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SUMMARY

We propose a mathematical framework that integrates low-level sensory signals
from monitoring engineering systems and their components with high-level decision
models for maintenance optimization. Our objective is to derive optimal adaptive
maintenance strategies that capitalize on condition monitoring information to update
maintenance actions based upon the current state of health of the system. We refer to this
sensor-based decision methodology as “sense-and-respond logistics”.

As a first step, we develop and extend degradation models to compute and
periodically update the remaining life distribution of fielded components using in situ
degradation signals.  Next, we integrate these sensory updated remaining life
distributions with maintenance decision models to; (1) determine, in real-time, the
optimal time to replace a component such that the lost opportunity costs due to early
replacements are minimized and system utilization is increased, and (2) sequentially
determine the optimal time to order a spare part such that inventory holding costs are
minimized while preventing stock outs.

Lastly, we integrate the proposed degradation model with Markov process models
to derive structured replacement and spare parts ordering policies. In particular, we show
that the optimal maintenance policy for our problem setting is a monotonically non-
decreasing control limit type policy. We validate our methodology using real-world data
from monitoring a piece of rotating machinery using vibration accelerometers. We also
demonstrate that the proposed sense-and-respond decision methodology results in better

decisions and reduced costs compared to other traditional approaches.

xiii



CHAPTER 1
INTRODUCTION

Unexpected failures of engineering systems can have a significant impact on
manufacturing and service applications, national infrastructure (nuclear power plants and
civil structures), healthcare applications, and military operations. For example,
unexpected failures in Just-In-Time production systems, such as production lines in the
automotive industry, can immediately halt delivery schedules because there is not enough
work-in-process to buffer any interruptions. Similar arguments can be made about
numerous applications in the service and logistics sector. The reliability of transportation
fleets, such as airlines and railways, is necessary to ensure that personnel, raw materials,
finished goods, and spare parts are delivered on schedule to eliminate waste of perishable
goods and prevent other costly stock outs. In healthcare applications, sudden failures of
medical equipment, such as pacemakers, operation room equipment, and health
monitoring systems can have fatal repercussions. In homeland security applications, the
reliability of sensor systems is necessary to ensure fidelity of the data streams
communicated by this technology. More seriously, the sudden failure of civil
infrastructure (e.g. bridges and buildings) can result in human fatalities. Motivated by
previous discussion, a large body of the literature has been targeted towards predicting
unexpected failures in an effort to eliminate or minimize their negative impacts.

Accurately predicting unexpected failures is a very challenging problem due to
two primary components, (1) our limited understanding of the physics-of-failure, and (2)
the high level of uncertainty associated with the degradation processes that occur prior to

failure. Numerous research efforts have developed methodologies that address these



challenges and attempt to predict sudden failures accurately. The next step is to use this
information to determine good and economical maintenance strategies. This represents
another significant research challenge. The costs of maintenance operations can
represent up to 15-60% of the cost of produced goods in manufacturing and production
plants [1]. These significant costs primarily arise due to ineffective maintenance
planning. For example, early replacement of a piece of equipment reduces its utilization
and results in lost opportunity costs. On the other hand, delayed replacement involves the
risk of expensive catastrophic failures. Consequently, extensive investigation of decision
models for optimizing maintenance decisions has been studied in the literature. A
plethora of approaches have been followed to devise efficient maintenance strategies for
operating components and systems. Condition-based maintenance (CBM) is one of these
approaches whereby the maintenance actions are triggered by accurate assessments of the
system’s condition/health. Recent advances in sensor technology now enable us to
continuously monitor the health of operating systems and components using dedicated
sensors. These sensors provide rich streams of real-time signals that are typically
correlated with the severity of the system’s underlying degradation process, and can be
used to determine cost-effective maintenance policies.

In this dissertation, we focus on developing a mathematical framework that
integrates low-level sensor-based information from the condition monitoring of
engineering systems with high-level mathematical models for maintenance optimization.
Our objective is to determine adaptive maintenance policies, with a special emphasis on

equipment replacement and spare parts inventory policies.



1.1 Reliability and Failure Time Prediction

Estimating component failure times has been extensively studied in the field of
reliability theory. Historically, reliability models have focused on evaluating failure
measures for a population of components, primarily, by collecting and analyzing failure
data [2-6]. One approach is to utilize actual in-field performance data through warranty
reports of failed components to estimate time-to-failure [2, 10]. In other cases, traditional
reliability testing is used to derive generalized failure distributions for a population of
components [4, 11]. Increased product lifecycles and improved reliability have made
traditional reliability testing more difficult. Consequently, there has been an increased
interest on pursuing accelerated reliability/degradation testing [12, 13].

The uncertainty associated with degradation and failure processes is usually
characterized by parametric and empirical failure distributions. One drawback of this
approach is that it does not pay much attention to the fact that even the failure of identical
components can differ drastically due to many factors including inherent material in-
homogeneity, variations in processing technology, and differences in environmental and
operating conditions. Since failure time distributions are unaffected by the underlying
physical process, they do not distinguish between the different degradation characteristics
of individual components and do not capture the unit-to-unit variability among identical
components. Research efforts on condition monitoring and degradation modeling

address this aspect as discussed next.

1.2 Condition Monitoring and Degradation Modeling

Degradation processes involve a gradual accumulation of damage, which

eventually leads to failure. In some applications, the physical transitions that occur



during degradation can be directly observed, e.g., the length of a crack. However, in
most engineering systems, it is only possible to make indirect observations by monitoring
some manifestations of the degradation process, such as temperature changes, vibration
levels, etc. [14]. In many applications, these manifestations can be monitored directly or
indirectly using dedicated sensors (e.g. temperature thermocouples and vibration
accelerometers).  Condition Monitoring techniques utilize real-time sensor-based
information to evaluate the health of a component during operation [8, 9, 15]. The
magnitude (or amplitude) of these condition-based signals can be used to assess the
severity of the degradation state of the component that is being monitored and can be
used to prevent unexpected failures. One of the main shortcomings associated with
condition monitoring is that it relies solely on real-time sensory information from the
individual component and does not capture the failure characteristics of a component’s
population. In many cases, slight deviations in the sensory signals may be classified as
failures although they may be originating from minor changes in the operational or
environmental conditions.

The measures described above are usually correlated with the physical
degradation process that evolve over time, and are known as degradation signals. Many
components exhibit characteristic patterns in their degradation signals that evolve with as
the component’s degradation progresses [15]. Degradation modeling focuses on
mathematically modeling these degradation signals to predict their future evolution.
Different tools have been used to model the evolutionary paths of the degradation signals
such as random coefficients models [16-20], Brownian motion [3, 13, 21, 22], Gamma

processes [22-27], Markov processes [28], and semi-Markov processes [29]. Very few



works, however, focused on integrating the failure characteristics of component
populations from reliability testing with degradation rates of individual components from
condition monitoring.

In this research, we present a degradation model that combines the two aspects
discussed above. In particular, we perform degradation testing on a sample of
components to determine the failure time distribution of the population. Next, we utilize
sensory signals acquired from monitoring fielded components to revise their RLD based

on their current health state.

1.3 Decision Models for Equipment Replacement and Spare Parts Inventory

Maintenance optimization models have been studied extensively in the literature.
Generally, most of the maintenance decision models focus on establishing inspection [30,
31, 32], repair [34, 35] or replacement policies [33, 36, 37]. General surveys on
mathematical optimization models used in maintenance applications can be found in [38-
41]. For the purpose of this research, we focus our attention on two primary decision
policies, equipment replacement and spare parts inventory models.

The uncertainty of failure processes is among the primary sources of difficulty
encountered in developing efficient and accurate maintenance-related replacement and
spare parts inventory models. Precise reliability assessment is key to making sound
maintenance decisions. For instance, deciding which component to replace and when,
requires a careful balance between the cost associated with premature replacement and
the cost of unexpected failure. Furthermore, the ordering time of spare parts and their
stocking quantities need to be planned such that holding costs are kept to a minimum

while avoiding stock outs.



Some of the existing models are age dependent, and use failure time distributions
to evaluate replacement and spare parts inventory policies. For example, the renewal
theoretic age replacement model utilizes the probability of failure to strike a balance
between the costs associated with premature replacement and the costs of unexpected
failure during the component’s life cycles [42]. Similar models also exist for evaluating
optimal ordering times of a spare part in a single buffer inventory system [43]. In this
class of models, decisions are solely based on the failure time distributions of the
component’s population and do not account for the degradation state of the individual
components. Other replacement and inventory models make the simplifying assumption
that failures are random and can be modeled, for example, as a Poisson Process [44-49].
Such assumptions often compromise the accuracy of the decision making process,
especially since they do not account for variations in the degradation processes.

Another class of maintenance optimization models assumes that the component or
system can be in some state of degradation from a set of possible states. We refer to
these models as “state models”. Numerous approaches have been used to characterize the
transitions between the degradation states, such as Markov processes [36,50, 51] and
semi-Markov processes [30, 33, 52]. This category primarily focuses on establishing
special appealing structures of the optimal policies, such as control limit (threshold)
replacement policies.

Other research efforts focus on determining optimal maintenance policies based
upon the condition of the system that can be captured using condition monitoring
techniques. This class is known as condition-based maintenance (CBM) [53-55]. In our

research, we integrate the benefits of the two previous categories by leveraging the



benefits of real-time sensory-signals from condition monitoring with Markov decision

processes (MDPs) to determine optimal structured replacement policies.

1.4 Research Tasks

Our research objective is to develop a mathematical framework for integrating
real-time condition-based signals with maintenance related operational and logistical

decisions. The research tasks involved in achieving this objective are summarized below.

1.4.1 Sensor-Based Degradation Modeling

In this task, we present and extend stochastic degradation models for computing
and updating the remaining life distributions (RLDs) of partially degraded
components/systems using real-time condition monitoring sensory-signals. The failure
characteristics of component’s populations derived from reliability and degradation
testing are first used to estimate preliminary failure time distributions. Next, real-time
signals are used to update the RLD of individual components that degrade differently
using Bayesian techniques. Consequently, the updated RLDs evolve according to the

latest degradation state of the component being monitored.

We focus on a base-case random-coefficients degradation model with an
exponential functional form and Brownian error terms, and extend it in two different
directions. First, we study the performance of the model under different assumptions.
More specifically, we study the effect of assuming dependent stochastic model
parameters versus independent parameters in the original model, and assess the prediction
accuracy under this dependency assumption. Second, we study the computational

challenges associated with computing the RLDs and their moments. In the original



model, the sensory-updated RLDs cannot be characterized using parametric distributions
and their moments do not exist. Such difficulties hinder the implementation of this
sensor-based framework, especially from the standpoint of computational efficiency of
embedded algorithms. We identify a procedure by which we can compute a conservative
mean of the sensory-updated RLDs and express the mean and variance using easy to
evaluate closed-form expressions. This is accomplished using the first passage time of
Brownian motion with positive drift, which follows an Inverse Gaussian (IG)
distribution, as an approximation of the RLD. We show that the mean of the IG
distribution is a conservative lower bound of the mean remaining life using Jensen’s

inequality. The approach is validated using real-world vibration-based degradation data.

1.4.2 Renewal-based Replacement and Spare Parts Ordering Policies

This task focuses on integrating the sensory-updated RLDs with replacement and
spare parts inventory decisions models. We consider a conventional renewal theoretic
age replacement and spare part ordering model [42, 43], and develop a heuristic decision
model wherein the failure time distributions used in the conventional approach are
replaced with the dynamically evolving RLDs. Each time we acquire a signal from
monitoring the component, we use it to update the RLD and, in turn, update previous
replacement or inventory decisions. We refer to this methodology as “sense-and-respond
logistics”, which is summarized in Figure 1 .

Using a simulation case study, we demonstrate that the sense-and-respond
logistics policy results in better decision policies and reduced total maintenance costs,
compared to the traditional reliability-based approach. This is primarily due to the

improved failure prediction accuracy offered by the degradation model.
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Figure 1 Summary of the sense-and-respond logistics framework

This approach is a heuristic in the sense that updating epochs do not explicitly
represent regeneration points of the system. In the following task, we determine exact

sensor-based replacement and inventory policies.



1.4.3 Structured Replacement and Spare Parts Ordering Policies

We present a generic single-unit replacement problem, and develop a Markov
decision process (MDP) model that utilizes sensory signals to determine the optimal
replacement time. We use the degradation modeling framework developed in task 1.4.1
to compute and update the predictive distribution of the degradation signal, as opposed to
other state models that commonly assume arbitrary transition probabilities between the
system states.

We show that the optimal replacement policy under the infinite horizon expected
discounted cost criterion is a monotonically non-decreasing control limit policy that
optimally balances the cost of failure, the cost of preventive replacement, and the cost of
observing sensor data. This result might seem counterintuitive, since one would typically
expect a monotonically non-increasing control limit policy, or in other words, that the
urgency to preventively replace the system increases as the system ages. We provide
explanation and provide mathematical proofs of this counterintuitive result.

Under a monotonic control limit policy, the system is kept operating until the
observed signal exceeds a certain control limit, which is monotone in the system’s age.
In the event that the decision at some decision epoch, given an observed signal, is to
continue operation, the monotonic replacement control limit can be used to determine the
optimal time to order a spare part. This methodology is illustrated in Figure 2. Finally,
we present a case study based on real-world vibration data from rotating machinery and

study the performance of the policy under different cost settings.
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1.5 Thesis Organization

Chapter 2 surveys some of the related literature on engineering reliability and
failure time prediction, condition monitoring, degradation modeling, and decision models
for equipment replacement and spare parts inventory policies, both in systems with single
and multiple components. Chapter 3 presents the sensor-based degradation modeling
framework that use real-time sensory signals to compute and update the RLD of partially
degraded components. We present in detail a base-case random-coefficients degradation
model with an exponential functional form and Brownian error terms. Next, we re-derive
the expressions for the posterior distributions of the stochastic model parameters under
the dependency assumption. We also provide closed-form expressions for a conservative
lower bound of the mean remaining life that are easy to compute using the first passage
time of a Brownian motion with positive drift. Chapter 4 presents an approximate
renewal-based decision methodology for computing the optimal replacement and spare
parts ordering times based on the observed sensory signals. In Chapter 5, we present
exact structured replacement and inventory policies using Markov decision processes

(MDP). Finally conclusions and future extensions are outlined in Chapter 6.
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CHAPTER 2
LITERATURE REVIEW

The proposed research integrates established research disciplines in a single
framework. In particular, these disciplines include failure time prediction of engineering
systems and maintenance optimization models. This chapter surveys the relevant

literature on these research areas.

2.1 Failure Time Prediction in Engineering Systems

There is a large body of the literature dedicated to estimating the failure time of
engineering systems and their components. This literature can be generally categorized
into: (1) conventional reliability approaches that focus on collecting and analyzing failure
data, and (2) condition monitoring approaches that focus on collecting sensory
information from operating systems to assess their state of health and predict their

remaining life.

2.1.1 Conventional Reliability Approach

Early foundations of Reliability were found in actuarial concepts used in the
insurance industry [56]. It was not until World War II that reliability became a subject of
study [57]. In classical reliability, system and component failures are treated as random
occurrences. The focus is on modeling the pattern of these random processes by some
probability distribution. Several parametric distributions were in use during the 1950s
and 1960s to model failure times, such as the exponential, Weibull, normal, and gamma
distributions [58-61]. It is also common to encounter cases where no theoretical

distribution adequately fits the data. The focus in this case is on using nonparametric
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(empirical methods) that derive the failure distribution directly from the failure data (see
for example [62-66]).

After collecting relevant failure data, statistical inferences are used to provide
generalized reliability characteristics and failure time distributions of component
families. One approach to collect necessary data is to utilize actual in-field performance
data. Hu and Lawless [10] consider nonparametric estimation of lifetime distributions
using automobile failure data from warranty reports. Bharatendra and Singh [67] discuss
parameter estimation methods that address data incompleteness using incomplete and
unclean warranty data. Kalbfleisch and Lawless [2] suggest a procedure for the
collection of field failure data and use a regression model to estimate lifetime
distributions from this data. In other cases, traditional reliability testing is used to
collected the data and derive generalized failure distributions. Coit and Jin [4] derive
maximum likelihood estimators for the gamma distribution based on data records from
reliability testing to model diverse-to-failure behavior. With increased product lifecycles
and improved reliability (e.g. airplane engines and other aviation components), traditional
reliability testing is more difficult, time consuming, and sometimes infeasible.
Consequently, there has been an increased interest on pursuing accelerated
lifetime/degradation testing (ALT). Doksum and Hoyland [12] use reliability
information obtained from a series of accelerated reliability tests to model the
degradation of cable insulation under variable stress levels as an inverse Gaussian
process. Whitmore and Schnkelberg [13] model the degradation of self-regulating heat
cables subject to high stress reliability testing. Zhang and Meeker [68] propose Bayesian

methods for planning accelerated life tests satisfying practical constraints. Xu and Fei
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[69] present guidelines for planning two-factor step stress accelerated life tests with no
interaction between the factors. Zhao and Elsayed [70] present a general likelihood
formulation for step-stress accelerated life tests that use the Weibull and the lognormal
distribution.

As mentioned earlier, the conventional reliability approach treats failure as a
random shocks process rather than a process of evolution across degradation states.
Hence, these models do not consider the condition of individual components that
typically degrade differently due to natural variations and different operating conditions.
To address different degradation characteristics of identical components from the same

population, research efforts resort to condition monitoring discussed next.

2.1.2 Condition Monitoring

Condition monitoring is the process of collecting real-time sensory information
from a functioning device to determine its state of health. The focus in condition
monitoring is on diagnosing faults and health classification rather than explicitly
predicting the failure time. (Degradation modeling, discussed in the next section, uses
condition monitoring information to predict the remaining life of operating components).

Condition monitoring is used in numerous applications including a wide variety
of different components such as bearings [71-73], machine tools [8, 74, 75], gears [76,
77], engines [78], and generators [79, 80], among others. In condition monitoring,
various condition phenomena such as temperature [83], degree of wear [84, 85], and
vibration [76, 81, 82] that are directly or indirectly associated with degradation are

captured using sensors.
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The evolution of these phenomena is characterized by degradation signals, which
are commonly used to assess the extent of component degradation, diagnose faults, or as
triggers for maintenance activities. Christer ef al. [86] use the Conductance Ratio as a
measure to assess the erosion condition of the inductors in a furnace. Christer and Wang
[87] monitor the cumulative wear of components as a basis for determining its
maintenance policy. Vlok et al. [88] use condition monitoring to measure the vibration
level of a circulating pump in a mining application and utilize this information to
determine the optimal replacement policy using the proportional hazards model (PHM).
Pedregal and Carnero [89] present a state space model to forecast the state of a turbine
using vibration monitoring data. The authors use recursive Kalman-Filter algorithms to
estimate the probability of failure, then present a cost model for making preventive
replacement decisions.

One major drawback of condition monitoring techniques is that they might give
“false alarms”. In other words, these techniques can interpret deviations from normal
running conditions due to slight changes in operational/environmental conditions as
failure. Banjevic et al. [90] develop a software tool (EXAKT) for optimizing predictive
maintenance based on condition monitoring oil debris and vibration data. The authors
discuss and report experience with collecting, preprocessing, and using real-world data,
and the common problems associated with it. Another drawback of condition monitoring
is that it focuses on the degradation characteristics of the individual component being
monitored and pays little attention to the failure behavior and characteristics of the
component’s population. Furthermore, classical condition monitoring is useful for

diagnostic purposes and identifying faults. In contrast, degradation modeling uses
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sensory-data from condition monitoring for prognostic purposes and estimating the

remaining lives of fielded components.

2.1.3 Degradation Modeling

The measures captured by condition monitoring sensors are usually correlated
with the physical degradation process of components. These measures commonly evolve
following characteristic patterns known as degradation signals [15]. Degradation
modeling focuses on mathematically modeling these degradation signals to predict their
future evolution. The remaining life of the component is defined as the time elapsed until
the degradation signal crosses a pre-specified failure threshold. Different tools are used
to model the evolutionary paths of the degradation signals. Grall et al. [55] model a
single-unit gradually deteriorating system using a Gamma process, and then develop a
cost model to optimize the predictive maintenance of the system. Liao ef al. [26] use a
Gamma process to model continuously degrading systems under continuous condition
monitoring. The authors then derive maintenance policies that achieve the maximum
availability level of the system. Some other research efforts use Markov chains to model
degradation signals. Kharoufeh and Cox [28] present a hybrid approach for estimating
the residual life distribution of a single-unit system. The degradation rate of the system is
assumed to be dependent on external factors in the operating environment. The evolution
of these factors is modeled as a Continuous-time Markov Chain. Their hybrid approach
includes two models: In the first, real sensor data provide information on the degradation
state of the system, and in the second, information on the cumulative degradation up to
some point in time is provided. Brownian motion (BM), also known is Wiener process,

is also commonly used to model the evolution of degradation signals. Doksum and
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Hoyland [12] model the accumulated decay of cable insulation Wiener process with drift
and diffusion. The associated failure time follows the inverse Gaussian (IG) distribution.
Whitmore and Schnkelberg [13] model the degradation of self-regulating heat cables
subject to high stress reliability testing as a Wiener process with a constant rate of
degradation. Whitmore [91] describes a statistical model that takes inherent randomness
of degradation and measurement errors created by imperfect instruments, procedures, and
environments into account. The degradation processes are modeled using a Wiener
diffusion process. Modeling approaches other than random coefficients models were also
used to model degradation using condition monitoring data.

Other modeling approaches are also used in the literature. Goode et al. [55]
develop an exponential model for the growth of the vibration signal of a hot strip mill.
Yang and Jeang [97] present a statistical model to model cutting tool wear in metal
cutting processes by monitoring surface roughness of manufactured products. Tseng and
Hamada [98] present a study to measure and improve the lifetime of fluorescent lamps by
monitoring their luminous intensity.

