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SUMMARY

This dissertation investigates the learning scenarios where a high-dimensional pa-
rameter has to be estimated from a given sample of fixed size, often smaller than the
dimension of the problem. The motivation for the questions we study comes from
real-world applications where the data is often obtained from expensive experiments
and has to be processed and analyzed efficiently.

The first part answers some open questions for the binary classification problem
in the framework of active learning. Given a random couple (X,Y) € R? x {£1}
with unknown distribution P, the goal of binary classification is to predict a label Y
based on the observation X. The prediction rule is constructed from the observations
(X;, Y:)™, sampled from P. The concept of active learning can be informally char-
acterized as follows: on every iteration, the algorithm is allowed to request a label Y
for any instance X which it considers to be the most informative. The contribution
of this work consists of two parts: first, we provide the minimax lower bounds for the
performance of active learning methods. Second, we propose an active learning algo-
rithm which attains nearly optimal rates over a broad class of underlying distributions
and is adaptive with respect to the unknown parameters of the problem.

The second part of this thesis is related to sparse recovery in the framework
of dictionary learning. Let (X,Y’) be a random couple with unknown distribution
P, with X taking its values in some metric space S and Y - in a bounded subset
of R. Given a collection of functions H = {h+},.; mapping S to R, the goal of
dictionary learning is to construct a prediction rule for Y given by a linear(or convex)

combination of the elements of H. The problem is sparse if there exists a good
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prediction rule that depends on a small number of functions from . We propose
an estimator of the unknown optimal prediction rule based on penalized empirical
risk minimization algorithm. We show that the proposed estimator is able to take
advantage of the possible sparse structure of the problem by providing probabilistic

bounds for its performance.



CHAPTER 1

INTRODUCTION

In the past decade, numerous applications created a high demand for the tools to pro-
cess and analyze high-dimensional data. As a result, new algorithms and statistical
models were introduced. One of the challenges associated with the theoretical analysis
of these methods is to develop tight non-asymptotic bounds which give performance
guarantees holding with high probability for the input of any fixed cardinality. In par-
ticular, such bounds are important when the dimension of the problem is much larger
than the amount of data available to a researcher. In general, consistent estimation
of all parameters of the system is impossible in this case, at least without additional
assumptions, such as sparsity. Another challenge originates from the problems where
one tries to minimize the amount of data used to achieve a certain goal (for example,
when the data is obtained via expensive experiments). In this case, we want to use
the available budget efficiently and to choose the most informative observations from
the given collection.

This dissertation describes two problems that are general enough to include many
nontrivial examples and at the same time admit tight non-asymptotic performance
bounds. The first problem is related to sparse recovery in the framework of dictionary
learning while the second targets some open questions in the field of active learning.

We will continue by presenting the key objects of statistical learning theory related
to the questions we study, and by introducing the necessary background. Since the
material of the following two chapters in not closely related, we are not going to
create the connection artificially and will provide separate detailed introductions for

the topics of interest in each chapter.



1.1 Statistical framework for prediction problems

One of the main goals of statistical learning theory is to develop good models and
methods for making predictions and gaining knowledge from the data, which is as-
sumed to come from some underlying (but usually unknown) distribution. Statistical
framework happened to be very well-suited for this type of problems, since much of
the real-world data is not exact but contaminated by random noise. To the best of
our knowledge, one of the first successful attempts to place the learning problem into
the statistical “Probably Approximately Correct” (PAC) framework is the pioneering
work by L. Valiant [87]. Another breakthrough that underlies many deep results
in the field was the work of M. Talagrand on general concentration inequalities in
product spaces [82],[81]. Later, O. Bousquet, T. Klein and E. Rio [15], [47] obtained
explicit small values of constants in Talagrand’s inequality, thus expanding the range
of its applications. These concentration results, coupled with some powerful tools
from the empirical processes theory and geometric functional analysis, allow to prove
many nontrivial results.

Let S be a measurable space, T'C R, and let (X,Y") be a random couple in S x T
with unknown distribution P. The marginal distribution of X will be denoted by
IT1. Usually, X is the observation (for example, a newspaper article) and Y is the
unknown quantity that has to be predicted based on X (for example, the category
of the text: politics, sports, arts, etc.). Let (X3,Y)),..., (X,,Y,) be the so-called
training data consisting of n copies of (X, Y’) which are observed — in our example this
could be a collection of articles taken from the search engine output and classified
by a human. Often, the pairs are also assumed to be independent and identically
distributed; however, as we will show later in this thesis, the result can sometimes
be improved if the observations are dependent: intuitively, this happens when one is
allowed to pick the most informative data from the available collection.

Our goal is to construct a good prediction rule — a measurable function f: S +— T —



based on the available training data. The quality of a prediction rule is measured in
terms of the loss function £(y, f(x)), and the associated average loss is E4(Y, f(X))

where the expectation is taken with respect to P. The popular losses include

1. the binary loss £(y, f(z)) :== [ {y # f(z)}, where I {A} is the indicator of event

A, commonly used when Y is a discrete random variable;
2. squared loss £(y, f(x)) := (y — f(x))?, used for the regression problem:;

3. exponential loss £(y, f(z)) := e™¥/(®) used in binary classification (meaning that

Y € {£1}) as a convex majorant of the discrete loss,

among others. In what follows, we will denote by P, the empirical distribution based

on a given sample of n training examples, P, := % > 0(x.,v;)- Similarly, IT,, will denote
i=1

the empirical measure based on the sample (X, ..., X,). The integrals with respect

to P and P, will be denoted by

1 n
i=1

In many cases, it is desirable to find a prediction rule f which minimizes the average
loss PU(Y, f(X)) over some class F. However, this problem cannot be solved in prac-
tice since distribution P remains unknown. Instead, in the case of iid observations,

the true average loss can be approximated by the empirical loss:
PUY, [(X)) = P.L(Y, f(X)),

and the hope is that the minimizer of the empirical loss is going to be “close” to the
minimizer of the true average loss, thus being a good candidate for a prediction rule.
Much of the theory is devoted to understanding how this procedure can be formalized
and how the performance of the obtained prediction rule depends on the richness of
class F and the number of observations n.

There are a lot well-written reviews and monographs on learning and pattern recog-

nition. Among many others, these are the excellent sources of information of different



level: the classical text by V. Vapnik and A. Chervonenkis [95] (german translation of
the original russian text [92]), a more recent monograph by V. Vapnik [93], a book by
L. Devroye, L. Gyorfi and G. Lugosi [30] and a set of lecture notes by V. Koltchinskii

containing many recent results in the field [53].

1.2 Technical background and related results

Concentration inequalities play a crucial role in theoretical analysis of machine learn-
ing methods. The classical result of S. N. Bernstein is well-known (see [91], Lemma

2.2.9):

Theorem 1.2.1. Let X1,..., X, be a sequence of independent random variables with

zero mean. Assume that |X;| < M, i = 1...n almost surely and let B2 := >  EX?.
=1

—t2/2

When uniform bound on X;’s is not available (or is too large), a version of Bern-

Then

>

i=1

stein’s inequality for random variables with sub exponential tails might be useful (see
[53], section A.2 and [91], Lemma 2.2.11).

Let ¢ : Ry — R, be a convex nondecreasing function with ¢(0) = 0.

Definition 1.1. The Orlicz norm of a random variable 1 is defined via

Inlly == inf {C >0: E¢ <%) < 1}

By [|*|lgys |||, we denote the Orlicz norms for ¢y (z) := e”—1 and ¢9(z) 1= ™ —1,

respectively; the following inequalities are elementary:

[llwy < V/1og 2[[nlly,, (1.2.1)

17l = lInllz,- (1.2.2)



Theorem 1.2.2. Let X4,..., X, be a sequence of independent random variables with

zero mean. Assume that || Xy, < V. Then

n 2
Pr ( ZXZ» > t) < 2exp (—cmin (%77;_1/2)) .

i=1
Next, we formulate the uniform versions of Bernstein’s inequality, along with

several related results. Let (S,B) be a measurable space and let F be a class of
functions

Fsf:Se[-1,1].

If Z is a random process indexed by F, define || Z||7 := sup;c#|Z(f)|. Given a
collection of independent random variables Xi,..., X, X; € S with distribution II,

let
VAZ,(f) = VT, () = 2= 37 (F(X,) = EF(X)

be the empirical process indexed by F. Finally, let

ofy(F) = up (Ef(X)* — (Ef(X))?).

We will always assume that op(F) < oo. The following inequalities provide an
estimate for the deviations of ||Z, || from its mean. The bounds in its present form

are taken from [53].

Theorem 1.2.3 (Bousquet [15]).

2 t
Pr | |Z.|7 > E|Z, 2t of —E||Z, — | <e.
r<u = > E| Hf+\/ (oh7) + =B r|f)+3ﬁ)_e
Theorem 1.2.4 (Klein-Rio [47]).

2 t _
Pr (Hznnf < B Zl5 - \/% (oh7) + =Bl ) - ﬁ> <ot

We will also use a version of concentration inequality for the classes that do not

admit uniform upper bound. Given a class F : S +— R, let F' be measurable and such

that |f(z)| < F(x) for all f € F all .



Theorem 1.2.5 (Adamczak [1]).

t _
P (1202 2 K [E1Z0l + apF)Vi+ | o P2 ) < e

t _
Pr (BN Zr 2 K |12l + on(FIVE+ | PO 2] ) <

The following results provide powerful tools to bound the expected supremum
E||Z.|| and together with aforementioned concentration inequalities yield the es-
timates for ||Z,||z. Let e1,...,e, be independent Rademacher random variables
(that is, Pr(s; = £1) = 1) which are also independent from Xj,...,X,. Define

the Rademacher process indexed by F as
mn . n iil gl 1)

Informally, R, (f) measures correlation between the 'random noise’ {;};_, and the
vector {f(X;)};_,. It turns out that the expected supremum of empirical process
indexed by class F can be controlled in terms of expected supremum of R,(f).
The latter can be estimated by Dudley’s entropy integral (or, more generally, by
generic chaining complexity) associated to the index set F equipped with a (random)
pseudo-metric d2(f, g) := = Zn:(f(X,) —g(X;))?. This is possible due to the fact that,
conditionally on {X;}7 ,, R;:dlemacher process R, (f) is subgaussian with respect to

dy(+,-):

Definition 1.2. Let (T, d) be a pseudo-metric space. A random process {Y (t), t € T}

15 called subgaussian with respect to d if for any t,s € T

EAYO-Y ) < NP0/2 ) ¢ R

Theorem 1.2.6 (Symmetrization inequality). For any convez function ® : R, — R

1
50 (1Rlx) <ER(12]) < EO @IRA),

where F,:={f — Pf, f € F}.



Proof. See Theorem 2.1 in [53]. O

For ®(z) = z, the lower bound is usually combined with the inequality

sup Pf
feF

vn

Assume ¢ : R +— R is such that ¢(0) = 0 and |¢p(u) — ¢(v)| < Ju—wv], u,v € R, and let

E|l Ry

7o 2 | Rall7 —

oo F :={o(f(-), f € F}. Then the expected supremum of a Rademacher process

indexed by ¢ o F can be controlled by E|| R, || #:

Theorem 1.2.7 (Contraction inequality).
E|[ Ryl por < 2| Rol5-

Proof. See Theorem 4.12 in [62]. H

Finally, we present Dudley’s entropy bound (for a proof and modern viewpoint,

see [80]).

Definition 1.3 (Covering number). Let (T, d) be totally bounded. The covering num-
ber N(T,d,e) is the minimal number of balls of radius € (with respect to d) needed to

cover T'.
Note that the centers of the balls in the definition above do not have to be in T'.

Theorem 1.2.8 (Dudley’s entropy bound). Let D(T') be the diameter of (T,d). If

Y (t) is subgaussian with respect to d, then for some absolute constant C' > 0

D(T)

EsupY(t) <C / Viog N(T,d,e)de.

teT
0

1.2.1 Lower bounds for the minimax risk

Below, we will mention a general result that allows to obtain lower bounds for the

risk in many statistical applications.



Theorem 1.2.9. Let X be a class of models, d : ¥ x ¥ +— R - the pseudo-metric and
{Pf, f€X} — a collection of probability measures associated with 3. Assume there

exists a subset {fo,..., f;m} of ¥ such that
1. d(fi, fj) >2s>0 forall 0<i<j<M;
2. Py, < Py, for every 1 < j < M;

M
8. ZlKL(Pfj,PfO) <alogM, 0<a<s;.
j:

‘ R VM 2a
H}ffclelgpf (d(fyf) 23) Zm (1_2(1_\/1()%7]\4)7

where the infimum is taken over all possible estimators of f based on a sample from

P; and KL(-, -) is the Kullback-Leibler divergence.
Proof. For a proof and examples of applications, see Theorem 2.5 in [85]. ]

The result above is often combined with a combinatorial lemma known as Gilbert-

Varshamov bound:

Proposition 1.2.10 (Gilbert-Varshamov). For m > 8, there exists
{o0,...,om} C{-1,1}"

such that oo = {1,1,...,1}, p(os,05) > FV0<i<k <M and M > 27/8 where p

stands for the Hamming distance p(o,v) = > I {o; # v;}.
i=1

Proof. See [85], Lemma 2.9. O



CHAPTER 11

ACTIVE LEARNING

2.1 Introduction

In most prediction problems, the main and only source of information is the training
data obtained through a sequence of experiments. It is convenient to represent each
datapoint as a pair (Instance, Label), where ’Label’ often takes only finitely many
values.

It was observed that in some cases, the cost related to the process of collecting the
data is associated with the labels, while the pool of instances itself is almost unlim-
ited. Examples include speech recognition which requires trained linguists for careful
annotation; document and media classification which requires a human to provide a
correct label to each object, etc. (see [78] for an excellent review and discussion of
the applications). However, in most cases there is freedom to allocate the resources
— namely, one can choose the data given to the expert for further processing and
labeling. This motivated researchers to start the investigation of the learning strate-
gies that are able to mimic this heuristic framework. Intuitively, an effective learning
strategy should decide which instances are the most informative for a present task,
thus omitting the ’less informative’ observations.

The most popular, and probably the simplest model for active learning methods is the
binary classification problem where the label is allowed to take only two values +1,
and we will focus our attention on this particular case. Note that multi-label classifi-
cation can often be reduced to binary classification, so it is important to understand
the potential improvements in the easiest case. In particular, such improvements are

possible due to the fact that for the binary classification problem, it is enough to



know only the sign of the regression function. If one wants to estimate the whole
regression curve (for example, with respect to the Ls loss), then active learning might
not be helpful. In particular, a negative result of R. Nowak, R. Castro and R. Wil-
lett (Theorem 3 in [24]) implies the following: if we only assume that the regression
function is smooth (namely, belongs to some Holder ball, see Definition 2.1), active
learning does not give any advantage (in the minimax sense) over passive learning.
There are several popular active learning frameworks which we mention below. The
so-called Selective Sampling scenario is closest to our setting. In this case, the ob-
servations are assumed to come independently, one at a time, from some underlying
distribution, and the algorithm decides whether the corresponding label should be
requested or not. This approach goes back to the works of D. Cohn, L. Atlas, R.
Ladner et al.[26],[25]. Another approach is the so-called Learning with Membership
Queries, where an algorithm can request the label for any observation, see [2],[3].
This framework is often more restrictive, but does not necessarily give advantage
over Selective Sampling (for example, under some assumptions on the underlying de-
sign distribution). Interesting theoretical results for these scenarios were obtained
in [35], where authors propose and analyze the so-called Query-By-Committee algo-
rithm. Another popular approach is Pool-Based active learning, where an algorithm
sequentially selects the data from some large but fixed pool of observations [64]. This
framework fits many practical applications, see [84],[79].

Most of the existing theoretical analysis was focusing on the noiseless case, thus mak-
ing an assumption that there exists a perfect classifier that always predicts the data
correctly, and that the training labels come from this classifier. The development
and analysis of noise-robust algorithms turned out to be a harder problem. One of
the first methods that performs well in the agnostic (noisy) setting is the A?(agnostic
active) algorithm by M.-F. Balcan, A. Beygelzimer, and J. Langford [6], and the

margin-based active learning algorithm [8] for the case of linear separators. Another
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approach was suggested by S. Dasgupta, D. Hsu and C. Monteleoni [28]. S. Hanneke
developed new tools for theoretical analysis of active learning methods, see [41], and
the further improvements by S.Hanneke, M.-F. Balcan and J. Wortman [7], [42], and
V. Koltchinskii [52]. It was discovered that in some cases the generalization error of
a resulting classifier can converge to zero exponentially fast with respect to its label
complexity (while the best rate for passive learning is usually polynomial with respect
to the cardinality of the training data set). Most of the aforementioned methods are

based on empirical risk minimization subroutine, and the high-level idea is as follows:
1. Obtain the empirical risk minimizer f :

2. Take a ’ball” B( f ,0) around f that contains the best possible classifier f, with

high probability;

3. Find the ’disagreement set’ associated to B( 1 J) defined as

{33 cdf1, fe € B(ﬁ d) s.t. sign fi(z) # sign f2(53)}

— in some cases, this set is going to be much smaller than the initial domain of

observations;

4. Obtain the next group of labeled observations supported on the disagreement

set and go back to step 1.

Under some natural assumptions these methods give provable significant improve-
ments over passive learning, and, moreover, are adaptive with respect to the unknown
parameters of the problem. On the other hand, empirical risk minimization that is at
the core of these methods is done with respect to the binary loss. For such non-convex
problems, it is very hard to find the minimizers over nontrivial hypotheses classes,
so the practical use of the methods is limited. Other practically successful methods,

such as Support Vector Machine Active Learning [84] have not yet been supported
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by theoretical justification, to the best of our knowledge. A different approach in
the noisy setting, based on learning the one-dimensional threshold classifiers, was
proposed by R. Castro and R. Nowak [23]. The viewpoint and the methods of this
work are closer to our investigation compared to previously mentioned results, so we
will give more details below. We just mention that the algorithm developed in [23]
can be effectively implemented, but it is not adaptive and requires some unknown
parameters of the distribution as an input. One of the goals of the present work was
to construct active learning methods that are computationally tractable and at the

same time are adaptive over a large class of underlying distributions.

2.2 Probabilistic framework

Let (X,Y) € [0,1]¢ x {—1,1} be a random couple with unknown distribution P.
The marginal distribution of design variable X will be denoted by II. Let n(x) :=
E(Y|X = z) be the regression function. The level set {z € [0,1]¢: n(z) = 0} is
called the decision boundary. The goal of binary classification is to predict a label
Y based on the observation X. Prediction is based on a classifier - a measurable
function f :[0,1]% — {—1,1}. The quality of a classifier is measured in terms of its
generalization error, R(f) = Pr(Y # f(X)). It is well-known, and intuitively clear,
that the best possible classifier is the so-called Bayes classifier g.(x) := sign n(x).

The situation when active learning methods outperform passive algorithms might
occur when the so-called Tsybakov’s low noise assumption [69],[86] is satisfied: there

exist constants K,y > 0 such that
V>0, x: |nx)] <t) <Kt (2.2.1)

This assumption provides a convenient way to characterize the noise level of the prob-
lem and will play a crucial role in our investigation. The majority of the previous work
in the field was done under standard complexity assumptions on the set of possible

classifiers(such as polynomial growth of the covering numbers). Castro and Nowak
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[23] derived their results under the regularity conditions on the decision boundary
and the noise assumption which is slightly more restrictive than (2.2.1). Essentially,
they proved that if the decision boundary is a graph of the Holder smooth function
g € X(B, K,[0,1]971) (see Section 2.3 for definitions) and the noise assumption is sat-
isfied with v > 0, then the minimax lower bound for the expected excess risk of the ac-
tive classifier is of order NP1 and the upper bound is O ((N/ log N)7$<+dﬁl)> :
where N is the label budget. However, construction of the classifier that achieves an
upper bound assumes § and v to be known.

In this thesis, we consider the problem of active learning under classical nonpara-
metric assumptions on the regression function — namely, we assume that it belongs
to a certain Holder class ¥(3, K, [0, 1]¢) and satisfies the low noise condition (2.2.1)
with some positive 7.

Remark. Note that our assumption is different from the framework in [23] where
smoothness condition was imposed on the level set {z : n(z) = 0} and not on 7 itself.

Under similar assumptions on regularity of the regression function, A. Tsybakov
and J.-Y. Audibert [5] showed that plug-in classifiers attain optimal rates in the pas-
sive learning framework. In particular, their results imply that the expected excess
risk of a classifier ¢ = sign 7 is bounded above by C'- N S (which is the optimal
rate), where 7 is the local polynomial estimator of the regression function and N is
the size of the training data set (their construction of an estimator 7 assumes ( to
be known). We were able to partially extend this claim to the case of active learning:
first, we obtain minimax lower bounds for the excess risk of an active classifier in
terms of its label complexity. Second, we propose a new algorithm that is based on
plug-in classifiers, attains almost optimal rates over a broad class of distributions and

possesses adaptivity with respect to 3,7 (within the certain range of these parame-

ters).
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The rest of the chapter is organized as follows: the next section introduces remain-
ing notations and specifies the main assumptions. This is followed by a qualitative
description of our learning algorithm. The second part contains the statements and

proofs of our main results - upper and minimax lower bounds for the excess risk.

2.3 Notations and main assumptions

Our active learning framework is governed by the following rules:

1. Observations are sampled sequentially: X} is sampled from the modified distri-

bution I, that depends on (X1,Y1),. .., (Xk_1, Yi_1).

2. Y}, is sampled from the conditional distribution Py x(-|X = z). Labels are

conditionally independent given the feature vectors X;, ¢ < n.

Usually, the distribution Il is supported on a set where classification is difficult.
Given the probability measure Q on S x {—1,1}, we denote the integral with

respect to this measure by Qg := [ gd Q. Let F be a class of bounded, measurable

functions. The risk and the excess risk of f € F with respect to the measure QQ are

defined by

Ro(f) == QL xsign f(x)

&o(f) == Ro(f) — inf Rg(g),

geF

where Z 4 is the indicator of event A. We will omit the subindex Q when the under-
lying measure is clear from the context. Recall that we denoted the distribution of

(X,Y) by P. The minimal possible risk with respect to P is

R*= inf Pr(Y #sign g(X)),

g:S—[—1,1]

where the infimum is taken over all measurable functions. It is well known that it is

attained for any g such that sign g(z) = sign n(z) [I- a.s. Giveng € F, A€ B, § > 0,
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define
Foor(g;0) :={f €F: |f = 3llooa <0},

where || f — g|lco,a = sup |f(z) — g(z)|. For A € B, define the function class
€A
F|A::{f|Aa fG.F},

where fla(z) := f(2)Za().
Let B > 0.

Definition 2.1. We say that g : R? — R belongs to X(8, B, [0, 1]%), the (8, B, [0, 1]¢)
- Hoélder class of functions, if g is || times continuously differentiable and for all
z, 71 € [0,1]¢ satisfies

l9(21) = To(21)] < Bl — a1 1%,

where T, is the Taylor polynomial of degree || of g at the point x.

Definition 2.2. P(3,7) is the class of probability distributions on [0,1]% x {—1, +1}

with the following properties:

1. There exisits K > 0 such that ¥ t > 0, (z: |n(z)| <t) < Kt7;
2. () € S(5.B.0,11%).

Remark: note that n(z) can be defined arbitrarily on the sets of measure zero
(with respect to II), and we only ask for the existence of one smooth representative.
We do not mention the dependence of P(3, ) on the fixed constants B, K explicitly,
but this should not cause any uncertainty.

