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SUMMARY

Theoretical strength of solids is defined as the ultimate strength beyond which
plastic deformation, fracture, or decohesion would occur. Understanding the microscopic
origin from quantum mechanics and thermoelastic formulation is of great importance to
mechanical properties and engineering design of various solids. While quite a few theory
models have been made in the past century by several generations of scientists, including
Frankel and Born, a general and convincing framework has not been fully established. In
this thesis, we study this issue from two respects: (1) Unify various elastic stability
criteria for solids that determine an upper bound of theoretical strength; (2) propose a
nonlinear theoretical formulation of stability criterion. As an analytic method, this
scheme is quite simple, in the mean time, it saves computation resource.

Studies of theoretical strength based on electronic structure calculation, so called
ab initio (or first-principles) method, have appeared since 1980. Density functional
theory is a basis of those calculations. The problem of many interacting electrons is
transformed into the study of the motion of a single electron in an effective potential, as
described by the Kohn-Sham equation. It should be noted most ab initio calculations of
the theoretical strength analyzed only the position of the inflexion point in the total
energy vs. deformation curve. In some cases, another elastic stability condition may be
violated prior to that inflexion point, which is called stability bifurcation.

We begin by developing a homogeneous deformation scheme to calculation the

high order elastic constants with ab initio method. So, we may obtain high order elastic

XV



constants to test the nonlinear theoretical formulation of elastic stability criterion. In
addition, we derive a nonlinear stress-strain equation for solids under arbitrary initial
configurations. After that, we try to unify the elastic stability criteria of solids, and with
ab initio method, we test the elastic stability conditions of crystal Au. The phenomenon
of bifurcation is observed: under hydrostatic expansion, the rhombohedral modulus
reaches zero first of all; while under uniaxial tensile stress, the tetragonal shear modulus
reaches zero first.

In the next part, we develop the nonlinear theoretical formulation of elastic
stability criterion and test it with both experimental values and our calculated ones of
high order elastic constants. The results are compared with the ones from our previous ab
initio simulation work. At last, we extend this nonlinear theoretical formulation to

isotropic materials. We use metallic glass Zrs;sTisCui7.9Ni146Al10 as a sample to test it.
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CHAPTER ONE

INTRODUCTION

A primary objective of materials research is to understand, design, and control the
mechanical properties of materials. It is well known that the strength of a usual material
is dominated by the behavior of dislocations or microcracks. If such defects were not
present, the material under loading would fail only if the theoretical strength, also called
ideal strength, were reached. As an intrinsic property of materials, the theoretical strength

has drawn considerable attention theoretically and experimentally.

1.1 Traditional methods to predict theoretical strength

Scientists have developed quite a few theoretical models to explain the ideal
strength of materials. Some of models displayed enormous differences with the actual
strength of materials, like Frenkel’s' and Orowan’s® models (those divergences were
explained with the postulation of dislocations). Some of the theoretical models are widely
accepted nowadays.

When a material breaks under an external stress and the fracture direction is
perpendicular to the applied stress, it is said to cleave. This process involves the
separation of the atoms along the applied stress. Orowan®> proposed a simple method to
obtain the theoretical tensile strength of a crystal. The stress required to separate two

planes can be regarded as a function of the distance between these planes. Given the



distance initially equal to a,, the stress o =0 for a =a,. In Orowan’s model, the stress-

strain curve is assumed to be a sine function, and the area under the curve is the work
required to cleave the solid. This work can not be less than the energy of the two new

surfaces created by the cleavage. Given that the surface energy per unit area is y,, the

maximum value of o is equal to the theoretical cleavage stress, o, =+/Ey,/a, , where

E is the Young’s modulus along the deformation path.

Instability in tension also was explained with the necking criterion proposed by
Considére’. An ideal plastic material in which no strain hardening happens would
become unstable in tension and begin to neck when yielding takes place. However, a real
metal undergoes strain hardening, the load-carrying capacity of the specimen increases as
the deformation increases. Necking or localized deformation generally starts at maximum
load of a ductile metal, where the increase in stress, due to decrease in the cross-sectional
area of the specimen, becomes greater than the increase in the load-carrying ability of the
metal due to strain hardening. The necking criterion can be expressed as do/de =0,
where o and & represent the tensile stress and strain, respectively. This idea was
generalized for rate sensitive and pressure dependent materials under adiabatic conditions
of deformation by Argon®.

Frenkel' developed a simple calculation method of the theoretical shear strength
of crystals by considering two adjacent and parallel lines of atoms subjected to a shear
stress. Assume a is the separation between the adjacent planes and b is the interatomic
distance, due to the periodic properties of crystals, the stress varies cyclically with a
period b . Frenkel proposed a sine function of shear stress 7 with respect to deformation,

and then obtained the maximum value of shear stress 7 =Gb/27a, where G is the

max



shear modulus. For face-centered cubic (FCC) metals with b=a, N2, a= a,Vv3/8,

then 7, =G/54.

Figure 1.1 A model is shown for the critical resolved shear stress in a single-crystal
specimen. P is an applied force, A the cross-sectional area of the specimen, ¢ the angle

between the slip plane normal and the tension direction, and A the angle between the slip
direction and the tension axis.

The value of the shear stress required to initiate slip in a pure and perfect single
crystal is also known as the critical resolved shear stress, o , which is a constant for a
given slip system. This rule, known as Schmid’s Law, has been confirmed experimentally
for a large number of single crystals. As shown in figure 1.1, let ¢ be the angle between
the slip plane normal and the tension direction, and A be the angle between the slip

direction and the tension axis, then the critical resolved shear stress iso.; =7 cos¢gcos A,

where 7 is the applied tensile stress, 7 =P/ A, .



1.2 Elastic stability and bifurcation

The elastic stability limit is formulated traditionally following Born’s original
idea™ that a crystal should remain stable when the change of the elastic energy with
respect to the spontaneous strain exhibits convexity; otherwise, instability would occur
consequentially. The condition of convexity leads to the stability criteria in the form of a
set of relations involving elastic constants appropriate to the crystal symmetry. However,
Born’s theory is formulated for systems without external load. For systems under external

7-17

load, it was shown ' that the elastic stiffness coefficients By, rather than elastic

constants C;, should be used in formulating the stability criteria.

The stability criterion based on the elastic stiffness constants'*'®

certainly
provides a convenient and powerful recipe to measure stability limit. As done in those
previous works, one follows a standard recipe. First calculate the elastic constants; then
construct the elastic stiffness coefficients as a function of the applied stress to a system
that is usually under some specific loading modes such as hydrostatic, uniaxial tensile or

compressive, or shear strain; and finally obtain the stability limit at the strain where a

principal minor of the elastic stiffness constant matrix first becomes non-positive, or

det‘Bijk,‘ <0. Along some simple loading paths such as uniaxial tension, the stability limit

. . 18-19
is found to relate to some shear strain modes

. Under hydrostatic loading, it is
observed that the stability is dominated by the rhombohedral shear modulus®. Born>®
and Hill”"" argue that some perturbations, fluctuations, as well as sample loading

conditions would make the deformation path astray from the primary loading path,

causing a measured stability limit different from that intended originally. This



phenomenon, called “stability bifurcation”, plays an important role in determining the
theoretical strength of a crystal lattice.

The research work performed here in this thesis is solely based on the elastic
stability theory. As known, it is possible that some phonon instabilities may appear along
the deformation path. Recent studies on elastic'® and phonon®' instabilities of aluminum
suggests that this scenario may likely occur in FCC metals, specially at elevated
temperatures. Other types of instability such as that caused by magnetic perturbation also
might occur and determine the theoretical strength, although those problems are beyond

the research objective in this thesis.

1.3 Nonlinear elastic and transcription theory
Suppose a material point in configuration X under stress oy (X) is undergoing a

small displacement, i.e., with a strain 77, to a new state X with a corresponding stress
0;(X), then, we assume, without loss of generality, that the displacement could be

arbitrary and infinitesimal as needed. The corresponding change of the Helmholtz free

energy F(x,T)=F(»,T) at state x from F(X,T)=F(0,T) at sate X can be expressed as

22-23

‘F
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(1.1)

correct to the fourth power of n with the understanding that all derivatives appearing in

Eq. (1.1) are done at state X with all other strain components 7' held constants. The



corresponding stress, the second and third order isothermal elastic constants at state X,

are then
1 oF
r(X)=—— (1.2a)
V(X) only.,
2
cxy=——_9F (1.2b)
V(X) onon|, .
3
cx)=——_9F | (1.2¢)
V(X) ononon|, .
4
)\ OF | (1.2d)

V(X) dnononon|, .’
where V (X) is the volume of the system at X . To avoid overcrowded notations, we shall

not use indices for vectors and tensors unless necessary. Summation convention is
assumed automatically. Following the same scheme, we can obtain the corresponding

stress, the second and third order isothermal elastic constants at state x,

1 oF

T(X)—mgwa (1.3a)
1 0°F

C(X)=—— , 1.3b

P Vwowel,. (135

=L OF | (1.3¢)
V(x) 00508,

where V(x) is the volume of the system at state x and & is a Lagrangian strain from state
x to state y. Therefore, we can simply take a derivative of Eq. (1.1) with respect to & at

state x, so after dividing it by V(x) on both sides, we have,



1 oF|  _v(X)an

"=Vl "V oz

|:T(X)+C(X)7]+%C(X)777]+%C(X)777777 +} (1.4a)

Following the same scheme, we can systematically obtain the second and higher order

elastic constants at state x in relation to those at state X,

1 &F| _V(X)an[ 1. }
C(x)_v(x) 6§8§|X,n, = Vo % C(X)+C(X)n+ac(X)7m+... , (1.4b)
c(X) 1 _0OF | —V(X)a—”[c(X)+6(X)n+...] , (1.4¢)

V() 0m&g|, V(0 ¢

and so forth and so on.

Realizing the relations expressed explicitly in Eqgs. (1.4) between the stress and
elastic constants at any deformed state x and those at a reference state X , one can
significantly simplify the procedure for acquiring the elastic stability criterion by using
the reference at zero stress state or natural state as it is often called in mechanics where

7(X)=0. We could express stress and elastic constants at any arbitrary stressed state x as

the function of the deformation strain and the stress and elastic constants at the natural
state. Krenn et al** applied the above transcription theory to investigate the nonlinear
elastic behavior and ideal shear strength of face-centered cubic crystals Al and Cu, and to
explain the different structural relaxation modes of the crystals Al and Cu under shear
loading. As shown in this thesis, the relations in Egs. (1.4) can enable us to formulate the

nonlinear theoretical formulation of elastic stability criterion.

1.4  State-of-the-art calculations of theoretical strength

A large number of numerical simulations have been performed to investigate the

theoretical strength associated with phase transition, ideal strength, crystal defect



formation, etc. Continuum models with finite element method®, atomistic simulation

728 and ab initio quantum mechanical

with empirical®® or semiempirical potentials
. 18-20,29-32 . . . oo
calculations have been employed extensively in various situations. However, all

these models require tremendous amount of computational resources, the largest fraction

of which is on calculation of the second order elastic constants Cy, 's in each deformed

state. For ab initio calculation, the total energy needs to be calculated and used later to

obtain Cy, 's ; for atomistic simulation, Cy,'s can be obtained using either analytical

expression or fluctuation formula. For the latter case, large amounts of computation
resources are needed to guarantee the convergence of fluctuations so that reliable results
can be acquired”?*. In addition, the elastic stability criterion, though simple, often
encapsulates the physical mechanisms underlying the stability limit. For example,
anharmonic effects present in a crystal under applied stress play an important role in
softening the material, leading to elastic instability. By focusing only on the second order

elastic constants C;, 's , this and other effects often manifested in higher order elastic

constants are often masked.

Besides ab initio quantum mechanical calculations, we present a general
theoretical framework of elastic stability criterion using higher order elastic constants. In
finite deformation theory, both the stress and the second order elastic constants in a
stressed state can be expressed in a series expansion in terms of the deformation strain
with the expansion coefficients being the elastic constants of higher orders from a
reference state. Choosing the reference state as the zero stress state, we test the stability
conditions in terms of the second and higher order elastic constants at zero stress states.

Many of these zero stress elastic constants are now available either from experiments or



theoretical calculations, making it extremely desirable, and possible, to use the nonlinear
formulation analytically to predict stability and ideal strength of crystalline materials

without resorting to extensive computation.

1.5 Organization

The thesis is organized as follows. In chapter two, the method of first-principles
calculation based on density functional theory is introduced. In chapter three, we test the
first-principles calculation to obtain elastic constants of metallic crystals. We propose a
homogeneous deformation scheme to get second-, third-, and fourth-order elastic
constants. In chapter four, we derive a nonlinear stress-strain equation for crystal solids
with arbitrary initial configurations, and test it to crystal Au with first-principles
calculation. In chapter five, we first show a proof to unify the elastic stability criteria of
solids; then in section 5.2, we use first-principles calculation to test the stability
conditions of face-centered cubic crystal Au under hydrostatic stress; and finally in
section 5.3, we use the same method to study the elastic stability of face-centered cubic
crystal Au under uniaxial stress along [100] direction. In chapter six, we present a
nonlinear theoretical formulation to the elastic stability criterion and show the results
obtained from several crystal systems whose higher order elastic constants are available.
In chapter seven, we extend this nonlinear theoretical formulation to isotropic solids, and

use metallic glass Zrs; sTisCu;7.9Nijs6Alo as a sample to test it.



CHAPTER TWO

FIRST-PRINCIPLES CALCULATION METHOD

This chapter describes the first-principles calculation method employed in my
thesis work. Determining the total energy and electronic structure of a solid system
requires solving the quantum-mechanical Schrédinger equation. This procedure can be
performed only if a large number of simplifications and approximations are used. This
chapter is organized as follows. In section 2.1, the Born-Oppenheimer approximation is
introduced in order to reduce the many-body problem to the solution of the dynamics of
the electrons in some frozen-in configuration of the nuclei. In section 2.2, the Hohenberg-
Kohn theorem is shown, and the Kohn-Sham equation is derived under the local density
functional approximation (LDA). With the help of the Kohn-Sham equation, the
interacting many-electron system is mapped onto a system of noninteracting electrons
moving in an effective potential due to all the other electrons. In section 2.3, a brief
review of numerical methods for solution of the Kohn-Sham equation is given. Bloch
theorem states that the electronic wave functions at each Kk point can be expanded in
terms of a discrete plane-wave basis set. Because a very large number of plane waves are
needed to expand the tightly bound core orbitals, the pseudopotential approximation is
desired to expect a much smaller number of plane-wave basis states. The ultrasoft
pseudopotential (US-PP) and the projector augmented wave approach (PAW) are also
introduced. The PAW approach is analogous to the pseudopotential approach but retains

information about the core states without significant additional computation.
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2.1  Born-Oppenheimer approximation

To obtain the electronic structure of a solid system, we can write the

nonrelativistic time-independent Schrodinger equation as,

H¥(r,R)=E"¥(r,R), 2.1

where I represents the set of electronic coordinates {F.} ; R represents the set of nuclear

coordinates {ﬁ j} . If there are no other external fields acting on this system, the

Hamiltonian operator is,
H=H,+H +H_,, (2.2)

where

i i< |

H.() =T+, == % - v+ Y ﬁ 23)
m I 1 I
The first term is the kinetic energy of electrons, the second term represents electron-

electron Coulomb interaction (atomic units used), and m the mass of electrons. So far we

do not take the exchange and correlation effects into account. And,

HN(R)=TN(R)+VN(R)=—ZﬁV2RJ_ +> V(R —-R;), (2.4)
- .

j i<j'

where the first term is the kinetic energy of nuclei, the second term the Coulomb

interaction among nuclei, M nuclear mass. The electron-nucleus interaction is,

Hey(r,R) = _Zve—N (n=Rj). (2.5)
i

Unfortunately, the V,  term prevents us from separating H into nuclear and electronic

parts, which would allow us to write the wave function as a product of nuclear and

electronic terms.
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The Born-Oppenheimer approximation®® is based on the fact that the nuclei are
much more massive than the electrons, which means that the nuclei are nearly fixed with

respect to electron motion. The solution for the Eq. (2.1) can be given as,

¥,(r,R)=> x,(R)®,(r,R). (2.6)

Here @ (r,R)is solution to the so-called “clamped-nuclei” Schrodinger equation,
H,(r,R)® (r,R)=E, (R)D,(r,R), (2.7)
where H,(r,R) is Hamiltonian of the many-electron system,
H,(r,R)=H_,(nN+V (R)+H_(r,R). (2.8)
In the Eq. (2.7), R is just a parameter; V (R) is a constant and shifts the eigenvalues by
only some constant amount. To represent the perturbative effect of the operator T (R) to
the many-electron system Hamiltonian H,,, we introduce a parameter « :

K=(m/M)". (2.9)

M, is the average mass of nuclei. And, we use xkU=R-R’ to represent the

displacement of the nuclei, so that we may rewrite the nuclei kinetic operator

TN(R):—Z(I/ZMj)Véj
i

as
TN(R):—KZZ(MO/Mj)(1/2m)Vﬁj. (2.10)
i
And expand the wave function @ (r,R)as a series of U,

O (r,R)=® (r,R"+xU) =D + x®V + *®P + O +...,  (2.11)

where @ is the v order derivative of @, (r,R) with respect to U .
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To obtain y,(R), Eq. (2.6) is inserted into Eq. (2.1); then Eq. (2.1) is left

multiplied with @ _.(r,R), and integrated with respect to r to yield

[TV (R)+E,(R)+C, )] 1,(R)+ X, Cu(Wr (R)=E" 7,(R),  (2.12)

n'(zn)

where
Con (W) = =73 (M, / Mi)(1/2m)JdrcD:(r,u)[Vuich,(r,u)Vui +Vjid)n,(r,u)J . (2.13)
C.(u)= —K'ZZ(MO / Mi)(l/2m)jdr®:(r,u)V5i®n(r,u) . (2.14)
The first term of C,,.(u) is ~O(x”) ; the second term and C (u)are ~O(x"). T, (R)is
~O(x?). In most cases, the coupling terms C,_.(U)y,.(R)in the Eq. (2.12) are small. If
they can be safely neglected, we will have the following equation,
[TN(R)+ En(R)+Cn(u)];(nﬂ(R)= E:L;(M(R). (2.15)
Here u represents the vibration quantum number. This equation clearly shows that, when

the off-diagonal couplings can be ignored, the nuclei move in a potential field set up by

the electrons. The potential energy at each point is given primarily by E (R) (the
expectation value of the electronic energy) with a small correction factor C (u). As
m/M, ~1/1000, C_(u) is expected to be small, and it is usually dropped ( however, to

achieve very high accuracy, this term must be retained). The whole system wave function
is thereafter,

¥, (r,R)= 7, (R)D,(r,R). (2.16)
This is the so-called adiabatic approximation: the first factor y, ,(R)describes the nuclei

behavior, which depends on the potential field set up by the electrons; the second factor
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@, (r,R) describes the movement of electrons, which is independent of the nuclei kinetic
operator; C.(U) is a nonadiabatic operator.

2.2  Density functional theory

Born-Oppenheimer approximation enables one to separate the nuclei and

electronic wave functions. To obtain the electronic structure of a many-electron system

with a fixed-nuclei conﬁguration{ﬁ j} , we need to solve Eq. (2.7). A simplification is to

transform the many-electron problem to a single-electron problem. Non-interacting
approximation and Hartree-Fock approximation are two basic independent-electron
approaches, assuming that electrons are uncorrelated except that they obey the exclusion
rule. Some effect of the real interaction is incorporated in the effective potentials of those
theories, but there is no interaction term included explicitly in the effective Hamiltonian.
Another independent-electron approach, density functional theory (DFT), which
incorporates the exchange-correlation effects approximately into an effective single-
particle Hamiltonian and has become the primary tool for calculation of electronic
structures in condensed matter. The key postulate of density functional theory is that any

ground-state property of a system of many interacting particles can be expressed as a

functional of the ground state density n, (F) , which is a scalar function of position.
2.2.1 Hohenberg-Kohn theorems
The density functional theory can be tracked back to the original method proposed

by Thomas® and Fermi®’ in 1920’s, and it was formulated based on two theorems proved

by Hohenberg and Kohn®®. Here we reproduce the proof.
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Considering a system of inhomogeneous interacting electron gas, the Hamiltonian
is
H=T+U+V, (2.17)

where T is the kinetic energy, U the interaction energy between electrons, and V is the

potential energy of the electrons in the external field U(F) Given that there is another
external field v’ (F) and the two external ficlds lead to two different Hamiltonians,

V) and |‘P>/ , if those two

H and H’, which have different ground state wave functions,
wave functions give the same density n, (F) , there would be an inconsistency. Since |‘I’>/

is the ground state for H', the ground state energy is,
E' = (W [H'| W) < (P|H'|¥) = (P|H -V +V'|¥), (2.18)
and then
E < E+I[u/ (F)—U(F)]no (v)ar. (2.19)
In the same way we may find that
E<E' +I[U(F)—u/ (F)]no (v)ar. (2.20)
If we add Eq. (2.19) and (2.20), we get E+E’' <E'+E . This inconsistency shows that

|‘P> and |‘P>/ lead to different ground state particle density, which means the external

potential U(F) is a unique functional ofn, (F) .

Then we define a universal functional with the form

Fln(r)]= (@[T +ulo), 2.21)
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where F [no (F)} is valid for any number of particles and any external fields. Given a

specific external potential U(F) , the system energy functional is written as

Eu[n0 (F)}EIU(F)HO (r)ar+ F[nO(F)J. (2.22)
Assuming that the particle number is constant, N = I N, (F) dr, then this energy functional

E, [no (F)} is equal to the ground-state energy for the correct n, (F) and has a minimum

value.

When the electronic spin and the relativistic effect are taken into account, the
extension of Hohenberg-Kohn theorem can be referred in the review article by Callaway
and March™.

2.2.2 Kohn-Sham Equation

Based on Hohenberg-Kohn theorem, the system properties at ground state can be

determined once we know the exact form of the universal functional F [no (F)} Kohn

and Sham® published their work on this issue in 1965: the many-particle variational
problem is replaced by an independent-particle equation with all the many-particle effects
covered in the exchange-correlation term, and then a self-consistent procedure is
provided to solve the ground state of the system. A brief introduction of their work is
given below.

Kohn and Sham proposed that the system energy is

Ezju(F)nO(F)dFJr%”M FdF+G[nO(F)}, (2.23)

‘F—r/
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where G [no (F)} is a universal functional of particle density at ground state,
G [no (F)J =T [no (F)} +E, [no (F)} . (2.24)

Here T [no (Fﬂ is the kinetic energy of an artificial non-interacting electron gas with the

same ground state density, and Exc[n0 (F)} is the exchange-correlation energy. The

exchange-correlation energy contains all the many-particle interaction information except

that in Hartree term. Given a slowly varyingn, (F), the exchange-correlation energy is
assumed to have a localized form that is called the local density functional approximation

(LDA). If 5)«:[”0 (F)J is the exchange-correlation energy per electron of a uniform

electron gas with density n, (F) , then

E.e= [, (Fese [no (F)}d?. (2.25)

Here the exchange-correlation energy is determined by &, [no (F)} , which comes from a

homogeneous electron gas.
With the constraint that the number of electrons being a constant, we have the

following variational form,

Jon,(r) ¢(F)+%O((:))L#x{no(?ﬂ dr=0, (2.26)

where

¢(F)=U(F)+j@d7, (2.27)
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1, [no (F)} - M (2.28)

dn,
The variation form of the Eq. (2.26) leads to a single-particle Schrodinger-like equation

as the following,

{eavr <o) e 7)) F) - B () 2.29)

E, andt//,( )are eigenvalues and eigenstates of this equation. The relation between the

electron density and wave functions at ground state is

(i)

Eq. (2.29) is called the Kohn-Sham equation, which represents a mapping of the

N

nO(F):Z

i=1

2

(2.30)

interacting many-particle system onto a system of noninteracting electrons moving in an
effective potential due to all the other electrons. The Egs. (2.29) and (2.30) consist of the
self-consistent procedure in practical calculations, so that the occupied electronic states
generate a charge density that produces the electronic potential that was used to construct
the equations. The sum of the single-particle Kohn-Sham eigenvalues does not give the
total electronic energy because this overcounts the effects of the electron-electron
interaction in the Hartree energy and in the exchange-correlation energy. The actual total

energy is

E= iE,——” (‘) (‘F)drdr +[n (){ C[nO(F)}—yXC[nO(F)J}dF. 231)

The functional ¢, [no (F)] can be further divided into the exchange and the correlation

terms as
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g, [no (F)J —g, [no (F)]+gc [no (F)J (2-32)

where the exchange term &, (n,)is obtained either from the Dirac exchange energy

functional,

3 3 1/3
ex(no)=—1(;j ng”, (2.33)

or from a Hartree-Fork style calculation. The correlation term, &, (n, ), can be obtained

through other methods such as the Quantum Monte Carlo (QMC).
The success of LDA has made it widely accepted, even in very inhomogeneous
cases, and has stimulated ideas for constructing improved functional, such as those from

generalized gradient approximation (GGA). The basic idea of GGA is that E is a

functional of the local electron density and its gradient,

E, =E.[n:Vn,].
There are quite a few GGA functionals that are used for different requirements, such as
Lee-Yang-Parr (LYP)"' and Perdew-Wang-91*>. One of the most important
characteristics of present GGAs is to result in the reduction of binding energy, correcting
the LDA overbinding.