Random coefficients model is a common tool used in many research efforts. We
focus on this class of models to model the path of degradation signals in this research. A
useful review on the use of random coefficients models is provided by Johnson [94]. Lu
and Meeker [16] develop a random coefficients model to estimate the failure time
distribution based on degradation data from a population of components. Robinson and
Crowder [92] model fatigue crack growth as a nonlinear regression model with random
coefficients. Two-stage least-squares, maximum likelihood principles, and Bayesian

approaches are used to estimate the model parameters. Mallet [95] presents a general
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method and uses maximum likelihood estimation to estimate the parameters of the
random coefficients in this type of models. Chen and Zheng [93] use degradation data to
obtain predictive intervals of components’ lifetimes using random a coefficients model.
Bae and Kvam [99] use a nonlinear random coefficients model with a nonparametric
degradation path to capture the burn-in characteristics of vacuum fluorescent displays.
Su et al. [100] present a random coefficients model with random sample sizes, and shows
the influence of the sample size on estimating the model parameters in a semiconductor
application.

We notice that very few research efforts target the integration of reliability
information with condition-based sensory signals to predict the remaining life of
components. Gebraeel et al. [19] use a Bayesian updating methodology to predict and
continuously update the RLD of individual components using a random coefficients
model. The authors model the degradation signal as a continuous time stochastic process
having an exponential functional form plus measurement noise error terms. The authors
consider error terms that are independent and identically distributed (iid), and Brownian
error terms. The stochastic model parameters on the other hand are assumed to be
independent. In [20], Gebraeel tests the effect of assuming dependence of the stochastic
parameters for the exponential model with iid error terms. Approximate expressions for
the RLD are provided. Elwany and Gebraeel [101] further extend these works by
providing closed-form easy to compute expressions of the mean remaining life using the
first passage time of Brownian motion with positive drift. Gebraeel et al. [102] consider

the case where no prior degradation knowledge is available. The authors use historical
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failure data and assume that it follows the Bernstein distribution to estimate the prior

parameters of the degradation models.

2.2 Maintenance Optimization Models

Predicting the lifetime of engineering systems is the first and necessary step
towards minimizing the impact of unexpected system failures. There still exists the need
to develop mathematical decision models to determine cost-effective maintenance
strategies. Maintenance optimization models are studied extensively in the literature.
Maintenance decision models focus on establishing economical policies for inspection
[30-32], repair [34, 35] replacement [33, 36, 37], and spare parts inventory [103-105].
Wang [38] provides the most recent review of maintenance models for deteriorating
systems. Valdez-Flores and Feldman’s [39] survey focuses on maintenance optimization
models for single-unit systems. They consider models for repair, replacement, and
inspection.  Other general surveys on mathematical optimization models used in
maintenance applications can be found in Dekker [40] and Scarf [41].

For the sake of relevance to the current research, we categorize the works on
maintenance optimization into; (1) Reliability-based models that use the failure time
distribution of components and systems to determine optimal maintenance strategies, and
(2) State models that characterize degrading systems using a set of states and model the
transition between these states using tools such as Markov processes and semi-Markov
processes. We focus our attention on maintenance decision models for determining

optimal equipment replacement and spare parts provisioning policies.

20



2.2.1 Reliability-based Models

This class of maintenance optimization models relies on the failure time
distribution of the system to derive optimal maintenance strategies. The objective in
these models is typically to determine maintenance policies that minimize the long-run

average maintenance costs.

2.2.1.1 Models for Single-unit Systems

This segment of the literature focuses on systems with only one operating unit.
Aronis et al. [44] present an approach to determine the parameter of an (S, S-1) inventory
policy for spare parts of electronic equipment. The demand is considered to be generated
by random failures of the component assumed to follow a Poisson process. The authors
determine the demand distribution using a Bayesian approach based on the prior
distribution and historical data on failure rates. The demand distribution is then used to
determine the optimal inventory policy for the spare parts. In other works, such as
Vaughan [106] the demand is generated both from random failures and regular scheduled
preventive maintenance. The proposed model is used to determine the optimal inventory
policy for spare parts. Belzunce et al. [107] use the failure time distribution of
components to determine planned replacement policies. They consider both age and
block replacement policies and compare the resulting expected failure times of the
components upon the implementation of either policy with the case where no planned
replacements are made. Pongpech and Murthy [108] derive periodic preventive
replacement policies for leased equipment that achieve a tradeoff between penalty and
maintenance costs based on the failure time distribution of the equipment. Wang and

Zhang [109] derive an optimal replacement policy for a simple deteriorating system with
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repair. The operating time of the system after repair is assumed to follow a stochastically
decreasing geometric process. An explicit expression for the average cost rate of the
system is derived.

Some studies focus on determining replacement policies and spare parts
provisioning policies simultaneously rather than separately. In certain cases under
specific assumptions, it is shown that sequential or joint policies can result in better
decisions and reduced costs. Armstrong and Atkins [42] consider age replacement and
inventory ordering decisions for a simple system with one component subject to random
failures. The authors propose cycle-based replacement and inventory cost functions, with
the objective of computing optimal replacement and inventory ordering times that
minimize these cost functions. Two alternative models are proposed; in the first model,
the replacement and inventory decisions are made sequentially, whereas the second
model considers jointly optimized replacement and inventory decisions. The authors
later extend their model to incorporate variable lead time [43]. Cheung and Hausman
[110] formulate an analytical model for the joint implementation of preventive
replacement and spare parts safety stocks in unreliable environments. The objective is to
minimize the total expected costs of the system, which is subject to random failures. Aka
et al. [111] address the joint optimization of replacement and spare part inventory
decisions for systems with machines operating in parallel. Mine and Kawai [112]
determine joint ordering and replacement policies for a 1-unit system with a component
that degrades. The objective is to minimize the average cost rate over an infinite time
horizon. Other works that consider sequential or joint optimization of both decisions can

be found in [113-117].
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2.2.1.2 Models for Multiple-unit Systems

Although the focus of the current research is on single-unit systems, the sensor-
based decision making framework represents a very promising potential to be extended to
more complex systems with more than one unit operating in series, in parallel, or a
combination of both. The literature is rich with models that consider multiple-unit
systems. The literature on multiple-component replacement can generally be categorized
into: asset replacement problems, age/block replacement policies, and opportunistic
replacement policies.

In asset replacement problems, multiple assets (equipment) operate either in series
or in parallel and it is required to find replacement policies for these assets that would
minimize total discounted costs over a finite planning horizon. Assets typically have
economic interdependence in this class of replacement problems. Although these
problems are deterministic in the sense that it is known with certainty how many assets
are required at each time period, they are difficult to analyze due to the combinatorial
nature of replacing components of a group of assets. Hartman [118] presents an asset
replacement problem for a system that has multiple stations operating in series, each of
which has a set of assets operating in parallel. The author presented an integer program
with the objective of minimizing asset purchase, operating, maintenance, and storage
costs, less salvage values over a finite horizon. Constraints represented the capacity,
budget, and balance constraints of the system. Jones ef al. [119] study the parallel
machine replacement problem. The decision rules include replacing whole clusters of

machines based on their ages, and a proof of their optimality is provided.
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We note that asset replacement problems do not take into account the probability
of equipment failure. It is assumed that the machines operate without failure, and just
experience a decline in their book values with time due to depreciation. Block
replacement policies determine replacement decision rules for multiple components
taking into account the failure probability obtained from failure time distributions. In
such policies, the decision rule is to determine regular time intervals at which a whole
subset of components is replaced simultaneously. This is a generalization of the single
unit age replacement policy where a component is replaced upon reaching a threshold age
T or upon failure, whichever occurs first. Jhang and Sheu-Huei [120] develop block
replacement decision rules for multiple unreliable components from a mining application.
The authors derive an expression for the long-run average cost and determine the
replacement policy that minimizes this expression. Sheu-Huei [121] considers a
modified block replacement policy where the system is either replaced or minimally
repaired at regular time intervals. The author obtained the expected cost rate of the
system using renewal reward theory. Yoo et al. [122] determine joint optimal block
replacement and spare parts inventory policies for multiple component systems by
minimizing their long run average cost. Acharya ef el. [123] also determine joint block
replacement and spare parts ordering policies for multiple component systems.
Specifically, the authors develop decision policies to determine the optimal preventive
block replacement interval, the optimal level up to which spares are to be ordered, and
the optimal ordering interval that minimizes the total cost of replacement, spares

procurement, and inventory carrying cost rate.
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One disadvantage of block replacement policies is the potential loss due to
replacing as-good-as-new components at regular intervals regardless of their state or age.
In opportunistic replacement, on the other hand, preventive replacement of a component
can be performed at any opportunity created by another component’s failure, another
component’s planned preventive replacement, or the individual component’s planned
replacement time. Works in the literature demonstrate that the cost of replacing several
components simultaneously can be less than the costs of performing many separate
replacements. Zheng and Fard [124] propose an opportunistic replacement policy for a
system with multiple components characterized by increasing hazard rates. The authors
determine a threshold hazard rate L and a hazard tolerance u. A unit is replaced upon
failure if its hazard rate lies in the interval /0, L-u] or replaced preventively when its
hazard rate reaches the threshold L. Whenever a component is preventively replaced, all
other components that have hazard rates between [L-u, L] are opportunistically replaced.
The parameters L and u are computed such that the total maintenance cost rate of the

system is minimized.

2.2.2 State Models

In state models, the degradation of the components and systems is modeled as a
set of states that denote different deterioration stages. For example, a discrete set of

states, S=1{0,1,..., N}, can be used to denote the set of possible degradation states that the

system can assume, with 0 being the “good-as-new” state and N the “failed” state.
Different modeling tools are used to model the transition between these states as

discussed next.
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2.2.2.1 Markov Process Models

In this class of models, the transition between the system states is modeled as a
Markovian process. Ross [36] considers the problem of sequentially scheduling
inspections for a Markovian deteriorating production system. On performing an
inspection, the decision maker can also decide whether or not to replace the system,
restoring it to the good-as-new condition. The author provids a general framework to
handle problems of this nature, and then discusses in detail a 2-state version. Albin and
Chao [50] consider a multi-component system with failure dependence. One of the
components is assumed to deteriorate according to a continuous-time Markov process,
and its degradation affects the life distribution of the other components in the system. An
efficient algorithm that exploits the system structure is proposed to determine optimal
replacement policies. Chan and Asgarpooh [125] find an optimum maintenance policy
for a component that experiences both random failure and failure due to deterioration.
The state probabilities are calculated using Markov processes and the optimal value of
the mean time to preventive maintenance is determined by maximizing the availability of
the single component with respect to the mean time to minimal preventive maintenance.

A lot of works focus on establishing special structures of the maintenance policies
for degrading systems under specific assumptions. These structures can sometimes be
useful for many practical purposes. They can be exploited to develop computationally
efficient algorithms. They also facilitate the implementation of the optimal policy from a
practical standpoint. For example, under a control limit policy (CLP), the system is kept
operating until the signal exceeds a certain state, known as the control limit. If the

system state exceeds this control limit, a preventive maintenance action is performed.
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Control limit policies are widely discussed in the literature. Kolesar [51] discusses the
optimality of control limit replacement rules for equipment subject to a stationary
Markovian degradation process, and shows that linear programming is an efficient
method for computing optimal policies. Wood [126] investigates optimal repair policies
for constantly monitoring systems deteriorating according to a continuous-time Markov
process. The author shows that under certain conditions, the optimal restoration policy is
a control limit rule, and presents other several situations in which a control limit rule is
counter-intuitively not optimal. Douer and Yechiali [34] derive a generalized control
limit rule for the optimal repair and replacement of Markovian deteriorating systems
under the total expected discounted cost and long-run average cost criteria. Anderson
[128] formulates maintenance models for machines operating under Markovian
deterioration as continuous time Markov decision processes under the infinite horizon
expected discounted reward. The author presents conditions under which the optimal
maintenance policy exhibits monotonic control limit structures for replacement, and the
preventive repair prior to replacement is a non-increasing function of the machine state.
Ohnishi et al. [129] investigate a system that deteriorates according to a continuous-time
Markov process. It is assumed that the system state can only be identified through
inspection. The paper derives an optimal policy minimizing the expected total long-run
average cost per unit time. Under reasonable assumptions reflecting the practical
meaning of deterioration, it is shown a control limit rule holds for replacement, and the
time interval between successive inspections decreases as the degree of deterioration

Increases.
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Maintenance policies under Markovian deterioration has been studied in
numerous other research efforts (see for example [130-133]). Under the Markovian
formulation, the deterioration of the system is only indicated by the changes of states but
not the age. This assumption may not be valid in practice, and has been studied primarily
because of its attractive mathematical tractability. To model aging and cumulative
damage in degrading systems, semi-Markov processes formulation is more commonly

used.

2.2.2.2 Semi-Markov Process Models

In real-life systems, the behavior of the degrading system typically changes as the
system ages. For example, the transition probabilities or associated costs may exhibit
characteristic behaviors depending on the cumulative age of the system. Many research
efforts resort to semi-Markov process models to capture this practical feature. Care needs
to be taken in using the term age in the context of semi-Markov processes. Beynamini
and Yechiali [33] state that “while the sojourn time is measured from the last transition or
maintenance action, true age accumulates through the system’s life cycle”. The outcomes
of this cumulative aging may or may not be reversed through maintenance actions.

As in the case with Markov process models, semi-Markov process models focus
on establishing structured maintenance policies. Kao [52] uses a discrete-time semi-
Markov process to model a deteriorating system. State-dependent and age-dependent
replacement rules are proposed. The system operating costs and replacement costs are
functions of the underlying state. Sufficient conditions for the existence of optimal
control limit state dependent replacement rules are derived. Feldman [134] derives

optimal control limit replacement rules for a system subject to random shocks. A semi-
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Markov process formulation is used to allow for both the time between shocks and the
damage due to the next shock to be dependent on the present cumulative damage level.
Gottlieb [135] extends this study to the case where the failure rate of the system need not
be increasing. So [127] uses a parametric analysis to establish sufficient conditions for
the optimality of control limit replacement policies under semi-Markovian deterioration.
Lam and Yeh [136] present algorithms for deriving optimal maintenance policies to
minimize the mean long-run cost-rate for continuous-time semi-Markov deteriorating
systems. The degree of deterioration is known only through inspection, and the durations
of inspection and replacement are assumed to be non-negligible. The authors consider
five maintenance strategies and develop iterative algorithms to derive the optimal policy
for each strategy. Sufficient conditions are established for the optimality of structural
polices. Benyamini and Yechiali [33] determine conditions under which control limit
policies are optimal for a non-stationary age dependent degradation process. The authors
discuss both “replacement-only” models, whereby the only possible maintenance action
is to preventively replace the system, and “repair-replacement models”. Yeh [30] derives
optimal replacement and inspection policies for semi-Markovian deteriorating systems.
The authors approximate the distribution of the sojourn time for the semi-Markovian
model by acyclic phase-type distributions, and use this approximation to transform it to a
Markovian maintenance model. Dimitrakos and Kyriakidis [137] consider a system
consisting of a deteriorating installation that transfers raw material to a production unit,
and a buffer built between the installation and the production to account for unexpected
failures. The authors consider the problem of optimal preventive maintenance of the

installation, under the assumption that the repair times follow some known continuous
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distributions. An efficient semi-Markov decision algorithm is proposed, which operates
on the class of control limit policies. Chen and Trivedi [138] build a semi-Markov
decision process for the maintenance policy optimization and present an approach for the
joint optimization of inspection rate and maintenance policy. The authors describe a
special case where the optimal policy is a dynamic threshold-type scheme with threshold
value depending on the inspection rate.

Most of the state models assume that the degradation state of the system is fully
observable through perfect inspection or monitoring. In other words, they assume that
inspection and/or monitoring reveal the underlying state of the system with certainty. In
some practical real-world cases, it is reasonable to consider the case were inspection only
partially reflects this underlying state. In such cases, there exist probability distributions
on the underlying degradation state of the system after taking observations. A common
approach to handle this class of problems is to use partially observable Markov Decision

Processes (POMDP).

2.2.2.3 Partially Observable Markov Process Models

In this class of models, maintenance policies are only made on the basis of noise-
corrupted observations. Sources of such noise can include, for example, human error due
to an inexperienced inspector, or an unreliable sensor. In a POMDP, there exist a set of
probability distributions over the underlying deterioration states as stated by Monohan
[139]. Makis and Jiang [140] formulate the replacement problem for a technical system
which can be in one of N operational states or a failure state as an optimal stopping
problem with partial observation. The problem is transferred to one with complete

information by applying the projection theorem to a smooth semi-martingale process in
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the objective function. Afterwards, the dynamic equation is derived and analyzed in the
piecewise deterministic Markov process stopping framework. This is used to find a
replacement policy minimizing the long run expected average cost per unit time. White
[141] studies the problem of optimally controlling a production process with countable
state space. At each discrete time epoch, the three available decisions are: produce,
inspect while producing, or repair the process. It is assumed that imperfect observations
are received at both times of production and inspection. The author determines several
results associated with the two-state case, which are sufficient for simple
characterizations of an optimal policy. In [142], White derives bounds on the optimal
cost function for a partially observable replacement problem. This is done by
characterizing the structure of optimal strategies for completely observed case and the
completely unobserved case as having a generalized control limit form. Sinuany-Stern et
al. [143] suggest a simple heuristic decision rule to handle replacement type problems of
large size based on the Howard solution of the fully observable version of the problem.
The authors present a simulation experimental design to compare the performance of this
heuristic relative to generic POMDP solution algorithms. Kuo [144] studies the joint
machine maintenance and product quality control problem with an unobservable state of
the production system. The authors include the timing of the sampling action and the
sample size directly in the action space of the POMDP and derive some properties of the
optimal value function that facilitates searching for the optimal maintenance and quality
control problem. Rosenfield [145] presents a model of a deteriorating process with
imperfect information. With each decision epoch, the decision maker decides whether to

repair, inspect at a cost, or do nothing. The author shows that the optimal policy is an at-
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most-four-regions type policy.  Maillart [146] examines the problem of adaptively
scheduling perfect observations, imperfect observations, and maintenance actions for a
multistate Markovian deteriorating system with obvious failures. Structural properties of
the perfect observation case are established, and used in a heuristic to solve the imperfect
observation problem. Smallwood and Sondik [147] discuss finite horizon POMDPs and
present an algorithm to calculate the optimal control policy and payoff function. The
results are illustrated by an example for the machine-maintenance problem. Sondik [148]
later extends this work to the infinite horizon discounted cost criterion. Hopp and Kuo
[149] formulate the maintenance problem of aircraft engine components subject to stress
as a POMDP. The authors use this approach because cracks that characterize the
deterioration of the components are not easily observable. Consequently, decisions are
made on the basis of stress information collected via sensors. Optimal structured
maintenance schedules are derives for the problem. Albright [150] examines conditions
that guarantee monotonicity of the reward function and optimal actions in two-states
POMDPs, and provides examples of maintenance systems where the results hold.
Excellent reviews on POMDPS, applications and solution algorithms, are provided by

Fernandez-Gaucherand et al. [152], White [151], and Monahan [139].

2.2.3 Condition Based Maintenance (CBM)

Reliability-based models and state models usually pay little attention to sensory
information from condition monitoring. Reliability-based models rely on failure time
distributions derived from reliability testing of components’ populations. On the other
hand, in most cases, state models model the transition between the degradation states of

the system using arbitrary transition probability matrices. The literature on CBM utilizes
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condition monitoring information to determine optimal maintenance policies. Bloch and
Geitner [153] state that the majority of machine failures are preceded by certain signs,
conditions, or indicators that a failure was going to occur. Mann Jr. et al. [154] explore
the benefits of CBM versus traditional reliability-based maintenance, and provide a brief
review of research efforts in this area. Jardine er al. [155] provide an up-to-date and
excellent review on the recent research and developments in diagnostics and prognostics
of mechanical systems implementing CBM. Emphasis is put on models, algorithms, and
technologies for data processing and maintenance decision making.

One approach of CBM is to trigger maintenance actions when the system’s
condition reaches some alarm or failure threshold. Christer and Wang [156] address a
cost-effective condition monitoring policy of a production plant. A condition monitoring
test is assumed in which the state of wear of a component is recorded as a (0,1) signal
depending upon whether or not the wear is below a critical level. Aven [157] considers a
unit subject to random deterioration, and bases the replacement of the system upon
measurements of wear characteristics and damage inflicted on the system. Coolen et al.
[158] presents a basic model for the economic evaluation and optimization of the interval
between successive condition measurements when measurement are costly and cannot be
made continuously.

Another approach involves using Proportional Hazard Models (PHM). Makis et.
al. [159] blend PHM with vibration and oil debris analysis to model condition-based
replacement decision problems. Koomsap et al. [160] integrate process control and CBM
of manufacturing systems using a Weibull hazard function. In [161], Koomsap et al. use

condition monitoring along with the Weibull hazard function to estimate the lifetime of a
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CO; laser. Lin et al. [162] proposes the application of principal components proportional
hazards regression model in condition-based maintenance. Principal component analysis
is applied to the PHM covariates to reduce the number of variables in the model and
eliminate possible colinearity between the covariates. Jardine et al. [163] discuss a work
completed at Cardinal River Coals in Canada to improve the existing oil analysis
condition monitoring program. The PHM is used to find the key condition variables
relating to failures from among the 19 elements monitored. Jardine ef al. [164] report the
development of an optimal maintenance program for critical bearings on machinery in the
food industry subject to vibration monitoring. The PHM is used to identify the risk
curve, and then cost data is blended with risk to identify the optimal maintenance
program.

