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SUMMARY

In this thesis we develop integer programming approaches for solving network flow
problems with equal-split restrictions. Such problems arise in traffic engineering of internet
protocol networks that utilize shortest path based routing methods and use multiple paths
for routing. Equal-split structure is used in protocols like OSPF and IS-IS that allow flow
to be split among the multiple shortest paths. Equal-split assumptions also arise in peer-
to-peer networks and road optimization problems.

First we consider a general multi-commodity network flow problem with equal-split
restrictions. This problem is NP-hard in general. We perform a polyhedral study on mixed
integer linear programming formulation for this problem. Valid inequalities are obtained,
and are incorporated within a branch-and-cut framework to solve the problem. We provide
fast separation schemes for several of the valid inequalities. Computational results show
that our approach outperforms default CPLEX. On average, the number of nodes and
computational time decreased by a factor of 30 and 90 respectively, with our approach.

Next, we consider the OSPF weight setting problem. Under the OSPF protocol every
link in the network is assigned a weight, and flow is routed on shortest paths that are cal-
culated with respect to these weights. If there are multiple shortest paths for some source
destination pair, then flow is split equally among the outgoing arcs on the shortest path.
OSPF weight setting problem is to determine the set of weights such that if flow is routed
based on OSPF protocol, some measure of congestion in the network is minimized. We
propose an integer programming formulation for this problem. A decomposition based ap-
proach to solve the problem is presented next. Valid inequalities, exploiting the structure,
are obtained for this problem. We also propose heuristic methods to get good starting
solutions for the problem. The proposed cutting planes and heuristic methods are inte-
grated within a branch-and-cut framework to solve the problem. We present computational

experiments that demonstrate the effectiveness of our approach to obtain solutions with



tight optimality gaps as compared with default CPLEX. On average, we are able to provide
solutions with worst case optimality gap of 4.6% as compared with default CPLEX’s gap
of 35.1%.

Finally, we consider an equal-split flow problem on bipartite graphs. This problem is
shown to be NP-complete in general. We present an mixed integer programming linear pro-
gramming formulation for this problem that models the equal-split in a different way than
the multi-commodity network flow problem discussed before. Valid inequalities and heuris-
tic methods for this problem are proposed, and are integrated within the branch-and-cut
framework. We present computational experiments demonstrating the effectiveness of our
solution strategy. We present an alternate formulation for the problem with some favorable
polyhedral properties. Lastly, a computational comparison between the two formulations is

presented.
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CHAPTER I

INTRODUCTION

1.1 Introduction

In this thesis we study network flow problems with equal-split restrictions. An equal-split
restriction at a given node in the network requires that the flow out of the node has to be
split equally among the set of chosen outgoing arcs. Consider a single node with positive
flow coming in b and three outgoing arcs as shown in Figure 1. If arcs 1 and 2 are chosen
to route flow then the equal-split restriction requires that the incoming flow b has to be

equally split among arcs 1 and 2 and the outgoing flow on these arcs should be % and the

S
3

flow on arc 3 should be 0.

Figure 1: An equal-split system

Equal-split network flow problems arise in traffic engineering of internet flow networks.
The optimization goal of traffic engineering is to make efficient use of network resources for
routing flow in Internet Protocol (IP) networks. Open Shortest Path First (OSPF) [25][51]
is the most commonly used intra-domain routing protocol in IP networks. Under OSPF
protocol, traffic flow in an Internet Protocol (IP) network is routed on the shortest paths,
based on pre-assigned weights on the network links, between each source and destination.
If there are multiple shortest paths from some source to destination then the flow is split
equally among all the outgoing arcs that are on the shortest paths. Intermediate System to
Intermediate System (IS-IS) [56] is another example of the shortest path routing protocol

that splits the flow equally on multiple shortest paths.



Equal-split restrictions on the flow add discrete structure to the network flow problems.
This is different than just discrete version of the network flow problem where the flow on
each arc has to be integral. In our problem the flow can be fractional, but the fractionality
of the flow on any given arc depends on the amount of incoming flow as well as the number
of outgoing arcs chosen.