The Kohn-Sham scheme powerfully handles the many-particle problem. For
instance, the structural properties of materials such as the lattice constant, the elastic
modulus, and the cohesive energy are determined to within a few percent of the
experimental values. Band gap values are underestimated by Kohn-Sham theory, because
the Kohn-Sham equation gives the eigenvalues of the Kohn-Sham particles, a collection

of fictitious particles, not the eigenvalues of real electrons. In most cases, Kohn-Sham
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scheme is used to give a first-hand estimation of the band structures. Some people try to
find an appropriate exchange-correlation functional to handle this issue. However,
Green’s function method and GW approximation are proposed to improve the band gap

values.

2.3 Solving Kohn-Sham equation numerically

In the preceding section it is demonstrated that a many-body problem can be
mapped into a noninteracting single-particle problem with an effective potential
containing all the interaction information. While the task to handle an infinite number of
electrons moving in the static potential of an infinite number of nuclei is still formidable,
Bloch’s theorem overcomes this difficulty.

Bloch’s theorem states that the electronic wave functions in a periodic solid can be

written as a product of two parts®,
wi(r)=e*"f,(r), (2.34)
where f, (F) can be expanded with a discrete set of plane waves whose wave vectors are
reciprocal lattice vectors of the crystal,
f (F) =Y csexpliG-r]. (2.35)
G

Here the reciprocal lattice vector G is defined by G I=2zm where |is a lattice vector
of the crystal and mis an integer. And then each electronic wave function is a sum of

plane waves,

v, (F):Z%a exp[i(R+G)-r]. (2.36)
G
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In principle, an infinite plane-wave basis set is desired to expand the electronic
-  —|2
wave function. But the coefficient C . - with a small kinetic energy (l/ 2m)‘k+G‘ is

more important than that with large kinetic energy. Normally the basis set can be
truncated so that only those plane waves with kinetic energy less than a certain value

E..o are retained. When a plane-wave basis set is used to express the electronic wave

cuto
function, the Kohn-Sham equation becomes a particularly simple form. Insert into Eq.

(2.29) the sum from Eq. (2.36), and integration over r gives a secular equation,

/

1 V- =2 E— E—
ZH%)‘“G‘ 5. +(p(G—G )+ yXC(G—G )}cim, —EC,..  (237)

To find the solution of Eq. (2.37), we must diagonalize the Hamiltonian matrix with

, given by the materials in the bracket above. The size of the matrix is

elementH _ . _
k+G.k+G

2

decided by the cutoff energy (1/ 2m)‘R +Ge

Because the electronic wave functions have complicated nodal structure near the
ion cores, if all the valence electrons and core electrons of the system are taken into
account, the size of this Hamiltonian matrix might be intractably large. A convenient
solution for this trouble is to use the pseudopotential approximation.

2.3.1 Pseudopotential Approximation

We know most physical properties of solids depend on the valence electrons to a
much greater extent than on the core electrons. When we use Bloch’s theorem to solve
the Kohn-Sham equation, one critical issue is that a large number of plane-waves are
required to expand the core orbitals and to follow the rapid oscillations of the wave

functions of the valence electrons in the core region. The pseudopotential approximation
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removes the core electrons and replaces them and the strong ionic potential with a weaker
pseudopotential acting on a set of pseudo wave functions rather than the true wave
functions. The true valence wave functions oscillate rapidly in the core region because of
the strong potential of the nuclei and core electrons. This oscillation ensures the
orthogonality between core wave functions and valence wave functions as required by the
exclusion principle. An ionic potential, valence wave function and the corresponding
pseudopotential, and pseudo wave function are illustrated in figure 2.1*. The
pseudopotential is designed ideally so that its scattering properties or phase shifts for the
pseudo wave functions are identical to the scattering properties of the ion and the core
electrons for the valence wave functions, but in such way that the pseudo wave functions
have no radial nodes in the core region. Pseudopotential approximation scheme allows

the pseudo wave functions to be expanded with a much less plane-wave basis states.

Figure 2.1 Schematic illustration of all-electron (solid lines) and pseudoelectron (dashed
lines) potentials and their corresponding wave functions. The radius at which all-electron
and pseudoelectron values match is designated r, [44].
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There are two types of pseudopotentials: empirical®® and ab initio. The
parameters of the empirical pseudopotentials are obtained from the experimental data
fitting of a specific material. Its accuracy depends on the fitting procedure, and therefore
its utility is limited to the material from which the parameters come. The ab initio
pseudopotential is obtained from the core electronic states of atoms of a certain element,
independent of the chemical environment outside of core region. The ab initio
pseudopotential has better transferability and nowadays is widely used in first-principles
calculations.

The basic idea of the ab initio pseudopotential approximation is demonstrated in
the orthogonalized-plane-wave (OPW) calculations, which were first introduced by
Herring in 1940*"**. A major part of the large negative potential energy inside the atomic
core region and the large positive kinetic energy of the valence electrons in the same
region cancel out. OPW method gives a pseudopotential with pseudo wave functions that
is still “hard core”. The pseudo wave functions are proportional, but not equal, to the real
wave functions outside of the core region. Norm-conservation condition® was thereafter
proposed to make improvement. Then pseudopotentials constructed following the norm-
conservation requirement are referred to as norm-conserving pseudopotentials. However,

norm-conserving pseudopotentials are not reliable to handle first-row and transition-

metal atoms, because the highly localized p and d orbitals which are nodeless cannot be

represented efficiently.
2.3.2 Ultrasoft pseudopotential
In 1990 Vanderbilt™>' first proposed the ultrasoft pseudopotential model in 1990.

The potentials have a separable form well suited for plane-wave solid-state calculations
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and show reliability for application to first-row and transition-metal systems. The
pseudopotential itself becomes charge-state dependent, the usual norm-conservation
constraint does not apply while the transferability is allowed to be improved

systematically with holding the cutoff radius fixed.

Considering an all-electron wave functiony, (F) of definite angular momentum

Im , which is a solution of the Schrodinger equation at an arbitrary energy ¢, , we have
[T +Ve (F) | (F) =2 (7). (2.38)
Here i ={¢Im}is a composite index, T = —lvz, V,e 1s the original reference screened
2

all-electron potential. Cutoff radii r, and r* are chosen for the wave functions and local

pseudopotentials, respectively. And a diagnostic radius Ris chosen so that all pseudo-

and all-electron quantities agree beyond R . Now a pseudo-wave-function ¢ is

constructed with two constraints so that it joins smoothly to v, (F) at r,and it satisfies

the norm-conserving condition <¢| |¢i>R = <1//i |;//i>R . Then a local wave function is defined
as the following,

|2)=(&-T Vi, )|4). (2.39)
which vanishes at and beyond R where V, . =V, . and & =y,. The nonlocal

pseudopotential operator is defined as

(2.40)
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It is straightforward to verify that |¢|> is an eigenvector of T +V, +V,, , and the

loc
scattering properties and their energy derivatives are correct at &; .

The second stage is to generalize the procedure above to the case of two or more

energy €, . The set of pseudo wave functions ¢ 's is constructed from the all-electron
wave functions y,'s as before, except that they have to satisfy the generalized norm-

conserving condition
Q;=(wilw,). —(a]g,) =o0. (2.41)

Forming the matrix B = <¢| ‘ Zi > and defining a set of local wave functions

|’Bi>:Z(B_l)ji‘Zj>’ (2.42)

]

which are dual to the |¢I > , the nonlocal pseudopotential operator can be chosen as
Vi = 2By |8)(8]- (2.43)
i
Then it can be verified that
(T +Vie +Va —&)| ) =0, (2.44)
and that Bjand V, are Hermitian whenQ;; =0.

The third stage is to show that the constraint Q; =0 is unnecessary, if one is

willing to adopt a generalized eigenvalue formalism in which an overlap operator appears.

The nonlocal overlap operator is defined as,

S=1+2.Q,|8)(5] (2.45)

and then redefine the nonlocal potential operator to be
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V,, = ZJ: Dy |8)(5;]. (2.46)
where
D, =B, +£Q,, (2.47)
and Q, = <1//i lv,) - <¢, |#,). - Following these definitions, we have
(41s]4), =(wilws), (2.48)

and the pseudo wave function |¢i|> is the solution of the generalized eigenvalue problem

(H-£S)|4)=0, where H=T+V, +V, and S are Hermitian. When we make

loc
derivative of the equation (H —&S)|g,)=0 with respect to &, we may find that the

logarithmic derivatives of all-electron and pseudo wave functions match in the usual way.
The deficit of valence charge in the core region associated with a pseudo wave function
needs to be restored. The solution of the generalized eigenvalue problem should be

normalized according to

(4,:18]4,¢) =3, (2.49)

To make up the deficit of the charge, the valence charge density is defined as

n, (F):;¢:R (F)¢nR (F)"'%:piiji (F), (2.50)

where
Pi =Z<ﬂi |¢nR><¢nR ﬂ,~>, (2.51)
Q; (F)=wi (F)ws (r)-4 (F) e (). (2.52)

26



Following Eq. (2.45) and Eq. (2.49), we have jnv (F)d3 r =N, exactly, where N, is the

number of valence electrons in the unit cell.
2.3.3 Projected augmented wave method

Pseudopotential approximation permits accurate calculations with a smaller set of
plane-wave basis states. The price to pay is that all information on the charge density and
wave function near the nuclei is lost. That loss causes the transferability problem: for
instance, pseudopotentials constructed from an isolated atom might not be guaranteed to
be accurate for a molecule. The projected augmented wave (PAW) method™ is a
combination of augmented wave method and the pseudopotential approach. Without
sacrificing efficiency, the projected augmented wave method avoids transferability
problems of the pseudopotential approach, and the PAW method has been valuable to
predict properties that depend on the all-election wave function, such as full charge and
spin density.

Considering a transformation operator T that connects the real valence wave

functions |‘P> and that of a set of smooth pseudo wave functions‘ ‘T’> :

|\P>:T‘\T’>=[1+ZSR]“¥’>. (2.53)
R
Here each S; adds the difference between the true and the auxiliary wave function. The

index R is a label for an atomic site Q2; which encloses one atom. All-electron and

pseudo wave functions coincide outside this augmentation region. Within Q. we have

[4)=(1+5:)|4,) (2.54)

27



where |¢|> and ‘(,75|> are the all-electron and pseudo partial wave functions of valence

states, respectively, and i={R,nIm} is a composite index. The pseudo wave functions
are smooth and complete inside Q, and identical to the all-electron partial wave

functions outside Q. The all-electron and pseudo wave functions can be expanded in

terms of the pseudo partial waves
\@>=Z\§>i>ci, (2.55)
¥)=T|¥)=>|g)c, (2.56)
so we have
|\P>=\\?>—Z\éi>ci+Z|¢i>ci. (2.57)
Then we write the coefficient C, as
¢ =(p:|¥), (2.58)
which defines the projector function \ D) \Bi> probes the local character of the auxiliary

wave function in the atomic region, with

Z\%><Bi\=1, (2.59)

(pi|d)=5;. (2.60)

Eq. (2.57) thereafter can be written as

|\P>=T\\?>=(1+Z(|¢z>—\éi>)<5iUm. 2.61)
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This expression for the true wave function can be understood in this way. Consider two

regions: (1) Far from the atoms, ¢i|>:‘&,> , so that |‘P> :“T’>; (2) Close to an atom,

because Z‘;ﬁixﬁi‘:l; then we have|‘P>=Z|¢,><5i“¥’>. It is constructed from the

partial waves that contain the proper nodal structure.

The core states are decomposed in a similar way,

“P°>=‘ff’°>+

~c
¢°>—‘¢ > (2.62)
Here the projector function is simplified into the unity operator.

The expectation value of an operator A can be expressed in terms of either the true

or the auxiliary wave functions,

NC

(A) =21, (o A )+ D (g
=X £, (¥

A

)

#
#).

>

(2.63)

NC

T*AT‘\E>+Z<

n=

C
| A

where f, are the occupations of the valence states, and N, is the number of core states.
The first sum runs over the valence states and the second over the core states. Following

the Eq. (2.63), the physical quantities such as charge density n (F) and total energy E can

be obtained accordingly.
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CHAPTER THREE

AB INITIO CALCULATIONS OF SECOND-, THIRD-, AND
FOURTH-ORDER ELASTIC CONSTANTS FOR SINGLE

CRYSTALS

3.1 Introduction

In the theory of linear elasticity, infinitesimal deformation strains are assumed. As
a result, the second-order elastic constants (SOECs) are sufficient to describe the elastic
stress-strain response and wave propagation in solids® *%. In case of finite strains, the
theory of nonlinear elasticity is required™>’. It is well known that third-order elastic
constants (TOECs) are important quantities to describe nonlinear mechanical effects. In
many occasions, even higher order elastic constants such as the fourth-order ones may be
needed to describe the nonlinear effect. As shown by Ghate™, for a crystal with cubic

symmetry subject to a simple shear with a finite shear strain, e.g., 77,,, the elastic energy

expanded in Taylor series to the third order in terms of the strain parameter

gives E=E, +y, +y; , where E, is the energy of the undeformed sample,
w,=C,n5/2, and y, =0. The last result shows that nonlinear effect, if there is any,

would not be present in this case. To reach higher order accuracy, one would expect to
2 4 . . :
add the fourth order term,y, :§C44441712 , in which the C,,,, is the fourth order elastic

constant (FOEC). In many real applications beyond this simple example, there are plenty

of cases where the high order elastic constants are needed that are not merely limited in
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the area of mechanics. For example, TOECs, FOECs, and higher order elastic constants
have been used to interpret anharmonic phenomena in solid-state physics, such as
phonon-phonon interaction, Griineisen parameters’’, etc. They also have appeared in the

60-61

development of ion-electron pseudopotentials®®®', or empirical interatomic potentials®.

2-64 . . . -
6264 and piezoelectric properties®®® have drawn

Recently, the nonlinear effects in elastic
many interests in nanoscale materials where nonlinear effects become significant. Of
particular interest are those activities that involve the fourth-order elastic constants in the
description of nonlinear phenomena such as intermodulation in thickness-shear and

67-68

trapped-energy resonators’' ", the generation of third harmonics in finite-amplitude

waves”, the description of shock-compression stress-strain curves’> ', and in the
nonlinear constitutive equations for thermo-electroelastic materials’.

Many experiments have been performed to determine the SOECs and high order
elastic constants’>. However, for crystals with low symmetry or with low yield stress, to
obtain a complete set of TOECs is still not a simple task. For FOECs the difficult
becomes more acute. As a result, there are few experimental values for the FOECs
available so far. A feasible alternative is theoretical calculations. In the past two decades,
several theoretical methods have been developed to calculate higher order elastic
constants for single crystals. For the TOECs, there are quite a few methods available,
including empirical interatomic force-constant model’*”>, molecular dynamics simulation

using fluctuation formula’®"’

, the methods of homogeneous deformation based on
empirical or the first-principles total-energy methods’®, and other quantum calculations’"

81 The approaches used in the TOEC calculations, in principle, could be extended in the

calculations of the FOECs, except that certain care must be exercised due to the
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increasing complexity of the formulations and the demand for high accuracies needed in
the computation.

In this chapter, we shall employ the method similar to that practiced earlier by
Nielsen and Martin” ™. In this approach, the homogeneous deformation strain is applied
to the system, and usually simple deformation modes are used such as uniaxial tension or
compression, simple or pure shear, and other combinations of homogeneous strains. The
total elastic energies of the system subject to these deformations are calculated using ab
initio methods employing the density-functional theory (DFT). The internal energy-strain
curves under the various strains, which are often far beyond those of the linear elastic
limit, are numerically fitted using polynomials. Because of the deliberate selection of the
homogeneous deformation modes, the coefficients in the internal energy polynomial
functions are simple combinations of the second-, third-, or fourth-order elastic constants.
Through the numerical fitting, we can obtain the elastic constants straightforwardly.
Recently, the same method was used in the first-principles quantum mechanics
calculations of the third-order order elastic constants by Zhao et al®* and Lopuszynski
and Majeski®™ in single crystals with covalent bond. Their results show good agreement
with experiments. In this paper, we extend this method to calculating the fourth-order
elastic constants, which to the best of our knowledge, has not been systematically
performed and tested.

This chapter is organized as follows. In section 3.2, we give a general introduction
of nonlinear elasticity with a particular attention paid to the relation of the higher order
elastic constants with the internal energy. In section 3.3, we present the methods of

applying homogeneous deformation strains to the system and ab initio calculation to
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obtain the internal energy-strain relations. In section 3.4, we give the results for the
calculated fourth-order elastic constants for the four FCC metals: Cu, Al, Au, and Ag,
along with the second- and third-order ones. Available results from experiments and
other theoretical methods are also shown for comparison. In section 3.5, we draw

conclusions from this work.

3.2 Theory of nonlinear elasticity

For a solid body subject to a finite deformation, the configuration of a material

point in the system after deformation is represented as X = X(a), where a is the initial

configuration at the equilibrium state. The deformation gradient is defined by

OX;
o (3.1)
' oa,

where 1 and j (=1,2,3) represent the Cartesian coordinates. Then the Lagrangian strain

tensor is defined as
1 .t

where | is the unit matrix.
The internal energy and the free energy are related to the Lagrangian strain tensor

in the theory of nonlinear elasticity through Taylor series expansion in terms of the strain

22, 53-54
tensor—™ R

u (aa77ij ,S)=U(a,S)+(1/2!)V Zcijsklnijnkl +(1/30V Z Ci?klmnnijnklnmn +

ijkl ijkimn

(1/4')V Z Ci?klmnpqnijnklnmnnpq +.., (33)

ijkimnpg
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Fa,n;,T)= F(aaT)+(1/2!)VZCiJT'k|77ij77k| +(1/30V z CiJTk|mn77ij77k|77mn +

ijkl ijkimn

(1/4')V Z Ci}-klmnpqnijnklnmnnpq T (34)

ijkimnpq
where U(a,7;,S) is the internal energy, F(a,7;,S) is the Helmholtz free energy, T is

the temperature, S is the entropy, and V is the volume of the system.
The elastic constants of second, third, fourth, and higher order are defined as the
second-, third-, fourth-, and higher order derivatives of the above functions with respect

to the strain, respectively. The adiabatic elastic constants of second-, third-, and fourth-

order are
Cia =V ' (0°U /0m;0m)s,» (3.5)
Ciumn =V ' (0°U /017,0174077,1)s, (3.6)
Cifk,mnpq =V~'(U /Gnijanklanmnanpq)w (3.7

And the isothermal elastic constants are

CiJTkl =V~(0°F /anijankl ) (3.8)
CiJTklmn =V (&°F /01501140y )y (3.9
Clanmpa =V " (O°F /0101401007040 )1, (3.10)

These elastic constants are defined at the initial configuration a, where 7; are measured

from a . The initial state as represented by a is in fact arbitrary but must be in

equilibrium. In this work, we have the initial state a at 7 =0, a undeformed state. Since

our ab initio calculations are performed at 0 K. F =U -TS=U, so C®*=C". We will

not distinguish those two types of elastic constants in the following.
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We can simplify the notations in the tensors by using the Voigt notation (11— 1,

222,333,234, 31—>5,and 12 - 6). We have therefore for the strain tensors,
My =M My =My Ty —> M35 Mys > 1,12, 5, > 15 /2, and n, — 1, /2. Equations

(3.3) and (3.4) now can be written as

_ 1 1 1
VU (a,n)—U(a,O)]=5 z G711 +§ Z G177 71, +m z Cija 171070 + .-
NijkLe Nojio=ie

“i,j=16
(3.11)
For single crystals with cubic symmetry, we can express Eq. (3.11) in the second-,

third- and fourth-order terms of the strain tensor,

VU @) -U@0]=y, +y, v, (3.12)

where

1 1
W, =50n(’712 +175 +175 )+ Cpy (77, + 11,774 +773771)+5c44(nj +n+10), (3.13)

1 1
78 =gcm(f75 +175 +175 )+50112(f72775 00 + 1 s + 1,175+ 17773)
1 2 2 2
+C 03711577, +ECI44 (mny +mns +m5m5) +

1
Eclss (772773 + 773773 + 7717752 + 7737752 + 7717762 + 7727762) + Cys6M475M76 > (3.14)

and™®,
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1 1
v, =—C, (' +n) +f7§‘)+ngz[77?(f72 +173) + 175 (s + 1) + 175 (1, +17,)]

24

1 1
+7Cm (n'm; +mm; + 103 7712)+5an3 (151,15 + 130, + 1,

1 1
+ZC1144(775773 +175172 +77§77§)+ZCHSS[775(77§ +15)+ 15 (173 +1)+ 103 (75 +12)]

1
+ Coasslinin, (5 +12)+ 0y (5 + 1)+ s +15)]

1
+ EC1266 (7717727762 + 77277377: + 7717737752) +C 5671515 (1 + 17, +175)]

1 1
+£C4444(77;1l +77: +77§)+ZC4455(7757752 "'77527762 +776277:)' (3.15)

As shown above, there are three independent SOECs (c,,, C,, and C,, ), six
TOECs (€;;1,Cy1,,Cp53,Cpay,Cpss5, and Cyqq), and 11 FOECs (€41, Cy155 €y Crinss Cpiaa s
Ci1s5> Ciasss Ciags » Ciass» Casua» a0d Cuss). As shown below, these elastic constants can be

obtained in the theoretical calculations by subjecting the system to various simple
deformation strains, provided also that the system does not have any polymorphic phase
transition and internal deformation under these strains.
The Lagrangian stress is defined as the first order derivative of the internal
energy or Helmholtz free energy with respect to the strain tensor,
o, =V '(0U /an, )=V (oF /on,) (3.16)

which can also be used also to evaluate the elastic constants’>°.