Finally, let us define P (8, ) and Py(3,7), the subclasses of P(3, ), by imposing
two additional assumptions. Along with the formal descriptions of these assumptions,
we shall try to provide some motivation behind them. The first condition is related

to the marginal distribution II. For an integer M > 1, let

L kl kd o .
gM—{<M,7M>, k,—lM, Z—ld}
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be the regular grid on the unit cube [0, 1]¢ with mesh size M. It naturally defines
a partition into a set of M? open cubes R;, i = 1... M% with edges of length M~}
and vertices in Gy;. Below, we consider the nested sequence of grids {Gom, m > 1}

and corresponding dyadic partitions {Hgm, m > 1} of the unit cube.

Definition 2.3. We will say that 11 is (uy,us) — regular if there exists m > 1 such
that 11 is supported on the union of elements of {Ham} and is absolutely continuous

with respect to Lebesque measure, with a density p(x) such that Vx € supp(Il),
u < p(z) < uy,

where 0 < u; < Uy < 00.

Assumption 2.1. IT is (uy, ug) - regular.

Let us mention that our definition of regularity is somewhat restrictive; slightly
more general conditions are possible at the price of more technical statements and
details. We believe that small benefits from imposing a weaker assumption do not
justify the losses in the clarity of exposition. For most of the chapter, the reader might
think of I as being uniform on [0, 1]%( however, we need slightly more complicated
marginal to construct the minimax lower bounds for the excess risk).

It is known that estimation of regression function in sup-norm is sensitive to the
geometry of design distribution, mainly because the quality of estimation depends on
the local amount of data at every point; conditions similar to our Assumption 2.1 were
used in the previous works where this problem appeared, for example, strong density
assumption in [4] and Assumption D in [37]. A useful characteristic of (u1,us) -
regular distribution II is that this property remains valid for conditional distributions
[Ta(dz) = TI(dx|A) for certain subsets A of the unit cube. This fact fits our active

learning framework particularly well.

Definition 2.4. We say that Q belongs to Py (5,7) if Q € P(5,v) and Assumption

2.1 1is satisfied for some uy, us.
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The second assumption is crucial in derivation of the upper bounds. First, let us
introduce the family of piecewise—polynomial functions that is used to construct the

estimators of n(z). Given two nonnegative integers r and m, let

2dm

Fon = f:ZQi($1>---axd)IRi , (2.3.1)
i=1

where H,,, = {Ri, 1<i< 2dm} is the dyadic partition of the unit cube and ¢;(x1, . . ., z4)
are the polynomials of degree at most r in d variables. For example, when r = 0, F°,
can be viewed as the linear span of first 2™ Haar basis functions on [0, 1]%. Note that
{FI, m > 1} is a nested family, which is usually a desirable property for statistical
model selection procedures. By 7,,(z) we denote the Lo(II) - projection of regression
function n(x) onto F,. We explain the motivation behind this choice of estimators
and discuss the approximation properties of F, in Section 2.3.1 below.

Let n € (B, B, [0, 1]¢) for some 0 < 8 <7+ 1.
Assumption 2.2. Assume one of the following two conditions holds:
1. n(x) belongs to F, for somemg > 1;

2. There exists By := Ba(n,I1) > 0 such that for all m > 1 the following holds

true:
||77 - ﬁm”oo,supp(l'[) > B22_5m-

Finally, we define Pj(B,7):

Definition 2.5. We say that Q belongs to Pj(B,7) if Q € Py(5,~y) and Assumption
2.2 1s satisfied.

Appearance of Assumption 2.2 is motivated by the structure of our learning algo-

rithm — namely, it is based on adaptive confidence bands for the regression function.
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Nonparametric confidence bands form a big topic in statistical literature, and the re-
view of this subject is not our goal. We just mention that it is impossible to construct
adaptive confidence bands of optimal size over the whole |J X (ﬁ , K, 0, 1]d). The
subject is discussed in details in [68, 40|, among others. ?:sii;;tion 2.2 plays an im-
portant role in controlling the bias of the estimator as can be seen from the proof of
Theorems 2.5.6, 2.6.2 below. We continue the discussion of Assumption 2.2 in Sec-
tion 2.5.4 and provide explicit examples of functions satisfying this assumption (for

example, it will be shown that all sufficiently smooth functions satisfy Assumption

2.2).
2.3.1 Comparison Inequalities

Before proceeding with the main results, let us recall the well-known connections

between the binary risk and the || - ||o, || - ||zo(m) - norm risks:

Proposition 2.3.1. Under the low noise assumption,

Rp(f) — R* < Di||(f —n)Z {sign f # sign n} ||117; (2.3.2)
2(1+7)

Rp(f) — R* < Do||(f —n)Z {sign f # sign n} ||, ; (2.3.3)

Rp(f) — R* > Dyll(sign f # sign ) . (2.3.4)

Proof. For (2.3.2) and (2.3.3), see [4], Lemmas 5.1 and 5.2 respectively, and for

(2.3.4)—see [53], Lemma 5.2. O

2.4 Learning algorithm: the first look

We proceed by giving a brief description of our learning algorithm, since several
definitions appear naturally in this context. First, let us emphasize that the marginal
distribution 11 is assumed to be known to the learner. This is not a restriction, since
we are not limited in the use of unlabeled data and Il can be estimated to any

desired accuracy. Our construction is based on so-called plug-in classifiers of the
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form f (-) = sign 7(+), where 7) is a piecewise-polynomial estimator of the regression
function. As we have already mentioned above, it was shown in [4] that in the

passive learning framework plug-in classifiers provide optimal rate of convergence for

BA+y)
Fd

the excess risk of order N~ 25+4 | with 1 being the local polynomial estimator.

Our active learning algorithm iteratively improves the classifier by constructing
shrinking confidence bands for the regression function. On every step k, the piecewise-
polynomial estimator 7, is obtained via the model selection procedure which allows
adaptation to the unknown smoothness(for Holder exponent < r+1). The estimator

is further used to construct a confidence band Fj, for n(x). The active set associated

with F, is defined as

Ay = A(F) = {CL‘ e supp(ll) : 3fy, fo € Fi,sign fi(z) # sign fg(a:)} :

Clearly, this is the set where the confidence band crosses zero level and where clas-
sification is potentially difficult. A}, serves as a support of the modified distribution
ﬂk+1i on step k + 1, label Y is requested only for observations X € Ak, forcing the
labeled data to concentrate in the domain where higher precision is needed. This
allows one to obtain a tighter confidence band for the regression function restricted
to the active set. Since Ax approaches the decision boundary, its size is controlled by
the low noise assumption. The algorithm does not require a priori knowledge of the
noise and regularity parameters, being adaptive for v > 0,0 < g < r 4 1. See Figure

1 for graphical illustration. Further details are given in Section 2.6.2.

2.5 Approximation and estimation by piecewise—polynomzial
functions

In this section, we continue the discussion of classes F,, introduced in Section 2.3

(see (2.3.1)) and give some examples related to Assumption 2.2. We also introduce

a piecewise—polynomial estimator of the regression function and discuss its concen-

tration properties relative to || - || norm. Polynomial estimators are very common
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Figure 1: Active Learning Algorithm

in statistical literature on regression and density estimation due to their effective-
ness and simplicity; most popular examples include B-splines and Bartle-Lemarié
wavelets. In many cases it is desirable to construct a smooth estimator(for example,
when it is known that the parameter of interest is smooth). However, our case is
different in several aspects: due to the nature of the learning algorithm, the design
distribution changes on every step and is often supported on a set with several con-
nected components, so that using a globally smooth estimator does not necessarily
give an advantage. It turns out that approximation by piecewise—polynomial func-
tions better suits our goals, providing a simple and well-behaved estimator(which is
only piecewise-smooth, however). In what follows, we often rely on the fact that the
design distribution II is known to the learner. In particular, we are able to construct
Lo(IT)—orthonormal bases. It is possible to relax this condition by estimating all in-
volved quantities to desired accuracy, but we omit these details to avoid deviations
from our main exposition.

We proceed with a discussion of approximation properties of F;, .
2.5.1 Approximation by piecewise—polynomial functions

It is a well known fact that the dimension of the space of polynomials in d variables

of degree at most r on the unit cube is Dy, = (d:fr). This immediately implies
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that dim F" = 29D,,.. Let ¢y,...,¢;, | < 29Dy, be any Lo(Il) - orthonormal
basis of 7, such that each ¢; is supported on a single dyadic cube R;, j =1...2%™,
A basis with required properties can be easily constructed as follows: take R; such
that R; Nsupp(Il) # 0. Let ¢j1,...,¢;p,, be the Ly(Il)-orthonormal basis of the
restriction of F, to R;. The required basis of F}, is just the union of these bases over
all 7.

Let Proj,, be the Lo(II)—projector on F .

Proposition 2.5.1. There exists a constant C' that depends on I, r,d but not on m

such that for all II-measurable, bounded f : [0,1]¢ — R we have

“Projm<f>‘|oo,supp(ﬂ) < CHfHoo,supp(H)'

Proof. Let f; := f - Zg, be the restriction of f on the cube R;, so that
f= >, I
i:R;Nsupp(I1)#0

Note that, due to the special structure of F,, Proj,,(f;) = (Proj,,(f));, so it is enough
to prove the claim for every f;, with a constant C' independent of .

Let P} be the space of polynomials of degree at most r on [0, 1]¢, and assume that s is
the uniform distribution on a subset S C [0, 1]¢ given by a union of dyadic cubes with
edge length bounded from below by 27™°. Since P} is a finite dimensional subspace,

for any g € P

glloc.s < Cp, d;7)llal] Lo

Note that the bound can be made uniform over all u with described properties(since
there are only finitely many candidates), with a constant C' depending on myg,d, .
Also, the same estimate clearly holds with [0, 1]¢ replaced by any cube in R? since
it can be transformed into the unit cube by a composition of shifts, dilations and
rotations.

Going back to our problem, consider a dyadic cube R; with edge length 27 such
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that R; Nsupp(Il) # (. Since, by Assumption 2.1, R N supp(II) is a union of finitely

many dyadic cubes, the previous argument implies

C(1,d,r)
(supp(Il) N R;)

[P0 (i)l < 5 1Pr0j, ()l ot (25.1)

where A is the Lebesgue measure on supp(Il) N R; and the constant C(II,d,r) is

independent from 7. Recalling Assumption 2.1 once again, we have

} 1 . 1
|Proj,, (fi)ll Loy < u_1||PrOJm(fi)||L2(H) < u—1||fz'||L2(H) <

II(R:)
S ||fi||oo,supp(H)ﬂRia
Uy

where we used the fact that Proj,, is the projection, hence does not increase the norm.
Together with (2.5.1), this gives

o dr) MR . -
A (Supp<H) N Rl) U illoo,supp(Il)NR; =

U2
< u_IC(H’d’ )| fill oo supp(mnr;

[Proj,, (fi)lloo <

where we used that % < ug by Assumption 2.1. Together with the initial
observations, this completes the proof. O

The following corollary is straightforward(it is known as a 'Lebesgue lemma’ in

the approximation theory).

Corollary 2.5.2. Let C' be as in Proposition 2.5.1. Then for any bounded II-

measurable f we have

”f - Prijf”oo,supp(H) S (C + 1) gier}__fr Hf - gHoo,supp(H)'

Proof. For any g € F, we have

”f - PrijfHoqsupp(H) < ||f - g”OO,Sllpp(H) + ”g - Projmeoo,supp(H) =
= Hf - 9||<>0,supp(H) + ||Projm(g - f)”oo,supp(n) <

<|If - gHoo,supp(H) +Cf - QHOO,SUPP(H)'
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A consequence of the previous results is the following important fact:

Corollary 2.5.3. Assume f € ¥(3, B, [0,1]?) for 3 <r+1. Then
1f = Projp, fllosuppny < B(C' + 1)2—Bm7
where C' is a constant from Proposition 2.5.1.

Remark 1. In what follows, we will denote By := B(C + 1), where B and C are

as defined above.
Proof. The claim follows from Definition 2.1 and Corollary 2.5.2. O

Remark 2. It is also possible to prove similar approximation results with a dif-
Dd,r

ferent approach: namely, one could observe that the kernel k(z,y) := Y ¢;(x)®;(v)
j=1

reproduces polynomials up to degree r II-almost everywhere, and use this fact to-

gether with Taylor expansion to prove the approximation bound.
2.5.2 Estimation of piecewise—polynomial functions

This section discusses the random error that occurs when estimating a function from
the noisy data. Our goal is to show that the piecewise-polynomial projection estima-
tor concentrates around its expectation in sup-norm. Let B,, be the sigma-algebra
generated by the dyadic cubes R;, 1 < j < 29 forming the partition of [0, 1]¢. Given
A € B, with A := A Nsupp(IT) # @, define

A

Ta(dz) :=(dx|x € Ap).

Moreover, set d,, 4 := dim <.F,’,LL|AH). Let (X;,Y;), i@ < N be iid observations with
X; ~ M4(dz) and m > 1 be the resolution level. Let &, = {¢1,...,a, .} T Fp,

be the Ly(II)-orthonormal basis of F), such that each ¢; is supported on a single

[

dyadic cube R = R(¢;) with edge length 27™. It is easy to see that in this case

{¢1 II(A), ... ,gbdm’A\/H(A)} is the Ly(IL4)-orthonormal basis of .F,ZL}AH.
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Next, we introduce an estimator of the regression function on the set Ap. Define the

empirical Fourier coefficients by
X
=y ; YiVII(A) i (X

and the estimator 7, 4 by

dm,A
> qin/II(A)pi(z), x € R for some RN Ay # 0,
Hm,a(x) = ¢ =1 (2.5.2)

0, else.
Here, R is a dyadic cube with edge length 27™. It is easy to see that for x € Ay, the
mean of 7, 4(z) is equal to 7,,(x), where 7, is the Lo(II)— projection of n onto F..
dm,A
Let a; be such that ﬁm|AH = > ;.
i=1
The goal of this section is to prove the following concentration result:

Theorem 2.5.4. For anyt > 0,

—t2/2

1+ Cyty/ 2

Remark: we will often apply the bound of the theorem for a random resolution

24mII( A
Pr( sup |ma(z) — fm(x)] > Cit # < 2d,, 4 €xXp
J)GAH N

level m which is based on a sample independent from (X;,Y;), @ < N. In this case,
the bound has to be applied conditionally on m. If it also known that m is bounded,
namely, 2 H(A < C (as it will be in our case), then d,, 4 < C; - 2%II(A) < Cy - N
and the bound can be rewritten as

~ _ N 2dmTT( A
Pr (SUP |77m,A($) — nm(:):)\ > (C3log — A) _

r€AL Q N

R B N [24mII(A
=FEPr (sup i, A(x) — T (x)] > Cslog — #
TEAQ o N

E (C'4N exp (—05 log ﬁ)) <«
e}

for C3 large enough.

m)g
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Proof. The estimate follows from Bernstein’s inequality. Let R € B, be a dyadic
cube with edge length 27™ such that RN A # () and assume x € R. Without loss
of generality, let ¢1,...,¢p,, be the basis functions that are active on R(that is, not

identically zero on R). Then

Dg,r
T, (2) = i ()| = Z(@i\/m — a;)¢i(2)] <
i=1 .
< max |G v/TI(A) — o igg; ¢i(x)| < C(11,d,7) ) |G/ 11(A) — oyl
where the last inequality follows from the equivalence of || - ||z, and || - [ as in

Proposition 2.5.1.

N
Let gi,j = Y;(Z(XJ)H(A) so that dl H(A) = % -Zlgi’j' Note that
j=

EE;,; = T1(A) / n(9)s(y)dILa(y) = .

ES?; = 11°(A) : o7 (y)dlla(y) = TI(A),
I1(A)

VII(R)

[6iil < C(IL,d,r)

almost surely.

Bernstein’s inequality implies that

II(A —t%/2

Pr{ |&; H(A)—ozi‘>t a4 < 2exp /
N 14t /1w
T3\ v

The union bound over ¢ < Dy, implies

—t2/2

11(A)
L+ % NII(R)

ITI(A
& H(A) — Oéi| >t g) < 2Dd,r exp

1
p
' ( TI(R) i<Day NTI(R)

It remains to recall that by our assumptions II(R) > u;27%". Together with the

union bound over all R such that RN A # (), this completes the proof. O
2.5.3 Model selection

This section describes the tools that are needed to make our learning algorithm adap-

tive with respect to the unknown smoothness 8. It turns out that if Assumption 2.2
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is satisfied, then information about smoothness can be captured from the data. Our
adaptation procedure is of “Lepski-type”[63]. The approach presented below was
partially motivated by recent strong results of Giné and Nickl [40] on adaptive con-
fidence bands in density estimation. We employ similar techniques as in the proof of
Lemma 2 in the above—cited paper. An approach that is different from presented here(
based on complexity-penalized model selection), which also allows to obtain adaptive
confidence bands, is given in [73] for the case of piecewise-constant functions.

Given a sequence of finite dimensional subspaces G,,( in our case, these are the
piecewise—polynomial functions F7 | possibly restricted to some subset of [0, 1]?), de-

fine the index set

) N
J(N) = {mGN: 1 <dimgG,, < log4N} (2.5.3)

which is the set of all possible resolution levels of an estimator from G,, based on
a sample of size N. The upper bound on J(N) in imposed to make sure that the
resulting estimator is consistent. For the model selection procedures described below,
we will always assume that the index is chosen from the corresponding J(N).

Given a sample (X1,Y7), ..., (Xn, Yn) from P, let {ﬁm 1= T 0,14, M € j(N)} be a
collection of estimators of 1 on the unit cube defined by formula (2.5.2). Our goal
is to choose the resolution level m in an optimal way using the given sample. Opti-
mality is understood as a balance between the bias term coming from the polynomial

approximation and the random error coming from the use of noisy data. Given ¢ > 1,

define

24L]
m::m(t,N):min{mEJ(N): Vi>m, le J(N), ||TA]z—TA]mHoo§K1t\lw}-

(2.5.4)
Remark 1: for brevity, everywhere in this section the sup-norm || - ||« stands for
1f = glloosuppqmy == sup | f(z) = g(2)].
zesupp(II)
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Remark 2: Note that the actual value of m can be numerically computed once the
estimators 7); have simple structure. For example, when r = 0 and 7, are piecewise-
constant functions, the running time of the algorithm that finds  is O(N log® N).
This follows from the following considerations: first, we can write

)= Y

i:R;Nsupp(I1)#0

> YiZa (X))
N TR )

where R; have edge length 27!, hence 7); can be found in O(N) steps and takes at most
O(N) different values. The sup-norm ||7); — 9, || can be found in O(N) steps. There
are at most O(log N) models to consider, which totally gives at most O(N log” N)
running time.

We will compare m to the "optimal’” resolution level m defined by

B ) B 9dmyp
m:=min m e J(N): |7 — Tmlloc < Ko N (- (2.5.5)

For m, we immediately get the following:

Lemma 2.5.5. Ifn € X(B,[0,1]4,8) for0 < B <r+1, then

2m <c NB% 1/(2B+d)
SO o ;
log(N BY)

where By = C' - B for some C' = C(Il,d,r).

Moreover, if condition 2 of Assumption 2.2 is satisfied with a constant B, then

2m . NB% 1/(2B8+4d)
=72 \log(NB?)

Remark: note that we specify the dependence on By, B, since we will allow these

constants to logarithmically depend on N later.

Proof. By the definition of m and Corollary 2.5.3, we have

~ . _Bm 9dmy
m<min<m € J(N): B2 < K, N )
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NB? ) 1/(28+d)

log(NB?) , for

Clearly, the minimum can be bounded by m such that 2™ ~ C) (
appropriate Cy.
The second bound follows in a similar way, with Assumption 2.2 in place of Corollary

2.5.3 to estimate || — ]| oo

_ . —Bm 2dmm
m>min<m e J(N): B2 < K, I >

2dm
zmax{méj(]\f) 32275m>K2 m},

N

Y

B2N 1/(28+4d)
log(B3N)

and it is easy to see that Bo279™ > Ky / 2d;m is satisfied for 2™ ~ (5 <

if O is sufficiently small. O]
The main result of this subsection is formulated below.

Theorem 2.5.6. Assume thatn € ¥(B, [0,1]%, 3) and that Assumption 2.2 is satisfied
with constant By. Then there exists to = to(Il,d,r) > 0 and K; large enough such
that for all t > ty we have

1 By
me |(m——|logyt+logs,—+h],m
( B( g2 g232 ) :|

with probability at least 1 — C29™log N exp(—ctm), where h is some fized positive
number that depends on d,r,I1 and By = C' - B for some C = C(Il, d,r).

Remark: the bound above becomes useful if the endpoints of the interval are of
the same order, which retranslates as a condition for the size of m, or, using Lemma
2.5.5, can be further written in terms of N. Assume that we want m € (em,m) to

hold with probability > 1 — «. If, in addition, g—; < Clog N (as we will assume in

the sequel), then it is enough to require

t>ci1(28+d) (1+%),

N > ¢, (log N Vv t)3Fo)@FF/5
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If A is such that @« = N~4, then the last condition can be stated as
N > ¢3(3,d) - (log N v A)PHe)E+d/5 (2.5.6)
Proof. Let m > m be fixed; by definition of m, we have

2]
Pr(m =m) < Pr <E|l>m—1: 17— The1]loo > K1t W) <

- odl]
< Z Pr (||77l — Nm—1|loc > Kt W) .

leJ(N): I>m—1

We will bound each term independently. Note that

”ﬁl - 77m71“<>0 < ”ﬁl - ﬁlHOO + Hﬁmfl - ﬁmfluoo + H77 - 77lHoo + H77 - ﬁmfluoo

Since [ > m — 1 > m, we have by the definition of m

9dl] \/Qd(m—l)(m —-1) 9di]
— Tilloo < Kop] =, — Do < K < Ko/ —.
In =il < Ka\/ S 0= i loe < Koy = o

If 1K1t > K>, this gives

o 9di]
Pr ||77l_77m—1||oo>K1t W <

odl] odl]
<Pr (i = 7itlloe > Kstr] = | + Pt { it — Gt floc > Ksty/ = | ,
< Pr| || — 3 N + Pr | |9m—1 — D1 3 N

where K3 = K, /4. It remains to apply Theorem 2.5.4( for A := [0, 1]%) to estimate the
probabilities above, and to take the sum over all [ > m —1. Note that, by definition of
J(N), \/@ is bounded above by a constant independent of [ and that the dimension
factor dj (g 1)a from Theorem 2.5.4 is bounded by 24Dy, ~ C2%. Finally, for ¢ large
enough

—t%
- — < dl
Pr(m =m) < E C2% exp ( ; > +

1
leJ(N): I>m—1

4 ¢24m=1) Z exp (—03t2d(l_m+1)l) < 024 exp (—ct(m — 1)) .
leJ(N): I>m—1
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Since m > m was picked arbitrarily, it remains to use the union bound over all such

m to get that
Pr (i > m) < C29™ exp (—ctm). (2.5.7)
Now we turn our attention to the reverse inequality. Let m be such that
m < m — 1 (log2 t + log, By + h> (2.5.8)

B B,

where h is some fixed positive integer that depends on d, r, II. By the definition (2.5.4)

. N 27mm
Pr(m=m) <Pr | ||hm — Ml < Kit ~ | (2.5.9)

Next, by triangle inequality

of m, we have

17hm = Aimllse = 17m = 0lloc = 17m = Nllco = 17hm = Thm — i + 7o
By Assumption 2.2, ||7m — 7lec > B227™. By the definition of m, ||m — 1]l <

K, Qd% Together with the inequality (2.5.9), this implies

Qdm*
Pl" (Th = m) S Pl“ (Hﬁm — ﬁm - ﬁm + T_]mHOO Z B2275m — (K1t+ Kg) Nm> .

(2.5.10)

Since we also have( by definition of m) that B;2-#(m=1 > K\/WL]\;W_U, our as-

sumption (2.5.8) on m implies, for h large enough,

[2dmm) [2dmm)
32275171 — (Klt + Kg) N > Clt N .