While there exists efficient polynomial time algorithms for solving min cost network flow
problems [3], with the equal-split restriction, the network flow problem becomes NP-hard,
in general. Also for certain classes of equal-split network flow problems it is NP-hard even
to get a constant factor approximation algorithm. So there is need for integer programming
(IP) based approaches, to provide good solutions with quality guarantees.

In this thesis we develop IP based approaches to equal-split network flow problems.
Our general approach is to consider simple subsystems of the problem, study the related
polyhedra of the subsystems and derive valid inequalities. Since these inequalities are valid
for subsystems, which are relaxations of original system, these inequalities are also valid
for our original problem. For some families of valid inequalities we show that they are
facet defining. For most of the families we also provide fast separation routines, to find
violated inequalities at a given fractional solution. We provide computational experiments
to demonstrate the effectiveness of these valid inequalities within branch-and-cut schemes.
We specialize some of our results to the OSPF weight setting problem and an equal-split

problem on bipartite graphs.
1.2 Integer Programmaing

In this section we provide a brief introduction to integer programming. We discuss the
concepts of polyhedral theory used in this thesis. Nemhauser and Wolsey [53] and Schri-
jver [65] are comprehensive references for integer programming and polyhedral theory. The
background presented in this section can be found, in much more detail, in both of these
references.

Integer programming deals with maximizing or minimizing a linear function over many

variables subject to (a) linear constraints and (b) integrality constraints on some or all the



variables. A general mixed integer linear program (MILP) is given by:
min{cz + hy : Az + Gy < b,x € Z,y e R } (1)

where Z"} is the set of nonnegative integral n-dimensional vectors, Rﬁ is the set of nonnega-
tive real p-dimensional vectors, and = = (x1,...,z,) and y = (y1,...,yn) are the variables.
An instance of the problem is specified by the data, (¢, h, A, G,b), with ¢ an n-vector, h a
p-vector, A an m X n matrix, G a m X p matrix and b a m-vector. The linear programming
relaxation of an MILP is obtained by relaxing the constraints z € Z} to x € R’}. Non
negativity restrictions on the decision variables can be removed, but it is common in most

of the integer programming problems.
1.2.1 Polyhedral Theory

Let X be the set of feasible solutions of (1). The convex hull of X, denoted by co(X), is

given by:

co(X) = {(x,y) e R 3t yh),. .., (2%, 9F) € X and Ay, ... M\ € Ry
k

st (x,y) = Z)\i(xi,yi),Z)\i = 1.}

i=1 i=1

The convex hull of a set of discrete points can be defined by a finite set of linear
inequalities and therefore is a polyhedron. The inequalities that are necessary and sufficient
to define the convex hull are the facets of the polyhedron. We now present some definitions
and basic results from polyhedral theory. Let P C R™ be a polyhedron. Denote by dim(P),

the dimension of polyhedron P.

Definition 1. P has dimension m if and only if the maximum number of affinely indepen-

dent points within P is m + 1.

Definition 2. An inequality mx < mg is called a valid inequality for P if it is satisfied by all

the points in P.

Definition 3. If nz < my is a valid inequality for P, and F = {x € P : 7x = mo}, F is

called a face of P.



Definition 4. A face F' of P is a facet of P if dim(F) = dim(P) — 1.

An inequality is called facet-defining if the face induced by the inequality is a facet. All
the facet-defining inequalities of the polyhedron P = co(X) are valid inequalities of co(X),
hence are valid for X as well.

We now give a theorem that characterizes facets and is used in this thesis to establish
when a valid inequality is facet defining. For a polyhedron P = {z € R" : a'x < b;, i =
1...m}, equality set is defined as: M~ = {i € {1,...,m} : a’x = b; Vx € P}. Denote the

matrix defined by the indices of the equality set of P as (E=, f~) of size |[M~|.

Theorem 1. Let (E=, f=) be the equality set of the polyhedron P C R™, of size my, and
let F = {x € P:mx < m} be anon empty face of P, 'S P. Then the following two

statements are equivalent:
i. Fis a facet of P.
1. If \x = \g for all x € F then

(M o) = (ar +uE=, am +uf~) for some a € R' and some u € R™
Definition 5. A point © € P is an extreme point of P if there do not exists x', 2% € P,
x! # 22, such that x = %xl + %1‘2.