3.3 Methods of homogeneous deformation and ab initio computation
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Table 3.1 For each type of strain modes, 77,($), a = A,B,...,K, the internal energy is
expressed as a polynomial function of &. The coefficients P,,P,,P, in Eq. (3.17) are
shown as the linear combinations of the second-, third-, and fourth-order elastic constants,

respectively.
Strain type P2 P3 P4
1
UA:(§7090907030) 1 —Ciyy 1
Cll 6 Cin
2 24
1 1 1 1
UB :(59530909030) C]] +C12 gcm +C ECnnJrgcszrzcnz:
1 1 1
77(: :(53_530303030) Cll_C12 O Ecnn_gcmz*'zcnzz
1 1 1 2
77D :(5,0,0,25,0,0) §C11+2C44 6C111+2cl44 ZC1111+C1144+§C4444
1 1 1 2
77E =(§,0,0,0,0,2§) EC11+2C44 gC111+2C155 ﬁcmﬁcnss +§C4444
77F = (07 Oa Oa 255 257 25) 6C44 8C456 2C4444+12C4455
2
7 =(0,0,0,2£,0,00  2C, 0 2e.
1 1 1 1 2
Ny = (5, gaoa 0,0,25) Q1+C12 +2C44 gcm +C,, +4C,; Ecllll +§sz +chzz +2C1155+2C1266+§C4444
1 1 1 1 2
77I = (5’ ga O’ 25’0’ O) Cll +C12+2C44 gclll +C112+ZC144+2C155 ECHH+§C11|2+Zc|m+c|144+C|155+2C1355+5c4444
1 1 1
1, :(57 0’ 09 2§> 2§> 26) ECH +3C,, gclll +2C,, +4C,55 +8C 5 acllll +C14s +2C, 155 +8C 56 +2C 0, +12C 5
3 1 1 3 3
77}( :(55556707070) 5C11+3C12 5C111+3C112+C123 §C1111+Clllz+ZCIIZZ+EC1123

Eq. (3.11) and Egs. (3.13-3.15) suggest that we can treat the internal energy

difference as a polynomial function of the strain parameter 7; . Since there are six strain
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components in the strain tensor s when the system is rotation-free, one must select
specific deformation modes to reduce the number of the strain components that will
appear in the internal energy function. To make this feasible, we can select certain simple
deformation or loading modes such that the strain tensor 7; only has one or a few
components. As a result, the coefficients in the polynomial are simple combinations of
the elastic constants. For example, if we choose to subject the system with a uniaxial
tension along the x direction (or i, j=1), the tensile strain, 7, =&, and the rest of the
strain components are all zero, that is, 7 =(£,0,0,0,0,0,0). From Egs. (3.13-3.15), we can
see that this selection of the deformation mode results in an internal energy that can be
expressed as a polynomial of the strain parameter ¢ , that s,
VU (0,8)-U(0,0)]=1/2¢,,E* +1/6¢,,,E +1/24c¢,,,,&*. To simplify the matter further,
we can use only one scalar parameter & for all non-zero strain components. The selection
of the different deformation modes leads to different strains used in this work, which are
labeled as 7, , a=A,B,..,K and listed in table 3.1. There are total of eleven
independent deformation modes we use in this work. Therefore, each time we apply a
certain type of deformation mode to the crystal system, we use a specific strain parameter
n, in which there is only one strain parameter £ that we can vary. That is, when we

substitute a particular type of strain to Egs. (3.11-3.16), we will have the polynomial

functions for the internal energy function and the stress,
VT U(@a,$)-U(@0)] =f,[n,()]=P& +R& + P& +0(). (3.17)

V7(@U /o) =0,[n,(9)]=Q8+Q,5" +Q,&7 +0(&™), (3.18)
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where o = A, B,...,K and the coefficients, P,, P,, P,, Q,,Q,, and Q,, are related to the

elastic constants. As mentioned earlier, we have eleven of those functions for the internal
energies and stresses corresponding to the different strains that are needed to fit 11 of the
FOEC:s (see table 3.1).

To implement the different deformation modes in our calculation, we need to
have the deformation gradient matrix J. As mentioned at Eq. (3.2), J is related to the

strain 77. Inversion of Eq. (3.2) gives
1
Jij :é‘ij +77ii_52k:77ki77ki+“" . (3.19)

For a given strain 77, in general, J is not unique, but this is not a problem since the

Lagrange strain brings rotational invariance of total energy. Furthermore, for the system
without rotation Eq. (3.19) provides a unique relation. We then apply the deformation

gradient J to each of the crystal lattice vector r,, where i is the lattice index. The
deformed, or strained crystal is obtained then from R, = J;r;.

For each specific deformation mode in our calculation labeled as a = A, B,...,K,

we change the value of & from —|¢

max

| to +| <& . | with a finite step size A&, where
&oax 18 the maximum value for the strain parameter chosen for each deformation

calculation. As we show below, the values for both &

max

and A& are important to

obtaining high quality data, which are needed for the calculations of the higher order

elastic constants. For each value of &, the total energy and stress tensor of the deformed

crystal are calculated by ab initio method. Therefore, in our case, the 11 internal energy

polynomial curves are calculated separately.
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To obtain the coefficients in Egs. (3.17-3.18) we fit the polynomial curves, f (&)
and o(&) . Using nonlinear least-squares fitting, we first obtain the values for the
coefficients P,,P,,P,, and Q,,Q,,Q,. Each of these coefficients is a linear combination

of the second-, third-, or fourth-order elastic constants; P, is given in table 3.1. Then

from the relations between the coefficients and the elastic constants, we can obtain the
later.

In this paper, we will use FCC single crystal as examples because first, they do
not possess internal deformation related to the absence of inversion symmetry. Secondly,
as compared with other types of crystals, these FCC metals have the complete set of the
third- and fourth-order elastic constants available from experiments or theoretical
calculations, so we have those reference data to compare. Third, since we propose to use
DFT to compute the FOECs, our goal is more on testing the feasibility than on general
utility of this technique which may be extended later to other systems with more
industrial and commercial relevance, which includes some covalent crystals that have the
FOECs available from experiments’.

For the cubic crystals, there are 11 independent fourth-order elastic constants, so
we need at least 11 types of homogeneous deformation strain parameter, since for each
deformation mode, we can only identify one coefficient as a linear combination of a
certain number of the fourth-order elastic constants. We should mention that from the
stress-strain relation (Eq. (3.16)) we could in principle obtain the fourth-order elastic
constants as originally shown by Nielsen and Martin "**. In this work, however, we shall

focus on the method based on the internal energy-strain relation (Egs. (3.11-3.15)).

40



To obtain the internal energy, or strain energy at T=0 and with only external force
exerted by applying strain, we performed the ab initio calculations using the Vienna ab
initio Simulation package (VASP) developed by the Hafner Research Group at the
University of Vienna®™. VASP uses pseudopotentials or the projector-augmented wave
method (PAW) and a plane wave basis set. To obtain lattice parameters that are in better
agreement with experimental values, we used the exchange-correlation energy evaluated
by local-density approximation (LDA) for Ag and Au; for Al we used generalized
gradient approximation (GGA) of PWO91 type. Ultrasoft pseudopotentials™ were
employed to describe the electron-ion interactions for Al, Ag and Au, while projector-
augmented wave method was employed for Cu, with Perdew-Burke-Ernzerhof GGA
functional. Since high accuracy is needed to evaluate the FOECs, we used the k -point
mesh ranging from 24x24x24 to 30x30x30 in our calculations following the
Monkhost-Pack scheme. As our experience shows, it is sufficient to reach the desired

convergence for the total energy, as well as for the fourth order elastic constants. We took

the cutoff energy set at EX . =500 eV, ESY . =490 eV, EX = =500 eV, and EX =

cutoff cutoff cutoff cutoff
450 eV, which as our experience shows are sufficiently large for the total energy to
converge to the equilibrium state, and particularly for the fourth order elastic constants to
converge well.

Take Cu as an example. Figure 3.1(a) shows the internal energy convergence with
the k -points grid size. Starting from 14x14x14 K -points grid, the internal energy is
well converged. Figure 3.1(b) is a zoom-in picture of Figure 3.1(a), it shows at the k -
point grid size we used of 30x30x30, the internal energy convergence at meV level.

Figure 3.2 shows how the selection of the cut-off energy affects the internal energy
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convergence. As shown, ES' . = 490 eV is sufficient. The calculated lattice constant of

the FCC Cu at the equilibrium state is shown in Figure 3.3; so we use 3.64 A as the

equilibrium lattice parameter to construct our supercell in the simulation work later on.
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Figure 3.1 (a) The dependence of the first-principles results of internal energy of Cu on
the k -points mesh size. The energy converges well when the k -point mesh size goes
beyond 14x14x14 . (b) The inset is the zoom-in picture of the internal energy variation
with the k -point mesh size. It shows that the energy converges to meV level at the choice
of the Kk -point mesh size.
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Figure 3.2 (a) The calculated internal energy of Cu as a function of the cutoff energy. (b)

The inset is the zoom-in picture of the energy that converges within meV level when the
cutoff energy is beyond 340 eV. In our calculation, we chose E"

Cu =490 eV.
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Figure 3.3 In the calculated internal energy of Cu as a function of lattice constant, the

equilibrium lattice parameter is found to be 3.64 A, which is determined from the
corresponding minimum value of the internal energy.
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The convergence test for the calculated elastic constants of Cu is presented in
figure 3.4 and figure 3.5. Those results show us a stronger dependence of the fourth-order

elastic constants C,,,,,C,,,,,C,..4,C,,5s on the cutoff energy and Monkhost-Pack k -point

1111°
mesh size as compared with the total energy. From the four samples, it is clear that the

FOECs converge rapidly after the k -point mesh size reaches 24x24x24 . For the

selected parameters (ES" . =490 eV and 30x30x30 Kk -point mesh size), the relative

cutoff
difference between the FOECs obtained with this mesh size and with the smaller mesh
size of 28x28x28 is less than 1%. This difference is less than the standard error when
we perform polynomial fitting. Therefore, we adopt the following criterion in our
selection of the k -point mesh size: in the converging region, if the difference of FOECs
calculated with two successive k -point mesh sizes are within 1%, we shall pick the later
as our choice. The same principle applies to cutoff energy selection. This approach

allows us to save considerable amount of computing time.
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Figure 3.4 The dependence of four fourth-order elastic constants C,,,,,C,,1,,Cuu445C) 155

on the Monkhost-Pack k -point mesh size. With ES! . =490 eV applied to all points, the

cutoff

relative difference between two successive values of examined constants in our test after
24x24x24 is lower than 1%.

45



1.26 r T r T r T T T T I T I 7.10
I (@ —u—C .
1.24 -— : . 1 4705
1.22 E i T C1112 ] 4
- : ; - 7.00
1.20 + feaes . e
i . §—— - u
T 118 | ' ' ' B R
o L : i i 4 %
P 1.16 - : i - s 690 o
= L : : o
hal 1 Z
Sty P : : : Jess ¢
= I ; —A— A A a0 -
O 112 |- - A &
I : ; - 6.80
1.10 - - —
1.08 |- 187
1.06 [ L i L i L 1 s 1 s 1 s 1 6.70
350 400 450 500 550 600 650
Energy cutoff (eV)
5.16 r | r T r T T T T T : I 6.36
5.14 [ o | 1
i : f : ' ' - 6.32
512 . _‘_01155 .
E 5.10 |- - . 4628 E
I et " T ———n " 5]
MO 5.08 |- e -
o i i o
3 5.06 ‘___ . .. 624 i
o) s A A A— 4 | &)
5.04 [ 5 i
L i i - 6.20
5.02 : i |
500 " 1 " l " 1 L 1 L 1 L 1 6.16
350 400 450 500 550 600 650

Energy cutoff (eV)

Figure 3.5 The dependence of four fourth-order elastic constants C,,,,,C,,1,>Cu145Ci 155

on the cutoff energy. With 30x30x30 Kk -point mesh size applied to all points, the
relative difference between two successive values of examined constants in our test is
lower than 1%.
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Table 3.2 The calculated and experimentally determined lattice constants for Cu, Al, Au,
and Ag. The unit is A.

This work Experiment
Cu 3.64 3.62°
Al 4.04 4.05°
Au 4.07 4.08 ®
Ag 4.02 4.09 *

 Ref. 85 (T=25 C).
®Ref. 85 (T=24.8 C).

The lattice constants we obtained for Cu, Au, Al, and Ag are very close to the
experimental measurements®, the results are listed in table 3.2. Ag has a relatively larger
deviation as compared with other metals in this group. As seen below, this larger error for
Ag in the lattice constant may also be the reason that the elastic constants calculated
show larger differences as compared with the reference data. In addition, we would like
to mention that since our calculation is performed at 0 K and the experimental values are

measured at room temperature, certain differences in the lattice constants and elastic
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constants should be anticipated. Based on those calculated lattice constants, we prepared
supercells to calculate energy-strain curves. The deformation is implemented for each
supercell using the deformation gradient from Eq. (3.19) in the incremental fashion

governed by the two parameters &

max

and A¢.

3.4 Results

Table 3.3 shows all elastic constants up to the fourth-order ones calculated using
the above methods. By inspecting the data in table 3.3(a), it becomes obvious that the

values of the SOECs (¢,,, C,,, and C,, in table 3.3(a)) are the best in agreement with the

experimental ones. The differences are well within 5% for Cu, Au, and Al, but a large
deviation around 20% is found for all three SOECs for Ag, which may share the same
origin as that in the lattice constant calculated. Nevertheless, the excellent overall
agreement of the SOECs provides the support for the approaches used in this work,
which appears more feasible as compared with other ab initio calculations™ .

As compared with the SOECs, the TOECs are much difficult to measure
experimentally. As a result, only a small number of FCC metals have a full set of TOECs
available that include Cu, Au, Al, and Ag73’ 8790, By inspecting the data in table 3.3(b),
we see that the overall agreement between our calculated TOECs for all FCC metals
listed and the existing experimental values is very good. For Cu and Al, we tabulated
three sets of experimental data, one at 4.2 K for Cu, one at 80 K for Al, and two at RT for
both metals. We see that our ab initio calculation captures both the signs and the

magnitude of the TOECs very well. A small positive C,, for Cu and C,,; for Al are

reproduced well; and both C,, and C,,, agree with experimental values very well,
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especially for Al. For Au, the opposite sign was found for C,,,, which we suspect is

caused by the temperature effects, as seen for Cu, since the experimental value is at RT
while our calculation is at 0 K. A set of TOECs for Cu from a total energy calculation by
Soma and Hiki is listed also in table 3.3 for comparison.

The discrepancies found in the TOECs could be originated from many sources in
experiments as well as in our calculations. For experimental measurement, as noted by
Hiki and Granato’', dislocations could be easily generated when the samples are under
external loading during measurement since pure single crystals have relatively low yield
stress. The dislocations would cause interference in the ultrasound waves, leading to

errors. For this reason, those higher order elastic constants (C,,, C, C,, etc.) that
involves shear would have much larger uncertainties. In ab initio calculation, as noted in

the work of Zhao et al.,” the strain range &

max

is an important parameter affecting the

accuracy of the elastic constants. This is understandable as the nonlinear elastic constants
become significant only when the strains are larger. Another parameter is the strain
incremental value, A&. Too large a value could lead to systematic errors.

For the above reasons, the FOECs are much difficult to obtain in our calculations.
To get converging values for them, besides the large k -point mesh size and energy

cutoffs, we need a larger strain range &

max *

As for Cu, for example, C,,, converges only

after &

max

~0.15 (see figure 3.6). The reason comes from that, at small strain range, y, is
much less than y, and y, as well. Thus, if the magnitude of & is not sufficiently large,
large fitting errors will appear, resulting mainly from the fitted coefficient of y,. This

situation will be improved when those errors are not comparable with the value of
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w,with a larger strain. From different testing runs, we found that £~ 0.15 is a best

choice that was used in all our calculations of the internal energy function f,(&). With

this choice, we select a series of values for & within [-0.15, +0.15] at each strain

increment A£=0.0025 and then calculate the internal energy E at a given strain £. The

small value for A may prolong the calculations but gives better results.
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Figure 3.6 (a) Cu, (b) Au, () Al, and (d) Ag, the fourth-order elastic constants C,,,, vs

the strain range & . Only at large enough strain range do those elastic constants become

convergent. For Cu, Au, Al and Ag, we selected a strain range of 0.15, 0.10, 0.12, and
0.12 respectively.
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Figure 3.7 The calculated change in internal energy as a function of strain for the strain
tensor defined in table 3.1, 77,, and fitted by a fourth-order polynomial function.

The E—-¢ curves of f,(&) are shown in figure 3.7. The relations between E
and& are fitted with a fourth-order polynomial and the coefficients in the polynomials

are obtained numerically. Using relations in table 3.1, we obtain the elastic constants.
The calculated FOECs are shown in table 3.3(c). Since there is no single set of FOECs
known experimentally so far, the accuracy of the FOECs is difficult to judge without a
reference. The values listed in table 3.3(c) are from other theoretical calculations®™*°. For
this reason, we shall treat our calculation as an attempt to predict the FOECs from ab
initio calculations. Cu is the only case where we have a complete set of FOECs from Hiki
and Soma®® who calculated all 11 independent FOECs from an approximate scheme of

total energy and the homogeneous deformation method. For other FCC metals, various
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approximations including using empirical pair potentials and Cauchy relations were
made in the calculations. As a result, the independent FOECs are further reduced. We

listed some of these results in table 3.3(c) for comparison.

Table 3.3 The calculated (a) second-, (b) third-, and (c) fourth-order elastic constants of
Cu, Ag, Au, and Al. Experimental results and other theoretical calculations are also
shown. The unit is in GPa.

(a)
C, C, C,,
Cu 167.82 113.5° 74.5°
169" 122" 75.3"
Al 110.4° 54.52 31.3°
108° 62° 28.3°
Au 202.1° 174.2° 37.9¢
191¢ 162° 42.2°
Ag 161.2° 119.12 58.1°
122° 92¢ 45.5°

a This work.

DC.de pef. 73,
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(b)

C. Ci Cprs Ciu Ciss Cis

Cu -1507° -965° 712 78 -901° 452
-1271° -814° -50° -3° -780° -95°
-1500° -850° -250° -135° -645° -16°

-2000¢  -1220° -500¢ -132¢ -705¢ 25¢

-1190° -646° 219° 17° -800° 1°
Al -1253° -426° 1532 -12° -493° 218
-1080 315 36 23 340 30
-1224° 3739 259 -64 9 -368 ¢ 279
-1427" 408" 32" -85" -396" 42"

Au -2023° -1266° -263° -632 -930° 542
-1730° -922° -233° -13° -648° -12°

Ag -1012° 9752 1622 80° 7592 532
-843° -529° 189° 56° -637° 83"

# This work.

b,¢ At 290 and 300K from Ref. 73, 87, 88.

¢ At42K from Ref. 87.

® From a total energy calculation, Ref. 8.
fg At 300K and 298K from Ref. 73, 89.

" At80K from Ref. 73.
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(c)

Cllll ClllZ Cl 122 Cl 123 Cl 144 C1155 C1244 C1266 Cl456 C4444 C4455
Cu 1193%6°  684° 66027 982 1357  6628% 3087  5736° 417%  s088%  -101°
b b b b b b b b b b
9587 6052 6623 56 287 8701 -390 4100 43 6527 404
7449 4233°  4756°  262°  26°  4233°  262°  4756°  262°  4756°C 262 °
101008 s050%  s050° 0d 0¢ 5050 ¢ 0¢ 5050 0¢ 5050 ° 0¢
a a a _1 a a a a a a a
Al 9916 2656 3708 wo® 578 3554 91 4309 148 3329 127
3900 2173 24m1°  l1a6° 146 2113 146° 2471° 46" 2411 -146 ¢
Au 179512 87292 9033 416% 6017 7774% 752  94m2®  170% g8352° 152
103008 5150 s1s0¢ 0¢ 0¢ 5150 ¢ 0¢ 5150 0¢ 5150 ° 0¢
Ag 13604 7115 6652% 387%  _154% 52052 38 6718%  -196%  5416° 75
5780 3495° 3818 a72®  am2®  3495°  am® 3818 am2® 3s18° a7t
d d d d d d d d d d d
8 000 4000 4000 0 0 4000 0 4000 0 4000 0
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# This work.
® Ref. 88.

Ref. 89, assuming the validity of Eq. (3.21).
d

Ref. 90, assuming the validity of Eq. (3.22).

c

From the observation of the elastic constants measured from their experiment,
Hiki and Granato pointed out that while the SOECs deviate from the so-called Cauchy
relations much more, the TOECs follow them more closely,

C111 = 2C112 = 2C155:
C123 = C456 = C144 =0.

(3.20)
In fact, our results show that indeed the SOECs are far from the Cauchy relation but the
TOEC: are closer.
Hiki and Granato further expected that the higher order elastic constants would
follow the relation even more closely based on the argument that as the deformation

strains become larger, the close shell interactions between atoms become stronger. For Al,

Rose™ used the Cauchy relationship to estimate the FOECs,

C1112 = C11555
C1123 = C1144 = C1255 = C1456 = C4455: (3.21)
C1122 = C1266 = C4444-

As a result, only 4 independent fourth-order elastic constants are left (see table 3.3(c)).
Those four independent elastic constants were then obtained using an empirical pair
interaction. As for Au and Ag, Hiki et al ** utilized the generalized Cauchy relationship to
obtain the following relations among some of the FOECs,

C1111 = 2(:1112 = 2(:1122 = 2(:1155 = 2C1266 = 2C4444=

(3.22)
C1123 = C1144 = C1255 = C1456 = C4455 =0,

which obviously leads to even more reduction in the number of FOECs.
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Our results for both the TOECs and FOECs show that indeed, the Cauchy
relations are followed, more for FOECs than TOECs, given the possible errors in our

calculations. For example, for the FOECs for Cu, we have C,,,,/C,,,, =1.75, which is
very close to the ratios for C,,,/C,,, and C,,,,/C,ss. And C,,,,/C,, and C,,,,/C,,.,
are close to 2.0. The values of C,,,, C,,,,C,s C,, and C,. are very small as

compared with the rest of the FOECs. The same trend can be found for the rest of FCC

metals.

3.5 Conclusions

In this work, we represented a systematic scheme to compute the second- and
high-order elastic constants for four FCC metals using the DFT and homogeneous
deformation method. In principle, this scheme can apply to single crystalline systems
with arbitrary symmetry. Our theoretical results are in excellent agreement with
experimental results for the SOECs which are available from many measurements. For
the TOECs, the agreement with the available experimental data is very well considering
the sparsity of the experimental data and also the errors resulting from the difficulties in
the measurements. Built on the results from the SOECs and TOECs, we took a further
step forward to calculate the FOECs. While the experimental data are still not available
for those metals, our results are quite well inline with other theoretical calculations and
estimates. Our results in the higher order elastic constants also provide support for Hiki
and Granato’s expectation that as the atomic repulsion becomes stronger at large
deformation strain, the higher order elastic constants would follow more closely the

Cauchy relations. Since there are fewer experimental data available for TOECs and none
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for FOECs even to date, we would like to treat our results of the FOECs as the first
predicted values from ab initio calculations, which may serve as a valuable guide or
reference for experimenters who would someday perform a measurement. On the other
hand, we are quite encouraged by the overall results as a proof of the applicability of the

DFT calculation for such highly sensitive quantities as the TOECs and the FOECs.
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CHAPTER FOUR

NONLINEAR STRESS-STRAIN RELATIONS OF CRYSTAL

SOLIDS WITH ARBITRARY INITIAL CONFIGURATIONS

4.1 Introduction
Stress-strain response curves are a fundamental description of a material’s
mechanic properties. In the linear elastic theory of crystal”, the second-order elastic

stiffness tensors By, 's are employed to describe the stress-strain relations when

infinitesimal deformation strains are assumed. For example, given a face-centered cubic

crystal under external pressure P, when a shear strain 7, is applied to the crystal, the
stress-strain relation is: 7, = B,,n, =(C,, —P)n,. Here C,, is an elastic constant of the

crystal under pressure P, and Voigt notation is used. In case of finite strains, nonlinear

relations are required to describe the response of stress with respect to strain. As shown
by Barsch”, for crystals with the Al5 structure under uniaxial compression along the c-
axis, the nonlinear stress-strain relation was derived using second-, third-, and fourth-
order elastic constants, and then the results were compared with the experimental data;

fair agreement was observed. In that work, the crystal sample V,Si was initialized at a

's, and C.

'
ikimnpg S - However,

stress-free state. They used elastic constants, Cy, 'S, Cyypy
generally speaking, for crystal solids with arbitrary initial states, its nonlinear stress-strain

relations are more complicated. We need second-order and higher order elastic stiffness

tensors. This problem is still open in both experimental and theoretical fields.
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In this chapter, we present an analytic derivation of nonlinear stress-strain
formula for crystal solids with arbitrary initial configurations, and then test it to face-
centered cubic gold under hydrostatic stress with ab initio calculations. Our derivation is
involved with second-, third-, and fourth-order elastic stiffness tensors. Previously we
developed a general scheme to calculate second-, third-, and fourth-order elastic
constants for single crystals’. This method enables us to obtain the nonlinear stress-strain
relations numerically.

This chapter is organized as follows. In Sec. 4.2, we review the formulation of
the linear stress-strain relations, as well as elastic stiffness tensor. In Sec. 4.3, we present
our derivation of nonlinear stress-strain relations. In Sec. 4.4, we test the nonlinear
relations to a face-centered cubic crystal Au under hydrostatic stress. We shall elaborate
on the method we use to obtain the shear stress-strain curves with both theoretical
derivation and ab initio calculation. In Sec. 4.5, we show and discuss the results. In Sec.

