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SUMMARY

The first result of this thesis is a generation theorem for bricks. A brick is a 3-
connected graph such that the graph obtained from it by deleting any two distinct vertices
has a perfect matching. The importance of bricks stems from the fact that they are build-
ing blocks of a decomposition procedure of Kotzig, and Lovasz and Plummer. We prove
that every brick except for the Petersen graph can be generated from Ky or the prism by
repeatedly applying certain operations in such a way that all the intermediate graphs are
bricks. We use this theorem to prove an exact upper bound on the number of edges in a
minimal brick with given number of vertices and to prove that every minimal brick has at
least three vertices of degree three.

The second half of the thesis is devoted to an investigation of graphs that admit Pfaffian
orientations. We prove that a graph admits a Pfaffian orientation if and only if it can be
drawn in the plane in such a way that every perfect matching crosses itself even number of
times. Using similar techniques, we give a new proof of a theorem of Kleitman on the parity
of crossings in drawings of K1 and Kaji1 k41 and develop a new approach to Turan’s
problem of estimating crossing number of complete bipartite graphs.

We further extend our methods to study k-Pfaffian graphs and generalize a theorem
by Gallucio, Loebl and Tessler. Finally, we relate Pfaffian orientations and signs of edge-
colorings and prove a conjecture of Goddyn that every k-edge-colorable k-regular Pfaffian
graph is k-list-edge-colorable. This generalizes a theorem of Ellingham and Goddyn for

planar graphs.
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CHAPTER I

INTRODUCTION

In this chapter we give an overview of the problems we will be addressing and of the main

results of this dissertation. Terminology and notation are introduced.

1.1 Perfect Matchings and Bricks

We adopt the definition of a graph from the book by Bondy and Murty [5], except we do
not allow loops. A graph G is an ordered triple (V(G), E(G),v¢q) consisting of a finite
non-empty set V(G) of vertices, a finite set E(G), disjoint from V(G), of edges, and an
incidence function ¥¢ that associates with each edge an unordered pair of distinct vertices
of G. We say that a graph is simple if ¥ is injective.

If e € E(G) and ¥g(e) = {u,v} we say that the edge e joins vertices u and v and
frequently write e = uv. We say that vertices v and v are adjacent if they are joined by an
edge. We say that an edge e is incident with v and that e covers v.

The graph theoretical terminology we will be using is fairly standard and to avoid
getting bogged down in the definitions we refer the reader to the book of Diestel [11] for the
definitions of connectivity, paths, cycles, components, etc. We use “\” for edge and vertex
deletion and “—" for set-theoretic difference. The cardinality of a set X is denoted by |X]|,
and the symmetric difference of sets X and Y is denoted by XAY.

A perfect matching is a set of edges in a graph that covers every vertex exactly once.
Let M(G) or M, if the graph is understood from the context, denote the set of all perfect
matchings of a graph G. Properties of this set are the main focus of this dissertation. A
brief exposition of the known results in this area follows. See [28] for a comprehensive
overview of matching theory.

The fundamental result of Tutte [53] describes the graphs for which M is non-empty.

Theorem 1.1.1. A graph G has a perfect matching if and only if for every S C V(QG) the



number of odd components in G\ S is less then or equal to |S|.

In graphs with perfect matchings one can define different objects that describe the
structure of M from different points of view. Let the perfect matching polytope of a graph
PM(G) be defined as the convex hull of incidence vectors of perfect matchings. A famous
theorem of Edmonds [13] gives a description of this polytope. To state this result we need
to give another definition.

A cut in a graph G is a set §(.5) of all edges joining vertices of S to vertices of V(G) — S
for some non-empty S C V(G). We say that a cut is odd if S and V(G) — S have odd

cardinality and we say that a cut is trivial if S or V(G) — S contains only one vertex.

Theorem 1.1.2. Let G be a graph with V(G) even. A vector x € RF() lies in PM(G) if

and only if it satisfies the following constraints:
(i) z>0;

(ii) =(C) =1 for every trivial cut C;

(iii) z(C) > 1 for every odd cut C.

We say that an odd cut C' in a graph G is tight if every perfect matching of G' contains
exactly one edge in it. Clearly every trivial cut is tight. Let us denote by lin(M) the linear
hull of the incidence vectors of perfect matchings. Then x(C) = x(D) for every x € lin(M)

and two tight cuts C' and D in G. It turns out that there are no other constraints.

Theorem 1.1.3. [31] Let G be a graph with V(G) even. A vector z € RP(S) lies in lin(M)

if and only if x(C) = x(D) for every two tight cuts C' and D in G.

When investigating the structure of M it suffices to restrict our attention to graphs in
which every edge belongs to a perfect matching. We say that such graphs are matching-
covered or 1-extendable.

One might naturally be interested in the dimension of PM(G) or lin(M) for a graph G.
Tight cuts play an important role in this problem. Using notation from [28] let us denote,

for S C V(G), by G x S the graph obtained from G by contracting S to a single point.



Lemma 1.1.4. [28] Let G be a matching-covered graph. Let (S1,52) be a partition of V(G)

such that C = §(S1) = 6(S2) is a tight cut. Then
dimPM(G x Si) + dimPM(G x Sy) = dimPM(G) + |C| — 1.

It turns out that many important properties of M(G) can be read off from M(G;) and
M(Gs), where G1 = G x S, G2 = G x (V(G) — S) and C = 4(95) is a tight cut. If C is
non-trivial then |V(G1)| < |[V(G)| and |V (G2)| < |V(G)|. We say that G decomposes along
C into G and G3. We can apply this decomposition procedure repeatedly until all the
resulting graphs have no non-trivial tight cuts and reconstruct properties of M(G) (such
as dim PM(G)) from the corresponding properties of these resulting graphs. This tight cut
decomposition procedure is due to Kotzig, and Lovdsz and Plummer [28].

This motivates the study of the graphs that have no non-trivial tight cuts. There are
two such classes of graphs. A brick is a 3-connected bicritical graph, where a graph G
is bicritical if G\u\v has a perfect matching for every two distinct vertices u,v € V(G).
A brace is a connected bipartite graph such that every matching of size at most two is

contained in a perfect matching.

Theorem 1.1.5. [12, 29] A matching covered graph has no non-trivial tight cuts if and

only if it is either a brick or a brace.

Therefore the tight cut decomposition procedure decomposes every matching-covered
graph into bricks and braces. Moreover, except for parallel edges, the result of such a

decomposition does not depend on our choice of non-trivial tight cuts during the process.

Theorem 1.1.6. [29] The result of any two tight cut decomposition procedures of the same

graph is the same list of bricks and braces, up to multiplicity of edges.
Let us now return our attention to the dimension of perfect matching polytope.

Theorem 1.1.7. [12] The dimension of the perfect matching polytope of a connected
matching-covered bipartite graph G is |E(G)| — |V(G)| + 1.

The dimension of the perfect matching polytope of a brick G is |E(G)| — |V(G)].



Finally, the next theorem gives the dimension of the perfect matching polytope of a

general matching-covered graph.

Theorem 1.1.8. [12] The dimension of the perfect matching polytope of a matching-covered
graph G is
[E(G)| = V(&) +1-b,

where b is the number of bricks in the tight cut decomposition of G.

Note that Theorem 1.1.8 is an immediate corollary of Lemma 1.1.4 and Theorem 1.1.7.

The dimension of lin(M) can be calculated in a similar fashion.

Theorem 1.1.9. [12] The dimension of the linear hull of perfect matchings in a matching
covered graph G is |E(G)| — |V(G)| + 2 — b.

Let the matching lattice, lat(M), be the set of all linear combinations with integer co-
efficients of the incidence vectors of perfect matchings. The problem of describing lat(M)
remained unsolved longer than the analogous problems for PM(G) and lin(M). The ana-
logue of Lemma 1.1.4 holds, and the problem reduces to describing lat(M) for bricks and

braces. In [27] Lovéasz resolved the problem for braces.

Theorem 1.1.10. If G is a brace, then lat(M) consists of all vectors = € ZF(&) such that

z(6(v)) = z(8(v")) for every two vertices v,v" € V(G).

Theorem 1.1.10 implies that for braces (and therefore for all bipartite graphs) lat(M)
= lin(M) NZF (G). This is a natural characterization, but, unfortunately, it does not hold
for bricks. The Petersen graph is a counterexample. Consider the incidence vector x of the
edge set of two vertex disjoint cycles of length five in the Petersen graph (see Figure 1).
Then z €lin(M) N ZF&) by Theorem 1.1.3, but x ¢ lat(M) as every perfect matching in
the Petersen graph has even number of edges in common with every cycle of length five.

However, Lovéasz [29] proved the following deep result.

Theorem 1.1.11. Let G be a brick other than the Petersen graph. Then lat(M) consists
precisely of all vectors x € ZF() such that (5(v)) = z(6(v")) for every two vertices v, v’ €

V(G).



Figure 1: An integer valued vector that lies in lin(MM), but not in lat(M)

Many problems of interest concerning perfect matchings are reduced to bricks in similar
fashion via the tight cut decomposition procedure. One such problem is described in detail
in the next section. Thus understanding the properties of bricks is important.

In Chapter 2 we prove a “splitter theorem” for bricks. More precisely, we show that
if a simple brick H is a “matching minor” of a simple brick G, then, except for a few
well-described exceptions, a graph isomorphic to H can be obtained from G by repeatedly
applying a certain operation in such a way that all the intermediate graphs are bricks
and have no parallel edges. The operation is as follows: first delete an edge, and for every
vertex of degree two that results contract both edges incident with it. Precise definitions and
statements are given in Section 2.1. This theorem generalizes a recent result of de Carvalho,
Lucchesi and Murty [7], and immediately implies Theorem 1.1.11.

In Chapter 3 we apply the results of Chapter 2 to prove a generating theorem for minimal
bricks. Such a theorem is preferable to theorems in Chapter 2 for computational purposes.
We also prove two corollaries of this generating theorem. The first one is an exact upper
bound for the number of edges in a minimal brick. The second one establishes the fact that
every minimal brick has at least three vertices of degree three. The conjecture of Lovasz
that every minimal brick has at least one such vertex was recently settled by de Carvalho,

Lucchesi and Murty [7].



Our motivation for generating bricks came from Pfaffian orientations: another matching-
related problem that can be reduced to bricks. An overview of the history of the problem

and our results occupies the remainder of the introduction.

1.2 Pfaffian Orientations: History

Another property of M one might want to compute is its cardinality. Unfortunately the
problem of counting perfect matchings in a bipartite graphs is equivalent to the problem
of computing the permanent of a (0,1)-matrix, which is known to be §P-complete [56].
However, if a graph has an orientation satisfying certain properties described below then
the problem can be solved in polynomial time.

In a directed graph we denote by uv an edge directed from u to v. A labeled graph or
digraph is a graph or digraph with vertex-set {1,2,...,n} for some n. Let G be a directed
labeled graph and let M = {ujvi, ugve, ..., urvg} be a perfect matching of G. Define the

sign of M to be the sign of the permutation

1 2 3 4 ... 2k—-1 2k

Uy V1 U2 Vg ... U Uk
Note that the sign of a perfect matching is well-defined as it does not depend on the order
in which the edges are listed. We say that a labeled graph G is Pfaffian if there exists
an orientation D of G such that the signs of all perfect matchings in D are positive, in
which case we say that D is a Pfaffian orientation of G. An unlabeled graph G is Pfaffian
if it is isomorphic to a labeled Pfaffian graph. It is well-known and easy to verify that
in this case every labeling of G is Pfaffian. Pfaffian orientations have been introduced by
Kasteleyn [19, 20, 21], who demonstrated that one can enumerate perfect matchings in a

Pfaffian graph in polynomial time. He proved the following.
Theorem 1.2.1. [21] Every planar graph is Pfaffian.

We say that an n x n matrix A(D) = (ai;) is a skew adjacency matriz of a directed



labeled graph D with n vertices if

1 if ij € E(D),
Qjj = -1 if ji € E(D),
0 otherwise.

Let A be a skew-symmetric 2n x 2n matrix. For each partition

P = {{ilmjl}u {i27j2}7 veey {ZTL?]n}}
of the set {1,2,...,2n} into pairs, define

1 2 ... 2n—1 2n
ap = sgn Aiygy « -+ Qi gy -
il jl v ’L'n ]n
Note that ap is well defined as it does not depend on the order of the pairs in the partitions

nor on the order in which the pairs are listed. The Pfaffian of the matrix A is defined by

Pf(A) =) ap,
P

where the sum is taken over all partitions P of the set {1,2,...,2n} into pairs. Note that if
D is a Pfaffian orientation of a labeled graph G then Pf(A(D)) is equal to the number of
perfect matchings in G. One can evaluate the Pfaffian efficiently using the following identity

from linear algebra: for a skew-symmetric matrix A
det(4) = (PF(A))?.

Thus the number of perfect matchings, and more generally the generating function of perfect
matchings of a Pfaffian graph, can be computed in polynomial time.

The problem of recognizing Pfaffian bipartite graphs is equivalent to many problems of
interest outside graph theory, eg. the Pélya permanent problem [39], the even circuit prob-
lem for directed graphs [57], or the problem of determining which real square matrices are
sign non-singular [22], where the latter has applications in economics [44]. Two satisfactory
solutions of this problem are known.

The complete bipartite graph K3 3 is not Pfaffian. Each edge of K33 belongs to exactly

two perfect matchings and therefore changing an orientation of any edge does not change
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Figure 2: The Heawood graph

the parity of the number of perfect matchings with negative sign. One can easily verify that
for some (and therefore for every) orientation of K33 this number is odd.

We say that a graph G’ is an even subdivision of a graph G if G’ is obtained from G by
repeatedly replacing edges of G by paths of odd length. A graph is Pfaffian if and only if
every even subdivision of it is Pfaffian. We say that J is a central subgraph of G if G\V'(J)
has a perfect matching. The property of being Pfaffian is closed under taking central

subgraphs. Little [24] gave the following characterization of Pfaffian bipartite graphs.

Theorem 1.2.2. A bipartite graph is Pfaffian if and only if it does not contain an even

subdivision of K33 as a central subgraph.

Recently several shorter proofs of Theorem 1.2.2 were obtained. See [9, 35, 48].

Another, structural characterization of Pfaffian bipartite graphs was given by Robertson,
Seymour and Thomas [41] and independently by McCuaig [30]. To state this result we need
to introduce some definitions from [41]. Let G be a graph, let C be a central cycle in G of
length four, and let G, G2 be two subgraphs of G such that G1 UGs = Gy, G1 NGe = C,
V(G1) —V(G2) # 0 and V(G2) — V(G1) # 0. Let G be obtained from Gy by deleting some
(possibly none) edges of C. Then we say that G is a 4-sum of G; and G3. The Heawood

graph is the bipartite graph which is the incidence graph of the Fano plane (see Figure 2).



(b)
Figure 3: (a) Cubeplex, (b) Twinplex.

Theorem 1.2.3. A brace is Pfaffian if and only if either it is isomorphic to the Hea-
wood graph, or it can be obtained from planar braces by repeated application of the 4-sum

operation.

One of the more important aspects of Theorem 1.2.3 is the fact that Robertson, Seymour
and Thomas [41] use it to design a polynomial-time algorithm to decide if a bipartite graph
is Pfaffian.

In [15] Fischer and Little extend Theorem 1.2.2 to characterize near-bipartite Pfaffian
graphs. A matching-covered non-bipartite graph G is near-bipartite if there exist e, f €
E(G) such that G\{e, f} is matching-covered and bipartite. A graph G is said to be reducible
to a graph H if H can be obtained from G by a sequence of odd cycle contractions. It is
shown in [26] that the property of being Pfaffian is closed under such reductions. Cubeplex

and twinplex are particular graphs on 12 vertices (see Figure 3).

Theorem 1.2.4. [15] A near-bipartite graph is Pfaffian if and only if it contains no central



Figure 4: Dense Pfaffian brick

subgraph reducible to an even subdivision of K33, cubeplex or twinplex.

The problem of characterizing general Pfaffian graphs is wide open. We will return to

it.
1.3 Pfaffian Orientations: Our Results

By [25, 57] a graph G is Pfaffian if and only if every brick and every brace in its tight cut
decomposition is Pfaffian. This fact motivated our research on generating bricks.

However, we have discovered substantial obstructions to implementing both the struc-
tural approach of Theorem 1.2.3 and the “excluded minor” approach of Theorems 1.2.2 and
1.2.4.

We have found a family of Pfaffian bricks H,, on 2n — 2 vertices and (n? + 5n — 12)/2
edges that have K, as a subgraph, which we will now describe. Let V(H,) = {Aj, Ao, ...
A, B1,Bs,...,B,_2}. Let the vertices Ay, As, ..., A, form a clique and let B; be joined by
an edge to Ay, Aj+1 and A;4o for every 1 <i < mn — 2 (see Figure 4). It is easy to see that
H,, is a brick and we will soon see that H,, is Pfaffian.

The existence of these examples implies that most likely there is no structural charac-
terization of Pfaffian bricks similar to Theorem 1.2.3, because such a characterization would
imply a linear upper bound on the number of edges in Pfaffian bricks.

We have also found an infinite family of bricks, which are minimally non-Pfaffian with

10



respect to taking central subgraphs and reductions. In fact, this family contains exponen-
tially many elements with given number of vertices. This family obstructs the approach
suggested by Theorems 1.2.2 and 1.2.4.

In Chapter 4 we obtain a characterization of Pfaffian graphs in terms of their drawings
(with crossings) in the plane. Drawings and crossings are formally defined in Section 4.1,

but the definitions are fairly intuitive.

Theorem 1.3.1. A graph is Pfaffian if and only if it can be drawn in the plane in such a

way that every perfect matching crosses itself an even number of times.

It is easy to see using Theorem 1.3.1 that the bricks H,, described above are Pfaffian.
Indeed, no two edges that belong to the same perfect matching cross in the drawing depicted
on Figure 4 (vertices B1,Ba,. .., B,_2 form an independent set and therefore every perfect
matching contains exactly one edge joining two of the vertices Ai, Ao, ..., Ay).

We prove Theorem 1.3.1 as a corollary of a general, but technical result about parities
of crossings in “T-joins” in different drawings of the same graph. In Section 4.4 we take
a slight detour from our main objective and demonstrate other applications of this result.
We give a new proof of a theorem of Kleitman [23] on the parity of crossings in drawings
of Koji1 and Koji1ok+1. We also give a purely combinatorial reformulation of the famous
Turan’s brickyard problem [52] and prove the uniqueness of the drawing of the Petersen
graph which minimizes the number of crossings.

There are several ways to generalize Pfaffian graphs and Theorem 1.3.1.

In Chapter 5 we consider k-Pfaffian graphs. For a labeled graph G, an orientation D of G
and a perfect matching M of GG, denote the sign of M in the directed graph corresponding
to D by D(M). We say that a labeled graph G is k-Pfaffian if there exist orientations
Dy, Ds,..., Dy of G and real numbers a1, as, ..., ax, such that for every perfect matching

M of G
k
=1

Clearly a graph is Pfaffian if and only if it is 1-Pfaffian. The number of perfect matchings

in a k-Pfaffian graph is equal to Zle «; P;, where P; is the Pfaffian of the skew-symmetric

11



matrix associated with D;. Therefore if Dy, Do, ..., Dy and aq, s, ..., ap are given one can
enumerate perfect matchings in a k-Pfaffian graph efficiently.
The following result was mentioned by Kasteleyn [20] and proved by Galluccio and

Loebl [16] and independently by Tesler [51].

Theorem 1.3.2. Fvery graph that can be embedded on an orientable surface of genus g is

49-Pfaffian.

We prove that a graph is 4-Pfaffian if and only if it can be drawn on the torus in such
a way that every perfect matching crosses itself an even number of times. We also prove
that 3-Pfaffian graphs are Pfaffian and that 5-Pfaffian graphs are 4-Pfaffian. For k > 5 we
prove partial results (including a generalization of Theorem 1.3.2) and state conjectures.

Another way to generalize Pfaffian orientations is motivated by the list-edge coloring
conjecture. A graph G is called k-list-colorable if for every set system {S, : v € V(G)} such
that |S,| = k there exists a proper vertex coloring ¢ with ¢(v) € S, for every v € V(G).
Not every k-colorable graph is k-list colorable. A classic example is K33 with bipartition
(A,B) and {S, :ve A} ={S, : v e B} = {{1,2},{1,3},{2,3}}.

A graph is called k-list-edge-colorable if for every set system {S. : e € E(G)} such
that |Se| = k there exists a proper edge coloring ¢ with c(e) € S, for every e € E(G).
The following famous list-edge-coloring conjecture was suggested independently by various

researchers and first appeared in print in [4].
Conjecture 1.3.3. Every k-edge-colorable graph is k-list-edge-colorable.

In a k-regular graph there is a way to define a sign for every k-edge coloring. By a
beautiful and powerful argument of Alon and Tarsi [1], the list-edge-coloring conjecture
holds for all k-regular k-edge-colorable graphs in which all the k-edge colorings have the
same sign. Ellingham and Goddyn [14] proved using this technique that the list-edge-
coloring conjecture holds for every k-regular k-edge-colorable planar graph. Note that our
definition of graphs allows multiple edges and therefore there exist k-regular planar graphs

with k£ > 5.
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Goddyn conjectured that this result generalizes to Pfaffian graphs. In Chapter 6 we
generalize Pfaffian orientations to Pfaffian labelings and prove that Goddyn’s conjecture
holds for those graphs that admit Pfaffian labelings. We also give two characterizations of
graphs that admit a Pfaffian labeling: one in terms of bricks and braces in their tight cut
decomposition, and another in terms of their drawings in the projective plane.

Finally, in Chapter 7 we discuss the possibilities of a structural characterization of
Pfaffian graphs and a polynomial time recognition algorithm. We outline possible directions

of further work.
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CHAPTER II

GENERATING BRICKS

In this chapter we prove a generating theorem for bricks. The material presented in this
chapter will also appear in [36].

All the graphs considered in this chapter are simple.

2.1 Introduction

The following well-known theorem of Tutte [54] describes how to generate all 3-connected
graphs, but first a definition. Let v be a vertex of a graph H, and let N1, No be a partition
of the neighbors of v into two disjoint sets, each of size at least two. Let G be obtained
from H\v by adding two vertices v; and ve, where v; has neighbors N; U {v3_;}. We say
that G was obtained from H by splitting a vertex. Thus for 3-connected graphs splitting a
vertex is the inverse of contracting an edge that belongs to no triangle. A wheel is a graph

obtained from a cycle by adding a vertex joined to every vertex of the cycle.

Theorem 2.1.1. FEvery 3-connected graph can be obtained from a wheel by repeatedly ap-
plying the operations of adding an edge between two nonadjacent vertices and splitting a

vertezx.

A graph is a minor of another if the first can be obtained from a subgraph of the second

by contracting edges. Seymour [46] extended Theorem 2.1.1 as follows.

Theorem 2.1.2. Let H be a 3-connected minor of a 3-connected graph G such that H is
not isomorphic to K4 and G is not a wheel. Then a graph isomorphic to G can be obtained
from H by repeatedly applying the operations of adding an edge between two nonadjacent

vertices and splitting a vertex.

Our objective is to prove an analogous theorem for bricks.
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We need a few definitions before we can describe it. Let G be a graph, and let vy be
a vertex of G of degree two incident with the edges e; = vgvy and es = vove. Let H be
obtained from G by contracting both e; and e and deleting all resulting parallel edges. We
say that H was obtained from G by bicontracting or bicontracting the vertex vg, and write
H = G/vg. Let us say that a graph H is a reduction of a graph G if H can be obtained from
G by deleting an edge and bicontracting all resulting vertices of degree two. By a prism
we mean the unique 3-regular planar graph on six vertices. The following is a generation

theorem of de Carvalho, Lucchesi and Murty [7].

Theorem 2.1.3. If G is a brick other than Ky, the prism, and the Petersen graph, then

some reduction of G is a brick other than the Petersen graph.

Thus if a brick G is not the Petersen graph, then the reduction operation can be repeated
until we reach K4 or the prism. By reversing the process Theorem 2.1.3 can be viewed as
a generation theorem. It is routine to verify that Theorem 2.1.3 implies Theorem 1.1.11,
and that demonstrates the usefulness of Theorem 2.1.3. Our main theorem strengthens
Theorem 2.1.3 in two respects. (We have obtained our result independently of [7], but
later. We are indebted to the authors of [7] for bringing their work to our attention.) The
first strengthening is that the generation procedure can start at graphs other than K4 or
the prism, as we explain next. Let a graph J be a subgraph of a graph G. We say that
a graph H is a matching minor of G if H can be obtained from a central subgraph of G
by repeatedly bicontracting vertices of degree two. Thus if H can be obtained from G by
repeatedly taking reductions, then H is isomorphic to a matching minor of G. We will
denote the fact that G has a matching minor isomorphic to H by writing H — G. This is
consistent with our notation for embeddings, to be introduced in Section 2.4. Since every
brick has a matching minor isomorphic to Ky or the prism by [28, Theorem 5.4.11], , the

following implies Theorem 2.1.3.

Theorem 2.1.4. Let G be a brick other than the Petersen graph, and let H be a brick
that is a matching minor of G. Then a graph isomorphic to H can be obtained from G by

repeatedly taking reductions in such a way that all the intermediate graphs are bricks not
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isomorphic to the Petersen graph.

We say that a graph H is a proper reduction of a graph G if it is a reduction in such
a way that the bicontractions involved do not produce parallel edges. We would like to
further strengthen Theorem 2.1.4 by replacing reductions by proper reductions; such an
improvement is worthwhile, because in applications it reduces the number of cases that
need to be examined. Unfortunately, Theorem 2.1.4 does not hold for proper reductions,
but all the exceptions can be conveniently described. Let us do that now.

Let C; and Cy be two vertex-disjoint cycles of length n > 3 with vertex-sets {u, ua,.. .,
un} and {v1,ve,...,v,} (in order), respectively, and let G; be the graph obtained from the
union of Cy and Cs by adding an edge joining u; and v; for each ¢ = 1,2,...,n. We say
that Gp is a planar ladder. Let Go be the graph consisting of a cycle C' with vertex-set
{u1, ug,. . .,usn} (in order), where n > 2 is an integer, and n edges with ends w; and w,,; for
i=1,2,...,n. We say that G2 is a Mdbius ladder. A ladder is a planar ladder or a Mobius
ladder. Let G1 be a planar ladder as above on at least six vertices, and let G be obtained
from (G1 by deleting the edge ujus and contracting the edges uivy and usvs. We say that
G is a staircase. Let t > 2 be an integer, and let P be a path with vertices vy, vs,..., v in
order. Let G4 be obtained from P by adding two distinct vertices z,y and edges zv; and
yvj fori =1,t and all even i € {1,2,...,t} and j = 1,¢ and all odd j € {1,2,...,t}. Let
G5 be obtained from G4 by adding the edge xy. We say that G5 is an upper prismoid, and
if ¢ > 4, then we say that G4 is a lower prismoid. A prismoid is a lower prismoid or an

upper prismoid. We are now ready to state our main theorem.

Theorem 2.1.5. Let H,G be bricks, where H is isomorphic to a matching minor of G.
Assume that H is not isomorphic to K4 or the prism, and G is not a ladder, wheel, staircase
or prismotd. Then a graph isomorphic to H can be obtained from G by repeatedly taking
proper reductions in such a way that all the intermediate graphs are bricks not isomorphic

to the Petersen graph.

If H is a brick isomorphic to a matching minor of a brick G and G is a ladder, wheel,

staircase or prismoid, then H itself is a ladder, wheel, staircase or prismoid, and can be
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obtained from a graph isomorphic to G by taking (improper) reductions in such a way that
all intermediate graphs are bricks. Thus Theorem 2.1.5 implies Theorem 2.1.4. (Well, this
is not immediately clear if the graph H from Theorem 2.1.4 is a K4 or a prism, but in those
cases the implication follows with the aid of the next theorem.)

As a counterpart to Theorem 2.1.5 we should describe the starting graphs for the gener-
ation process of Theorem 2.1.5. Notice that K is a wheel, a Mobius ladder, a staircase and
an upper prismoid, and that the prism is a planar ladder, a staircase and a lower prismoid.

Later in this section we show

Theorem 2.1.6. Let G be a brick not isomorphic to Ky, the prism or the Petersen graph.
Then G has a matching minor isomorphic to one of the following seven graphs: the graph
obtained from the prism by adding an edge, the lower prismoid on eight vertices, the staircase
on eight vertices, the staircase on ten vertices, the planar ladder on ten vertices, the wheel

on siz vertices, and the Mobius ladder on eight vertices.

McCuaig [30] proved an analogue of Theorem 2.1.5 for braces. To state his result we need
another exceptional class of graphs. Let C be an even cycle with vertex-set vy, vs,...,vg: in
order, where t > 2is an integer and let Gg be obtained from C by adding vertices vos11 and
vor42 and edges joining vo 11 to the vertices of C' with odd indices and v9s42 to the vertices
of C' with even indices. Let G7 be obtained from Gg by adding an edge vasy1v2¢42. We say
that G7 is an upper biwheel, and if t > 3 we say that Gg is a lower biwheel. A biwheel is a

lower biwheel or an upper biwheel. McCuaig’s result is as follows.

Theorem 2.1.7. Let H,G be braces, where H is isomorphic to a matching minor of G.
Assume that if H is a planar ladder, then it is the largest planar ladder matching minor
of G, and similarly for Mobius ladders, lower biwheels and upper biwheels. Then a graph
isomorphic to H can be obtained from G by repeatedly taking proper reductions in such a

way that all the intermediate graphs are braces.

Actually, Theorem 2.1.7 follows from a version of our theorem stated in Section 2.11.
Let us now introduce terminology that we will be using in the rest of the thesis. Let

H,G,vg,v1,09,€1,€e2 be as in the definition of bicontraction. Assume that both v; and vy
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have degree at least three and that they have no common neighbors except vg; then no
parallel edges are produced during the contraction of e; and es. Let v be the new vertex
that resulted from the contraction. If both v; and vy have degree at least three, then we
say that G was obtained from H by bisplitting the vertex v. We call vg the new inner vertex
and vy and vy the new outer vertices.

Let H be a graph. We wish to define a new graph H” and two vertices of H”. Either
H"” = H and u, v are two nonadjacent vertices of H, or H” is obtained from H by bisplitting
a vertex, u is the new inner vertex of H” and v € V(H") is not adjacent to u, or H” is
obtained by bisplitting a vertex of a graph obtained from H by bisplitting a vertex, and u
and v are the two new inner vertices of H”. Finally, let H = H” + (u,v). We say that
H' is a linear extension of H. By the cube we mean the graph of the 1-skeleton of the
3-dimensional cube. Notice that the cube and K33 are bipartite, and hence are not bricks.
Using this terminology Theorem 2.1.5 can be restated in a mildly stronger form. It is easy
to check that if G’ is obtained from a brick G by bisplitting a vertex into new outer vertices
vy and vy, then {v1,v9} is the only set X C V(G’) such that | X| > 2 and G'\ X has at least
|X| odd components. Thus a linear extension of a brick is a brick, and hence Theorem 2.1.8

implies Theorem 2.1.5.

Theorem 2.1.8. Let G be a brick other than the Petersen graph, and let H be a 3-connected
matching minor of G not isomorphic to Ky, the prism, the cube, or K3s3. If G is not
isomorphic to H and G is not a ladder, wheel, biwheel, staircase or prismoid, then a linear

extension of H is isomorphic to a matching minor of G.
The main step in the proof of Theorem 2.1.8 is the following.

Theorem 2.1.9. Let G be a brick other than the Petersen graph, and let H be a 3-connected
matching minor of G. Assume that if H is a planar ladder, then there is no strictly larger
planar ladder L with H — L — G, and similarly for Méobius ladders, wheels, lower biwheels,
upper biwheels, staircases, lower prismoids and upper prismoids. If H is not isomorphic to

G, then some matching minor of G is isomorphic to a linear extension of H.

It is routine to verify that if G is a ladder, wheel, biwheel, staircase or prismoid, G’ is a
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linear extension of GG, and H is a 3-connected matching minor of G not isomorphic to Ky,
the prism, the cube, or K33, then G’ has a matching minor isomorphic to a linear extension
of H. Thus Theorem 2.1.9 implies Theorem 2.1.8, and we omit the details. The proof of
Theorem 2.1.9 will occupy the rest of the chapter. However, assuming Theorem 2.1.9 we

can now deduce Theorem 2.1.6.

