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SUMMARY

The limiting law of the length of the longest increasing subsequence, LI, for
sequences (words) of length n arising from iid letters drawn from finite, ordered
alphabets is studied using a straightforward Brownian functional approach. Building
on the insights gained in both the uniform and non-uniform iid cases, this approach
is then applied to iid countable alphabets. Some partial results associated with the
extension to independent, growing alphabets are also given. Returning again to the
finite setting, and keeping with the same Brownian formalism, a generalization is
then made to words arising from irreducible, aperiodic, time-homogeneous Markov
chains on a finite, ordered alphabet. At the same time, the probabilistic object, LI,
is simultaneously generalized to the shape of the associated Young tableau given by
the well-known RSK-correspondence. Our results on this limiting shape describe, in
detail, precisely when the limiting shape of the Young tableau is (up to scaling) that
of the iid case, thereby answering a conjecture of Kuperberg. These results are based
heavily on an analysis of the covariance structure of an m-dimensional Brownian
motion and the precise form of the Brownian functionals. Finally, in both the iid and
more general Markovian cases, connections to the limiting laws of the spectrum of
certain random matrices associated with the Gaussian Unitary Ensemble (GUE) are

explored.
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CHAPTER 1

INTRODUCTION

A substantial portion of probability theory is concerned with the properties of se-
quences of random objects. Indeed, for sequences of real-valued random variables,
the most fundamental questions include Laws of Large Numbers, Central Limit Theo-
rems, Large Deviation Principles, and Invariance Principles (Functional Central Limit
Theorems), all of which describe certain asymptotic properties of the sequence.

In this thesis we will be concerned with certain asymptotic properties of longest in-
creasing subsequences, which we define as follows. Let (X})1<kp<n be a sequence taken
from an ordered alphabet A (usually finite, but possibly even uncountable). A strictly
increasing subsequence of (X)i<k<n is a subsequence (Xj;) such that X, < Xj ,
for each j. Similarly, a weakly increasing subsequence of (X, )1<k<n is a subsequence
(Xk,;) such that X, < Xj,,,, for each j. We will be primarily concerned with the
latter type of increasing subsequence, and will refer to it as simply an increasing
subsequence. A longest increasing subsequence of (Xj)1<k<n, is then defined to be an
increasing subsequence of maximal length, a length which we designate by LI,,.

Motivating our investigation of LI, in various probabilistic contexts is the clas-
sical problem of describing the length of the longest (necessarily strictly) increasing
subsequence of a random permutation of the first n positive integers. The study of the
asymptotic behavior of this quantity, Lo, has enjoyed a rich history as “Ulam’s Prob-
lem”. The determination of its first-order asymptotics was accomplished by the work
of Logan and Shepp [34], and Vershik and Kerov [45], who showed that Lo, /y/n — 2
a.s. and in L!'. Newer methods making use of interacting particle processes and

“hydrodynamical arguments” have brought new insights. In particular, Aldous and



Diaconis [1] and Seppéldinen [41] use such methods to show that Lo, /v/n — 2 in
expectation and in probability. Groeneboom [24] proves such convergence results us-
ing only the convergence of random signed measures, while Cator and Groeneboom
[11] prove that ELc, /y/n — 2 in a way that avoids both ergodic decomposition ar-
guments and the subadditive ergodic theorem. Making further connections to other
fields, Aldous and Diaconis [2] also connect these particle process concepts to the card
game solitaire, while Seppéldinen [42] employs these particle processes to a verify an
open asymptotics problem in Queuing Theory.

The far more challenging problem of finding the limiting behavior of Lo, once
suitably centered and normalized, was solved by Baik, Deift, and Johansson, in their
landmark paper [5]. In particular, they showed that (Lo, — 2v/n)/n'/ converges in
distribution to a non-trivial limiting distribution known as the Tracy-Widom distri-
bution. Even more remarkable than the unusual scaling factor in this result is the
fact that the Tracy-Widom distribution first arose in the study of the asymptotics
of the largest eigenvalues of certain random matrices. Cator and Groeneboom [12]
use particle processes to directly obtain the cube-root asymptotics of the variance of
Lo,,. Further non-asymptotic results for Lo, are found in [25].

In this thesis, we will be concerned primarily with the asymptotics of LI, for
weakly increasing subsequences when the alphabet is finite or countably infinite. In
the case that (X,,),>1 is a sequence (often called a word in this context) of iid random
variables taken from a finite ordered alphabet of size m, Tracy and Widom [44], as
well as Johannson [31], have shown, in the uniform case, that the limiting distribution
is that of the largest eigenvalue of an m x m matrix of the Gaussian Unitary Ensemble
(GUE), subject to a zero-trace condition. Its, Tracy, and Widom [28, 29] have further
examined this problem in the non-uniform iid case, relating the limiting distribution
to certain direct sums of GUE matrices. (For a general overview of the subject of

random matrices, refer to the standard text of Mehta [35].)



In this iid setting, we will investigate the limiting distribution of LI, using a
Brownian functional approach, which we will extend to the countably-infinite iid case
as well. In the context of random growth processes, Gravner, Tracy, and Widom [22]
have already obtained a Brownian functional of the form we derive. This functional
appeared first in the work of Glynn and Whitt [20], in Queuing Theory, and its
relation to the eigenvalues of the GUE has also been studied by Baryshnikov [6]. It
is, moreover, remarked in [22] that the longest increasing subsequence problem could
also be studied using a Brownian functional formulation.

To generalize beyond the iid setting, we then consider sequences generated by a
time-homogeneous, irreducible, aperiodic Markov chain on a finite alphabet of size
m. Moreover, we generalize the object of our study, LI,, to that of the shape of
the Young tableau generated by (X)i1<k<n via the Robinson-Schensted-Knuth (RSK)
correspondence. The shape of the Young tableau, which in this context consists of
n left-aligned boxes arranged in at most m rows such that each row is no greater in
length than the row above it, indeed generalizes LI,: the length of the top row is
simply LI,. We confine our attention to irreducible, aperiodic Markov chains so as
to ensure that the stationary distribution is unique.

In the particular case that the Markov chain generates a uniform iid sequence,
Tracy and Widom [44] conjectured that the Young tableau has a limiting shape given
by the joint distribution of the eigenvalues of a traceless m x m element of the GUE.
Johansson [31] proved this conjecture using orthogonal polynomial methods. Further,
Okounkov [38], and Borodin, Okounkov, and Olshankii [8], as well as Johansson [31],
also answered a conjecture of Baik, Deift, and Johansson [4, 3] regarding the limiting
shape of the Young tableau associated with a random permutation of the first n
positive integers. In particular, as n grows without bound, the lengths R:, R%, ... RF
of the first k rows of the Young tableau, appropriately centered and scaled, have,

asymptotically, the same limiting law as the k largest eigenvalues of an n x n element



of the GUE, a result first proved, for k = 2, in [4, 3].

The non-uniform iid case was also addressed to some degree in Its, Tracy, and
Widom [28, 29], who focused primarily on LI,. Here the obvious conjecture is that
the limiting shape has rows whose suitably centered and normalized lengths have a
joint distribution which is that of the whole spectrum of the direct sum of certain
GUE matrices, a result that was shown in the thesis of Xu [46].

However, the primary purpose of the Markovian framework is to move beyond the
iid setting. Inspired by questions in statistical physics, Kuperberg [32] conjectured
that if the sequence is generated by a more specific type of Markov chain, namely, an
irreducible, aperiodic, cyclic one, then the limiting distribution of the shape is still
that of the joint distribution of the eigenvalues of a traceless m x m element of the
GUE. The cyclic criterion, i.e., the Markov transition matrix P has entries satisfying
Pij = Pit1,j+1, for 1 <i,j < m (where m + 1 = 1), implies, but is not equivalent to,
P being doubly stochastic, i.e., having a uniform stationary distribution.

For m = 2, this was shown to be true by Chistyakov and Goétze [13]. For m = 3,
simulations by Kuperberg [32] indicated that it was true as well, and we show that, for
m = 3, his conjecture is indeed true. However, for m > 4, this is no longer the case,
as was also suggested by further simulations by Chistyakov and Gotze [13]. Indeed,
some, but not all, cyclic Markov chains lead to the same limiting law as in the iid
uniform case already obtained by Johansson [31]. We obtain a precise description of
the class of cyclic transition matrices generating the iid limiting shape.

Recall again that LI, is the length of longest row of the associated Young tableau,
and that an iid sequence may be viewed as a special case of a Markovian sequence. In
this more specialized setting, we begin, in Section 2.1 of Chapter II, by writing LI, as
a simple algebraic expression. Using this simple characterization, we then investigate
the m-letter iid case. In Section 2.2, we obtain the the limiting distribution of LI,

(properly centered and normalized) when the letters are chosen uniformly. Our result



is expressed as a functional of an (m—1)-dimensional Brownian motion with correlated
coordinates. Using certain natural symmetries, this limiting distribution is further
expressed as various functionals of a (standard) Brownian motion. We then extend
this development to the non-uniform iid case. In Section 2.3, connections with the
Brownian functional originating with the work of Glynn and Whitt in Queuing Theory
are investigated. This allows us to investigate the asymptotics of the limiting law of
LI, as the alphabet size m grows.

Next, in Chapter III, we extend our results to the iid case for countably infinite
alphabets by reducing the problem to an effectively finite-alphabet one.

We then discuss, briefly, in Chapter IV, a time-inhomogeneous setting, wherein
the sequence is chosen uniformly from independent, but growing, alphabets. As the
results in this direction are partial, we prove only a first-order result which nonetheless
bridges, in some sense, the linear asymptotics of LI, in the iid finite-alphabet case
and the y/n asymptotics of Lo,,.

Chapter V begins our study of the general Markovian framework for Young
tableaux. In Section 5.1, we first use our combinatorial expression for LI, developed
in Section 2.1, to rederive the two-letter Markov case first studied by Chistyakov and
Gotze [13]. Then, in order to extend these results to alphabets of size m > 3, we
introduce, in Section 5.2, a slight modification of our original combinatorial devel-
opment, and so obtain a functional of combinatorial quantities which describes the
shape of the entire Young tableau, along with a concise expression for the associated
asymptotic covariance structure. Next, in Section 5.3, we apply Markovian Invariance
Principles to express the limiting shape of the Young tableau as a Brownian func-
tional for all irreducible, aperiodic, homogeneous Markov chains (without the cyclic
or even the doubly-stochastic constraint.) Using this functional we are then able
to answer Kuperberg’s conjecture. In Section 5.4, we investigate, in further detail,

various symmetries exhibited by the Brownian functional. In particular, we clarify



the asymptotic covariance structure in the cyclic case, and obtain, for m arbitrary, a
precise description of the class of cyclic Markov chains having the same limiting law
as in the uniform iid case. In Section 5.5, we further explore connections between
the various Brownian functionals obtained as limiting laws and eigenvalues of random
matrices.

We conclude, in Chapter VI, with a brief discussion of natural extensions and
complements (such as Queuing Theory) to some of the ideas and results presented in

the thesis, and indicate promising directions for further research.



CHAPTER 11

FINITE IID ALPHABETS

2.1 Combinatorics

Let (X,,)n>1 consist of a sequence of values taken from an m-letter ordered alphabet,

A={og < ag < -+ < ayp}. Let af be the number of occurrences of o, among

X1, Xo, ..., Xk, 1 <k <n. Each increasing subsequence of (X,,),>1 consists simply

of runs of identical values, with the values of each successive run forming an increasing

subsequence of «,.. Moreover, the number of occurrences of «, among X1, ...

7X€7

where 1 < k < ¢ < n, is simply a; — aj,. The length of the longest increasing

subsequence of (X,,),>1 is then given by

LI, = max [(a, —ag) + (a;, —ai,) + -+ (ay —a, )],
0<ky <--
<km—1<n
1.€.,
LI, = max [(ay —ai )+ (a2 —a} )+ -+ (af ' —a* )+ a"
n 0<ky < k1 k1 ko ko km—1 km—1 n 1
Slszlign
where ay =0. Fori=1,...,nandr=1,...,m —1, let
(
1, if Xz = Oy,
ZZT = —1, if Xz = Opq1,
0, otherwise,

\

and let S} = Zle Zl, k=1,...,n, and also Sj = 0. Then clearly S| = aj,

Hence,

(2.1.1)

(2.1.2)

(2.1.3)

r+1



LI, = max {S, +Si, + -+ S +ar}. (2.1.4)
ks, h

Since ag, . .., af* must evidently sum to k, we have

r=1 j=r
m—1
— T m
= rS, +ma,".
r=1
Solving for a* gives us
n 1 m—1
ay = — — — rS,.
m m

r=1

Substituting into (2.1.4), we finally obtain

m—1
n 1
L[n = — — — Sqr Sl 52 . Sm—l . 915
m m;T n+<0]fmk?§;'{ ot Sk, oS0} ( )
SRm—13n

The expression (2.1.5) is of a purely combinatorial nature or, in more probabilistic
terms, is of a pathwise nature. We now analyze (2.1.5) in light of the probabilistic

nature of the sequence X1, Xo, ..., X,.

2.2 Probabilistic Development

Throughout the sequel, Brownian functionals will play a central role. By a Brownian
motion we shall mean an a.s. continuous, centered Gaussian process B(t), 0 <t <1,
with B(0) = 0, having stationary, independent increments. By a standard Brownian
motion we shall mean that Var B(t) =t, 0 <t < 1, i.e., we endow C]0, 1] with the
Wiener measure. A standard m-dimensional Brownian motion will be defined to be a

vector-valued process consisting of m independent standard Brownian motions. More



generally, an m-dimensional Brownian motion shall refer to a linear transformation
of a standard m-dimensional Brownian motion. Throughout this thesis, we assume
that our underlying probability space is rich enough so that all the Brownian motions
and sequences we study can be defined on it.

We consider first the case in which (X,,),>1 are iid, with each letter drawn uni-
formly from A = {ay,...,an}. Then, for each fixed letter r, the sequence (Z)),>1
is also formed of iid random variables with P(Z] = 1) = P(Z] = —1) = 1/m, and
P(Zr =0)=1-2/m.

Thus EZ] = 0, and E(Z])? = 2/m, and so, Var S” = 2n/m, forr =1,2,...,m — 1.

Defining B’ (t) (nt —[nt]) 2T

(] +1> for 0 <t <1, and noting that

\/2n/m [nt] \/2n/m

the local maxima of B}L(t) occur at t = k/n, k=0,...,n, we have from (2.1.5) that

LI, —n/m 13 . .
— L =—— 4B (1)+ max [B(t1)+--+ Bl (tm-1)]. 2.2.1
o/ — ; (1) B, (t) (tm-1)]. (221

Sish

We can now invoke Donsker’s Theorem since the measures P, generated by (B (t),
..., B (1)) satisty P,(A) — P (A), for all Borel subsets A of the space of continu-
ous functions C([0, 1]™~1) for which P,(0A) = 0, where P, is the (m—1)-dimensional
Wiener measure. Thus, by Donsker’s Theorem and the Continuous Mapping The-
orem we have that (BL(t),..., B"'(t)) = (B(t),..., B™ '(t)), where the Brown-
ian motion on the right has a covariance structure which we now describe. First,
Cov(Z1,73) = BZ{ Z§ = 0, for |r — s| > 2, and Cov(Z}, Z]™) = EZ] Z]™ = —1/m,
forr =1,2,...,m — 1. Then, as already noted, for each fixed r, Z7, Z5,... Z],... are
iid, and for fixed k, Z}, Z2 ..., Z"" are dependent but identically distributed ran-
dom variables. Moreover, it is equally clear that for any r and s, 1 <r <s<m —1,
the sequences (Z})k>1 and (Z})s>1 are also identical distributions of the Z] and that
Z; and Z; are independent for k # (. Thus, Cov(S],S?) = nCov(Z],Z;). This

result, together with our 2n/m normalization factor gives the following covariance



matrix for (BY(t),..., B™\(t)):

1 —1/2 O
~1/2 1 —=1/2
t . (2.2.2)
~1/2 1 —1/2
O ~1/2 1

We remark here that the functional in (2.2.1) is a bounded continuous functional

on C(0,1)™ !, (This fact will be used throughout this thesis.) Hence, by a final

application of the Continuous Mapping Theorem,

LI, —n/m ; ;
T/m - Z iBi(1) + anil Zl Bi( (2.2.3)
We have thus obtained the limiting distribution of LI, as a Brownian functional.
Tracy and Widom [44] already obtained the limiting distribution of LI, in terms of
the distribution of the largest eigenvalue of the Gaussian Unitary Ensemble (GUE)
of m x m Hermitian matrices having trace zero. Johansson [31] generalized this work
to encompass all m eigenvalues. Gravner, Tracy, and Widom [22] in their study of
random growth processes make a connection between the distribution of the largest
eigenvalue in the m x m GUE and a Brownian functional essentially equivalent, up to
a normal random variable, to the right hand side of (2.2.3). (This will become clear

as we refine our understanding of (2.2.3) in the sequel.) For completeness, we now

state our result.

Proposition 2.2.1 Let (X,),>1 be a sequence of iid random variables drawn uni-

formly from the ordered finite alphabet A = {ay,...,an}. Then

LI, — n/m
—_— = —— B'(1 BZ 224
o7 ZZ )+ g )y (2.24)

mo1<1 =1

10



where (BY(t),..., B™"(t)) is an (m — 1)-dimensional Brownian with covariance ma-

triz given by (2.2.2).

For m = 2, (2.2.4) simply becomes

LI, —n/2 1
— T = —§B(1) + max B(t), (2.2.5)

where B is standard one-dimensional Brownian motion. A well-known result of Pit-
man [39] implies that, up to a factor of 2, the functional in (2.2.5) is identical in law
to the radial part of a three-dimensional standard Brownian motion at time ¢t = 1.
Specifically, Pitman shows that the process (2 maxo<s<t B(s) — B(t)):>o is identical
in law to (\/(Bl(t))2 +(B%(1))* + (33(t))2) , where (B'(t), B*(t), B*(t))e>0 is a

>0

standard 3-dimensional Brownian motion.
Let us now show that the functional in (2.2.5) does indeed have the same distri-

bution as that of the largest eigenvalue of a 2 x 2 zero-trace matrix of the form

X Y +iZ
Y -z X

where X, Y, and Z are centered independent normal random variables, all with

variance 1/4. These random variables have a joint density given by

2 3/2 2 2 2
) e T (g y, 2) € R,

pron - 2

™

It is straightforward to show that the largest eigenvalue of our matrix is given

by \i = VX2+4+ Y2+ Z2. Thus, up to a scaling factor of 2, \; is equal in law to
the radial Brownian motion expression given by Pitman at t = 1. Explicitly, since
4N} = 4X2+4Y?*+477 consists of the sum of the squares of three iid standard normal

random variables, 4\? must have a x? distribution with 3 degrees of freedom. Since

11



this distribution has a density of h(z) = (1/v2m)z'/2e7*/2, we immediately find that

A1 has density

1 (422
9(h) = = (AN e (80

16
=\, A > 0.

2T
Let us look now at the connection between the 2 x 2 GUE and the traceless matrix

we have just analyzed. Consider the 2 x 2 matrix

X Y +iZ
Y —iZ X,

where X7, Xo, Y, and Z are independent normal random variables, with Var X; =
Var Xy = 1/2, and with VarY = Var Z = 1/4. Since these random variables have a
joint density given by

2 —x%—m§—2y2—2z2

fa(xr, 20,9, 2) = Fe ;o (71, 70,,2) € R4’

conditioning on the zero-trace subspace {X; + X5 = 0}, and using the transformation

X! = (X, — X3)/v/2 and X} = (X1 + X5)/v/2, we obtain the conditional density

/ 2 32 —2(zh)%—2y% -2z
f3 ($17 Y, Z) = ; € ! )

which is also the joint density of three iid centered normal random variables X7, Y,
and Z with common variance 1/4. Note also that the traceless GUE model may
be obtained from the GUE by simply subtracting the trace of the GUE from each
diagonal. (See Xu [46] for further developments of this sort for more general random

matrices.)

12



Let us finally note that one can directly evaluate (2.2.5) in a classical manner

using the Reflection Principle to obtain the corresponding density (see, e.g. [22, 27]).

It is instructive to express (2.2.4) in terms of an (m — 1)-dimensional standard
Brownian motion (BY(t),..., B™71(t)). It is not hard to check that we can express

Bi(t),i=1,...,m — 1, in terms of the B'(t) as follows:

Bi(t) = 5 = (2.2.6)

GBI = JF BTN, 2<i<m— 1
Substituting (2.2.6) back into (2.2.4), we obtain a more symmetric expression for

our limiting distribution:

LI, —n/m 1 iy B A [i+1
— B ti B ti .
Vn - vm 0ghs Z[ i+1 (tiv) + i (t:)

Stmfl Stmzl i=1

(2.2.7)

The above Brownian functional is similar to one introduced by Glynn and Whitt

[20], in the context of a queuing problem:

D,, = S%Z%Z?i;l ; [B'(t;) — B(t;-1)] (2.2.8)
where (B'(t),..., B™(t)) is an m-dimensional standard Brownian motion. Gravner,
Tracy, and Widom [22], in studying a one-dimensional discrete space and discrete
time process, have shown that its limiting distribution is equal to both that of D,,
and also that of the largest eigenvalue )\gm) of an m x m Hermitian matrix taken from
a GUE. That is, D,,, and )\gm) are in fact identical in law. Independently, Baryshnikov
6], studying closely related problems of Queuing Theory and of monotonous paths
on the integer lattice, has shown that the process (D, )m>1 has the same law as the

process (Ag’”’)le, where A&’”’ is the largest eigenvalue of the matrix consisting of the

first m rows and m columns of an infinite matrix in the Gaussian Unitary Ensemble.

13



Remark 2.2.1 [t is quite clear that LI, > n/m, since at least one of the m letters
must lie on a substring of length at least n/m. Hence, the limiting functional in
(2.2.4) must be supported on the positive real line. We can also see directly that the
functional on the right hand side of (2.2.7) is non-negative. Indeed, for consider the

more general Brownian functional of the form

m—1

iB'(tiz1) — n:B'(t:)]
Ogtllai( Z [ﬂ (tiv1) —n:B'( )]
<tm—1<tm=1 =1

where 0 < ; < m;, fori = 1,2,...,m — 1. Now for any fized t;11 € (0,1], i =
L,...,m—1, maxo<y,<t,,, [BiB(tis1) — 0:B'(t;)] is at least as large as the mazimum
value at the two extremes, that is, when t; = 0 ort; = t;y1. These two values are
simply B3;B'(tis1) and (B; — ;) B'(tiy1). Since 0 < B; < n;, at least one of these two
values is mon-negative. Hence, we can successively find t,,_1,tm_2,...,t1 such that
each term of the functional is non-negative. Thus the whole functional must be non-
negative. Taking B; = \/i/(i + 1) and n; = \/(i + 1)/i, the result holds for (2.2.7).
The functional of Glynn and Whitt in (2.2.8) does not succumb to the same analysis

since the 1 = 1 term demands that ty = 0.

Let us now turn our attention to the m-letter case wherein each letter «, occurs
with probability 0 < p, < 1, independently, and the p, need not be equal as in the
previous uniform case. For the non-uniform case, Its, Tracy, and Widom in [28] and
[29] obtained the limiting distribution of LI,,. Reordering the probabilities such that
p1 = p2 = -+ = pm, and grouping those probabilities having identical values p;) of
multiplicity k;, j = 1,...,d, (so that Z?:l kj = m and Z?le(j)k:j = 1), they show
that the limiting distribution is identical to the distribution of the largest eigenvalue
associated with the k; x ki block of a direct sum of d mutually independent k; x k;
GUEs, whose eigenvalues (A, Az, ..., Am) = (AL A5, . AR L AT A5, L A)

satisfy > 7" \/PiAi = 0. With the above ordering of the probabilities, the limiting
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distribution simplifies to an integral involving only p; and k;. (See Remark 2.3.4 for
some explicit expressions and more details.) We now state our own result in terms of

functionals of Brownian motion.

Theorem 2.2.1 Let (X,),>1 be a sequence of iid random variables taking values
in an ordered finite alphabet A = {aq,...,an}, such that P(X; = «,.) = p,, for

r=1,...,m, where 0 <p, <1 and >, p.=1. Then

m—1 m—1
LI, — pmazn 1 =y ~ .
i T Tm B e D oeBw). o @29)
= <tm-1<tm= =

ti=ti—1, 1€1*
WHere Prag = MaXi<y<m Pr, Op = Pr+Pr1 — (Dr —pri1)*, I*={re{l,....m} :p, <
Pmaz }, and where (BY(t),..., B™\(t)) is an (m — 1)-dimensional Brownian motion

with covariance matriz given by

1 P2 P13 e P1,m—1
P21 1 02,3 e P2,m—1
t ;
1 Pm—2,m—1
Pm—11 Pm—12 " Pm—1,m—2 1
with )
_pr+,ur,u37 S=1r — 1’
Or0s
Pris = § —PsThrlls o o ]
g oros )
— Lefs | r—s|>1, 1<r,s<m-—1,
0,05

and with . = p, — pry1, 1 <r <m — 1.

Proof. As before, we begin with the expression for LI, displayed in (2.1.5), noting
that for each letter o, 1 < r < m — 1, (Z})k>1 forms a sequence of iid random

variables, and that, moreover, Z; and Z; are independent for k # ¢, and for any r

15



and s. Now, however, for each fixed k, the Z} are no longer identically distributed;

indeed,

W :=EZ] = pr — Pryas 1<r<m-1,
(2.2.10)

of =VarZ{ = p, +pri1 — (pr —pry1)?, 1<r<m—1

Since 0 < p, < 1, we have Uf >0 forall 1l <r<m—1. We are thus led to define

our Brownian approximation by

St i [112] L1 — Hr
T T (it — [ne]) 2

/N o/n

Again noting that the local maxima of Bi(t) occur on the set {t : t = k/n, k =

BT’()' 0<t<1l, 1<r<m-—1.