Some CBM research efforts also focus on establishing structured policies based
on condition monitoring information. Makis and Jardine [165] establish control limit
replacement policies for deteriorating systems subject to condition monitoring using the
proportional hazard model (PHM). Makis et al. [166] propose a CBM model when only
partial information is available through a signal process with no monotone behavior. The
optimal replacement policy is shown to be a control limit policy and an algorithm is
developed to find the limit for an ¢-optimal policy. Barbera et al. [167] discuss a
condition based maintenance model for a two-unit system in series with exponential
failures and fixed inspection intervals. A condition indicator variable for each unit is
used to decide whether to repair the unit or to overhaul the whole system. After a
maintenance action is performed, the condition indicator takes on its initial value. Lu et

al. [168] investigate the structure of a discrete-time Markov deteriorating system
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monitored by multiple dependent monitors. The authors find that the expected optimal
cost function over an infinite horizon is monotone given that the transition probability
matrix is totally positive of order 2 and the conditional probability of the monitors having
the property of weak multivariate monotone likelihood ratio. The optimal policy is
shown to have an at-most-four-region structure.

In this research, we propose a mathematical framework that integrates various
aspects of the discussed literature. In particular, we use condition monitoring sensory
information to determine, and update, optimal replacement and spare parts ordering
policies. We utilize reliability-based approaches to determine approximate decision
policies. We also model the deterioration of single-unit systems as a non-stationary
Markov process whose transition probability matrix is based upon sensory information
from condition monitoring. This is used to establish monotone control limit replacement
and spare parts ordering policies. The next chapters discuss these methodologies in
detail. We start by presenting sensor-based degradation models for exponentially

degrading components in the following chapter.
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CHAPTER 3
SENSOR-BASED DEGRADATION MODELING

In this chapter, we present a degradation modeling framework for computing and
updating the RLD of degrading components using real-time sensory signals. Our
approach is to model the evolutionary path of the sensory-signals using a random
coefficients model with deterministic and stochastic model parameters, and superimposed
error terms. The stochastic parameters are assumed to follow some prior distribution,
whose parameters can be estimated from a database of degradation signals acquired from
accelerated degradation testing of an initial sample of components. This prior
distribution can be used to compute an initial failure time distribution of the population.
Real-time signals from monitoring each individual component are then used to update the
predictive distribution of the future degradation signal using Bayesian techniques. This
predictive distribution can then be used to revise the RLD of the component by
evaluating the distribution of the time taken by the future degradation signal to cross a

pre-determined failure threshold.

3.1 Degradation Model Development

Consider a component that degrades during its operation. Dedicated sensors are
used to observe real-time signals at deterministic and equally spaces time epochs &,
k=0,1,..., with ¢ denoting the time between two consecutive observations. Define
S={S,,k>0} as a stochastic process, where S, denotes the value (amplitude) of the
degradation signal at time ¢, =¢-k,k=0,1,.... This signal evolves according to a

parametric model S, = h(t,;¢,0)+¢(z,). The term h(-) represents the functional form
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characterizing the evolution of the signal, S,. The choice of this functional form depends

on the type of component being modeled and can take a variety of forms (e.g. linear,

exponential, etc.) depending on the type of component being modeled. The parameter ¢

is deterministic that captures constant degradation characteristics over the components’
population, such as a fixed initial level of degradation. The parameter ® is a stochastic
parameter (or vector of parameters) that captures unit-to-unit variability, i.e. the random
degradation characteristics of the individual components being monitored. The term

g, ) is an error term used to model measurement noise and signal fluctuations.

In applications where preliminary degradation stages do not accelerate the
degradation process, a linear functional form may be suitable. The wear of break pads on
automotive wheels is a good example. Initial wear does not speed up subsequent wear of
the brake pads. In contrast, the exponential functional form is more suitable for
applications where the initial degradation level increases the rate of subsequent
degradation. This type of degradation process is common in many mechanical systems,
especially rotating machinery and rolling elements bearing applications. In bearings, the
formation of spalls (pits) on the surface of bearing raceways is an initial form of
degradation. These spalls become weak points and increase the rate of subsequent
degradation [19, 97, 102].

Most previous research efforts assumed the error terms to be iid normal with
mean zero and variance o’ across the population of components [19, 20, 47]. Some
other research efforts used Brownian motion (BM) to model the error terms [12, 13, 21].
Brownian error terms are more appropriate for applications where successive error

fluctuations in sensor readings are correlated. In this research, we focus on modeling
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components whose degradation signals evolve according to an exponential functional

form, and error terms that follow a Brownian motion (BM) with mean zero and variance

parameter . Brownian motion is a stochastic process { W (¢),220 } with the following
properties [170]:

(1) If t,<t,<...<t,, then W(,), w(,)-wlt,).... w(t,)-w(,,) are mutually
independent.

(2) If 5,620, then W(s +¢)-W(s)e 4 (real values) and its probability is given by:

Pr{W(s+t)-W(s)}=[@ry e ax.

(3) With probability one, t — W(z).
Properties 1 and 2 state that the process W (¢) has independent increments and

that these increments are normally distributed with mean zero and variance ¢. Property 3

states that W (z), ¢ > 0, almost surely has continuous paths [170].

3.1.1 Random-Coefficients Degradation Model with Exponential Functional Form

and Brownian Error Terms

Using the exponential functional form, the degradation signal is expressed as

follows:

—p+(0e"") {”J ()
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where ¢ is a known constant, ¢ is a lognormal random variable, i.e., ¢ =In(¢) is normal
with mean g, and variance o, £ is a normal random variable, independent of @, with
mean x and variance o, and &(r, ) is the error term that follows a BM with mean 0 and

variance o°. For mathematical convenience, we work with the logarithm of the

degradation signal. We define /¢, as the logarithm of degradation signal amplitude:

2

0y =In(S, —g)=In6+ -1, +5(tk)_o-7‘tk

O_2
where p'= ,8—7. In expression (2), ¢ and g’ are independent and follow prior normal

distributions z(¢') with mean u, and variance o, and z(8’) with mean g and variance

2
o}, respectively. Note that :,ul—%. In practice, prior information about these

distributions can be gathered by performing degradation testing on a sample of identical
components. The resulting database of degradation signals are then used to estimate the
parameters of the prior distributions. These prior distributions can be used to compute
the failure time distribution of the component’s population by evaluating the distribution
of time at which the degradation signal crosses a predetermined failure threshold. Real-
time condition monitoring signals are then used to update the parameters of the prior
distributions and, subsequently, revise the RLD of the individual components. We
discuss next a Bayesian methodology to update the prior distributions parameters given

observed sensory signals.
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3.1.2 Bayesian Updating of the Prior Distributions Parameters

We start by defining A, =/, —¢,_,, k=12,..., as the difference between the value
of the degradation signal logarithm at times ¢, and ¢, ,, with A;=/,. Based on the
properties of BM, A, is normally distributed with mean 0 and variance o’¢. The prior

distributions of the stochastic parameters are updated by computing the joint distribution

of #' and ' given the observed data, Pr(¢’,8'|A,,...,A,). From Bayes theorem we

have:

Pr(0, B [ Agse.s Ay ) f(Agso s AL 10, B')- 2(6)- 7(B) 3)
where f(A,....,A, |0',8') is the likelihood function of A,...,A, given &' and f'. By
the properties of BM, the error increments (¢, )— (¢, , ), are independent normal random

variables. Therefore f (AO,...,A 1O, /)") can be expressed as:

N R O (O T R S Y A )&
f(AO’...,Ak|9,ﬂ)—[WJ exp{[ 20_2[() +,Z=1:{ 20'2(1,'_1,'71) J]}(‘t)

Generally, however, §"and ' are unknown. The posterior (updated) distribution

of @'and g’ can be found by evaluating Pr(’, 8’| A,....,A, ) given the observed signals.

Proposition 1. The posterior distribution of the stochastic parameters 8’ and S’ given the

observed data A,...,A,, 1//(9’, ﬂ'), is bivariate normal with the following parameters:

B (600'3 + ,uoazto)(o]zkt + 62)— olt, (Glsz + ,u{az) 5
ﬂgy(k,Zk)_ 03 +o-2t) (cr]zkt+0'2) —toﬁoqz ’ ©)

_ (Glsz + ,u]'0'2)<0'§ + O'Zt)— of (éoag + t,uoaz) 6
“ (k’ fk) (Ug + l‘Uz) (Ulzkl‘ + 0'2) - tago]z , ( )
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oot (alzkt + 0'2)

5 (k)= , 7
e ) (O'g+t0'2) (O'lzkt+0'2) ~tojo} @
0_2,(1{): 0'20'12 (0"02 +t00'2) i (8)

g (Gg+t0'2) (Glzkt+0'2) —tagalz

P )

\/(Gg +t02) (Glzkt+02)
Proof. Given the prior distributions 7(¢') and z(s'), we can find the posterior distribution

w(0', ') as follows:

Pr(6', B' | Ay,....A, ) e f(Ag,...,A, 16", 8")-7(6")- z(B)

1| ., o) +0t L[ oit, +o0° (A, + 0%t
oc expl——| 0" o2 ’ 0 |4 p2 1k2 : _2p/ 2o 2/102 0
2 o oyt oo o oyt

k
GIZZAI. + o’ | (10)
_2 /) i=0 +26! n_-
p 020'12 p [02)

Since the parameters 6"and S’ follow a bivariate posterior normal distribution
2

with means (g (k, £, ) 42, (k,¢,)), variances (ag (k).op (k)), and correlation coefficient

p(k), defined in Proposition 1 above, then Pr(¢', 8| A,,...,A, ) takes the form:
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o i | R R ()i
PO B )= o ) ) e"p{ 2(1—/32){ Z

3 2/7(]‘)(‘9' — He (kafk ))(ﬂ' —Hp (k’gk )) + (ﬂ' —Hp (kﬂgk ))2 ]}

2
UHrUﬂr O'ﬂr

(11)

By comparing coefficients in equations (10) and (11), we get the expressions of

k
the posterior parameters of 7(¢’, 8') in Proposition 1, where > A, =/, m
i=0

3.1.3 Computing the Remaining Life Distribution

The updated posterior parameters in Proposition 1 can be used to update the
predictive distribution of the future degradation signal. We define the random variable

I'(z, +7) as the logarithm of the degradation signal after r time units. The predictive

distribution of T'(¢, + z) is given in the following Proposition.

Proposition 2. The predictive distribution of the random variable T'(¢, + z) is normal with

the following mean and variance:

Aty +7)=t +uplk ) (12)
&2 (t, +2'):02,(k)12 +o°r. (13)

Proof. From equation (2), we can express the difference increment T'(¢, +7)—/, as:

(e, +7)-¢, =Br+e&lt, +7)-sr)
k
where, 7, = ZA . . Therefore, given A,,...,A,, the random variable I'(¢, + z) is follows
i=0

a normal distribution with mean and variance:
e, +7)=t, +E[p =0, +uy(k 0, )

G2t +7)=2 V[B']+ V[elt +1,)- &z, )]=0;,(k)f *+o’r. [
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We can now evaluate the RLD by computing the distribution of the time until the

degradation signals reaches the failure threshold &. Let T be a random variable

denoting the remaining life of a partially degraded component given that we have

observed Ag,...,A, . Therefore, its distribution is given by:
Pr(T <7|Ay,....,A, )=Pr(D(t, +7)>&|A,,.... A, ),

=1-Pr(T(z, +7)<E&| Ay, A,)

ZI_P{ZSMJ

&(t, +7)

:q{ﬁ(tk ”)_ﬂ ”

&(t, +7)
where @(-) is the standard normal CDF. The conditional distribution of I'(t, +7) can be

used to show that limFy, , (r)=0, therefore, the domain of T is (0,%). Notice that, in
t—0

reality, this is an approximation because it is possible that the fluctuations of the signal
may have already crossed the failure threshold, signifying failure, prior to predicting the

remaining life. We address this issue in Section 3.2.

3.1.4 Exponential Degradation Model with Dependent Stochastic Parameters

Although the authors in [19] assumed that the prior distributions of the stochastic
parameters are independent, the updated (posterior) distribution was assumed to be

bivariate normal. To avoid this inconsistency, we consider that case where 6’ and g’ are

assumed to follow a prior bivariate normal distribution, z(#’, ') with means (z,,4|),
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variances (0'02, ol ) and correlation coefficient, p,. This assumption results in different
expressions for the updated parameters of the posterior distribution (6, 8').

Proposition 3. Assume that the prior distribution of #'and g’ is a bivariate normal
distribution (6’ 8'). Then their posterior distribution given the observed data A,...,A,,

w(0', '), is bivariate normal with the following parameters:

Ly

ﬂe'(kvfk)z > (15)

(tlJrAsz(tk Jr]ggz)_(alﬁﬁ(ﬁa2 +2)]

0

(¢, +B02)(€(’+C02J—(Ek +Do?)(1+Eo?)

(¢, +Do?) I:(I+AGZJ—(1+E02):|

Ly

[

ty o

pplk,ty)= ; (16)

oj(k)z [tkalz(l—pj)+ 02] (azofto) , (17)
02(0'5 +0'12tkt0 +02t0 +20,0, poto) —[Gfdlz(l—pf)(to —tk)]

azy(k)z 01202[05(1—,002)+ Gzto] , (18)
’ 0'2(0'5 +0'12tkto +0'210 +20,0, poto) —[Gfalz(l—pf)(to —tk)]

o’p —a, 0 (I_Pj)\/a

plk)= , (19)

\/ [(O'g(l—Pf)JrO'z’O)(lk 0'12(1_P3)+O'2) }

1 1 H, P
h A= ,B= ,C= — 9 ,
T -2 T e m) etimp)  cvenli-pl)
_ H . HoPo dE=— Po
PTwlop) ealion) T el
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Proof. The proof goes along the same steps followed to establish Proposition 1. The

likelihood function of A,...,A, given #' and S' is given by equation (4). The posterior
(updated) distribution of ¢’ and g’ is found by evaluating Pr(0’, 8’| A,,...,A, ) given the

observed signals:

PO, | Agues ) f(Agein, 16, 8)- 2(6. )

OCeXp{— A0 _‘9'_ﬂ'to _Zk:(Ai _ﬁ,(ti _Zi—l)) }

2071, i=1 202(Zi _Zi—l)
St O-n) 20 -p N —m) (B -p)
2A1-p2)| o7 c,0 o}
oc exp LY | RSP I B LT B'?—20' A ¢
2| o, o o’t,
k
Ta, (20)
2| =5—+D +29'ﬂ'(iz+Ej
o o

where the terms A, B, C, D, and E are given in Proposition 3 above. Since #'and g’

follow a bivariate posterior normal distribution with means (ygf (k,0,), 7y (k, ¢ k)),
variances (0'3, (k).op (k)), and correlation coefficient p(k), then Pr(¢’, 8’| A,,...,A,) takes

the form given in equation (11). By comparing coefficients in (11) and (20), we obtain
the expressions for the posterior parameters given above. m

The predictive distribution of T'(¢, + z) for this model is similar to the model with
independent parameters, and is normal with mean and variance given in Proposition 2.

Hence, the RLD of the component can be computed using equation (14).
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3.2 Conservative Lower Bound on the Mean Remaining Life

The remaining life distributions computed using the methods presented in the
previous Section are approximations that work well if the variance of the error terms are
small [19]. We notice that the RLD was estimated as the distribution of the time it takes
the trajectory of the degradation signal to cross the failure threshold given an observed
degradation signal. As mentioned earlier, in reality this is an approximation. The RLD
computed in equation (14) does not represent the first passage time distribution of the
degradation signal to the failure threshold. In cases where the variance of the error terms
is large, the signal fluctuations are also large, and these approximations can be
significantly imprecise.

Furthermore, the RLDs expressed in equation (14) are similar to the Bernstein
distribution [171]. Tere do not exist closed form expressions for their moments. These
moments, such as the expected remaining life and other parameters like the variance, are
of great importance in developing sensor-based decision methodologies for maintenance
management and spare parts logistics as will be discussed in the coming chapters. The
need arises to input these quantities into other algorithms for maintenance optimization,
and the absence of closed form expressions for them causes significant difficulties,
especially from the standpoint of computational efficiency. For example, Elwany and
Gebraeel [37, 101] estimated the remaining life using the median of the RLD that had to
be computed numerically.

In this section, we identify closed-form expressions for a conservative lower-
bound of the mean remaining life. To do this, we use the properties of the Brownian

error terms, and show that the Inverse Gaussian (IG) distribution provides a good
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approximation of the RLD, and its mean represents a lower bound on the mean remaining
life. The IG distribution is widely used to model the failure time of components and
systems. It characterizes the first passage time distribution of BM with positive drift,
which is used to model degradation in many research efforts. For example, Doksum and
Hoyland [12] model the accumulated decay of cable insulation for units subject to
accelerated testing under variable stress levels. Accumulated decay is modeled as a BM
with drift and the resulting failure time follows the IG distribution. Whitmore and
Schnkelberg [13] model the degradation of self-regulating heat cables subject to high
stress reliability testing as a BM with constant rate of degradation. Pettit and Young
[172] use a combination of failure time and degradation data from testing a sample of
components to obtain the failure time distribution of components’ populations. Brownian
motion with drift and diffusion is used to model degradation. A Bayesian approach is
used to compute the posterior densities of the drift and diffusion given data sets obtained
from reliability testing for a fixed duration. Elsayed and Liao [3] propose a Geometric
BM degradation rate model that utilizes field data to estimate reliability. Other works
that model degradation using BM and the IG distribution include [173-177]. Excellent
reviews on the IG distribution, its applications, properties, and estimation of parameters

is provided by Chhikara et al. [178] and Seshdari [179].

3.2.1 First Passage Time Distribution of Brownian motion with Positive Drift
Let{X(¢), t >0} be a BM process with drift 6 >0and variance parameter o, having

the following form:

X(t)=5 t+wl(r) (21)
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where w(¢) is a standard BM with mean zero and variance parameter o>. Then X(¢) has
the following properties:

1. x(0)=0.

2. The increments X (tj)—X (). t;>rare independent and identically normally

distributed with mean & (t_ i ti) and variance o (t_ it )

Given some critical level &, let v=¢£/5, y=¢° / o?, and define the random
variable T to be the first passage time of X () to &. Then T has an IG distribution with

mean v and shape parameter y, IG(v, ), with the following PDF [178]:

f— 2
fr(tv.y)= ,/# exp {—#%} t,v,y>0 (22)

The IG has very useful properties such as the existence of closed form
expressions for the probability density function (PDF), cumulative distribution function
(CDF), moment generating function (MGF), and well defined statistics such as the
population mean, mode, and variance. Table 1 summarizes these properties of the
inverse Gaussian Distribution [178, 179]. We show next how to use the mean of the IG
as a conservative lower bound on the mean remaining life for the exponential degradation

model with Brownian errors.
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Table 1 Summary of the IG distribution properties

v>0 Location Parameter
Parameters
7>0 Shape Parameter
Support t<(0,)
2 A )
PDF 27’ exP{ w? ot }
@ 1[1—1j
t\v
+exp{2—y}®[— %[L+IJJ
CDF Y Y
Where @()is the CDF of a standard normal
random variable
Mean v
. V3
Variance —
Y
1
Mod v 1+£ v
ode 4}/2 2
{(7)[ 2% ”
MGF expy| — 1—\f1—
v Ve
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3.2.2 Conservative Lower-Bound on the Mean Remaining Life
We start by re-writing the logged degradation signal model in equation (2) as:
0o =0'=p"t, +elt,) (23)

and noticing the similarity between expression (23) and BM with positive drift in (21).
Hence, at each updating epoch & , we can approximate the first passage distribution of the

degradation signal to the failure threshold & with an IG distribution with mean 7(k)/ (k)

and shape parameter 7(k)/o? defined as:

_ ln(g)_ Ho k= 0,
(k)= {m(g)— 0 k=120 @4

a)(k):{ﬂl"( p k=0 25)

In other words, the mean of the first passage time distribution to the failure

threshold &, which is IG, is expressed as (In(&)— ¢, )/ 8, where (In(£)-¢, ) represents the
critical level at time ¢, and g’ is the drift of the Brownian motion at time #. Since g’ is

a random variable, we use its expectation, (k,?, ), to estimate the updated drift at each

updating epoch. We state the following Proposition:

Proposition 4. The mean of the IG distribution, 7(k)/@(k) , is a conservative lower

bound on the mean remaining life.
Proof. We know that for any positive random variable, Y >0, the following inequality

holds (Jensen’s inequality [180]);
E{l} ZL] (26)
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therefore, for each updating epoch, we can write:

e I

3.3 Case Study for Rotating Machinery Application

We present a case study to validate the proposed degradation modeling
framework and assess its performance in predicting failures accurately. In this case
study, real-world vibration-based degradation signals acquired from a rotating machinery
application are used to demonstrate our degradation model. An experimental testing rig
is used to perform accelerated degradation tests on several rolling element thrust
bearings. The bearings are installed into the testing chamber and are run until failure.
During each test, the bearing’s degradation state is monitored using vibration signals.

There are two primary reasons for choosing bearings to implement and validate
the degradation model; first the exponential functional form is well suited for modeling
bearing degradation. This assumption is supported by existing literature on bearing
condition monitoring and degradation modeling, such as Harris [182], Shao and Nezu in
[181] and Gebraeel et al. in [19]. Second, the relatively low cost of thrust bearings

provide the capability of high volume destructive testing for validation purposes.

3.3.1 Degradation of Rolling Elements Thrust Bearings

Rolling bearings are used to support rotating machine components. They are
composed of two hardened steel raceways. One of the races is usually connected to the

rotating part of the machine (the inner race in radial bearings and upper race in thrust
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bearings). The second race is fixed to a stationary housing (outer race in radial bearings
and lower race in thrust bearings). Rolling elements (usually steel balls, cylinder, and
needles) found in between the two races facilitate the relative rotational motion.
Although there are several physical phenomena that characterize bearing degradation, we

focus our attention on bearing vibration.