Proof of Theorem 2.1.6, assuming Theorem 2.1.9. Let G be a brick not isomorphic to
Ky, the prism or the Petersen graph. By [28], Theorem 5.4.11, G has a matching minor
M isomorphic to K4 or the prism. Since M is not bipartite, it is not a biwheel, a planar
ladder on 4k vertices, or a Mobius ladder on 4k + 2 vertices. Thus if a prismoid, wheel,
ladder or staircase larger than M is isomorphic to a matching minor of G, then G has a
matching minor as required for Theorem 2.1.6. Thus we may assume that the hypothesis
of Theorem 2.1.9 is satisfied, and hence a matching minor of G is isomorphic to a linear
extension of M. But K4 does not have any linear extensions, and the prism has, up to
isomorphism, exactly one, namely the graph obtained from it by adding an edge. This

proves Theorem 2.1.6. ]

Here is an outline of the chapter. First we need to develop some machinery; that
is be done in Sections 2.2, 2.3, and 2.4. In Section 2.5 we prove a first major step
toward Theorem 2.1.9, namely that the theorem holds provided a graph obtained from H
by bisplitting a vertex is isomorphic to a matching minor of G. Then in Section 2.6 we
reformulate our key lemma in a form that is easier to apply, and introduce several different
types of extensions. In Section 2.7 we use the 3-connectivity of GG to show that at least one
of those extensions of H is isomorphic to a matching minor of G, and in Sections 2.8- 2.10
we gradually eliminate all the additional extensions. Theorem Theorem 2.1.9 is proved in
Section 2.10. Finally, in Section 2.11 we state a strengthening of Theorem 2.1.9 that can
be obtained by following the proof of Theorem 2.1.9 with minimal changes. We delegate
the strengthening to the last section, because the statement is somewhat cumbersome and
perhaps of lesser interest. Its applications include Theorem 2.1.9, Theorem 2.1.7 and a

generation theorem for a subclass of factor-critical graphs.
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A word about notation. If H is a graph, and u,v € V(H) are distinct vertices, then
H + (u,v) or H 4+ uv denotes the graph obtained from H by adding an edge with ends
u and v. If u and v are adjacent then H + wv = H. Now let u,v € V(H) be adjacent.
By bisubdividing the edge uv we mean replacing the edge by a path of length three, say a
path with vertices u,x,y, v, in order. Let H' be obtained from H by this operation. We
say that z,y (in that order) are the new vertices. Thus y,z are the new vertices resulting
from subdividing the edge vu (we are conveniently exploiting the notational asymmetry for
edges). Now if w € V(H)—{u}, then by H + (w,uv) we mean the graph H'+ (w, z). Notice
that the graphs H + (w, uv) and H + (w, vu) are different. In the same spirit, if a,b € V(H)
are adjacent vertices of H with {u,v} # {a,b}, then we define H + (uv, ab) to be the graph

H' + (z,ab).
2.2 Octopt and Frames

Let H be a graph with a perfect matching, and let X C V(H) be a set of size k. If H\X
has at least & odd components, then X is called a barrier in H. The following is easy and

well-known.
Lemma 2.2.1. A brick has no barrier of size at least two.

Now if H and X are as above and H is a subgraph of a brick GG, then X cannot be a barrier

in G. If H is a central subgraph of GG, then we get the following useful outcome.

Lemma 2.2.2. Let G be a brick and let H be a subgraph of G. Let M be a perfect matching
of G\V(H) and let V(H) be a disjoint union of X, R1, Ra, ..., Ry, wherek > 2, |X| < k and
|R;| is odd for everyi € {1,2,...,k}. Then there exist distinct integers i,j € {1,2,...,k}

and an M-alternating path joining a vertex in R; to a vertex in R;.

Proof. Suppose for a contradiction that the lemma is false, and let H be a maximal subgraph
of GG that satisfies the hypothesis of the lemma, but not the conclusion.

By Lemma 2.2.1 there exists an edge e; € E(G) with one end v € R; for some i €
{1,2,...,k} and the other end u € V(G) — R; — X. Without loss of generality we may

assume that ¢ = 1. If w € V(H) then the path with edge-set {e;} is as required. Thus
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u & V(H), and hence u is incident with an edge ea € M. Let w be the other end of ey;
then clearly w ¢ V(H). Let X' = X U{u}, Rgr1 = {w}, M' = M — {e2} and construct
H’ by adding the vertices u and w and edges e; and e; to H. By the maximality of H the
graph H', matching M’ and sets X', Ry, Ra, ..., Ry, satisfy the conclusion of the lemma.
Thus for some distinct integers i,j € {1,2,...,k + 1} there exists an M’-alternating path
P joining a vertex in R; to a vertex in R;. Since H does not satisfy the conclusion of the
lemma we may assume that j = k+ 1. Let P’ be the graph obtained from P by adding the
edges e; and ey. If 1 > 1, then P’ is a path and satisfies the conclusion of the lemma.
Thus we may assume that ¢ = 1. Let H' = HUP', M" = M — E(P') and R] =
Ry UV(P’). Then the graph H”, matching M" and sets X, R}, R, ..., Ry also satisfy the
conclusion of the lemma by the maximality of H. Thus we may assume that there is an
M"-alternating path @ joining a vertex in R} to a vertex in R; for some j € {2,3,...,k}.
If neither of the ends of @ lies in V(P’) then @ is a required path for H. If one of them,
say x, is in V(P’), we add to @ one of the subpaths of P’ with end x to obtain a required

path. ]

In applications we will need a stronger conclusion and H will have a special structure,
which we now introduce. Let H be a graph, let C' be a subgraph of H with an odd number
of vertices, and let Py, P, ..., P, be odd paths in H. For i = 1,2, ...,k let u; and v; be the
ends of ;. If for i = 1,2, ...,k we have u; € V(C) and V(F) N (V(C)UU,; . V(F))) = {u;}
we say that Q = (C, Py, Pa, ..., Py) is an octopus in H. We say that the paths Py, Ps, ..., Py
are the tentacles of 2, C' is the head of 2 and v; are the ends of 2. We define the graph of §2
tobe CUP,UPyU---U P, and by abusing notation slightly we will denote this graph also
by . We say that a matching M in G is Q-compatible if every tentacle is M-alternating
and no vertex of C' is incident to an edge of M. See Figure 5.

Let G be a graph, and let £ > 1 be an integer. We say that the pair (F, X) is a frame

in Gif X CV(G) and F = {Qy,Q9,...,Q} satisfy
(1) 21,99, .., are octopi,

(2) fori =1,2,...,k the ends and only the ends of §2; belong to X,
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Figure 5: An octopus 2 and an Q-compatible matching

(3) for distinct 7,5 € {1,2,...,k}, V() NV (Q;) C X,

(4) [X] < k.

We say that Q1,Qa, ..., Q are the components of (F, X). We define the graph of (F, X)
to be Q1 U Qo U...UQ, and denote it by F, again abusing notation. The following is the
main result of this section. We say that a graph H is M -covered if a subset of M is a perfect

matching of H.

Theorem 2.2.3. Let G be a brick, let M be a matching in G, and let (F, X) be a frame in G
such that G\ (V(F)UX) is M-covered and M is Q-compatible for each Q € F. Then there
exists an M -alternating path P joining vertices of the heads of two different components
01, Q9 of (F,X). Moreover, there is an edge e € E(P) — M such that the two components

of P\ e can be numbered Py, and Py in such a way that V(P;) NV (F) C V() fori=1,2.

Proof. We say that a subpath @ of a path P is an F-jump in P if the ends of () belong to
different components of F and @ is otherwise disjoint from F. Let F = {4, Qo,...,Qx} and
let C; denote the vertex-set of the head of {2;. By Lemma 2.2.2 applied to X, C1,Co, ..., Ck
there exists an M-alternating path joining vertices of the heads of two different components
of (F,X). Choose such path P with the minimal number of F-jumps in it. We prove that
P satisfies the requirements of the theorem.

Let v1 € C; and vo € Cs be the ends of P. Since P is M-alternating and M is ;-
compatible for all ¢ = 1,2,... k, it follows that no internal vertex of P belongs to C;.

Suppose that PNT # () for some tentacle T' of €;, where i > 3. Let {vg} = V(T) N C; and
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let v € V(P)NV(T) be chosen so that T'[v,vp] is minimal. For some j € {1,2} the path
Plvj,v] UT[v,vp] is M-alternating and contradicts the choice of P. Thus V(P)NV(F) C
V(1) UV ().

Define a linear order on V(P) so that v > v’ if and only if v € P[vy,v]. Let Py be an
F-jump in P with ends u; € V(1) and ug € V(€2) chosen so that u; > ug and Plvy, ug] is
minimal. Equivalently we can define Py as a second F-jump we encounter if we traverse P
from vy to ve. If such an F-jump Py in P does not exist then P contains a unique F-jump.
Let e ¢ M be an edge of this unique F-jump; then P and e satisfy the requirements of the
theorem. Therefore we may assume the existence of Fj.

For i € {1,2} let T; be the tentacle of §; such that u; € V(T;) and let {w;} = V(T;)NC;.
Let s; € V(T1) N V(P) be chosen so that s; > uj and Tj[s1,w;] is minimal. Note that
s1 # w1, because the only vertex in V(P) N Cy is v1 and s; > u; > v1. Let sit; be the
edge of M incident to s;. We have s1t; € E(Th N P) as both T} and P are M-alternating,
s1 € Th[t1,w;] by the choice of s; and s; > t; as otherwise the path T1[wi, s1] U P[s1,v2]
contradicts the choice of P. Let s9 € V(T2) NV (P) be chosen so that so < s1 and Ts[s9, wo]
is minimal. Let sato be the edge of M incident to so. We again have sots € To N P,
s9 € Th[te, wy] and s9 < tg, as otherwise the path Plvy, so] UT5[sa, we] contradicts the choice
of P.

Consider P’ = P[sa, s1]. By the choice of s1 we have V(P[ug, s1]) NV (T [s1,w1]) = {s1}.
Also if s9 < ug we have V(P[sg,us] N V(1) = (0 by the choice of Py. It follows that
V(P") NV (Ti[s1,w1]) = {s1}. By the choice of so we have V(P’) NV (Ts[s2, w2]) = {s2}.
Therefore Th[wa, so] U P/ U Ty w1, s1] is an M-alternating path contradicting the choice of

P. O

2.3 Two Paths Meeting

In this section we study the following problem. Let G be a graph, let M be a matching,
and let P, and P» be two M-alternating paths. In the applications we will be permitted to
replace the matching M by a matching M’ saturating the same set of vertices, and to replace

the paths P; and P, by a pair of M’-alternating paths with the same ends. Thus we are
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interested in graphs that are minimal in the sense that there is no replacement as above upon
which an edge of G may be deleted. The main result of this section, Theorem 2.3.3 below,
asserts that there are exactly four types of minimally intersecting pairs of M-alternating

paths, three of which are depicted in Figure 2.3. We start with two auxiliary lemmas.

Lemma 2.3.1. Let M be a matching in G, let P be an M-alternating path with ends x
and y, let C' be an M -alternating cycle such that x and y have degree at most two in PUC
and let M' = MAE(C). Then there exists an M'-alternating path Q with ends x and y

satisfying E(Q) C E(P)AE(C).

Proof. Let H be the subgraph of G with vertex-set V(G) and edge-set E(P)AE(C). Then
x,y have degree one in H, every other vertex of H has degree zero or two, and if it has
degree two, then it is incident with an edge of M’. Thus some component of H is an

M'-alternating path joining x and y, as desired. O

Lemma 2.3.2. Let M be a matching in G, let P be an M -alternating path with ends w and
v, and let R be a path with ends v and z such that R\ v is M-covered, v is incident with
no edge of M, and w ¢ V(R). Let M' = MAE(R). Then there exists an M'-alternating

path Q with ends w and z satisfying E(Q) C E(P)AE(R).

Proof. This follows similarly as Lemma 2.3.1 by considering the graph with edge-set
E(P)AE(R). O

Let G be a graph, let M be a matching in G, and let P and @) be two M-alternating
paths in G. For the purpose of this definition let a segment be a maximal subpath of PNQ,
and let an arc be a maximal subpath of () with no internal vertex or edge in P. We say

that P and Q) intersect transversally if either they are vertex-disjoint, or there exist vertices
90,41, ---,q7 € V(Q) such
(1) 90,491, --.,q7 occur on @ in the order listed, and go and g7 are the ends of @,

(2) 92, 91,43, 94, g6, g5 all belong to P and occur on P in the order listed,

(3) if g € V(P), then qo = ¢1 = g2 = ¢3, and otherwise Q[qo, ¢1] is an arc,
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(4) if g7 € V(P), then q7 = g6 = g5 = q4, and otherwise Q[gs, g7] is an arc,
(5) Qlgs, q4] is a segment,

(6) either ¢1 = g2 = g3, or q1, g2, g3 are pairwise distinct, Q[q1, g2] is a segment, Q[g2, g3] is

an arc and g9 is not an end of P, and

(7) either ¢4 = g5 = gs, or q4, g5, gs are pairwise distinct, Q[gs, gs] is a segment, Q[q4, gs] is
an arc and g5 is not an end of P.

It follows that the definition is symmetric in P and (). There are four cases of transversal
intersection depending on the number of components of PN Q); the three cases when P and
Q intersect are depicted in Figure 2.3, where matching edges are drawn thicker. We shall

prove the following lemma.

Lemma 2.3.3. Let M be a matching in a graph G and let P; and Py be two M -alternating
paths, where P; has ends s; and t;. Assume that s1, s2, t1 and ta have degree at most two
in Py U Py. Then there exist a matching M’ saturating the same set of vertices as M and
two M'-alternating paths Q1 and Q2 such that MAM' C E(P1)U E(P,), Qi has ends s;

and t; and Q1 and Q4 intersect transversally.

Unfortunately, for later application we need a more general, but less nice result, the

following. Please notice that it immediately implies Lemma 2.3.3 on taking r = ts.

Theorem 2.3.4. Let M be a matching in a graph G and let P; and Py be two M -alternating
paths, where P; has ends s; and t;. Assume that s1, so, t1 and to have degree at most two in

PyUP,y. Letr € V(P2), and let Py = Ps[sa,r|. Then one of the following conditions hold:

(1) There exist a matching M’ saturating the same set of vertices as M and two M'-
alternating paths Q1 and Qo such that Q; has ends s; and t;, MAM' C E(Py)UE(P)), Q;

has ends s; and t;, Q1 C Py U Py, and Q1 U Q2 is a proper subgraph of P; U P,

(2) v # ta, and there exists an M-alternating path R C Py U Py with ends sy and t; such

that R and Py intersect transversally,

(3) P} intersects Py transversally.
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Proof. We may assume that G = P; U P and (1) does not hold. We shall refer to this as
the minimality of G.

We claim that P; U Pj contains no M-alternating cycles. Suppose for a contradiction
there exists an M-alternating cycle C C Py U P). Let M/ = MAE(C) and let Q1,Q2 be
the two M’-alternating paths obtained by applying Lemma 2.3.1 to P, and P, respectively.
Since P; and P, are M-alternating and their union includes C, they either share an edge
of M NE(C), say e, or P; and P, have the same ends. In the later case replacing P» by P;
contradicts the minimality of G, and so we may assume the former. Now Q; C P, U P} and
@1 U Q2 is a subgraph of (P; U P,) \ e, contradicting the minimality of G.

For the purpose of this proof let us define an arc as a maximal subpath of Pj that has
at least one edge or contains an end of P and has no internal vertex or edge in P;. Define
segment as a maximal subpath of P; N P,. We say that two vertices of P; have the same
biparity if their distance on P; is even, and otherwise we say they have opposite biparity.
We claim that the ends of every arc have the same biparity. To see that, let Py[s,t] be an
arc with ends of opposite biparity. There are two cases. Either both end-edges of P;[s, ]
belong to M, or both of them do not. If they do, then P[s,¢] U Pj[s,t] is an M-alternating
cycle, and if they do not, then Pj, Py contradict the minimality of G, where P{ is obtained
from P; by replacing the interior of Pi[s,t] by Pj[s,t]. (Notice that the edge of Pils,t]
incident with s does not belong to Pj or P,.) This proves our claim that the ends of every
arc have the same biparity.

We may assume that there is an arc with both ends on Pj, for otherwise (3) holds.
Let Pj[ug,vo] be such an arc. Since ug, vy have the same biparity, exactly one end-edge of
P1[up, vo] belongs to M, say the one incident with ug. Then the unique segment incident
with g, say Pi[ug,v1] = Pj[up,v1] has the property that v; lies between up and vy on P;.
Let Pjlv1,u1] be the unique arc incident with v;. Then either u; is an end of Pj, or uj, v
have the same biparity, opposite to the biparity of ug, vg.

We claim that either u; is an end of Pj, or u; lies between v; and vy on P;. To prove
this claim we need to prove that neither ug nor vy lie between u; and v; on P;. To this

end suppose first that ug lies between w1 and v; on P;. Then Pl” and P, contradict the

27



minimality of G, where Pj’ is obtained from P; by replacing the interior of Pj[u,vg] by
Pjluy,vg] (the edge of Pj[v1, vg] incident with vy does not belong to P;’ U P,). Suppose now
that v lies between u; and v; on P;. Then Pjlvg, ui]U Pi[ug, vo] is an M-alternating cycle,
a contradiction. This proves that either u; is an end of Py, or u; lies between v; and vy on
Pr.

Now assume that Pj[ug, vg] is chosen so that P [ug, vo] is maximal, and let u1,v; be as in
the previous paragraph. If u; is an end of Pj we stop, and so assume that it is not. Recall
that w1, v1 have opposite biparity from wug,vg. Thus the unique segment incident with u,
say Pi[u1,vs] = Pjluy,ve] has the property that ve lies between v1 and uq on P;. Now let
Pjlva, ug] be the unique arc incident with vg. By the result of the previous paragraph either
ug is an end of Pj, or ug lies between vy and v on P;. By arguing in this manner we arrive

at a sequence of vertices ug, vg, .. ., Ug+1, Vg1 such that

(i)ug, v1, U2, V3, . ., V41, - -, U3, V2, U1, V9 Occur on Pj in the order listed,
(ii)ugy1 is an end of Py,

(iii) Py[u;, v;] are arcs for i = 0,1,...,k+ 1, and

(iv) Pi[us, vi+1] are segments for ¢ = 0,1,..., k.

It follows that wu;, v; have the same biparity and that their biparity depends on the parity of
i. Let Pyi[vg,v(] be the unique segment incident with vg. Then vy lies between v, and ug on
Py. Let Pj[v), ug] be the unique arc incident with vj. The maximality of P [ug, vo] and the
result of the previous paragraph imply that either wu is an end of Pj, or that ug, vo, v), u
occur on P in the order listed. In the latter case by an analogous argument there exists a

sequence of vertices ug, vg, - - -, Uy 1, Uy, Such that
()ug, v}, uy, V3, ..., Vs - - -5 US, U, UG, Uy Occur on Py in the order listed,
(ii)up,,, is an end of P,

(i) Py[u, v}] are arcs for i = 0,1,...,k" + 1, and

1) 71
(iv) Pi[uj, vi ] are segments for i = 0,1,... k",

Suppose r = to. Then k = 0, for otherwise P; and and the path obtained from P, by
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replacing the interior of Pslvg, ui] by Pj[vo,u1] contradict the minimality of G. Similarly,
either u(, is an end of P» or k' = 0. Thus (3) holds.

Therefore we may assume r # to. Suppose sz # u. Then without loss of generality we
assume sp = ugi1. We define Ry = Pj[sa, u| U Py[ug, t1] and Re = Pj[sa, vi] U Pylvk, t1].
For some ¢ € {1,2} R; C P; U Py is an M-alternating path with ends sy and ¢; such that
R; and P intersect transversally. Thus (2) holds.

It remains to consider the case when sy = wu( and ugy1 = r. Suppose k > 1. We
claim that E(P;[vky1,ve] N P2) = 0. Suppose for a contradiction Pa[x,y] C Pylvgy1, vg] is a
segment, and let Ps[x,y] be chosen so that Psly,to] is minimal. If x € V(Pi[vg,y]) define
Q2 = Pss2, vg] U Pi[vg, x] U Py, ta], and otherwise define Qo = Pa[s2, vg+1| U Py [vgs1, ] U
Pylz,ta]. As E(Pi[vgs1,vk]) N Py) = 0 we see that Q9 is an M-alternating path. We replace
P, with Q2 to contradict the minimality of G.

Now we claim FE(Pj[vg_1,ux] N P2) = 0. Again suppose Pilx,y] C Pilvg_1,ui is a
segment, and let P;[x,y] be chosen so that Py, to] is minimal. If x € V(Py[vg_1,y]) define
Q2 = P3[sa, vp—1] U Pi[vg_1,x] U Pz, t2], and otherwise define Qa = Po[sa, vx] U Py [vk, 2] U
Pylx,ta]. As E(Pi[vgs1,vK] N Pe) = () we see that Q2 is an M-alternating path. Again we
replace P> with Q)2 to contradict the minimality of G.

Now let Q2 = Pa[s2,vk—1] U Pi[vk—1, ug] U Pa[ug, t2]. As E(Pivg—1,ur] N P2) = 0 we see
that Q2 is an M-alternating path and replacing P> with Q2 we once again contradict the
minimality of G. Thus k& = 0 and (3) holds. O

We deduce several corollaries of Theorem 2.3.4. Let  be an octopus in a graph G,
where ) consists of two tentacles and a head C' with V(C) = {v}. Then the graph of Q is
a path. We say that 2 is a path octopus with head v. The head of a path octopus can be
moved along € in the sense that if v € V(Q) is at even distance from v in Q, then there is

another path octopus with the same graph and head v’. The next lemma will use this fact.

Lemma 2.3.5. Let G be a graph, let ) be a path octopus in G with head v and ends vi and
ve, let z be the meighbor of v in Q, let M be an 2-compatible matching, and let P be an

M -alternating path in G\vi\ve with ends v and w ¢ V(). Then there exist a path octopus
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Q' with head z and ends vy and ve, an Q' -compatible matching M', and a path P' with ends
z and w such that E(Q) C E(QU P), zvy € E(Q), v1 € V(P'), M coincides with M’ on

G\ (V(P)uV(Q)), QUP\V (Y UP') is M'-covered, and P’ intersects Q'\vy transversally.

Proof. Since M is Q-compatible, v is incident with no edge of M. Let R = Q[z,v], let
M’ = MAE(R), and let ' be the octopus with graph  and head z. Then M’ is an
Y-compatible matching. By Lemma 2.3.2 there exists an M’-alternating path P’ with ends
z and w such that E(P’) C E(P)AE(R). By Lemma 2.3.3 we may assume, by replacing
the tentacle Q'[z,v;] and path P’, that P’ intersects Q'\vi = Q/[z,vy] transversally, as

desired. O

Let P;, P», P3 be odd paths in a graph H. For ¢ = 1,2,3 let u; and v; be the ends of
P;. If uy = us = ug and otherwise Py, Py, P3 are pairwise disjoint, then we say that the
octopus with tentacles P, P» and P3 and a head the graph with vertex-set {u;} is a triad
in H. Assume now that P, Py, P3 are pairwise disjoint, and let ()1, Q2, @3 be three odd
paths such that for {7, j,k} = {1, 2,3} the ends of @} are u; and u;. Assume further that
P, Py, P3,Q1,Q2,Q3 are pairwise disjoint, except for common ends in the set {u1,uz,us}.
In those circumstances we say that an octopus with tentacles P, P> and P3 and head

Q1 UQ2UQ3 is a tripod in H.

Lemma 2.3.6. Let G be a graph. Let T be a triad or tripod in G with ends vi,ve and vs.
Let M be a T-compatible matching, and let P be an M -alternating path in G\ vy \ ve with
one end in the head of T and another end w & V(T'). Assume that the edge of P incident
with w does not belong to M. Then there exists a triad or tripod T C T'U P with ends v1, vo
and w and a T'-compatible matching M’ such that M is identical to M’ on G\ V(PUT)

and (T'U P)\ V(T") is M'-covered.

Proof. If T is triad then the result follows immediately from Lemma 2.3.5. If T' is a tripod,
then for i € {1,2,3} let P;, Q;, u;, v; be as in the definition of tripod. Extend M to Q1, Q2
and Q3 in such a way that Q1 U Q2 U Q3 \ uy is M-covered. Let T” be the path octopus

with tentacles P, and P, U QU Q2. Extend P along Q1 U Q2 U Q3 to a path P” so that P”
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Figure 7: A quasi-tripod.

is an M-alternating path with ends w and ;. It remains to apply Lemma 2.3.5 to P and

T". O

Let @ be an even path with ends uq and us, let us = w1 and ug = ug, and for: = 1,2, 3,4
let P; be an odd path with ends w; and v;, disjoint from () except for u;, and such that the
paths P; are pairwise disjoint, except that P, and P» share a common end u; = ug and P
and Py share a common end u3 = u4. In those circumstances we say that the octopus with
head ) and tentacles Py, P, P3, Py is a quadropod.

Now let Py, Py, P3,Q1,Q2, @3 be as in the definition of tripod, except that Q2 and Q3
are allowed to intersect beyond the vertex u;. Suppose there exists a perfect matching M
of Q2UQ3\ u1 \ u2 \ us such that Q2 and Q3 are M-alternating and intersect transversally.
Then we say that the octopus €2 with tentacles P;, P, and P3 and a head @1 U Q2 U Q3 is
a quasi-tripod in H. Clearly every tripod is a quasi-tripod. It follows from the definition
of transversal intersection that ()2 N Q3 consists of one or two paths, one of which contains
the vertex u;. By shortening both ()2 and Q)3 and extending P; we may assume that one of
the components of Q2 N Q3 has vertex-set {uy}. If that is the only component of Q2 N @3,

then Q is a tripod; otherwise 2 looks as depicted in Figure 2.3.
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Lemma 2.3.7. Let G be a graph. Let T be a triad or tripod in G with ends vi,ve and vs.
Let M be a T-compatible matching, and let P be an M-alternating path in G \ {v1, v, v3}
with one end in the head of T and another end w ¢ V(T). Assume that the edge of P
incident with w does not belong to M. Then there exists an octopus T" C T U P and a
T'-compatible matching M’, such that M is identical to M’ on G\ V(P UT), the graph
(T'UP)\ V(T') is M'-covered and either T' is a quasi-tripod with ends v;,v; and w, for

some distinct indices i,j € {1,2,3}, or T" is a quadropod with ends vi,vs,v3 and w.

Proof. We may assume that G = T'U P and that there do not exist a triad or tripod T’
with ends v1,v2 and vz, a T’-compatible matching M’ and an M’-alternating path P’ in
G \ {v1,v2,v3} with one end in the head of 7" and the other end w such that w ¢ V(T"),
(TUP)\V(T'UP') is M'-covered and P’ UT" is a proper subgraph of G. We refer to this
as the minimality of G.

Let the tentacles of T' be P;, P, P3, where P; has one end v;, and let u; be the other
end of P;. If T is a tripod, then let @); be as in the definition of tripod, and otherwise let
Q; be the null graph. We say that a vertex v of P; is inbound if P;[v,w;] is even and we say
that v is outbound otherwise.

Let up € V(P NT) be chosen to minimize Plw,ug]. If T is a triad and wug is inbound,
then T'U Plw, ugp] is a required quadropod. If T' is a tripod and ug € V(P;) is inbound then
by replacing P;[v;, ug] by Plw,ug] in T we obtain a required quasi-tripod. If T is a tripod
and ug € V(Q;), then we may assume from the symmetry that Q;[ug,u;] is even, in which
case by replacing P; by Plw, ug] we obtain a required quasi-tripod.

Therefore for the rest of the proof we may assume that uy € V(P;) and that ug is
outbound. Let r € V(T) NV (P) — V(P1) be chosen to minimize P[w,r| and if no such r
exists let r # w be the end of P. Apply Theorem 2.3.4 to P; and P with s; = vy, t1 = ug
and so = w. Outcome of Theorem 2.3.4(1) does not hold by the minimality of G. If outcome
(2) holds, then by considering the path guaranteed therein we obtain a desired quasi-tripod
or quadropod. Thus we may assume outcome (3) holds, and hence P; intersects Plw,r]

transversally.
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Let vy be such that P[vg, up] is a component of PN Py, and let u be such that Pluvg, u] is
a maximal path with no internal vertex or edge in T'. If u € V(P;), then by the definition
of transversal intersection the vertices v1, vg, ug, u, u; occur on P in the order listed and u
is inbound. By considering T'U Plw, u] and deleting P3\us and the interior of Q3 we obtain
a required quasi-tripod. Thus we may assume that u ¢ V(Py), and hence v = r. If r is not
outbound, then a similar argument gives a required quasi-tripod.

It follows that for the remainder of the proof we may assume that r € V(P), and
that r is outbound. Let M; be the unique perfect matching of Q1 U Q2 U Q3\u1, and let
M*™ = M U M,;. We can extend P along Q1 U Q2 U Q3 to an M T-alternating path P*
so that u; is an end of PT. Apply Lemma 2.3.2 to P* and P [vp, u1] to produce an M’-
alternating path P’ with ends w and vg, where M’ = M+ AP;[u1,v9]. Let T" be obtained
from T'U Plvg, r] by deleting the interiors of Ps[r,us] and Qo; then T” is a triad with ends

v1, v2,v3. But now 7" and P’ contradict the minimality of G. dJ

2.4 Embeddings and Main Lemma

In this section we first formalize the notion of a matching minor by introducing the concept
of an embedding, and show in Lemma 2.4.2 below that a graph H has a matching minor
isomorphic to a graph G if and only if there is an embedding H — G. Then we study the
following question. Suppose that n : H — G is an embedding, G is a brick, and vg € V(H)
has degree two. Since bricks have no vertices of degree two, there is a subgraph of G
that “fixes” this violation of being a brick. What can we say about this subgraph? The
answer leads to the notion of vg-augmentation of . We define this concept formally, and
then prove two results about its existence. The second, Lemma 2.4.4, will be used when
some graph obtained from H by bisplitting a vertex is isomorphic to a matching minor of
G; otherwise we will use Lemma 2.4.3, the first of these results. Finally, we classify all
“minimal” vg-augmentations into one of four types.

Let T” be a tree, and let T be obtained from 7" by subdividing every edge an odd number
of times. Then V(T") C V(T). The vertices of T that belong to V(T”) will be called old and

the vertices of V(T') — V(T") will be called new. We say that T is a barycentric tree. Please
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note that the partition into old and new vertices depends on T (there is an ambiguity
concerning vertices of degree two). We shall assume that each barycentric tree has a fixed
partition into new and old vertices. By a branch of a barycentric tree T' we mean a subpath
of T" with ends old vertices and all internal vertices new.

We need to formalize the concept of matching minor. Let H and G be graphs. A weak
embedding of H to G is a mapping 7 with domain V(H)U E(H) such that for v,v" € V(H)
and e, e’ € E(H)

(1) n(v) is a barycentric subtree in G,
(2) if v # v/, then n(v) and n(v’) are vertex-disjoint,
(3) n(e) is an odd path with no internal vertex in any n(v) or n(e’) for ¢’ # e,

(4) if e = ujug, then the ends of n(e) can be denoted by x1,z9 in such a way that x; is an

old vertex of n(u;), and

(5) G\Usevnurm V(n(z)) has a perfect matching.

The next lemma will show that H is isomorphic to a matching minor of G if and only if
there is a weak embedding of H to G. Then we will show that such a weak embedding can
be chosen with two additional properties. Thus we say that a weak embedding from H to

G is an embedding if, in addition, it satisfies
(6)if v has degree one then 7(v) has exactly one vertex,

(7) if v € V(H) has degree two and ey, ez are its incident edges, then 7(v) is an even path
with ends x1, z2, say, and n(e1), n(e2) both have length one, one has z; as its end and the

other has x9 as its end, and

(8)if v has degree at least three and x is an old vertex of n(v) of degree d, then z is an end
of n(e) for at least 3 — d distinct edges e.
For every subgraph H' of H define n(H') = U,cy (myup) 1(x). We denote the fact that 7
is an embedding of H into G by writing n: H — G.

Let T C H be a barycentric tree, and let (X,Y) be the unique partition of V(T') into
two independent sets with X including all the old vertices. The vertices of X will be called

protected and the vertices of Y will be called exposed.
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Lemma 2.4.1. Let H and G be graphs. There exists a weak embedding of H to G if and

only if H is isomorphic to a matching minor of G.

Proof. 1If n: H — G then a graph isomorphic to H can be obtained from the central sub-
graph n(H) of G by repeatedly bicontracting exposed vertices of n(v) and internal vertices
of n(e) for ve V(H) and e € E(H). Thus H is a matching minor of G.

To prove the converse we may assume that H is a matching minor of G. Thus there
exist graphs Hi, Ho,...,Hy such that Hy = H, Hj is a central subgraph of GG, and for
1= 2,3,...,k the graph H;_; is obtained from H; by bicontracting a vertex. We define
Nk © Hy, < G by saying that if v € V(Hy), then ng(v) is the graph with vertex-set {v}, and
if e € E(Hy,), then ni(e) is the graph consisting of e and its ends. It is clear that n satisfies
(1)-(7). We now construct a sequence of mappings satisfying (1)-(7). Assuming that »;
has been defined we define 7;_; as follows. Let v be the vertex of H; whose bicontraction
produces H;_1, let z,y be the neighbors of v, and let w be the the new vertex of H; ;. For
z € V(H;—1) UE(Hi—1) — {w} let ni—1(2) = ni(2), and let n;—1(w) = ni(x) Uni(y) Uni(v) U

ni(xv) Un;(yv). This completes the construction. It is clear that n; satisfies (1)-(5). O

We now show that if there is weak embedding of H to G, then there is an embedding
of H to G.

