,

W1 has the (s, 8) o-RIP with probability at least 1 — ¢ provided

m > & 2 [log(2/¢) + slog(n/s)].

Remark. It is a common goal in signal processing to “eliminate” the noise. That is, one
wishes to take enough measurements so that the noise is practically negligible. Theorem 8.7
and Theorem 8.8 demonstrate that this possibility is controlled by the variance in the Gaus-
sian noise model. The empirical process of interest approaches a distorted metric, which is a
deterministic object that necessarily deviates from the geodesic metric when o* > 0. How-
ever, the distorted distances are close to geodesic distance at small scales, and when 0> < 1,

the metrics are close globally.

We conclude with Section 8.4.3, comparing the geodesic distance with the met-
rics defined in (8.4) and (8.5). Crude upper bounds on their differences give lower
bounds on the number of Gaussian measurements needed for a noisy embedding
to have the RIP into the Hamming cube with the geodesic metric prescribed to the
sphere. While this result is appealing for obvious reasons, Theorem 8.7 and The-
orem 8.8 may be more useful in practice, allowing the reader to appeal to the fact

that the two metrics are indeed very close at small scales.

Corollary 8.9. Let A € R™*™ with rows drawn independently from the standard Gaus-
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sian distribution andn ~ N(0, 0*1,y,). Then forany 0 < e < 1and § > 1—1 arccos (Ubri)

@\ has the (s, d)-RIP with probability at least 1 — ¢ provided

m> |5+ -~ arccos ( 2+%> 1] - log(2/¢) + slog(n/s)].

Corollary 8.10. Let A € R™*™ with rows drawn independently from the standard Gaus-
sian distribution and {n(x)} a collection of pairwise random vectors indexed on the sphere

with eachm(x) ~ N(0, 0°1,,,). Then forany 0 < ¢ < 1and § > + arccos ( Y2 has

1+02)

the (s, 8)-RIP with probability at least 1 — ¢ provided
m 2 [8 — L arccos (77) ] - log(2/¢) + slog(n/s)].

8.2 The VC-Dimension of Sparse Hemispheres

Let X be a set and € be a collection of subsets of X. Denote by ( ) the set of subsets

of X with k elements. For each k € N, define

m&(k) := max {BNC:C e ¢}.
BE(%)
Clearly m®(k) < 2*. The Vapnik-Chervonenkis dimension (VC—dimension) of G,
denoted VC(@), is the supremum of integers d such that m®¢(d) = 29. Alternatively,
we say C shatters B if every subset of B is realized as the intersection of B with an
element of €. Then VC(C) is the cardinality of the largest subset it shatters. For
example, if X = Rand € ={(—o0,t] : t € R}, then VC(C) = L;if C={[a,bl:a<b €
R}, then VC(C) = 2. VC dimension measures, in an intuitive sense, the complexity

of a class of subsets.
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8.2.1 VC-Dimension Background

Sauer’s lemma is a fundamental result in VC theory, and we will use it several

times. A proof and other details on the subject can be found in [24].

Theorem H (Sauer’s Lemma). Let C be a class of subsets with VC(C) = d < oco. Then
forany k > d,

For a class of functions F C {f : X — {0, 1}}, denote by Cy the set of subgraphs of
functions in F: C5 = {{(x,t) : t < f(x)} : f € F}. The VC dimension of F is defined
as VC(Cs), where this last quantity is the VC-dimension of a class of subsets of
X x R. It is worth noting that if J is the set of indicators of subsets in the class €,
F ={1c:C e C}, then VC(F) = VC(C).

It is well known in learning theory that empirical processes in the form of (8.14)
can be bounded via the VC-dimension of the indexing class. Such results are often
eponymously referred to as the “VC inequality” after Vapnik and Chervonenkis,
the pioneers of the theory. In Section 8.3 we use a version of the VC inequality
from [69], which extends the VC inequality to a more general case, when a class
satisfies uniform entropy bounds. For a function f and a probability P, denote by Pf
the expectation [ f dP. For a class of binary functions F and a probability P, the
packing number D(J, t, P) is the cardinality of the largest subset ' C J such that
Plf — gl > t*> for all f # g € F'. Finally, set

D(F,t) :=supD(F,t,P),
P
where the supremum is taken over all discrete probabilities. Then [69, corollary 1]

reads
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Theorem 1. Suppose

J logD(J,t)dt < oo.
0

Then there exists an absolute constant K > 0 such that for any w > 0 with probability at

least 1 —2e" forall f € J:

J\/ﬁ

> (Pf—f(x) < Ky/m (\/uIP’er 10g(D(3",t))dt> .
k=1 0

8.2.2 Main VC Estimate

This section is dedicated to the proof of Theorem 8.1. We begin by computing the

VC-dimension of all hemispheres, the case when s =n
Lemma 8.11. VC(H?) =s.