Theorem 2. If P # (), and there exists at least one an extreme point of P, and max{cx :

x € P} is finite, then there is an optimal solution that is an extreme point.
This fact leads to the following theorem:

Theorem 3. The problem (1) is equivalent to:
min{cx + hy : (z,y) € co(X)} (2)

Thus if we know all the facets of X, then the integer program (1) can be solved as a linear
programming problem (2).
The aim of polyhedral study is to utilize the structure of the feasible region of the

integer program, to develop valid inequalities or cutting planes to strengthen the linear



programming relaxation. We hope that the valid inequalities developed are facet defining
for the convex hull of the feasible set. The aim is to characterize all the facet defining
inequalities for the convex hull, but it is not possible in general because of the inherent
complexity of the problem. So at best we can hope to provide partial description of the
convex hull. However, experimental results have indicated that even identifying simple
small classes of valid inequalities, are very useful in solving integer programming problems
using branch-and-cut. In this thesis we perform polyhedral studies for developing useful

cutting planes for the equal-split polyhedron.
1.2.2 Branch-and-Bound for solving MIPs

Solving MIPs is NP-hard in general. So enumeration based methods are required for get-
ting optimal solutions to MIPs. The branch-and-bound algorithm is the most practical and
most used method for MIPs. It was first proposed by Land and Doig [44]. The branch-
and-bound algorithm explores the feasible region by partitioning it into smaller regions

and smartly discarding some, based on bounds. The basic algorithm is presented below:

Branch-and-Bound Algorithm:

Step 0 Initialize first node, k = 1, set zpp = —o0 and zyp = +oo and X, = Xpp (the
linear programming relaxation of X).
Step 1 Solve the LP

2z, = min{cx + hy : (z,y) € Xi}.
Let (Z,y) be an optimal solution.

If LP is infeasible, remove node k, Goto Step 3.
If 7 € Z1, and 2, < zyp set zyp = 2, remove node k and Goto Step 3.

If z;. > zypB, remove node k, Goto Step 3.

Step 2 (Branching) Since z is not integer there exists j s.t. Z; ¢ Z,. Create two node k;

and ko and partition X into two regions X, and X}, where:

Xi, = {(z,y) € Xp 22 < |75}



and
Xi, = {(z,y) € Xy, : 25 > |7;] + 1}
Mark k as processed.
Step 3 If all the nodes are processed, set zp = zyp. Otherwise, let z* = min{z; :
Vk not processed}. If z* > zp g, set zpp = 2*.

Step 4 If z;p = zyp, terminate. Else select an unprocessed node and goto step 1.

The above description is the most simple branch-and-bound algorithm. More sophisti-
cated node selection and branching techniques have been proposed and shown to work very
well in practice. See Nemhauser and Wolsey [53] for more details.

At every node of the branch-and-bound algorithm, we need to solve a linear programming
relaxation to get lower bounds. So a tighter LP relaxation will provide better lower bounds
and possibly lead to exploration of lesser number of nodes. In order to make the LP
relaxation tighter, violated valid inequalities or cutting planes, can be added at any of the
fractional nodes within the branch-and-bound. This version of branch-and-bound method
is called branch-and-cut. Refer to Crowder and Johnson [27] for more details. Such an
approach has been demonstrated to be significantly superior to the straightforward branch-
and-bound method. This emphasizes the need and importance of polyhedral studies for

solving integer programming problems.

