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PREFACE

Most large scale optimization problems involve either column generation or constraint
generation. An early example of column generation was the cutting stock problem by
Gilmore and Gomory [10, 11] in which each column is generated by solving a knapsack
problem. They observed a cyclic repetition of the values of nonbasic variables for
the knapsack problem. The periodicity initiated the cyclic group problem and led
Gomory [12] to the group problem for integer programming.

Every knapsack problem may be relaxed to a cyclic group problem. The cyclic
group relaxation is much smaller than the original knapsack problem, and is polyno-
mial if the coefficients remain fixed while the right-hand side increases. But, it is not
polynomial if the coefficients are allowed to increase. The cyclic group subproblem
is equivalent to a shortest path problem in the corresponding circulant digraph. If
the circulant digraph has a large number of nodes and a small diameter in its degree,
the dynamic programming algorithm given by Gomory [12] will perform poorly as
we will see on Wong-Coppersmith digraphs in this thesis. We will develop a cutting
plane algorithm based on shooting and empirically show that the cutting plane al-
gorithm solves the shortest path problem on Wong-Coppersmith digraphs with only
small number of cutting planes generated by shooting. Incorporating shooting into
the subproblem of such a cutting plane algorithm improves the speed of the cyclic
group relaxation.

Group network optimization in the title represents the shortest path problem in
the Cayley digraph. It has been my topic since the research [29] in Slovakia with
Jozef Siran on interconnection network in Cayley graphs. We hope to show that the

proposed methodology, that exploits the symmetric property of groups, will exhibit



greater performance relative to Dijkstra’s algorithm with respect to Cayley diagraphs.
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SUMMARY

Every knapsack problem may be relaxed to a cyclic group problem. Go-
mory [12] found the subadditive characterization of facets of the master cyclic group
problem. We simplify the subadditive relations by the substitution of complemen-
tarities and discover a minimal representation of the subadditive polytope for the
master cyclic group problem. By using the minimal representation, we characterize
the vertices of cardinality length 3 and implement the shooting experiment from the
natural interior point.

The shooting from the natural interior point is a shooting from the inside of the
plus level set of the subadditive polytope. It induces the shooting for the knapsack
problem. From the shooting experiment for the knapsack problem we conclude that
the most hit facet is the knapsack mixed integer cut which is the 2-fold lifting of a
mixed integer cut.

We develop a cutting plane algorithm augmenting cutting planes generated by
shooting, and implement it on Wong-Coppersmith digraphs observing that only small
number of cutting planes are enough to produce the optimal solution. We discuss a
relaxation of shooting as a clue to quick shooting. A max flow model on covering

space is shown to be equivalent to the dual of shooting linear programming problem.

xiil






CHAPTER I

INTRODUCTION

This thesis is organized into six chapters. This chapter presents a summary, literature
and preliminaries related to the cyclic group problem. In the end of Section 1.1, we
discuss computational difficulty of a procedure of solving the cyclic group problem
using the example of Wong-Coppersmith digraphs [30]. Then, we see in Section 1.2
how we may relax the knapsack problem to the cyclic group problem, and conclude
this chapter with a detailed summary of the thesis.

Chapter 2 focuses on the master knapsack problem K(n) and its relation to the
master cyclic group problem (Ci,41,n). Ardoz [1] defined the subadditive cone for the
master knapsack problem by the complementarities and the knapsack subadditivities
and showed that its minimal set of defining rays gives the nontrivial facets of the
knapsack polytope. By substitution of the complementarities, we derive a minimal
representation of the subadditive cone in Section 2.1. In Section 2.2, we explore the
relation between the master knapsack problem K(n) and the master cyclic group
problem (C41,n), and review the geometry of these two problems in Ardoz et. al [2].

Gomory [12] defined the subadditive polytope I1(C,, b) in which the extreme points
are the nontrivial facets of the master cyclic group polyhedron P(C,,,b). Substituting
out a special choice of a variable from the two variables in each complementarity
leads to a minimal representation of TI(C,,,b) as shown in Chapter 3. We also derive
a minimal representation of the subadditive polytope for the master binary group
problem by the substitution of the complementarities in Section 3.3.3. In Chapter 4,
the minimal representation of the subadditive polytope II(C,,b) given in Chapter 3

is applied to find the vertices of cardinality length 3 of P(C,,,b). We develop shooting
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from the natural interior point in Section 4.2 and implement the shooting experiment
for the knapsack problem in Section 4.3 observing that the most hit facet is the
knapsack mixed integer cut.

In Chapter 5, we introduce primal and fractional cutting plane algorithms for
the cyclic group problem, which implement a scheme that generates a sequence of
constraints by shooting. The development of cutting plane algorithms is motivated
by Wong-Coppersmith digraphs on which Dijkstra’s algorithm performs poorly. We
implement the fractional cutting plane algorithm on Wong-Coppersmith digraphs
and see that only small number of cutting planes are enough to produce the optimal
solution. But, shooting takes much time generating a facet of the master cyclic
group problem. In Chapter 6, the complementary relaxation of shooting is shown to
be polynomial and the dual of shooting is shown to be transformed to a max flow

problem on covering space.

1.1 The cyclic group and the circulant digraph

If the difference between two numbers a and b is an integer multiple of n, they are

called congruent modulo n and denoted by
a=b mod n.

The congruence modulo n partitions the integers Z into the n classes each of which
contains the integers with the same remainder when they are divided by n. The set of
n classes is denoted by C,, = {[0], [1], ..., [n — 1]}, where the remainders 0, ...,n — 1 are
the natural representatives of the classes. We will just denote C), = {0,1,...,n — 1}.
The usual addition on the integers is well-defined on C,,. With the addition, C,, is
called the cyclic group of order n.

Cyclic groups show cyclic repetition like a clock. For example, the cyclic group of

order 3 is the set C3 = {0, 1,2} with addition modulo 3 such as

1+41=2,142=3=0,242=4=1 mod 3.
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Figure 1: C5 and C4

In Cy,34+3=6=2 mod 4. (See Figure 1)

For a cyclic group C,, and a subset M C C,, — {0}, we denote Cay(C,,, M) as the
circulant digraph! of order n generated by M to be the digraph with node set C,, and
the arcs (4,7 + k) for all i € C,, and k € M. The arc (i,i + k) is said to be labeled by
k (the group element k will be called the label of the arc.) If M = C,, — {0}, we call
Cay(C,, M) a complete circulant digraph and denote it by Cay(C,,) leaving off M.

The cyclic group problem (C,, M,b) of C,, generated by M C C, — {0} with
nonzero right-hand side b and nonnegative objective function ¢, for g € M is

min E Cyty

geM

st Ztggzb mod n

geM
t=(t,:9€ M) >0 integer.
The constraint means t, arcs labeled by each g € M are used to get the right-
hand side b. The used arcs form a path from node 0 to b in the circulant digraph
Cay(C,, M). The cyclic group problem (C,,, M,b) is the shortest path problem from
0 to b in Cay(C,, M) with (arc) length ¢ (i.e., the arcs labeled by g are of length ¢,
for g € M.) The convex hull of solutions to (C,,, M,b) is a polyhedron that is called

the cyclic group polyhedron P(C,, M,b). It is known [12] to be a full dimensional

IFor general groups, they are called Cayley digraphs. Arthur Cayley (1821-1895) introduced the
drawing in groups in 1878. (For more history, see [15].)
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polyhedron containing all nonnegativities t;, > 0 for g € M as the trivial facets; i.e.,
the facets with 0 right-hand side.

See the example of Cay(C2, M = {1,2,4}) with length ¢ = 1 in Figure 2. From
each node, three arcs labeled by M = {1,2,4} are going out. The cyclic group
problem (Cha, M = {1,2,4},b = 11) with objective function ¢ = 1 can be solved by
the thick-lined shortest path 1+2+4+444 =11 mod 12 in Figure 2. The corresponding
optimal solution is t = (t; =ty = 1,t4 = 2).

Graph algorithms such as Dijkstra’s may perform poorly on the cyclic group prob-
lem (C,, M,b) when n is much larger than |M| and the cardinality length ), ,,t; of
a solution ¢ that is the cardinality length of a path corresponding to ¢ in Cay(C,,, M).
For example, Cay(C,, M) with n = 2™ and M = {2°: i =0,1,...,m — 1} introduced
by Wong and Coppersmith [30] has diameter m and degree m. To get the shortest
path to node b = 2™ — 1, Dijkstra’s algorithm (breadth-first search here) enumerates

all the exponentially many nodes. See the expression

m—1

This is the cyclic group subproblem (C,,, M,b =n — 1) with cost 1,

m—1
min Z T;
i=0
m—1
st Z 2iz;, =b mod n
i=0
x > 0 integer.
The group problem (G, M, b) is on a finite abelian group G. The non-abelian group
problem is introduced in Ardoz and Johnson [3]. The non-abelian group problem with
objective function 1 is called a minimal word problem in groups and is itself important

in group theory. (See [15].) We will discuss more about non-abelian group problems

in Section 3.3.2.
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Figure 2: Cay(Cia, M = {1,2,4})
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1.2 The knapsack problem

A (packing) knapsack problem is an integer programming with only one constraint in

the form

=1 i=1

max {Z L Z lix; <lg,z >0 integer} )

We assume that [y and all r; and [; for ¢« = 1, ..., m are positive integers and [y > [;
for all i = 1,...,m. Adding a slack variable, we can also assume that the knapsack

problems are equality knapsack problems

m
max E &y,
i=1

st Z ZZJZ'Z + s = lo, (1)
=1

x,s > 0 integer.

Knapsack problems may be solved by dynamic programming or recursion on the inte-
ger ly. The next section introduces an enumeration algorithm for knapsack problems
which also helps us understand the cyclic group problems relaxed for the knapsack
problems.

Assuming

<

T; ,
L> ~ foralli=2,..,m,
1

o~

the linear programming relaxation yields the following optimal table

m
min Z Cixi 4 css = 2 — 2(x9, .., 2y, 8) = d(2g, ..., T, 5),
=2
Z e <=1 1
0 i
t - S 2
S g {L‘l(l’z, >xm78) ll ZQ llxz llsa ( )

x1 > 0 integer,

T, ...y T, s > 0 integer,

where the objective function coefficients are the reduced costs, ¢; = rl;/ly —r; >

0,2 = 2,....,m, and ¢ = r1/l; > 0. The original knapsack problem is equivalent to
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minimization of the gap d(xy, ..., 7, s) between the LP optimal value 2% and the
objective value z(zy, ..., Ty, s) subject to the basic variable z; being a nonnegative
integer. Note that the basic (dependent) variable x; and the objective value z are
functions of the nonnegative integral nonbasic (independent) variables xa, ..., T, s.
Ironically, a knapsack problem becomes much easier due to a cyclic repetition

whenever its right-hand side [ is large enough.

Theorem 1.1 (Gilmore-Gomory [11]) Ifly is large enough (ly > Iy xmax{ls, ..., Ly, 1}
will suffice), then the optimum solution to the knapsack problem for I, = ly + Iy is
obtained from that for ly by changing only 1 to x1 + 1, and the objective value z in-
creases by ly. Thus, the solutions repeat with period Iy and there are only |y different

values of xa, ..., Ty, s needed in any optimum solution, once ly is large enough.

Assuming [ is large enough, we drop the nonnegativity of the optimal basis x; in
(2), or get the difference x; of the left-hand and the right-hand sides of the following

relation integral,

Sy l
Z—xi—l—iz—o mod 1.
2L T

Multiply through by the common divisor /; and induce the following problem equiv-

alent to (2) whenever [ is large enough,
m
min Z CiTi + Cs8,
=2

st Z lixi +s=1ly modl, (3)
i=2
T, .oy T, S > 0 integers.
Set n =1y, b = lyp mod n, and M = {l},....Il ,1} C C,, where ! = [; mod n for
i =2,...,m. Wesolve the cyclic group problem (C,,, M, b) or the shortest path problem
from node 0 to node b in Cay(C,,, M) with length ¢, and obtain an optimal solution

to the knapsack problem by augmenting the basic variable x; that is decided by the

nonbasic variables. We may assume that every pair of elements in M = {l5,..., 1/, 1}
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+2orxz2+1,c0=5

+lorxzz+1,¢c3 =2

Figure 3: A shortest path from 0 to b = 2 on Cay(Cs, M = {1,2}).

are different in C),, since we do not need longer parallel arcs for a shortest path and

so we can eliminate them.
Example 1.2 Consider the knapsack problem with a large right-hand side {, = 101.

max 921 + 9 4+ 1923
st 3x1 + 225 + T3+ s = 101

x,s > 0 integer.
With the optimal basis x;, we have the following equivalent problem

min  5xy + 23 + 3s = 24 — z(x9, w3, s) = d(z2, x3, S),

y 101 <2 n 7 n 1 ) > 0 int
s r1=— — | =22+ —x3+ =s | > 0 integer,
3 3 3 3

(x2,x3,s) > 0 integer.
It leads to the cyclic group problem

min  5xq + 2x3 + 35
st 209 + 13+ 5 =29+ T3+ s =101 =2 mod 3,

T9,T3,5 > 0 integers.

The coefficients of x3, s are the same in C3. Since the length c3 = 2 of z3 is smaller

than the length ¢, = 3 of s, no shortest path contains an arc labeled by s. In Figure 3,
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lo |1 |2|3]4 5 6 7 8 9|10 | 11 [ 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20
z 0| 1|99 |10 |18 |19 |19 | 27 |28 | 28 | 36 | 37 | 38 | 45 | 46 | 47 | 54 | 55 | 56
z1 | 0| 0|10 1 2 0 0 3 1 1 4 2 0 5 3 1 6 4 2
z2 | 0| 1]0|O0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
zz3 | 0| 0| 0[O0 0 0 1 1 0 1 1 0 1 2 0 1 2 0 1 2
s 10|01 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0

Table 1: Solutions to Example 1.2 with right-hand side .

the outer arcs and the inner arcs denote adding 1 and 2 modulo 3 respectively and

the thick lined shortest path from 0 to b = 2,
r3.1=21=14+1=2=05b mod 3,

gives an optimal solution (x; = 29,29 = 0,23 = 2,s = 0) to the knapsack problem
with gap
d=4=2""—>=303-299

which is the length of the shortest path. Note that the small right-hand side [y = 8

induces the same cyclic group problem because of the same right-hand side
b=2=8=101 mod 3,

which implies the infeasible solution (r; = —2,29 = 0,23 = 2,s = 0) pruned
in Example 1.3 of Section 1.3. See Table 1 and note the triples (z2,3,5)7 =
(0,0,0)T,(0,1,0)T, (0,2,0)T repeating from Iy = 12 which is better than a sufficient

condition given in Theorem 1.1.

1.3 Enumeration algorithm

If the knapsack problem (1) has a small right-hand side [y, we may enumerate the
solutions to the linear programming relaxation of the knapsack problem. Let N =
{2,...,m, s} be the set of nonbasic variables and let e; be the vector of all components
0 except the j-component equal to 1. To solve the minimization problem (2), we can

think of an enumeration algorithm as follows:

0. Initialize V. =W = 0 C RY and set d(0) = 0,d(y) = +oc for all

y € RY\ {0}.
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1. Choose © = (22, ..., Tm, s) € RY —V — W such that
d(z) = min{d(y) :y e RY =V — W}.

2. If z1(x) is a nonnegative integer, return the optimal solution x and
terminate.

3. If @y is strictly negative, then W « W U {z}, which is called pruning
x.

4. Otherwise, extend V «— V U {z}, update the neighbors as
d(z+e;) = min{d(z+e;),d(x)+c;} for all 7+e; € RY-V-W,j=2,....,m,s
and go to Step 1.

The enumeration algorithm is a variant of Dijkstra algorithm and works for general
[P without Step 3 (pruning condition) because of possible negative coefficients in
the constraints. We observe that a smaller right-hand side [y enhances tractability
of the algorithm by the function defining the basic variable x; in the problem (2).
However, Gilmore and Gomory [11] showed that a knapsack problem becomes much
easier whenever its right-hand side [ is large enough as shown in Theorem 1.1. The
enumeration algorithm solves a shortest path problem to a node having a nonnegative
integral z; on the Cayley digraph Cay(Z",{e; : j € N}), which is a generalization

of the cyclic group problem (C,,, M, b).
Example 1.3 Consider the knapsack problem with a small right-hand side [y = 8.

max 921 4+ x5 + 1923
st 3x1 + 229+ 723+ 5=28

x,s > 0 integer.

10
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[d=0],z1 =8/3 vyt l.ca=5

- =
@ 3+ 1,c3 =2
= =

s+1,cs =3
—

_1/3 d73] x1=17/3

o

d=1 d=4,21 =2 [d75],[m170] d=6 d=8

Figure 4: Enumeration of solutions
With the optimal basis x1, we have the following equivalent problem
min  5xe + 223 + 35 = 24 — z(w9, x3, ) = d(z9, 23, S),

3 3 3
(x9,23,5) > 0 integer.

8 2 7 1 .
st T =—-— gil?g + —x3+ —s | > 0 integer,

See Figure 4. From each node marked by a triple (z9,z3, s), three arcs are going out
when it enters S. One is corresponding to the increase of x5 by 1, denoted by x5 + +
with length c; = 5. The others are of lengths c¢5 = 2, ¢, = 3 and corresponding to the
increases of x3 and s by 1, respectively. The inspected nodes are entered into S =
{(0,0,0),(0,1,0),(0,0,1),(0,1,1)} in the order and have the real distance d from the
root (0,0,0). The pruned node (0,2,0) € W is marked by a cross. The thick circled
node (x9 = 0,23 = 1,5 = 1) gives an optimal solution (z; = 0,25 = 0,23 = 1,5 = 1)

to the knapsack problem with the smallest gap d(0,1,1) =5 from the LP optimal.

1.4 Overview

The thesis consists of one main theorem about a minimal representation of the sub-

additive polytope of the master cyclic group problem and three applications, the

11
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vertices of cardinality length 3, shooting experiment for the knapsack problem and
integer primal simplex method for cyclic group problems. The integer simplex method
is tested on Wong-Coppersmith digraphs compared with the dynamic programming
(Dijkstra’s algorithm) suggested by Gomory [12].

The master cyclic group polyhedron P(C,,b) is the convex hull of solutions to the

master cyclic group problem (Cy,b),

min Citi
st Z ti=b#0 modn

1€Cp—{0}
t > 0 integer,

where the objective ¢ is assumed to be nonnegative. Gomory [12] showed that the

nontrivial facets of P(C,,b) are the lower bounded inequalities
mt>m =1

corresponding to the extreme points 7 of the subadditive polytope I1(C,,, b) defined by

the complementarities and the subadditivities given below,
(C,,b) = {7r e R{{0
mtm=m=1ifi+j=b modn,
mA+m>mifi+i=k modn},
where none of 4, j, k is b. The nonnegativities of II(C,,, b) are all redundant for n > 5
except (Cg,2) and (Cg, 4).
The main result of thesis is a minimal representation of the subadditive polytope

I1(C,,b) for every master cyclic group problem (C,,b). Firstly, we partition the

nonzero cyclic group elements into two sets

O={i:m" <1/2} and X = {j : 7" > 1/2}

12
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X+t X~ X+ X-
/ 1/2 1/2
m(X)
7(0) q1x 1/4
1/2 ~
92X 1/4
0 41 h1 j1 b j2  ha 2 n 0 q10 h1 22X q1x ho 420 n
O——— 0 O———O O——— O O—— O
ot [ o+ b=b-—n O~

Figure 5: A partition of O and X given by 7™,
except the halves h with 2h = b mod n by using the mized integer cut
e = (mec =i/b for i < b;m"™ = (n—1i)/(n — b) for i > b).

The elements in O are chosen far from the right-hand side b so that b cannot be
reached by the sum of any pair of elements in O (see Figure 5.) Each complementarity
contains one index in O and the other in X. Then, we substitute out the variables
m; for 7 € X and have the projected image II(C,,b)o of the subadditive polytope
I1(C,,b) onto RP. The projected subadditive polytope I1(C,,b)o is equivalent to the
subadditive polytope II(C,,, b) with one-to-one correspondence by the restriction 7o
to O of T € II(C,,,b), and full dimensional in R verified by the restriction 7o of the

natural interior point 7 of 11(C,,, b),
satisfying all the subadditivities as strict inequalities.
By the substitution of complementarities, the subadditivities containing no vari-
able 7, with 2h = b mod n become the four types of inequalities,
i+ T > Ty whenever i + 7 =k mod n,
T+ > 1 whenever i + 7+ k=0 mod n,
m+m <mp+1 whenever i + 7 =k +b mod n,

m T <2 whenever i 4+ j + k = 2b mod n,

13
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where all 7, 7, k belong to O. The first and the second types are lower bound types.
The third and the fourth types are upper bound types adding 7, = 1 to the right-hand

sides of the first and the second types. The quarters are defined (see Fifure 5) as

b b+ 2n b+ 3n b+n

= — = = d =
q10 4,611)( 1 y @20 1 and gax 1

By using the quarters, the additional inequalities are defined as

Tgio = 1 /4 whenever ¢;o is an integer,

Tgx < 3/4 whenever g;x is an integer,

where j = 1,2. The subadditivities containing a variable 7, for a half h become
equivalent to the additional inequalities.

The first type of inequality above may contain the ezceptional inequality
mi+m; > withi=0/3,j=(b—n)/3and k=i+j mod n,

where i, j, k are all in O. Fortunately, that is the only exception. The main theorem of
thesis states that the four types of inequalities and the additional inequalities are the
facets of II(C,,, b)o except the exceptional inequality. A certificate 7 for a constraint of
II(Cy, b)o to be irredundant is a solution which satisfies the constraint as equality and
the other constraints as strict inequalities. It verifies that the corresponding constraint
is a facet. For convenience, we take an infeasible solution 7 that is infeasible only for
the constraint. The intersection of the line segment between 7 and the natural interior
point 7 with the hyperplane of the constraint is a certificate 7 for the constraint.
The first application is characterizing the vertices ¢ of the master cyclic group poly-
hedron of cardinality length 3, ZiGCn—{O} t; = 3. The subadditive polytope II(C,,, b) is
the convex hull of the vertices of the blocking polyhedron B(P(C,, b)) in Fulkerson’s

framework of blocking pairs of polyhedra. That is,
B(P(C,,b)) = I1(C,, b) + RE—{0},

14
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The facets of II(C,, b) from our minimal representation can be tilted into facets of
B(P(C,,b)). Tilting an inequality is adding a linear combination of equality con-
straints or complementarities. In fact, we add (or substitute) only one complemen-

tarity to tilt a subadditivity m; + 7; > 7 into
7'('1'4‘77'3‘4—71';‘C 2 1 = Tp,

where k is the complementary of k; i.e., k+ k =b mod n. By using that tilting into
a path of triple to b, i + j + k = b mod n, Ellis L. Johnson made short the theorem
in Gomory [12] that the extreme points of the subadditive polytope are the facets of
the master group polyhedron. The triples have one-to-one correspondence with the

four types of inequalities:

7T¢+7Tj+7TE>7Tb:1 7Ti+7TjZ7Tk

7TZ‘+7Tj+7T1€>7Tb:1 7TZ‘+7Tj+7TkZ7Tb:1

T+t =T =1 i+ <M+ =1+ 1

(S

7Tg+7T3+7T,5>7Tb:1 7T¢+7Tj+7Tk§7Tb+7Tb:2,

where all 7,7,k are in O. The coefficients of the triples above are shown to be the
irreducible solutions t of P(C,,b) with cardinality length 3, i.e., every integral ¢,
0< tfq <t, g€ C,—{0}, gives a different element decn—{o} t;g in C,,. Moreover,
except the triples from the exceptional inequality, they are the vertices of P(C,,b)
with cardinality length 3. The solution (¢, = 1) is the vertex of cardinality length 1.
The coefficients of the complementarities are the vertices with cardinality length 2.
The additional inequalities for 7 = 1,2 give the vertices of cardinality length 4 with

only one nonzero component,

(ty;o = 4) whenever gjo is an integer; (t,,, = 4) whenever g;x is an integer.

Since the vertices are known [12] to be irreducible, we characterized all the vertices

and the irreducible solutions of cardinality length < 3 by using our main theorem.
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The second application is shooting for the knapsack problem based on the concept
of shooting from the natural interior point. Shooting from the natural interior point
shoots from the inside of the polyhedron, which would look more natural. Conceptu-

ally, shooting in v € Rg"_{o}

is shooting an arrow from the origin 0 in the direction
v and seeing which facet it hits. We mathematically define shooting in v as solving

the linear programming problem

min s

st mell(Cy,,b). (4)

Equivalently, we can minimize v over the blocking polyhedron B(P(C,,b)). De-
creasing dimension at least by half, the linear programming problem (4) for shooting
in v can be reduced by projection onto O to have the equivalent linear programming
problem
min 2:(1)Z — U
i€O
st mo € II(Cy,b)o.

Its optimal basic solution 7¢ is the restriction to O of the facet 7 hit by shooting in
v. Shooting from the natural interior point in w € R? is defined to “maximize” the
objective function we over the translate ¢ € I1(C,,,b)o — 7o of the projected subad-
ditive polytope II(C,, b)o by —7o so that the natural interior point 7o of II(C,,, b)o
is translated into the origin 0. Its optimal solution ¢ is the facet px <1 of the plus

level set
(H(Omb)o - 7.1-0)+ = {JI : :U'(I) < 1}’
where u(x) is the support function given by
p(z) = sup{zyp : ¢ € (T, b)o — 7o}

The corresponding facet nt > 1 of P(C,,b) is derived by translating the resulting

optimal basic solution ¢ back to mp = ¢ + 7p. We implement shooting experiment
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from the natural interior point; i.e., shooting from the natural interior point in a

random vector w uniformly distributed on the unit sphere ||w|| = 1. Note that
shooting in v € Ri”_{o} with [|v]] = 1 is equivalent to shooting in w from the

natural interior point with w = (w; = (v; — v;)/||(v; — v;)|| for i € O). * The vector
v = (v} = v; —v; for i € O) is a point in the closed ball ||[v'|| < 1 for v with |[v|| =1
and v > 0.

We define shooting for the knapsack problem K(n) in v > 0 as solving the linear

programming problem min{vr : 7 € II(K(n))} over the knapsack subadditive polytope

ME@) = {re RO
T+ Tpey = 7y, = 1 for i = 1,..., {gJ ’

7 + m; > mip; whenever 1 4 j < n,
™ = 1/2},

whose extreme points are the nontrivial facets of the convex hull P(K(n)) of the

nonnegative integer solutions t to the master knapsack problem K(n); i.e.,

n
i=1

We implement shooting experiment for K(n) and observe the amazing aspect that

the most hit facet is always the knapsack mized integer cut defined as

mick
7

T for i <n/2

for i =n/2

SN =N .

— 1
= ++ for i > n/2,

with empirical probability > 1/5 of hit.
The third application is integer primal simplex method for cyclic group problem.

We are more interested in cyclic group subproblems, which is motivated by poor

20ne important question here is whether shooting experiment is equivalent to shooting experi-
ment from the natural interior point. Experimental results boost the equivalence.

17
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performance of Dijkstra’s algorithm to b = 2™ — 1 on Wong-Coppersmith digraphs
Cay(Com,{2°,21 ..., 2™~ 1), Tt suggests a primal cutting plane algorithm and a frac-
tional cutting plane algorithm where cutting planes are generated by shooting. For
convenience, we implement a fractional cutting plane algorithm generating cutting
planes by shooting. A primal dual simplex method is introduced for shooting. We
also observe complementary relaxation of shooting LP which sheds light on how to
take advantage of sparsity of the objectives v.

The other parts of the thesis are instructive. We review the relation between the
master knapsack problem K (n) and the master cyclic group problem (C,,;1,n) that is
explored by Ardoz et al [2]. We also derive a minimal representation of the subadditive
cone for the master knapsack problem by the substitution of complementarities. The
thesis introduces the lifting of facets by Gomory [12] and the group problems for

general groups based on Ardoz and Johnson [3].