Proof. We first observe H shattering the standard basis vectors B = {ey,..., e},
and hence VC(H$) > s. Let S C [s] and B(S) ={e; : j € S}. Define p = (p1,...,ps)
by setting p; = 1s(j) — 1sc(j). Then B(S) = B N H,.

On the other hand, let X = {xy, ..., %541} be an arbitrary (s + 1)-subset of S

Without loss of generality, assume

S
Xs4+1 = E KXk
k=1

Set A := {xx : ax < 0} U{xs;1}; we'll see that for all p € R%, A # XN H,,. For any p

such that (p,xi) > 0if o, < 0and (p,xx) < 0if o >0,

p/ XS+1 § Xk p/ Xk

— Z u(p,xic) + ) oup,xi)

ko <0 ko =0

<0.
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Therefore H{ doesn’t shatter X, so VC(H$) < s + 1. O

We are now ready to estimate VC(H™®). Let d = VC(H™*) < n and choose
a subset X = {x!,...,x9} of S*~! shattered by H™*. Fix an index set S € ([TS”) ;

for x € S™ ! let xs = 3 ;cs(x,ej)e;. Forany B C S, let Bs = {bs/||bs|| : b €
B and bs # 0}. Notice that [Xs| < d, so by Lemmas 8.11 and Theorem H,

[(Xs M Hp:p e ST < (%),

The natural map {XNH, : p € S§ '} = {XsNH, : p € S§ '} via A — As is well-
defined and surjective since sgn((x,p)) = sgn((xs,p)) forallx € X and p € St ..
This map is also injective. Suppose A = X N H,, and B = X N H, are distinct, for
instance a € A \ B (hence as # 0). If as/||as|| € Bs, then there is b € B such that
as/|las|| = bs/[|bs]|. But then sgn((a, p’)) = sgn((b,p’)), a contradiction.

It follows that

(XN H, :pest < (e9),

and by the union bound, 2¢ < (7) (22)°. After applying a familiar version of

S

Stirlings approximation, (") < (£2)°, and some algebraic manipulation, we arrive

at the inequality:

—log(2)de o8¢ ¢ Loa2s (8.12)

en

To simplify further, we use the lower branch of the Lambert W function, which

W_q(x)

is defined on (%1, 0) by the relation W_;(x)e ' = x. That is, W_; is the inverse

of the map x — xe* restricted to (—oo, —1). We use the following lower bound of

W_; to simplify (8.12).
Lemma 8.13. Forall —1/e < x <0, W_1(x) > log(x?).

Proof. Notice that W_; is decreasing, as is its inverse W—{(x) = xe*. Applying

W1 to each side of the equation in the statement and dividing by x, we find the
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equivalent: xlog(x?) < 1 forall =} < x < 0. This holds since x — xlog(x?) is

decreasing on (—1/e,0) and (<})log(%) =2 < 1. O

Applying the decreasing W_; to both sides of (8.12) and using Lemma 8.13

gives:

délog 5108<510g2 )

8.3 The RIP of one-bit Embeddings

This section proves Theorem 8.3. Let A € R™*™ with rows {gxJii*; drawn indepen-
dently from the standard Gaussian distribution N(0, I,,). The Hamming distance

between the images of two signals x and y under the one-bit embedding ® 4 is

_ 1 ¢ 1—sgn(x gi)sgn{y, gi)
dg.(m(q)AX,(DAy) _HZ 5 .
k=1
For x,y € S™! we call Wiy = HAHy (the symmetric difference of the two
hemispheres) the wedge associated to x and y. Notice sgn(x, gx) # sgn(y, gx) if and
only if gy is in the wedge W, ,,. The Hamming distance above can be reformulated

as

dgm (@ax, Day) = lexy g

The empirical processes framework suggests the sphere should be endowed with
the distance (x,y) — P(W,,). Fix x,y € S*1 let g ~ N(0,1,), and let Z =
((x,9),(y,9))7; then Z ~ N (0, Z) with
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It is a basic computation to find

Bap (2 gy

1
]P)(WX/U) = - 17(x,y)2 J ‘[ 272<X,y>

0 Jo

= Larccos ((x,y)).

This last quantity is the geodesic distance on the sphere that we denote by d(x, y).

This brings our attention to the following object:

1 m
sup — Z Tw,, (gx) —d(x,y)|. (8.14)
k=1

X,y esp1

The above formulation is paraphrased from [4]; this is the point at which our
argument deviates. To utilize the VC theory for hemispheres developed in the
previous section, we bound the VC-dimension of the class of “sparse wedges”

W ={W,, :x,y € ST1L

Lemma 8.15. Let C be a class of subsets of X with VC(€) = d < co. Let CAC = {CAC":
C,C’ € C}. Then VC(CAR) < 10d.