Lemma 2.4.2. Let H and G be graphs. There exists an embedding of H to G if and only

if H is isomorphic to a matching minor of G.

Proof. By Lemma 2.4.1 it suffices to show that if 1 is a weak embedding of H to G, then
there exists an embedding of H to G.

It is easy to modify 7 so that it satisfies conditions (6) and (7). Thus we may choose a
mapping 1 with domain V(H) U E(H) satisfying (1)-(7) such that the total number of old
vertices in n(v) over all vertices v € V(H) of degree at least three is minimum. We claim
that 7 satisfies (8) as well.

To prove that 7 satisfies (8) let v € V(H) have degree at least three, let x be an old

vertex of n(v), and let d be the degree of x in n(v). If d = 2 and x is not an end of 7n(e)
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for any e € F(G), then we change the barycentric structure of n(v) by declaring z to be a
new vertex. The new embedding thus obtained contradicts the minimality of n. If d = 0,
then z is the unique vertex of n(v), and it is an end of n(e) for all the (at least three) edges
e incident with v by (4). Thus we may assume that d = 1. If x is not an end of any 7(e),
then we remove from 7(v) the vertex x and all internal vertices of ), where @ is the unique
subpath of n(v) between x and the nearest old vertex. Then set of vertices removed has a
perfect matching, because @) is even by the definition of barycentric subdivision, and hence
the new embedding satisfies (5). Thus the new embedding contradicts the minimality of
1. To complete the proof we may therefore suppose for a contradiction that x is incident
with 7(e) for exactly one e € E(H). By (4) one end of e is v; let u be the other end. If
u has degree at most two, then we define a new embedding by moving z and the internal
vertices of @ from n(v) to n(u), and changing n(e) accordingly. If u has degree at least
three, then we move x and all internal vertices of @ from n(v) to n(e). In either case the
new embedding contradicts the minimality of 7. Thus 7 satisfies (8), and hence it is an

embedding H — G, as desired. O

Let T be an even subpath of a graph H, and let T be regarded as a barycentric tree,
with its ends designated as old and all internal vertices designated as new. Let us recall
that the notions of protected and exposed were defined prior to Lemma 2.4.1. Let P be a
path with one end, say v, in the interior of 7" and no other vertex in 7T. If v is exposed,
then let @ be the null graph, and if v is protected, then let @) be a path with ends exposed
vertices qi1,q2 € V(T) and otherwise disjoint from H U P such that v lies on T' between q;
and ¢2. In those circumstances we say that @ is a cap for P at v with respect to T and H.

Let n: H — G. For every edge e = uv € E(H) the path n(e) is odd. Let P, denote its
interior (that is, the path obtained by deleting the ends), and let M, be the unique perfect
matching of P, (possibly M, = (}). We define M (n) to be the union of M, over all e € E(H).

Now let vg € V(H) have degree two, and let vy, vy be its neighbors. For i = 1,2 let E; be
the set of edges of H incident with v;, except for the edge vgv;, and let E1NEy = (). Let M,

be a perfect matching of G\V'(n(H)), and let M = M; U M(n). Let P be an M-alternating
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path with one end x € V(n(vp)) and the other end u in |J{n(v) : v € V(H) — {vg,v1,v2}}
with the property that if P intersects n(e) for some e € E(H) not incident with vy, v1, or
va, then P and 7(e) intersect in a path and have a common end. Let S denote the path
n(vo) U n(vovr) U n(vgva); then S is obtained from n(vg) by appending two edges, one at
each end. Let @ be an Mj-alternating cap for P at x with respect to S and n(H). We say
that the pair (P,Q) is a vg-augmentation of n. It follows that P and @ have no internal
vertices in (J,ey gy n(v). We say that « is the origin and w is the terminus of P.

Our first result about augmentations is the following.

Lemma 2.4.3. Let H be a graph on at least four vertices, let vy be a vertex of H that has
exactly two neighbors v1 and vy, and let v1 and ve be not adjacent. Let G be a brick and let
n: H — G be an embedding such that both n(v1) and n(vy) have exactly one vertex. Then

there exists an embedding ' : H — G and a vo-augmentation of .

Proof. Define E1, Es and M as in the definition of vp-augmentation. The path n(vg) U
n(vov1) Un(vovy) is even and can therefore be regarded as path octopus, which we denote
by Q. Let Q9 be the octopus with the set of tentacles {n(e) : e € E; U Es} and head
n(H\wvo\vi\v2). The head of 9 is non-null, because H has at least four vertices. We
can convert M to a matching M ' so that M is Q;-compatible for i = 1,2. We apply
Theorem 2.2.3 to the frame ({1, Q2}, V(n(v1)) UV (n(v2))) and denote the resulting path
by R. Let R have ends 1 € V(€;) and r2 € V(€Q2) and let e € E(R) be such that each of
the components R; = R[s;,r;] of R\e intersects only one of the octopi €; and Q.

By Lemma 2.3.5 we may assume, by changing M, Ry, and n(vg), that there exists an
M -alternating path Py with ends p; € V(n(vo)) and s1, and an M T-alternating cap @ for
Py at p; with respect to Qq and n(H) such that Py UQ; C R;. We may also assume that 7o
is the only vertex of R in the head of Qo. If ro € n(v) for some v € V(H), then let R}, be the
null graph, and if 7y € n(e) for some e € E(H), then let R} be an M T-alternating subpath
of n(e) with one end ry and the other in n(v) for some v € V(H). Then (P, U Ry U R, Q1)

is a desired vg-augmentation of 7. O

In the next section we will need the following lemma.
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Lemma 2.4.4. Let H be a graph, and let v be a vertex of H of degree at least four, let G

be a brick, and let n: H — G be such that n(v) has at least two vertices. Then either

(1) there exists a graph Hy obtained from H by bisplitting v, an embedding m : Hy — G

and a vo-augmentation of n1, where vy is the new inner vertex of Hy, or

(2) there exists an embedding ny : H — G, a path P with ends p; and py in the interiors
of different branches, say By and Ba, of na(v) and otherwise disjoint from na(H) and for
i = 1,2 there exists a cap Q; for P at p; with respect to B; and n2(H) such that Q1 and Q2

are disjoint.

Proof. Denote the branches of n(v) by By, Ba,...,B,. They can be considered as octopi,
which we denote by Q4,8s,...,8Q,, respectively. Let y be the octopus with the set of
tentacles {n(e) : e is incident to v} and head n(H\v), let X be the set of old vertices of
n(v), and let F = {Qg, 21,Q2,...,Q,}. We can extend a perfect matching of G \ n(H) to
a matching M so that M is Q-compatible for every Q2 € F. Clearly | X| = n + 1. Therefore
(F,X) is a frame. We apply Theorem 2.2.3 to it and denote the resulting path by R.
Furthermore, there is an edge e € E(R) such that each of the components R; = R|[s;, ;] of
R\e intersects only one of the octopi of F.

If for some i € {1,2} the path R; intersects Q; for j > 1 we may assume, by changing
M, and Q;, that there exists an M-alternating path P; with ends p; € V(Bj) and s;, and an
M-alternating cap @; for P; at p; with respect to B; and n(H) such that P,UQ; C R; U B;.
If this happens for both R; and Ry define P = P; U P5 + e and outcome (2) holds.

Therefore we may assume that Ry intersects {)g and R; intersects {2; for some j > 1,
and furthermore that 7o is the only vertex of R in the head of Q. If ro € n(v) for some
v € V(H), then let R}, be the null graph, and if 7y € n(e) for some e € E(H), then let R, be
an M-alternating subpath of n(e) with one end 72 and the other in n(v) for some v € V(H).

Let T7 and T» be the two components of the graph obtained from n(v) by removing the
internal vertices of B;. Let Hy be obtained from H by splitting v into new outer vertices v1
and v and new inner vertex vy in such a way that v; is adjacent to a neighbor w of v in H

if n(uv;) has an end in T;. Let ny(v;) = T5, let n1(vo) be By minus its ends, let 71 (v1vp) and
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11 (v2vg) be the two end-edges of By and let ny(z) = n(x) for all other z € V(Hy) U E(H,).

Then (P1 U R, U {e}, Q1) is a vp-augmentation of 7; and outcome (1) holds. O

Let H and G be graphs, let n: H — G, let vy be a vertex of H of degree two, and let
(P, Q) be a vg-augmentation of 1. We say that n is minimal if there exists no embedding
7' : H — G and a vg-augmentation (P, Q") of ' such that n'(H) U P' U Q' is a proper
subgraph of n(H) U P U Q. In applications we may assume that our vg-augmentations are
minimal. The next lemma will classify minimal augmentations into four types, which we
now introduce.

Let n: H — G, let vg € V(H) have degree two, let v1,vo € V/(H) be its neighbors, and
let Eq, Es be as in the definition of vg-augmentation. Let i € {1,2} and e € E;. Let z. be
the end of n(e) that belongs to V(n(v;)). We say that an internal vertex x € V(n(e)) is an
inbound vertex if it is at even distance from x. in 7(e), and otherwise we say that it is an
outbound vertex.

Let M be a matching containing M (n), let P be an M-alternating path with ends xg
and x5, and let the vertices xg, 21, x2, 3, T4, T5 appear on P in the order listed. Assume
that Plzy,x2] and Plxs,x4] are subpaths of n(e), and that otherwise P is disjoint from
U{n(e) : e € EyUEy}. Assume also that x; is an inbound vertex of n(e), that x2 and x3 are
outbound, and that either xo = x3 = x4, or x1, T2, x4, T3, x, are pairwise distinct and occur
on 7n(e) in the order listed. In those circumstances we say that P intersects n(e) regularly
from xq to xs.

Let (P, Q) be a vp-augmentation of n and let P have ends a and b where a € V(n(vp)).
We say that (P, Q) is of type A if whenever P intersects 7(e) for some e € Ey U Eo, then
P and n(e) intersect in a path whose one end is a common end of P and n(e). Thus P
intersects at most one 7(e), because the common end must be b, and b does not belong to
n(v1) Un(ve). See Figure 2.4.

We say that (P, Q) is of type B if there exist a vertex x € V(P), an index 7 € {1,2}, and
an edge e € F; such that the vertex v; has degree at most three, the path P[a, z| intersects

n(e) regularly from a to x, and if Pz, b]\x intersects n(e’) for some ¢’ € E(H), then Pz, b]\x
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Figure 8: Augmentations of type A.
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Figure 9: Augmentations of type B.

and 7(e’) intersect in a path and have a common end. Moreover, if e = ¢/, then we require
that Pla,z] Nn(e) be a path. We say that (P, Q) crosses n(e). See Figure 2.4.

We say that (P, Q) is of type C if there exist vertices x1, 29 € V(P) such that a, z1,z2,b
occur on P in the order listed, and there exist distinct edges e, e, one in F; and the other
in Fs, such that the end of e; in {v1,va} has degree at most three, P|a, x| intersects n(e;)
regularly from a to z1, P[z1,z2] has no internal vertices in n(H) and x5 is an inbound
vertex of n(ez). We say that (P, Q) crosses n(e1). See Figure 2.4.

We say that (P, Q) is of type D if for some i € {1,2} and some e € E; the vertex v; has
degree at least four and there exists an inbound vertex = of 7(e) such that z € V(P) and
Pla, z] has no internal vertex in n(H).

The following classification of minimal vg-augmentations is the third main result of this

section.

Lemma 2.4.5. Let H and G be graphs, and letn: H — G. Letvy € V(H) have degree two,

and let vi,vs be its neighbors. Assume that vi is not adjacent to vo. Then every minimal
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Figure 10: Augmentations of type C.

vo-augmentation of n is of type A, B, C, or D.

Proof. Let (P, Q) be a minimal vp-augmentation of 7, let zy be the end of P in n(vg), and
let b be the other end of P. We wish to think of P as being directed away from xzg; thus
language such as “the first vertex of P in a set Z” will mean the vertex of V(P) N Z that
is closest to xg on P. Let E; and E5 be as in the definition of vg-augmentation.

Let us assume for a moment that P includes an internal vertex of some n(e), where
e € E(H) is not incident with vg, vy, or vo. Let z be the first such vertex on P. The
vertex z divides 7(e) into two subpaths, one even and one odd. Let R be the even one.
Then (P[zg,z] U R,Q) is a vp-augmentation, and hence the minimality of (P, Q) implies
that R = P[z,b]. If e € E1 U Ey and z is an outbound vertex, then the same conclusion
holds. This will be later referred to as the confluence property of P.

If P includes an internal vertex of n(e;) for no e; € £y U Es, then (P, Q) is of type A.
Thus we may assume that P includes such a vertex, and let x1 be the first such vertex on
P. From the symmetry we may assume that e; = vivg € Eq. If x1 is an outbound vertex,
then the confluence property of P implies that (P, Q) is of type A. Thus we may assume

that 1 is inbound. If v; has degree at least four, then (P, Q) is of type D, and so we may
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assume that v; has degree at most three. It follows from axiom (7) in the definition of an
embedding that v; has degree exactly three.

Let x9 be the first vertex on P that belongs to n(z) for some 2z € V(H) U E(H) not
equal, incident or adjacent to vy and not equal to e;. Then x; lies on P between xy and
x9. Let P = n(e1). By Theorem 2.3.4 applied to P, P, = P, r = x2, s = xg, to = b and
the ends of P; numbered so that s; € V(n(vg)) and ¢ € V(n(v3)) we deduce that (1), (2),
or (3) of Theorem 2.3.4 holds. But (1) does not hold by the minimality of (P, Q), and if
(2) holds, then (R, Q) is a vp-augmentation of type A or B. Thus we may assume that (3)
of Theorem 2.3.4 holds. Since z1 is an inbound vertex, this implies that either there exist
vertices y1,y2 € V(Py), such that y; and y, are outbound, Plx1,y1] € P, x1 € Pily1, 2]
and Ply1,y2] has no internal vertices in n(H), or Plxg,z2] \ z2 intersects n(e;) regularly
from zp to z2. In the former case (P[zo, y2] U P1[y2, t1], @) is a vg-augmentation of n of type
B, and hence we may assume that the latter case holds. Thus Pz, x2] \ x2 intersects n(eq)
regularly from z( to x2, and if x9 = t9, then P[xg,x2] \ z2 intersects n(e;) in a path.

If 2o € U{V(n(v)) : v e V(H) — {vg,v1,v2}}, then (P,Q) is of type B. Therefore we
may assume that xo € V(n(ez2)) for some es € E(H\vp) — {e1}. By the confluence property
of P we may assume that es € E1 U Eo and that x9 is inbound, for otherwise (P, @) is of
type B.

If e; € Fs, then (P, Q) is of type C, and the lemma holds. Thus we may assume that
es € E1 —{e1}. Let y be such that n(ez)[x2,y| is a component of n(ez) N P. For simplicity
of notation assume that @ is empty. The argument in the other case is similar. As vy has
degree three, axiom (8) in the definition of an embedding implies that the tree n(v1) consists
a single vertex, say u1. Since x5 is inbound it follows that y lies between uy and x2 in n(es).
Let C be the cycle Plxg,y] Un(e2)[y,u1] U S, where S = n(vo)[zo, u1]. The subgraph of G
with edge-set E(P)AE(C) includes a path with ends x¢ and b, say P’. Let f be the edge of
Pz, z1] incident to x1. We define a new embedding o' : H — G by n/(e1) = n(e1)[z1,t1],
7' (e2) = Plx1, o) Un(ez)[z2, 2] (where z # w; is the other end of n(e2)), ' (v1) is the graph
with vertex-set {z1}, we define n/(vgv1) to be the path with edge-set {f}, we define n’(vp)

to be the path obtained from 7(vg) by replacing n(vg)[xo, u1] by Plxo, z1]\z1, and we define

43



n'(z) = n(z) for all other z € V(H)U E(H). It follows that (P, Q) is a vg-augmentation of
7, contrary to the minimality of (P, Q), because P’ UQ Un'(H) does not include the edge

of n(e2)ly, z2] incident with zs. O

2.5 Daisposition Of Bisplits

The purpose of this section is to prove Theorem 2.1.9 under the additional hypothesis that
a graph, say H’, obtained from H by bisplitting some vertex is isomorphic to a matching
minor of G. If that is the case we apply Lemma 2.4.4 and Lemma 2.4.5. We handle the

four possible outcomes of Lemma 2.4.5 separately.

Lemma 2.5.1. Let H and G be graphs, where H has minimum degree at least three. Let
H' be obtained from H by bisplitting a vertex v, and let vy be the new inner vertex. Let
n: H — G, and assume that there exists a vo-augmentation of n of type A. Then a linear

extension of H is isomorphic to a matching minor of G.

Proof. Let v; and vy be the new outer vertices of H', let (P, Q) be a vp-augmentation of
n of type A, and let a and b be the ends of P, where a € V(n(vg)). Let b € n(u), where
u € V(H)—{vg,v1,v2}. Let us assume first that b is protected. If @ is null, then H' + (vg, u)
is isomorphic to a matching minor of G, and otherwise (by ignoring @ and bicontracting
its ends) we see that that H + (v,w) is isomorphic to a matching minor of G and is a linear
extension of H unless vu € E(H). If vu € E(H) we assume without loss of generality that
uvy € E(H'). Then n(H'\ uvy)UPUQ is isomorphic to a bisubdivision of a linear extension
of H.

Now let us assume that b is exposed. Let 77,75 be the two components of n(u)\b. For
each neighbor w of v in H the path n(uw) has exactly one end in 7(u); that end is an old
vertex by axiom (4) in the definition of an embedding, and hence belongs to either T3 or
T. For i = 1,2 let N; be the set of all neighbors w of u such that the end of n(uw) in n(u)
belongs to T;. Let H; be obtained from H by bisplitting u so that one of the new outer
vertices is adjacent to every vertex of Nj, and the other new outer vertex is adjacent to

every vertex of No. (Here we use that u has degree at least three.) Let ug be the new inner
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vertex of Hi. Let H{ be defined similarly, but starting from H' rather than H, and let the
new inner vertex be also ug. If @ is null, then H] + (vg, ug) is isomorphic to a matching

minor of G; otherwise Hj + (v,up) is isomorphic to a matching minor of G, as desired. [J

Lemma 2.5.2. Let H and G be graphs, let n: H — G be an embedding, let vy be vertex of
H of degree two, and let v1 be a neighbor of vy of degree three with neighbors vy, v}, vy. Let
(P,Q) be a vo-augmentation of n of type B or C that crosses n(viv}). Then there exists an
embedding ' : H — G and a vo-augmentation (P, Q") of ' of the same type as (P, Q) that
crosses 1’ (v1v]) such that n'(H)UP' UQ Cn(H)UPUQ and P and P' have the same

terminus.

Proof. We first define 1. Let x¢ be the end of P in n(vg), let x¢ be the other end of P, let
x5 € V(P), and let xg,x1,...,25 be as in the definition of regular intersection, witnessing
that Plxo, zs5] intersects n(viv}) regularly from zg to x5. We define n/(v1) = x1, we define
n'(v1v]) to be the subpath of n(viv]) with one end x; and the other end in n(v}), we
define n'(v1v]) to be the union of the complementary subpath of n(viv]) and n(vi1vY), we
define 7/(vg) to be a suitable subgraph of n(vg) U P U Q, define 1/ (vgv1) to be the edge of
P[zp, x1] incident with z1, and we define 7' (x) = n(z) for all other x € V(H)U FE(H). Then
n: H<— G.

It is now easy to find subpaths Q" and P” of n(vo) Un(vovr) Un(viv}) U PUQ such that

(P" U Plxy,26],Q’) is the desired vp-augmentation of 7'. O

Lemma 2.5.3. Let H and G be graphs, where H has minimum degree at least three. Let
H' be obtained from H by bisplitting a vertex v, and let vg be the new inner vertex. Let
n: H — G, and assume that there exists a vo-augmentation of n of type B. Then a linear

extension of H is isomorphic to a matching minor of G.

Proof. Let v1 and vy be the new outer vertices of H'. Let (P, Q) be a vg-augmentation of
n of type B, let xg,z¢ be the ends of P, where xy € V(n(vo)) and z¢ € V(n(u)), and let
P cross e; = v1v], where v} # v is a neighbor of vy in H'. Let x5 € V(P) be such that

P[xg, z5] intersects n(e1) regularly from xy to x5, and let the vertices zg, z1, 2, 3, T4, X5
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be as in the definition of regular intersection. Notice that v; has degree three; thus n(v;)
consists of a unique vertex by condition (8) in the definition of embedding. Let v{ be the
third neighbor of v;. By Lemma 2.5.2 we may assume that u # v].

Assume first that 9, x3, 4 are pairwise distinct. The path P[z4, x¢] proves that a linear
extension of H is isomorphic to a matching minor of G, unless xg is a protected vertex of
n(u) and u is adjacent to v in H. Let i € {1,2} be such that u is adjacent to v; in H'.
Consider the graph obtained from 7n(H) U P[z4, zo] by deleting the interior of n(v;u); the
path Plxo, z3] proves that the linear extension H” + (v, v}) of H is isomorphic to a matching
minor of G, where H” is obtained from H by bisplitting of the vertex v so that one of the
new outer vertices is adjacent to v] and wu, the other outer vertex is adjacent to all other
neighbors of v and v, is the new inner vertex.

Thus we may assume that o = 23 = z4. Again the path P[z4,xzg] proves that a linear
extension of H is isomorphic to a matching minor of GG, unless x¢ is a protected vertex of
n(u) and w is adjacent to v} in H. Thus we may assume that zg is a protected vertex of
n(u) and u is adjacent to v} in H. If v has degree at least four, then let H” be obtained
from H' by bisplitting v} in such a way that one of the new vertices is adjacent to v; and
u, and let z be the new vertex. Then H” + (uvp, z) is a linear extension of H and is clearly
isomorphic to a matching minor of G. If v] has degree three we replace n(vju) by P|z4,x¢]
and notice that (P, Q) can be easily converted to a vg-augmentation (P, Q") of type A of the
embedding thus obtained. (Notice that the terminus of P’ does not belong to 7(v3), because

H' is obtained from H by bisplitting v.) Hence the theorem follows from Lemma 2.5.1. [

For the next lemma we need the following generalization of vp-augmentations. Let
vo € V(H) have degree two, and let vy, vy be its neighbors. For ¢ = 1,2 let E; be the set
of edges of H incident with v;, except for the edge vgv;, and let By N Ey = (. Let R be the
interior of n(vg), let My be a perfect matching of G\V (n(H)), let x € V(R), let M3 be a
perfect matching of R\z, and let M = M; U My U M(n). Let P be an M-alternating path
with one end x and the other end w in (J{n(v) : v € V(H) — {vo, v1,v2}}. We say that P is

a weak vg-augmentation of ). It follows that P has no internal vertex in UvEV( H)—{vo} n(v).
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This is indeed a generalization of vp-augmentation. For let (P, @) be a vg-augmentation of
n. If @ is null, then P is a weak vg-augmentation of 1, and otherwise Q U S U P is a weak
vo-augmentation of 1, where S is a subpath of n(vg) with one end the end of P and the

other end an end of Q).

Lemma 2.5.4. Let H,G be graphs, let n: H — G be an embedding, let vo be a vertex of
H of degree two belonging to no triangle of H, and let R be a weak vo-augmentation of n.
Then there exist an embedding n' : H — G and a vo-augmentation (P, Q) of ' such that

PUQUY (H) C RUn(H).

Proof. We may assume that R is minimal in the sense that there does not exist an embedding
7' : H — G and a weak vp-augmentation R’ of 1’ such that R'Un/(H) is a proper subgraph
of RUn(H). It follows that R has the confluence property introduced in the proof of
Lemma 2.4.5. Let v1,v9 be the neighbors of vy, and let E be the set of all edges of H
incident with a neighbor of vy, but not with vg itself.

Let a, b be the ends of R, where a € V(n(vp)) and let z1, 22 be the ends of 1(vg). Assume
first that R has a vertex x such that R[a, x| includes an internal vertex of n(e) for no edge
e € E, and R[z,b] includes no vertex of n(vg). Let £ be a path octopus with head a and
graph 7n(vg). We apply Lemma 2.3.5 to Q and R[a, z]| to produce a path octopus Q' with
head z and ends z; and 29 and a path R’ with ends z and x. Define 1’ so that n/(vg) is the
graph of €' and otherwise 7 coincides with 7. Let P be a maximal subpath of R’ U R|[z, b]
with no internal vertex in 7/(vg) containing b and let @) be a maximal non-empty subpath
of R'\V(P) with no internal vertex in 7/(vp) if such a path exists, and otherwise let @ be
the null graph. It is easy to check that (P, Q) is a vp-augmentation of n’.

Thus we may assume that the assumption of the previous paragraph does not hold.
Thus there exists an edge e € E such that when following R starting from a at some point
we encounter an internal vertex of n(e), and later an internal vertex of n(vg), say t. Let
T be the component of R N7(vy) containing ¢. Let the ends of e be v; and v}, where vy
is adjacent to vp, and let the ends of n(e) be u; and u}, where u; belongs to n(v1) and v}

belongs to n(v}). Let S be the component of R[a,t] Nn(e) that is closest to u} on n(e).
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Let t1,t2 be the ends of T', where a, t1,t2,b occur on R in the order listed, and let s1, s2 be
the ends of S chosen similarly. If ¢5 lies at an even distance from a on 7(vg), then Rlts, b]
is a weak vg-augmentation of 7, contrary to the minimality of R. Thus t; lies at an even
distance from a on n(vp). It follows from the confluence property that s; is an inbound
vertex of n(e) (that is, its distance from u; on 7(e) is even). Thus sy is an outbound vertex,
and hence Rlt1, sa]Un(e)[s2, u}] is a weak vg-augmentation of 7, contrary to the minimality

of R. O]

Let H and G be graphs, let H' be obtained from H by bisplitting a vertex v, and let
vg be the new inner vertex. Let n : H — G, and let (P, Q) be a vp-augmentation of 7.
We say that (P, Q) is strongly minimal if there exists no graph H” obtained from H by
bisplitting v, an embedding 1" : H” — G and (letting v{] denote the new inner vertex of
H{) a vj-augmentation (P”, Q") of n’ such that " (H")U P” UQ" is a proper subgraph of

n(H'YUPUQ.

Lemma 2.5.5. Let H and G be graphs. Let H' be obtained from H by bisplitting a vertex
v, let vg be the new inner vertex, and let n : H' < G. Then no vy-augmentation of n of

type C is strongly minimal.

Proof. Let v1,vy be the new outer vertices of H', let (P,Q) be a vp-augmentation of 7
of type C, let a,b be the ends of P with a € V(n(vg)), and let x1,x2,e1,e2 be as in the
definition of augmentation of type C. The vertex v; has degree three; let €| & {e1,v1v0} be
the third incident edge. Let H” be obtained from H by bisplitting v into new outer vertices
v{, v and new inner vertex v(/, where v{ is incident with e; and e, and ¢4 is incident with
all the remaining edges of H incident with v. The embedding 1 can be modified to produce
an embedding 7" : H” — G with " (H) C PUn(H) by defining 1 (v5) = n(v2), by defining
n"(v]) to be the graph with vertex set {z2}, by letting 7”(e2) be a subpath of n(e2) with
end x2, by letting 1 (e1) be the union of a subpath of P[z3,a] with a suitable subpath of
n(e1), and by letting n”(e}) = n(vo) Un(vivg) Un(vavg) Un(e}). Now Plxe, b]\z2 is a weak

vy-augmentation of ”. By Lemma 2.5.4 there exists an embedding § : H” — G and a

48



v)-augmentation (P”, Q") of n” such that
P"UQ"UE(H") C Plas, ] Un"(H") C PUn(H),

but P” U Q" U &(H") does not use the edge of P incident with a, contrary to the weak

minimality of (P, Q). O

Lemma 2.5.6. Let H and G be graphs, let H' be obtained from H by bisplitting a vertex
v, let vg be the new inner vertex, and let n : H' — G. Then no vg-augmentation of n of

type D 1is strongly minimal.

Proof. Let v1,ve be the new outer vertices of H', let (P,Q) be a vp-augmentation of n of
type D, let a,b be the ends of P with a € V(n(vo)), and let ¢,e,z be as in the definition
of augmentation of type D. We may assume that ¢ = 1. Let H” be obtained from H by
bisplitting v into new outer vertices v{, v and new inner vertex v, where v/’ is incident with
all the edges of H incident with v1 in H' except e (note that vovy ¢ E(H)), and v} is incident
with all the remaining edges of H incident with v. The embedding 7 can be modified to
produce an embedding 7" : H"” — G with n/(H) C P Un(H) by defining n”(v{) = n(v})
and letting n”(v5) be a suitable subgraph of n(v2) U n(ve) U n(vovz) U Pla,z] U Q. Now
Pz, b]\z includes a weak v{j-augmentation of . By Lemma 2.5.4 there exists an embedding

§: H' — G and a v{j-augmentation (P”,Q") of n” such that
P'UQ"UE(H") € Pla,b) Un (") € PUn(H).

but P"UQ"UE(H") does not use one of the edges of 1(vp) incident with a, contrary to the

weak minimality of (P, Q). O

We summarize Lemmas 2.5.1, 2.5.3, 2.5.5, and 2.5.6 into the following.

Lemma 2.5.7. Let H and G be graphs, where H has minimum degree at least three, let H’
be obtained from H by bisplitting a vertex v, let vy be the new inner vertex, letn : H' — G be
an embedding and assume that there exists a vo-augmentation of n. Then a linear extension

is isomorphic to a matching minor of H.
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Proof. We may assume that the vg-augmentation is strongly minimal. By Lemma 2.4.5 it
is of type A, B, C, or D. By Lemmas 2.5.5 and 2.5.6 it is of type A or B, and so the result

holds by Lemmas 2.5.1 and 2.5.3. 0

We say that an embedding n : H < G is a homeomorphic embedding if n(v) has exactly
one vertex for every v € V(H) of degree at least three. The next lemma motivates this

definition.

Lemma 2.5.8. Let H and G be graphs. Then there exists an embedding 1 : H — G which
18 not a homeomorphic embedding if and only if a graph obtained from H by bisplitting a

vertex is isomorphic to a matching minor of G.

Proof. Suppose that n: H — G and that for some vertex v € V(H) of degree at least three
its image n(v) has more than one vertex. Then there exists a branch B of n(v) with length
greater than zero. The argument from the last paragraph of the proof of Lemma 2.4.4
applied to n(v) and B, provides us with an embedding into G of a graph H; obtained from
H by bisplitting v and therefore by Lemma 2.4.2 the graph H; is isomorphic to a matching
minor of G.

On the other hand let a graph H’, obtained from H by bisplitting some vertex v into
new outer vertices v; and v9 and new inner vertex vy, be isomorphic to a matching minor
of G. Then by Lemma 2.4.2 there exists an embedding ' : H' < G. Let .J be the subgraph
of H induced by {vg,v1,v2}. Define an embedding 1 : H < G by saying that n(v) = 7'(J),
n(vu) = n'(viu) for i € {1,2} and all neighbors u # vy of v;, and otherwise 1 coincides
with 7. Clearly n(v) has more than one vertex and therefore 7 is not a homeomorphic

embedding. O

The following theorem and its corollary are the main results of this section.

Theorem 2.5.9. Let G be a brick, let H be a graph of minimum degree at least three, and
letn: H — G. If n is not a homeomorphic embedding, then a linear extension of H is

isomorphic to a matching minor of G.
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Proof. Let v be a vertex of H of degree at least three such that n(v) has at least two
vertices. By axiom (8) in the definition of an embedding the vertex v has degree at least
four. We apply Lemma 2.4.4 to H, G, n and v. If outcome (1) of Lemma 2.4.4 holds then
the theorem holds by Lemma 2.5.7.

Therefore we may assume that (2) of Lemma 2.4.4 holds, and let n2, P, p1, p2, Bi, Ba,
@1 and Q2 be as in Lemma 2.4.4. Let G’ be the graph obtained from 7o (H)U P U Q1 U Q2
by bicontracting all exposed vertices, except those in By U Bs. Note that G’ is a matching
minor of G and therefore it suffices to prove that a linear extension of H is isomorphic to
a matching minor of G’. If both Q1 and @ are null, then the graph G’ is isomorphic to a
bisubdivision of a graph obtained from H by two bisplits and adding an edge joining the
two new inner vertices. Thus a linear extension of H is isomorphic to a matching minor of
G.

Therefore we may assume that () is not null. Let v be the common end of By and Bs
in G’ and let u; and us be the other ends of By and By correspondingly. If Q1 is not null,
denote its ends by ¢ and ¢’ so that ¢ € By[p1,u1] and let ¢ = ¢ = p; otherwise. If u has
degree at least four in G’ then the graph G” obtained from G’ by deleting the interiors of
Bilu,q'], Bi[p1,q] and Q2 can be bicontracted to a graph obtained from H by two bisplits
and @2 can be bicontracted to an edge joining the two new inner vertices. Thus again a
linear extension of H is isomorphic to a matching minor of G.

