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SUMMARY

The thesis provides answers to two conjectures (in one case partial and in the
other final) in the area of weighted inequalities for Singular Integral Operators. It is
interesting to understand the mapping properties of these operators. In particular, if
the kernel satisfies certain size and smoothness conditions, it is well established that
Singular Integral Operators map Lebesgue spaces LP(dz) into LP(dz) for 1 < p < oo.
If we want to replace Lebesgue measure by a general weight wdx, where w is a
nonnegative locally integrable function, LP(w) bounds can be obtained if w belongs
to the so called Muckenhoupt A, class. The latest results were established in the
early seventies. The novelty of this thesis resides in proving sharp dependence of the
operator norm on the A, constant associated to the weight w. The question was
known as the A, conjecture. In joint work with my advisor, M. Lacey, and one of
his collaborators, S. Petermichl, we were able to prove the conjecture for the special
case of dyadic Singular Integral Operators. The full conjecture has been proved by
T. Hytonen. Another interesting question considers the end point p = 1. The open
problem was known as the Muckenhoupt-Wheeden conjecture. The thesis provides a
counterexample to this conjecture in the dyadic setting. The full conjecture has been
answered in the negative in a later result with my coauthor C. Thiele, hence closing

a problem that has been open since the early seventies.



CHAPTER 1

INTRODUCTION

1.1 Mawn Concepts

The thesis addresses two conjectures formulated in the area of weighted inequalities
for Singular Integral Operators. In the first conjecture, known as the Ay conjecture,
we provide a positive result for a smaller but highly relevant class of operators. This
and some recent developments will be discussed in Chapter 2, which is based on
the paper [21]. In the second one, known as the Muckenhoupt-Wheeden conjecture,
we completely solve the question in the negative by providing counterexamples, first
in the dyadic setting and later in the continuous one. The dyadic counterexample
will be explained in Chapter 3, and it is based on the paper [38]. The continuous
counterexample will be covered in Chapter 4, and it is part of the paper [39].
Singular integral operators have been vastly studied in Harmonic Analysis, as they
appeared regularly in Partial Differential Equations. The class of operators we will

be interested in are called Calderén-Zygmund operators.

Definition 1.1.1. Let K be a function defined on R? x R*\ {(z,z) : 2 € R?}. We
say that K is a standard kernel if there exist 6 > 0 and constant A such that the

following size and smoothness conditions are satisfied:

Alz —2'|°
(lz =yl + [2" — y[)*+"

K (z,y) — K(2',y)| <



when 2|z — 2| < maz(|x —yl|, |2 —y|),

Aly —v'|°
(| =yl + |z —y'|)ere

K (2, y) — K(z,y)] <

when 2|y —y'| < maz(|lz —yl, [z — y/]).
We are now ready to define Calderén-Zygmund operators.
Definition 1.1.2. An operator T is Calderén-Zygmund operator if

1. T is bounded from L?(R?) to L*(R%);
2. there exists a standard kernel K such that for f € L*(R?) with compact support,

Tf(r)= [ K(z,y)f(y)dy, =z ¢ supp(f).

R4
We define the Calderén-Zygmund constant ||7'||czo = sup(A, ||T|| 12 12), where A is

the constant that appears in Definition 1.1.1.

Boundedness of these operators from the Lebesgue spaces LP(R?) to LP(IR%),
1 < p < oo, and L' (R?) to LY¥*®(IR?) is well understood. Results have been present
in the literature since the 1960s. We refer the curious reader to Chapter 5 of [13].

The question that arises next is: What happens if we replace Lebesgue measure
by a general weight w? A weight is a locally integrable, non-negative function. The
new measure is that whose Radon-Nikodym derivative is precisely w. To answer this

question we need to define the A, class, first introduced by B. Muckenhoupt in [26].

Definition 1.1.3. For w a weight on R?, we define the A, characteristic of w to be

p—1
wl||a, =suplQ|™t [ wdz-||Q|™F [ w VP dx : 1 <p<oo,
P
Q Q Q

where the supremum is taken over all cubes in R?. We say that a weight w is in the
Ay class if and only if ||w||4, < co. For p = 1, we say that w is in the A, class if there
exists a constant ¢ > 0 such that Mw(z) < cw(z) a.e. The smallest of such constants

c is called the A; characteristic of w and is denoted by ||w|| 4,



For a weight w, belonging to the A, class is equivalent to boundedness of the
Hardy-Littlewood operator in LP(w), [26]. A precise definition of Hardy-Littlewood
operator can be found in Section 1.3 of this chapter, Definition 1.3.1. The answer to
the singular integral case was given by R. Hunt, B. Muckenhoupt and R. Wheeden in
the one dimensional case, [17], and R. Coifman and C. Fefferman in higher dimensions,
[6]. Belonging to the A, class turns out to be sufficient for boundedness, although

not always necessary.

Theorem 1.1.4. If T' is a Calderon-Zygmund operator, then for any w € A,, 1 <

p < oo, T maps L (w) to LP(w) and for any w € Ay, T maps L'(w) to LY (w).
1.2 A congecture

The question that concerns us in this part of the thesis is the dependence of the
operator norm ||| zo(w)—Lr(w) 00 ||w]|4, when 1 < p < co. The problem has received
special attention after applications of these sharp estimates were found when studying
the regularity of solutions to the Beltrami equation; see the work of S. Petermichl
and S. Volberg in [37]. We formulate the conjecture below (after the recent develop-
ments, the conjecture should be called theorem, discussion of recent developments is

postponed until the end of Chapter 2).

Conjecture 1.2.1. Let w € A, and let T be a Calderon-Zygmund operator as defined

i Definition 1.1.2, we have the estimate

IT oo S I0lGP 1 f o) . a(p) = max{1,1/(p — 1)}

The main contribution in relation to this question of this thesis is formulated in

the next theorem.

Theorem 1.2.2. Let T be a Haar shift operator of index 7, and let w be an Ay weight.

We have the inequality

1T 22wy 220wy S llwl] a,



The implied constant depends only dimension d and the index T of the operator.

For a complete description of Haar shift operators of a fixed index 7 we refer the

reader to Chapter 2, Definition 2.1.5.

1.3 Muckenhoupt- Wheeden Conjecture

Another problem related to these sharp estimates at the end point p = 1 is
Muckenhoupt-Wheeden Conjecture. This question is a natural extension of a classical
inequality by C. Fefferman and E. Stein, see [14]. Before we state it, let us recall the

definition of Hardy-Littlewood maximal operator.

Definition 1.3.1. Let f € L}, (R?%), we define the Hardy-Littlewood maximal oper-

ators M as
lo
M f(x) =sup = | [f(y)ldy,
Q 1QlJq
where 1 denotes the characteristic function at cube () and the supremum is taken

over all cubes in R?. When the supremum is taken over dyadic cubes, the operator

is known as the dyadic Hardy-Littlewood maximal operator.
The conjecture is as follows,

Conjecture 1.3.2. (Muckenhoupt-Wheeden) Let w be a weight and M be the Hardy-
Littlewood mazximal operator. LetT be a Calderén-Zygmund operator with ||T||czo <

1. Then

suptw ({x € R : |T'f(x)] > t}) < C’/R|f|Mw(x)dx

>0
The contribution to this question answers it completely: the Conjecture is false.

Let us state the main two theorems,

Theorem 1.3.3. The dyadic version of Muckenhoupt-Wheeden Conjecture is false,
i.e., there exist a weight w and a Haar shift operator T' for which the weak L' inequality

fails when M is replaced by the dyadic Hardy-Littlewood mazimal operator.



Theorem 1.3.4. For each constant C' > 0 there is a weight function w on the real

line and an integrable compactly supported function f and at > 0 such that

tw({xeR:|Hf(x)| >t}) > C’/]f(az)|Mw(a:)d:c :



CHAPTER 11

SHARP A, INEQUALITY FOR HAAR SHIFT
OPERATORS

2.1 Background

We are interested in weighted estimates for singular integral operators, and cognate
operators, with a focus on sharp estimates in terms of the A, characteristic of the

weight. In particular we give a new proof of the estimate of Petermichl [33]

H 22wy S llwllasll fll2w)

where H f(z) = p.v. [ f(x — y) dy/y is the Hilbert transform. Petermichl’s proof,
as well as corresponding inequalities for the Beurling operator [37] and the Riesz
transforms [36] have relied upon a Bellman function approach to the estimate for the
corresponding Haar shift. We also analyze the Haar shifts, but instead use a deep two-
weight inequality of Nazarov-Treil-Volberg [30] as a way to quickly reduce the question
to certain Carleson measure estimates. The latter estimates are proved by using the
usual Haar functions together with appropriate corona decomposition. The linear
growth in terms of the A, characteristic is neatly explained by this decomposition.

Let us precede to the definitions.