.,n}, (2.1.5) becomes

m—1
1
LIy =2 = =i 0By (1)v/n + un]
m.om =
m—1
+ max { [UZBZ( IV it n} } (2.2.11)
0=to<t1< -
<tm_1<tm=1 \ =1
Next,
m—1 m—1m—1 m—1m—1

=1—mpn
Hence, (2.2.11) becomes
m—1
n  (1—=mpy)n 1 ,
Lr, =2 LT et 2 B
— — — ; i0iB,(1)v/n
m—1
+ omax Y [aiB;(t,-)\/ﬁ+u,-tin , (2.2.12)
O=to<t1<--

<tm_1<tm=1 =1

16



and, dividing through by \/n, we obtain

m—1
LI 1 N
= — o/ — — B (1
i =PV e
m—1
B (t; it . 221
+ ,_mmax > P W (ti) + pitiv/n (2.2.13)

<tm—1<tm=1 =1

Let to=0,and let A, =¢; —t;,_1,i=1,...,m — 1. Since

m—1 m—1 ) m—1 m—1 m—1
Z,uiti = ZMZA]' = ZAiZMj = ZAi(pi — Dm),
i=1 =1 j=1 i=1 j=i i=1

(2.2.13) becomes

LI, 1=
Z2 = p/n— — Bl
E eV Y B )
m—1 m—1
B, (t; A m) ¢ 2.2.14
TORS {Zo A(t) VA Y Ailp p>} (22.14)
Yrota<r vl =1

where t; = Zé.:l Aj.
Recalling that t,, := 1, and setting A,, = 1 — ¢,,_1, (2.2.14) enjoys a more sym-

metric representation as

1ml Z
\/___E;ZUZB

+ ﬁ%ﬁ E:@B -+¢ﬁ§:Ami (2.2.15)
m 1A-—1 =1 i=1
Next,
LI pma:cn
_— = — — wZB’
\/_ Z
ZBZ Az 1~ Mmaz ) 2.2.16
+Zgnz;>§ ZZU +\/5; (pi —p )] ( )
=1 i B

17



where piq, = max;<;<;, pi. Clearly, if A; > 0 for any ¢ such that p; < ppas, then

\/72 A pma:c 8' — —00.

Intuitively, then, we should demand that A; = 0 for i € I* := {i € {1,2,...,m} :

Pi < Pmaz}- Indeed, we now show that in fact

L'l Z:mamn
—_— — — — ZBZ ZBZ n, . -1
NG E 10 l}gljg& E of (2:2.17)

<tm 1<tm=1 =1
ti=t;_1, 1€l*

where the remainder term F,, is a random variable converging to zero in probability
as n — oQ.

To see this, let us introduce the following notation. Writing ¢ = (t1,ts,...,tm),
let T={t:0<t; < - <ty 1 <tp=1}andlet T*={t €T :t; =t;_1,i € I*}.
Setting C,,(t) = S277 " 0y Bl (t;) and R(t) = 27 (t — ti1) (Pmax — Pi), We can rewrite

the terms involving max in (2.2.16) and (2.2.17) as

max [Cy(t) — VnR(t)]

teT

and

max C), ().

teT*

By the compactness of T and 7™ and the continuity of C,,(t) and R(t), we see that

for each n and each w € €2, there is a 7" € T and a 7' € T™ such that

C(7") = VnR(7") = max [C,(t) — VnR(1)]

teT

and

Cn(my) = max C,(t).

teT™

(Note that the piecewise-linear nature of C,(t) and the linear nature of R(t) imply that
the arguments maximizing the above must lie on a finite set; thus, the measurablility

of 7" and 77" is trivial.)

18



Now we first claim that the set of optimizing arguments {7"}°°; a.s. does not
have an accumulation point lying outside of 7. Suppose the contrary, namely that
for each w in a set A of positive measure, there is a subsequence (7%)%2; of (77)%°,
such that d(7",T*) > e, for some € > 0, where the metric d is the one induced by

the Lo-norm over T', i.e., by ||t]|cc = maxj<i<m |ti]-

Then, since T* C T, it follows that, for all n,
Co(T") = VnR(1") > Cy (7))

Now if praz = Pm, then t = (0,...,0,1) € T, and if for some 1 < j < m — 1 we have
DPmaz = Pj > MaXj1<i<m Di, then t = (0,...,0,1,...,1) € T*, where there are j — 1
zeros in t. Hence C,,, (77%) > C,,, (0,...,0,1,...,1) = Z:’;l aiBka(l), where the sum

is taken to be zero for j = m. Given 0 < § < 1, by the Central Limit Theorem, we

can find a sufficiently negative real a such that

for ny large enough. In particular, this implies that

P(AN{Cy (7)) — VAER(F™) > a}) > %IP(A), (2.2.18)

for ny large enough.

Next, note that for any t € T, we can modify its components ¢; to obtain an
element of T, by collapsing certain consecutive t;s to single values, where i € {j —
1,7,...,0} and {j,5 + 1,...,¢} C I*. With this observation, it is not hard to see
that by replacing such maximal consecutive sets of components {ti}f:j_l with their

median values, we must have
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(7" — T;L—kl)

d(r™,T") = max
{(,0:{4,5+1,...£}CI*} 2

Writing p(o) for the largest of the p; < pja., We see that for all k, and for almost

all w € A,

R(1"™) = Z(Tznk — 7% ) (Pmaz — Pi)
=1

= (7" = 7)) (Pmaz — Di)
i€l

> (pmam - p(2)) Z(Tznk - Ti@l)

1€1*

> 2(pmax - p(2))d(7—nk7 T*) > 2(pmax - p(2))€

Now by Donsker’s Theorem and the Continuous Mapping Theorem, we have that

B
max Cn(t) = max Z; 0. B (t;),
as ny, — 0o, where (B'(t),..., B™'(t)) is an (m — 1)-dimensional Brownian motion

described in greater detail below. The point here is simply that this limiting functional

exists. Moreover,

max C,,(t) > C,(7"),

teT

hence, given 0 < ¢ < 1, if M is chosen large enough, then

P(C,, (") < M) >P (x%xcnk(t) < M)

>1-9,

20



for ny large enough.
We can next see how the boundedness of R(7"#) on A influences that of the whole
expression Cy, (7)) — /ni R(7™) via the following estimates. Given M > 0 as above,

if k is large enough, then

ng > ((M — o+ 1)/(2(pmax _p(2))€))2’

and also

P(AN{C,, (T™) — V/pR(T™) < o — 1})
=P(AN{C, (™) < a — 1+ nR(™)})

>P (AN{Cy (7™) < @ — 14 V1 (2(Pmas — P@))€)})
>P(AN{C, (7™) < M})

> %IP(A).

oo
n=1

But this contradicts (2.2.18); thus, our optimal parameter sequences (7") must
a.s. have their accumulation points in 7.

Thus, given € > 0, there is an integer N, such that the set A, = {d(7%,T*) <
e,k > n} satisfies P(A,, ) > 1 — ¢, for all n > N.. Now, for each 7, define 7" € T*
to be the (not necessarily unique) point of 7% which is closest in the L*>°-distance to

7". Recalling that
E, = C(7") — vVnR(7") — Cp(1]') > 0,

and noting that R(t) > 0, for all ¢ € T', we can estimate the remainder term E, as

follows: for n > N,

P(E,>e)=P({E, > e} NA,)+P{E, > e nA)

<P{E,>e}NA,.)+P(A,)

n,e
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<P({E,>e}NA,)+e

=P ({Co(r") = VAR(T") = Co(7™) > e} N A,) + €
<P ({Co(m") = VRR(T") — Co(3") > e} N A,) + €
SP({Cu(r") = Cul#™) = €} N An) + ¢

0i(Bi(rf") = B,(#))

> E) te. (2.2.19)

To further bound the right-hand side of (2.2.19), note that for all n > 1 and all
1 <i<m—1, we have Var(Bi(t;) — Bi(s;)) = |t: — s;|. Then, let (s,t) € T x T be
such that ||t — s||cc < €. Using the Bienaymé-Chebyshev inequality, we find that for

n large enough,

z%sa%wﬁﬁgggm—ﬂm

<e?m—1)? max ole
1<i<m—1

=e(m—1)* max o7
1<i<m—1

Since ||[7" — 7"|| < €3, for n > N, this can be used to bound (2.2.19):

P(|E,| > €) <P<

Se{(m—l) \Jnex o] +1}

Finally, € being arbitrary, we have indeed shown that E,, — 0 in probability.

Applying Donsker’s Theorem, the Continuous Mapping Theorem, and Slutsky’s

(or the converging-together) Theorem [7, 17] to (2.2.17) we finally have:

LI pmamn s i
U LA - Bi(1 B(t; 2.2.2
Tn E io; p_max_ > 0B (), (2.2.20)

<tim—1<tm=1 =1
ti=t;—1, i€I*
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where (BY(t),...,B™ ' (t)) is an (m

matrix, t(p,s)rs, where

4

L,

_ Prtpr s
Or0s )

Prs =

_ Pst+Ur s
oros 7

Hr s
orog’

\

— 1)-dimensional Brownian

motion covariance

r=s,

s=r—1,

s=r+1,

Ir—s|>1, 1<rs<m-—1.

Now for t = ¢/n, and 1 < r < s < m — 1, the covariance structure above is

computed as follows:

? l
DT NS er — M le — s
Cov(B' (1), B3 (t)) = Cov (E: . \/g 5 — )
r i=1 S

i=1

1

no,os “—

14

No,0,
(

1

Or0s

1

Or0s

1

\ 0r0s

(

1

\

using the properties of the Z] noted at the beginning of the proof.

We now study (2.2.9) on a case-by-case basis.

V4 V4
Migs Cov (Z(Z;“ — 1), 32

_ Brps

Or0s

_ (pstprps)

i=1 =1

l
Cov(Z] — pr 2 — pus)

Cov(Z1 — s Z7 — Hs)

O0r0s,

(0 = Hrfbs — Hrfhs + IUTIUS)a

(=Ds — Hrfts = forfbs + frfls),
r?
r+1,

s=r+1,

Or0s

23
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s=r,
s>r+1,
s=r+4+1,

First, let I* = (), that is, let



pi = 1/m, fori=1,...,m. Then 0? = 2p; = 2/m, for all i € {1,2,...,m}. Hence,

simply rescaling (2.2.9) by y/2/m recovers the uniform result in (2.2.4).

Next, consider the case where py,., = p;, for precisely one j € {1,...,m}. We
then have I* = {1,2,...,m}\{j}. This forces us toset 0 =ty =t; =--- =1¢;_1 and
tj =tjz1 =+ =tm_1 =t, = 1, in the maximizing term in (2.2.9) . This leads to

the following result, where, below, (LI, — pjmazn)/+/n converges to a centered normal
random variable. Intuitively, this result is not surprising since the longest increasing
subsequence is, asymptotically, a string consisting primarily of the most frequently
occurring letter, a string whose length is approximated by a binomial random variable
with parameters n and p,,q... We show below that the variance of the limiting normal

distribution is, in fact, equal t0 Piae(1 — Praz)-

Corollary 2.2.1 If pyae = pj for precisely one j € {1,...,m}, then

L[n _pmaxn 1

N Z io; B'(1) + Z 0;B'(1 (2.2.21)

where the last term in (2.2.21) is not present if j = m

Proof. One could compute the variance of the right hand side of (2.2.21) directly to
verify that it is in fact pese(1—Pmaee ). However, the nature of the covariance structure
of the Brownian motion makes the calculation somewhat cumbersome. Instead, we
revisit the approximation to our Brownian motion in the first term on the right
hand side of (2.2.21). In doing this, we not only recover the variance of the limiting
distribution, but also see that our approximating functional does indeed take the form
of the sum of a binomial random variable and of a term which converges to zero in
probability.

From the very definition of the approximation, we have
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1

—% Z ZUZBZ

St Zn
zal
— agi/n

1 m— . n m—1 »
[ —~ Z iSt + - ; wi] : (2.2.22)

=1

S‘}_‘ §|H

Recalling that —L >~ YiSi = am — 2, and that ST i = 1 — mpp, (2.2.22)

becomes

Tl By )] = ). (2229

m

Turning to the second term on the right hand side of (2.2.21) and noting that for
1<j<k<m-1, Zf:ju,- = p; — pr+1 and that Zf:j Si=al—alt for 1 <r <n,

we then have

= —= (@] = npy) = (@ = ). (2:2.24)

We saw in (2.2.17) that we could write (LI, — pmazn)/+/1, as the sum of a func-
tional approximating a Brownian motion and of an error term F,, converging to zero

in probability. In the present case, this expression simplifies to

m—1 m—1 .

1 LA al —np;
- io; B'(1) + o:B(\)+E, =" "4+ F,. 2.2.25
2 B+ X e B N (2.2.25)

using (2.2.22)—(2.2.24).
Now af is a binomial random variable with parameters n and p = p; = Pmas-
By the Central Limit Theorem and the converging together lemma, the right hand

side of (2.2.25) converges to a N (0, Ppmaz(l — Pmae)) distribution, while by Donsker’s
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Theorem, the left hand side converges to the Brownian functional obtained in (2.2.21).

Hence, (L1, — pmazn)//7 = N(0, Prmaz(l — Pmaz)), as claimed. ]

Let us now study what happens when pp., = p;j = pp, 1 < 7 < k < m, and
Pi < Pmae Otherwise, that is, when precisely two letters have the maximal probability.

We then have I* = {1,...,m}\{j, k}. This requires that

Ozto—tlz —t]_1’
tp=tjr1 =" =t,
ty=tpr1 =" =tp =1
Hence,
m—1 k—1 m—1
o 2B ) = g | D eB0)+ 2, B
<tm-1<tm=1 i=1 =] i=k
m=1 k-1 B
= Z 0;B*(1) + %12{12“23 (t)
Z:k‘ 1=)
Thus the limiting law is
1 m—1 m—1 k—1
- Zl io; B, (1) + Zk 0. B(1) + max Za,B (t). (2.2.26)
1= 1= 1=

To consolidate our analysis, we treat the general case for which p,,., occurs ex-
actly k times among {p1,pa, ..., pm}, where 2 < k < m — 1. Not only will we recover
the natural analogues of (2.2.26), but we will also express our results in terms of
another functional of Brownian motion which is more symmetric. Combining the
2 <k <m —1 case at hand with the k£ = 1 case previously examined, we have the

following;:
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Corollary 2.2.2 Let ppay = Djy =Djy = =+ =Dy, Jor 1 < g1 < jo < --- < gi <m,

for some 1 <k <m —1, and let p; < pmas, otherwise. Then

k

L[ — PmazN =y =0
\/* \/pmax pmam) 0 tron<ati{< Z [B (té) B (tg_l)] y (2227)

<t _1<tp=1{=1

where the k-dimensional Brownian motion (B'(t), BX(t),..., B¥(t)) has the covari-

ance matrix

L p p p
p 1 p
170 D I (2.2.28)
p 1 p
P p 1
with P = _pma:c/(l - pmax)-
Proof. Let ppoy = pj, =0jy = -+ =pj., with 1 < j; < jo < -+ < ji < m and

2<k<m-—1,ide,let I*={1,2,....m\{J1,J2, -, Jk}- Set jo =1 and jry1 = m.

Then (2.2.17) becomes

LI, — Pmaz™ 1 <
_— = —— ZO’ZBZ

max E UZBZ
=to<t1<---
<tm 1<tm=1 =1
ti=t;—1, 1€I*

1 m—1
= Z i0; By (1)
i=1
k Je+1—1

7
—|— max E E UZB (t;,) + Ey
<tj1

<t <t]k+1 | £=0 i=je

1 m—1
— ;w n(1)+
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k—1 Jey1—1
4+  max E E U,B’ (t), —I—E U,B’
0=ty <tj, <

<t; <t]k+1 =1 i=J =k
1 m—1 N
[—— Z io; B (1) + Z 0B, (1)
A 1=Jk
k—1 Jey1—1
+  max Y > oiB(t;,) + En. (2.2.29)
O oSt = T i,

We immediately recognize the first term on the right hand side of (2.2.29) as
what we encountered for k = 1. Using the definition of the B, (2.2.29) can then be

rewritten as

Sl St =1 ==
y 7
al* —np koljep d S[m ] — pi [nt;,]
max Je
= + max E E o; + F,
vn 0=tjy <ty <o S ¢ oi/n
O =1 =
Stip Stig =1

k—1
1 . .
= 1 - t; max | — e — t; max
* \/ﬁozt;ng%is-- ;((a[”tn] il p ) (a[”ta‘z] ntylp ))
1 =

+ E,. (2.2.30)

Setting al**' =n — Sp_, a¥*, we note that the random vector (af!, a2, .. .,

n»-"'n?

af{““) has a multinomial distribution with parameters n and (pyaz, Pmazs - - - » Pmaz, 1 —
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kpmaz)- It is thus natural to introduce a new Brownian motion approximation as

follows:

< aj[it,_l] — [nt;,] Pmaa ,
Bf(t) = = ., 1<t<k. 2.2.31
"( ) \/npmam(l - pmax) ( )

Substituting (2.2.31) into (2.2.30) gives

k-1
_ 3k oY AN
\/pmax(l pmam) Bn(l)—i_ozglgag(g,,Z[Bn(tZ) B, (tf)} + En
<tp_1<tp=1 t=1
k
= \/Pmaz (1 — Prmaz B (t)) — B (t,— E,. 2.2.32
Va0~ ) e [B(t) — Bilte-)] + (2.2.32)

<tp_1<tr=1 {=1

By Donsker’s Theorem, (B (t), B2(t), ..., B(t)) converges jointly to a k-dimensional

Brownian motion (B'(t), B3(t), ..., B¥(t)). This Brownian motion has the covariance
structure

L p p P

p 1 p

t ;
p 1 p

p .« e .« .. p 1

where p = —ppaz/ (1 — Pmaz ), & fact which follows immediately from the covariance of

the multinomial distribution, where the covariance of any two distinct a/¢ is simply
—rp? .., for 1 < r < n. This, together with our analysis of the unique P, case,

proves the corollary. n

Remark 2.2.2 The above results provide a Brownian functional equivalent to the
GUE result of Its, Tracy, and Widom [28] (described in detail in the comments pre-

ceding Theorem 2.2.1 and with a law given in Remark 2.53.4). Note that the limiting
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distribution in (2.2.27) depends only on k and pma.; neither the specific values of
J1,J2s - - - J& mor the remaining values of p; are material, a fact already noted in [28].
Also, it follows from generic results on Brownian functionals that this limiting law
has a density, which in the uniform case is supported on the positive real line, while

supported on all of R in the non-uniform case.

We have already seen in (2.2.7) that the limiting distribution for the uniform case
has a nice representation as a functional of standard Brownian motion. We now
also express the limiting distribution in (2.2.27) as a functional of standard Brownian
motion. This new functional extends to the uniform case, although its form is different
from that of (2.2.7). This limiting random variable can be viewed as the sum of a

normal one and of a maximal eigenvalue type one.
Corollary 2.2.3 Let ppaz = Pj, =Djo =+ =Dj, for 1 < j1 < jgo < -+ < jgp <m,

and some 1 < k < m, and let p; < Pmaz, otherwise. Then

LIn — PmaxT

v :m{

1-— kpmax —1 i i
e 215" p()
j=1

k
4 =Y/
* Oztlong%i(g,, Z [B (tf) B (Uq)} } (2233)

where (B*(t), B%(t), ..., B*(t)) is a standard k-dimensional Brownian motion.

Proof. Let us first examine the non-uniform case 1 < k < m — 1. Recall that p =
—Pmaz/ (1 = Pmaz ). Now the covariance matrix in (2.2.28) has eigenvalues A\ = 1—p =
1/(1 = pmaz) of multiplicity k—1and Ao = 1+ (k—1)p = (1 — kPmaz) /(1 — Pimaz) < M1
of multiplicity 1. From the symmetries of the covariance matrix, it is not hard to see
that we can write each Brownian motion B(t) as a linear combination of standard

Brownian motions (B(t),..., B¥(t)) as follows:
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B'(t) = BB'(t) +1n Z Bi(t i=1,... .k (2.2.34)

Jj=1,j#i
where
B = (k_l)\/karm, 0= M (2.2.35)

Substituting (2.2.34) and (2.2.35) into (2.2.27), and noting that 8 —n = V| =
1/v/T = Pimaz, we find that

k
_ Rl Y4
\/pmax(l pmam) 0= g1<ati{< Z [B (tﬁ) B (tﬁ—l)]
<tp_1<tp=1{=1
k
_ _ 14 _ nt
= \/pmam(l pmax) 0— tI;/l<at}1(< Z{ﬂ [B (t[) B (tg_l)}

<tp_1<tp=1 {=1

+7 Z [B(t,) — Bl (t, 1)}}
J=1j#L
k

- \/pma:c(]- _pmax) 0 trn<a;,X< Z{(ﬂ - T]) [Bg(tg) - Bg(tg_l)]
<tk01<i,€ 1 6=1

i Bi(ty) — B (ty 1)]}

= \/pmam(l - pmax) max {Z(ﬂ - 77) [Bg(tﬁ) - Bg(tﬁ—l)]

O=to<t1<--
<tp_1<tp=1 " {=1

k k
+0 Y Y [Bit) — Bl(t- 1)}}

/=1 j=1
k

= V/Pmas(1 — pmax){nz B(1)

J=1

O0=to<t1<---
<tp_1<tp=1 (=1

k
+(B—mn) max Y [B(t;) — B (t1)] }
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k

1 Y4

+max > [B(t) - B (tg_l)}}. (2.2.36)
o1 <tp—1 (=1

To complete the proof, we now examine the uniform case k = m, where necessarily

Pmae = 1/m. We saw in Proposition 2.2.1 that

LI, —n/m 2 1 =
e\ DB e YB )] 220)

=1 <tmo1<1 =1
where the (m — 1)-dimensional Brownian motion (B'(t), ..., B™ 1(t)) had a tridiago-
nal covariance matrix given by (2.2.2). Now we can derive this Brownian motion from
a standard m-dimensional Brownian motion (B(t),..., B™(t)) via the a.s. transfor-

mations

Bi(t) = %

It is easily verified that the Brownian motion (B(t),..., B™ (t)) so obtained

(B'(t) — B (1)), 1<i<m-—1.

does indeed have the covariance structure given by (2.2.2). Substituting these inde-

pendent Brownian motions into (2.2.37), we obtain the following a.s equalities:

LI, —n/m /2 R m—1
R SR _ _ B'l BZ
Vn ~ m{ m 4 IZ 1)+ 013122( Z

i= i<y =1
1 1 m—1
= /—<—— [B(1) - B"(1
m{ m 2B = BT )]
§ : i i+1/y
* e [B'(t:) — B (tl)]}

<tm_1<1 =1

_ \/i{——ZBZ + B™(1)

+  max Z [Bi(t;) — B'(t;i_1)] — Bm(1)}

<tm-1<1 i=1
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:\/i{——ZB’ +Ogtlla<x ZBZ BY( )]}7 (2.2.38)

<tm_1<1 =1

which give (2.2.33), with £ = m and pye. = 1/m. n

We have already seen several representations for the limiting law in the uniform
case. Yet one more pleasing functional for the limiting distribution of LI, is described

in the following

Theorem 2.2.2 Let ppoz =p1 =p2 =+ = pm = 1/m. Then

LI, —n/m N H,,
vn Vvm’

where
~ m — 1 n ~ . ..
= [T B e, e
= omax Y |Bit) - Bl(t) (2.2.39)
<tm_1<tm=1 =1
and where (B(t), BX(t),...,B™(t)) is an m-dimensional Brownian motion having

covariance matriz (2.2.28), with p = —1/(m—1), and thus such that Y7, B'(t) =0,

forall0 <t < 1.

Proof. We show that the functional being maximized in (2.2.39) has the same
covariance structure as the functional being maximized in (2.2.7), a result which
we restate as:

m—1

LI, — 1 i i
ﬁn/m v ST BB (tisr) — mB(t:)] (2.2.40)

<tm_1<tm=1 =1

where §; = /i/(i+1) and n; = /(i +1)/i. From this it will immediately follow

that the maxima, over all 0 < t; <t, <.--<t,_1 <1, in both expressions have the

same law, clinching the proof.
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Let (B'(t), B%(t), ..., B™(t)) be an m-dimensional Brownian motion with a permutation-

invariant covariance matrix described by

and

Var B'(t) = t.

Hence, E(37", Bi(t))? = 0, for all 0 < t < 1, so that .7, Bi(t) is identically equal
to zero.
Let t = (t1,ta,...,t,_1) be a fixed collection of ¢; from the Weyl chamber T' =

{(t1,t2, -y tme1) 10 <ty <ty <.+ <tp_q1 <1} Setting ¢, = 1, and also setting

m— 1 ~ ~
X, = T; [Bl(ti) ~Biti)] (2.2.41)
we then have
—-1 . . . .
Cov(X;, X,) = 2= > Cov(B'(t:) — B'(ti1), B/(s;) — Bi(s;-1))

m 1<i,j<m

m—1 <

= — [tl NS, — tl NS;_1 — ti—l N 8; + ti—l A 82'_1]

L —
1

- — Z [tl VAN S; — tl N Sj—1 — ti—l N Sj + ti—l VAN Sj—l] . (2242)
m

i#£]

We can rewrite (2.2.42) in a clear way by setting 77 = [0,#] and T; = (;, ti11],
i =2,...,m—1, and similarly S; = [0,s1] and S; = (s;,8i41], ¢ = 2,...,m — 1.
Letting Leb denote the Lebesgue measure on [0, 1], a case-by-case analysis of the

relative positions of t;,t;_1, s;, and s;_1 quickly yields that
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1 1
Cov(X,, X,) = mTl > Leb(T,NS) ~ — > Leb(TN S))
i=1 i#j

m— 1 & 1 =
=— ;Leb(ﬂ ns;) - — [1 - ;Leb(ﬂ ﬂSZ-)]

1 m
=——+ > Leb(T; N S)). (2.2.43)

i=1

To complete the proof, we now show that

Y, = z_: (BB (tis1) — miB'(t:)] (2.2.44)

has the same covariance structure as X;, where 5; = \/i/(i + 1) and n; = /(i + 1) /i.

Using the independence of the components of the Brownian motion, we also have

Cov(Y;,Ys) = Y Cov (BB (tis1) — mB'(t:), BB (si+1) — 1:B'(s1))
i=1

m—1 . .
1 1+1
= |:z'—|——1(ti+1 N Si+1) — ti+1 NS, — ti N Si+1 + T(tz N 82):|

i=1
m . m—1 .
1—1 i+ 1
= ti N\ s; — Lipt NS T4 N Sipn — ——li N\ s;
m-—1 =
:T—Z[ti+1/\si+ti/\si+1—2(t2-/\32-)]. (2.2.45)
i=1

As before, a simple case-by-case analysis of the summands in (2.2.45) reveals that

Contiry = 2t 13 s
=1
1 m
== Leb(T; N S;), 2.2.46
m+; eb(T; N S;) ( )

completing the proof. [ ]
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2.3 Large-m Asymptotics and Related Results

With the covariance structure of X; now in hand, and the help of (2.2.43), we can

compute the L?-distance between any X; and Xj:

E(X; — X,)* = Var X; + Var X, — 2 Cov(X,, X,)

=2(1—1/m) -2

—1/m+ i Leb(T; N SZ-)]

i=1

=2 [1 - iLeb(Ti nSH| . (2.3.1)

1=1

Such a metric is useful, for instance, in applying Dudley’s Entropy Bound to show
that lim sup,, ... E (maxser X;) /+/m is bounded above by a constant. To obtain this
constant, we argue as follows. Now for s and ¢ in the Weyl chamber T', we can check

that if max;<;<m |t; — s;| < 1/k, for some integer k, then

E(X, — X,)* =2 [1 - Em: Leb(T; N S,-)]

i=1

=2 Leb(TF N S))
=1
2m

o
Now consider the points of ¢ € T for which each ¢; is of the form j/k for some
7=0,1,..., k. Let us try to cover T" with balls of radius € > 0 centered at each such
point of T. Then, clearly, if k¥ > 2m/e?, then these N(g) balls will indeed cover T.
Since in that case N(g) < (2m/e)™/m!, and since Var X; = (m — 1)/m for allt € T,

Dudley’s Entropy Bound (see Theorem 1 on p. 179 of [33]) gives us that

EH,, :E(maXXt) 34\/5/0%@% de

teT

1
< 4\/5/2 Vv —2mloge +mlog (2m) — logm! de,
0

36



so that, by Stirling’s formula,

1
limsup\/—% < 8/02 V—loge + (log2+1)/2 de

~ 8(0.7843) = 6.2744.