3.3.2 Experimental Test Rig for the Degradation Testing of Bearings

Because bearing degradation is time-consuming, investigating the natural failure
of several test bearings is a challenging task. Several researchers have resorted to
introducing artificial defects as one way to accelerate the failure process. However, we
believe that artificially induced defects may interfere with the bearing’s natural
degradation process. As a result, an experimental testing rig is specifically designed and
fabricated to perform accelerated degradation tests on thrust ball bearings (Figure 3).

Each test bearing is placed in a testing chamber where the lower race of the
bearing is fixed to a stationary housing and its upper race is fastened to a rotating shaft.
Each bearing is run until failure at a constant rotational speed of 2200 rpm and is
subjected to a constant load of 200 Ibs. The testing chamber is connected to a lubricating
system that provides continuous cooling and lubrication during each test run. Bearings
degradation begins with the creation of subsurface cracks within the steel raceways and
culminates in the formation of spalls (pits) on the surface of the races. The passage of
rolling elements (steel balls) over the spalls excites defective vibration frequencies
unique to the bearing. These frequencies are computed using physical formulas that are
functions of the bearing geometry, rotational speed, and number of rolling elements

[182].
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Figure 3 Experimental test rig for monitoring bearing degradation.

For the thrust ball bearings used in this case study, the formulas reduce to the

following expressions:

1. The Ball-Passing Frequency (BPF) is the fundamental defective frequency and is
excited by a defect on the surface of the bearing’s raceways:

BPlexzx RPM
2 60

(28)

2. The Fundamental Train Frequency (FTF) is related to the formation of cracks in the
bearing’s cage that holds the rolling elements in place:

FTF = . 1M (29)
2 60

3. The Ball Spin Frequency (BSF) is excited due to a defective rolling element (chipped
steel ball):
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BSlex RPM N d,
2 60 d

r

(30)

where, d, is the diameter of the rolling elements; d, is the diameter of the cage, (dou +

din)/2, z is the number of rolling elements, and RPM is the rotational speed in revolutions
per minute. Usually, the first signs of bearing degradation manifest themselves through
the excitation of the BPF. As degradation progresses over time, harmonic frequencies,
integer multiples of the BPF, begin to appear in the vibration spectrum. Accelerometers
attached to the testing chamber are used to capture the vibration signals created during
each test run. Time varying vibration signals are acquired using a data acquisition
program designed in LABVIEW. The time domain signals are transformed into
frequency domain using standard Fast Fourier Transform (FFT). Figure 4 shows an
example of the evolution of a sample of vibration spectra from the beginning of a test
until bearing failure.

The amplitude of the defective frequency and its harmonics are correlated with
the severity of the bearing’s degradation. This is clear by observing the evolution of the
vibration spectra along the “Percentage of Life Accomplished” axis in Figure 4, where
0% corresponds to a brand new bearing and 100% corresponds to a bearing’s vibration
spectrum at the point of failure. This observation was used to construct a vibration-based
degradation signal. There are several possible ways to develop a degradation signal. In
this paper, we use the average amplitude of the BPF and its first six harmonic frequencies
to develop a vibration-based degradation signal. Higher order harmonics were observed

to behave irregularly; consequently we limited ourselves to the first six harmonics.
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Figure 4 Evolution of the vibration spectra of a degrading bearing over its service life.

Figure 5 presents an example of the vibration-based signal for one of the test
bearings. We would like to emphasize that each point on the signal corresponds to an
aggregation of the information in one single vibration spectrum. Recall that a vibration
spectrum for a single test bearing is acquired every 2 minutes for the entire duration of
the test run, until failure. The degradation signal used in this work is similar to the
degradation signal used in [19, 20, 101]. It consists of two distinct parts. The first is
characterized by a flat region (Phase-I), which typically corresponds to non-defective
bearing operation. This phase extends from the beginning of the test until the first
instance of spall formation. At the instance of spall formation, a noticeable spike in the
amplitude of the degradation signal. The time associated with this spike is referred to as
the “first defect time”. The second part of the degradation signal, phase-II, begins from

the first defect time, and continues until bearing failure, i.e., until the signal reaches the
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pre-specified failure threshold. This phase is characterized by an increasing trend in the

degradation signal significant due to the signals noise associated with the randomness of

the degradation process. This phase corresponds to a partially degraded system that has

not failed yet.

Amplitude (Vrms)

0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005

[ B o
I I I I I 1

0 200 400 600 800 1000 1200
Time (mins)

Figure 5 Vibration-based degradation signal.

The failure threshold is defined using the root mean square (RMS) of the overall

vibration acceleration. According to industrial standards for machinery vibration, ISO

2372, 2.0-2.2 Gs represents a ‘vibration-based danger level’ for applications involving

general-purpose machinery. For the degradation signal developed in this paper, we

define the failure threshold as the amplitude of the degradation signal corresponding to

2.2 Gs of overall vibration. After observing several degradation signals, the failure
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threshold of the degradation signals was identified as 0.025 Vs (root mean Square
volts). Figure 6 shows two sample thrust ball bearings. The bearing on the right is new,
while the one on the left is a failed bearing. We would like to point out that at a threshold
of 0.025 Vs, the groove was observed to have spread along the entire surface of the

bearing’s raceway.

Figure 6 A new bearing (right) and a failed bearing (left).

3.3.3 Model Implementation

The experimental test rig was used to test 50 bearings to failure. The first set of
25 bearings was used to build a database of degradation signals. This database was used
to estimate the parameters of the prior distribution. The second set of 25 bearings was

used for validation purposes as described next.
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3.3.3.1 Estimating the Prior Distributions Parameters
The assumption that the error terms follow a BM requires that &(z,) =0, thus the
value of the initial degradation is given by /,=6"'. To estimate g, we utilize the

property of BM that the error increments are independent. We define the random

variables R, as follows:

0, -0 !
kT kL k:0,12,...,7f (31)

R, =
lp =l

where #, -, , is 2 minutes, for this example, and ¢, is the observed failure time of the

bearing. The random variables R, are independent iid with mean p'. We use R to
estimate p' for each bearing. The values of ¢ and p' for the 25 test bearing are then

used to estimate the prior means, variances, correlation coefficient, and the variance

parameter of the Brownian error terms. The computed values of these parameters are
1y =—6.031, 1] =8.061x107, o2 =0346, o} =1.034x107°, p, =—0.3464, and o> =0.0073.
Recall that the constant deterministic parameter ¢ represents a fixed initial level of
degradation for the whole population, and was observed to be ~0.002v,,,. We set ¢

equal to zero, without loss of generality, for simplification.

3.3.3.2 Testing the Model Assumptions

Recall that we modify the assumption in the original model by Gebraeel et al.
[19] that @' and B’ follow independent prior distributions. Assuming dependence
between 6’ and S’ is justified by the prior correlation coefficient, p, =—0.3464. There is

no explicit goodness-of-fit test for the bivariate normal distribution. However, there are

consequences that must be satisfied in order not to reject the assumption [183]:
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1. The marginal distribution of each random variable has to follow a univariate normal
distribution.

2. Given that the data consists of pairs of observations, (6?,.', ﬂ'), where i,;=1,...,25,

J

4

roughly 50% of the sample observations x = [9;, B j] must lie within the contour of an

ellipse defined by:

(x = ) =7 (x = 1)< 23 (0.5) (32)
where x4 is estimated byx, and 7' is estimated by S with S being the sample
covariance matrix.

3. A plot of the squared generalized distances given by equation (33) versus the

corresponding chi-square percentiles has to follow a straight line.

a2 =, -x)7s7, - ) j=12m (33)

The three consequences were evaluated and found to hold true for the values of
0" and p'. Consequently, the assumption that 6" and g’ follow a bivariate normal
distribution was not rejected.

The error term, &, ), is assumed to follow a Brownian motion with mean zero

2

and variance parameter o>. By properties of BM, the increments (7, )-&(t, ) are

independent and normally distributed with mean zero and variance o*s. Figure 7 shows
a plot of the computed error increments. The mean and of these increments was

computed to be equal to 9.48x107¢ ~ 0, justifying the assumption.
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Figure 7 Plot of the computed error increments.

3.3.3.3 Updating the RLD

The second group of 25 validation bearings, 26 to 50, was used to evaluate the
prediction accuracy of the model. The bearings were run-to-failure under the same
loading and operating conditions. Every two minutes a vibration acquisition was
performed, and the degradation signal evaluated and used to update the RLD and predict

the remaining life of the bearing. We evaluated the RLD using two methods:

1. Method I — Approximate expressions with independent stochastic parameters:
we use the exponential degradation model with independent stochastic parameters
presented in Section 3.1.2. Each time a signal is acquired, the parameters of the prior
distributions are updated using equations (5-9), and the RLD is computed using
equation (14).

2. Method II — Closed-form expressions with dependent stochastic parameters:

we use the exponential degradation model with dependent stochastic parameters
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presented in Section 3.2. Each time a signal is acquired, the parameters of the prior
distributions are updated using equations (15-19), and the RLD is approximated by

the IG distribution. At each updating epoch, the updated posterior mean, u (k,0,),

was taken to be the updated degradation signal’s trajectory (drift).
For demonstration, Figure 8 and Figure 9 display the updated CDF and PDF,
respectively, of the RLD at various degradation percentiles of Bearing #50 using Method

IIL.
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Figure 8 Updated CDF of Bearing #50 at different degradation percentiles.
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Figure 9 Updated PDF of Bearing #50 at different degradation percentiles.
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3.3.3.4 Implementation Results

After the failure time was observed for a given bearing, we computed a prediction

error for each predicted remaining life evaluated at each updating epoch using:

‘(p/{ +’kj)_’1jv

J =
Dy = r
Iy

<100 (34)

where, D/ is the percentage prediction error associated with bearing j, computed at
epoch k; ¢} is the actual observed failure time of bearing j; p/ is the current total
operating time of bearing j at epoch 4. This is obtained by summing the predicted

remaining life and the total time the bearing has been in operation, where 7,/ is the

remaining life estimator at the k™ updating epoch. The prediction errors are then
grouped by degradation percentile. We define a degradation percentile as the percentage
duration in the degradation phase, given that we have observed the bearing’s failure time.

For Method I, the median of the RLD is used to estimate the remaining life, 7./, at
each updating epoch. This is because the RLD computed in Method I does not have
closed-form moments as discussed previously. Using the median of the RLD as an
estimate of the remaining life is common practice [57], especially in cases where the
RLD is skewed, as demonstrated in Figure 9. The median is computed numerically as the
value of the remaining life at which the CDF is equal to 0.5. Figure 10 displays the 95%
CI of the prediction errors for the 25 validation bearings (bearings 26 to 50) using
Method I.

For Method I, the mean remaining life is used to estimate the remaining life, 7.’ .

At each updating epoch, the conservative lower bound of the mean remaining life is
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computed as (In(&)—¢, )/uy(k,¢,). For consistency, when comparing the results with

Method I, we perform the error analysis for Method II using the median to estimate the

remaining life. Figure 10 and Figure 11 display the 95% CI of the prediction errors for

the same set of validation bearings using Method II. The error analyses are based on the

mean remaining life and the median remaining life, respectively.

Prediction Error (%)
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Figure 10 Method I - 95% CI for the prediction error bas on the median.
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Figure 11 Method II - 95% CI for the prediction error based on the median.
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Figure 12 Method II - 95% CI for the prediction error based on the mean.
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The prediction accuracy of both methods is comparable. We notice that Method
I, in which the stochastic model parameters are assumed to be dependent, provides better
prediction accuracy at late degradation percentiles (70th percentile onwards) compared to
Method 1. This is favorable because the risk of failure is expected to be high at late
degradation percentile after degradation has progressed.

We also notice that, for Method II, using the median as an estimate of the
remaining life results in better prediction accuracy compared to using the mean. The
benefit of using the mean is the existence of a closed-form expression to compute it,
unlike the median. This facilitates computations and is suitable for real-time decision

making applications.

3.3.3.5 Benchmarking

Our prediction results are benchmarked against two other procedures for
predicting failure:

1. Benchmark I is based on the work done by Gebraeel [20]. The degradation model

assumes that the stochastic model parameters are jointly distributed and follow a

bivariate normal distribution. However, the error terms are assumed to be iid normal

with mean 0 and variance o rather than to follow a BM.

2. Benchmark II is based on the degradation model proposed by Lu and Meeker [16].
This benchmark demonstrates the importance of sensory-updating using real-time
degradation information. In [16], the path of the degradation signal is still assumed to
follow an exponential functional form. However, no updating of the remaining life

distribution is performed based on condition monitoring information. Thus, the
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degradation model is based entirely on the degradation characteristics of the sample
bearings (bearings 1 to 25) used to estimate the prior parameters.

The 95% CI for prediction errors of the same set of 25 validation bearing are
outlined in Figure 13 and Figure 14 for Benchmark I and Benchmark II, respectively. It
is evident that the methods presented in this research provide considerably better
prediction accuracy. This offers a powerful tool for optimizing maintenance policies. In
the next chapters, we integrate the sensor-based degradation modeling framework

presented in this chapter with maintenance decision models.
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Figure 14 Benchmark II (Lu and Meeker [16]) - 95% CI for the prediction error.
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CHAPTER 4
SENSE-AND-RESPOND LOGISTICS FRAMEWORK

In this chapter, we develop sensor-driven prognostic models for supporting
component replacement and spare parts inventory decision making. This is achieved
through presenting a mathematical framework for integrating degradation-based sensory
data streams from condition monitoring with high-level logistical decision models. The
integration provides an effective “Sense and Respond” architecture for decision making.
In particular, the sensory-updated RLDs computed using sensor-based degradation
models discussed in Chapter 3 are integrated with replacement and spare parts inventory
models in place of the traditional failure time distributions. Each time we monitor a
component, the signals are used to update the remaining life and, in turn, update any

previous replacement or inventory decisions.

4.1 Traditional Reliability-based Replacement and Spare Parts Inventory Model

We start by reviewing the work by Armstrong and Atkins [42], which represents a
good example of the traditional approach for determining replacement and spare parts
inventory policies. The authors consider a single-unit system with room to store only one
spare part. The component is subject to random failure with a failure time probability
density function (PDF) f(-)and cumulative density function (CDF) F(-). Each time the
component fails, the system incurs a failure cost. This cost is usually high and includes
cost of corrective maintenance, labor, lost production, etc. In the event that the
component is replaced according to a planned schedule, the system incurs a planned

replacement cost, which is the regular cost of preventive maintenance, labor, and cost of
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the part itself. Typically, the planned replacement cost is less than the cost incurred due
to sudden failure. Whether planned or failure replacements occur, it is necessary to have
a spare part available in stock in order to perform the replacement action. The system
incurs a holding cost per unit time to store. If the spare part is unavailable at the required

replacement time, the system incurs a shortage cost per unit time. The objective is to

determine the optimal planned replacement time, ¢., and the optimal spare part ordering
time, 7, , such that the total cost rate of the system is minimized. The lead time, LT, is

assumed to be fixed, thus, ¢, + LT <¢, for all values of ¢, and 7,. When the component

is replaced, the system is restored to its initial, as good as new, condition. In other words,
planned and unplanned replacements are considered to be regeneration points of the
system. The objective is to minimize the system’s long-run average cost per unit time per
cycle, where a cycle is defined by the random time between two successive planned or

unplanned replacements.
4.1.1 Replacement Policy

Given the failure time distribution of a component, the objective of the
replacement model is to find the optimum planned replacement time, ¢;. The optimal
replacement time is value of the replacement time, ¢, [0,), that minimizes the expected

costs of preventive replacement and failure replacement. The long-run average cost per

cycle is expressed as:

C = (35)
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where C. is the expected long-run replacement cost, ¢, is the planned replacement cost,

¢, is the failure replacement cost, and F(x)=1-F(x), where F(x) is the CDF of the
component’s failure time evaluated at xe[0,00). The numerator represents the expected

cost per cycle and the denominator represents the expected cycle length.

4.1.2 Inventory Ordering Policy

The authors in [42] consider a sequential decision making process where the

optimal replacement time is first evaluated followed by the optimal ordering time. Once
the optimum replacement time, ¢, , has been computed, it is then used to decide when to
order the spare part. Due to the assumption of single unit storage capacity, the order

quantity is always a single unit. The optimal ordering time, ¢, is the value of the

o

ordering time, 7, [0,),that minimizes the holding cost of spare parts and the cost of
stock outs. The long-run average inventory cost per cycle is expressed as:

t,+LT

tr —_—
k), J-F (x)dx + &, IF (x)dx
C = t, t,+LT (36)

0 t,+LT

.[ F(x).dx + ].F(x).dx

where C, is the expected long-run ordering cost, k, is the holding cost per unit time, , is
the shortage cost per unit time, and LT is the fixed lead time elapsed from the moment of
placing the order up till order receipt. We note that the expected cycle length is not the
same for the replacement policy case due to the possibility of stock-outs occurring and

resulting in a longer cycle.
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4.2 Sensor-based Replacement and Spare Parts Inventory Policies

In this research, we extend the traditional approach discussed above for
determining replacement and inventory policies. Rather than using the failure time
distribution of the components’ population, we incorporate sensory-updated remaining
life distributions (RLDs) obtained using the degradation modeling framework discussed
in Chapter 3. These updated RLDs capture the underlying state of degradation of the
components using real- time sensory signals. The impact of doing this is twofold; first
the increased accuracy of failure prediction results in more sound decision policies and
less costs. Second, it allows for dynamically updating the decision policies based on the
health of the component.

Next we consider online sensory signals obtained at a specific updating time ¢, .

Each time a signal is acquired, the RLD of the degraded component is updated. The
updated RLD is then used to compute the optimal replacement and the optimal spare part
ordering times. The long-run average replacement and inventory costs can now be

expressed in terms of the updated RLDs as follows,

chk(ti‘)+ CZFk (tk)

Cf‘ =— - (37)
.[F(x).dx +1,
0
th4LT t
k), IFk (x)dx + k, Ifk (x)dx
K i *+LT
¢ = i +LT k (38)

t
ij (x)dx + J-Fk (x)dx +1,
& 0
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where C' and C' are the replacement and inventory ordering cost rates per cycle,
respectively, at updating time 7, . F*(x) is the updated CDF of the remaining life at the
updating time ¢, , evaluated at xe[0,c0). In other words, given that the component has

survived up to time ¢, and that we have observed a partial degradation signal up to time

t,, F*(x) is the cumulative probability that the component fails after an additional

xe[0,00) time units. The terms ¢ " and tk " are the optimal replacement and inventory
ordering times, respectively, at the given updating epoch. Note that ¢, , the updating time,

has been added in the denominator to the cycle time. Each cycle is now composed of two
components, a fixed term given by the time up to which the component has survived and
a random component given by integrals of the remaining life distribution.

An important note to make is that we use renewal theory as a heuristic to
approximate the replacement and inventory decisions. In reality, updating epochs do not
explicitly represent regeneration points of the system. In the next chapter, we discuss and

propose exact structured replacement and inventory policies.

4.2.1 Model Implementation

We present a case study based on the real-world data used to validate the sensor-
based degradation model in Chapter 3. The case study illustrates utilizing the sensory-
updated RLDs to determine and dynamically update replacement and inventory decisions
using the proposed sensor-based methodology.

During monitoring an individual bearing and acquiring its degradation signal,

each time the RLD is updated, the updated CDF, F* (x), is used to compute the optimal
replacement time, ¢! ", at time ¢, using equation (37). This quantity is, in turn, used to
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compute the optimal inventory ordering time, ¢! " using equation (38). The following
data was used: ¢c; = $ 25, ¢,=$ 100, &k, = $0.10/unit time, k, = $350/unit time, and LT =4
time units. Figure 15 shows the evolution of the updated optimal replacement and

inventory ordering times at different degradation percentiles, and Table 2 displays

numerical results.

Time Units

0 20 0 60), 80 10
Degraﬁation Percentile (%)
Replacement  — — — Invnetory Ordering

Figure 15 Updated optimal replacement and spare part inventory ordering times.

We note from the results that the constraint imposed on the inventory ordering

time, ¢, + LT <t,, is satisfied for all degradation percentiles. Figure 16 below summarizes

the proposed methodology.
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Table 2 Numerical results of the case study.

Degradation

. t t
Percentile (%) ' 0
0 86 24
10 54 14
20 50 16
30 46 16
40 24 8
50 22 8
60 22 8
70 12 4
80 12 4
90 0 0
100 0 0
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Figure 16 Summary of the sense-and-respond decision making framework.
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The first step is to observe real-time degradation signal from the component
during operation. Each time we acquire a signal, the RLD is updated using the
degradation modeling framework, as shown in step two. The type of degradation model
to be used (functional form and assumptions regarding the model parameters and error
terms) is chosen according to the application. At each updating epoch, the updated RLD
is used to compute optimal replacement and inventory ordering times. Steps three and
four show replacement and inventory cost rate curves, respectively, for three different
degradation percentiles. When the replacement and inventory ordering policies are

jointly optimized, steps three and four are performed simultaneously.

4.2.2 Sensor-based Versus Reliability-based Decision Policies

We highlight the advantages of the senor-based decision methodology versus the
traditional reliability-based approach. This is achieved by demonstrating, through two
case studies, that implementing these sensor-based policies can result in reduced
maintenance costs, primarily due to the better decisions resulting from improved failure

prediction.

4.2.2.1 Case Study I — Single-unit System

The bearing degradation data from our experimental test rig is used for this case
study. We evaluate the system costs associated with implementing traditional policies
over a finite planning horizon and compare these costs to the costs incurred when sensor-
based policies are implemented to the same population of components over the same
horizon.

= Traditional decision policy: First, a Weibull distribution was fit to the actual

failure times of the set of 25 bearings used to estimate the prior distribution parameters.
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The Weibull distribution is very commonly used to characterize failure times of
component populations. The failure data yielded a Weibull distribution with scale

parameter ¢ =797.47 and shape parameter y =2.65. This failure time distribution was

used to compute optimal replacement and inventory ordering times using equations (35-

36) based on the same cost data used in the previous section. The computed optimal
times were ¢, =440 time units and ¢, = 60 time units.