Definition 2.1.1. For w a positive function (a weight) on R? we define the A,

characteristic of w to be

p—1
wlla, =sup|Q|™t [ wdzx- |[|QF [ w PV 4z , I <p<oo,
D
Q Q Q

where the supremum is over all cubes in R



The relevant conjecture concerning the behavior of singular integral operators on

the spaces LP(w) is

Conjecture 2.1.2. For a smooth singular integral operator T which is bounded on

L?(dx) we have the estimate

IT fllzee S I0lGP N florw) . a(p) =max{1,1/(p—1)}. (2.1.3)

An extrapolation estimate [37], [11] shows that it suffices to prove this estimate
for p = 2, which is the case we consider in the remainder of this chapter. Currently
this estimate is known for the Hilbert transform, Riesz transforms and the Beurling
operator, with the proof using in an essential way the so-called Haar shift operators.

This proof will do so as well, but handle all Haar shifts at the same time.

Definition 2.1.4. By a Haar function hg on a cube @ C R?, we mean any function

which satisfies

1. hg is a function supported on @), and is constant on dyadic subcubes of Q.

(That is, hq is in the linear span of the indicators of the ‘children’ of @).)
2. [lhgllee < 1QI7Y2. (So [lholl2 < 1.)
3. fho(x) da = 0.

Definition 2.1.5. We say that T is a Haar shift operator of index 7 ift

TI=Y Y el hedher,

QGQ Q/7QNCQ

2-74QI<|Q’],1Q"]

!/ n 1/2
oo < 121121
TR Q)

The point of the conditions in the definition is that T be not only an L*(dz)
bounded operator, but that it also be a Calderén-Zygmund operator. In particu-
lar, it should admit a weak-L'(dz) bound that depends only on the index 7. See

Proposition 2.3.12.



Theorem 2.1.6. Let T be a Haar shift operator of index 7, and let w be an A, weight.

We have the inequality
1T 22y r2(w) S lwlla, (2.1.7)

The implied constant depends only dimension d and the index T of the operator.
We have this Corollary:

Corollary 2.1.8. The inequalities (2.1.3) holds for the Hilbert transform, the Riesz

transforms in any dimension d, and the Beurling operator on the plane.

As is well-known, these singular integral operators are obtained by appropriate
averaging of the Haar shifts, an argument invented in [35], to address the Hilbert
transform. For the Riesz transforms, see [34], and the Beurling transform, see [12].
We also derive, as a corollary, the sharp A, bound for Haar square functions. We
leave the details of this to the reader.

The starting point of our proof is a beautiful ‘two weight T'1 Theorem for Haar
shifts’” due to Nazarov-Treil-Volberg [30]. We recall a version of this Theorem in Sec-
tion 2.2. This Theorem supplies necessary and sufficient conditions for an individual
Haar shift to satisfy a two-weight L? inequality, with the conditions being expressed
in the language of the T 1 Theorem. In particular, it neatly identifies three estimates
that need to be proved, with two related to paraproduct estimates. In fact, this step
is well-known, and is taken up immediately in e. g. [33]. We then check the paraprod-
uct bounds for A, weights in Section 2.3 and Section 2.4, which is the main new step
in this chapter.

The question of bounds for singular integral operators on LP(w) that are sharp
with respect to the A, characteristic was identified in an influential paper of Buckley,
[3]. It took many years to find the first proofs of such estimates. We refer the
reader to [33] for some of this history, and point to the central role of the work of

Nazarov-Treil-Volberg [29] in shaping much of the work cited here. The prior proofs



of Corollary 2.1.8 have all relied upon Bellman function techniques. And indeed, this
technique will supply a proof of the results in this chapter. The Beurling operator is
the most easily available, since this operator can be seen as the average of the simplest
of Haar shifts, namely martingale transforms, see [12]. The A bound was derived
for Martingale transforms by J. Wittwer [44]. The paraproduct structure is much
more central to the problem if one works with Haar shifts that pair a ‘parent” Haar
with a ‘child” Haar. If one considers Square Functions, sharp results were obtained
in L? by Wittwer [45], and Hukovic-Treil-Volberg [16]. Recently, Beznosova [2], has
proved the linear bound for discrete paraproduct operators, again using the Bellman
function method. It would be of interest to prove her Theorem with techniques closer

to those of this chapter.

2.2 The Characterization of Nazarov-Treil- Volberg

The success of this approach is based upon a beautiful characterization of two weight
inequalities. Indeed, this characterization is true for individual two-weight inequali-
ties. This Theorem can be thought of as a ‘“Two Weight T'1 Theorem.” We are stating
only a sub-case of their Theorem, which does not assume that the operators satisfy

an L*(dz) bound.

Theorem 2.2.1. [Nazarov-Treil-Volberg [30]] Let T be a Haar shift operator of index

7, as in Definition 2.1.5, and o, ju two positive measures. The L? inequality

1T )20 S 1|20
holds iff the following three conditions hold. For all cubes Q,Q’, Q" with Q',Q" C Q
and 277 Q) < Q'] 1Q",

) / T(o1g) ,u(dx)‘ < Cwi /o (Q)u(Q") (Weak Bnded)  (2.2.2)

IT(010) |l 12(qu) < Cr1iv/o(Q) (T1 € BMO) (2.2.3)



||T*(M1Q)||L2(Q,a) < Crav Q) (T*1 € BMO,)
Moreover, we have the inequality
[T ) z2@)»r2(m) S Cwn + Cr1 + Crey (2.2.4)

This Theorem is contained in [30], Theorem 1.4, aside from the claim (2.2.4). But
this inequality can be seen from the proof in their paper. Indeed, their proof is in
close analogy to the 7’1 Theorem. Briefly, the proof is as follows. The operator T(o-)
is expanded in ‘Haar basis’, but the Haar bases are adapted to the two measures o
and p. This technique appeared in [29], and has been used subsequently in [12], [44],
[33]. Expressing the bilinear form [ T(of) - g pu as a matrix in these two bases, the
matrix is split into three parts. Those terms ‘close to the diagonal” are controlled by
the ‘weak boundedness’ condition (2.2.2). Those terms below and above the diagonal

are recognized as paraproducts. One of these is of the form
P(f) =3 0(Q) /Q for dy- AB(T(o1) (2.25)
Q

Here the first term is an average of f with respect to the measure o, and the second
is a martingale difference of T(o1) with respect to the measure w. In particular,

A{(T(o1)) are w-orthogonal functions in Q. Thus, one has the equality
2 w
P = 2lo(@)” | ol 18ET) g

The inequality ||[P(f)|lr2) S [|fllz2(0) is a weighted Carleson embedding inequality
that is implied by the ‘T'1 € BM O’ condition (2.2.3). The other paraproduct is dual

to the one in (2.2.5).

2.3 Initial Considerations

We collect together a potpourri of facts that will be useful to us, and are of somewhat
general nature. We begin with a somewhat complicated definition that we will use in

order to organize the proof of our main estimate.

10



Definition 2.3.1. Let Q" C Q be any collection of dyadic cubes, and p a positive

measure. Call (£ : Q'(L)) a p-corona decomposition of Q" if these conditions hold.

1. For each @ € Q' there is a member of £ that contains @, and letting A(Q) € L

denote the minimal cube which contains () we have

JOQ) 1@

NCIC
2. Foral LC L' e L
p(L) _ (L) .
T (2:32)

We set Q'(L) ={Q € Q@ : ANQ) = L}. The collections Q'(L) partition Q'.

Decompositions of this type appear in a variety of questions. We are using ter-
minology which goes back to (at least) David and Semmes [10], [9], though the same
type of construction appears as early as 1977 in [27], where it is called the ‘principle
cube’ construction. A subtle corona decomposition is central to [42], and the paper
[1] includes several examples in the context of dyadic analysis.

A basic fact is this.

ur

L'eLl
L'CL

<lr|, Lec. (2.3.3)

This follows from (2.3.2), which says that the intervals L' C L have much more than
their fair share of the mass of pu, hence the L’ have to be smaller intervals. And this

easily implies

>

L'el
L'cL

< |LIY2. (2.3.4)
2

We have the following (known) Lemma, but we detail it as it is one way that the

A, condition enters in the proof.

11



Lemma 2.3.5. Let L be associated with corona decomposition for an Ay weight w.
For any cube () we have

> w(L) < Bwl|a,w(@). (2.3.6)

LeL
LCQ

Proof. 1t suffices to show this: For L € L
w({L' e L : L'CL}) <(1—cllw|;))w(L), c= 2. (2.3.7)

We begin with a calculation related to A,. Let E be a measurable subset of L.

Then,

% = ]L]1/ w'? w2 dx
E

IN

(w(E) win)]”
TR
wm)]”

< ) 2.3.8
< |l (235)

Apply this with L — E =J{L' € £ : L’ C L}. Then, by (2.3.3), |L — E| < ;|L|,

so that |[E| > 2|L]. Tt follows that we then have

9

— w(L
owls, U

w(k).
Whence, we see that (2.3.7) holds. Our proof is complete. O
Concerning the Haar shift operators T, we make the following definition.

Definition 2.3.9. We say that T is a simple Haar shift operator of index 7 iff

Tf=) (f 9o,

QeQ
90:70 € span(hg : Q' C Q,27™Q| < |Q)), (2.3.10)
lgellse » Nelle < 1QI72. (2.3.11)

12



Below, we will only consider simple Haar shift operators. The important property

they satisty is

Proposition 2.3.12. A simple Haar shift operator T with index T maps L*(dx) into

itself with norm at most < 7. It maps L*(dx) into LY*(dx) with norm < 27
The point is that these bounds only depend upon the index 7.