One can also obtain a lower bound for liminf,, .. EH,, /+/m using the following

direct argument. First, note that, almost surely,

Bi(t,) — Bi(t;_ ]
x| Bt) - Bt
<tm-1<tm=1 1=2
2 Vg | B0+, mox 3B - )
Stmflf_tm_zl i=
T L3131/m)<0) B?(l/m)+1/mint2a<§3<mz[Bi(ti)—B"(ti_l)} . (2.3.2)

Stmfl Stmzl =3

Here the idea is that if B'(1/m) > 0, then we “keep” B! for the interval [0,1/m)];
otherwise, we keep B2 for [0,1/m]. Then, taking expectations in (2.3.2), and using
the scaling and Markovian properties of Brownian motion, and also, crucially, the
fact that EW,1w, <0y = —poa/ V21 for any centered Gaussian random variables W,

and Wy with correlation coefficient p and Var W, = 03, we find that

—_

11 _ _
> —E B tl - B ti_
> et pE | max ST |B() - Bi(n)]

Stm71§tm=1 =2
1 1 —1 1 T .y
+ +-E max [B’ t;) — B'(t;— ]
V21 A/ m (m - 1) 2 1/m=ta<t3<-- Z_; ( ) ( 1)
Stmflgtmzl =
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m—1

1 1 m 1 - .
_ Ll [B’ t) — Bit;
A 2m A/ M (m — 1) * 2 m O:tomgég(g--- Z () (fi1)

<tm—2<tm_1=1 =1

+ % mﬂ: 1E ( max 7”23_2 [B’(tl) — Bi(ti—l)}

O=to<t; <-- %
<tm—3<tm-—2=1 i=1

> ¢12_W\/1ﬁ+\/m7;1ﬂ3 max nf[é"(m—é"(ti_l)} . (233)

<tm—3<tm—2=1 i=1

[terating the inequality (2.3.3), and assuming that m is even, we obtain

E ma: [ Bi(t,) — Bi(t,_ ]
O:togtfg... Z ( ) ( 1)
<tm-1<tm=1 1=2

- 1 1 N m—1 1 1
~V2rvm m  \2r/m —2

m—4

m— 1 m—3 _ -

]E |:BZ tl - BZ ti— ]

+\/ m m— 2 oztomg%}fg... Z (t:) (tiz1)
<tm_5<tm_a=1 1=1

> 2 <\/%%) + \/@E o max mz—:‘l [Bi(tz’) — Bi(ti—l)]

tm—5<tm-—4=1 i=1

3 (k) ()

or, in terms of H,,,

EH,, > mﬂ; ! (2\/%) N (2.3.5)

Since \/m/(m — 1)H,, > \/(m — 1)/(m — 2)H,,_1, almost surely, we conclude that

liminf 22m > L 01995, (2.3.6)
m—oo m 2N/ 21

38



We can also more clearly see the similarities between the functional D,, of Glynn
and Whitt in (2.2.8) and that of (2.2.7), which we have shown to have the same law
as M, in (2.2.39). Indeed, the only difference between the functionals is simply that
in (2.2.8) the Brownian motions are independent, while in (2.2.39) they are subject to
the zero-sum constraint. Gravner, Tracy, and Widom [22] have already remarked that
random words could be studied via such Brownian functionals. In fact, a restatement
of Corollary 2.2.3 shows that, in law, D,,, and H,, differ by a centered normal random
variable, as indicated by the next theorem and corollary. This, in turn, will allow us
to clearly state more precise asymptotic results for H,, from the known corresponding

results for D,,.

Theorem 2.3.1 Let

m—1 m—1
1 i R
H, =2 - ;:1 iB'(1) + [max. g B'(t;) ¢,

Stm-1<1 =1
m > 2, and let H; = 0 a.s., where (B'(t),..., B (t)) is an (m — 1)-dimensional

Brownian motion with tridiagonal covariance matriz given by (2.2.2). Let

m

Dm - Bz tz - Bz tz’— )
Lmax S [B(n) ~ Bl(ti)]
<tm_1<tm=1 =1

where (BY(t),...,B™(t)) is a standard m-dimensional Brownian motion, which is

related to (BY(t),..., B™\(t)) by the almost sure identities

Bi(t) = %

Then D, = Z,, + H,, a.s., where Z,, is a centered normal random variable with

(B'(t) — B (1)), 1<i<m-—1.

variance 1/m, which is given by Z,, = (1/m) >, B(1).

Proof. The m = 1 case is trivial. For m > 2, reformulating the proof of Corollary
2.2.3, for the uniform case, in terms of the functionals H,, and D,, shows that, almost

surely,
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1
(-2, +D,)
]
Recalling the definition of H,, from Theorem 2.2.2:
~ m — 1 n ~ . ..
Hp o=\ —— [li—li—]7
e, 2 [P =B
Stmflgtmzl i=1
where (B'(t), B3(t),..., B™(t)) is an m-dimensional Brownian motion having covari-

ance matrix (2.2.28), with p = —1/(m — 1), implying that S 7, Bi(t) = 0, for all
0 <t <1, we then have

7 £

Corollary 2.3.1 For each m > 1, H,, = D,, — Z,,, where L denotes equality in

distribution.

Proof. Proposition 2.2.1 asserts that

LIn - m
n/m N

v v’

as n — oo, while by Theorem 2.2.2
LI, —n/m H,,
= ;
N4 vm

as n — oo as well. The conclusion follows from the previous theorem. [ ]

This relationship between H,, (resp.,H,,) and D,, allows us to further express the

limiting distribution in a rather compact form.

Proposition 2.3.1 Let gz = Djy = Pjo = -+ = Dji, Jor 1 < g1 < jo < - < ji <

m, and some 1 < k <m, and let p; < Pmaz, otherwise. Then

LIn_ maz Tl /
T = V pmax{ 1— kpmaka + Hk}
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Proof. For k = m, we have p,.: = 1/m, and thus simply recover the limiting
distribution H,,/\/m £H, /+/m of the uniform case.

For 1 <k <m—1, we saw in Corollary 2.2.3 that we could write the limiting law

of (L1, — Pmazn)/\/1 as

\/m{\/l_kpmax ZBJ

k
B (t) — B (o 2.3.7
w3 (B - 8]} 237
<tp_1<tp=1 {=1

where (BY(t), B2(t),..., B¥(t)) is a standard k-dimensional Brownian motion. But,
recalling the definitions of Dy and Zj, and the fact that D, = Z; + Hj, a.s., (2.3.7)

becomes

{ Vv 1- kpmax -1
Pmazx

7 (kZy) + Dk}

Vimar { (VT= Fbmae = 1) Zi+ (Zi+ Hy) |

{\/mzk + Hk} (2.3.8)

Remark 2.3.1 One can also write the limiting law of Proposition 2.3.1 in terms of

the functional Dy. Indeed, we have

Lln_pmamn
————— = 1 — kP — 1 2 + Dy,
\/pmamn { b } g g

so that the limiting law is expressed as the sum of a centered normal random variable

and of the maximal eigenvalue of a k X k element of the GUE.

The behavior of D,, has been well-studied. In particular, it has been shown that

that D,,//m — 2 a.s. and in L', as m — oo (see [6, 19, 20, 26, 36, 37, 42]), and that
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(D, — 2¢/m)m'% = F,, as m — oo, where I} is the Tracy-Widom distribution (see

6, 22, 44, 43]). From these results, the asymptotics of H,, follows.

Theorem 2.3.2 We have that

a.s. and in L*, as m — oo. Moreover,

H,
(J-2)m = (239)

where Fy is the Tracy-Widom distribution. The same statements hold for H,, in place

of H,,.

Proof. From Theorem 2.3.1 we have D,,, = Z,,+H,, a.s., where Z,, = (1/m) >." | B'(1).

Clearly, Z,, — 0 a.s. and in L'. Thus, a.s. and in L*,

lim — = lim D

Since this last limit is 2, and since, for each m > 1, H,, £ H,,. it also follows that

Hp,
P v

We are thus left with proving the a.s. convergence to 2 of H,,/\/m. Since the

2| =0.

variance of the functional being maximized in the definition of H,, equals 1 — 1 /m,

the Gaussian concentration inequality implies that

2

- - 32
P(|H,, — Ef,,| > h) < 267170 < 2¢~F

for all b > 0. Then since EH,,/\/m — 2 as m — co we have for m large enough that

dE )

Ef,,
—m 9

vm

>h> gP(‘FIm—EFIm‘ > m<h
<P (}F[m—EﬁIm} > @)

mh?

< 2e s .
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This concentration result implies that, for all A > 0,

00 I:Im
Pl|l— —2
mz::l <\/ﬁ >h><oo,

and the Borel-Cantelli lemma allows us to conclude.
Turning to the limiting law, we know ([6, 22]) that D,, has the same distribution
as the largest eigenvalue of the m x m GUE. Then the fundamental random matrix

theory result of Tracy and Widom [43] implies that

D
T _2)m?? = F,.
<¢m )m :

Since, moreover, D,, = Z,, + H,,, and since Z,, has variance 1/m, Z,m6 =0,

and so
H D
22 mB= (R -2 ) m*? — Z,m' ¢ = F.
<¢ﬁ )m (¢ﬁ )m T
Finally, H,, £ fNIm, and the same result holds for f]m in place of H,,. [

Remark 2.3.2 (i) In the conclusion to [44], Tracy and Widom already derived (2.3.9)
by applying a scaling argument to the limiting distribution of the uniform alphabet

case. In our case we can moreover assert that a.s. and in the mean,

L[n — PmazT

lim lim =2,

k—toon—too kpmaxn

and that

LI, — pmazn
e A L Y
( VEPmazn ) ’

where the weak limit is first taken over n and then over k, and where Py, depends
on k, and necessarily decreases to zero, as k — 00.
(ii) Using scaling, subadditivity, and concentration arguments found in Hambly, Mar-

tin, and O’Connell [26] and in O’Connell and Yor [36], one could prove directly that
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lflm/\/ﬁ — 2 a.s. This could be accomplished by studying, as do these authors, a

process version of H,,, i.e.,

i m—1 i i
Hnie) =[5, s, 32 [B)—Be),
<tm-1<tm=¢ i=1

for e > 0. With obvious notations, for alle >0 and m > 1, Dy,(¢) = Z(e) + Hp (),
a.s., where Z(e) = (1/m) > | B'(¢).

To see in further detail how D,, and H,, are related, first note that D,, < D,,, ;1 a.s.
for m > 1, since D,, can simply be obtained by restricting the right-most parameter
t,, to be 1 in the definition of D,,.;. We now show a stochastic domination result
between D,, and H,,.

Recall that a random variable X is said to stochastically dominate another random

variable Y (X >4 Y) if, forallz € R, P(X > z) > P(Y > x).

Proposition 2.3.2 H,, > V(1 =1/m)D,,, for m > 1. The same statement holds
for H,, in place of Hy,.

Proof. Since the m = 1 case is trivial, let m > 2. We saw in (2.2.43) that the
functional X; being maximized in the definition of H,, had a covariance structure
given by Cov(Xy, X) = —1/m+Y .~ Leb(T;NS;). A similar argument shows that the
functional Uy = 1" | [B*(t;) — B*(t;—1)] which is being maximized in the definition of

D,, has a covariance structure given by Cov(Uy, Us) = >, Leb(T; N S;). Therefore,

Var(y/(1 —1/m)U;) = Var X; =1 —1/m,

and

Cov(y/(1=1/m)Us, /(1 = 1/m)U,) = (1 = 1/m) > _ Leb(T; N 5;)

1=1

> Cov(Xy, Xy).
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By Slepian’s Lemma we conclude that H,, > +/ (1 —1/m)D,,. The final asser-

tion follows from the equality in law between H,, and H,,. n

Remark 2.3.3 Note that

E(X;, — X)) =E(H/{1 - 1/m)U; — /(1 — 1/m)U,)?
=2 (1 =) Leb(T; N SZ-)>
i=1
for all s,t € [0,1]. That is, while X; and /(1 —1/m)U; have different covari-
ance structures, the L?-distance between X, and X, is the same as that between
VA =1/m)U, and /(1 —1/m)U,. We then conclude again that EH,, = ED,,
in a manner independent of Theorem 2.5.1, which implies that EH,, = EH,, =
E(Dy, + Zm) = ED,,, since Z,, ~ N(0,1/m).

Remark 2.3.4 Let us briefly summarize the connections between random matrix the-
ory and the Brownian functionals encountered in this thesis. Writing, for anym > 1,

M = (z1,29,...,Tm), letting A(z™) = <icj<m(zi — x;) be the Vandermonde

2
determinant, and if dz™ = dxydzy . . . dx,, is the Lebesgue measure on R™, we have
the following facts.

(i) First, '™ £ D, where \™ is the largest eigenvalue of the m x m GUE, with the
scaling taken so that the diagonal elements X, ; satisfy IEXEZ =1, and the off-diagonal

elements X ;, for i # j, satisfy E|X; ;> = 1. Using standard random matriz results

(see, e.g., [35]), the distribution of D,,, for allm > 1 and all s € R, is given by

P(D,, < 5) = e / e~ E S A (12
As

where

A, ={x e¢R™: max z; < s
s=1{re 1<i<m '~ s
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where

c ! :/ e 2 DT A (M) 2dg ™.

(i) Second, from [44] and our results, \\™* £ H,, £ H,,, where \™ is the largest
eigenvalue of the m x m traceless GUE, with the scaling as in (i). Using the joint
density of the eigenvalues of the traceless m x m GUE [35, 4], the distribution

function of H,, can also be computed directly, for allm > 2 and all s > 0, as

P(H,, < s) = / ¢~ EI A (1) 2(m )
A9

where dz™Y) is the Lebesgue measure over the set {x € R™ : Y- x; = 0}, and where

1<i<m

A ={r e R™: maxxigs}ﬂ{inzo},
i=1

where

m m

() = /{zm TG a0,
i=1Ti=

Note that H,, is a.s. non-negative, and so P(H,, < s) =0, for all s < 0.

(iii) Third, let Jy := \/Pmazi/1 — kDmas Z+ Hy,} be the limiting functional of Propo-
sition 2.3.1 for the m-letter non-uniform case, having its most probable letters of
multiplicity k occurring with probability pma.. Using (ii), this functional is equal in
law to the sum of a normal random variable and a variable whose distribution, up to
the scaling factor \/Pmaz, 15 that of the largest eigenvalue of the k x k traceless GUE,
with the scaling as in (i). Further, from (i) and Dy = Zy, + Hy a.s., Ji is also equal
in law to the sum of a normal random variable and a variable whose distribution, up
to the scaling factor \/Dmaz, s that of the largest eigenvalue of the k x k GUE. Its,
Tracy, and Widom [29] show that, for all k > 1 and all s € R, Ji has distribution

given by
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P(Jk < 8) = Chppas / e~ 2z [t #H iy (Rl 2] A (20020,
As

where

A, = {z € R* : max z; < s},
1<i<k

and where

6 = /R k ¢ (S BB (D %] & (02
Moreover, in the discussion prior to Theorem 2.2.1, we noted that the k-fold integral
representation of the limiting distribution of Jy, came from simplifying a more complex
expression. This expression described the distribution of J, as that of the largest
eigenvalue associated with the ki X ki submatriz of the matriz consisting of a direct
sum of d mutually independent GUEs, each of size k; x kj, 1 < j < d, subject
to the eigenvalue constraint Y ", \/piA; = 0. The k; were the multiplicities of the
probabilities having common values, the p; were ordered in decreasing order, and the
eigenvalues were ordered in terms of the GUEs corresponding to the appropriate values

of pi. So in our notation, k is the multiplicity of Pmaz-

Note that when k = 1, the limiting distribution becomes

1 5 o2
P(Jk S S) = / 6_ 2Pmam(1*1)maac)dx7
\/Qﬂpmam(l - pmax) —

which is simply a N (0, pmaz(1 — Dimaz)) distribution.

[e.e]

(iv) The Tracy-Widom distribution function F,, which also describes the limiting
distribution of (Lo, — 2v/n)/n'/S, (see [5]), is given, for allt € R, by

Fy(t) = exp (- /t . t)u2(x)d:)3) ,
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where u(x) is the solution to the Painlevé II equation Uy, = 2u+zu with u ~ —Ai(x),

as x — oo, where Ai(x) is the Airy function.
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CHAPTER II1

COUNTABLY INFINITE IID ALPHABETS

Let us now study the problem of describing LI, for an ordered, countably infinite
alphabet A = {a, }n>1, where oy < ag < -+ < @, < - --. Let (X;)1<i<n, Xi € A, be
an iid sequence, with P(X; = o) = p, > 0, for r > 1.

The central idea in the first part of our approach is to introduce two new sequences
derived from (X;)1<i<n. Fix m > 1. The first sequence, which we shall term the capped
sequence, is defined by taking 77" = X; Ay, for i > 1. The second one, (Y;")1<i<n ...,
the reduced sequence, consists of the subsequence of (X;)1<;<, of length N, ,,, for
which X; < ay,,, fori > 1. Thus, the capped sequence (77");<;<,, is obtained by setting

(2

to a,, all letter values greater than o,,, while the reduced sequence (Y;™)i<i<n, . is
obtained by eliminating letter values greater than «,, altogether.

Let LIS and LI to be the lengths of the longest increasing subsequence of
(T7™)1<i<n and (Y;™)1<i<n,.., respectively. Now on the one hand, any subsequence of
the reduced sequence is again a subsequence of the original sequence (X;)1<i<,. On
the other hand, any increasing subsequence of (X;);<;<, corresponds to an increasing

subsequence of the capped one. These two observations lead to the pathwise bounds

LI < LI, < LIS (3.0.10)

forallm>1and n > 1.

These bounds suggest that the behavior of the iid infinite case perhaps mirrors
that of the iid finite-alphabet case. Indeed, we do have the following result, which
amounts to an extension of Theorem 2.2.1 (or, more precisely, of Proposition 2.3.1)

to the iid infinite-alphabet case.
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Theorem 3.0.3 Let (X;)1<i<n be a sequence of iid random variables taking values in
the ordered alphabet A = {c, }n>1. Let P(Xy = o) = pj, for j > 1. Let praz = pj, =

Djp = =P, L <1 <Joa<---<Jr, k=>1, and let p; < ppaa, otherwise. Then

LIn — PmaazM

vn

The proof of the theorem relies on an understanding of the limiting distributions

= vpmax{ V 1— pmakak + Hk} = R(pmaxa k)

of ngiﬁi and LIZ% . To this end, let us introduce some more notation. For a finite
m-alphabet, and for Wy,... W, iid with P(W; = a,) = ¢, > 0, let LI,(q) =
LI,(q1,-..,qm) denote the length of the longest increasing subsequence of (W;)r,.
For each m > 1, let also m,,, = Y | py.

First, let us choose m large enough so that 1 — m,,_1 < pnae. Next, observe that,
from the capping at o, LI5% is distributed as LI, (p), where p = (p1,...,Pm-1,1 —
Tm—1). But since m is chosen large enough, the maximal probability among the entries

of p is then p,,q., of multiplicity &, as for the original infinite alphabet. By Theorem

2.2.1, we thus have

L[n (25) — PmazM

T = R(Pmaz: k), (3.0.11)

as n — oQ.
Turning to LI7°¢ | suppose that the number of elements N,, ,,, of the reduced subse-

n,m?

quence (Y;™)i<i<n, ., is equal to j. Since only the elements of (X;)i<i<, which are at
most vy, are left, LIT% must be distributed as LI;(p), where p = (p1/Tm, . . -, P/ Tm)-
From the way m is chosen, the maximal probability among the entries of p is then

Pmaz/Tm, of multiplicity k. Invoking again the finite-alphabet result of Theorem 2.2.1,

we find that

LIn(ﬁ) - (pmax/ﬂ-m)n Pmaz
NG =R < - k) , (3.0.12)
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as n — 0.
We now relate the two limiting expressions in (3.0.11) and (3.0.12) by the following

elementary lemma.

Lemma 3.0.1 Let k > 1 be an integer, and let (¢,)5_, be a sequence of reals in

(0,1/k] converging to ¢ > 0. Then R(qm, k) = R(q,k), as m — oo.

Proof. Assume ¢ > 0. Then

}M%mk)::V@;{\kl—qu2k+fﬁ}
= V{1 — ¢k Z), + H;}
+ Va1 = quk — /1= gk} 2

:/%R@@+%@, (3.0.13)

where ¢,, = 1 —qnk — /1 —¢qk. Since ¢, — ¢ as m — oo, ¢, — 0, and so

cmZi = 0, as m — oo. This gives the result. The degenerate case, ¢ = 0, is clear. m

The main idea developed in the proof of Theorem 3.0.3 is now to use the basic
inequality (3.0.10) in conjunction with a conditioning argument for L[Zf,fb, in order

to apply Lemma 3.0.1, i.e., to use R(pmaz/Tm, k) = R(Pmaz, k), as m — o0, since

T — 1.

Proof. (Theorem 3.0.3) First, fix an arbitrary s > 0. As previously noted in
Remark 2.2.2, R(pyaz, k) is absolutely continuous, with density supported on R (R
in the uniform case), and so s is a continuity point of its distribution function. Next,
choose 0 < ¢; < 1, and 0 < § < 1, and again note that (1 4 §)s is also necessarily a
continuity point for R(pmaz, k).

With this choice of €1, pick 5 > 0 such that P(Z > () < €,/2, where Z is a stan-

dard normal random variable. Finally, pick €, such that 0 < e3 < €1P(R(pmaz, k) <
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(14 0)s). Such a choice of €5 can always be made since the support of R(pmaz, k)
includes R*.

We have seen that, for m large enough, we can bring some finite-alphabet results
to bear on the infinite case. In fact, we need a few more technical requirements to

complete our proof. Setting 02, = 7,,(1 — 7,,), we choose large enough m so that:

(i) 1- Tm—1 < Pmazxs
(i) (84 PmaeBOm/Tm)/ N/ Tm — Bom < (1+0)s, and
(il)  [P(R(pmazs k) < (1 +6)s) — P(R(Pmaz/Tm, k) < (1 +0)s)| < e2/2.

The conditions (i) and (ii) are clearly satisfied, since 7, — 1 and ¢, — 0, as m — 0.
The condition (iii) is also satisfied, as seen by applying Lemma 3.0.1 to R(pmaz/Tm, k),
with m,, — 1, and since (1 4 ¢)s is also a continuity point for R(pmaz, k).

Now recall that L1;% is distributed as LI, (p), where p = (p1,..., pm-1, 1 —Tm_1).
Hence, we have from (3.0.10) and (3.0.11) that

L[n — PmaxT < LIrCLf% — PmazT

N Jn = B(pmaz, k), (3.0.14)

as n — 00, and so

- L[cap_ max
p(LHn = Pran N S p (Elnm ~ Pmealt
NG NG

— P(R(pmaz, k) < s), (3.0.15)

as n — oQ.
More work is required to make use of the left-hand minorization in (3.0.10) (i.e.,
Lly’fﬁi < LI,.) Recall that if the length N, ,, of the reduced sequence is equal to j,

then LI must be distributed as LI;(p), where p = (p1/Tm, - -+, Dm/Tm). Now the

n,m
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essential observation is that N, ,, is distributed as a binomial random variable with

parameters 7, and n. It is thus natural to focus on the values of j close to EN,, ,, =

2

n,. Writing the variance of N, ,, as no?,, where, as above, 02,

= (1l — ), and

setting
. n . i
g 1= P =) = ()1 =

we have

Llj(ﬁ)—im—fj< @<S+pmm<n_i)))v |
A AN AN Y Y

. Li; ﬁ _M] max .
£ (e (D))o
n T
J=Inmm—Bom~/n] J J
[nTtm—LBomy/n]—1

+ Z Tn,m,j
Jj=0

= LI;(p) — ez n P j
< ]P) J : Tm S \/i(s_'_ max (n__)>)”}/nm )
2 ( Vi J Vn Tm o

G=nem—Bom /7]

3

IN

+ €1, (3016)

for sufficiently large n, where (3.0.16) follows from the Central Limit Theorem and
our choice of 3, and where, as usual, [-] is the ceiling function.

Next, note that for [nm,, — fo,/n| < j < n, and making use of the condition

(i),
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)
Prmas (n N — ﬁam\/ﬁ))

n
= \/nﬂ-m - ﬂam\/ﬁ (s * \/ﬁ Tm,

_ 1 <S + pmaxﬁam)
a \/7Tm - ﬁo-m/\/ﬁ Tm

1 pmaxﬁo-m
S P &L
Tm — ﬂam Tm,

< s(1+90). (3.0.17)

Hence, for sufficiently large n, we have

£ (e (o 2

Jj=[nmm—Bom/n]

"‘61

n LI:(p) — Pmez
< Z P ( ](p)\/_, ) <s(1+ 5)) Ynm,j + €1 (3.0.18)
j:("ﬂm_ﬁUvn\/ﬁ] J

Now from the condition (iii), and from the weak convergence, as j — oo, of

(L1; (D) = (Pmaz/Tm)7)/ V' 10 R(Dmaa/Tm, k), we find that, for j large enough,

LI () — P2 . .
‘IP( 7 <1 +5)s) P(R(Pmaz, k) < (1 +0)s)

< ‘IP (Llj@) . (1+5)s) _p <R (p:k:) < (1+5)s)‘

Vi m
+ ’P(R(pmax, k) <(1+d)s)—P <R (pm:bx,k) <1+ 5)5) ‘
<@,
< 6P(R(pmaz, k) < (1 +9)s), (3.0.19)

and so,
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P <ij(25) — bmes
Vi

Now since [nm,, — Bo,y/n| — oo, as n — oo, with the help of (3.0.18) and

< (U+0)s) < (14 )P (Rlpan ) < (L4 ). (3020

(3.0.20), (3.0.16) becomes

P L[;;’e;?il — PmazT <
N

n

Z (]- ‘l‘ El)P (R(pmaam k) S (1 + 5)5) fyn,m,j _I— €1
jz(nﬂm—ﬁUm\/ﬁ]

< (14 )P (B(ppas ) < (148)3) + 1. (3.0.21)

IN

From (3.0.10) we know that LI < LI, a.s., and so

. L[red_ ma
p (L= Pmaan N p [ Ziam  Pmeslt
NG NG

< (1+ €)P (R(pmaz, k) < (140)s) + e, (3.0.22)

for large enough n. But since €; and ¢ are arbitrary, (3.0.22) and (3.0.15) together

show that

P (Lﬁ“” < s) e P(R(pras, k) < 5. (3.0.23)
for all s > 0.