Next, 9 random failure times were generated from the given distribution and the
decision policy computed above was implemented. The costs associated with this
decision policy over the 9 failure cycles were then computed and found to be

C,, =$500.4. Table 3 below summarizes the results

= Sensor-based decision policy: The same generated failure times were

considered, but dynamic sensor-based decision policies were implemented using the data
from 9 validation bearings. The remaining life distribution of the bearing, replacement
time, and inventory ordering times are updated every 2 minutes. The process continues
until the updated optimal replacement time is less than the inventory lead time. This
results in a planned replacement. Otherwise, if failure occurs prior to a planned
replacement, a failure replacement is performed at a higher cost. For the 9 bearings, over
the same planning horizon, the total costs associated were computed and found to be

C,, =9$228.6. Following the traditional decision policy resulted in 3 failures over the 9

cycles, whereas the sensor-based decision policy resulted in no failures due to the higher
prediction accuracy and the dynamic updating of replacement and inventory ordering

times.
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Table 3 Results summary for the traditional decision policy.

Cycle Fa!lure _ Replacement Invgntory Cycle
T|me Failure/Planned Time (Units) Orderln_g Time Cost ($)
(Units) (Units)
1 919.62 P 440 380 30.6
2 552.82 P 880 820 30.6
3 430.49 F 1310.49 1250.49 105.6
4 290.58 F 1601.07 1541.07 105.6
5 697.89 P 2041.07 1981.07 30.6
6 432.67 F 2473.74 2413.74 105.6
7 1070.82 P 2913.74 2853.74 30.6
8 448.84 P 3353.74 3293.74 30.6
9 1017.82 P 3793.74 3733.74 30.6
Total 500.4

4.2.2.2 Case Study 2 — Simulated Manufacturing System

Case study 1 demonstrated highlighted that the sensor-based decision
methodology outperforms the traditional approach in a single unit system. In this section,
we present a case study that extends this to a manufacturing system with more than one
component. shows the series/parallel configuration of the system used in this study.
Failure of any of the three series work cells results in system failure. Note that in order
for work cells A or C to fail, both workstations in the work cells must fail due to
redundancy.

Pre-processed parts are assumed to arrive at work cell A in accordance to a
Poisson process with mean 4 parts/minute. Upon arrival, the part is processed on either

workstations 1 or 2, whichever is available. Next, it enters workstation 3, after which it
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finally gets processed on either workstations 4 or 5. Upon completion, the part goes to
the shipping department for packaging and shipping. Processing times on the
workstations in work cells A, C are assumed to follow a triangular distribution with
parameters (4.25, 4.75, and 5.25 minutes), while those in work cell B are assumed to

follow a triangular distribution with parameters (2.25, 2.75, and 3.00 minutes).

I
I
I
| e & -
—> Workstation 1 1 ! ! Workstation 4 :
I
I

|

|

| | : |

Pre-Processed |1 L || Workstation3 |, | Shipping
Parts Arrive | | - I ! : : - ! Department

, || Workstation 2 I ‘e 1, —{ Workstation 5 |

! l Work CellB ! !
________________ I .

Work Cell A Work Cell C

Figure 17 Configuration of the simulated manufacturing system.

The manufacturing system becomes unavailable if a random system failure occurs
or a planned system replacement is performed. Downtime resulting from a system failure
is assumed to be random and follows a normal distribution with mean 300 minutes and
variance 30 minutes. Downtime resulting from a planned replacement routine is assumed
to be random and follow a Normal distribution with mean 30 minutes and variance 5
minutes. The downtime resulting from an unplanned system failure is assumed to be
greater since the demand for replacement parts and maintenance personnel is unexpected.
Furthermore, we assume that each workstation degrades gradually until it fails.
Degradation of the workstations is represented by the evolution of the vibration signals

from monitoring the bearings.
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In this study, maintenance decisions are performed based on the condition of the
entire manufacturing system. In other words, given the optimal replacement and ordering
times of each workstation, a single planned maintenance routine is scheduled for the
entire manufacturing system. Similarly, failure of one of the work cells results in an
unexpected failure of the entire system, at which time the entire system would be shut
down for maintenance.

= Traditional Maintenance Policy: Workstations are assumed subject to random

failures with Weibull distributed failure times. The parameters of this distribution were
estimated using the same initial set of 25 bearings. Next, the Weibull CDF was used to
compute optimal system replacement and spare parts ordering times, and the decision
policies are implemented.

= Sensor-Based Maintenance Policy: The underlying assumption for this

decision policy is that condition monitoring is used to acquire data every 2 minutes.
Although these degradation signals are associated with individual bearings, for the
purpose of this research they were used to simulate the degradation of the entire
workstations. As we continue to monitor the manufacturing system during operation, we
update the RLDs use them to compute and dynamically update optimal replacement and
inventory ordering times for the system. This updating process continues until a stopping
criterion is satisfied, after which we stop updating and implement the most recently
updated decision policies. The stopping criterion we used is to stop updating once
}}, where ¢/ is

system _ in {max {tl tz }, [3 ) max{[“ £

r rotr rotr

(e < g 4+ LT . In this expression, ¢

the computed optimal replacement time of workstation j,j=1...,5. The system

system
o

replacement time is then used to compute the system ordering time, ¢ . This stopping
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rule attempts to eliminate spare part holding time and ensure just-in-time spare part
delivery.

Arena simulation was used to simulate the continuous operation of the
manufacturing system. Each simulation consists of five runs, each running for 365-days.
Separate runs were performed for each decision policy. We used the following data:
LT =20 minutes, ¢, =$30, ¢, =$400, &, =$0.10/minute, k, =$10/minute. Workstation
utilization and throughput were used to assess the performance of each maintenance
policy. Table 4 summarizes the results, showing that the sensor-based policy
outperforms the traditional policy. We also note that the Sensor-based policy results in a

lower number of failure replacements.

Table 4 Summary of Simulation study results.

. No. of Failure Replacements N; No. of Planned Replacements N, S
Policy Mean St’d Deviation Mean St’d Deviation Utilization

Traditional 322.0 55.9 8141.3 104.4 0.8664

Sensor-Based 193.0 21.7 5140.7 155.0 0.9163

The total maintenance costs were also used to measure the performance of each
policy, where the total maintenance costs are the sum of total inventory and total
replacement costs. Figure 18 and Table 5 show average inventory cost, replacement cost,
and total cost for each decision policy. The total maintenance costs for the sensor-based
decision policy results in 35% saving in total maintenance costs than the traditional

approach.
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Figure 18 Maintenance Costs for the two policies

Table 5 Summary of the maintenance costs for the two policies

Inv Cost Rep Cost Total Cost

Policy Mean [ St'dDev | Mean | St'dDev | Mean | St'd Dev
Traditional | $57,174 | $9266 | $372,907 | $17.463 | $430,080 | $26,729

Sensor-Based | $47,700 [ ¢5565 | $231,420 | $9.147 | $279,120 | $14,717

4.3 User Interface for Sense-and-Respond Logistics Framework

To facilitate real-world application, we have built a graphical user interface (GUI)
to implement the sense-and-respond logistics methodology. The user interface is linked
to the experimental test rig discussed in Section 3.3.2. Two photographs of the test rig

are displayed in Figure 19 and Figure 20.
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Figure 19 Photograph of the experimental test rig.
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Figure 20 Experimental test rig linked to the data acquisition computer.

The user interface was developed using LABVIEW. This user interface links the
test rig to the computer for two primary purposes; (1) to acquire the vibration-based
degradation signals captured by the accelerometers through a DAQ (data acquisition)
board, and (2) to provide closed loop control of the shaft rotational speed and the load
applied by the hydraulic unit. Shows a snap shot of the GUI screen in which the
parameters of one degradation test are set up. In particular, values for the shaft rotational
speed (RPM), load applied to the bearing (Ib), and the time between successive

acquisition epochs (minutes) are entered in this screen.
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Figure 21 Snapshot of the GUI screen used to enter the parameters of an experiment.

When an experiment is started, the data logger subroutine automatically runs.
This portion of the GUI has many modules. We display two modules of interest; first, the

GUI screen that displays the vibration spectrum (in the frequency domain) in Figure 22.
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Figure 22 Snapshot of the GUI screen that captures the degradation signal and the
experiment parameters.

This screen displays the degradation signal (lower plot), and tracks the value of
the shaft rotational speed and load applied on the bearing to assure proper control of these
parameters. The second module is the sense-respond-logistics screen shown in Figure 23.
This screen plots the RLD, replacement cost curve, inventory cost curve, optimal
replacement and spare parts ordering times, and the mean remaining life. These curves

are computed using a MATLAB code embedded within the LABVIEW block diagram.
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Figure 23 Snapshot of the sense-and-respond logistics GUI screen.

As discussed earlier in this chapter, we use the renewal-reward equation to
determine optimal replacement and inventory ordering times in the sensor-based decision
model as a heuristic to approximate decision policies. This is a heuristic approximation
since updating epochs do not explicitly represent regeneration points of the system like
the events of failure or replacement. In the next chapter, we present exact structured

maintenance policies for the single-unit sensor-based problem.
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CHAPTER 5
SENSOR-BASED STRUCTURED MAINTENANCE POLICIES

In this chapter, we focus on deriving structured maintenance policies for single-
unit degrading systems whose degradation signal grows exponentially. First, we present
a somewhat generic, single-unit semi-Markov decision process model that utilizes
sensory signals to determine the optimal replacement time. Second, we model the
amplitude (or level) of a degradation signal using the exponential degradation model
presented in Chapter 3, wherein real-time signals are used to update the predictive
distribution of the degradation signal using Bayesian techniques.

Next, we integrate the predictive distribution of the degradation signal with the
semi-Markov decision process model to derive the optimal sensor-based replacement
policy for a single unit system. We show that the optimal policy under the infinite
horizon expected discounted cost criterion is a monotonically non-decreasing control
limit policy that optimally balances the cost of failure, the cost of preventive replacement,
and the cost of observing sensor data. This result might seem counterintuitive. One
would typically expect a monotonically non-increasing control limit policy, or in other
words, that the urgency to preventively replace the system increases as the system ages.
We provide explanation and provide mathematical proofs of this result. We present a
case study based on the real-world vibration data used to validate the models discussed in
previous chapters, and study the performance of the policy under different cost settings.

Finally, we utilize the optimal replacement policy to sequentially derive a
structured policy for spare parts ordering. In particular, at each decision epoch, we

compute the expected replacement time at the next decision epoch. In other words, we
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compute the distribution of the time it takes the signal trajectory to cross the
monotonically non-decreasing replacement control limit. To achieve this, we discuss
computing the first passage time distribution of a BM to a time-varying piecewise linear
threshold. Our ordering criterion is to order a spare part when the expected replacement
time at the next decision epoch is less than the ordering lead time. This ordering criterion
attempts to eliminate spare part holding time and ensure just-in-time spare part delivery.
We show that the optimal spare part ordering policy also has a monotonic non-decreasing

control limit structure.

5.1 Sensor-based Replacement Problem

We start by presenting a single-unit replacement problem. First, we formulate the

problem as an MDP, then we establish structural properties of the optimal replacement
policy.
5.1.1 Model Formulation

Consider a single-unit system that degrades during its operation. Dedicated
sensors are used to observe real-time signals at equally spaced discrete time epochs

k, k=0,1,..., with + being the constant time between two consecutive observations. Each

time we observe the signal, if it does not exceed the failure threshold, then our goal is to
decide whether to instantaneously perform a preventive replacement of the system at cost

¢, or continue to the next observation time. If we decide to wait, we incur an
observation cost, ¢;, and run the risk of sudden failure (within the ¢ time units until the

next observation), in which case we will be forced to perform a failure (reactive)

replacement at a cost ¢,>c,. As discussed before, ordering the costs in this manner
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reflects the fact that reactive replacements may include additional costs such as lost
production and overtime labor. In the automotive industry for instance, an unexpected
failure can result in stopping an assembly line, resulting in very high lost production

costs.

Let W = (K, P) be the state space, where K=1{01,...} represents the set of
observation numbers. In other words, at observation keK the system is ¢, =kt time
units old. Let S, e P" represent the amplitude or level of the degradation signal at
observation kK. We use the signal logarithm, ¢, , to define the degradation states for
mathematical convenience. Hence, ¢, takes on any value in the set of all real numbers P.

We will refer to ¢, as the “observed signal” here forth.
Let 0<A<1 be a discount factor, and let V(k,¢,) be the total expected infinite
horizon discounted cost when the system starts in state (k,¢,)e W. The optimality

equations can be expressed as follows:

e, +7(0.2,), by >¢ 39
V("’fk)‘{mm{cl+V(o,,eo),a(C3+E[V(k+1,L)])} focg TBh)eW (39)

for all (k,¢,)eW, where ¢, is the initial observation for each identical component,
assumed to be a known constant, and &'=In(£) where& is a pre-determined failure

threshold as defined previously. We assume that if the observed signal crosses the
threshold &' between observations and then returns to a value below this threshold at the
next observation time, this does not constitute a failure.

Equation (39) follows from the logic that if the observed signal at the current

decision epoch, ¢, , exceeds the failure threshold &', we perform an instantaneous failure
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replacement at cost ¢, and restart with a new component. On the other hand, if the

observed signal is below the failure threshold, we can either choose to preventively
replace the component with an identical new component, or do nothing and continue to
observe a new signal at the next observation time. If we choose to preventively replace

the system, we incur a cost ¢, and restart with a new system. Otherwise, we continue and
observe a new signal value with an expected cost-to-go E ['(k +1,L)], while incurring an

observation cost c3. The term L is a random variable denoting the observed signal at the

next observation time; i.e. L=T(¢, +¢) . We suppress L’s dependence on k for notational

convenience. The exponential degradation modeling framework with independent
stochastic parameters, presented in Chapter 3 is used to characterize the evolution of the
system’s degradation, and will be utilized to determine the form of the expected cost-to-

go, E[V(k+1,L)]. We now present two important Propositions that will be used to

establish the structural properties of the optimal replacement policy.

Proposition 5. The random variable L is stochastically increasing in ¢, .

Proof. Consider two different observed signals, ¢, and ¢, at the same epoch &, such
that ¢} >¢;. Let the random variables L* and L~ denote the signal logarithm at the next
observation time given the two observed signals /¢; and ¢;, respectively. We need to
show that F,.(x)<F,_(x) Vx, where Fy() is the CDF of the random variable x. Recall

L

from Proposition 2 that the distribution of L can be expressed as follows:

_ x—ﬁ(kafk)
FL(’C)‘CD( &%) j (40)
= (g(k, 0,))
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where g(k, ¢ k):M and @(-), and notice that in computing 7i(k,¢,) and &(k) using

5(k)
equations (12) and (13), respectively, we set r=t¢, since we are interested in the next
observation epoch, k +1.

Since ®() is a monotonically non-decreasing function, it suffices to show that

g(k,@)s g(k,ﬁ}) to establish that 7. (x)< 7, (x). To do so, we show that ﬁ(k,f})z ﬁ(k,f;)

and that the denominator of (40), &%(k), is constant in ¢,, which implies the intended
result.
We start by showing that ﬁ(k,f})z ﬁ(k,é;). Since ¢} >/, from equation (5) we

have:

(GIZEZ +,ul’02)(0§ +02t)—012 (foag +t/1002)

(0'§+t0'2) (alzkt+0'2) —toio}

bt )=l t3)=

_(0'12€;+,ulo' )(0' +o t) (600'02+tu002)

(0'0 +t0'2) (Glzkt+0' ) —t0'020'12

>0

o} (f}: 76)(0'3 +0'2t)
2

(Ug +t02) (O'lzk[+0'2) —togo]

= Ug (k,f; )Z Ly (k,f; )
By inspecting equation (13), we notice that 52(k) does not depend on the signal
amplitude, hence the denominator of F,. (x) is equal to that of F,_(x) . We have, then,

established that: g(k, I )s g(k,(; ): F.(x)<F_(x) vx. m

Proposition 6. The random variable L is stochastically decreasing in .
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Proof. Consider two observed signals, ¢ . and ¢ _, at different observation epochs & *
and k ~, such that k" >4~ and ¢,. =¢,_ =/. Let the random variables ." and L~ denote
the signal logarithm at the next observation times for the two observed signal increments
¢,. and ¢ _, respectively. To establish the result, it suffices to show that

g(k*,f . )s g(k*,é k+). We start by expressing the numerator of g(k*,é k,) as follows for

any fixed x:

x_ﬁ(ki’fk’):x_fk’ _ﬂﬁ”(ki’fk*)

2 e o

(glzgk +Iul’02)(a§ +62t)—012 (foag +t/1002) _3 4
op +to?) lofk™ t+0?%) —toio; k
( 0 ) ( ) 0

=x—{, -

Similarly, we express EZ(k’) as follows:
&? (kf): 0'2” (ki )tz +o’t

2 2( 2 2)
o oyl\of +to E
01 t>?+oit=—+F.

(0'02+t0'2) (lek_t+0'2) ~togof C

Note that the terms 4, and B,  depend only on the observed signal, 7, . Thus,
for any two observations such that ¢ . =¢, =¢, we can define 4, =4,. =4 and
B, =B, =B. Next, we express the difference between g(k‘,f k,) and g(kﬂﬁ k+) as

k k

follows:

_ x—ﬁ(k‘,ﬂk,) x_ﬁ(k+’€k*)

g(k_»ékf)—g(k+’fk+)— \/ﬂk_*) - \/ﬂ;)
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It is clear from the above expression that the sign of the difference depends only

on the sign of the numerator. We now examine the numerator:

F b, )T e aleer, )

_[E +F.{B_LJ_ /L+F.(B_ 4 J
Ck+ Ck, Ck, Ck+

A

C.C-

(\/ECk, +FC2 —\JEC,. +FC,f+)

Sincek™ 2k~ =C,. >C,_, then:

\/Eck, +FC? —\/ECF +FC2 <0 :\/ £ +F—\/L+F20. Therefore:
C C

-
ke, )<elct e, )= F ()< FL(x) ve. m
In the next section, the results presented in Propositions 5 and 6 are used to derive

structural properties of the optimal policy for the sensor-based single-unit replacement

model formulated above.

5.1.2 Structural Properties of the Optimal Policy

In some cases, it is possible to show that the optimal policy for a sequential
decision problem has a certain structure. These structures can sometimes be useful for
many practical purposes. For example, they can be exploited to develop computationally
efficient algorithms. They also facilitate the implementation of the optimal policy from a

practical standpoint.
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We will focus our attention on control limit policies (CLPs). Under a monotonic

control limit policy, the system is kept operating until the signal exceeds a certain control
limit, EZ, which is monotone in k. If the system state exceeds this control limit, a

preventive replacement is performed. Control limit policies have been widely discussed
in the literature [51, 34, 33, 184]. We start by stating two theorems necessary for

establishing a control limit structure for the optimal replacement policy.
Theorem 1. The value function, ¥(k,, ), is non-decreasing in ¢, forall keK.
Proof. Let v"(k,¢,) denote the value function at the »” iteration of the value iteration

algorithm. We start by defining the initial value for n=0:

Vo(k,0,)=0 v, P

which is non-decreasing in ¢, . Next, assume that V" (k,7, ) is non-decreasing in 7, , then

from equation (39):

Vn“(k,/fk):
ey + V"(0,4), 0> & (41)
min{c1 +V”(0,€0),/1(c3 +E[V"(k+1,L)])}, 0 SE

Recall from Proposition 2 that the random variable L is stochastically increasing
in ¢,. Since V"(k,¢,) is non-decreasing by the induction hypothesis, E[V”(k+1,L)] is
also non-decreasing by the standard result in Ross [185] (Proposition 9.1.2, p. 405).
Notice that since all of the terms on the right hand side of equation (41) are non-

decreasing in ¢, , then ¥"*'(k,¢,) is also no-decreasing, which establishes the result. m

Theorem 2. The value function, ¥(k,¢, ), is non-increasing in & for all ¢, .
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Proof. This proof is also done by induction, similar to Theorem. We define the initial

value for n=0 as
Vo(k,0,)=0 VkeK.

Next, assume that V" (k, 7, ) is non-increasing in ¢, , then:

V}H—l(kﬁ ): c2+V”(O,,€0), Ly >¢&
Tk min{cl+V"(o,/40),/1(c3+E[V"(k+1,L)])}, 0, <&

By similar reasoning to the proof of Theorem1, by Proposition 6 and the induction

hypothesis E[V"(k+1,L)] is non-increasing in k. Therefore v"*(k,¢,) is also non-

increasing, which completes the proof. m

Next, we show in Theorem that for the infinite horizon sensor-based replacement
problem, under the discounted cost criterion, the optimal policy is a monotonically non-
increasing control limit policy.

Theorem 3. For all decision epochs keK, 3 ¢, <&’ such that the optimal decision is to
preventively replace if and only if ¢, >/} . The control limit ¢} is monotonically non-
decreasing in k.
Proof. Assume that the result holds and consider the inequality
¢, +V(0,00)<A(cs +E[V(k+1,L)]). (42)

The left hand side of inequality (42) is constant in ¢, . On the other hand, by
Theorem 1 and Proposition 5, the right hand side is non-decreasing in ¢, . Therefore,
inequality (42) holds for any pair (,¢,)e W such that ¢, >/, . In other words, given that

the optimal decision in state (k,(’;{) is to replace, the optimal decision for any pair

96



(k,¢,)e W such that 7, >, is also to replace. Therefore the optimal replacement policy
is a control limit policy with control limit ¢} .