Therefore we may assume that u has degree three in G’. Hence there exists a unique
vertex w € V(H) such that u € na(vw). Now G” can be bicontracted to a graph obtained
from H by bisplitting v and ()2 can be bicontracted to an edge joining the new inner vertex
to w. We deduce that a linear extension of H is isomorphic to a matching minor of G, as

desired. O

The next result follows immediately from Lemma 2.5.8 and Theorem 2.5.9.

Theorem 2.5.10. Let G be a brick, let H be a graph of minimum degree at least three, and
assume that a graph obtained from H by bisplitting a vertex is isomorphic to a matching

minor of G. Then a linear extension of H is isomorphic to a matching minor of G.
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2.6 The Hierarchy of Extensions

For the sake of exposition let us define a split extension of a graph H to be any graph
obtained from H by bisplitting a vertex. We have seen in the previous section that if a split
extension of H is isomorphic to a matching minor of G, then the conclusion of Theorem 2.1.9
holds. The purpose of this short section is to define other types of extensions and to give
an ordering on these extensions, and to reformulate Lemma 2.4.5. The ordering reflects the
order in which these extensions will be dealt with. We will be proving theorems of the form
“if such an such extension is isomorphic to a matching minor of G, then an extension that
is higher on our list of priorities is also isomorpchic to a matching minor of G”. Of course,
the highest priority extensions are linear extensions.

Let us begin the definitions. The lowest on our list will be the following. Let H be
a graph, let v € V(H) be a vertex of degree at least three, and let v;,vy be two distinct
neighbors of v in H. Let H' be obtained from H by bisubdividing the edge vvy, and let x,y
be the new vertices numbered so that x is adjacent to v. We say that the graph H + (y, vov)
is a vertex-parallel extension of H. We say that H + (y,v2) is an edge-parallel extension of
H.

Let v be a vertex of degree 3 in a graph H and let v1, vo and v3 be its neighbors. We say
that K is obtained from H by replacing v by a triangle if K is obtained from H by deleting
the vertex v and adding the vertices ui,u9,us and edges ujusg, uous, Uz, uivy, uovs and
Uu3vs.

Let H be a graph, let v be a vertex of H of degree at least three in a graph H, and let
v1 and vy be two neighbors of v. Let K be obtained from H by bisubdividing the edges
v,v1 and v, vy and let x1,y1, x2,y2 be the new vertices numbered so that viy;ziveoys is a
path in K. Let K = K + (z1,y2) + (z211), and let J = K’, or let .J be obtained from K’ by
replacing one or both of the vertices x1, z2 by triangles. We say that J is a cross extension
of H, and that v is its hub. See Figure 11.

Let u be a vertex of H of degree three and let uy,us and ug be its neighbors. Let Hgy be
obtained from H by bisubdividing each of the edges uuy, uus and uus. Let the new vertices

be y1,y2,y3 and z1, 22, z3 in such a way that wiy;z3u, usyszi1u and ugyszeou are paths. Let
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Figure 11: A cross extension.

Hy := Ho + (y1, 22) + (2, 23) + (y3, 21), let Ho be obtained from Hj by replacing z; by a
triangle, let Hg be obtained from Hs by replacing zo by a triangle, and let H4 be obtained
from Hs by replacing z3 by a triangle. Then each of the graphs Hy, Ho, H3, Hy is called a
cube extension of H. See Figure 12.

Let H be a graph, let uv € E(H), and let H' be obtained from H by bisubdividing uv,
where the new vertices x, y are such that z is adjacent to v and y. Let 2’ € V(H) — {u} and
y' € V(H) — {v} be not necessarily distinct vertices such that not both belong to {u,v}.
In those circumstances we say that H' + (z,2') + (y,v') is a quadratic extension of H. We
say that uv is the base of this quadratic extension. Now let ab € E(H) — {uv} be such that
a # v and u # b, let H” be obtained from H’ by bisubdividing ab, and let 2,4y’ be the new
vertices. Then the graph H” + (z,2') + (y,y') is called a quartic extension of H. We say
that uwv, ab are the bases of this quartic extension.

We are now ready to define the promised linear order on extensions. We define that
linear extensions are better than quartic extensions, quartic extensions are better than
quadratic extensions, which in turn are better than cross extensions, which are better than
cube extensions, which are better than edge-parallel extensions, and those are better than
vertex-parallel extensions.

For later convenience we reformulate Lemma 2.4.5 in a form more suitable for applica-

tions. To do so we will need a definition, but before we can state it, we need to introduce
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Figure 12: A cube extension.
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a convention. Let G be a graph, let w € V(G), and let uv be an edge of G not incident
with w. Then the graph G’ = G + (w, uv) has two new vertices, and it will be convenient
to have a default notation for them. We shall use 71 and 7 to denote the new vertices,
so that 71 is adjacent to u, w and 75 in G’. We shall extend this convention naturally to
more complicated scenarios, as exemplified by the following illustration. For instance, if
ab € E(G) — {uv}, then G” = G + (w,uv) + (72,ab) means the graph G’ + (72, ab), and
its new vertices are denoted by 73 and 74 so that 73 is adjacent to a, 7 and 74 in G”. In
general, the new vertices will be numbered 71, 72, 73, . .. in the order they arise as the input
graph is read from left to right. Sometimes we will use p1, p2, ... rather than 71, 7,... in
order to avoid confusion.

Now we are ready for the definition. Let J,G be graphs, let vy be a vertex of J of
degree two, and let v1,v9 be the neighbors of vg. We wish to reformulate the outcomes of
Lemma 2.4.5. Let v € V/(J) —{vg, v1,v2}, let i € {1,2}, and for j = 1,2 let U;- be a neighbor

of v; other than vg. We define the following graphs:

o Ai(v) = J+ (vo,v),

o As(v) = J + (vo,v1v0) + (T2,0),

e By (vjvi,v) = J + (vo, vjvi) + (12,0),

e By(vivi,v) = J + (v, vjvi) + (12, vi12) + (74, ),

e B3(vjv;,v) = J + (vo, vivg) + (T2, vjvi) + (74,0),

e By(vivi,v) = J + (v, vivg) + (12, vjvi) + (T4, vi14) + (76, V),

o C1(vivi, vh_v3—;) = J + (vo, vjvy) + (12, v5_,v3-),

o Co(Vivi, vh_v3—i) = J + (vo, vjv;) + (T2, vi72) + (T4, V5_,v3—3),
o C3(vivy, vy_sv3—;) = J + (vo, vivo) + (T2, vjvs) + (74, v5_;v3—5),

o Cy(vivi, vh_,v3—;) = J + (vo, vivg) + (T2, vjv;) + (T4, viTa) + (76, V5_;U3—i).
Sometimes we will omit the arguments when they will be clear from the context and write,
e.g., Bs instead of Bz(vjv;,v). The following lemma gives the promised reformulation of the

outcomes of Lemma 2.4.5.
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Lemma 2.6.1. Let J be a graph, let G be a brick, let vo be a vertex of J of degree two, let
v1, v2 be the neighbors of vy, fori = 1,2 let v, # vy be a neighbor of v;, assume that vy is not
adjacent to va, assume that every vertex v € V(J)—{vo} has a neighbor in V(J) —{v1,v2},

and assume that there exists an embedding J — G. Then one of the following holds:
(A) there exists a vertex v € V(J) — {vo, v1,v2} such that A1(v) — G or Az(v) — G,

(B) there exist a vertex v € V(J) — {vo,v1,v2} and indices i € {1,2} and j € {1,2,3,4}

such that v; has degree three and Bj(vjv;,v) — G,

(C) there exist indices i € {1,2} and j € {1,2,3,4} such that v1,vy have degree three and
Cj(vgvi,véﬂvg_i) — G,

(D) some split extension of J is isomorphic to a matching minor of G.

Proof. Let nn: J — G. We may assume that n is a homeomorphic embedding, for otherwise
(D) holds by Lemma 2.5.8. By changing n we may assume that n(v;) and n(v2) each have
exactly one vertex, even if v; or vy has degree less than three. By Lemma 2.4.4 there exists
an embedding 7' : J — G and a vp-augmentation (P, Q) of n'. We may assume that (P, Q)
is minimal, and hence by Lemma 2.4.5 it is of type A, B, C or D. Similarly as above, we
may assume that 7 is a homeomorphic embedding. Let P have origin a € V(1 (vg)) and
terminus b € V(n/(u)). We say that (P, Q) is good if either u has degree not equal to two,
or u has degree two and b is at even distance from either end of n/(u) (recall that n'(u) is
an even path when u has degree two, and otherwise n/(u) has exactly one vertex).

Suppose (P, Q) is not good. Then u has degree two and b is at odd distance from the
ends of n(u). Let v’ be a neighbor of u in V(J) — {v1,v2} and let b’ and b” be the ends
of n(u), such that ¥ € V(n(uu')). Let G’ be obtained from n(H) U P U Q by contracting
the even path n(u)[b, b'] Un(uu'). Define ' : J — G’ as follows. Let n/(u) = n(u)[b”, b]\b,
7' (uu') is a length one subpath of n(u)[b,d”] with one end at b and 7 is otherwise equal to
7. Note that (P, Q) is a good augmentation of 7. Note also that G’ is a matching minor of
G.

Therefore we may assume that (P, Q) is a good augmentation of n of type A, B, C or

D. Now if (P, Q) is of type A, then outcome (A) holds, and similarly for type D, and, by
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Lemma 2.5.2, for type B. Thus we may assume that (P, Q) is of type C. From the symmetry
we may assume that P crosses an edge incident with v;, and by Lemma 2.5.2 we may assume
that it crosses the edge viv]. In particular, v; has degree at most three. But it has degree
exactly three by axiom (7) in the definition of an embedding, because n(v1v}) has at least
one internal vertex. The existence of (P, Q) implies, by the same argument as above, that
there is an integer j € {1,2, 3,4} such that C;(v}vi,v5v2) — G for some neighbor v5 of vy
other than vg. Let L = C1(vjv1, vive)\vov2\7T172 if j = 1, and let it be defined analogously
for j > 2. If vo has degree at least four, then L is isomorphic to a bisubdivision of a split
extension of H, and hence the lemma holds. Thus we may assume that vy has degree at
most three, but it has degree exactly three by the same reason as vy. If vj = v, then (C)
holds, and so we may assume not. If j = 1, then by considering L and the edges 7175 and
vovg we deduce that Ci(vivi,vhve) — G. An analogous argument works for j = 4, while
for j € {2,3} the analogous argument proves that Cs_;(vjv1,vhv2) < G. Thus (C) holds,

as desired. O

2.7 Using 3-Connectivity

Recall that, a graph G is matching covered if every edge of G belongs to a perfect matching

of G. Thus every brick is matching covered.

Lemma 2.7.1. Let H and G be graphs such that H has minimum degree at least three,
G is connected and matching covered, and H is isomorphic to a matching minor of G. If
H is not isomorphic to G, then either a linear or split extension of H is isomorphic to a
matching minor of G, or there exists a homeomorphic embedding ' : H — G such that

n'(e) has at least three edges for some e € E(H).

Proof. By Lemma 2.4.2 there exists an embedding n : H — G. We may assume that 7 is
a homeomorphic embedding, for otherwise the lemma holds by Lemma 2.5.8. We may also
assume that 7(e) has exactly one edge for each e € E(H). Thus n(H) is isomorphic to H.
But G is not isomorphic to H, and hence there exists an edge e of G with exactly one end

in n(H). Let M; be a perfect matching of G containing e, and let My be a perfect matching
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of G\V(n(H)). (This exists, because n(H) is a central subgraph of G.) The component of
M1 /A Ms containing e is a path with both ends in n(H); let u,v € V(H) be such that P has
one end in 7(v) and the other end in n(u). If v and v are not adjacent in H, then by letting
n(uv) = P the embedding 1 can be extended to an embedding H + uv — G, and hence a
linear extension of H is isomorphic to a matching minor of G. On the other hand, if v and
v are adjacent in H, then P has at least three edges, because in that case the unique edge
of G between n(u) and n(v) belongs to n(uv). Thus we obtain the desired homeomorphic

embedding by replacing n(uv) by P. O

Let G be a graph, let A, B C V(G), let M be a perfect matching of G\(AU B), and let
k > 0 be an integer. We say that the sequence of paths (P, Q1, Qo, ..., Q) is an (A, B)-hook

with respect to M if the following conditions hold:

(1)P has ends pp € A — B and pr11 € B — A, and is otherwise disjoint from A U B,

(2)for i =1,2,...,k, Q; is an even path with ends p; € V(P) — {po,px+1} and ¢; € AN B,
and is otherwise disjoint from AU B UV (P),

B)V(Q:) NV(Qj) € {a,gq;} for all distinct indices 7,5 € {1,2,...,k},

(4)the graph PUQ1 UQ2U...UQk\(AU B) is M-covered, and

(5)the vertices po, p1,p2, - - -, Pk, Pk+1 are distinct and occur on P in the order listed.

Lemma 2.7.2. Let G be a matching covered graph, let A, B C V(G), and let M be a perfect
matching of G\(AU B). If A— B and B — A are both nonempty and belong to the same

component of G\(A N B), then there exists an (A, B)-hook with respect to M.

Proof. Suppose for a contradiction that the graph G does not satisfy the lemma, and choose
(A, B) violating the lemma with AU B maximum. Let e be an edge of G with one end in
A — B and the other end in V(G) — A. Let M’ be a perfect matching of G containing e,
and let Py be the component of MAM' containing e. Then P, is a path with one end in
A — B, the other end in AU B, and otherwise disjoint from A U B. If the other end of P

is in B — A, then the sequence with sole term P is a required (A, B)-hook, and so we may
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assume that the other end of Py is in A. Let A’ := AUV (F)). Then A/ N B = AN B. By
the maximality of AU B there exists an (A’, B)-hook h = (P, Q1,Q2, ..., Qk)-

Let pg € A’ be an end of P. If py € A, then h is an (A, B)-hook, and the lemma holds.
Thus we may assume that pg is an internal vertex of Py. Let P; and P, be the two subpaths
of Py with common end py and union Py. Exactly one of them, say P, has the property
that PPUPUQ1UQ2U...UQk\(AU B) is M-covered. If the other end of P; isin A — B,
then (P U P, Q1,Q2,...,Qk) is a desired (A, B)-hook. Thus we may assume that P; has

one end in AN B, in which case (P U Py, P;,Q1,Q2,...,Qk) is a desired (A, B)-hook. [

Theorem 2.7.3. Let H and G be graphs, where H has minimum degree at least three and
is isomorphic to a matching minor of G and G is a brick. If H is not isomorphic to G,
then a vertex-parallel, edge-parallel or a linear extension of H is isomorphic to a matching

minor of G.

Proof. By Lemma 2.4.2 and Theorem 2.5.9 we may assume that there exists a homeomorphic
embedding 1 : H — (. By Lemma 2.7.1 we may assume that there exists an edge uv €
E(H) such that n(uv) has at least three edges. Let A = V(n(uv)) and let B consist of
V(n(H)), except the internal vertices of n(uv). Then A — B and B — A are nonempty
and |[AN B| = 2. Thus A — B and B — A belong to the same component of G\(A N B),
because G is 3-connected. We have AU B = V(n(H)), and hence G\(A U B) has a perfect
matching, say M, because n(H) is a central subgraph of G. By Lemma 2.7.2 there exists
an (A, B)-hook h = (P,Q1,Q2, ..., Q) with respect to M. We may choose 1, uv and h so
that k is minimum. If £ = 0, then by considering the path P we conclude that a required
extension is isomorphic to a matching minor of G.

Thus we may assume that k£ > 0. Let the notation be as in the definition of (A, B)-hook.
Thus po is an internal vertex of n(uv), and from the symmetry we may assume it is located
at even distance from n(v) on n(uv). We have ¢; € {n(u),n(v)} for all i =1,2,..., k. We
properly two-color the graph n(uv) U P using the colors black and white so that n(v) is
black and 7n(u) is white. For convenience let gy := pp. We will show that qo, g1, q2, ..., Gk

all have the same color. Indeed, suppose for some i € {0,1,...,k — 1} the vertices ¢; and
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gi+1 have different color. We replace n(uv)|gi, gi+1] by Qi U P[pi, pi+1] U Qit+1 to obtain an
embedding 1" : H < G. Then the sequence h' = (P[pit1, pk+1]s Qita, Qits, .-, Qk) is an
(A’, B')-hook, where A" and B’ are defined in the same way as A and B but relative to n”.
But A/ contradicts the minimality of k. This proves our claim that qo,q1, go, ..., ¢ all have
the same color; in particular, ¢ = g2 = -+ = ¢ = n(v).

The graph n(H)UQrUP[pg, pr+1] has a matching minor isomorphic to a desired extension
of H, unless pr11 belongs to n(vw) for some neighbor w of v other than u. By using the
argument of the previous paragraph we deduce that pgiq is an internal vertex of n(vw)
located at even distance from n(v) on n(vw) for some neighbor w # w of v. Let J be
obtained from H as follows. First we bisubdivide the edges uv and vw; let the new vertices
be pp,ro and pj, 41:7k+1 correspondingly, where pp is adjacent to u and p) 41 is adjacent to
w. Denote resulting graph by H’. Then we add new vertices p},ph, ..., p, and r1,7r2,..., 7
in such a way that pypy ... p,py, is a path, and pjrv is a path for all i = 1,2,...,k, and
there are no other edges incident with the new vertices. This completes the definition of J.
Now 7 can be converted to an embedding 7’ : J — G in a natural way; thus, for instance,
n'(p;) is the graph with vertex-set {p; }.

We apply Lemma 2.6.1 to the graphs J and G and the vertex rg; let J’ be the resulting
graph, and let " : J' — G. Suppose outcome (D) of Lemma 2.6.1 holds. Then either a
split extension of H is isomorphic to a matching minor of G, in which case the desired result
follows from Theorem 2.5.9, or .J' is obtained from J by splitting v. Let v; and vy be the
new outer vertices and vg the new inner vertex. As we may assume that no split extension
of H is isomorphic to a matching minor of G, we have that | N (v;) N Ng/(v)| > 2 for at
most one i € {1,2}, where Ny (v;) and Np/(v) denote the neighborhoods of v; and v in
J" and H' correspondingly. Without loss of generality let | N (v1) N Ngs(v)] < 1. Assume
first N(v1) N Ng/(v) = 0, then we can choose 1 < i < ¢/ < k such that r;,ry € N(v1)
and r; ¢ N(v1) for every j such that 1 < j < i or ¢/ < j < k. The image of the hook
h = (pf)pﬁ .. -pérwlrﬂp@péuﬂ .. -p§c+1ap/17‘1112,-.-,pg,lmflvz,v1v0v2,pg,+1ri/+1v2,...) under
n” contradicts the minimality of k. Assume now | N/ (v1)NNg/(v)| = 1. From the symmetry

between ry and r+1 we may assume 79 € N(v2). Let ¢ be minimal such that r; € N(v;)
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then ¢ < k and the image of the hook h' = (pyp} ... pirivi, pirive, ..., pi_yri—1v2) under n”
contradicts the minimality of k. We assume now that one of the outcomes (A),(B) or (C)
of Lemma 2.6.1 holds.

Throughout the rest of the proof let z € V(J) — {v, p{, 70}. Outcome (C) cannot hold,
because v has degree at least four in J.

Assume next that either J' = A;(z), in which case we put 71 = 7 = vp, or that
J'= As(z) = J + (ro,pyro) + (72,2), in which case 71 and 7 have their usual meaning.
If 2 € (V(H) — {u}) U{rgy1,P}41}, then J + (72, 2) is isomorphic to a bisubdivision of a
suitable extension of H. If z = u we replace n(uv) by n”(ureromipypiriv) and the hook
' = (Plp1,pr+1], Q2,Qs, ..., Qk) contradicts the minimality of k. If z = r; for some
1 <4 < k then the hook b/ = (" (merip;) U P[pi, Pr+1), Qi+1, Qit2, - - ., Q) contradicts the
minimality of k. Finally if z = p/ for some 1 < i < k we replace n(uv) by 0" (upymirorep;riv)
and the hook h' = (P[p;, pr+1], Qi+1, Qit2, - - -, Q) contradicts the minimality of k. This
completes the case J = A;.

Since v has degree at least four in J we assume that J' = B;(p)p{, z) for some i €
{1,2,3,4}. Note that J' contains J” = A;(z)\p}p; as a matching minor for some j € {1, 2},
and unless z = u the argument from the previous paragraph provides us with a suitable

extension or a contradiction. If z = u we replace n(uv) by 7' (urr'7"piriv), where 7 =

7T =7" =1 ifi € {1,2} and T = T9i_9, T = 793, 7" = T4 if i € {3,4}. The hook

h' = (P[p1,pk+1], Q2, @3, - - ., Q) now contradicts the minimality of k. O

2.8 Vertex-Parallel and Edge-Parallel Extensions

The purpose of this section is to replace vertex-parallel and edge-parallel extensions in the
statement of Theorem 2.7.3 by extensions that are closer to linear extensions. Our first
goal is to prove that if a brick G has a matching minor isomorphic to a vertex-parallel
extension of a 2-connected graph H, then it also has a matching minor isomorphic to a
better extension of H. We will proceed in two steps; in the intermediate step we will
produce a better extension or one that is “almost better”, the following. Let H be a graph,

let u be a vertex of degree at least three, let u; and us be distinct neighbors of u, and let
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H' = H + (u1,uuy) + (72, ugu). We say that H' is a semi-edge-parallel extension of H.

Lemma 2.8.1. Let H be a graph of minimum degree at least three, and let G be a brick.
If a vertez-parallel extension of H is isomorphic to a matching minor of G, then an edge-
parallel, a semi-edge-parallel, a linear, a cross, or a split extension of H is isomorphic to a

matching minor of G.

Proof. Let ug be the vertex of H with neighbors u; and wug such that the graph Hs defined
below is isomorphic to a matching minor of G. Let H; be obtained from H by bisubdividing
the edges ugu; and ugus exactly once, and let z1,y1, €2, yo be the new vertices, numbered so
that ueyszoupr1yi1uy is a path. The graph Hs is defined as Hy + (y1,y2). By Lemma 2.6.1
applied to J = Hy and the vertex z7 there exists a graph J' — G satisfying (A), (B),
(C) or (D) of that lemma. If J' is a split extension of J, then the graph obtained from
J\y1y2 by bicontracting y; and y, is a split extension of H. Thus if (D) holds, then the
theorem holds, and so we may assume that (A), (B) or (C) holds. Throughout this proof let
v € V(J)—{ug,x1,y1}. The symbols 71, 7o, ... will refer to the new vertices of J' according
to the convention introduced prior to Lemma 2.6.1.

Assume first that J' = A1 = J+ (x1,v). If v = uq, then J’' is isomorphic to a semi-edge-
parallel extension of H. If v = w9, then H+(uy, ugug) — G;if v = ya, then H+(u1, ugug) —
G; and in all other cases H + (v,upu1) <— G. In the last case, if v is not adjacent to uq,
then H + (v, uq) is a linear extension of H, and otherwise H + (v, upu;) is an edge-parallel
extension of H. The same argument will be used later. We will also use later the fact that
the inclusions above did not use the edge y1y2. This completes the case J' = Aj.

Now we assume that J' = Ay = J+ (21, z1up) + (72, v). If v = 29, then H + (ug, ujug) —
G; if v = ys, then by deleting the edge y1y2 and bicontracting y; we see that a semi-edge-
parallel extension of H is isomorphic to a minor of G; if v = uq, then the graph A;\z1\y1
is isomorphic to a bisubdivision of H, and by considering the path ysy1217 we deduce that
H + (u1,u2up) — G; and in all other cases H + (v,ujup) — G. This completes the case
J = As.

Let j € {1,2,3,4} and let J' = Bj;(y2y1,v). We have A;(v)\y1y2 — B;(y2y1,v) for
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Jj =1,2 and As(v)\y1y2 — Bj(y2y1,v) for j = 3,4 (if j = 1 we delete the edges ya and
y172 and analogously for j > 2). Since the arguments of the previous two paragraphs did
not use the edge y1y2, except for the cases of Aj(u;) and As(up), we may assume that
J' = Bj(yay1,u1), for some j € {1,2,3,4}. But H + (u1,uguo) — Bj(y2y1,u1) (consider
the path w1 maT1y2 when j = 1). This completes the cases J' = B;(y2y1,v).

Our next step is to handle the cases J' = Bj(zoug,v) and J' = Cj(zoug, yoy1). If
j <2, then H + (u1,ugug) — G, and if j > 3, then H; + (z1,z1u0) + (p2, x2ug) — G
and Hiy + (z1,z1u0) + (p2, x2up) after bicontraction of y; and y2 becomes isomorphic to
a semi-edge parallel extension of H. (We are using “p” instead of “7”, because the “r”
notation is reserved for vertices of J'.)

Thus the only remaining cases are J' = C}(yay1, xaup). If j = 1, then by considering the
path x1717073 we deduce that H + (u1, ugug) <— G for j = 2 the argument is analogous. For
j = 3 notice that C5(y2y1, Tauo)\71y1 \y273\ 2172\ 7475 is isomorphic to a bisubdivision of H.
By considering the edge 7475 we see that H + (u1,ugug) — G. Finally, C4(y2y1, x2up) has
a matching minor isomorphic to a semi-edge-parallel extension of H. To see that, consider
the edge 171 and path To7374757677. (The last argument applies to j = 3 as well, but for the

sake of the next proof we wish to avoid semi-parallel extensions as much as possible.) [J

Lemma 2.8.2. Let H be a 2-connected graph of minimum degree at least three, and let G
be a brick. If a semi-edge-parallel extension of H is isomorphic to a matching minor of
G, then an edge-parallel, a linear, a cross, a cube or a split extension of H is isomorphic
to a matching minor of G, unless H is isomorphic to K4 and G has a matching minor

isomorphic to the Petersen graph.

Proof. By hypothesis there exists a vertex ug of H with distinct neighbors u; and us such
that the graph Hjs is isomorphic to a matching minor of GG, where Hi, Hs, x1,v1, X2, Y2 are
defined as in the proof of Lemma 2.8.1, and Hs = Hs + (z2,us). We may assume that ug
has degree exactly three, for otherwise H3\uay2\x2ug is isomorphic to a bisubdivision of a
split extension of H, and hence a split extension of H is isomorphic to a matching minor

of G. Let ug be the third neighbor of ug. Since H3 — G, either a split extension of H
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is isomorphic to a matching minor of G, or one of the graphs Hs, Hy = Hy + (x2,y2u2),
Hs = Hy + (x2,ubus), where ul, # g is a neighbor of us, has a homeomorphic embedding
into G. Let J denote that graph, and let it be chosen so that J # Hs, if possible. This
choice implies that if a split extension of J is isomorphic to a matching minor of GG, then so is
a split extension of H. Let x,y5 be the new vertices of Hy and Hs. We apply Lemma 2.6.1
to J and the vertex x1, and so we may assume that (A), (B), or (C) holds, for otherwise
the theorem holds. Let J’ be the graph satisfying (A), (B) or (C). The symbols 11,72, ..
will again refer to the new vertices of J'.

Let us assume first that either J = Hj, or that y5 has degree two in J'. Then by deleting
the edge xoug (and bicontracting 4 if J # Hs3) we may use the proof of Lemma 2.8.1. By
that argument the theorem holds, unless J' = A;j(w1), J' = As(y2), J' = Bj(y2y1,92),
J' = Bj(zaug,v), J' = Cj(xaug,y2y1) or J' = Ci(y2y1,z2up) for some j € {3,4} and
veV(J)—{x1,y1,u0}

If JJ = Aj(uy), then J'\ujyi\z1up\z2us is isomorphic to a bisubdivision of H, and by
considering the edge ugze we deduce that H + (ug,upug) — G. If J' = As(yz) we delete
the edge y1y2, bicontract the vertex y; and apply the previous argument.

Next, let J' = B3(y2y1,y2). The graph obtained from J’ by deleting the edges y;74 and
T3y2 and bicontracting the vertices y; and 74 is isomorphic to Aa(y2). Thus H+(ug, ugus) —
G. Similarly if J" = By(yay1, y2) we delete the edges y175, 7476 and 73y, and bicontract the
vertices y1, 74 and 7 to demonstrate that H + (ug, ugus) — G.

Our next step is to handle the cases J' = Bj(zaug, v) and J' = C(zaug, y2y1). Assume
first that j = 3. If v & {ug2,z2,y2}, then by considering the edge T4v we deduce that
H + (v,uguz) — Bs(xaug,v) — G, and similarly H 4 (ug,ujug) — Cs(zoug, y2y1) —
G. For the cases v € {ug,x2,y2} let Ly = Bs(xoug,v)\y1y2\x172\11u0\T20\z2u2. By
considering the edge mv we deduce that H + (ug,uous) — G if v € {ug,x2} and H +
(us,ugug) — G if v = yo. Now assume j = 4. If v & {ug,xz2,y2}, then by considering
the edge v we deduce that H + (v,ugug) — By(xaug,v) — G. If v = ug then let
Ly = By(xaug,uz)\z2\y2\x171\7476\75u9. By considering the edge x17; we deduce that

H + (us,upuy) — G. If v = z9 we get the same result by the graph obtained from L,
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by adding the path xoyouo, and if v = yo we add the path ysxouo instead. The graph
Cy(zoug, y2y1) has a matching minor isomorphic to a cross extension of H (delete the edges
T7y2 and zoug; the cross extension has two vertices replaced by triangles). This concludes
the cases J' = Bj(zaup,v) and J' = Cj(zoug, y2u1).

The graph Cy(y2y1,r2up) also has a matching minor isomorphic to a cross extension
of H. To see that, delete the edges usys and zo77; the cross extension has two vertices
replaced by triangles.

We may therefore assume that J = Hy or J = Hj, and that v has degree three in
J'. Thus J' = Aj(yy) or J' = Bj(yay1,y5) or J' = Bj(zaug, y5) for some j. Assume first
that J' = A;(y5). If J = Hy, then J' is isomorphic to a cross extension of H (with one or
two vertices replaced by triangles depending on the value of j), and so we may assume that
J = Hs. If j = 2, then by considering the edge 2y} we deduce that H + (ug, ugu)) — G, and
so we may assume that j = 1. We may assume that u), = uq, for otherwise by considering
the edge z1y) we deduce that H + (uj, uguy) — G. Now there is symmetry among ug, u1, u2,
and since we could assume ug had degree three, we may also assume u; and ug have degree
three in H. The graph K := J"\upz1\z2y2\u2y) is isomorphic to a bisubdivision of H. If
ug is not adjacent to ug, then let uf be the third neighbor of ug; by considering K and the
edge xoys we see that H + (U3,uQu’2’) — @, as desired. Thus we may assume that uso is
adjacent to uz, and by symmetry we may also assume that u; is adjacent to uz. But H is
2-connected, and hence ug is not a cutvertex; thus H is isomorphic to Ky. It follows that
J' is isomorphic to the Petersen graph, as desired. This completes the case J' = A;(y5).

Now let J' = Bj(yay1,y5) or J' = Bj(xauo,yh). If J = Hy, then J' is isomorphic to a
cube extension of H, and so we may assume that J = Hs. If J' = B;(y211,95) and j = 1,
then by considering the path ya7 72y, we deduce that H + (uf, ugug) < G. The argument
for j > 1 is analogous. Thus we may assume that J' = Bj(xaug,yy). If j = 1, then by
considering the path 7y} we deduce that H + (ub, upuz) < G. The argument is analogous

for j > 1 with the proviso that when j is even the conclusion is H + (u}, ugug) — G. [

We now turn our attention to edge-parallel extensions. Let us recall that G/v denotes
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the graph obtained from the graph G by bicontracting the vertex v.

Lemma 2.8.3. Let H be a graph of minimum degree at least three, and let G be a brick.
If an edge-parallel extension of H is isomorphic to a matching minor of G, then a cross,
cube, linear, quadratic, quartic or split extension of H is isomorphic to a matching minor

of G.

Proof. By hypothesis there exists a vertex ug € V(H) of degree at least three with neighbors
u1 and wug such that the graph Ho := H + (ug,ujug) is isomorphic to a matching minor of
G. Let y1, 21 be the new vertices of Hy; thus upziyiuy is a path of Hy. Let Hy := Ha\ugy.
Since Hy — G, either a split extension of H is isomorphic to a matching minor of G, or
one of the graphs Hy, Hs = Hy + (y1,uou2), Hy = Hy + (y1, uhus), where ul, # ug is a
neighbor of ug, has a homeomorphic embedding into G. Let J denote that graph, and let
it be chosen so that J # Hs, if possible. This choice implies that if a split extension of J
is isomorphic to a matching minor of GG, then so is a split extension of H. Let xs,ys be
the new vertices of H3 and Hy. If J = Hs let xo := u9 and let yo be undefined. We apply
Lemma 2.6.1 to J and the vertex z1, and so we may assume that (A), (B), or (C) holds, for
otherwise the theorem holds. Let J’ be the graph satisfying (A), (B) or (C). Throughout
this proof let v € V(J) — {x1,y1,up} and once again the symbols 71, 7o, ... will again refer
to the new vertices of J'.