Proof. Let B C X of size m := |B| to be prescribed later. For a fixed pair C,C’ € C,

notice that
BN(CAC)=[(BNC)\(BNCHUBNC)H\(BNC)].

That is, B N (CAC’) is determined by B N C and B N C’. By Theorem H, there are

no more than (£2)* such pairs. Taking m > 10d yields (¢m)** < 2™, O

Along with Theorem 8.1, this lemma implies VC(W™*) < slog(n/s). We use
this VC-dimension estimate to bound the packing numbers of the sparse wedges,
D(W™*, ¢, P), which is the largest d so that there exists wy,...,wq € W™* with

P(wiAw;) > €? for i # j. General results bounding packing numbers via VC-
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dimension are well-known and the argument is standard; we include a proof in

the current context for completeness.

Proposition 8.16. For0 < e <1,
D(W™, ¢, P) < (%

Proof. Fix0 < e <1.Letd = D(W™?,¢,P) and let wy ..., wq such that P(w; Aw;) >
¢? foralli # j. Let{Xi}}_, be independent and identically distributed on the sphere
with law PP, where n will be determined later. Notice that w; N {Xy} # w; N {Xy}
if and only if (w;Aw;) N {Xi} is nonempty. Thus the probability that there is i # j
such that w; N {Xy} = w; N{Xy} is no more than
(5) 18554 Pwi N {Xid = wy n{Xid) = (5) 1d0555a (1= P(wiAw;)"
<@a-er
< d’e e

g2
— eZlog(d) net

210g(d)+1—‘
e2

Now we take n = { so the above probability is less than one, hence there

is a deterministic X = {x; }}_; so that the intersections {w; N X}jd:1 are distinct. Let

v = VC(W™*). Employing Theorem H, there is K,, > 0 such that

2

d <K, (M)v )
Choose dy large enough so that for d > dy, (2log(d) 4+ 2)"*! < d'/V. This yields

vl v
d < max{dg, K" } (&)™
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Notice that the bound in Proposition 8.16 holds uniformly over all probabilities
on the sphere. This fact allows us to use a version of the entropy integral in the
final stage of our argument. Recall Theorem I. Adapted to our current setting, we

have the following corollary:

Corollary 8.17. There exists an absolute constant K > 0 such that for any u > 0 with

probability at least 1 — 2e™ for all Wy, € W™*:

k=1

m v/ d(xy)
> (dxy) — 1w, (g) < KW( udxy)+J \/log(D(W“fs,t))dt)

We adjust this result in two ways to produce the main results of this section.
First, increase the right side of the inequality by replacing all distances with one.

Now that the bound is uniform over pairs of signals in S, we observe

sup Y (d(xy) —1lw,,(g0) = sup | 1w, (gi) —d(x,y)|.
xyesy! k=1 xyeSt! | k=1

This is because 1y_,, =1 — 1w, (a.s.), and d(—x,y) =1 — d(x,y). Thus we have:

Corollary 8.18. There exists an absolute constant K > 0 such that for any uw > 0 with

probability at least 1 — 2e™,

<= (\/_+J \/log(D(Wns t))dt)

1 m
sup — | lw,,(gi) — d(xy)
k=1

x,yesy!

After applying the uniform entropy bounds of Proposition 8.16 in the above

corollary and setting u =log(2/¢), Theorem 8.3 is immediate.
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8.4 The RIP of Noisy one-bit Embeddings

8.4.1 Systematically Noisy RIP with the Distorted Metric

This section proves Theorem 8.7. We again consider A € R™*™ with rows {gy -,
drawn independently from the standard Gaussian distribution N(0,1,). We are
now interested in the case of systematic additive white noise prior to quantization;
letn ~ N(0, 0*I,,). Then the Hamming distance between the images of two signals

under the one-bit embedding @7 is

1 i 1 —sgn((x, gx) + M)sgn((y, gi) + i)

k=1

Fixx,y € S* . Let g ~ N(0,I,,) and u ~ N(0, 0?) be independent. Then (é;‘g;iﬁ)

is a Gaussian vector with covariance matrix

1+0%  (xy)+0°

x,y)+0o> 1+0°
A computation similar to 8.3 yields

(x,y)+0?

P(sgn((x,g) + w)sgn({(y,g) + n) = —1) = L arccos ( i ) .