1.3 Owerview of contributions

1.3.1 Equal-Split Multi-commodity flow problem

In Chapter 2, we consider a general multi-commodity flow problem with equal-split restric-
tions. This problem is similar to the general multi-commodity network flow problem but
with the additional restriction that the flow outgoing from each node has to be equally
split among the chosen arcs. This problem is NP-hard. We provide a mixed integer linear
programming formulation (MILP) for the problem. Because of the weak linear program-
ming relaxation of the mixed integer program we focus on developing cutting planes for this
problem. We consider several simple subsystems of the problem and exploit the equal-split

structure to generate cutting planes. We show that some of these valid inequalities are



facet defining for the subsystems considered and we develop fast separation procedures for
most of them. The effectiveness of these cutting planes within branch-and-cut schemes is
demonstrated by performing computational experiments and comparing it with the default

branch-and-cut algorithm of CPLEX [26].
1.3.2 OSPF weight setting problem

In Chapter 3, we consider the OSPF weight setting problem. The OSPF weight setting prob-
lem is a traffic engineering problem for Internet Protocol networks that use OSPF [25][51]
routing protocol. Under the OSPF protocol, flow is routed on the shortest paths, which are
calculated based on weights on the arcs. If there are multiple paths of equal length, then
the OSPF protocol stipulates the flow to be equally split among the outgoing arcs on the
multiple shortest paths. These weights are pre-assigned and can be changed by network
administrator. Given an IP network and traffic flow that need to be routed, the OSPF
weight setting problem is to determine these set of weights such that, if the flow is routed
based on the OSPF protocol, some measure of congestion in the network is minimized.
For this problem we propose a mixed integer linear programming formulation (MILP).
We propose a decomposition based approach for the problem. Computational results indi-
cate that this approach does not provide good results and also does not provide better lower
bounds than the linear programming relaxation. In order to strengthen the linear program-
ming relaxation, and to obtain better lower bounds, we use valid inequalities from Chapter
2 and develop specific families of valid inequalities for the problem. We propose heuristic
methods to get good starting solutions to warm start the branch-and-bound procedure. We
incorporate our valid inequalities and heuristics are within a branch-and-cut algorithm to
solve the OSPF weight setting problem. Computational results, experimenting with some
problems form literature and some randomly generated problems, are provided to demon-
strate the effectiveness of the solution strategy. We implement two of the many heuristic
methods from the literature, to get a comparison with our heuristic methods. Also, to
see the additional benefits of these heuristic methods when incorporated with our cutting

planes. The results from these heuristic methods are compared with our heuristics and



also the traditional recommendations for setting the OSPF weights as proposed by CISCO
[24][25].

1.3.3 Equal-Split problem on bipartite graphs

In Chapter 4, we study an equal-split flow problem on bipartite graphs. This problem is
a variant of the assignment problem. We are given two sets of nodes, sources and sinks.
Each source node has a positive incoming flow that has to be routed out but can be sent
to any of the given sinks. Each sink has a capacity on flow that can be routed to it. The
problem is to send the flow from sources to sinks such that all the flow is routed and the
capacity of the sinks is not exceeded. An additional requirement is that if the flow from a
particular source is routed to multiple sinks then it has to be equally split among them. It
is easy to see that for a given set of data this problem might not be feasible, so we allow
the flow assignment on the sinks to go over its capacity. The objective is to minimize the
sum of deviation over the capacity of the sinks.

To our knowledge no previous work has been done on the equal-split problem on bipar-
tite graphs. We show that this problem is N P-hard in general. We provide a mixed integer
linear programming formulation for this problem that models the equal-split restriction in
a different way as compared to the equal-split multi-commodity flow problem of Chapter
2. We develop valid inequalities that exploit the special bipartite structure, by studying
simple subsystems of the problem. Heuristic methods based on the integer programming
formulation are also provided for this problem. We provide computational tests on ran-
domly generated instances are provided to test the effectiveness of the cutting planes and
the heuristic methods. Next an alternate formulation to model equal-split restriction is
provided. The formulation proposed is shown to have favorable polyhedral properties. A
comparison between the two formulation proposed for the equal-split problem on bipar-
tite graphs is presented. This comparison is based on the optimal linear programming
solutions and the effectiveness of each formulation to solve the problem. The comparison
showed that the second formulation performed better in solving the problem with default

branch-and-bound. But adding cutting planes to the first formulation led to better results.



Finally, in Chapter 5, we provide a summary of our contributions, and propose directions

for further research.