Similarly, the right hand side of inequality (42) is non-increasing in k by
Proposition 6 and Theorem 2. Hence, for each observed signal /<P, there exists a
threshold age &, such that the optimal decision for any pair (k,¢,)e W with k<k; is to
preventively replace. By the existence a control limit ¢; for each age & and a threshold
age k, for each observed signal 7, the control limit ¢}, is non-decreasing in age & . m

Theorem 3 may seem counterintuitive. One might intuitively expect the control
limit to be monotonically non-increasing in the sense that the urgency for preventive
replacement increases as the system ages, i.e., replacements are triggered by smaller
signal values in older systems. This counterintuitive structure of the optimal policy is not
uncommon. For example, Benyamini and Yechiali state on p. 57 in [33] that “certain
two-dimensional bisections may not be as simple or intuitive as one would expect of a
control limit policy”. The structure of the optimal policy in Theorem 3 can be justified as

follows: notice from equation (8) that o (k) only depends on the age & and other given
constants. Furthermore, since & is in the denominator of o (k), we conclude that o (k)

is non-increasing in k. By inspecting equation (13), we conclude that the variance of the
future signal logarithm, L, is also non-increasing in k. In other words, there is increased
accuracy (less variability) in predicting the future signal value, which results in the

optimal policy being more tolerant of large signal values in older systems.
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5.1.3 Computing the Optimal Policy

The optimal replacement policy can be computed using one of many existing
algorithms such as policy iteration. However, the specific form of the problem and the
control limit structure of the optimal policy can be exploited to decrease the
computational burden associated with such problems, especially when the state space
becomes large. We use Puterman’s monotone policy iteration (Puterman [186], p. 428)
to take advantage of the results established above. As a first step, we define ks to be the
maximum allowable system age for some integer k <« . If the system reaches this age,
we enforce a preventive replacement at cost ¢,. The idea is to set k to be very large so as
not to influence the optimal policy, and then truncate the state space prior to this limit
when reporting the optimal policy.

Next, we discretize the set of possible signal values by defining
A={A2A,....E-A &}, where A=&/m for some positive integer m<wo. Our state space
becomes W ={KxA}u{0,¢,)} where K-= {11? } and ¢, is the initial observation,
assumed to be a known constant. The detailed algorithm is outlined below.

Let v= (EIE’]‘;) be an arbitrary replacement policy, where ¢} <¢&' is the control

limit when the system is ¢ units old, ke K. This representation of the policy results in a
k -dimensional vector rather than a k xm - dimensional vector of actions for each state.

Next, let P,and r, be the transition probability matrix and vector of rewards,

respectively, corresponding to policy o.  Furthermore, define P/ as the row

corresponding to the i" state in P,, ie A. The following algorithm can be used to find

the optimal policy:
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1. Initialization: set j = 0. Start with an arbitrary initial policy o.

2. Policy Evaluation: evaluate current policy by solving: v , =r ; +AP ;v ;.
3. Policy Improvement: check whether shifting the control limit ¢’; up or down results
in an improvement:
If e+ APy, < e+, (0.0,),
Set ;=07 +A,
Go to step 2.

If ¢ +v, (0,00) < ¢ +/1P:}_A v

U/’
Set =0, —A

Go to step 2.

Otherwise go to step 4.

4. Check for Optimality: if j=k, Stop. Set optimal policy v =v. Otherwise,
increment j by 1, go to step 2.

Notice that in the policy improvement step, step 3, we only need to explore a
small subset of the state space represented by one step above or below the current control
limit. Moreover, if some shift is found to be improving for some k<K in one iteration,
we only need to check for improvement in the same direction in subsequent iterations.
The computational saving compared to the standard policy iteration algorithm is evident.

Another advantage of this algorithm is in the policy evaluation step, step 2.
Policy evaluation includes solving a system of linear equations, one corresponding to
each state. We notice in our algorithm that if a shift is found to be improving in step 3,

we need to re-evaluate the improved policy by solving a new system of linear equations.
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However, this new system differs only very slightly from the previous iteration. We can
improve the computational efficiency by updating the solution to the new system of
equations given the solution to the previous system. This can be done, for example, using
QR-decomposition [187].

An issue that typically arises in solving large instances of Markov decision
processes is the limited capacity of computer memory allocated to store different
variables and parameters. The specific form of the replacement problem can also be
useful for improving memory allocation. Specifically, recall that when the system is in

some state (k,/, ), the system is k units old. Hence, it can only make a transition in the
next decision epoch to the subset of the state space where the system age is equal to
(k+1)r. In other words, the transition probability from any state (k,¢,) to (j,;) is non-
zero if and only if j=k+1, otherwise it is equal to zero. Therefore, the transition

probability matrix corresponding to every stationary policy is a sparse matrix. This can
be utilized for better computer memory utilization, where only non-zero elements need to
be stored. In general, the total number of elements in the transition probability matrix

2

corresponding to each stationary policy is (me )X(mxl: ):m k?, whereas the number of

non-zero elements that need to be stored is equal to (m x m)x (E ): m?k .

5.14 Case Study

We present a numerical case study based on real-world data acquired from
degradation testing of bearings using our experimental test rig. Recall that that the failure

threshold & =0.025and the values of the prior parameters are u, =-6.031, x =8.061x107,

op =0.346, of =1.034x107°, and &% =0.0073. Next, we solve for the optimal replacement
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policy given the planned replacement cost, ¢, the failure replacement cost, ¢,, and the
observation cost, c;. Figure 24 shows a schematic of the optimal control policy and how
it relates to the degradation signal. The stepped line represents the control limit at
various ages of the system. If the observed signal falls below this line (white area), the

optimal decision is to continue observing. Otherwise, if it falls above the stepped line

(gray area) the optimal decision is to preventively replace.

Failure Threshold

Preventively Replace

Control Limit

Continue to Observe

Agé

Figure 24 Schematic representation of a monotonically non-decreasing control limit
replacement policy.

We use a test instance with the following cost data: ¢, =$3.00, ¢, =$12.00, and
¢; =$0.005. The initial signal was set to ¢, =10g(0.001)=-6.9078. To determine a suitable
value for the maximum age k , we examine our data to determine the time at which the
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degradation signal is estimated to cross the failure threshold. Notice from equation (23)
that the logged degradation signal model is similar to a Brownian motion with positive

drift g’ and starting at ¢'. We generated 10° realizations of A’ using its prior
distribution z(8'). For each realization, we simulated 10° signals as a Brownian motion
with drift ', using u, as a fixed intercept. A histogram of the first passage times for the

10¢ simulated signals is shown in Figure 25.
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Figure 25 Histogram of the first passage time for the 10° simulated signals.

The maximum age was set equal to the 99™ percentile, k =2500. A discretization

scheme with m=20 and a discount factor of 0.99 were used. The optimal policy is
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shown in Figure 26 (middle curve), with a computed optimal value function
V*(0,0,)=38.024.

If the cost ratio ¢, /¢, is small (i.e., the cost of failure replacement, c,, is close to
the cost of planned replacement, c;), one would expect a policy that is relatively tolerant
to sudden failures of system. In other words, we would expect that the control limit
would be closer to the failure threshold compared to another scenario where the cost of
failure replacement is much higher than that of the planned replacement. To validate this
claim, we set ¢, at $4.00 and $50.00, respectively, then solve for the optimal policy. In
both cases the cost of planned replacement was kept at ¢, =$3.00. The resulting control
limits are displayed in Figure 26 for ¢, =$4.00 (upper curve) and ¢, = $50.00 (lower curve).
We can verify that having a smaller ratio between the costs of planned replacement and
failure replacement results in a less conservative control limit structure. This is apparent

in the higher control limit over the system’s lifetime (i.e., closer to the failure threshold).
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Figure 26 Optimal replacement policies.

5.2 Spare Parts Provisioning Policy

Our objective now is to determine a policy for ordering spare parts such that a
part will be in stock when the need to replace the system arises. The monotonic control

limit replacement policy established in Theorem 3, dictates that the system should be

replaced whenever the observed signal, ¢, , crosses the replacement control limit, ¢*;, at

epoch any k. We can treat the non-decreasing replacement control limit (such as the one
shown in Figure 24) as a “replacement threshold”, as opposed to a “failure threshold”.
This replacement threshold can be used to get the distribution of the time taken by the
signal to cross it. We refer to this distribution as the “replacement time distribution”

(RTD). This RTD is then used to derive a spare parts provisioning policy.
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5.2.1 Spare Part Ordering Criterion

Our approach is to use the RTD, at each epoch k, to compute the expected

replacement time at the next epoch k+1. Let T;(k) be a random variable denoting the
replacement time at epoch k. We can then define the following:

Ordering Criterion. At each decision epoch, ke K, order a spare part if the following
holds:

E[Tg(k+1)| ¢, =¢]<LT (43)
where LT is the constant ordering lead time. The term on the left hand side of inequality
(43) represents the conditional expectation of the replacement time at the next decision
epoch, given that the current observed signal, 7, , is equal to some value ¢. As discussed

before, this ordering criterion attempts to eliminate spare part holding time and ensure

just-in-time spare part delivery.

5.2.1.1 Structural Properties of the Spare Parts Provisioning Policy

We start by presenting two important Lemmas and Propositions that will be used
to establish the structural properties of the spare parts provisioning policy proposed

above.
Lemma 1. The random variable 7y (k) is stochastically decreasing in ¢, , given a constant

threshold ¢&.

Proof. We notice from equation (14) that the CDF of 7, (k), can be expressed as:

pr(rR(k)sf|A0,...,Ak):¢[%]:cp(g'(k,gk)),
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ﬁ(tk + 7)— 3

where g'(k, 0, )= 5, +0)
k

. Consider two different observed signals, ¢; and ¢;, at the

same epoch &, such that ¢} > ¢, and let T, (k)" and T, (k)" be random variables denoting
the replacement time given the observed signals ¢} and ¢, respectively. By comparing

g'(k,¢,) to glk,r,) in the proof of Proposition 5, it follows directly that

g’(k,EZ)Z g’(k,f;)j FTR(k)* (x)Z FTR(k)’ (x) Vx.m

Lemma 2. The random variable 7, (k) is stochastically increasing in &, given a constant

threshold &.

Proof. Following a similar argument to the proof of Lemma 1, the result holds directly by
Proposition 6. m

Lemmas 1 and 2 establish stochastic ordering results for 7, (k) given a constant
threshold. We now use these Lemmas to establish similar results for 7,(k) given a
monotonically increasing threshold.

Proposition 7. The random variable T,(k) is stochastically decreasing in ¢, , given a

monotonically non-decreasing piecewise linear threshold.
Proof. Consider two different observed signals, ¢, and ¢, at the same epoch &, such

that ¢} >/, , and let T (k)" and T,(k)” be random variables denoting the replacement
time given the observed signals ¢; and ¢, respectively, and the threshold &.
Furthermore, let T, (k)’ be a random variable denoting the replacement time at epoch &

given ¢, and threshold ¢ >¢. By Lemma 1, we know that:

Fr oy (x)> Fr oy (x)  vx. (44)



Recall that the distribution of 7,(k) is given by ®(g'(k,7,)). Since &*>¢ by

assumption, then we can write:

(x)=> FTR(k)/ (x) wx, (45)

F ) (x)Z F &) (x) Vx , (46)

and hence, the result is established. m

A similar argument can be followed to prove the following proposition that we
state without proof.
Proposition 8. The random variable T,(k) is stochastically increasing in k, given a

monotonically non-decreasing piecewise linear threshold.
The above results can be used to establish a monotonically non-decreasing control

limit for the proposed spare parts provisioning policy as shown in the next theorem.

Theorem 4. For all decision epochs keK, 3 9, </, such that the optimal decision is to

order if and only if ¢, > . The control limit 9, is monotonically non-decreasing in & .
Proof. The conditional expectation E[T;(k+1)| ¢, =] can be expressed as:

*
k

BT (een)i e, =)= [ BT e+ i, (0t (47)

where f,,, (¢) is the updated density of the predictive distribution of the random variable

L at the current epoch k, given an observed signal ¢,. In equation (47) above,
E[T(k+1)] is non-increasing in ¢,, since Ty(k+1)is stochastically decreasing in ¢, by

Proposition 7. Furthermore, since f,, (¢) is stochastically non-decreasing in ¢,, by
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Proposition 5, then E[T,(k+1)|¢, =¢] is non-increasing in /,. Now we assume that the
result in Theorem 4 holds, and consider the inequality:
E[Tg(k+1)| ¢, =¢]<LT (48)
The right hand side of this inequality is constant by assumption, and the left hand
side is non-increasing in ¢, . Therefore, the inequality for any pair (k,¢,)e W such that
¢, =9, . In other words, given that the optimal decision when the observed signal is 4, is
to order a spare part, the optimal decision for any ¢, > 9, is also to order. Therefore the
proposed spare parts provisioning policy is a control limit policy with control limit ;.
Similarly, the left hand side of inequality (48) is non-decreasing in k by
Propositions 6 and 8. Hence, for each observed signal ¢ < P, there exists a threshold age
k; such that the optimal decision for any k <k, is to order. By the existence a control
limit ¢ for each age k and a threshold age k| for each observed signal ¢, the control

limit ¢, is non-decreasing in age & . m

5.2.2 Optimal Time to Order

As we have discussed previously in Chapter 3, the expression for determining the

distribution of 7, (k) does not have closed form moments. This imposes difficulties in

implementing the spare part ordering criterion. We resort to the methodology proposed

in Section 3.2 to obtain a closed form expression for the mean replacement time.

5.2.2.1 Computing the Mean Replacement Time

We start by re-visiting the discussion in Section 3.2 for determining a closed-form

lower bound on the mean remaining life/replacement time given a constant threshold.
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We have shown in Proposition 4 that when we use the updated posterior mean of the
stochastic parameter f', wuy (k,r,) , to estimate the constant drift, we obtain a
conservative lower bound on the mean replacement time. This method can be used
within the spare part ordering framework discussed in this chapter. Another possible
approach is to notice that the RTD follows an IG distribution for a fixed value of g'. In

other words, f; (r|p’) is IG. Therefore, the RTD can be determined by computing:
[ 11, (c18')ap (49)
)

This integral can only be computed numerically. We choose to use Monte Carlo
methods to estimate the mean replacement time. That is, at each updating epoch, we

generate nrealizations of g’ from its posterior distribution. For each realization, we

compute the mean of the resulting IG distribution, £, (r|'). When n is sufficiently

large, the average of the mean replacement times computed for each realization of p'

will give a good estimate of the mean replacement time by the Strong Law of Large
Number (SLLN).

This method for estimating the mean replacement time works in the case of a
constant threshold. Recall that the replacement threshold is a monotonically non-
decreasing piecewise linear threshold. Therefore, we need to consider the first passage

time distribution of BM to this type of thresholds.
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5.2.2.2 First Passage Time Distribution of Brownian motion to Monotonically Non-

Decreasing Piecewise Linear Threshold

The problem of determining the first passage time to a time-varying threshold for
BM is relevant in many applications, such as biology [188], economics [191],
epidemiology [190-193], statistics [194-198], genetics [199], and mathematical finance
[189]. Despite its importance and wide applications, explicit analytic solutions to the
first passage time do no exist except for very instances. Abundo [200-202] discussed the
distribution of the first passage time of BM to a piecewise linear threshold as follows:
Define the piecewise linear threshold, u(z):

a +bt <7
a, +b,t T, <t<T,

A +b,yt T, <t<T,.

Then the first passage time distribution of the Brownian motion, W(t), to u(z) is

given by:

r sl <))< ' 1)

[0.7,]

Pr(m[O,TI] (Wt <a, +bt|W; =¢, ))e_"‘z/”1 /\/H-dc1 (50)

where y, (Tl,...,Tf) is defined inductively by:
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ky
7 Ty)= [t -1 1 - T, T, T, - 1)

—00

Pr(m[o,rz—rz] (VK <a, +b,T} —c; + byt |Wy _p =c, »

expl-c2/2r, -11)) (51)
27[(T2 -1 ) ’

and k, =min(a, +b,7},a, +b,T}), k, =min(a2 +b,Ty —c,,ay +b;,Ty —¢,).

It is evident from equations (50) and (51) that computing this analytical
expression is computationally burdensome, especially if the piecewise linear threshold
has a large number of jumps. We propose next heuristic approaches to compute the mean
replacement time to a piecewise linear threshold that make computations easier to

provide the capability for real-time decision making.

5.2.2.3 Heuristic Approaches to Compute the Mean Replacement Time

The following heuristic approaches can be to compute the mean replacement time
with less computational burden than the analytical method presented in Section 5.2.2.2:
1. Heuristic I:

a. Approximate the piecewise linear replacement control limit by a straight line

with slope s, as depicted in .
b. Rotate the degradation signal data using:
S =8, —b-kt Vk (52)
c. At each updating epoch &, generate nrealizations of g’ ; for each realization,

compute the mean replacement time as the mean of the first passage
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distribution of §; to a constant threshold equal to the intercept of the straight

line at k=0. (Notice that the first passage time distribution is 1G).

d. Estimate the mean replacement time as the average of the n replacement

times for each value of g’

Amplitude
|
1
1
1
1
1
1
1
1
1
|
1
1
1
1

Straight Line with Slope b

Time

Figure 27 Schematic representation of Heuristic I

2. Heuristic I:
a. At each updating epoch &, take the replacement control limit, ¢, , to be the

constant threshold from epoch & onwards.
b. Generate nrealizations of 8'; for each realization, compute the mean

replacement time as the mean of the first passage distribution of S, to the
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constant threshold from step (a). (Notice that the first passage time
distribution is 1G).
c. Estimate the mean replacement time as the average of the n replacement

times for each value of g'.

3. Heuristic I1I:

a. At each updating epoch £k, generate nrealizations of . For each
realizations, simulate m degradation signals as BM with drift g'.

b. For each simulated signal, observe the first passage time to the piecewise

linear replacement threshold.

c. Estimate the mean replacement time as the average of the mxn replacement

times for each simulated signal.

Heuristics I and II are only useful when the jumps of the piecewise replacement
threshold are small. If these jumps are large, the estimate of the mean replacement time
becomes inaccurate. We assess the performance of these heuristics now using our
bearing degradation signals.

First, we compute the optimal replacement policy using the cost data ¢, =$2.50,
¢, =$25.00, and ¢; =$0.002. The optimal policy is shown in Figure 28. Next, we

consider one of the validation bearings, Bearing # 47, and compute the expected
replacement time at each updating epoch using the three heuristic approaches discussed
above, and the analytical method discussed in Section 5.2.2.2. The data for Bearing # 47

is displayed in Figure 29.
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Figure 28 Optimal replacement policy.
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Figure 29 Degradation data for Bearing # 47.
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Figure 30, Figure 31, and Figure 32 show the prediction results using Heuristic I,

Heuristic 11, and Heuristic III, respectively, for different numbers of g’ realizations and

simulated degradation signals at each epoch. Figure 33 benchmarks the results of

Heuristic II using 10,000 g’ realization and Heuristic III using 40,000 simulated signals

at each epoch against the analytical approach.
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Figure 30 Prediction results using Heuristic .
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Figure 33 Benchmarking against analytical method.

The following conclusions can be made by inspecting the above results:

1.

The proposed Heuristic approaches yield good results in comparison to the
analytical method. This is represented in Figure 33, which shows the
predictions made using Heuristics II and III being sufficiently close to the
predictions made using the analytical method. Hence, these Heuristics can
be used for real-world applications to enhance real-time decision making.
We stress on the fact that Heuristics I and II work satisfactorily for this
example because of the small jumps in the piecewise replacement
threshold shown in Figure 28.

The number of g’ realizations and simulated degradation signals in using

Heuristics I, 11, and III, respectively, need not be excessively large to yield
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good results.
realizations/simulations would suffice.
reduction in the computation time, which is attractive for practical
purposes. Summarizes the computation times for different approaches for

the precious case study, emphasizing the computational savings offered by

the heuristic approaches.

Based on the results shown above, an order of 100

This helps achieve further

Table 6 Summary of computations times for different approaches

Method Number Of g’ Realizations/ Elapsed Time (Seconds)
Simulated Signals

100 0.68

Heuristic | 1000 2.22
10,000 21.68

100 0.45

Heuristic 11 1000 2.56
10,000 24.93

100 1.15

Heuristic 111 10,000 93.39
40,000 371.31

10 76.55

Analytical Method

100 750.45
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Finally, a one-step-look-ahead implementation of the spare part ordering policy
was implemented for this example, setting the lead time L7 =20 minutes. For Bearing
#47, at each updating epoch and given the observed signal, the expected replacement
time at the next updating epoch was computed using Heuristics II and III. The optimal
time to order the spare part was computed to be after 34 minutes. In summary, for
Bearing #47, given the cost data and lead time for this example, the optimal replacement
policy is shown in Figure 28. The optimal decisions are to replace the component after
62 minutes, at which the observed signal exceeds the replacement control limit, and order
a spare part after 34 minutes.

In the next chapter, we outline the conclusions and contributions of this research

and discuss future extensions.
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CHAPTER 6
CONCLUSIONS AND FUTURE EXTENSIONS

In this thesis, we developed a mathematical framework that capitalizes on real-
time in situ signals from monitoring fielded components to derive adaptive structured

maintenance policies for single-unit systems. We outline the thesis contribution next.

6.1 Thesis Contributions

Within the existing literature on maintenance optimization, there is a lack of
research efforts that target utilizing real-time condition monitoring data streams with
maintenance decision models for real-time adaptive decision making. The contributions
of this research can be categorized into the following items:

1. Degradation Modeling:

a. Extending existing exponential degradation models by assuming the joint
distribution of the stochastic model parameters and assessing the effect of this
assumption on the model prediction accuracy.

b. Deriving closed-form and easy to compute expressions for the lower bound on
the mean remaining life.

c. Providing a computationally efficient method to compute the remaining life
distribution and its moments using the 1G distribution.