Proof. The proof is well-known, but we present it as some similar difficulties appear

later in the proof; see the discussion following (2.5.5). Set

T.f= > (f.99)70,

QEeQ
|Ql=2%¢

which is the operator at scale 2°. The ‘size condition’ (2.3.11) implies that

| Ts|| £2(axy < 1. The ‘cancellation condition’ (2.3.10) then implies that
T, T; =T: Ty =0, s —§'| > 7.

So we see that ||T||z2() < 7+ 1.
Concerning the weak L'(dz) inequality, we use the usual proof. Fix f € L'(dx).
Apply the dyadic Calderén-Zygmund Decomposition to f at height A\. Thus, f = g+b

where ||g|l2 < \/X||f||1/2 and b is supported on a union of disjoint dyadic cubes

Ll (dzx)’
Q € B with
/bd:z::O, QeB, (2.3.13)
Q
D olRIS A A - (2.3.14)
QeB

For the ‘good’ function g, using the L?(dz) estimate we have

{Tg> A < (TA) T gllL )

S Agllz S ATz -

13



For the ‘bad’ function, we modify the usual argument. For a dyadic cube @), and
integer ¢, let Q) denote it’s t-fold parent. Thus, Q) is the minimal dyadic cube that

strictly contains @, and inductively, Q1) = (Q®)M). Observe that (2.3.14) implies

Q™ @ eBY <2 A flh-

And, the ’cancellation condition’ (2.3.10), with (2.3.13), imply that for @ € B, and
r & Q) we have

T(1h)(x) = Y (lobgo)ye(e) =0
Q' QY

since gg will be constant on the cube Q.

Hence, we have

{T®) > A < Q™ = Qe By S27A7 /]

This completes the proof.
O

We need a version of the John-Nirenberg inequality, which says that a ‘uniform

L° condition implies exponential integrability.’

Lemma 2.3.15. Let {¢q : Q € Q} be functions so that for all dyadic cubes Q) we

have

1. ¢q is supported on Q) and is constant on each sub-cube Q' C Q with |Q'| =
27Td|Q|;.

2 |glle <1

3. there is a constant K so that for all dyadic cubes Q), and any collection P C Q
of dyadic subcubes of @), we have

{‘Z¢Q/‘>K}

Qer

1
< — .
<3l

14



It then follows that we have the estimate

15

:Q'CQ

< 727"*HQJ, t>1. (2.3.16)

> QTKt}

Proof. For the purposes of this proof, we are free to assume that if )’ C @, and
neither of ¢¢ and ¢¢ are identically zero, then ((Q") < 27¢(Q)). We can then prove
the conclusion, without the additional terms 7 that appear in (2.3.16).

It is enough to prove that for any cube @),

1.5

1 Q'CQ

<27HQ, t>1.

> (K + 1)t}

Set

G(t) = sup|Q|™
Q

{\ >
Q:Q'cQ
We have by assumption that G(1) < 27'. We argue that G(¢t + 1) < $G(t), which,

> (K + 1)t}

by induction, will prove the Lemma.

Fix a cube ). Each ¢¢ is bounded by one in L> norm, hence if the sum over ¢’
contained in @) exceeds (K +1)(t+1), then it must first exceed (K +1)t. Accordingly,

we let S be the maximal subcubes S of @) such that for some x € S we have

sl i=| D del@)| > (K + 1)
Q' :SCQ'cQ
€Q")=27L(S)

Note that the sum above is in fact constant on S, and it is at most (K + 1)t + 1.
Moreover, if we set P to be those ' C () such that )’ contains some S € S, with
270(S) < £(Q'). We then have

{(Zw

Q'eP

> (K + 1)t} =Js. (2.3.17)

Ses

And then, the definition of & proves the inequality.
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The measure of the set on the left in (2.3.17) is controlled by G(¢)|@|, by assump-

tion. It also follows that we have the inclusion

{‘ 3 qu,’ K+1)(t+1} U{’ %;CS%, >K}

1 Q'CQ Ses

The sum on the left is over all ' C @, but the terms on the right are localized to
the cubes in §. And so we can complete the proof by estimating

RIS [ =g

:Q'CQ Ses .Q'cS

<338

Ses

1
< G0lal.

This completes the induction.

2.4 The Main Argument

We begin the main line of argument to prove (2.1.7). We no longer try to keep
track of the dependence on 7 in our estimates. (It is, in any case, exponential in
7.) Accordingly, we assume that we work with a subset Q, of dyadic cubes with
‘scales separated by 7.” That is, we assume that for Q' C Q and @', Q € Q, we have
|Q'| <2797|Q)|, where d is dimension.

It is well-known that (2.1.7) is equivalent to showing that

IT(fw)ll 21y S [Jwll a1 f1 22qw) -

Here we are using the dual-measure formulation, so that the measure w appears on
both sides of the inequality, as in Theorem 2.2.1.
By Theorem 2.2.1, and the symmetry of the Ay condition, it is sufficient to check

that the two inequalities below hold for all simple Haar shift operators T of index 7:
(T (wlq), w™ 1a)] S llwlla,v/o(@u (7), (2.4.1)

16



e e 5 Q). (242)

These should hold for all dyadic cubes @, and in (2.4.1), we have 2-*14|Q| < |R| <
2(r+1)d| ).

In the present circumstance, the ‘weak boundedness’ inequality (2.4.1) can be

derived from the ‘T'1’ inequality (2.4.2). We can assume that || < |R| by passing

to the dual operator and replacing w by w™!. If |Q| = |R|, the inner product is zero

unless () = R. But then we just appeal to (2.4.2),

(T(wlg), w '1g)| < Vw1(Q) - 1o T(wlg)| 21
< wlavVw(Q) - w Q) .

If |Q] < |R|, let assume that ) C R, and write
[(T(wlg),w '1p)| < (T(wlg), w '1g)| + [{T(wlg) w ' 1r-q)!.

The first term on the right is handled just as in the previous case. In the second
case, we use the fact that 2774 R| < |Q| < |R|, so that there is a difference in scales
between the two cubes of only at most 7 scales. That, with the size conditions on T
lead to

(T(wlg),w '1p_q)| < w(@u(R)

< llwlla, Vw(Q) - w(R).

The last inequality follows since

w(Quw(R) w(R)w-'(R)
\/T < \/T < Vwlla, < fJwlla, -

Indeed, we always have 1 < ||w|l4,. The case of @ N R = ) is handled in a similar

fashion.

To verify (2.4.2), we first treat the ‘large scales’,

< w(Qo)w™(Qo)"”
L2(w=1) ™ Qo

HlQo > <W1Q079Q>'YQ‘
Q: Q2o

17



S Vw(Qo) - [[w]],-

Therefore, it suffices to prove

H > <w,gQ>7Q‘

Q:QCQo

s S 0l /@) (2.43)
Let us define for dyadic cubes Qg and collections of dyadic cubes @',

H(Qo, Q) = > (w,90)70,

QCQo
Qe

: 1H(Qo, @)y
H = ‘
2 86121(? w(Qo)

It is a useful remark that in estimating H(Q') we can restrict the supremum to cubes

(2.4.4)

Qo € Q. Of course, we are seeking to prove H(Q') < [Jw]| 4,-

The first important definition here is

. /. n—1 U}(Q) X w_l(Q) n
Qn._{QGQ.Q < 0 Te] SQ}. (2.4.5)
We show that
H(Q,) < 2" |wl|{}. (2.4.6)

Since 2" < ||w|| 4,, this estimate is summable in n to prove (2.4.3).

Now fix a Qy € Q,, for which we are to test the supremum in (2.4.4). Let P, =
{QeQ, : QCQo}. Let (L, : P,(L)) be a corona decomposition of P, relative to

measure w. (The reader is advised to recall the Definition 2.3.1.)

The essence of the matter is contained in the following Lemma.

Lemma 2.4.7. We have these distributional estimates, uniform over L € L, :

{z el : [HLP.(L)(x) > Kt®E} S e |1, (2.4.8)
w({z el : [HEL,Pu(L) (@) > Kt92}) S et w™ (L), (2.4.9)

18



Let us complete the proof of our Theorem based upon this Lemma. Set H,(L) :
= |H(L,P,(L))|, and estimate

2

|H(Qo, Q)3 < | D HalL)

LeLln L™
=A+2B=A+2) B(L), (2.4.10)
LeLln,
A= Ha (D)2
LeLln,
B(L)= ) /H LYyw™t. (2.4.11)
L'el,
L'cL

Note that these estimates show that all cancellation necessary for the truth of the
theorem is already captured in the corona decomposition.
The estimate of A is straight forward. By (2.4.9), we see that the A, estimate

reveals itself.