4.6, we draw conclusions from our work.

4.2  Linear stress-strain relations
Given a crystal solid, X and X represent its two configurations. There is only
symmetric strain, i.e., no rotations, from X to X . The transformation coefficients from

XtoX are given as a; 2
Q =4a; = (OX; /8?,—), 4.1

1

and the corresponding Lagrangian strain parameters are n;,

59



1
n;j ZE(ZK‘, A8y _5ij)- 4.2)
Inversion of Eq. (4.2) as a power series in n; gives
1
a; =0, +n, —Eaninkj +oe (4.3)
k

The ratio of the crystal volumes in the two configurations is,

V/V =det[a]=1+ .0+ (4.4)

Let the Lagrangian strains from X to an arbitrary final configuration X be Eij , and those

from X to Xxbe i s it follows that,

(O 10m,,), = a8, (4.5)
Here the subscript 7' means that all other 7, are to be held constant while differentiating

with respect to 7,,. The state functions U and F may be expanded in powers of the

strains,

U(X,7;,S8) =U(X,0,9)+V > 7y +(1/ 2V D Coumttg +++ (4.6)
ij ijkl

F(X, 7, T)=F(X,0,T)+V >z + (1/ 20V D Clammg +---. 4.7)
ij ijki

Suppose the strain from X to X is carried out adiabatically, 7; —;ij may be calculated as
follows,
T =V~'(oU 10m;)s,» at X ; (4.8)

and then,

—] — — —
5=V (v /V)Z(@U 10My)g; (011 / O11),,15 (4.9)
K

60



and from the strain expansion of U , Eq. (4.6), and Eq. (4.5) for (aEk, 10m3),»
7, =V /V)> a4, {;m +Zamnnmn +} (4.10)
kI mn

where the strain n_ is a result of evaluation at configuration X . With Eq. (4.4) for V / vV

and Eq. (4.3) for a;, Eq. (4.10) may evolve to first order in the strain n; from Xto X,

ij °
S

T :;ij +anl [—;ij5k| +;i|§jk +;jk5i| +Eijk|]. (4.11)

ki
Eq. (4.11) is the expected linear relation between the variation of stress and strain, to first
order in the strains and for adiabatic processes. The results can be summarized in terms of

the stress-strain coefficients B, 'S . For adiabatic strains,

ijki

Tij(X,S)zrij(X,S)+;B§k,nkl +o (4.12)
and for isothermal strains
rij(X,T):rij(X,T)+;Bi}k,7ykl +o (4.13)
where
Bifkl = Ci?k, +(1/2)( 07y + 0Ty + 0T + 85Ty —204T;)s (4.14)
B"Tkl = Ci}k, +(1/2)(0y7j + 0Ty + 64T + 0Ty —204T;)- (4.15)

In Egs. (4.12-4.13) the By, 's are evaluated at X.Since k and | are summed in Eq.

(4.11), kand | are interchanged in the quantity in brackets in Eq. (4.11) to obtain the

symmetric forms shown in Egs. (4.14-4.15).

4.3 Derivation of nonlinear stress-strain relations
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In order to obtain the stress-strain relations beyond linear equations (4.14-4.15),

First we will prepare some useful equations. Eq. (4.3) is developed to be,
a; =0;+n; — an,nkj+ anmnmnnm+ (4.16)
And Eq. (4.4) is replaced by,
V/V=1+n,, +%(5a,,56, = 8,00, = 8,8, NN ++om. (4.17)
where we use the Einstein summation convention, implying a sum over repeated indices.
Or we may use another type of relation,

V/V =(1+21,+41,+81,)", (4.18)

wherel,, |, and |, are the three invariants of the Lagrangian strain tensor,

Iz ZE(niinjj _nijnii)’ (4.19)

1
6(nn ]]nkk 3nijn nkk+2nu Jknki)'

Eq. (4.6) is re-written as,

U(X 77.1,8) U(x 0 S)+VZTU77U +(1/2 )Vzcljklnunkl

ijkl

(1/3')\/ Z Cuklmnnunklnmn +(1/4')V Z Cuklmnpqnu’]klnmnnpq (420)

ijkimn ijkimnpg

In the following we do not distinguish C°and C' . With the help of Eq. (4.20), Eq. (4.10)

becomes,

i+ Ciamly, +(1/2)V Y Crampal,

mn pq
mn mnpq

5, =(V/V)Y a,a, _ . (42D
K (1/3)V Z CmnpqrsnmnnpanS +-

mnpqrs
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and then when we use Eq. (4.16) for a; and Eq. (4.18-4.19) for V IV, Eq. (4.21) will
evolve into,

7; :;ij +y, Y, s+, (4.22)
where

W, = an, [—;ij5k| +;i|5jk +;jk5i| +Eijk|], (4.23)
K

in™il mn™il

W, = Z NN (5- 8, Thm —5mn5kj;il — 5,8, 7k +Ei|mn5jk + Cijmd, — Cum, +Eijklmn)

kimn
1 | 1 — 3 2 -
+Z —Enrinrk Tjk+z —Ensjns, Til + Ell —2|2 Tij, (4.24)
kr Is

5,5\ 1 -
Y, :(6“'2 _4|3 _E I?JTU + ZE(nimnmnnnké‘jl + njmnmnnnlé‘ik)rkI

kimn
| o = 3 .
+— Z Cijmnqusnmnnpans +(5 I12 _2|2]|:Z(nik5jl + njlé‘ik )Tkl + Zcijm”nmn:|
mnpars ki mn
1 — — —_
+Z(—En,inrkj(—lléj,rk| + I’]jlfkl +5J,ZCkumnnan
kir mn
1 — — —_
+Z(_E ngNy J(—Iléikm +N, 7w +§ikZCklmnnmnj
kls mn
l —
+= > Cummpalyy g (=168, + 8,y + 5,0y )
kimnpg
~1, (Z NNy 7k + > 8Ny My Clamn + . 5j,niknmn6kumnj
ki kimn kimn
+>" 1NNy, Clamn. (4.25)
Klmn

Considering Eq. (4.23-4.25), for those terms where subscripts k and I, m and n are
summed, a symmetric form needs to be derived further in the same way we obtain Eq.

(4.15).

4.4  Test the nonlinear stress-strain relations to gold
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4.4.1 Nonlinear shear stress-strain equations of gold under hydrostatic stress
Face-centered cubic gold under hydrostatic stress is a good example to test the

nonlinear stress-strain equations we derive in section 4.3. We name the initial state

configuration X, and we have, 71 =7>=173, ta=75=76=0. Here we simplify the
subscript in the tensor by using the Voigt notation (11 —>1, 222,33 >3, 23 >4,

3155, and 12— 6). When a rhombohedral shear strain is applied to the system,

m=n,=10,=0,1n,=n,=n,=2¢,0r

0 ¢ ¢
on'=l¢ 0 ¢,
¢ ¢ 0

using Eqs. (4.22-4.25) with their symmetric forms, we will have,

T, =Y Y, st (4.26)

v, =(Cu—P)n,, (4.27)

v, =(Case +Caa)n.”, (4.28)

v, = (164444 +Casss +1-Cass +2Cag = P2, (4.29)
6 2 2 2

where P =—7, following the convention that the inward pressure is positive while

outward stress is negative (i.e., P <0 for tension). When we use Eq. (4.20), we have,
oU = 6447];2 + 645677;3 + (64444 /6+ 64455 )7];4 + e (430)
To identify the nonlinear Eq. (4.26), we need to obtain the values of Cu , Cass , and

Caasa / 6+ Cuasss through the relation (4.30) and ab initio calculations.

4.4.2 An ab initio calculation of the rhombohedral shear stress-strain curves
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To perform ab initio simulation, we first calculate the properties (total energy and
equilibrium lattice parameter) of a single crystal Au in the ground state. We perform the
ab initio DFT calculations using the Vienna ab initio simulation package (VASP)
developed by the Hafner Research Group at the University of Vienna. VASP uses
pseudopotentials or the projector-augmented wave method and a plane wave basis set. To
obtain a lattice parameter that is in better agreement with experimental value, we use the
exchange-correlation energy evaluated with the local density approximation (LDA).
Ultrasoft pseudopotentials are always employed to describe the electron-ion interactions.
We use 24x24x24 k -point mesh in our calculations following the Monkhost-Pack

scheme that, as our experience shows, is sufficient to reach the desired convergence of

the total energy and elastic constants. We take the cutoff energy set at EZX\ . = 450 eV,

cutoff

which is sufficiently large for the total energy to converge to the stable equilibrium state.
For Au, the ground state has a face-centered cubic structure with the lattice parameter
a,=4.07 A, very close to experimental measurement 4.08 A at room temperature. We
thus use 4.07 A as the lattice parameter in our supercell that is a face-centered cubic cell
containing 4 atoms to perform the following simulation work. The benefit of using such a
supercell is that we can easily apply specific strains to the supercell and read the values of
the six components of stress tensor directly from VASP output files.

In the next step, we apply hydrostatic deformation to the crystal supercell via a

strain, 7, =1, =1, =&, 17, = 0for i # j. We select four different values of &: -0.04, -
0.02, 0.0, and 0.02. This operation changes the lattice parameter homogeneously. Let a
be the lattice constant of the deformed crystal and obviously a/a, =4/1+2& from Egs.

(4.1-4.2). This type of deformation amounts to the application of a hydrostatic stress or
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pressure. The values of those pressures are obtained from ab initio calculation and listed

in table 4.1.

Table 4.1 For each crystal configuration of gold with various hydrostatic deformations,
£ =-0.04, -0.02, 0.0, and 0.02, respectively, we have the hydrostatic pressure P, and
those elastic constants by ab initio calculation and polynomial fitting.

_ _ 1 — _
g P Cu Cuss —Cuaaaa +Cuusss
GP
(GPa) (GPa) (GPa) (GPa)
-0.04 32.49 122.3 84 2087
-0.02 13.07 73.1 69 1714
0.0 0 379 54 1407
0.02 -9.53 11.5 45 1144

For supercells with various hydrostatic deformations, to explore the

rhombohedral stress-strain relations, we apply an additional shear deformation to the

supercell,
0 ¢ ¢
on'=1¢ 0 &},
¢ ¢ 0
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where ¢ is the magnitude of the shear strain. We vary the value of { from 0 to 0.15
with a finite step size A¢ =0.005. For each value of (", we calculate the total energy and
the Hellmann-Feynman stress of the supercell with VASP. The results are shown at

figures 4.1 and 4.2.

3.0 — T T L — T L— I
: : : : é=_0A04
25 e -
£=-0.02
20 R |
> i
2 ;
S £=0
= 15 P i
S :
=} £=0.02
1.0 b i
0.5 .
0.0 j L . | . | L
000 002 004 006 008 010 0.12 0.14 0.16 0.18 0.20

o

Figure 4.1 For each supercell with various hydrostatic deformations, & =-0.04, -0.02, 0.0,
and 0.02, respectively, we apply a rhombohedral shear deformation, { , to the supercell,
and then obtain the variations of total energy with respect to the shear strains.

4.5 Results and discussion
We develop a general scheme to calculate second-, third-, and fourth-order elastic

constants for single crystals”™. We follow that scheme, using Eq. (4.30) and the 6U —¢

curves in figure 4.1, where ¢ =7,/2, and get elastic constants listed at table 4.1 by
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polynomial fitting. Then we are able to plot the rhombohedral shear stress-strain curves

with Eq. (4.26) and compare them with those in figure 4.2.

O T 1 T T T 1

4

T, (GPa)

0 L N L N L N L
oo0 002 004 006 008 010 012 014 0.16 0.18

Figure 4.2 For each supercell with various hydrostatic deformations, £ =-0.04, -0.02, 0.0,
and 0.02, respectively, we apply a rhombohedral shear deformation, ¢, to the supercell,
and then obtain the variations of shear stress with respect to the shear strains.

We plot the 7, —¢ curves up to the third power of ¢, marked with A at figure

4.3, where lines marked with B are those curves already shown in figure 4.2,
representing the calculated Hellmann-Feynman stresses by VASP. At linear elastic region,
with strain up to 2% or 3%, line Aand line B agree fairly. At finite strain range, the

discrepancy between line A and line B becomes substantial: oz, /7, >10%, when the

strain is beyond 8%. The discrepancy may be attributed to the polynomial fitting error of
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the oU —¢ curves, and also may come from the truncation error in the stress-strain Eq.

(4.26).
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Figure 4.3 For each supercell with various hydrostatic deformation strain &£’s: (a) -0.04,

(b) -0.02, (c) 0.0, and (d) 0.02, the Hellmann-Feynman stress-strain curves (marked with
B ) compared with the ones from our analytic results Egs. (4.26-4.29) (marked with A).

4.6  Conclusions
In the linear elastic theory of crystal, the elastic stiffness tensors By, 's are

defined to be coefficients of the linear stress-strain relations for crystal solids with
arbitrary initial states. In this chapter, we derive the general stress-strain relations further

to the nonlinear region involved with third-, and fourth-order elastic constants. We test
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the derived relations to the face-centered cubic crystal Au. Using the scheme we
developed before, we obtain the second-, third-, and fourth-order elastic constants of
crystal Au under hydrostatic deformations. Then the nonlinear stress-strain relations from
our analytic work are plotted and compared with those Hellmann-Feynman stress-strain

curves directly from VASP. Satisfactory results are obtained.
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CHAPTER FIVE

THEORETICAL AND COMPUTATIONAL STUDY OF ELASTIC

STABILITY CRITERIA

5.1 Unifying the criteria of elastic stability in solids

The concept of elastic stability of a solid phase was introduced by Born in
considering a crystal heated toward melting™ **. The crystal would lose its rigidity, or
“stability”, and become a liquid when a shear modulus becomes zero. For a crystal with
arbitrary symmetry, Born criterion becomes

IC|>0, (5.1)
where C is the elastic constant tensor. Eq. (5.1) ensures that all principal minors of the
elastic constant matrix are positive definite. For a cubic lattice, the criterion is equivalent

to (C,,+2C,)/2>0, C,,>0 and (C,,-C,,)/2>0. The criterion is the condition of

convexity of the free energy F of a crystal under any infinitesimal strain fluctuation such

as that caused by lattice vibration during melting. Here C is related to the second order

derivative of F, C,, = p,0°F /0¢,0¢, , where & is strain and p, is the density of the

crystal. As pointed out by Furth”, the Born criterion also sets the limit of the strength of

a perfect crystal subject to external stress that causes displacement strains. Thus |C|— 0
would set the elastic stability condition at temperature below melting point when the
95-96

crystal without defects becomes unstable, either breaking or plastically deforming™"" or

transforming into other crystalline phases’’. The theory is normally referred to as the
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elastic instability theory in materials physics and mechanics community. Eq. (5.1) is
problematic for predicting elastic stability of a crystal under external loading since the
Born criterion was formulated at zero stress state. Under external loading, the elastic
constants are dependent on applied stress™*. Born criterion thus needs to be developed
further with the stress-dependent elastic constants, B, called elastic stiffness constants
that were derived by Wallace in the context of formulating equations of elastic wave
propagation in stressed crystals”. Then, the Born stability criterion should remain valid,
that is,
B|>0. (5.2)

1298 proposed a

Following a different path, Polanyi, Frenkel and later Orowan
scheme to estimate the ideal strength of perfect crystals subject to tension or shear stress.
The Frenkel-Orowan model assumes that if the internal stress follows the same

translational symmetry of the crystals, say, a simple sinusoidal function
r=1,, sin(2zéu/a,) =z, sin(2zae), where Su is the displacement caused by external
stress, &, i1s the periodicity of the crystal along the deformation path, & is the
deformation strain, and « is a parameter related to the geometry of the crystal lattice, the
requirement of the crystal to remain stable is

t(e+Ae)—1(e)>0, (5.3a)
where Ae is an increment of strain from the state marked by the deformation strain ¢.

The limit of stability is reached when the maximum stress 7, is approached:

X

dr/de=0. (5.3b)

This stress is called ideal strength of a crystal.
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Concerned about the coordinate invariance and thermodynamics of deformed
crystals, Hill” and later Hill and Milstein® proposed that the elastic stability condition
should be expressed as the difference between the free energy, §F, and the work done to
the system, oW, by the external loading, or

SF—6W >0. (5.4)
In other words, for a stable crystal at thermodynamic equilibrium at a given temperature,
the input work done by the external stress counts as only part of the total free energy;
otherwise, it becomes unstable since the second law of thermodynamics is violated.

When expanding Eq. (5.4) to second order derivative with respect to Langrangian strain,

O’F W
677aa77p anaanﬁ

n, Hill and Milstein showed that is a quantity invariant of the choice

of coordinates.
Egs. (5.1-5.4) have been used extensively in dealing with a wide range of

20, 31

problems related to phase transitions’’, ideal strength of perfect crystals””*', and crystal

defect formation in various calculations using quantum and atomistic methods®" °” %°.
However, their relations with each other have not been connected formally, although in

. . . . - 120, 100-101
various numerical calculations they have been identified™” '°*-'°

. In this paper, using a
unified scheme in virtual displacement in finite deformation theory, we show that the
different formulations of the criteria are in fact the same.
For a solid, including a crystal, under applied external stress, one general free
energy can be expressed as
f=F-W. (5.5)
If the system in any arbitrary deformed state X , or initial state that includes the natural

state at undeformed condition with zero external stress, is subject to a perturbation, it is
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moved from state X to state x with a Lagrangian strain 7. We assume, without loss of
generality, that the displacement could be arbitrary and infinitesimal as needed. The
corresponding change of the Helmholtz free energy F(x,T)=F(n,T) at state x from

F(X,T)=F(0,T) at state X is expressed as

1 oF
i 4! onononon|, .

1 &°F 1 &°F

e —— oy
2! 877677‘)( . o 310nonon i

HmU=F®JH%E

n X.n'

(5.6)

correct to the fourth power in n with the understanding that all derivatives appearing in
Eq. (5.6) are done at state X with all other strains 7' held constant. The corresponding

stress, the second and third order isothermal elastic constants at state X , are

1 oF
7(X)=———— , (5.7a)
V(X) anl,,
2
cx)=—_F (5.7b)
v (X) anon|
3
C(X):;a—F , (5.7¢)
V(X) ononon|y .
4
-\ OF | (5.7d)

V(X) dnononon|, .’
where V(X) is the volume of the system at X . Note that to avoid overcrowded notations,

we shall not use indices for vectors and tensors unless necessary. Summation convention
is automatically assumed.
Now let us consider giving another perturbation to move the system from state x

to state y with a Lagrangian strain & following the same scheme as above. We can
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obtain the corresponding stress, the second, the third, and the fourth order isothermal

elastic constants at state X,

1 oF
7(x) = WX)g . >
coo= L ZF
V(x) 0505, ..
o=t OF |
V(x) 050505, ..
N 1 o'F
CX)=c——| >
V(x) 05050505, ..

(5.8a)

(5.8b)

(5.8¢)

(5.8d)

where V(x) is the volume of the system at state x. The two-step virtual displacement

scheme suggests that we can take a derivative of Eq. (5.6) with respect to & at state X, so,

after dividing by V (x) on both sides, we have,

1 oF|  V(X)an

W=V eel,, TV oz

[T(X)+C(X)7] +%C(X)7777+%6(X)777777+...]

Since state y is arbitrary and infinitesimally close to x, we have

a—n:aTa,

og

(5.9)

(5.10)

where a is the deformation gradient matrix, a=0x/dX if we let y—x. Using the

relations,

J =det|a|=mz1+77

i e
V(X)

and

1
a; ~ 0y + 15 _Eﬂkinkj o

75

(5.11)

(5.12)



correct to O[(17)°], Eq. (5.9) becomes

7; (X) = 7;(X) + By + Ol(m)’1, (5.13)
correct to the second power of Lagrangian strain 77 from the state X to state x with

B =Ciu +(1/2)(6, 7 + 07y + 8Ty + 8,70 —20475) 5 (5.14)
where 7 is the applied stress if the system is in equilibrium, and Cy, is the elastic
constants in any deformed state X where 7 is applied. Eq. (5.13) is formally the relation
in Frenkel-Orowan model (Eq. (5.3a)) with the proportional coefficient identified as By, .

Following the same scheme, we can systematically obtain the second and higher

order elastic constants at state x in relation to those at state X,

1 F|  V(X)an

CO=Vo ez, TV o

[COX) +e(X)m+..], (5.15)

1 PF | _vx)on
V(x) 08080¢|,  V(x) o&

c(x) [c(X)+E0X)n +..], (5.16)

and so forth and so on. For example, after using Egs. (5.10-5.12), the second order elastic

constants in Eq. (5.15) become

Cija (X) = Cijig (X)) + Cijmn (X )77
+ |:_Cijk| (X)) mm + Cikn X + Cijont X + Cimia (X7 + Crjia (K775, ] (5.17)

Now we use the approach outlined above to prove that Egs. (5.2-5.4) are the same.

In other words, one can derive one from another directly from the free energy f =F -W
(Eq. (5.5)). The change of the free energy f from state X to x is
of =6F —6W . (5.18)

SW =Ja™'z(X)@™")'V(X)n. (5.19)
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Using the change of the free energy, §F = F(x,T)—F(X,T) and taking a derivative of 6F
with respect to & at state x and dividing it by V(x), we have, after letting y —>x,

1 85F 1 36w |

1 asF| 1 asW| on
V0 0f X,;v_T(X) (Eq. (5.82)). And

- —=7(X) from Eq.
V() 8¢ | Vo on |, 0¢

(5.19) after using Eqgs. (5.10-5.11). Therefore,

oot __1 aE-ow)| _ L F” —‘%W} = (0 -7(X). (5.20a)
I M A
X, X,é:'
. 0 on o . .
Then we use the technique, — = ———, combined with Egs. (5.13) and (5.20a), and get
ds  0¢ 0n
that,
2 2
1 8%t 1 3*(6F -ow) B0, (5.20b)

V(X)anon|,  V(X)  onon

b
where B is expressed in Eq. (5.14).

The above relations show that the two criteria, the Polanyi-Frenkel-Orowan
criterion based on stress response and the Born-Hill criterion based on energy change, are
the same and one can be derived directly from another from the general expression of the

free energy of the system under applied load, f =F —W . They represent the same physics

describing the elastic stability of a solid. In other words, the ideal strength of a solid
corresponds exactly to the limit of the stability criterion. In fact, the stability conditions

expressed as the first order derivative (Eq. (5.20a)) and the second order derivative of f
(Eq. (5.20b)) are both necessary conditions to guarantee the convexity of f '*.

In practice, Born-Hill criterion is used widely in theoretical calculations, as

energy change is relatively easy to obtain, especially using first-principles or ab initio
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methods. Since the internal energy is calculated, it is F (or the internal energy U at zero

temperature) not f is obtained. Usually the calculations give the second order elastic
constants C;,, from Eq. (5.7b), or higher-order elastic constants from Egs. (5.7¢) and

(5.7d). To obtain elastic stiffness coefficients, one has to use Wallace relation (Eq. (4.14)).
Polanyi-Frenkel-Orowan criterion, on the other hand, has an advantage practically as
most experiments as well as many theoretical calculations can measure the stress-strain
response function straightforwardly. However, since the applied stress (or strain) is
specific, the elastic stiffness coefficient matrix obtained (Eq. (5.13)) can only have

limited number of components, specific to the loading direction'®.

5.2 Elastic stability and ideal strength of gold under uniaxial stress

5.21 Introduction

The strength of crystalline materials is determined in general by nucleation and
motion of dislocations or microcracks. If there are no such defects, the materials, so-
called ideal or perfect, would fail at the limit of the so-called elastic stability. The stress
at which this is achieved is called the ideal strength. It is of great interest to investigate
the elastic behavior of a perfect crystal under loading because the path leading toward the
instability is related to not only the ideal strength but also the atomic mechanisms of the
defect formation. Such information is also very useful in the analysis of the structural
response of solids, ranging from polymorphism, amorphization to fracture. Moreover, the
ideal strength is connected to the strength and defect formation in nano-structured
materials currently being developed, as shown in recent nanoindentation experiments

where the onset of yielding on the nanoscale is suggested to be related to homogeneous
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nucleation of dislocations in the small volume under the nanoindenter where stresses
approach the ideal strength.”