18
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THE MASTER KNAPSACK PROBLEM

2.1 The master knapsack problem

We are interested in the important case of knapsack problems in which all possible

coefficients occur in the constraint. Define the master knapsack problem K(n) to be

n

max E Titi,
i=1
n

st Z i, =n,
;:21 0 and integer,
where we typically ignore the objective function. The knapsack polytope P(K(n)) is
the convex hull of feasible solutions. (It is clear to see that P(K(n)) is a bounded
polyhedron, i.e., a polytope.) Since the solutions (t; = n) and (t; = n —i,t; = 1)
for i = 2,...,n are linearly independent, P(K(n)) has dimension n — 1. For each
i = 2,...,n, dropping the solution (t; = n —i,¢; = 1) from these n solutions results in
the remaining n—1 linearly independent solutions which verify that the nonnegativity
t; > 0is a facet, called a trivial facet. The nonnegativity of the first component t; > 0
is redundant, since t; = 0 implies t,,_; = 0. General knapsack problems are missing

some coefficients in the constraint and are equivalent to the integer program over
P(K(n)) Nn{t:t; =0 whenever i is not a coefficient in the constraint}.

Ardoz [1] defined the knapsack subadditive cone S(K(n)) C R{L-m for K(n) by
the complementarities (5) and the knapsack subadditivities (6) given below,

i+ Ty = mp for i =1, ..., LSJ , (5)

7 + m; > mi; whenever i 4 j < n, (6)
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Figure 6: P(K(3)) and a defining set of rays of S(K(3))

and showed that its defining set of rays 7 are the nontrivial facets of P(K(n))

n
Z 7Tl'ti Z Tp-
i=1

The lineality L of S(K(n)) is the linear space generated by lin(n) = (1/n,2/n,...,1)
and defines by nt > 7, for m € L the hyperplane ), it; = n containing P(K (n)).
The extreme rays m of the cone S(K(n)) N {m, = 0} are the nontrivial facets 7t >

T =0 of P(K(n)).

Example 2.1 See the knapsack polytope P(K(3)) and the knapsack subadditive
cone S(K(3)) in Figure 6. The 2-dimensional half-plane S(K(3)) = {7 : m + my =
73 and 2m; > T} is defined by the lineality L and the ray 7' = (2/3,—2/3,0) that

1 is the nontrivial facet

are thick-lined on the right side of the figure. The ray 7
7t > L = 0 of P(K(3)) that is thick-lined on the left side of the figure. Two extreme
rays £lin(3) = £(1/3,2/3,1) define the lineality L and determine the hyperplane
t1 + 2ty + 3t3 = 3 containing P(K(3)) by +lin(3).t > +lin(3); = £1. The cone
S(K(3)) N {m3 = 0} is the ray 7' itself. Alternatively, 7' = (1,0,1) can be the
nontrivial facet 7't > 7 = 1 of P(K(3)). Multiple choices of ray = in S(K(3))
account for multiple choices of hyperplanes deciding the nontrivial facet of P(K(3)).

O

In fact, many knapsack subadditivities (6) are redundant. To extract a minimal
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representation of S(K(n)) assuming n > 3, we define the index sets for the left-hand
sides of complementarities (5) with indices < n/2 by O and with indices > n/2 by

X;ie.,
O ={i:i<n/2}
X={n—-i:i<n/2}.

We project out the X-variables by the substitution of 7,_; = m, —; into the knapsack
subadditivities (6) for ¢ < n/2. If n is even, we distinguish the half h = n/2 and also

project out 7, by the substitution of the complementarity
21, = Ty (7)

to have the cone

S(K(n)ougny € RV

which is equivalent to S(K(n)) as its projected image onto RO{™, If n is odd, each

knapsack subadditivity (6) becomes one of the two types

T+ T > Titj, where Z,j,Z +] € O, (8)

T + T + Tp—iej > Tn, where i,j,n —i—j € O. (9)

If n is even, the knapsack subadditivities (6) without any term of m), are of the two

types above and those containing 7, become
T + Th—; 2 Th — ’/Tn/Q,

which is redundant in case ¢ > h —1i, as the average of 27,_; > 7, _9; and 2m; +m,_o; >

Tp. S0, we have at most one additional inequality
Tpja 2> Tp/4 when n is divisible by 4. (10)

The two types of inequalities (8),(9) and the additional inequality (10) are enough to
define S(K(n))oun}-
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Figure 7: S(K(4))q1,4y and S(K(5))(1,2,5)-

Example 2.2 See the 2-dimensional cone S(K(4))1,43 on the left side in Figure 7.
The thick curve is a set of interior points of S(/(4))1,43. The additional inequality
7 > m4/4in (10) determines S(K (4))1,4) which can be defined by the lineality L and
the ray @ = (5/12,0,—5/12,0). The nontrivial facet of P(K(4)) is 7%t > 77 = 0.
Strictly speaking, the point 72 in the figure is its restriction 7?%174} to {1,4}.

The 3-dimensional cone S(K(5))1,2,51 on the right side is determined by 27, > 7,
in (8) and m; + 2m > 75 in (9) which are respectively binding the thin curves. The
extreme rays ©' = (4/5,—2/5,2/5,—-4/5,0) and 7* = (3/10,3/5,—3/5,—-3/10,0)
of the cone S(K(5)) N {r : m5 = 0} are the nontrivial facets 7't > 7 = 0 and

72t > 72 =0 of P(K(5)).
The natural interior point is
7= (m;=1/2for i #n;m, =1).

It is a relative interior of S(K(n)) satisfying the knapsack subadditivities (6) as strict
inequalities. The projected cone S(K(n))ougny is full dimensional with the restriction

of 7 to O U {n} as an interior point,
Toumy = (1, = 1/2 for i < n/2;7, = 1),

and therefore the dimension of S(K(n)) is [n/2]. We show that the two types

of inequalities (8),(9) and the additional inequality (10) are irredundant defining
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S(K(n))ougny- A certificate 7 for a constraint of S(K(n))ougmy to be irredundant is a
solution which satisfies the constraint as equality and the other constraints as strict
inequalities. It verifies that the corresponding constraint is a facet. For convenience,
we will take a point 7 that is infeasible only for the constraint. The intersection of the
line segment between 7 and 7 with the hyperplane of the constraint is a certificate 7

for the constraint.

Theorem 2.3 The two types of inequalities (8), (9) and the additional inequality
(10) in case of n divisible by 4 form a minimal representation of S(K(n)) with the

complementarities (5).

Proof. For m, + mj, > miy+j, With g, Jo, % + jo € O, we change at most three

components of 7 to get an infeasible solution
T = (ﬁ-io = 7Arjo = 1/37 ﬁ-io-&-jo = 3/4)7

where the undefined variables remain the same as the corresponding components of

7. The infeasible solution 7 is shown to be feasible for all the other inequalities in

(8):

Fit Fy = >y ifdg # joi = = o,

T+ T > > Tiyj otherwise.

It is also feasible for all the inequalities in (9):

R R R 1 1 1 R
7Ti+7rj+7rn—i—j2§+§+§:1:7rn-

The additional inequality (10) is trivially feasible.

For m;, + mj, + mx, > m, with iy < jo < ko and ig + jo + ko = n, we set m;, = 1/4
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in case ig = jo = ko = n/3. Otherwise, we set

. 1

Tjo = g;

. 1... .
7Ti0 == Z lf 10 7&]07
. 1. .
T = 7 if ko # Jo,

where the undefined variables are the same as the corresponding components of 7. It
is infeasible for the inequality and feasible for all the inequalities in (8). Since all the
other inequalities in (9) contain at least one term equal to 1/2, the point 7 is feasible
for all of them. The inequality (10) is trivially feasible here again.

In case n is a multiple of 4, the additional inequality (10) has 7/, = 0 in which the
undefined variables are the same as the corresponding components of 7. It is trivially
infeasible for (10) and feasible for all the inequalities in (8). Since 7,/4 comes up
at most once in the left-hand side of each inequality in (9), 7 is feasible for all the

inequalities, completing the proof of Theorem 2.3. o

We can translate the cone S(K(n)) N{r : m, = 0} by lin(n) = (1/n,2/n,...,1)
into
S(K(n))N{r:m, =1} =lin(n) + (S(K(n)) N {r : 7, = 0})
so that the origin 0 is translated into lin(n). If # = m — lin(n) is an extreme ray of
the cone S(K(n))N{r : m, = 0}, then 7 is a nontrivial facet 7t > m,, = 1 of P(K(n))
which is equivalent to the facet 7t > 7, = 0, and therefore S(K(n)) N {x : m, = 1}
gives another set of the nontrivial facets m of P(K(n)). Fixing m; = 1/2, the knapsack

subadditive polytope is defined to be
[I(K(n)) = {ne R{Ln} .
T+ M =7, =1 for 1 = 1’._', \\gJ ’

;i + m; > mip; whenever ¢ 4 j < n,

T = 1/2}
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(1,2,3,4,5,6)

—(1,2,3,4,5,6) m

Figure 8: S(K(6)) and S(K(6)) N {r:ms = 1}.

in S(K(n)) N{m : m, = 1}. Its extreme points are the nontrivial facets of P(K(n))
and its dimension is |O] —1 = [25%] — 1 with the natural interior point 7 as a relative
interior point.

In Figure 8, the cone S(K(6))1,2,6} equivalent to S(K(6)) has two facets, 211 > m,
and 31y > mg. Note that 72 = (6,5,4,3,2,8)/8 is not a facet of P(K(6)) but 7 =
(4,8,5,2,6,10)/10 and 7* = (9,4, 6,8, 3,12)/12 are the nontrivial facets: Binding no

inequality is

72 =m% —lin(6) = (

),

ool ot
|
AN
oo
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ool w
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but, 7 and 7@ are binding 2m; > 7 and 3wy > g, respectively, and the ex-
treme rays of the cone S(K(6)) N {m : m¢ = 0}. The knapsack subadditive poly-
tope II(K(6)) is the line segment [73, 71] between #* = (1/2,1,1/2,0,1/2,1) and
7t = (1/2,1/3,1/2,2/3,1/2,1). The extreme points 7> and #* of II(K(6)) are the

nontrivial facets 73t > 7§ = 1 and 7% > 7§ = 1 of P(K(6)).
2.2 The master cyclic group problem (C,.1,n)

The trivial facets of the master cyclic group polyhedron P(C,,1,n) are known [12] to

be the nonnegativities ¢; > 0 for i = 1,...,n. Gomory [12] showed that the nontrivial
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facets mt > m, = 1 of P(C,41,n) are the extreme points 7 of the subadditive polytope

(Cp1,n) = {re R+,
m+m,=m=1ifi+j=n modn+1, (11)

mi+m>mifi4+j=k mod n}, (12)

where none of i, j, k is n. In fact, the nonnegativities of I1(C,,41,n) for n > 4 are all
redundant and can be left out from the representation of II(C},1,n) above.

Ardoz et. al [2] showed the knapsack polytope P(K(n)) is a facet of the cyclic
group polyhedron P(C,,1,n) and researched their relation. Fixing m, = 1, the com-
plementarities (11) are exactly (5) and the subadditivities (12) include the knapsack
subadditivities (6) of S(K(n)). The subadditivities (12) which are not in (6) can be
written as

7+ T > Tiyj_n—1 Whenever i + j >n + 1. (13)

Hence, the subadditive polytope II1(C), 11, n) is embedded into the translate S(K(n))N
{m : m, = 1} of the cone S(K(n)) N{r : m, = 0} by the mized integer cut lin(n) =
(1/n,2/n,...1) of (Cpi1,n) which is known to be a facet of P(C)41,n). Since the
restriction 7o of 7 to O = {i : i < n/2} is an interior point of II(C),11,n)0, II(Cp11,n)
is full dimensional in S(K(n)) N {mr: m, = 1}.

Assuming n is odd, the polytope I1(C,,11,n) has two more types of analogous but

upper bound type inequalities with one more term 7, = 1 in the right-hand sides

i+ < Tivjp1 + o, where i,5,i+j+1€ O, (14)

T+ T+ Tne1—iej < T + T, where i,j,n—1—1i—j € O. (15)

If n is even, II(C),41,n) has the four types of inequalities in (8), (9), (14) and (15),

and exactly one additional inequality in either (10) or

3Tn
Tn—2 < % when n =2 mod 4. (16)

4
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Figure 9: Augmentation of inequalities to have II(C7,6).

In other words, we augment (14), (15) and (16) to S(K(n)) N {7 : m, = 1} defining
II(Cp41,n). Moreover, the four types of inequalities and the additional inequality are

all irredundant.

Theorem 2.4 The four types of inequalities in (8), (9), (14) and (15), and the
additional inequality in either (10) or (16) in case of n even, form a minimal repre-

sentation of II(Cy11,n)0 fizing m, = 1.

In the next chapter, we prove Theorem 3.5 which implies Theorem 2.4.

Let’s consider the previous example of S(K(6)). We augment the inequalities in
(14), (15) and (16) to S(K(6)) N {mw : m¢ = 1}, and have II(C7,6). See Figure 9
that follows Figure 8. There is no inequality in (14). The augmented inequalities in
(15) and (16) are m + 2wy < 2 and m < 3/4, respectively. In the figure, the hollow
dots denote the infeasible solutions 7 given in Chapter 3. Note that the line segment
between 7o and the infeasible solution 7#* = (1/2,1/4) intersects with 3my = 76 = 1
at a certificate 1 = (1/2,1/3) for 3my > 76 = 1 to be irredundant.

Ardoz et. al [2] noted that each nontrivial facet 7 of P(C,,11,n) adjacent to the
mixed integer cut lin(n) of P(C,41,n) is a nontrivial facet of the knapsack polytope
P(K(n)), and that they are related through a process called tilting. Two facets
are facet-adjacent if their intersection has one-less dimension than a facet in the

polyhedron. Two extreme points are vertex-adjacent if they are linked by an edge
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of the polyhedron. Due to the special property of the mixed integer cut lin(n) of
P(C,41,n) that it satisfies all the knapsack subadditivities (6) of S(K(n)) N {r :
T, = 1} as equalities, vertex-adjacency to lin(n) in II(C,41,n) is equivalent to facet-

adjacency to lin(n) in P(Cpy1,n).

Theorem 2.5 (Ardoz et al. [2]) A nontrivial facet  of P(Cy41,n) is vertex-adjacent
to the mized integer cut lin(n) of P(Cyy1,n) in I(Chi1,n), if and only if it is facet-

adjacent to lin(n) in P(Chi1,n).

Proof. Assume that 7" is vertex-adjacent to lin(n). The difference @ = 7% —

lin(n) is an extreme ray of the cone S(K(n)) N {7 : m, = 0} and has n — 2 linearly
independent constraints among the complementarities (5) fixing 7, = 0 and the
knapsack subadditivities (6) which are binding at 7%. We transform the binding

knapsack subadditivities (6) by substitution of (5) into
7Ti+7rj+7rn—i—j Z 1. (].7)

The coefficients t1, ..., t,_1 of the binding constraints give n — 2 linearly independent
solutions followed by ¢, = 0 to both 7%t = 1 and lin(n).t = 1, and form n — 1
linearly independent solutions to P(C,1,n) N{t: lin(n).t = 1} N {t: 7%t = 1} with
t=(ti=0,i=1...n—1t,=1).

Conversely, if 7% is facet-adjacent to lin(n), then P(C,1,n) N {t : lin(n).t =
1} N {t: 7% = 1} contains n — 2 linearly independent solutions ¢ with ¢, = 0 to
the master cyclic group problem. The solutions are also solutions ¢ to the master
knapsack problem K (n), since lin(n).t = 1 holds. For each ¢, we can rewrite 7t = 1

as
J J

g mi; = 1, where E ij =n,
Jj=1 Jj=1

and, if J > 3, decompose it into the telescoping sum of a complementarity (5) and
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knapsack subadditivities (6) which are binding at *

A%

Ty + Tiq 7T(i1 + 22)

m(iy +d2) + My > w(iy +da +d3)

()
W(Zz'j) +m, = 1

All the decomposed contain n—2 linearly independent binding constraints at 7* fixing

3
.
<
N———
_l’_
3
<
V

7, = 1 among the complementarities (5) and the knapsack subadditivities (6), and

verify that 7% is vertex-adjacent to lin(n) in II(Cpy1,n). a

The proof above gives us a hint on how to decompose a cyclic group solution into
small solutions. Suppose that our solution ¢ corresponds to a path (i, i, ...,7;) with

J >3 in Cay(Cpi1,n),
J

nEZij mod n + 1.

j=1
For any 7 € II(Cy41,n), it holds that

J
ﬂt:ij >m, =1,

J=1

which can be decomposed into paths of cardinality length 3 and 2 alternatively,

H(iy + Ty + Ty (iy4i) = 1)
_<7Tb_(i1+i2) + T, = 1)
F(Tiy iy + Tig + To (i yigtis) = 1)
_(771,72;7;12 i + WE;(:—E iy = 1)
+(7TZJJ:_12 ij + Ty T Ty > 1)
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In other words, ¢ can be written as

t = tw(il,ig,n — (’Ll —|—12>> - tﬁ(n - (11 + iz),il +22)

J—3 J—2 J-2  J-2
7 (Zz‘j,z‘”,n —~ sz> — P (n — zjzzj>
j=1 j=1 j=1  j=1
J—2
+t7 <Z ij,iJ—hiJ) ;
j=1
where t7(i, j, k) denote e; +e; +ey, for triples i +j+k =n mod n+1 and t°(i,n — 1)
denote e; + e,_; for complementary pairs (i,n — 7). Note that we have one more ¢7’s

than t%’s. We will use the decomposition later.

2.3 The knapsack mixed integer cut

Assume that n is an odd number, and that d = (n + 1)/2 and r = d — 1. By
Theorem 19 of Gomory [12], we can construct the 2-fold lifting of the mixed integer

cut lin(r) = (1/r,2/r,...,1) of (Cy, 1),
p = (lin(r),0,lin(r)),
which is a facet pt > p, =1 of (Cy41,n). The valid inequality of P(K(n)),
pt = pp =1,

is a facet of P(K(n)) given by Theorem 6.9 of Ardoz et al. [2] and will be called
the knapsack mized integer cut of P(K(n)). We can induce an equivalent facet of
P(K(n)) by tilting,

ﬂ_mzckt Z 7_[_::12016 — 1’

corresponding to the intersection point 7

= p of the knapsack subadditive poly-
tope II(K(n)) with the straight line going through both p and the mixed integer cut

lin(n) = (1/n,2/n,...,1) of (Cyi1,n).
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If n is even, we set d = (n +2)/2 = [(n+1)/2] and r = d — 2. The 2-fold lifting

of the mized integer cut (1/r,2/r,...;1,1/2) of (Cy, 1),
(p,1/2) = (1/r,2/r, ... 1,1/2,0,1/r,2/r, ..., 1,1/2),
corresponds to the facet of (Cy12,n),
1
pt + §tn+1 > pn =1,
where (C,,42,n) is the master cyclic group problem

Z t;i=n modn+ 2, t> 0 integer.
’L'Ecn+27{0}
As above, pt > p, = 1 will be called the knapsack mixed integer cut of P(K(n)).

mick

The intersection point m = p given by tilting pt > p, = 1 is shown to be a facet

of P(K(n)) as an extreme point of the knapsack subadditive polytope II(K(n)) by

|O| — 1 linearly independent binding constraints
T+ > my fori=1,...]0] — 1.
The facet 7™kt > rmick = 1 of P(K(n)) is written as

mick = §forz<n/2

1
5 fori n/

) — 2
= %fori>n/2.

Example 2.6 Let d = 5 and let »r = 4. The mixed integer cut of the master cyclic

group polyhedron P(Cs,4) is
lin(4)t = 0.25t1 4 0.5ty + 0.75t3 4+ 4 > 1.
Lift lin(4) above up and obtain the 2-fold lifting
pt = 0.25t; + 0.5t + 0.75t35 + t4 + 0.25t¢ + 0.5t7 + 0.75tg +t9g > 1
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which is the third facet 73t = pt > 1 of the master cyclic group polyhedron P(C}g,9)
in Gomory’s cyclic group facet table [12].

Let’s compute the knapsack mixed integer cut 7™* of the knapsack problem K (9)
which is the extreme point of the knapsack subadditive polytope II(K(9)) on the ray
going out from the mixed integer cut lin(9) = (1/9,2/9,...,1) of P(C4y,9) through

the 2-fold lifting p; that is, there are scalars z and y > 0 satisfying

TR = x.lin(9) + y.p.

The scalars x = —1.8 and y = 2.8 are determined by the system of equations
r oy 1
Z 42 — Zand
9 + 1 5 an
r+y =1

which are respectively from the first component 77%* = 1/2 and the last component

7k = 1in(9)g = py = 1. Now, we have the knapsack mixed integer cut of P(K(9)),
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THE MASTER CYCLIC GROUP PROBLEM

3.1 General partition of indices

We denote (C,,,b) as the master cyclic group problem to be the cyclic group problem
(Cp, M, b) with M = C,, — {0},

min E Citi,

i€Cp—{0}
st Z it; =b mod n, (18)

i€Cr—{0}

t > 0 integer,

emphasizing that the congruent relation (18) contains all possible nonzero group
elements. The master cyclic group polyhedron P(C,,,b) is the convex hull of solutions
to the master cyclic group problem (C,,b). In Gomory [12], the nontrivial facets
wt > m, = 1 of P(C,,b) are known to be the extreme points 7 of the subadditive
polytope 11(C,,, b) defined by the complementarities (19) and the subadditivities (20)

given below,

(C,,b) = {mecR{ .
m+m,=m=1ifi+j=b modn, (19)

mi+m >mpifi4+j =k mod n}, (20)

where none of 7, j, k is b. The nonnegativities of II(C,,, b) are all redundant.!
Let a half h satisfy 2h = b mod n. The variable 7, is a constant 1/2 by the

complementarity 27, = m, = 1. Assume O and X respectively contain one term and

Tt is true for n > 5 except (Cs,2) and (Cg, 4).
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the other of every complementarity (19) without any 7. In other words,
i€0,je X whenever i Z# j =b—14 mod n. (21)

The subadditivities (20) containing no 7, with 2h = b mod n are classified into the

following 6 cases

T+ T > Ty where k=i+j modnandie€ O,57€ O,k € O,
T T > Ty where k=i+j modnandie€ 0,5 €O,k € X,
T + T 2> Ty where k=i1+7 modnandie X,j€ X, ke X,
i+ T > Ty where k=i+j modnandie€ X,j€ X, keO,
T+ T > Ty where k=i+j7 modnandi€ O,j€ X, k€O,

T+ T > Ty where k=i+j modnandie€ O,5€ X, ke X.

Note that the fifth and the sixth cases are equivalent to the third and the first,
respectively, which reduces the number of such inequalities by half.

The inequalities (20) containing more than one 7, for (same or different) halves h
with 2h = b mod n are trivially redundant. Each inequality (20) containing exactly

one 7y, is assumed to have the 7, in its right-hand side:

i+ T > T withi4+7=h modn andi,j€ O
S+ >m,withk=h+j modnand jcO,ke X
i+ m; > withi4+j7=h modnandi€ O,j € X
&S+ 7 >, withk=h+j modnand j,keO
&Sy +m; > m withk=h+j modnand j,keX
i+ > withi+7=h modnandi,jeX
Sm+m<m+m withi+j7=b+h modnandi,jecO

Sm,+m>m,withk=h+7 modnandje X, keO.
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Moreover, if i # j mod n above, m; + m; > 7, = 1/2,i+ j = h mod n is verified to

be redundant by the average of two inequalities 2m; > mo; and 27; > my;. Therefore,

we can simplify the left-hand sides of (20).
Proposition 3.1 The following inequalities are enough to define I1(C,,,b)o:

T+ T > T whenever k=14 35 mod n andi,j € O,

T + T 2> T whenever k =1+ j modn andi,j € X.

By substitution of the complementarities (19), we simplify the first four cases out of

the six above without 2h = b mod n to have the following four types of inequalities:

Proposition 3.2 Every inequality in (20) containing no w, with 2h = b mod n is

equivalent to one of the following four types of inequalities:

i+ > Ty whenever i +j =k mod n, (22)
T+ > 1 whenever i +j+k=b mod n, (23)
T+ <mp+1 whenever i+ j =k+b mod n, (24)
T+ 4 < 2 whenever i+ j+k =20 mod n, (25)

where all i, 5,k belong to O.

If there is no half A such that 2h = b mod n, that is, n is even and b is odd, the
four types in Proposition 3.2 are enough to define I1(C,,,b)o. They gave the facets of

II(Ci1,n)0 in the special case of n odd and O = {i : i <n/2} in Theorem 2.4.

Proposition 3.3 The following additional inequalities are enough to define I1(C,,, b)o

with the four types of inequalities (22)-(25) above:

2m; > mp, = 1/2 whenever 2i =h mod n andi € OU X.
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X+t X~ X+ X-
/ 1/2 1/2
m(X)
7(0) q1x 1/4
12
92X 1/4
0 41 h1 j1 b j2  ha 2 n 0 q10 h1 22X q1x ho 420 n
O——— 0 O———O O——— O O—— O
o~ O~ o+ b=b-—n O~

Figure 10: A partition of O and X given by 7€,

The complementary i of i is defined to satisfy ¢ +¢ = b mod n. The additional

inequalities in Proposition 3.3 can be written as

m; > 1/4 whenever 2i =h mod n and i € O,

m; < 3/4 whenever 20 =h mod n and i € X. (26)

We generalize the special case of II(C,,11,n)o with n even to (Cy,b) with n odd as

follows.

Corollary 3.4 The four types of inequalities (22)-(25) and the following additional

inequality (27) are enough to define I1(C,,, b)o with n odd:

either m; > - if20=h modn andi € O,
iof 2

VAN
W Qo | =

or f2(b—i)=h modn andi € O. (27)

In fact, Proposition 3.1, 3.2 and 3.3 are true for general group problems.

3.2 The partition given by the mixed integer cut

The mixed integer cut lin(n) of P(C,41,n) is generalized to the mized integer cut

7™ of every master cyclic group polyhedron P(C,,,b), which is defined by

7 = (a™C =4 /b for i < b; T = (n —i)/(n — b) for i > b).
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In Figure 10, the mixed integer cut gives a partition
O={i:m" <1/2}, X ={j 7" > 1/2}.

Let hy = b/2 and let hy = (b + n)/2. They may be fractional. They bisect the

partition given by 7™ into the intervals

b
R e
o = (0,2> NZ,

b
Xt = (z0)nz
()02

X = (b,b+n)ﬂZ,
2
O = (b—gn,n)ﬂZ.

Each complementary pair i; € O and j; € X with 7; + j; = b are symmetric in h;.
The other kinds of pairs i € O and j, € X with is + jo = b+ n = b mod n are
symmetric in hy. The two kinds of symmetries are true for any 7 € II(C,,, b) because

of the complementarities. The quarters are defined as

Gio = %ZZGOJF

Gix = h12—n+n:b+42n€X_
G20 = h22—n+n:b+43n60_
(ox = %:bZneXﬁ

We rewrite the additional inequalities (26) as

Tgio = 1 /4 whenever g¢;o is an integer,

Tgx < 3/4 whenever ¢;x is an integer, (28)

where j =1, 2.

The partition of O and X given by 7™ yields a redundant constraint among the

four types (22)-(25) and the additional (26) in case of b =0 mod 3andn =0 mod 3.
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Consider the cyclic group problem (Cy,6). The partition by 7™ is O = {1,2,8}.
We see that the three inequalities, 37, > 1 = 7, 3mg > 1 and 37, < 2 = 27, imply
o + mg > 2/3 > mp. Assuming b =n =0 mod 3, the example can be generalized to

the exceptional inequality in (22)
mi+m; > withi=0/3,j=(b—n)/3and k=i+j mod n, (29)
where 7, j, k are all in O. The exceptional inequality is induced by
3m; > 1,3m; > 1,3m, < 2.