CHAPTER II

EQUAL-SPLIT MULTI-COMMODITY FLOW PROBLEMS

2.1 Introduction

The network flow problem with equal-split restrictions is a generalization of the traditional
network flow problem. We are given a directed graph G = (V, E'), with V' the set of vertices
and F the set of arcs with capacities u, for e in E, and cost ¢, for sending unit flow on arc
e € E. We are also given a demand matrix D, where Dy represents the flow to be sent
from source s to destination ¢. In addition we have the restriction that, for each node in
the network if more than one outgoing arc is chosen to route flow, then the flow has to be
split equally among that node’s chosen arcs. We wish to route the flow from each source
to destination subject to the capacity requirements and equal-split restrictions at minimum
cost.

Equal-split problems arise in traffic engineering of internet protocol networks that utilize
shortest path based routing methods and use multiple paths for routing. Protocols like the
Open Shortest Path First (OSPF) [25][51] and the Intermediate System to Intermediate
System (IS-IS) [56] that allow Equal-Cost Multipath (ECMP) routing use the equal-split
structure. ECMP routing means that flow is split equally among multiple paths used
to send flow. Similar equal-split assumptions are also used in design of buses in embedded
systems [38]. The equal-split restriction for data communication is made for reducing power
dissipation. Equal-split allocation also arises in optimization of peer-to-peer networks [29]
, in road traffic optimization problems [30], and also in throughput maximization for a
multi-hop packet radio network using slotted ALOHA [55].

A related problem, called the Equal Flow problem, has been studied in the literature
in detail. In this problem we are given sets of arcs Ry,..., Ri and the restriction is that
flow has to be routed such that for each set R;, each arc in the set carries equal flow. The

integer version of the equal flow problem, where all the flows are restricted to be integer,

10



was first introduced by Sahni [63]. Ali et al. [5] showed that the integer equal flow problem,
where the flow has to be integer, is NP-hard in general. They also showed that the special
case when each set of arcs R; is of cardinality 2 is also NP-complete. Sahni [63] showed
that the maximum flow version of the equal flow problem is NP-complete. Also, Even et
al. [32] showed that the problem remains NP-complete even if each arc has unit capacity.
Srinathan et al. [67] showed that the problem is NP-complete even if we restrict that all
arcs from each set R; originate from a single node. Meyers [48] provided hardness results
for getting an approximate solutions for this problem.

Integer version of the equal flow problem finds applications in crew scheduling [23], esti-
mating driver costs for transit operations [72], and the two-duty period scheduling problem
[66].

Calvete [22] presented a version of the network simplex algorithm for solving the general
(non-integer) minimum cost equal flow problem. Ahuja et al. [2] studied the general (non-
integer) version of the equal flow problem, where there is only one set R, that they called the
simple equal flow problem, as a means of modelling a water resource management system.
They presented polynomial time algorithms for solving this problem.

The equal flow problem is quite different from the equal-split problem we study in this
thesis. For the equal-split problem, similar to the equal flow problem, we can say that we
are given sets R; for each node i; R; consists of all the outgoing arcs from node i. But
unlike the equal flow problem, where all the arcs in each of these sets have to carry equal
amount of flow, in the equal-split problem we can chose which arcs to use from R;, to send
the flow and the flow has to be split equally among only the chosen arcs. The equal-split

multi-commodity flow problem is NP-complete.

Theorem 4. The equal-split multi-commodity flow problem is NP-complete even for a single

source destination pair.

Proof. We will prove this result by reducing an instance of NP-complete problem X3C (exact
cover by 3-sets) [37] to the equal-split network flow problem. The proof is taken from Pioro

et al. [57], where the authors show that the OSPF weight setting problem is NP-complete.
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An instance of X3C consists of a set X = {x1,22,...,2,} of size p = 3¢ elements and a
family of subsets of X, C' = {C1,Cs,...,Cn}, C; C C, |Ci| =3 Vi=1,...,n. The question
is whether there exists a cover C’ C C of ¢ pairwise disjoint subsets of X.