The elastic stability limit is formulated traditionally following Born’s original
idea™® that a crystal should remain stable when the change of the elastic energy with
respect to the spontaneous strain exhibits convexity; Otherwise, instability would occur
consequentially. The condition of convexity leads to the stability criteria in the form of a
set of relations involving elastic constants appropriate to the crystal symmetry. Born’s
theory is, however, formulated for systems without external load. For systems under

7-17

external load, it was shown'"' that the elastic stiffness coefficients By, (Eq. (5.26))

rather than elastic constants C;,; should be used in formulating the stability criteria. The

onset modes at the instability derived from the stability criteria were tested for many
crystalline systems using various approaches employing empirical or semi-empirical
interatomic potentials such as Lennard-Jones potential,'’> Morse potential’’ or EAM
potentials.'® Tt is known that these inter-atomic interactions are obtained by fitting the
parameters predominantly with the equilibrium properties of the material studied (i.e.,
under zero or infinitesimal deformation). It is, therefore, doubtful how one can apply
those potentials obtained this way to simulate the materials under finite loading and still
expect to obtain reliable results. Ab initio electronic structure calculations, on the other
hand, have been performed for variously strained structures and are shown to give ideal
strength of materials without resorting to doubtful extrapolations. Given recent advances
in quantum theoretical methods and computers, it is possible to calculate the elastic limits
with considerable accuracy, including both the theoretical stress and the detailed nature

of the atomic rearrangements as the elastic limit is approached. For instance, Senoo et al
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discussed the elastic deformation due to [100] loading of Al using the pseudopotential
method.'” Esposito et al dealt with the tensile strength of FCC Cu under uniaxial
deformation on the basis of the ab initio potential, the augumented-spherical-wave
(ASW), and KKR methods.'™ Sob et al did extensive investigation of the ideal strength
of bece iron under hydrostatic pressure, and due to [001], [111] uniaxial tension.'” Li and
Wang studied the ideal tensile strength of AL'® Sob et al worked on the tensile strength of
Cu.'® Cerny et al. tested the elastic stability of some magnetic crystals under hydrostatic
pressure.'”’

The stability criterion based on the elastic stiffness constants'*"'®

certainly
provides a convenient and powerful recipe to measure stability limit. As done in these
previous works, one first calculates the elastic constants and then construct the elastic
stiffness coefficients as a function of the applied stress to a system, which usually under

some specific load such as hydrostatic, uniaxial tensile or compressive, or shear strain.

One then obtains the stability limit at the strain where a principal minor of the elastic

stiffness constant matrix first becomes non-positive, or det‘Bijk,‘: 0. While along some

simple loading paths such as uniaxial tension and compression the stability limit is found

. 18-1
to relate to some shear strain modes, 819

under hydrostatic loading it is observed that the
stability is dominated by the bulk stiffness coefficient that corresponds to void formation
under expansion.'' The possibility of bifurcations from the primary loading path or mode
before the stability limit is approached was never observed in the case of hydrostatic
loading. As we show below, the stability limit of Au under hydrostatic load is actually

caused by shear not by volume instability as shown in the earlier work.'* As concerned in

the earlier studies, noticeably by Born®® and Hill,”"' some perturbations, fluctuations, as
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well as sample loading conditions would make the deformation path astray from the
primary loading path, causing the measured stability limit different from that intended
originally. As we show here, this phenomenon, which is called “stability bifurcation”,
plays an important rule in determining the global stability of a crystal lattice.

In this part, we present a direct investigation, using density functional theory, of
the elasticity, the stress-strain relation, the stability, and the ideal strength of FCC metal
Au under hydrostatic stress. Au is special in its structural stability, known experimentally
to have no polymorphism under hydrostatic compression, so its original symmetry is
preserved during the primary loading path under hydrostatic stress before the instability
limit yet to be identified. Thus it provides a simple testing case for stability study.
Therefore, the possible bifurcation along paths different from the primary loading path
can be addressed relatively clearly. The additional motivation is drawn from the earlier
studies made by Yip et al in Au'* who performed molecular dynamics (MD) simulation
using classical EAM potentials. As shown below, our results are different from theirs in
that the stability limit of Au under hydrostatic expansion is dominated by shear instability,
not by volumetric or bulk modulus instability. This unusual finding is a direct
manifestation of the stability bifurcation.

This part is organized as follows. The stability criterion of a crystal solid is
presented briefly in section 5.2.2. In this section, we review the formulation of the stress,
elastic stiffness coefficients, elastic stiffness moduli, and stability criteria. In particular,
we shall give a new interpretation of the stability criterion based on the elastic stiffness
coefficients from the stress-strain relation in any deformed state. In section 5.2.3, we

introduce our calculation models and methods and the ab initio DFT method. In section
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5.2.4, we show our results. In section 5.2.5, we discuss our results and make comparisons
with some related previous work. Finally, we will draw conclusions from this work.
5.2.2 Stability criteria of crystal solids

For a solid body subject to an external loading, the configuration of a material

point in the system after elastic deformation is represented as Y =Y (X), where X is the

initial configuration at the equilibrium state. The deformation gradient is defined by

— aY|

o oh 5.21
1] axj ( )

where i, ] =1,2,3, representing the Cartesian coordinates. Then the Lagrangian strain

tensor is defined as
1 -t
n:E(J J-1), (5.22)

where | is the unit matrix. The internal energy is related to the Lagrangian strain through

. . . . 22
Taylor series expansion in terms of the strain tensor,

U(X,77) =U (X, 004V X oy +(1/ 20V D Cypalyttg + s (5.23)
ij

ijkl
where

oy =V~ (8U /o) (5.24)

n=0

Ciju =V /017;01y) (5.25)

n=0°
and V is the volume in the configuration X. If the system is under load, the stability
criterion depends on the elastic stiffness coefficients, instead of elastic constants as
shown in Eq. (5.25) in Born’s theoretical frame. The definition of elastic stiffness
coefficients is defined as follows,

B =Cija +(1/2)(8y 7 + 057y + 04Ty + T4 —2047;) (5.26)
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where 7;; is the external stress, which is equal to the internal stress o;; (Eq. (5.24)) if the
system remains in mechanical equilibrium. This derivation of By, is from the premise

proposed by Hill and Milstein”"" that a solid can only be in stable state when the change
of the internal energy oU is larger than the external work 6W done to the system, or
oU —6W >0.

Here we give another, and physically more transparent, definition of elastic

stiffness coefficients By, and the new interpretation of the stability criterion, which is
based on the stress-strain relations in any deformed state. If a material in configuration X
under stress o (X) is stable, then after given a small perturbation, i.e. with a small
increase of strain 7} , the system will move to a new state Y with a corresponding stress
0;;(Y). The two stresses are related by a linear proportional coefficient of stress versus
strain between the two states (X and Y) of the stressed system as shown by Wallace,”
oy (Y)=0;(X)+ By (113 ) +Ol(7x)°1 . (5.272)
If the material in the state X 1is stable, then the increment of the stress
ooy =0;(Y)—o0;(X) must remain positive to the first order in the perturbative strain 7y,
or
60y = 0(Y)—0;(X) =By, (75 )a >0, (5.27b)
for any small perturbative strain (we can assume 7} >0 without losing generality).

Otherwise, the system becomes unstable. The stability criterion can be cast in the

principal minor of the stiffness coefficient,

det|By,[ > 0. (5.27¢)

83



This interpretation of the stability criterion is in fact very much in the same spirit as that
in the original criterion for the ideal strength of materials proposed by Frenkel' and
Orowan’. We should mention in passing that the interpretation of the stability criterion
this way has not been contended seriously despite its simplicity in physical meaning.

As is obvious from the definition, By, does not necessarily retain the symmetry

relations of the original crystal since the deformed state Y can be arbitrarily far away

from the initial non-deformed state®’. Given that By 18 in general asymmetric while
ij <> kI, the symmetrized coefficient can be used,

B=(1/2)B" +B). (5.28)
The system becomes unstable when det | B |=0 for the first time under the applied load.

In other words, as B is a function of the deformation strain, the instability condition will

lead to a set of relations among the I§ij 's at the critical applied strain along the primary

loading path.
For a cubic crystal subject to hydrostatic pressure P,

r =—P§5.. (5.29)

ij ij
We follow the convention that the inward pressure is positive while outward stress is
negative (i.e., P <0 for tension). From Eqgs. (5.26) and (5.29), the elements of stiffness

coefficients are

Bll 7 B33 :Cu -P,
B,=B,;=B,=C,+P, (5.30)
B44 = Bss = B66 = C44 -P.

Here we simplify the subscript in the tensor notion by using the Voigt notation (11 — 1,

22>2,33-53,23—>4,31>5, and 12> 6). For this special case, the stiffness
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coefficients and the elastic constants have the same type of crystal symmetry. And B;

possess i <> j symmetry, so B=B. Let det|B[>0, it turns out that there are three

independent stability conditions,

B, +2B, >0, (5.31)
B,—-B,>0, (5.32)
B,, 0. (5.33)
Or
C,+2C,+P2=0, (5.34)
C,-C,-2P2>0, (5.35)
C,—-P>0, (5.36)

using the elastic constants C; in the loaded state. The bulk modulus B, , tetragonal shear

modulus G', and rhombohedral shear modulus G, are defined as the following,

B, =(C,; +2C,,)/3, (5.37)
G'=(C,-C,)/2, (5.38)
G=4C,,. (5.39)

These quantities are extended to the system under finite hydrostatic load, so we have the

corresponding bulk and shear stiffness moduli,

B, (r)=(B,, +2B,)/3=(C,, +2C,, + P)/3, (5.40)
G'(r)=(B,-B,)/2=(C, -C,, —2P)/2, (5.41)
G(r)=4B, =4(C, —P). (5.42)
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In contrast to the conventional or Born’s stability criteria only valid in the stress-free case,
which requires that (5.37-5.39) be positive, the stability criteria in the system under load
require instead (5.40-5.42) to be positive.
5.2.3 Calculation details
A. Calculation methods

To simulate hydrostatic deformation, we first calculate the properties (total energy
and equilibrium lattice parameter) of a single crystal Au in the ground state. We
performed the ab initio calculations using the Vienna ab initio Simulation package
(VASP) developed by the Hafner Research Group at the University of Vienna. VASP
uses pseudopotentials or the projector-augmented wave method (PAW) and a plane wave
basis set. To obtain lattice parameter that is in better agreement with experimental value,
we used the exchange-correlation energy evaluated with the generalized gradient
approximation (GGA). Ultrasoft pseudopotentials were always employed to describe the
electron-ion interactions. We used 18x18x18 k -point mesh in our calculations following
the Monkhost-Pack scheme, which as our experience shows is sufficient to reach the

desired convergence in the total energy and elastic constants. We took the cutoff energy

Au
setat E_ ¢

= 292 eV, which are sufficiently large for the total energy to converge to the

stable equilibrium state. For Au, the ground state has a face-centered cubic structure with
the lattice parameter a,=4.07 A, which is very close to experimental measurement 4.08
A® at room temperature. We will thus use 4.07 A as the lattice parameter in our supercell,

which is a face-centered cubic cell containing 4 atoms, to perform the following

simulation work for deformation. The benefit to use such a supercell is that we can easily
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apply specific strains on the supercell and read the values of the six components of stress

tensor directly from VASP output files.

(Ua/a)-U,) (eV)

A P S T S A TR S SR S
075 080 085 090 095 100 105 1.10 1.15 1.20 1.25

a;‘aD , X100%

Figure 5.1 The calculated variation of elastic energy with the applied hydrostatic

deformation strain. We use @/ d, as the independent variable.

In the next step, we applied hydrostatic deformation to the crystal supercell via a
strain, 17, =17,, =153 =&, 17 =0 for i # j. We changed the value of & from —0.15 to
+0.15 with a finite step size A& =0.0025. This operation is amount to changing the
lattice parameter homogeneously. Let a be the lattice constant of the deformed crystal,

and obviously a/a, =4/1+2¢& from Egs. (5.21) and (5.22). This type of deformation is

equivalent to the application of a hydrostatic stress. We then obtain the internal energy U

as a function of the applied strain, or U =U(a/a,), with the first-principles calculation,

as shown in figure 5.1.
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B. Elastic energy and stress-strain relations
The elastic energy expanded at each arbitrary deformed configuration when the

system changes from state X to state Y is,

— — 1 -
U(X,n ):U(x,0)+vZaij77ij +(5)VZCMU.77K, fo, (5.43)
ij :

ijkl
where V =a’, 5 is a new Lagrangian strain tensor in the deformed configuration X

with lattice constant a. We can simplify the subscript in the tensors by using the Voigt

notation. Eq. (5.43) can then be written as

VIUX, ) -U(X,0]= Y ai5i+% > e (5.44)

i=l,...6 “ij=l,..6

Considering our face-centered cubic supercell under hydrostatic deformation,

n=n,=n,=¢&,n,=ns=n,=0,plus 0, =0, =0, =0, we have

v-l[U(x,ﬁ)—U(x,O)]=3a§+(§cn+3clz)?+..., (5.45)
And thus,
o= LY (5.46)
wvlee ).,
2
B, = u +32C12 =9iv£5_lﬂ] . (5.47)
0 )i,

So at each deformed configuration with lattice constant a, we select a few datum points
from the U —a/a, curve nearby a/a, and calculate the strain value £ for each point
using X as the reference configuration. Since the elastic energy can be expressed as a

polynomial of the strain parameter E as shown in Eqgs. (5.44-5.45), when we plot the

88



U —E curve, we may obtain the internal stress (Eq. (5.46)) and elastic bulk modulus (Eq.

(5.47)) through polynomial fitting mentioned above.
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Figure 5.2 The Hellmann-Feynman stress calculated by using VASP and the stress
derived from energy-strain relation. The maximum stress o, =23.45 GPa occurs at

a/a,=1.12.

Figure 5.2 shows the stress calculated this way. We found that it does agree very
well with the Hellman-Feynman stress calculated by using VASP. As the ideal strength is
conventionally defined as the maximum of the stress along the designated deformation
path, from figure 5.2 it appears that the ideal strength for Auis o, =—-P =23.45 GPa at

the corresponding hydrostatic strain a/a, =1.12. However, we will show below that this

is not the true value for the ideal hydrostatic strength, because the stability limit has

already been approached before this point via a shear stability bifurcation.
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C. Elastic constants and elastic stiffness coefficients

As mentioned earlier, there are two ways to calculate elastic stiffness coefficients
under load. One is from Eq. (5.26), to treat elastic stiffness coefficients as functions of
the elastic constants and the applied stress tensor. From Eq. (5.47) via fitting of the
internal  energy, we have the value of (C,+2C,)/2 that leads

B, (7)=(C,,+2C,, +P)/3. So we may test the stability via the so-called volumetric or

bulk modulus stability condition (5.31) or (5.34), which was also called mechanical
spinodal stability'*. The other way is from Eq. (5.27b), that treats elastic stiffness
coefficients as the linear expansion coefficients of do —E curve from which one can also
get the value of B, (7).

Starting from Eqgs. (5.27), we consider our face-centered cubic supercell under
hydrostatic deformation (51 = 52 = 53 :E, 54 = 55 = 56 =0,plus 0,=0,=0,=0). We
then have

5o = (B, +2B,)E =3B, ()¢ . (5.48)
So for each deformed configuration with a as the lattice constant, we take a few points
from the o —a/a, curve (figure 5.2) close to a/a,, calculate the strain value E for each
point using X as the reference configuration, and then make a linear fitting to Eq. (5.48),

so we obtain the value of B (7) at that reference configuration.

As shown in figure 5.3, this approach coming from the original definition of
elastic stiffness coefficients (Eqs. (5.27)) does give results agreeing with those from the

convexity argument by Born and Milstein et al. Incidentally, this agreement in our
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computation provides a strong support for the capability and accuracy

DFT simulation.
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Figure 5.3 The bulk stiffness modulus is calculated using two approaches. One (smooth
line) uses energy-strain relation, and the other (filled circles) uses stress-strain relation.

Dashed line represents the bulk modulus defined in Eq. (5.37).

D. Shear instability and bifurcation away from the hydrostatic strain path

As mentioned in the introduction, the stability condition can be violated not

through the primary loading path along which one intends to examine. For example, in

experiments as well as in theory, very often one may find other stability conditions

violated before the primary stability condition is, leading to the stability bifurcation. Such

complication, although abundant in nature and in theoretical scenarios, has not received

much attention.
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For cubic crystals, other two stability paths are related to shear. To test the two
shear stability conditions (5.32)-(5.33), we need to give a small perturbative shear strain
on to each hydrostatically deformed configuration at the given hydrostatic strain E The
strain o7 allows the system to deviate from the main hydrostatic deformation path. Then
we check the elastic energy or stress change as a function of 67 . With a set of unit lattice
vectors (i.e., [a,0,0], [0,a,0], [0,0,a] in the hydrostatically deformation sample), the
perturbative deformation can be described by an appropriate Jacobian matrix J' as

r'=J'r, (5.49)
where r is the position vector corresponding to the current state along the hydrostatic
deformation path, and vector r' describes the perturbed state with the shear strain 67 .

Under this combined strain state, once again there are two ways to test the

stability conditions. The first one is to use the calculated U —o67 curves to obtain the

elastic constants through polynomial fitting, which combining with the pressure at this
state leads to the (shear) elastic stiffness coefficients. Then we can test if Eq. (5.35) or
(5.36) is violated or not. The second way is to use Eqgs. (5.27). With the given small strain
on, we can obtain the elastic stiffness moduli in the system under load as the linear

expansion coefficients from the 6o —on curve, and then check the stability with Egs.

(5.32) and (5.33).
The stability condition as presented in Eq. (5.32) involves the tetragonal shear

modulus, G'=(C,, —C,,)/2. Its violation corresponds to a shear instability, which once

occurs we expect the bifurcation from the hydrostatic deformation path. In order to test
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this stability condition, we use the following Jacobian matrix (and corresponding strain

matrix for the tetragonal shear) at each point along our hydrostatic deformation path,

JI+2& 0 0 E 0 0
J= 0 1-2¢& 0, on=0 =& 0},
0 0 1 0 0 0

where & is the magnitude of the shear strain. With such increments of the tetragonal
deformation, the energy of the system changes according to the relation Eq. (5.44),

SU =V (C,, -C,)E +..., (5.50)
where V =a’ is the current volume. The tetragonal shear modulus G'=(C,,-C,,)/2.

can be expressed as

1 o°U
G'=— . 5.51
A ox’ -51)
And then,
G'(r)=G"-P. (5.52)

Or if we use a second approach employing the stress-strain relation with Egs. (5.27), we

have
50 = (B, ~B,)¢ = 2G (7). (5.53)
And then we have,
G'(r)=1% (5.54)
2 0&

The second shear stability corresponding to the condition in Eq. (5.33) is the

rhombohedral shear instability, G (T) =4(C,, —P). To explore the bifurcation along the

rhombohedral shear strain, we used the following perturbative shear strain matrix,
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The corresponding elastic energy change now becomes
U =Nog,E+2VC, E +...,

and the elastic constants are

_laou
R \VArEo
2]
(0)=29Y 4p
V &

Alternatively, from the stress-strain relation (Egs. (5.27)), we have

oo =2B,¢,

5.2.4 Results

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

Table 5.1 summarizes the elastic stiffness coefficients B,,,B,,,B,, and their

derivatives with respect to pressure calculated in this work using DFT. The obtained

zero-pressure values of B;'s agree well with the previous theoretical calculation using

ab initio full-potential linear muffin-tin-orbital (FP-LMTO) method.'"”® Our results show

better agreement with low-temperature experimental data than the room-temperature

data’"'®"'° Under compression Au exhibits stability in the entire range of applied strain

(strain up to a/a,=0.83 and pressure up to 412 GPa). Under expansion Au exhibits

much complex stability behavior which is presented below.
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Table 5.1 Zero-pressure elastic stiffness coefficients B; (in GPa), their pressure

derivatives and elastic modulus B, ,G' and G (in GPa).

Bll

0B,/ 0P

B,

B, oB,/oP B, B,/dP G' G Reference
202.1 6.34 1742 534 379 174 1835 140 151.6  This work
2013 597 176.1 538 369 143 1845 12.6 147.6 Ref. 108
1922 7.01 1628  6.14 420 179 172.6 14.7 168.0 Ref 109 (RT)
1929 571 163.8 495 415 152 1672 14.6 166.0 Ref 91 (RT)
2004  6.49 169.5 5.66 445 179 1798 155 178.0 Ref 110 (79K)

The bulk stiffness modulus B, (7) obtained from the two different approaches, one

from U —E relation while the other from G—E relation, are nearly identical, so are the

shear stiffness modulus G'(7) and G(r) as shown in figure 5.3-5.5. Figure 5.3 shows

that the hydrostatic or volume strain stability condition (Eq. (5.31)) is violated at the

point a/a, =1.12 where the bulk modulus vanishes. B; and B;(r) reach zero almost at

the same strain, a/a, =1.12. On the other hand, the tetragonal shear stability condition

(Eq. (5.32)) is not violated until a/a, =1.09 as shown in figure 5.4. Looking at the

rhombohedral shear stability condition (Eq. (5.33)), we see that the rhombohedral shear

stiffness modulus G(7) disappears at a much smaller value of a/a, =1.06 as shown in

figure 5.5. So our ab initio calculations gave the following sequence in terms of applied
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hydrostatic strains where the corresponding instability conditions are violated for Au

under hydrostatic expansion: rhombohedral shear stability limit is reached at a/a, =1.06,
tetragonal shear stability limit at a/a, =1.09 , and the hydrostatic stability limit at
a/a,=1.12. According to the stability criterion, the system should become unstable at

the smallest value of applied strain that corresponds to the first violation of the stability
conditions. For Au subject to hydrostatic expansion, therefore, we show that it is at

a/a, =1.06, and the instability is dominated by thombohedral shear. The corresponding

ideal strength of Au under hydrostatic expansion is found to be 19.2 GPa.

5 I I I I I I I I
4 G'(r) obtained from energy-strain relation
i +  (G'(1) obtained from stress-strain relation
e G'=(C,-C )2
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Figure 5.4 The tetragonal shear stiffness modulus calculated using two approaches. One
(smooth line) is using energy-strain relation, and the other (filled circles) is from stress-
strain relation. Dashed line represents the modulus defined in Eq. (5.38).
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Figure 5.5 The rhombohedral shear stiffness modulus calculated using two approaches.
One (smooth line) is from energy-strain relation, and the other (filled circles) is from
stress-strain relation. Dashed line represents the modulus defined in Eq. (5.39).

As mentioned in the introduction, the instability for systems like Au was expected
to occur along the primary loading path of hydrostatic expansion'*. However, our results

show that the occurrence of the shear instability at a/a, =1.06 precedes and intervenes
the volumetric instability that occurs at a/a, =1.12. This preemptive effect represents

clearly a stability bifurcation deviating from the primary loading path. To illustrate this
point further, we plot the shear stress-strain relations in figure 5.6 for the system subject

to the rhombohedral shear strain 77, at given hydrostatic expansion. The stress-strain
relations show that, when a/a, <1.06, the slope of this o, —7,/2 curve at the initial
point is positive, i.e. B,, >0, when a/a, >1.06, the slope becomes negative, i.e. B,, <0.

As shown in figure 5.2, the slope of the volumetric stress-strain curve along the
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hydrostatic strain direction, or the bulk stiffness constant B; , is still positive at
a/a, =1.06, and only becomes zero at a/a, =1.12. Note that the negative stress-strain

relation at small strain, which corresponds to unstable state, is predicted from the
calculation when the finite strain is imposed to the system. In reality, of course, such

scenario may not be seen as a possible change of structure could occur precipitously.
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Figure 5.6 At each configuration with hydrostatic expansion, we give a perturbation of
rhombohedral shear strain 7, and calculate the stress-strain relation for the system. The

slope of the curve is the rhombohedral shear stiffness modulus B,, which becomes
negative at a/a, ~1.06.