Note that (C,11,n) does not satisfy b = n =0 mod 3. In general, we have no such
exceptional inequality unless b = n = 0 mod 3. Fortunately, the other inequalities

are irredundant even though b =n =0 mod 3 holds:

Theorem 3.5 Let O and X be given by the mized integer cut 7™, The four types
of inequalities (22)-(25) and the additional inequalities (28) without the exceptional

inequality (29) in (22) are irredundant defining I1(C,,b)o.

In order to show the theorem, we shift the intervals O~ and X~ by modulo n onto

O = (b_”,o) NZand X~ = (b—n,b_n)ﬁZ

2 2

in the rest of this chapter.
Remark. The interval O U {0} = ((b —n)/2,b/2) N Z implies the following:

(a) If 4,5 € O, then i + j # b.

(b) fi+j+k=0b modn withi,j,k € O, theni+ j+k=>borb—n.

(c) Ifi+j+k=b modn with i,j,k € O, then all 4,5,k > 0 or all 4,5,k < 0.
(d) Ifi+j=k+b modn withi,j,k€ O, theni+i+j=i+k+b#2b modn.
(e) fi+j+k=2b modn with i,5,k € O, then i + j + k = 2b —n.
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We list the infeasible solutions 7 before the proof: All iy, jo, ko below belong to O.
The undefined variables are assumed to be @, = 1 and #; = 1/2 for i # b. For
Tiy + Tjy = T, With ig + jo = ko mod n, ig # b/3 and iy # (b —n)/3,

1
7= (frio =Ty = g;frko = Z) when n # 20 mod 3, (30)

1 1 2
= (frio = Z;ﬁjo =3 if jo # 103 Tk, = g) when n =2b mod 3.

For m;, + mj, + my, > 1 with |ig| < |jo| < |ko| and i + jo + ko = b mod n,

b—n‘

1 b
T o= (ﬁjo = Z) when io = jo = k’o = § or 3 3 (31)
. 1 . 1., . 1. . .
Tjo = 55Ty = — if 19 # Jo; Ty = — if ko # jo | otherwise.
3 4 4
For m;, + m;, < my, + 1 with iy + jo = ko +b mod n and 3¢y # 2b — n,
. . 1. 2 5., . .
To= T = 1o = 35Mj = 3 if jo #ip | whenb#0and b#n mod 3
1 3 5
= (ﬁ-ko = g;’ﬁ'z'o = Z;’ﬁ'jo = g if j() 7& Zo> otherwise. (32)
For 7Tio+7Tjo —|—7Tk0 S 2 with io S]O S ]fo and l'()—i‘jo‘i‘k'o :2b—n52b,
3 2b —
o= (7, =2 whenig=jo= ko = —— (33)
4 3
. 2 3 ... . 3. . .
= |7, = 57, = — if 19 # Jo; T = — if ko # jo | otherwise.
3 4 4
For the additional constraints m,,, > 1 /4 with ¢;o integer, j = 1,2,
T = (g =0). (34)
For 7, < 3/4 with ¢;x integer, j = 1,2,
T o= (fgx =1). (35)

Proof. For the infeasible solution (30) of (22), we may assume that iy # b/3 and

ip # (b —mn)/3, since
{20/3,2(b—n)/3} C (b/2,b) U (b—n,(b—n)/2) = X.
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The infeasible solution (30) is feasible for all the other inequalities in (22), since

ﬁ'i—i‘ﬁ'j: + Zﬁ'k:ﬁ'ko, 1f/{}EZ+]EZ0+]0 modn,

+

v

T 7# Ty, Lk =147 F 90+ jo mod n.

===
B~ DN -

T+ 7>
Its feasibility for (23) can be shown excluding all possibly infeasible cases,

(iaja k) = (Z.Oui()ai()))
(40, 70, Jo), (36)

= <i07 j07 j0)7
by noting that

3ig #b mod n assuming ig # b/3 and iy # (b —n)/3,

and (ig + jo) + k=ko+k#b mod n for any k € O (Remark (a)).

It is verified to be feasible for (24) by

) . 3 3 1 . e
7Ti+7Tj§Z+Z:§+1§7Tk+1alf22]:k50§
. . 3 1 1 . .
7rl-+7rj§Z+§:Z+1gwk+1,otherW1se;

since © = j = kg mod n implies k£ # iy mod n and k # j, mod n by the last
two impossible cases in (36). The only possibly infeasible inequality in (25) with
3ky = 2b — n = 2b mod n contradicts the integrality of ky when n # 2b mod 3.
Winding up the irredundancy of (22) without {i,j} = {b/3, (b —n)/3}, its feasibility

for the additional inequalities (28) is trivially verified by
for all 7.
The infeasible solution (31) of (23) is feasible for (22), since

T+ 7T > > 7, with k=i+4+75 mod n.

1
2
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It can be shown to be feasible for all the other inequalities in (23), say
7t +7j + 7 > 1 with i < |j] < |k| withi+j+k =0 mod n.

If ip = jo = ko = b/3 or (b—n)/3, then one of 7;, 7; and 7 is 1/2 implying feasibility.
Otherwise, we consider two cases, 7 = jo and j # jo. If 7 = jo, then i # ig and k # ko,
and so ; > 1/3 and 7, > 1/3 implying feasibility. Assume that 0 < i < j < k and
0 < iy < jo < ko Ifj<jo, then k > ko implies 7, = 1/2, or iy < i < j < jo implies

7; = 71; = 1/2, both of which imply feasibility. If j > jo, vice versa. The other cases

are analogous or trivial. (See Remark (c) above.) It is also feasible for (24), since

Fit iy <sHs <o H1<d 4L

N —
N —
=] =

And, the feasibilities of 7 to (25) and (28) are trivial.
For the infeasible solution (32) of (24), we may assume that 3ig # 2b — n, since
2ip = ko +b mod n and 3iy = 2b — n would contradict Remark (a). The infeasible

solution (32) is feasible for (22), since

> 7, if k=2ky € O mod n, and

7 with ¢ + 7 =k  mod n, otherwise,

where the inequality 1/2 > 7 in the first line is by Remark (a). The only possibly

infeasible inequality in (23)

Ty + Ty + Thy > 1 with 3kg =0 mod n

contradicts the assumption, b #Z 0 and # n mod 3. It is feasible for all the other

inequalities in (24),

1 1
7AT1+7AT] = §+§§7%k0+11f2+]5k+b5k0+b HlOd?’L,
. . 3 3 1 . :
i+ < Z+Z:§+1§7rk+10therW1se.
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The possibly infeasible cases for the inequalities in (25) are

(ihja k) = (i07 io, ZO)

= (i, %0, Jo)

with t + 7+ k = 20 —n when b = 0 mod 3 or b = n mod 3. The first case is
impossible by the assumption 3iy # 2b — n. The second case contradicts Remark (e).
And, it is trivially feasible for (28).

The relation (25) can be verified to be irredundant by the infeasible solution (33)
in a very similar way to (23) above. The infeasible solutions (34) and (35) trivially

prove the irredundancies of (28), respectively. a

The only remaining case that we have not considered before Theorem 3.5 is (C,,, b)

with n even and b even, that is, having two halves h; = g and hy = b’T" mod n.

Corollary 3.6 Letn and b be both even. The irredundant subadditivities (20) having

a term my,,j = 1,2, are

1
1 with 2¢;1 = h; mod n and ¢;; € O, and

Ty =

T < with 2¢jo = hj, G2+ ¢2 = h; mod n, and gjo € X,

4
whenever h; is even.

3.3 D:igression: General group problem

3.3.1 Nonabelian group problem

Arédoz and Johnson [3] generalized the group problems defined by Gomory [12] which
are abelian group problems in their generalized viewpoint. A group is a set G with
an addition + such that for every i and 7 in GG, ¢ + j is also in G and such that the

following properties hold:
l.i+(j+k)=(i+j)+kforall 7,5,k in G (associativity).
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2. i+0=0+7 for all i in G (zero element).
3. i+ (—i) = (—i) +i=0 for all i € G and some —i € G (negation).

The zero element 0 of GG is easily seen to be unique, as is the negative —i for a given

1 € G. An abelian group satisfies, in addition:
i+j=j+iforallijin G (commutativity).

All of our groups will be finite.
The group problem (G, M, b) is determined by a group G, a generating set M C
G — {0}, a right-hand side vector b € G — {0}, and an objective function ¢(j) > 0,j €

M. A solution expression to the group problem is an expression whose sum is b:
i+j+--+k=0 (37)

An optimum solution expression is a solution expression i+ j+- - -+k which minimizes
c(i)+c(j)+- - -+c(k) over all solution expressions. The incidence vector of the solution
expression is (t(j) : j € M) where ¢(j) is the number of times the group element j
appears in the solution expression. The group polyhedron P(G,M,b) is the convex
hull of the incidence vectors ¢ of solution expressions. The group problem (G, M,b)
with objective c is to find the incidence vector of an optimum solution expression. In
group theory, a minimal word problem is to find the optimal value of a group problem
(G, M, b) with all-1 objective 1. The minimal word problem in groups is known to be
NP-hard [7] if the set M of generators is not fixed in advance. Let Cay(G, M) denote
the Cayley digraph of the group G and the subset M. The vertices of Cay(G, M) are
the elements of G and the arcs are all ordered pairs (i,7 + j) for i € G,j5 € M. The
arc (1,1 + 7) is said to be labeled by j. Let ¢ : M — R, be the length function; i.e.,
¢(7) > 0 is the length of each arc labeled by j € M. The group problem (G, M, b) is

to find an optimum solution expression corresponding to a shortest path from node
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/ 001 011
101 111
000 010
100 110 /

Figure 11: Diagram of Rubik’s cube

0 to node b in Cay(G, M) with length function ¢. Note that a path from 0 to b
corresponds to an incidence vector ¢ of a solution expression.

For an example of general group problem, let’s consider the Rubik’s cube. Define
one move by rotating one side by 7/2 clockwise (4) or counterclockwise (—) while
fixing the sides. We want to know the minimum number of moves to solve it. Rubik’s
cube have 6 sides F, B, U, D, L, R (front, back, up, down, left, right sides in Figure 11),
8 vertices 0=000, 1=001, 2=010, 3=011, 4=100, 5=101, 6=110, 7=111, and 12 edges

LB,BD,LD,BU,LU,RB,RD,LF,FD, RU, FU, FR,
where LB = BL is the intersection of L and B. For one move, we have 12 generators
M={L+,L—,R+,R—,U+,U—,D+,D—, F+, F—, B+, B—},

where we denote the counterclockwise rotation of L by L—. We can express L— by
the permutation (5,1,0,4)(LU, LB, LD, LF') meaning the vertex at position 5 goes
to the position 1, 1 goes to 0, and so on.

Let G be the group of permutations of Rubik’s cube. Then, the minimum number
of moves to solve a Rubik’s cube is the length between 0 and the corresponding
permutation on Cay(G, M). If we use Dijkstra, we may enumerate all the nodes on
the Cayley digraph. If the number of nodes is much larger than the diameter, Dijkstra

doesn’t look good for this shortest path problem. We can write the minimum number
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of moves as

min{l.t: t € P(G, M,b)},
where —b is the permutation of our given Rubik’s cube.
3.3.2 Lifting

Gomory [12] showed a facet of a group polyhedron with a 0 coefficient can be con-
structed by repeating a facet of a smaller group polyhedron. His lifting theorem
enables us to assemble small facets as building blocks for big facets. Araoz and
Johnson [3] generalized Gomory’s lifting theorem to nonabelian group problems.

A subgroup K of a group G is a subset of the group which is a group with the

inherited (same as G’s) addition. The subgroup K partitions G into the left cosets
G/K={g+K:9eG}.

The set G/K of left cosets forms a group, called a factor (or a quotient) group of G

modulo K, with the natural addition from G
(1 +EK)+ (92 + K)= (1 +92) + K for all g1,9, € G,
if each left coset is the same as the corresponding right coset; i.e.,
g+ K=K+gforall gegG,

in which case we call K a normal subgroup of GG. Note that a subgroup of an abelian
group is always a normal subgroup.
A homomorphism ¢ of a group G into a group H is a map ¢ : G — H which

preserves the addition; i.e.,

d(g1 + g2) = ¢(g1) + ¢(g2) for all g1, 92 € G.

The kernel Ker(¢) of the map ¢ : G — H is defined to be the set of elements g in G

which are mapped to ¢(g) = 0. Since ¢ is a homomorphism, the kernel Ker(¢) is a
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normal subgroup of G. We can immediately and partially generalize Gomory’s lifting
theorem to nonabelian group problems, which is a corollary of Theorem 7.1 in Ardoz

and Johnson [3]:

Theorem 3.7 (Thm 4.1 in [3]) If K is a normal subgroup of G and if T is a facet
for the factor group G/K with right-hand side b +£ 0, then a facet for G with right-

hand side b, where ¢(b) = b, is given by

m(g) = 7(#(9)),

where ¢ is the homomorphism from G to G/K.

We can prove the theorem above by using the strong product of graphs. The
strong product 'K €2 of two graphs I' and €2 is defined on the Cartesian product of the
vertex sets of the factors, two distinct vertices (u, v) and (z,y) of T Q of 'K being
adjacent with respect to the strong product if u = = and vy € E(Q), or uz € E(I)
and v =y, or ux € E(I') and vy € E(2). The basic example is Ky = Ko X Ky. It is
best described by the symbol X. More generally, note that K,,, = K,, X K.

Let’s denote Cay(G, G ) simply by Cay(G). The complete Cayley digraph Cay(G)
can be regarded as the complete graph in which each edge have two opposite directions

of arcs in the digraph. Let

R = {bo — O,bl,bg, ""b‘i—l = b}

K|

be coset representatives. Then, we can write
Cay(G) = Cay(K) X Cay(G/K) = Cay(K) K K,

where Kpr is the complete graph with the nodes R. For each k € K, k-row of
Cay(K)X Kp is another representatives k + R = {k,k+ b1,k + by, ..., k+ b}, and, for

each j =0,1,2,...,|G/K| — 1, the j-th column is the coset K + b,.

46



CHAPTER 3. THE MASTER CYCLIC GROUP PROBLEM

k k+b
-b+k+be K
0 b
[qs
o b
o— - —0

Figure 12: ¢ : Cay(G) = Cay(K) X K — Cay(G/K)

We think of ¢ as the projection to Cay(G/K): (See Fifure 12.) Each edge u ~
(u-+g) is projected to ¢(u) ~ (¢(u+ g) = ¢(u) + 6(g)) (for g € K, we may consider
a loop.) Lift-up 7(g) = 7(¢(g)) is giving the edges of the strong product the values
of the projected images.

To show Theorem 3.7, validity of 7 is easy to get because the projected image of a
walk W from 0 to b gives a walk from 0 to b. We take |G/K|—1 affinely independent
paths P, ..., p\g/m_l satisfying ﬁf[ﬁz] = Ty). Firstly, we lift up the paths |K| times,
and then add |K| — 1 more independent paths in the strong product.

For P, let P, = l;jl +l;j2 + ... +[;jll . By using each row k+ R of the strong product,

we have | K| lift-ups of P; as
(k+bj) + ...+ (k+bj )+ & =b, for some k' € K.

Then we have |K|(|G| — 1) independent paths lifted up.
To get |K| — 1 more, fix one path bj, + ... +b; + k' = b. Before start, run a

self-loop of 0:
p(k) -k +bj, + ...+ b +k =0, foreach k € K,

where p(k) > 2 is the order of k € K.
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3.3.3 Binary group problem

The cyclic group problems are one of the two easiest group problems in having only one
row. The other easiest group problems are the binary group problems in the smallest
possible order 2. The binary group C¥ is the direct product of n cyclic groups C of
order 2 with componentwise addition modulo 2. In the rest of this paper, we deal
with only master binary group problems. We only need to consider the binary group
problem (C%,1) with all-1 vector 1 as the right-hand side, for every nonzero b is an
automorphic image of 1. Let’s define O to be the set of the nonzero elements with 0
in the first component. The other elements belong to X. Note that we have no half
h for any binary group problem with nonzero right-hand side. Gomory [12] implies

the convex hull of nontrivial facets 7t > 1 of P(C}, 1)

(Cy,1) = {meR%
7Ti+7Tj:7T1:1ifi+j:1ian, (38)
7TZ+7TJZ7Tk1fZ+]:/€IIng}, (39)
where none of i, j, k is 1.

The subadditive relations don’t have any analogue of (24) and (23) because of the

first component. They have only the other two analogues of (22) and (25)
m; + mj > m; for the unordered pairs {i,j} C O and i+ j € O, (40)
7, + mj + mi; < 2 for the unordered triples {7, 7,7+ j} C O. (41)
They define the projected image I1(C},1)|o. We show that they are irredundant or
the facets of II(C},1)|o. Note that i,j,i + j are different from each other and the

sum of each pair is the other one.

For m;, + mj, > .44, a certificate is
. . . 1. 3
™= (771'0 = Mo = ga Tig+jo = Z) ) (42>
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and, for m;, + m;, + miy4j, < 2, a certificate is

. . A A 3
™= (71-2'0 = Tjo = Tig+jo — Z_l) : (43)

Observe that they are infeasible for the corresponding inequalities. We need to show
each certificate is feasible for the other constraints. For (42), the other inequalities in

(40) are feasible

7Ti+7l'j2

+
vV

= Ty, if 0+ 7 =19+ Jo,

Wl RN~
+
Wl RN =
vV
DO = s o

T+ T > > miyj, otherwise.

The inequalities in (41) are feasible
3 1
T+ T+ T < -+ -+ - <2,

since i + j # 1.
For (43), the inequalities in (40) are feasible

1

3
7Tz‘+7Tj2§+ Zzzﬂ'iﬂ'-

The other inequalities (41) cannot have all terms ;, w;, m;1; equal to 3/4 and are

feasible

w

3 1
7Ti+7rj+7ri+j§2:Z+_+§'

e
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CHAPTER IV

BLOCKING POLYHEDRA AND SHOOTING

We now consider Fulkerson’s [9] framework of blocking pairs of polyhedra. The block-

ing polyhedron B(P(C,,b)) of the master cyclic group polyhedron P(C,,b) is
B(P(Co, b)) = {7 e R it > 1 forall t € P(C,,b)}.

Since P(C,,,b) satisfies

it is easy to see that B(B(P(C,,b))) = P(C,,b). Let the rows of the matrix II be the
nontrivial facets m of P(C,,b) and let those of T' be the vertices. The cyclic group

polyhedron P(C,,b) can be written as

P(C,b) = {t:1t>1,t>0}

= CONV(T)+R{ 1%
where CONV (T') denotes the convex hull of rows of T'. It can be easily shown that
B(P(Cy,b)) ={r:Tm>1,7 > 0}.

That is, the vertices of P(C,,,b) are the facets of B(P(C,,b)). The blocking polyhe-

dron has a similar representation:

B(P(Cp,b)) = CONV(II) 4R

= TI(C,,b) + RS,
4.1 The vertices of cardinality length 3

The vertex of cardinality length 1 of P(C,,b) is the trivial solution (¢, = 1) corre-

sponding to the facet m, > 1 of B(P(C,,,b)). The vertices of cardinality length 2 are
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the coefficient vectors of the complementarities,
mi+m=m =1forallieC,—{0,0b}

In Chapter 3, we discovered the facets of the subadditive polytope CONV (II) =
II(Cy, b). They can be tilted to be facets of B(P(C,, b)) which are vertices of P(C,,b).
They don’t provide all the facets. For example, the 27th vertex t?7 = (ty = 3,tg = 1)
of P(C41,10) in the Gomory’s table [12] is the facet 3wy + m9 > 1 of B(P(C44,10))
that is equivalent to 3wy > m and not a facet of II(Cyy,10). In this section, we
characterize the vertices of cardinality length 3 with the facets of I1(C,,, b).

A solution t to the master cyclic group problem (C,,, b) is called irreducible if every
integral ¢/, 0 < t, <t,,9 € Cp, — {0}, gives a different element decn—{o} t,g in Cy.
Gomory [12] showed that the vertices of P(C,,b) are irreducible. The four types

of inequalities for the subadditive polytope give irreducible solutions of cardinality

length 3:
m+m > & mAnjtrp>m=1 (44)
mtTitm>m=1 & mt+Ti+m>m=1 (45)
Ti+m <m+m=m+1 & mtmt+m>m=1 (46)
Ti+T+ T <m+m=2 & mtmtrp>m=1, (47)

where all 7,7,k are in O = ((b —n)/2,0/2) N Z — {0} C C,,. We see that there is a
one-to-one correspondence between the four types of inequalities and the solutions of
cardinality length 3 without any half. Note that the solutions of cardinality length 3

with a half are reducible.

Lemma 4.1 A solution of cardinality length 3 is irreducible if and only if it has no

half.

Proof. If a solution of cardinality length 3 contains a half A, then it is trivially

reducible, since the sum of the other two elements is the half h. Conversely, consider
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a solution ¢ of cardinality length 3 without any half. If it has only one nonzero
component, it is trivially irreducible. If it has exactly two nonzero components, say
(t; = 2,t; = 1), then each pair of elements in {7,24,j,7i + 7,2 +j = b mod n} are
different from each other. If it has exactly three nonzero components, say (t; = t; =
t, = 1), then each pair of elements in {4, j,k,i+j,j + k,k+1i,i+ j + k} are different

from each other, completing the proof. o

Corollary 4.2 FEach inequality in the four types (22)-(25) corresponds to each irre-

ducible solution of cardinality length 3.

The additional inequalities (28) for j = 1,2 give the vertices of cardinality length

4 with only one nonzero component,
(tg,o = 4) whenever gjo is an integer, (48)
(tg;x = 4) whenever g;x is an integer. (49)
Now, consider the exceptional inequality (29) in the first type (22),
i +m; > g, {4, 5} = {b/3,(b+2n)/3} whenever b=n =0 mod 3.
Its corresponding path of cardinality length 3 is the coefficients of
To/3 + T(bt2n)/3 + T(orn)/3 > 1. (50)

We know that the exceptional inequality is not a facet of the subadditive polytope.
The solution® (ty/3 = t@prony/3 = tpen)s = 1) is the average of the three solutions
(toys = 3), (tp2ny/3 = 3), (t(p4n)/3 = 3), and so, is not a vertex of P(C,, b). Therefore,

the facets of the subadditive polytope give vertices of the cyclic group problem.

Theorem 4.3 Each inequality in the four types (22)-(25) without the exceptional

inequality (29) corresponds to each vertex of cardinality length 3.

'From the solution, Steve Tyber constructed infinitely many non-extreme irreducible solutions
to the master knapsack problem.
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Proof. Consider an irreducible solution of cardinality length 3
i+7+k=0b modn,

where repetition is allowed. If the solution is not extreme, there is no solution of
cardinality length < 2 containing only group elements in {4, j, k} and so the solution
is a convex combination of solutions of cardinality length 3. In the two cases of
1 =7 =kand i =j # k, the solution is easily shown to be extreme. We may assume
1,7, k are all different from each other. Only possible combination for the solution

can be shown to be of
3i=37=3k=b modn

which corresponds to the exceptional inequality. O

4.2 Shooting from the natural interior point

Based on the nonnegativities of m € II(C,,, b), Gomory, Johnson and Evans [13] ex-
plained geometry of shooting in v > 0 as follows: Increase the vector v by multiplying
by a scalar A, test the vector v\ against the various facets 7t > 1 to see which side
of each facet it is on, or, equivalently, which facet defining inequalities are satisfied
by vA. Keep increasing A until v\ gets to be on the far side, the master cyclic group
polyhedron side, of all those facets. When v\ gets beyond all the facets, it is in the
polyhedron, so the last facet it gets beyond is the sought-after facet containing the
point where vA hits the polyhedron. Put another way, if v lies beyond all the facets
but one, and lies on that one, that facet is the one hit by the vector v.

This conceptual process requires having the facets to test against the direction vA.
Except for the smallest master cyclic group polyhedra, we do not have those facets.
Based on a lecture by Ralph Gomory [13] at Georgia Tech, we have a way of doing

shooting experiments without knowledge of the facets. We can define shooting in v
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Figure 13: Shooting in v over P(Cy,3) and B(P(Cy,3))

as solving the linear programming problem,

min s

st well(C,,b), (51)

which is shown in [13] to be equivalent to the conceptual process of shooting as
mentioned above. Note that we can replace (52) by 7 € B(P(C,,,b)) to have another

equivalent linear programming problem,

min s

st meB(P(Cpd)). (52)

The objective vector v is contained in the reverse polar cone of its optimal solution 7;
i.e., the cone of points x satisfying zy > 0 for all y in the translate B(P(C,,b)) — 7
of the blocking polyhedron B(P(C,,b)) by —x so that 7 is translated into the origin
0.

Consider the example of shooting in v = (3,2,1) over the master cyclic group
problem (C4,3) in Figure 13. The thick-lined polyhedron P(Cy,3) on the left side
is defined by the nonnegativities and two nontrivial facets 7't = (1,0,1).t > 1 and

7™t = (1/3,2/3,1).t > 1. The arrow v goes through the hollow dot (3/4,1/2,1/4)
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on 7't = 1 and hits the facet 7™t > 1 at the cross (9/10,6/10,3/10) that is a
boundary point of P(Cy,3), which is corresponding to the solution 7™ on the right

side to the linear programming problem over the thick-lined polyhedron B (P(Cy, 3)),

min  vm + VaTy + V33 (53)
st t'm=3m >1 (54)
Pr=m +m>1 (55)

B = w3 > 1 (56)

T >0, (57)

which is equivalent to the linear programming problem over the line segment I1(Cy, 3) =
[, 7™]. Note that the objective vector v = (3,2,1) is contained in the reverse polar
cone of the optimal solution 7™, If v = (0, 1,0), the arrow goes through (0,3/2,0)
on ¢t = 1 and goes on forever below 7't > 1. We regard v = (0,1,0) as hitting
7't > 1 at co. Note that shooting in (#, = 1) hits all the nontrivial facets of P(C,,,b)
in general.

We can reduce shooting in v by projecting (51) onto O = ((b—n)/2,b/2)NZ—{0}

to have the equivalent linear programming problem

€0
st To € H(Cn,b)o.

Its optimal basic solution 7 is the restriction to O of the optimal basic solution m
for the shooting linear programming (51).

The natural interior point of the subadditive polytope I1(C,,, b) is
7= (m; =1/2 for all i # b; 1, = 1).

Every subadditivity has the same amount of slack that is 1/2. Let’s translate II(C,,, b)o

into I1(C,,b)o — o so that 7o is translated into the origin 0 of R®. That is, we
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translate the facets of II(C),,b)o into the following upper bound type inequalities
with right-hand side 1 to have I1(C,,, b)o — 7o:

b—n

—2m; —2m; +2m, < 1 whenever i + j = k,i # g,i * 3 mod n, (58)
—2m; — 2m; — 2m, < 1 whenever i +j + k=0 mod n, (59)
21+ 2m; — 2m, < 1 whenever i +j =k +b mod n, (60)
2 + 27 + 27, < 1 whenever 7 +j + k£ =2b mod n, (61)
—4mg, <1 whenever g;o is an integer, (62)

47g0 <1 whenever ¢;x is an integer, (63)

where all i, 7, k are in O. For example, (58) is the translate of (22) by —7; i.e.,

1 1 1
—2m = 2m;+2m, <1 <« (m—i—é) + (7Tj+§) > (Wk+§).
Note that the constraints (58)-(61) correspond to the paths (44)-(47) with cardinal-
ity length 3 containing no half which we may enumerate to construct I1(C,, b)o for

shooting from the natural interior point.