It remains to apply Theorem 2.5.4 to further bound (2.5.10) from above. We get

. . c 2dmpm, . c 2dmpm,
Pr(m =m) < Pr (Hnm — Tmlloc = —t ) + Pr (Hnm — i lloo = —t —>

- 2 N - 2 N
< C2% exp (—ctm) .

The union bound over all m satisfying condition (2.5.8)( which gives O(log N) choices)

completes the proof. O
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Remark. It easily follows from the definition of m and the previous theorem that

the following inequality holds with probability > 1 — « (if g—; <log N):

d
e, N\t [odingy,
270 < — (log — : 2.5.11
=B <Og a> N (251
This inequality will be useful in the sequel to control the bias, since Qd% is a purely

data-dependent quantity. If we assume that § > v for some v > 0, then the upper

bound only depends on known parameters.
2.5.4 Functions satisfying Assumption 2.2

The goal of this subsection is to get more transparent description of the limitations
imposed by Assumption 2.2 on the class of underlying distributions. We will show
that all “nice” functions satisfy the requirements. The meaning of the following two
propositions can be summarized in the informal way as follows: functions that satisfy

Assumption 2.2 are the functions whose smoothness 3 can be learned from the data.

Proposition 2.5.7. Assumen € C™*! ([0, 1]d), the space of (r+1)-times continuously

differentiable functions. Then Assumption 2.2 is satisfied.

Proof. First, note that, if (D" 1p) ‘ = 0, then the first condition of Assumption

supp(1T)

2.2 holds. Otherwise, there exist zo € int supp(II) such that D" "'n(xq) # 0, meaning

that at least one of the partial derivatives of order r 4 1 is nonzero. Define

D~ f
al

My := max

|a|=r+1

(o)

where a is a multi index, and we employ the standard multi index notation below.
Let R € Hom be a cube with edge length 27 such that zy € int R. Assume that 2z
is the vertex of R closest to the origin, so that the change of variables y = 2™ (z — zy)
transforms R into a unit cube. Our main step is based on the following fact: there

exists ¢(r—+1,d) > 0 such that for all monic polynomials p of power r+1 in d variables

sup |p(z)| > c(r+1,d). (2.5.12)
z€[0,1]¢
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Remark: we will say that a polynomial p = > ¢,z of degree k in d variables is
la|<k
monic iff

max |c,| = 1.
|a|=k

In what follows, M(k,d) denotes the set of all monic polynomials in d variables of
degree k.

One way to see (2.5.12) is as follows: first, since the norms on the space of polynomials
of bounded degree are equivalent, we have sup,co ¢ [p(z)| > c1(r, d)|[p(2) || Ly(de),
where || - ||z, () is the usual Ly—norm with respect to the Lebesgue measure. Next,
for p(z) = 3  4j<r41 Ca®, we have

2

Wl = [ | 3 ] de= 3 cansdus= e

[071]d || <r+1 la],|Bl<r+1

where A, 5= [ x%2Pdr and c is a vector of coefficients of p (ordered lexicographi-
[0,1]4

cally, for example). Since the set of monomials is linearly independent, A is positive

definite as a Gram matrix of a linearly independent set, hence
¢ Ac 2 Ayin(A)[[e]l3 = ca(r, d)|c]]3.

It remains to notice that ||c/|2 > 1 for monic polynomials.
Going back to the main argument, let 7,1 (z;x¢) be the Taylor polynomial of 7 at
Tg, so that

n(z) = Try1(z;20) + E(x — 20),

where F(x — z9) = o(||z — xo|"F!). We have

|Tr+1.(2; 20) =T1m () [loe.r = [ Tr1(27™y + 205 20) = T (27"Y + 20) |, 0,110 =

> Me2 ™+ ing > ¢(r 4+ 1,d) Mp2 ™D
= 0 pE/V}(El"—O—l,d) ||p||oo,[0,1]d = C(T’ + 1, ) 0

If mo = mo(n, o) is such that |E(z — x0)| < ic(r + 1,d)Mollz — zo"™ for any
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|z — 2o|loe < 27™, then for any m > mq

17 = Thmllco.r = [0 = Toga (5 20) oo, = [1E(2) |0, =

1
> Selr+1, d) M2~ D).
concluding the proof. O
When S # r + 1, we have the following result:

Proposition 2.5.8. Assume that {5} =8 — |B] > 0 and define
fult) i=n(zo +tu), t R, u e R ||ul|oo = 1.

If there exist xg € (0,1)? and u such that

(8D _ pUBD
t—0 ‘t|{5}
then Assumption 2.2 is satisfied.
(18D (9= gy £(LBD)
Proof. For —1 < s < 1, define g;(s) := = (2;8{)[,;,-]0" ©  Note that

gi(s) —— M - g(s),

j—o0
where g(s) can be one of four functions g »(s) := &[s|1? or g34(s) := *|s|!Psign(s),
and, moreover, convergence is uniform in s over any compact interval, due to our
assumptions. Indeed, the function h(t) := f&m)(z&) - fqﬂw)(O) must be nonzero in
some neighborhood t € (—4,0) \ {0} (since M > 0), so it can only change the sign at

t = 0. The claim about uniformity is also straightforward:

qumD(Q_js) B fL(LLﬁJ)(())
(2_j8){5}

sup |g;(s) — M - g(s)| = sup

s Jj—00

—M‘ -|s|Pt —— 0.

We will also define (motivated by the integral form of the remainder term in Taylor

expansion)
t

qi(t) = /gj(u)(t —u) LBI=1 qus.

0
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t

Clearly, ¢;(t) — M - q(t) := M [ g(u)(t — u)l¥ = du uniformly over compact sub-
j‘)OO 0

sets. Our previous observations imply (for example, direct evaluation of ¢(t) gives

1
lg(t)] = [t|? [u!P(1 —u)B~1du = C|t|P) that for any closed interval I containing 0
0
D = D(r,n,I) := diste 1(¢, Pr) > 0

— in other words, the distance in C(I) from ¢(t) to the subspace P, of polynomials of
degree at most r is positive. Due to uniform convergence, there exists j, such that
that for any j > jo, disteo(qj, Pr) = MZ. As a consequence, for a dyadic cube R

containing x¢ and I = I(z) C R such that
o+ 2 "Mtu e Rfort el

we have

17 = Thnlloc.r = 1 fu(2778) = T (20 + 27" tu)[|oos =

. o-pm | L .
= ||T|5(27";0) + W /gm(U)(t — ) du — 7, (20 + 27™tu) ,

0 oo,l

where T5/(27¢;0)is the Taylor polynomial of f,(t) of degree || expanded around
0 and g,, is defined above. Consequently, for m > jg,

) g=pm 27 D
In =l 2 737 mf Nlam(®) = POkt = gr M 5

completing the proof. O

To end this section, we will mention that results of the same flavor appeared in
a recent work of E. Giné and R. Nickl on adaptive density estimation [40], where a
condition similar to our Assumption 2.2 was studied in the case of wavelet projection
estimators. In particular, due to a nice characterization of smooth classes in terms of
wavelet coefficients, authors were able to show that the functions that do not satisfy
two-sided inequalities for approximation by wavelet projection form a nowhere dense

subset of the corresponding smoothness class.
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2.6 Main results

The question we address below is: what are the best possible rates that can be
achieved by active learning algorithms in our framework and how these rates can be
attained. We start this section by investigating the theoretical limitations of active
learning under our assumptions on the underlying distribution. The second subsection
is devoted to the detailed description and analysis of the learning algorithm introduced

earlier.
2.6.1 Minimax lower bounds for the excess risk

The goal of this section is to prove that for P € P(,~), no active learner can output
a classifier with expected excess risk converging to zero faster than N _%. Our
result builds upon the minimax bounds appeared in the works of A. Tsybakov, J.-Y.
Audibert [4] and R. Nowak, R. Castro [23].

Remark The theorem below is proved for a smaller class P (5, v), which implies the

result for P(f3,7).

Theorem 2.6.1. Let 3,7,d be such that v < d. Then there exists C' > 0 such that
for all n large enough and for any active classifier fn(m) we have

A _ _BQ4y)
sup ERp(f,) — R* > CN 26+a-pv,
PePH(B7)

Proof. We proceed by constructing the appropriate family of classifiers f,(x) =
sign 7,(x), in a way similar to Theorem 3.5 in [4], and then apply Theorem 1.2.9
mentioned in Chapter 1.

Let ¢ =2, [ > 1 and

2% — 1 g — 1 .
= ki=1...q,i=1...d
6= { (B ). 0 i }

be the grid on [0, 1]¢. For x € [0,1]%, let

ng(z) = argmin {||z — zx||2: zx € G,}.
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If n,(x) is not unique, we choose a representative with the smallest || - |2 norm. The

unit cube is partitioned with respect to Gy as follows: x1, x2 belong to the same subset

if ny(z1) = ny(z2). Let ' >’ be some order on the elements of G, such that z > y

implies ||x]|2 > ||y||2- Assume that the elements of the partition are enumerated with
a

q
respect to the order of their centers induced by ' =': [0,1]9 = |J R;. Fix 1 <m < ¢¢
i=1

and let

Note that the partition is ordered in such a way that there always exists 1 < k < ¢v/d

B, (0, S) CSCB, (0, W) , (2.6.1)

where B, (0,R) := {z € R% : ||z|, < R}. In other words, (2.6.1) means that that

with

the difference between the radii of inscribed and circumscribed spherical sectors of S
is of order C'(d)g~.

Let v > r; > ry be three integers satisfying
27 <2 < 27Wd < 27Vd < 271 (2.6.2)

Define u(x) : R — R, by

u(z) = W, (2.6.3)

[ U®)dt

where

0 else.
Note that u(x) is an infinitely differentiable function such that u(z) =1, = € [0,27"]

and u(z) =0, = > 1. Finally, for z € R? let
O(z) := Cu((l]2),
where C' := (4 is chosen such that ® € X(3, L, R?).
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m - belongs to S

Figure 2: Geometry of the support

Let rg :==inf{r >0: B,(0,7) D S} and

Ay = {URi: R,N B, (0,r5+q_%7> :(Z)}.

Note that
1/d
re < (2.6.4)
q

since Vol (S) = mq~.
Define H,,, = {P, : 0 € {—1,1}"} to be the hypercube of probability distributions
on [0,1]¢ x {—1,+1}. The marginal distribution IT of X is independent of o: define

its density p by

Qd(Tl_l) ] o—71
2d(7‘177'2)717 xr E Boo (27 q ) \BOO (Z, T) y y4 E Gq m S’

p(l') = Co, xr € Ao,

0 else.

where Boo(z,7) = {z: ||z — 2]l <7}, ¢ 1= %(note that TI(R;) = ¢~ Vi <
m) and ry,re are defined in (2.6.2). In particular, II satisfies Assumption 2.1 since
it is supported on the union of dyadic cubes and has bounded above and below on

supp(Il) density. Let
U(z) :=u (1/2 — q%diStz(% B,(0, 7"S))) )
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where u(+) is defined in (2.6.3) and disty(z, A) := inf {||x — yl|2, v € A}.

Finally, the regression function n,(z) = Ep, (Y|X = z) is defined via

(@) 0:q P®(qlr — ny(1)]), reR, 1<i<m
No\T) =
L disty(z, B+ (0,r5))7 - U(z), « € [0,1]*\ 5.

Cr.pVd
The graph of 7, is a surface consisting of small “bumps” spread around S and tending

away from 0 monotonically with respect to disty(+, B4 (0,75)) on [0,1]%\ S. Clearly,

N, (x) satisfies smoothness requirement, ! since for x € [0, 1]
dista(z, B4 (0,75)) = (||z||2 — rs) V 0.

Let’s check that it also satisfies the low noise condition. Since |n,| > Cq™” on the

support of II, it is enough to consider ¢t = Czq~” for z > 1:
(o ()| < C2q) < mg~* + 11 (dista(a, By (0,75)) < €27/~ 7 ) <

d
<mq %+ Cy (rs + C’z”/dq_%> <

IA

mq_d + Cgmq_d + C’4Z’yq_6'y <

IN
Q)

7,

if mg=® = O(q="7). Here, the first inequality follows from considering 7, on S and
Ay separately, and second inequality follows from (2.6.4) and direct computation of
the sphere volume.

Finally, n, satisfies Assumption 2.2 with some By := By(q) by Proposition 2.5.7
since 7, is infinitely differentiable. The next step in the proof is to choose the subset
of H which is “well-separated”: this can be done due to Gilbert-Varshamov bound,
see Proposition 1.2.10 in Chapter 1. Let H' := {PF,,,..., P,,,} be chosen such that
{00, ...,0n} satisfies the Proposition 1.2.10. Next, following the proof of Theorems

1 and 3 in [23], we note that Yo € H', ¢ # oy

KL(PU,NHPUO,N> S 8N max
1

max (16 () 7y (2))? < 32CF 3Ng™%, (2.6.5)

Ly (z) is introduced to provide extra smoothness at the boundary of B, (0,rg).
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where P, y is the joint distribution of (X;, Yi)ij\il under hypothesis that the distribu-
tion of couple (X,Y) is P,. Let us briefly sketch the derivation of (2.6.5); see also

the proof of Theorem 1 in [23]. Denote

Xk = (Xl, . ,Xk),
Yk = (Yi,,Y}g)
Then dF, y admits the following factorization:
N
AP, (X, Yy) = [[ P- (Vi Xi)dP (X X1, Yiy),
i=1
where dP(X;|X;_1,Y;_1) does not depend on ¢ but only on the active learning algo-

rithm. As a consequence,

dFaN(X7N7 YN) 1P
KL(P, || Ps =K | : - =T 1 =
(Fo.v | Poy,v) ) APy N (Xn, Yn) Poure 208 ; 1Y

N
PO‘(YZIXl)
Ep, {Ep(, (log RIS UL X)} <
z‘zl " Pffo(yilXi)‘

(1 Pa(ifl|X1)
0g ———5~
Foy (Y1]1X1)

IN

N max ]Ep(7 |X1 :x) S

z€[0,1]@

where the last inequality follows from Lemma 1 in [23]. Also, note that we have
maX,e(oj¢ in our bounds rather than the average over z that would appear in the
passive learning framework.

It remains to choose ¢, m in appropriate way: set ¢ = |C1N mj and m =
|Coq*~P7| where C, C are such that ¢* > m > 1 and 32C7 ;Ng 2% < Z which is
possible for N big enough. In particular, mqg=¢ = O(¢~?"). Together with the bound
(2.6.5), this gives

% > KL(P,||Ppo) < 32C7 ;Nq™* < g = %log |H'|,

oEH!

so that conditions of Theorem 1.2.9 are satisfied. Setting
fo(z) :=sign n,(x),
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we finally have Vo, # o, € H'

m

By
> Oy N~ 28+d—py
8qt — ’

d(falv fcrz) = H(Sign 7701(1’) # Sign 1,, (77)) >

where the lower bound just follows by construction of our hypotheses. Since under
the low noise assumption Rp(f,) — R* > cII(f, # sign n)HTy(see (2.3.4)), we conclude

by Theorem 1.2.9 that

o B(1+)
inf sup Pr (Rp(fn) —R*> C4N_25+1d+jﬁv> >
fn PeP(B)

5 C
>inf sup Pr (H(fn(a:) # sign np(x)) > —4N23+€73“/) >7>0.
N PPy (B) 2

2.6.2 Upper bounds for the excess risk

In this subsection we continue the discussion of an active learning algorithm in-
troduced earlier. We will present detailed analysis and provide tight probabilistic
bounds for its performance. In particular, we show that the classifier constructed
by the algorithm attains the rates of Theorem 2.6.1, up to polylogarithmic factor,
if 0 < f < r+ 1. Moreover, the algorithm is adaptive with respect to ,~ and is
computationally tractable. The analysis builds upon our previous work [73] where
only the case of piecewise-constant estimators was treated. However, this limited
the adaptation range to 0 < § < 1. It turns out that the general case involving
piecewise—polynomial estimators of higher degrees is more difficult in several aspects.
In particular, the algorithm itself requires some changes, and the associated analysis is
performed under slightly more restrictive assumptions. The main difference is related
to the geometry of the active set (see Section 2.4 for definitions). For piecewise—
constant estimators, the active set is always given by a union of dyadic cubes of fixed
size — same as the domain of an estimator. The level sets of polynomials of higher

degree have more complicated structure, so we need to approximate them by certain
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‘regular’ sets which allows the algorithm to maintain suitable structure for the sub-
sequent iterations.

This section is organized as follows: first, the basic case of piecewise-constant estima-
tors is presented(r = 0). The rigorous description of the learning procedure for this
case is summarized in Algorithm 1. The main facts about the performance of the
method are formulated in Theorem 2.6.2. Then we proceed with a general case r > 1
and, building upon the foundations of Theorem 2.6.2, prove our main result, Theo-
rem 2.6.3. In the end, we provide the running time analysis and computer simulation

results.
2.6.3 Learning with piecewise-constant functions

It would be convenient for us to define the stopping rule for Algorithm 1 in terms of the
label threshold N. The algorithm stops after completing the first iteration on which
the total number of used labels exceeds N (so that N gives only approximate bound
for the total number of requested labels). Another (and, sometimes, more convenient)
way to define the stopping rule is to do it in term of the prescribed confidence level
and excess risk that the resulting classifier should attain. This requires an additional
validation subroutine that is able to keep track of the excess risk by estimating it
from the data, but we are currently not aware of the method allowing to implement
such procedure into our algorithm. This is a minor disadvantage of our approach
relative to the popular empirical risk minimization techniques where the excess risk
can often be adaptively estimated from the data.

In what follows, NV will stand for the label threshold and N — for the total number of
used labels. Recall that, given a set A and g € F2. (the space of piecewise-constant

functions on the dyadic partition Hom of [0, 1]%),
foo,A(955) = {f € -7:7(;)1 : ||f - g”oo,A < 5}'
We briefly go over the main stages of Algorithm 1: first, a small part of the label
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Algorithm 1: Active Learning Algorithm, » = 0.

S Uk W

input : label threshold N; confidence a; minimal regularity 0 < v < 1
output: g := sign 7

W= 2—}—%;

k=0, Ag:= [0,1]%;
No:=[VN];

LB := N — 2Ny;

for i =1 to 2N, do
L sample i.i.d. <X-(O),Y(O)> with XZ.(O) ~ II;

2 3

3 3

7 Sﬂ,l = {<X1(0)7Y;(0)) ) i S N0}7 SO,Q = {(X(O)7Y(0)> ) NO +1 S i S QNO}a

8 mg :=m(s, No;Sp1) /* see equation (2.5.4) in Section 2.5.3 */;

10
11

12
13

14
15

16
17
18

19
20

21

22

23

24

25
26

70 = Thing,[0,1]4:0.2 /* see equation (2.5.2) in Section 2.5.2 */;
while LB > 0 do

Fio = {f € Finet May € oo a i 06)s flig s, = ﬁk—lho,udvik}
/* confidence band around 7j, */;
k:=k+1;

Ay = {x € (0,14 3fy, f» € Fr_y,sign (fi(x)) # sign (fg(x))};
if Aj, Nsupp(Il) = 0 then

L break
else
mg == mg_1+1;
T 1= % :
Ny = [N s

for i =1 to | N, - II(4;)] do
sample i.i.d. (X,.(’“), Yf’“’) with X® ~ 11, := I(dz|z € Ay);
Sii={ (¥, < |V (A |
M 7= Ny, A, /* estimator based on Sy */;
O 1= D(log ﬂ)w%- 2}1\? /* size of the confidence band */;
LB := LB — [N, -1I(4,)];

N :=1r /* keeping track of the most recent estimator */;
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budget of cardinality 2V, is used to select the optimal resolution level and to construct
a preliminary estimator 7jy: the first Ny pairs (X;, Y;) denoted by Sy 1 are used to select
Mg, and the rest (denoted Spo) are used to construct 7y. The iterative part of the
algorithm works as follows: based on the current estimator 7, the confidence band
.7:"k is constructed. In turn, ]:"k is used to obtain the active set Ak that serves as a
support for the updated design distribution I1;. The cardinality of a new sample from
1L guarantees that the local amount of data increases on every step, allowing tighter
concentration in sup-norm. Ny is chosen based on the requirement that on every
step, 2™ ~ N,i/ (28 +d)( this motivates our definition of 7). After the label threshold
is exceeded, algorithm outputs the sign of the most recent estimator as a result.

For convenience, we summarize our main assumptions before stating the theorems.

(i) P € Pj(B,7), meaning that the low noise assumption (see (2.2.1)) is satisfied

with exponent v and for all m > 1

BQQ?Bm S ||77 - ﬁm”oo,supp(l'[) S 312767”- (266>

(ii) By < logN, By > \/11_N’ where N is the label threshold. This assumption
og

allows one to construct explicit non-asymptotic confidence bands, and it can be

replaced by any other known bounds on By, By (note that instead of /- we could
use any other power function which would affect only the logarithmic factor in

the resulting bounds).

(iii) If A is such that « = N~ and 0 < v < 1, then

2v+d) /v

N> C(v,d) - (log N v A)™

This condition comes from Theorem 2.5.6, and the number v essentially deter-

mines the range of uniformity of our results.
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(iv) This last assumption is only used in Theorem 2.6.3: there exist Kj, Koy > 0

such that
Vi>0, Kot" <Il(x: |n(x)] <t) < Kit7,
where % < log N (log N can be replaced by any polynomial in log N with

corresponding changes in the resulting log-factor). This condition is a more
restrictive version of the low noise assumption and is similar to condition used
in a work of R. Nowak and R. Castro [23]. Note that in the simplest case of

piecewise constant estimators » = 0 the lower bound is not necessary.

Below, we will mainly concentrate on the hardest case when the graph of the regres-
sion function hits or crosses the decision boundary {z : n(xz) = 0} in the interior or
boundary of supp(Il). In terms of the parameters of the distribution, this case can
be characterized by a condition (5 A 1)y < d (see Proposition 3.4 in [5] for details).
The easier case when |n(z)| is bounded away from 0 on supp(II) (often called “the
bounded noise condition”) can be handled similarly, and under our assumptions the
Bayes classifier f, = sign n can be learned with high probability in finitely many

steps.

Theorem 2.6.2. If the aforementioned assumptions (i-iii) are satisfied, then the
following holds uniformly over all 0 < v < 8 <1 and v > 0: with probability at least
1—a, the classifier § returned by Algorithm 1 with label threshold N and confidence
«, satisfies

)

o=

Rp(g) — R* < C~N‘%1ng

where p < (@)2 (1+7) <1 + Zﬁﬂ%m) and N 1is the label complexity - the total

number of requested labels.
Remarks:

+v)

501 . ,
1. Note that when [y > %’, N 25+d-57 is a fast rate, that is, faster than N’%; at
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_ B4y
the same time, the passive learning rate N 2T s guaranteed to be fast only

when v > £, see [4] (we assume here that 0 < 8 < 1).

B(1+7y)
2. For & ~ N 255 Algorithm 1 returns a classifier g5 that satisfies the fol-

lowing average excess risk bound:
~ __Ba+y)
ERp(ga) — R* < Const - N~ 25+a=57 log? N.
This is a direct corollary of Theorem 2.6.2 and the inequality

ElZ| <t + 2]l Pr(1Z] = 1),

Proof. Our main goal will be to construct high probability bounds for the size of
the sets A, defined by Algorithm 1. In turn, these bounds depend on the size of
the confidence bands for n(x) (denoted by dx). Suppose L is the number of steps
performed by the algorithm before termination.