5.2.5 Discussion
The stability limits for Au was investigated earlier by Yip et al using classical
molecular dynamics simulation'®. In their work, the bulk stiffness modulus disappears

first with volume expansion at around a/a, =1.06 that was followed by void formation.
The tetragonal shear stiffness modulus remains larger than zero until a/a, =1.09 and the

rhombohedral shear stiffness modulus is nonzero until a/a, =1.08. The results led them
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to conclude the instability is caused by volumetric instability, or along the primary
loading path. The difference between the MD and the current DFT calculation could
originate from several causes. Firstly, since a semiempirical interatomic potential was
used in the MD simulation, certain differences should be expected as compared with ab
initio calculations, especially when dealing with large deformation strains (6-12%) which
may not be adequately considered when fitting the potential. Secondly, since the MD
work was performed at elevated temperatures (200~1200 K), one would expect that
elastic constants as well as the elastic stiffness constants are different. Consequently, the
softening of these constants at high temperature should lead to smaller critical strains
corresponding to the instability points (Eqs, (5.32) and (5.33)) than those at zero
temperature as seen in our DFT calculation. However, as known that the bulk modulus
decrease versus temperature rise is in general much slower than the shear moduli for most

metals including Au'"

, one would still expect to see shear instability intervene before the
volumetric instability, as the shear moduli are already much smaller than the bulk
modulus in the first place. Thirdly, the stability limits in the MD results were obtained
from extrapolations from the datum points away from the critical points, as known that
the increasing thermal fluctuation makes the MD simulation less reliable close to those
points® In contrast, in the DFT calculation, we can push the calculation very close to and
even beyond the instability points. Finally, it is worth noting that the small sample size
used in the DFT calculation may limit the void formation which was identified as the
hallmark of instability in the MD work. But this limitation is irrelevant in the elastic

stability modeling since we are only focus on approaching the stability limit from one

side of the phase, not how the new phase (i.e. void) forms.
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Besides these technical reasons, we believe that some of these differences are
rooted in the fundamental interpretation of structure or lattice stability. As pioneered by
Born, the elastic instability of a lattice is governed by the vanishing of the convexity of
the elastic energy as the function of varying strain. The first application of this theory was
to melting of crystals®® where vanishing of the shear modulus at the onset of liquid phase
formation was thought to be a direct indication of the elastic instability. Under applied
stress, Born’s convexity argument should still hold but with a few modifications by Hill
and Milstein”®. As argued by Born and later Hill, the presence of many fluctuations and
secondary processes accompanying the primary deformation strain, including sample
loading conditions and rotations, could lead to the instabilities different from that
expected from the primary deformation path. In the hydrostatic expansion of Au, as we
clearly demonstrated, it is the shear instability that precedes the volume or bulk instability.
This bifurcation process, as we identified here, must be treated carefully when identifying
the instability points and subsequently the formation of new structures or defects.

Moreover, we should note that the bifurcation observed along the rhombohedral
shear direction simply tells us that the atoms in the system at the instability point are
going to be engaged in displacement along the rhombohedral shear directions, thus
breaking the original crystal symmetry. For the same reason, the atomic displacement is
not necessarily correlated, but rather random. This leads to local symmetry breaking that
precedes the local volume expansion, eventually resulting in void formation. In other
words, the so-called volumetric instability with void formation may be initiated or

nucleated by the shear deformation. In order to test this mechanism directly, one may
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need to use a system with the minimum dimension larger than the critical nucleation size
of the void.

The calculations that we performed focus mostly on the long-wave phonon limit
and zero temperature. It is possible that, before violating the rhombohedral shear stability
condition, some soft phonon modes or other instability may appear in the hydrostatically
deformed crystal. Actually recent studies on elastic'® and phonon®' instabilities of
aluminum verify the suggestion that this may happen in FCC metals.

5.2.6 Conclusion

In this work, we first identified the elastic stiffness constant as coefficient of the
stress-strain relation in an arbitrary deformed state. And then use it to explain the stability
criterion. This type of interpretation is what Frenkel and Orowan originally proposed for
judging the stability limit for solids. Using an ab initio calculation, we explored the
elastic stability in terms of the relations between the internal energy, stress, and strains in
Au subject to hydrostatic stress (tension and compression). More importantly, we
introduced perturbations along non-primary loading direction. We show from the results
that the stability limit of Au under hydrostatic load is governed by the rhombohedral
shear perturbation-induced instability, not by volumetric instability which occurs at a
delayed critical volume strain. The preemptive shear instability represents a bifurcation of
the crystal instability away from the primary loading path, as originally concerned by

Born and Hill.

5.3 Ideal strength of gold under hydrostatic stress

5.3.1 Introduction

101



The ideal strength of single crystal under various loading has been investigated

18-19,27-28, 111 Ay is one of the noble metals with small elastic

extensively in the past
anisotropy and also the least number of polymorphic transitions under applied stress,
making it a convenient model system to test certain theoretical ideas. On the other hand,
Au is a material with many current and potential applications, for example, the one-
dimensional gold nanowire with a potential for novel electronic devices''?. Its mechanical
properties are therefore of a great interests. As shown in the previous ab initio, first-
principles calculations, and atomistic simulations'™®"**"** "1 Ay single crystal exhibits a
few structural transitions under uniaxial tension and compression loading. Under tension,
Au exhibits an fcc-to-fct transition along [100] direction; and under compression, it
shows a fce-to-bece or bet transition. For Au nanowires, there seem to be myriad structural
transformations. However, as the small size wires are starved of defects, dislocation or
stacking fault, the structural transitions may just be the manifestation of the
polymorphisms observed in the perfect single crystal sample under surface stress,
depending on the wires’ initial orientations, cross-sectional shapes, and sizes''*'%.
Although there are extensive works performed to obtain the ideal strengths and structural
transformations in defect-free single crystal Au, several issues still remain and call for
another, more accurate calculation. One is that the precision of the results from these
calculations. The earlier work used semi-empirical embedded atom method (EAM)
potentialsn'zg. Although some of these potentials are quite sophisticated, as they are fitted
to the second- and third-order elastic moduli, at a large strain, usually larger than 10%,

the effects of the potentials still needs to be checked independently by other methods®.

Ab initio electronic structure calculations, on the other hand, do not possess the
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shortcoming of those semi-empirical methods, and have been performed for various
strained structures and are shown to give accurate results on ideal strength of materials'®
20- 121124 "However, few have been performed for Au, although calculations for other fcc

metals are abundant. For example, Li et al studied the ideal tensile strength of Al'®

. Cerny
et al worked on the ideal tensile strength of Cu'®. The second issue is the calculation and
formulations of elastic stability criterion and the elastic stiffness constants used in
previous works that may leads to different answers. For example, Li et al did not use the
symmetrized elastic stiffness coefficients. In addition, how they calculated each
independent component of elastic constants at any given stress state to test the stability
conditions is not clear. And the Young’s modulus calculated by Cerny et al may only be
valid in small deformation while the strain corresponding to stability limit is much larger.
In this part, we employ an ab initio calculation based on density functional
theory to investigate the ideal strength of Au under uniaxial stress along the [100]
direction. We organize this part as follows. In next section, we briefly review the stability
criterion of a cubic crystal under external loading. In section 5.3.3, we introduce our
calculation models and methods. In section 5.3.4, we show our results, and give
discussions and comparisons with the previous works. Finally, we will draw conclusions
from this work.
5.3.2 Stability of crystal solids under external stress
Although there are quite a few versions of the elastic stability criteria to judge
whether or not a crystalline solid becomes unstable, from which we could obtain the ideal

strength, we shall use the one derived from the stress-strain relation at any arbitrary

deformed state””. Consider that a material in configuration X under stress 7;(X) is
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undergoing a small displacement, i.e., with a small value of 7, , the system will move to
anew state Y with a corresponding stress 7; (Y ). The two stresses are related by a linear
proportional coefficient of stress versus strain between two states of the system™,

7 (Y) =7, (X) + By (115 ) +OL(7y)°1 - (5.60)
From equation (5.60) we know that 67 = By, so if the material at the state X is stable,
the increment of the stress vector (with Voigt notation, ot = (o7,,07,,07,,07,,07,,07;)
and 1 =(n,,1n,,15,1,,75,7,) ; both stress and strain tensors can be treated as vectors) must
remain positive when projected to the direction of the perturbative strain 7. Otherwise,

the system becomes unstable. This criterion is what Frenkel' and Orowan® originally
proposed for the ideal strength of a material. The coefficient is defined as,?

Bijkl = Cijkl +(1/2)(5ik7j| +5jk7i| +5iITjk +5jlz-ik _2§kITij )> (5.61)
where 7;; is the internal stress at (stressed) state X , and Cy, =V~'(0’U / 011,014 ) =0 18

the elastic constants at state X . This derivation of By, can also be obtained directly from

the stability criterion proposed by Hill and Milstein”*'! where, with a perturbative strain

17, a solid can only be stable when the change of the internal energy U is larger than the
external work W done to the system, or SU —6W =7"Bz; > 0.

By, is in general asymmetric while ij <>kl , unless the applied stress is
hydrostatic, 7; oc §; . The stability criterion 7' Bn >0 will be valid if and only if its
symmetrized counterpart, B= (1/2)(B" + B), is positive-definite, or

det|B[>0. (5.62)
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The system will become unstable when det | B |=0 for the smallest stress or strain during

deformation. In other words, as B is a function of the deformation strain, the stability
criterion will lead to a set of relations among the components of Biu at the critical
applied strain.

For an fce crystal under a uniaxial stress along the [100] axis, 7; = 79,6;,, where
i,j=1,2,3, the lattice symmetry will become tetragonal after deformation. Then the
number of independent elastic stiffness coefficients increase from three to six:
Bu ,§12 = B3 ,gzz =B ,Ezz ,§44 ,§55 = Bes. Here we simplify the subscript in the tensor
notion by using the Voigt notation (11 —>1, 22—>2, 33 >3, 2354, 31>5, and

12 — 6). The applied stress affects only the components of B that involve the [100] axis:

Bi= C, +r7, B = C,-7/2, Bss = Cis+7/2, and Bi = C; for all other components.
The determinant of B is,
det‘g‘ = (gzz —Bx» )§44 E?s [EII(EZZ + Ez}) - 2§122].

The criterion, det |§|> 0, gives four stability conditions, two of which are associated

with applied stress explicitly:

Bi(Bx +Bx)—2Bn >0 (C,, +7)(C,, +Cp,)—2(C,, —%)2 >0, (5.63)
B»-B»>0&C,,—Cyy >0, (5.64)
Bu>0&C,, >0, (5.65)
Bss>0< C,, +§ > 0. (5.66)
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Equation (5.63) is different slightly from that presented by Wang et al ~ and by

Li et al'®, as they did not use symmetrized quantity B. So there is a correction of the

order of C,,z to the last term in the equation. The Young’s modulus that governs a fully

relaxed stretch along [100] is

Bu (Ezz + Ezs) - 25122

E.=(S,)" =
100 ! B2z +Bxs

(5.67)

where S;; is the elastic compliance tensor for tetragonal crystals. Here E,,, in general

does not equals to Bu1, the modulus for an unrelaxed stretch in the same direction.

The first condition (Eq. (5.63)) is equal to that the Young’s modulusE,, > 0. The

second one involves symmetry breaking (bifurcation) with tetragonal shearing
deformation. In the latter case the crystal may branch away from the tetragonal path to a
face-centered orthorhombic path. The last two conditions give other types of shear
instabilities, and the crystal symmetry will evolve monoclinic if those conditions are
violated. The ideal tensile or compressive strength is the corresponding value of the

normal stress 7, at which any one of the above four conditions starts to be violated.

5.3.3 Calculation details

We perform the ab initio DFT calculations using the Vienna ab initio Simulation
package (VASP)* developed by the Hafner Research Group at the University of Vienna.
VASP uses pseudopotentials or the projector-augmented wave method and a plane wave
basis set. To simulate the deformation under uniaxial stress, we first calculate the
properties (total energy and equilibrium lattice parameter) of a single face-centered cubic
crystal Au in the ground state. To obtain lattice parameter that is in better agreement with

experimental value, we use the exchange-correlation energy evaluated with the local
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density approximation. Ultrasoft pseudopotentials® are always employed to describe the
electron-ion interactions. We use 18x18x18 Kk -point mesh in our calculations following

the Monkhost-Pack scheme, that is sufficient to reach the desired convergence of the total

energy and elastic constants. The cutoff energy ESY

=292 eV is large enough for the
total energy to converge to the stable equilibrium state. For Au, the ground state has a
face-centered cubic structure with the lattice parameter a,=4.07 A, which is very close to
experimental measurement 4.08 A® at room temperature. We thus use 4.07 A as the
lattice parameter in our supercell, a face-centered cubic cell containing four atoms, to
perform the following simulation work for deformation.

The elastic stiffness constants and the elastic stability conditions (5.63)-(5.66)

can be obtained from the variation of the internal energy per atom and the normal

stress o, with the Lagrangian strain 7,. Firstly, we apply a small amount of stretch, o4, ,
to the supercell along the direction of the lattice parameter a, ; it becomes a, + 0@, and
a/a,= m . Then, we hold the length of a, while allow the other lattice parameters
a, and a, perpendicular to @, to relax to the state with o, = o, =0 while maintaining
a, =a,, and then record the values of internal energy U and normal stress o,. We

change the value of Ja, again and repeat the above procedure. Thus, we simulate a

strain-controlled uniaxial loading for the crystal. Figure 5.7 and figure 5.8 give us the

oU —n, and o, —n, relations.

The stability condition (5.63) corresponds to the requirement that E,, is positive.

1
I 9

Cerny et al” used the relation E,,, = (1/a;a,)d’U /de” to get Young’s modulus E,,

107



where ¢ =a,/a,—1. Their definition of Young’s modulus is an approximation with a
second term 2voa,/a, missed, where v is the Poisson’s ratio. Thus the value of

Young’s modulus is underestimated especially with a finite value of strain, and the
related tensile instability is predicted at a lower strain value. In this work, we use the

following relation,

Eio=(S,) " =(d¢,/doy) . (5.68)
Here ¢, is the local Lagrangian strain calculated under the current coordinate frame. In
order to obtain d¢, /do,, we need the relation, ¢, —o, . In other words, we need to have
¢, at each given stress o, so its derivative can be obtained. Since the calculated o, ~ 7,
relation is discrete, to obtain dJ;/do, , we use the following method: For each
configuration X' with a certain value of 7, relative to the initial state, we select a few
points nearby around 7, from the calculated o, ~7, curve and calculate the new
Lagrangian strain value &, for each point using X' as the reference configuration. We
make a linear fitting to obtain the value of Young’s modulus E ,, using Eq. (5.68) for

configuration X'. Although tedious, the procedure gives a better result at finite strain,
especially at the instability point of the crystal.

The violation of stability condition (5.64) corresponds to tetragonal shear
instability. For condition (5.64), there may be a potential bifurcation from the primary
deformation path, where the lattice could acquire orthorhombic symmetry. In order to test
the second stability condition, the following Jacobian matrix and corresponding strain
matrix were used at each point of our primary deformation path, that is, the uniaxial

loading:
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1 0 0 00 0
J=10 +1+2x 0 |, =0 x 0
0 0 1-2x 0 0 —x

With such deformation, the stress-strain relation (5.60) gives
S0, =—60, = (B, — B, )X+ O(x*).
So, the condition specified in Eq. (5.64) can be obtained through the derivative,
B,, —B,, =d0,/X.
The violation of stability condition (5.65) is another shear instability related to the
shear stiffness coefficient B,,. To obtain B,, we apply the perturbative Jacobian matrix

and corresponding strain:

1 0 0 000
J=[0 1-x*/2 X |, =0 0 x
0 X 1-x*/2 0 x 0

to each configuration along our o, -7, curve under uniaxial loading. We have the

relation 5o, = 2B, ,x+O(Xx*) and thus B,, =l %,

25X

The stability condition (5.66) can be tested using the Jacobian matrix and

corresponding strain:

1-x*/2 0 X 0 0 X
J= 0 1 0 , =0 0 0
X 0 1-x*/2 X 0 0

The stress-strain relation under such deformation and the elastic stiffness modulus

B, can be obtained through o, = 2B, x+O(x*) , and B, = % i‘O-S ’
X
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Figure 5.7 The change of the internal energy per atom as a function of strainz,. It is
shown that under compressive stress there is a metastable bct structure at 77, = —0.25 and

an unstable bce structure at 7, =—0.19.

5.3.4 Results and discussions

Figure 5.7 shows that the change of internal energy per atom as a function of
strain during simulated uniaxial loading test along the [100] direction. The global
minimum point of internal energy at the curve corresponds to a, =4.07 A. When the
lattice parameter a, increases from 4.07A, the change of internal energy per atom

increases monotonically over the simulation region. When the lattice parameter a,

decreases from 4.07A, the change of internal energy per atom will first increase until it

reaches a local maximum, where Lagrangian strain is -0.19 at a, =3.205, then decrease
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to a local minimum, where Lagrangian strain is -0.25 at a, =2.880 A (about the same as

the result obtained by Haftel et al, 2.87 A'*), and then increase again.
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Figure 5.8 Variation of the normal stress o, with strain 7,. Under compression, o, =0
where the metastable bct and unstable bec structures should form. Under tensile
elongation, o, reaches its maximum value (18.44 GPa ) at 77, = 0.38 where the Young’s

modulus approaches zero as shown by the solid line in the inset. The dotted line in the
inset is the Young's modulus calculated according to the definition from Ref. 19. It
vanishes at the strain of 0.35 that corresponds to the normal stress of 18.36 GPa, lower
than the maximum value of normal stress.

Figure 5.8 shows the normal stress o, versus strain 77,. When the lattice parameter
a, increases from 4.07A, a maximum normal stress occurs at a =5.386 A, and the

corresponding Lagrangian strain is 0.38 and the normal stress is 18.44 GPa (theoretical

fracture strength). Corresponding to the maximum stress, the Young’s modulus is almost
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zero as expected (see the inset of figure 5.8). Let us note that Young’s modulus

calculated with the definition in Ref. 19 (disregarding the term 2vc4@,/a,) vanishes at

the strain of 0.35, that corresponds to the normal stress of 18.36 GPa, sort of lower than

its maximum value. When the lattice parameter a, decreases from 4.07A, the normal
stress o, will firstly decrease to negative values, and reach a local minimum value of -

1.60 GPa at Lagrangian strain -0.07; and then it will increase to pass through zero at the

200 | eeeemtemmmm e

150

100

Elastic Moduli (GPa)
3

Figure 5.9 The stability conditions (Egs. (5.63-5.66)) plotted using the elastic constants
calculated from the ab initio method. It is shown that under compression, the Young’s
modulus goes to be zero first; under elongation, the tetragonal shear modulus goes to zero
first. Stable region corresponding to the above stability limits is in the strain range,
n, ~(-=0.07,0.07) , while the corresponding ideal compressive and tensile strength are at -

1.6 and 4.2 GPa respectively.
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lattice parameter a, =3.205 A. Afterwards, the stress o, will decrease again and pass
through zero at a, =2.880 A, and then decreases with further compression. Compared
with figure 5.7, we know that the two points at o, =0 correspond to a local maximum

and a local minimum of the internal energy respectively.
When an fcc crystal is stretched along [100] direction, the homogeneously
deformed crystal structure may be described as a bct structure throughout all processes.

The fcc and bee structures may be considered as special cases of the bet structure with
a, =a,=a, and \/Ea1 =a, = a,, respectively. The point of a, =3.205 A corresponds to
a,/a, =1.431, that indicates a bcc crystal. Milstein et al’’ found the same result with a
central-force Morse potential calculation. Since the bee phase corresponds to the local
maximum of the internal energy, it is unstable.

Figure 5.9 shows that under compressive or tensile stress along the [100] axis, one
of the four stability conditions ((5.63)-(5.66)) would fail firstly. It is shown that when the
uniaxial compressive stress is applied, the stability condition Ell(Ezz +§zg)—2§122 >0
would be violated first at Lagrangian stain at -0.07. Under further compression, the
absolute value of o, would decrease rather than increase. When a tensile stress is applied,
instead of E,, approaches zero first, the stability condition B2 —Bas > 0 would fail first
at Lagrangian strain at 0.07. The corresponding stress o, at the two instabilities is -1.6

and 4.2 GPa, which give us the ideal compressive and tensile strength. The corresponding
stable phase region defined by the Lagrangian strains is thus from -0.07 to 0.07. The

occurrence of the shear instability at 77, =0.07 when condition in Eq. (5.64) is violated

precedes the theoretical fracture strength at 7, =0.38 where Young’s modulus
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approaches zero. This is the so-called bifurcation deviated from the primary deformation
path along the uniaxial stress. This phenomenon was also seen by Milstein et al with

EAM potential®’. In their work, they show that the theoretical fracture strength is 22.5
GPa, where axial stretch 4, =1.207; the stability condition B — B >0 is violated at

A,=1.102, with o, =10.0 GPa. Here the stretch A, is defined as its length in the current

state divided by its initial length: 2, =a,/a, =+/1+ 27, . Their results of ideal tensile

strength and theoretical fracture strength are both larger than ours. As mentioned before,
their EAM model was formulated to reproduce empirical values. However, according to
our experience’, at such a large strain range which is beyond 0.10, the fourth-order
elastic moduli would make contributions and must be taken into account in the fitting of
the potentials. Zhang et al*® employed a modified analytic EAM (MAEAM) model to
investigate the same problem. They showed that the ideal strength is -2.21 GPa in

compression and 6.31 GPa in tension, and the stable region in strain (&, /a,—1) is from -

9.83 to 7.87%. Their results are in better correspondence with our ab initio calculation
results. Recently Cerny et al'*® presented a new way to estimate uniaxial tensile strength
on the basis of theoretical shear strength calculations. Their work shows that the ideal
tensile strength is 5.8 GPa from the rigid-planes approach, and 3.6 GPa from the relaxed-
planes approach.
5.3.5 Conclusion

In this work we employ ab initio calculation based on density functional theory to
investigate the elastic stability of face-centered cubic crystal gold under uniaxial stress
along the [100] axis. We treat the elastic stiffness moduli as the linear coefficients of

stress-strain relations, which gives a new interpretation of the stability criterion as
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Frenkel and Orowan originally proposed to judge the stability limit for solids. With this
criterion, we show that the stability limit, of the perfect Au crystal under tensile stress is
related to the vanishing of tetragonal shear stiffness coefficient as predicted in the
previous work, but with a smaller value in the ideal tensile strength, 4.2 GPa, at a less
Lagrangian tensile strain of ~0.07. The potential bifurcation from the primary loading
path is also shown. The stable region is found in the range from -1.6 GPa to 4.2 GPa in
the ideal strength, or from -0.07 to 0.07 in the Lagrangian strain. These results are inline
with those predicted from atomistic calculations using semi-empirical potentials more
qualitatively than quantitatively to point out that more accurate fitting procedure is

needed in the potentials used.
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CHAPTER SIX

NONLINEAR THEORETICAL FORMULATION OF ELASTIC

STABILITY CRITERION OF CRYSTAL SOLIDS

6.1 Introduction

Born formulated the elastic stability criterion in the context of thermal melting of

a crystal>°*. Born’s criterion states that to ensure a crystalline solid in a stable state, the

C|>0.

determinant of the second-order elastic constant tensor must be non-negative,

This says that given a strain 7 such as in thermal melting, the variation of the internal

energy of system must remain positive and convex if the system is in a stable state.
Furth”® quickly realized that the Born criterion also sets the limit of the strength of a

perfect crystal subject to external stress that causes a deformation strain. Thus |C|— 0

would be the elastic stability condition at temperature below melting point when the
crystal is under external stress. Since the Born criterion is formulated for crystalline
solids in stress-free state, Furth’s generalization is clearly invalid as the elastic constants
at finite deformation depend on applied stress**. Born’s criterion for crystals in deformed
state should be replaced by the stress-dependent elastic constants. The general expression
for the elastic constants under arbitrary applied stress was derived by Wallace? in the
context of formulating equations of elastic wave propagation in stressed crystals; he
called it elastic stiffness constant,

J

B = Cija +(1/2)(0y 75 + 857y + 04Ty + ;7 _25klrij)‘ (6.1)
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Here Cy, = pO°F/ 01,01y 1s the elastic constant, and p is the density of the material in

a deformed state. The Born stability criterion then becomes
B|>0. (6.2)
Eq. (6.2) reduces to the original Born criterion at zero applied stress (7 =0), B=C.
In chapter five, we showed that the general stability criterion shown in Eq. (6.2) is
1-2, 98,127

related to the one proposed much earlier by Polanyi, Frenkel, and Orowan

predicting the ideal strength of a crystal. The connection is through the relation

7 (X) =7 (X) + Byju 714 + Ol )1, (6.3)
where 7;(x) is the stress at a current deformed state x away from a reference state X,
7;(X) is the stress at state X, and 7 is the Lagrangian strain from state X to state x. If

x is sufficiently close to X, the stability criterion is set by

Oty /0y —0 (6.4)

which is the Frenkel-Orowan criterion.