Define the support function p(z) by
p(x) =sup{zr : 7 € I(C,,b)o — 7o}
for all z € RC. The plus level set of TI(C,,, b)o — 7o is
(I(Cas b)o — 7o) " = {z : p(z) < 1}

Each facet 7t > 1 of P(C,,b) corresponds to each facet pz = (7o — 7p)r < 1 of

(II(C, b)o — 7o) t. Note that (II(C,,,b)o — 7o)T = {z : pu(x) < 1} is the convex hull

of the vertices that are the coefficients of the facets (58)-(63) of II(C,,,b)o — 7o.
Shooting from the natural interior point in w € RO is solving the linear program-

ming problem

max WO

st To € H(Cn,b)o,
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w
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Figure 14: (II(C7,6)o — 7o)" and II(C7,6)o — 7o

which is equivalent by translation 7o = ¢ + 7o to

max — we

st Y e H(Cn, b)o — To. (64)

The objective vector w is contained in the polar cone of its optimal solution ¢; i.e.,
the cone of points z satisfying xy < 0 for all y in the translate I1(C,,, b)o — 7o — ¢ of
II(C,,b)o — o by —¢ so that ¢ is translated into the origin 0. Geometrically, the
vertex ¢ is the facet pz = (7o —7p)x < 1 of (II(C,,, b)o — 7o) ™ hit by the arrow shot
in w from the origin. We think of the facet 7t > 1 of P(C,,,b) with 7o = ¢ + 7 as hit
by that shooting from the natural interior point in w. Note that shooting from the
natural interior point in w is equivalent (yielding the corresponding optimal solution)

to shooting in v > 0 with the relation

w=—-\" =—=\(v, =v; —v; : 1 € O) for some positive scalar A > 0. (65)

Example 4.4 Let’s consider (II(C7,6)o —7o)™ and I1(C7, 6)p — 7o in Figure 14. We
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set O = {1,2} and translate II(C7,6)o into I1(C7,6)o — 7o as follows:

2m > m = —4p1+ 290y <1
3 >1 = —6py <1

T +2m <2 = 201 +4py <1
m <3/4 = 4p; <1.

The objective w = (wy = 0, wy = 1) of the linear programming problem (64) belongs
to the polar cone of the vertex ¢* of TI(C7,6)o on the right side of the figure and
the corresponding arrow hits the facet ¢*z < 1 of (II(C7,6)o — o)™ on the left side,
where p* = (—=1/10,3/10) = (73, 73) — (1/2,1/2). The shooting in v satisfying the

relation (65) hits the facet 7 of P(C7,6) in Figure 9,

w3t—it+§t+it+3t +£t +Et > 1
BT R T R ) R 11 R T R T) R

Gomory, Johnson and Evans [13] implemented shooting experiment; i.e., shooting
in a random vector v uniformly distributed on the positive part of sphere, ||[v|| = 1
and v > 0. We can generate the random vector v by changing the signs of negative
components of a random vector u/||u|| uniformly distributed on the whole unit sphere
||v|| = 1, which is derived by Knuth [22] from a random vector u having distribution
N(0,1); i.e., the components of u are independent and have normal distribution
N(0,1) each. In fact, we don’t have to scale u into the unit vector u/||u|| in shooting
experiment.

Shooting experiment from the natural interior point is shooting from the natural
interior point in a random vector w uniformly distributed on the sphere ||w|| = 1,
which is similar to traditional shootings for other problems such as the traveling
salesman problem. The probability of a facet ¢ of (II(C7,6)0 — 7o) hit in the
shooting experiment from the natural interior point is proportional to the size of the

intersection of the sphere ||z|| = 1 with the cone generated by the facet {x : pxr =
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1}N(II(C7,6)0—7o) . In Example 4.4, the angle for each facet ¢ of (II(C7,6)o—70)"
on the left side in Figure 14 is the same as the angle of the polar cone of ¢ on the
right side and is proportional to the probability of the facet ¢ hit in the shooting
experiment from 7o. The ratios of angles for o', ©?, ¢3 and p* are 0.3238, 0.1762,
0.2500 and 0.2500, respectively.

The following tables are results of shooting experiment from the natural interior
point. The results are almost the same as those of usual shooting experiment. Go-
mory, Johnson and Evans [13] observed the concentration of hits; i.e., only a small
percentage of facets absorb 50% of the hits. Each superscript in the most left columns

is the number of the facet in the tables given by Gomory [12].

Table 2: The facets of P(Cs,7) and the numbers of hits by 10,000 shots

m o 3 # hits/10000
1 0 1 3081
72 1 0.33333333 0.66666667 1 1915
1 0.14285714 0.28571429 0.42857143 1682
7 0.6 0.66666667 0.2 1283
71 0.6 0.4 0.2 815
71 0.33333333  0.66666667 0.33333333 633
70 | 0.77777778  0.66666667 0.55555556 591

Table 3: The facets of P(Cy,8) and the numbers of hits by 10,000 shots

T Ty 3 # hits
7 0.5 1 0 2915
7 1 0.125 0.25 0.375 1860
7° | 0.28571429 0.57142857 0.85714286 1675
771 0.8 0.25 0.6 1256
7108 0.7 0.6 1008
7% | 0.6875 0.25 0.375 664
721 0.5 0.25 0.75 622
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Table 4: The facets of P(C1p,9) and the numbers of hits by 10,000 shots

m o T3 T4 # hits
|1 0 1 0 2757
m 1 0.25 0.5 0.75 1 1572
0 [ 0.11111111 0.22222222 0.33333333 0.44444444 1322
7 | 0.66666667 0.5 0.33333333 1 1312
712 ] 0.42857143 0.85714286 0.33333333 0.28571429 837
7| 0.42857143 0.85714286 0.57142857 0.28571429 526
710 0.81818182 0.72727273 0.63636364 0.54545455 411
m™ | 0.66666667 0.5 0.33333333 0.16666667 358
70 1 0.25 0.5 0.75 0.375 273
77 | 0.66666667 0.77777778 0.33333333  0.44444444 256
8 | 0.66666667 0.22222222 0.33333333 0.44444444 217
72 | 0.33333333 0.66666667 0.33333333 0.66666667 159

The facets of P(C1,10) and the numbers of hits by 10,000 shots

m o 3 T4 # hits
7 0.1 0.2 0.3 0.4 1354
77 10.22222222 0.44444444 0.66666667 0.88888889 1291
73 1 0.375 0.75 0.66666667 0.125 935
72 1 0.83333333 0.75 0.66666667 0.58333333 872
716 1 0.57142857 0.75 0.14285714 0.71428571 816
771 0.83333333 0.2 0.66666667 0.4 813
™ 1 0.375 0.75 0.4375 0.125 646
7 | 0.57142857 0.35714286 0.14285714 0.71428571 579
70 | 0.83333333 0.44444444 0.66666667 0.27777778 404
711 0.83333333  0.29166667 0.66666667 0.58333333 403
7 1 0.65 0.2 0.3 0.4 402
7 1 0.375 0.75 0.4375 0.8125 297
w8 10.22222222 0.44444444 0.66666667 0.27777778 276
7 1 0.375 0.75 0.20833333 0.58333333 250
718 1 0.46666667 0.2 0.66666667 0.4 187
721 0.69230769 0.53846154 0.38461538 0.23076923 173
w91 0.65 0.75 0.3 0.4 162
w21 0.375 0.75 0.66666667 0.58333333 140
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CHAPTER 4. BLOCKING POLYHEDRA AND SHOOTING

Table 6: 22 facets of P(C1a,11) hit by 10,000 shots

T o T3 Ty s # hits
1 0 1 0 1 2226
0.5 1 0 0.5 1 1809
0.33333333  0.66666667 1 0 0.33333333 1288
0.090909091 0.18181818 0.27272727 0.36363636 0.45454545 881
0.2 0.4 0.6 0.8 1 849
0.71428571 0.4 0.42857143 0.8 0.14285714 419
0.71428571  0.57142857 0.42857143 0.28571429 0.14285714 387
0.84615385  0.76923077 0.69230769 0.61538462 0.53846154 325
0.2 0.4 0.6 0.8 04 282
0.6 0.4 0.2 0.8 0.6 223
0.71428571  0.28571429 0.42857143 0.57142857 0.14285714 187
0.71428571  0.57142857 0.42857143 0.71428571 0.14285714 181
0.8 0.4 0.6 0.8 0.4 157
0.63636364  0.18181818 0.27272727 0.36363636 0.45454545 143
0.6 0.4 0.6 0.8 0.2 119
0.5 0.25 0.75 0.5 0.25 116
0.33333333  0.66666667 0.33333333 0.66666667 0.33333333 94
0.33333333  0.66666667 0.33333333 0.33333333 0.33333333 79
0.44 0.4 0.36 0.8 0.28 66
0.56521739  0.60869565 0.65217391 0.69565217 0.2173913 66
0.33333333  0.66666667 0.66666667 0.66666667 0.33333333 55
0.38461538  0.76923077 0.69230769 0.61538462 0.53846154 48
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CHAPTER 4. BLOCKING POLYHEDRA AND SHOOTING

Table 7: 47 facets of P(C3,12) hit by 10,000 shots

m To T3 Ty s # hits
0.083333333 0.16666667 0.25 0.33333333  0.41666667 1052
0.18181818  0.36363636  0.54545455 0.72727273  0.90909091 827
0.85714286  0.28571429 0.71428571 0.57142857 0.57142857 684
0.4 0.4 0.4 0.8 0.8 543
0.85714286  0.16666667 0.71428571 0.33333333 0.57142857 522
0.85714286  0.28571429 0.71428571 0.33333333 0.57142857 463
0.6 0.2 0.8 0.33333333 0.4 406
0.66666667  0.33333333 0.33333333 0.66666667 0.66666667 350
0.625 0.16666667 0.25 0.33333333  0.41666667 323
0.6 0.2 0.8 0.4 0.4 314
0.22222222  0.44444444 0.44444444 0.66666667 0.88888889 309
0.44444444  0.16666667 0.61111111 0.33333333  0.77777778 297
0.66666667  0.33333333 0.33333333 0.33333333 0.66666667 234
0.44444444  0.38888889 0.38888889 0.33333333 0.77777778 227
0.1 0.2 0.3 0.4 0.4 221
0.625 0.16666667 0.79166667 0.33333333 0.41666667 214
0.18181818  0.36363636 0.54545455 0.72727273 0.72727273 190
0.22222222  0.44444444 0.55555556 0.66666667 0.88888889 189
0.1 0.2 0.25 0.35 0.4 183
0.44444444  0.38888889 0.61111111 0.33333333  0.77777778 181
0.80555556  0.16666667 0.61111111 0.33333333  0.41666667 165
0.625 0.2 0.25 0.4 0.4 153
0.8 0.2 0.6 0.33333333 0.4 152
0.33333333  0.33333333 0.66666667 0.33333333 0.66666667 139
0.1 0.2 0.3 0.33333333 0.4 134
0.8 0.2 0.6 0.4 0.4 121
0.73333333  0.16666667 0.46666667 0.33333333 0.63333333 110
0.15 0.2 0.25 0.4 0.4 91
0.2 0.4 0.6 0.7 0.8 87
0.625 0.25 0.25 0.5 0.5 87
0.625 0.25 0.25 0.33333333 0.5 86
0.66666667  0.33333333 0.66666667 0.66666667 0.66666667 81
0.63333333 0.2 0.26666667 0.33333333 0.4 79
0.11111111  0.22222222 0.25 0.33333333  0.44444444 75
0.21428571  0.42857143 0.57142857 0.71428571 0.85714286 74
0.625 0.2 0.25 0.35 0.4 67
0.1 0.2 0.26666667 0.33333333 0.4 66
0.125 0.25 0.25 0.375 0.5 66
0.33333333  0.33333333 0.66666667 0.66666667 0.66666667 57
0.10416667  0.20833333 0.25 0.33333333  0.41666667 55
0.28571429  0.42857143 0.57142857 0.71428571 0.85714286 55
0.16666667  0.25 0.25 0.33333333 0.5 53
0.2 0.4 0.6 0.6 0.8 53
0.625 0.20833333 0.25 0.33333333  0.41666667 49
0.21052632  0.42105263 0.52631579 0.73684211 0.84210526 47
0.25 0.25 0.25 0.5 0.5 40
0.11111111  0.22222222 0.33333333  0.33333333  0.44444444 29
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CHAPTER 4. BLOCKING POLYHEDRA AND SHOOTING

Table 8: 65 facets of P(Cly4,13) hit by 10,000 shots

T T T3 T4 s e # hits
1 0 1 0 1 0 2231
0.16666667 0.33333333 0.5 0.66666667  0.83333333 1 863
0.076923077  0.15384615 0.23076923 0.30769231  0.38461538 0.46153846 649
0.4 0.8 0.5 0.2 0.6 1 601
0.75 0.33333333 0.5 0.66666667  0.25 1 572
0.75 0.625 0.5 0.375 0.25 1 397
0.27272727 0.54545455  0.81818182  0.66666667  0.090909091  0.36363636 387
0.86666667 0.8 0.73333333  0.66666667 0.6 0.53333333 357
0.55555556 0.8 0.11111111  0.66666667 0.6 0.22222222 324
0.27272727 0.54545455  0.81818182  0.45454545  0.090909091  0.36363636 278
0.55555556 0.33333333  0.11111111  0.66666667  0.44444444 0.22222222 274
0.75 0.625 0.5 0.375 0.25 0.125 261
0.16666667 0.33333333 0.5 0.66666667  0.83333333 0.41666667 190
0.55555556 0.72222222  0.11111111  0.66666667  0.44444444 0.22222222 161
0.55555556 0.59259259  0.11111111  0.66666667  0.7037037 0.22222222 150
0.61538462 0.15384615  0.23076923  0.30769231  0.38461538 0.46153846 133
0.64705882 0.47058824  0.29411765 0.11764706  0.76470588 0.58823529 133
0.4 0.8 0.5 0.2 0.6 0.3 120
0.47368421 0.21052632  0.68421053  0.42105263  0.15789474 0.63157895 111
0.4 0.8 0.26666667 0.2 0.6 0.53333333 103
0.55555556 0.33333333  0.88888889  0.66666667  0.44444444 0.22222222 98
0.4 0.8 0.73333333 0.2 0.6 0.53333333 96
0.16666667 0.33333333 0.5 0.66666667  0.25 0.41666667 91
0.4 0.8 0.73333333  0.66666667 0.6 0.53333333 85
0.68 0.8 0.36 0.48 0.6 0.16 83
0.75 0.1875 0.5 0.375 0.25 0.5625 65
0.55555556 0.59259259  0.62962963 0.66666667 0.18518519 0.22222222 62
0.27272727 0.54545455  0.18181818  0.45454545  0.72727273 0.36363636 61
0.4 0.8 0.15 0.55 0.6 0.3 59
0.86666667 0.33333333  0.73333333  0.66666667 0.6 0.53333333 58
0.33333333 0.66666667  0.33333333  0.66666667  0.33333333 0.66666667 56
0.4 0.33333333  0.73333333  0.66666667  0.13333333 0.53333333 54
0.27272727 0.54545455  0.81818182  0.24242424  0.51515152 0.36363636 52
0.27272727 0.54545455  0.81818182  0.45454545  0.72727273 0.36363636 51
0.75 0.33333333 0.5 0.66666667  0.25 0.41666667 45
0.55555556 0.33333333 0.5 0.66666667  0.83333333 0.22222222 41
0.75 0.33333333 0.5 0.66666667  0.83333333 0.41666667 41
0.4 0.8 0.26666667  0.66666667 0.6 0.53333333 39
0.34615385 0.69230769  0.23076923  0.30769231  0.38461538 0.46153846 36
0.4 0.8 0.26666667  0.66666667 0.6 0.3 36
0.27272727 0.54545455  0.81818182  0.66666667 0.51515152 0.36363636 32
0.68 0.8 0.36 0.48 0.6 0.72 32
0.55555556 0.59259259  0.62962963 0.66666667 0.18518519 0.74074074 29
0.63333333 0.8 0.26666667  0.66666667 0.6 0.53333333 27
0.35483871 0.70967742  0.16129032 0.51612903  0.41935484 0.32258065 26
0.75 0.625 0.5 0.66666667  0.25 0.70833333 26
0.2173913 0.43478261  0.65217391  0.26086957  0.47826087 0.69565217 25
0.55555556 0.8 0.42222222  0.66666667 0.6 0.22222222 24
0.61538462 0.69230769  0.23076923  0.30769231  0.38461538 0.46153846 24
0.75 0.625 0.5 0.66666667  0.25 0.41666667 23
0.33333333 0.66666667  0.66666667 0.66666667 0.33333333 0.66666667 22
0.4 0.8 0.5 0.66666667 0.6 0.3 21
0.64705882 0.47058824  0.29411765 0.66666667  0.76470588 0.58823529 21
0.66666667 0.66666667  0.33333333  0.66666667  0.66666667 0.66666667 20
0.33333333 0.66666667  0.33333333  0.66666667  0.33333333 0.33333333 17
0.6 0.8 0.2 0.4 0.6 0.4 16
0.33333333 0.33333333  0.33333333  0.66666667  0.33333333 0.66666667 14
0.33333333 0.66666667  0.33333333  0.33333333  0.33333333 0.66666667 14
0.33333333 0.66666667  0.66666667 0.66666667 0.66666667 0.33333333 14
0.55555556 0.59259259  0.62962963  0.66666667  0.7037037 0.22222222 14
0.68 0.24 0.36 0.48 0.6 0.72 13
0.33333333 0.66666667  0.33333333  0.33333333  0.33333333 0.33333333 12
0.66666667 0.66666667  0.33333333  0.66666667  0.33333333 0.66666667 12
0.61538462 0.69230769  0.76923077 0.30769231  0.38461538 0.46153846 11
0.66666667 0.33333333  0.33333333  0.66666667 0.66666667 0.66666667 7
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Table 9: 68 facets of P(C}s5,14) hit by 10,000 shots

T T T3 T4 5 6 # hits
0.5 1 0 0.5 1 0 1852
0.25 0.5 0.75 1 0 0.25 1134
0.66666667 0.5 0.33333333 1 0 0.66666667 904
0.071428571 0.14285714 0.21428571 0.28571429 0.35714286 0.42857143 698
0.15384615 0.30769231 0.46153846 0.61538462 0.76923077 0.92307692 638
0.36363636 0.72727273 0.75 0.090909091 0.45454545 0.81818182 449
0.875 0.8125 0.75 0.6875 0.625 0.5625 423
0.875 0.14285714 0.75 0.28571429 0.625 0.42857143 300
0.36363636 0.72727273 0.40909091 0.090909091 0.45454545 0.81818182 298
0.60714286 0.14285714 0.21428571 0.28571429 0.35714286 0.42857143 222
0.66666667 0.5 0.33333333 0.16666667 0.83333333 0.66666667 194
0.875 0.34375 0.75 0.6875 0.625 0.5625 155
0.76470588 0.64705882 0.52941176 0.41176471 0.29411765 0.17647059 150
0.36363636 0.72727273 0.40909091 0.77272727 0.45454545 0.81818182 124
0.15384615 0.30769231 0.46153846 0.61538462 0.76923077 0.34615385 123
0.5 0.25 0.75 0.5 0.25 0.75 123
0.875 0.5 0.75 0.375 0.625 0.25 123
0.875 0.34375 0.75 0.21875 0.625 0.5625 110
0.25 0.5 0.75 0.375 0.625 0.875 108
0.60714286 0.14285714 0.75 0.28571429 0.35714286 0.42857143 102
0.78571429 0.14285714 0.57142857 0.28571429 0.71428571 0.42857143 92
0.78571429 0.14285714 0.57142857 0.28571429 0.35714286 0.42857143 89
0.57894737 0.36842105 0.15789474 0.73684211 0.52631579 0.31578947 88
0.40625 0.8125 0.75 0.21875 0.625 0.5625 84
0.875 0.1875 0.75 0.375 0.625 0.5625 81
0.40625 0.8125 0.75 0.6875 0.625 0.5625 78
0.25 0.5 0.75 0.16666667 0.41666667 0.66666667 75
0.25 0.5 0.75 0.375 0.625 0.25 75
0.25 0.5 0.75 0.375 0.3125 0.25 66
0.42857143 0.14285714 0.57142857 0.28571429 0.71428571 0.42857143 59
0.25 0.5 0.75 0.6875 0.625 0.25 56
0.5 0.625 0.75 0.125 0.625 0.75 56
0.875 0.25 0.75 0.5 0.625 0.375 48
0.73076923 0.30769231 0.46153846 0.61538462 0.76923077 0.34615385 47
0.60714286 0.67857143 0.21428571 0.28571429 0.35714286 0.42857143 46
0.33928571 0.67857143 0.21428571 0.28571429 0.35714286 0.42857143 40
0.36363636 0.72727273 0.75 0.43181818 0.45454545 0.81818182 37
0.73076923 0.30769231 0.46153846 0.61538462 0.19230769 0.34615385 37
0.60714286 0.14285714 0.75 0.28571429 0.625 0.42857143 35
0.66666667 0.5 0.33333333 0.16666667 0.41666667 0.66666667 34
0.32352941 0.64705882 0.52941176 0.41176471 0.29411765 0.17647059 32
0.8 0.4 0.6 0.2 0.4 0.6 32
0.66666667 0.22222222 0.33333333 0.44444444 0.27777T778 0.66666667 31
0.5 0.625 0.75 0.5 0.25 0.75 30
0.66666667 0.777777T78 0.33333333 0.72222222 0.55555556 0.66666667 30
0.76470588 0.20588235 0.52941176 0.41176471 0.29411765 0.61764706 28
0.5 0.25 0.75 0.5 0.625 0.75 27
0.73076923 0.30769231 0.46153846 0.61538462 0.76923077 0.63461538 27
0.76470588 0.20588235 0.52941176 0.41176471 0.73529412 0.61764706 27
0.66666667 0.5 0.33333333 0.58333333 0.83333333 0.66666667 26
0.5 0.25 0.375 0.5 0.25 0.75 25
0.30434783 0.60869565 0.26086957 0.56521739 0.2173913 0.52173913 22
0.5625 0.5 0.75 0.375 0.3125 0.25 21
0.66666667 0.5 0.75 0.16666667 0.41666667 0.66666667 19
0.60714286 0.67857143 0.75 0.28571429 0.35714286 0.42857143 18
0.5625 0.5 0.75 0.6875 0.625 0.25 16
0.66666667 0.66666667 0.33333333 0.33333333 0.33333333 0.66666667 16
0.66666667 0.7777TTTT8 0.33333333 0.44444444 0.55555556 0.66666667 15
0.66666667 0.33333333 0.33333333 0.66666667 0.66666667 0.66666667 14
0.60714286 0.67857143 0.75 0.28571429 0.35714286 0.69642857 13
0.640625 0.34375 0.75 0.6875 0.625 0.328125 13
0.40625 0.34375 0.75 0.6875 0.625 0.328125 12
0.76470588 0.64705882 0.52941176 0.41176471 0.29411765 0.61764706 12
0.33928571 0.67857143 0.75 0.28571429 0.35714286 0.42857143 11
0.66666667 0.22222222 0.33333333 0.44444444 0.55555556 0.66666667 11
0.25 0.5 0.75 0.6875 0.625 0.5625 9
0.40625 0.34375 0.75 0.21875 0.625 0.5625 9
0.40625 0.34375 0.75 0.6875 0.625 0.5625 1
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BLOCKING POLYHEDRA AND SHOOTING

Table 10: 173 facets of P(C}g,15) hit by 10,000 shots
T T 3 Ty 5 6 Ty # hits
1 0 1 0 1 0 1 1923
0.33333333 0.66666667 1 0 0.33333333 0.66666667 1 922
0.066666667 0.13333333 0.2 0.26666667 0.33333333 0.4 0.46666667 574
0.14285714 0.28571429 0.42857143 0.57142857 0.71428571 0.85714286 1 497
0.23076923 0.46153846 0.69230769 0.92307692 0.33333333 0.15384615 0.38461538 342
0.6 0.66666667 0.2 0.8 0.33333333 0.4 1 342
0.88235294 0.82352941 0.76470588 0.70588235 0.64705882 0.58823529 0.52941176 272
0.7777T7TT78 0.66666667 0.55555556 0.44444444 0.33333333 0.22222222 0.11111111 268
0.45454545 0.90909091 0.2 0.36363636 0.81818182 0.4 0.27272727 230
0.6 0.4 0.2 0.8 0.6 0.4 1 214
0.23076923 0.46153846 0.69230769 0.92307692 0.53846154 0.15384615 0.38461538 200
0.7777TTT78 0.28571429 0.55555556 0.57142857 0.33333333 0.85714286 0.11111111 175
0.7777TTT78 0.66666667 0.55555556 0.44444444 0.33333333 0.22222222 1 175
0.14285714 0.28571429 0.42857143 0.57142857 0.71428571 0.85714286 0.42857143 171
0.45454545 0.90909091 0.63636364 0.36363636 0.81818182 0.54545455 0.27272727 164
0.33333333 0.66666667 0.33333333 0.66666667 0.33333333 0.66666667 1 157
0.6 0.4 0.2 0.8 0.6 0.4 0.2 157
0.6 0.13333333 0.2 0.26666667 0.33333333 0.4 0.46666667 127
0.45454545 0.90909091 0.39393939 0.36363636 0.81818182 0.3030303 0.27272727 115
0.68421053 0.52631579 0.36842105 0.21052632 0.89473684 0.73684211 0.57894737 114
0.77777778 0.37037037 0.55555556 0.74074074 0.33333333 0.51851852 0.11111111 112
0.52380952 0.28571429 0.80952381 0.57142857 0.33333333 0.85714286 0.61904762 104
0.45454545 0.90909091 0.27272727 0.36363636 0.81818182 0.54545455 0.27272727 86
0.7777TTT78 0.66666667 0.55555556 0.44444444 0.33333333 0.66666667 0.11111111 76
0.77777TT78 0.22222222 0.55555556 0.44444444 0.33333333 0.66666667 0.11111111 75
0.39130435 0.7826087 0.47826087 0.86956522 0.566521739 0.26086957 0.65217391 67
0.6 0.8 0.2 0.8 0.6 0.4 0.6 65
0.45454545 0.18181818 0.63636364 0.36363636 0.81818182 0.54545455 0.27272727 59
0.7777TTT78 0.37037037 0.55555556 0.44444444 0.33333333 0.81481481 0.11111111 55
0.52380952 0.28571429 0.80952381 0.57142857 0.33333333 0.095238095 0.61904762 51
0.14285714 0.28571429 0.42857143 0.57142857 0.71428571 0.28571429 0.42857143 49
0.45454545 0.42424242 0.39393939 0.36363636 0.81818182 0.78787879 0.27272727 48
0.6 0.66666667 0.2 0.26666667 0.86666667 0.4 0.46666667 48
0.71428571 0.28571429 0.42857143 0.57142857 0.71428571 0.85714286 0.42857143 48
0.52380952 0.28571429 0.42857143 0.57142857 0.71428571 0.85714286 0.23809524 44
0.88235294 0.35294118 0.76470588 0.70588235 0.64705882 0.58823529 0.52941176 42
0.41176471 0.82352941 0.76470588 0.70588235 0.64705882 0.58823529 0.52941176 41
0.71428571 0.28571429 0.42857143 0.57142857 0.42857143 0.85714286 0.14285714 40
0.82857143 0.28571429 0.65714286 0.57142857 0.48571429 0.85714286 0.31428571 40
0.6 0.66666667 0.2 0.26666667 0.33333333 0.4 0.46666667 39
0.33333333 0.66666667 0.2 0.26666667 0.33333333 0.4 0.46666667 38
0.6 0.66666667 0.2 0.8 0.33333333 0.4 0.46666667 38
0.68421053 0.52631579 0.36842105 0.21052632 0.33333333 0.73684211 0.57894737 38
0.23076923 0.46153846 0.69230769 0.51282051 0.74358974 0.15384615 0.38461538 37
0.39130435 0.7826087 0.47826087 0.17391304 0.56521739 0.26086957 0.65217391 37
0.33333333 0.66666667 0.55555556 0.88888889 0.33333333 0.22222222 0.55555556 36
0.6 0.8 0.2 0.4 0.6 0.4 0.2 36
0.7777TTT78 0.48888889 0.55555556 0.62222222 0.33333333 0.75555556 0.11111111 35
0.23076923 0.46153846 0.69230769 0.30769231 0.53846154 0.15384615 0.38461538 34
0.42222222 0.84444444 0.2 0.26666667 0.68888889 0.4 0.46666667 34
0.28 0.56 0.2 0.48 0.76 0.4 0.68 31
0.33333333 0.66666667 0.33333333 0.66666667 0.33333333 0.66666667 0.33333333 29
0.65517241 0.20689655 0.31034483 0.4137931 0.51724138 0.62068966 0.17241379 29
0.45454545 0.54545455 0.63636364 0.36363636 0.81818182 0.18181818 0.27272727 27
0.6 0.4 0.2 0.8 0.33333333 0.4 0.46666667 27
0.45454545 0.42424242 0.39393939 0.84848485 0.33333333 0.3030303 0.27272727 26
0.6 0.13333333 0.73333333 0.26666667 0.33333333 0.4 0.46666667 26
0.52380952 0.28571429 0.42857143 0.57142857 0.33333333 0.85714286 0.23809524 25
0.65517241 0.75862069 0.31034483 0.4137931 0.51724138 0.62068966 0.17241379 25
0.18518519 0.37037037 0.55555556 0.74074074 0.33333333 0.51851852 0.7037037 24
0.23076923 0.46153846 0.69230769 0.30769231 0.53846154 0.76923077 0.38461538 24
0.23076923 0.46153846 0.69230769 0.51282051 0.33333333 0.15384615 0.38461538 24
0.28 0.56 0.84 0.48 0.76 0.4 0.68 24
0.33333333 0.66666667 0.33333333 0.33333333 0.33333333 0.66666667 0.33333333 23
0.7777TTTT8 0.13333333 0.55555556 0.26666667 0.33333333 0.4 0.46666667 23
0.7777TTTT8 0.37037037 0.55555556 0.14814815 0.33333333 0.51851852 0.7037037 23
0.71428571 0.85714286 0.42857143 0.57142857 0.71428571 0.28571429 0.42857143 22
0.77777778 0.37037037 0.55555556 0.74074074 0.33333333 0.51851852 0.7037037 22
0.5483871 0.58064516 0.61290323 0.64516129 0.67741935 0.19354839 0.22580645 21
0.6 0.4 0.2 0.8 0.33333333 0.4 0.73333333 21
0.6 0.88 0.2 0.48 0.76 0.4 0.36 21
0.84615385 0.46153846 0.69230769 0.30769231 0.53846154 0.76923077 0.38461538 21
0.28 0.56 0.2 0.48 0.76 0.4 0.36 18
0.37142857 0.28571429 0.65714286 0.57142857 0.48571429 0.85714286 0.31428571 18
0.52380952 0.28571429 0.61904762 0.57142857 0.33333333 0.85714286 0.23809524 17
0.71428571 0.28571429 0.42857143 0.57142857 0.33333333 0.85714286 0.23809524 17
0.33333333 0.66666667 0.33333333 0.22222222 0.33333333 0.66666667 0.55555556 16
0.33333333 0.66666667 0.66666667 0.66666667 0.33333333 0.66666667 0.33333333 15
0.45454545 0.61818182 0.2 0.36363636 0.81818182 0.4 0.27272727 15
0.6 0.4 0.6 0.8 0.6 0.4 0.2 15
0.63265306 0.28571429 0.59183673 0.57142857 0.55102041 0.85714286 0.18367347 15
0.7777TTT78 0.66666667 0.55555556 0.74074074 0.33333333 0.51851852 0.7037037 15
0.33333333 0.66666667 0.66666667 0.33333333 0.33333333 0.33333333 0.33333333 14
0.33333333 0.66666667 0.66666667 0.33333333 0.33333333 0.66666667 0.33333333 14
0.33333333 0.66666667 0.77777778 0.66666667 0.33333333 0.66666667 0.55555556 14
0.52380952 0.28571429 0.42857143 0.57142857 0.33333333 0.85714286 0.61904762 14
0.64102564 0.87179487 0.28205128 0.51282051 0.74358974 0.56410256 0.38461538 14