The proof for s < 0 is similar. Indeed, since necessarily pya. < 1/k, R(Pmaz, k)
describes the limiting distribution of the longest increasing subsequence for a non-
uniform alphabet, and so is supported on R. Then, one needs only to examine
quantities of the form P(R(pmaz, k) < (1 —§)s), instead of P(R(pmaz, k) < (1 +9)s),

as we have done throughout the proof for s > 0. These changes lead to the resulting

statement. n
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Remark 3.0.5 As an alternative to the above proof, one could certainly adopt the
finite-alphabet development of the previous sections so as to express LI, for countable
infinite alphabets, in terms of approrimations to functionals of Brownian motion.

More precisely,

LI, =sup max {S,il + 522 4o SIT_ll i a?}
m>2 0<k1<-- m—
 <km-1<n

n 1 . = .
= fnllzg e ;rSn + gg?in; Sy ¢
where a' counts the number of occurrences of the letter a,, among (X;)i1<i<n, and
Sp = Zle Z7 is the sum of independent random variables defined as in (2.1.3). After
centering and normalizing the S}, as was done to obtain (2.2.11) in the non-uniform
finite alphabet development, one could then try to apply Donsker’s Theorem to obtain
a Brownian functional, which we now know to be distributed as R(pmaz, k). However,

due to the countably infinite number of Brownian motions that would result, great care

would need to be taken to make such an approach rigorous.
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CHAPTER IV

GROWING IID ALPHABETS

4.1 Introduction

We have thus far focused on the limiting behavior of LI, for iid alphabets, noting,
in particular, that LI, < n. On the other hand, Lo, ~ 2y/n, as was discussed in the
Introduction.

With an eye to linking both types of asymptotics, we introduce the notion of
growing alphabets. Specifically, we assume that we have an infinite, ordered alphabet
A={{a; <ay < -+ < a,- -}, and that for each n > 1, we have a finite alphabet
A, ={a1 < as < -+ < ap,} €A Then (X,),>1 is chosen to be a sequence of
independent random variables such that each X, is uniformly distributed over A,,
where m,, — 00, as n — oo. In this setup, each finite alphabet consists of the first

my, letters of A, so that A, C A,,1 C A, for alln > 1.

4.2 A First-order Lower Bound

Now if m,, = m, for all n, then we have again the finite-alphabet case, so that LI, < n.
Here, the linear asymptotic behavior essentially results from long stretches of identical
values in the subsequence. On the other hand, if we allow m,, to grow so quickly, as
n — oo, that X,, < X, 41 with some positive probability uniformly bounded below
in n, we find that, again, LI, < n. Such results can be made rigorous, for instance,
in the exponentially growing case m,, ~ ¢", where ¢ > 1. At more moderate growth
rates of m,,, however, sub-linear behavior is more typical. In particular, for growing
alphabets with a polynomial growth rate, we obtain the following theorem, which

serves as something of an interpolation result between the finite-alphabet case and
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Table 1: Lower bound constants in the \/n regime of Theorem 4.2.1

p dp 2%
0.5 | 0.90251 | 1.41421
0.6 | 0.98865 | 1.36346
0.7 | 1.06787 | 1.31920
0.8 | 1.14160 | 1.28000
0.9 | 1.21085 | 1.24486
1.0 | 1.27635 | 1.21306
1.5 | 1.56320 | 1.08866
2.0 | 1.80503 | 1.00000
3.0 | 2.21070 | 0.87738
4.0 | 2.55269 | 0.79370
5.0 | 2.85400 | 0.73143
6.0 | 3.12640 | 0.68256
7.0 | 3.37689 | 0.64277
8.0 | 3.61005 | 0.60951
9.0 | 3.82904 | 0.58112
10.0 | 4.03616 | 0.55651

the random permutation case. In particular, it shows that, in expectation, LI, must

always be at least asymptotically /n, in this growth regime.

Theorem 4.2.1 Let m,, = [n?|, with p > 0, and let (X,)n,>1 be a sequence of inde-

pendent random variables, with X, uniformly distributed over A,. Then,

.. ELIL, 1 1

hrl;Ilg.}f nl_p - ﬂ, 0< P S 5, (421)
ELIL, 1

h}[ﬂiﬂlf NG > (24/c,) V dy, P>3 (4.2.2)

where ¢, and d, satisfy ¢; = e* and ¢, = (pP/1P) — p/A=P)) /(1 —p), forp# 1, and

dp = sup,-o{\/2/a(l —e~2P)}, for all p > 0, respectively.

Remark 4.2.1 The lower bound in (4.2.1) can actually be extended to 0 < p < 1,

and the lower bound in (4.2.2) can likewise be extended to all p > 0. However, for
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0 < p <1, the theorem as stated shows the best asymptotic rates of growth in n, and,
moreover, the constant 1/(1 — p) can also be shown to be exact for 0 < p < 1/3.
Finally, note that the constant ¢, is continuous at p =1, and that d, > 2,/c,, if and

only if, p is greater than approximately 0.94, as suggested in Table 1.

Proof. To prove (4.2.1), observe that, for any n > 1,

LI, > Y 1ix—a}, (4.2.3)

k=1

almost surely.
Let 0 < p < 1. Note that, for any k£, we have m; = k over the block I} :=
{[(k—=1)Y?| 41 < j < [k'?]}, where |a] (the floor of a) is the greatest integer less

than or equal to a. Then (4.2.3) clearly implies that

[n1/7)
ELIum > Y Elix—ay

j=1

[n!/?)

= Z P(Xj = Oél)

j=1

=3 (1) = L= 1))

> (kM — (k= 1) — 1)%

k=1

= ——n'P 4o (nt/P7). (4.2.4)
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Hence, liminf,,_, ELILnl/pJ/nl/p_l > 1/(1 — p), and so, by rescaling,

ELI, 1
>

lim inf >
n—se mlP = 1—p

for 0 < p <1, and (4.2.1) is proved.
Turning next to (4.2.2), we first establish the bounds associated with ¢,. For k

and n fixed, k£ < n, let

Y = 1(x,<am, } k<j<n, (4.2.5)
and thus the number Ny, of X;s among Xy, X;11,..., X, which do not exceed oy,
is

Niw=» Y} (4.2.6)
j=k

In seeking a lower bound for EN ,,, we first note that, trivially, for k =n — 1 or

n, EN} , does not exceed 2. For the remaining values of 1 < k < n — 2, we have, for

p#1L
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> 11p {n (%)p—k—%. (4.2.7)

Let us denote the expression in (4.2.7) by f(k), and optimize over 1 < k <n — 2.

One can easily check that f attains its maximum at z,, := np/=?) and so

1 _ —
) = /170 — 079 )
2
=ne, = . (4.2.8)

Now among the integers, k,, = [z, ] or |z, ] one finds the maximum of f. In either

case, it is clear that

N
lim inf k, >

n—oo n

cp. (4.2.9)
To see that (4.2.9) holds when p = 1, we make use of the inequality

n

1 1 1

— < - —1 -y < — 4.2.10

2(n+ 1) ;j BN TS o (42.10)

where v ~ 1.57721... is the Euler-Mascheroni constant. From this it follows that,
for2 <k <n,

n n—=k+2 "1 n n—k
1 — ] = < - <l - : 4.2.11
°8 (k—l) 2(k—1)(n+ 1) Zj °8 (k—l) 2kn (42.11)

J=k

Now trivially EN,, ,, does not exceed 1, and for 2 < k <n — 1 we have that

ENiw = Y BYf =32
pup j=k 7
(1o n B n—=k+2
S\k—1) 20— D+ D
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> klog (%) ~1. (4.2.12)

Denoting the final expression in (4.2.12) by g(k), we find that its maximum is

1

attained at some x,,, where x,/n — e ', as n — oo. Again denoting the maximum

of g(k) over the integers by k,, (either [z, | or |z,]), we again see that

n— oo n n—oo M

lim inf VA S Jiy inf & (k:nlog (k n 1) - 1)

=e 'loge = ¢. (4.2.13)

We thus have an estimate of how many Xjs satisty X; < ay,, , for k, < j < n,
an estimate whose expectation is of order n. To complete the proof, we make three
key observations.

Firstly, since Ny, consists of a sum of (independent) indicator random variables,

we have

P(Nip > aENy,,,) > 1 — e~ (1m0 BNen)?/2VarNin > ) o=(1=0)ENen/2 (4 9 14)

for 0 < a < 1.

Secondly, denoting by Ay, , the set of indices among k,, k, + 1,...,n for which
Xj < ap, , we see that each X; € Ay, ,, is distributed uniformly over ay, s, . . ., iy, -
Hence, the length of the longest increasing subsequence among such X, which we
denote by LI(Ag, ), is distributed as in the my, -letter uniform alphabet case, with
the sequence length given by Ny, .

Thirdly, given (Y;)1<i<n iid, chosen uniformly over the m-letter alphabet {ax }1<k<m,
and (U;)1<i<y iid, and independent of (Y;)1<i<n, with U; ~ U(0, 1), then the sequence
(Zi)1<i<n defined by Z; = Y; — U; has two useful properties. The first of these is

that clearly each Z; is uniform over the interval (0,m), and hence the length of the
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longest increasing subsequence of (Z;)1<i<y is distributed as Lo,,. The second prop-
erty is that if Z;,, < Z;, < --- < Z,, is an increasing subsequence of (Z;)1<i<n, then

Y, <V, <. <Y

;. must also be an increasing subsequence of (Y;)i<i<n, and so

LIy, ..., Y,) > LI(Zy, ..., Zy,).
Applying these insights, along with our understanding of the asymptotics of Ny, ,,

we conclude that, for any 0 < a < 1,

ELIL, > ELI(Ay, )

> Y E(LI(Ak,0) N = B(Ni,0 = j)

j:\_aENkn,nJ

> Y ELoP(Nin =)
]:LCLENkn,nJ

> ELULGENk7L,7LJ Z ]P)(Nknyn = ])

Jj= \_QENkn,nJ

> ELoaen,, | P(Nkpn > aEN, )

> ELo s, | (1 _ e—<1—“>2ENkn»n/2> , (4.2.15)
using (4.2.14). Hence, since liminf, . ENy, ,/n = ¢,

ELo,
lim 1nf " > liminf LB Nk ] (1 — e—(l—a)zlENkn,nﬁ)

n—o0 f n—00 vn
> 2, /acy(1), (4.2.16)

which is optimized as a ' 1. Thus,

LI,
liminf — > 2,/c,, (4.2.17)

n—oo \/_

and we have the bound associated with c,,.
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Turning to the lower bound associated with d,, let o > 0 be given, and define
the &k block of indices to be I, = {Br_1 + 1,..., Bk}, where B, = |ak(k +1)/2].
We will be interested in examining the events Ejy = Ujer, {X; € Ry}, where Ry, :=
{180 o, +17,...,[8Y_,1}, a set whose cardinality Ay = [Br_,] — [B7 5] we will
estimate in terms of o and p. Note that R, C A;, for all j € I.

It is not hard to see that, in analogy with (4.2.3),

k
Llg, > 1. (4.2.18)

J=1

Now by the independence of the X;, we have

P(E;) = [[ P(X7 ¢ Ry)

Jjely
ey [Br—1 + 717
Br—Br—1
1
< ex —A 1. 4.2.19
= p( 3 mk_1+ﬂp> 219

We first estimate Ay in (4.2.19) as follows:

Ay = WII;—J - [65—21

> ﬁllc)—l - /65—2 —1

_ LOzk(k—l)Jp_L

_ (M ’ (1 - (1 - %)p) —2. (4.2.20)

Next, let 0 < ¢ < 1. For p > 1, we note that 1 — (1 —2/k)? > p(2/k)(1 —2/k)P~L.

alk—1)(k—-2)

-1

Then, for k large enough, our estimate in (4.2.20) becomes
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p. (4.2.21)

Similarly, for 0 < p < 1, we also note that 1 — (1 — 2/k)? > p(2/k). Then, for k

large enough, our estimate in (4.2.20) again becomes

= (242 () -

Pk~ (k —1)P
o1y

>(1—¢) 5o (4.2.22)
To estimate the sum in (4.2.19), we also have, for sufficiently large k,
Br—Br—1 Br—Br-1+1
1 1
- - > - -
; [Bx—1+ 3717 — ; (Br—1 + J)P
Br—Br—1+2 1

> ——dx. 4.2.23
B /2 (Br—1 + )P ( )

To continue estimating (4.2.23), we first consider the case p > 1. Then

Br—Br—1+2 1
——dx
/2 (Br—1 + )P

! ( 1 - 1 )
Cp—1\ (B +2)pt (B +2)r

— 1 <(/6k+2)p_1 B )
(p = DB +2)P71 \(Br—1 +2)P

. ak(k+1)/2+ 1\
= (p — 1)(ak(k 4 1)/2 + 2)p-1 ((ak(k‘l)/2+2> _1>

B op-1 20k —-1) "'
S oDk D A ((H ek — 1)+4) 1)
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v

il 2(p — 1)(ak — 1)
(p— D{ak(k +1) + 4~ ( ak(k — 1) +4 )
a_dﬁi%;iL
(ak(k+1))P

v

(4.2.24)

Similarly, for 0 < p < 1, we again find that

Br—PBr—1+2 1
dx
/2 (Be—1 + )P

1

= = (B +2'7 — (B +2'7)

_ %p(ﬂk o)t (1 - <(ﬁg:++22)>1—p>
> ip <ak(k+1) +1)1_p (1 (zzgkliggii)l_v

_ (ak(k+1) +2 . 2ak+1) 1—p
o 2o T ok(k+1) +4
1

- 2”’1— akk+1 )
2P ok + 1)( akk+ )
ak(k+1)+4
2P (ak +1)
k(D
2P (ak — 1)
>(1—5)m.

s )0 (20 ok 1)

+2)1

>(1—¢)

(4.2.25)

Finally, for p =1,

Br—Br—1+2 1
———dx
/2 (Br—1 + )P

= log (B +2) — log (Bk-1 + 2)
Bk + 2
Br—1+ 2
ak(k+1)/2+1
> log TRV EES

= log
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ak(k+1)+2
ak(k—1)+4

B 2(ak — 1)
=log <(1 TRk — D+ 4)
2(ak —1)
ak(k+1)

= log

>(1—¢) (4.2.26)

Thus, for any p > 0, and for k£ large enough, say k£ > K, we have from our

estimates in (4.2.21) - (4.2.26) that

P(EE)SGXP —Ay, Z m>

< exp (— [(1 — e)apkp;,(i_ 1)pp] [(1 - 5)%])
( |

< exp(—(1 —¢)*(2ap)). (4.2.27)

Applying the estimate in (4.2.27) to (4.2.18), we see that for n > K,

ELI, > me

k=1
-3
k=K+1
> Y (1 _ (-9 (2ap)>)
k=K+1
= (n - K) (1 - e—<1-€>3<2ap>> . (4.2.28)

Since n/v/B, — \/2/a, as n — oo, we have

LI
lim inf ¢%_h§l£f \F \f e~ (1-2) <2ap>), (4.2.29)
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and since € was arbitrary,

LI 2
liminf —= > \ﬁ (1—e?P), (4.2.30)
v o

n—00 n

and we may optimize over a > 0, and so complete the proof. [ ]
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CHAPTER V

MARKOVIAN ALPHABETS

Recall that in the combinatorial development above, the expression for L1, in (2.1.5),

namely,

m—1
n 1
L[n = — — — ST Sl 52 . Sm_l ’ 5 031
m m TZ:; ro, + é)%rkl?éi { k1 + ko —+ —+ km—l} ( )
SKm—13N

is of a purely combinatorial nature or, in more probabilistic terms, is of a pathwise
nature. We wish to extend our analysis of this expression to Markovian sequences.
Moreover, at the same time we wish to generalize from LI, to the shape of the
entire associated Young tableau, which we now define and relate to the sequence
(Xn)nz1-
A Young tableau of size n is a diagram consisting of a collection of n boxes arranged

in rows and aligned at the left, such that:

e The number of boxes in each row is no greater than the number of boxes in the

row above, and

e FEach box contains entries which are weakly or strictly increasing in each row
and strictly increasing down each column. If the entries are row-wise weakly
increasing, we say that the Young tableau is semi-standard, while if the entries

are row-wise strictly increasing, we say that it is standard.

The shape of a Young tableau will refer to the lengths of the rows, irrespective of the
entries, and it is the shape that will be of primary concern to us.
Young tableaux are connected to sequence analysis via the well-known Robinson-

Schensted-Knuth (RSK) correspondence, which states that for any sequence (Xy)1<k<n
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Figure 1: Example of a 4-Row, Semi-Standard Young Tableau

drawn from an ordered alphabet there is a unique pair of Young tableaux (P, @), both
of the same shape, with P semi-standard, and @) standard. The pair (P, Q) is con-
structed as follows.

Beginning with a Young tableau P consisting of a single box containing Xy, and
a corresponding Young tableau @), called the recording tableau, also consisting of a
single box but containing the integer 1, we successively augment P and () according

to the values of X, ..., X,, using the following algorithm. For each k£ > 2:

o If X, is greater than or equal to the final entry of the first row of P, then we
simply add another box containing X}, to the end of the first row, completing

the augmentation of P by Xj.

o If X} is strictly less than the final entry of the first row of P, then we locate the
left-most box of the first row whose entry exceeds Xy, replace that entry with

X, and “bump” the original entry to the next row.

e For any “bumped” entry, we proceed, in each successive row, as with the first
row until an entry is added to the end of a (possibly empty) row, at which point

the augmentation of P by X} is complete.

e Once P has been augmented, we augment () with a box containing the integer
k, where the location of the box corresponds the location of the box in P that

was added to the end of a row. (This explains the name recording tableau).
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Figure 2: RSK Algorithm Applied to the Sequence (4,1, 3,4, 2).

(See Figure 2 for a short example of the RSK algorithm applied to a sequence of
length 5.)

Moreover, one can always recover the sequence (Xj)i<k<n from (P, Q). Indeed,
the RSK correspondence states that there is actually a one-to-one correspondence
between all possible sequences (Xj)i<g<n of letters from an alphabet of size m, and
all possible pairs (P, Q) of Young tableaux, with P a semi-standard Young tableau
with entries in the alphabet of size m, and ) a standard Young tableau with entries

consisting of the first n positive integers.

5.1 2-Letter Case

We begin our study of Markovian alphabets by first concentrating on the 2-letter
case. Now Rl = LI, and with m = 2, R?2 = n— LI,, it suffices to describe LI,. Here
(X )n>0 is described by the following transition probabilities between the two states
(which we identify with the two letters a; and az): P(X,11 = as|X,, = aq) = a and
P(X,11 = ]| X, = ag) = b, where 0 < a+ b < 2. We later examine the degenerate
cases a = b= 0and a = b = 1. In keeping with the common usage within the Markov
chain literature, we begin our sequence at n = 0, although our focus will be on n > 1.
Denoting by (pl,p?) the vector describing the probability distribution on {aq, as} at

time n, we have
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1—a a
(pirl-l’p%—l—l) = (p}up%) . (511)
b 1—-0

The eigenvalues of the matrix in (5.1.1) are \y = land —1 < Ay =1—a—b < 1,
with respective left eigenvectors (m, m) = (b/(a+0b),a/(a+b)) and (1, —1). Moreover,
(71, o) is also the stationary distribution. Given any initial distribution (p}, p3), we

find that

a 1 _ b 2
(p}wp?z) = (77-1)7?2) _'_)\3% (1,_1) - (77'1’71'2) ; (512)

as n — 00, since Ay < 1.

Our goal is now to use these probabilistic expressions to describe the random
variables Z} and S} defined in Section 2.2. (We retain the redundant superscript “1”
in Z} and S} in the interest of uniformity.)

Setting 3 = ap}, — bpg, we easily find that

EZ%::(+1)<W1+——£2—A§)—%(—1)<w2——gfz—A§)

a+b +b
= a+b+2a+b)\2’ (5.1.3)
for each 1 < k <n. Thus,
b—a By 1— )k
ES}! = 2 2 14
%= et T QHw)<1—M)’ (5.1.4)

and so ES} /k — (b—a)/(a+ 1), as k — oo.
Turning to the second moments of Z} and S}, first note that E(Z})? = 1, since
(Z})? =1 a.s. Next, we consider EZ} Z}, for k < {. Using the Markovian structure

of (X,,)n>o0, it quickly follows that
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L) if (zk, z0) = (a1, 0q),

(5.1.5)

,if (zg, ) = (0, ),

( ) ( )
(m = A5 "2y) (me = ME5) s if (o, 20) = (o, @2),
( ) ( )
( ) ( )

) if ($k7$€) = (a2aa2)-

For simplicity, we will henceforth assume that our initial distribution is the sta-
tionary one, i.e., (py,ps) = (m1,m). Later, (see Chapter VI) we note that we may
drop this assumption and deal with initial distributions concentrated on an arbitrary
state. Under this assumption, 8 = 0, ES} = ku, where p = EZ} = (b—a)/(a + ),

and (5.1.5) simplifies to

T+ )\g_kib w1, if (zg, ) = (g, 1),

(

T = NTF ) o i (g, ae) = (oo, a),
( (@, 20) = (e, 02) (5.1.6)
(

)
)

Ty — ASE L) i (g, 2) = (g, ),
)

T2, lf (S(Zk,l’g) = (Oég,OéQ).

We can now compute EZ}Z}:

EZ,Z} =P(Z.Z; = +1) —P(Z, Z} = —1)
= P((ka XZ) S {(alv a1>7 (a27 042)})
- P((Xk’ XZ) € {(ab Oég), (a2> al)})

a
= (W%—i_}é_kajtb

b
T+ T+ /\g"“a 7T2)
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b a
o o )\Z—k o )\Z—k
<7T17r2 I~ bﬂ'g + o 2 ™

2ab 2ab
— 2 2 {—k {—k

Hence, recalling that § =0,

o =VarZ =1— b—a)’
o ko a+b
4ab
= CFE (5.1.8)

for all k > 1, and, for k < ¢, the covariance of Z} and Z} is

(b—a)
(a+b)?

Proceeding to the covariance structure of Si, we first find that

2
Cov(Z},7;) = + o \5F — (b “) =2 \y". (5.1.9)

a+b

k
Var S} = ZVar Z} + 2ZCOV(Z;, 7z
j=1 j<t
=0’k +20" ) A7
j<t
AT — B2+ (b — 1)
2k 4902 [ 22 2 2
o’k + 20 ( 1= )

= o2 (iii)kmo—? (%) (5.1.10)

Next, for k < ¢, and using (5.1.9) and (5.1.10), the covariance of S} and S} is

given by
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k k l
= Varz] +2 Y Cov(Z,Z))+Y Y Cov(Z,Z})
=1

i<j<k i=1 j=k+1

k l
=VarSp+» Y Cov(Z!, Z))

i=1 j=k+1

Ao(1 = AE)(1 = NG
:VarS;i—l—Oj( 2( (12_)()\2)2 ? ))

_o? ((HA?) k- A2(1_(1A§_)(A12)+2 Ag_k)) (5.1.11)

From (5.1.10) and (5.1.11) we see that, as k — oo,

Var S} o (14X
5.1.12
0\, ) (5.1.12)

and, moreover, as k A { — 00,

Cov(Sh S (1 +)\2) (51.13)

(kNP) 1— X
When a = b, ES{ =0, and in (5.1.12) the asymptotic variance becomes

Var S} 4a? (1+(1—2a))

ko (242 \1—(1-2a)
_1_
a

For a small, we have a “lazy” Markov chain, that is, a Markov chain which tends
to remain in a given state for long periods of time. In this regime, the random variable
S} has long periods of increase followed by long periods of decrease. In this way, linear
asymptotics of the variance with large constants occur. If, on the other hand, a is
close to 1, the Markov chain rapidly shifts back and forth between «; and «s, and so
the constant associated with the linearly increasing variance of S} is small.

Asin Chapter II, Brownian functionals play a central role in describing the limiting

distribution of LI,.
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To move towards a Brownian functional expression for the limiting law of LI,

define the polygonal function

S Sty — [nt]p (nt — [nt])(Zj,40 — 1)
Bull) = a\/n(l + A2) /(1 = Ag) i U\/n(l +A2) /(1= A) ’

for 0 < t < 1. In our finite-state, irreducible, aperiodic, stationary Markov chain

(5.1.14)

setting, we may conclude that B, = B, as desired. (See, for example, even more
general settings, such as Gordin’s martingale approach to dependent invariance prin-
ciples [21], and the stationary ergodic invariance principle found in Theorem 19.1 of
Billingsley [7].)

Turning now to LI,, we see that for the present 2-letter situation, (5.0.31) simply
becomes
LI, =—-— 15,1 + max S;.

2 2 1<k<n

3

To find the limiting distribution of LI, from this expression, recall that m =
b/(a+b), 7 =a/(a+b), u=m —m=(b—a)/(a+0b), c® =4ab/(a + b)?, and that
Ay =1 —a —b. Define 7,4, = max{m, m} and 62 = 0%(1 + X2)/(1 — \3). Rewriting
(5.1.14) as

B S[lnt] — [ntlp (nt - [nt])(Z[lntHl — 1)

NG NG ’

LI, becomes

(&\/ﬁén(l) + un) + max (&\/ﬁén(t) + ,unt)
e % (5v/nBa() + muax (53/Bu(t) + (m — mo)t)
= s — 5 (5B (1))

+ max (5\/ﬁén(t) + (m — mo)nt — (Tomae — 7T2)n> ) (5.1.15)

0<t<1
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This immediately gives

+ max <Bn(t) + g((m — o)t — (Tpmaz — Wg))) : (5.1.16)

0<t<1

Let us examine (5.1.16) on a case-by-case basis. First, if m,,, = m = m = 1/2,

i.e.,if a =b, then 0 =1 and 6 = (1 — a)/a, and so (5.1.16) becomes

LI, —n/2 i .
M2 L 1)+ max Balt). (5.1.17)

Vi—anja 20T

Then, by the Invariance Principle and the Continuous Mapping Theorem,

LI, —n/2 1
Va0 ro e

Next, if e = T > 71, (5.1.16) becomes

0<t<1

+ max (Bn(t) - g(%x - m)t) . (5.1.19)

On the other hand, if 7,4, = m > 79, (5.1.16) becomes

NG

+ max <Bn(t) = = (T — m2) (1 - t))

+ max <Bn(t) — B,(1) — g(w —m)(1 — t)) . (5.1.20)
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In both (5.1.19) and (5.1.20) we have a term in our maximal functional which is
linear in ¢ or 1 — ¢, with a negative slope. We now show, in an elementary fashion,
that in both cases, as n — oo, the maximal functional goes to zero in probability.