We first notice that if ug has degree at least four, then Hs\ugusg is isomorphic to a split
extension of H, and so we may and will assume that ug has degree three. Let ug be the
third neighbor of ug. We now show that we may assume that if J = H,4, then us has degree
three. Indeed, if J = Hy and ug has degree at least four then Hy\ugug/z; is isomorphic
to a split extension of H. So in the case J = Hy let uf be the third neighbor of us. Let
L be obtained from J’ by deleting ugus and all the “new” edges. Thus, for instance, if
J' = As(v), then L = J\uguz\z171\m2v. Then L/ug/y, is isomorphic to H.

Assume first that J' = Ay(v) = J + (21,v). If v = yo, then J € {Hs, Hy}, and J' is a
cross extension of H if J = Hs, and a quartic or cross extension of H if J = Hy. Thus we

may assume that v # ys, and hence we may assume (by bicontracting ys) that J = Ha. It
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follows that J' is a quadratic extension of H, as desired. This completes the case J' = A;.

Next we assume that J' = As(v) = J + (21, upr1) + (72, v). Assume first that v = yo. If
J = Hj, then J' is a cross extension of H, and so we may assume that J = H4. But then
J'\z171 /21 /7 is isomorphic to a quadratic extension of H.

Thus we may assume that v # yo, and hence, by bicontracting ., we may assume that
J = Hs. If v # uyq, then J'\yjuz/y; is a quadratic extension of H, and so we may assume
that v = u;. But then by considering the graph L/ugp and edges x17 and mu; we deduce
that a quadratic extension of H is isomorphic to a matching minor of G. This completes
the case J' = A,.

Next we handle the cases J' = Bj(z2y1,v). We start by assuming that v = y,. If J = Hs,
then J’ is isomorphic to a cube extension of H, and so we may assume that J = Hy. Recall
the definiton of L and that ug has degree three. If j = 1, then by considering L and the edges
x171 and Toys we deduce that a quadratic extension of H, namely H + (u}, ugua) + (p2, us),
is isomorphic to a matching minor of G. If j = 2, then by considering the edges 773 and
T4y2 we deduce that the quadratic extension H + (u’z’ , ugtig) + (p2,u2) is isomorphic to a
matching minor of G. An analogous argument applies when j = 4. If j = 3 then by deleting
the edge x171 and bicontracting z1 and 71 we deduce that H + (uf, upuz) + (p2,uo) — G,
as desired. Thus we may assume that v # ys, and hence, by bicontracting y2, we may
assume that J = Hy. If j = 1, then by considering L and the edges 171 and mpv we deduce
that the quadratic extension H + (ug, ugug) + (p2,v) is isomorphic to a matching minor of
G. Let j = 2. If v # wug, then by considering L and the edges 73 and m4v we deduce
that the quadratic extension H + (v, ugug) + (p2, u2) is isomorphic to a matching minor of
G. If v = ug then by considering the graph obtained from L by replacing the edge x1y1
by mx1 and considering the edges 173 and T4us we deduce that the quadratic extension
H + (u2,uiup) + (p2,u1) is isomorphic to a matching minor of G. Thus we may assume
j € {3,4}. Let us assume that v = u;. Then we may assume that u; is adjacent to ug,
for otherwise H + (u1,u2) — G (consider the path u7473u2 when j = 3 and the analogous
path for j = 4). If j = 3, then by replacing the edge ujus by the path u;T4T3u2 we obtain

a graph isomorphic to a bisubdivision of H, and by considering the edges y174 and 1973 we
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deduce that a quadratic extension of H, namely H + (ug, ugui) + (p2, up), is isomorphic to
a matching minor of G. If j = 4 then by replacing the edge ujus by the path uTgm5T473U2,
by considering the edges 1747 and y175 and by bicontracting 1 and 73 we deduce that a
quadratic extension of H, namely H + (ug,usui) + (p2,us2), is isomorphic to a matching
minor of G. Thus we may assume that v # u;. If j = 3, then by considering the edge x17;
and path mo73740 we see that the quadratic extension H + (v, ujug) + (p2,u1) is isomorphic
to a matching minor of GG; an analogous argument gives the same conclusion when j = 4.
The cases J' = Bj(usug,v) can be reduced to the cases just handled by noticing that
J\ugug is isomorphic to a bisubdivision of H, and hence J is isomorphic to the edge-
parallel extension H + (ug2,usug). Similarly the cases J' = Cj(uay1, ugug) can be reduced
to J' = Cj(uaup, ugy1), and so it remains to handle the cases J' = Cj(ugug, u2y1). But in

all four of those cases a cross extension of H is isomorphic to a matching minor of G. O

The results of this section allow us to strengthen Theorem 2.7.3 as follows.

Theorem 2.8.4. Let H and G be graphs, where H is 2-connected, has minimum degree at
least three and is isomorphic to a matching minor of G, and G is a brick. Assume that if
H is isomorphic to Ky, then G has no matching minor isomorphic to the Petersen graph.
If H is not isomorphic to G, then a cross, cube, linear, quadratic or quartic extension of H

is isomorphic to a matching minor of G.

Proof. By Theorem 2.7.3 we may assume that a vertex-parallel or an edge-parallel extension
of H is isomorphic to a matching minor of G. Thus the result follows from Lemmas 2.8.1,

2.8.2 and 2.8.3. O

2.9 Cube and Cross Extensions

In this section we strengthen 2.8.4 by eliminating cube and cross extensions from the con-

clusion.

Lemma 2.9.1. Let H be a graph, let u be a verter of H of degree three, and let uy and
ug be two neighbors of w. Let Hy be obtained from H by bisubdividing the edges uui and

uug once, and let x1,y1,x2,y2 be the new vertices so that uiyiriuxoysus s a path. Let
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Hy = Hi+ (12, y2w2) + (T2, x1), let H3 := Hy + (x2,y222) + (72, 21y1) + (T4, 71), and let Hy
be obtained from Hs or Hsz by replacing exactly one of the vertices xo, 7,7 by a triangle.

Then each of Ho, H3, Hy has a matching minor isomorphic to an alpha or prism extension

of H.

Proof. Throughout this proof let 7,79 denote the new vertices of Ho, and let 71,70, 73,74
denote the new vertices of Hs with the usual numbering convention. We can naturally embed
H into Hs. By bicontracting y; and y» and considering edges 971 and x179, we see that Hy
is isomorphic to a bisubdivision of a prism extension of H. The graph Hs\7mzo\xi1u\T374 is
isomorphic to a bisubdivision of H and by bicontracting y1, 73 and 74 and considering edges
7122 and z1u we deduce that Hs has a matching minor isomorphic to an alpha extension
of H. This completes the proof for Ho and Hs.

Suppose Hy is obtained from Hj by replacing 7o with a triangle, then Hy\zo1i/22/71 /Y1
is isomorphic to an alpha extension H + (u1, uug) + (p2,u) of H. Similarly if Hy is obtained
from Hs by replacing xo or 71 with a triangle then Hy\xziu/x1/u/y; is isomorphic to an
alpha extension of H.

It remains to consider the case when H4 be obtained from Hj by replacing exactly one
of the vertices x2, 71, 72 by a triangle. We need to make the following easy observation. If a
graph (G is obtained from a graph G by replacing a vertex t € V(G) of degree three with a
triangle T" and G4 is obtained from (1 by replacing one of the vertices of T by a triangle,
then G is isomorphic to a matching minor of Go. Let H) = Hy + (x1,y121) + (p2, 22).
Clearly a graph obtained from Hj3 by contracting a triangle with vertex set {xa, 71,72} is
isomorphic to H). Therefore, by the observation above, H4 contains H} as a matching

minor and H}/y1 /ys2 is isomorphic to a quadratic extension of H. O

Lemma 2.9.2. Let H be a graph of minimum degree at least three, and let G be a brick.
If a cube extension of H is isomorphic to a matching minor of G, then a linear, cross or

quadratic extension of H is isomorphic to a matching minor of G.

Proof. Let u be a vertex of H of degree three and let uj,us and us be its neighbors. Let

Hy be obtained from H by bisubdividing each of the edges wuy, uus and wus. Let the
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new vertices be y1,y2,y3 and z1, 29, z3 in such a way that uiyiz3u, usysziu and usyszou
are paths. Let Hy := Hy + (y1,22) + (y2,23) + (y3,21), and let J be obtained from H;
by replacing a subset of {z1, 22,23} by triangles. If z; is replaced by a triangle, then let
the triangle be Z;; otherwise, let Z; denote the graph with vertex-set {z;}. By hypothesis
the vertex u and graph J may be selected so that J is isomorphic to a matching minor of
G. Let n: J — G. We may assume that 1 is a homeomorphic embedding, for otherwise
a split extension of H is isomorphic to a matching minor of G and the result holds by
Theorem 2.5.9.

When v € V(J) we will abuse notation and use 7(v) to denote the unique vertex of the
graph n(v). With that in mind let J' = n(J), let u, = n(u;), v' = n(u) and 2z} = n(z;). For
i =1,2,3 let P; denote the path n(u;y;). We may assume that J and 7 are chosen so that
[V(P)| + |V(P)| + |V (Ps)] is minimum.

Let € be the octopus with head n(Z;) and tentacles the paths of n(J) joining u', y)
and y4 to Zy, and let Qo and Q3 be defined analogously. Let Q4 be the octopus with head
N(J\V(Z1)\V (Z2)\V (Z3)\{y1,y2,ys3,u}) and tentacles Pi, P, Ps, let F = {Qq,Q9, 03, Q4 },
and let Y/ = {y},v5,v5,u'}. Then (F,Y’) is a frame in G. Let M be a perfect matching
of G\V(n(J)); then M has a unique extension to a matching M’ that is Q;-compatible for
all i = 1,2,3,4. By Theorem 2.2.3 there exist distinct integers i,5 € {1,2,3,4} and an
M'-alternating path S joining vertices v; and vj, where v; belongs to the head of €; and v;
belongs to the head of 2, such that for some edge e € E(S)\M’ the two components of S\ e
may be denoted by S; and S; so that V(S;) N V(F) C V(§;) and V(S;) NV (F) C V().

Assume first that j = 4. Then from the symmetry we may assume that ¢ = 2. In this
case it will be convenient to allow v4 to be an internal vertex of a tentacle of €)4. By doing
so we may assume (by replacing S by its subpath) that vy is the only vertex of S N Qy. If
for some I € {1,2,3} we have vy € V(P,) and Pj[u}, v4] is even, then let v = wy; if v4 € V(P)
and Pj[u], v4] is odd, then v is undefined. If v belongs to V(n(z)) for some z € V(J), then
let v = 2. Finally, if v € V(n(z2")) for some edge 22’ € E(H \ u), then vy is at even distance
on 7n(zz') from exactly one of n(z), n(z'), say from n(z). In that case we put v = z. Notice

that if v is defined, then v € V(H) — {u}. From the symmetry we may assume v # u; and
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vq & V(P1). By Lemma 2.3.6 the graph 3 U Ss + e includes a triad or tripod 7" with ends
yh,u vy,

We claim that if vy belongs to Ps, then the path Pj[vy, uf] is even. Indeed, otherwise by
making use of T', 1 and Q3 we obtain contradiction to the minimality of |V (Py)|+|V (P)|+
|V (Ps)|. This proves that if v is undefined then vy € V(P,). In that case by deleting the
path of 7(J) joining y5 and Z; and by considering the path of n(J) joining ¥} and Z3 and
using T' we deduce that a cross extension of H is isomorphic to a matching minor of G. If

v is defined, then one of the following graphs is isomorphic to a matching minor of G:
o H+ (v,uuy) + (12,uus), if T is a triad and Zs = {z3},
o H+ (v,uuy) + (72,uou), if T is a triad and Z3 is a triangle,

o H+ (v,uju) + (12, m1u1), if T' is a tripod.
But each of the above graphs has a matching minor isomorphic to a quadratic extension of
H. This completes the case j = 4.

Thus we may assume that ¢ = 1 and j = 2. By Lemma 2.3.6 2 U S7 + e includes a
triad or tripod 77 with ends yé,u’, so and 29 U Sy + e includes a triad or tripod Ty with
ends y1,u, s1, where s1 € V(S7), s2 € V(S2) are the ends of e. If either T} or T is a tripod
then the required result follows from Lemma 2.9.1 by deleting the path of n(J) joining v}
and Z3 and making use of T and T5. If both T and 75 are triads then one of the following

graphs is isomorphic to a matching minor of G:
o H + (uus,uuy) + (14, uus), if Z3 is not a triangle,
o H + (uus,uuy) + (74, ugu), if Z3 is a triangle.

Both of these graphs have matching minors isomorphic to quadratic extensions of H. [

Lemma 2.9.3. Let H be a graph, let J be a cross extension of H and let v be the hub of
J. If the degree of v in H is at least four then a split extension of H is isomorphic to a

matching minor of J.

Proof. Let x1,y1,22,y2 and K’ be as in the definition of cross extension. If J = K’ then

J\vx1\x2y1 /21 is isomorphic to a split extension of H. If J # K’ the argument is analogous.
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O]

Lemma 2.9.4. Let H be a graph of minimum degree at least three, and let G be a brick. If
a cross extension of H is isomorphic to a matching minor of G, then a linear or quadratic

extension of H is isomorphic to a matching minor of G.

Proof. Let u be a vertex of H of degree three and let ui,us and us be its neighbors. Let
Hy be a cross extension of H obtained by deleting the vertex u and adding the vertices
x1,T2,Y1,Y2,y3 and edges y;u; and y;z; for all = 1,2 and j = 1,2,3. Let Hy be obtained
from Hp by replacing x1 by the triangle X7, and let H3 be obtained from Hs by replacing
9 by the triangle X5. Let the vertices of X7 be a1, as, ag such that a; is adjacent to y;, and
let the vertices of X9 be by, ba, b3 such that b; is adjacent to y;. By hypothesis, Lemma 2.9.3
and Theorem 2.5.10 we may assume that there exist a vertex u of H of degree three, a
graph J € {Hy, Hy, H3}, and an embedding n : J — G. If J # H3z we define X» to be the
subgraph of J with vertex-set {x2} and let by = by = bg = x9, and if J = H; we define X;
to be the subgraph of J with vertex-set {z;} and let a; = as = ag = x1. By Theorem 2.5.9
we may assume that 7 is a homeomorphic embedding. Let J' = n(J), let u, = n(u;), and
yi =n(yi). Let P; denote the path n(u;y;). We may assume that J and 1 are chosen so that
[V(P)|+ |V(P2)| + |V (P3)] is minimum.

Let ©; be the octopus with head 7(X;) and tentacles n(a;y;), where j = 1,2,3, and let
23 be defined analogously. Let €23 be the octopus with head n(J\V (X1)\V (X2)\{y1,v2,y3})
and tentacles Py, Py, Ps, let F = {Q,Q9,Q3}, and let Y/ = {y],y5,y45}. Then (F,Y’) is a
frame in G. Let M be a perfect matching of G\V'(n(J)); then M has a unique extension to a
matching M’ that is Q;-compatible for all i = 1,2, 3. By Theorem 2.2.3 there exist distinct
integers i, j € {1,2,3} and an M’-alternating path S joining vertices v; and v;, where v;
belongs to the head of €; and v; belongs to the head of ;, and an edge e € E(S)\M’ such
that the components of S\e may be denoted by S; and S; so that V(S;) N V(F) C V(£)
and V(S;) NV(F) C V().

Assume first that j = 3. In this case it will be convenient to allow v3 to be an internal

vertex of a tentacle of 23. By doing so we may assume (by replacing S by its subpath) that
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v3 is the only vertex of SN Q3. If vy € V(P;), then let v = u;. If vs belongs to V(n(z)) for
some z € V(J), then let v := z. Finally, if v € V(n(22’)) for some edge 22’ € E(J), then v3
is at even distance on 7(zz’) from exactly one of n(z), n(z’), say from n(z). In that case we
put v := z. We may assume that v € V(H) — {u,u1,us}, and that if v3 € V(P U Po U P3)
then vg € V(P3). By Lemma 2.3.6 we may assume that S U €; includes a triad or tripod
T with ends ¥, v5,v3. We claim that if v3 belongs to Ps, then the path Ps[vs, ub] is even.
Indeed, otherwise by making use of 7" and €23_; we obtain contradiction to the minimality
of [V(P1)| + |V(P)| + |[V(Ps)]. We deduce that of the following graphs is isomorphic to a
matching minor of G:

o Hi\z1ys + (21, v),

o Hy\zoys + (22,v),

o Hy\asys + (as,v),

e Hi\asys + (as,v).

But each of the above graphs has a matching minor isomorphic to a suitable extension of
H. In the first case we get a prism extension (bicontract y3 and consider the edges z1v
and yjz2), and in the other cases we get alpha extensions. In the second case delete asas,
bicontract its ends and consider the edges yia; and zov; in the third case delete yjxo,
bicontract its ends, and consider the edges ajas and asv; and in the fourth case consider
the same two edges, delete y1b1 and bobs and bicontract their ends. This completes the case
j=3.

Thus we may assume that i = 1 and j = 2. Let s; € V(S1) and sy € V(S2) be the ends
of e. We apply Lemma 2.3.7 to So U to conclude that 29 U Ss + e has a central subgraph
T, such that Ty is either a quadropod with ends v}, y5, 95, s1, or a quasi-tripod, in which
case we may assume by symmetry that its ends are v}, y5, s1. By Lemma 2.3.6 the graph
21 U S + e has a central subgraph 77 that is a triad or tripod with ends y},v5, se. If Th
is a quasi-tripod then the theorem holds by Lemma 2.9.1. If T5 is a quadropod with ends

Y1, Y5, Y5, S1, then one of the following graphs is isomorphic to a matching minor of G:

o Hi\z1y2 + (21, 22),
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o Hy\asys + (ag, z2).

Both of these graphs have a matching minor isomorphic to a suitable extension of H. In
the first case we get a prism extension by bicontracting yo and considering the edges zoy
and xox1. In the second case we get an alpha extension by deleting x2y;, bicontracting y;

and y2 and considering the edges z2ao and ajas. O

Using Lemma 2.9.2 and Lemma 2.9.4 we can upgrade Theorem 2.8.4 to the following

statement.

Theorem 2.9.5. Let H and G be graphs, where H is 2-connected and has minimum degree
at least three, G is a brick and H is isomorphic to a matching minor of G. Assume that if
H is isomorphic to Ky, then G has no matching minor isomorphic to the Petersen graph. If
H is not isomorphic to G, then a linear, quadratic or quartic extension of H is isomorphic

to a matching minor of G.

Proof. This follows immediately from Theorem 2.8.4 and Lemmas 2.9.2 and 2.9.4. 0

2.10 FExceptional Famailies

We now handle quadratic extensions. The next lemma will show that a quadratic exten-
sion gives rise to a linear extension, unless it is of one of the following two types. Let
H,u,v,z,y,2',y', H be as in the definition of quadratic extension; that is, H is a graph,
wv € E(H), H' is obtained from H by bisubdividing uv, where the new vertices x,y are
such that z is adjacent to w and y. Further, 2’ € V(H) — {u} and v/ € V(H) — {v} do not
both belong to {u,v}. Let Hy = H' + (z,2") + (y,y’) be a quadratic extension of H. If
Yy = u, 2’ is adjacent to v, and v has degree three, then we say that H; is an alpha extension
of H. It 2,y € V(H) — {u,v}, 2’ is adjacent to v, ' is adjacent to u and both u and v

have degree three, then we say that Hy is a prism extension of H.

Lemma 2.10.1. Let H be a graph of minimum degree at least three, and let K be a quadratic
extension of H. Then K has a matching minor isomorphic to a linear, alpha or prism

extension of H. Furthermore, if H,u,v,z,y,2',y', H' are as in the definition of quadratic
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extension and x',y' € V(H) — {u,v}, then K has a matching minor isomorphic to a linear

or prism extension of H.

Proof. Let H,u,v,x,y,2',y', H be as in the definition of quadratic extension, and let K =
H' + (z,2') + (y,vy') be a quadratic extension of H. By symmetry we may assume that
y' # u. If ¥ is not adjacent to u, then H + (u,y’) — K, as desired. Thus we may assume
that y' is adjacent to u. If u has degree at least four, then K\uy' is isomorphic to a linear
extension of H, as desired. Thus we may assume that u has degree three. If 2’ # v, then
by symmetry K is a prism extension of H, and if 2/ = v, then K is an alpha extension of

H, as desired. ]

Lemma 2.10.2. Let K be an alpha extension of a graph H of minimum degree at least

three. Then K has a matching minor isomorphic to a linear or prism extension of H.

Proof. Let H,u,v,x,y,2’,y’, H be as in the definition of quadratic extension, and let K =
H'+ (z,2")+ (y,y’) be an alpha extension of H, where 3’ = u. Thus v has degree three and
is adjacent to 2’. There exists a homeomorphic embedding 7 : H — K with n(v) = z and
n(z) = z for z € V(H) — {v}, and by considering n(H) and the edges vz’ and uy we deduce
that K is isomorphic to a quadratic extension of H that satisfies the second statement of

Lemma 2.10.1. Thus the lemma holds by that statement. O

Let H be a graph. By a fan in H we mean a sequence of vertices (x,y,u1,ug,...,ux)
such that these vertices are pairwise distinct, except that possibly z = y, and further
k> 2, u1,u9,...,u all have degree three and form a path in H in the order listed, and for

1=1,2,...,k the vertex u; is adjacent to x if ¢ is even, and otherwise it is adjacent to y.

Lemma 2.10.3. Let K be a prism extension of a 3-connected graph H. If K is not a pris-
motd, a wheel or a biwheel, then K has a matching minor isomorphic to a linear extension

of H.

Proof. By hypothesis there exists a fan (x,y,ui,u2) in H such that K = H + (z,ujug2) +
(y,72). Let t1,t2 denote the new vertices 11, 72 of K, respectively. Let us choose a maximum

integer k such that H has a fan (z,y,u1,ug,...,ux) such that H + (z,ujuz) + (y, 72) — K.
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Let ug be the neighbor of u; other than us and y. Now wug # ug, for otherwise H is a
wheel or a biwheel (depending on whether x and y are distinct or not). Assume first that
ug # x. There exists an embedding 1 : H < K such that n(u;) = t2. By considering the
edges w1y and zt; we deduce that H + (y, upu1) + (x,7) — K, and by using the proof of
Lemma 2.10.1 we deduce that either a linear extension of H is isomorphic to a matching
minor of K, or that x is adjacent to ug and that uy has degree three. But then the fan
(y, z,up,u1, ..., u) contradicts the maximality of k. Thus we may assume that ug = z,
and by symmetry we may assume that ug is adjacent to both x and y. It follows from the

3-connectivity of H that K is a prismoid, as desired. ]

We now turn to quartic extensions. Again, we will show that a quartic extension gives
rise to a linear extension, unless it is of two special types, the following ones. Let H be
a graph, and let u,v, H,z,y,a,b be as in the definition of a quartic extension. That is,
wv € E(H), H' is obtained from H by bisubdividing uv, where the new vertices are z,y
numbered so that z is adjacent to w and y, and let K = H + (z,ab) + (72,y) be a quartic
extension of H. If b = v and the vertices u and a are adjacent and both have degree three,
then we say that K is a staircase extension of H. If a,b,u,v are pairwise distinct, all have
degree three, a is adjacent to u and b is adjacent to v, then we say that K is a ladder

extension of H. We also say that the extension is based at u,v,b,a (in that order).

Lemma 2.10.4. Let H be a graph of minimum degree at least three, and let K be a quartic
extension of H. Then K has a matching minor isomorphic to a linear, staircase or ladder

extension of H.

Proof. If a and u are not equal or adjacent, then H + au — K (delete 71 and bicontract
its ends), and hence the theorem holds. Assume now that a and u are adjacent. If both
u and a have degree at least four, then K\au is a linear extension of H. If exactly one of
a, u has degree three, say a does, then the graph obtained from K\au by bicontracting a
is isomorphic to a linear extension of H. Thus if a # u, and either they are not adjacent
or one of them has degree at least four, then a linear extension of H is isomorphic to a

matching minor of K. By symmetry the same conclusion holds about the vertices v and b,
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and the lemma follows. O

Lemma 2.10.5. Let K be a staircase extension of a 3-connected graph H. If H has at least
five vertices, then a linear or ladder extension of H is isomorphic to a matching minor of

K.

Proof. Let K = H' + x129 + 4192, where H' is obtained from H by bisubdividing the edges
vo1 and vve so that vy x1vTy2v2 is a path of H', and assume that vy, v9 have degree three
and are adjacent to each other. Let v], v} be the third neighbors of v; and vg, respectively.
If v} and v} are not equal or adjacent, then H +vjvj — K (bicontract v; and vy in K\vjvs),
and so the lemma holds. If v} and v} are adjacent, then K can be regarded as a ladder
extension of H, and if v] = v}, then the 3-connectivity of H implies that it is isomorphic

to K4, contrary to hypothesis. O

A fence in a graph H is a sequence (ui,vi,ug,va,...,uk,v;) of distinct vertices of H
such that k& > 2, each of theses vertices has degree three, ujus...ur and vivs...vy are

paths and wu; is adjacent to v; for all 4 =1,2,... k.

Lemma 2.10.6. Let K be a ladder extension of a 3-connected graph H on an even number
of vertices. If K is not a ladder or a staircase, then K has a matching minor isomorphic

to a linear extension of H.

Proof. By hypothesis there exists a fence (u1,v1,u2,ve,...,ux,vx) in H such that K =
H' + z1y1 + x2ys, where H' is obtained from H by bisubdividing ujus and vive and
T1,T2,Y1,y2 are the new vertices numbered so that wuyxizousveyoyivy is a cycle in H'.
We may assume that the fence is chosen with k£ maximum. Let ug, vg be the third neighbors
of w1, v1, respectively. Assume first that ug # vg. Since the quartic extension of H based
at ug, u1,v1,vo is isomorphic to K, the argument in the proof of Lemma 2.10.4 shows that
either a linear extension of H is isomorphic to a matching minor of K, or that ug and vy
are adjacent and both have degree three. We may assume the latter, for otherwise the
lemma holds. By the maximality of k& the sequence (ug, vo, u1,v1, ..., Uk, Vx) is not a fence

in H, and hence we may assume that ug = up or ug = vi. But H is 3-connected, and

77



so in the former case K is a planar ladder, and in the latter case it is a Mobius ladder.
Thus we may assume that ug = vg. The ladder extension of H based at up_qupvivg_q is
clearly isomorphic to K, and hence the above argument shows that we may assume that
the third neighbors of uj and v are equal. Since H is 3-connected and has an even number

of vertices, it is a staircase. ]

The following result summarizes the previous lemmas.

Theorem 2.10.7. Let K be a quadratic or quartic extension of a 3-connected graph H on
an even number of vertices, and assume that K is not a prismoid, wheel, biwheel, ladder or

staircase. Then a linear extension of H is isomorphic to a matching minor of K.

Proof. If H is isomorphic to K4, then K is not a staircase extension of H, because K is not

a staircase. Thus the lemma follows from the results of this section. O

We are now ready to prove Theorem 2.1.9. Let H and G be as stated therein, and
assume that they are not isomorphic. Assume first that either H is not isomorphic to Ky,
or G has no matching minor isomorphic to the Petersen graph. By Theorem 2.9.5 we may
assume that a quadratic or quartic extension K of H is isomorphic to a matching minor
of G. It follows from the hypothesis of Theorem 2.1.9 that K is not a prismoid, wheel,
biwheel, ladder or staircase. Thus K has a matching minor isomorphic to a linear extension
of H by Theorem 2.10.7, and hence so does G, as desired. Thus we may assume that H is
isomorphic to K4 and G has a matching minor isomorphic to the Petersen graph. But G
is not isomorphic to the Petersen graph by hypothesis. Since we have already shown that
Theorem 2.1.9 holds when H is the Petersen graph, we may now apply it to deduce that G
has a matching minor isomorphic to a linear extension of the Petersen graph. The Petersen
graph has, up to isomorphism, a unique linear extension, and this linear extension has a
matching minor isomorphic to the staircase on eight vertices. But the latter graph has a

matching minor isomorphic to K4, the staircase on four vertices, contrary to hypothesis. [
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2.11 A Generalization

In this section we state a generalization of Theorem 2.1.9, and point out how it follows from
the theory that we developed. Let G be a graph with a perfect matching. Let us recall that
a barrier in G is a set X C V(G) such that G\ X has at least | X| odd components, and that
bricks are 3-connected graphs with perfect matchings and no barriers of size at least two.
Braces almost have no barriers, either, for if X is a barrier in a brace and X has at least
two elements, then X is one of the two color classes of G. We use this fact to weaken the
condition on bricks. Let s > 0 be an integer. We say that a set X C V(G) is an s-barrier in
G if G\X has | X|—1 odd components such that the union of the remaining components of
G\ X has at least s vertices. We say that a graph is an s-brick if it is 3-connected and has
no s-barrier of size at least two. Thus bricks are 1-bricks and braces are 2-bricks. Our proof
of Theorem 2.1.9 actually proves the following more general theorem. A pinched staircase
is a graph obtained from a staircase by contracting the edge vivs, where the vertices v; and

vy are as in the definition of a staircase.

Theorem 2.11.1. Let s > 0 be an integer, G be an s-brick other than the Petersen graph,
and let H be a 3-connected matching minor of G on at least s + 1 vertices. Assume that if
H is a planar ladder, then there is no strictly larger planar ladder L with H — L — G,
and similarly for Mobius ladders, wheels, lower biwheels, upper biwheels, staircases, pinched
staircases, lower prismoids and upper prismoids. If H is not isomorphic to G, then some

matching minor of G is isomorphic to a linear extension of H.

Proof. The proof follows the proof of Theorem 2.1.9, with the following minor modifications.
In Lemma 2.2.2 the set Ry, is not required to be odd, but instead must have at least s vertices.
The proof goes through with the obvious changes. Then the definition of octopus needs to
be changed to permit heads with even number of vertices, and in the definition of frame we
need to add a condition guaranteeing that the heads of 1,9, ..., _1 are odd and that
the head of 0 has at least s vertices. The assumption that H has at least s + 1 vertices
will guarantee that this additional condition is satisfied whenever Theorem 2.2.3 is applied.

Finally, in Lemma 2.10.6 the assumption that H has an even number of vertices can be
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replaced by assuming that K is not a pinched staircase. O

Clearly Theorem 2.11.1 implies Theorem 2.1.9 on taking s = 1. Let us now turn to
braces. Let L be a linear extension of a brace H. Then L need not be a brace, but if L
is bipartite, then it is a brace. Furthermore, if L is isomorphic to a matching minor of
a bipartite graph, then L itself is bipartite. Thus Theorem 2.11.1 implies Theorem 2.1.7
by taking s = 2. The third application of Theorem 2.11.1 is to factor-critical graphs. A
graph G is factor-critical if G\v has a perfect matching for every vertex v € V(G). It is
easy to see that every 1-brick on an odd number of vertices is factor-critical. Thus the
following immediate corollary of Theorem 2.11.1 gives a generation theorem for a subclass

of factor-critical graphs.

Corollary 2.11.2. Let G be a 1-brick on an odd number of vertices, and let H be a 3-
connected matching minor of G. Assume that if H is a wheel, then there is no strictly
larger wheel W with H — W — G, and similarly for pinched staircases, lower prismoids
and upper prismoids. If H is not isomorphic to G, then some matching minor of G is

isomorphic to a linear extension of H.

Unfortunately, a linear extension of a 1-brick need not be a 1-brick.
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CHAPTER III

MINIMAL BRICKS

In this chapter we utilize the results of Chapter 2 to prove a generating theorem for minimal
bricks.

The first advantage of such a theorem is computational. The theorem was used by
Robin Thomas in a program that generates all bricks up to a certain number of vertices.
The program allows one to input a starting graph (the graph all the resulting bricks will
contain as a matching minor) and several excluded graphs which the resulting graphs are
not allowed to have as matching minors. The program can test whether the resulting graphs
allow Pfaffian orientation.

This program was tremendously helpful in testing our conjectures and producing inter-
esting examples. The use of generating procedure suggested by Theorem 2.1.5 in such a
program is less efficient. We do not quantify this statement.

Secondly, the corollaries of this generation theorem shed light on the structure of minimal
bricks. We prove an exact upper bound for the number of edges in a minimal brick. We
also prove that every minimal brick has at least three vertices of degree three, generalizing
a recent result of de Carvalho, Lucchesi and Murty [7], which settles a conjecture of Lovasz.

The material presented in this chapter will also appear in [37]. All the graphs considered

in this chapter are simple.

3.1 Generating Theorem for Minimal Bricks

A brick G is minimal if for every e € E(G) the graph G \ e is not a brick. In this chapter
we derive a generating theorem for minimal bricks from the results of the previous chapter.
We also prove two corollaries: for n > 4, a minimal brick on 2n vertices has at most 5n — 7
edges; every minimal brick has at least three vertices of degree three.