Let N2t := | Ny - H(Ak)j be the number of labels requested on k-th iteration of
the algorithm. Claim: the following bounds hold uniformly for all 1 < k < L with

probability at least 1 — a:
g

R N\ ¥ "o B
|7 — Uk”oo,Ak <C (log E) LN, B/(2B+d)
. YT
[I(Ax) < C (log —) L NP6+ d) (26.7)
[0

Wherew:2+% andf:4+27d.

Let us first assume that (2.6.7) has already been established and derive the result
from it. Let mg be the “optimal” resolution level for the corresponding sample of size
Ny, see formula (2.5.5) and line 3 of Algorithm 1. First, we make a useful observation
that, with high probability, numbers N, grow geometrically: indeed, we have by the

definition of my

- . . g\ ™ 1
Ni1 = LlenkH/ka <N, .Nli/mk < N, - <N0mo> ko Ny - NJ9,
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and by Theorem 2.5.6 (see the remark following the main statement), if Ny is suffi-

ciently large, as guaranteed by our assumptions,

log, N i
08270 < Jog, NI/ <
mo =My

with probability > 1 — «. Finally, Lemma 2.5.5 gives

IOgNO—l-CZ’ﬁl()Z

1
26+d(10gN0 — 2loglog Ny) — ¢

which shows that 0 < C < log, NOI/mo < (5.

1
26+ d

Next, inequality (2.6.7) implies, together with the previous observation, that the

number of labels requested on step k > 1 satisfies

R 28+d—pBy N\ T
Ni = [NII(Ag)] < C - N 7 (10?5 E)

with probability > 1 — 2a. If N is the total number of labels requested by the

Algorithm, then

L N\ YwT L _ N\ YWT _
N 2p+d—p~y N 2B+d—By
N=Y "Nt <oy (log —) YN, T <o (log —) N, %
(6% «
k=0 k=0

one easily deduces that on the last iteration L we have

28+d
N Brd—Fy
)) (2.6.8)

Np > c(v,7,11,d) (W

To obtain the risk bound of the theorem from (2.6.8), we apply inequality (2.3.2)

from Proposition 2.3.1:
Rp(§) — R* < Di|(r, — n) - T {sign 7, # sign n} |7 (2.6.9)

Since {sign 7, # sign n}Nsupp(II) C A, whenever the bounds (2.6.7) hold, it remains
to estimate |7 — 7|l 4,- Recalling the first inequality of (2.6.7) once again (for
k=1L), we get

B
N > T @FTd—F)

) o, N\“T
(1 —n) - T {sign 7, # sign n} [ < C <log E) (W
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which together with (2.6.9) yields the final result, after some simple algebra to esti-
mate the power of the logarithm.
It remains to show (2.6.7). The main tools are given by Theorem 2.5.4 and Theorem

2.5.6. Let 7 be the estimator obtained on step k. For k£ = 0, we have

|17 — 770||oo,supp(ﬂ) <ln- Thing HOO,supp(H) + ||777ﬁo - ﬁOHOO,SUPp(H)'

By Theorem 2.5.4 (applied conditionally on Sy, see a remark after the theorem for

details), with probability > 1 — «

B R _ 2d’rﬁ0
i ollcsppty < Clog(N fa)y| 2

For the bias term || — 7, || so,supp(r)s there are two possibilities: if the first condition

of Assumption 2.2 is satisfied, then the bias is 0 for m > mg, and we are only left to
control the random error as above. Otherwise, by our assumptions on 7 (see Corollary
2.5.2),

17 = Thing [l oo supp(y < By27 7.

By a remark (2.5.11) after Theorem 2.5.6, with probability > 1 — «

— d
W C o N\ 2dmogy,
2=Fmo < = (]og — 2.6.1

and by Theorem 2.5.6 and Lemma 2.5.5, with probability > 1 — «

2d’l”h0 2dm0

S S Cy N, 2P/Eod) (2.6.11)
so that, with probability > 1 — 2a,
. N\*?Tes  [odmopy, )
17 = 7ol oo suppny < C(8,11) | log — Si= o < (2.6.12)
« NO 2

G\ 245k
N 28 __B
< C(5,11) <log _) Ny 7+
«
For k > 1, we have in a similar way

17 =l oo, < 11 = Tl ooy, + e = 70l 4,
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By (2.6.11) and Theorem 2.5.4 applied for A := Ay and N = Nt (conditionally on

k—1
J Sk), with probability > 1 — «
i=0

Hf:ﬂ'
P < Clog(N " Clog(N 20mo k<
T — Tkl o2, < C'log(N/a) N, S og(N/a) N <
< Clog(N/a)N, /P, (2.6.13)

Once again, for the bias term, we only need to consider the case when the second

condition of Assumption 2.2 is satisfied. By (2.6.10), we have

3 o
17 = il 0,4, < CB,27P™ = OB, (2—Bm0)l_h:1 <

k .
A\ dina iy, fiem
< (BB, | [log = < 2.6.14
<@, | (1og7 ) = < o
- _ a1,
N 2oy Qi 5k
< C(v 11 log — = — <
< ) |(1os ) =2
r _ d H?:1 Ti
AEZ ~
< C(w1) (log _) N/,
(8]

which holds with probability > 1 — « and gives together with (2.6.13) that

N ot L [ m
(log —) ] N, PP+ (2.6.15)
(6%

with probability > 1 — 2a.. Finally, it remains to note that for all 1 < k < L, with

Ok

7= iz, < 5 < CID

probability > 1 — 2a,

k L
2w+ d
[I<[][r<22 %=~ (2.6.16)

14

Indeed, on each iteration, the set A}, contains at least one dyadic cube with edge

length 271 and by our assumption on II, Theorem 2.5.6 and Lemma 2.5.5,

I(Ay) > w271 > 4y (276[77%0)%%1/mo > Uy (27dm0)mk71/m0 =

Mg_1/m
> C (No—d/(zﬂ+d)> k—1/T10 > CNk—d/(QB—&—d)'
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Also, because of the geometric growth of Vi, the number of labels requested on a last

step cannot exceed C'N, in other words,
\ 7 H»LL: Ti v v H,LL: Ti
CN > |N.II(AL)] > C1Nzﬁ/(2ﬂ+d) > O, (NO%/(%M)) ! > (O, (Ng /(2 +d)> 1 7

and, since Ny = [V/N |, this implies (2.6.16).
The union bound over all 0 < k < L gives that, with probability > 1 —4(L + 1)a, on
every iteration we have

(244)

7(
O C(v, 1) <log E) miSaan (2.6.17)

7 = ity < 5

k .
where we used that [[ 7; < 7 for any & (on this event). With D from the definition

i=1
of &), in line 24, Algorithm 1, satisfying D = 2C(v, 1) (where C(v,II) is the constant
from (2.6.17)), it can be easily seen that the necessary condition for z € supp(IT)N A,
is

. NN 0aa)
ol <ac (log ) N

Indeed, by triangle inequality,

r € supp(I) N Ay, = |ip(2)| < 6 =
. . 3
[n(@)] < ()] + In(z) = f(2)] < 508

This gives, by the low noise assumption,

%(24—%)
I1(A;) = TI(A, Nsupp(I)) < II <|n(x)\ <3C- <log E) Nl;_ﬁl/(ngrd)) <
< Klog(N /) ™ts) . N Pv/@5+)

for every 1 < k < L, with probability > 1 — 4L«, hence proving the claim (since the

number of steps L is surely bounded by the label threshold N, the confidence can be

@

raised to 1 — « if we use %

in place of a, which only affects the constants). O
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2.6.4 Learning with piecewise-polynomial functions

Finally, we present and analyze the learning algorithm in the case when more complex
estimators (r > 1) are used. The main difference with the case = 0 is that for "highly
regular’ functions (i.e., with 5 > 1), the size of the confidence bands decays faster
resulting in a smaller active set. While this is a positive observation on the one
hand, we encounter some technical difficulties arising from the fact that the natural
‘resolution level” for the active set might be much smaller than the ’resolution level’
of the corresponding estimator. One might think of a set having a small measure
but many connected components, and the problem of constructing an estimator for
the regression function supported on such a set and attaining small sup-norm error
is difficult.

Recall that B, is the sigma-algebra generated by the dyadic cubes R;, 1 < j < 2¢m
forming the partition of [0,1]%.  We briefly mention the main differences between
Algorithm 2 and Algorithm 1. As we have already observed, the “true” active set
(denoted Acty, below) associated to the confidence band can be quit hard to work with,
so instead the algorithm constructs its approximation by a union of dyadic cubes of
suitable size, denoted Ak, which is at most C'log N times larger (with respect to II).

This allows to maintain the structure suitable for the iterative nature of our method.

Theorem 2.6.3. If the aforementioned assumptions (i-iv) are satisfied and (BA1)y <
d, then the following holds uniformly over all0 < v < 3 <r+1 and v > 0: with
probability at least 1 —a, the classifier g returned by Algorithm 2 with label threshold

N and confidence «, satisfies

Rp(§) — R* < C - N™TH 07 Jog? E’
a
where p < (424 v (r +1)(2(r + 1) + d))2 (1+7) (1 + 2[342—7—67) and N is the total

number of label requests.
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Algorithm 2: Active Learning Algorithm, r > 1.

S Uk WN =

input : label threshold N; confidence o; minimal regularity 0 < v < 1
output: g :=sign 7

w:=2+4+ %;
k=0, 0=1, 4y := [0,1]% ;
NO — LNl/(Q(r+1))J :

LB := N —2N;

for i =1 to 2N, do

sample iid. (X, ,”) with X ~ 11

7 7

7 So1 = { (X0 0) i< Mo, Soa = {(XVY0), No+1<i <2

3 3

8 1o := m(s, No; So1) /* see equation (2.5.4) in Section 2.5.3 */;

10

11

12
13
14

15
16

17
18

19
20
21
22

23

24

25
26

70 = Thing,[0,1]4:0.2 /* see equation (2.5.2) in Section 2.5.2 */;
while LB > 0 do

k

~ N w_]._[ Ti 2dﬁzk . .
0p =D <10g E) i=0 A /* size of the confidence band */;

ﬁk = {f € F;:@k : f’Ak € ‘Foo7Ak(77k;5k)a f‘[O,l]d\Ak = ﬁk71![071]d\4k};
=k+1;
Acty, = {:U € [0,1]%: 3f1, fo € Fry,sign (fi(z)) # sign (fg(x))} /* the

“‘true" active set */;
if Acty, Nsupp(IT) = () then

L break
else
mk =
i > 7 7 : i < \ :

min {m > [Th—1Mg—1 V (My—1 + 1)] AGer’nknDActk II(A) < ClogNH(Actk)},
Ay:=N{A: AeB;,, ADAct,} /* regular approximation of
Acty, */;
Tk = ﬁ;:ﬁlu
Ni == [Nt

for i = 1 to | N, - II(4;)] do
sample i.i.d. (XZ-(k), Y;(k) with XZ-(k) ~ 10, o= (dzx|z € Ay):;
spi= (X0, W), 0 < (N |

Mk = T, A, /* estimator based on Sj */;

LB:= LB — |N,-TI(A,);
| 7:=17r /* keeping track of the most recent estimator */;
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Remark. Note that the main difference with the bound of Theorem 2.6.2 is that
we have (8 A 1)y instead of v (which coincide iff § < 1) in the exponent. We will

further discuss the sources of this difference below.

Proof. The argument follows exactly the same pattern as Theorem 2.6.2, so we will
only outline the necessary changes. Note that the resolution levels m; do not have to
grow arithmetically anymore, implying, in particular, that the sequence Ny controlling
the 'mumber of labeled observations per unit volume’ might grow exponentially. Our

first step is to show that

(a) in the case r +1 > § > 1, with high probability we have mn’;;” < p for every

k > 0, implying that N, < N,f;

(b) at the same time, for § < 1 we have that for every k& > 1,

T =T = =1+

with high probability, so that N; grow geometrically and the proof goes through

as in Theorem 2.6.2 without further changes.

To obtain the desired inequalities, we will compare two estimators of 7: the first is the
piecewise—polynomial estimator 7 constructed by the algorithm on step k& and the
second is the piecewise—constant estimator 7, that has similar to 7 approximation
properties (for example, this can be a projection of 7 onto the space of piecewise—
constant functions with a suitable resolution level). As a result, we will be able to
relate the “active sets” associated to these estimators, taking advantage of the fact
that the active set associated to 7 is always a union of dyadic cubes, and conclude
that my,, cannot exceed the resolution level of 7.

We proceed by inductive argument. As we have already seen before, for £ = 0 we

have [[7o — 7| supp(ir) < 60/2, where 6y is defined in line 11 of Algorithm 2. Note
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that the following inclusions hold:
{z: |n(2)| < do/2} € Acty € {x : [n(x)] < 300/2} .
Indeed,
()| < 00/2 = |io(x)] < 00/2 + |n(x) = 7o(2)] < bo = x € Acty

and

r € Act; — |T70(l’)| <y = |7](I)‘ < 3(50/2

Let 79 be a projection of n onto fl% (the space of piecewise-constant functions on the
dyadic partition of the unit cube) where Iy is such that |n — 7| < 80/2, let Fy be the
band of size 20y around 7o and A; = {z : 3f1, fo € Fo : sign (fi(x)) # sign (fo(2))}.

By a similar argument we have
{z:In(@)] < 3d0/2} € A1 C { : [n(x)] < 500/2},
which implies
{z: In(x)] < 00/2} € Acty C Ay € {x: In(x)] < 500/2} .
Note that

1. A, is the union of dyadic cubes with edge length 27%:

9 (A1) I({z:n(x)|<560/2})
© H(Actr) — H({z:|n(x)[<0/2})

< 571og N by assumption (iv),

meaning that A; gives the required “regular approximation” of Act,, hence 7y < lo.

When 5 > 1 (case (a)), we have that

— To||oe < By 27BN < \/log N - 2710, 2.6.18
="
AP
Recalling the definition of dy := C' (log %) ’ 27\,—00, we see that it clearly suffices
to take
No
2117?7,0



to have ||n — 7ollco < do/2. At the same time, by (2.6.10) we have

No
2d’l’7’bo

N
<log%> ’

with probability > 1 — «, giving that on the same event 2770 > 2/ hence Bl—o <1,
mo

9B >

implying m, < ly < By, as desired.
Proceeding in a similar way, we get that the following holds with probability > 1—2L«

uniformly for every 1 < k < L (for the definition of 0y, see Algorithm 2):

U A1k = nllo, 4, < 0k/2,

2) {z: ()] < 6/2} C Actpyr C Apq C {z 2 n(x)] < 56,/2},

Ni,
2dﬁ7,k

3) 2l ~

(2.6.19)

| Nk
4) 2/37;% > O 2dmk i
~ B (1+%)% )
(log %) 0

hence on this event 72—’; < B and My < Bmy. Similar reasoning gives the second

part of the claim (the case 5 < 1, with the only change occurring due to S A 1 = S,
see (2.6.18)).

It remains to bound :”n—g to control the power of the logarithmic term. One way to do
this is as follows: let L be the number of the last iteration before termination. Since
the number of labels requested on (L — 1)st iteration does not exceed N, we have
2N > Ny II(AL_1). On the event where inequalities (2.6.19) hold A;_; contains at
least one dyadic cube with edge length 221, hence by our assumptions on II and

Theorem 2.5.6

H(AL—l) > u12—dThL_1 = (2—dm0)mL—1/Tho > g (2_dm0)th_1/mo >

> ON;Y/@8+),

L1/
> (C,No—d/@ﬁ—i—d)) L-1/mo
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This gives

ON > Ny TI(Ap) > ché/l(wM) > ¢ (Ngﬁ/(25+d)) L—1/7h0

Y

and since Ny := | NY/2(+1)| by definition, we have that with probability > 1 — 2La,

mr_1 (r+1)(26+d)
e < 5 and

1. @:ﬂkgﬁwg(r—kl)(Q(r—i—l)er) in the case § > 1 and

mo mp_1 "o
2. Bl <44 2 if 5 <1, see (2.6.16).

Set 7:= (r+1)(2(r +1) +d) vV (4 + 22). As before, the final result is implied once
we have the lower bound on Ny, L being the index of the last iteration.

In the case g > 1, the required bound is obtained as follows. First, note that for

k> 2
7% T Th—1 -5 725% e Tk—1
L K - 26+d = ~
gk = Ne N 7 = Nty (NES') 75 > NeealN — Q-1

since 7 is nondecreasing. Moreover, the sequence {qx} grows exponentially fast. In

j
particular, > ¢; < Cg; for any j > 2.
i=1

This implies, together with the inequality I(Az) < II(|n(z)| < 30k-1) < K6) 4,

L A N 7y(2+d/2v) L
N = [NdI(A)| <C (log E)

Qe <
k=0 k=0
N\ TYd/2)
<C (log E) qr, (2.6.20)
Since on event (2.6.19) 7, < 3, we have
TL 7% TL(lfﬁ)
qr S NL—INL—I S NL_1 . (2621)

Combining inequalities (2.6.20),(2.6.21), it is easy to see that with high probability
(at least 1 — 2La«)

28+d
2B+d—~

N

N\ TY(24+d/2v)
<log %)

95
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and the final result now follows from inequality (2.3.2) of Proposition 2.3.1.
In the case § < 1, the proof is similar to Theorem 2.6.2. The final form of the bound

is a concatenation of the estimates for 5 > 1 and g < 1. O]

2.7 Running time analysis

We continue this section by discussing the running time of Algorithm 1. Algorithm 2
is of mostly theoretical interest since it involves exact computation of the level sets of
multivariate polynomials of high degree. Assume that the algorithm has access to the
sampling subroutine that, given A C [0, 1]¢ with II(A) > 0, generates i.i.d. (X;,Y;)
with X; ~ II(dz|z € A).

Proposition 2.7.1. The running time of Algorithm 1 with label budget N is
O(N log® N).

Remark In view of Theorem 2.6.2, the running time required to output a classifier

g such that Rp(g) — R* < ¢ with probability > 1 — « is
2p+d—pBy

(1+7)
@) ((1) o poly <log l)) ,
€ Eq

given that the label threshold is large enough.

Proof. We will use the notations of Theorem 2.6.2. Let N2* be the number of labels
requested by the algorithm on step k. The resolution level my is always chosen such
that Ay is partitioned into at most N2°* dyadic cubes. This means that the estimator
M takes at most N distinct values and can be found in O(N2*) steps. The key
observation is that for any k, the active set Ay is always represented as the union of
a finite number(at most N2 of dyadic cubes: to determine if a cube R; C Ay, it
is enough to take a point z € R; and compare sign(ny(x) — d) with sign(ny(z) + 9 ):
R; € Ak.i_]_ only if the signs are different(so that the confidence band crosses zero

level). This can be done in O(N{) steps, so the whole k-th iteration running time is
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O(N). Next, resolution level 1 can be found in O(Nylog® N) steps, see Remark
2 after (2.5.4). Since Y. N3t = O(N) and Ny = O(N'/2), the result follows. O
k

2.8 Stmulation results

A (version of) Algorithm 1 was implemented in Matlab. The following model was

used for simulations:
Y; =sign [f(Xi) +&], e ~N(0,06%),i=1...34

T

flz) ==z (1 + sin §> sin(4rz), o =0.2.

Note that in this case sign n = sign f, where 7 is the regression function n(z) =

E(Y|X = z), see figure 3. Figure 4 shows the classifier output by the active algorithm

15 T T T T T

i | ; ; j i |
1
0 01 02 03 04 05 06 07 08 08 1

Figure 3: Graph of f(z) and sign f(x)

with label budget N = 34 that performed 3 iterations. Figure 5 shows the plug-
in classifier based on the wavelet threshold estimator produced by Matlab wavelet
toolbox. Clearly, the output of the active learning algorithm is closer to the true

underlying model.
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Figure 4: Classifier produced by Algorithm 1; each iteration marked with different
color

T T T T T T T T
1k .—-—-—-—-——-—-—. -
ok 4
050 5 : : : . : : : : =
i i i i i i i i i
a [0R] a2 a3 0.4 as a5 a7 a8 [0R:] 1

Figure 5: Plug-in classifier based on wavelet threshold estimator

2.9 Concluding remarks

The results above give some insight into the limitations and possible improvements
of active methods over passive learning for a broad class of underlying distributions.
However, as seen from Theorems 2.6.1, 2.6.2, 2.6.3, there is a gap between the lower
and upper bounds following from our analysis. For the case 0 < g < 1, the gap is
logarithmic but we consider it satisfactory for our purposes. For the general case,
there is a difference in the polynomial rate of convergence.

We believe that the reason for this difference is the fact that Theorem 2.6.3 gives
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the worst-case analysis, in a sense that the regular approximation of the active set is
assumed to have very high resolution level (in other words, it uses the dyadic cubes
with small edge length) compared to the 'optimal’ resolution level associated to the
estimator of regression function. However, in many cases the situation might be far
from the worst case. For example, if the sequence of resolution levels {7} grows
arithmetically and vy < d, then the rate of convergence resulting from the same
analysis will match the lower bound of Theorem 2.6.1 up to logarithmic terms. How-
ever, at this point we are unaware of the natural and convenient way to describe this
gradation.

Another question one might ask is if the piecewise-polynomial estimators give a prov-
able advantage over piecewise-constant estimators during the intermediate stages
of the algorithm. An alternative method could proceed as Algorithm 1, using the
piecewise-constant estimators to reduce the size of the active set, and construct the
more powerful piecewise-polynomial estimator on the last iteration. While such an
approach seems appealing for practical purposes due to computational simplicity, it

. . YN 1€ 5 uo) N . .
results in suboptimal convergence rate N #23+a-3 0~ which differs from the rate of

2BA)+d

Theorem 2.6.3 by a multiplicative factor p := Svird = 1

Finally, we note that our algorithm can be viewed as a method for level set estima-
tion. This gives a possibility of applications to multi-label classification tasks viewed
as simultaneous estimation of several level sets. A work in this direction is one of our

future priorities.
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CHAPTER II1

SPARSE RECOVERY IN INFINITE DICTIONARIES

3.1 Introduction

Many prediction problems encountered in today’s world involve high-dimensional
data, often resulting in a situation when the number of available observations is
smaller than the number of parameters. At the same time, it was noticed that the
number of significant features might be a lot smaller (this is often referred to as
“sparsity assumption”). If these features were known in advance, classical parametric
methods would provide satisfactory solutions. Unfortunately, significance of param-
eters has to be learned from the data as well, and this problem led to development
of modern methods such as LASSO [83] and Dantzig Selector [20], along with several
modifications. Other methods used in large margin classification, such as Boosting
[34], combine simple classifiers from a high-dimensional class to produce a linear com-
bination with very strong generalization properties, and avoid overfitting at the same
time. Much effort has been made to understand the reasons for this type of behavior
(e.g., [77], [60]).

Most of the aforementioned problems can be stated in the framework of dictionary

learning, and we proceed with its more detailed description.

3.2 Dictionary learning: probabilistic framework

Let S be a measurable space, T' C R, and let (X,Y’) be a random couple in S x T
with unknown distribution P. The marginal distribution of X will be denoted by II.
Let (X1,Y1),..., (X,,Y,) be the training data consisting of n i.i.d. copies of (X,Y).

In what follows, we will denote by P, the empirical distribution based on a given
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sample of n training examples. Similarly, I1,, will denote the empirical measure based

on the sample (Xi, ..., X,). The integrals with respect to P and P, are denoted by
1 n
Py =Eg(X.Y), Pug = > g(X:,Yi).
i=1

Similar notations will be used for II, II,, and other measures. Let {(y,-) be the loss
function such that for all y € T', £(y, -) is convex. As suggested by its name, {(y, f(z))
measures the loss suffered from predicting Y by f(X). Choice of the loss is usually
motivated by the nature of the problem, for example the squared loss ((y, f(z)) =
(y — f(z))? for regression or £(y, f(x)) = ¢(yf(z)) in binary classification, where ¢
is a convex nonincreasing function with ¢(0) = 1. The latter is sometimes called
the surrogate loss [9] and serves as a convex majorant of the (non-convex) binary
loss U(y, f(z)) = I{yf(z) <0}. Common choices for the function ¢ are ¢(z) = e *
(boosting), ¢(z) = log,(1 4+ e~*) (logistic regression), among others. For a function
f:S—=R let ((of)(z,y):= Ly, f(x)).