2. Maintenance Decision Models:

a. Developing heuristic replacement and spare parts ordering policies through

integrating the proposed degradation modeling framework with traditional

reliability-based decision models.
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b. Integrating the degradation models with semi-Markov process models to
determine optimal structured sensor-based replacement and spare parts
ordering policies.

c. Validating both the proposed degradation models and sensor-based decision
methodology using real-world data from rotating machinery, and developing a
user friendly GUI interface for implementing the “sense-and-respond”
logistics framework.

Validation results show that using sensory signals from fielded components result in
better maintenance decisions than traditional reliability-based approaches and state

models, through reduced costs and better system utilization.

6.2 Directions for Future Research

This thesis contributes in laying the foundations of sensor-based maintenance
decision making. The findings of the current research motivate future extensions that
include, but are not limited to, the following directions:

1. Structured maintenance policies under partial observations:
In our proposed sensor-based maintenance policies, we assume that observed sensory
signals fully capture the underlying degradation state of the system. This might not be
the case in some real-world applications, where the acquired signals only reveal some
partial information about the underlying system state. Partially observable Markov
decision process models (POMDP) have been used for this class of problems. In the

basic POMDP model, there is a set ®={l,..., N} that describes the underlying system

states. The stochastic process governing the transitions between these states is referred

to as the core process, and is not directly observable; that is, its realizations are not
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determined with certainty. Alternatively, there is a finite message space,Q={l,..., M},

governed by a stochastic process referred to as the observation process. The core
process and observation process are related through an N x M information matrix of

probabilities, Q. There is a plethora of works on POMDP applications and solution

algorithms. However, most of these efforts assume arbitrary probabilities for both the
core and observation processes, and the information matrix. The main challenge in
our case is to determine these probabilities based on in situ degradation signals, like
we have demonstrated for the perfect observation case in Chapter 5. This research
direction is attractive and has lot of potential practical significance. For example, one
can derive bounds on the optimal cost function for a partially observable replacement
problem by characterizing the structure of optimal strategies for completely observed
and the completely unobserved cases, such as in the work done by White [142]. Also,
special structures of the optimal sensor-based maintenance policies under partial

observation need to be investigated.

Repair as a possible maintenance action:
In our model, we only considered that the actions available at each decision epoch are
to preventively replace the system with a new one, or do nothing and continue to
observe. We plan to provide a new formulation of the MDP replacement model where
the “repair” action is included in the action space. This action does not necessarily
result in moving the system to the good-as-new state, but can possibly result in moving

the system to some better degradation state. We will investigate the structure of the
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optimal policy for the new model and carefully investigate the necessary conditions

for this structure to hold.

3. Sensor-based Maintenance Policies for Systems with Multiple Components:

The proposed maintenance policies address single-unit systems. Further investigation
is needed to extend our sensor-based decision methodology to systems with multiple
components. Some challenges in this research direction include: (1) deriving
expressions for the updated system remaining life distribution, (2) interpreting large
data streams and using this sensor based information to identify priority clusters of
components for performing replacement, and (3) developing special algorithms for
solving the resulting complex models in real time.

Systematic approaches need to be used to identify economical multi-component
sensor-driven replacement models and their appropriate applications. In particular,
sensor-based block replacement and opportunistic replacement policies can be
revisited. In opportunistic replacement, for example, preventive replacement of a
component can be performed at any opportunity created by another component’s
failure, another component’s planned preventive replacement, or the individual
component’s planned replacement time. Also, inventory models with space to store

more than one unit (single buffer) need to be considered.

4. New sensor-based decision models:
This task includes developing new decision models that consider:

= Different objective functions; such as system availability.
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= (Constraints; such as warehouse capacity, customer service level, and budget
constraints.

*  Assumptions; such as assuming variable inventory lead time.

5. Large-Scale Condition-Based Supply Chain Management:
The proposed research is a starting point towards establishing the foundation of real-
time condition-based decision making methodologies for supply chain management.
There is good potential to capitalize on the benefits of emerging trends in sensor
technology and advanced monitoring systems to create dynamic decision making
strategies in which decisions are based on real-time information (for example,
integrating condition-based spare parts inventory policies with distribution decisions
and vehicle dispatching). This will have positive impact both in industries with
emphasis on manufacturing systems, such as the automotive industry and aerospace
industry, and other application domains, such as health care applications and military

operations, among others.

124



REFERENCES

[I] Mobley, R. K., “An Introduction to Predictive Maintenance,” Butterworth-
Heinemann, Second Edition, 2002.

[2] Kalbfleisch, J. D. and Lawless, J. F., “Estimation of Reliability in Field-Performance
Studies,” Technometrics, 30 (4), 1988, 365-388.

[3] Elsayed, E. A. and Liao, H. T., “A Geometric Brownian Motion Model for Field
Degradation Data,” International Journal of Materials and Product Technology, 20
(1-3), 2004, 51-72.

[4] Coit, D. W. and Jin, T., “Gamma Distribution Parameter Estimation for Field
Reliability Data with Missing Failure Times”, IIE Transactions, 32 (12), 2000, 1161-
1166.

[5] Seo, S., “Failure Censored Life Test Procedure for Exponential Distribution,”
Reliability Engineering and System Safety, 41 (3), 1993, 245-249.

[6] Balasooriya, U., Saw, S. L. C., and Gedag, V., “Progressively Censored Reliability
Sampling Plans for the Weibull Distribution,” Technometrics, 42 (2), 2000, 160-167.

[7] Feser, K., Feuchter, B., Lauersdorf, M., and Leibfried, T.,”General Trends in
Condition Monitoring of Electrical Insulation of Power Transformers,” Proceedings

of the Stockholm Power Tech International Symposium on Electric Power
Engineering, IP 1 IEEE Piscatway, 1995, 104-109.

[8] Martin, K., “Review by Discussion of Condition Monitoring and Fault Diagnosis in
Machine Tools,” International Journal of Machine Tools & Manufacture, 34 (4),
1994, 527-551.

[9] Thorsen, O. V. and Dalva, M., “Failure Identification and Analysis for High-voltage
Induction Motors in the Petrochemical Industry,” IEEE Transactions on Industry
Applications, 35 (4), 1999, 810-818.

[10] Hu, X. J., Lawless, J. F., and Suzuki, K., “Nonparametric Estimation of a Lifetime
Distribution when Censoring Times are Missing,” Technometrics, 40 (1), 1998, 3-

13.

[11] Elsayed E. A., “Perspectives and challenges for research in quality and reliability
engineering”, International Journal of Production Research, 38 (9), 2000, 1953-1976.

125



[12] Doksum, K. A. and Hoyland, A., “Models for Variable-Stress Accelerated Life
Testing Experiments Based on Wiener Processes and the Inverse Gaussian
Distribution,” Technometrics, 34 (1), 1992, 74-82.

[13] Whitmore, G. A. and Schenkelberg, F., “Modeling Accelerated Degradation Using
Wiener Diffusion with a Time Scale Transformation,” Lifetime Data Analysis, 3,
1997, 27-45.

[14] Barron, R., “Engineering Condition Monitoring”, Addison Wesley Longman Inc.,
1996.

[15] Nelson, W., “Accelerated Testing: Statistical Models, Test Plans, and Data
Analysis”, Wiley, New York, 1990.

[16] Lu, C. J. and Meeker, W. Q., “Using Degradation Measures to Estimate a Time-to-
failure Distribution,” Technometrics, 35 (2), 1993, 161-174.

[17] Yang, K. and Yang, G., “Degradation Reliability Assessment using Severe Critical
Values”, International Journal of Reliability, Quality and Safety Engineering, 5 (1),
1998, 85-95.

[18] Gebraeel, N., Lawley, M., Liu, R. and Parmeshwaran, “Life Distributions from
Component Degradation Signals: A Neural Net Approach,” IEEE Transactions on
Industrial Electronics, 51 (3), 2004, 694-700.

[19] Gebraeel, N. Z., Lawley, M. A., Li, R., and Ryan, J. K., “Residual-life Distribution
from Component Degradation Signals: A Bayesian Approach,” IIE Transactions, 37,
2005, 543-557.

[20] Gebraeel, N., “Sensory Updated Residual Life Distribution for Components with
Exponential Degradation Patterns,” IEEE Transactions on Automation Science and
Engineering, 3 (4), 2006, 382-393.

[21] Whitmore, G. A., Crowder, M. J., and Lawless, J. F., “Failure Inference from a
Marker Process based on a Bivariate Wiener Model,” Lifetime Data Analysis, 4 (3),
1998, 229-251.

[22] Park, C. and Padgett, W. J., “Accelerated Degradation Models for Failure Based on
Geometric Brownian Motion and Gamma Processes,” Lifetime Data Analysis, 11

(4), 2005, 511-527.

[23] Joseph, V. R. and Yu, I., “Reliability Improvement Experiments with Degradation
Data,” IEEE Transactions on Reliability, 55 (1), 2006, 149-157.

[24] Park, C. and Padgett, W. J., “Stochastic Degradation Models with Several
Accelerating Variables,” IEEE Transactions on Reliability, 55 (2), 2006, 379-390.

126



[25] Kallen, M. J. and Noortwijk, J. M., “Optimal Maintenance Decisions under
Imperfect Inspection,” Reliability Engineering and System Safety, 90 (2-3), 2005,
177-185.

[26] Liao, H. Elsayed, E. A., and Chan, L., “Maintenance of Continuously Monitored
Degradation Systems,” European Journal of Operational Research, 175 (2), 2006,
821-835.

[27] Nicolai, R. P., Dekker, R., and Noortwijk, J. M., “A Comparison of Models for
Measurable Deterioration: an Application to Coatings on Steel Structures,”
Reliability Engineering and System Safety, 92 (12), 2007, 1635-1650.

[28] Kharoufeh, J. P. and Cox, S. M., “Stochastic Models for Degradation-based
Reliability,” IIE Transactions, 37, 2005, 533-542.

[29] Dong, M. and He, D., “Hidden semi-Markov Model-based Methodology for Multi-
sensor Equipment Health Diagnosis and Prognosis,” European Journal of
Operational Research, 178 (3), 2007, 858-878.

[30] Yeh, R. H., “Optimal Inspection and Replacement Policies for Multi-state
Deteriorating Systems,” European Journal of Operational Research, 96, 1996, 248-
259.

[31] Chiang, J. H. and Yuan, J., “Optimal Maintenance Policy for a Markovian System
under Periodic Inspection,” Reliability Engineering and System Safety, 71 (2), 2001,
165-172.

[32] Chen, C., Chen, Y., and Yuan, J., “On a Dynamic Preventive Maintenance Policy for
a System under Inspection,” Reliability Engineering and System Safety, 80 (1),
2003, 41-47.

[33] Benyamini, Z. and Yechiali, U., “Optimality of Control Limit Maintenance Policies
under Nonstationary Degradation,” Probability in the Engineering and Informational
Sciences, 13, 1999, 55-70.

[34] Douer, N. and Yechiali, U., “Optimal Repair and Replacement in Markovian
Systems,” Stochastic Models, 10, No. 1, 1994, 253-270.

[35] Zhang, Z. G. and Love, C. E., “A Simple Recursive Markov Chain Model to
Determine the Optimal Replacement Policies under General Repairs,” Computers

and Operations Research, 27 (4), 2000, 321-333.

[36] Ross, S. M., “Quality Control under Markovian Degradation,” Management Science,
17 (9), 1971, 587-596.

127



[37] Elwany, A. H. and Gebraeel, N., “Sensor-driven Prognostic Models for Equipment
Replacement and Spare Parts Inventory,” IIE Transactions, 40 (7), 2008, 629-639.

[38] Wang, H., “A Survey of Maintenance Policies of Deteriorating Systems,” European
Journal of Operational Research, 139, 2002, 469-489.

[39] Valdez-Flores, C. and Feldman, R. M., “A Survey of Preventive Maintenance

Policies for Stochastically Deteriorating Single-unit Systems,” Naval Research
Logistics, 36 (4), 1989, 419-446.

[40] Dekker, R., “Applications of Maintenance Optimization Models: a Review and
Analysis,” Reliability Engineering and System Safety, 51, 1996, 229-240.

[41] Scarf, P. A., “On the application of Mathematical Models in Maintenance,”
European Journal of Operational Research, 99, 1997, 493-506.

[42] Armstrong, M. and Atkins, D., “Joint Optimization of Maintenance and Inventory
Policies for a Simple System,” IIE Transactions, 28 (5), 1996, 415 — 424.

[43] Armstrong, M. and Atkins, D., “A note on joint optimization and inventory,” IIE
Transactions, 30 (2), 1998, 143 — 149.

[44] Aronis, K., Magou, 1., Dekker, R., and Tagaras, G., “Inventory Control of Spare
Parts using a Bayesian Approach: A Case Study,” European Journal of Operational
Research, 154, 2005, 730-739.

[45] Uematsy, K. and Nishida, T., “The Branching Nonhomogeneous Poisson Process
and its Application to a Replacement Model,” Microelectronics and Reliability, 27
(4), 1987, 685-691.

[46] Gaver, D. P., Patricia, J. A., and Dudenhoeffer, D. D., “Failure, Repair, and
Replacement Analysis of a Navy Subsystem: Case Study of a Pump,” Applied
Stochastic Models and Data Analysis, 13 (3-4), 1997, 369-376.

[47] Ly, K. S. and Saeks, R., “Failure Prediction for an Online Maintenance System in a
Poisson Shock Environment,” IEEE Transactions on Systems, Man, and
Cybernetics, SMC-9 (6), 1979, 356-362.

[48] Park, K. S., “Optimal Number of Minor Failures Before Replacement,” International
Journal of Systems Science, 18 (2), 1987, 333-337.

[49] Chien, Y. and Sheu, S., “Extended Optimal Age-Replacement Policy with Minimal

Repair of a System Subject to Shocks,” European Journal of Operational Research,
174 (1), 2006, 169-181.

128



[50] Albin, S. L. and Chao, S., “Preventive Replacement in Systems with Dependent
Components,” IEEE Transactions on Reliability, 41(2), 1992, 230-238.

[51] Kolesar, P., “Minimum Cost Replacement under Markovian Degradation,”
Management Science, 12, 1966, 694-706.

[52] Kao, E. P. C., “Optimal Replacement Rules when Changes of State are Semi-
Markovian,” Operations Research, 21, 1973, 1231-1249.

[53] Makis, V. and Jardine, A. K. S., “Optimal Replacement in the Proportional Hazard
Model,” INFOR, 30, 1992, 172-183.

[54] Makis, V. and Jardine, A. K. S., “Computation of Optimal Policies in Replacement
Models,” IMA Journal of Management Mathematics, 3(3), 1991, 169-175.

[55] Grall, A., Berenguer, C., and Dieulle, L., “A Condition-based Maintenance Policy
for Stochastically Deteriorating Systems,” Reliability Engineering and System
Safety, 76(2), 2002, 167-180.

[56] Barlow, R. E., “Mathematical Theory of Reliability: A Historical Perspective,” IEEE
Transactions on Reliability, R-33 (1), 1984, 16-20.

[57] Ebeling, C. E., “An Introduction to Reliability and Maintainability Engineering,”
McGraw-Hill, 1997, International Editions.

[58] Daniels H. E., “The statistical Theory of the Strength of Bundles of Threads,”
Proceedings of the Royal Society of London, 183, 1945, 405-435.

[59] Epstein B. and Sobel M., “Life Testing,” Journal of American Statistical Association
48, 1953, 486-502.

[60] Birnbaum Z. W. and Saunders S. C., “A Statistical Model for Life-strength of
Materials,” Journal of American Statistical Association, 53, 1958, 151-160.

[61] Weibull W., “A Statistical Theory of the Strength of Materials,” Ing. Vetenskaps
Akad. Handl., 151, 1939.

[62] Kaplan, E. L. and Meier, P., “Nonparametric Estimation from Incomplete
Observations,” Journal of the American Statistical Association, 53 (282), 1958, 457-
481.

[63] Dykstra, R. L. and Purushotttam, L., A Bayesian Nonparametric Approach to
Reliability,” The Annals of Statistics, 9 (2), 1981, 356-367.

[64] Coolen-Schrijner, P. and Coolen, F. P.A, “Nonparametric Predictive Comparison of
Success-failure Data in Reliability,” Proceedings of the Institution of Mechanical
Engineers, Part O: Journal of Risk and Reliability, 221 (4), 2007, 319-237.

129



[65] Krivtsov, V. and Frankstein, M., “Nonparametric Estimation of Marginal Failure
Distributions from Dually Censored Automotive Data,” Reliability and
Maintainability, 2004 Annual Symposium, 86-89.

[66] Coolen, F. P. A., Coolen-Schrijner, P. C., and Yan, K. J., “Nonparametric Predictive
Inference in Reliability,” Reliability Engineering and System Safety, 78 (2), 2002,
185-193.

[67] Bharatendra, R. and Singh, S., “Hazard Rate Estimation from Incomplete and
Unclean Warranty Data,” Reliability Engineering and System Safety, 81 (1), 2003,
79-92.

[68] Zhang, Y. and Meeker, W. Q., “Bayesian Methods for Planning Accelerated Life
Tests,” Technometrics, 48 (1), 2006, 46-90.

[69] Xu, H. and Fei, H., “Planning Step-Stress Accelerated Life Tests with Two
Experimental Variables,” IEEE Transactions on Reliability, 56 (3), 2007, 569-579.

[70] Zhao, W. and Elsayed, E. A., “A General Accelerated Life Model for Step-Stress
Testing,” IIE Transactions, 37 (11), 2005, 1059-1069.

[71] Alguindigue, 1. E., Loskiewicz-Buczak, A., and Uhrig, R. E., “Monitoring and
Diagnosis of Rolling Element bearings using Artificial Neural Networks”, IEEE
Transactions on Industrial Electronics, 40 (2), 1993, 209-217.

[72] Li, Y., Billington S., and Zhang C., “Dynamic Prognostic Prediction of Defect
Propagation on Rolling Element Bearings”, Lubrication Engineering, 42 (2), 1999,
385-392.

[73] Wang, Y. F., and Kootsookos, P. J., “Modeling of Low Shaft Speed Bearing Fault
for Condition monitoring”, Mechanical Systems and Signal Processing, 12 (3), 1998,
415-426.

[74] Dimla D. E., “Sensor Signals for Tool-wear Monitoring in Metal cutting Operations
- A Review of Methods”, International Journal of Machine Tools & Manufacture, 40
(8), 2000, 1073-1098.

[75] Sick B., “On-line and Indirect Tool Wear Monitoring in Turning with Artificial
Neural Networks: A review of More than a Decade of Research”, Mechanical
Systems and Signal Processing, 16 (4), 2002, 487-546.

[76] Ebersbach, S., Peng, Z., and Kessissoglou, N. J., “The Investigation of the Condition

and Faults of a Spur gearbox using Vibration and Wear Debris Analysis Techniques”
Wear, 260 (1-2), 2006, 16-24.

130



[77] Makis, V., Yimin Z., and Jardine, A. K. S., “Adaptive State Detection of Gearboxes
under varying Load Conditions based on Parametric Modeling,” Mechanical
Systems and Signal Processing, 20 (1), 2006, 188-221.

[78] Zhou, P., Li, H., and Clelland, D., “Pattern Recognition on Diesel Engine Working
Conditions by Wavelet Kullback-Leibler Distance Method,” Proceedings of the
Institution of Mechanical Engineers, Part C (Journal of Mechanical Engineering
Science), 219 (C9), 2005, 879-87.

[79] Loyd, B. A., Campbell, S. R., and Stone G. C., “Continuous On-line Partial
Discharge Monitoring of Generator Stator Windings,” IEEE Trans. Energy
Conversion, 14, 1999, 1131-1137.

[80] Stone, G. C. and Sedding, H. G., “In-service Evaluation of Motor and Generator
Stator Windings using Partial Discharge Tests,” IEEE Transactions on Industrial
Applications, 31, 1995, 299-303.

[81] Rehorn, A.G., Jin J., and Orban, P.E., “State-of-the-art Methods and Results in Tool
Condition Monitoring: a review,” International Journal of Advanced Manufacturing
Technology, 26 (7-8), 2005, 693-710.

[82] Yang, B. and Kwang, J. K., “Application of Dempster-Shafer Theory in Fault
Diagnosis of Induction Motors using Vibration and Current Signals,” Mechanical
Systems and Signal Processing, 20 (2), 2006, 403-420.

[83] Garcia, M. C., Sanz-Bobi, M. A., and Del Pico, J., “SIMAP: Intelligent System for
Predictive Maintenance: Application to the Health Condition Monitoring of a Wind
Turbine Gearbox,” E-Maintenance, Special Issue, 75 (6), 2006, 552-568.

[84] Ghosh, N., Ravi, Y. B., Patra, A., Mukhopadhyay, S., Paul, S., Monhanty, A. R., and
Chattopadhyay, A. B., “Estimation of Tool Wear during CNC Milling using Neural

Network-based Sensor Fusion,” Mechanical Systems and Signal Processing, 21 (1),
2007, 466-479.

[85] Chen, S., Zhuguo, L., and Qisheng, X., “Grey Target Theory based Equipment
Condition Monitoring and Wear Mode Recognition,” Wear, 260 (4-5), 2006, 438-
449.

[86] Christer, A. H., Wang. W., Choi, K., and Sharp, J., “The Delay-time Modeling of
Preventive Maintenance of Plant Given Limited PM Data and Selective Repair at
PM,” IMA Journal of Mathematics Applied in Medicine and Biology, 15, 1998, 355-
379.

[87] Christer, A. H. and Wang. W., “A Simple Condition Monitoring Model for a Direct
Monitoring Process”, European Journal of Operational Research, 82, 1995, 258-269.

131



[88] Vlok, P. J., Coetzee, J. L., Banjevic, D., Jardine, A. K., and Makis, V. “Optimal
Component Replacement Decisions using Vibration Monitoring and the

Proportional-hazards Model,” Journal of the Operational Research Society, 53 (2),
2002, 193-202.