To be continued on the next page...
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0.64705882
0.6
0.71428571
0.77777778
0.33333333
0.70212766
0.77777778
0.23076923
0.37142857
0.23076923
0.33333333
0.33333333
0.41176471
0.42222222
0.45454545
0.45454545
0.5483871
0.6
0.18518519
0.33333333
0.37142857
0.45454545
0.66666667
0.77777778
0.25490196
0.33333333
0.41176471
0.65517241
0.66666667
0.66666667
0.23076923
0.26315789
0.33333333
0.40350877
0.45454545
0.65517241
0.65517241
0.23076923
0.26315789
0.33333333
0.33333333
0.37142857
0.45454545
0.5483871
0.66666667
0.68421053
0.7777T7778
0.23076923
0.33333333
0.33333333
0.45454545
0.55555556
0.6
0.66666667
0.77777778
0.23076923
0.23076923
0.33333333
0.33333333
0.33333333
0.3559322
0.55555556
0.66666667
0.66666667
0.7777T7778
0.25490196
0.33333333
0.6

0.6
0.66666667
0.68421053
0.6969697
0.77777778
0.77777778
0.33333333
0.33333333
0.33333333
0.33333333
0.37142857
0.41176471
0.66666667
0.66666667
0.66666667
0.33333333
0.40350877
0.5483871

0.82352941
0.4

0.28571429
0.48888889
0.66666667
0.38297872
0.22222222
0.46153846
0.74285714
0.46153846
0.33333333
0.66666667
0.82352941
0.84444444
0.42424242
0.42424242
0.32258065
0.66666667
0.37037037
0.66666667
0.74285714
0.42424242
0.33333333
0.28571429
0.50980392
0.66666667
0.82352941
0.75862069
0.66666667
0.66666667
0.46153846
0.52631579
0.66666667
0.24561404
0.18181818
0.20689655
0.75862069
0.46153846
0.52631579
0.33333333
0.66666667
0.74285714
0.42424242
0.58064516
0.66666667
0.52631579
0.66666667
0.46153846
0.33333333
0.66666667
0.42424242
0.66666667
0.4

0.66666667
0.66666667
0.46153846
0.46153846
0.33333333
0.66666667
0.66666667
0.71186441
0.66666667
0.66666667
0.66666667
0.22222222
0.50980392
0.33333333
0.4

0.8

0.66666667
0.24561404
0.42424242
0.66666667
0.66666667
0.33333333
0.66666667
0.66666667
0.66666667
0.74285714
0.35294118
0.33333333
0.33333333
0.66666667
0.66666667
0.52631579
0.58064516

0.29411765
0.2

0.42857143
0.55555556
0.2

0.40425532
0.55555556
0.69230769
0.2

0.38461538
0.33333333
0.33333333
0.29411765
0.2

0.39393939
0.39393939
0.61290323
0.73333333
0.55555556
0.73333333
0.2

0.39393939
0.33333333
0.55555556
0.76470588
0.33333333
0.29411765
0.31034483
0.33333333
0.33333333
0.69230769
0.36842105
0.33333333
0.64912281
0.63636364
0.31034483
0.31034483
0.69230769
0.78947368
0.66666667
0.66666667
0.2

0.39393939
0.61290323
0.33333333
0.36842105
0.55555556
0.69230769
0.33333333
0.33333333
0.63636364
0.33333333
0.6

0.33333333
0.55555556
0.69230769
0.69230769
0.66666667
0.55555556
0.55555556
0.52542373
0.7777TTT78
0.33333333
0.33333333
0.55555556
0.76470588
0.66666667
0.73333333
0.2

0.66666667
0.36842105
0.39393939
0.55555556
0.55555556
0.66666667
0.2

0.55555556
0.66666667
0.2

0.76470588
0.33333333
0.33333333
0.66666667
0.55555556
0.36842105
0.35483871

Table 10 is continued ...

0.70588235
0.4
0.57142857
0.26666667
0.53333333
0.42553191
0.44444444
0.61538462
0.57142857
0.30769231
0.66666667
0.66666667
0.23529412
0.62222222
0.36363636
0.84848485
0.64516129
0.8
0.74074074
0.8
0.57142857
0.36363636
0.33333333
0.57142857
0.70588235
0.33333333
0.70588235
0.4137931
0.33333333
0.66666667
0.67692308
0.21052632
0.66666667
0.49122807
0.36363636
0.4137931
0.68965517
0.30769231
0.63157895
0.66666667
0.66666667
0.57142857
0.36363636
0.64516129
0.66666667
0.63157895
0.66666667
0.71794872
0.66666667
0.33333333
0.36363636
0.22222222
0.4
0.66666667
0.74074074
0.30769231
0.51282051
0.33333333
0.44444444
0.66666667
0.33898305
0.66666667
0.33333333
0.66666667
0.44444444
0.70588235
0.66666667
0.8

0.4
0.66666667
0.49122807
0.36363636
0.44444444
0.66666667
0.33333333
0.53333333
0.44444444
0.66666667
0.34285714
0.70588235
0.66666667
0.66666667
0.66666667
0.44444444
0.21052632
0.64516129

0.64705882
0.6

0.33333333
0.33333333
0.33333333
0.44680851
0.33333333
0.53846154
0.48571429
0.53846154
0.33333333
0.66666667
0.64705882
0.68888889
0.81818182
0.33333333
0.67741935
0.33333333
0.33333333
0.33333333
0.71428571
0.33333333
0.33333333
0.33333333
0.64705882
0.33333333
0.64705882
0.51724138
0.33333333
0.33333333
0.66153846
0.47368421
0.33333333
0.33333333
0.33333333
0.51724138
0.51724138
0.33333333
0.47368421
0.33333333
0.66666667
0.48571429
0.33333333
0.67741935
0.66666667
0.47368421
0.33333333
0.33333333
0.33333333
0.33333333
0.33333333
0.33333333
0.6

0.66666667
0.33333333
0.33333333
0.74358974
0.33333333
0.77777TT78
0.33333333
0.42372881
0.33333333
0.33333333
0.33333333
0.33333333
0.33333333
0.66666667
0.33333333
0.6

0.33333333
0.33333333
0.33333333
0.33333333
0.33333333
0.33333333
0.33333333
0.33333333
0.33333333
0.48571429
0.64705882
0.33333333
0.33333333
0.33333333
0.33333333
0.33333333
0.67741935

0.58823529
0.4
0.85714286
0.75555556
0.4
0.80851064
0.22222222
0.76923077
0.4
0.76923077
0.66666667
0.66666667
0.58823529
0.4
0.3030303
0.3030303
0.70967742
0.4
0.51851852
0.4

0.4
0.78787879
0.66666667
0.85714286
0.58823529
0.33333333
0.58823529
0.62068966
0.66666667
0.66666667
0.64615385
0.73684211
0.33333333
0.73684211
0.54545455
0.62068966
0.62068966
0.35897436
0.73684211
0.66666667
0.66666667
0.4
0.78787879
0.70967742
0.66666667
0.73684211
0.66666667
0.56410256
0.66666667
0.33333333
0.78787879
0.66666667
0.8
0.66666667
0.51851852
0.56410256
0.56410256
0.33333333
0.22222222
0.22222222
0.23728814
0.66666667
0.66666667
0.66666667
0.66666667
0.58823529
0.66666667
0.4

0.4
0.66666667
0.73684211
0.78787879
0.66666667
0.66666667
0.66666667
0.4
0.22222222
0.33333333
0.4
0.58823529
0.33333333
0.66666667
0.66666667
0.22222222
0.73684211
0.70967742

0.52941176
0.2
0.42857143
0.46666667
0.73333333
0.14893617
0.55555556
0.38461538
0.31428571
0.38461538
0.33333333
0.33333333
0.52941176
0.46666667
0.27272727
0.75757576
0.22580645
0.46666667
0.40740741
0.46666667
0.31428571
0.27272727
0.66666667
0.36507937
0.52941176
0.33333333
0.52941176
0.72413793
0.33333333
0.33333333
0.38461538
0.57894737
0.33333333
0.29824561
0.27272727
0.72413793
0.72413793
0.38461538
0.57894737
0.33333333
0.33333333
0.77142857
0.75757576
0.22580645
0.66666667
0.15789474
0.55555556
0.38461538
0.66666667
0.66666667
0.27272727
0.55555556
0.2
0.33333333
0.40740741
0.38461538
0.38461538
0.33333333
0.55555556
0.33333333
0.3220339
0.55555556
0.66666667
0.66666667
0.55555556
0.52941176
0.33333333
0.46666667
0.6
0.66666667
0.57894737
0.27272727
0.55555556
0.33333333
0.33333333
0.46666667
0.33333333
0.33333333
0.31428571
0.52941176
0.33333333
0.66666667
0.33333333
0.55555556
0.57894737
0.22580645

14
13

13
12

12
11
11
10
10
10
10
10
10
10
10
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Table 11: The 46 most hit facets totalling 50% of hits out of 390 facets of P(Ci7,16)
hit by 10,000 shots.

1 ) T3 T4 s 6 7 #hlts
0.0625 0.125 0.1875 0.25 0.3125 0.375 0.4375 582
0.30769231  0.61538462 0.92307692 0.25 0.23076923 0.53846154 0.84615385 359
0.7 0.55 0.4 0.25 0.1 0.8 0.65 305
0.21428571  0.42857143 0.64285714 0.85714286 0.33333333 0.33333333  0.28571429 252
0.30769231  0.61538462 0.92307692 0.57692308 0.23076923 0.53846154 0.84615385 224
0.7 0.42857143 0.4 0.85714286 0.1 0.8 0.28571429 193
0.59375 0.125 0.1875 0.25 0.3125 0.375 0.4375 153
0.44444444  0.66666667 0.16666667 0.61111111 0.33333333 0.33333333  0.77777778 136
0.77777778  0.66666667 0.55555556 0.5 0.33333333  0.33333333 0.16666667 124
0.26666667  0.53333333 0.8 0.25 0.33333333 0.6 0.86666667 113
0.30769231  0.61538462 0.26923077 0.57692308 0.23076923 0.53846154 0.84615385 108
0.26666667  0.53333333 0.3 0.56666667 0.33333333 0.6 0.86666667 105
0.44444444  0.44444444 0.88888889 0.61111111 0.33333333 0.33333333  0.77777778 102
0.7 0.26666667 0.4 0.53333333 0.1 0.8 0.36666667 99
0.77777778  0.42857143  0.55555556  0.85714286  0.33333333  0.72222222  0.28571429 97
0.7 0.66666667 0.4 0.5 0.33333333 0.8 0.16666667 95
0.7 0.55 0.4 0.675 0.1 0.8 0.65 92
0.21428571  0.42857143 0.64285714 0.85714286 0.33333333 0.54761905 0.28571429 90
0.7 0.42857143 0.4 0.85714286 0.33333333 0.8 0.28571429 90
0.77777778  0.66666667 0.55555556 0.5 0.33333333  0.72222222  0.16666667 89
0.21428571  0.42857143 0.64285714 0.85714286 0.26190476 0.47619048 0.28571429 87
0.066666667 0.13333333 0.2 0.26666667 0.33333333 0.4 0.46666667 83
0.7 0.55 0.4 0.675 0.1 0.8 0.225 81
0.58333333  0.66666667 0.16666667 0.75 0.33333333 0.33333333 0.5 78
0.77777778  0.125 0.55555556  0.25 0.33333333  0.375 0.45833333 75
0777778 0.125 0.55555556  0.25 0.33333333  0.375 0.4375 73
0.33333333  0.66666667 0.58333333 0.5 0.33333333  0.33333333 0.16666667 69
0.30769231  0.61538462 0.26923077 0.57692308 0.23076923 0.53846154 0.19230769 65
0.61904762  0.42857143 0.23809524 0.85714286 0.33333333 0.47619048 0.28571429 63
0.75 0.66666667 0.58333333 0.5 0.33333333 0.33333333 0.16666667 63
0.44444444  0.66666667 0.88888889  0.25 0.33333333  0.55555556  0.77777778 61
0.59375 0.125 0.71875 0.25 0.3125 0.375 0.4375 61
0.58333333  0.66666667 0.16666667 0.64583333 0.33333333 0.33333333  0.70833333 60
0.61904762  0.42857143 0.23809524 0.85714286 0.26190476 0.47619048 0.28571429 60
0.066666667 0.13333333 0.2 0.26666667 0.33333333 0.4 0.43333333 59
0.60416667  0.125 0.72916667 0.25 0.33333333  0.375 0.45833333 59
0.33333333  0.66666667 0.25 0.58333333 0.33333333 0.5 0.83333333 58
0.77083333  0.125 0.54166667 0.25 0.3125 0.375 0.4375 98
0.26666667  0.53333333 0.8 0.56666667 0.33333333 0.6 0.86666667 %)
0.7 0.55 0.4 0.25 0.33333333 0.8 0.65 55
0.51785714  0.42857143 0.64285714 0.85714286 0.16071429 0.67857143 0.28571429 54
0.46666667  0.66666667 0.4 0.5 0.33333333 0.8 0.16666667 53
0.58333333  0.16666667 0.16666667 0.33333333 0.33333333 0.33333333 0.5 53
0.58333333  0.33333333 0.16666667 0.66666667 0.33333333 0.33333333 0.66666667 93
0.44444444  0.44444444 0.16666667 0.61111111 0.33333333 0.33333333  0.77777778 52
0.46666667  0.42857143 0.4 0.85714286 0.33333333 0.8 0.28571429 52
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Table 12: The 7 most hit facets totalling 50% of hits out of 326 facets of P(Cig,17)
hit by 10,000 shots.

T T2 3 T4 5 6 7 8 # hits
1 0 1 0 1 0 1 0 1811
0.5 1 0 0.5 1 0 0.5 1 1186
0.125 0.25 0.375 0.5 0.625 0.75 0.875 1 533
0.2 0.4 0.6 0.8 1 0 0.2 0.4 511
0.058823529  0.11764706  0.17647059  0.23529412  0.29411765 0.35294118 0.41176471  0.47058824 413
0.28571429 0.57142857  0.85714286 0.5 0.14285714  0.42857143  0.71428571 1 380
0.8 0.7 0.6 0.5 0.4 0.3 0.2 1 235

Table 13: The 31 most hit facets totalling 50% of hits out of 608 facets of P(Cg, 18)
hit by 10,000 shots.

1 o 3 T4 5 6 7 8 # hits
0.055555556  0.11111111 0.16666667  0.22222222 0.27777778 0.33333333  0.38888889  0.44444444 476
0.11764706 0.23529412  0.35294118  0.47058824 0.58823529 0.70588235  0.82352941 0.94117647 464
0.9 0.85 0.8 0.75 0.7 0.65 0.6 0.55 297
0.26666667 0.53333333 0.8 0.75 0.066666667  0.33333333 0.6 0.86666667 276
0.1875 0.375 0.5625 0.75 0.9375 0.33333333  0.125 0.3125 228
0.46153846 0.92307692  0.16666667  0.38461538 0.84615385 0.33333333  0.30769231 0.76923077 206
0.72727273 0.59090909  0.45454545 0.31818182 0.18181818 0.90909091 0.77272727  0.63636364 205
0.26666667 0.53333333 0.8 0.43333333 0.066666667  0.33333333 0.6 0.86666667 201
0.1875 0.375 0.5625 0.75 0.9375 0.53125 0.125 0.3125 186
0.58333333 0.71428571 0.16666667  0.75 0.42857143 0.33333333  0.91666667  0.14285714 174
0.9 0.11111111 0.8 0.22222222 0.7 0.33333333 0.6 0.44444444 169
0.58333333 0.375 0.16666667  0.75 0.54166667 0.33333333  0.91666667  0.70833333 168
0.35714286 0.71428571 0.8 0.071428571 0.42857143 0.78571429 0.6 0.14285714 154
0.72727273 0.375 0.45454545  0.75 0.18181818 0.90909091 0.125 0.63636364 151
0.80952381 0.71428571 0.61904762  0.52380952 0.42857143 0.33333333  0.23809524  0.14285714 147
0.58333333 0.11111111 0.16666667  0.22222222 0.27777778 0.33333333  0.38888889  0.44444444 142
0.35714286 0.71428571 0.39285714  0.071428571 0.42857143 0.78571429  0.46428571  0.14285714 134
0.46153846 0.92307692  0.65384615  0.38461538 0.84615385 0.57692308  0.30769231 0.76923077 134
0.58333333 0.375 0.16666667  0.75 0.54166667 0.33333333  0.125 0.70833333 120
0.35714286 0.71428571 0.73214286  0.071428571 0.42857143 0.78571429  0.46428571 0.14285714 100
0.35714286 0.71428571 0.61904762  0.071428571 0.42857143 0.78571429  0.69047619  0.14285714 98
0.46153846 0.92307692  0.28846154  0.38461538 0.84615385 0.57692308  0.30769231  0.76923077 90
0.9 0.375 0.8 0.75 0.7 0.65 0.6 0.55 87
0.11764706 0.23529412  0.35294118  0.47058824 0.58823529 0.70588235  0.82352941  0.38235294 86
0.58333333 0.375 0.16666667  0.75 0.54166667 0.33333333  0.91666667  0.3125 84
0.58333333 0.63888889  0.16666667  0.75 0.27777778 0.33333333  0.91666667  0.44444444 84
0.46153846 0.19230769  0.65384615  0.38461538 0.84615385 0.57692308  0.30769231 0.76923077 80
0.26666667 0.53333333 0.8 0.43333333 0.7 0.33333333 0.6 0.86666667 79
0.58333333 0.11111111 0.69444444  0.22222222 0.80555556 0.33333333  0.38888889  0.44444444 74
0.46153846 0.19230769  0.65384615  0.38461538 0.11538462 0.57692308 0.30769231 0.76923077 73
0.72727273 0.59090909  0.45454545 0.31818182 0.18181818 0.90909091 0.34090909  0.63636364 71
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Table 14: The 11 most hit facets totalling 50% of hits out of 783 facets of P(Cy, 19)
hit by 10,000 shots.

T T T3 T4 5 6 7 8 9 # hits
1 0 1 0 1 0 1 0 1 1601
0.33333333 0.66666667 1 0 0.33333333 0.66666667 1 0 0.33333333 761
0.25 0.5 0.75 1 0 0.25 0.5 0.75 1 632
0.66666667 0.5 0.33333333 1 0 0.66666667 0.5 0.33333333 1 509
0.11111111 0.22222222 0.33333333 0.44444444 0.55555556 0.66666667 0.77777778 0.88888889 1 368
0.052631579 0.10526316 0.15789474 0.21052632 0.26315789 0.31578947 0.36842105 0.42105263 0.47368421 348
0.17647059 0.35294118 0.52941176 0.70588235 0.88235294 0.66666667 0.058823529 0.23529412 0.41176471 211
0.42857143 0.85714286 0.33333333 0.28571429 0.71428571 0.66666667 0.14285714 0.57142857 1 201
0.9047619 0.85714286 0.80952381 0.76190476 0.71428571 0.66666667 0.61904762 0.57142857 0.52380952 191
0.81818182 0.72727273 0.63636364 0.54545455 0.45454545 0.36363636 0.27272727 0.18181818 0.090909091 164
0.17647059 0.35294118 0.52941176 0.70588235 0.88235294 0.47058824 0.058823529 0.23529412 0.41176471 126

4.3 Shooting for the master knapsack problem

We define shooting in w € RO for the knapsack problem K (n) to be solving the linear

programming problem over the projected knapsack subadditive polytope I1(K(n))o,

max WToO

st o € H(K(n))o,

where O = {i : ¢ < n/2}. Since the first component 7 is constant 1/2 for every
point 7o € II(K(n))o, we may assume that the first component w; is 0. The facet
7t > m, = 1 of the knapsack polytope P(K(n)) is obtained from the optimal solution
mo to the problem above and is thought of as being hit by the shooting in w for
K(n). The optimal solution 7o_q} is the point translated by 7o_ 13 from the optimal

solution ¢ for

max  (Wa, ..., Wy,).p
st e ll(K(n))o-ny = To-qy,
where II(K(n))o—g1y — To—q1y is the translate of II(K(n))o—g1y by —7o_{1y so that

the natural interior point 7p_r13 = 1/2 is translated into the origin 0. Shooting in

(wa, .., w,) for K(n) hits the facet pa’ < 1 of the plus level set of II(K(n))o—{13 —

To—{1}

(I(K(n))o-y — Fo—ny) " = {2’ p(a’) < 1},
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x3
(727 2)
w2 <1 e <1
(=4,0) (2,0)
w
plz <1
6
ePr <1
(=2,-4)

Figure 15: Shooting for K(8) over (IL(KX(8))o—{13 — To—g13)" and II(K(8))o-q1}

where the support function p(z’) is

p(az") = sup{z'm : m € H(K(n))o—q1}y — To—{1}}-

Example 4.5 Consider shooting in w for K(8) in Figure 15. The knapsack subad-

ditive polytope II(K(8)) on the right side is the convex hull of 4 extreme points

oy = (1,0)
oy = (1/4,3/4)
To_my = (1,3/2)

To_y = (1/4,3/8).

The first and the second extreme points, 7! and 72, are the first and the second facets
of P(Cy,8) in Gomory’s table [12]. The third and the fourth extreme points, 7° and
7%, are equivalent to the fifth and the sixth facets of P(Cy,8) in the table,

™t = itl—l—ﬁtz%—2t3+1t4+3t5+£t6+9t7+gt8 > =1

14 14 14 14 14 14 14 14

o= +4t +6t +§t +Et +Et +3t +Et >my=1
w161 16 1616 167 168 T

The polar cone of 7 contains the arrow w. On the left side of the figure, the arrow
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w hits the facet of the plus level set II(K(n))o—q1y — To—{1}

6 _ . 1 1
©’r = (T3} — Ty2,3))T = —ng — §$3 < 1.

The ratios of angles for the facets ¢°, ¢!, ¢©% and ¢? are 0.3750, 0.3238, 0.1762 and

0.1250, respectively. Compare them with the experimental result in Table 16. O

Shooting experiment for the knapsack problem K(n) is shooting for K(n) in a
random vector w uniformly distributed on the unit sphere, {w € R? : ||w|| = 1}. We
observe that the most hit knapsack facet is always the mixed integer cut 7™ of the
knapsack polytope P(K(n)). The results of shooting experiments for K(8) through
K(19) are as follows:? Each superscript in the most left columns in the tables is
the number of the corresponding facet of the master cyclic group problem in the
tables given by Gomory [12]. The knapsack facets denoted by 7 are equivalent to the

corresponding facets 7 of the master cyclic group problem.