A dictionary (or a base class) is a given family H of measurable functions equipped
with a g-algebra and with a finite measure u. For most results, we will assume that the
elements of the dictionary are uniformly bounded by a constant M > 0 (and will take
M =1 for simplicity). This assumption is very natural when the response variable is
known to be bounded (e.g., in binary classification problem). In other cases, such as
density estimation, it is sometimes possible to relax boundedness assumption.

The goal of dictionary learning is to estimate the optimal (unknown) prediction rule
g« = argmin P{(y, g(z)) (where the minimum is taken over all measurable functions)
by a linear (convex) combination of the elements of H. Common examples of the

dictionaries include:

1. A subset of a basis, such as wavelets, splines, trigonometric polynomials, etc.

2. A collection of pre-defined estimators of g, obtained by different methods. In

this case, the goal is to “aggregate” these estimators to obtain a new one which
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will perform at least as good as each of the initial candidates.

3. Alocation family H = {¢(- — t), t € R}, where ¢ is a bounded density function.

This dictionary can be useful in deconvolution problem.

Cardinality of the dictionary can be very large (or even infinite), so the sparsity
assumptions translates into the belief that there exists a linear combination with
only few non-zero coordinates. A common way to recover sparse solution is to solve
a penalized empirical risk minimization problem. For example, in a popular case of
regression with a dictionary of cardinality N it takes the form

. 1< N ’

A 1= argmin ,gn - ; (Yi — ; )\jhj(XZ-)) + pen(\),
where pen()) is a penalty term. The natural choice of the penalty would be pen(\) :=

N
e[| Mo = > IT{\; # 0}, but there is little hope to solve the resulting problem. In-
i=1

stead, pen(A) :=¢||A||1 =€ f} |A;| is used (here, € is a properly chosen regularization
parameter). In the latter c;;e, the problem becomes convex and can be solved by
existing methods. This is one of the possible formulations of LASSO (Least Absolute
Shrinkage and Selection Operator). This problem attracted a lot of attention of the
research community due to excellent performance on the real-world data. Significant
contributions to theoretical explanations of this method were made in the works of D.
Donoho [31], [32], who established connections to the properties of high-dimensional
polytopes.

It turns out that in some cases LASSO exactly identifies relevant features in the
support of A. In particular, this happens when the dictionary possesses some “almost-
orthogonality” properties with respect to Ly(IT), such as the “restricted isometry”

condition in the works of E. Candes, J. Romberg and T. Tao [22], [20]. More specifi-

cally, the restricted isometry constant 64(II) is the minimal § such that for all A € RY
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with at most d non-zero coeflicients

(1 =0)[IAll2 < < (L4 0) A2

N
Z by
=1

A result in [21] (also see [22]) states that in the noiseless case, (a version of) LASSO

Lo(I1)

is able to exactly recover an unknown A, with d non-zero coefficients whenever doy <
v/2—1. In the presence of noise, recovery is still possible under the same assumption,
with an error being proportional to the noise rate.

Other important works on the variants of LASSO include [17], [89], [49], [96], [11],
[67], to name a few. In a notable paper by P. Bartlett, S. Mendelson and J. Neeman
[10], powerful analysis methods were used to handle situations when elements of
the dictionary are not uniformly bounded. In [90], authors analyze and compare
different conditions on the dictionary, including the “restricted eigenvalue” condition
introduced by P. Bickel, Ritov and Tsybakov [11] and ”compatibility condition” of S.
van de Geer [88].

In a series of papers [51], [49], [50] V. Koltchinskii introduced the notion of “align-
ment coefficient” and successfully applied it to study the variants of LASSO and
Dantzig selector. Our work continues the line of research started in [51]: this pa-
per investigates the problem of sparse mixture recovery, meaning that the unknown
“true” solution is believed to have a good approximation in the convex hull of the
dictionary (rather than in the linear span). A canonic example of this type of prob-
lems is density estimation with Ls loss (in particular, the dictionary is a family of
probability density functions). In this case, it is possible to replace ||A||; penalty by
the (negative) entropy H(\) := ’N Ailog A;. The advantage of this penalty is strict
convexity, which allows to stud}j:rlandom error and approximation error separately
and leads to interesting theoretical results. Similar ideas were previously investigated
in [27] in the context of aggregation with exponential weights.

Our main goal is to understand what happens in the case of (possibly uncountable)
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infinite dictionary and continuos mixtures. In particular, such dictionaries might
contain highly correlated (or even linearly dependent) elements, and the restricted
isometry-type conditions do not have direct analogues. Instead, we define a version
of alignment coefficient, and it turns out that geometric assumptions can often be
expressed in terms of Sobolev-type norms; the details are discussed below.

We shall identify relevant parameters which control the risk, and prove sparsity oracle
inequalities for prediction problems (Corollary 3.5.6) and density estimation (Corol-
lary 3.6.3). In the latter case, the oracle inequality is exact (see the remark after
Theorem 3.6.1).

Some parts of this work appeared previously in the joint paper with V. Koltchinskii
[54], and the present chapter is mainly based on it (namely, the part devoted to pre-
diction problems). Results of section 3.6 on Lo-density estimation were not previously

published.

3.3 Problem statement, notations and main assumptions

Suppose we are given a probability measure A on H such that A = %. The (negative)

entropy H(\) is defined via

HOV) = / A(B) log A(h)dpu(h).

In what follows, we shall only consider densities with finite entropies. Assume that
the mapping S X H > (x,h) — h(z) is measurable, and let f\ denote the mixture of

the functions from dictionary H with respect to A:
10 = [ BOABu).
H

The excess risk £(fy) of the estimator f is defined as the difference of true risk and

the minimal risk, that is
E(f\)=P(efy,)— inf P(leg)=P(lef\)—P(lef,).
g:S—R
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Throughout the chapter, we make the following assumption:

Assumption 3.1. fgnfRP(ﬁo f), where the infimum is taken over all measurable
W

functions, is attained at some uniformly bounded function f,.

Let D be a convex set of probability densities on H having finite entropies. Con-

sider the following penalized risk minimization problem:

Ac i= argmin, o [P(€ o f\)+ SH()\)} (3.3.1)
together with its empirical version:

A= argmin, .y {Pn(ﬁ o))+ 5H(/\)] . (3.3.2)

Since \. depends only on the data, we can use it as an estimator of unknown A.. Note
that, due to the convexity of the loss, both (3.3.1) and (3.3.2) are convex optimization
problems. We will use the notations A,, A. for the probability measures with densities
Ae, Ae, respectively.

One main goal will be to show that the ”approximate sparsity“ of the true pe-
nalized solution A, implies that the corresponding empirical solution A possesses the
same property with a high probability. More precisely, it will be said that A, is "ap-
proximately sparse if there exists a measurable set H' C H such that A (H \ H') is
small and, at the same time, there exists a subspace L C Ly(II) of ’small’ dimension
d that provides a good Ly (IT)-approximation of the functions from the set H'. We will
show that in this case the empirical solution 5\5 is also approximately supported on the
same set H' in the sense that AE(H \ ‘H’) is small. Thus, both the empirical solution
5\5 and the true solution \. follow the same “sparsity pattern”: they are concentrated
on the same set of functions H’ which can be well approximated by a linear subspace
of small dimension. Our next goal is to obtain probabilistic bounds on the random
error |5 (f5.) — &( /)| in terms of characteristics of the sparsity of the problem, such

as the measure A.(H \ H’) and the dimension d of the approximating space L. We
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focus only on the losses of quadratic type (see Definition 3.1 below) and this allows
us to reduce the problem to bounding the Ly(IT)-error ||f5 — fi. ||%2(H). At the same
time, we derive upper bounds on the Kullback-Leibler type distance between 5\5 and
Ae-

Another problem is to bound the approximation error £(f,.) which, for the
losses of quadratic type, is equivalent to bounding the Lo(II)-approximation error
1fr. — felli, (- We show that the size of this error is small if there exists an oracle
A € D that is “sparse” in the sense that it is concentrated on a “small” set of func-
tions H' C H and, at the same time, possesses certain regularity properties, often
expressed in terms of Sobolev-type norms of log .

As it has been observed previously in the case of sparse recovery problems for
finite dictionaries (see [49], [51]), the fact that the penalty is strictly convex allows us
to study the random error independently of the approximation error, but geometric
parameters of the dictionary needed to control these quantities are not the same.

In the end of this Chapter, we present some applications and examples showing
how the quantities involved in the bounds can be computed. This allows us to state
the final versions of oracle inequalities for these specific cases. The main tools used
in the proofs include Talagrand’s concentration inequality, Dudley’s entropy bound
for subgaussian processes, symmetrization and contraction inequalities. Details and

references for these results are given in Chapter 1.

3.4 Preliminaries

Below, we formulate some basic results that become a starting point of subsequent

detailed analysis.
3.4.1 Assumptions on the loss

Assume that:
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(1) for all y € T, £(y,-) is a convex twice differentiable function, ¢ is uniformly

bounded in T' x [—1,1] and

sup £(y; 0) < 400, sup |€,(y; 0)| < +oo.
yeT yeT

L L, . 7
T = 5@1,2; |11LI|1§f1 0, (y,u) > 0.

Definition 3.1. The loss function € satisfying assumptions (1), (2) will be called the

loss of quadratic type.

In particular, our assumptions imply that

T = FellZoa <€) < Cl = fell i,

where C' = sup ¢/ (y, u). Moreover, the following proposition also holds for the losses
Y, u
of quadratic type:

Proposition 3.4.1. There exists a constant C' > 0 depending only on { such that for
all \, A €D,

() — E()] < c[uf; Al VVERII — Fallia |

Proof. Since /¢ is a loss function of quadratic type, the first order Taylor expansion

implies that
(Lo f)(z,y) — (Lo fi)(z,y) = (£ e fi)(z,y)(fx — fA)(@) + p(z,y),
where |p(z,y)| < C (fs — f)” (). Integrating with respect to P yields
E(f) —E(f) = (o fx, [ = fr) o) + Pp, (3.4.1)

where

|Ppl < Cllfs = Allim (3.4.2)
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Since, for all uniformly bounded functions h : S +— R, P(¢' e f.)h = 0, we have

(0@ fa, fx = ) papy = (€0 fx = L' o fo, 5 = ) La(p),

and, using the Lipschitz condition for the loss ¢, we get

E
(o fa, fx = Peae)| < Ol = felloan I 5 = allzaany < Cyf g@ Ifx = AallLaq-
(3.4.3)

It remains to combine (3.4.3) with (3.4.1) and (3.4.2). O

Previously mentioned loss functions, such as quadratic loss £(y, f1(-)) = (v — fr())?,
exponential loss £(y, fA(-)) = e ¥0) and the logit loss £(y, fA(-)) = log, (1 + e ¥0)

satisfy our assumptions.
3.4.2 Assumptions on the dictionary

Complexity of the dictionary H will be characterized in terms of the continuity mod-
ulus of a certain (conditionally) Gaussian process. In particular, our assumptions
allow for the unified treatment of conditions on covering and bracketing numbers.

For h € H, let
ln
n(h) = — h(Xi), h ;
Gull) = 1 D2 aih(X). he ¥

where {g;}_, is a sequence of iid N(0,1) random variables, independent of X;’s.

Conditionally on X’s, this is a Gaussian process. Let
H(u) = {hl — h2 . hz & H, th — hQHLQ(H) S U} .

We will make the following assumption on G, (-): there exists a sequence of functions

wy(u) such that

Vvn E sup 1Gu(f)] < wn(u),

feH(u)
w(u) := limsup wy,(u), limw(u) = 0. (3.4.4)
n—00 u—0
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In particular, this implies that H is II-Donsker [91]. Moreover, let
V2D J
/205 . u
QU2(5) = K / w(u) Sy,
5

where K is a numerical constant and D = diamp,)(H). Expression for w,(u) can
often be obtained from the following complexity assumption on the base class H :
there exists a nonnegative non-increasing function 7" such that 7'(u) — oo as u — 0,

T(1/u) is regularly varying at co with exponent « € [0,2) ! and, with probability 1,

log N(H; La(IL,);u/2) < T (L) ,u>0, (3.4.5)
1 E N (e

where N(H; Lo(11,);u/2) is the covering number of H with respect to Lo(II) (see
Definition 1.3) and F' is the (measurable) envelope of the class H, meaning that
|h(z)] < F(x) for every h € H and z € S. Typical examples include T'(u) =
log2, A>0;T(u) =u ac(0,2).

When working with regularly varying functions, we will frequently use some well-

known properties. One important fact states that
/\/T(u)du < C(T)x/T(x)
0

for all z > 0. For this and other facts, see [75], in particular, Theorem 2.1.

3.4.3 Uniformly bounded base classes
If the elements of H are uniformly bounded by 1 (so that F' = 1 is the envelope
function), we have the following result:

Proposition 3.4.2. Assume (3.4.5) is satisfied. Then

wp(u) < C {um\/ %] 7

w(u) < Cur/T(u),

QY2(8) < K+/T(6) log%.

Ithis means lim Tq(}/ (8:))

G — s for some « € [0,2) and any s > 0.
U—r 00
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Proof. The proof repeats an argument of Theorem 3, [39], but one has to apply
contraction inequality for the Gaussian sums (see Corollary 3.17 in [62]) instead of
the similar result for Rademacher processes.

Slightly different argument (which does not use contraction inequality) is given in

Proposition 3.4.4 below. O

In particular, one can take T'(u) = log N for a base class of finite cardinality N
or T(u) = (2V + 1)log (2) if a base class is a subset of a VC-subgraph family of
VC-dimension V' (for the definition of VC-dimension, see [91], Chapter 2.6).

Assumption on the covering numbers with respect to || - ||z,(p,) can be replaced

by the similar assumption on the bracketing entropy with respect to a single norm
I Ny

Definition 3.2 (Bracketing). Given two real-valued functions | and u such thatl < u
and ||l —ul| L,y < €, the e-bracket [I,u] is the set of all f : | < f < wu. The bracketing

number Njj(H, Lo(P), €) is the minimal number of e-brackets needed to cover H. Here,

the upper and lower bounds u and [ do not need to belong to H.

Proposition 3.4.3. Suppose that there exists a nonnegative non-increasing function

T such that Ty (u) — oo as u — 0, Ty is reqularly varying of exponent 0 < av < 2 and
log Njj(H, Lo(P),u) < T (u). (3.4.6)

Then

wy(u) < C'/ V14 Ti(s)ds.

Proof. First, we reduce the bound on the continuity modulus of G,,(h) to the corre-
sponding bounds on the empirical process Z,(h) := \/n(F, — P)h, since the brack-
eting entropy controls the latter quantity. Reduction is done with the help of de-

symmetrization and general multiplier inequalities. First, note that by Theorem
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1.2.6 for any £ > 1

VEE  sup  |Ri(hi—ho)| <2E  sup  |Zp(hy —ho)| +u,  (3.4.7)

lh1—h2|| Ly (m) <u lh1—h2|l Ly (m) <u
where we used that by Holder’s inequality sup P|hy—hs| < u. Here, Ri(h) is
lh1—=h2|l £, (my <u

the Rademacher process, see Chapter 1 for definition. Next, by the general multiplier

inequality (Lemma 2.9.1 in [91])

VnE  sup  Gp(hy—hy) < C max VEE  sup  |Rp(hy — ho)l.

llh1—hal| .y (m <u Isk=n l[h1—hal| £y (m <u

Combined with (3.4.7), this gives

VnE sup Gn(h1 —he) <C (u + max E sup | Z(hy — h2)|> :

llh1—hal| £y (my <u 1SkSn by —ho|| £y (m <u
(3.4.8)

Note that the bracketing number for the class H — H satisfies
Ny(H —H, Ly(P),e) < Ni(H, Lao(P),e/2).

Finally, a sharp version of M. Ossiander’s bracketing theorem due to M. Talagrand
(Theorem 2.7.10 in [80]) combined with Dudley’s entropy integral estimate for the

generic chaining complexity (Proposition 2.7.10 in [80]) yields

2u
E sup | Z(hy — hy)| < C'/ V14 Ti(u)du. (3.4.9)
0

lh1—h2|| Ly m <u

The result now follows from (3.4.8). O

Bracketing entropy is useful when one has to deal, for example, with base classes
that are Lipschitz in parameter: assume that H = {h;, t € I} where I is the index

space equipped with distance D(-,-). If for any ¢, s in I,
hal) — hu(2)] < Dis, ) Fa(a).

and EF{(X) < oo, then the bracketing entropy log Njj(e, H, Lo(P)) is bounded by

log N <ﬁ, 1, D) -the metric entropy of I with respect to D.

71



3.4.4 Beyond the uniformly bounded base classes

If the envelope F' is not uniformly bounded or ||F|| is prohibitively large, one can
use a slightly different approach which only requires that F'(X) possesses certain ex-

ponential moments.

Let U := ||F||y,, where ||F||y, := inf {C’ >0: Eexp (FQC(f)) < 2} (see also Defini-

tion 1.1). Moreover, suppose (3.4.5) holds for a suitable function 7'(u).

Proposition 3.4.4. If the aforementioned conditions are satisfied, then

wy(u) < C - U(u,n)T? (%) ,

w(u) < CuT*? (%) ,

v
OY2(u) < KTY? (%) log

D)
Uu

where U(u,n) :=

1/2
u\,(;(w—w> ]

Proof. The argument follows main steps of the proof of Theorem 3 in [39]. Let

u? := sup B, f?. By Theorem 1.2.8 and assumptions on 7T,
feH(u)

2un 2un
wn(u) < CIE/ \/T <W>d5 = C]E/ \/T (%)dd {I1F o) < 20}
; LQ(P»,L) 0 || ||L2(P7L)

2Unp
g
2Un
0

Note that EF?(X) < ¥? (by elementary properties of the Orlicz norm). By Theorem

1.2.2,
P (|F|17,p,) > 49?%) < 2"

Moreover, making change of variables u = | we get

€
[Fll Ly (Pn)

2un, 2

£
ST (G ) < Pl [ V0 < Oy
A T, )
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Now Holder’s inequality implies that the second term in the sum is bounded by

O(T)||F o) exp(—cn). (3.4.10)

To bound the first term, we will first show that

Eu? <u? +C

QMW¢HHM@bWWQVW afosn) |

(3.4.11)

Indeed, by symmetrization inequality (Theorem 1.2.6)

Eu? <u? +2E sup |R,(h%)|.
feH(w)

To bound E sup |R,(h*)|, we will apply Theorem 3.16 from [53]. It implies that

fer(u)
l noo \/ noo ]7

where I'), o (H(u)) is the so-called generic chaining complexity that can be bounded

E sup |R,(h%)| < K |u
feEH(u)

by Dudley’s entropy integral as follows [80]:

2[|Fll Loo (Pp)

Cpoo(H(u)) <E / Viog N(H(u), e, Loo(P,))de.

0

To estimate the latter quantity, note that N(H(u), e, Loo(P,)) < N <7—[(u), = Lg(an)>7

NG
hence
€
log N(H(u), &, Loo(P)) < 4| T (—)
Vol pn)
and
2| F |l Loo (Pp)
€
Lhoo(H(u) <E / T (—) de <
J VAlFlr
< T2 (=) B Pl
— \/ﬁ oo\l
It remains to use the well-known fact that for random random variables &, ..., &,

with finite 1)5-norms we have Emax; |§;| < Cy/lognmax; ||y, (see Lemma 2.2.2 in
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[91]). Taking & := F(X;) yields (3.4.11).
The rest follows from a simple computation: by Jensen’s inequality, we have

2un, oR1/2,2

15 9
E/ T(—)da[ 1F ||y < 20) < / T (=) de
/ \/ 1F |,y {1 lzeq) J J <2\1/)

B
<C-BTYV? =
—_ 2\:[] b)

which together with (3.4.11) implies the result. O
When class H is finite or has finite VC-dimension, we have the following result:

Corollary 3.4.5. Assume that conditions of the previous Proposition hold with (a)
Ti(u) =log N or with (b) To(u) = Vlog £. Then

(a) w,(u) < Cy/log N [uvqﬂ/z% ;

(b) wn(u) < C\/V U(U,TL) 10g1/2 Uz(lqj\i)’ where U(u’ TL) = |:u\/cf /\/V\I;ngn:| ‘

3.4.5 Existence of solutions

We continue our investigation with a general study of problem (3.3.1) and provide
sufficient conditions of existence of a solution. Recall that all densities are assumed

to have finite entropies.

Lemma 3.4.6. The entropy functional is lower semi-continuous in Li(u) and Holder

continuous in every bounded subset of L,(u) for p > 1.

Proof. The functional is lower semi-continuos iff the level sets £; = {\: H()\) <t}
are closed. Suppose A, € £, A\, = Ao in L;. We can extract the subsequence A,
converging to \g - a.s. Noting that slog(s) +e~! > 0 and applying the Fatou
lemma to the sequence {\,, log(\,, )}, we derive the result. Note that here we did

not use the assumption that y is a finite measure.
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To prove the second part of the claim, we use a different approach that allows to
get a stronger result in case of finite measure pu.

Note that for positive ¢,
t

tlogt =t + /log(x)dx,
0
which implies

t1

tl log tl — tg log tg = (tl — tg) + /10g([L‘)d!L‘ (3412)

[)

The following two elementary inequalities are true for o, 5 > 0 and v > 1:

[log(t)] < Cap(t™ +t77),
(t+s8) <277t 4+ 57).

Let a=p—1, v= z%' Combined with (3.4.12), this yields to

H(h) — HOW)| < / At — Aaldu + €y / P WETF ) / N Bl
H H H

Given ||\ — \2]|, = €, we can estimate every term using Holder’s inequality:

p—1
/IM — Xoldp < p(H) @ e,

H

/ M7= APl < / A= el P < p(H) TP

H H

/ N — ALy < / PO+ XA = Aaldpa < p25 (Il + I Aell,) 7 e
H H

Finally, this implies that for p > 1 the entropy functional is Holder continuous in L,

ball of any finite radius with Holder exponent less then 1. O]
Now we are ready to prove the existence of a solution of (3.3.1), (3.3.2).

Theorem 3.4.7. Problems (3.5.1), (3.53.2) have unique solutions in every convex
weakly compact subset D of L,, p > 1. Moreover, if there exists A\ € D which is

positive | - a.e., the solutions are positive pi-a.e.
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Proof. Let
F(A):=Plef\)+ecH(\), AeD

Under the assumptions on the loss, F' is convex, bounded from below and lower semi-
continuous. This follows from Lemma 3.4.6 for the entropy term; it is easy to see that

P(le f)) is continuous as well: assume ||\, — |1 — 0. Then, denoting v := \,, — Ao,

[P(Ce fr,) = P(Co fr,)] = [Pl ® fagiro)(fa, = o)l <

< CPlfr, — [rol S ClAn — Xoll1 — 0,

where we used uniform boundedness of the dictionary and convexity of ¢ with respect
to the second variable.

Now we can conclude that the level sets £; = {\: F()\) <t} are closed and convex.
Mazur’s theorem (see [61], Theorem 2.1) implies that they are also closed in weak
topology, so F'is weakly lower semi-continuos.