Consider first (5.1.19). Let ¢, = /n(Tpmaz — 71)/F > 0, and for any ¢ > 0, let
M. = maxo<;<1(B(t) — ct), where B(t) is a standard Brownian motion. Now for n
large enough,

~

B,(t) — ct > By(t) — et

a.s., for all 0 <t < 1. Then for any z > 0, and n large enough,

~ ~

]P)(gI<1?<X1(Bn(t) —cpt) > 2) < ]P)(gI<1?<X1(Bn(t) —ct) > z), (5.1.21)

and so by the Invariance Principle and the Continuous Mapping Theorem,

lim sup P(max (B, (t) — cut) > 2) < lim P(max (B, (t) — ct) > 2)

n—00 0<i<1 n—0o0 0<t<1

= P(M, > 2). (5.1.22)

Now, as is well-known, P(M, > z) — 0 as ¢ — oo. One can confirm this intuitive
fact with the following simple argument. For z > 0, ¢ > 0, and 0 < € < 1, we have

that

P(M, > z) < P(max(B(t) — ct) > z) + P(max (B(t) — ct) > z)

0<t<e e<t<L1

< P(max B(t) > z) + P(max (B(t) — ce) > 2)

0<t<e e<t<1

< P(éél?é’i B(t) > z) + P(ggtagxl B(t) > ce+ 2)

—2 (1—@ (%)) +2(1— Bee+2)). (5.1.23)
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But, as ¢ and ¢ are arbitrary, we can first take the limsup of (5.1.23) as ¢ — oo, and

then let € — 0, proving the claim.

We have thus shown that

lim sup P(max (B, (t) — cat) > 2) <0,

s 00 0<t<1

and since the functional clearly is equal to zero when t = 0, we have

A P
52%(3"@) — cut) — 0,

(5.1.24)

asn — oo. Thus, by the Continuous Mapping Theorem, and the Converging Together

Lemma, we obtain the weak convergence result

LI, — Tpaan 1
_— —=B(1). 5.1.25

Lastly, consider (5.1.20). Here we need simply note the following equality in law,

which follows from the stationary and Markovian nature of the underlying sequence

(X )nzo0:

B

é _Bn(l - t) -

& (ﬂ-max - 7T2))(1 - t)> (5126)

fort =0,1/n,...,(n—1)/n,1. With a change of variables (u = 1 — ¢), and noting

that B(t) and —B(t) are equal in law, our previous convergence result (5.1.24) implies
that

max (B, (t) = Ba(1) = eu(1 - 1) £ max (— By (u) — cou) = 0, (5.1.27)

0<u<l
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as n — o0o. Our limiting functional is thus of the form

LI, — Tpaen
G/

Since B(1) is simply a standard normal random variable, the different signs in (5.1.25)

N %B(l). (5.1.28)

and (5.1.28) are inconsequential.

Finally, consider the degenerate cases. If either a = 0 or b = 0, then the sequence
(Xn)n>0 will be a.s. constant, regardless of the starting state, and so LI, ~ n. On the
other hand, if a = b = 1, then the sequence oscillates back and forth between o and
ag, so that LI, ~ n/2. Combining these trivial cases with the previous development,

we have proved the following theorem:

Theorem 5.1.1 Let (X,,)n>0 be a 2-state Markov chain, with transition probabilities
P(X,11 = as] X, = q) = a and P(X,,11 = 1| X, = ag) = b. Let the law of X,
be the invariant distribution (m,m) = (b/(a+b),a/(a + b)), for 0 <a+b <2, and

(m1,m) = (1,0), fora=>b=0. Then, fora=15b>0,

LI, —n/2 l—a/ 1
7 = - (—53(1) —1—&1?51 B(t)) : (5.1.29)

where B(t) is a standard Brownian motion, and for a #b or a = b =0, and Tpe =

max{my, o},

LI, — Taen
NG

where N(0,52%/4) is a centered normal random variable with variance 62 /4 = ab(2 —

= N(0,5%/4), (5.1.30)

a—>b)/(a+b)?, fora#b, and* =0, fora=b=0. (Ifa=b=1, or® =0, then the
distributions in (5.1.29) and (5.1.30), respectively, are understood to be degenerate at

the origin.)

To extend this result to the entire Young tableau, let us introduce the following

notation. By
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n

we shall mean the weak convergence of the joint law of a k-vector (ngl), Yn(z),

...,nyk)) to that of (Yog),Yo(f), .. .,Yo(f)), as n — 00. As noted above, since LI, is
the length of the top row of the associated Young tableau, the length of the second
row is simply n — LI,. Denoting the length of the i'* row by R, (5.1.31), together
with an application of the Cramér-Wold Theorem, recovers the result of Chistyakov

and Gotze [13] as part of the following easy corollary, which is in fact equivalent to

Theorem 5.1.1:

Corollary 5.1.1 For the sequence in Theorem 5.1.1, if a =b > 0, then

R —n/2 R2 —n/2
( "ﬁ”/ , "ﬁ”/ ):»Roo = (R, R%),

where the law of Yoo is supported on the 2™ main diagonal of R?, and with

(5.1.32)

Jry (-13(1) + max B(t)) .

a 2 0<t<1

Ifa#bora=b=0, then setting Ty, = min{my, T}, we have

Riz — TmazT Ri — TminTb
( N NG ) = N((0,0),), (5.1.33)

where X 18 the covariance matric

1 -1
(a%/4) :

-1 1

where 6% = 4ab(2 — a — b)/(a + )3, for a # b, and 52 =0, fora=1b= 0.

Remark 5.1.1 The joint distributions in (5.1.32) and (5.1.33) are of course degen-

erate, in that the sum of the two components is a.s. identically zero in each case. In
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(5.1.32), the density of the first component of Ry, is easy to find, and is given by (e.g.,
see [27])

16 a G 2 —2ay?/(1—a)
f(y):E — ye : y > 0. (5.1.34)

As in Chistyakov and Gdétze [13], (5.1.32) can then be stated as: For any bounded,

continuous function g : R? — R,

. <g< R —n/2  R2—n/2 ))
n—00 \/(1—a)n/a’\/(1—a)n/a

— 27 [ gla.~)oaurae. ~a)ds,
0

where paup 2 1s the density of the eigenvalues of the 2 x 2 GUE, and is given by

1
baup2(r1,22) = — (21 — xz)ze—(ﬁﬂ%)_
7r

To see the GUE connection more explicitly, consider the 2 X 2 traceless GUE

matrix

X Y +1i4
MO = 9
Y —iZ X,
where X1, X5,Y, and Z are centered, normal random variables. Since Corr (X1, Xs) =

—1, the largest eigenvalue of My is

Mo = \/X12‘|‘Y2+ZQ,

almost surely, so that X}y ~ x3 if Var Xy = VarY = VarZ = 1. Hence, up to a

scaling factor, the density of A\ is given by (5.1.34). Neat, let us perturb My to
M = aGI + 6M0,
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where o and 3 are constants, G is a standard normal random variable independent
of My, and I is the identity matrixz. The covariance of the diagonal elements of M is
then computed to be p := o — 2. Hence, to obtain a desired value of p, we may take

a=+/(14p)/2 and B = /(1 — p)/2. Clearly, the largest eigenvalue of M can then

be expressed as

/1 [1—

At one extreme, p = —1, we recover \; = A1 o. At the other extreme, p = 1, we
obtain \y = Z. Midway between these two extremes, at p = 0, we have a standard

GUFE matriz, so that

1
A= \/;(Gjt)\l,o).

5.2 Combinatorics Revisited

The original combinatorial development for the m-letter alphabet resulted in m — 1
quantities ST, 1 < r < m — 1. In the 2-letter case we were then able to proceed
with a probabilistic development which involved a single Brownian motion. Using an
even more straightforward development which involves m quantities instead, we can
obtain more symmetric expressions for LI,. This is done next, and will prove useful
when studying the shape of the whole Young tableau.

Recall that a}, counts the number of occurrences of «,. among (X;)i<;<x. Moving
beyond the purely combinatorial setting, assume that (Xj)r>o is an infinite sequence
generated by an irreducible homogeneous Markov chain having a stationary distribu-
tion (71, ma, ..., mm). (For no k > 0 is the law of X}, necessarily assumed to be the
stationary distribution.) For each 1 < r < m, set 1] = a}, — m.k, for £ > 1, and

T = 0. Beginning again with (2.1.1), we find that
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LI, = max [(a}, —a}) + (@, —ad) + o+ (o —ap )]
SRm—-13N

~ max [((Tkll + k) — (TL +miko)) + (T2 + maks) — (T2 + maky))
max.
<km-1<n

+ -+ (T8 + k) — (T + kam—l))]

= max [T = Th) + (T2 —T2) + -+ (T~ T0,)

0<ky <--- km—1
<km—1<n
o 71y — ko) + malkz = ) + -+ (b = i) (5.2.1)
Setting e, = max{m, o, ..., Ty}, (5.2.1) becomes
LI, = Tpeen = max Y [(Tf = T5 ) + (M = Tonaa) (kr — r1)]. (5.2.2)

O0=ko<k;<:-
Skmfl Skm:n r=1

For a uniform stationary distribution, m,,,, = m. = 1/m, for all r, and (5.2.2) simpli-

fies to

m
n

LI, — —=  max T, =1, ). 5.2.3

Tom o=keski<- Z( m— Tk ) ( )
<km-1<km=n r=1

To introduce a random walk formalism into the picture, we next set, for i =

1,...,nandr=1,2,...,m,

1, if Xz = Oy,
W’ = (5.2.4)

7

0, otherwise.
Clearly, a = S5 W7, and so T} = ¢ (W) —,), for 1 <r < m.
To understand the limiting law of (5.2.2) or (5.2.3), we must have a more precise
description of the underlying Markovian structure. To that end, let p, ; = P(Xj41 =
as| X = a,.) be the transition probability from state «,. to state ay, and let P = (p, )

be the associated Markov transition matrix. In this setting,
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(P, pp™t wt) = (ot 05, o) P

Py P2 - Py
Moreover, as usual, let p,(@ denote the k-step transition probability from «, to ay; its
associated transition matrix is simply P*.

Assume now that the law of X is the stationary distribution. Thus, by construc-
tion, E7y =0 forall 1 <r <m and 1 < k < n, and our primary task is to describe
the covariance structure of these random variables T} .

Since W] is, simply, a Bernoulli random variable with parameter ., Var W) =

)

7-(1 — 7). We then find that, for & > 1,

k
VarTy = Var (Z(VV[ — m))

i=1
k
Zvarw"+z Z Cov (W}, Wi)
i=1 i1=112=i1+1
k i1—1
+) > Cov(W), W). (5.2.5)
11=212=1

By stationarity, (5.2.5) becomes

Vaer—ZVarW’"—l—Z Z Cov(Wg, Wi, i)

i1=112=01+1
kE 11—-1

—I—ZZCOV Wy, Wi _i,)

i1=219=1
k

—k’ﬂ'r 1—7T7~ ‘l‘Z Z 7T7’p7(}72~ i) _71-7%)

i1=119=41+1
k i11—1

+ZZ ﬂ-?"prli’ ) — 3)

i1=219=1

k—1 k
2_2 io—i1 T
= km, — k°m. + 7, E E e.P* e,
i1=119=41+1
k i1—1

+ 7, Z Z e, Pl 2el (5.2.6)

i1=219=1
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where e, = (0,0,...,0,1,0,...0) is the r* standard basis vector of R™. Setting

k-1 k k
=3 Y P =) (k-i)P (5.2.7)
i1=1120=i1+1 =1
we can rewrite (5.2.6) in the simple form
Var T} = kr, — k*n% 4 2m,.e,Qrel . (5.2.8)

Our description of the covariance structure can now be completed using the above

results. For r{ # ry and k > 1,

Cov (T}, T}?) Zcov (W, Wr2) + Z Z Cov (W], W;2)
i1=112=41+1
k i1—1

+Y > Cov(W)r, Wi2)

11=2142=1

= Z Cov(W/*, W) + Z Z Cov(Wo*, Wi2.)
i1=112=41+1
k i1—1

+) 0N Cov(Wgz, Wi,

i1—2 ’iz—l

— E E i2—1
= ]{;7‘[‘7,1 Ty + 7rr1p7("1,7"2 V= 7TT’17TT’2)

i1=11i0=i1+1
k i1—-1

+ Z Z Wrzpq(}glrlzz — Ty Ty )

11=212=1
k—1

k
_ 2 i9—11 T
= —k*m., Ty + Ty E E er, P €,

i1=112=i1+1
k i1—1

T
+ Ty E E eTQP“ 02 €

11=2142=1

= —K’m, ., + erekaez; + Wrzem@kefl. (5.2.9)
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Remark 5.2.1 Both (5.2.8) and (5.2.9) appear to be asymptotically quadratic in k.

k

However, since Qp = Y_._,(k — i)P", cancellations will show that when the Markov

chain 1s irreducible and aperiodic, the order of the variance is, in fact, linear in k.

In order to further analyze the asymptotics of (), we first examine the diagonal-

ization of P for a very general class of transition matrices.

Proposition 5.2.1 Let P be the m x m transition matrixz of an irreducible, aperi-
odic, homogeneous Markov chain with eigenvalues Ay = 1, o, ..., A, and let A =
diag(1, Ao, ..., A\). Let P = STAS be the diagonalization of P, where the rows of
S consist of the left-eigenvectors of P, with, moreover, the first row of S being the

stationary distribution (7, T, ..., mm). Then the first column of S~% is (1,1,...,1)%.

Proof. Since P = S7'AS, then PS~! = S~'A. Denoting the first column of S~! by
c1, we have Pc; = c;. But since the rows of P sum to 1, we see that ¢; = (1,1,...,1)T
satisfies Pc; = ¢;. Moreover, ¢; must be unique, up to normalization, since the
irreducibility of P implies that A\; = 1 has multiplicity 1. Finally, since the inner
product of the first row of S and the first column of S~! is 1, the correct normalization

is indeed (1,1,...,1)T. n

Returning to Q, as given in (5.2.7), and using Proposition 5.2.1, we then obtain:

Theorem 5.2.1 Let (X,,),>0 be a sequence generated by an m-letter, aperiodic, ir-
reducible, homogeneous Markov chain with state space A,, = {1 < -+ < an},
transition matriz P, and stationary distribution (mwi, 7o, ..., Ty). Let also the law of
Xo be the stationary distribution. Moreover, for 1 < r < m, let T} = a}, — 7.k, for
k> 1, and T} = 0, where aj, is the number of occurrences of o, among (X;)1<i<k-
Then, for 1 <r <m,

T’f‘
Vardi (14 2¢,5'DST) . (5.2.10)

lim

k—oo
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and for r1 # ry,

L Cov(Ty Tp?)

] ’ = M 6,5 'DSe). + e, ST DSel

717

(5.2.11)

where P = S7'AS is the standard diagonalization of P in Proposition 5.2.1, and
D = diag(—1/2,Aa/(1 — Xa), ..., A\ /(1 = N\y)). That is, the asymptotic covariance

matriz of (T}, )1<r<m is given by

Y =T1+II(S'DS)+ (S'DS)'I, (5.2.12)

where 11 = diag(my, ma, ..., Tpn)-

Proof. Beginning with (5.2.7), we diagonalize P and find that

k—1
Qv =Y (k=) (ST'AS)'
. k-1
= 5! (Z(k — i)A’) S
i—1
= S~ tdiag(h(1), h(X2), ..., h(Am))S, (5.2.13)
where h(\) := S27—1(n — k)A*. Now h(1) = k(k — 1)/2 is quadratic in k, while for
ANATL
by — i Ay A=)

CE VRSV

so that A(\) is linear in k. We thus can write @) as the sum of terms which are,
respectively, quadratic and linear in k. Recalling, moreover, that the first row of S
contains the stationary distribution, and that the first column of S~ is (1,1,...,1)7,

we have
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Qr = St diag(h(1), h(X2), ..., h(An))S,

::E—S_ldMg(L(L.“,O)S

2
1 A A
—1 9. - 2 m
+ kS dlag< 2,1_)\2,...,1_)\m)5+0(k)
7T1 7T2 ... 7Tm
2 7T 7T ... 7Tm
:%_ L + kSTIDS + o(k). (5.2.14)
T To - Tm

Starting with the variance in (5.2.8), we now find that, for each 1 < r < m,

Varly = knm, — kzﬂf + QWTeere;F

2

= knm, — k*n? + 2m, <%7rr + keTS_lDSeTT> + o(k)

= km, (14 2¢,S7'DSe]) + o(k),

(5.2.15)
from which the asymptotic result (5.2.10) follows immediately.
An identical development shows that, for 1 # rq, (5.2.9) simplifies to
Cov(Ty, T)?) = —k*mp @y + Ty €0, Qrel + Trpe,Qrel
2
= — kM, Ty + Ty (77@2 + kerlS_lDSeZ;)
k’2
+ Ty (57@1 + kewS_lDSeTTl) + o(k)
=k (7,6, 5 ' DSe}, + mpe,, ST DSl ) + o(k),
(5.2.16)
from which the asymptotic result (5.2.11) follows, and so does (5.2.12). n

89



Remark 5.2.2 To see that (5.2.10) and (5.2.11) both recover the covariance results
for the iid case in Chapter I, let P be the transition matriz whose rows each consist
of the stationary distribution (my,ma, ..., Tpy). In this case g = -+ = \,, = 0, and

so D = diag(—1/2,0,...,0). Hence,

erlS_lDSeg2

I
—~
[a—
*x
*
~—
—~
3
<
*x
*
~—
!

for all i and ro, and so, for each r,

lim VazT,;’ =T, (1 + 2 (—%)) =m.(1—m),

k—o00
while, for r1 # ry,

Jim k

Cov(TT, T7 . .
Cov(Tin T) _ o (_m) o (_%> o

Note that, in the uniform iid case, we have m, = 1/m, for all 1 <r < m. Hence, for
1 # ra, the asymptotic correlation between T}* and T} is given by (—1/(m?))/((1/m)(1—
1/m)) = =1/(m — 1), so that the covariance matriz is indeed the permutation-

symmetric one obtained in the iid uniform case in Chapter I1.

5.3 The Limiting Shape of the Young Tableau

Thus far, our results have centered on LI, alone, essentially ignoring the larger ques-
tion of the structure of the entire Young tableau. The present section extends the
combinatorial development of the previous section to answer the question of the lim-
iting shape of the Young tableau.

Our first result in this direction is a purely combinatorial expression generalizing

(5.0.31). It is standard in the Young tableau literature to have entries chosen from
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the set {1,2,...,m}. Below, without loss of generality, we allow our entries to be

chosen from the m-letter ordered alphabet A, = {a; < -+ < a,,}.

Theorem 5.3.1 Let RL R% ... R’ be the lengths of the first 1 < r < m rows of
the Young tableau generated by the sequence (Xi)1<k<n whose elements belong to an
ordered alphabet A, = {aqn < -+ < ay,}. Then, for each 1 < r < m, the sum of the

lengths of the first v rows of the Young tableau is given by

r m-—r+j

T
J J4 14
E R = max E <akﬂ - aijLl) , (5.3.1)
1 k‘j}zEJr,m —1 ’ ’
‘7:

Jj=1 t=j
where Jypm = {(kj,1 < j<7r0< < m):kj1=0km,; =n1<j<

ki1 <kl <j<nrl1<l<mikj,<kj_142<j<r1<l<m}, and where

at is the number of occurrences of oy among (X;)1<p<i-

Proof. Recall that the sum of the lengths of the first r» rows of the Young tableau
generated by a sequence (Xy)i<g<n, whose letters arise from an m-letter alphabet,
has an interpretation in terms of the length of certain increasing sequences. Indeed,
the sum R!+ R2+---+ R" is equal to the maximum sum of the lengths of r disjoint,
increasing subsequences of (Xj)1<k<n, where by disjoint it is meant that each element
of (Xk)1<k<n Occurs in at most one of the r subsequences. (See Lemma 1 of Section 3.2
in [18]). More general results of this sort, involving partial orderings of the alphabet
and associated antichains, are known as Greene’s Theorem [23]. However, such results
are not enough for our purpose. Below we need a different way of reconstructing
disjoint subsequences.

We begin by examining an arbitrary collection of r disjoint, increasing subse-
quences of (Xj)1<k<n, and show that we can always map these r subsequences onto
another collection of r disjoint, increasing subsequences whose properties will be

amenable to our combinatorial analysis.
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Specifically, with the number of rows r fixed, suppose that, for each 1 < j < r,
we have an increasing subsequence (ng)lgggnj of length n; < n, and that the r
subsequences are disjoint.

We first construct the new subsequence (X I%;)lg[gﬁl as follows. First, place all a;s
occurring among the r original subsequences into ()NC I%;)lg[gﬁl, if there are any. If the
last a; occurs at the n'* index, then (X%;)lg[gﬁl is complete. Otherwise, place all
ass which occur after the final oy into (f(é%)lggﬁl, if there are any. If the last aq

occurs at the n'* index, then (X} )i<e<sm, is complete. Otherwise, continue adding,

k}
successively, ag,...,Qn_r11 in the same manner. Thus, (X,%l)1<g<ﬁ1 consists of a
1)1<e<
weakly increasing sequence of length n; having values in {a, ..., p_ri1}-

Next, we construct the new subsequence (X%)lggﬁz similarly. By considering

only those letters among the r original subsequences which have not already been

moved to the first new subsequence, start with the smallest available letter, as, and

continue adding, successively, as, ..., ani-—2. Note that, crucially, all ass added to
(X' %)Kﬁgfzg occur before the last index at which o was added to the first subsequence.

More generally, each a;, 2 < j < m —r + 2, added to (X]%)lggﬁ2 occurs before the
last a;_1 was added to the first subsequence. Thus, (f( I%)lgggfm consists of a weakly
increasing subsequence of length 7y having values in {as, ..., @y _ri2}.

The construction of ()~( gz)lgggﬁj, for 3 < 7 < r, continues in the same manner, with

(5( 2 i)lggﬁj, constructed from among the entries of the 7 original subsequences which
were not moved into any of the first j — 1 new subsequences, so that (5( 2 z-)lggﬁj, con-
sists of a weakly increasing sequence of length 7, having values in {ay, ..., Qpm_rij}-
It is possible that beyond some j > 2 the new subsequences may be empty.

We claim that, indeed, the construction of the 7" new subsequence exhausts the
set of available entries. Indeed, without loss of generality, assume that after we

have created the (r — 1) new subsequence, the set of available entries is non-empty,

and designate the location of the final oy to be included in the j** new subsequence
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by kjs for 1 < j < rand 1 < ¢ < m. (If no ay was available for inclusion,
set kjo = kjo_1, where kjo = 0, for all 1 < j < r.) Clearly, all oy, az,..., 0,1
have been included in the first » — 1 new subsequences. If r = m, we are done:
simply put the remaining «,s into the r* new subsequence. If r < m, we may still
ask whether there was, for some r +1 < ¢ < m, an a, from among the available
entries which occurred before k,,_;. Assume that there is such an o,. Now by
construction, kji1s—ry; < Kjo—pyj1, for 1 < j < r —1. Hence, there exist letters
aj, < o, < -+ <, < oy among the original subsequences which occurred after
k41, and, moreover, each letter must come from a different subsequence. But since
each original subsequence was increasing, none of them could have contained an ay
before k, ,_1, and we have a contradiction.

To better understand this construction, consider the first row of Figure 3, which
shows an initial sequence of length n = 12, with m = 4 letters, broken into r = 3
disjoint, increasing subsequences of lengths n; = 3,ny = 4, and ng = 3, and so with
total length 10. The final three rows of the diagram show the results of the operations
described above, producing 3 new increasing subsequences of length n; = 4,1, = 3,
and ng = 3.

Hence, if we wish to find r disjoint, increasing subsequences whose length sum
is maximal, it suffices to consider only those disjoint, increasing subsequences for
which the final occurrence of the letter «a, in the subsequence ¢ happens after the
final occurrence in the subsequence j, whenever ¢ < j. Because such ranges do not
overlap, if we wish to count the number of ays in the j% subsequence, it suffices to
simply count the number of ags in (Xj)1<x<n Over that range.

Indeed, returning to the fundamental combinatorial objects of our development,
the a, we see that since aj — a], counts the number of a;s in the range £ +1,. .., k,
we can describe the valid index ranges over which to search for the maximal sum as

Jrm = {(kj, 1 <j<r,0<l<m):kjj1=0kjmps;=n1<j<rkjq <

93



1 4 2 1 3 4 3 4 1 4 2 4
1 1 2
1 4 4 4
2 3 3
1 1 1 2
2 3 3
4 4 4

Figure 3: Transformation of » = 3 subsequences.

kjo,1 <j<r,1<l<mjkjy<kj1,2<j<r1<{¢<m}. The constraints on the
k; ¢ follow simply from the fact that each subsequence is increasing and that, moreover,
the intervals associated with a given letter do not overlap. Figure 4 indicates the
relative positions of each range, for r =4 and m = 7.

Since the first possible letter of each subsequence grows from «; to «,, and the

last possible letter grows from «,, ,_1 to a,,, the result is proved. [
=1 1 2 3 4
=2 2 3 4 5
=3 3 4 5 6
j= 4 5 6 7
k=1 k=n

Figure 4: Schematic diagram of J,,,, for r =4,m = 7.
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We are now ready to apply our asymptotic covariance results (Theorem 5.2.1),
along with a Brownian sample-path approximation, to the combinatorial expression
(5.3.1), and so obtain a Brownian functional expression for the limiting shape of the
Young tableau for all irreducible, aperiodic, homogeneous Markov chains.

Indeed, for each 1 < r < m, let the sum of the first » rows of the Young tableau

be given by

r m—r+j

V=SR] :,%fmz s (oh,, — ) (5.3.2)

j=1 i=1
where the index set J,.,, is defined as in Theorem 5.3.1. Define, as before, T} =

ZL(VV{ —m,) = aj, — 7.k, and so rewrite (5.3.2) as

r m—r+j

ro__ 4 A
V= max 30 30 (T +mekse) = (Th,e,+ mhiann))

Jj=1 l=j

r m—r+j
¢ ¢
— max 30 ((T,w - Twl) e (K — k;j,g_l)) . (5.3.3)
PETTRT =1 4=j

Next, let 7 be a permutation of the indices 1,2,...,m such that 7 ) > 79 >
- 2> Trmy > 0. Moreover, we demand that if 7. = 7, for i < j, then 7(i) < 7(j).
(The permutation so defined is thus unique.) As we are considering V", it is natural
to define v, = Z; L Tr(j), the sum of the r largest values among m, o, ..., my,. We
obtain, below, the limiting distribution of (V7 — v,n)//n as a Brownian functional.
To introduce Brownian sample-path approximations, and for each 1 <r < m, we

first define the asymptotic variance of 7 as in (5.2.10), by

Var T}
o Zn =e, el (5.3.4)

T

o2 := lim
n—oo n

and, for r; # ro, the asymptotic covariance of 7' and 7,2 by

Cov(T,Tr2)

n—o00 n

= e, Yel, (5.3.5)
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=1 1 2 3 4
=2 2 3 4 5
=3 3 4 5 6
=4 4 5 6 7
t=0 t=1

Figure 5: Schematic diagram of [, 4, for s =4,d = 7.

where Y is the covariance matrix of Theorem 5.2.1 associated with the transition
matrix P. For each 1 < r < m, we then let
10+ (nt — [nt))(W] .., — 7))

o/n ’

for 0 <t < 1. This rescaling of [0,n] to [0, 1] calls for us to define a new parameter

(5.3.6)

set over which we will maximize a functional arising from the expressions in (5.3.6).