Table 15: 4 facets of P(K (7)) hit by 10,000 shots

™ - # hits/10000
721 1.5 3708
1 0.25 2468
71 | 0.16666667 0.66666667 2009
7 | 0.375 0.25 1815

Table 16: 4 facets of P(K(8)) hit by 10,000 shots

9 3 # hits
7|1 1.5 3708
a1 0 3213
7% 10.25 0.375 1804
72 10.25 0.75 1275

2Based on the Gurobi-code written by Helder Inacio.
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Table 17: 8 facets of P(K(9)) hit by 10,000 shots

o T3 T4 # hits
71 1.5 2 3397
70 1 1.5 0.25 1827
7 1 0.125 0.625 0.25 1337
721 0.33333333 0.25 1287
78 10.22222222 0.33333333  0.44444444 659
72 |1 0.33333333 0.83333333 574
74 1 0.41666667 0.33333333 0.83333333 515
7% 1 0.41666667 0.33333333 0.25 404

Table 18: 7 facets of P(K(10)) hit by 10,000 shots

o 3 my # hits
a1 1.5 2 3291
7811 1.5 0 2105
7 |1 0.5 0 1143
70 0.2 0.3 0.4 1089
| 0.16666667 0.66666667 968
7% 1 0.33333333  0.16666667 0.66666667 839
718 10.2 0.7 0.4 565

Table 19: 13 facets of P(K(11)) hit by 10,000 shots

Ty T3 T4 s # hits
1 1.5 2 2.5 2914
1 1.5 -0.25 0.25 1961
1 1.5 2 0.25 1649
1 0 0.5 1 1008
0.1 0.6 0.2 0.7 634
0.18181818 0.27272727 0.36363636 0.45454545 492
1 0.375 0.3125 0.25 320
1 0.375 0.875 0.25 226
0.25 0.375 0.5 0.25 188
0.4375 0.375 0.875 0.25 181
0.35714286 0.21428571 0.71428571 0.57142857 167
0.25 0.75 0.5 0.25 142
0.4375 0.375 0.3125 0.25 118
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Table 20: 11 facets of P(K(12)) hit by 10,000 shots

Ty 3 Ty s # hits
1 1.5 2 2.5 2914
1 1.5 2 0 1721
1 -0.16666667 0.33333333 0.83333333 1363
1 1.5 0.33333333 0 1083
0.16666667 0.25 0.33333333  0.41666667 582
0.28571429 0.071428571 0.57142857 0.35714286 531
1 0.25 0.75 0 484
1 1.5 0.33333333 0.83333333 435
0.16666667 0.66666667  0.33333333 0.83333333 373
1 0.66666667  0.33333333 0 262
0.16666667 0.66666667  0.33333333 0.41666667 252

Table 21: 24 facets of K(13) hit by 10,000 shots

o T3 Ty s 6 # hits
1 1.5 2 2.5 3 2796
1 1.5 2 2.5 0.25 1462
1 1.5 2 -0.25 0.25 1432
1 1.5 0.625 -0.25 0.25 662
0.083333333 0.58333333 0.16666667 0.66666667 0.25 553
1 1.5 0.16666667 0.66666667 0.25 367
1 1.5 0.16666667 0.66666667 1.1666667 367
1 0.125 0.625 1.125 0.25 360
0.15384615  0.23076923 0.30769231 0.38461538 0.46153846 349
0.3125 0.125 0.625 0.4375 0.25 325
1 0.125 0.625 0.4375 0.25 203
0.21428571  0.71428571 0.42857143 0.14285714 0.64285714 193
1 0.58333333 0.16666667 0.66666667 1.1666667 193
1 0.27777778  0.16666667 0.66666667 0.55555556 106
1 0.4 0.35 0.3 0.25 97
1 0.23076923 0.30769231 0.38461538 0.46153846 86
0.38888889  0.27777778 0.16666667 0.66666667 0.55555556 84
1 0.58333333 0.16666667 0.66666667 0.25 76
1 0.4 0.35 0.3 0.8 69
0.26666667 0.4 0.53333333 0.3 0.8 66
0.45 0.4 0.9 0.3 0.8 53
1 0.4 0.9 0.3 0.8 44
0.45 0.4 0.35 0.3 0.8 36
0.45 0.4 0.35 0.3 0.25 21
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Table 22: 19 facets of K (14) hit by 10,000 shots

Yy 3 T4 5 e # hits
1 1.5 2 2.5 3 2796
1 1.5 2 -0.5 0 1806
1 1.5 2 2.5 0 1490
1 0 0.5 1 0 750
1 1.5 0 0.5 1 633
0.14285714 0.21428571 0.28571429 0.35714286 0.42857143 599
1 0.5 0 0.5 1 375
1 1.5 0.5 0.25 0 294
1 1.5 0.5 1 0 186
0.14285714 0.64285714 0.28571429 0.78571429 0.42857143 167
0.4 0.3 0.8 0.1 0.6 152
1 0.21428571 0.28571429 0.35714286 0.42857143 148
0.14285714 0.64285714 0.28571429 0.35714286 0.42857143 142
1 0.3 0.8 0.1 0.6 130
0.25 0.375 0.5 0.25 0.75 88
0.33333333 0.16666667 0.66666667 0.5 0.33333333 85
0.25 0.75 0.5 0.25 0.75 64
1 0.75 0.5 0.25 0 o6
0.4 0.3 0.2 0.7 0.6 39

Table 23: The most hit 20 facets out of 65 facets of P(K(15)) hit by 10,000 shots

i) T3 T4 5 6 7 # hits
1 1.5 2 2.5 3 3.5 2597
1 1.5 2 2.5 3 0.25 1348
1 1.5 2 2.5 -0.25 0.25 1202
1 1.5 2 0.33333333  -0.25 0.25 731
1 1.5 -0.16666667  0.33333333  0.83333333  1.3333333 676
0.13333333 0.2 0.26666667 0.33333333 04 0.46666667 378
1 1.5 0.375 0.875 -0.25 0.25 338
0.071428571  0.57142857  0.14285714 0.64285714  0.21428571  0.71428571 316
1 1.5 2 0.33333333  0.83333333  1.3333333 214
1 1.5 2 0.33333333  0.83333333 0.25 213
1 0.2 0.26666667 0.33333333 04 0.46666667 144
1 1.5 0.91666667 0.33333333  -0.25 0.25 132
1 1.5 0.375 0.875 1.375 0.25 99
1 0.2 0.7 1.2 0.4 0.25 97
1 0.2 0.7 0.33333333 04 0.9 82
1 0.41666667  0.91666667 0.33333333  0.83333333  1.3333333 78
1 0.2 0.7 1.2 0.4 0.9 70
1 1.5 0.375 0.33333333  0.83333333 0.25 63
1 1.5 0.375 0.33333333  0.29166667  0.25 60
1 0.2 0.375 0.875 0.4 0.25 58
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Table 24: The most hit 20 facets out of 53 facets of P(K(16)) hit by 10,000 shots

o) 3 T 5 6 i # hits
1 1.5 2 2.5 3 3.5 2597
1 1.5 2 2.5 3 0 1365
1 1.5 2 2.5 -0.5 0 1320
1 1.5 2 0.75 -0.5 0 606
0.125 0.1875 0.25 0.3125 0.375 0.4375 456
1 1.5 2 0.16666667  0.66666667 0 352
1 1.5 2 0.16666667  0.66666667 1.1666667 280
1 1.5 0.25 0.16666667  0.66666667 1.1666667 207
1 1.5 0.25 0.75 1.25 1.75 199
0.3 0.1 0.6 0.4 0.2 0.7 184
1 1.5 0.25 0.75 1.25 0 181
1 0.33333333  0.83333333  0.16666667 0.66666667 0 175
1 1.5 0.25 0.75 0.375 0 145
1 0.1 0.6 1.1 0.2 0.7 136
1 0.1875 0.25 0.3125 0.375 0.4375 132
0.125  0.625 0.25 0.75 0.375 0.875 129
1 0.33333333  0.83333333 0.16666667  0.66666667 1.1666667 126
1 0.1 0.6 0.4 0.2 0.7 116
0.125  0.625 0.25 0.3125 0.375 0.4375 98
1 0.625 0.25 0.75 1.25 0 98

Table 25: The most hit 20 facets out of 93 facets of P(K(17)) hit by 10,000 shots.

T2 3 o 5 6 7 s # hits
1 1.5 2 2.5 3 3.5 4 2458
1 1.5 2 2.5 -0.75 -0.25 0.25 1337
1 1.5 2 2.5 3 3.5 0.25 1261
1 1.5 2 2.5 3 -0.25 0.25 1117
1 1.5 0.125 0.625 1.125 -0.25 0.25 380
1 1.5 2 0 0.5 1 1.5 298
1 0 0.5 1 0 0.5 1 288
0.11764706  0.17647059  0.23529412  0.29411765 0.35294118  0.41176471  0.47058824 286
1 1.5 2 0 0.5 1 0.25 259
0.0625 0.5625 0.125 0.625 0.1875 0.6875 0.25 246
1 0.25 0.75 0 0.5 1 0.25 199
1 1.5 2 0.625 0.1875 -0.25 0.25 190
1 1.5 0.125 0.625 1.125 1.625 0.25 187
1 1.5 0.75 0 0.5 1 1.5 137
1 1.5 2 0.625 1.125 -0.25 0.25 129
1 0.17647059  0.23529412  0.29411765 0.35294118  0.41176471  0.47058824 93
1 1.5 0.125 0.625 0.1875 0.6875 0.25 83
1 1.5 0.33333333 0 0.5 1 0.66666667 83
1 0.25 0.125 0.625 0.5 0.375 0.25 56
1 1.5 0.75 0 0.5 1 0.25 53
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Table 26: The most hit 20 facets out of 104 facets of P(K(18)) hit by 10,000 shots.

T2 s T4 5 6 e s # hits
1 1.5 2 2.5 3 3.5 4 2458
1 1.5 2 2.5 3 3.5 0 1269
1 1.5 2 2.5 3 -0.5 0 1181
1 1.5 2 2.5 0.33333333 -0.5 0 612
1 1.5 2 -0.16666667  0.33333333  0.83333333  1.3333333 467
0.11111111  0.16666667  0.22222222  0.27777778 0.33333333  0.38888889  0.44444444 383
1 1.5 0 0.5 1 1.5 0 310
1 1.5 2 0.5 1 -0.5 0 301
1 1.5 0.66666667 -0.16666667  0.33333333  0.83333333  1.3333333 242
1 1.5 2 2.5 0.33333333  0.83333333 0 213
1 1.5 2 2.5 0.33333333  0.83333333  1.3333333 169
1 1.5 0 0.5 1 0.5 0 164
1 0.5 0 0.5 1 0.5 0 147
1 0.16666667  0.22222222  0.27777778 0.33333333  0.38888889  (0.44444444 146
1 1.5 2 1.1666667 0.33333333 -0.5 0 141
1 0.16666667  0.66666667 1.1666667 0.33333333  0.83333333  1.3333333 130
1 0.16666667  0.66666667 1.1666667 0.33333333  0.83333333 0 124
0.2 0.7 0.4 0.1 0.6 0.3 0.8 91
1 0.16666667  0.66666667 0.5 0.33333333  0.83333333 0 89
1 1.5 2 0.5 1 1.5 0 88

Table 27: The most hit 20 facets out of 170 facets of P(K(19)) hit by 10,000 shots.

T T3 T 5 TG b T8 g # hits
1 1.5 2 2.5 3 3.5 4 4.5 2334
1 1.5 2 2.5 3 3.5 4 0.25 1249
1 1.5 2 2.5 3 -0.75 -0.25 0.25 1041
1 1.5 2 2.5 3 3.5 -0.25 0.25 1000
1 1.5 2 -0.33333333 0.16666667 0.66666667 1.1666667 1.6666667 510
1 1.5 2 2.5 0.875 -0.75 -0.25 0.25 477
1 1.5 -0.125 0.375 0.875 1.375 -0.25 0.25 401
1 1.5 2 2.5 0.16666667 0.66666667 -0.25 0.25 236
0.10526316 0.15789474 0.21052632 0.26315789 0.31578947 0.36842105 0.42105263 0.47368421 222
0.055555556 0.55555556 0.11111111 0.61111111 0.16666667 0.66666667 0.22222222 0.72222222 154
1 1.5 2 2.5 0.16666667 0.66666667 1.1666667 1.6666667 154
1 1.5 2 2.5 0.16666667 0.66666667 1.1666667 0.25 126
0.29166667 0.083333333 0.58333333 0.375 0.16666667 0.66666667 0.45833333 0.25 107
1 1.5 2 0.375 0.875 1.375 -0.25 0.25 106
1 0.083333333 0.58333333 1.0833333 0.16666667 0.66666667 1.1666667 0.25 103
1 1.5 2 0.375 0.875 0.3125 -0.25 0.25 88
1 0.15789474 0.21052632 0.26315789 0.31578947 0.36842105 0.42105263 0.47368421 69
0.15 0.65 0.3 0.8 0.45 0.1 0.6 0.25 67
1 0.083333333 0.58333333 0.375 0.16666667 0.66666667 0.45833333 0.25 55
1 1.5 2 0.8 0.45 0.1 -0.25 0.25 55
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CHAPTER V

SUBPROBLEMS

If M # C,—{0}, we call the cyclic group problem (C,,, M, b) a cyclic group subproblem.
We can solve the cyclic group subproblem (C,,, M, b) with objective ¢ € RY by solving
the linear programming problem over P(C,, M,b). Especially, we are interested in
the case of |M| < n, and assume that 1 and b belong to M by setting ¢; and ¢, large

numbers otherwise.

5.1 Shooting for subproblems

Gomory [12] obtained P(C,,, M,b) from the master cyclic group polyhedron P(C,,,b)
by intersecting P(C,,,b) with the subspace E(M) = {t € RE 1% . ¢, =0 fori ¢ M}

as follows:
Theorem 5.1 (Gomory [12])
P(C,, M,b) = P(C,,b) N E(M).

The geometry of shooting over the cyclic group subproblem is the same as that
over the master cyclic group problem. Since t; = 0 for i € M and t € P(C,, M,b) =
P(C,,b)NE(M), a nontrivial facet 7t > 1 of P(C,,, b) is a valid inequality mps.tp > 1
for P(C,,, M,b) in R™. The facets of P(C,,, M,b) are among the valid inequalities 7y,
given by deleting m; for ¢ € M from the facets 7 of the master cyclic group polyhedron
P(C,,b), and so the vertices of B(P(C,, M,b)) are among the projections 7y, of the

vertices m of B(P(C,,,b)). It is easy to see that

B(P(Cn, M, 1)) = B(P(Cr, b)) u,
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Figure 16: Shooting over P(Cy, M = {1,3},3) and B(P(Cy, M, 3))

where B(P(C,, b))y denotes the projected image of B(P(C,,b)) onto {m : m =
0 fori & M}.
We define shooting in v € ]Ri” over the cyclic group subproblem (C,, M,b) as

solving the linear programming problem

min T
st meB(P(C, M,Db)),

which is equivalent to shooting in (v,0) € RY x Rf"_{o}_M over the master cyclic

group problem (C,,,b). Since v; = 0 for ¢ € M, any inequality tw > 1 for B(P(C,, b))
in (52) holds with a large value of m; and so can be eliminated for any vertex ¢ of
P(C,,b) with t; > 0 or with t ¢ P(C,,, M,b).

Consider shooting in v = (vy,v3) > 0 over the cyclic group subproblem (Cy, M =
{1,3},3) in Figure 16. On the left side in the figure, the thick-lined polyhedron
P(Cy, M, 3) = P(C4,3) N E(M) is defined by the nontrivial facet 7™t > 1 and the
nonnegativities ¢; > 0 and 3 > 0 having two vertices t' = (] = 3) and 3 = ({3 = 1)
given by intersection of the vertices of P(Cy, 3) with E(M) on the left side in Figure 13.

Since ty = 0 for t € P(Cy, M,3) C E(M), the nontrivial facet 7™t > 1 is written in
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E(M) = R} deleting 757¢ as
maic maic maic 1
Ty (b, ta) = Tt + gl = gtl +i3 > 1,

where Wﬁfg} is the restriction to {1, 3} or the projection onto {7 : my = 0} of 7™, The
2-dimensional thick-lined polyhedron B(P(Cy4, M, 3)) on the right side is defined by
two facets (54) and (56) having the vertex W{’r{fg} given by projection from the vertex
7 of B(P(Cy,3)). The vertex wt of B(P(Cy,3)) on the right side in Figure 13
is not a vertex of B(P(Cy, M,3)) = B(P(Cy,3))1,3 any more. The constraint (55)
among (54)-(56) with a nonzero coefficient of m, holds for any big value of mo due to

vy = 0, and so can be eliminated resulting in the linear programming problem

min V1T + VU373
st tr =3m > 1
Br=m3>1

T, 73 > 0.

5.2 Integer primal simplex method

The master cyclic group problem (C,,, b) without ignoring the objective ¢ > 0 can be
solved by a graph algorithm such as Dijkstra’s algorithm to find a shortest path from
0 to b on the complete circulant digraph Cay(C,,) with arc length ¢. On the other
hand, we develop another method to solve the shortest path problem that generates
facets by shooting, which originated in constraint generation [6] and shooting [23] for
the traveling salesman problem. An integer primal simplex method based on shooting

is as follows:

1. Initial LP relaxation is P! = {t > 0 : 7™ > 1}. Let j = 1 and let ' be
an initial basic feasible solution to P!, preferably a good one, which is also an

extreme point to the cyclic group polyhedron.
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2. Tterate primal simplex algorithm over P7 with initial basic feasible solution
t/ until encounter the first infeasible solution ¢ for the master cyclic group
problem. Otherwise, return the LP optimal solution that is an optimal solution

for the master cyclic group problem and terminate.

3. Generate a facet m by shooting in # and augment 7t > 1 to have P/t =
Pin{t:mt>1}. Set /! to be the last feasible solution in the above iteration

of simplex algorithm over P7. Increase j < j + 1 and go to Step 2.

A good initial basic feasible solution in Step 2 can be (f{ = 1), ({{ = b) or any
other extreme point of both P! and P(C,,b). As (t; = 1) is binding at every facet,
the cyclic group polyhedra are suspected of high degeneracy. To avoid degeneracy,
we may replace primal simplex above by double description method introduced in
Motzkin et al [25].

To solve a cyclic group subproblem (C,,, M,b) by using the integer primal sim-
plex method above, we generate cutting planes by shooting ideally over the convex
hull of 7’s corresponding to the nontrivial facets 7t > m, = 1 of P(C,, M,b). For
generalization of the subadditive polytope II(C,, b), refer to Chopra and Johnson [4]
and Johnson [21]. For now, we will shoot over the projected image II(C,,, b) s of the

subadditive polytope I1(C,,, b) onto M.

Example 5.2 Consider the cyclic group subproblem for the shortest path problem

in Figure 2,

min tl -+ tg + t4 + 100t11

st. teP(CpM=1{1,2,4,11},11),

where the objective 100 of #1; is assigned as an arbitrary large cost to make ¢;; = 0

in the optimal solution ¢. While we implement the integer primal simplex method
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above, we will shoot over the projected image' of the subadditive polytope I1(C}s, 11)
onto {1,2,4,11},

H(Cm, 11){1,2,4,11} = {(77'1771-27774777'11) :

m = 1

2mp —my > 0

29 —my > 0

T+ T+ 2my > 1
—Tg — 27y > —2
—4m —my > —4

—T — Ty + Ty

vV
|
—_
H'/—’

We solve the first linear programming problem over P!,

min tl + t2 + t4 + 100t11
s.t. t>0

b1+ 2ty + Aty + 11t > 11,

with the initial basis 1, = 1 until we meet the first infeasible basis £} = 11/4.

By shooting in the infeasible solution (£} = 11/4) as

. 11
min — Ty

4
st.  mell(Cia, 11) 124113,

we generate and augment a second valid inequality

7T1:7T11:1,7TQI7T4:0

!The projection is done by Fourier-Motzkin elimination.
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cutting off the infeasible solution. We solve the augmented LP over P2

min tl + tQ + t4 + 100t11
s.t. t>0
ty + 2ty + 4ty + 11t > 11

b1+t > 1,

with the initial basis t2, = 1,2 = 0, and meet the first infeasible basis 2 = 5/2,12 = 1.
By shooting in the infeasible solution (2 = 5/2,1? = 1), we generate and augment
a third valid inequality
2

1
7T1:§,7T2:—77T11:1

3

cutting off the infeasible solution #2, and solve the LP over P3,

min t1 + ty + t4 + 10021,

s.t. t>0
fL A 2ty + Aty + 118, > 11,
1+t 21,

11 + 2ty + 3t > 3.

with the initial basis t3, = 1, = 0,t; = 0. The LP ends up with an optimal basis t, =
1,t; = 1,t4 = 2 which is feasible for the cyclic group subproblem (C1o, {1,2,4,11},11).

See the thick lined path in Figure 2. o

The integer primal simplex method based on shooting is a primal cutting plane
algorithm. A primal cutting plane algorithm is known to be successful especially for
the traveling salesman problem developed by Padberg and Hong [27]. The strongest
point of a primal cutting plane algorithm is to keep feasibility of intermediate solutions

showing up during the algorithm. We may have a fairly good improved feasible
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solution even though we stop before termination. However, intermediate solutions
can hardly escape from the initial basic feasible solution ¢! before getting the final
optimal solution if the primal cutting plane algorithm begins with the most degenerate
solution t' = (t} = 1), as we see t* = t* = t* = ({;; = 1) in Example 5.2, which makes
us pay attention to the claim by Nemhauser and Wolsey [26] that a primal cutting
plane algorithm tends to be inferior to a fractional cutting plane algorithm. The

fractional cutting plane algorithm is as follows:

1. Initial LP relaxation is P* = {t > 0 : 7t > 1}. Let j = 1 and let {* = 0 with

the surplus variable as dual-feasible basis.

2. Tterate dual simplex algorithm over P7 with initial dual-feasible solution #~!
to get an optimal solution #. If #/ is a solution to the master cyclic group
problem, return it as an optimal solution for the master cyclic group problem

and terminate.

3. Generate a facet 7 by shooting in # and augment 7t > 1 to have Pit! =

Pin{t:xt>1}. Increase j < j + 1 and go to Step 2.

For example, let’s solve the cyclic group subproblem in Example 5.2 by using the
fractional cutting plane algorithm. The sequence of polyhedra P!, P? and P? are the
same as those in the primal cutting plane algorithm of Example 5.2, and the sequence
of intermediate solutions ' = (f; = 11/4) and #* = (2 = 5/2,#2 = 1) are exactly
those in Example 5.2. The small example does not show any difference between the
two cutting plane algorithms in performance. But, the master cyclic group problem
with a random cost ¢ > 0 will be a good testing material for comparison of the two

cutting plane algorithms.
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5.3 Primal-dual stimplex method for shooting

We implement shooting in v as a subroutine of the cutting plane algorithms introduced
in the previous section. For shooting in v, we will solve the following equivalent

problem,

max — we
st Z8S H<Cna b)O - 7:‘-07 (66)
where w is given by
w; = wv; —v; foralli e O.

In this section, we assume that our master cyclic group problem has no half h with
2h = b mod n. We only need to augment at most a couple constraints including
quarters if it has a half.

We can write the above problem explicitly as follows:

max we
st —cpi—goj+g0k§% ifi+j+k=0b modn
—90¢—90j—90k§% ifi+j+k=b modn
%._Hpj_gpkgé ifi+j+k=b modn
pitpit+er<i ifi+j+k=b modn

where all 4, j, k are in O given by the mixed integer cut 7™. We can rewrite the four

types of inequalities above briefly as one line,

: . 1 S
sgn (i) epei) + 580(5)@ps) + sgn(k)epry < 5 whenever i +j+k=b modn, (67)
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where sgn(g) and p(g) are respectively defined by

sgn(g) = —1 if g € O,
= +1 if g € X,
p(g) =g modn ifge O

=g=b—g modn ifge X.

For convenience, let’s define the left-hand side of (67) as a function LHS, on the

triples (i, 7, k) with i + j + k = b mod n evaluated by ¢ as follows:
LHS,(i,7,k) = sgn(i)ppa)y + sgn(f)epi) + sgn(k)epm for i +j+k =06 mod n.

Let ¢ = 0 be the initial feasible solution and let p! = w be the initial improving
direction. We decide the step size 0., 7 > 1, so that 7 = "1 +0,p" are inductively
constructed to be feasible for (67) and are binding at some constraints. Compute the
maximum value of left-hand sides of the constraints above when evaluated by p! = w.
Since the subadditive polytope II(C,,,b) is bounded, the maximum value is strictly

positive. Then, the first step size #; can be given by the equation,
1
6 x max{LHS,(i,5,k) = LHS,(i,j,k) :i+j+k=0b modn}= 7

Let E! consist of the rows which are the coefficient vectors of the constraints yielding
the maximum value of the left-hand sides LHS (4, j, k) = LHS,(i,j, k) evaluated
by p! = w. The feasible solution @' = ¢° + 6;p! = f,w is binding at the constraints
corresponding to the rows of E'. The number of constraints to enumerate for the
maximum value is n multiplied by the number of nonzero components of p* = w that
is at most n|M]|, since we don’t need to enumerate the constraints with all 0 terms in
their left-hand sides evaluated by p' = w.

Let 7 > 2 and consider the restricted problem to E7~! of the dual problem of the

problem (66). The phase 1 of the restricted problem has the following dual problem
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with a feasible solution p = 0:

max ~ wp (68)
st  ET'p<o0

pi > —1ifw; <O0.

The objective w is sparse for subproblems (C,,, M,b) with |M| < n and there are
only small number of upper bounded variables p; < 1 and lower bounded variables
pi > —1. Almost all variables are unrestricted in sign. If the optimal value of (68)

T—1

is 0, the current solution ¢ is optimal. Otherwise, its optimal solution p” is a
nontrivial improving direction for the next feasible solution ¢ = @™ ! + 0. p7. If

LHS,-(i,j, k) is strictly positive, the step size 6, should satisfy

LHS,(1,7,k) = LHS,~—1(1,7,k) + 0-LHS,(1,7,k) <

| —

Therefore, the step size 6., 7 > 1, is given by

T — LHS (i, ], k)
67- _ . 2 %) v J
mm{ LHS, (i, 5, k)

i+ j+E=0 modnandLHSpT(i,j,k)>0}.

The binding constraints of @™ consists of the constraints yielding the minimum value
0. and the constraints from E™~! which correspond to i + j + k = b mod n with
LHS,(i,j, k) = 0. The inductive construction of ¢” terminates as an optimal solution
@ = " for (66) when 0 is the optimal value wp™! of the restricted Phase-1’s dual

problem,

max  wp
st E'p<O0

pi > —1if w; <O0.
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As an example, let’s consider the cyclic group subproblem (Cs, M = {1,2,4},b =

7). Our initial linear programming relaxation is

min tl + t2 + t4

t 1t—|—2t +4t >1

S — — —

71 72 74_
t> 0.

containing the mixed integer cut restricted to M with an initial basic solution (t; = 7).
The basic feasible solution ' = (£} = Z) is its first solution infeasible for (Cs, M =
{1,2,4},b = 7) in simplex method iterations. We generate a cutting plane by shooting

in the infeasible solution ' = (£} = E) to cut off. Let’s solve the following problem

equivalent to the shooting:

max 2@3 (69)

st QOGH(Cg,?)o—fTo.

To solve it by using primal-dual simplex method, set the initial improving direction

pt=w = (p} =7/4). The step size 0* = 2/7 is decided at two constraints

1
—901—802+903§§

1
+801+<P2+903§§-

That is, p' = 61p* = (p} = 1/2) is binding the two constraints above. Let E' be the
coefficient matrix corresponding to the two constraints.

The dual of Phase 1 restricted to E! is

7

max - pg
st —pr—p2+p3<0
p1+p2+p3 <0

ps < L.
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Since 0 is an optimal solution to the problem, ¢! is optimal for (69). Translation

of p! = (p} = 1/2) by the natural interior point 7 and restriction to M induce the

cutting plane
= (m=¢r+m=1/2,m =g+ =1/2,m=1— (p3+ 73) = 0).

We go on the primal cutting plane algorithm with the stronger relaxation aug-

mented by m,; above,

min tl —+ t2 + t4

t 1t—|—2t+4t >1
S f— — —
St gl gl 2

1t+1t >1
it gl =
t>0.

An initial basis may be ¢; = 7 and the surplus variable of the second constraint equal
to 5/2. The first infeasible solution is £ = ({2 = 2,#? = 5/4) in which we shoot to

generate the next cutting plane. Our second shooting is

5)
max —2p1 + 1903 (70)
st QOGH(CS,'?)o—’fT().
The feasible solution in primal-dual simplex method is

1 5 1 5
1 _ 1 1—_ 1:— 1:— —= 1:—— 1:—
pr=0p =g <p1 2, p3 4> (% 173 32>,

where 6! is given at the binding constraint
1 1
=201+ < 9
The dual of restricted Phase-1 is
2 D 9
max  —2py + VLE

st —2pi+p3<0 (71)
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An optimal solution p? = (p? = —1,p3 = —2,p2 = 1) is binding at the constraint

(71). The step size 6% = 3/128 is decided at

1
—pi—p e S (72)
The next feasible solution is
35 3 23
2 1, p2 2 2 2 2
¥ ¥ + (901 1287S02 64’(p3 128)
We solve the dual of restricted Phase-1 corresponding to (71) and (72),
3,9 3
max 2%+ =
st =2p]+p3 <0 (73)
—pi = py+p3 <0 (74)
pi>—1

p§<1.