Using mainly the generalized Born criterion, Eq. (6.2), a large number of
theoretical and computational work has been performed®, to investigate the elastic
stability problems associated with phase transition, ideal strength, and crystal defect
formation, etc. Continuum model with finite element method®, atomistic simulation with
embedded atom method (EAM)? %, and ab initio quantum mechanic simulation'®2% %’
have been employed extensively in various calculations. All these models however

require a tremendous amount of computational resources, among which the largest

fraction is on calculation of the second order elastic constants Cy, 's in each deformed

state. For ab initio calculation, the total energy needs to be calculated and used later to
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obtain Cy,'s; for atomistic simulation, C;,'s can be obtained using either analytical

expression or fluctuation formula. For the latter case, a large amount of computation
resource is needed to guarantee the convergence of fluctuations so that reliable results
can be acquired®*. In addition, the elastic stability criterion as expressed in Eq. (6.2),
though simple, often encapsulates the physical mechanisms underlying the stability limit.
For example, anharmonic effects present in a crystal under applied stress play an
important role in softening the material, leading to elastic instability. By focusing on only

the second order elastic constants C;, 's, this and other effects often manifested in higher

order elastic constants are often masked.

In this work, we present a general theoretical framework of elastic stability
criterion using higher order elastic constants. In finite deformation theory, both the stress
and the second order elastic constants in a stressed state can be expressed in a series
expansion in terms of the deformation strain with the expansion coefficients being the
elastic constants of higher orders from a reference state. Choosing the reference state as
the zero stress state, we obtain the stability criterion as expressed in Eq. (6.2) in terms of
the second and higher order elastic constants at zero stress states. Many of these zero
stress elastic constants are now available either from experiments or theoretical
calculations, making it extremely desirable, and possible, to use the nonlinear formulation
analytically to predict stability and ideal strength of crystalline materials without
resorting to extensive computation.

This chapter is organized as follows. In section 6.2, we present a unified theory for
stress, elastic constant, and elastic stiffness coefficient. We express the elastic stability

criterion and the nonlinear formulation using higher order elastic constants. Instances of
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the stability criterion for cubic crystals under hydrostatic and uniaxial stress will be given.
In section 6.3, we present the methods to test the new theoretical formulations of stability
conditions with high order elastic constants of the materials under zero stress. In section
6.4, we give the results obtained from several crystal systems whose higher order elastic
constants are available. They include the stability region expressed by the strain limits,
ideal strength or stress, and possible bifurcation mode of cubic crystal metals, such as Au,
Al, and Cu. Available results from our ab initio calculation and other theoretical work are
also shown for comparison. In section 6.5, we discuss the new method and its
applications, along with the limitations, mostly from the view of the quality of the input

data. Finally, in section 6.6, we draw conclusions from this work.

6.2 Theory

6.2.1 Finite deformation theory of stress and elastic constant

Suppose a material point in configuration X under stress oy (X) is undergoing a
small displacement, i.e., with a strain 77, to a new state X with a corresponding stress
0;(X). We assume, without loss of generality, that the displacement could be arbitrary

and infinitesimal as needed. The corresponding change of the Helmholtz free energy

F(x,T)=F(n,T) atstate x from F(X,T)=F(0,T) atsate X is expressed as

oy atonomonon|,

L _OF
o 3 ononen

2
Fi.T)=FOT)+ L oF

n+=—— nnnn+ ...,
on X 21 0non

(6.5)
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correct to the fourth power in  with the understanding that all derivatives appearing in
Eq. (6.5) are done at state X with all other strains 7' held constant. The corresponding

stress, the second- and third-order isothermal elastic constants at state X are then

1 oF
X)y=——%1 (6.62)
V(X) any,,
2
cx)=—L_F 1 (6.6b)
V(X) anon|, .
3
cXy=—_9F | (6.6¢)
V(X) ononan|, .
4
-\ OF | (6.6d)

V(X) dnononon|, .’
where V (X) is the volume of the system at X. To avoid overcrowded notations, we shall

not use indices for vectors and tensors unless necessary. Summation convention is
automatically assumed. Following the same scheme, we can obtain the corresponding

stress, the second- and third-order isothermal elastic constants at state x,

1 oF
T(X)__V(X)gx,g-, (6.7a)
1 0°F
C(X)=—— , 6.7b
SRV (6.70)
co= CF | 6.70)
V() 02050¢|

where V(x) is the volume of the system at state x, and & is a Lagrangian strain from
state x to state y. Therefore, we can simply take a derivative of Eq. (6.5) with respect to

& at state x, so we have, after dividing by V(x) on both sides,
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1 oF|  _V(X)an

"=V ael,, "V oz

|:T(X)+C(X)7]+%C(X)777]+%C(X)777777 +} (6.8a)

Following the same scheme, we can systematically obtain the second and higher order

elastic constants at state x in relation to those at state X,

1 &F| _V(X)an[ 1. }
C(x)_v(x) 555§|x,qv_ V) 5% C(X)+C(X)n+ac(X)7777+... ) (6.8b)
c(X) L _OF | —V(X)a—”[c(X)+6(X)n+...], (6.8¢)

V() em&g|,, V(0 ¢

and so forth. As we show below, these relations enable us to formulate the nonlinear
theory of elastic stability criterion.
6.2.2 Elastic stability of crystal solids under external stress

If the material at the state X is stable, given a small increment of strain 7 (with
Voigt notation, a strain tensor is treated as a vector, 7 =(7,,7,,7;,7,,15.7)), the

increment of the corresponding stress must remain positive along the direction of the
perturbative strain 7. Otherwise, the system at state X is unstable. This criterion, as we

1-2,98, 127

showed, is what Polanyi, Frenkel, and Orowan originally proposed for estimating

the ideal strength of a material where 07; /91, — 0. The elastic response coefficient
defined as in Eq. (6.1) involves 7, the external stress at state X, or the Cauchy stress

when the system is in equilibrium, and Cy, =V U/ 011,014 ),,-0 » the elastic constants

n=0>
at state X. This stability criterion can also be obtained from the stability criterion
proposed by Hill and Milstein”"''. They showed that, with a perturbative strain 7, a solid

can be stable only if the variation of the internal energy or free energy F is larger than

121



the external work W done to the system, or 6(F —~W)=7"Bn > 0. Both Polanyi-Frenkel-

Orowan and Hill-Milstein models lead to the criterion,

B|>0.

Based on its definition, By, is in general asymmetric while ij <> kI, unless the
applied stress is hydrostatic, 7;; oc ;. The stability criterion 6(F -W) = n'Bn >0 will be
true only if the symmetrized counterpart of B, B= (B" +B)/2, is positive-definite, or
|§ |> 0. Specifically, for a cubic crystal subject to hydrostatic pressure P, 7; =—Pg; and

B =B, due to preservation of the lattice symmetry. We follow the convention that the

inward pressure is positive while outward pressure is negative (i.e., P <0 for tension).

The stability conditions are,

B, (r)=(B, +2B,)/3=(C, +2C, +P)/3>0, (6.9)
G'(r)=(B,-B,)/2=(C, ~C,, ~2P)/2>0, (6.10)
G(r)=4B, =4(C,,~P)>0. (6.11)

Here we express the bulk stiffness modulus B, (7), tetragonal shear stiffness modulus
G'(r), and rhombohedral shear stiffness modulus G(z) explicitly.

For a cubic crystal solid under a uniaxial stress along the [100] axis, 7; =75,9;,,
where i, j =1,2,3, the lattice symmetry will become tetragonal after deformation. The
criterion, |§|>O , gives four stability conditions, two of which are associated with

applied stress explicitly':

Bi1(Bx + Bx)—2Bn >0 (C,, +7)(Cy, +C,.)—2(C,, —%)2 >0, (6.12)

B»—-Bxn>0&C,—C,, >0, (6.13)
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Bu>0&C,, >0, (6.14)
§55>0<:>C55+%>0. (6.15)

Here, Voigt notation is applied. The first condition in Eq. (6.12) equals that of the

Young’s modulus, E,,, >0. The Young’s modulus that governs a fully relaxed stretch

along [100] direction is

Bu (Ezz + Ez3) _2Bn

E, =(S )*1 =
100 " B2 + Bas

(6.16)

where §;; is the elastic compliance tensor for tetragonal crystals.

The ideal tensile or compressive strength of the crystal is the corresponding value
of the normal stress 7 at which any one of the above four conditions (Eq. (6.12-6.16))
starts to fail. This is slightly different from the Polanyi-Frenkel-Orowan criterion for
theoretical strength mentioned above if the strain corresponding to the violation of the
stability condition is not along the primary loading path, such as along the stretch along
[100] direction. This phenomenon is called stability bifurcation’'" 2* %. The
corresponding strain along the primary loading path where any one of the above four
stability conditions is violated sets the strain limit for the materials.

6.2.3 Nonlinear theoretical formulation of elastic stability criterion
As mentioned in the Introduction, the necessary ingredient in acquiring the elastic

stability criterion expressed in Eq. (6.2) is the second order elastic constants C;,, at the
initial state. In any calculation, for each small increment of deformation strain, one must

calculate C,

ja» €ither from the total energy in ab initio calculation or fluctuations in

atomistic simulation. This procedure demands a huge computing resource. Realizing the
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relations expressed explicitly in Eq. (6.8) between the stress and elastic constants at any
deformed state x and those at a reference state X, we can significantly simplify the
procedure for acquiring the elastic stability criterion by using the reference at zero stress
state or natural state as often called in mechanics where 7(X)=0. We could express
stress and elastic constants at any arbitrary stressed state x as the function of the

deformation strain and the stress and elastic constants at the natural state. Considering

Op-
only symmetric strain from X to X, use relations a; =a; :%,%: a8, , the stress
j ki
in Eq. (6.8) becomes
7 =V, /V )Z 3;a;[7(0); +ZC(0)klmn on
ki mn
1 1
+E Z C(O)klmnpq nmnnpq +g Z C(O)klmnpqrsnmnnpans +"']’ (617)

mnpq mnpqrs

where V,, 7(0);, C(0)ymn » C(0)yymnpq » €tc-, represent the volumes, stress, the second-, the

third-, and the fourth-order elastic constants at zero stress state, respectively, and V is the
volume at the current state x. Similarly, following Eq. (6.8b), we can write the second-

order elastic constants C, at state x,
1
Cijkl = (VO /V )aimajnakpalq (C(O)mnpq + C(O)mnpqrs 77rs + EC(O)mnpqrstu 77rs77tu + j (618)

V() ~l+n. +.. and

Explicitly for example, after using the relations, J :det|a|=—v(x) i

a; = 9 +17; —%nkinkj +..., Eq. (6.17) becomes Eq. (6.3) but with more terms, and the

second order elastic constants in Eq. (6.18) become
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Cija =C(0)yq + [_C (0)isa o + C(Oipn i + C(O)ijmi hem + C(Oignia 77jn + C (O ﬂim]
+ C(O)ijklmn TTn + (6 19)

Now, we have a general expression for 7; and Cy, evaluated at any deformed state x, in

terms of the second-, third-, fourth-order and higher order elastic constants evaluated at
the zero stress state. If we know these elastic constants, either from experiment or
theoretical calculations, we could express the elastic stability conditions, as expressed in
Egs. (6.9-6.11) or Egs. (6.12-6.15), analytically as the function of only the deformation

strain 7. This new formulation based on the finite deformation theory (section 6.2.1)

gives significant relief in computing the elastic stability condition; and at the same time it
offers valuable insights into how the nonlinear effects such as anharmonicity contribute
to crystal stability. In the following, we shall present detailed formulation for

implementing this approach in cubic crystals.

6.3 Calculation details

Previously we performed ab initio calculations with the density functional theory
to investigate the elastic stability of face-centered cubic crystal Au under hydrostatic and
uniaxial stresses®” *°. The calculation consists of three parts: (1) equilibrate the system
and then subject the system in equilibrium with deformation by applying a homogeneous
deformation strain according to the loading mode; (2) obtain the elastic constants,
stresses, and other relevant properties such as volume at each of the deformed state; and
(3) from the elastic constants, obtain the elastic stiffness constants and thus the stability
criteria (Eq. (6.2)). One can obtain the stability condition using the stress-strain relations

(Eq. (6.3)) too. In the case of hydrostatic loading, due to the preservation of the symmetry,
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the procedure is simple. We apply hydrostatic deformation to a crystal supercell via a

strain, 7, =1,, =17;; =&, 13; = 0 for i # j, which is done by changing the lattice parameter

a homogeneously, or a/a, =+/1+2&. We then obtain the pressure-volume strain
relation and the internal energy U as a function of the applied strain, or U =U(a/a,),
from which we obtain the elastic constants. For uniaxial loading, the procedure is much

involved. To simulate deformation along [100] axis, for example, we first apply a specific

incremental strain, 7,, along [100] axis to a crystal supercell. Then we hold the supercell

in [100] direction but allow it to relax along the other two perpendicular directions, [010]

and [001]. When the stress components o, and o, along these two directions disappear
as required by Poisson contraction, we measure the value of 7, and 77, and obtain a new

supercell, which is now under the non-vanishing stress along only [100] axis. Due to the

tetragonal crystal symmetry and relaxation, o, = o, =0, the total energy of the system is
a function of only 7,. From the total energy of the deformed supercell at each 7, we

calculate the elastic constants and test those stability conditions Egs. (6.12-6.15). The
process is very tedious and time consuming. Next, we present the analytical model using
the nonlinear formulation to express the stability conditions for cubic crystal under
hydrostatic and uniaxial loading respectively.
6.3.1 Cubic crystals under hydrostatic stress

Under hydrostatic loading on a cubic crystal, the pressure on the system is

Gj

=—P&; and the deformation strain is 7, =7, =n,. Using Egs. (6.17) and (6.18), we

have the pressure and elastic constants for the deformed system,
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-1
J1+2n, [
1

1 4
(Ecm +3C,, "‘C123)7712 +(gC1111 +§C1112 +C oy + 2C1123)7713]+~--a (6.20)

1 , '
P= _gtr(a )=—0,= (Cy, +2C,)m +

correct to the third order in Lagrangian strain, and

' 1
Ci =1+2n[C, +(Cyy, +2C,), +(EC1111 +

2C,1, +Cy1py +Co)inr s (6.21a)

C1'2 = V 1 + 2771 [CIZ + (20112 + C123 )771 + (C1112 + C1122 +

5

EC1123)7712]: (6.21b)

and

, 1
Co =J1+21[Cyy +(Cpyy +2C 55)m, + (5 Clras +Cipss +2C 555 +

Crae )11 1. (6.21¢)
correct to the second power in Lagrangian strain. Using these relations, we can test the
stability conditions expressed in Egs. (6.9-6.11).

6.3.2 Cubic crystals under uniaxial stress along [100] axis
We denote the original state by X, that is corresponding to an initial state of a
cubic supercell (not necessarily the natural or stress-free state), the state with applied

strain 77, by X', the state after relaxation by X", both of the latter two states are with

tetragonal symmetry. Then from X to X", using Eq. (6.17) we have the stress
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V"

1(8UJZYL(L8UJ[&ﬂJ_JHQm[G+

o, =— —_— =
! on, V"V, on )\ on 1427, 1
1
C11771+C12(772+773)+5C1117712+C112771(772+773)+
1 1 1
EC112(7722 +7732)+C123772773 +EC11117713 +5011127712(772 +15)+

1 1 1 1
gcmz (7723 + 7733) +5C1122771 (7722 + 7732) +C, 103 (11,175 +57722773 +57727732 )], (6.22)

correct to the third order of Langrangia strain, O(77°). We now choose state X as the
natural state or stress-free, o, =0. Similarly, we may use Eq. (6.18) to have the six

independent second-order elastic constants at the state X ",

o (1+2m)" 1
11 :W[Cn +Cyin + G, (1, +773)+EC11117712 +
1
Ciio7 (17, +773)+§C1122 (7722 +7732)+C1123772773]> (6.23a)
v (1+2m,)

1
22 (1+277 )1/2 [Cll +C111772 +C112(771 +773)+5C11117722 +
1

1
Co (1) + 501122 (7712 + 7732) +C,105m751,s (6.23b)

" 1
CIZ = (1 + 2771 )1/2[C12 + CllZ(nl + 772 ) + C123773 + ECIIIZ (7712 + 7722) +

1
Coioatin, +Cy s (s + 17,15 + 57732 )1, (6.23¢c)
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. (42 !
C —(—772)[C12+C112(772+773)+C123771+EC1112(7722+7732)+

RCE
1
Ciinatho 15 +501123 (! + 2y, + 2m,17,)], (6.23d)
\ (1+2n,) 1
Cu= 1+ 2771)21/2 [Cus +Cratn +Cis5(m, + 773)+5C11447712 +
1
Ecnss (7732 + 7722) +Coaoss (1, +1173) + C 66111151, (6.23e)

and

] 1
Cys =(1+2n, )1/2[C44 +Ct, +Css(m, +15) + 5011447722 +

1
Ecnss (7732 + 7712) +Coss (1, +1,115) + C ot 1- (6.231)

correct to the second power in Lagrangian strain. With Eqgs. (6.22) and (6.23), we have

the stress and elastic constants at state X " all expressed in terms of 7, and the second-,

third-, and fourth-order elastic constants at state X, given the condition that
n, =n, = f(n,) as required from J: = O': =0 after relaxation from state X '. To identify

the value of 7, and 7, for each specificz,, we use the procedure shown in Appendix A.

Therefore using the available elastic constants at zero stress, we can test the stability
conditions expressed in Eqgs. (6.12-6.15) for the stress and elastic constants at any

deformed state X ".

6.4 Results

We present the results on testing the nonlinear formulation of the elastic stability
conditions expressed in two different forms: one is expressed in terms of the elastic

stiffness coefficients (Eq. (6.2)), and the other is the stress-strain relation (Eq. (6.3)). In
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the nonlinear formulation, both the stress-strain relation and the elastic stiffness
coefficients are functions of only the deformation strain. The inputs are the second-,
third-, and fourth-order elastic constants from available experimental measurements.
Obviously, the quality of the input data has a big effect on the stability results, especially
at large strains. We shall discuss this issue in more detail in the next section. For
comparison, we use the results from ab initio calculations and atomistic simulations, in
particular those from our own DFT calculation of Au where all elastic constants up to the
fourth order were available in our previous publications®.

6.4.1 FCC Au under hydrostatic stress

Figure 6.1 gives the stress-strain curves of both analytic results and ab initio
calculations for the crystal Au under hydrostatic stress. We have two stress-strain
relations from Eq. (6.20) resulting from using two sets of data for the elastic constants in
the nonlinear theory, one from the experiments’> and the other from our recent ab initio
calculations”. We can see that the analytical results agree well with that from the DFT
calculation in the presented large strain range, except that the one with experimental input
deviates from the other two only in the compressive regime.

Figures 6.2(a)-6.2(c) show the elastic stiffness moduli defined in Egs. (6.9-6.11)
with varying hydrostatic strain. As for the stress-strain relation, three sets of results are
obtained for each stiffness coefficient from different inputs. We see that when we use the
second-, third-, and fourth-order elastic constants” of the stress-free crystal Au from our
calculation and the experiment, the results agree very well with the ab initio calculated
stiffness coefficients. Our earlier ab initio calculation shows that under hydrostatic stress,

the instability does not occur along the primary hydrostatic stress path; instead it happens
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along the rhombohedral shear path at the volume expansion strain of 0.06%°. The
analytical results in this work show that under compression, all of the three stability
conditions (Egs. (6.9-6.11)) are obeyed within 10% strain range. In expansion, the
stability conditions associated with the bulk and tetrahedral shear stiffness coefficients
(Egs. (6.9) and (6.10)) are maintained, and the thombohedral shear stiffness condition is

violated, i.e., goes to zero, first at Lagrangian strain 77, ~ 0.05, which agrees well with

our previous direct ab initio calculation of the stability condition™.

100 . . . + : ; 2 : -
Eq. (6.20) with our calculated values of elastic constatns
50 L - Eq. (6.20) with experimental values of elastic constants |
- ab initio simulation work in Ref. 20
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Figure 6.1 The hydrostatic stress varies with strain 7,. Two of the stress-strain curves

use Eq. (6.20), with two sets of data for the elastic constants in the nonlinear theory, one
from the experiments and the other from our recent ab initio calculations. The last line
comes from our previous ab initio simulation [20]. The three lines agree well with each
other in a finite strain range.
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Figure 6.2 The three types of elastic moduli of Au under hydrostatic stress vary with
strain 77,. Under compression, the crystal is stable. While expansion, the rhombohedral

shear stiffness modulus first reaches zero at 77, ~ 0.05.

It is interesting to notice that the thombohedral shear stiffness condition from the
analytical result using the experimental elastic constants does not show instability.
Moreover, the rhombohedral shear stiffness increases at the large strain, due mainly to
the use of the fourth-order elastic constants. As compared, which is different from the ab
initio calculation where the rhombohedral shear stiffness decrease monotonically with
increasing volume expansion. The rhombohedral shear, or instability bifurcation, can be
obtained from the shear stress-strain relation. From the analytical stress-strain results

(figure 6.1, using the input from the ab initio calculation) we obtain the ideal hydrostatic
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strength 17.1 GPa at the shear instability, which is at 19.2 GPa from the ab initio

calculations®.

6.4.2 FCC Au under uniaxial stress along [100] axis
As compared with the hydrostatic case, the uniaxial loading is more complicated

due to symmetry breaking. Figure 6.3 gives the uniaxial stress as a function of strain 7,

along the [100] direction for the face-centered cubic crystal Au under uniaxial stress
(tension and compression). Three sets of results are presented, one is from the direct DFT
calculation and the other two are from Eq. (6.22) using the elastic constants from
experiments”> and our DFT calculations’”” . The three lines agree well with each other in
the range of small strains less than 0.02. Beyond this range, some differences occur. In
general, the analytical result using the elastic constants calculated from the ab initio
results agrees well with the stress-strain relation obtained directly from the same
calculation; but the analytical result using the experimental data differs substantially from
the ab initio results, which is understandable considering that the experimental data were
not at zero temperature and came from different measurements and approximation’.
Another obvious deviation among the stress-strain relations occurs at larger strains in the
compression regime. The analytical result using the elastic constants from the DFT
calculations shows the largest deviation from the direct ab initio calculation result, which
is a result of keeping only a finite number of terms in the deformation energy cut off at
the fourth-order. As shown later, nevertheless, the deviation in stress-strain relations does

not affect the prediction of the stability conditions.
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Figure 6.3 The normal stress varies with strain 77, when fcc Au is under uniaxial stress

along [100] direction. Two of the stress-strain curves come from Eq. (6.22), with two sets
of data for the elastic constants in the nonlinear theory, one from the experiments and the
other from our recent ab initio calculations. The last line comes from our previous ab
initio simulation.
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Figure 6.4 The four types of elastic modulus of Au under uniaxial stress vary with strain
n,. Under compression, the Young’s modulus first reaches zero at 77, ~—0.045; while

under tensile stress, the tetragonal shear stiffness modulus first reach zero at 77, ~0.048.