DB S [7]
ol it
< 2"w(L)
Therefore, by (2.3.6)
A£2 Y w(L) £ 2wl aw(@). (24.12)

LeLly,

In the expression (2.4.11), the integral is not as complicated as it immediately
appears. We have assumed that ’scales are separated by 7’ at the beginning of this
section, so that as L’ is strictly contained in L, we have for any @ € P,(L), that
(L)) is either contained in @ or disjoint from it. It follows that H,,(L) takes a single
value on all of L/, which we denote by H,(L; L"). This observation simplifies our task

of estimating the integral.
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For L' C L we use (2.4.9) and (2.4.5) to see that

w(L')

a1 Ll

[ ) ) et S B

< 2"H,(L; L) - |L]. (2.4.13)

Note that the Ay characteristic has entered in. And the presence of |L'| indicates that
there is an integral against Lebesgue measure here.

Employ this observation with Cauchy-Schwartz, both distributional estimates

(2.4.8) and (2.4.9) as well as (2.3.4) to estimate

B(L)= ) /HH(L)~HH(L’) wt

L'eL,
L'CL
S2'HL(L; L) Y| (by (2.4.13))
LeL,
L'CL
L'el,
L'cL
< 2| Ho (L) p2gaw)|| > 1o Lo (Cauchy-Schwartz)
L'eL,
L'cL
< 2"w(L). (by (2.4.8) and (2.3.4))

Therefore, by (2.3.6) again,

B<2" Y w(l) S 2" Jwllaw(Qo).

LeL,
Combining this estimate with (2.4.10) and (2.4.12) completes the proof of (2.4.6),

and so our Theorem, assuming Lemma 2.4.7.

2.5 The essence of the matter.

We prove Lemma 2.4.7. In this situation, both a cube )y and cube L € L, are
given. It is an important point that all the relevant cubes that we sum over are in

the collection Q,,, as defined in (2.4.5).
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One more class of dyadic cubes are needed. For integers a > 0 define P,, (L) to

be those ) € P,(L) such that

2a+1$ < w(Q) < Q*WM. (2.5.1)

The essential observation is this: By Proposition 2.3.12, T maps L'(dz) into
weak-L'(dx), with norm depending only on the index 7 of the operator. Hence,

H > (w, ng‘

QC1
QEPn,a(L)

S w(Q1).

Lloo

This is a uniform statement in ¢);. If in addition @y € P, (L), we have

w(L)
<27¢ 2.5.2
| X e, $2 5 l@l (2.52)
QCQ1
QEPn,a(L)

Due to the functions gg and 7 are supported on (), we see that this estimate also
holds uniformly in Q.
Note that we have by the definition of Haar functions Definition 2.1.4, and a

simple Haar shift, Definition 2.3.9,

[, go)r0()] < @ <o

’(L? (2.5.3)

The point of these observations is that Lemma 2.3.15 applies. Define

> (w,g0)v0(x)

E,(t)=<xzelL :
{ QEPn.a(L) £

> Kt27° (L)} t>1. (254)

We have the exponential inequality |E,(t)| < e *|L| for an appropriate choice of
constant K in (2.5.4). (The choice of K is dictated only by the exact constants that
enter into (2.5.2) and (2.5.3) as well as the parameter 7 associated with the simple
Haar shift.)

This is one of our two claims, the distributional estimate in Lebesgue measure
(2.4.8), for the collection P, (L), not the collection P, (L). But with the term 27 ap-

pearing in (2.5.4), it is easy to supply (2.4.8) as written. Indeed, for K’ = K'Y 27%/2,
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and K as in (2.5.4), we can estimate
Hx el :

We want the corresponding inequality in w™

> (w, go)vo(x)

QEPR(L) | L |

> K’tw}

<Y Bl (1277)] S etL).
a=0

Lmeasure. But note that E,(t) is a

union of disjoint dyadic cubes in a collection &,(t), where for each @ € &,(t), we can
choose dyadic ¢(Q) € P,o(L) with Q C ¢(Q), and |Q] > 277 4(Q)|. This follows

from the definition of a simple Haar shift. It follows that we have

U{6(Q) = Q € &)} S e'IL]. (2.5.5)

(Recall that there is a similar difficulty in Proposition 2.3.12.) The point of these
considerations is this: For each Q)" € P, o(L), we have both the equivalences (2.4.5)
and (2.5.1). Hence, w™!(Q’) =~ p|Q'| where p is a fixed quantity. (It depends upon L,
and we can we can compute it, but as it appears on both sides of the distributional
inequality, its value is irrelevant to our conclusion.) We can conclude from (2.5.5) the

1

same inequality in w™'-measure by the following argument. Let £X(t)

w_l{ Z <wng>'7Q > K127 |L| } < w_l(U{¢(Q) : Q € ga(t>})
QEPn,a(L)
= wH($(Q))
Qe&i(t)
~p Y 16(Q)
QEEL(t)

This (2.4.9), except for the occurence of the 2% on the right, and so the proof is

complete.
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2.6 Sufficitent Conditions for a Two Weight Inequality

There are a great many sufficient conditions for a two-weight inequality. To these

results, let us add this statement, for it’s elegance. (It is probably already known.)

Theorem 2.6.1. Let o, 3 be positive functions on RY. For the inequality below to

hold for all Haar shift operators T

IT(F ez S 1122

It is sufficient that o, B € Ay, and the following ‘two-weight As’ hold:

@) B@Q)
el el T

Of course these conditions are not necessary, for example one can take « = § = 1,
for any measurable subset £ of R%. By a € A,, we mean the measures « and 3 satisfy

a variant of the estimate in (2.3.8).

Definition 2.6.2. We say that measure o € A, if this condition holds. For all
0 < e <1thereisa0 < n < 1so that for all cubes @ and sets £ C ) with

|E| < €|Q|, then a(FE) < na(Q).

The proof is a modification of what we have already presented, so we do not give
the details. The resulting estimate is however sharp in the dependence upon the two

weight A, constant, and the A, constants.

2.7 Recent developments

The result on recovering singular integrals with sufficiently smooth kernels from Haar
shift operators in dimension 1 by A. Vagharshakyan, [43], allow us to extend corollary

2.1.8 to the later class of singular integrals.
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It is important to mention that there is another line of investigation, one that
completely avoids the use of two weighted results, due to Cruz-Uribe, Martell and
Pérez [8]. Instead they use a very powerful inequality by A. Lerner, [22]. Their
argument only works for dyadic Haar shift operators though, and an extension to the
continuous setting has not been found yet.

A striking result by Pérez-Treil-Volberg [32] allow to deduce the strong L? estimate
from the weak one. The techniques used in that paper, together with a careful
examination of the ones presented in this chapter, resulted in the solution of the full
conjecture by T. Hytonen, see [18]. At the end of his paper, T. Hyténen was calling
for a simplification of his argument, that was long and repeatedly used powerful
techniques from the two weighted setting. During October 2010 a simplified proof

was provided by T. Hytonen, C. Pérez, S. Treil and A. Volberg, see [20].

24



CHAPTER II1

ON MUCKENHOUPT-WHEEDEN CONJECTURE

3.1 Background and main results

The starting point of this work goes back to 1971 [14], when C. Fefferman and E.
Stein, in order to establish vector-valued estimates for the maximal function, proved
that if w is a weight, namely a non-negative locally integrable function, and M denotes
the Hardy-Littlewood maximal operator then

suptw ({z € R? : Mf(z) > t}) gc/Rd]f\Mw(x).

>0
A very natural question was then raised by B. Muckenhoupt and R. Wheeden (see
[23]): could we replace the Hardy-Littlewood maximal operator M by a Calderén-
Zygmund operator? Their conjecture, known as the Muckenhoupt-Wheeden Conjec-

ture, is stated below.

Conjecture 3.1.1. (Muckenhoupt-Wheeden) Let w be a weight and M be the Hardy-
Littlewood mazximal operator. LetT be a Calderén-Zygmund operator with ||T||czo <
1. Then
st%)tw({a: ER: |Tf(x)] >t}) < C/R | fIMw(z)dx (3.1.2)
The exact definition of Calderén-Zygmund operator need not concern us here,
though it certainly includes the non-positive Hilbert transform (see chapter VII of
[41] for precise definitions). The hope was that the Conjecture identified a somewhat
robust principle. We herein disprove the dyadic version of this conjecture. So, M is

replaced by the (smaller) dyadic maximal function, and 7" will be a Haar multiplier,

which are the simplest possible dyadic Calderén-Zygmund operators.
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Endpoint estimates are known to be the most delicate ones, and very frequently
they are also the most powerful. That is the case of Muckenhoupt-Wheeden Con-
jecture. For instance, an extrapolation result due to D. Cruz-Uribe and C. Pérez [7]

shows this: If w is a weight and (3.1.2) holds with 7" a sublinear operator then

[ et < [ (22) wa (313

The dyadic version of this result is also true (see [7], Remark 1.5).

With a few partial results that we shall discuss later in the introduction, the
Muckenhoupt-Wheeden Conjecture has been open up to today’s date. In this chapter,
we answer the dyadic version of (3.1.2) in the negative by disproving (3.1.3). We are

ready to state our main theorem.