Given a minimizing sequence \,, we can extract a weakly convergent subsequence

o

Ay Aoos

and conclude that Ao € D, —00 < F(As) < lil£1_1>;1£fF (Any) -

Convexity of the set D and strict convexity of the functional F’ implies the uniqueness
of the solution of (3.3.1). Replacing P by FP,, we get similar statements for (3.3.2).
It remains to prove the last claim. Suppose that A. = argmin, /() is such that for

some A C H with pu(A) >0
A(h)L4(h) = 0

where I, stands for the indicator function of the set A. Take A € D which is positive
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1 - a.e. and consider

d

dt 1= /H(As + (A = Ao)) log(Ae + (A = Ao))dp =

B / % (A + (A — Ao)) log(Ae + t(A — A.))du =
H Allt=T

— /H(/\ — Ae)log(Ae + 7(N = Ao))dp,

where the change of order of differentiation and integration is correct due to proposi-

tion 3.4.8 below. Let t,, be a monotone sequence with ¢ty < 1, ¢,, — 0. The function
(0,t0] 27— (A= A)log(A: +7(A — )

is non-decreasing and [(A — A.)log(A: + to(A — A.))dp < oo(by Proposition 3.4.8),
H

hence, by the monotone convergence theorem and our assumption on the set A,
/ (A= Ao) log(Ac + £ (A — Ao))dp — —o0 as n — oo.
H

It remains to use the Mean Value theorem to conclude that there exists 79 > 0 such

that F'(\. + 70(A — \.)) < F().) leading to contradiction. O

Typically, D would be a convex uniformly integrable subset of L;(x). Uniform

integrability holds in particular when

Sup/|/\log/\|du < 00,
AeD

(this is just the application of the well-known criterion of de la Vallee Poussin, see
[14]). Another common example is the intersection of some L,(u)-ball for p > 1 with

the cone of probability densities, where p is a finite measure.
3.4.6 Differentiability of the risk and of the entropy

To derive necessary conditions of the minima in the optimization problems (3.3.1),

(3.3.2), we have to study differentiability properties of the functions involved in these
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problems. For F: D+ R, A € D and v such that A := X\ + tor € D for some t, > 0,

denote

DF(\;v) :=lim FO+v) = FO)
t10 t

Y

provided that the limit exists. DF()\;v) is the (directional) derivative of F' at point
A in the direction v.

First note that, under our assumptions on the loss function ¢, both the true risk
DA P(le))=:L(\)

and the empirical risk

DS\ P(Le)) = Ly()\)

have directional derivatives at any point A € D in the direction of any other point

A=A+t €D, ty > 0. Moreover, the following formulas hold:
DL\, v)=P(l"e f)\)f, (3.4.13)

and

DL,(\v) = Py(l e ) f,. (3.4.14)

Indeed, this is directly implied by our assumptions on the uniform boundedness of

the base class and differentiability of the loss function.

Proposition 3.4.8. If AMog\ € Li(n), where A = X+ tov € D,ty > 0, then the

directional derivative DH (\;v) ezists and

DH(\v) = /Hlog()\) vdp. (3.4.15)

In particular, this is true if, for some ty >0, A= +tov € D and \y = A — tov € D.

Proof. Due to the convexity of Alog A, the function

[0,%0] 2 t — (A + tv) log(A + tv)
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is also convex. Therefore,

(A +tv)log(A+tr) — Alog A

[O,to] S5t ;

is a nondecreasing function. Take a decreasing sequence {t,},>0, t, — 0 as n — oo
and consider

H\+t,wv)—H(\) B
T - /Hlog()\)ydu =

/ [()\ + t,v) log(A + t,v) — Alog A
H tn

— (log A+ 1)v|dp. (3.4.16)

The sequence of integrands in the right hand side monotonically decreases to 0. More-
over, for n = 0, the integrand is integrable under the assumption Alog A € Ly (), and
the first claim follows by monotone convergence.

If, for some ty > 0, A\ = A+ tov € D and A\; = A — tov € D, then A = (A + \;)/2.
Since Alog A € Li(u) and A\, \; are nonnegative functions, this easily implies that

both Aog A € Li(p) and A\;log A € Ly (i), and the last claim follows. O
3.4.7 Symmetrized Kullback-Leibler distance
For two densities A, Ay € D, denote
A1
K(M|A2) :== [ log )\_)\ldﬂ
# 2
the Kullback-Leibler divergence between A\; and Ay and let
K()\l, )\2) = K()\1|>\2) + K()\2|)\1)
be the symmetrized Lullback-Leibler distance. It is easy to check that
A1
K()\l, )\2) = lOg —<)\1 — )\g)d,u
Ho A2
We will also need the following proposition.

Proposition 3.4.9. For all \{, \y € D,

, (1= A1+ tha
KM\, ) =1 1 A1 — Ao)dp.
(:te) = lm [ 1og T BRI ) — )
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Proof. Note that the function
[0,1] >t ((L—1t)A1 +tAg) log((1 — t)A1 +tAa)
is convex and, hence, its derivative
[0,1] 5t (log((1 —t)A1 +tA) + 1) (A2 — A1)
is nondecreasing. Similarly, the function
[0,1] 5t +— (log(tA; + (1 —t)Aa) + 1)(A1 — A\2)

is also nondecreasing. Therefore, the function

(1= )\ + thg

1]>t—1
0.1]3 l_H)gml+(1—1t))\2

(A1 — A2)

is nonincreasing. Take a sequence t,, € (0, 1) such that ¢,, decreases monotonically to

0. Then the following sequence of functions is nondecreasing

(1= )M + £
1 A — A
{ B+ (1— tn))\z( )

n>1
and it converges as n — oo to the function log %O‘l — A2), which is nonnegative.

Note also that for all n

(1 —t)A1 + thha
tn/\l + (1 - tn))\2

IOg ()\1 — )\2) € Ll(/ﬁ>

Indeed,

(1 = t) A1+ tda) Jog((1 — t) A1 + tada) € Li(p)

and, together with the fact that A;, Ay > 0, this implies that

A log((1 —t)A +tada) € Li(p), Aalog((1 —t,)\ +tu)e) € Li(p)
and similarly

A log(tp A + (1 —ty)A2) € Li(p), Aalog(tahi + (1 —t,)N\a) € Ly(p).
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As a result, it is easy to conclude that

1—¢,))\ o\
lim log( A1+ tno

At
log 2L (A — Ao)dp = K (M1, M),
n—oo [q tn)‘l_’_(]-_tn)AQ 0og /\2< 1 2) 1% ( 1, 2)

(= Do = [

H

]

Note that, in principle, the distance K (A1, A2) can be infinite for some A\j, Ay € D.
Lemma below provides the bounds showing that given a sparse density A;, any other

density Ay such that K (A1, \2) is small will follow the sparsity pattern of A;.

Lemma 3.4.10. Let \i, Ay be two densities from D and Ay, Ay the corresponding

probability measures on ‘H. Then for any measurable H' C H
AMH\H) <20(H\H') + K(A1, \o)

Proof. By the well-known inequality between the Kullback-Leibler and Hellinger dis-

tances, for any H' C H

K 22 [ (V- vR) 22 [ (V- Vi) =

H\H/

A
> 9 / (Al IR %) = A(HAH) — 200 (H\ ).
H\H'

3.5 Main results for prediction problems

In this Section, we will obtain the bounds for approximation error and probabilistic
estimates for the random error which together imply one of our main results — an
oracle inequality for performance of . (see Corollary 3.5.6). We will apply similar
techniques to get some results for the problem of density estimation in Section 3.6

(see Corollary 3.6.3).
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3.5.1 Approximation error bounds

In this section, we study the properties of the solution A of problem (3.3.1). Namely,
we are interested in the size of its excess risk £(f).) comparing with the excess risk
E(f) of oracle solutions A € D. We will introduce a notion of alignment coefficient of
an oracle A with the dictionary H. It turns out that, in special examples, this quantity
is related to the degree of “sparsity” of A as well as to its “regularity” in a proper
sense. For oracles A € D that are “alligned” with the dictionary reasonably well (so
that the alignment coefficient is not large) the size of excess risk £(f).) is controlled
by the size of £(f\) up to an error term of the order 2. Similarly, the square of
the Ly(IT)-approximation error || fa, — fll7, () 18 controlled by the same error for the
oracle ||f\ — f*H%Q(n) up to an additional error term of the order &2.

For w € Ly(p), define the alignment coefficient ~y(w) to be

Y(w) = sup {(w,w) o) ¢ N full Lo = 1, (w, 1) 1,0 = 0} -

It is easy to see that, for all constants ¢ € R, y(w + ¢) = vy(w).
Similar quantities have been already used in the analysis of approximation error in
the case of finite dictionaries in [49],[51] (actually, in this special case even more
sophisticated definitions have been used that better take into account the geometry
of sparse recovery problems). We will define the Gram operator of the dictionary as
an integral operator K : Lo(H, p) — Lao(H, w),

() (h) = [ (5 1)y ulb ),

H

This is a bounded symmetric nonnegatively definite operator (at least, when p is a

finite measure), its square root is well defined and we have

2 3 3
= K s — <K ) K > :
||quL2(H) < u U>L2(H‘) U v Lo(p)
Therefore,

Aw) = sup { | w0 | ¢ 1K F g =1}
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The last quantity often coincides with || K _%wH Lo(p) for w € Im K /2 Moreover, we

can always formally define
_1 . 1
| K™ 2w|| pyu) := inf {||UHL2(M) : Koy = w}

when w € Im K2 and set it equal to infinity otherwise. Then we can write y(w) =
112l .
Remark: sometimes it might be more convenient to use a slightly different version

of the alignment coefficient

"y(w) 1= sup {<w, U>L2(y) : Var(fu(X>> =1, <u7 1>L2(#) - 0} ’

along with the covariance operator

(Ku)(h) := /Hcovn(h,g)u(g)u(dg), he™H,

where covyy(h, g) := II(hg) — II(h)II(g). Note that 7(w) > vy(w).

If the dictionary H = {hy,...,hx} is finite, the Gram operator is represented by
the Gram matrix, which in the simplest case of orthonormal dictionary is equal to
identity matrix. In this case, we have y(w) = [|wl|y and in the case of vectors w of
small support there is a clear relationship between the size of vy(w) and the degree
of “sparsity” of the vector w. If the dictionary is not orthonormal, the size of the
alignment coefficient y(w) is a measure of “alignment” of w with eigenspaces of K :
roughly, if w belongs to the linear span of eigenspaces corresponding to the large
eigenvalues of K, v(w) is not too large. In many examples of infinite dictionaries,
the space of oracles for which the alignment coefficient is finite could be identified
with the space of functions with some regularity properties, such as Sobolev space
H* := W?*, so that the alignment coefficient is bounded by a Sobolev-type norm
of the corresponding function. If the function w consists of several well separated
smooth “spikes”, it happens that the size of v(w) can be controlled in terms of the

number of “spikes” and, in this sense, it is related to sparsity.
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Below we will be interested in those oracles A € A for which y(log A) is not too

large.

Theorem 3.5.1. There exists a constant C > 0 depending only on the loss such that

for all oracles A\ € D

1£x. = Al + K (A A) < C[HA — fell . \V 7 (log >\)€2]-

Moreover, the following bound on the excess risk of \. holds

E(fn.) < inf {5 () \/ Cr(log Nev/E(fr) \/ C*(log A)SQ}

and, for all H' C H,
A(H\H) <2A(H / C 2 2(log M\)e?
S(HA\H) < 2A( \”)‘f'_6 ||J/\_f*||L2(n)\/ r“(log A)e™ |,

AGAH) <20 0K + 15 = £l V2000

The first bound of the theorem means that the true penalized solution \. belongs
to the Kullback-Leibler “ball” around arbitrary oracle A € D and, at the same time,
the function fy_ belongs to the Ly(IT)-ball around fy, the radius of both balls being,
up to a constant, the maximum of the Ly(IT)-distance from f to the target function

f« and y(log A)e. The second bound easily implies that

() < ing 2600 \/ C¥(g )2

(the constant 2 in front of £(f)) can be replaced by 1+ 4, but the constant C' then
becomes of the order 1/4). The last two bounds show that the solution A. and oracles
A are concentrated on almost the same sets (for the oracles that approximate the

target and are aligned with the dictionary reasonably well).

Proof. Denote

F(X) := P(Ce fy) +cH()), A€ D.
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It follows from (3.4.13), (3.4.14) and Proposition 3.4.8 that, for all A € D and 7 €
(0, 1), the directional derivative of F' exists at the point A +7(A— ;) in the direction
A — A and

DFEFAc+7A=A ) A =) =

Pl o fasrna))(fn — o) +¢ /(/\ — Ac)log(Ae + 7(A = Ac))dp. (3.5.1)
H

Moreover, since the function [0,1] > 7 — F(A. + 7(A — A.)) is convex, its right
derivative, which coincides with DF (A + 7(A — A;); A — ), is non-decreasing in

€ [0, 1]. Since A. is the minimum point of F, this implies that, for 7 € (0, 1),
DFA4+1A =X ) A= Ae) = (3.5.2)
= P(C® freriea) (s = Fu) & (4= A logOh+ 70 = A 2 .
H
We will subtract both sides of the last inequality from the expression

DFA+7(Ac = A A=) =

= P(l'® fairon-n)(fa — fo) + 5/0‘ — Ac)log(A + 7(Ac = A))dp (3.5.3)

to get
1—7)A+7A
P frirtron = € o frioan) (= ) +e [ (0= tog =0 T,
(3.5.4)

< P('® frirpn) (o= fr) +¢ / (A= A) log(A + (A — A))d.
H

Under the assumptions on the loss, in particular, continuity of ¢, passing to the limit
as 7 — 0, using the dominated convergence and Proposition 3.4.9, we get that the

left hand side of (3.5.4) converges to
Pl e fx— o fi)(f5. = fa.) +eEK (A A)
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and the first term in the right hand side converges to P(¢' e f\)(f\» — f.). As for the

second term in the right hand side of (3.5.4), note that

d A4 7(Ae = A))log(A+7(Ac — X))

—(A = (oA + (A = ) + 1) =

is a nondecreasing function of 7 € [0, 1] (since it is the derivative of a convex function).

Because of this, the second term in the right hand side of (3.5.4) is upper bounded

by the integral

/log A\ — Ao)dp.
H
As a result, we get the following bound:

Pl e fx =l o i )(fs. — fa.) TeEK (A ) <

P(C o f)(fr— fo) + ¢ / log ACA — A.)dy (3.5.5)
H

Since ¢ is a loss of quadratic type, we have with some constants C, ¢ > 0 depending

only on ¢ that

P(lef, =l ef)(fs. — ) =dlfs. — Al
and also
Pl e fx)(fa = fo.) = P((L' e fr) = ('@ f))(fx — fo.) =
<(€/ o fr)—(l'ef) fr— fAE> < Clfa = flleaay | . = Fallzoqm -

La(P)
The definition of v(log \) implies that

/ log A — A) < y(log V. — fillac.
H

Thus, it follows from (3.5.5) that with some constant C' > 0 depending only on ¢

15 = Al + K A) <

C [”f)\ = Felleaanllxe = Ao +ev(log V[ fx. = Al |- (3:5.6)
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To obtain the first bound of the theorem it is enough to upper bound solutions of the
resulting inequality with respect to || f. — fillz,am

To prove the second bound, note that by the definition of A\, for all A € D,

5(f&)+€/ A log Aedp < 5(fx)+€/ Alog Adp,
H H

which implies

E(fr) <E) + /(/\log/\ A log Ao)dp <

/ log A(A = Ao)dp < E(fr) + ey(og N || fr = facllzoan, (3.5.7)

and it is enough now to use the first bound on || fx — fa.||z.am)-

The last two inequalities follow from the bound on K (A, A\.) and Lemma 3.4.10. O

We refer the reader to Section 3.7 for some common examples of base classes and

expressions of the associated alignment coefficient.
3.5.2 Random error bounds

The purpose of this section is to develop exponential bounds on the random error

E(f5.) — E(fr.)

that depend on the “approximate sparsity” of the true penalized solution A.. Since
we are dealing with a loss ¢ of quadratic type, bounding random error is essentially
equivalent to bounding the norm || f5_— fa.||z,ar). At the same time, we provide upper
bounds on the symmetrized Kullback-Leibler distance between 5\5 and \. and show
that the “approximate sparsity” of each of them is closely related to the ”approximate
sparsity “ of another one.

We assumed that D is a convex set of probability densities such that Alog A €
Li(p), A € D, and solutions of the problems (3.3.1), (3.3.2) exist in D (see Theorem

3.4.7 for sufficient conditions of the existence of solutions).
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Let H' be a measurable subset of H. In the theorem below, it will be a subset
of the base class (of the dictionary) H on which both A. and \. are approximately
concentrated. Let L be a finite dimensional subspace of Lo(II) that will be used to

approximate the functions from #'. Let d := dim(L) and denote

U(e) = s lg@)]
9EL,|IgllLy(m <1

It is easy to check that ||Uy || z,a = V/d. Indeed, if ¢y, . . ., ¢q is an Ly(IT) orthonormal

basis of L, then

d

Z crdr ()

k=1

Y G < 1} = (ki: cbi(:c))m,

d
Ur(z) == sup{
k=1

which immediately implies that ||Uy, H%z(n) = d. We will also use the following quantity:
U(L) == U]l + 1.

Note that U(L) is of the order v/d if there exists an orthonormal basis ¢1, ..., ¢4 of

L such that the functions ¢; are uniformly bounded by a constant. Finally, denote
p(H'; L) == sup || Prohl| Ly,
heH!

where P, stands for the orthogonal projection on L. We are interested in those
subspaces L for which d and U(L) are not very large and p(H’; L) is small enough,
i.e., the space L provides a reasonably good Ls(II)-approximation of the functions
from H'. A natural choice of L might be a subspace spanned by the centers of the
balls of small enough radius § covering H’; in this case p(H'; L) = § and d is equal to
the cardinality of such a d-covering.

We do not try to get the exact values of the constants in the inequalities below.
Moreover, such constants as C' might have different values in different parts of the
proof (although, its value always depends only on the loss function /).

We are now ready to present the main results. For brevity, we will denote
Q(s) := s\/Q(s/Vd) \/wn(s/\/a), s € (0,1].
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Theorem 3.5.2. Suppose that assumption on the dictionary (3.4.4) holds. There
exist constants C, D > 0 depending only on ¢ such that for all measurable subsets

H' C H, for all finite dimensional subspaces L C Lo(IT) with d := dim(L) and

p=p(H';L),
for all
(1)

and for all t > 0, the following bounds hold with probability at least 1 — e~ " :

AH\H) < C|A(H\H)\/ d Z;" \/ é ng \/ U(L)QAp/Vd) + b . (3.5.8)

ne

AH\H) < C|A(H\H)\/ d :;" \/ é ng \/ U(L)Q(fl/g\/a) + tn (3.5.9)

and

% d+t,
clfs. = Pallipm + K (e, M) < C[ - \/ Q\/(g) \/

Q1) \ y UL)Up/Vd) + 1,
V)

where t,, :=t+ 4loglog,n + 2log 2.

A(H\H) (3.5.10)

Proof. Let A, be the solution of (3.3.1) and A. be the solution of (3.3.2). Denote

~

M) = [ mutdn), Ay i= [ Smutan)

A
Also denote

F(X\) = P(le fy)+cH()\), A€ D

and

F,(A) :=P,(le f\)+cH(N), AeD.

It follows from (3.4.13), (3.4.14) and Proposition 3.4.8 that, for all 7 € (0,1), the

directional derivative of F' exists at the point A\, + 7'(5\E — \¢) in the direction 5\5 — A
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and

~

DF( +7(Ae = A); Ao — (3.5.11)

P(El'fxsw(& ) )( (f5. — fao) —1—5/ /\ — A) log(Ae —I—T()\ — A))d .
H

Moreover, since the function [0,1] 3 7 — F(A. + 7(A. — A.)) is convex, its right
derivative, which coincides with DF(\. + 7'(5\8 —A); A — A:), is nondecreasing in

€ [0, 1]. Since A. is the minimum point of F, this implies that, for 7 € (0, 1),

DF(A\+7(Ae = A);Ac = A) = P(C o f, s o) (fs — Hr)+

£ / (Ae — M) log(Ae + 7(Ae — A))dp > 0. (3.5.12)
H

A similar argument shows that for all 7 € (0,1)

DE, A4+ 7 — A he — M) = (3.5.13)

Pl e o) (s — Ao+ E/O\a — ) log(As + 7(Ae — A))dp < 0.

Subtracting (3.5.12) from (3.5.13) and rearranging the terms, we get

P (ﬁ’  fiiroei — U0 frirpn ) (fi. = fr)+ (3.5.14)
5/<;\5—)\5>log( ))\ +T)\d <
(I =7)Ae +TA

< |(P =P o fisrins))Us, = o).

Under the assumptions on the loss, in particular, continuity of ¢, passing to the limit

as 7 — 0, using the dominated convergence and Proposition 3.4.9, we get

P(l" e fs —'® [r.)(fs. — [r)+ (3.5.15)

+eK (A Ae) < (P = P)(C o f)(f5. — )]

Since £ is a loss of quadratic type,
P(lefs, —Cefn)(fs.— ) =clfs. — Hllim
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Our next step is to extract some information about the sparsity of \. from these

bounds. To this end, we use Lemma 3.4.10 which implies that for all H' C H
eA(H\H) < 2eA(H\H)+ K, \o) (3.5.16)

and

eAL(H\H) < 2eA(H\H) 4K (e, \o). (3.5.17)

To complete the proof of the theorem, it remains to bound

(P =P (e f;)(fs. — o)l

Let

ABA)i= A €D 5~ fullm <6 [ Ahda<A
H\H

and
(6, A) = sup {|(P — P,)(¢ o fx)(fx — fa)l, A€ A(S,A)}.

We need the following two lemmas.

Lemma 3.5.3. Let H be a class of functions on S uniformly bounded by 1 and let

L C Ly(IT) be a finite dimensional subspace with d := dim(L). Denote

p = p(H; L) = sup || Ppohl| ).
heH

Suppose that assumption (3.4.5) holds. Then with some constant C' > 0

o (P < €[y WY\ RN\ L]

heH

Proof. First we will show that condition (3.4.4) implies the bound for the metric
entropy H(H, Ly(I1),d). Indeed, since v/nG,(h) £ Wi, where Wy is the isonormal

Gaussian process, we have that

liminf P ( sup |G (h1 — ha)| > 6) >
|

oo |h1—ha|lLym<u

P ( sup IW(h1) — W(hs)| > 5) ,

[lP1=h2|l L,y <u
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which in turn implies by Fatou lemma and the formula E|X| = [ P(|X| > t)d¢ that
0
w(u) >E  sup  [W(hi) — W(hs)|.
[P1—h22<u

It remains to recall that by Sudakov minorization (this bound is nontrivial, see [16],

Lemma 1 for the proof)

1
1
H'2(H, Ly(IT), §) < K / B sup  W(h) — Wihs)|du
lh1—

ha|l2<u

| /\

/ui u = QY2(5). (3.5.18)
0

Let H C H be a minimal d-net for H in Lo(IT) (i.e., the set of centers of the Ly (IT)-balls

of radius § that form a minimal covering of #). Clearly,
log card(H) < Q(6).
Also, we have

Esup |R,(Pyh)| <

heH
< Esup|R,(Pr.h)|+E sup | R (Pre(h1 — h2))|. (3.5.19)
heH h1,ho€M,||h1—hall Ly m) <o

To bound the first term in the right hand side, we use an elementary inequality for

a Rademacher process indexed by a finite class of functions (see, e.g., [51], proof of

Eiggm W(Prih)| < C[ \/7\/ } (3.5.20)

where we also used the facts that

Lemma 2):

max || Prhf[r,am) < p
heH

and

max|| P b < U(L).
heH
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To bound the second term, we will first use Gaussian multipliers inequality (see [62],

Lemma 4.5) to get

T
E sup |R,(Pri(hy — hs))| < \/;E sup |Gn(Prof)],

h1,ho€H,[|h1—h2|| L, (1) <O fEH(S)

where

H(O) = {h1 —hy by hy € H, [l = hol Ly < 5}'

Note that G,,(f), f € H(J) is a centered Gaussian process conditionally on X7, ..., X,,.