This last quantity is d°(x,y), defined in (8.4). We’ll see soon that d is in fact a
metric; this is the distance with which ST! is naturally endowed in the presence
of systematic additive white noise. The object in the (s, )°-RIP that we aim to
bound is

sup |dgem(DPRx, @Ry) —d°(x,y)|.

x,yesr!
Appealing to the methods in Section 8.3, we rewrite the additive noise as an

inner product by increasing the Gaussian measurements’ dimension by one and
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X

sy

(STL’ d) (Snfll dcr)

Figure 8.1: If , : {p € S™ : (p,eny1) = 0} — S™ ! is the normalization of the
projection onto the first n coordinates, then d°(msx, tsy) = d(x,y).

lifting the sphere to one higher dimension by padding with o. Introduce the fol-

lowing notation:

(x',...,x",0) e ST,.

Leth = (g',...,¢", in) and notice (x,, h) = ﬁ((x,g) +1) and h ~ N(0, I, 41).

Denote by WY y the wedge in S™ relative to x; and y,, i.e.,
Wf,y = Hy, AHy, .

Then sgn((x, gx) + Nx) # sgn((y, gi) + ni) if and only if hy := (g, ..., gF, k) €

W_ - The Hamming distance in (8.20) can be reformulated as

1 m
dgen (@Rx, DRY) = — > Twy, (o).
mia
Furthermore, notice that

2
(xoryo) = T,

hence d°(x,y) = d (xs,Ys) , where we abuse notation to allow d (-, -) to denote the
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normalized geodesic distance on S™; see Figure 8.1 for an illustration. It is now
apparent that d° is indeed a metric on S™ 1.
This brings our attention to the following object:

1
sup | —

x,yesy!

> lwe, (i) —d° (xy)|,
k=1

where the row vectors hy are independently drawn from N(0, I,,;1). At this point,
the argument of Section 8.3 applies so long as we can estimate the VC-dimension
of

Wg,s — {Wx,y c Wn+1,s+l :Xn+1 —g= yn+1}.

Since Wis ¢ WnFLstl it is clear that

VC(Wys) < VE(W™s 1) < (s 4+ 1) log () < slog(n/s).

s+1

8.4.2 Independently Noisy RIP with the Distorted Metric

We extend the results of the previous section to prove Theorem 8.8. We still con-
sider A € R™*™ with rows {g\ }i* ; drawn independently from the standard Gaus-
sian distribution N(0,I,,). However, we are now interested in the case of inde-
pendent additive white noise prior to quantization; let n(x) ~ N(0, 0°1,,) for each
x € S™ 1 with n(x),n(y) independent when x and y are distinct. Let g ~ N(0, I,,)
and {1y, iy ~ N(0, 0?) be mutually independent. Then the Hamming distance be-

tween the images of two signals under this one-bit embedding ¥} is

1 i 1 —sgn[({x, gx) + nx(x)) ({y, gx) +ﬂk(y))].

daen (WA, YAY) = — : (8.20)

k=1
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Fix x,y € S™ L. Then (9)7*) is a Gaussian vector with covariance matrix
<9/9>+Hy

1+0%2 (x,y)

x,y) 1+ o?

and it follows that

P(sgn((x, g) + w)sgn({y, g) + n) = —1) = L arccos (i’j‘gi) :

The last quantity is d(x,y), defined in (8.5). d is also a metric; this is the distance

with which ST is naturally endowed in the presence of independent additive

n+1 .,

white noise. To proceed, we fix x, y on the sphere and lift them to ST, :

1
1+02

1

(x',...,x™,0,0)

1

. 1
Yoo = 1+02 (X

,...,x",0,0).

After increasing the dimension of the Gaussian measurements by two, the remain-

der of the proof is completely analogous to that of Theorem 8.7.

8.4.3 Noisy RIPs with geodesic metric on the sphere

The deviation of d° from the geodesic distance is exaggerated at antipodes. That
is, for any x and y on the sphere, |d(x,y) —d°(x,y)| < d(x, —x) —d°(x, —x). In what

is to come, all suprema are over x,y € SI . If one prefers a bound of the form

sup |dgem (O x, DA y) — d(x,y)| <9,
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it is enough for

sup [dgem (@R x, @RY) — d(x,y)I < sup |dgem (DR X, ORY) — d7(x, y)l +1d° (x,y) — d(x, )

< sup [dgem (DR x, DRY) — d(x, y)!—i—l——arccos( o 1)

0241

N

5.

Corollary 8.9 follows easily from Theorem 8.7 and this observation. Similarly, we

have

sup |[dgem (WA X, YAY) — d(x,y)| < supldgem (WAx, YAy) — do(x, y)l + |de(x,y) — d(x,y)]

< sup [dgen (Whx, YY) — do(x,y)| + L arccos (1752) ,

which yields Corollary 8.10
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