Theorem 3.1.4. There exist a weight w and a Haar multiplier T for which T 1is

unbounded as map from L* ((2£2)*w) to L*(w).
As a corollary we solve a long-standing conjecture,
Corollary 3.1.5. The Muckenhoupt-Wheeden conjecture in its dyadic version is false.

For the proof we construct a measure w and a Haar multiplier 7" that avoids all
cancellations. The tool behind this construction is the corona decomposition, that
has proven to be very useful in finding sharp estimates when the weight is in the A,
class [21], [19], [18], [20].

Throughout the literature, there has been evidence for a positive answer to the
conjecture as well as for a negative one. S. Chanillo and R. Wheeden [5] showed that
a square function satisfied the Muckenhoupt-Wheeden Conjecture. We also mention
the work of Buckley [3], who in dimension n proved that (3.1.2) holds for weights
ws(z) = 2|79 for 0 < 6 < 1.

The sharpest results in this direction are due to C. Pérez [31]: If T is a Calderdn-

Zygmund operator and M? is the Hardy-Littlewood maximal operator iterated 2
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times,

suptw ({z € R : [Tf(@)| > 1}) < C/R|f]M2w(x)dx.

t>0

He actually proved something better, M? can be replaced by the smaller operator
M jogrye- In an attempt to understand these endpoint estimates, A. Lerner, S. Om-
brosy and C. Pérez considered a somehow ‘dual’ problem of Muckenhoupt-Wheeden,
we refer the reader to [25]. A negative answer to (3.1.2) was provided by M.J. Carro,
C. Pérez, F. Soria and J. Soria when T is a fractional integral, [4]. There are two
points that distinguish this example from the singular integral one: 1) the lack of
cancellation when treating positive operators and 2) the construction depends upon
T being a true fractional integral and does not allow an immediate extension to the
singular integral case.

By imposing an extra condition on the weight w, a weaker version of Muckenhoupt-
Wheeden can be formulated. This is known as the Weak Muckenhoupt-Wheeden

Conjecture and appears in work of A. Lerner, S. Ombrosy and C. Pérez [23], [24].

Conjecture 3.1.6. (Weak Muckenhoupt-Wheeden) Let w be an Ay weight and let
|wl||a, be the Ay constant associated to it. Let T be a Calderon-Zygmund operator

with |T)lczo < 1. Then

suptw ({x € R : |Tf(x)] > t}) < Cllw| 4, /R | flw(x)dx (3.1.7)

>0

Recall that w is an A; weight if there exists a constant ¢ > 0 such that Mw(z) <
cw(z) a.e. The smallest of such constants ¢ is denoted by ||w||4,. Thus, the Weak
Muckenhoupt-Wheeden Conjecture would be an immediate consequence of (3.1.2),
were it true. The continuity of Calderén-Zygmund operators in L' +— LY when w
is an A; weight is well known and goes back to the origins of the weighted theory
with R. Hunt, B. Muckenhoupt and R. Wheeden [17] in dimension 1 and R. Coifman
and C. Fefferman in higher dimensions [6]. The novelty of (3.1.7) resides with the

linear dependence on ||w||4,. Linear growth of the A; constant has been proven in
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the strong case for p > 1, that is

| T|| 2o () Lo () < C(p,n)||w]] 4, ,

and this is sharp. The result was first proven by R. Fefferman and J. Pipher for p > 2
and T" a classical singular integral operator in [15]. Later on it was extended to p > 1
and general Calderon-Zygmund operators by A. Lerner, S. Ombrosy and C. Pérez
in [23]. The proof of A. Lerner et al. provides not only linear dependence on the
Aj constant, but also explicit dependence of the operator norm on p. The explicit

dependence on p allows one to get the weak endpoint below,

suptw ({z €R : [Tf(2)] > 1}) < Cllwlla,(1 +10g||wHA1)/ |f|w(z)dz.
> R

We want to point out that even though this estimate is far from proving (3.1.7), it
is the best result known up to this date. The Weak Muckenhoupt-Wheeden Conjec-

ture remains open and we will not make any new contribution to it in this chapter, but

we are hoping to shed some light in the understanding of these endpoint estimates.

3.2 Basic concepts

The space we will be working on is R. Throughout the chapter |- | will stand for the
Lebesgue measure in R, 15 will be the characteristic function associated to the set
E C R, and for x > 0, [z] denotes the integer part. The letters i, j, [, k will stand for
positive integers. C will denote a universal constant, not necessarily the same in each
case.

In the sequel when referring to M we will understand the dyadic maximal function,
ie, for fe L],

Mf(x)= sup %/@f{x)dm

Q dyadic

We will use a different formulation of the two weight inequality (3.1.3). This

characterization was first introduced by E. Sawyer in [40] and has been used since
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then, becoming one of the standard approaches. The proof is a well known exercise

that we are not including in this chapter.

Proposition 3.2.1. Let w,v be two positive Borel measures, continuous with respect
to Lebesgue measure and let T be a sublinear operator. Let C' be a universal constant

and 1 < p < oo, the statements below are equivalent,

HTf“Lp(w) < C||fHLP(v)7

IT(fo)llrw) < Cllf ey, 0 =0 Lapp)- (3.2.2)

Remark 3.2.3. This new formulation provides a more symmetric estimate for 7™, the

dual operator with respect to Lebesgue measure, i.e., (3.2.2) is equivalent to

”T*(fw)HLp’(g) < CHfHLp’(w)a (3.2.4)

1, 1
where = + = = 1.
P + P’

The estimate we want to disprove is a particular case of a 2-weight inequality. We

will work with weights w > 0, w € L. and o = which is the dual measure

__w
loc (Mw)2 )

of v = (%)2 w. Throughout the chapter o will take the above form. The operators

we consider are discrete dyadic operators. Let us recall some of the basic concepts

associated to them before getting to the precise definition.

Definition 3.2.5. Let D be the dyadic grid in R D = {[2*m,2"(m + 1)), m,k €

Z}. Let I = [a,b] be an interval in D, then I~ = [a,%f) is the left child of I

and It = [“TJ’b, b) is the right child of I. We define the L*-normalized Haar function

associated to I, h; as
1[+ - 1[7

h; = ViEE

Our interest will lay on particular examples of dyadic operators, the Haar multi-

pliers.
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Definition 3.2.6. Let € = (¢7)ep be a bounded sequence. The operator T, is a Haar
multiplier associated to € iff

Tef = Z €[<f, h[>h[.

1eD

3.3 The Corona Decomposition

This Section provides the tool to, given w, decompose the measure o. At the same
time, the corona decomposition allows to group the dyadic intervals into families
and consequently decompose any dyadic operator into a sum of operators. This was

previously done in [21].

Definition 3.3.1. Let D' C D be any collection of dyadic cubes. Call (£ : D'(L))
a corona decomposition of D' relative to measure w if these conditions are met. Let

L, L' € L, we have

w(l) _  w(l) ,
> 4 .,  L'CL
|| L]

Define I' : D" — L by requiring that I'(]) be the minimal element of £ that contains

I. Weset D'(L) :={I € D' : I'(I) = L}. Then for all I € D'(L) we require

Remark 3.3.2. The corona decomposition is obtained by a stopping time argument.
It is for this reason that we will refer to £ as the stopping collection in the corona
decomposition.

The collections D’'(L) partition D’. Since decompositions of dyadic intervals cor-
respond directly to decompositions of dyadic operators, we can write any Haar mul-

tiplier as

T.=) T, where Ty = Y  e/(f hi)h (3.3.3)

LeL 1eD(L)
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We now focus on the structure of the measure 0. We will denote L, to be the set
of maximal intervals in £. In general, we denote £; to be the maximal intervals on
£\UlZ Lo
Definition 3.3.4. Let £ € D(L), L € L;, we define the take away the children

operator on sets of R as A1 F = E\ U L'. In general, we define
L/E,CjJrLL’CE

AE = UieE];H,l,i/CEi\ UL/GEJ'H,L’CE L' for [ > 1.

Remark 3.3.5. This last definition helps us track the value of Mw. Notice that for

L L
every r € A)F, E € D(L), and L € L, we have SI% > Mw(x) > 41%. Since

{A|E};>; forms a partition of E, we can estimate

o(E) = /E M“;Z (z)dz > i::g—ﬂ (%)zw(AZE) (3.3.6)

3.4 The inductive construction

In this Section, we describe the inductive procedure that will provide measures wy
and operators Ty, the key elements in proving Theorem 3.1.4. We start with a few

definitions associated to the base case.

Definition 3.4.1. Let J = [a,a + «) be a dyadic interval, we define the jumping
point of J, and we denote it by jp(J), as jp(J) := a + §. We also denote the right
end point of J by rep(J) :=a + a.

Notice that the “jumping point” divides the interval into two intervals of lengths
one-third and two-thirds the length of the original interval, thus the “jumping point”
has a periodic binary expansion, which fact is important to the construction. We now

define the measure that gives name to the jumping point.

Definition 3.4.2. Let J be a dyadic interval and A > 0 be a height, we define the

measure associated to J with height A as

A
1y = ALiip(s) rep()) -

31



Having listed the key ingredients to construct our measure w,, inductively, we now

focus on those associated to the construction of the operator T.