Denote E the conditional expectation given X, ..., X,. Then, for all f, fo € H(9),

E(VnGo(Ppo fi—Ppe fo))? = Iy (Ppo fi = Pro fo)? < 2I0L,(fi— fo)*+2IL,(Pr(fi— f2))*

By the definition of Uy, we have

|PL(f1 = fo)(@)] < Ur(@)|| fr = folloauy,

and we are getting the following bound:

]E(\/EGH(PLLfl — Ppofo))? < 20L,(f1 — fo)® + 2L, (UD)|| fr — f2||%2(n)'

Recall that Wi (f), f € La(II) denotes the isonormal Gaussian process (i.e., it is a cen-
tered Gaussian process with covariance EWr(f1)Wi(f2) = (fi, fa) 1,m) independent
of Xq,...,X,, and ¢1,...,¢n,- Then

E(Gn(Ppifi) — Gu(Pref2))? < 2E(Gu(f1) — Gul(f2))*+

L UEVa() — Walf2)? = B(Y (1) = Y(£)
where

Y(f) = V2Gu(f) + \/%HULIILzmn)WH(f)-

By Slepian lemma (see [62], Theorem 3.15), we conclude that

E sup |Gn(Ppof)] <2E sup |Y(f)],
FEH(S) fEH(S)
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which also implies that

E sup |R,(Pr.h)| <
heH(5)

WAE sup [Gu()] + 4y TEIL e B sup Wil (35.21)

heH(8) heH(9)

To bound the right hand side, observe that, by Dudley’s entropy bound and (3.5.18),

)
B sup |Wi(h) < C / /Iog NCH(), Ly (1), u)du <
heH(0) 0

0/5 V2log N(H, Ly(0), u/2)du < CSHY?(5) < CoQV2(6)
0
with some numerical constant C' > 0. We also have
ENULIIZ,m,) = EUZ(X) =d.
Finally, our assumptions on the continuity modulus imply that
E sup |Ga(h)| < ——wn(0).

heH(s) ~
Combining this with (3.5.19) and (3.5.20) yields

EE?EL'R (PLLh|<C[ F\/éff\/ \/\/—wn }

and it is enough to take § := p/v/d to complete the proof.

O

Lemma 3.5.4. Under assumptions of Theorem 3.5.2, there exists a constant C > 0
depending only on the loss such that with probability > 1 — et for all \/Lﬁ <6<

1
<A<

&)< 5@ Vp\/@ V ﬁwp/@ \
Vo (%) Voo 200y o L, ()

\/A 1/\/_ \/ P/\/_)

L,

=: 6.(6,A).
where t,, :=t+ 4loglog,n + 2log 2.
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Proof. Recall that

ABA) = A e As = il <6 [ A< A
H\H

and

an(0,A) == sup {|(P = F) (e f)(fx — )], A€ A6, A)}

The function u — ¢ (y, fo. + w)u, |u| < 2 is Lipschitz with Lipschitz constant de-

pending only on ¢ and M. Note that

C(y, L) AC) = () = Oy, fae + @ulu=g, - pr )

This allows us to apply the symmetrization and contraction inequalities which result

in the following bound:

Ea,(6,A) < CE sup |R.(fr— fr)l,
AEA(8,A)

where C' > ( is a constant depending only on /. Let P, denote the orthogonal projec-

tion on a d-dimensional subspace L. The following representation is straightforward:

= fo = Po(fs— fo) + / Py (h) (A(R) — Ae(h)) du(h)+

’}_‘/

T / Py (h) (A(B) — A(h)) dpu(R).

H\H
Hence, it is enough to bound separately the expected supremum of the Rademacher
process R, for each term in the sum. For the first term, the standard bound on
Rademacher processes indexed by a finite dimensional subspace (see, e.g., [48], exam-

ple 1) yields

E sup {|R.(PL(fx— A} < 5\/%- (3.5.22)

AEA(5,A)
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To bound the remaining terms, we will use Lemma 3.5.3. First, note that

E sup |R, / (A= A)(h) Pys b dpu(h) (3.5.23)
AEA(5,A) e

“E sup / (A = ) (R)Ro(Pye ) du(h)
AEA(5,A) U

< sup (A(H\H’)+A€(H\H/)>E sup |R,(Prrh)| <

AEA(5,A) heH\H/

(A FALHN H’))E sup | Ru(Pyoh)l.

heH\H/
We now use the bound of Lemma 3.5.3 with H \ ‘H’ instead of H and with p =1 to

get

E sup |R, /()\_AE)(h)PLLh du(h) || < (3.5.24)
AEA(3,A) i

C(A+A5(H\H')){ Uf \/ ”‘f \/\fwn 1/\/'}

Similarly,

>\6A 5,A) heH!

sup |R, (N/)\ ) PLJ_hd,LL(h)) < 2E sup |R,(Pp.h)|

and using the bound of Lemma 3.5.3 with H’ instead of H and with p := p(H', L),

sup |R, (N/)\ Ae) PLLhdﬂ(h)) <
,\eAéA

c{p e/ V) g VENUo/ \/\f wnp/\f] (3:5.25)

we get
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Combining (3.5.22)(3.5.25) results in the following bound:

“08 =€ \/7\/ \/7\/\[% p/Va)\/ (3.5.26)
v (v

/i) 20/3)
Va =

Talagrand’s concentration inequality implies that with probability at least 1 —e™*

and with a proper choice of numerical constant C' > 0
an(0,A) < B(0,A,s) :=2 (Ean((S, A) + 05\/5 + C%) (3.5.27)
We have to make the bound uniform with respect to

<§5f<1 1o A<1

T /n T

Si-

To this end, let

1
ti; =t+2log(i+ 1)+ 2log(j + 1)+ 2log2,i,j > 0.
Then, with probability at least

1= ) exp{—tip=1-e"O G+ 21—,

0§61, >n1/2 >0
for all i, j such that 6;, A; > n~/2 and all §, A such that § € (6;41,6;], A € (Aj41,4],

the following bounds hold:
a(0,A) < B(0i, Aj, L ).
Note that

1 1
ti; <t+2log2+ 2loglog, <5> + 2loglog, <Z> ,

2loglog, (%) < 2log log,(n)

— Y

n n
2log log, (3) < 2log log,(n)
n - n ’
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implying that

Lij < ty.

Thus, with probability at least 1 — e~ for all §, A € [n=Y/2 1]

a(6,A) < (5 \/ﬁ\/ \/7\/\/@ ey
e (v m e

\/A 1/\/_ \/ P/\/_)

To complete the proof of the theorem, denote

0 = [Ifs. = Al

and
A=A (H\H).

By lemma 3.5.4, the following inequalities hold with probability at least 1—e~*(uniformly

forn/2<§<1,n2<A< 1):

02 < Ba(6,A), (3.5.28)

eA < 2N (H\H') + mén(é A) (3.5.29)

It remains to solve (3.5.28), (3.5.29) to get the bounds for 4, A. The cases when
6 < n Y2 and/or A < n~'/2 are simple: because o, (6, A) is non-decreasing in both
variables, it is enough to substitute n~'/2 instead of § or A into the expression of it’s
upper bound B (0,A) to get required inequalities. We proceed with the main case.
If A < A.(H\ H'), then (3.5.29) and the first bound of the theorem are trivially
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satisfied. Moreover, (3.5.28) yields

N AVP p/f D\ A\ ) Q(#\@\/ (3.5.30)

V \/g (walp/ VDN A(HA H Y, (1/VD)) \/ AR 7{%[) + tn

and the third bound of the theorem follows immediately. On the other hand, if

52 <C

A > A(H\ H'), then (3.5.28) implies that with some constant C' > 0

2 <C \/?\/ \— 'O/\/— \/\/> wnp/\/_\/Awnl/\/_)

\/ A Uf \/ p/f) + tn ] (3.5.31)

Solutions & of this inequality satisfy the bound

? gc{@ V oy LDy \/g (o VDN B (VD) (532)

\/A 1/\/_\/ P/\/_)+75]

Substituting the resulting upper bound on 5 into inequality (3.5.29), with some ele-

mentary algebra, yields

eA < 2eA(H\H')+

\/><wnp/\/_ \/Awnl/\/_>\/A 1/\/—\/ p/\/_)+t}

If the condition on ¢ holds with constant D > 2C| this implies

{dH p/‘f \/ (3.5.33)

A§2A€(7{\H’)+O[d:—;"\/§ M\/

1w, d U(L)Q) d) +t,
n 5 ne
By (3.5.15) and Lemma 3.5.4, with probability at least 1 — e,
KOLA) < —2—an(3,A) < —2f.(5, A)
s e Ae _log2 ~ log2" "
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~

it is enough now to substitute the bounds on 5, A into the expression for Bn(g , A) to

see that with some constant C' > 0
1 d+ tn Q(:O/\/E)
KM, ) <C|—— —_—
K (e < O[Tt g [HEVD

VE (o Ao H’)wn(l/\/c_l)> V
N 1/\/‘ \/ P/\/_)+t }

This and the bound of Lemma 3.4.10
Ac(H\H) <20 (H\H) + K(A, \o)

imply also the second bound of the theorem, which completes the proof.

O

To derive an upper bound on the random error [E(f5 ) — E(fx.)| from the bound

on the Ly(IT)-norm || f5_ — fa. o), it is enough to use Proposition 3.4.1 of Section
2.3. For arbitrary H' C H and L C Ly(IT) with d := dim(L) and p := p(H', L),

denote

Fn('H’;L;t) = [%\/p MVAE(H\H/) Q(lé\/a) \/

VLD gy LA\ SO L] (55

Corollary 3.5.5. With probability at least 1 — e,

() = (01 < |10 L)/ VEGROTS T L)
3.5.3 Oracle inequality for prediction problems

For clarity, we will assume that (3.4.5) is satisfied so that bounds of Proposition 3.4.2
hold for a suitable function 7'(u). Combined, results of the previous two sections

imply the following:
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Corollary 3.5.6. There exist constants C, D > 0 depending only on ¢ such that for
all measurable subsets H' C H, for all finite dimensional subspaces L C Lo(Il) with
d = dim(L) and

= p(H5 L),

for all

n

. D\/T(l/\/a)logd

and for all t > 0, the following bounds hold with probability at least 1 — e~ " :

() < it (2600 + 22100 + € | TE N o LY D o)\

\//)\d [T /\/_ d\/ P/\/_ 7

H\H'

where t,, =t 4+ 4loglog, n + 2log 2.

In particular, if H is a VC-subgraph class of VC-dimension V' (for the definitions
and examples, see [91], Section 2.6), then one can take T'(u) = (2V +1)log 2. In this

case, previous inequality can further be simplified to

d_‘_tn\/%logiim\/_a\/

E(fy.) < inf (2503) +&%7*(log A) + €' | — p

\/ / i 10g3/2 (L) logn<ﬂ/f’)

Constant 2 in front of £(f\) can be replaced by 1+ § at the price of replacing C' by

C

<.
3.6 Density estimation

This section is devoted to other applications of techniques developed earlier in the
chapter. We have seen that many prediction problems can be embedded and analyzed

in the context of dictionary learning. In turns out that the problem of Ly - density
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estimation also naturally fits this framework (see [18], [51] for a similar approach).
At the same time, we were able to relax the assumption on the uniform boundedness
of the dictionary with the help of Proposition 3.4.4.
Suppose that Xi,...,X,, € S are iid observations from some distribution P that is
absolutely continuous with respect to a given o-finite measure v such that % = fy.
Assume that [|fi]lcc = M < oco. As before, we want to estimate the unknown f,
(which in general might not belong to co(#H)) by a mixture of the elements of a
dictionary H, which in this case consists of probability densities with respect to v.
We will assume that

L. sup ||| z,e) < oo;

heH
2. the envelope F(z) = Fy(x) := Zug h(zx) is such that || F||y, := ¥ < co.
S

In what follows, we will write || - ||2 for || - ||z,), and

(s ho) = (o, o)y 0 = / ha (2)ha(2)dv ().

Let D be convex weakly compact subset D of L;(u), consisting of probability density
functions with respect to p. Consider the following minimization problem with L, -

loss:
Ae = argmin, {Hf,\ — [+ Epen()\)] : (3.6.1)
Since (fx, f«) = Pfy, (3.6.1) is equivalent to
Ae = argmin,p {”fAH% —2Pfy + 5pen()\)1 . (3.6.2)
The empirical version of (3.6.2) is
< ' )
Ae = argmin,cp |:Hf>\||2 — 2P, f\ + epen()\)] : (3.6.3)

If we take pen()\) = [ Alog Adu to be the (negative) entropy penalty, then analogues
H

of the previous results of this chapter hold. Note that the excess risk is simply given
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by E(f) = 1fx = fllT,0)-

Remark: although we can not apply Theorems 3.5.2 and 3.5.1 directly, the analysis
for the present problem follows the same path as before, even with several simplifica-
tions. We will outline some details below.

The uniform boundedness assumption on the dictionary seems to be too restrictive
for the density estimation problem. Another idea that motivates subsequent results
is based on an interesting observation made by V. Koltchinskii (see Corollaries 9.7,
9.8 in [53]): in the case of sparse regression problem with squared loss in a dictionary
of cardinality IV, the (non-penalized!) least-squares estimator over the unit simplex
in RY possesses sparsity properties. This phenomenon appears as a result of analysis
of /;-penalized empirical risk minimization over an abstract closed convex set and
the fact that the ¢;-norm is constant on the unit simplex. Similar conclusions can be
made based on results in [18], although it is not mentioned explicitly in the paper.

Motivated by this observation, we analyze problems (3.6.2) and (3.6.3) for
pen() = [\l = [ () lds
H

which is identically equal to 1 whenever X\ is a probability density function (with
respect to p). We stress the fact that the penalty is introduced artificially as a

method of theoretical analysis that allows us to obtain interesting results. Denote

F(\) = |All3 —2Pfr + €M1, A €D,

Fu(A) = A3 = 2Pufa +elAl1, A € D.

As before, it is easy to see that both F' and F,, are continuous in L;(u) and (not

necessarily strictly) convex. Indeed, by Hoélder and integral Minkowski (see [85],
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Lemma A.1) inequalities

F(0)— F(A)| = / (nn = Fro) (s + Fro) dv — 2P(f, — fro)| <

S

<o+ Proll gy 1xn = Frollzaey + 20120 = Ao[HEFx(X) <

< 2sup A1) 12 = Aol + 2[[An = Ao[hEF3(X) — 0
given that ||\, — Aol|z,(n) — 0. Here, Fy(x) := sup h(z) is the envelope of class H.
Now an argument of Theorem 3.4.7 implies thas el;{oth problems (3.6.2) and (3.6.3)
have (not necessarily unique) solutions in every convex weakly compact subset D of
L1 (), consisting of probability density functions with respect to u. Once again, note
that for our choice pen(\) = ||Al]1, solution of (3.6.3) coincides with a solution of
the non-penalized Ly(v)-norm minimization problem, since the penalty term is just

a constant on D.

For A € D, let
A1 ={w : H — [—1,1], w(t) = sign A(t) for t € supp(A)} (3.6.4)
be the subdifferential of || - ||; at point A (we also assume that w is measurable).

Remark: equality in (3.6.4) follows from the general description of the subdiffer-

ential of a norm | - || in a Banach space X:

{areXx: |l =1, 2*(2) = [lz][}, = #0,
O]l =

{zreXx*: ||z*]| <1}, x=0,

where X* is the dual space. For details on our specific example, see [45], paragraph
4.5.1.
Next, we define a version of the alignment coefficient ~(w) with respect to the

Ls(v)-norm by
Y(w) = sup {(w, ) Lyn) * | fullLaw) =1, (Do = 0} -
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We will be interested in those “oracles” A\ € D for which there exist w € J||Al|; with
7y(w) < oo.

Given w : H +— [—1,1], let

Hw) = {he s fulh)] = 5.

If w € 9||A|l1, H(w) can be seen as the “smoothed” support of .
Next, note that directional derivative of the functional F), at the point A; in direction

U= Ay — A\ IS

F tu) — F,
DF,(\;u) == 1&1)1 n(h+ ut) n(M1)

=2 <f)\17 f)\2 - f>\1>L2(V) - 2Pn<f)‘2 - f>‘1)’

where we used the fact that both \;, Ay are densities with respect to u, hence
A\ +tully =Ml =1 Vtelo,1].

Let A be a solution to (3.6.3) (note that it is independent of & when pen(\) = || A1)
When \; = 5\, the corresponding directional derivatives are nonnegative for any
Ay € . With these preliminary observations and previously developed techniques,

we can prove the main result of this Section — an oracle inequality for performance

~

of \.
First, recall some definitions: let L be a finite dimensional subspace of Ly(v), d =
dim(L) and

Ur(z):=  sup  |g(z)|.
9L llgllLy(py<t

Given H' C H, let

p(H'; L) := sup || Proh||r,py < VM sup [|Proh||pyw)-
heH’ heH’
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Moreover, denote

D := sup [|h]|L,(p);
heH

U(L,H) =W+ ||Usl;

Q.(p) =Q <p\/g> V logn;

t, :=t+ cloglogn.

For brevity, we will denote

Q(s) := 51/ Q(s/Vd) \/ wa(s/Vd), s € (0,D].
For definitions of Q(-), w,(-), see (3.4.4).

Theorem 3.6.1. Let A € D and w € 9||\||1. There exist numerical constants C' and

D large enough such that for any

Q(D)
NG

and any subspace L with d = dim(L) and p = p(H(w); L)

e>D-

- ) 1
5= fulB 4 [ Adu - £+ g )+
H\H(w)
dM +t, \ ; Q(p) Q.(p) + tnlogn
L
C{ n \/ \/ﬁ \/U< ’H) n ’

t

with probability > 1 —e™".
Remarks:

1. Note that the oracle inequality above is exact, meaning that it has factor 1 in
front of || f5 — f.]|3- We were not able to get constant 1 for prediction problems

considered above.

2. Although D (or its nonrandom upper bound) are generally unknown, its value

is not needed to obtain A since A does not depend on a particular choice of ¢.
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Proof. As we have already mentioned above, the necessary conditions for the minima

in problem (3.6.3) can be written as follows: for any A € D

2(fs.. fs. — fx) = 2Pu(fs. — fr) 0. (3.6.5)

Next, let @ € 9||A[y and @ € |1, Adding 2(f., fx — f5.) + g<w oA — X> to
both sides of the inequality and noting that < To fx = I, > P(f — 5. ), we get

2(fi, = foo i~ i) +e [ (= @)W - N)du(h) < (360

H
<2(P = P~ £i)+ [ (0 = @) ()~ N)(t)duh
H
It is easy to see that

/m—wxm@—wmwmmzé / A(h)du(h) (3.6.7)

for any choice of 1w and w. At the same time, w(h) = 1 € 9||A||; by definition. For

this choice of 10, we clearly have that for any w € 9||A|;

/(w + @) Adp < /(w + @) Ady,
H
which is equivalent to [ w( < [@(A = N)dp, implying
H H
/ — Ndp < 2/ (X — \)dp. (3.6.8)
H H
Moreover,
2(fs. = fo fs. = F) = s = L+ s = A2 = (5 = 5 (3.6.9)

Together with (3.6.6), formulas (3.6.7),(3.6.8),(3.6.9) give

Ilf5 — fa.

beln - S [ Abdun < (3:6.10)

H\H(w)

SWbﬁN%JW—RMﬁ—AJ+%/wWM—®wMMM
H
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First, note that

25/w(h)(5\ — N (R)du(h) < 2|\ f5 — fxl: sup (i, u) =

llullL, )<l
i La(v)

= 25y @)lfs — fills < gl — Sill3 + 2% (). (36.11)

To this end, we need to control the empirical process (P — P,)(fx — f5_). We have all

the necessary tools to obtain the required bound. As before, define

ABA) = S AED: = il <d [ Abdu(h) <A
H\H(w)

and

an(0, A) := sup {[(P — Po)(fx = f3)|; A € A(6, A)}.

Note that, since f, < M, || fx — fillzow) < 6 implies || fr — fillap) < MYV26.

By symmetrization inequality (Theorem 1.2.6)

Ean(57 A) < CE sup |Rn(f)\ - fS\)‘
AEA(S,A)

Let L be a d-dimensional subspace of Lq(v); we will use the following representation

and separately bound each term in the sum below:

Fom fo = Pu(fr— o) + / Py () (A(R) — Ae(h)) du(h)+

H(w)

+ / Py (h) (A(h) — Ao(R)) du(h). (3.6.12)
H\H (D)

We will follow the steps of Lemma 3.5.4, emphasizing the necessary modifications.

First, note that

E sup {|R(Pu(fs— f0) |} < o4/ 2L (3.6.13)
AEA(S,A) n

The remaining bounds are based on the following modification of Lemma 3.5.3:
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Lemma 3.6.2. Let H be a class of functions on S with an envelope F' such that
| Fllgy ==V < 00 and let L C Lo(v) be a finite dimensional subspace with d := dim(L)

and Up(x) := sup |h(z)|. Denote
heL Ay () <1
D := sup [|h]|L,(p)
heH
p = p(H; L) := sup || PLohl|Lyp)
heH
U(LvH) =V+ HULH¢2;

Q. (p) == Q <p\/§) V logn.

Suppose that assumption (3.4.5) holds. Then with some constant C' > 0

()]

Proof. The proof is identical to the argument behind Lemma 3.5.3, the only difference

Esup |Ry(Proh)| < C{p p/\f \/U (L,

heH

being the bound on the Rademacher process indexed by finitely many functions. In
this case, we use the estimate provided by Corollary 3.4.5, part (b). More precisely,

using the notations of Lemma 3.5.3, we get from Corollary 3.4.5

Esup |R,(P,ih)| < C [p\/ QS) \/ VY +T‘L|UL”1"2 (Q(8) V1ogn)|. (3.6.14)
heH

The rest of the proof goes without changes, so that we get the desired bound by

setting ¢ := p\/g. m

We will apply Lemma 3.6.2 to bound the second and third terms in (3.6.12) in

the same way as Lemma 3.5.3 was applied to prove Lemma 3.5.4. Resulting bound
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takes the following form:

a6, A) < C 5@\/ P/ M \/ \/gwn (p\/%) \/ (3.6.15)
v \/ 2Ly o (o3 )V
Vo]
The final step consists in applying Adamczak’s version of Talagrand’s concentration

inequality (see Theorem 1.2.5) and making the bound uniform with respect to J, A

in a way similar to Lemma 3.5.4. For fixed J, A we have

Ea(5,A) + 51/ L 4 C\Ifthgn] , (3.6.16)
n n

where we used the fact that the envelope for the class {f\ — f5, A € A(J, A)} satisfies

al0,A) < K

sup |(fr = (X)) < A= AL F(X) < 2F(X),
AEA(5,A)

and H max F'(X < C'lognV¥ by the properties of Orlicz norms. The uniform

1<i<n le
version of (3.6.16) looks as follows: for all n™%/2 < § < V2D and n™'/2 < A < 1

simultaneously

a(6,A) < B(5,A) \/m\/ \/7\/\/77%« _>
VA D\/ D\/_/‘/_ \/\/7 ( \[> \/ (3.6.17)

Q. (p) + t,log n]

n

\U(L.H)

with probability > 1 — e~%; here, t,, := t + cloglogn.