[89] Pedregal, D. J. and Carnero, M. C., “State Space Models for Condition Monitoring:
a Case Study,” 91 (2), 2006, 171-180.

[90] Banjevic, D., Jardine, A. K. S., Makis, V. and Ennis, E., “A Control-limit Policy and
Software for CBM,” INFOR, 39 (1), 2001, 32-50.

[91] Whitmore, G., “Estimating Degradation by a Wiener Diffusion Process subject to
Measurement Error”, Lifetime Data Analysis, 1, 1995, 307-319.

[92] Robinson, M. E. and Crowder, M. J., “Bayesian Methods for a Growth-Curve
Degradation Model with Repeated Measures,” Lifetime Data Analysis, 6 (4), 2000,
357-374.

[93] Chen, Z. and Zheng, S., “Lifetime Distribution based Degradation Analysis”, IEEE
Transactions on Reliability, 54 (1), 2005, 3-10.

[94] Johnson, L. W., “Stochastic Parameter Regression: An Additional Annotated
Bibliography,” International Statistical Review, 48, 1980, 95-102.

[95] Mallet, A., “A Maximum Likelihood Estimation Method for Random Coefficient
Regression Models,” Biometrika, 73 (3), 1986, 645-656.

[96] Goode, K. B., Roylance, B. J., and Moore, J., “Development of a Predictive Model
for Monitoring Condition of a Hot Strip Mill,” Ironmaking and Steelmaking, 25,
1998, 42-46.

[97] Yang, K. and Jeang, A., “Statistical Surface Roughness Checking Procedure based
on a Cutting Tool Wear Model”, Journal of Manufacturing Systems, 13, 1994, 1-8.

[98] Tseng, S., Hamada M., and Chiao, C., “Using Degradation Data to Improve
Fluorescent Lamp Reliability”, Journal of Quality Technology, 27, 1995, 363-369.
1995.

[99] Bae, J. B. and Kvam, P. H., “A Nonlinear Random-coefficients Model for
Degradation Testing,” Technometrics, 46 (4), 2004, 460-469.

[100] Su, C., Lu, J. C., Chen, D., and Hughes-Oliver, J. M., “A Random Coefficient

Degradation Model with Rancom Sample Size,” Lifetime Data Analysis, 5 (2), 1999,
173-183.

132



[101] Elwany, A. and Gebraeel, N. Z., “Real-Time Estimation of Mean Residual Life
using Sensor-based Degradation Models,” ASME Transactions on Manufacturing
Science and Engineering, Accepted May 2009.

[102] Gebraeel, N. Z., Elwany, A. E., and Pan, J., “Residual Life Prediction in the
Absence of Prior Degradation Knowledge,” IEEE Transactions on Reliability, 58
(1), 2009, 106-117.

[103] Marseguerra, Zio, E. and Podofillini, L., “Multiobjective Spare Part Allocation by
means of Genetic Algorithms and Monte Carlo Simulation,” Reliability Engineering
and System Safety, 87 (3), 2005, 325-335.

[104] Smidt-Destombes, K. S., Der Heijden, M. C., and Van Harten, A., “On the
Interaction between Maintenance, Spare Part Inventories and Repair Capacity for a

k-out-of-N System with Wear-out,” European Journal of Operational Research, 174
(1), 2006, 182-200.

[105] Ilgen, M. A. and Tunali, S., “Joint Optimization of Spare Parts Inventory and
Maintenance Policies using Genetic Algorithms,” The International Journal of
Advanced Manufacturing Technology, 34 (5-6), 2007, 594-604.

[106] Vaughan, T. S., “Failure Replacement and Preventive Maintenance Spare Parts
Ordering Policy,” European Journal of Operational Research, 161, 2005, 183-190.

[107] Belzunce, F., Ortega, E., and Ruiz, J., “Comparison of Expected Failure Times for
Several Replacement Policies,” IEEE Transactions on Reliability, 55 (3), 2006, 490-
495.

[108] Pongpech, J. and Murthy, D. N. P., “Optimal Periodic Preventive Maintenance
Policy for Leased Equipment,” Reliability Engineering and System Safety, 91 (7),
2006, 772-7717.

[109] Wang, G. J. and Zhang, Y. L., “Optimal Periodic Preventive Repair and
Replacement Policy assuming Geometric Process Repair,” IEEE Transactions on
Reliability, 55 (1), 2006, 118-122.

[110] Cheung, K. and Hasuman, W., “Joint Determination of Preventive Maintenance
and Safety Stocks in an Unreliable Production Environment,” Naval Research

Logistics, 44, 1997, 257-272.

[111] Aka, M., Gilbert, S., and Ritchken, P., “Joint Inventory/Replacement Policies for
Parallel Machines,” IIE Transactions, 29 (6), 1997, 441 — 449.

[112] Mine, H. and Kawai, H., "Optimal Ordering and Replacement for a 1-unit System,"
IEEE Transactions on Reliability, 26, 1977, 273-276.

133



[113] Kaio, N. and Osaki, S., “Optimum Ordering Policies with Lead time for an
Operating Unit in Preventive Maintenance”, IEEE Transactions on Reliability, 27,
1978, 270-271.

[114] Sheu, S. H. and Liou, C. T., “An Ordering Policy with Age-dependent Minimal
Repair and Age Dependent Random Repair Costs,” Microelectronics and Reliability,
32,1992, 1105-1113.

[115] Sarker, R. and Amanul, H., “Optimization of Maintenance and Spare Provisioning
Policy using Simulation,” Applied Mathematical Modeling, 24 (10), 2000, 751-760.

[116] Brezavscek, A. and Hudoklin, A., “Joint Optimization of Block-replacement and
Periodic-review Spare-provisioning Policy,” IEEE Transactions on Reliability, 52
(1),2003, 112-117.

[117] Kabir, A. B. M. and Al-Olayan, A. S., “A Stocking Policy for Spare Part
Provisioning under Age Based Preventive Replacement,” European Journal of
Operational Research, 90 (1), 1996, 171-181.

[118] Hartman, J. C. and Ban, J., “The Series Parallel Replacement Problem,” Robotics
and Computer Integrated Manufacturing, 18, 2002, 215-221.

[119] Jones, P.C., Zydiak, J., and Hopp, W., “Parallel Machine Replacement,” Naval
Research Logistics, 38, 1991, 351-365.

[120] Jhang, J. and Sheu-Huei, S., “Optimal Age and Block Replacement Policies for a
Multi-component System with Failure Interaction,” International Journal of Systems
Science, 31 (5), 2000, 593-603.

[121] Sheu-Huei, S., “A Modified Block Replacement Policy with Two Variables and
General Random Minimal Repair Cost,” Journal of Applied Probability, 33 (2),
1996, 557-572.

[122] Yoo, Y. K., Kim, K. J., and Seo, J., “Optimal Joint Spare Sticking and Block
Replacement Policy,” International Journal of Advanced Manufacturing Technology,
18,2001, 906-909.

[123] Acharya, D., Nagabhushanam, G., and Alam, S. S., “Jointly Optimal Block
Replacement and Spare Provisioning Policy,” IEEE Transactions on Reliability, 35,
(4), 1986, 447-451.

[124] Zheng, X. and Fard, N., “A Maintenance Policy for Repairable Systems Based on

Opportunistic Failure-rate Tolerance,” IEEE Transactions on Reliability, 40 (2),
1991, 237-244.

134



[125] Chan, G. K. and Asgarpoor, S., “Optimum Maintenance Policy with Markov
Processes,” Electric Power Systems Research, 76 (6-7), 2006, 452-456.

[126] Wood, A. P., “Optimal Maintenance Policies for Constantly Monitored Systems,”
Naval Research Logistics, 35 (4), 1988, 461-471.

[127] So, K. C., “Optimality of Control Limit Policies in Replacement Models,” Naval
Research Logistics, 39 (5), 1992, 685-697.

[128] Anderson, M . Q., “Monotone Optimal Preventive Maintenance Policies for
Stochastically Failing Equipment,” Naval Research Logistics, 28 (3), 1981, 347-358.

[129] Ohnishi, M., Kawai, H., and Mine, H., “An Optimal Inspection and Replacement
Policy for a Deteriorating System,” Journal of Applied Probability, 23, 1986, 973-
988.

[130] Luss, H., “Maintenance Policies for Stochastically Failing Equipment: A Survey,”
Management Science, 11, 1976, 359-366.

[131] Mine, H. and Kawai, H., “An Optimal Inspection and Replacement Policy,” IEEE
Transactions on Reliability, 24, 1975, 305-309.

[132] Derman, C., “On Optimal Replacement Rules when Changes of States are
Markovian,” Mathematical Optimization Techniques. Berkeley: University of
California Press, 1963, 201-210.

[133] Chen, M. and Feldman, R. M., “Optimal Replacement Policies with Minimal
Repair and Age-dependent Costs,” European Journal of Operational Research, 98
(1), 1997, 75-84.

[134] Feldman, R. M., “Optimal Replacement with semi-Markov Shock Models,” Journal
of Applied Probability, 13, 1976, 108-117.

[135] Gottlieb, G., “Optimal Replacement for Shock Models with General Failure Rate,”
Operations Research, 30 (1), 1982, 82-92.

[136] Lam, C. T. and Yeh, R. H., “Optimal Maintenance Policies for Deteriorating
Systems under Various Maintenance Strategies,” IEEE Transactions in Reliability,
43 (3), 1994, 423-430.

[137] Dimitrakos, T. D. and Kyriadkidis, E. G., “A semi-Markov Decision Algorithm for
the Maintenance of a Production System with Buffer Capacity and Continuous

Repair Times,” International Journal of Production Economics, 111 (2), 2008, 752-
762.

135



[138] Chen, D. and Trivedi, K. S., “Optimization for Condition-based Maintenance with
semi-Markov Decision Process,” Reliability Engineering and System Safety, 90 (1),
2005, 25-29.

[139] Monohan, G. E., “A Survey of Partially Observable Markov Decision Processes:
Theory, Models, and Algorithms,” Management Science, 28 (1), 1982, 1-16.

[140] Makis, V. and Jiang, X., “Optimal Replacement under Partial Observations,”
Mathematics of Operations Research, 28 (2), 2003, 382-394.

[141] White, C. C., “A Markov Quality Control Process subject to Partial Observation”
Management Science, 23 (8), 1977, 843-852.

[142] White, C. C., “Bounds on Optimal Cost for a Replacement Problem with Partial
Obsercations,” Naval Research Logistics, 26 (3), 1979, 415-422.

[143] Sinuany-Stern, Z., David, 1., and Biran, S., “An Efficient Heuristic for a Partially
Observable Markov Decision Process of Machine Replacement,” Computers and
Operations Research, 24 (2), 1997, 117-126.

[144] Kuo, Y., “Optimal Adaptive Control Policy for Joint Machine Maintenance and
Product Quality Control,” European Journal of Operational Research, 171, 2006,
586-597.

[145] Rosenfield, D., “Markovian Deterioration with Uncertain Information,” Operations
Research, 24 (1), 1976, 141-155.

[146] Maillart, L. M., “Maintenance Policies for Systems with Condition Monitoring and
Obvious Failures”, IIE Transactions, 38 (6), 2006, 463-475.

[147] Smallwood, R. D. and Sondik, E. L., “The Optimal Control of Partially Observable
Markov Processes over a Finite Horizon,” Operations Research, 21 (5), 1973, 1071-
1088.

[148] Sondik, E. J., “The Optimal Control of Partially Observable Markov Processes over
the Infinite Horizon: Discounted Costs,” Operations Research, 26 (2), 1978, 282-
304.

[149] Hopp, W. J. and Kuo, Y., “An Optimal Structured Policy for Maintenance of
Partially Observable Aircraft Engine Components,” Naval Research Logistics, 45,
1998, 335-352.

[150] Albright, C. S., ”Structural Results for Partially Observable Markov Decision
Processes,” Operations Research, 27 (5), 1979, 1041-1053.

136



[151] White, C. C., “A Survey of Solution Techniques for the Partially Observed Markov
Decision Process,” Annals of Operations Research, 32, 1991, 215-230.

[152] Fernandez-Gaucherand, E., Arapostathis, A., and Marcus, S., “On the Average Cost
Optimality Equation and the Structure of Optimal Policies for Partially Observable
Markov Decision Processes,” Annals of Operations Research, 29 (1), 1991, 439-469.

[153] Bloch, H. and Geitner, F. “Machinery Failure Analysis and Troubleshooting,” Gulf,
Houston, Texas, 1983.

[154] Mann Jr., L., Saxena, A., and Knapp, G., “Statistical-based or Condition-based
Preventive Maintenance?,” Journal of Quality in Maintenance Engineering, 1 (1),
1995, 46-59.

[155] Jardine, A. K. S., Lin, D., and Banjevic, D., “A Review on Machinery Diagnostics
and Prognostics Implementing Condition-based Maintenance,” Mechanical Systems
and Signal Processing, 20 (7), 2006, 1483-1510.

[156] Christer, A. H. and Wang, W., “A Model of Condition Monitoring of a Production
Plant,” International Journal of Production Research, 30 (9), 1992, 2199- 2211.

[157] Aven, T., “Condition-based Replacement Policies—a Counting Process Approach,”
Reliability Engineering and System Safety, 1996, 275-281.

[158] Coolen F. P. A. and Dekker R., “Analysis of a 2-phase Model for Optimization of
Condition Monitoring Intervals”, IEEE Transactions on Reliability, 55, 1995, 505-
S511.

[159] Makis, V., Yimin Z., and Jardine, A. K. S., “Adaptive State Detection of Gearboxes
under Varying Load Conditions based on Parametric Modeling,” Mechanical
Systems and Signal Processing, 20 (1), 2006, 188-221 .

[160] Koomsap, P., Shaikh, N. I., and Prabhu, V. V., “Integrated Process Control and
Condition-based Maintenance Scheduler for Distributed Manufacturing Control
Systems,” International Journal of Production Research, 43 (8), 2005, 1625-1641.

[161] Koomsap P., Praphu V. V., Shaikh J. T., Schriempf T. J., and McDermott, J. H.,
“Condition Monitoring and Lifetime Estimation of CO, Laser,” Journal of Laser
Applications, 15 (4), 2003, 285-293.

[162] Lin, D., Benjavic, D., and Jardine, A. K. S., “Using Principal Components in a
Proportional Hazards Model with Applications in Condition-based Maintenance,”

Journal of the Operational Research Society, 2006, 57, 910-919.

[163] Jardine, A. K. S., Banjevic, D., Wiseman, M., Buck, S., and Joseph, T.,
“Optimizing a Mine Haul Truck Wheel Motors’ Condition Monitoring Program: Use

137



of Proportional Hazard Modeling,” Journal of Quality in Maintenance Engineering,
7 (4), 2001, 286-302.

[164] Jardine, A. K. S., Jospeh, T., and Banjevic, D., “Optimizing Condition Based
Maintenance Decisions for Equipment subject to Vibration Monitoring,” Journal of
Quality in Maintenance Engineering, 5 (3), 1999, 192-202.

[165] Makis, V. and Jardine, A. K. S., “Optimal Replacement in the Proportional Hazard
Model,” INFOR, 30, 1992, 172-183.

[166] Makis, V., Jiang, X., and Jardine, A. K. S., “A Condition-based Maintenance
Model,” IMA Journal of Management and Mathematics, 1998, 9 (2), 201-210.

[167] Barbera, F., Schneider, H., and Watson, E., “A Condition based Maintenance
Model for a Two-unit Series System,” European Journal of Operational Research,
116 (2), 1999, 281-290.

[168] Lu, J., Mashita, T., and Suzuki, K., “An Optimal Policy for Partially Observable
Markov Decision Processes with non-independent Monitors,” Journal of Quality in
Maintenance Engineering, 11 (3), 2005, 228-238.

[169] Kennedy, W. J., Patterson, J. W., and Fredendall, L . D., “An Overview of Recent
Literature on Spare Parts Provisioning,” International Journal of Production
Economics, 76, 2002, 201-215.

[170] Durrett, R. “Probability: Theory and Examples”, Wadsworth and Brooks, Pacific
Grove, California, 1991.

[171] Ahmad, M. and Sheikh, A. K., “Bernstein Reliability Model: Derivation and
Estimation of Parameters,” Reliability Engineering, 8, 1984, 131-148.

[172] Pettit, L. 1. and Young, K. D. S., “Bayesian Analysis for Inverse Gaussian
Distribution Lifetime Data with Measures of Degradation,” Lifetime Data Analysis,
63, 1999, 217-234.

[173] Park, C. and Padgett, W. J., “New Cumulative Damage Models for Failure using

Stochastic Processes as Initial Damage,” IEEE Transactions on Reliability, 54 (3),
2005, 530-540.

[174] Padgett, W. J. and Tomlinson, M. A., “Inference from Accelerated Degradation and
Failure Data Based on Gaussian Process Models,” Lifetime Data Analysis, 10 (2),
2004, 191-206.

[175] Yang, Z., “Maximum Likelihood Predictive Densities for the Inverse Gaussian
Distribution with Applications to Reliability and Lifetime Predictions,”
Microelectronics and Reliability, 39 (9), 1999, 1413-1421.

138



[176] Tang, L.C., Lu, Y., and Chew, E.P., “Mean Residual Life of Lifetime
Distributions.” IEEE Transactions on Reliability, 48 (1), 1999, 73-78.

[177] Jain, R. K. and Jain, S., “Inverse Gaussian Distribution and its Application to
Reliability,” Microelectronics and Reliability, 36 (10), 1996, 1323-1335.

[178] Chhikara, R. S. and Folks, J. L., “The Inverse Gaussian Distribution: Theory,
Methodology, and Applications.” Marcel Dekker, Inc, 1989.

[179] Seshadri, V., “The Inverse Gaussian Distribution: Statistical Theory and
Applications,” Springer, 1998.

[180] Casella, G. and Berger, L. B., “Statistical Inference,” Duxbury, second edition,
2002.

[181] Shao, Y. and Nezu, K., “Prognosis of remaining bearing life using neural
networks,” Proceedings of the Institute of Mechanical Engineer, Part I, Journal of
Systems and Control Engineering, 214 (3), 2000, 217-230.

[182] Harris, T.A., “Rolling Bearing Analysis,” Wiley, New York, 4th Edition, 2001.

[183] Johnson, R. A. and Wichern, D. W., “Applied Multivariate Statistical Analysis”,
Prentice Hall, Upper Saddle River, New Jersey, 2002.

[184] Hsieh, C. and Chiu, K., “Optimal Maintenance Policy in a Multistate Deteriorating
Standby System,” European Journal of Operational Research, 141, No. 3, 2002, 689-
698.

[185] Ross, S. M., “Stochastic Processes,” Second Edition, John Wiley & Sons, Inc.,
1996.

[186] Puterman, M. L., “Markov Decision Processes: Discrete Stochastic Dynamic
Programming,” Wiley-Interscience, 2005.

[187] Vetterling, W. T., Teukolsky, S. A., Press, W. H., and Flannery, B. P., “Numerical
Recipes in C: the Art of Scientific Computing,” Cambridge University Press, second
edition, 1992.

[188] Ricciardi, L. M., “Diffusion Processes and Related Topics in Biology,” Lecture
Notes in Bio-Mathematics, 14, Springer-Verlag, 1977.

[189] Roberts, G. O. and Shortland, C. F., “The Hazard Rate Tangent Approximation for
Boundary Hitting Times,” Annals of Applied Probability, 5 (2), 1995, 446-460.

[190] Martin-Lof, “The Final Size of a Nearly Critical Epidemic, and the First Passage

Time of a Wiener Process to a Parabolic Barrier,” Journal of Applied Probability, 35,
1998, 671-682.

139



[191] Kramer, W., Ploberger, W., and Alt.,, R., “Testing for Structural Change in
Dynamic Models,” Econometrica, 56, 1988, 1355-1369.

[192] Tuckwell, H. C. and Wan, F. Y. M., “First Passage time to Detection in Stochastic
Population Dynamical Models for HIV-1,” Applied Mathematics Letters, 13, 2000,
79-83.

[193] Stratsev, A. N., “Asymptotic Analysis of the General Stochastic Epidemic with
Variable Infectious Periods,” Journal of Applied Probability, 38, 2001, 18-35.

[194] Doob, J. L., “Heuristic Approach to the Kolmogorov-Smirnov Theorems,” The
Annals of Mathematical Statistics, 20, 1949, 393-403.

[195] Durbin, J., “The First Passage Time Density of the Brownian Motion Process to a
Curved Boundary,” Journal of Applied Probability, 29, 1992, 291-304.

[196] Anderson, T. W., “A Modification of the Sequential Probability Ratio Test to
Reduce the Sample Size,” The Annals of Mathematical Statistics, 31, 1960, 165-197.

[197] Siegmund, D., “Boundary Crossing Probabilities and Statistical Applications,”
Annals of Statistics, 14, 1986, 361-404.

[198] Daniels, H. E., “The First Crossing Time Density for Brownian Motion with a
Perturbed Linear Boundary,” Bernoulli, 6 (4), 2000, 571-580.

[199] Dupuis, J. and Siegmund, D., “Boundary Crossing Probabilities in Linkage
Analysis,” The Annals of Mathematical Statistics, 35, 2000, 141-152.

[200] Abundo, M., “On Boundary Up-Crossing for Brownian Motion,” R. Trappl (Ed.)
Cybernetics and Systems, 2000, 295-300.

[201] Abundo, M., “On Some Properties of One-Dimensional Diffusion Processes on An
Interval,” Probability and Mathematical Statistics, 17 (2), 1997, 227-310.

[202] Abundo, M., “Some Conditional Crossing Results of Brownian Motion over a
Piecewise Linear Boundary,” Statistics and Probability Letters, 58, 2002, 131-145.

140