Its optimal solution is
1 2
3 3 3 3
— e B Q|
Y <101 3 y P 3 y P3 )

binding at (73) and (74). The step size 6° = -5 is decided at the two constraints

(75)

DO | —

0} + 03+ ¢ <

35 < (76)

N | —

The next feasible solution is

. 1 . 1 1
3 2 3 3 3 3 3
— PP = (= b= =)
2 2 (901 6’¢2 67903 2)

We solve the dual of restricted Phase-1 corresponding to (73), (74), (75) and (76);
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ie.,

max —%ﬁ+1£
st =2p1+py <0
—pi — p3 + ps

pL+ps+p5 <0

3py <0
pr =1
p3 <1

It has p* = 0 as an optimal solution. Therefore, the feasible solution ¢? is an optimal

solution for (70) generating the cutting plane

2 1 1
30 (G+3)=0

1
= — Ty =
37 2

N —

+

D =

We augment it to have the stronger relaxation,

min tl + t2 + t4

t 1t +—2t +—4t > 1
S — p— —
71 72 74_
1t +—1t > 1
21 22_
1t +—2t > 1
31 32_
t>0,

and end up with optimal solution (¢; =ty = t4 = 1) for the cyclic group subproblem

(Cs,{1,2,4},7).
5.4 Wong-Coppersmith digraphs

We implement fractional cutting plane algorithm introduced in Section 5.2 to solve
the cyclic group subproblem (Com, M = {2° 2! ... 2m=1} 9™ — 1) with cost 1. The

cyclic group subproblem is the shortest path problem from 0 to b = 2™ — 1 in the
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circulant digraph Cay(C,,, M) with cardinality length 1 where n = 2™. The shortest
path is

om 1 =204t 4 4om L

That is, the optimal solution is t = (to0 = tg1 = ... = tym-1 = 1) = 1.

For m < 10, the fractional cutting plane algorithm augments the cutting planes in
Table 28 through Table 35 and yields the optimal solution ¢ = 1. The cutting planes
are generated in the order of the table by shooting over the subadditive polytope.

From 11 < m < 13, the fractional cutting plane algorithm takes too many hours
because of the big size of each shooting linear programming problem. For each shoot-
ing, primal-dual simplex method is implemented as introduced in Section 5.3. In-

stead of the trivial initial feasible solution ¢° = 0, we adopt the mixed integer cut

0 m

¥ =To
method. See Table 36 through Table 38.2

‘¢ — 7o as our initial feasible solution to speed up the primal dual simplex

We see the number of cutting planes is reasonably small in m. So, the running time

of our cutting plane algorithm depends on shooting linear programming problems.

2The C++ code of our cutting plane algorithm is written in Appendix A calling CPLEX for the
dual of each restricted Phase 1 in primal dual simplex method.
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Table 28: The facets 7t > 1 augmented for m = 3

order

90

o1

92

1: ] 0.142857142857143  0.285714285714286 0.571428571428571

2: 1 0.333333333333333  0.666666666666667

Table 29: The facets 7t > 1 augmented for m = 4

order 90 o1 o2 o3
1: | 0.0666666666666667 0.133333333333333 0.266666666666667 0.533333333333333
2: | 0.77TTTTTTTITITTS - 0.666666666666667 0.444444444444444 0
3: | 0.142857142857143  0.285714285714286 0.571428571428571 0
4: | 0.333333333333333  0.666666666666667 0 0
5: 1 0 0 0
Table 30: The facets 7t > 1 augmented for m =5
order T50 To1 To2 To3 Toa

0.032258064516129

0.6

1

0.0666666666666667

0.142857142857143

0.333333333333333

0.0645161290322581

0.4

0

0.133333333333333

0.285714285714286

0.666666666666667

0.129032258064516

0.8

0

0.266666666666667

0.571428571428571

0

0.258064516129032

0.266666666666667

0

0.533333333333333

0

0

0.516129032258065

0

0

0
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Table 31: The facets 7t > 1 augmented for m = 6

order 90 o1 T2
1: | 0.0158730158730159 0.0317460317460317 0.0634920634920635
2: 1 0.706666666666667  0.133333333333333  0.266666666666667
3: 1 0 0
4: | 0.0666666666666665 0.133333333333333  0.266666666666666
5: | 0.142857142857143  0.285714285714286  0.571428571428571
6: | 0.333333333333333  0.666666666666667 0
7: 1 0.032258064516129  0.064516129032258  0.129032258064516
order o3 T4 o5
1: | 0.126984126984127 0.253968253968254 0.507936507936508
2: | 0.533333333333333 0.853333333333333 0
3: 0 0 0
4: | 0.533333333333334 - 3.33066907387547e-16  1.11022302462516¢-16
5: 0 0 0
6: 0 0 1.11022302462516e-16
7: 1 0.258064516129032 0.516129032258065 0
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Table 32: The facets 7t > 1 augmented for m =7

order

90

o1

T2

93

0.0078740157480315

0.693121693121693

0.454545454545455

1

0.015873015873016

0.0322580645161291

0.0666666666666667

0.142857142857143

0.333333333333333

0.015748031496063

0.821869488536155

0.909090909090909

5.55111512312578e-17

0.0317460317460317

0.064516129032258

0.133333333333333

0.285714285714286

0.666666666666667

0.031496062992126

0.514991181657848

0.363636363636364

0

0.0634920634920633

0.129032258064516

0.266666666666667

0.571428571428571

- 1.11022302462516e-16

0.062992125984252

0.578483245149912

0.727272727272727

0

0.126984126984126

0.258064516129032

0.533333333333333

- 1.11022302462516e-16

1.66533453693773e-16

order To4 o5 To6
1: 0.125984251968504 0.251968503937008 0.503937007874016
2: 0.253968253968254 0.507936507936508 0
3: 0.484848484848485 5.55111512312578e-17 0
4: | 1.11022302462516e-16 0 0
5: 0.253968253968254 0.507936507936508 - 1.11022302462516e-16
6: 0.516129032258064 5.55111512312578e-17 0
7 0 0 0
8: 0 0 2.22044604925031e-16
9: 0 2.77555756156289%¢-16 - 2.22044604925031e-16
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Table 33: The facets 7t > 1 augmented for m = 8

order

90

Tyl

T92

To3

10:

11:

0.00392156862745098

0.333333333333333

0.333333333333333

0.7777TTTTTTITTI78

0.142857142857143

0.333333333333333

1

0.00787401574803143

0.0158730158730159

0.0322580645161292

0.0666666666666668

0.00784313725490196

0.333333333333333

0.333333333333333

0.666666666666667

0.285714285714286

0.666666666666667

0

0.0157480314960631

0.0317460317460316

0.0645161290322579

0.133333333333333

0.0156862745098039

0.333333333333333

0.333333333333333

0.444444444444445

0.571428571428572

- 1.11022302462516e-16

1.11022302462516e-16

0.0314960629921262

0.0634920634920634

0.129032258064516

0.266666666666666

0.0313725490196078

0.333333333333333

0.666666666666667

0

1.11022302462516e-16

0

- 1.11022302462516e-16

0.0629921259842515

0.126984126984127

0.258064516129032

0.533333333333333

order

T4

o5

96

o7

10:

11:

0.0627450980392157

0.333333333333333

0.333333333333333

0

1.11022302462516e-16

- 1.55431223447522e-15

- 2.22044604925031e-16

0.125984251968504

0.253968253968254

0.516129032258065

- 1.11022302462516e-16

0.125490196078431

0.666666666666667

0.333333333333333

0

2.22044604925031e-16

0

- 4.44089209850063e-16

0.251968503937008

0.507936507936508

0

0

0.250980392156863

0.666666666666667

0

0

2.22044604925031e-16

0

1.66533453693773e-16

0.503937007874016

0

0

2.22044604925031e-16

0.501960784313725

0

0

0

- 1.11022302462516e-16

1.11022302462516e-16

0

- 1.11022302462516e-16

1.11022302462516e-16

0

- 1.11022302462516e-16
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Table 34: The facets 7t > 1 augmented for m =9

order

50

Tl

T2

53

Ty

10:

11:

12:

0.00195694716242661

0.666666666666667

0.666666666666667

0.333333333333333

0.333333333333333

1

0.00392156862745108

0.00787401574803137

0.0158730158730157

0.0322580645161288

0.0666666666666666

0.00391389432485323

0.333333333333334

0.666666666666667

0.666666666666667

0.666666666666667

2.22044604925031e-16

0.00784313725490193

0.015748031496063

0.0317460317460316

0.0645161290322582

0.133333333333334

0.00782778864970646

0.666666666666667

0.333333333333333

0.333333333333333

3.33066907387547e-16

4.44089209850063e-16

0.015686274509804

0.031496062992126

0.0634920634920644

0.129032258064517

0.266666666666667

0.0156555772994129

0.333333333333333

0.666666666666667

0.666666666666667

0

1.18793863634892e-14

0.0313725490196077

0.0629921259842527

0.126984126984127

0.258064516129032

0.533333333333333

0.0313111545988258

0.666666666666667

0.666666666666667

1.11022302462516e-16

3.88578058618805e-16

- 1.32116539930394e-14

0.0627450980392147

0.125984251968505

0.253968253968254

0.516129032258065

0

0.142857142857143

0.285714285714286

0.571428571428571

1.11022302462516e-16

0

order

Ty5

To6

o7

To8

4: -

10: -

11: -

12:

0.0626223091976517

0.666666666666666

0.333333333333333

1.11022302462516e-16

0

2.94209101525666e-14

0.125490196078431

0.251968503937007

0.507936507936508

1.11022302462516e-16

2.22044604925031e-16

2.22044604925031e-16

0.125244618395303

0.333333333333333

0.333333333333333

- 2.22044604925031e-16

2.77555756156289¢-16

- 5.6621374255883e-15

0.250980392156863

0.503937007874016

0

- 1.11022302462516e-16

- 1.11022302462516e-16

2.22044604925031e-16

0.250489236790607

0.666666666666666

0

4.9960036108132e-16

0

0

0.501960784313725

0

1.11022302462516e-16

1.11022302462516e-16

5.55111512312578e-17

0

0.500978473581213

0

0

1.66533453693773e-16

- 1.11022302462516e-16

- 2.22044604925031e-16

0

0

5.55111512312578e-17

0

2.22044604925031e-16

- 2.22044604925031e-16
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Table 35: The facets

mt > 1 augmented for m = 10

order

T50

Tyl

T2

T3

T4

10:

11:

12:

0.000977517106549365
0.333333333333334
0.333333333333328
0.333333333333347

1
0.0019569471624265
0.00392156862745069
0.00787401574803143
0.0158730158730159
0.0322580645161287
0.0666666666666668

0.142857142857143

0.00195503421309873

0.666666666666667

0.666666666666666

0.666666666666693

0

0.00391389432485334

0.00784313725490215

0.0157480314960631

0.0317460317460316

0.0645161290322582

0.133333333333333

0.285714285714286

0.00391006842619746

0.666666666666667

0.666666666666669

5.55111512312578e-17

0

0.00782778864970635

0.0156862745097943

0.031496062992126

0.0634920634920637

0.129032258064516

0.266666666666667

0.571428571428573

0.00782013685239492
0.666666666666667
0
1.11022302462516e-16
0
0.0156555772994129
0.0313725490196082
0.0629921259842525
0.126984126984127
0.258064516129033
0.533333333333333

5.55111512312578e-17

0.0156402737047898

0.333333333333334

0

2.22044604925031e-16

0

0.0313111545988258

0.062745098039215

0.125984251968504

0.253968253968254

0.516129032258066

2.22044604925031e-16

1.11022302462516e-16

order

To5

T56

o7

o8

T59

10:

11:

12:

0.0312805474095797
0.333333333333334
- 2.66453525910038e-15
4.44089209850063e-16
- 1.11022302462516e-16
0.0626223091976517
0.125490196078432
0.251968503937007
0.507936507936509
1.11022302462516e-16
5.55111512312578e-17

0

0.0625610948191593

0.333333333333334

- 8.88178419700125e-16

- 9.2148511043888e-15

- 2.22044604925031e-16

0.125244618395303

0.250980392156863

0.503937007874016

1.11022302462516e-16

2.22044604925031e-16

- 3.33066907387547e-16

- 1.11022302462516e-16

0.125122189638319

0.333333333333333

0.250244379276637

0.500488758553275

- 1.77635683940025e-15

- 1.84297022087776e-14

3.33066907387547e-16

0.250489236790606

0.501960784313725

1.11022302462516e-16

- 2.22044604925031e-16

1.66533453693773e-16

1.11022302462516e-16

0.333333333333333 0
0 0

0 0
4.38538094726937e-15 0
0.500978473581213 0

1.11022302462516e-16

0

- 1.11022302462516e-16

1.11022302462516e-16

5.55111512312578e-17

0

1.11022302462516e-16

- 1.11022302462516e-16

1.11022302462516e-16

- 2.22044604925031e-16

0

2.22044604925031e-16

99




SUBPROBLEMS

CHAPTER 5.

PI-9L9L80LCESTTITT T 71-269¢70060CLTT7SE T 66TT8SELY8L600S 0 906.L9€C68709C 0 €96€8T9¥¥CSTI 0 €T
TI1-9€GGTLEBTRGLYLL'E V1-9€8L69TLTCLLRSGLE T TI-9C68T7E9E9IBEBLIT T GT-96STVLIBTE696E6°S GT-968C9GTIGLECEGLLT s
GT-9CLGLTET6SCOLOT G TLTESGGR8GL88T00S 0 GE99LT6LETITOST 0 8TEVEI6BITTCTSTT 0 T6ST618760T95C90°0 It
V1-9C0CSTLYS80TICY T VI-9T6E9E€STL6CSEVT'T GI-96905€80€ 186788 % GT-998LE99G6C019€SS"C GT-9GVTI8LOBLB8LLLBE'T 0T
GI-9L6GL9TGLT8EEBR'9 VI-9TV9G8GLIVELGIT T G1-9€09CSTI6TLYLTE L GT1-9C6.L8¥991209L66°C GT1-9LCT0TE668CETY'T ‘6
V1-98T99G80L8G8LET T G1-9G8GL6CEEVOTS66°G G1-9YC695LTST0OTLET € GT1-9G200¥76E€89GEILL'T 91-9GCT00L6TVBLISY 8 ‘8
V1-9G200V6E€89GE9LL T PI-9G10V9€0TVI8SE90°T G1-9GL00C81S0L06CE S G1-2990%S0810086¥°'C GI-9E€68TEBLYIGLILT'T L
V1-989CL08¥CVS999C'1T GT1-9L6GLITGLTREEB8 9 GI-966LEEILET6ITTT € GT-966891889S780CL T 900¥L8L00LEGEOS 0O ‘9
VI-9TC06VETEE0660S T TI-9G9LVTIETI609€T0'T GI-9FC8ELSTT8V08IC S CILETEVS8LO96TOS O 7989GTC6E0860SC 0 e
GT-96T09S6C9L9CCEE’'T 9T-9760SLLVTIREETIO9 9T-9LPGLRELO6990EE € 9T1-92S€9009967791C L 91-91€09¢6¥09¥¥02C T v
LT-98LGTCTECTISTITISS G 9T-2916C9¥C0€TCOTT T €EEELEEEEEEERST O £99999999999999°0 L99999999999999°0
0 G0 o] g0 g0 ‘C
92¢9C6865¢¥¥C005°0 €9C97662¢12C105C°0 TE€TEL6VI0TI0GCT 0 LG9G98¥CES0€SC90°0 6¢82EVCI9CG9CTE0 0 ‘T
01%y 6%y 8%y L2y 9%y I9pio

G099.L6160€229290°0 TGT886STSTITIETE00 ¥CIV66CLLSSSISTO 0 8T90L6¥988L.LC8L000 €CEGBYTETH68ET6E00°0 ¥89CTFCITLY69S6100°0 ‘€T
GT-9GTVT8LOBLSLLLIE'T 9T-9760GLLVIBEETI9'9 9T-9LVGL8ELO6990EE € 9T-91€0586¥09770CC T 19999999999999°0 G0EEEEEEEEELEEE 0 as
G6L9607L7S08C1€0°0 868L¥0LELTOVISTO O G876£TS89€T0T8L00°0 SVL6T9T¥8900T6€£00°0 €L860€TCV¥E0SS6T00°0 79€67S90TLTISLL6000 0 It
9T-98LGCTIECTISITTIGS S 91-9G088T98G08LG8R'E 91-99142¢9¥C0€CCOTT T CGG8CTVILG8TVTILG O 9LTVTLG8TVTILGBT O 8ECTLGBCVILG8TVT O 0T
91-929€9009967V91T L 9T-9LVGLBELO6990EE E €TEEEEEEEEEEEET0 699999999999992°0 6CEEEEEEEEEEEET 0 L¥799999999999990°0 ‘6
91-2€9004860C680V¥ 1 79084CCE06CTITS 0 LTO6TTITSY9084C 0 €19¥9085CCE06CT 0 C9GCTEO6CTITETI0°0 T8CT9TE¥9085CTE0 0 ‘8
9679€6L099€6.L05°0 €92896€£5T896E£5T 0 €CIV869C1¥869C1°0 2190C67€9026¥€90°0 90€09VLTE09VLIED O €9T0ELBETOELRSTO0 L
G00LE6E0S8961ST 0 T0989619C¥86SCT 0 667C¥865C1266290°0 CGCIT66T909671€0°0 9290967 TE08TLSTO 0 9CTE08VLSTOVL8L0O00 ‘9
6C¥8L096T06¥SCT 0 8GTC6E086087.LC90°0 69096T06VSTLETED O GE€0860STLTIBISGTO 0 99T06¥STLETETRLO00 9805¥7.LT989STC6€00°0 g
LT-98LGCTIECTISTITTSS G 0 LT-98LGCTIECTISTITTISS G 0 0 T v
£99999999999999°0 L99999999999999°0 GL0 €EEELEEEEEELEER0 GL8°0 GL8°0 ‘€
g0 G0 g0 G0 G0 S0 4
VIVIICIEE9CEISTO 0 TL0Z809S9TE918L0O0 0 9€0T¥08C8GT806£00°0 81490C0VI6L0¥S6T00°0 6849C0T0LS6€0LL6000°0 G6CTS098L6T149887000°0 ‘T
gy ¥y €Ty 2%y 1%y 0%y I9pio
IT = W I0] U@PQ@EW.D@ T N RIARHISIOLCI S IV ) :9¢ olqeld,

100



SUBPROBLEMS

CHAPTER 5.

V1-9VC8ELGTTRVO81C S

€1-9LT86EC806STO6T T

P1-96L808SC8710590°C

71-9C8C868976S1S6' 1

PI-989TTC8LLLTESLO'E

VI-96678LVCIVI8I8L 8

V1-96LVSC8V996618°C

VI-9LESOVLLYYVOS6T 9

VI-9€V1188E€609686¢C 1T

VI-97609LLYVIBEETI9'9

PI-96€0L0TOTECEESL'T

LT-98LGTCTIECTISTITISS S

0

TTTT00TCT100S 0

V1-9C0€9CI86SELEII E

VI-9LV89TETITL8SS06'9

12ST6869CT¥C00S 0

T1-9€6CLYV.LB0TTOCTO €

T1-98790LG8EETV609'T

VI-96T8S8LY8ILLTIR T

VI-9720EVL668ESGLEI T

V1-9889V.L8TEVE6TIST T

GT1-979€9L6.L08C9T0T'8

V1-9€890016¥98€906°G

PI-9619€909G9L99.LE°T

91-9919¢9¥C0ETTOTT'T

g0

S0T900S0T90052 0

9VTEGERBGLEVT00S 0

V1I-9670€89E€8368€9T°€

LGTIY66C1CCI0ST 0

PI-9L0L6EIGETESSTT'T

GT-9€TTOELLLE09E66 L

71-2960C8L8EVTVIVE T

GT-96TISTLB6V69LET'S

V1I-9GL9T70606S18€95°€

G1-9C¢81886E0V1ETSOV

V1-9C6C09SVCE6TES6 T

GT1-9L6GLI9TGLTREEBR'9

€EEEEEEEEEEEVET O

g0

G2S0€092S0€0STT 0

GT99LC6LEVYTOST 0

VI-9VCSTIV8I6LV6TIEL T

8CTEL6VI0TI0SCT 0

GT-9T09LGELTTSOT L

GT-980E€TTITI6TST8LOT T

V1-9L9L80LCESYCICT T

GT-969GLGE6VLYS88TIT T

GT-9TETS890VELBSGTE 6

GT1-9799949465C16€590°C

9CTIBGELY8LE600S 0

G1-9607¥76C0S6L698€°C

L99999999999999°0

g0

GCITSTSTITETSTI0°0

80€8E968TTTISTI 0O

GI-9TLETI68TLILEYSG'S

G¥9598¥CES0€SC90°0

GT-9G0088LIETLTSS €

GI-97999GS6S9CT6ES0°T

GT-99€8E¥S€99CC90T 9

GT-98L8LIVLECV60T T

SI-9YVP61CSESTVL09' T

CILETEPBLO96T0S 0O

99G06.L9€C6870SC 0

G1-9CCGLVVETTIEVSS'T

L99999999999999°0

g0

€TEILGTTEILETTED O

YSI618V60195C90°0

GT1-998908¥¥98GETVLT T

728CEVCTI9CS9CTED 0

GT-9GC00F6E89GEILL'T

GT-96E6EELBTTLYSO' T

GT-9C6L8V99TT09L66°C

GT-96E6ECLBTTILYSO'T

€V6EL8L0O0LEGEDS O

6G89G126€08605C°0

6LCS6E8TIVYCSTT 0

91-9GCT00L6TVB8LI8S'8

L99999999999999°0

g0

9GT88CISTIRVTISTO 0

Rt

an

IT

‘0T

L%y

9%y

T1%y 01%y 6%y 8%y 1opI0
69L9607.L7S0821€0°0 788LYV0LELTOVISTO O €¥6€TSG89ETOTRL0O00 CTIL6TITFBI00T6E£00°0 TS860€TCFE0SS6T00°0 CYI6¥S90TLTISLL6000 0 s
G1-9906T10868VE6VIT T 9T1-9€8ETE60LG689€ET 6 9T-98LGCTECTIGITTIGS S 9T-9LVGLBELO6990EE E 967999999999999°0 8VTEEEEEEEEEEEE 0 €1
TV9121E€€9C€95T10°0 670C809591€918L00°0 8G0T¥08T8ST806€00°0 €¢90C0V16L0¥S6100°0 8L¥COT0LS6€0LL6000°0 TTIZTS0S8L6TS887000°0 Eqs
91-929€9009967191C L 91-9¢E€T180T9€00966 1 91-91€0SC6¥097V0CT T TTIG8CVILERTVILG O GGTVTLG8TVILE8T O 8CTLGBTVILSGSTYT O ‘1T
91-9€9005860C680V¥ 1 91-968C9GTIGLGSEGLLT TOEEEEEEEEEEEET 0 $999999999999¢°0 GCEEEEEEEEEEEET 0 7299999999999990°0 ‘0T
GT1-996EVCEBOTO8S6T T CL6LGTTEOBCTIITS O T968CT9TST908SC 0 T6¥¥9085CTEO6CT 0O 29¥CTEO6TTIITETI0°0 TETTITSTI08STTEO O ‘6
Z879€6L099€6L0S5°0 €E€T8IBEGTV/IGEST O VCIV869CTIV869C1°0 L6S0T67€90T67€90°0 66C09VLTE09VLTIED 0 67T0EL8STOELBSTO 0 ‘8
TL69E6E0S8I6T1ST 0 98¥89619C¥865CT 0 6E7C¥869C1C66390°0 8T21¢6629096¥1£0°0 T90967T1€087LSTO0 €¥0€08VLSGTOVL8LO0 0 L
8TV8LO96TO6VSTT O ¥1T6£086057L890°0 €L096T067STLETED0 G€0860S9¥LT989ST0 0 TLTO6V7SCLETETBLOO0 T60S7LTI89GTT6£00°0 9
L6€9L6160€8C9290°0 TIC8B6SVSTITIIETED O GOTV66CLLGGSI9STO0 ¥2S0L6V988LLT8LO00 C9TE8YTEV6I8ET6E00°0 8CITVCTITLY6956100°0 g
91-9G088T98G08LG88°¢ 91-91€0926¥097V02T ¢ 91-991429¥C0€CTOTT T LT-98LGCTETICGTITTISS G 0 T v
£99999999999999°0 L99999999999999°0 GL0 €EEEEEEEEEEEEER O GL8°0 GL8°0

G0 g0 G0 g0 g0 g0 ‘C
T8LOVVI8LOVYI8L00°0 16€0TL06€£0CL06€00°0 G6109€96T09€S6100°0 LL60089.60089L6000°0 88¥700¥88700%88%000°0 ¥¥2002¥¥c002¥¥2000°0 1

gy Ty €ty gty 1%y 0%y Iopio

¢T = w I0J pojuowisne | < 71 sj90v] oY, :LE O[qel,

101



SUBPROBLEMS

CHAPTER 5.