Definition 3.4.3. Let £ > 1 be a fixed integer. Let J be a dyadic interval, we define

= as the following collection of intervals associated to J,
Ey={J=102...2 Ly : jp(J) € I, || = 4|;11] } . (3.4.4)

We denote I(J) := Iy, the minimal interval in the collection =;. And we define the

collection of the right children of the intervals in =; as

We are now ready to define the Haar multiplier associated to J with sign r;, Sy, ),

as

Sien(f) =15 _(f,ha)hr. (3.4.5)

Ie=;

where r; € {+1, —1}.

Remark 3.4.6. There are two ideas about the jumping point that should be clarified.
(1) If jp(J) € I, then either jp(J) € I~ or jp(J) € IT. Moreover, these two events
alternate, i.e.,let I C I' C J with |I| = $|I'| and jp(J) € I, I". We have that if jp(J) €
I'~ (respectively I't) then jp(J) € I (respectively I7). This phenomenon explains
that the chosen intervals in (3.4.4) satisfy |I;| = 4|I;41]. (This is the consequence
of the binary expansion of 1/3.) (2) We take advantage of the localization of the
jumping point in another way. The intervals I € =% “almost” form a partition of the
support of p). If k — oo, they will actually form a partition, since we consider only

a fixed number of them, we can only get

supppt} = [p(J),rep(I(1) U | J 1. (3.4.7)

Ie=T
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Remark 3.4.8. Notice that Z; and consequently Ej and Sj,(s) depend on the pa-
rameter k, that will play the role of the induction index in the proof of Proposition
3.4.13. For the sake of simplicity, we omit the parameter k in the notation of those

objects.

The following lemma takes advantage of the lack of cancellation in ;. (1)) to

compare the py measure of a level set associated to S 77y With that of J.

Lemma 3.4.9. Let k > 1 be a fized integer, J be a dyadic interval and y’y and Sy
as above. Then, first, the inner products {uy,hr.), for I; € Z; depend only on the

numbers py(I1(J)) and {p3(I) : 1 € ¥}, Second,

2T 1
0 ({o s 1smom@l > D) > 2w, @ao

Proof. For the first claim, (i}, h;,) depends only on the measure py assigned to the
two children for I;. And, these two children are unions of the sets in (3.4.7).
Turning to the second claim, let J be a dyadic interval, for any I; € =; we have

the following equality

(uy, b)) _ 12NL] = (1/2—1/3) AIL| _ A
VA il 3

Since I;;1 C I, for all 4, (i}, hy,)hy, is constant on I; ;. Therefore, using (3.4.11)

(3.4.11)

for every x € I(J)~

2k

< ﬁ, h1,> (2k + 1))\
1Sirnpy ()] =) ) =
; vartl 3

On the other hand,
py(J) _ 3A

2
- =2)
/1] P/
2+ 1)\ 2

and % > §k)‘ trivially. This added to the fact that |S,u)(z)| < 2k for

all z € Jand o ¢ I(L)~ gives,

AT

(L) = {x S ()] > k”‘m )} | (3.4.12)
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and

A
wy(J _ ~ -
2 ({5 18 > LD 2 300)7) = b = 324300,

as desired. [

Actually this estimate (3.4.10) is unimprovable, as follows from the John-
Nirenberg inequality. (Our point of view in this construction is informed by the
extension of the John-Nirenberg inequality in the weighted setting, as established in
the work of the author with M. Lacey and S. Petermichl [21], page 137).

We have shown that we can construct a particular Haar multiplier, that with
respect to Lebesgue measure has no cancellation, and we have reversed the John-
Nirenberg inequality. The success of this proof is based upon the observation that
we can iterate this construction on the elements of the partition in (3.4.7). Namely,
we are free to change the measure py provided we do not change the numbers p3(I),
for I € =, And so, we will change the definition of u7, without changing its total
measure, in such a way that we carefully track the corona, so that we have (3.3.6).
This means that at a different threshold, and a different part of our Haar multiplier,
we will have a second reversal of the John-Nirenberg inequality. This construction
will then have to be iterated many times, to overcome the exponential nature of
the John-Nirenberg inequality. All of these considerations are incorporated into this

proposition.

Proposition 3.4.13. Let k > 1 be a fixed integer. There exist a family of random

Haar multipliers T* and a weight wy, Z 0, wy, € L} such that

loc

> o s mttal> ) = oo,

LeL,LC[0,1

where L is the stopping collection in the corona decomposition associated to measure

wy, as defined in (3.3.1) and T¥ as in in (3.3.3).
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For the proof we need this definition.

Definition 3.4.14. Let k£ > 1 be an integer, J be a dyadic interval and =; be as

above. We define the set of intervals £(J) as
LJ):={LI):=1":1€E]
Notice that the map

U2 £(J) (3.4.15)

I — ()
is a bijection and |L'(I)| = $|I]. Moreover, given J dyadic interval,
I(J)NL' =0 forall L' e L(J). (3.4.16)

Remark 3.4.17. The passage to the ‘left-left child’ above helps us keep track of the
corona. We will rescale all of the measure assigned to I € Z¥ to ‘right two-thirds’

of I7=. Now, 1.2 =

13 %, so to preserve measure, we will need to multiply by 6. This

explains the powers of 6 that appear below.

Proof. The proof follows from an inductive procedure. Let Ly, po and SY be as
follows, Lo = {[0, 1)}, po := :u[lo,l) and S° := Sp1),.0,1)- For a picture of the first stage
see Figure 1 below. Notice that for easy of presentation we have sketched only three

intervals [;, that will correspond to the case k = 1. In general, for every 7 > 1 we

define

L, = |J £

LeLl;
Jj—1 ' _
meo= 3Dt + D K
i=0 LeL; L'eL;
SI = il 4 Z SL/,T‘(L’)'
L’Eﬁj
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For the proof of the proposition the selection of signs r(L) is irrelevant. See Figure 2

for a descriptive drawing of the second stage of the construction.

1
+ -
KA B
Jp 1
Figure 1: The first stage of the construction.
6 4 - JR—
1 1 —
Iy
‘l hl l } } I
‘I Ul N T T I
1

Figure 2: The second stage of the construction.

The next lemma states the main properties of the construction, namely, that the
support of the measure built at each stage has shrunk with respect to the previous
one. At the same time the new measure preserves the total measure and the measure
of the intervals playing a role in previous stages. It is for this reason that we will
refer to it as the ‘Measure Preserving Lemma’. Its proof is postponed until Section

6.

Lemma 3.4.18. (Measure Preserving Lemma) Let L;, p; and S7 as above for any

j=>1. Let L € L;, we have the following estimates

1-274F)J
LY pep L] < 8220

2. I(L)NL =0 forall ' e L; L' # L ,i > 1. In particular [(L)NI(L") =0,

3 pisaloanures, L = HilioaNuzes, L)
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4o 13 (1) = iy (L/(D) = (1) for all T € =1,
5. wi(I(L)) = p;(I(L)) for alli> j,

6. (L) = uy(L) forall i>j,

(A <{|SL,7~(L)M(ZU)’ > k’“fé?}) = U <{‘SL,T(L),LL]'(-T)’ > k‘%?}) for all 1 > 7.

where in the last line St ) is as in (3.4.5).

We are now ready to prove the proposition. Let M = M (k) > 0 be an integer that
will depend on k and will be chosen later. Let T% := SM and w;, := puy. We claim
that the corona decomposition of D’ associated to y; is (£ : D'(L)) where £ = J'_, £;
and D’ is the set of dyadic intervals contained in [0,1). The first stopping interval
in the corona decomposition associated to po is [0,1). It is easy to see that this
is actually the only stopping interval, therefore £, is the stopping collection in the
corona decomposition associated to py and the claim is true in this case. The two
facts that allow us to conclude the claim in general are: (a) parts (3) and (6) of
Lemma 3.4.18, which let us keep the corona of the measure ;1; when we move to stage
j + 1. Using backwards induction we have proved Ui;(l) L; forms part of the stopping
intervals associated to p.

(b) For the next stage of the corona: due to parts (4) and (5) of Lemma 3.4.18
and (3.4.7), it is enough to consider the children of I € = for all L € £; ;. We have

these relations:

wm(I) = 0
(1) (L)
< 4
|1 |L|
w(I™") =0
i (I~7) > 4M1(L)
1| |L|
i (J) (™) _
< 4 , forall JCI
| ]| |



which describe the new level of stopping intervals as {L’ (I): Te=f, Le El_l}. It
is easy to check that this is the last stage. Herein we have proved that the corona
decomposition associated to wy, is (£ : D'(L)) with £ = Y, L;.

We now decompose the operator as described in (3.3.3), T% = %=, . TF. Notice
that Tf = Sp,,(1) as defined in (3.4.5). We finish the proof using parts (4), (6) and
(7) of Lemma 3.4.18 together with Lemma 3.4.9.