Indeed, for any positive integers s and d, with s < d, define the set

La={(t; 1S <50 <0< d) ity =0 la sy =115 <5,
tioo1 <tj,1<j<s,1<0<d;

be<tiie2<j<s1<0<d}).

Note that the constraints ¢; ;_; = 0 and ¢, 4_s4; = 1, for 1 < j < s, force many of the
t;¢ to be zero or one. We will denote the s x (d + 1)-tuple elements of I, 4, by (¢, ).
Figure 5 shows the structure of I, 4, for s = 4 and d = 7. The locations of t;, are
indicated by the horizontal lines within the diagram.

With this notation, (5.3.3) becomes
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Vr r m-—r+j

n — U 3
2 e (X3 o (Bl - Bitt-)
m j=1 —j

r m—r+j

T Z; ; Vin(my — o) (te — tj,z—1)}. (5.3.7)

Our analysis of (5.3.7) will yield the following theorem, whose proof we defer to
the conclusion of the section. This theorem gives, in particular, a full characterization

of the limiting shape of the Young tableau in the non-uniform iid case.

Theorem 5.3.2 Let (X,,),>0 be an irreducible, aperiodic, homogeneous Markov chain
with finite state space A, = {aq < -+ < an}, transition matriz P, and stationary
distribution (T, T, ..., Tp). Let ¥ = (0,.5)1<r.5<m be the associated asymptotic co-
variance matriz, as given in (5.2.12), and let the law of Xy be given by the stationary
distribution. Let T be the permutation of {1,2,...,m} such that 7 ¢y > 7-(i41), and

7(i) < 7(j) whenever .y = m-(jy andi < j. Foreach 1 <r < 'm, let V; be the sum of
the lengths of the first r rows of the associated Young tableau, and let v, = Z;Zl e (j) -

Finally, let d,. be the multiplicity of 7.y, and let

O> Zf Tr(ry = Tr(1),
m, =

max{i : T ;) > Ty}, otherwise.

Then, for each 1 < r < m,

JR— V n mr ~ .
Yo 2V oy N 0 BTO(1)
r—m, (dr+my—r+j)

+ max Z Z O (my+0) (BT(mTM) (t“) — Br(ms+0) (tj,z_1)> , (5.3.8)
= ,

97



where the first sum on the right-hand side of (5.3.8) is understood to be 0, if m, =
0. Above, 62 = o,,, and (B'(t), B*(t),..., B"™(t)) is an m-dimensional Brownian

motion, with covariance matriz ¥ = (G,.5)1<r.s<m given by

(Grs) = t(ors) /005, (5.3.9)

for 1 <r,s <m. Moreover, for any 1 < k <m,

V,}—I/ln’v,f—uzn"”’m (VA V2,
N4D N4D VLD

Remark 5.3.1 The critical indices d, and m, in Theorem 5.8.2 are chosen so that

L VE). (5.3.10)

Tr(my) > Tr(mp4+1) = Tr(r) = *°° = Tr(my+dy) > T (mp4-dr+1)-

Thus, the functional in (5.3.8) consists of a sum of m, Gaussian random variables and

a maximal functional involving only d, of the m one-dimensional Brownian motions.

Remark 5.3.2 Another, perhaps more natural, way of describing the covariance
structure of the m-dimensional Brownian motion in Theorem 5.3.2 is to note that

(o1 B (t),05B%(t), ...,0mB™(t)) has covariance matriz t.

Let us now examine the case r = 1. Here, as previously noted, V! = LI,,. Since

my = 0, (5.3.8) becomes

dy

LI, — Topaan ) )
Zn T Tmar L ax 0. (BT(a LN BT O, ) -
G T, e (B — B0 (53.11)

where we have written 7,4, for 7,¢1). The functional in (5.3.11) is similar to the one
obtained in the iid case in (2.2.39), namely H,,, the essential difference being, not
in the form of the Brownian functional, but rather in the covariance structure of the

Brownian motions.
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To see precisely where this difference comes into play, note that if the transition
matrix P is cyclic, then the covariance matrix of the Brownian motion is also cyclic.
Consider then the 3-letter aperiodic, homogeneous, cyclic Markov case. Since the
Brownian covariance matrix is symmetric, and, moreover, degenerate, an additional
cyclicity constraint forces it to have the permutation-symmetric structure seen in the
iid uniform case. In particular, LI, will have, up to a scaling factor, the same limiting

distribution as in the iid uniform case:

LI, —n/3 3
= B(t1) = B (tr- ) 5.3.12
Vn U(J%?is; ( (f1e) (tre-1)) ( )

where 0 = gy, for all 1 < ¢ < 3, and with the Brownian covariance matrix given by

1 =1/2 -1/2
S=t|-1/2 1 -1/2]|,
-1/2 —-1/2 1
and where we have used the fact that 7(¢) = ¢, for all 1 < /¢ < 3.
However, when m > 4, the cyclicity constraint does not force the Brownian covari-
ance matrix to have the permutation-symmetric structure, as the following example

shows for m = 4.

Example 5.3.1 Consider the following doubly-stochastic, aperiodic, cyclic transition

matrix:

04 03 0.2 0.1

0.1 04 03 0.2
pP= . (5.3.13)

0.2 0.1 04 0.3

0.3 02 0.1 04

While the doubly-stochastic nature of P ensures that the stationary distribution is

uniform, the covariance matriz of the limiting Brownian motion, at three-decimal
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accuracy, is computed to be

1.000 —0.357 —0.287 —0.357
—0.357 1.000 —0.357 —0.287

Mr
I
~

(5.3.14)
—0.287 —0.357 1.000 —0.357

—0.357 —0.287 —0.357 1.000
and 0% = 02 := 0.263, for each 1 < r < 4. Thus, the limiting distribution of LI, is

given by

4
= 0 max (Bé(tl,g) — Be(tu_l)> : (5.3.15)

for 1 < r < 4. However, while the form of the functional is the same as in the iid
uniform case (up to the constant), the covariance structure of the Brownian motion

in (5.3.14) differs from that of the uniform iid case, i.e., from

1 -1/3 —-1/3 —-1/3

t ~1/3 1 -1/3 —1/3 | (5.3.16)
~-1/3 -1/3 1 —1/3

~-1/3 -1/3 -1/3 1

and so the limiting distribution in (5.3.15) is not that of the uniform iid case.

We thus see that Kuperberg’s conjecture regarding the shape of the Young tableau
for random sequences generated by aperiodic, homogeneous, and cyclic matrices [32]
is not true for general m-alphabets. By simply extending the first-row analysis above
to the second and third rows, we see that it is true for m = 3. However, as could
have been anticipated by (5.3.12), it fails for m > 4, as the previous example showed.
Furthermore, in the next section we shall see that for the cyclic case the structure of
3} can be described in an elegant manner which delineates precisely when we obtain

the uniform iid limiting law.
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In the more general doubly stochastic case, we have the following corollary:

Corollary 5.3.1 Let the transition matriz P of Theorem 5.3.2 be doubly stochastic.

Then, for every 1 <r <m, m, =0,d, =m, and

Bt w33 o (B0 - Ben). 63

If, moreover, the matriz P has all entries of 1/m (i.e., in the #id uniform alphabet

case), then

Vi—rn/m  Vm—1 rom-rtj @ y
Vn = T m (tmgz}fmz Z (B tje) — B(tj,3—1)> (5.3.18)

J=1

and the covariance matriz in (5.3.9) has all its off-diagonals equal to —1/(m — 1).

Proof. For each 1 < r < m, m, = 1/m, and so v, = r/m, m, = 0, and the
multiplicity d, = m. Moreover, the permutation 7 is simply the identity permutation.
This proves (5.3.17). If, moreover, all the transition probabilities are 1/m, then
the multinomial nature of the underlying combinatorial quantities aj, tells us that
02 = (1/m)(1 — 1/m), for each 1 < r < m, and that p,, ,, = —1/(m — 1), for each
1 # 79, thus proving (5.3.18). n

To see that the functional in (5.3.17) is generally different from the uniform iid

case, even for m = 3, consider the following non-cyclic example:

Example 5.3.2 Let a doubly-stochastic (but non-cyclic), aperiodic Markov chain

have transition matriz

04 0.6 0.0
P=106 00 04]- (5.3.19)

0.0 04 0.6
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As in Fxample 5.3.1, the doubly-stochastic nature of P ensures that the stationary
distribution is uniform. In the present example, the asymptotic covariance matriz, at

three-decimal accuracy, is computed to be

0.459  0.049 —0.506

0.049 0.086 —0.136 | - (5.3.20)

—0.506 —0.136 0.642
Note that, even though we have a uniform stationary distribution, the asymptotic
variances (i.e., the diagonals of (5.3.20)) have dramatically different values. More-
over, according to Remark 5.2.2, in the uniform iid case, the only possibility for the
Brownian covariance matriz is that the off-diagonals have value —1/2. However, the

Brownian motion covariance matriz obtained from (5.3.20) is

1.000  0.246 —0.935
t| 0246 1.000 —0577 |- (5.3.21)

—0.935 —0.577 1.000
Not only are the off-diagonals different from —1/2, but in some cases are even positive.
In short, the functional in (5.3.17) has a distribution which differs from any iid case

(even non-uniform,).

Remark 5.3.3 Generalizing a result of Baryshnikov [6] and of Gravner, Tracy, and
Widom [22] on the representation of the maximal eigenvalue of an m x m element
of the GUE, Doumerc [16] found a Brownian functional expression for all the eigen-
values of an m x m element of the GUE. Our expression in (5.3.18) is similar, with
the exception that our m-dimensional Brownian motion is constrained by a zero-sum
condition, and, moreover, has a different covariance structure. (We note, moreover,
that the parameters over which his Brownian functional is mazimized in [16] might

be intended to range over a slightly larger set which corresponds to our I, ,,.) Using
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a path-transformation technique relating the joint distribution of a certain transfor-
mation of n continuous processes to the joint distribution of the processes conditioned
never to leave the Weyl chamber, O’Connell and Yor [37] employed queuing-theoretic
arguments to obtain Brownian functional representations for the entire spectrum of
the m x m element of the GUE. In a study of much more general transformations of

this type, Bougerol and Jeulin [9] were able to obtain this result as a special case.

If d, = 1, i.e., if the 7" most probable state is unique, then the following result

can be viewed as lying at the other extreme from Corollary 5.3.1:

Corollary 5.3.2 Let 1 <r < m, and let d. = 1 in Theorem 5.53.2. Then

Vil —un d (i
n N BTO(1). (5.3.22)
Ve St

Proof. If d. = 1, then m, = r — 1, and so the maximal term of (5.3.8) contains
only one summand, namely UT(mT,H)BT(m"H)(l) = O’T(T)BT(T)(I). Including this term

in the first summation term of (5.3.8) proves (5.3.22). u

Remark 5.3.4 The mazximal term of the functional in (5.3.8) is that of the doubly-
stochastic, d,.-letter case. Indeed, the maximal term involves precisely d, Brownian
motions over the r —m, rows. Such a functional would arise in a doubly-stochastic
d,.-letter situation with a covariance matrixz consisting of the sub-matrix of the original
Y. corresponding to the d, Brownian motions, as in Corollary 5.3.1. The Gaussian
term corresponds to the functional of Corollary 5.3.2. That is, in some sense, the

limiting law of (5.3.8) interpolates between these two extreme cases.

Proof. (Theorem 5.3.2) Since the r = m case is trivial (V" is then identically

equal to n), assume that r < m. Recall the approximating functional (5.3.7):
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J=1 t=j
r m-—r+j

+y Y \/ﬁ(m—m(j))(t]—,g—tj,g_l)}. (5.3.23)
j=1 t=j

Introducing the notation At;, = [t;,1,t;,1] and ME(At; ) := ME(t5.0) — ME(t0-1),
for any m-dimensional process M(t) = (M*(t), M*(t),..., M™(t)), t € [0,1], we can

rewrite (5.3.23) more compactly as

Vo v r m-—r+j R
- :max{z O'gB Atjg \/ﬁz 7T7-(] )|Atjg‘}

n I,
\/_ r,m =1 =j =1 =j

The main idea of the proof to follow will be to show that the second summation
of (5.3.24) can, in effect, be eliminated by choosing the (At;,) in an appropriate
manner. Now some of the coefficients (7 (;) —m,) are zero; such terms do not cause any
problems. Intuitively, however, the remaining terms should have |At; ;| = 0. Defining
the restricted set of parameters I}, = {(t M) SIAED DD P " (=) ) | At =

0,1 < /¢ < m}, we see that, provided I*  # 0,

r m-—r+j
maxz Z (UzB (Atje) — v/n (Tr() — )|Atﬂ\>
j=1 =5

r m—r+j

> maxz Z o¢BY (At ). (5.3.25)
=1 (=3

Moreover, by the Invariance Principle and the Continuous Mapping Theorem,

r m—r+j r m—r+j

max Z oy BL(At; ) :>maxz Z orB (At ). (5.3.26)

7" m

We claim that, indeed, I}, # (), and that, moreover,
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r m—r+j
Hiaxz > (“@fz(mj,é)—\/_ (e ) = HAW‘)
=1 t=g

r m—r+j

= max Z orBY(At; ). (5.3.27)
Jj=1 (=j

Tm

We will prove that ¥, # () by creating a bijection between Iy, and I, g, To
this end, for 1 < ¢ < m,, let [T(Z-),Z- = [Ur@),i-1,Ur@),:) = [0,1]. Next, choose any
(u.) € Ir—m,q,, and define further intervals jT(mr+j)7f = Aujy, for 1 < j <r—m,
and 1 < /¢ <d,.

We now create a partition of these intervals in a manner which relies on the ideas
used in the proof of Theorem 5.3.1. Consider the set of points {u;¢}1<j<r—m, 1<e<d,);
and order them as sop ;=0 < §1 < -+ < $,_1 < S, := 1, for some integer x, and let
As, = [Sq-1, 84, for all 1 < g < k.

Trivially, for each 1 < ¢ < &, and for each 1 < ¢ < m,, As, C fT(W. More-

over, for each 1 < j < r — m,, there exists a unique £(j,q) such that As, C
Lrtmyti)iG.g)- For each g, consider the set of indices A, := {r(1),...,7(m,)} U
{r(m, + ((1,q)),...,7(m, + £(r — m,,q))}, and order these r elements of A, as
1<{(l,q) < <l(r,q) <m

Using these partitions, we examine, with foresight, the following functional of a

general m-dimensional process (M (t))>o:

my (r—my) (r—my+dr—1)

ZMT@ Z Z MmO (Aug ) (5.3.28)

DS S MT(Asy)

j=1 t=j @:08qC L (myptj) e
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(r—my)

— i iMT(i)(ASq) + Z MT(mr'f‘Z(jv‘I))(ASq)
q=1 =1

j=1
_ Z Z Mg(j"J)(Asq) _ Z Z Mg(j’q)(Asq)
g=1 j=1 j=1 ¢=1
=33 MDA, (5.3.29)
j=1 (=1

where, for each 1 < j < r, and for each 1 < ¢ < m, t;, := max{s, : { > g(j, q)}
(That is, for each j, we collapse together intervals As, corresponding to the same
component M*.) Now, since our functional in (5.3.29) has non-trivial summands only
for £ such that 7.y > m-(), we have shown that (t.) € I,

The following example illustrates this argument. Suppose we have an alphabet of

size m = 8, with
(71,72, ..., ms) = (0.07,0.1,0.2,0.06,0.2,0.06,0.1,0.2).
Then,

Tr1) = Tr2) = Tr3) = 0.2, my=mog=m3=0, dy=dy=d3=3,

7TT(7) = 7T7-(8) = 006, my = mg — 6, d7 = dg = 2.

In particular, note that the two largest, distinct probability values are 0.2 and 0.1,
of multiplicities 3 and 2, respectively. Next, consider the case r = 4. We now show
how I, 4, = l4—32 = I1 2 corresponds to an element of I;im = L’LS. Figure 6 shows
a typical element of the unconstrained index set Iy g.

Now 7(1) = 3,7(2) = 5,7(3) = 8,7(4) = 2, and 7(5) = 7. Our construction begins
with the amalgamation of m, = m4 = 3 rows, corresponding to the three indices for

which 7; is strictly less than 7,y = 7.4y = 0.1, with I; 5. This is shown in Figure 7.
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Figure 6: A typical element of ;.

3

3
5

5
8

8

2

7

Figure 7: Amalgamating 3 rows with I; 5.
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5 5 3 5
8 8 5 7
2 7 8 8

Figure 8: Reordering vertically to obtain an element in I].

Finally, we simply reorder each vertical column in the original order of the indices,
as shown in Figure 8. We see that, first of all, we have constructed an element of I g.
Moreover, since we have three rows whose indices are associated with the maximum
value, and a remaining row whose indices are associated with 7.(4), we indeed have
an element of Ij¢. Note that the 4 x 4 = 16 free indices in I;g (corresponding to the
locations of the 16 vertical bars in Figure 6) have been reduced to a single one in I g.

In addition, we may essentially reverse this construction, starting with an element
of I, (# 0), and so obtain an element of I,_,, 4,. Indeed, from the definitions of

I}, and v, we know that

r m—r+j

ZWT ZZ Z o) At
= =1 t=j

for any (t..) € I;,,. However, we also have

r m—rtj r m—r+j
> il Aty = 1{m7->0}(§ D V1Tl At
j=1 ¢=j =1 t=j

r m-—r+j

+Z Z 1{7r7(l)<7r7(m7.)}77-€|Atj,€|)

j=1 t=j

r m—r+j

+ 1{mr:0}7r7(1)z Z |Atj,g|
j=1 t=j

< Lmes03 ((Trry + -+ Trnyy) + (1 = m0)70 )
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+ 1{m7:0}’l“7'['7-(1)

prng ]/717

with equality holding throughout if and only if m,, = 0 or m,. > 0 and Z;Zl |At; | =1,
for all ¢ such that 7 > 7r(n,), and that, moreover, >, Z;n:_jrﬂ Lin, =m0}

|Atj | =7 —m,. If m, >0, then, for any (¢ ) € I}

r,m?

we may start with (5.3.29),
and use again the permutation of the indices employed there. We thus obtain the
first term of (5.3.28), which corresponds to the condition » 7, [At;,[ = 1, for all £
such that 7 > 7-(m,), and also the second term of (5.3.28), which corresponds to
the other condition » %, Z;’;TH Lir, =3 Atjel = 7 —my,. If m, = 0 the same
reasoning holds, except that the first term in (5.3.28) is taken to be zero.

Having thus established a bijection between I, and I._,, 4., we may thus max-

imize over these two parameter sets, and so, for any process (M(t)):>0, obtain the

general result

mpr (r—my) (r—my+d,—1)

Z MT(Z) _|_ max Z Z MT(mr-i-Z)(Auj’Z)

i=1 'r my,dy

r m—r+j

= max Z MIGD(AL;,). (5.3.30)
j=1 (=1

r,m

We now proceed to show that (5.3.27) holds. First, fix ¢ > 0, and, for each

1<l <m, set

C, if m, < Tr(r),
Cp = (5331)

0, otherwise.
Next, let A/Zﬁ(t) = 0yBL(t) — ct, and let MY(t) = 0,B%(t) — ¢t. Then, for n
large enough, namely, for n > ¢/(7-(»y — T7(;4+1)), we have that, almost surely, for any

t. €l m,
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r m-—r+j

>y Z (e BA(AL ) = Vi (o — 72) 1At

Hence, almost surely, both

r m—r+
maxz Z]Mé (At; )
j=1 ‘(=1

r m—r+j

> maxz Z (U@Bﬁ(Atjx) —v/n (WT(j) — m) |Atj7g|> ,
=1 =)

and

r m—r+j r m—r+j

maxz Z M (Atjy) = maxz Z UgB (At ).
mm j=1 (=1 mm j=1 f=j

Now choose any z > 0. Then

(maxi:mi] (O’gB (Atje) — v/n (T _7Té)|At]g|>

r m—r+j
—maxg g UgB (Asjp) > )
Jj=1 t=j

r m—r+j r m—r+j
<P (maxz Z ME(AL ) — I}l*axz Z ME(AL ) > z) ,
=1 =1 m =1 g=1

so that

r m—r+j
hmsupIP(maxZ Z (agB (Atje) — v/n (Tr() — )|Atﬂ\>

n—oo Irm

j=1 (=j
r m—r+j

—maXZ Z O'gB (Asjg) > )
J=1 t=j
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r m—r+ r m-—r+
<hmsupIP’(maxZ ZJMZ (Atj) maxz ZJMZ (Atjp) > )
e

n—oo j=1 (=1

r m-—r+4j r m—r+
—P (maxz Z MY (At ) maxz ZJMZ (At ) > ) , (5.3.36)
7j=1 = e 7j=1 =

by the Invariance Principle and the Continuous Mapping Theorem. Next, for any

0<e<1,let

Lrm(e) = {(tje) € Lrm - Z | AL o Limy<n, S T}
5l
Thus, I, = I,m(0) C I m(€) C Lm(1) = L. We bound (5.3.36) using this family

of subsets as follows:

r m—r+ r m—r+
(maxz Z]MZ (Atj,) — maXZ ZJMZ (Atje) > )
1 = = =
’ r m—r+j " r m—r+j
<P<maxz Z M*(Atjy) maXZ Z M*(Atj ) > )
1 = =l 4=
’ r m—r+j " r m—r+j
r m—r+j rom—r+j
gIP’(ma(x)Z Z B (Atj) — maxz Z B(Asjy) > )
o = R

r_om-rtj r m—r+j
-, y
o (Ir e (@) 2. 2 B~ I%axz Y BAsj) > 2+ 67“0>

j=1 ¢=1 ™=l =1
r m—r+j B r m—r+j
S 90 SR IEOREES DD I EORES
r,m\€& r
’ =1 (=1 =1 =1

We can now take the limsup in (5.3.37), as ¢ — oo, and then, as € — 0, and so

establish convergence to zero in probability. Moreover, since
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7" m

room-r+ r m—r+
(max Z]M (At} ) maXZ ZJM (At ) >O> =1,
=1 i1 =1

we have in fact shown, Wlth the help of (5.3.36), that with probability one,

r m-—r+j r m—r+j

maxz Z M (At; ) maxz Z M (At; ),
j=1 (=1 nmoi=1 4=1

and thus
r m-—r+j )
max » ) (UzBﬁ(Atj,e)—\/_(WT(a )|Atﬂ\>
=1 4=j
r m—r+j
—maxz Z o B (As;y) 0. (5.3.38)
Hm j=
Since
r m—r+j r m—r+j
max Z O'gB (Asjr) :>maxz Z O'gB (Asjg), (5.3.39)
T’m j=1 t=j o j=1 {=j

by the Converging Together Lemma, we have proved (5.3.27). Equation (5.3.8) of the
theorem follows from the bijection between I, and I, 4. described in the general
result (5.3.30).

Finally, we can obtain the convergence of the joint distribution in (5.3.10) in the

following manner. Given any (6,05, ...,0,) € R", we have

:Ze(mzmz(B (8850) = VA (1o = ) 35

Im
r k m—k+j
_Zek(rﬁaxz > (o0 BE(AL0) = Vi (o) — ) 18]
k=1 "
k m— k‘-ij k. m—k+j
— max Z O'EBZ As]g) Z@k<maxz Z agB Asﬂ) (5.3.40)
Mg=1 f=j Tim j=1 t=j
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Now from (5.3.38), the first summation on the right-hand side of (5.3.40) converges
to zero in probability, as n — oco. Moreover, the second summation is a continuous
functional of (B}L, Bfl, e B,T), and so, by the Invariance Principle and Continuous

Mapping Theorem, converges. Then the Converging Together Lemma, along with

the bijection result (5.3.30), gives

d VE—un
S (Mo
k=1 "

k m—k+j

= Z@k (maxz Z O'EB ASjg ) = iﬁkvgz (5341)
mog= k=1

Since (5.3.41) holds for arbitrary (6y,0s,...,6,) € R", by the Cramér-Wold The-

orem, we have the joint convergence result (5.3.10). n

Since the shape of the Young tableau is more naturally expressed in terms of the
REF. rather than of the V¥, we may restate the results of the previous theorem as

follows:

Theorem 5.3.3 Let (X,,)n>0 be an irreducible, aperiodic, homogeneous Markov chain
with finite state space A, = {1 < -+ < ap,}, and with stationary distribution

(71,79, ..., Tm). Then, in the notations of Theorem 5.3.2,

Rl nn R2—7T(2)n Rm—ﬂ'( yn
. AL L R' R?2 ... R" 5.3.42
(Fron, St ) S (R R B, (5342

where

d1
RL =maxy o (BT@ (tre) — B™® (tu_l)) , (5.3.43)

T
)

and, for each 2 < k < m,
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mg
Rio = Z O’T(i)BT(i)(l)
i:mk,1+1
k—my, (dk+mk_k+j) B
+ max Z Z O‘T(mk_,_g)BT(mk—’_Z)(Atj,g)

T —my,dy = =
k—1-mp_y (dg_1+mp_1—k+1+7) ~
—  max > > Ortmy1+0) BT O (ALyy),  (5.3.44)

Iy 1-m; .4,
Mg —1:%k—1 ]:1 é:j

where we use the notation B*(At;.) = B*(t;4) — B*(tje_1), for any 1 < s < m,
1<j <k, and1 <{ <m, and where the first sum on the right-hand side of (5.3.44)

s understood to be 0, if my = my_1.

Proof. First, R = V! and, for each 2 < k <m, R* = V¥ —V*=1 Expressing these

equalities at the multivariate level, we have

R}L — Tr()T R?L — Tr2)N an - WT(m)n

(B B )

B an—wT(l)n Vnz—an—WT@)n Vnm—Vnm_l—ﬂT(m)n
(e e e S )

B (an —un V2 —wn vm — an)

n

N ALY IR NG
(o Vi—un VI — Uppoin
) n VAR \/ﬁ

= (VL V2 ... vy — (0, VL, ... vm

o eRERdNe o}/ ? T oo?

= (RL,R%,...,R™), (5.3.45)

where the weak convergence follows immediately from the Continuous Mapping The-
orem, since the transformation is linear.

Equations (5.3.43) and (5.3.44) follow simply from the Brownian expressions for
(VL V2, ...,V™) in Theorem 5.3.2. u

[’ shARdNe o}
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If all m letters have unique stationary probabilities, then we have the following

corollary to Theorem 5.3.3:

Corollary 5.3.3 If the stationary distribution of Theorem 5.3.3 is such that each m,

s unique, then

n WT(m)n

In other words, the limiting distribution is identical in law to the spectrum of

Rl_ . R2_ - Rm
(n Tr()N L, — Tr)N ):>N((0,0,...,O),Z). (5.3.46)

the diagonal matrix D = diag{Z1, Zs, ..., Zy}, where (Z1, Zs, ..., Zy,) is a centered

normal random vector with covariance matrixz 3.