VI-9799699CT9LGE98°E

€1-9LLT00CLITV0L69°E

V1-9€€50CCTI8CLIESE T

V1-9L9L80LTESYTICT T

PI-967S18LGLV0E80G €

€1-9200CEVOTTIVETSO'T

TI-9€VTI188E€609686C T

TI-9€LCS6ST9SGC60C9'T

€1-9€99949C6098¢L"T

GT-9T98E8VLVEVGTEY L

VI-9€€1C88YTI69V IV 6

GI-96TTISTILB6V69LET'S

LT-98LGCTIECICTITISS G

0

¥.L09270190005°0

71-2980€6960TEV8TT 9

€1-98CTE6SGL8LEIOSG T

880CCT00TZCT00S 0

V1-989CL08¥CVS999T 1T

VI9IVI6VVELELILY'C

71-9G8GL6CEEV0TS66°S

PI-961S€909G9L99.LE°T

GTI-9LLEIT667908T66°8

VI-°6CT16CCLLET8TT 6

GT-9T80908CL6GTELL G

VI-9T1C90T0SLTT60LG'8

G1-9€90049860C680T¥ 1

91-9914929¥C0ECTOTIT'T

g0

L8E0ETCS0E00ST 0

897C6865C¥¥C005°0

€1-999TTGES0T6TOST T

¥701900S0T900ST 0

G1-988006LE68VTLIT 9

P1I-9GT0V9€0TVI8SE90°T

P1-9707909€T80LTE0 T

GTI-9F8YFTITC00S09TL L

GT-98%790LG8EECTV609'T

VI-9V9GSGTI988TIVLE ¥

GTI-9T¥SC0V986L5988°C

VI-91€S0SL8097S8T ¥

GT1-9G0088LIETLTSESG '€

€EEEEEEEEEEEVET O

g0

GE€6TS909CSTOSTT 0

8€TIV66CTTTT0ST 0

V1I-9G7¥L00C6969C96°V

¢250€09250€052C1°0

GI-97¥0S68971VC9801°€

GTI-9€T1CET68009LTLT 9

V1-9780C18966VCE6T T

GI-966LEEILETEITTT €

GT-9607762096.L698¢€°C

V1-9C8LTLOEV6S0LST T

GTI-9LCTOTEGESTETTY' T

€9TE€GG8GL88TV00S 0

VI-9€V1188€609686C°T -

£99999999999999°0

g0

GL9692€0€9L05C90°0

6TTEL6VI0TI0SCT O

P1-9G8¢599€0701605°C

T9CST1SC9CET1SC90°0

G1-9CCGLVYVETTIEVES T

G1-9Y¥0S689717C9801 €

G1-9GG9886V9CV6V8ET L

G1-96689T1889ST780CL T

GT-9TFIGRGLIVELGIT T

VI-9T6E9ESTL6TSETVT T

S0TTI8GELYBLE00S 0O

6999LC6LEVVTOST 0

VI-9G0LSVTLIBEBLET T

£99999999999999°0

g0

8E86CITSIVESCIEN 0

7695987V C€490€9290°0

VI-9€V9C8LT0TSSVST T

P0E9LGTTEILETTED O

9T-9T9LETLTTIGTLL L

GI-996E7CES0T0O886V T

GTI-9LCYV6VCETLYTCO6IL'E

9T-9GCTO0L6TVS8LI8R'S

9T-98LGCTECTISTTITES S

L8GETEFVLO96TOS 0

906.L9€2687052°0

VLT8EI968TTTTISTI O

9T-9760GLLVISEETI9'9 -

£99999999999999°0

g0

6T167185L069C9GT0°0

CT

s

€T

Eqs

‘1T

‘0T

T1%y

118y

01%y

6%y

8%y

L8y

Iopio

L6LTEVTI9CSGICTED O

GT1-9TL0CV8PSTLOS0'9

TS188CIGTI88TISTO 0

9T1-9G088T98G08LG88'E

OT-PT9LETLITOSTLL L

GT-9LLTIBTIVIGLELER'T

91-2€9005860T68077 ¥

L66€L8LO0LEGEOS O

GLLIGTT6E08605C°0

€0E€SG6E8TIVYTSTT 0

€9VI61I8760195C90°0

9T-OT9LETLTITISTLL L -

L99999999999999°0

g0

76SVL06LESTETRLO00

86E9TCTEEITEISTO0

GI-98TI6TILLIEETTIESO'E

9GL0¥VI8LOVYI8LO00

91-91€09C6¥097702T T

9T-968C9GTIGLGGGLL'T

9T-P€8ETE60LS689ET 6

L8V9€6L0G9€6L0S°0

6669€6€09896152°0

€CV8L0O96TO6VSCT 0

L6V9L6160€CC9C90°0

G699607L7S08C1€0°0

GI-96109S6C9L9CCEE'T -

L99999999999999°0

g0

L6TLEG6892L906€00°0

LLBTB09G9TE9T8LO00

G1-9CCGLYVETTIEVES T

S6£0CL06€0CL06€00°0

LT-98LGTIECTICTITTISS G

91-°1€0SC6¥097702C T

G6L9CCEO6CTITS 0

672896€59C896€49C°0

G8961SCV86SCT 0

6S616€086057.L290°0

6VC886SVSTITIIETIEN 0

GTLLVOLELTOVISTO O

GI-91CVV9CT6LETISLT E

L99999999999999°0

S0

67989L7T7E9EES6T00°0

800T¥08¢8ST806€00°0

9T-98LGCTECISTITITIGS S

78T109€96109€S6100°0

LT-98LGTTIECIGTITTISS S

€6CEEEEEECEEEEET 0

TL68TTIITSTI08SC 0

CTI¥869CTI¥869CT 0

GCV¥86SC1IT66290°0

6CT96T06VSCLETED0

€IV66CLLGSS9STO 0

9E€V8ETIRIETOCRLO00

LT-98LGTTIECICTITISS ¢

GgL0

S0

€VTEVBETLIRIILE000 0

L9900V 16L07S6100°0

91-°99€8€EVSE€99CCI0T 9

€L60089.60089.6000°0

GG8CVTLG8TYILG O

77999999999999¢°0

L8¥¥90852CEO6CT 0

190267£90T6¥€90°0

6¥C1C6629096¥1€0°0

G86.L60STVLTI8I9GTO0

GE€90L67988LLTRLOO0

LS96192¥890016€00°0

0

€EEEEEEEEEEEEER O

g0

TT91C619807E887000°0

L9€C0T0LS6€0LL6000°0

961999999999999°0

G.800788700¥887000°0

GLTVTLSGS8CYTILSR8T O

TTEEEEEEEEEEEET 0

9€¥CTEO6CTIITSTI0 0

70E09VLTE09VLTIEO O

¥29096¥1E€08VLSTO 0

LT668VSTLETEVSLO0 0

LTES8YTEVERET6E00°0

7E€860€TCVE09S6100°0

0

G180

g0

TI80960€¥0LT¥¥C000 0

TTIZTS0S8L6TS88T7000°0

8LOEEEEEEEEEEEE 0

17002772002V ¥2000°0

8ETLGEBTVILGS8TYT O

1799999999999990°0

8TCTITSFI08STTED 0

CSTOEL8STOEL8STO0

9CTE08VLSETOV.L8LO00

8G6¥V.LC9I899TC6€00°0

G9CVCITLY69G6100°0

CVI6VS90TLTSGLL6000°0

TL8866666666666 0

G180

S0

S0708¥ST1CS808CT000°0

‘6T

s

RS

an

IT

‘0T

9%y

GCy

oy

€y

zly

1%y

0%y

Iopio

e] = W 10J pojuemISNe T < 24 S390€] 9], :8€ O[qelL

102



CHAPTER VI

DUAL OF SHOOTING

6.1 Complementary relaxation of shooting

Assuming |M| < n, the objective v of the linear programming problem for shooting in
v is sparse with almost all components v; = 0 for ¢ € M. We want to take advantage
of 0-valued components to reduce the size of the problem. Let’s attempt to find a
clue in the complementary relaxation of shooting.

Consider the triple system of the subadditive inequalities suggested by Ellis John-

son for the proof of Theorem 18 in Gomory [12]:

(C,,b) = {reR{ 1.
7T,L+7TJ:7Tb:11fZ+]Eb modn,

mi+mj+m>m=1ifi+j+k=0b modn},

where none of 4, j, k is b. The shooting linear programming problem can be written

as

min T
st T >0,
T Z 1

m+m;>1ifi+7=0 modn,
m+m; <1lifi+j=b modn,

mi+mi+m>1ifi+j+k=0b modn. (77)
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CHAPTER 6. DUAL OF SHOOTING

Its dual is

max 1.(Oé,ﬁ+, _6777)
st f=ae, + BT - BT +~T <w (78)

(C(?/BJ’»?ﬁi?Py) 207

where the rows of T2 and T are the indicating vectors of solutions with cardinality
lengths 2 and 3, respectively. Some rows t of T2 and T may contain a nonzero
component t, > 0 at a half h with 2h = b mod n. That is, we consider all possible
complementary pairs and triples including the halves h with 2h = b mod n. Since
the nonnegativity ¢ > 0 is redundant in the master cyclic group polyhedron P(C,,,b),
there exists an optimal solution (&, B, B_,&) such that the equality f = v in (78);

ie.,

[ = ae

n Z <B+(@'+j5b modn)—ﬁ_(i—i-ij modn)).(e,;—i—ej)

i+j=b mod n
i+j+k=b modn
= v>0.
Let’s define the complementary relaxation of the shooting linear programming

problem to be

min s
st T>0
T Z 1

m+m;>1ifi+j=b modn,

m+m+m,>1ifi4+j+k=b modn.
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The dual of the relaxation is written as

max (o, 67,7).1
st f=ae,+ BT +~T3<w
(a, B7,7) = 0.

We think of the nonnegative dual variables (a, 87, 7) as the flows going through
the paths from 0 to b in the circulant digraph Cay(C,,,b) corresponding to the solu-
tions in ey, T2, T3, respectively. At an optimal solution (&, 31, 7), the flow & over the
arc (0,b) is trivially equal to the capacity vp. For v; = 0 with i« b mod n, all 0 are
the nonnegative dual variables corresponding to the pairs and the triples summing

up to b containing ¢. That is,

BHi+j=b modn)=0 if any of v;,v; is 0

F(i+j+k=b modn)=0 if any of v;, v;, vy is 0.

Therefore, the dual problem (78) of shooting contains only the constraints with
strictly positive right-hand side v; > 0 and only the variables, 7 (i + j = b mod n)
with both v;,v; > 0, v(i+j+k =b mod n) with all v;,v;,v; > 0. The dual problem
of complementary relaxation has only polynomially many variables and constraints.

Let’s go back to the shooting linear programming problem (77) keeping in mind
the polynomial size of dual problem of complementary relaxation. The dual problem
of shooting relaxes the nonnegativity of 5% in (78); i.e., the dual problem of the

shooting linear programming problem is

max (@, 8,7)-1
st e, + BT*+~T3 <w (79)

(a,7y) > 0.

Consider the sum of all components in (79). If we increase a variable 5(i +i = b

mod n) by 1, then the objective value will increase by 1 and the left-hand side of the
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sum of the components in (79) will increase by 2. That is, a B-variable contributes
to the objective value’s increase by 1/2 per increase of the left-hand side of the sum
of the components of (79). A ~-variable does by 1/3. Therefore, the maximizing
problem (79) tends to increase [S-variables first. That is, negative S-variables tend to

get some penalty and to be held up.

6.2 Network flow on covering space

The directed graph B,, of only one node and m loops is called the bouquet of m
circles (or m-bouquet). Consider the circulant digraph Cay(C,, M) with |M| = m,
and assign each group element in M to a loop of B,,. We say the group element j
on a loop to be the woltage of the loop. The covering projection o of Cay(C,, M)
onto B, is the onto function which maps each arc of Cay(C,, M) labeled by j to
the loop of B,, with voltage j for all j in M. Note that the same number of arcs
(n arcs) in Cay(C,, M) are mapped to a loop of B,,. At each node of Cay(C,,, M),
an arc labeled by j is going out and is coming in, as an arc (a loop) with voltage
j is going out and coming in at the node of B,,. In topological sense, the covering
space Cay(C,, M) is locally isomorphic everywhere to the image B,, of the covering
projection. See Figure 17.

Reversely, Cay(C,,, M) can be derived from B,, by the voltages. In general, the
graph (V, E) derived by the voltages j in a group G' on the arcs (u,v) of a base graph
(V,E) is defined by V =V x G and the arcs ((u,i), (v,i+ j)) for all i € G' and all
the voltages j. The derived graphs are completely equivalent to the regular covering
graphs of their natural covering projections onto the base graphs. For covering space
in topology, refer to Kwak and Shim [24], and Gross and Tucker [14]. For now, we
only need to see the graph derived from B,, with the set M of voltages in C,, is exactly
the circulant digraph Cay(C,, M).

A flow F is a real valued function on the paths from 0 to b in Cay(C,,). As usual,
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o=(0(0,1)=0(1,2) =0(2,4) = 1)
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3 - J—3 J—=2 . J—1 .
i1 i1+ io Yoty st b Dot i 2is1 i

0 b_Z] 1% modn

Figure 18: Decomposition of a path with cardinality length > 4.

the flow F, at path p is nonnegative for all the paths p. The flow o’ in arc form with
respect to a flow F' is the real valued function whose value on each arc (i, + j) is the

sum of flows at the paths containing the arc (i,i + j); i.e

Fli i+ 9) ZF

p3(3,i+5)
If a function o on the arcs is o' for some flow F, it will be called a flow in arc form.
What is the projected image o(c) of a flow o in arc form? The base-flow o(c); on
the loop with voltage j of a flow ¢ in arc form is defined to be the sum of flows over

the arcs labeled by j; i.e.,

o(0); = oliyi+j).

1€Chp

It is given by projecting down and accumulating the flows over the arcs labeled by
j in Cay(C,) onto the loop of B, with voltage j. The base-flow has the capacity v;
ie.,

o(0); <wjforall j € M.

For example, see Figure 17 again. The flow 0 = (¢(0,1) = 0(1,2) = 0(2,4) = 1) in
arc form is projected onto the base-flow o(0) = (0(0)1 = 2, 0(0)2 = 1).

Let e, or e(p) denote the flow with all 0 components but 1 at the path p. The
flow F, at a path p of cardinality length > 4 with the ordered list of nodes p =

(0,141,171 + i9, ..., ijl i; = b mod n), can be decomposed into the flows at paths of
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cardinality lengths 2 and 3 alternatively,

o = F,.0% =
e(0,i1,i1+132,b)
+F,.0
_ e(O,i1+iQ,b)
F,.o

4 F 0-9(0,1'1 +i2,i1+i2+i3,b)
-

4,002 i 2]72)
—P’p-O’e(O’Zj;12 ij’b)

+Fp'ae(0,z;’;f i, igb)
See Figure 18. The corresponding base-flow is

o(o"7er) = Fy.0(0®)
— p-Q (O_e((),il,il—i-iz,b))
_ p-Q (Ue((),i1+i2,b))

+F,.0 (0%t tiztis D)
+F,.0 (ae(OvE;-’;f ijE;-’;f,b))

. p-Q (0_8(0,2]];12 ij,b))

+F,.0 (ge(0723']=_12 i3 ij,b))
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That is,

o(c"™ ) = F,.0(c®)
= F,. T?(iy,d9,b — (i1 + 12))
—F,. T%(iy + 9, b — (i1 +i2))

+F, T3y + 4,43, b — (i1 + ig + i3))

‘ J-3 J—-2
+F,.T° (Z ijigab— Y z'j)
j=1

j=1
J—2 J—2
—F,.T? <Z ij,b— ¢j>
1 j=1
2 J—1
+Fp.T3 <ZZ],ZJ 1,0 Zij =1; mod n> ,
Jj=1 Jj=1

where T2(i,b — i) = e; + ey,—; and T3(i,5,k) = e; + e; + e, are respectively the
rows of T? and T2 in (78) corresponding to the complementary pairs and the triples
t+ 7+ k =b mod n. The nonnegative value F,, contributes to the dual variables ~

corresponding to the triples for 1 < k < J,

k—1 k
(Z@) + i + (b— ZZ]> =0 mod n.
j=1 j=1
The nonpositive value —F), is added to the dual variables [ corresponding to the

complementarities for 1 < k < J — 1,

(g%> + (b—gz‘]) =b mod n.

Therefore, we can transform a flow F' to the dual variables (o, 3 = + — 37,7) in the
dual of shooting linear programming problem (78).
Reversely, we can compose the optimal solution («, 3 = 8+ — 37,7) in the dual

of shooting linear programming problem (78) to a flow F' exhausting back flows 5.
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Assume that 8(i +i = b mod n) < 0. Since all v;,v; are nonnegative, there should
be positive vy-variables,
yi+j+(b—i—j)=b modn)and y(i+k+ (b—i—k)=0b modn),
where the two 7-variables are assumed to correspond to a pair of different triples. If
there are no such pair of different triples, then split the positive y-variable into half
and half, and substitute them for the two y-variables above. They are composed into
apathi+k+ (b—i—k)=0b mod n of cardinality length 4:
5(0,7)(e: + )
(2, 5,0 — i = j).(€; + € + epi—j)
+y(1, k0 — i —k).(e; + ey + ey_;_p)
—v(j,b—i—j,k,b—i—k).(e; +epij+er+ e i)
(b —i =gk b—i—k).(ej +eij+ep+e,;y)
= {B(i,1) +v(j,b—i—j,k,b—i—k)}.(e; + e) (80)
+ {4 b—i—j) =0, b—i—j.kb—i—k)}.(ei+e; +epiy) (81)
+ {y(G,kb—i—k) =G, b—i—jg kb—i—k)}.(e; +e,+e_ip) (82)
+ Y, b—i—j,kb—i—k).(e; +ep_ij+er+ e i) (83)
The scalars of (80), (81), (82), (83) are new dual variables 3(i,4), v(i,7,b — 1 — j),
v, k,b—1—k), v(j,b —i— j,k,b—1i—k) of the shooting LP
min o7
st =1
mi+mj=1fori+j5=0 modn

T+ 7 +m =b modn,
augmented by the redundant inequality
7Tj + 7Tb_,‘_j + Tk + Ty—i—k Z 1.
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We increase the new dual variable v(j,b — i — j, k,b — i — k) until one of (81) and
(82) gets 0. The nonnegativity of v enables us to repeat the process until all dual
variables are nonnegative. Note that the process does not change the objective value
that is the sum of all dual variables.

Therefore, the dual of shooting linear programming problem is equivalent to the

max flow problem subject to base-flow with capacity v,

max Z F,
p
st o(o") <w

F is a flow on Cay(C,,) with source 0 and sink b.
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C++ CODE FOR WONG-COPPERSMITH

//Shooting with Primal-Dual
//Wenwei Cao and Sangho Shim
//Last update: 10/1/2009
#include <ilcplex/ilocplex.h>
#include <vector>

#include <list>

#include <math.h>

#include <time.h>

ILOSTLBEGIN

int exp2Func(int exp);

const int PARAM = 14;// m

const int ORDER

exp2Func (PARAM) ; //n
const int RHS = ORDER - 1; //b

const double EPSILON = 1.0e-9;

class Triple

{
public:

Triple(int ii,int jj, int kk)
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{
i=1ii;
=133
k = kk;
}

int i,j,k;//set public for convenience
protected:

private:

+;

class 0ObjCoeffTuple
{
public:

ObjCoeffTuple(int ind, IloNum coe)

{
index = ind;
coeff = coe;
}

int index;//set public for convenience
IloNum coeff;
protected:

private:

I
int exp2Func(int exp)
{

int n = 1;
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for (int i=0;i<exp;i++)

{

n=mnx*x 2;
}

return n;
}

static void
shooting (IloModel model, IloNumVarArray var, IloRangeArray con, int mm,

vector<0bjCoeffTuple>& objCoeff);

int sgn(int i, int b)
{

if (1 >= (b+1)/2 )

{

return 1;

}

else

{

return -1;
}

}

int parityFunc(int i, int b)
{
if (1 >= (b+1)/2)

{
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return b-i;

b

else

return i;

bool isSolRight (IloNumArray& val)

{

int 1i;

for (i = 0; i < val.getSize(); i++)

{

if (fabs(val[i] - floor(val[i]+0.5)) > EPSILON )
{

return false;

}

}

int sumOfVal = O;

for (i = 0; i < val.getSize(); i++)

{

sum0fVal += (exp2Func(i) * int(floor(valli] + 0.5)));
}

return (sumO0fVal % ORDER == RHS);

3

IloNum lhsVal(IloNumArray& solVals, int i, int j, int k) /+*size of solVals
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must be (RHS-1) / 2, back to originalx/

{

return ( sgn(i, RHS) * solVals[parityFunc(i, RHS) - 1]
+ sgn(j, RHS) * solVals[parityFunc(j, RHS) - 1]

+ sgn(k, RHS) * solVals[parityFunc(k, RHS) - 1] );

b

void shootingPrimalDual(IloEnv env, IloNumArray& tVals,
IloNumArray& shootingSolVals, int iterOfShooting)

{
IloNum theta = IloInfinity;

char strBuf[40];

//initialize shootingSolVals (phi)

for (int i=0; i<shootingSolVals.getSize() - 1; i++)
{

shootingSolVals[i] = (i + 1) / ORDER - 0.5;

+

shootingSolVals[shootingSolVals.getSize() - 1] = (RHS - 1) / 2 / ORDER

- 0.5;

IloNumArray phiBar(env, shootingSolVals.getSize());

for (int iterNum = O; ;iterNum++ )

{

//rebuild model for efficient cleaning

IloEnv subEnv;
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IloModel subPrimalDual (subEnv);

IloObjective subObj = IloMaximize(subEnv) ;

IloNumVarArray subVar(subEnv);//rho

IloRangeArray subConRho(subEnv);/*constraints associated with rho,

second kind of constraints*/

//add rho’s

for (int i = 1; i <= (RHS-1) / 2; i++)

{

subVar.add (IloNumVar (subEnv, -IloInfinity, IloInfinity));
sprintf (strBuf, "rho_%d", 1i);

subVar[i-1] .setName (strBuf) ;
subPrimalDual.add(subVar[i-1]);

}

//set obj coeff for rho’s (w) and subConRho

int conRhoIndex = O;

for (int i=0; i < tVals.getSize() - 1; i++)

{

sub0Obj.setLinearCoef (subVar [exp2Func(i) - 1], -tVals[i]);

if (tVals[i] > 0) //w_exp(i) < O

{

subConRho.add (IloRange (subEnv, -IloInfinity, 1));

subConRho [conRhoIndex] .setLinearCoef (subVar [exp2Func(i) - 1],

-1);

conRhoIndex++;
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sub0Obj.setLinearCoef (subVar [RHS - exp2Func(PARAM - 1) - 1],

tVals [PARAM - 11);

if (tVals[PARAM - 1] > 0) //w_exp(i) > O

{

subConRho.add (I1loRange (subEnv, -IloInfinity, 1));
subConRho [conRhoIndex] .setLinearCoef (subVar [RHS -

exp2Func (PARAM - 1) - 1], 1);

conRhoIndex++;

by

subPrimalDual.add (sub0bj) ;
subPrimalDual.add (subConRho) ;

IloCplex subSolver (subPrimalDual) ;

int sizeE = O;
IloRangeArray subConEscratch(subEnv) ;

cout << "Enumerating triples to get E from scratch..." <<endl;

for (int i=1;i<RHS;i++)
{
for(int j=i;j<RHS;j++)
{
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if ( ((1 + j) % ORDER != 0) && ((i + j) %ORDER != RHS))

{

int k = (RHS - i - j + ORDER) % ORDER;

if (k >= j)

{

//use this triple to get E

if ( fabs(lhsVal(shootingSolVals, i, j, k) - 0.5) < EPSILON)
{

//add ijk to E

subConEscratch.add(IloRange (subEnv, -IloInfinity, 0));

int coeffl = 0;
int coeff2 = 0;
int coeff3 = 0;

int p_i = parityFunc(i,RHS);
int p_j = parityFunc(j,RHS);
int p_k = parityFunc(k,RHS);

int flagl

Il
©
e

int flag2 = O;
int flag3 = 0;

coeffl = sgn(i,RHS);

//p-J

if (p_j == flagl)

{

coeffl += sgn(j,RHS);
}

else
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{
coeff2 = sgn(j,RHS);

flag2 = p_j;

//p_k

if (p_k == flagl)

{

coeffl += sgn(k,RHS);
}

else

{

if (0 == flag2)

{

coeff2 += sgn(k,RHS);
flag2 = p_k;

}

else

{

if (p_k == flag2)

{

coeff2 += sgn(k,RHS);
}

else

{

coeff3 += sgn(k,RHS);
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flag3 = p_k;

}

}

subConEscratch[sizeE] .setLinearCoef (subVar[flagl-1],
coeffl);

if (flag2 > 0)

{

subConEscratch[sizeE] .setLinearCoef (subVar [flag2-1],
coeff2);

if (flag3 > 0)

{

subConEscratch[sizeE] .setLinearCoef (subVar [flag3-1],
coeff3);

}

}

sizeE++;/*because we added one constraint,
we need to update the last index*/

}

L

if (sizeE > 0) subPrimalDual.add(subConEscratch);//-——————————————-
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cout << endl << "Subproblem Iteration: " << iterNum + 1 <<

" (Shooting Iteration: " << iter0fShooting +1 << ")" <<endl;
subSolver.solve();

// get sub solution (rho)

IloNumArray subSolVals(subEnv); //rho

subEnv.out() << "Sub 0Obj Value = " << subSolver.getObjValue() << endl;

subSolver.getValues(subSolVals, subVar); //rho

if (0 == subSolver.getObjValue())//optimal
{

subEnv.end () ;

break; //all opt obj == 0, optimal

}

/*else, continue to calc theta and do NOT keep thetalist,
b/c we don’t need it in ScratchEx/

theta = IloInfinity;

cout << "Enumerating triples to get theta..." <<endl;
for (int i=1;i<RHS;i++)

{

for(int j=i;j<RHS;j++)

{

if ( ((4 + j) % ORDER != 0) && ((i + j) %ORDER != RHS))
{

int k = (RHS - i - j + ORDER) % ORDER;

if (k >= j)
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{

//update theta

IloNum lhsRho = lhsVal(subSolVals, i, j, k);
if ( lhsRho > EPSILON)

{

IloNum thetaCurrent = ( 0.5 - lhsVal(shootingSolVals, i, j,

k)) / 1lhsRho;

if ( thetaCurrent < theta )

{

theta = thetaCurrent;

S R I a2 =B e

cout << "theta: " <<theta <<endl;

if (theta == IloInfinity) { cout << "ERROR in Primal Dual: Unbounded!"

<<endl; break; }

for (int i=0; i<shootingSolVals.getSize(); i++)
{

shootingSolVals[i] += theta * subSolVals[i];

}
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subEnv.end () ;
}
}

int

main(int argc, char **argv)
{

//initialize

IloEnv env;

int 1i;

char strBuf[40];

clock_t start,finish;

double totaltime;

try {

start=clock();

cout << "Building Initial Relaxation of Cyclic Group Problem." <<endl;
IloModel masterProblem (env);

IloObjective masterObjective = IloAdd(masterProblem,
IloMinimize(env)) ;

IloNumVarArray masterVar(env);//t

IloRangeArray masterCon(env);

//Build Relaxation Model---——————-——-——————————————

//feed initial constraints
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masterCon.add(IloRange(env, 1, IloInfinity));

for (i = 0; i < PARAM; i++)

{

masterVar.add(IloNumVar(env, O, IloInfinity));
sprintf (strBuf, "t_%d", i+1);
masterVar[i] . setName (strBuf);

}

for (i = 0; i < PARAM; i++)
{

masterObjective.setLinearCoef (masterVar[i], 1);

b

for (i = 0; i < PARAM; i++)
{
masterCon[0] .setLinearCoef (masterVar[i], double(exp2Func(i))/RHS);

+

masterProblem.add(masterCon) ;

IloCplex masterSolver (masterProblem) ;

masterSolver.exportModel("InitialRelaxation.lp");
//Build shooting problem model----—-————————————————————————————
int i;

IloNumArray shootingSolVals(env, (RHS-1) / 2); /* store shooting
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problem solutions*/
for (int iterNum = 0; ;iterNum++ )
{
//Solve current Relaxation
masterSolver.solve();
IloNumArray solVals(env);
env.out() << "Relaxation Obj Value = " << masterSolver.getObjValue()
<< endl;
masterSolver.getValues(solVals, masterVar);

env.out() << "Relaxation Solution = " << solVals << endl;

//check if current solution is integral

if (isSolRight(solVals))

{

cout << "Total Number of Cuts Added: " << iterNum << endl;
break; //optimal, TERMINATE.

}

cout <<endl <<"----Shooting Iteration: " << iterNum + 1 << " ----" <<endl;

shootingPrimalDual (env, /*vecTriple,*/ solVals, shootingSolVals,

iterNum) ;

cout <<"Adding a cut to Relaxation." <<endl;
IloRange aCut = IloAdd(masterProblem, IloRange(env, 1,

IloInfinity));
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for (i = 0; i < PARAM - 1; i++)

{

aCut.setLinearCoef (masterVar[i], shootingSolVals[exp2Func(i) - 1]
+ 0.5);

}

aCut.setLinearCoef (masterVar [PARAM - 1], - shootingSolVals[RHS -
exp2Func (PARAM - 1) - 1] + 0.5);

}

//get Final Relaxation solution

IloNumArray masterSolVals(env);

env.out() << "Final Relaxation Obj Value = "

<< masterSolver.getObjValue() << endl;
masterSolver.getValues(masterSolVals, masterVar);

env.out() << "Final Relaxation Solution = " << masterSolVals << endl;
masterSolver.exportModel ("FinalRelaxation.1lp");

finish=clock();

totaltime=(double) (finish-start); //in millisecond

int minutes = int (totaltime / (60*CLOCKS_PER_SEC));

totaltime -= minutes * (60*CLOCKS_PER_SEC) ;

int seconds = int (totaltime /CLOCKS_PER_SEC);

cout <<"\nTotal Time: "<<minutes<<" min "<< seconds <<" sec."<<endl;//-——-
}

catch (IloException& ex) {

cerr << "Error: " << ex << endl;

}
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catch (...) {

cerr << "Error" << endl;

b

env.end() ;

return O;

}
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master binary group problem, 48
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master knapsack problem K(n), 19
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plus level set, 57
polar cone, 58

reverse polar cone, 55

shooting, 55

shooting experiment, 59
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interior point, 59



shooting for the knapsack problem, 70
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