We need to define new types of extensions that will be used in this generating theorem.
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Figure 13: (a) Bilinear extension, (b) Pseudolinear extension
We say that a linear extension H' of a graph H is strict if |V(H')| > |V(H)|. Let u,v,w
be pairwise distinct vertices of H, let H' be obtained from H by bisplitting u and let ug be
the new inner vertex and u; a new outer vertex. If uyv € E(H') and vw ¢ E(H) then the
graph H' 4 (ug,vuy) + (12, w) is called a bilinear extension of H. If uw ¢ E(H) then the
graph H' + (ug, uiug) + (72, w) is called a pseudolinear extension of H. See Figure 13.
Let u,v € V(H) be distinct. We say that H' is a quasiquadratic extension of H if H' is
a quadratic extension of H + uv with base wv. Similarly, if u,v,a,b € V(H) are such that
{u,v} # {a,b} we say that a quartic extension of H + uv + ab is a quasiquartic extension
of H with bases uv and ab. Recall our convention that if v and v are adjacent in H, then
H 4+ uwv = H. Thus quadratic extensions are quasiquadratic and quartic are quasiquartic.
Note also that quasiquadratic, quasiquartic, bilinear and pseudolinear extensions of bricks

are bricks. Finally, we say that H' is a strict extension of H if H' is a quasiquadratic,

quasiquartic, bilinear, pseudolinear or strict linear extension of H.
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Theorem 3.1.1. Let G be a brick other than the Petersen graph, and let H be a 3-connected
matching minor of G, such that |V(H)| < |V(G)|. Then some matching minor of G is

isomorphic to a strict extension of H.

Proof. Let a graph H’ be chosen so that H is a spanning subgraph of H', H' — G and
|E(H')| is maximal.

Suppose first that H' is a planar ladder and there exists a planar ladder L with H' «—
L — G and |V(L)| > |V(H')|. Then clearly H = H, L is a quartic extension of H
and therefore the theorem holds. Therefore we can assume that if H' is a planar ladder,
then there is no strictly larger planar ladder L with H — L — (G, and similarly for
Moébius ladders, wheels, lower biwheels, upper biwheels, staircases, lower prismoids and
upper prismoids. By Theorem 2.1.9 and the choice of H’' there exists a strict linear extension
K of H' such that K — G. We denote E(H') — E(H) by E’. We break the analysis into
cases depending on the type of strict linear extension.

Suppose first that K = K’ +uwv, where K’ is obtained from H’ by bisplitting a vertex, v
is the new inner vertex of K’ and u € V(H’). Let v; and v2 be the new outer vertices. We
have E(H') C E(K'), in a natural way. For i = 1,2 let d; be the number of edges of E(H)
that are incident with v; in K’ (or K). We assume without loss of generality that d; > da.
Note that di + do > 3, because v has degree at least three in H.

If do > 2 then K \ E’ is a strict linear extension of H. If do = 1 let f € E’ be an edge
incident with vy; then K \ (E' — {f}) is a quadratic extension of H. Finally, if do = 0 and
f1, f2 € E" are incident with vy then K \ (E' — {f1, f2}) is a quasiquadratic extension of H.

Now suppose K = K’ + ujuo, where K’ is obtained by bisplitting a vertex of a graph
obtained from H’ by bisplitting a vertex, and u; and us are the two new inner vertices of
K'. Let vy and vg, vz and vy, respectively, be the corresponding new outer vertices. Let
di,ds,ds and d4 be defined analogously as above. We start by assuming that vy, vo, v3 and
vy are pairwise distinct and without loss of generality assume dy > do, d3 > dq > das.

If do > 2 then K\ F’ is a strict linear extension of H. If dy = 1,d4 > 2 then K\ E' /vy is

isomorphic to a strict linear extension of H unless the edge of H incident with vs is incident
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also with one of the vertices vs and vs. In this case K \ (E' — {f}) is a bilinear extension
of H, for every f € FE’ incident with va. If do = dy = 1 for i € {1,2} let e; denote the
unique edge in E(H) incident with dy; and let f; denote some edge in E’ incident with dy;.
If e; = eg then K\ (E' —{f1, f2}) is a quasiquartic extension of H. Otherwise, without loss
of generality we assume that ey is not incident with v; and deduce that K \ (E' — {f1})/v4
is a quadratic extension of H with base e;.

It remains to consider the subcase when dy = 0. Let f, f/ € E’ be incident with vy such
that f has no end in {vs,vs}. If dy > 2 then K \ (E' — {f}) \ wivi/uy is a strict linear
extension of H. If dy = 1 let e denote the unique edge in E(H) incident with d4. If e is not
incident with v then K\ (E' — {f, f'})/v4 is a quasiquadratic extension of H if f’ is not
incident with vy and K\ (E' —{f, f'}) is a quasiquartic extension of H if f’ is incident with
vg. If on the other hand e is incident with v1 then K\ (E'—{f, f”}) \ u1v1/u1 is a quadratic
extension of H, where f” is any edge in E’ incident with v4. Finally, if dy = 0 let f* € F’
be incident with vy and have no end in {v1,va}. Then K\ (E' — {f, f', f*}) \ ugvs/us is a
quasiquadratic extension of H. This completes the case when v1,v9,v3 and vy are pairwise
distinct.

We now assume without loss of generality that v1 = v4. Then vy, v2 and vg are pairwise
distinct and we assume do > d3, again without loss of generality. Suppose first d; = 0.
If d3 > 2 then K \ (E' — {g}) is a pseudolinear extension of H, where g € E’ is incident
with vy; if dg = 1 then K \ (E' — {g})/v3 is a quadratic extension of H and if d3 = 0 then
K\ (E'—{f,g})/vs is a quasiquadratic extension of H, where f is an edge in E’ incident
with v3 and not adjacent to g. Therefore we may assume d; > 1. If do > 2 and d3 > 1
then K \ E' or K \ E'/vs is a strict linear extension of H. If doy > 2 and d3 = 0 then
K\ (E'\ f)/vs is a quadratic extension of H, where f is as above. If, finally, dy < 1 then
let E” be obtained from E’ by deleting 2 — dy edges of E’ incident with vy and 1 — d3 edges
incident with vs; K\ (E”)/uz is a quasiquadratic extension of H.

This completes the case analysis. O

Theorem 3.1.1 implies the following generating theorem for minimal bricks.
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Theorem 3.1.2. Let G be a minimal brick other than the Petersen graph. Then G can
be obtained from K, or the prism by taking strict extensions, in such a way that all the

intermediate graphs are minimal bricks not isomorphic to the Petersen graph.

Proof. Suppose the statement of the theorem is false and let G be a counterexample with
|V (G)| minimum.

Let a minimal brick H — G be chosen such that H can be obtained from K4 or the
prism by taking strict extensions and |V (H)| is maximum. By [28], Theorem 5.4.11, G has
a matching minor M isomorphic to K4 or the prism and therefore such choice is possible.
If |[V(H)| = |V(G)| then H is isomorphic to G by the minimality of G. If, on the other
hand, |V(H)| < |V(G)| then by Theorem 3.1.1 there exists a strict extension H — G of
H. Let H” — H' be a minimal brick with |V (H")| = |V(H")|; then H" — G. Tt follows
that H” is not isomorphic to G, for otherwise so is H', contrary to our assumption that G
is a counterexample to the theorem. By the minimality of G the graph H” can be obtained

from K4 or the prism by taking strict extensions, contrary to the choice of H. ]

Note that there exist bricks obtained from K, or the prism by a sequence of strict
extensions, that are not minimal. A simple example follows.

Let G be the prism, V(G) = {v1,ve,v3,u1,u2,us}, the vertices vi,vy,v3 are pairwise
adjacent and so are the vertices ui,ug,us, and u; is adjacent to v; for i € {1,2,3}. Let
G' = G + ujvy and let G” = G’ + (ug, u1v2) + v172. Then G” is a quasiquadratic extension
of G and G” \ uyv; is a brick, which can be obtained from a prism by a quadratic extension

or a sequence of two linear extensions.

3.2 FEdge Bound for Minimal Bricks

In [28], Corollary 5.4.16 an exact upper edge bound for minimal bicritical graphs is given.

Theorem 3.2.1. If G is a minimal bicritical graph with n > 6 vertices, then |E(G)| <

5(n —2)/2.

We use Theorem 3.1.1 to prove a similar bound for bricks.
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Theorem 3.2.2. Let G be a minimal brick on 2n vertices. Then |E(G)| < bn — 7, unless

G is the prism or the wheel on four, siz or eight vertices.

Proof. The theorem holds for the Petersen graph, so from now on we assume that G is not
the Petersen graph, the prism or the wheel on six or eight vertices. Denote the last three
graphs by Rg, Wy and Wy, respectively.

Note that a strict linear extension increases the number of vertices in a graph by 2 or
4 and the number of edges by 3 or 5, respectively. Similarly, a quasiquadratic extension
increases the number of vertices by 2 and the number of edges by at most 5, while quasi-
quadric, bilinear and pseudolinear extensions increase the number of vertices by 4 and the
number of edges by at most 8.

We say that a brick H is sparse if |[E(H)| < 2|V(H)| — 7 and we say that H is dense
otherwise. We claim that any minimal brick that contains a sparse minor is sparse. Suppose
G1 and Gy are bricks, G1 — G9, (G1 is sparse and (5 is minimal. Let the sparse brick
H — G2 be chosen such that |V(H)| maximal. From Theorem 3.1.1 we deduce that either
|[V(H)| = |V(G2)| or some strict extension H' of H is a matching minor of Gy. In the
latter case, by the calculations above, H' is sparse in contradiction with the choice of H.
Therefore |V (H)| = |V (G2)| and Gy is isomorphic to H by the minimality of G3. The claim
follows.

Suppose G is dense. By Theorem 2.1.6 G has a matching minor isomorphic to one of
the following four graphs: Rg, Ws, the staircase on eight vertices, and the Mobius ladder
on eight vertices. Among these graphs only two are dense: Rg and Wg .

Assume first that G contains Rg as a matching minor. By Theorem 3.1.1 there exists a
strict extension H of the prism such that H <— G. By the calculations above H is sparse,
unless H is a quadratic extension of Rg + uv with the base uv, where uv ¢ E(Rg). We
will show that there exists e € E(H) such that H \ e is a brick. Note that H \ e is sparse.
Therefore it follows that any minimal brick containing the prism as a matching minor and
not equal to it is sparse. We prove the existence of e by listing all possible quasiquadratic

extensions of Rg with 14 edges on Figure 14. An edge e that satisfies the conditions above
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is indicated by a cross. A spanning bisubdivision or bisplit of Rg or W in H \ e is indicated
by bold lines and allows the reader to easily verify that the claim holds in each of the cases.

Therefore we may assume that G contains Wy as a matching minor and does not contain
Rg. By Theorem 2.1.5 G is a wheel or G contains a linear extension of Wy as a matching
minor. All the wheels on at least ten vertices and all strict linear extensions of Wy are sparse
and therefore G must contain a graph obtained from Wy by an edge addition. Such graph
is unique up to isomorphism and contains Rg as a spanning subgraph, in contradiction with

our assumptions. O

The bound given in Theorem 3.2.2 is tight for every n > 4. An example of a min-
imal brick G, on 2n + 4 vertices with 5n + 3 edges follows for n > 2. Let V(G,) =
{z,y, z,t,v1,u1,V2, U2, ..., 0, uy}. For every i € {1,2,...,n} let xt,yt, zt, vu;,yu;, yv;,zv;
and w;v; be the edges of G,. Then for every e € E(G,,) the graph G, \ e contains a vertex
of degree two and is not a brick. It remains to show that G,, is a brick for every n. Note
that G is a quasiquadratic extension of Gj_1 for every k > 2. Therefore it suffices to show
that G is a brick. The graph Gy \ u1y \ v1y is isomorphic to the prism with one of its
edges bisubdivided and consequently G2 can be obtained from the prism by a quadratic

extension.

3.3 Three Cubic Vertices

The conjecture that every minimal brick contains a vertex of degree three is attributed
to Lovasz . This conjecture was verified in [7]. Below we prove a strengthening of this

conjecture.

Theorem 3.3.1. Fvery minimal brick has at least three vertices of degree three.

Proof. Let a minimal brick G that has at most two vertices of degree three be chosen with
|V (G)| minimal. By Theorem 3.1.2 there exists a minimal brick H < G with at least three
vertices of degree three, such that G is isomorphic to a strict extension of H.

Note that if a strict linear extension is used to obtain GG from H then the degree of at

most one vertex of H increased and at least one vertex in V(G) — V(H) has degree three.
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Figure 14: Quasiquadratic extensions of the prism with 14 edges
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If a quasiquartic, bilinear or pseudolinear extension is used to obtain G then V(G) — V(H)
contains at least three vertices of degree three. Therefore G is isomorphic to a quasiquadratic
extension of H.

We assume without loss of generality that V(G) — V(H) = {u1,u2} and there exist
v1,v2,v3,v4 € V(H) such that E(G) — E(H) = {u1v1, ujva, ugvs, usvy, ujv }, at least three
of the vertices vy, vo, v3,v4 are distinct, v1 # vo and v3 # vg. Note that vertices of degree
three in H must form a subset of {v;,ve,v3,v4} and that vivs, vovs, vovg, vivy & E(H), for
the deletion of such an edge results in a quadratic extension of H, contrary to the fact that
G is a minimal brick.

By Theorem 2.1.5 either H is a ladder, wheel, staircase or prismoid or some proper
reduction of H is a brick. If H is a ladder, wheel, staircase or prismoid distinct from
K, then H has at least 5 vertices of degree three, and consequently G has at least three
vertices of degree three. If H = K4 then G is not minimal, by an observation in the previous
paragraph.

Therefore there exists e € E(H) such that H \ e becomes a brick H; after possible bicon-
tractions of vertices of degree two and no parallel edges are created by these bicontractions.
Note that H is minimal and therefore at least one end of e is a vertex of degree three in H.
Assume first that exactly one end of e has degree three in H. Without loss of generality
this end is v;. The graph G \ e is a brick, because it can be obtained by a linear extension
(first bisplit to produce H\e, then add edge viv3) followed by a quadratic extension with
base vivs. Recall that v; is not adjacent to vs in H.

It remains to consider the case when both of the ends of e have degree three in H.
Without loss of generality we assume that e = wvyve and vy, v, v3 and vy are pairwise
distinct. It follows that G \ e is a strict linear extension of H + vjvs + viv4 and is again a

brick. This completes the case analysis. O

We conjecture the following strengthening of Theorem 3.3.1.

Conjecture 3.3.2. There exists o > 0 such that every minimal brick G has at least o[V (G)]

vertices of degree three.
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Even a much weaker strengthening, namely, a conjecture that every brick has at least
four vertices of degree three, seems to require new ideas or a substantial refinement of our

techniques.
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CHAPTER IV

PFAFFIAN GRAPHS, T-JOINS AND CROSSING
NUMBERS

In this chapter we prove a technical theorem about the numbers of crossings in 7T-joins in
different drawings of a fixed graph.

As a main corollary we characterize Pfaffian graphs in terms of their drawings in the
plane. We also consider applications of this theorem to the theory of crossing numbers. We
give a new proof of a theorem of Kleitman [23] on the parity of crossings in drawings of K»;1
and Koj41 2k+1, which in turn gives a new proof of the Hanani-Tutte theorem [17, 55]. We
state a hypergraph conjecture, which if true implies Zarankiewicz’s conjecture on crossing
number of K, , and prove a uniqueness of the drawing of the Petersen which minimizes the
number of crossings.

Further applications of the method appear in Chapters 5 and 6. The material presented

in this chapter will also appear in [33].

4.1 Introduction

A pair (G,T) consisting of a graph G and a set T C V(G) of even cardinality is called a
graft. A T-join is a subset J C E(G) such that every vertex v € V(G) is incident with an
odd number of edges in J if and only if v € T..

T-joins were first introduced in relation to the Chinese Postman problem, which can be
reformulated as follows: find the minimum set of edges in a graph whose doubling results in
an Eulerian graph. Note that such set of edges is a T-join, where T is the set of all vertices
of odd degree. A perfect matching is another example of a T-join, where T'= V(G). Since
their introduction, T-joins have been extensively studied (see for example [47], [28, sections
6.5 and 6.6], [16], [6, section 2]).

By a drawing T of a graph G we mean an immersion of G in the plane such that edges
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are represented by homeomorphic images of [0, 1], not containing vertices in their interiors.
FEdges are permitted to intersect, but there are only finitely many intersections and each
intersection is a crossing. For edges e, f of a graph G drawn in the plane let cr(e, f) denote
the number of times the edges e and f cross. For a set J C E(G) let ¢r(J,T), or er(J) if
the drawing is understood from context, denote ) cr(e, f), where the sum is taken over all
unordered pairs of distinct edges e, f € J.

We say that an unordered pair {e, f} of adjacent edges in G is an angle. We denote
the set of all edges and angles in a graph G by A(G). If J C E(G) we say that e € E(G)
lies in J if e € J, and we say that an angle {e, f} lies in J if e, f € J. For J C E(G) and
S C E(G) we denote by J M S the set of elements of S which lie in J.

The following theorem is the main result of this chapter. While the theorem itself is

rather technical, it has a number of interesting applications.

Theorem 4.1.1. Let (G,T) be a graft and let T'y and Ty be two drawings of G in the
plane. Then there exists S = S(T,1'1,I's) C E(G) such that for every T-join J C E(G) the

following identity holds modulo 2
er(J,Ty) =cer(J,T) + |J NS, (1)

and if T = () then S contains no edges.

We prove Theorem 4.1.1 in Section 2. In Section 3 Theorem 4.1.1 is used to characterize
Pfaffian graphs in terms of their drawings in the plane.

In Section 4 we consider several applications of Theorem 4.1.1 to the theory of crossing
numbers. We give a new proof of a result of Kleitman on the parity of the number of
crossings in a graph. A well-known theorem of Hanani and Tutte follows as a corollary. We
develop an approach to the problem of estimating the crossing number of complete bipartite
graphs, also known as the Turan’s brickyard problem. Finally, we characterize the drawings

of the Petersen graph that minimize the number of crossings.

4.2 Proof of The Main Theorem

Throughout this section all integer identities are modulo 2.
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For any n and any two sequences (ai,as,..,a,) and (b1, ba,..,b,) of pairwise distinct
points in the plane, there clearly exists a homeomorphic transformation of the plane that
takes a; to b; for all 1 < i < n. Therefore without loss of generality we assume that the
vertices of G are represented by the same points in the plane in both I'; and I's.

We say that the drawings I'1 and I's are adjacent if they differ only in the position of a
single edge e = ujuo. We start by proving Theorem 4.1.1 for adjacent drawings.

Let e; and ey denote the images of e in I'; and I's correspondingly. By changing these
images within the regions of I'y \ e; we can assume that e; and eg have finitely many
intersections and each intersection is a crossing. Define C = e; U eo. The closed curve C
separates its complement into two sets P; and P, with the property that every simple curve
with ends @ € P; and b € Pj crosses C an even number of times if and only if 7 = j.

For x € (V(G)U E(G)) \ {e} we will not distinguish between z and its representation
in I'y and I'y. Define F; to be the set of all edges f € E(G) \ {e} such that f is adjacent to
uj for some j € {1,2} and fNU C P;U{u;} for every some neighborhood U of u; in the
plane. Define

S ={{e f}f € I}
if |”T'N P1] is even, and
S={{e,f}f € i} U{e}
if |”T'N Py|isodd. If T =0 then S contains no edges.

If e & J then cr(J,T'1) = er(J,I'2) and (1) trivially holds, so we assume e € J. We have

CT(J’Fl) + CT(‘]v FZ) =2 Z CT‘(f,g) + Z (CT(f, 61) + CT(f, 62))

{f,93CI\{e} feJ\{e}
= > (f,0)
fes\{e}

Therefore it suffices to prove that

[Jnsi= > er(f.0),

fed\{e}
or equivalently that
TNR|+[TNP= Y er(f,0). (2)
fes\{e}
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From the definition of T-join we can deduce that for any X C V(G)
TNX|=[{uw e Jue X,v¢& X}
In particular

ITNP|=|{uveJue P,vg P} ={uv e Jue P,ve Pl}|+

+{uv € Jju € Pr,v € {uy,us}}. (3)
Let J1 ={uv € JN Fylu € Pi} and Jy = {uv € J N Fi|u € P»}. Note that
(JﬂFl)A{uv € J\u € P,ve {ul,ug}} =J1 U Js,

and therefore

‘JﬂFﬂ—i—‘{UUEJ‘UGPl,UE{ul,UQ}H:|J1UJ2|. (4)

Let J3 = {uv € J|u € Pi,v € P»}. The sets Jp, Jo and J3 are pairwise disjoint. From (3)
and (4) we have

|JOF |+ T NP =|J1UJyU J5). (5)

But J; U JyU Js is exactly the set of those edges f € J\ {e} which cross C' an odd number of
times. Therefore (2) follows from (5) and the proof of Theorem 4.1.1 for adjacent drawings
is complete.

For two arbitrary drawings I'; and I'y of G there always exist an integer n and a sequence
of drawings I'y = I'|,I',..., T, = I's of G such that I'j is adjacent to I'j,; for all i €
{1,2,...,n—1}. We have proved that there exist sets S; C A(G) for alli € {1,2,...,n—1}
such that

er(J,T5) = er(J,Tiyy) + 1T 1 S| (6)

for all T-joins J. Let S = S1ASA ... AS,,—1. Summing up (6) over alli € {1,2,...,n—1}

we get (1), thereby completing the proof of Theorem 4.1.1 for arbitrary drawings.

4.3 Drawing Pfaffian Graphs

The following theorem is the main result of this section.
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Theorem 4.3.1. A graph G is Pfaffian if and only if there exists a drawing of G in the

plane such that cr(M) is even for every M € M(G).

The “if” part of this theorem was known to Kasteleyn [21] and was proved by Tesler [51];
however our proof of this part is different. A self-contained proof of Theorem 4.3.1 has
recently appeared in [34].

We derive Theorem 4.3.1 from a more general theorem. To state it we need a definition.
Recall that M(G) or M if the graph is understood from the context denotes the set of all
perfect matchings of a graph G.

Let I be a drawing of a graph G and let s : M — {—1,1}. We say that S C E(G) is an
s-marking of I' if

S(M) _ (_1)CT(M)+|MOS|
for every M € M.

Theorem 4.3.2. Let G be a labeled graph and let s : M — {—1,1}. Then the following

are equivalent:

(a) there exists an orientation D of G such that for every M € M its sign in the corre-

sponding directed graph is equal to s(M);
(b) some drawing of G in the plane has an s-marking;
(c) every drawing of G in the plane has an s-marking;

(d) there ezists a drawing of G in the plane such that for every M € M

We say that I is a standard drawing of a labeled graph G if the vertices of I' are arranged
on a circle in order and every edge of I' is drawn as a straight line.
The equivalence of conditions (a), (b) and (c¢) of Theorem 4.3.2 immediately follows

from the next two lemmas.

Lemma 4.3.3. Let G be a labeled graph, let I' be a standard drawing of G and let s : M —

{—1,1}. Then the following are equivalent:
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(1)there exists an orientation D of G such that for every M € M its sign in the corre-

sponding directed graph is equal to s(M);

(2)there exists an s-marking S of T.

Proof. Let D be an orientation of G. Let M = {ujv1,ugva, ..., urvx} be a perfect matching

of D. The sign of M is the sign of the permutation

1 2 3 4 ... 2k—1 2k

Uy V1 U2 V2 ... Uk Vk
Let ¢(P) denote the number of inversions in P. We have

sgn(M) = sgn(P) = (1" = [ sgn(P(j) - P(i)) =
1<i<j<2k

= I sonl(uy —wi)(vj — ui)(uj = vi)(v; — vi))x

1<i<j<k

X H sgn(v; — uy;). (7)

1<i<k
In I" edges u;v; and wjv; cross if and only if, in the circle containing the vertices of I', each
of the two arcs with ends u; and v; contains one of the vertices u; and vj;, in other words if

and only if
sgn((uj — ;) (vj — u)(uj —vi)(v; —v;)) = —1.

Define Sp = {uv € E(D)|u > v}. From (7) we deduce that
sgn(M) = (~1)7 M x (~1)MOS]
It follows that sgn(M) = s(M) in D if and only if Sp is an s-marking of I'. O

Notice that we have in fact shown that there exists a one-to-one correspondence between

Pfaffian orientations of a labeled graph and markings of its standard drawing.

Lemma 4.3.4. Let G be a labeled graph and let s : M — {—1,1}. Let Ty and 'y be two
drawings of a labeled graph G in the plane. Then I'y has an s-marking if and only if I's has

one.
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Proof. Perfect matchings are T-joins in the graft (G, V(G)). Therefore by Theorem 4.1.1

there exists S C A(G) such that for every M € M we have
er(M,I'y) = er(M,Iy) + | M 1S

modulo 2. Let S’ = SN E(G). As no perfect matching contains an angle we have
cr(M,T1) = er(M,T9) +|M NS’

modulo 2 for every M € M. Let S; be an s-marking of I';. Then

s(M) _ (_1)cr(M,F1)+|MmS| _ (_1)CT(M,F2)+\MQS"+|MOS’| _ (_1)cr(M,F2)+|Mm(S/A51)\

for every M € M. Therefore S’AS; is an s-marking of I's. O

Since clearly (d) implies (b), to finish the proof of Theorem 4.3.2 it remains to show
that (b) implies (d). Suppose G satisfies (b) and consider a drawing of G in the plane with
an s-marking S. Suppose there exists e € S. We change the way e is drawn, so that the
closed curve C' which is composed from the old and the new drawing of e separates one
vertex of G from the rest. From the proof of Theorem 4.1.1 it follows that S\ {e} is a
marking in the new drawing. By repeating the procedure we produce a drawing of G such
that the empty set is an s-marking, therefore demonstrating that G satisfies condition (d)

of Theorem 4.3.2.

4.4 Applications to Crossing Numbers

We say that a set J of T-joins in a graft (G,T) is nice if every x € AE(G) lies in an even

number of elements of 7.

Lemma 4.4.1. Let J be a nice set of T-joins in a graft (G,T). Then the parity of

Z er(J,T) (8)

JeJ

is independent of the choice of a drawing I' of G in the plane.

Proof. By Theorem 4.1.1 it suffices to prove that

pPARE

JeJ
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is even for any S C E(G). This is true by the definition of a nice set of T-joins. O

We derive the next theorem from Lemma 4.4.1.

Theorem 4.4.2. (Kleitman [23]) Let G = Kajr1 or G = Kajii9k41 for some positive
integers j and k. Then the parity of the total number of crossings of non-adjacent edges is

independent of the choice of a drawing of G in the plane.

Proof. By Lemma 4.4.1 it suffices to find 7' C V(G) and a nice set J of T-joins such that

{J € T{e, [} € J}]

is odd for every two non-adjacent edges e, f of G. (By the definition of a nice set, [{J €
Jl{e, f} C J}| is even for every angle {e, f}.)

For G = Kayji12k+1 We choose T' = () and we choose J to be the set of all cycles of
length 4 in G.

For G = K3;j41 the construction is slightly more complicated. Choose v € V(G) and let
T =V(G)\{v}. Let Ji be the set of all perfect matchings of G \ {v}. For distinct vertices
uy,ug € T let

Juguy = {vw|w € T\ {ur,u2}} U{ujua}

and let Jo = {Jyyu, [{u1,u2} C T uy # ug}. Let J3 = {vw|w € T}. Finally, if j is odd let

J=TUJ and if j is even let J = 71 U Jo U {J3}.

In both cases by straightforward counting we can check that J is as required. O

Kuratowki’s theorem states that every non-planar graph has a subgraph isomorphic to
a subdivision of K5 or K33. One can therefore easily deduce the following well-known

theorem from Theorem 4.4.2 and Kuratowski’s theorem.

Theorem 4.4.3. (Hanani [17], Tutte [55]) Let I" be a drawing of a non-planar graph G in
the plane. Then there exist distinct non-adjacent edges e, f € E(G) such that cr(e, f) is
odd.

One of the oldest and the most widely known problems in crossing number theory is

the problem of estimating the crossing number of the complete bipartite graph K, , also
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Figure 15: A Drawing of K45 with Z(4,5) crossings

known as Turdn’s brickyard problem [52]. For a graph G the crossing number CR(G) is
equal to the minimum of Z{e’f}gE(G),e?ﬁf cr(e, f) taken over all drawings of G in the plane.

It has been long conjectured that CR(K,, ) equals the Zarankiewicz’s number

m, m—1 n, n-—1

2SI

Z(m,n) = | |.

This conjecture is known as Zarankiewicz’s conjecture. A natural straight line drawing
shows that Z(m,n) > CR(Ky, ) for every m and n. An example for m = 5 and n = 4
is shown on Figure 15. The following best known bound for CR(K, ) has been recently

proved by de Klerk et al. [10].

Theorem 4.4.4. (i) lim,—oCR(Ky, n)/Z(m,n) > 0.83m/(m — 1) for each fized m > 9;

(ii) limp—oCR(Kp n)/Z(n,n) > 0.83.

There are other possible ways to define the crossing number of a graph. We adopt the
definition first implicit in the paper by Tutte [55] and formalized by Székely in [49]. For
a graph G the independent odd crossing number CR-IODD(G) is equal to the minimum
number of unordered pairs of non-adjacent edges that cross each other odd number of times

taken over all drawings of G in the plane. Clearly CR-IODD(G)<CR(G) for every G.
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We will state a conjecture about hypergraphs that if true will imply that CR-IODD(G)>
Z(m,n) for every m,n € Zy and therefore implies Zarankiewicz’s conjecture. The purpose
of such reformulation is to eliminate the geometrical aspect of the problem.

Let A(m,n) be the set of angles in K,, . Let G(m,n) be a 4-uniform hypergraph with
V(G(m,n)) = A(m,n) and E(G(m,n)) equal to the set of the sets of angles lying in cycles
of length four in K,, . We say that C' C E(G) is a circuit if it covers every vertex even

number of times. Then the following lemma holds.

Lemma 4.4.5. There exists a subhypergraph G' of G(m,n) with no odd circuits such that
|E(G)] = |E(G(m,n))| — CR-IODD(Kp,pn)-

Proof. Let I'y be a straight line drawing of K, , in the plane with the vertices of parts of
K, mapped to two parallel lines. Then ¢r(C,T'1) = 1 for every cycle C' of length four in
Ky pn. Let T'g be the drawing of K, 5, in the plane that achieves CR-IODD(K,, ). For an
angle A = {e, f} € A(m,n) define ¢r’(A) = crp,(e, f) and let A ={A € A(m,n)|cr’'(A) is

odd}. For a cycle C' = ujviugvau; in Ky, p, define
er' (C) = err, (uyvy, ugve) + crp, (ugvy, u1v2).
Note that
er(C,Tg) = o' (C) + Z cr' (A).
A€A(m,n), A lies in C
By Theorem 4.1.1 there exists S C A(m,n) such that for every cycle C of length four
er(C,Ty) = cr(C,Ty) + |C TS|

modulo 2. Let S’ = SAA. Then the following identities hold modulo 2.

e’ (C) = er(C,Ty) — > e’ (A) = er(C,T) 4+ [CN S| — |[CN Al =
Ac€A(m,n), Alies in C

=1+|CnyY.

Let C be the set of all the cycles C in K, ,, of length four with even ¢’(C) . Consider

the subhypergraph of G’ of G(m, n) that has only the edges that correspond to the elements
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of C. We have
|E(G")| > |E(G(m,n))| — CR-IODD(K,, 1),

as every cycle C of length four with odd ¢r’(C) contains a pair of non-adjacent edges that
cross odd number of times in I'y, and each pair of non-adjacent edges belongs to the unique
cycle of length four in K, ,. Therefore it only remains to show that G’ has no odd circuits.
Suppose the hyperedges corresponding to Cp,Cs,...C) form an odd circuit of G’. Note
that ¢’ (C;) is even and therefore |C; M S’| is odd for every 1 < i < k. It follows that
S [ ]C;M 8’| is odd. This is a contradiction as every element of S’ lies in even number of

cycles Cy,Cs, ...k by the definition of a circuit. O

Now we are ready to state our conjecture that implies Zarankiewicz’s conjecture by

— m(m=1) n(n—1)
Lemma 4.4.5. Note that |E(G(m,n))| = ®5— 10—,

Conjecture 4.4.6. For every subhypergraph G' of G(m,n) with no odd circuits

m(m —1)n(n — 1)
2 2

m m—1 n n—1

B(@)] < =]}

all!

The last application of our method that we would like to demonstrate focuses on the

crossing number of the Petersen graph Pjg. It is well-known that CR(Pig) = 2.

Lemma 4.4.7. The drawing I' of the Petersen graph in the sphere that achieves CR(Pio) =

2 is unique up to a homeomorphism of the sphere and an isomorphism of the Petersen graph.