Proof. Now, for all 1 <k <m, d, =1, and m, = k — 1, so that

and, for each 2 < k < m,

my,
R = Y o B(1)
i:mk,1+1
k—my, (d+my—k+j5) B
4 max Z Z Ur(mk-i—Z)BT(mk-M)(AtM)

Ikrfmk,dk j=1 é:j
k—=1-mp_1 (dg—1+mp_1—k+1+j) B
_ , max Z Z Ur(mk,1+£)BT(mk71 +£)(Atj,f>
k—1—-mp_q1,dp_1 =1 =)
k—1 ~
— O-T(i)BT(Z) (1)
i=k—1
1 J
B BT(k—H—Z) At
+ n}lflx Z Z UT(k 1+0) ( ],Z)

j=1 t=j
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1
— max Oriborn BTE 2O (AL
na ;; (k—2+0) (Atj)

= O’T(k_l)BT(k_l)(l) —+ O'T(k)BT(k)(l) — O’T(k_l)BT(k_l)(l)

= aT(k)BT(k)(l).
Moreover, the joint law result for (R, R ,..., R™) holds as well, and this is clearly
a multivariate normal distribution, with mean (0,0,...,0) and covariance matrix X.

Since the spectrum of a diagonal matrix consists of its diagonal elements, the final

claim of the corollary holds. [ |

Remark 5.3.5 We know that the joint law of (R.,, R%,,..., R™) in the iid uniform
alphabet case is identical to the joint law of the eigenvalues of an m x m traceless
GUE matriz. Corollary 5.3.3 also gives a spectral characterization for the unique
probability case, in particular, for a non-uniform iid alphabet with unique stationary
probabilities. This is consistent with the characterization of the limiting law of LI, in
the non-uniform iid case, due to Its, Tracy, and Widom [28, 29], as that of the largest
eigenvalue of the block associated with the most probable letters among a direct sum
of independent GUE matrices whose dimensions correspond to the multiplicities d,. of
Theorems 5.3.2 and 5.5.3, subject to the condition that Y ", VT Xr = 0, where
X1, Xo, ..., X,, are the diagonal elements of the random matriz. More generally, the

joint law in Corollary 5.3.3 is a special case of the non-uniform iid result of Xu [46].

Remark 5.3.6 The difference between the zero-trace condition - | X, = 0 and the
generalized traceless condition Y " |\ /T X, = 0 amounts to nothing more than a
difference in the choice of scaling for each row R;,. We will find it more natural to

express our results using the normalization associated with the zero-trace condition

27111 X, =0
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5.4 Fine Structure of the Brownian Functional

So far, we have seen that the limiting shape of the random Young tableau generated by
an aperiodic, irreducible, homogeneous Markov chain can be expressed as a Brownian
functional. The form of this functional is similar to the iid case; the essential difference
is in the covariance structure of the Brownian motion. We begin our study of the
consequences of this difference.

In the iid uniform m-alphabet case, Johansson [31] proved that the limiting shape
of the Young tableau had a joint law which is that of the spectrum of an m x m
traceless GUE matrix. An immediate consequence of this result is that the limiting
shape of the Young tableau contains simple symmetries, e.g., for each 1 < r < m,
R, £ —R7". Now, as was seen in Corollary 5.3.1 of Theorem 5.3.2, the form of the
Brownian functional in the doubly stochastic case involved only the maximal term.
We will see that that there is also a pleasing symmetry to the limiting shape of Young
tableaux in the doubly stochastic case by examining a natural bijection between the
parameter set I, and I,,,_,,, for any 1 <r <m — 1. Indeed, this result will follow

as a corollary to the following, more general, theorem:

Theorem 5.4.1 The limiting functionals of Theorem 5.3.2 enjoy the following sym-

metry property: for every 1 <r <m —1,

= ZO’T(Z-)B @) 1
r— mr mr+dr 7"‘1‘]

max Z Z o T(mr+£)BT(mr+£) (Atje)

EI’,« my,dr
m
£ § HT (1
= O’T(i)B ()(1)
i:mr"'l‘dr-‘f‘l
my+dr—r  T—mp+j

+  max > > Ot BT (Auyy), (5.4.1)

u('v')ejm’,«+d7«77“,d7«

117



where BY(A) := B(t) — B%(s), for A = [s,t], and where the non-mazximal terms on
the left and right-hand sides of (5.4.1) are identically zero if m, =0, or m,+d, =m

respectively.

Remark 5.4.1 Recall that, from the definitions of m, and d,., the non-maximal sum-
mation terms on the left and right-hand sides of (5.4.1) reflect the letters which have,
respectively, greater and smaller stationary probabilities than (. Recall, moreover,
that the maximal terms are associated with the indices having the same stationary
probability as m,qy. The mazimal term on the left-hand side of (5.4.1) involves a
summation over r —m, rows, while the one on the right-hand side involves m,.1 — 1
rows. Thus, in a sense, the two mazimal terms in (5.4.1) split d, = m,,1 —m, rows
between themselves. In summary, the functional on the right-hand side of (5.4.1)

corresponds to the sum of the m — r bottom rows of the Young tableau.

Proof. Without loss of generality, we may assume that 7(j) = 7, for all 1 < j < m.
Fix 1 <r <m —1, and for any point ¢ in the index set I,_,,, 4,, define At;y,, , =
[tje—1,tj4], for 1 < j <r —m, and 1 < ¢ < d,. Furthermore, for each 1 < j < m,
or myyy < j < m, set At;, = [0,1], for j = ¢, At;, = {0}, for 0 < ¢ < j, and
At = {1}, for j < £ < m. Next, as in the proof of Theorem 5.3.2, consider the set of
points {¢; ¢} (1<j<r—m, 1<¢<d,), and order them as 5o :=0 < 53 < -+ < 541 < 5, := 1,
for some integer k, and let As, = [s,-1, S,), for each 1 < ¢ < k.

Now, for each 1 < ¢ < k, let A, consist of the indices ¢ for which As, N At;, # 0.

Then, almost surely,

myr r—my (Mr+dr—r+j)

§ i 2 2 M4
O'Z'B O'mH_gB (Atj’g)

i=1

s m

=> ") B (Aty)

j=1 (=1
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s K

Z O'gBZ(AtLg N ASq)
j /=1

j=1 g=1 (=
T K

SN N aBi(Asy). (5.4.2)

j=1 q=1 teA,

Now by the “stairstep” properties of I, there are precisely r elements in each
A,. Letting flq = {1,...,m} \ A, for each 1 < ¢ < k, we thus see that each flq
contains exactly m —r elements. Let £~j7q be the j® smallest element of A,. We claim
that for each 1 < j < m — r, the sequence @71, @72, e ,Ej,ﬁ. is weakly decreasing.

Indeed, fix 1 <7 <m-—rand 1< q<k—1, and suppose that fm is less than all
the elements of A,. Then, by the properties of I,,,, the least element of A, is no

smaller, so that the j* smallest element of Aq, ¢+1 1s also fjvq. Next, suppose that

J
(,, is greater than k > 1 elements of A,. Thus, {;, = j + k. Then there are at most
k elements of A,.; which are less than or equal to fjvq, by the properties of I, ,,. But
this implies that there are at least j elements of flqﬂ which are less than or equal to
@q. Thus, gj7q+1 < @q, and the claim is proved.

Moreover, since each A, contains {1,2,...,m,}, we see that necessarily each flq
contains {m, +d, + 1,m, +d,. +2,...,m}.

For each 1 < j < m — r, we may now amalgamate the intervals As, to obtain
a partition of the unit interval. Specifically, for each 1 < 7 < m — r, and each
1 < £ <m, let @, be the smallest s, such that £;,,; <. (We define ;0 = 1, for all
1<ji<m-r.)

Finally, and most crucially, recall that )", o¢B*(t) = 0, for all . Then since

(BY, B?,...,B™) £ (-B',-B2,...,—B™),

Z > 0B (As,)
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m my—+dr—r m
= — Z O'ZBZ(l) — Z ZO’mT_MBmT—M(AuLg)
i=mr—+dr+1 7=1 (=1
- m ~ my—+dr—r m ~
= > aBUO+ DD omu BT (Auyy), (5.4.3)
i=mr—+dr+1 7=1 =1

where Au;p, = [ujo—1,u;s. But, by the way we ordered each A,, we must have
Auj, N Auj, o =0, for any jy # js. Thus, u € Ly, +d,—rd,, and so we may restrict the
summation over ¢ in (5.4.3) to ¢ = j,...,r —m, + j, since the remaining terms are
zero. Equation (5.4.1) follows immediately by taking the maxima over I,_,,, 4. and

Ly, +d,—r.a, over the left-hand and right-hand sides, respectively, of (5.4.3). [ |

For doubly stochastic transition matrices, the symmetry is even more apparent:

Corollary 5.4.1 Let the transition matriz P of Theorem 5.5.2 be doubly stochastic.

Then, for every 1 <r <m —1,

Vo= t maIX oy <B€(tj,g) — Be(tj,g_1)>
('7')6 r,m =1 sz
m—r r+7j ~
= mjax oy (Be(u],g) — Be(u],g_1)> =VorTr, (5.4.4)
u( ,‘)6 m—r,m ]:1 ZZ_]
and so
" R —rn/m m/m—> " R
fim 225! NG I £y T Zf’”"”“ - (5.4.5)
n—oo n n—oo n
Moreover,
(VL ... Vo) &£ wmt o vmen). (5.4.6)
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Proof. Since m, = 0 and d, = m for all 1 <r < m, the non-maximal terms on both
sides of (5.4.1) disappear, and we have (5.4.4).
To prove (5.4.5), recall that V;* = 7" R} = n. Then, from the result just

proved,

1

VT — (mo—r)n/m 5 R — (m—r)n/m

Vi Vi
(n= i ) = (m = r)n/m
_ >
Tn/m - Z;‘n:m—r—i-l R},

NG
= VISV (5.4.7)

and we have established the claimed symmetry.
Finally, the extension of (5.4.4) to (5.4.6) follows from a standard Cramér-Wold

argument. ]

Remark 5.4.2 Since R™ = =V almost surely, Corollary 5.4.1 states that R™ £

—R!_. From the symmetry of the Brownian motion, we thus see that R™ may be

represented as a minimal Brownian functional:

R™ =miny oy (Bf(tm) - Bf(tu_l)) .

Il,m —
Turning again to the cyclic case, recall that, for m > 4, the limiting shape of
the Young tableau in general differs from that of the iid uniform case. The following

theorem characterizes the asymptotic covariance matrices of such Markov chains.

Theorem 5.4.2 Let P be the m x m transition matrix of an aperiodic, irreducible,
cyclic Markov chain on an m-letter, ordered alphabet, A,, = {a1 < as < -+ < an},

with
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aq (7% tee as (45}
a9 aq e as
P=| - ] (5.4.8)
U1 Ceam Gy
Ay  Qp—1 -+ Q2 a1

Then, for 1 < j < m, A\; = >0, axw® D0 s an eigenvalue of P, where w =
exp(2mi/m) is the m™ principal root of unity. Moreover, letting v; = \;/(1—\;), for
2 <j<m, and §; = cos(2mj/m), for 0 < j < m, the asymptotic covariance matric

Y is given by

L= MO+ — 37 Re(y)MY, m=2mo+1, (5.4.9)
7j=2
and
Y= m= 1M(1) + 4§ Re( .)M(j) + 2 N (mo+1) —9 (5.4.10)
Y ﬁ; e\ 2 Tmo+1 ; m = 2my, (5.4.

where MY is an m x m Toeplitz matriz with entries (MY)), o = B_1)x—s, for 2 <

j<m, and (MW) =80 — (1= 60)/(m —1), for j = 1.

Proof. It is straightforward, and classical, to verify that, for each 1 < j < m,
(1w w20=D  wm=10=D) g a left eigenvector of P, with eigenvalue \; =
St apw® DU We can thus write our standard diagonalization of P as P =

STIAS, where A = diag(1, X, ..., Am),
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1 1 1 1
1w w? N L
S = 1 (.U2 w4 e w2(m_1) y (5411)
1 o™t w2(m—1) w(m—1)2
and
1 1 1 1
1 w_l w_2 e w_(m_l)
1
S_l = — 1 w_2 w_4 e w_z(m_l) . (5412)
m
1 w_(m_l) w_2(m_1) PN w_(m_l)Q

In the present cyclic, and hence, doubly stochastic case, we know that ¥ =
(1/m)(I + S71DS + (S71DS)T), where, as usual, we have D = diag(v1,72, . - -, Ym)
= diag(—1/2, A2/(1 = A2), ..., An/(1 = A\,)). We can then compute the entries of the

covariance matrix ¥ S~1DS as follows:

(ST'DS)juge = (S7)juk(D)i(S)es

k.0

2.

¢

(W™ U=DE=1Y (5 y) (w2~ DED)

3=

=i (k1)

I
Ms
3R

1

3= T
DO | =

<— +) %wﬁﬂ'ﬂ(’f—l)) : (5.4.13)
k=2

for all 1 < ji, jo, < m. The entries of the asymptotic covariance matrix can thus be

written as
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(05,50 + (ST'DS)j, 5, + (ST'DS)j,51)

Oj1,ja =

1 e R R
= E <5j1,j2 + E <_1 4 nyk(w(h J1)(k=1) _|_w(J1 J2)(k 1))))

k=2

m—1,m , 2y
T T2 M;j g + m2 Z%@Uz—jl\(k—n, (5.4.14)
k=2

for all 1 < 71,72, < m.

Next, note that since A\, 0 = \g, i.e., the complex conjugate of Am+2—k, We have
Ymt2—k = Vi, for all 2 < k < m. Moreover, since Bj,—j,|(k=1) = Blja—j1|((m+2—k)—1); We
can write (5.4.14) more symmetrically as (5.4.9) or (5.4.10), depending on whether
m is odd or even, respectively, and in the latter case, we also use that 7,,,+1 is real,

since w™o = —1. ]

Let us again examine the cases m = 3 and m = 4. In the former case, we have

1 —1/2 —1/2
MO =1|_12 1 —1/2
12 —1/2 1
But for m =3, 3, = —1/2 = 35, and so M) = M® . Hence
2

4 2
Y= §M(1) + §Re(72)M(2) =50+ 2Re (7)) MW, (5.4.15)

Hence, for m = 3, cyclicity always produces a rescaled version of the uniform iid
case, with the rescaling factor given by 1+ 2Re(7s).

For m = 4, however,

1 —1/3 —-1/3 —1/3

Y — ~-1/3 1 -1/3 —1/3

~1/3 -1/3 1 —1/3

~1/3 —-1/3 —1/3 1
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and 01 =0, By = —1, and B3 = 0. Thus,

1 0 -1 0
YO 0 1 0 -1
-1 0 1 0 ’
0 -1 0 1
and
1 -1 1 -1
o -1 1 -1 1
- 1 -1 1 -1
-1 1 -1 1
In this case, we have
ZZ%MW+%&m@M®+%%M@

Next, note that 20 + M®) = 3M @) Then, if Re(yy) = 7s,

3 4 2
Y=—MD 4 = M® 4 Z ()
16 + 16R6(”Y2) + 6%

3 2
_ 2y Ze )

3
=g+ 2Re(y2)) MY,

(5.4.16)

so that there is still a rescaled version of the iid case in a non-iid cyclic setting.

Indeed, since we know that \y = ay + tay — ag — iay = (a1 — ag) + i(ay — ay) and

A3 = a; — as + az — ay, we find that

1—a2—2a3—a4

Re(y2) = - L

(ag + 2&3 + CL4)2 + (CLQ — CL4)2

and 73 = 1/(2(az + a4)) — 1. A short calculation then shows that Re(vyy) = 73 if and

only if a2 = asas. We thus have a complete characterization of all 4-letter, cyclic
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Markov chains whose Young tableaux have the same limiting shape as the uniform
iid case. In particular, choosing ay = a4 = a, for some 0 < a < 1/3, leads to a3 = a
and a; = 1 — 3a. If, moreover, a = 1/4, we have again the iid uniform case. For
a # 1/4, however, we may view the Markov chain as a “lazy” version of the uniform
iid case.

Note that the scaling factor in both (5.4.15) and (5.4.16) is 1 + 2Re(7,). The
following theorem shows that, in fact, such a scaling factor occurs for general m, and
gives a spectral characterization of all transition matrices which lead to an iid limiting

shape.

Theorem 5.4.3 Let P be the m x m transition matrix of an aperiodic, irreducible,
cyclic Markov chain on an m-letter, ordered alphabet given in Theorem 5.4.2. Then
the asymptotic covariance matrixz ¥ is a rescaled version of the iid uniform covariance
matriz g, = ((m — 1)/m?) MY if and only if the constants v; = \;/(1 — \;), for

2 < 7 < m, satisfy the condition

Re(v;) =, forall2 < j<m, (5.4.17)

for some real constant v. Moreover, the scaling is then given by

Proof. We first claim that the system of matrix equations

> bMU) = MW (5.4.19)
j=2

has a unique solution b; = 1/(m — 1), for all 2 < j < m. Indeed, revisiting (5.4.14),

we can express each M) as
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= MY 4 ppm=itD) (5.4.20)

where (M), , = wU=DER /2 for all 1 < k, £ < m, so that (5.4.19) becomes

MO =3, ( 9 4 M(m—j+1)>

<.
[|
¥

=D (b + b)) MY
=> bMY), (5.4.21)

where b; == (b; 4 by_j41)/2, for 2 < j < m.
Now, clearly, each M) is cyclic, so that in solving (5.4.21) we need only examine
the m entries in the first rows of the matrices. We can thus reduce (5.4.21) to the

m X (m — 1) system of equations

1 1 1 1 R 1
by
w w2 w3 wm—l ~ m_——ll
b
2wt W e | =] ] (5.4.22)
b,
WMl ,2m=1)  3(m-1) w(m=17? =1

Since each of the last m — 1 rows of the matrix in (5.4.22) sums to —1, it is clear
that b; = 1/(m — 1) is a solution to the system. To see that this solution is, in fact,
unique, consider the (m — 1) x (m — 1) sub-matrix consisting of the last m — 1 rows

of the matrix in (5.4.22), namely,

127



w w w w
w2 o W0 w2(m=1)
(5.4.23)
W=l ,20m=1)  3(m=1) u)(m—1)2

Now this matrix, which is very closely related to the Fourier matrix which arises in
discrete Fourier transform problems, is in fact invertible, and can be shown to have
one eigenvalue of —1, and m — 2 eigenvalues of the form ++/m and +iy/m, so that
the modulus of the determinant is m(™=2/2 # 0. Thus, the solution b; = 1/(m — 1)
is unique, and since b; = (b; + bp—j+1)/2 = by_jy1, for all 2 < j < m, we conclude
that b; = 1/(m — 1) as well, for all 2 < j < m, and the claim is proved.

We can now use Theorem 5.4.2 to simplify the asymptotic covariance matrix

decomposition as follows:

m— 1 2 <

— (1) E (k)

Y= 3 MY + 3 Y M
k=2

m— 1 1
e V4 ¢)) _E( (k)
= M +27m2k_2M

= L;lM(l) + QnglM(l)
m m

m—1
— 1)
= (1 + 27) 3 M

= (14 27)Ziidu; (5.4.24)

where v = Re(y;), for all 2 < j < m. If the real parts of v; are not all identical,
then the uniqueness of the solution of (5.4.19) implies that no such simplification is

possible, and the theorem is proved. [ ]

Remark 5.4.3 To see that the condition in (5.4.17) is not vacuous for any m, recall

that for m = 4, the “lazy” chain has the iid limiting shape. This is true for general
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m:if ay =a3=---=ay, =a, for some 0 <a<1/(m—1), then \; =1 — (m — 1)a,
for all 2 < j < m. Trivially, then, v; = 1/((m —1)a) — 1 =1, for all2 < j < m,
so that the conditions of Theorem 5.4.3 are satisfied, and the scaling factor is given
by l+2y=(2—(m—1)a)/((m—1)a). Even in the m = 4 case, however, we saw
that there were other, more general, cyclic transition matrices which gave rise to the

1d limiting distribution.

The previous theorem indicates precisely when we may expect the limiting shape
of a cyclic Markov chain to be identical to that of the iid uniform case. Now the first-
order behavior of all rows of the Young tableau is n/m + O(y/n) for cyclic Markov
chains. Although this differs from the first-order behavior in the non-uniform iid case,
one may still ask whether the limiting shape for some cyclic Markov chains might still
be that of some non-uniform iid case. In fact, this can never occur: cyclicity ensures
that the asymptotic covariance matrix is also cyclic, and thus cannot be equal to the
asymptotic covariance matrix of any non-uniform iid case.

Still, we may ask how to relate the iid non-uniform limiting shape to that of a
general Markov chain having the same stationary distribution. The following inter-
polation result describes the asymptotic covariance matrix for a Markov chain whose
transition matrix is a convex combination of an iid (uniform or non-uniform) tran-
sition matrix and another arbitrary transition matrix having the same stationary

distribution:

Theorem 5.4.4 For any m > 3, let Py be the m X m transition matrix of an ir-
reducible, aperiodic, homogeneous Markov chain, and let its associated asymptotic

covariance matriz be given by

Yo = Il + Ho(Sy DoSo) + (Sy* Do So)* T, (5.4.25)

in the standard notations of Theorem 5.2.1. Then, for 0 < § < 1, the transition
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matric P = (1 — 0)1,, + 0Py has an asymptotic covariance matriz given by

Y= (So+(1—6)Sn,). (5.4.26)

| =

where X1, 15 the covariance matriz associated with the id Markov chain having the

same stationary distribution as Fp.

Proof. Using the standard notations of Theorem 5.2.1, we will write

Y =T+1II(S'DS)+ (S~'DS)"1

in terms of the decomposition ¥ in (5.4.25). Now, clearly, the stationary distribution
under P is that of Fp, so that I = II;. We will thus write the stationary distribution
simply as (7, ma,...,mTyn). Moreover, the eigenvectors are also unchanged, so that
S = Sy. However, for each eigenvalue \; o of Py, we have that A\, = (1 — &) 4+ 0\ is
an eigenvalue of P, for 1 < k < m. Thus, for each 2 < k < m, the diagonal entries of

D are given by

[p— Ak
Ve = 1=\

(1 —6) 4 0 ko
(1 — o)
1—-9

= 5 + Vk,05

where 7; o are the diagonal entries of Dy. We can thus decompose D as follows:

D = diag(—1/2,72, ..., Ym)

1—
= diag(—1/2,0,...,0) + (Té) diag(0,1,...,1)

1Y\ ..
+ <5> diag(0,72,0, - - -, Ym,0)
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= diag (— (12—_55) 0,.. .,0) + (?) Ly + (%) Dy. (5.4.27)

Next, recall from Proposition 5.2.1 that the first column of S~%is (1,1,...,1)T.

Hence,

1 % .-+ % _% 0 --- 0 T Mg o+ T

0 x % *

1 = * 0 0 * % *

1—-96 1
+ <T) Sg 1,50 + <—) Syt DySo
T o Tm
1—5 T T2 Tm, 1—(5 1
— " IR B 4 - -1
() (e ()

’7"'1 ’7"'2 .« .. 7Tm

which gives us

IS~ 'DS =11,57'DS

m 0 - 0 T o e T
B 1—6§ 0 m --- T Ty -+ T
—_<7) 0 : i : . . .

0 -+ - T T e e T



7T% T =+ MMy
1—-6 Tomy W e Mol
- _< 25 ) : : :
T T TypTo c v 7T72n
1—96 1
+ (T) I, + <5) Sy ' DoSo. (5.4.29)

Finally, we can express Y as

Y =T+II(S'DS)+ (S~'DS)"l

_ G) I, + (1 - %) Iy + o (S DS) + (IS~ DS))*

_ G) Yo+ (1 — %) (ITy — 211p)

7T% T1Ty =+ T Ty,
( 1) oMy e e MMy,
+(1—-=
5 : : <. .
Ty M1 TpT = 7Tr2n,
1 1
==X 1—=) (=2
()5 (1-2) o
1
= 5 (30 + (1 —6)%q,), (5.4.30)
and we are done. n

Thus far we have expressed our limiting laws in terms of Brownian functionals
whose Brownian motions have a non-trivial covariance structure arising directly from
the specific nature of the transition matrix. It is of interest to instead express the
limiting laws in terms of standard Brownian motions.

Since the asymptotic covariance matrix > is non-negative definite, we can find
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an m x m matrix C such that ¥ = CCT. (The matrix C is not unique, since

(CQ)(CQ)T = CCT =X for any orthogonal matrix @.) Clearly, we then have

(01 BY(t),02B2(t), ..., 0 B™(t))" = C(B\(t), B3(t),.... B"(t)T,  (5.4.31)

where (BY(t), B%(t),...,B™(t))? is a standard, m-dimensional Brownian motion,

since

= C[E(B'(t), B*(t),...,B™(t))")(B'(t), B*(t),..., B™(t))]C"
= C(tI,,)C*

=12

Next, we can, without loss of generality, assume that 7(¢) = ¢, for all ¢, and so

write our main result (5.3.8) in Theorem 5.3.2 as

r— m»,« dr +my _7""1‘])

VI —u, mr » ~
nT?’:/n = ZO'kBk( + max Z Z O'mr+ger+Z(Atj’g)
=1 7“ my,dp

=V (5.4.32)

Simply substituting (5.4.31) into (5.4.32) immediately yields
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_y (ch,iBiu))
k=1 i=1

r—my (dr+my—r+j)

4+ max Z Z (ZC’”**“ Atﬂ))

'r my,dy

+ max ZZ Z Con 0B (At ). (5.4.33)

Now the first term in (5.4.33) is simply a Gaussian term whose variance can be
computed explicitly. Unfortunately, the maximal term does not in general succumb
to any significant simplifications. However, in the iid case, we can further simplify
(5.4.33) in a very satisfying way.