Léz?:oﬁ]wk( r ¢ [Thwi (o) >k%ﬁ)}) _
$E (i )
éLeﬁz Hi {|SL,T(L),U1'(IB)| > kﬂ"éL‘) }) —

al 1
Z Z 66i2_4k‘[/‘ _

=0 LeL;
M
%2—4]@ Z(l o 2—4k)l —
=0
L= (1 27" S (0, 1))

for M = [%] + 1. Note that M behaves exponentially with respect to k,

which is exactly what one should expect from (3.4.10).

3.5 Proof of Main Theorem

Using Proposition 3.2.1 and (3.2.4), we can reduce the proof of the main theorem to
for any C > 0 finding a weight w, a Haar multiplier 7" and a function f € L?(w) such

that
/R|T(fw)|2a(a:)dx > C’/R|f|2w(a:)da:. (3.5.1)
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There is one more reduction, we can use a gliding hump argument to deduce the
infinitary inequality above from the following finitary one. We refer the reader to

Section 7 for a detailed explanation of the gliding hump argument.

Lemma 3.5.2. (Main Lemma) For all k > 1, there exist a Haar multiplier T* and

a weight wy, #Z 0, such that

/[01) |T* (wk1[071)) (2)|2op(x)dr > Ck*wi([0, 1)),

Wk

where C'is a universal constant and o), = w2

Proof. Let k > 1 be a fixed natural number. Define 7% and wj, as in Proposition
3.4.13 and let (£ : D(L)) be the corona decomposition associated to wy. We now
use the decomposition of T% and o}, as suggested in (3.3.3) and (3.3.6) respectively.
It is now time to determine the more convenient choices of signs ry that appear in
the definition of (3.4.5). By Khintchine’s inequalities we can find a sequence of signs
{ri}rec, rr € {+1,—1} so that the first inequality below holds. That together with

Chebyshev’s inequality and Proposition 3.4.13 provide the desired estimate.

/ |Tk (wk1[0,1)) ($)|20‘k(1‘>dl' Z Z/ |7}’lC (wk’l[O,l)) (Qj)|20‘k($)d$
[0,1) e/

5 (1) e (e 2))
s (o ({5

/CQ wk(L)
Tk‘
61 2 Lzt =150 )

Ck’2wk([0, 1)),

(]

v
|
g

v
|

g

ol

v

where C'is a universal constant. In the last line, we have used (3.4.12) and property

(2) of Lemma 3.4.18. O
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3.6 Proof of the measure preserving lemma

Proof. Let us start proving (1). A backwards induction argument allows us to reduce
the problem to proving that given L € L;_; and for any j > 1,
/ 1 —4k
> = s(1=27")L]. (3.6.1)
L'CL,L'eL;

The proof of (3.6.1) uses |L'(I)| = |I|, with L/(I) defined in (3.4.15).

S 18 = {llep(I(L) rep(1)]
L'CLL/EL;
112 2
- ;[
1

= —(1—27")L].
(-2

Proof of (2). Let L, L’ € L, we need to distinguish two cases.

1. f LN L =0 then I(L) N L' = ( trivially.

2. Suppose L' C L, then there exist ¢ and j, ¢ > j such that L' € £; and L € L.
We can find L € L(L) such that L' C L, then I(L)N L = 0 by (3.4.16).
Therefore I(L) N L' = () as desired.

Conclusion (3) follows trivially from the definition of the measures y; and p41.

Next we are proving (4). Let I € =F and let L'(I) be as in (3.4.15), then
/ 671 11 j+12 / j+12 1 j 67
pil(L'(1) = ppn (L)) = 67 S| = 67 5 [ = 6] = pg, (1) = py (1),

where we have used the definition of ; and the fact that jp(L) ¢ I. We want to make
one more comment, estimate (4) is the heart of the measure preserving property.
Proof of (5). Let L € L£;, then I(L)N L' = { for all L' # L by property (2). The

following estimates conclude the proof,

pI(L) = (1) =62 ]1(D)
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pilI(L)) = (1) =62 [1(L).

The proof of (6) can be deduced from the following equality and a backwards

induction argument,

pjs1(L) = pi(L) for all 7 > 0 and for all L € £;. (3.6.2)

We complete the proof of (3.6.2) using (4) and (3.4.7). Let L € L;, then I(L)NL = ()
for all L € £;, i < j by property (2) and we get the following

j J+1
win(L) = W)+ Y (L)

L'eLljy1,L'CL

j j+1
— W@+ S W)

L/€£j+1,L/CL

= WD)+ Y ui (1)

Ie=}

— W (L) = (L),

We now turn to proving (7). Let L € £;, again a backwards induction argument

reduces (7) to prove

The strategy will be to verify S ,.)pj+1 = Srrrypj. The rest of the proof follows

from (3.4.12) and properties (5) and (6). This said, we are going to prove
(i, hr) = (uj, hy)  for all T € =y, (3.6.3)

Suppose I = I(L), then pjy1|ry = pjlr) proving (3.6.3) for this particular case.
Suppose I € Z; but [ # I(L), then I* € = and I~ = (r\UJGEZ,JC[_ J) U
U se=t,yci-J- The decomposition of I and I~ together with property (4) proves
the desired estimate

(js1, hr) = pyar(I) = pja (I7)
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= i (L'(I7)) = pyea (17 Usest oci- J) - Z pisa(J)

Jest,gci-

= () = (L) = Y ()

Jest, gcI-

= (1) = pi(I7) = g, ).

3.7 A gliding hump argument

The construction of 7% and wy, in Lemma 3.5.2 is completed on the interval [0,1).
As a matter of fact, there is nothing particular about the interval [0,1), and the
construction could be repeated in any interval of the form [n,n + 1) for n > 1.

Let & > 1 be a fixed integer, and let us consider 7% and wy, as in Lemma 3.5.2,

then
TH(f) = erlf hu)ha, (3.7.1)

1€0y,
where O, C D such that e; # 0.

We can now define the operators associated to the intervals [k, k + 1).

Definition 3.7.2. We define the Haar multiplier T[’fﬁkﬂ) and the weights wy, 141y and

Olk,k+1) aS

T ey f = Z er(f, hivu)hrik,

1€0y

Wik,k+1) = wk(' - k?),

- _ _ Wikk+)

with Oy as in (3.7.1).

Lemma 3.7.3. Let k > 1 be a natural number, T['Z’kﬂ), Wk k1) and O gt1) aS 1N

definition 3.7.2, then

/[ ) T k1) Wik L ern)) (@) Poprsny (@)de > CRPwp gy ([k, k + 1)),
ke k1
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where C is a universal constant.

Proof. Let wy, x11) as in definition (3.7.2) and wy, as in Lemma 3.5.2, using a change

of variables we can see that

(Wik 41y, hrsw) = (Wi, br). (3.7.4)

We use (3.7.4) to conclude

Th vy (wenin) (y + k) = Trwr(y), (3.7.5)

with T as in (3.7.1).

Also,

Ol (Y + k) = on(y), (3.7.6)

with o, as in Lemma 3.5.2. The proof uses the fact that Mwy, p11)(y + k) = Mwi(y).

Finally, (3.7.5) and (3.7.6) together with Lemma 3.5.2 allow us to finish the proof.

/ Tty (Wi ks Lken) () Pompsny (y)dy =

[k,k+1)

/[ ) |T[]I€c,k+1) (Wi k1) 1)) (@ 4 B) POy (@ + k)dz =
0,1

/[01) |T’g (wk1[071)) (x)|20k($)dx > C’kak([O, 1)) = Ck2w[k’k+1)<[k, kE+1))

]

Proof of (3.5.1). We will prove something stronger than (3.5.1). We will find 7', w and
f € L*(w) such that the left hand side of (3.5.1) is infinite. Let T = > 7 T nt1ys
then T is well defined and is a Haar multiplier. Let w = Y7 | wjnnt1), w is in L}, (R).
Andlet f =377~ ljnas1) where 0 < e < 1/2. It is easy to see that f € L*(w).

Let us now consider the left hand side of (3.5.1). We first notice that for all

z € n,n+l),o(x)~> 7 LH))Q Actually we only need to check that Mw(zx) ~

n=1 (Mw[n,n+1)
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Muwip, n41)- A similar argument has been used in the next chapter to prove (4.2.2),
we skip it here and refer the reader to Chapter 4, page 44. Using this observation,

Lemma 3.7.3 and the fact that e < 1/2, we conclude the proof.

2
() e o] o °] 1
/ T (fw)|?o(z)dx ~ Z/ T[]Z,Hl) Z Tare Liir)yWiiiv1) || Opmnrnde
R n=1 7 [n+1) | —1 o1 !
- Z l+2e |51y Ui nsn)) | Oy dee
—1 [n,n+1)
Z CZ n1—2e = 00
n=1
]
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CHAPTER IV

THE HILBERT TRANSFORM DOES NOT MAP L!(MW)
TO LL(W)

4.1 Statement of main result

In [14], C. Fefferman and E. Stein observed the following a priori estimate for the
Hardy-Littlewood maximal operator M:

suptw{z € R : |Mf(z)] > 1} < C’/]f(q:)|]\/[w(x) dr

>0
Here the weight w is a non-negative, locally integrable function, and w(FE) denotes
the integral of the weight over the set . We give a negative answer to the question
whether such an inequality holds when the Hardy Littlewood maximal operator on
the left hand side is replaced by the Hilbert transform. For a discussion of the history

of this question we refer to [38] or Section 3.1 in the previous chapter.