Finally, set 0 := ||f5 — fillaoy and A := [ Adu. As before, the cases when
H\H(0)

6 < n Y2 or A < nY/2 have to be handled separately by replacing 6 or A with
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its upper bound. To complete the proof in the main case n=1/? < 5 < V2D and

n~1/2 < A <1, consider the inequality (obtained from (3.6.10), (3.6.11) and (3.6.17)):

1. € 4
Ifs = AllE+50°+5A < (3.6.18)

<13~ LB+ 58 () + 2605, &),

Assume that D from the assumptions of the Theorem satisfies

« JdM +t, 1 dM +t
Oy < Zpe o 2
n 2 n
we deduce from (3.6.18) that
€1 1 _
Ifs = Sz + A < s = L3+ 52*7 (w)+ (3.6.19)

|:dM+t \/UL’H Q. (p )—I—t logn\/

VT e )]

concluding the proof. O]

Assume that complexity assumption (3.4.5) is satisfied so that bounds of Proposition
3.4.4 hold for a suitable function 7T'(u). In this case, our previous result implies the

following;:

Corollary 3.6.3. Let A € D and w € O||M||;. There exist numerical constants C' and

D large enough such that for any

5>DDM

n
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and any subspace L with d = dim(L) and p = p(H(w); L) the following holds with

probability > 1 — e~ t:

1 25272(w)+
H\H (@)

€ N 1
TN / Adu < s — fol2 +

C

dMn+ tn Vo T(p/sf\/a) log xp;/E Y,

T, 1
\/U(L,H)M] 7

n

where

e e () Vo () v (e

and t, =t + cloglogn.

In particular, if T(u) = Vlog%, then 7T, < log® <M> \/ ¥%log(¥n). In many
typical situations, p 2 . In this case, previous inequality can be further simplified

to

2 ¢ Ndu < s — F£.112 1y 5

2+ 1 < |fx— fulls + 25 v (w)+
H\H ()

1f5 = fa.

C

AM -t UA/d U2log® LYe 4 ¢ logn
ﬁ\/ilogiﬁ/?_\/—\/[j([j & T s

n vn p ’ n
The bound of Corollary 3.6.3 has a clear intuitive meaning: if there exists A such that

|.fx = f:l|? is small, || - ||; has a “smooth” subgradient at the point A, and at the same

time its support can be well approximated by a linear subspace of small dimension

d, then || f5 — fx.

supp()). For examples and more details, see Subsection 3.7.4 below.

2 is also small, and most of the “weight” of X is distributed over

3.7 FExamples

Below we consider few common examples of the base classes and show how to obtain

upper bounds for the alignment coefficient.
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3.7.1 Weakly correlated partitions

Let H;, j = 1,...,N be a measurable partition of H. We are interested in the
situation when the number N of function classes H; is large and they are "weakly
correlated“. As a concrete examples of such a partition, one can consider the case
when S = [0,1]" and, for each j = 1,..., N, H, is a class of functions depending
on the j-th variable. For the problem of density estimation, a natural example is
a situation when h; € H; and h; € H;, i # j implies supp(h;) N supp(h;) = 0
(or, more generally, when the measure of intersection is “small”). This might be
viewed as an extension to the case of infinite dictionaries of usual notions of ”almost
orthogonality “ (such as, for instance, restricted isometry property mentioned in the
introduction) frequently used in the literature on sparse recovery. It is also close to
"sparse additive models“ and ”sparse multiple kernel learning“, [70], [58]. Suppose
there exist oracles A € D such that f) provides a good approximation of the target
f« and, at the same time, \ is "sparse in the sense that it is concentrated mostly on
a small number of sets H;. For technical purposes, we will provide slightly different

constructions for prediction problems and for density estimation.
3.7.1.1 The case of prediction problems

For each set H;, let K : Lo(H;; 1) — Lo(H;, 1) be the integral operator (self-adjoint

and nonnegatively definite) defined by

()1 = [ comn(hgyula)(da). by

where covr(h, g) := II(hg) — II(R)II(g). We will also denote

on(g) == v/covn(g, ) and pn(h, g) == covnlhg)

on(h)on(g)
Let £; be the subspace of Ly(II) spanned by H; and, for J C {1,..., N}, let

N
Bo(J) = inf{ﬁ >0:Vf;€Llyj=1,...,N ZO—%(fj) < 520%(ij>}-
j=1

jeT

113



Note that if the spaces £;,7 = 1,..., N are uncorrelated, i.e., covyy(h,g) = 0,h €
Li,g € L;,i# j, then B5(J) = 1. More generally, given h; € £L;, j=1,..., N, denote
by k({h; : j € J}) the minimal eigenvalue of the covariance matrix (covir(hs, hj))i e

Let

K(J) = mf{ﬁ({hj je ) hy € Ly on(hy) = 1}.

Denote L; = ls. [ J £; | and let p(J) = sup{pn(f,g) fe Ly g€ EJC}. The
jeJ

quantity p(.J) should be compared with the notion of canonical correlation often used

in the multivariate statistical analysis. It is easy to check (see [53], Proposition 7.1)

that

Ba(J) <

VR =02 ()

The next proposition easily follows from the definitions of v(w), f2(J) and the oper-

ators Kj:

Proposition 3.7.1. For all J C {1,...,N} and all w = > w; with w; € Im(Kl/Q),

jeJ

1/2

J)(Zﬂwj))m% DI ) - BT

jeJ JjeJ

Proof. Let u; be such that v =) u; with supp(u;) C H;. Then
J

F(w) < sup Z wj, u <sup{z Wy, u;) Zan fu;) < )} <

uaH(ﬂ

jeJ Jj€J
<sup{20n Ju; )Y ZUH fuy) < B3(J )}—
JjeJ o jeJ
n(2 72<wj>) -
jeg

O
It is often convenient to assume that an “oracle density” is bounded below by a
constant 0. If A := > \; + 6, where 6 € (0,1), \; are nonnegative functions defined

j€J
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on H; and

d
Z/ A;(h)dh =1 -,
j=1 /i

then log A\ = > w;ly, + logd, where w; := log(\; + 0) — logd. Therefore, (3.7.1)
jes
implies

1/2
(08 ) < Ba(J) (Z HK;”ijn%?mj,m) |

jeJ
3.7.1.2 The case of density estimation

The notion of “almost orthogonality” for density functions hy, he can be interpreted
in the following sense: there exist measurable disjoint sets H; C supp(hy), Hs C
supp(hs) such that | [ h;dv — 1| is small for ¢ = 1,2. This should be compared to
the notion of mutualﬂtsimgularity of measures. Consequently, the definition of weakly
correlated partitions is slightly different from the construction above, so we will outline
the main differences. For each #;, define the Gram operator K; : Lo(#H;,p) —
Ly(H;j, 1) by

)1 = [ (o) ula)(da). 1y

where we use notations of Section 3.6. We also define

<h7 g>L2(V)
pu(h,g) = :
1l 220 91 220

Let £; be the subspace of Ly(v) spanned by H;, and, for J C {1,..., N}, denote
L;=1s.| UL;| and
jeT

Ba(J) = inf{ﬂ >0:VfjeLl;,j=1,...,N Z 1fillZ,0) < B°

jeJ

N 2

ij

=1

b

La(v)

(3.7.2)
Given h; € L;, j =1,...,N, denote by x({h; : j € J}) the minimal eigenvalue of
the Gram matrix <<hi, hj)Lg(l/)) , and let

1,7€J

k() = inf{/ﬁ({hj j €TV by € Li |l = 1}.
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If moreover

p(J) = Sup{ﬂu(fa g):feLlyge EJC};

then

2(J) < .
WS =)

The following analogue of Proposition 3.7.1 is straightforward:

Proposition 3.7.2. For all J C {1,...,N} and all w = ) w; with y(w;) < oo for
jeJ
every j € J,

J>(Z¢<wj>)/ < (T I 01 , )/ (373

jeJ JjeJ

3.7.2 Monotone functions dictionary and decision stumps

3.7.2.1 Monotone functions dictionary

Assuming that S = [0,1], let X := {Ipq : s € [0,1]} and let p be the Lebesgue
measure in [0, 1]. The mixtures of functions from H are decreasing absolutely con-
tinuous functions f : [0,1] + [0,1] such that f(0) = 1 and f(1) = 0. Suppose
that II is the Lebesgue measure in [0,1]. The Gram operator K is given by the
kernel K (s,t) = (ljo,s], [o,1) Loy = min(s,t). Clearly, K is a compact self-adjoint
operator. It is well known that its eigenvalues are (WY and the correspond-
ing eigenfunctions are ¢ (t) = v/2sin((k + 1/2)7t),k = 0,1,2,.... For a function

w € WA0,1], w(0) =0, w = widr, we have
k=0

(K~ w Zw (k + 1/2)wydp(t) = w'(t).

Hence

00 1/2
w(w)é||K-1/2wHL2m,u=”(Z k+1/2) “’k) < Allwllweap.-
k=0
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3.7.2.2  Decision stumps and applications

Next, we will outline another approach that allows to obtain bounds for alignment co-
efficient in many cases, including the example above. This approach is based on direct
correspondence between the kernels of gaussian processes with covariance operator K
and the spaces of functions with finite alignment coefficient.

A well-known technique to obtain representations for the kernels of a gaussian
process is related to the so-called Factorization theorem (see [65]). We just mention
its important corollary. Assume that we are given a dictionary {h;} indexed by
t € [0,1], where h; : S +— R, S is a compact subset of R¥, dII(x) = p(x)dx is such that
0<c <p(x) <y <ooforall z € S. Finally, assume that K(s,t) := (fs, ft>L2(H) is

the covariance function of a gaussian process with continuos sample paths. Then
1
Y(w) < oo <= Jv € Ly(S,dx) : w(t) :/ he(s)v(s)dIl(s). (3.7.4)
0

Moreover, in this case y(w) = ||v|| y0.1]-

We will use this technique to obtain the bound for alignment coefficient when

{he(@) = T g(2) — T (2), t €[0,1]},

where z € [0,1] := S and p is the Lebesgue measure on [0,1]. This is a variant
of so-called “decision stumps” used in binary classification. Applying (3.7.4) to the

centered family {gt(m) = hy(z) — fol he(s)p(s)ds, t € 0, 1]}, we get

) <00 <= w(t) = [ o(spls)ds = [ ol

or w'(t) = 2v(t)p(t), where v is chosen such that fol v(s)p(s)ds = 0 (this can always
be done for the centered family). In particular, w(0) = w(1) = 0. Since we assumed

that p is bounded away from 0 and oo,

ﬂwziv%wwﬁﬁqAW%W%§¢W%mw
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Now we will apply this bound in the context of weakly correlated partitions.

Due to their simplicity, decision stumps constitute a rather poor family of ”thresh-
old classifiers”, usually too small to contain a good prediction rule. However, their
high-dimensional analogue is a popular choice for boosting - type algorithms, such as
AdaBoost [34]. These algorithms combine weak learners (e.g., decision stumps) with
properly chosen weights, and the resulting prediction rule often has very strong gener-
alization properties. Our approach can be seen as a version of "regularized boosting”,
previously considered in [13].

Suppose that X = (Xi,...,Xy) € S :=1[0,1]" and let H; := {hgj)}, with
W (x) = Tog(x;) = Ly (a;), @ = (21,...,2y).

Assume that coordinate projections of X are independent, so that our “weak cor-

relation” assumption holds, in particular, 53(J) = 1 for any J C {1,...,N}. It is

well known that the Vapnik-Chervonenkis dimension of decision stumps dictionary

H = L]j H,; is bounded by V := 2(log, N + 1). An implication of this fact is that

complg(ilty assumption (3.4.5) holds with T'(u) = (2V + 1)log = [91]. Moreover, as-

sume that A\ is a d-sparse oracle, meaning that A\ = Zd:l)\j with supp(};) € H,;,
j=

1<y <. .<ig<N. SetJ::{il,...,id}.

Let L; be the subspace spanned by {h@, i=1,...,M — 1}, and define

M

d
L:=ls. (U Lij>
j=1

of dimension dim(L) = d(M —1). Clearly, A — h{|[2, ) < c|t — 5|, which implies

p (supp(A), L) < c\/iﬁ

At the same time, note that, since L consists of piecewise-constant functions,

C(II)
inf 2 > 7
felefj}”m:l ||f||L2(H) =M
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implying U(L) < C(IT)yv/M.

Let 0 < 9§ < % and define

/\5 =90 + ZCg)\j,

jeJ

so that log A\s = logd + >_ log (1 + @ ) Iy, where ¢cs = 1 — N§ is chosen such that

jedJ
[ Asdp=1. Note that [ Asdp = (N — d)d and
H

H\ U H;
JjeJ

P(logAs) < D sl < d mas sl .
jeJ

where w; 5 = log (1 + = ) Finally, set ¢ := Dlogd logN It remains to apply the

general inequality (3.5.6) to As and optimize over M. In particular, choosing

nl/3
M, = C'log(nd) (log N)V* 2 =7
we get
Corollary 3.7.3. With probability > 1 —e™?,
(dlog N)'/3 dlog? dlog N

- e[|l +

E(fi) < inf [25035) +C (T log(nd) +

Fo(N — )y BN 3)] ,

n n

d2/3p1/6
whenever log N < Tognd -

If N < €", this inequality becomes meaningful when the oracle X is such that

1I£a<)iz’|w35|‘wgl < log™ () for some 7 > 0. If this is the case, one can choose

Son X (nvN)Q, which yields |E(fy) — (f,\l/NQ)] < C(N Vv n)~! by Proposition 3.4.1,

and the inequality can be further simplified to

dlog N)1/3 ¢
E(fs.) < 26(f) +C (ngg—/g)log(ndw log” (N V 1) + ©

dlog®dlog N
n n
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3.7.3 Fourier dictionary

Suppose that S := R? and let H = {cos(t,-), t € T}, where T' C R? is a bounded
open set symmetric about the origin, i.e., 7" = —T. It can be assumed now that
the measure p and the densities A are defined on the set T. Suppose that measures
i, IT are absolutely continuous with respect to the Lebesgue measure with densities
m and p, respectively. It will be assumed that m(t) = m(—t),t € T. We will also
assume that for A € D, A\(t) = A(—t),t € T. When it is needed, it will be assumed
that functions A\, m are defined on the whole space R? and are equal to 0 on R\ T

Clearly, the function f) is then the Fourier transform of Am :

A0 = [ @NOm(t)de = ()

Rd

Therefore, assuming that the density p is positive, we get, for all w € C=(R?),
Ny = (w0, A = (@, An = (@ Sy GIRyNSTE
(W, A) Ly () = (W, Am) y(ray = (W, M) 1, (may = (W, fr) [y = 732 [P ;
p La(RY)

which easily implies that vy(w) < ‘ L . Under an additional assumption that,
VPl Ly ()

for some L > 0,a > 0, p(z) > L(1 + |z*)7%, 2 € R?, we get the following bound:

Y(w) < A1 + A)*?wl| ey < Allw|wzaga, where A stands for the Laplace
operator.

3.7.4 Location families and generalizations

3.7.4.1 Location families on a torus

Suppose that S := T? is the d-dimensional torus and let H = {h( —0), 0 ¢ Td} for
some bounded function & : T — R and let i be the Haar measure on T¢. Assume that
IT is a probability measure on T¢ with density p (with respect to the Haar measure)

that is bounded away from 0 by a constant L > 0. Then, a simple Fourier analysis

2> 1/2

argument shows that

W,

~

hn,

v(w)§A<Z

nezd
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where w,,, iLn denote the Fourier coefficients of functions w, h. Under the assumption

that |h,| > L(1 4 |n|?)~*/2, it easily follows that
Y(w) < Allwllwze (ra).
3.7.4.2 Dictionaries with stationary covariance functions

We will describe another similar example. Assume that H = {h;, ¢t € R} and p is the

Lebesgue measure. Moreover, assume that
(a) Ehy(X)hs(X) = K(t — s) in the case of prediction problems, or
(b) (A, hs) ) = K (= s) in the case of Ly(v)-density estimation,

and that K is continuous. By Bochner’s theorem,

K(z) = /ei”d’y(aj)

R

for some Borel measure 7. This gives || full7,my = [ |@(z)dy(x) for prediction
problems or, similarly, || fu[|7,.,) = [g [@(2)]*dy(z) in the case of density estimation.
If, moreover, dvy(z) = v(x)dx and v(x) is positive on supp(w), then

~

NG

dfo(z) > L+ |z?)7, we get y(w) < Aljw|lw2.e (-

Y

La(dz)

A wo
(W0, 1) () = (0 W) ) = <%v“\/5>L - < [l full a(an)
2 XL

implying ~(w)

_'U Lg(d$)
When h(-) is a density with respect to Lebesgue measure and K(-) is generated by

location family {h(- —t), t € T C R}, one can take v(z) = c|h(z)[%.

The following example is related to the density estimation problem. Let f, be the
unknown density of X with bounded support and such that ||f.||cc < co. Assume
that H = ij H;, where

=1

Hj = {hj(' - 9)7 0 € [07 1]}

and h; is a probability density function on a bounded interval 7; C R with respect

to v(dx) = dz, and pu is the Lebesgue measure. We will also assume for simplicity
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that supports of h;(- — 6) and h;(- — ) are disjoint for any i # j and 6 € [0,1] (in
other words, dist(7},7;) > 1). In this case, f2(J) = 1 for any J C {1,..., N} (here
we use the version of f5(J) adapted to density estimation, see (3.7.2)). The sparsity
assumption can be understood in the following sense: suppose that there exists a good
approximation of the unknown density f, by the convex mixture of the elements of
Hi;, = 1...d for an integer d < N. In other words, there exists an good oracle

d
A = > Aj with supp(A;) C H;;. It is well-known [74] that for each H; complexity
j=1
assumption (3.4.5) is satisfied with Tj(u) = V;log £, hence it is also satisfied for H

with

T(u) =log N VmaxTj(u).
j

Additionally, we will make the following smoothness assumption on h;:
h; € ¥(8,B,T})

for some 5 > 0, where X(f3, B, T}) is the Holder smoothness class, see Definition 2.1

()

in Chapter 2. Let tg-l), N

be the uniform grid on 7} of mesh size 7 = and

G
R?
define L; as a linear subspace spanned by a basis of piecewise-polynomial functions

of degree at most [5]| + 1 (see (2.3.1)), with dim(L) < R([S] + 1). Alternatively,

)
© B
oot

one can take the space spanned by B-splines with knots ¢, of dimension

d
L:=ls. (U Li],>
j=1

of dimension dim(L) < C(8) - dR. By approximation properties of such spaces (see

dim(L;) = R. We set

Section 2.5 for piecewise-polynomials and [29], Chapter 13 for B-splines),

p (supp(\), L) < Cz\/”f_*Hoo_%-

To get an upper bound on U(L), we use the fact that both piecewise-polynomial
spaces and B-splines satisfy

il < C(B)VR,
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where {¢;} is the Ly(dz)-orthonormal basis of L;. Together with an observation that

at most | 5] 41 of basis functions are nonzero at any given x € T}, we get from Holder

inequality
sup lg(z)] = sup ZaJ¢J ‘ C(B)VR.
9EL,|I9|| Ly (da)=1 > a2l
Consequently, if 7y, := inf(f : f«(z) > 0 (recall that by our assumptions f, has
xesupp( fx

bounded support), we have

1 c(8
UL) =  sw o) < s o) < SO VR,
9EL,||9ll Ly (=1 VT e g€l 9l Ly (ae)=1 Tfu

~1/2
Remark: quantity ( inf(f : f*(x)) can be replaced by any upper bound on

xreESuUpp

sup | f1| £2(ay Which in general might depend on R.
FEL | fllLyam=1

Let e := D log NVlog(nd)

~ . It remains to substitute obtained expressions into the

general inequality (3.6.3) and optimize over R. In particular, choosing

nd )zﬁw il f o) /20+7)

R, =C (logN V log

[ filloo dvaEs)
ans
we get an inequality with the leading error term of order lewi
n2+28

Corollary 3.7.4. With probability > 1 — e™t, for any d-sparse \

215 12) O
Ifs = flla+ 7 Az)de < [|fx = fll; +C T, log N'V log 7———

4 n2+28 [ fill oo

H\H(w)
2
d (log N V lognd 0j t +logl 1
N (log N V log nd) max Qf) +@( + log iin) ogn |
n 1<j<d || || La(ds) n A8+

where w; € 0||Aj|l1 are suitable smooth elements of subdifferentials such that w =

jET

38
L | fa]|og>

o R. <10gN V log ”f ” ) pvieeT)
- ?”f* N T’f*

depends on n and N only logarithmically.
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The following modification of the previous example is also of some interest. As-
sume that

H={h(-—0), 0 [-T,T]}

is the location family generated by a single density function h € X(f3, B,R). As
before, 11 is the Lebesgue measure on [—T', T, v is the Lebesgue measure on R, and the
unknown density f,. has bounded support and satisfies 0 < ry, < f.(z) < Ry, < oc.
In this case, sparsity is naturally understood in the following sense: assume that there

exists an oracle A such that £(f\) = || fx — f«||3 is small, and moreover

where “spikes” \; have disjoint connected supports, and v (supp(\)) < Cd < T'. For
such “d-sparse” oracles A, the alignment coefficient of the subgradient w € O||A|
is often controlled by o = rlnsﬁljn [dist(supp(\i), supp(A;))]. In particular, if y(w) <
Cllw||w21(r), the latter norm does not exceed C \/g for a properly chosen w.

The subspaces L; are constructed as before, with interpolation knots spread uniformly

over supp(A;). The analogue of Corollary 3.7.4 is the following statement:

Corollary 3.7.5. With probability > 1 — e™*, for any d-sparse X\ and w € J||A||;

1/(B+1)
£ 2 d’Ry, 38
= rl+ S [ @i fag+ o | ogan
H\H (w) e
dlog(nd) || w (t 4+ loglogn)logn
= +6 e :
n |h| La(dz) n48+4
where
(1o 24 )ﬂﬁ Ry
Ry, /0+8)
O —

Tf*

depends on n only logarithmically.
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3.8 Concluding remarks

Let us mention that techniques used to obtain oracle inequalities for the solutions of
entropy penalized problems can be applied to obtain similar bounds for other types
of penalization, such as Li-norm penalty. A particular example of this type of results
was presented in the previous section on density estimation.

One of our recent joint projects with V. Koltchinskii makes an attempt to obtain re-
sults for other types of prediction problems, in particular, for the functional regression
model with subgaussian design. We proceed with a brief description of this model.
Let T be an index set equipped with the o-algebra and a measure p. Consider the

following functional linear model:

y = /X(t))\*(t)du s (3.8.1)

T

where X = {X(w,t), t € T} is a subgaussian random process indexed by T, A\, €
Li(p) and € is a zero-mean random variable with 02 = E&% < 0o and independent
of X. The goal is to estimate unknown A\, based on a given sample from P. Clearly,
(3.8.1) can be viewed as a special case of dictionary learning, with the dictionary
consisting of point evaluation functionals H = {d(:), t € T}. Let D be a convex
weakly compact subset of L;(i) and consider the following penalized risk minimiza-

tion problem:
5o 1= argmincp | Paly — (2))* + e\l |, (3.8.2)

Assume T C R? and X (¢) represents an image. Often, the “relevant information”
about this image will be concentrated on a small subset of T. In this case, a reason-
able approach is to characterize properties of A when A, is sparse, in a sense that
{X(t) : t € supp(Ai)} can be well approximated by a linear subspace of small dimen-
sion. If this is the case, the performance of ) should be controlled by dimension of this

subspace and other parameters describing the quality of approximation. In addition,
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A should inherit the sparsity pattern of \,. This work is currently in progress, and
we postpone the details now. Another interesting question is to consider sparse pre-
diction problems (for example, usual regression) in the dictionaries that do not admit
uniform upper bounds in sup-norm. This requires further extensions of techniques

applied for density estimation with Ls loss in Section 3.6.
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