Proof. The Petersen graph Pjg has 6 distinct perfect matchings. See Figure 16. We assume
that the vertice s of Py are labeled vy, ...,v19 as shown on Figure 16. For e, f € E(Pyo)
denote by d(e, f) the length of the shortest (possibly trivial) path in Pjy that joins an end
of e to an end of f.

We find the following properties of the Petersen graph useful:
(i) every two distinct perfect matchings of the Petersen graph share exactly one edge edge;
(ii) e, f € E(Pyo) belong to a common perfect matching if and only if d(e, f) = 1;

(iii) if eq, f1, €2, fo € E(Pyp) then there exists an isomorphism of the Petersen graph that

maps e to eg and fi to fo if and only if d(ey, f1) = d(e2, f2);
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Figure 16: Six perfect matchings of the Petersen graph
(iv) d(e, f) < 2 for every e, f € E(Pio);
(v) Pip \ v is non-planar for every v € V(Pyg).

A standard and simple argument shows that in I no two adjacent edges cross (see for
example [49]). Let e, f1,e2, fo € E(P1p) be such that the image of e; crosses the image
fi in I" for ¢ = 1,2 and no other pair of edges of Pjg cross in I'. Then ey, fi,e2 and fo
form a matching in Pjy. Indeed if two edges among e1, f1,e2 and fy share a vertex v then
I includes a drawing of Pjg \ v with no crossings in contradiction with (v). Moreover, by
applying Lemma 4.4.1 to a nice family M(Pyg) and by (i) and (ii) we have

Z crr(e, f) =1

{e,f}CE(P1o), d(e,f)=1

modulo 2. It follows from (iii) and (iv) that we may assume that e; = vqvg, fi = v3vg and
d(eg, f2) = 2. These conditions also determine {ea, fo} uniquely, as G \ {vs,vq,vs8,v9} is a
cycle of length five with a pendant edge. Therefore we may assume ey = v1vg, fo = v7v10.
Let G be an auxiliary graph constructed from Pjg as follows: subdivide edges ey, f1, e2 and
fo once, identify the vertices obtain by subdividing e; and f; and denote the resulting vertex
by w; for ¢ = 1,2. Note that I" can be considered as a drawing of G with no crossings if

we map w; to the point where the images of edges e; and f; cross in I'. Note also that G
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Figure 17: A drawing of the Petersen graph with two crossings

is 3-connected and therefore has a unique drawing in the sphere without crossings, up to
s homeomorphism of the sphere, by a theorem of Whitney [58]. The theorem follows. A

drawing of Pjg with two crossings is shown on Figure 17. O

We say that a graph is doublecross if it can be drawn in the plane with two crossings in
such a way that the two crossings belong to the same region. Doublecross graphs play im-
portant role in structural graph theory (see for example [43]). The following is an immediate

corollary of Lemma 4.4.7.

Corollary 4.4.8. The Petersen graph is not doublecross.
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CHAPTER V

DRAWING 4-PFAFFIAN GRAPHS ON THE TORUS

In this chapter we consider an extension of Theorem 4.3.1 to higher surfaces and k-Pfaffian
graphs. We prove that 3-Pfaffian graphs are Pfaffian, 5-Pfaffian graphs are 4-Pfaffian and
characterize 4-Pfaffian graphs in terms of their drawings on the torus. We prove partial
results and state conjectures for higher surfaces and values of k.

The material presented in this chapter will also appear in [32].

5.1 Introduction

We now define drawings on surfaces. The definition is almost identical to the definition
of drawings in the plane in Section 4.1. However, we find it convenient to allow self-
intersections of edges. By a drawing I" of a graph G on a surface S we mean an immersion
of G in S such that edges are represented by locally homeomorphic images of [0,1], not
containing vertices in their interiors. Edges are permitted to intersect, but there are only
finitely many intersections and each intersection is a crossing. Let crp(e, f) for distinct
e, f € E(G) and cr(M) for M € M(G) be defined as in Section 4.1.

The main result of this chapter gives a characterization of 4-Pfaffian graphs, similar to

the characterization of Pfaffian graphs given in Chapter 4.

Theorem 5.1.1. A graph G is 4-Pfaffian if and only if there exists a drawing of G on the

torus such that cr(M) is even for every perfect matching M of G.

In the next section we examine sequences of signs of perfect matchings in orientations
of a k-Pfaffian graph. We prove that 3-Pfaffian graphs are Pfaffian and describe sequences
of signs possible in 4-Pfaffian graphs. In Section 5.3 we prove that 5-Pfaffian graphs are

4-Pfaffian. Theorem 5.1.1 is proved in Section 5.4.
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5.2 Admissible Sets of Sign Sequences

We say that a set M of (1, —1)-vectors of length k is realizable if there exists a graph G
that is labeled k-Pfaffian, but not (k — 1)-Pfaffian, orientations Dy, Da,..., Dy of G and

real numbers a1, s, ..., a such that
M ={(D1(M),Da(M),...,Dp(M)) | M is a perfect matching of G}
and for every perfect matching M of G
k
Z OéZDZ(M) = 1.
i=1

We say that G realizes M. Next we establish some conditions, which every realizable set

of vectors has to satisfy.

Lemma 5.2.1. Let G be a labeled graph, let k be an odd integer and let S = (D1, Da, ..., D)

be a sequence of orientations of G. Then there exists an orientation Dg of G such that
Dg(M) = D1(M)D2(M) ... D(M).

Proof. Define Dg of G as follows. For every edge uv € E(G), let uv € E(Dg) if [{i|1 <i <
k,uv € D;}| is odd and let vu € E(Dg) otherwise. Denote by S; the set of edges on which

Dg differs from D;. We have

It follows that
Dy(M)Dy(M) ... Dy(M) = (—1)IMOSFIMASzH-HMOSKH D (1),
It remains to note that by definition of Dg
[ENSi|+|ENSa|+...+|E NSk

is even for every £ C E(G). O

For a vector v of length k we denote its i-th coordinate by v(i). We say that a set V of

(1, —1)-vectors of length k is admissible if it satisfies the following properties
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A1 for every odd S C {1,2,...k} there exist v1,v2 € V such that for i € {1,2} we have
jes
A2 for any set of real numbers {3,},cy such that ) ., B,v is a zero vector, we have

Z’UGV ﬂ” =0.

Every realizable set M is admissible. Indeed, let G be a graph that realizes M. Note
that changing the orientation of all edges incident with any given vertex of GG changes the
sign of all perfect matchings of G. Therefore by Lemma 5.2.1 M has to satisfy Al as

otherwise G is Pfaffian. The set M also satisfies condition A2, as it satisfies the following

property
B2 there exist real numbers a7y, as, ..., a; such that Zle a;v(i) =1 for every v € V,

and by a standard linear algebra argument A2 and B2 are equivalent.

Note that B2 also implies the following property, which we find useful to state separately.
A3 every two elements of V differ in at least two coordinates.

We say that sets V and W of (1,—1)-vectors of length k are equivalent if VW can be
obtained from V as follows: for some permutation 7 of the set {1,2,...,k} and some
S C {1,2,...,k} apply 7 to the coordinates of all vectors in V and change the signs of
all coordinates with indices in S for all vectors in V. The above is clearly an equivalence
relation. Trivially, if the sets V and W are equivalent then V is admissible (realizable) if

and only if W is.

Lemma 5.2.2. No set of (1,—1)-vectors of length two is admissible.

Proof. Suppose V is an admissible set of (1, —1)-vectors of length two. Clearly V is equiva-
lent to a set containing (1, 1) and therefore without loss of generality we assume (1,1) € V.
By A2 we know that (—1,—1) ¢ V and therefore by A1l applied to S = {1} we have

(=1,1) € V in contradiction with A3. O

Lemma 5.2.3. No set of (1,—1)-vectors of length three is admissible.
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Proof. Again without loss of generality we assume (1,1,1) € V. It implies by A2 that
(=1,—-1,—1) ¢ V and by A1l applied to S = {1,2,3} and equivalence we may assume

(1,1,-1) € V in contradiction with A3. O

The next theorem follows immediately from Lemmas 5.2.2 and 5.2.3 and the observa-

tions above.
Theorem 5.2.4. Fvery 3-Pfaffian graph is Pfaffian.

Next we examine admissible sets of sequences of length four. Denote {(—1,1,1,1),

(17 _17 17 1)’ (17 17 _17 1)’(17 1a 1a _1)} by S.
Lemma 5.2.5. Every admissible set V of (1, —1)-vectors of length four is equivalent to S.

Proof. For a vector V of length four we denote Z?:l v; by a(V'). Without loss of generality
we assume (1,1,1,1) € V. By A2 and A3 we have o(V') € {—2,0,4} for every V € V. Let
n denote the number of elements V € V with o(V) = —2. By A2 n < 3. We claim that
n=0.

Suppose not. If n = 3 without loss of generality we assume
(1,-1,-1,-1),(-1,1,-1,-1),(-1,-1,1,-1) e V.

By A1 applied to S = {1,2,3} we may assume (—1,1,1,—1) € V in contradiction with A3.
If n = 2 we assume (1,—1,—1,-1), (-1,1,—-1,—1) € V and A1 applied to S = {1,2,3}
and A3 again lead to a contradiction. If n = 1 by equivalence, A1 applied to S = {1, 2, 3}
and A3 we may assume (1,—1,—1,-1), (=1,1,1,—1) € V and apply Al to S = {1,2,4}
for a contradiction.

Condition A1 applied to all subsets of {1,2,3,4} of size 3 implies |V| > 4. By A2 we
know that for every Vi, V5 € V we have Vi + V5 #£ 0. Therefore up to equivalence ¥V = V; or

V = Vs, where
Vi ={(1,1,1,1),(-1,1,1,-1),(1,-1,1,-1),(1,1,—-1,-1)},

and

Vo ={(1,1,1,1),(1,1,—-1,-1),(1,-1,1,-1),(1, -1, -1, 1) }.
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Applying A1 to S = {1} we have V = V; and is equivalent to S. O

Before we can state the next lemma we need to strengthen our definition of admissibility.
For a vector V of length k and S C {1,2,...k} denote [[;cq V(i) by V(S5). We say that a

set V of (1, —1)-vectors of length k is strongly admissible if it satisfies B2 and

B1 For every odd Si,S,...,S5t—1 C {1,2,...k} and every real numbers aq,ao,...,ax
there exists V € V such that
k-1

Z a,V(S,) 75 1.

i=1
Every realizable set M is strongly admissible, as the negation of B1 and Lemma 5.2.1
implies that every graph realizing M is (k — 1)-Pfaffian. Note also that B1 and implies A1

and therefore every strongly admissible set of vectors is admissible.

Theorem 5.2.6. No set of (1, —1)-vectors of length five is strongly admissible.

Proof. The only argument we were able to find proceeds by exhaustive case analysis and is
quite long. The proof will appear in a separate section. O

The theorem below immediately follows from Theorem 5.2.6.

Theorem 5.2.7. FEvery 5-Pfaffian graph is 4-Pfaffian.

We now need to introduce some additional notation. Let V' and W be (1, —1)-vectors

of length m and n, respectively. We denote by V' x W the vector of length mn defined by
(V x W)((F = Dn+1i) = V(@)W (j)

forall 1 < i < m,1 < j < n. For sets of (1,—1)-vectors V and W of length m and n
correspondingly let VW = {V xW |V € V,IW € W}. We use the convention ®"V = {(1)}

for any set V of (1, —1)-vectors.

Conjecture 5.2.8. Let G be a labeled graph that is k-Pfaffian, but not (k — 1)-Pfaffian,
for some integer k > 1. Then k = 49 for some non-negative integer g and there exist

orientations D1, Ds, ..., Dy of G such that for every perfect matching M of G
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(Dy(M), Do(M), ..., Dy(M)) € @9S.

Note that the results of this section imply that Conjecture 5.2.8 holds for k¥ < 5. Tar-
dos [50] pointed out that there exists a strongly admissible set of (1, —1)-vectors of length
six, namely the set of all vectors with exactly two negative coordinates. Therefore to prove
Conjecture 5.2.8 one needs to use stronger properties of realizable sets then strong admis-

sibility.
5.3 b5-Pfaffian Graphs are 4-Pfaffian

In this section we give a proof of Theorem 5.2.6. Suppose V is a strongly admissible set of
vectors of length five.

For a vector V of length five let S(V) = {i|V (i) = 1} and let o(V) = [S(V')]. We assume
without loss of generality that (1,1,1,1,1) € V. By A2 and A3 we have (V) € {1,2,3,5}
for every V' € V. Let ny denote the number of elements V' € V with o(V') = k. We consider
cases depending on n;. Note that by A2, we have ni < 4.

Case 1: n; = 4. We assume without loss of generality that

(1,-1,-1,—1,-1),(-=1,1,—1,—1,—1),(-1,-1,1,—1,—1),(=1,-1,-1,1,—1) € V.

By B2, we have V(1)+V(2)+V(3)+V(4) —3V(5) = 1 for every V € V. Therefore |V| =5
and A1 applied to S ={1,2,3,4,5} yields a contradiction.

Case 2: n; = 3. We assume that (1,-1,-1,—-1,-1), (-1,1,-1,—-1,—1),
(-1,-1,1,—1,—1) € V. By A1 applied to S = {1,2,3,4,5} we have ny > 0 and therefore
(=1,-1,—-1,1,1) € ¥V by A3. We have

2(1,1,1,1,1) + (1,-1,-1,-1,-1) + (=1,—1,1,—1, 1) + (=1, -1,1, -1, —1)+
+(-1,-1,-1,1,1) = (0,0,0,0,0),
in contradiction with A2.

Case 3: n; = 2. We assume that (1,-1,-1,-1,-1), (-1,1,—1,—1,—1) € V. By A1l

applied to S = {1,2,3,4,5} and A3 without loss of generality we have (—1,—1,1,1,—1) € V.
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By A1l applied to S = {1,2,3} there exists W € V such that S(W) N {1,2,3} is even.
Suppose first |S(W) N {1,2,3}| = 0 then W = {-1,—1,—1,1,1}. It follows from B2 that
V(1) 4+ V(2) —2V(3) + 3V (4) — 2V (5) = 1 for every V € V. In particular |S(V) N {1,2,4}|
is odd for every V € V, in contradiction with A1.

Therefore |[S(W) N{1,2,3} = 2. It follows from A3 that o(WW) = 3. We consider all

possible choices for W up to the symmetry between the first and second coordinates.

WwW=(1,1,-1,1,-1) or W=(1,-1,1,-1,1): From B2 we have V(1) +V(2)+2V(3) -V (4) —
2V (5) = 1 for every V € V. Again it follows that |[S(V) N {1,2,4}| is odd for every

Ve
W=(1,1,-1,-1,1): (-1,-1,1,1,-1) and W contadict A2.

wW=(1,-1,1,1,-1): (-1,-1,1,1,-1) and W contadict A3.

Case 4: ny; = 1. We assume that (1,—1,—1,—1,—1) € V. Note that by cases 1-3 we
may assume that for every V' € V there exists at most one W € V such that [S(V)AS(W)| =
4. By A1 applied to S = {1,2,3,4,5} and A3 we have (—1,1,1,—1,—-1) € V up to
equivalence. We will proceed by considering subcases depending on ng, but we would like
to make a couple of observations first.

Note that if W € V, (W) = 3 then 1 € S(W) by the observation above applied to
(1,-1,-1,-1,-1). Also [S(W)Nn{2,3}| =1 by A2 and A3 applied to (—1,1,1,—1,-1)
and . Moreover note that if S is a strongly admissible set and V' is a (1, —1)-vector that

lies in the affine space spanned by & then S UV is strongly admissible.

4.1: ng > 3. We assume without loss of generality that (1,1,—1,1,-1), (1,1,—1,—1,1),
(1,-1,1,1,-1), (1,-1,1,—1,1) € V. Indeed, no other vector W with o(W) = 3 can lie in
V by an observation above, and these four vectors are affinely dependent: (1,1, —1,1,—1)+
(1,1,-1,-1,1)—(1,-1,1,1, -1)—(1, -1,1,—1,1) = (0,0,0,0,0). From B2 we have 2V (1)+
V(2)+V(3)—V(4)—V(5) =2 for every V € V. It follows that |V| = 7. We have

SV VIL24) + V({1,2,5) - V({1,2,3)) =1

for every V € V in contradiction with B1. Note that the set V' is admissible.
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4.2: 1 <ng < 2. We assume without loss of generality that (1,—1,1,—1,1) € V. If
(1,1,-1,-1,1) € V or (1,-1,1,1,—1) € V then we again can conclude that 2V (1) +
V(2)+V(3)—-V(4)—V(5) = 2 for every V € V for a contradiction. By A1 applied to
S = {1,2,4} there must exist W € V with o(W) = 2 such that S(W) N {1,2,4} is even.
If SW)n{1,2,4} = 0 then W and (1,—1,1,—1,1) contradict A2 and if S(W) C {1,2,4}
then W and (1,—1,1,—1,1) contradict A3.

4.3: ng=0. Let V' = {V € V|o(V) = 2}. Note that 1 & S(W) for every W € V' by A3
applied to W and (1, —1, -1, —1,—1). Also S(W71)NS(W3) # 0 for every W1, W5 € V' by A2
applied to Wy, Ws, (1,—1,—1,—1,—1) and (1,1,1,1,1). It follows that up to renumbering

of the coordinates V is a subset of one of the following sets

Vi ={(1,1,1,1,1),(1,-1,-1,—-1,-1),(-1,1,1, -1, 1),

(-1,1,-1,1,-1),(-1,-1,1,1,-1)}
or

Vo ={(1,1,1,1,1),(1,-1,-1,-1,-1),(-1,1,1, -1, 1),

(=1,1,-1,1,-1),(=1,1,—-1,—-1,1)}.

Moreover, V; and Vs are equivalent. To verify that, consider changing signs of the last four

coordinates of all vectors in V. Therefore we assume V C V;. Then
1

for every V € V in contradiction with B1.

Case 5: n; =0. Note that by the preceding cases we may assume that |S(V) A
S(W)| <3 forall V;IV € V. By Al applied to S = {1,2,...,5} we assume without loss of
generality that (1,1,—1,—1,—1) € V. Let V' = {V € V| o(V) = 2} be defined as before.
By the observation above either there exists € {1,2,...,5} such that x € W for every
W e V', or ng = 3 and there exists S C {1,2,...,5} such that |S| = 3 and S(W) C S for
every W € V'. Suppose first that the second outcome holds. Without loss of generality

Vv = {1,1,-1,-1,-1), (1,-1,1,—-1,-1), (=1,1,1,—1,—1)}. By B1 there must exist
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U € V such that U(4) # U(5). It follows however that o(U) = 3, |S(U)N{1,2,3}| = 2 and
therefore there exists W € V' such that |[S(W)AS(U)| =1 in contradiction with A3.

We assume now without loss of generality that 1 € W for every W € V'. By Al
applied to S = {1} there exists U € V such that U(1) = —1 and o(U) = 3. Without
loss of generality U = {—1,1,1,1, —1}. By observations above |S(W)AS(U)| =1 for every
W e V'. By A1l applied to S = {2,3,4} there exists T € V such that ¢(T) = 3 and
|S(T)N{2,3,4}| = 2. Without loss of generality T = (—1,1,1,—1,1), as |S(T)AS(U)| < 3.
It also follows that ng = 2. Indeed if Z € V, Z # U,T and 0(Z) = 3 then |S(Z)N{2,3,4}| =
|S(T) N {2,3,5}| = 2 and therefore S(Z) = {2,4,5} or S(Z) = {1,2,3} in contradiction
with A2 or A3 respectively. By A1l applied to S = {2} we have (1,-1,1,—1,—1) € V. In

fact it follows that
v ={(1,1,1,1,1),(1,1,-1,-1,-1),(1,-1,1,—1,—1),
(-1,1,1,1,-1),(-1,1,1,-1,1)}.
But then S(V)N{1,4,5} is odd for every V' € V in contradiction with A1. O

5.4 Drawing k-Pfaffian Graphs on Surfaces

The following theorem is the main result of this section.

Theorem 5.4.1. For a labeled graph G and a non-negative integer g the following are

equivalent

1. There ezists a drawing of G on an orientable surface of genus g such that cr(M) is

even for every perfect matching M of G.

2. There exist orientations Do, D1, ..., Dys_1 of G such that for every perfect matching
M of G
(DQ(M), Dl(M), ce ,D4g71(M)) € ®IS.

It is convenient to prove Theorem 5.4.1 in terms of special kinds of planar drawings.
Let us from now on consider a plane with a fixed collection of g disjoint closed squares

S1,52,...,8;. We say that S1,52,...,S5, are singularities and that a drawing of G in the
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Figure 18: A 2-drawing of K4

plane is a g-drawing if the images of all the vertices of G' lie outside S1 U SoU...U S, and
the images of the edges of G intersect each S; in a finite number of straight line segments
which are parallel to the sides of S;. Figure 1 shows an example of a g-drawing.

For each singularity S; fix one of its sides. For e € E(G) let €’ be its image in I'. Denote
by sr(i,e) the number of segments in €’ N .S; parallel to the fixed side of S; and by sp.(, €)
the number of segments in ¢’ N S; perpendicular to this side. For e, f € E(G) let

g
crp(e, f) = crr(e, f) = Y _(sr(i,e)sp(i, f) + sp(iye)sr(i, ).
i=1
In the notation introduced above we omit index I' when the drawing is understood from
context. Clearly for every drawing I' of a graph GG on an orientable surface of genus g
there exists a g-drawing I' of a graph G in the plane such that crr(e, f) = crf. (e, f) for all
e, f € E(G) and vice versa.

We say that S C E(G) is a marking of a g-drawing I' of G if ¢r.(M) and |M N S| have
the same parity for every perfect matching M of G, where cr.(M) = > {e.f}CM crp(e, f).
Let L be a line in the plane and H one of the open half-planes determined by L such that
all the singularities lie in H. We say that a g-drawing I' of a labeled graph G is standard
if the images of the vertices of G lie on L in order, and the images of the edges of G lie in

HUL.

Lemma 5.4.2. For a labeled graph G and a non-negative integer g the following are equiv-

alent
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1. There exists a standard g-drawing I' of G and a marking S of T.

2. There exist orientations Dy, D1, ..., Dys—1 of G such that for every perfect matching
M of G
(D()(M), Dl(M), ce ,D4g_1(M)) € ®IS.

Proof. (1)=>(2). Let S’ = {e € E(Q) | >9_;s(i,e)s'(i,e) is odd}. For i € {1,2,...,g}
let E(i,0) = 0, E(i,1) = {e € E(G) | s(i,e) is odd}, E(i,2) = {e € E(G) | §'(i,e) is odd}
and let E(i,3) = E(i,1)AE(4,2). For an integer j let j; denote the i-th digit from the
right in a base two representation of j and let j, = Zfi 1 J2i—1J2i- For an orientation D
let x(D) = {uv € E(D)|u > v}. Note that x is a bijection between orientations of G and

subsets of E(G). For j € {0,1,...,49 — 1} let
D =x"HSAS'AE(L 1+ 2j2) AE(2,js + 2ja) A .. AE(g, jag1 + 2j2g))-

We claim that Dg, Dy, ..., Dys_1 satisfy (2). From the proof of Lemma 4.3.3 for an orien-

tation D of GG and a perfect matching M of G
(x)  D(M) = (=1)r@)HHMNSD)]

Let s(i, M) = > cprs(i,e) and s'(i, M) =3 .58 (4,€e). For j € {0,1,...,49 — 1} the

identities below hold modulo 2

g
er(M)+ |Mn S(D;)| =cr(M)+|MNS|+|MnS| —i—Z\MﬂE(i,jzi—l + 2j9;)| =

=1
= (! (M) —er(M)) + [MOS|+ > s(i,M) + > (i, M) =
1:J2i—1=1 i:j2;=1
g
= (s(i,€)s'(i, ) + 5" (G, e)s(i, )+ D slie)s (i) + Y (i, M) +
i=1 {e,f}CM eeM i:J2i—1=1
g
+ Y0 S0 M) =D (s M) M)+ Y s M) + Y S, M) =
:j2i=1 =1 i:j2i—1=1 i:J2,=1
= (s(6, M) + jai) (s (6, M) + jai1) + Ju.
=1
Therefore

g
D;(M) = (_1)j* H(_1)(S(in)Jrjzi)(Sl(i,M)Jrjmfl).
=1
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Let D;j(M) = D(M) if j. is even and let D;(M) be obtained from D’(M) by switching
orientation of all the edges incident with vertex 1 if j, is odd. Then

g
D;(M) = H(_1)(S(i:M)+j2i)(sl(ivM)JFj%fl)_
i=1
Let vo = (1,1,~-1,1), o1 = (1,—1,1,1), v = (—1,1,1,1), and v3 = (1,1,1, —1). Note
that for all k € {0,1,2,3} and j € {1,2,3,4} we have vy(j) = (—1)Urtk)0Gtka) et

m(i) = r} + 2r;, where r; and r} are the remainders modulo 2 of s(i, M) and §'(i, M)

respectively. We claim that
(Do(M), D1<M), ceey D4g_1<M)) = Um(1) X Urn(2) ®...R Um(g)-
Indeed

g
V(1) ® V@) @ -+ @ V() (1) = [ [ vme) G2io1 + 242) =

=1
g g

— H(_l)(rﬁjzi—l)(rﬁjm) — H(_1)(8'(23M)+j2¢—1)(S(iaM)+j2i) = D;(M).
=1 =1

(2)=(1). Denote by A; the set of edges of G in which D; differs from Dy. Let I' be
a standard drawing of G such that for every e € E(G) such that s(i, e) is odd if and only
if e € Ag2i—2 and §'(4,€) is odd if and only if e € Agi—1. Such a drawing is not difficult
to construct. We use the notation introduced in the proof of (1)=-(2) implication. Let
S = S(Do)AS’. We claim that S is a marking of T, i.e. that ¢r/(M) + |M N S| is even for
every perfect matching M of G or by (%) that Do(M) = (—1)¢' (M)=er(M)+IMOS'| - Repeating
part of the argument above we have modulo 2

g g
er' (M) —er(M)+ |MnS'|= Z(s(i,M))(s/(i,M)) = Z |M N Ag2i—1||M N Agail.
i=1 i=1
Note that [M N Aj| is even if and only if Do(M)D;(M) = 1. Let
(Do(M),Dl(M), - ,D4g_1(M)> =W QW2 ® ... 0wy

for some wy,ws,...,wy €S. Then

DO(M)DQQi—l(M) = wi(l)wi(Q) and Do(M)Dgzi(M) = wi(l)wi(?)).
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It follows that |M N Ag2i—1||M N Ag2i| is odd if and only if w;(1) = —1 as in every element

of § at most one coordinate is negative. Therefore

g
(71)cr'(M)—CT(M)+|MnS/‘ = le(l) = DO(M) O
=1

We say that g-drawings 'y and I's are similar if every vertex of G has the same image
in I'; and T'y and for every edge of G the symmetric difference of its images in I'y and I'; is a
union of a family of closed simple curves in the plane none of which intersects a singularity
or has a singularity in its interior. The proof of the following lemma is analogous to the

proof of Lemma 4.3.4.

Lemma 5.4.3. Let I'y and Ty be similar g-drawings of a labeled graph G. If there exists a
marking of I'1 then there exists a marking of I's.
If there exists a marking of a g-drawing I' of a labeled graph G then there exists a

g-drawing I of G similar to T such that () is a marking of T".

Let L be a line in the plane such that all the singularities lie in one of the open half
planes determined by L. Clearly every g-drawing I" of G can be transformed by some
homeomorphism of the plane that is identical on the singularities to a g-drawing I", such
that the images of the vertices of G in I lie on L in order. Such I is similar to some
standard drawing. This observation and Lemma 5.4.2 imply Theorem 5.4.1. The next

theorem extends Theorem 1.3.2.

Theorem 5.4.4. Let G be a graph. If there exists a drawing of G on an orientable surface

of genus g such that cr(M) is even for every perfect matching M of G then G is 49-Pfaffian.

Proof. By Theorem 5.4.1 there exist orientations Dy, D1, ..., D41 of G such that for every

perfect matching M of GG
(Do(M), D1(M), ..., Dig—1(M)) € &9S.

It is easy to verify that the sum of the coordinates of every element of ®9S is 29. Therefore

for every perfect matching M of G
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Theorems 5.2.3, 5.4.1, 5.4.4 and Lemma 5.2.5 imply Theorem 5.1.1. By Theorems 5.4.1

and 5.4.4 Conjecture 5.2.8, implies the following conjecture.

Conjecture 5.4.5. For a graph G and a non-negative integer g the following are equivalent

1. There ezists a drawing of G on an orientable surface of genus g such that cr(M) is

even for every perfect matching M of G.
2. G s 49-Pfaffian.

3. G is (491 — 1)-Pfaffian.
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CHAPTER VI

PFAFFIAN LABELINGS AND SIGNS OF EDGE
COLORINGS

In this chapter we address a conjecture of Goddyn that every k-edge-colorable k-regular
Pfaffian graph is k-list-edge-colorable. We prove Goddyn’s conjecture for a slightly larger
class of graphs that admit a Pfaffian labeling. Conversely, we prove that if a multigraph
does not admit a Pfaffian labeling, then by adding parallel edges we can obtain from it a
d-regular multigraph with two d-edge colorings of different signs.

We also give two descriptions of graphs that admit a Pfaffian labeling. The first one
utilizes the theory developed in Chapter 2 and characterizes graphs with a Pfaffian labeling
in terms of bricks and braces in their tight cut decomposition. The second one, in the spirit
of Theorem 4.3.1, describes graphs with a Pfaffian labeling in terms of their drawings in
the projective plane.

The material presented in this chapter will also appear in [38].

6.1 Introduction

In a k-regular graph G one can define an equivalence relation on k-edge colorings as follows.
Let ¢1,¢2 : E(G) — {1,...,k} be two k-edge colorings of G. For v € V(G) let m, :
{1,...,k} — {1,...,k} be a permutation such that m,(ci(e)) = ca(e) for every e € E(G)
incident with v, and let ¢; ~ ¢o if HveV(G) sgn(m,) = 1. Obviously ~ is an equivalence
relation on the set of k-edge colorings of G and ~ has at most two equivalence classes. We
say that ¢; and co have the same sign if ¢1 ~ co and we say that ¢; and co have opposite
stgns otherwise.

A powerful algebraic technique developed by Alon and Tarsi [1] implies that if in a
k-edge-colorable k-regular graph G all k-edge colorings have the same sign then G is k-list-

edge-colorable. In [14] Ellingham and Goddyn prove the following theorem.
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Theorem 6.1.1. In a k-reqular planar graph all k-edge colorings have the same sign. There-

fore every k-edge-colorable k-reqular planar graph is k-list-edge-colorable.

Goddyn conjectured that Theorem 6.1.1 generalizes to Pfaffian graphs. The main goal
of this chapter is to prove this conjecture and to describe k-edge-colorable graphs in which

all k-edge colorings have the same sign.

6.2 Pfaffian Labelings and Signs of Edge Colorings

We generalize Pfaffian orientations to Pfaffian labelings and prove that Goddyn’s conjecture
holds for those graphs that admit a Pfaffian labeling. Let I" be an Abelian multiplicative
group, denote by 1 the identity of I' and denote by —1 some element of order two in I
Let G be a graph with V(G) = {1,2,...,2n}. (We are only interested in graphs that

have a perfect matching, and hence an even number of vertices.) For a perfect matching

M = {ujvi,ugva, ..., uyv,} of G, where u; < v; for every 1 <1i < n, define
1 2 3 4 ... 2n—1 2n
sgn(M) = sgn
Uy V1 U2 V2 ... Un, Un

We say that | : E(G) — T is a Pfaffian labeling of G if for every perfect matching M
of G, sgn(M) = [[.cpl(e). We say that G admits a Pfaffian I'-labeling if there exists
a Pfaffian labeling [ : F(G) — T' of G. We say that G admits a Pfaffian labeling if G
admits a Pfaffian I'-labeling for some I'. It is easy to see that a graph G admits a Pfaffian
Zo-labeling if and only if G admits a Pfaffian orientation. Note also that the existence of
Pfaffian labeling of a graph does not depend on the ordering of its vertices.

We need the following technical lemma.

Lemma 6.2.1. Let X be a set and let Ay, As, ..., Ay, B1,B>,...,By, C X, such that
|A;NBj| =1 for every 1 <i<n,1 <j<m, and every x € X belongs to exactly two of the

sets Ay, Ag, ..., Ay and exactly two of the sets By, Bo, ..., By,. For every 1 <i<n let

Si :{{‘Tay} QX‘ .T,yEAi,.’E eBil mBi:sayE Biszm fO’I“ some

11 < 19 <i3<i4}.
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Symmetrically for every 1 < j < m let

T ={{z,y} S X|z,ye Bj,xr € Aj, NAj,,y € Aj, N Aj, for some
J1 < J2 <jz <ja}.
Then
n m
SIS =) 1Tyl
i=1 j=1
modulo 2.