Theorem 4.1.1. For each constant C' > 0 there is a weight function w on the real

line and an integrable compactly supported function f and at > 0 such that
tw{z e R:|Hf(zx)] >t} > C’/ |f(z)|Mw(z)dx .
Similarly as in [38], we prove Theorem 4.1.1 as a consequence of the following:

Proposition 4.1.2. For each constant C' > 0 there is an everywhere positive weight
function w on the real line and an integrable compactly supported function f and a

t > 0 such that

Muw(zx)
w(z)

PuwlzeR: [Hf@)|> 1) ZC/|f(x)|2< )2w(x)dx |
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The reduction to Proposition 4.1.2 is taken from [7], we include the argument at
the end of this chapter. Following [38] further, we reduce Proposition 4.1.2 to the

dual proposition:

Proposition 4.1.3. For each constant C' there is a nontrivial weight w on the real

line such that

1 (wlio,))l 22w (mwy2) = CllLon |22 (w)

Our construction of the weight w is a somewhat simpler variant of the construction
in [38]. It was discovered during a stimulating summer school on “Weighted estimates

for singular integrals” at Lake Arrowhead, Oct 3-8. 2010.

4.2 Proof of Theorem 4.1.2

Recall that a triadic interval [ is of the form [3/n, 37 (n+1)) with integers j, n. Denote
by I the triadic interval of one third the length of I which contains the center of I.
Fix an integer k£ which will be chosen large enough depending on the constant C'

in Proposition 4.1.3. Define K to be {[0,1)} and recursively for i > 1:
Ji = {Km K S Kifl} 5

K; = {K : K triadic, |[K|=3"" Kc (JJ} .
JeJ;
Proceeding recursively from the larger to the smaller intervals, we choose for each

J € J =y, Ji asign e(J) € {—1,1}. More precisely, (/) depends on the values
e(J") with |J'| > |J|. The exact choice will be specified below. Define for each J € J
the interval 7(.J) to be the triadic interval of length 3'7*|J| whose right endpoint
equals the left endpoint of J if €(J) = 1, and whose left endpoint equals the right
endpoint of J if €(J) = —1. Note that /(J) has the same length as the intervals in
K.

Next we define a sequence of absolutely continuous measures on [0, 1]. We continue

to use the same symbol for a measure and its Lebesgue density. Let wq be the uniform
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Figure 3: The construction of the measure.

measure on [0,1)” U I([0,1))™ with total mass 1. Recursively we define the measure
w; by the following properties: It coincides with w;_; on the complement of | Kek, K-
For K € K; we have w;(K) = w;_1(K) and the restriction of w; to K is supported
and uniformly distributed on K™ U I(K™).

Let w be the weak limit of the sequence w; and note that w is supported on

Ujes I(J). For K € K;, J € J;, x € I(J), and any triadic interval K’ with [K'| > | K|

we have
wd () _ w(K) _ w(K')
wO =TT TR S TR (42.1)
We claim that for J € J and = € I(J)™ we have
Muw(z) < Tw(z) . (4.2.2)

To see this, let I be a (not necessarily triadic) interval containing x. If I is contained
in /(J), then by the first identity of (4.2.1) the average of w over I equals w(z). If
I is not contained in I(J), then |I| > |I(J)|/3. Let K’ be the collection of triadic
intervals of length |/(J)| which intersect I and note that

Yo K<+ 21()] < 7))

K'eK’
because at most two intervals in K’ are not entirely covered by I. With (4.2.1) we

conclude that the average of w over I is no more than 7w(x), which completes the

proof of (4.2.2).
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Lemma 4.2.3. For K € K;, J= K", x € I(J)™, and k > 3000 we have
|Hw(z)| > (k/3)w(z)

This Lemma proves Proposition 4.1.3, because with (4.2.2) and since w is constant
on every I(J) we have
49||Hw||%2(w/(Mw)2) = (k‘2/9) Z/I(J) w(y)dy > (k2/27)||1[0,1)||%2(w) :
Jed "

Proof of Lemma 4.2.3: We split the principal value integral for Hw(x) into six sum-

mands:
w(y)

e /I(J) y—x dy (4.2.4)
+/J ;U Ey; W (4.2.5)

w(y) w(y)
+/c(y—£€ a y—c(]))dy (4.2.6)

_w(y)
' /(UKZ_ ke Yy —c(J) @ (4.2.7)

w(y) B w(y)

+K’€§{K} / ry—c(J) (K’ —c(J) dy (4.2.8)

w(y)
’ K'eKZi\{K} /K’ m dy - (4.2.9)

The terms (4.2.7) and (4.2.9) remain unchanged if we replace w by w; and hence
depend only on the choices of €(J') with |J/| > |.J|. The integrand of (4.2.5) is positive
or negative depending on €(.J). Specify the choice of ¢(J) so that the sign of (4.2.5)
equals the sign of (4.2.7)+(4.2.9). If the latter is zero, we may arbitrarily set e(J) = 1.

We estimate

(425> % / wfygdy

KIEKZ‘Jrl,K/C-] |y
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> Z w(K")

K'eK; 1, K'CJ SupyEK’ ’y - .’L"

1w
2>k |<[(<J)f> > (k/2)u(z)

The remaining terms are small error terms, we estimate with 6 = |1(.J)™]| :

w2y=1 [ W) gl < 3u(a) |
(I\[z—ba+8] Y — T

w26 <4 Y /”“"‘C“ wly) dy

e 6 19 = P

e
<8 D ) =)

|K|=| K|k £K

=1 w)
<100 Gy ey < 2

y—cK'
428|<4Z/ | ||2w(y)dy,

K'eK; )

and the last expression is dominated by the same final bound as (4.2.6). Putting all

estimates together, we have
|(4.2.4) + (4.2.5) + (4.2.6) + (4.2.7) + (4.2.8) + (4.2.9)]

> |(4.2.5) + (4.2.7) + (4.2.9)| — [(4.2.4)| — |(4.2.6)] — |(4.2.8)]
> [(4.2.5)] — |(4.2.4)] — [(4.2.6)] —[(4.2.8)|
> (k/2 —403)w(zx) .

This completes the proof of Lemma 4.2.3 and thus Theorem 4.1.3.

4.3 Remarks
4.3.1 Weights in Theorem 4.1.1

We specify weights satisfying Theorem 4.1.1. Fix a constant C' as in Proposition 4.1.3
and consider k£ and the weight w constructed above. We slightly change w to make it

positive by adding ce=*" for sufficiently small ¢ so as to not change the conclusion of
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Proposition 4.1.3. We may normalize the measure to be probability measure and call

the remaining measure w again. The conclusion of Proposition 4.1.3 can be written:

([ dx)m S 431)

We now multiply both sides of (4.3.1) by the left hand side of (4.3.1), setting

f = (Hw)w/(Mw)?* and using essential self-duality of H we obtain

> C ( / f@:)?%w(m) dx> " (4.3.2)

Letting f* be the non-increasing rearrangement of H f on [0, 1], we may estimate the

’/w(x)Hf(:c) iz

left hand side of (4.3.2)
1
/ Fr(y)dy <2 sup y2f*(y) = 2supw({z : [Hf(2)| > t})"/*t .
0 y€[0,1] t>0
Hence Proposition 4.1.2 holds for the constant C'/2 with the weight w and some
existentially chosen t. Now let E be the set on the left hand side of Proposition 4.1.2

for the given w, f, and appropriate ¢, then we have

M(wlg)(x) = ilé[j)?—qff}lzw < Mw(z)M1g(x)

where M,, denotes the Hardy Littlewood maximal function with respect to the weight

w. With Holder’s inequality we obtain

o Muw(z)®  \'?
> W w L2(w) -
/If(:v)lM<w1E>(x)dx< (/!f(x)l o) dx) [ M1e|| 22 (w)

With the Hardy Littlewood maximal theorem with respect to the weight w we can
estimate ||M,1g| /120 by w(E)Y2. This shows that Theorem 4.1.1 holds for the

weight wlg.
4.3.2 A1l weights

It remains open to date whether the a priori inequality

tw{rx e R:|Hf(z)] >t} < Cllw||a, / |f(x)|w(z) dz (4.3.3)
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Table 1: The three conjectures and its answers

Conjecture Answer | Authors
Muckenhoupt-Wheeden False Reguera-Thiele
Weak Muckenhoupt-Wheeden | False Nazarov-Reznikov-Vasyunin-Volberg
Ag True Hytonen
holds, where the A; constant is defined as ||w||4, := [[Mw/w| . Our construction

in this paper does not seem to address this question. The recent preprint [28] has
announced that the analogue of (4.3.3) for the Hilbert transform is false. In [24], a
version of (4.3.3) has been proved with an additional logarithmic factor in the A,

constant of the weight.
4.3.3 The three conjectures and its answers

In the Table 1 we summarize the answers to the three conjectures we have discussed,

some of which have been studied in this thesis.
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