Indeed, since, in the iid case, we have o7 = m(1 — m;) and, for k # {, o, =
—mymg, one can quickly check that C' can be chosen so that Cyp = /7 — /T,
and, for k # (, Cyy = —/mm;. Moreover, for all m, +1 < k < m, +d,, m, =
Tm.+1 = Tp. Then, within the maximal term, Cp, 4¢; = /7, — T/, for i = m, + ¢,
and Cp,, 44 = —mp\/7;, for i # m, +{. With the convention that 1 = 0, we can then

express (5.4.33) as

V;;—Z\/F,Bl +22 (—/mm)Bi(1)
i=1 k=1

+ max

Irfm»,«,dr

{ ="My (d'r +my —7'+j)

S vRBTHAL
i=1 =

r—my (dr+mr—r+j)

153D S ENE ALY

j=1 (=j

=ZﬁzBl ZﬁB m>om

{7” mr dr +my _T"F]

Z Z er—l—Z(At]‘j)
j=1

+ r max

7“ my,dr
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r—my (dr+mye—r+7)

—ﬁzm DS B0}

= {Z VEB() v 3 yEB() -y \/E-Bi(l)}
i=1 i=1 i=1
r—my (dr+mr—r+j)

—i—\/ﬁ max Z Z B (At )

r me,dr

_ {i VEBH(1) — (U, + 7,7) Z \/?iBi(l)}

r—my (dr+my —7“+])

+\/7r7 max Z Z B™T(Atjy)

7“ my,dr

= {(1 — U, — 1) Z VmiB(1)

— VA mr) Y \/W—Z-Biu)}

i=mr+d,r+1
mr—+dy

+ \/77'7,{—(1/7,% + m,r) Z B'(1)
i=m,+1

r—my (dr+mr—r+j5)

+omax YYD er“(mj,g)}. (5.4.34)

—myp,d . .
r—mgp,dr =1 =

Note that the first two Gaussian term of (5.4.34) are independent of the remaining
two Gaussian-maximal expression terms.
Following Glynn and Whitt[20] and Barishnykov[6], who studied the Brownian

functional

= max Z B (Aty),

11 m

we define the following, more general, Brownlan functional:

r (m—r+j)

D, := max Z BY( (At ), (5.4.35)
j=1 (=3

m

where 1 < r < m. Clearly, the maximal term in (5.4.34) has just such a form. We
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also remark that D, ,,, corresponds to the sum of the r largest eigenvalues of an m xm

GUE matrix.
To better understand (5.4.34), we may, without much loss in generality, focus on
the first block, that is, values of r such that m, = 0. The first Gaussian term of

(5.4.34) thus vanishes, and, writing 7,,,, for m,., we have

VI = —1Tmae 3 VTB'(1)

i=di+1

dy
+ VTmaz <_T7Tmam Z B'(1) + Dr,dr> . (5.4.36)
i=1

In the uniform iid case, the first Gaussian term of (5.4.36) itself vanishes, since

d, = d; = m, and we have

= . (5.4.37)

For » = 1, this result corresponds to Theorem 2.3.1. Furthermore, and still specializ-

ing (5.4.36) to r =1,
LI, — Tpmazn - -
on o TmerT Z VTiBi(1)
\/ﬁ i=di+1

dy
+ \/m <_7Tma:v Z Bl(l) + Dldl)
i=1
= —Tmazx Z \/FZBZ(l)

i=d1+1

dy
1 )
+ \Y4 Tmazx <d_1 - 71-maac) E BZ(]-)
=1
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+ V/Tmaz Hid,- (5.4.38)

One can easily compute the variance of the Gaussian terms in (5.4.38) to be
Tmaz (1 — d1Tmaz ) /d1, which is consistent with Proposition 2.3.1.

The iid development above suggests that we can find additional cases which yield
simple functionals of standard Brownian motions. Indeed, the first property of the
matrix C in the iid case that allowed the functionals to be simplified was that Cj, =
e, forall k # 4m, +1 < k < m, +d,, and 1 < ¢ < m, where c¢i,¢o,...,¢p
were real numbers. Then, writing the diagonal terms of C' as Cy i = by + ¢, for

m, + 1 <k <m, + d,, we may revisit (5.4.33), and write

m mp m r—mg (dr+mp—r+7)
=> Y CuB(1)+ ,mex >y Z Con,+25B' (At0)
i=1 k=1 fromear S 53
m  mn r— mjr dr+mr—7“+]
= Z Z CriB'(1) + max { Z Z bim,+¢B™ (A 0)
i=1 k=1 fr=me dr
m r—my (dr+me—r+7) "
DI (8t
=1 j=1

ZZ —l—chZBZ

=1 k=1
r—mpr (dr +my _T+.7)

+ max Y Y by B (At) (5.4.39)

- d
T—mr,dr ]:1 ZZ_]

Except for the fact that we have written the functional in terms of standard Brow-
nian motions, the maximal term in (5.4.39) is no simpler than that of our original
functional. However, the second property of the iid case that yielded further sim-
plifications was that b, = b, for all m, + 1 < k < m, + d,. In this case, (5.4.39)

becomes
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i=1 k=1 i=
r—my (dr+mpr—r+7)

+b max » > B™(Aty) (5.4.40)

IT*mrydr

j=1 (=j

Again, by focusing on the first block, we no longer have the initial Gaussian term,

and (5.4.40) becomes

Vi=r Y B(1)
i=dy+1
dy r (di—r+j)
+ chlBl(l) + br}}ixz Z B (At )
i=1 =1 4=
m d1
=r Z ¢B'(1) + (rz c;B'(1) + bD”h)
i=d1+1 i=1
m d1
=r Z ;B (1)+TZ <Ci+d—1) B'(1)
i=di+1 i=1
r &
+b <__ Z Bi(l) + Drd1>
L=t

m dy
=r Z B (1) +r Z <ci + d£> B'(1) + bH, g4, . (5.4.41)

We restate these results in the following theorem:

Theorem 5.4.5 Assume, without loss of generality, that 7(¢) = £, for all1 < £ <'m,
in the notations of Theorem 5.3.2. Moreover, let the asymptotic covariance matrix be

given by X = CCT, where C' is an m x m matriz whose first d, rows are given by

Ck7g:Cg, k%ﬁ,lgk‘gdl,lgfgm
(5.4.42)

Crrp=b+ck, 1<k<d,
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for some real constants cy,co,...,Cpn and b. Then, for 1 <r <dj,

m d1

V;) =T Z CiBi(l) + TZ <Ci + dﬁ) Bi(l) + bHT,dlv (5’4‘43>
1

i=d1+1 =1
where H, 4, 1s the mazimal functional

1 r dp T (dl_r"l‘j)
H,4 = — | - Y BY1)+ max B(At;
,d1 \/a dl ZZ:; ( ) Tra, z:; Zz:]: ( ],5)
Remark 5.4.4 One can generalize Theorem 5.4.5 to non-initial blocks (i.e., to r >

dy) by extending the conditions in (5.4.42) to non-initial blocks and then applying the

theorem to V, — V.

To better understand which asymptotic covariance matrices ¥ can be decomposed
in this manner, the conditions Cy, = ¢y, for all kK # ¢,1 < k < d;,1 < ¢ < m, and

b = b, for all 1 < k < dy, imply that

o = b+ 2bey + »_ (5.4.44)
i=1
for 1 <k < dy, and
o0 = bey + beg + Z c?, (5.4.45)
i=1
fOI‘lS]{?<£§d1
If we let (Z3, Za, ..., Zy) be a centered Gaussian random vector with covariance

matrix X, then (5.4.44) and (5.4.45) give us

E(Zk — Zg)z = Uz — 2Uk,£ + Ul%

= 207, (5.4.46)

for all 1 < k < ¢ < d;. That is, the L?-distance between any pair (Z, Z;) is the

same, for 1 < k < ¥ < d;.
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Notice that if 07 = o2, for all 1 < k < d;, then in fact (5.4.46) implies that
Pre = Opgforoe = 1 —b0*/o? := p, for all 1 < k < ¢ < dy. That is, the d; x d;
submatrix of ¥ must be permutation-symmetric.

Next, we note that, for 1 < k < ¢ < dy,

op — o = 2b(cy, — ), (5.4.47)

so that ¢, = 07/(2b) + o, for some constant cg. Substituting this expression into

(5.4.44) and, writing I' = Y~ | ¢, we obtain

o2 d1 o2 2
2 12 k i
o2 =b +26(2—b+c0>+z<2—b+c0) +T

2 2
= b + 02 + 2bco + Z ( + c0> +T. (5.4.48)

Writing 0" = ( ol)/dy, for any r > 0, (5.4.48) gives us

zlz

2 2
b2+2bco+z< +co) +I

dy 2, dyot
:d100 (2()—'—?0 ) Cco + (b 12 —|—F>

= 0. (5.4.49)

In order for ¢y to be a real number, the discriminant of the quadratic equation in

(5.4.49) must satisfy

d—\’ ,  dio?
2+ 0 ) —ddy |0+ +T ) >0, (5.4.50)
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which leads to the inequality

_ d? /— _ N2
(dy = Db =i (47 =) + (0—4 . (02) ) <0. (5.4.51)
This inequality, in turn, gives us constraints on b?. Indeed, the necessary and
sufficient condition needed for such a b? to exist is given by examining the quadratic
in b2 in (5.4.51) at its extremal point, namely, at b*> = d; (02 —T))/(2(d; — 1)). Doing

so leads to the condition

_ (%) +d£ (ﬁ_ (Ff) <0, (5.4.52)

or simply,

_ _\2 72 _T)2
i (a2> < (Udi?, (5.4.53)
—

_ —\2 _
since o4 > (02) . The closer that I" is to o2, the more similar that the d; variances
must be. Thus, (5.4.53) functions as a bound on the variability among these d;

variances. Provided that the variances satisfy (5.4.53), the condition on §? is given

by

(sl )
ﬁ{(ﬁ_ r)+ \/(? ~I)2—(d — 1) (F— (?)2) }) (5.4.54)

Now consider the doubly stochastic case, where d; = m. Applying the general

fact that each row of ¥ must necessarily sum to zero, we use (5.4.44) and (5.4.45) to

find that, for each 1 < k < m,
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2
5 Uk,ezo'k-i-g Ok 0

=1 £k
_ (b2 + 2bey + Zc?) +) (bck + bey + Zcf)
i=1 t£k i=1
=0 +b (mck +ZCg> —|—ch?
/=1 =1
— 0, (5.4.55)

so that ¢y = c € R, for all 1 <k < m. Substituting ¢ back into (5.4.55) gives us

Z o = b* + b(me + me) + m(mc?)
=1

= (b+me)? =0, (5.4.56)

so that b = —mec. This then implies that o7 = m(m — 1)c¢* and o4, = —mc?, for all
1 <k <m,{+#k. But this is precisely a permutation-symmetric covariance matrix,
which in the iid case corresponds to the class of Markov chains having a uniform
stationary distribution.

We summarize these results in the following:

Theorem 5.4.6 In order that the asymptotic covariance matrix > have a decompo-

sition ¥ = CCT, where

Ck’g:Cg, ]{7756, 1§]{3§d1, 1§£§m,
(5.4.57)
Crk=b+cp, 1<k <dy,
for some real constants cq,co,...,cn and b, it is necessary and sufficient that
—  /—\2 _(02-T)?
(7)< (5.458)
dy —1



where T =37" . ¢, and 07 = (Zfil ol)/dy, for any r > 0. In this case,

v e (ﬁ{(?—r) — \/(F—FP —(dy — 1) (F— (ﬁ)z)}
ﬁ{(ﬁ_m + \/(?—PP — (dy— 1) (F— (?)2) }) (5.4.59)

In particular, if di = m, the asymptotic covariance matriz must be permutation-

symmetric, with ¢, = ¢, for all k, and b = —mc, so that the common variance is

m(m — 1)c? and the common covariances are all —mc?.

5.5 Connections to Random Matrix Theory

For iid uniform m-letter alphabets, the limiting law of the Young tableau corresponds
to the joint distribution of the eigenvalues of an m x m matrix from the traceless GUE
[31]. In the non-uniform iid case, we further noted that Xu [46] has extended the
first-row results of Its, Tracy, and Widom [28, 29] to that of the entire Young tableau
by described the limiting shape as that of the joint distribution of the eigenvalues
of a random matrix consisting of independent diagonal blocks, each of which is a
matrix from the GUE. The size of each block depends upon the multiplicity of the
corresponding stationary probability. In addition, there is a zero-trace condition
involving the stationary probabilities on the composite matrix.

As a first step in extending these connections between Brownian functionals and
spectra of random matrices, recall the general case when the stationary probabili-
ties are all distinct (see Remark 5.3.5). Our Brownian functionals then have no true
maximal terms, so that the limiting shape, (R., R% ..., R™) is simply multivariate
normal, with covariance matrix 3 (or, more precisely, the matrix obtained by permut-
ing the rows and columns of 3 using 7, the permutation of {1,2,...,m} previously
defined). Trivially, this limiting law corresponds to the spectrum of a diagonal matrix

whose elements are multivariate normal with the same covariance matrix X.
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We can see that this general result is consistent with the non-uniform iid case
having distinct probabilities. Indeed, each block is of size 1, and is rescaled so that
the variance is 7T7-(i)(1 — 7TT(,')), for 1 < ¢ < m. Because of this rescaling, instead
of having a generalized zero-trace condition, as in the non-rescaled matrices used in
28, 29], our condition is rather a true zero-trace condition. This zero-trace condition
is clear, since the covariance matrix for any iid case (uniform and non-uniform alike)
is that of a multinomial distribution with parameters (n = 1; 7 (1), Tr(2), - - -, Tr(m)),
and any (Y1,Y3,...,Y},) having such a distribution of course satisfies > ;" | ¥; =1, so
that Var(d"",Y;) = 0, which implies the zero-trace condition for (R, RZ ,..., R”).

Next, consider the case when each stationary probability has multiplicity no
greater than 2. One may conjecture that the limiting shape (R, R%,...,R™) is
that of the spectrum of a direct sum of certain 2 x 2 and/or 1 x 1 random matrices.
Specifically, let Kk < m be the number of distinct probabilities among the stationary
distributions. Then the composite matrix consists of a direct sum of x GUE matrices
which are as follows. First, the overall diagonal (X, Xs, ..., X,,) of the matrix has
a N(0,%) distribution. Next, if d, = 1, then the GUE matrix is simply the 1 x 1

matrix (X,). Finally, if d, = 2, then the GUE matrix is the 2 x 2 matrix

Xm,+1 Yo, +1 + 12,11
Yo, +1 — iZm,+1 X, 42
whose off-diagonal random variables Y,, 11 and Z,, 1 are iid, centered, normal ran-
dom variables, independent of all other random variables in the overall matrix, with

variance

2 2
(O-mr-i-l = 2Pme+1,mr+20m, +10m, +2 + Umr+2)/4'

If such a conjecture were true, it would imply the following, more modest marginal

result regarding a single block of such a matrix, which without loss of generality we
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take to be the first block. Specifically, if d; = 2 and 7(r) = r, for all 1 < r < m, we

claim that (R! , R%) = (V1,V2 — V%) is distributed as the spectrum (A;, Ay) of the

2 x 2 Gaussian Hermitian matrix

X, Y1 +12,
Ap = , (5.5.1)
Yi—1i2, Xo
where \; > \y. Equivalently, we will show that (V1 V2) is distributed as (A1, A1+ o).

oo [e.e]

Let the 2 x 2 submatrix Y5 of ¥ be written as

52 p6i6
= 7P (5.5.2)

s~ 2
PO102 0y

Then

5 B'(1) + 5—132(1)). (5.5.3)

We simplify (5.5.3), by introducing new Brownian motions and then decomposing
the resulting expression into two independent parts. To do so, begin by defining the

new variances and correlation coefficients 0? := 62, 02 = 67 — 2p5102 + 05, and

p = (p&1 — G2)/\/32 — 2p515 + 53. Then it is easily verified that B'(t) := B2(t),
and B2(t) := (6,B'(t) — 52B%(t)) /o, are (dependent) standard Brownian motions,

and (5.5.3) becomes
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(V,VZ) = (1B (1) + 02 max B*(t),201B"(1) + 02 B*(1))

0<t<1

- ((ngl(l) — po1 B*(1)) + 0 (Pﬂ + Dgax BQ(i))’

oy 0<t<1

2(01BY(1) — por B2(1)) + (o + 2p01)B2(1)). (5.5.4)

Note that B(t) — pB?(t) is independent of B*(t) and has variance o%(1 — p?). Intro-

ducing the Brownian functional

UB) = (ﬁ - %) B?(1) + max B*(t), (5.5.5)

0<t<1

B € R, and using o}, 02, and p above, (5.5.4) becomes

1
(Va,VZ) £ o0/1 = PZ(1,2) + (UzU (5 - P%) , (o9 + 2p01)B2(1))
2
S
S A
V3 — 256163 + 53
5’2 _5.2
+ (/62 — 25615, + 32 U( L% )
<\/ 1 pO102 2 2\/5%—2ﬁ5'152+&§

2(6% — 5—3)32(1)), (5.5.6)

where Z is a standard normal random variable independent of the sigma-field gener-
ated by B2.
Turning now to the eigenvalues’ distributions, we first consider the centered, mul-

tivariate normal random variables (W7, W), having covariance matrix

o poi0y
PO102 0’%
and let W3 and W, be two iid, centered, normal random variables, independent of

(W1, Wy), with variance 2. Then it is classical that
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(V[/27 \/W22 + W2+ W42> £ 02(3(1), 2 max B(t) — B(l)),

0<t<1

or, equivalently,

(W2, B, + 5/ WE + W3 + Wf) £ 03(B(1), U(B)), (5.5.7)

where B is a standard Brownian motion, and U(f3), § € R, is defined in terms of B,

rather than in terms of B?, as in (5.5.5). Then consider the random variable

X::W1+\/W§+W§+W42

g g
_ <W1 - pg—l) + (pg—: + \/W§ + W2+ Wf). (5.5.8)

2

Using (5.5.7), and noting that the variance of the first term in (5.5.8) is o%(1 — p?),

it is easy to see that

Xémvl—ﬁz+%ﬂ(ﬁﬂ) (5.5.9)

20'2
where Z is a standard normal random variable independent of B.
We now apply this result to the eigenvalues of the matrix A; in (5.5.1), namely,

to

X;+ X X, - X

A= (%) + \/<%> +YE+ 22, (5.5.10)
X, + X X, — X

Ao = (%) - \/<%) FY2+ 22 (5.5.11)

Letting W1 = (X7 + X5)/2, Wo = (X7 — X3)/2, W3 = Y3, and Wy = Z;, we have

and
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A, AL+ o) = <W1 + \/W22 + W2+ W3,2W1)

<<W1 — ﬁgwé) + 2<,5 UAl
02

2<W1—f)?W) o2t WQ)
2

2+W§+W3),

24 W2+ W2, 2,3%%), (5.5.12)
2

where 62 = (63 +2p0162+63)/4, 65 = (62 —2p6,02+03) /4, and poi63 = (67 —3)/4.
Noting that the variance of Wy — (p61/62)Ws is 63(1 — p?) = 0?(1 — p?), and that,

moreover, 3 1= p61 /269 = (67 — 63)/(21/5} — 2p6159 + 63), we find that

A+ do) = 1/T — 2 2(1, ( 2U( )2 —32(1))

=o1\/1— p*Z(1,2) + 02(U(B),48B%(1))
£ (WL v2), (5.5.13)

and we have our identity in law.

To illustrate the ways in which additional random matrix interpretations might
potentially illuminate other, apparently unrelated, Brownian functionals, consider the
following example. Let (¢x)r>1 be a sequence of positive numbers decreasing to zero.
Then it is possible to find an increasing sequence of integers (my)g>1 so that, for each
k, there is a Markov chain on my letters such that:

e the maximal stationary probability .. (k) is of multiplicity 3, and

e the 3 x 3 covariance submatrix ¥3(k) governing the associated Brownian func-

tional V1 (k) is of the form
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e2 0 0
Ss(k)=ck)*l 0 1 0. (5.5.14)
0 0 e
That is, the variance of B™®? becomes arbitrarily large in comparison to that of B™(1)
and B7®).
Then, since LI,(k) = V}(k), we have, as n — oo,

n

LI, (k) — Tmae (k
NG :> r?lzﬂx Z or0)B Atg)

=o(k) nIlaX(Ek(BT(l)(tl) - BT(l)(O)) + (BT(2)(t2) - B"® (t1))
+ (ex(B™(1) = BT®) (1))

= V2L(k), (5.5.15)
so that, as k — oo,

Valk) | ax (B(ts) — B(t)), (5.5.16)

o(k) 0<t1<t2<1

where B(t) is a standard Brownian motion. The right-hand side of (5.5.16) is known
as the local score, and describes the largest positive increase that B makes within the
unit interval. Such functionals are of great importance in sequence comparison, par-
ticularly in bioinformatics, (e.g., see Daudin, Ettienne, and Vallois [14].) Moreover,

(see Revuz and Yor [40])

onax_ (Bltz) — B(t1)) = max (B(f2) — min B(t1))
£
= max |B(t)|. (5.5.17)
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The equality in law between the first and last expressions in (5.5.17) follows im-
mediately from the classical result of Lévy, namely, (|B(t)|)i>o0 £ (maxg<s<t B(s) —
B(t))s>0. Thus, if we have a random matrix connection to V1 (k), we can extend it
to maxo<¢<1 |B(t)[, at least in some limiting sense. This is also interesting from the
following point of view. Classically, the Brownian functional maxg<;<1 B(t) £ |B(1)],
and a trivial random matrix connection can be seen by examining the eigenvalues of

the random matrix

: (5.5.18)

where Z is a standard normal random variable. Then, clearly, \,,., has the half-
normal law, since A,q, = max(Z, —Z) = |Z|. Thus, the maximal Brownian functional
maxo<¢<1 B(t) has a random matrix interpretation, one which is considerably simpler

than any potential random matrix interpretation for maxo<;<1 |B(t)].
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CHAPTER VI

CONCLUSION

In this paper, we have obtained the limiting shape of Young tableaux generated by
an aperiodic, irreducible, homogeneous Markov chain on a finite state alphabet. The
following remarks indicate natural directions in which our results in some cases can,

and in other cases, may hope to, be extended.

e Our limiting theorems have all been proved assuming that the initial distribution
is the stationary one. However, such results as Theorem 2 of Derriennic and Lin [15]
extend our framework to initial distributions started at a specified state. Indeed, in
this case, i.e., if for some k = 1,...,m, P(Xy = o) = 1, the asymptotic covariance
matrix is still given by (5.2.12), and, for example, Theorem 5.3.2 remains valid. For
an arbitrary initial distribution, what is needed in this non-stationary context is an
invariance principle. More generally, our results continue to hold for k**-order Markov
chains, and in fact, they extend to any sequence for which both an asymptotic co-

variance matrix and an invariance principle exist.

e Our limiting theorems have only been proved for finite alphabets. However, in
Chapter III, it was seen that for countably infinite iid alphabets, LI, has a limiting
law corresponding to that of a non-uniform, finite-alphabet. Hence, for a Markov
chain on a countably infinite alphabet (subject to additional constraints), we might

still be able to obtain limiting laws of the form developed in this paper.
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e By using appropriate existing concentration inequalities, one can expect to estab-

lish the convergence of the moments of the rows of the tableau.

e Various other types of subsequence problems can be tackled by the methodologies
used in this thesis. To name but a few, comparisons for unimodal sequences, alter-

nating sequences, and sequences with blocks will deserve further similar studies.

e One field in which the connection between Brownian functionals and random
matrix theory has been exploited is in Queuing Theory. The development below,
following O’Connell and Yor [36], shows how Brownian functionals of the sort we
have studied arise as generalizations of standard queuing models.

Let A(s,t] and S(s,t], —o0 < s < t < 00, be two independent Poisson point
process on R, with intensity measures A and u, respectively, with 0 < A < u. Here A
represents the arrivals process, and S the service time process, at a queue consisting

of a single server. The condition A\ < p ensures that the queue length

Qt) = sup {A(s,f] — S(s, 4]}, (6.0.19)

—oo<s<t

is a.s. finite, for any ¢ € R. Then, defining the departure process

D(s,t] = A(s,t] — (Q(t) — Q(s)), (6.0.20)

which is simply the number of arrivals during (s,t| less the change in the queue
length during (s, t], the classical problem is to determine the distribution of D(s,t].

The answer to this problem is given by Burke’s Theorem [10] (see Theorem 1 of [36]):

Theorem 6.0.1 D is a Poisson process with intensity X, and {D(s,t],s < t} is

independent of {Q(s),s > t}.
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That is, D has the same law as the arrivals process A. Moreover, since,the queue
length after time ¢ is independent of the process D up to time ¢, one may take the
departures from the first queue and use them as inputs to a second queue, and observe
that the departure process from the second queue also has the law of A. Proceeding
in this way, one generalizes to a tandem queue of n servers, each taking the departures
from the previous queue as its arrivals process.

One can further generalize this model to a Brownian queue in tandem in the
following manner. Let B, B, B2, ... B" be independent, standard Brownian motions
on R, and write B*(s,t) = B*(t) — B*(s), for each k and s < t, and similarly for B.

Let m > 0 be a constant, and define, in complete analogy to (6.0.19) and (6.0.20),

q(t) = _osolilzq {B(s,t) + B'(s,t) —m(t — s)}, (6.0.21)
and, for s < t,
di(s,t) = B(s,t) — (q1(t) — q1(s)). (6.0.22)

For k =2,3,...,n, let

qe(t) = ) sipq {di_1(s,t) + B"(s,t) —m(t — s)}, (6.0.23)
and, for s < t,
dp(s,t) = dip_1(s,t) — (qr(t) — qr(s)). (6.0.24)

Here B is the arrivals process for the first queue, dj_; is the arrivals process for
the k' queue (k > 2), and mt — B*(t) is the service process for the k' queue, for all k.
Using the ideas employed in Burke’s Theorem, it can be shown that the generalized
queue lengths ¢1(0),2(0),...,¢,(0) are iid random variables. Moreover, they are

exponentially distributed with mean 1/m.
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Using the definitions in (6.0.21)-(6.0.24), and a simple inductive argument, one

finds that
3 au(0) = sup{B(—t, 0) — mt + Ln(t)}, (6.0.25)
—0 t>0
where
L,(t)= sup {B'(—t,—s,_1)+ -+ B"(—s1,0)}. (6.0.26)
0<81<---
<smor<t

By Brownian rescaling, we observe that

Lat) SVE sup {B(=1i=snot) £ o+ B (51,0}
<1<
<sm-1<1

£ Vv, (6.0.27)

where the functional V! is as in Theorem 5.3.2, with associated n X n covariance
matrix 3 = tI,, and parameter set I; ,,. Thus, L,(t) may be thought of as a process
version of this V1.

The generalized Brownian queues in (6.0.21)-(6.0.24) involved independent Brow-
nian motions. These may be generalized to Brownian motions (B!, ..., B") for
which (o,B'(t),...0,B"(t)) has (nontrivial) covariance matrix ¢3. Whether or not
we keep the initial arrival process B independent of (B!,... ,B"), we no longer have
that ¢1(0),¢2(0),...,¢,(0) are iid random variables, due to the dependence among
the service times mt — B*(t), but we do still have the identity (6.0.25) and (6.0.27)
relating the total occupancy of the queue at time zero to V1. More importantly, our

generalizations of the Brownian functionals L, (t) above can be used to describe the

joint law of the input/output of each queue.
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e An important topic connecting much of random matrix theory to other problems,
such as the shape of random Young tableaux, is the field of orthogonal polynomials.
(See, e.g., [31].) It would be of great interest to see what, if any, classes of orthogonal

polynomials are associated with the limiting laws in this thesis.
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