Proof. For 1 < ¢ < n,1 < j < m denote by x;; the unique vertex of 4; N B;. Let
Z = {(a1,b1,a2,b2)| 1 < a1 < az < n,1 <by < by <m,Tap, # Tagh,}- Clearly |Z] =
n(n—1)m(m—1)/4—|X| and | X| = nm/4. Moreover n and m are even, asn =y .., |BiN
A;| = 2|B;| and, similarly, m = 2|A;|. Consequently |Z| is even. For {u,v} C X let
Zuw = {(a1,b1,a2,b2) € Z| {u,v} = {Tayby, Tasbs } }-

We claim that Z,, is odd if and only if {u,v} belongs to exactly one of AT ,S; and
A’j”:lTj. While simple case analysis can be used to verify this claim, we would like to
demonstrate another proof. Draw a blue straight line between points (0,7) and (1,5) in R?
if {u} = A;N B; and a red straight line if {v} = A; N B;. Then the resulting lines form blue
and red closed curves, and as such they cross an even number of times. Note that |Z,,| is
equal to the number of such crossings in R? strictly between the lines 2 = 0 and x = 1; the
number of times {u,v} occurs in the sets Si,...,S, is equal the number of such crossings
on the line z = 0 and the number of times {u, v} occurs in the sets 11, ..., T, is equal the
number of crossings on the line x = 1. The claim follows.

From the claim, » i |Si| + X200 |75 = 224, e x [Zuo] = |Z] = 0 modulo 2. O

Corollary 6.2.2. Let ¢; and cy be two k-edge-colorings of a k-regular graph G and let
V(G)={1,...,2n}. Then c¢1 and ca have the same sign if and only if Hle sgn(cy (i) =
[T sgn(ey (7).

Proof. Define for 1 <i < 2k, A; = ¢; (i) for 1 <i < kand A; = ¢ ' (i—k) for k+1 < i < 2k.

Let B; be the set of all edges incident with the vertex j for 1 < j < 2n. Note that the
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sets Ay, Ao, ..., Aoy, B1, Ba, ..., Bo, satisfy the conditions of Lemma 6.2.1. Let S; and Tj

be defined as in Lemma 6.2.1. Note that sgn(A;) is equal to
(_1)|{{u,v},{u’,v’}€A¢\u<u’<v<v’}\ _ (_1)|S¢\_
On the other hand sgn(m;) = (—1)/%l, where ; is as in the definition of sign of edge-

colorings. The colorings c¢; and co have the same sign if and only if H?Zl sgn(m;) =1, but

by Lemma 6.2.1

2n 2k k k
H sgn(mj) = H sgnA; = H sgn(cy (i) H sgn(cyt(i)). O
j=1 i=1 i=1 i=1

Theorem 6.2.3. Let G be a k-regular graph, V(G) = {1,...,2n}. If G admits a Pfaffian

labeling then all k-edge-colorings of G have the same sign.

Proof. Let ¢; and c¢o be two k-edge-colorings of G. By Corollary 6.2.2 ¢; and co have the

same sign if and only if
k k

H sgn(cy (1)) H sgn(cy (i) = 1.

i=1 i=1
Let [ : E(G) — I' be a Pfaffian labeling of G for some Abelian group I'. Then

k k
[Tsontert @) [Ison(c' @)= ] Ue)x [I Ue)=
=1 =1

c€E(G) c€E(G)

k
= ([Isontc;*@)? =1. O
=1

By Theorem 2.1 in [14], as well as Corollary 3.9 in [2], a k-regular graph is k-list-edge-
colorable if the sum of signs of all of its k-edge colorings is non-zero. Therefore the following

corollary of Theorem 6.2.3 holds.

Corollary 6.2.4. Every k-edge-colorable k-regular graph that admits a Pfaffian labeling is

k-list-edge-colorable.

Next we will prove a partial converse of Theorem 6.2.3. We have to precede it by another

technical lemma.
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Lemma 6.2.5. Let m and n be positive integers. Let A be an integer matriz with m rows
and n columns and let b be a rational column vector of length m. Then either there exists a
rational vector X of length n such that Ax—b is an integer vector, or there exists an integer

vector ¢, such that cA = 0 and c - b is not an integer.

Proof. There exists a unimodular integer m x m matrix U = (u;j) such that H = UA
is in the Hermitian normal form (see for example [45]): if H = (h;;) then there exist

1<k <ks<...<k <n,such that
1. I <m,
2. hi, # 0 for every 1 <7 </,
3. hij =0forevery 1 <¢<1[,1<7 <k,
4. hij =0foreveryl <i<m,1<j<n.

There exists x € Q" such that first [ coordinates of Hx — Ub are zeros. Let Ub =
(dj)i<j<m. If dj & Z for some j > [ then ¢ = {uji,uj2,...,ujm} is as required. If, on
the other hand, djt+1,...d, € Z then Hx — Ub is an integer vector and therefore so is

U-Y(Hx — Ub) = Ax — b. 0

Theorem 6.2.6. Let G be a graph with V(G) = {1,...,2l}. If G does not admit a Pfaffian
labeling then there exist an integer k, a k-reqular graph G’ whose underlying simple graph

is a subgraph of G and two k-edge colorings of G' of different signs.

Proof. Let M denote the set of all perfect matchings of G and let I' be the additive group
Q/Z. The identity of T" is 0 and the only other element of order two is 1/2. We will use
the additive notation in this proof, instead of the multiplicative one we used before; in
particular sgn(M) € {0,1/2} for M € M. The graph G does not admit a Pfaffian T-
labeling; i.e., there exists no function [ : E(G) — Q/Z such that ) ., I(e) = sgn(M) for
every M € M. By Lemma 6.2.5 there exists a function f : M — Zsuch that ) 5. f(M) =
0 for every e € E(G) and > e f(M)sgn(M) = 1/2. For every edge e € E(G) let

m(e) = 1/2 -3 5. [f(M)]; then m(e) is an integer. Let G’ be the graph constructed
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from G by duplicating every edge m(e) — 1 times (if m(e) = 0 we delete €). Then G’ is
k-regular, where k = 1/2-% ;-\ (|f(M)]. Moreover, there exist a k-edge coloring c; of
G’ such that a perfect matching M appears as a color class of ¢; if and only if f(M) is
positive, in which case it appears f(M) times. Similarly, there exist a k-edge coloring co
of G’ such that a perfect matching M appears as a color class of ¢y if and only if f(M) is
negative, in which case it appears |f(M)| times. Note that Zle e @) + Zle ey (i) =
Yovtem [f(M)sgn(M) = >y e i f(M)sgn(M) = 1/2. Therefore ¢; and cz have different

signs by Corollary 6.2.2. O

6.3 Pfaffian Labelings and Tight Cut Decomposition

The previous section established a relation between graphs that admit a Pfaffian labeling
and k-regular graphs in which all k-edge colorings have the same sign. This motivates
the study of graphs that admit a Pfaffian labeling. In this section we use the matching
decomposition procedure developed by Kotzig, and Lovasz and Plummer [28], which we
briefly review, for this purpose.

We say that a graph is matching-covered if every edge in it belongs to a perfect matching.
Let G be a graph, and let X C V(G). We use §(X) to denote the set of edges with one
end in X and the other in V(G) — X. A cut in G is any set of the form 6(X) for some
X CV(GQ). A cut C is tight if |C N M| =1 for every perfect matching M in G. Every
cut of the form 0({v}) is tight; those are called trivial, and all other tight cuts are called
nontrivial. Let 6(X) be a nontrivial tight cut in a graph G, let G be obtained from G by
identifying all vertices in X into a single vertex and deleting all resulting parallel edges,
and let Gy be defined analogously by identifying all vertices in V(G) — X. We say that G
decomposes along C into G; and Gs. By repeating this procedure any matching-covered
graph can be decomposed into graphs with no non-trivial tight cuts. This motivates the
study of the graphs that have no non-trivial tight cuts.

The graphs with no non-trivial tight cuts were characterized in [12, 29]. A brick is a
3-connected bicritical graph, where a graph G is bicritical if G\u\v has a perfect matching

for every two distinct vertices u,v € V(G). A brace is a connected bipartite graph such
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that every matching of size at most two is contained in a perfect matching.

Theorem 6.3.1. [12, 29] A matching covered graph has no non-trivial tight cuts if and

only if it is either a brick or a brace.

Thus every matching covered graph G can be decomposed into a set J of bricks and
braces. Lovész [29] proved that, up to isomorphism, the set J does not depend on the
choice of tight cuts in the course of the decomposition. We say that the members of J are
the bricks and braces of G.

The following lemma reduces the study of graphs with Pfaffian labelings to bricks and

braces. Its analogue for Pfaffian orientations is due to Vazirani and Yannakakis [57].

Lemma 6.3.2. Let I" be a group. A matching-covered graph G admits a Pfaffian T'-labeling

if and only if each of its bricks and braces admits a Pfaffian I'-labeling.

Proof. Let C' = §(X) be a tight cut in G and let G; and G2 be obtained from G by
identifying vertices in X and V(G) — X respectively. It suffices to prove that G admits
a Pfaffian I'-labeling if and only if both G; and G2 admit a Pfaffian I'-labeling. Without
loss of generality, we assume that V(G) = {1,2,...,2n},V(X) = {1,2,...2k + 1} and
that G1 and Go inherit the order on vertices from G; in particular, the vertex produced by
identifying vertices of V(G)— X has number 2k+2 in G1, the vertex produced by identifying
vertices of X has number 1 in G3. For every perfect matching M of G the sets of edges
M N E(G1) and M N E(G3) are perfect matchings of G and Go respectively. Moreover,
sgn(M) = sgn(M N E(Gy))sgn(M N E(G2)).

Suppose first that [ : E(G) — T is a Pfaffian labeling of G. For every e € C fix a
perfect matching Ms(e) of G containing e. Define l1(e) = sgn(Ma(e)) [ ens, () L(f) for
every e € C and define l1(e) = [(e) for every e € E(G1) \ C. For a perfect matching M of
Gilet e € CN M. We have

[Tun= 11 wn II 1) sgn(dae) =
feM femM\{e} feMa(e)

= sgn(M U Ms(e))sgn(Ma(e)) = sgn(M).
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Therefore [} : E(G1) — T is a Pfaffian labeling of G.
Suppose now that I; : E(G;) — I' is a Pfaffian labeling of G; for i € {1,2}. Define
l(e) = li(e) for every e € E(G;) \ C and define l(e) = l;(e)l2(e) for every e € C. It is easy

to see that [ : E(G) — I is a Pfaffian labeling of G. O

For our analysis of Pfaffian labelings of bricks and braces we will need two theorems.
The first of them is proved in [8] for bricks and in [28] for braces. It also follows from the

results of Chapter 2.

Theorem 6.3.3. Let G be a brick or brace different from Ko, Cy, Ky, the prism and the
Petersen graph. Then there exists e € E(G) such that G \ e is a matching covered graph

with at most one brick in its brick decomposition and this brick is not the Petersen brick.

For a graph G let the matching lattice, lat(G), be the set of all linear combinations with
integer coefficients of the incidence vectors of perfect matchings of G. The next theorem of

Lovész [29] gives a description of the matching lattice.

Theorem 6.3.4. [29] If G has no brick isomorphic to the Petersen graph, then
lat(G) = {z € ZFD | (C) = 2(D) for any two tight cuts C and D}.

Lemma 6.3.5. A brace or a brick not isomorphic to the Petersen graph admits a Pfaffian

labeling if and only if it admits a Pfaffian orientation.

Proof. By induction on |E(G)|. The base holds for Ko, Cy, K4 and the prism as all those
graphs admit a Pfaffian orientation.

For the induction step let e € E(G) be as in Theorem 6.3.3 and denote G \ e by G'.
The bricks and braces of G’ satisfy the induction hypothesis and therefore by Lemma 6.3.2
either G’ admits a Pfaffian orientation or G’ does not admit a Pfaffian labeling. If G’ does
not admit a Pfaffian labeling then neither does G.

Therefore we can assume that G’ admits a Pfaffian labeling [ : E(G’) — Zs. It will be
convenient to use additive notation for the group operation. Suppose | does not extend to

a Pfaffian labeling of G. Then there exist perfect matchings M; and My in G such that

e € MiN My and 3 repp gy 1) = 22 rens\ ey L) # sgn(Mr) — sgn(Mz).
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Figure 19: A uy-labeling of the Petersen graph

We claim that |M; NC| = |MyNC| for any tight cut C' = §(X) in G’. Indeed, G’ has at
most one brick in its decomposition. Therefore we can assume that the graph G” obtained
from G’ by identifying vertices in X is bipartite. It follows that |[M1NE(G")| = [M2NE(G")]
and, consequently, that |[M; N C| = |MyNC].

By Theorem 6.3.4 we have xar, — Xar, = D prem CMX M, Where M denotes the set of
perfect matchings of G’ and c); is an integer for every M € M. Therefore for every Pfaffian
labeling I : E(G') — T of G’

> emsgn(M)y= " (e D V(N =D VH- > U
MeM MeM feM feMi\{e} feEMa\{e}

But for I’ = [ this expression is not congruent to sgn(M;) — sgn(Ms) modulo 2. Tt
follows that 3~ rep ey U'(f) = 2 renm\ie U'(f) # sgn(My) — sgn(Mz) for every Pfaffian
labeling I : E(G') — I'. Therefore no Pfaffian labeling of G’ extends to a Pfaffian labeling

of G, i.e. G does not admit a Pfaffian labeling. O

Note that the Petersen graph admits a Pfaffian u4-labeling, where p,, is the multiplicative
group of nth roots of unity. Figure 1 shows an example of such labeling. Note that while
the letter ¢ was used for indexing above, from this point on it is used to denote a square

root of —1.
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The next theorem constitutes the main result of this section. It follows immediately

from the observation above and Lemmas 6.3.2 and 6.3.5.

Theorem 6.3.6. A graph G admits a Pfaffian labeling if and only if every brick and brace
in its decomposition is either Pfaffian or isomorphic to the Petersen graph. If G admits a

Pfaffian T'-labeling for some Abelian group I' then G admits a Pfaffian ps-labeling.

6.4 Drawing Graphs with Pfaffian Labelings

By a drawing ® of a graph G on a surface S we mean an immersion of G in S such that
edges are represented by homeomorphic images of [0,1], not containing vertices in their
interiors. Edges are permitted to intersect, but there are only finitely many intersections
and each intersection is a crossing. For edges e, f of a graph G drawn on a surface S let
cr(e, f) denote the number of times the edges e and f cross. For a set M C E(G) let
cre(M), or er(M) if the drawing is understood from context, denote > cr(e, f), where the
sum is taken over all unordered pairs of distinct edges e, f € M.

We use sgnp(M) to denote the sign of the perfect matching M in the directed labeled
graph D. Note that it can differ from sgn(M) defined in Section 6.2. The next lemma

follows from the Theorem 4.3.2.

Lemma 6.4.1. Let D be an orientation of a graph G and let V(G) = {1,2,...,2n}. Then
there exists a drawing ® of G in the plane such that sgnp(M) = (=1)*M) for every
perfect matching M of G. Moreover, for any S C E(G) the drawing ® can be chosen in
such a way that there exists a point in the plane that belongs to the image of each edge in
S and does not belong to the image of any other edge or vertex of G.

Conversely, for any drawing ® of G in the plane there exists an orientation D of G such

that sgnp(M) = (—=1)"*M) for every perfect matching M of G.

For a point p and a drawing ® of a graph G in the plane, such that ® maps no vertex
of G to p, let crp o (e, f) denote the number of times the edges e and f cross at points other
than p. For a perfect matching M of G let cr, (M) denote ) crpa(e, f), where the sum

is taken over all unordered pairs of distinct edges e, f € M.
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Lemma 6.4.2. For a graph G the following are equivalent.

1. G admits a Pfaffian labeling,

2. There exists a point p and a drawing ® of a graph G in the plane, such that ® maps
no vertex of G to p and |M N S| and cryp o(M) are even for every perfect matching M

of G, where S C E(G) denotes the set of edges whose images contain p.

Proof. We assume V(G) = {1,2,...,2n}.

(1) = (2). By Theorem 6.3.6 there exists a Pfaffian py-labeling [ : E(G) — {£1, i}
of G. Let D be the orientation of G such that wv € E(D) if and only if v < v and
l(wo) € {1,i}, or u > v and l(uv) € {—1,—i}. Let S = {e € E(G) | l(e) = +i} and
let ' = {e € E(G) | l(e) € {~1,—i}}. Note that sgnp(M) = (—=1)M"lsgn(M) and
[Len le) = (—1)IMOSIMOSI for every perfect matching M of G.

By Lemma 6.4.1 there exist a point p and a drawing ® of the graph G in the plane such
that sgnp(M) = (=1)*(M) for every perfect matching M of G, ® maps no vertex of G to
p, the images of the edges in S contain p and images of other edges do not contain p. Note
that [[.cpl(e) € R for every perfect matching M and therefore |[M N S| is even. Denote

|M N S|/2 by 2(M). We have crpo(M) = cro(M) + 2(M)(22(M) — 1). It follows that
(1) = sgnp(M)(~1)) = (1) MO 405 g (11) =

= H l(e)sgn(M) = 1.

eeM

Therefore cry o (M) is even.

(2) = (1). By Lemma 6.4.1 there exists an orientation D of G such that sgnp(M) =
(—=1)ereM) for every perfect matching M of G. For uwv € E(G) with u < v let Iy(e) = 1 if
uv € E(D) and let [1(e) = —1 otherwise; let la(e) =i if uv € S and let l3(e) = 1 otherwise.
Finally, let I(e) = l1(e)l2(e). One can verify that [ : E(G) — {£1,+i} is a Pfaffian labeling

of GG by reversing the argument used above. O

We say that a region C of the projective plane is a crosscap if its boundary is a simple
closed curve and its complement is a disc. We say that a drawing ® of a graph G in the

projective plane is proper with respect to the crosscap C' if no vertex of G is mapped to C
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and for every e € F(G) such that the image of e intersects C' and every crosscap C' C C
the image of e intersects C”.

Now we can reformulate Lemma 6.4.2 in terms of drawings in the projective plane.

Theorem 6.4.3. For a graph G the following are equivalent.
1. G admits a Pfaffian labeling,

2. There exists a crosscap C' in the projective plane and a proper drawing ® of G with
respect to C, such that |M N S| and cre (M) are even for every perfect matching M of

G, where S C E(G) denotes the set of edges whose images intersect C'.
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CHAPTER VII

CONCLUDING REMARKS

In this chapter we discuss possible approaches to a structural characterization of Pfaffian

graphs and a polynomial time recognition algorithm.

7.1 FEven-faced embeddings in the Klein bottle

Let G be a graph embedded on a surface S, which is obtained from a sphere by replacing
k disjoint disks with Mo&bius strips. If £ = 1 then S is the projective plane and if k£ = 2
then S is the Klein bottle. We say that a cycle C' in G is separating if cutting S along C
separates the surface, and we say that C' is non-separating otherwise. Finally, we say that
an embedding of G in § is cross-cap-odd if a non-separating cycle C' in G is odd if and only

if cutting S along C produces a surface with connected boundary.

Theorem 7.1.1. Every graph that admits a cross-cap-odd embedding in the Klein bottle is
Pfaffian.

Proof. Let G be a graph and let I' be a cross-cap-odd embedding of G in the Klein bottle.
Without loss of generality, we assume that G is matching-covered and connected, and as
such it is 2-connected. If G does not contain a non-separating cycle then G is planar, and
hence Pfaffian by Theorem 1.2.1. Therefore we assume that G contains a non-separating
cycle.

We claim that every separating cycle is even. We prove the claim by induction on |E(G)|.
If G contains a vertex of degree two then the claim follows from induction hypothesis by
considering the graph obtained from G by contracting one of the edges incident to such a
vertex.

Therefore we assume that G has minimum degree three and fix a non-separating cycle C

in G. By a standard “ear decomposition” argument (see for example [11, Proposition 3.1.1]),
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there exists e = wv € E(G) — E(C) such that G \ e is 2-connected. We start by proving
that there exists a non-separating cycle containing e in G. Let P; and P, be two vertex
disjoint (possibly trivial) paths with ends v and «/, and v and v’ respectively, such that
u',v" € V(C), and P; and P are otherwise disjoint from C. The vertices v’ and v separate
C' into two paths 1 and Q2. One of the cycles Py U {e} UP, UQ; and P U{e} U PaU Q2
is non-separating.

Suppose now that there exists an odd separating cycle in G. By induction hypothesis
applied to G \ e every such cycle contains e. We choose a separating cycle C’ and a
non-separating cycle C”, such that C’ is odd, e € E(C’) N E(C”) and subject to that
E(C"YUE(C") is minimal. If C"\ C” is a path then the cycle D with edge set E(C")AE(C")
is non-separating and of the same homotopy type as C”. Therefore |E(D)| and |E(C")]
have the same parity, in contradiction with the parity of C’. If C'\ C” is not a path then
let P be a subpath of C” with both ends in C’ and otherwise disjoint from C’. Let P’ be
a subpath of C’ with the same ends as P, such that e € P’. By the choice of C' and C’ the
cycle D' = PU P’ is non-separating and even. But then the cycle D’AC’ is non-separating,
odd and does not contain e, in contradiction with induction hypothesis. This finishes the
proof of the claim.

Consider now the standard representation of the Klein bottle as a disk bounded by
quadrilateral ABCD with pairs of the quadrilateral’s opposite sides identified as follows:
AB with DC, and AD with CB. By bisubdividing edges of G if necessary we assume
that every edge in F(G) crosses the boundary of the quadrilateral at most once. Let
Es, E3 C E(G) be the sets of all edges of G that cross AB and AD, respectively, and let
Ey = E(G) — E2 — E3. Note that (V(G), E1 U Es) is bipartite with bipartition (X,Y),
and every edge of F3 joins two vertices of X or two vertices of Y. We may extend I to a
drawing I'V of G in the plane such that for e, f € E(G) we have cr(e, f) = 1 if and only if
e# f, {e,f} NE3] >1and |{e, f} N E1| =0, and we have cr(e, f) = 0, otherwise.

Let k = (|X| — |Y|)/2. Let E', E” be the sets of all edges in E3 joining two vertices of

X and two vertices of Y, respectively. For a perfect matching M of G denote |M N E’| by
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Figure 20: An cross-cap-odd embedding of K33 on a surface with three “crosscaps”.

ny. We have |[M N E"| = ny — k and |[M N Es| = 2np — k. Note that

(2np + k)(2npr + k— 1)
2

crpr (M) = + (2na + k)| M N Es|.

We construct a Pfaffian marking S of I'. If k is even then crp/(M) = npy + k/2
modulo 2 and therefore S = E’ is a Pfaffian marking of IV if k is divisible by four and
S = E'Ad(v) is a Pfaffian marking of I for every v € V(G) otherwise. If k is odd then
crp/ (M) =npy + (k—1)/24 |M N Es| modulo 2 and S = E'U F5 is a Pfaffian marking of T”
if kK =1 modulo 4 and S = (E' U E2)Ad(v) is a Pfaffian marking of IV for every v € V(G)
otherwise.

It follows from Theorem 4.3.2 that G is Pfaffian. O

Note that Theorem 7.1.1 can not be extended to graphs that admit a cross-cap-odd
embedding on surfaces of higher genus, as K33 admits a cross-cap-odd embedding on a
surface of Euler characteristic —1 (see Figure 20). Note also that non-bipartite graphs that
admit an embedding in the projective plane with all faces even also admit a cross-cap-odd

embedding in the Klein bottle and are therefore Pfaffian.

7.2 Matching width

For a cut C in a graph G let the tightness of C' be defined as maximum of |M N C| over
all perfect matchings M of G. We say that a tree is cubic if the degree of every vertex

in it is either one or three. A matching tree decomposition or an MT-decomposition of a
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graph G is a pair (T, W), where T is a cubic tree and W = (W, : t € V(T)), such that
Usev iy We = V(G), and Wy N Wy = 0 for every t # ¢’ € V(T'). For e € E(T) let the order
of e be defined as the tightness of the cut §(U;ey (7,) Wt), where T is a component of T"\ e.
Let the adhesion of an MT-decomposition be defined as the maximum order of an edge in
it. For t € V(T') we say that the bag of (T, W) corresponding to t is the graph obtained
from G by contracting |y Wy to a single vertex for every component 7" of T\ t. Note
that for every matching-covered graph G there exists an MT-decomposition (T, W) of G
with adhesion one such that the bags of (7', W) are exactly the bricks and braces produced
by the tight cut decomposition of G.

The matching-width of a graph G is the minimum integer k£ such that G admits an
MT-decomposition (7', W) of adhesion at most k, in which |W;| = 1 for every leaf t € V(T)
and |W;| = 0 for every non-leaf t € V(T).

Note that the family of dense Pfaffian bricks H,, defined in Section 1.3 has matching
width 2. Let T be a cubic tree with V(T') = {t1,ta,...,th—2,u2,...,up—3} and edges
t1ug, Up—gtn—3, Un—3tn—2 and wu;y1, uit; for every 2 < i < n —4. Let Wy, = {4;, B;} for
1<i<n-=3let Wy, , ={An_—2,An-1,An,Bn_2} and let W,,, = for 2 <i <n — 3.

We claim that the adhesion of (T',W) is two. It suffices to prove that the tightness
of 0(X;) is two for every 1 < i < n — 3, where X; = {4;,...,4;,B1...B;}. Clearly the
tightness of §(X;) is at least two, as H,, is a brick and X; is even. For every i all the edges
crossing §(X;) either belong to the edge-set E; of the clique induced by {41, A, ... A,} or
are incident with A;. Every perfect matching contains at most one edge in Fy. It follows
that the order of any edge in T is at most two. The claim follows.

A k x k-grid is a planar graph with k? vertices, indexed with pairs of integers (i, j),
such that 1 < 4,5 < k and a vertex (i1,71) is joined to a vertex (ig,j2) if and only if
liv — d2| + [j1 — jo| = 1.

Conjecture 7.2.1. There exists a function f : Zy — Zy such that every graph of

matching-width at least f(k) has 2k x 2k-grid as a matching minor.

A similar result for the related concept of tree-width is known [40, 42] and a result for
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directed tree-width is conjectured in [18]. It is not hard to verify that the conjecture for
directed tree-width in [18] would imply Conjecture 7.2.1 for bipartite graphs. We do not
know whether the reverse implication holds.

Note that a standard uncrossing argument that is frequently used in similar problems
can not be applied to prove Conjecture 7.2.1. It is essential in uncrossing arguments that

the order o(C) of a cut C be a submodular function, i.e.
0(6(X)) +0(6(Y)) 2 o(6(X NY)) + 0(6(X UY)) (9)

for every two subsets X and Y of the vertex set. Note that (9) does not necessarily hold if
o(C') denotes tightness of the cut C. An example follows.

Let G be a matching-covered graph and let u,v € V(G) be such that G\ {u, v} consists
of two even components Gy and Ga. Let X = V(G1)U{u} and let Y = V(G;) U{v}. Then
0(0(X)) =0(0(Y)) =1, 0(6(XNY))+0(6(XUY)) =2 and (9) is violated. Similar examples
can be constructed even if we further require that G is a brick.

It might be profitable to investigate Pfaffian bricks of “small” and “large” matching
width separately. If Conjecture 7.2.1 holds then the techniques of Chapter 2 might help to
obtain a structural characterization of Pfaffian bricks of “large” matching width. Known ex-
amples of Pfaffian bricks that do not adhere to surface-like behavior have “small” matching
width, and so there is hope that graphs of “large” matching width have more structure.

In this section we present a polynomial time algorithm that produces a Pfaffian orien-
tation or correctly identifies that a graph has no Pfaffian orientation for graphs of “small”
matching width. In fact the algorithm that we present works for a larger class of graphs.

The specifications follow.

Input: A graph G, an MT-decomposition (T, W) of G of adhesion at most k; for every
t € V(T) aset Sy C Wy, |S¢| < k such that every subgraph of G[W] \ S; is Pfaffian;

Output: A Pfaffian orientation of G, or a valid statement that G has no Pfaffian orienta-

tion;

Running time: Polynomial in [V(G)| for fixed integer k.
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Our method is influenced by the general purpose algorithm for graphs of bounded
branch-width by Arnborg, Corneil and Proskurowski [3].

We repeatedly use the following result of Vazirani and Yannakakis [57, Theorem 3.1].

Theorem 7.2.2. The problem of testing whether a graph has a Pfaffian orientation is
polynomial-time equivalent to the problem of testing whether a given orientation of a graph

1s Pfaffian.
In fact, the proof of Theorem 7.2.2 in [57] proves the following.

Theorem 7.2.3. There exists a polynomial time algorithm that, given a Pfaffian graph G

and an orientation D of G, tests whether D 1is Pfaffian.

By Theorem 7.2.2 it suffices to test whether a given orientation D of G is Pfaffian. We
assume that the vertices of G are ordered by a linear order < and that G has a perfect
matching. Let E= = {uv € E(D) | u > v}.

For two disjoint subsets Vi, V2 of V(G) let
I(‘/Ylv‘/é) = {(Ul,’UQ)|'Ul € V17U2 € ‘/'271}1 > U2}

and let sgn(Vi, Vo) = (=Dl Recall that V(e) = {u,v} for e = uv € E(G). For a
matching M in G we define the sign of M, denoted by sgn(M) as
(=1)IMOET] H sgn(V(e1), V(ea)).
{e1,e2}CM, e1# e2

Note that this definition is not limited to perfect matchings, and that for perfect matchings
it is the same as the definition given in Section 1.3.

By possibly introducing new vertices to (7', W), we may assume that there exists a leaf
r € V(T) with W, = (). For every t € V(T) — {r} let e, € E(T) be the edge incident with
t in the unique path between ¢ and r in T and let G; denote G[Jycq Wy], where T” is
the component of 7'\ e containing t. For ¢t € V(T') — {r} and X C G; let f(X,t) =1 if
M(Gi\ X) # 0 and sgn(M) =1 for all M € M(G¢\ X), let f(X,t) = —1if M(G\X) # 0
and sgn(M) = —1 for all M € M(G; \ X), and let f(X,t) =0 otherwise.
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We recursively compute
Fi ={(X, F(X,0) | X € V(Gy), [ X] <k}

for t € V(T') — {r}.

If t # r is a leaf of T then we compute F; as follows. Fix X C V(G}) such that
|X| < k. It suffices to compute f(X,t) in polynomial time. Let Gy x = G; \ X and let
Si.x = SNV (G x). Let M, x be the set of all matchings M in G x, such that M covers all
the vertices in S¢ x, no edge of M has both vertices in V (Gt x) — S, x and V(G x) — V(M)
has a perfect matching. Note that M; x has polynomial size and can be computed in
polynomial time.

For M € M, x let g(M, X,t) = 1 if every perfect matching of G¢ x \ V(M) has positive
sign, let g(M, X,t) = —1 if every perfect matching of G; x \ V(M) has negative sign and let
g(M, X,t) = 0 otherwise. We can compute g(M, X,t) for every M € M, x in polynomial
time by Theorem 7.2.3 as G x \ V(M) is Pfaffian. Note that f(X,t) = ¢ # 0 if and only
if g(M, X, t)sgn(M)sgn(V(Gyx) — V(M),V(M)) = c for every M € M; x. Indeed if a

matching M is a disjoint union of matchings M; and My then
sgn(M) = sgn(My)sgn(Mz)sgn(V (M), V (My)).

This finishes the computation of f(X,t) in the base case.

Now we present the recursive step of our algorithm. Parts of it are similar to the base
step described above. Let t € V(T') have degree three and let ¢; and t3 be the two neighbors
of ¢t not incident with e;. We compute F; from F;, and Fy,. Again we fix X C V(Gy) such
that |X| < k and compute f(X,t). Let Gt x and Sy x be defined as above. Let M; x be

the set of all matchings M in Gy x satisfying the following conditions:
1. M covers all the vertices in S x,

2. every edge of M has at most one end in V(G) — V(Gy,) — V(Gy,) and at most one

end in each of V(Gy,) and V(Gy,),

3. [V(M)NV(Gy,)| <k fori=1,2,
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4. V(Gi,x) — V(M) has a perfect matching.

Again M; x has polynomial size and can be computed in polynomial time.

For M € M; x and i € {1,2} denote V(M) NV (Gy,) by V;, let V3 = V(M) and let
Vi=W;—V(M). Let

s =sgn(M)f(Vi,t1) f(Va.ta) [ sgn(Vi.V;).
1<i<j<4

Finally, let g(M, X,t) = ¢ # 0 if sgn(M')s = ¢ for every M' € M(G[W; — V(M)]) and let
g(M, X,t) = 0 otherwise. At this point we computed g(M, X,t) for every M € M, x. Note
that g(M, X,t) = ¢ # 0 if and only if sgn(M*) = ¢ for every M* € M(G; x) such that
M C M*. Therefore f(X,t) = ¢ # 0 if and only if g(M, X,t) = 1 for every M € M, x.
This concludes the computation of f(X,t).

To finish off the algorithm we compute f(to, ), where ty € V(T) is the unique neighbor

of r. As G has a perfect matching, f(tp,0) = 1 if and only if D is Pfaffian.
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