Using the relations in Eq. (6.23), we obtained the elastic constants at deformed
state, from which we can obtain the stiffness coefficients (Eq. (6.1)) and thus test the
stability criteria for Au under unaxiual loading (Egs. (6.12-6.15)). Figures 6.4(a)-6.4(d)

give these elastic stiffness moduli as a function of 7,. In general, the trend in each of the

four moduli as functions of the uniaxial strain is captured well by the analytical results as
compared with the direct ab initio calculations, although increasing deviation occurs at
larger strains due to the use of the finite terms in the theory. The most salient feature is
that the nonlinear theory can predict the instability and bifurcation relatively well. As
shown in figure 6.4(a), under tensile stress, the stability condition involving the
tetragonal shear modulus (Eq. (6.13)) is violated first. The corresponding Lagrangian

strain is 77, ~ 0.048 from the vanishing shear modulus using the elastic constants from the
ab initio calculations and 7, ~0.10 from the vanishing shear modulus using the

experimental input data for elastic constants. The instability occurring not along the
loading strain path but along a shear mode, or instability bifurcation, is well captured by
the theory. As shown in figure 6.4(d), under compression, the stability condition
governed by the Young’s stiffness modulus (Eq. (6.12) or (6.16)) is violated first at the

corresponding Lagrangian strains 7, ~—0.045 and 7, ~—0.085 from the vanishing

Young’s stiffness modulus using the inputs from the ab initio calculation and experiment,
respectively. As a comparison, the corresponding strain limits at these two instability

points from our previous ab initio calculation are -0.07 and 0.07%. From the stress-strain
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curve (figure (6.3)), we can locate the ideal tensile strength of Au at 2.7 GPa at

n, ~0.048 and the ideal compressive strength is 0.7 GPa at 7, ~—0.045. The ideal
strengths at the instability points 77, ~—0.085 and 7, ~ 0.10, predicted from the Young’s

modulus using experimental input, are much higher.

Table 6.1 The ideal strength and stable region of face-centered cubic crystal Au, Al, and
Cu under uniaxial stress along [100] axis. The results from our analytic scheme, from
previous ab initio calculation work, and from embedded atom method are listed.

Tension Compression
C,-C,=0 Ej00, =0
o, (GPa) n o, (GPa) 73
2.7° 0.048 -0.7° -0.045
Au 42° 0.07° -1.6° -0.07°
6.31° 0.079°¢ 2.21°¢ -0.098 ¢
10.0° 0.11° B B
6.7° 0.11° -5.8° -0.09°
Al 12.1¢ 0.27¢ -5.62¢ -0.10¢
11" 0.25° B B
8.2° 0.09° 2.6° -0.08°
Cu 9.4° 0.10° -3.5¢ -0.09°¢
9.8" 0.14"

*This work.
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bReference 29.
“Reference 28.
dReference 18.
°Reference 19.
[Reference 27.

6.4.3 Other FCC crystals

The cases for Au presented above are unique in which the needed input elastic
constants up to the fourth order are available from both theoretical calculations and
experiment; direct ab initio calculations of both the hydrostatic and uniaxial deformation
modes are also available for comparison® *°. In a recent work, we have computed the
elastic constants of several fcc metals up to the fourth order. This effort makes it possible
to extend the nonlinear formulation of elastic stability to those materials, including Al
and Cu. Since the detailed account of the technical approaches has been given in the last
two sections, we shall summarize only the results for these fcc crystals subject to
hydrostatic and uniaxial loading. Our emphasis will be on the elastic stability from the
nonlinear formulation.

The ideal strength, stable region of Au, Al, Cu from this analytic scheme, from

20, 2
k0,9

previous ab initio calculation wor ,and from embedded atom method”’ are listed at

table 6.1.

6.5 Discussion

Table 6.1 shows that our analytic model gives similar results to the ones from our
ab initio calculations of Au. The difference may come from quite a few sources. When
we calculate those second-, third-, and fourth-order elastic constants®’, we apply strains to
the supercell and fit the energy-strain curves. System errors will happen during those

procedures. Egs. (6.20-6.23) are truncated to the fourth-order elastic constants under zero
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stress, we utilize Egs. (6.20-6.23) to obtain each component of the second-order elastic
constants as well as the uniaxial stress at a deformed state. Then we use those values to
get the elastic modulus, errors may be accumulated and amplified thereafter. Our ab
initio work® employs the stress-strain relation to obtain elastic moduli, which is different
with the energy-strain method we use to obtain the elastic constants. So we may find in
figure 6.4 that at the original size of supercell the moduli values are not the same though
they are supposed to agree with each other. Partly because of that, we cannot expect the
curves from analytic method and those from ab initio calculations overlap completely in
figure 6.4.

In figures 6.1-6.4, we also put the analytic results using experimental values of
second-, third-, and fourth-order elastic constants of Au. The second-, and third-order
elastic constants have been measured at room temperature using high-purity single

| 2° calculated the fourth-order elastic constants

crystals®. Based on those values, Hiki et a
with the generalized Cauchy relationship:

le = 2C1112 = 2C1122 = 2(:1155 = 2C1266 = 2C4444:
C1123 = C1144 = C1255 = C1456 = C4455 =0.

This is a quite rough approximation. However, the fourth-order elastic constants Hiki et
al got are the only set of data we can find from others’ work since no experimental data
of fourth-order elastic constants are available. When we use experimental data as well as
Hiki’s fourth-order elastic constants of Au, the analytic scheme gives sort of different
results from those of our own ab initio calculated elastic constants.

Milstein®’ et al used an embedded atom model to perform simulation. Although
their potentials are quite sophisticated, since they are fitted to the second- and third-order

elastic moduli, according our experience, at such a large finite strain range which is
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beyond 0.10, the fourth-order elastic moduli would make contributions and must be taken
into account in the fitting of the potentials’. Perhaps because of that, their values of ideal
tensile strength are higher, and the stable range in tension is wider than ours. Zhang et al
% employed a modified analytic EAM (MAEAM) model to investigate the same problem.
Their results are closer to ours. Li et al '® studied the ideal strength of Al but they did not
use symmetrized elastic stiffness coefficients. In addition, how they calculate each
independent component of elastic constants at any given stressed state to test the stability

|19

conditions is not clear. Cerny et al ~ work on the ideal strength of Cu, but the Young’s

modulus formulation they used may only be valid in small deformation®. Recently Cerny

et al '

presented another way to estimate uniaxial tensile strength on the basis of
theoretical shear strength calculations. They claimed that the analysis of elastic stability
of crystals under tensile loading would be avoided through that way. Their work shows
that the ideal tensile strength is 5.8 GPa from the rigid-planes approach, and 3.6 GPa
from the relaxed-planes approach.

Krenn et al ** applied the transcription theory of stress and elastic constants to
the nonlinear elastic behavior and ideal shear strength problems of face-centered cubic
crystals Al and Cu. They used experimentally measured second- and third-order elastic
constants to explain the different structural relaxation modes of the crystals Al and Cu
with shear deformation. Partly due to the accuracy of experimental data, but more
importantly because the limitation of third-order elastic constants, their work gives
correct signs of the relaxations along X, y, and z axis, but can not agree with the relative

magnitudes. At a finite strain range around 10%, the fourth-order elastic constants play

an essential role in the transcription theory scheme. We test Eq. (6.20), keeping the
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hydrostatic stress accurate to the second-, third-, and fourth-order elastic constants
respectively, and plot the stress-strain curve in figure 6.5, compared with our previous ab
initio simulation curve. We also test Eq. (6.21) and plot the bulk stiffness modulus with

different types of accuracy varying with strain 7, in figure 6.6. Figures 6.5 and 6.6 give

us a general concept that when the analytic scheme is correct to the fourth-order elastic

constants, the results will agree most with the ab initio simulation work.

200 : ; - ; : . | ; .
. ab initio simulation
correct to fourth-order elastic constants
100 - --------- correct to third-order elastic constants -
~ correct to second-order elastic constants
—a— B
T of ' .
e
o
-100 —
/[
-200 1 " . 1 L L . L

Figure 6.5 With Eq. (6.20), but keep the hydrostatic stress accurate to the second-, third-,
and fourth-order elastic constants, respectively, and plot the stress-strain curves compared
with our previous ab initio simulation result.
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Figure 6.6 Use Egs. (6.20-6.21), and then obtain the bulk stiffness modulus with Eq.
(6.9). Control the accuracy to the second-, third-, and fourth-order elastic constants,
respectively, and plot the modulus-strain curves compared with our previous ab initio
simulation result.

6.6 Conclusion

In this work we employ a general analytic scheme to investigate the elastic
stability problems of cubic crystal Au, Al, and Cu. We used the published high order
elastic constants we obtained before, with Wallace transcription theory, to get the stress
and elastic constant for a crystal under load. And then test the Born-Hill stability
conditions. The stable region and ideal strengths we obtained are presented and are
comparable to our pervious ab initio calculations as well as other groups’ work. The

analytic scheme not only shows us an application of Wallace transcription theory, but
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also gives us a new way, saving computation resource, to investigate the ideal strength,

bifurcation and elastic stability problems.

Appendix A:

From state X' to state X" the internal energy as a function of strain 7,

expanded to O(77*), may be written as,

. R DO I , D D
oJ :ZUﬂ?i +§C117712+EC22(7722+7732)+C12(771772+773771)+

A T , : | ,
Coamms + g C, 17713 + gczzz (7723 + 7733) + E[Cl 127712 (7, +15)+ (A1)
Conn? (17, + 15 )+ Cooha5 (17, + 7)1+ Coostilo 115,

'

j» and C;jk represent the stress and elastic constants at state X', and 7,

where o;, C
represents the Lagrangian strain from state X 'to state X". We know that 7, =17,,

7, =0, and o, =0,. Let o, represent the stress at state X", o, = o, = 0. With Eq.

(6.22), we have
0,=0,+Cun, +Cyn, +5C222772 + Eczza 2y +15). (A.2)

Using o, =0, n, =1,,

: : N (3 .
0=0, +(C22 +C23)772 +(EC222 +5C223j7722 . (A.3)

To solve this equation, we need to know the values of ,, C,,, C.;, C.,,, C,.;.

From state X to state X', 7 =0(i#1), % = ; Once again we use Egs.

1+2n,

(6.22)-(6.23), and have,
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. 1 1 1
o, = C,,n,+—=C,.,n’ +—C 3), (A.4)
2 m( 12T > 12" 6 it

. 10U (V) 10U 1 1
Ch=—o=|— || === |2} =————[C,, +C,1t +=C, 1711, A5
27\ 67722 (V 'j[V aﬂzzj 22 /—1+2771 [C, 127 > 22 ] (A.5)

1 oV Vv 1 oU ) s 1 1 5
=—— — || — a,,a, =———[C,, +C +—C , A.6
ZERVE omon. (V .j[v 8772(3773] 22933 /—1+2771 [C, 1237 5 123 ] (A.6)

. 1 U \Y 1 o°U 1
C222 :\7877'23 :(\Tj(v 87723 ]agz = m[cm +C1112771 ] (A7)
.1 U VY1 U .., 1
= — - —-=| — —_—— a = C +C 9 A~8
RV (377228773 (V '](V 877228773 Jazz 33 m[ 12 11237 | (A.8)

Here all the coefficients at Eq. (A3) are expressed in terms of 7, C; , C; ,Cy, - Then we

will get a solution of 7, from Eq. (A3) for an arbitrary value of 7,.
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CHAPTER SEVEN

TEST OF THE NONLINEAR THEORETICAL FORMULATION OF

ELASTIC STABILITY TO ISOTROPIC SOLIDS

Metallic glasses (MGs) are among the most promising materials for practical
applications. MGs are different from other amorphous solids made of covalent bond
elements such as silicate glass and polymer glasses. A large number of MGs have non-
directional metallic bonding and show considerable elasticity, high strength, and large
micro-plasticity. Moreover, MGs are convenient models to be used to investigate the
fundamental problems of the nature of amorphous state. As compared with crystalline
materials, MGs are characterized by the following three unique attributes: no long-range
translational order or symmetry, metastability, and that the bulk MGs are alloys made of
multicomponents of elements. These features are expected to contribute to very different
constitutive responses under external loading, and also challenge establishing the
equation of state in the topological disordered materials. In the continuum mechanics,
MGs are treated as isotropic media'?®. That inspired us to test the nonlinear theoretical

formulation of elastic stability to MGs. Recently, Kobelev et al'*’

experimentally
evaluated the third- and fourth-order elastic moduli of metallic glass

Zrs; s TisCuy79Nij46Al o for the first time by the linear acoustic method. They measured

the dependence of the velocity of ultrasonic waves on the applied external load. Their
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work enables us to use the higher order elastic constants to test the mechanical properties
of metallic glass Zrs; sTisCu;79Nij46Al0.

This chapter is organized as follows. In section 7.1, we derive the elastic stability
conditions of isotropic solids. In section 7.2, we use the experimentally evaluated elastic
constants to test the elastic stability of metallic glass Zrs; sTisCu;7.9Nija6Alj. In section

7.3, we present a discussion.

7.1 Elastic stability conditions of isotropic solids

7.1.1 Isotropic solids under uniaxial stress
Given a cubic crystal under a stress along [100] direction, we have the following

derivations as shown in figure 7.1,

C, C,C, 000
X C, Cy Cy 000
c |G CsCi 000
! 000 C, 0 0
FCC 000 0 C, 0
z 000 0 0 Cg
y
Bi Ba B: 000 | Bu=C,+1,
?12 ?22 5323 000 Elzzclz_lr,
Bi— B Bxs Bx 000 2
Tetragonal i 0 0 0 B 0 0 = . +lr
000 0 Bs 0] _ ¥ 7
000 0 0 Bs Bij:cij (all others).

det ‘E‘ = (Ezz —Bx» )544525 [El 1 (Ezz + §23) - 2@122].

Figure 7.1 When a cubic crystal is deformed by a uniaxial compressive or tensile stress
along [100] direction, a crystal with tetragonal symmetry results. The new elastic
stiffness tensor is presented, as well as its determinant.
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For an isotropic solid, the initial elastic constants are,

C, C, C, 0 0
C, C, C, 0 0
C, C, C, 0 0
C - , (7.1)
' 000 C, 0 0
000 0 C, O
000 0 0 C,

where C,, —C,, =2C,,. Suppose a uniaxial stress is applied to the solid along a certain
direction, then we define it as [100] direction. The solid will deform with a strain
N =111, N4> Ms>Ns») » With m, =1,, n,=n,=n,=0, (-n,/n)=0, o is Poisson
ratio. Using the transcription theory of elastic constants between two coordinate frames *,

from X, to X', we have, a; =dX;/0X,,, and

. 1 .
Tij :V(au /aﬂij)

V,
=23 a

1
V im%jn V_(aU /ﬁnmn)
0

(7.2)

Him™n

\Y/ 1
= V_Oa' a (Tmn + Cmnpqﬂpq +5Cmnpqrs77pq77rs +"')7

, 1 C
Cijkl :V(azu /anijankl)

A [P
By - (@U 101701,
Vv in%p qv0 P

im Jnakpalq (Cmnpq + (73)

V, 1
= V_O' A, Cmnpqrsﬂrs + 5 Cmnpqrstu’]rsﬂtu + )

And then we get,
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« (1+2n )2 1
1= (1+—2;7)[Cn +Cm +C,(m, +15) +5011117712 +Com (m, +175)
)
1
+5(:1122(7722 +7732)+C1123772773]a (7~4)
] ; (1+2n,) 1
Cp=Cy= —21/2[C11 +Cm, +C o, +175) "‘_(:11117722 +Cyy o1, (1, +175)
(1+2m,) 2
1
"'EC1122(7712 +7732)+C1123771773]a (7.5)
] \ 1
C,=C, =0+ 2771)1/2[012 +C (7, +1m,)+Cpams + _C1112(7712 + 7722) +C,
2
1
+Cyyo3 (715 + 10,774 +577§)], (7.6)
] (1+2n,) 1
Cy= W[CD +C (1, +15)+Cpamy +5C1112(7722 + 7732) +C\ 01,
|
1
+5Cn (77 + 27, +217,17,)], (7.7)
] \ ] (1+2n,) 1
Cu=(Cy—-Cy)/2= W[CM +Cut +Ciss (17, +175) "'EC11447712 +
1
ECI 155 (7732 + 7722) +Chass (11, + 1173) + Cae61, 7151 (7.8)
] ] 1 1
Css = C66 =(1+ 2771)1/2[C44 + C144772 + C155 (771 + 773) +_(:11447722 +_C1155 (7732 + 7712)
2 2
(7.9)

+ Cooss 1170, +10,775) + Cooge1713 -
We haveC,, =C,,, C,, =C,,, C,, =C,, C,, —C,, =2C,,. So from the above derivation,
the isotropic crystal will lose its original symmetry under uniaxial stress, although at the
plane y —z, it is still isotropic.

The second-order Lamé coefficients A, u are frequently used for an isotropic

crystal, it is known that in Eq. (7.1): C,, =4+2u,C,=4,C,, = u.. Only two of C,,,C,,,
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and C,, are independent. Similarly for the higher order elastic constants, there are
relations: C,, =v, +6v, +8v,,C,,=v,+2v,,C,, =v,,C,, =Vv,,C =V, +2v,,C,s, =V;,
Chn=r+12y,+32y,+12y,,C, 1, =7, + 67, +87,,C 10, =1, +4y, +47,.Cls =7, +27,,
Chaa =012y Clss=0,+47,+27,, Coss=72+21;, Chw=72+47;, Cilse =75
C,ou =37, Css =7, Here v,,v,,v,, and y,,7,,7,,7, are third- and fourth-order Lamé
coefficients, respectively. The external stress applied is z'u =(7,0,0,0,0,0) . For the
deformed solids, we use the stability criterion, let

det ‘E‘ = (Ezz —Bx )544 gis [611 (Ezz + Eza) - 25122] >0,

and obtain three stability conditions,

Bi(B +B2)~2B1: 20= (C|, +7)(C;, +C;)~2C), — ) 20, (7.10)
B2 —Ez320:>C;2—C;320, (7.11)
Eﬁzmzc;+%zo (7.12)

The first one is equal to saying that, Young’s modulus E,,, > 0. Here E,,, governs a fully

relaxed stretch along [100],

B B (Ezz + Ezs) - 26122

-1
B =(S1) = B B (7.13)

7.1.2 Isotropic solids under hydrostatic stress
Similar with the case of cubic crystal shown in figure 7.2, when an isotropic solid is

subject to hydrostatic pressure P,7; =—Pg;, we follow the convention that the inward
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pressure is positive while outward pressure is negative (i.e., P <0 for tension), so the

non-zero elements of stiffness tensor are

Bll = Bzz = B33 = C11 -P,
Bl2 = Bz3 = B31 = CIZ +P,
B44 = Bss = Bae = C44 -P.

All the other components of B; are zero, C, —C, =2C,,. The isotropic symmetry is

retained. Here we simplify the subscript in the tensor notion by using the Voigt notation
(I11>1,22—>2,33->3,23>4,31>5, and 12— 6). For this special case, the

stiffness tensor and the elastic constants have the same type of crystal symmetry. And B

possess i <> j symmetry, so B =B. Let det|B |=0, there are three independent stability

conditions, B, +2B,>0,B,-B,,=0, B, 20. Or
C,+2C,+P=31+2u+P=3K+P2>0, (7.14)
C,-C,-2P=2(u-P)20, (7.15)
C,-P=u-P20, (7.16)

using the elastic constants C;; in the loaded state, where K =4+24/3 is a bulk modulus.

Eq. (7.15) and Eq. (7.16) give the same results. For a free isotropic crystal, we have two

independent moduli: bulk modulus K and shear modulus z . These quantities are extended

to the system under finite hydrostatic load, so we have the corresponding bulk and shear

stiffness moduli:

K(7)=(B, +2B,)/3=K+P/3, (7.17)

pu(z)=(B,-B,)/2=pu-P. (7.18)

In contrast to the conventional or Born’s stability criteria valid in only the load-free case,
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which requires that K and ¢ be positive, the stability criteria of the isotropic system

under load requires instead Eqs. (7.17-7.18) to be positive.

C, C, C, 00
X C, C, C, 0 00
C - C, C, C, 00
. 00 0 C, O 0
Cubic 0 00 0 C, 0
z 0 0 0 0 0 C,
y
B, B, B, 000
B, B, B, 000 B, =C, —P,
B = B. B. By 00 B,=C,+P,
v i 0 0 0 B, O 0
B, = C44 -P,
00 0 0 B, O
00 0 0 0 B,

det‘B‘ = (B, ~B,,)"B,, (B, +2B,,).

Figure 7.2 When a cubic crystal is compressed or expanded hydrostatically, the elastic
stiffness matrix and its determinant are presented.

With Eq. (6.20) and Eq. (6.21), we use C to represent the elastic constants at
deformed state, and we may have the following relations, except that the number of

independent elastic constants can be reduced according to the isotropic symmetry:
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K(z)=(C, +2C, +P)/3={J1+2n,[(C,, +2C,)+(C,,, +6C,,, +2C,,, )77, +

1
(EC““ +4C1112 +3C1122 +6C1123)7712]+

-1 1
[(Cll + 2C12 )771 + (_Clll +3C112 +C123 )7712 +
J1+27, 2

1 4
(gclm+§C1112+C1122+2C1123)7713]}/3a (7-19)

,u(f) =(C,,—C,,—2P)/2={J1+2n,[(C,, —C,,) +(C,,, —Cp)m, +

1 3
(Ecllll +C1 _5C1123)7712]+

2 1
—I[(C,, +2C,)n, +(=C,,, +3C, ), +Clz3)7712 +
J1+27, 2
1 4 3
(gclm+§C1112+C1122+2C1123)771]}/2- (7.20)

7.2 High order elastic constants and the elastic stability

Kobelev et al '* experimentally evaluated the second-, third-, and fourth-order
elastic moduli of metallic glass Zrs; sTisCu;79NijaAljo. It was demonstrated that the

fourth-order elastic modulus y, obtained from the experiment is in qualitative agreement

with the theoretical estimate made within the interstitialcy theory of condensed matter.
Although their work gives only three independent values for linear combinations of

fourth-order elastic moduli: y, +0.033y,, 7,, and y,+0.026y,, we assume that the
elastic modulus y, is of the same order of magnitude with the others. From the relations
between Cy, and y;, we further know that the value of y, does not much affect the value

of Cy, . In the following calculation work, we assume y, =100 GPa. And we select the

experimental results while A" = A1°, ignoring the effect of experimental errors. Using the
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relations between Lamé coefficients and elastic constants, we have: C,, =155.7,
C,=927, C,=315 C, =-1339, C(C,,=-498 C,=-218, C, =-140,
C,ss =—210, Cus6 =35, C,., =7760, C,., =2156, Cim =—992,
C3=324, C,,=-658 C =934, C,,=458 C,,=1254, C,, =398,
C,u, =—480, C, =—160, unit is GPa. With the same techniques we used in chapter six,

we test the elastic stability conditions of Eqgs. (7.10-7.12), the results are shown in figure
7.3. Also we test the stability conditions of Egs. (7.14) and (7.15), and the results are

shown in figure 7.4.

100 TS S RS S S S S S S

80 -

60 -

20 3 .,': .\‘I —

Elastic moduli (GPa)

-80 | , 1 . L . | . | M| . | . I .
-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15 0.20 0.25

l]l

Figure 7.3 The stability conditions of Egs. (7.10-7.12) are tested. Among the three elastic
moduli, Young’s modulus is the first one to reach zero, in both uniaxially compressive
and tensile cases, at strain -0.12 and 0.17, respectively.
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7.3 Discussion

From figures 7.3&7.4, the metallic glass ZrsysTisCu;79NijacAljg will lose the
elastic stability at a quite large strain. So far as we know, MGs has a very small elastic
region, 1% or so, and will fracture catastrophically without macroscopic plasticity. MGs
cannot undertake so large a deformation strain as shown in the instability points at figures
7.3&7.4. The reason may be that the topological disorder of atom distribution in MGs
causes the stress field non-uniform, so that a local stress somewhere in the bulk metallic
glass might be already beyond the theoretical strength, leading a local failure, while the
external loading is not that large. Another reason may be that, like any metastable system,
an infinite number of (metastable) states exist on the free energy landscape. As a result,
many (local atomic) amorphous structures could exist or co-exist at different pressures
and the transitions among these states are omnipresent, especially among those separated

130-132 show

by small barriers. High-pressure experiments and a plate impact experiments
the discontinuity in the equation of the state of MGs that led to the suggestion of
polymorphic phase transition. A first-principles calculation of CeAl binary glass suggests
that the transition is caused by the electronic structure change associated with the

f electrons present in Ce''.

Although it is not applicable to MGs, the above nonlinear theoretical formulation

of elastic stability will be of interest as a model for the ideal isotropic solids.
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Figure 7.4 The stability conditions of Egs. (7.14-7.15) are tested. Under hydrostatic
compression, bulk modulus reach zero firstly at strain -0.16, while in case of hydrostatic
tension, shear modulus reach zero first at strain 0.09.
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