Given an instance of X3C, we construct an instance of an equal-split multi-commodity
network flow problem with a single commodity as follows (refer to Figure 2): For every
set in the family C, construct a node C;, i = 1,...,n. For every element in X construct
a node z;, j = 1,...,p. Construct three more nodes, a source node s, a sink node ¢ and
an intermediate node t'. Source node s is connected to every node C;, and the sink node
t with arcs each with capacity of 1 unit. Nodes C; are connected with their elements (3)
x with arcs each with capacity of % For example in Figure 2, C1 = {1, 22,23} and node
(' is connected to nodes z1,x2 and z3 with arcs of capacities % each. All nodes z;’s are
connected to intermediate node ¢’ with arcs each with capacity of % units. Finally node ¢’
is connected to sink node ¢ with arc of capacity g. We need to send ¢ + 1 units of flow from

s to t. The question is whether there exists a flow assignment, satisfying the equal-split

restriction, that sends ¢ 4+ 1 units of flow from s to t.

)

‘ﬂ
@ @ @ .......
Capacities: 1/3

Figure 2: A single commodity equal-split network flow instance
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Suppose there exists a cover C’ C C consisting of ¢ pairwise disjoint subsets of X. Let
C' = {Ci), Ci2), -+, Ci(q}- Then the flow assignment of sending one unit of flow on arcs
(s,C4(;)), and sending % on arcs from Cj(;y to the three corresponding z’s. Sending % from
zj to t' (since C’ is a cover this flow will be ¢). Finally ¢ units on (¢,¢) and one unit
from (s,t). All the other arcs carry zero flow. It is easy to see that this flow satisfies the
equal-split restriction.

Note that the maximum flow from s to ¢ is at most ¢ + 1 (because of the capacities
of arcs (¥,t) and (s,t)). So if we have a flow of size ¢ 4+ 1, then the arcs (¢',t) and (s,t))
have to be saturated. Also all the arcs (zj,t') j = 1,...,p will have to be saturated as
well. Now suppose we have a flow of size ¢ + 1 from source s to destination ¢ satisfying
the equal-split restriction. Because of the equal-split restriction on source node s, there has
to be ¢ outgoing arcs from s other than (s,t) carrying one unit of flow. Let these arcs be

(Sa C’L

(j)) Jj =1,...q. Also, since all the arcs (z;,t') are saturated there will have to be %
flow coming into each node z;. This implies that the family C" = {Cj(), Cj(2), - - -, Cig)}
exactly covers X.

We have constructed a polynomial reduction from X3C to our problem where the answer

to the X3C question is "yes” if and only if the answer to the equal-split problem is ”yes”.

This shows that the equal-split multi-commodity network flow problem is NP-complete. [

In the next section, we present an integer programming based formulation for the equal-
split multi-commodity flow problem. Next, we study simple subsystems of the problem and
develop valid inequalities for these subsystems. A branch-and-cut implementation using
the cutting planes derived is presented next. Finally computational results are provided to

demonstrate the effectiveness of the cutting planes.
2.2 Problem formulation

The equal-split multi-commodity flow problem can be mathematically formulated as a mixed
integer linear programming (MILP) problem using the variables defined below:

Decision variables:

13



binary variable denoting whether arc e is chosen to carry flow for
the source destination pair (s, t).
15t flow on arc e for (s,t) pair.

d$t  dummy flow variables for splitting the (s,¢) flow for node v.

Let the set (v, —) denote the set of outgoing arcs from node v and (—,v) denote the set of
incoming arcs into node v. The constraints for the problem are defined as follows:

Flow conservation constraints:

Z It - Z =0 VoveV\{st}V pairs (s,t) (3)

e€(—,v) e€(v,—)

Z I3t — Z f$t = —Dgy V¥ sources s (4)
e€(—,s) e€(s,—)

Z fot— Z 5= Dy Y destinations ¢ (5)
e€(—t) e€(t,—)
3 < Mzst Ve V pairs (s, t) (6)

Constraints (3), (4) and (5) ensure that total inflow is equal to total outflow. Constraints
(6) force the flow to be sent on only arcs that are chosen. Here M is a large number that

can be set to max{Dg, uc}.
Flow splitting constraints:

fP<d Yee (v,—) Yw,V pairs (s,t) (7)

-t < M1 -2t Yee (v,—) Vw, V pairs (s,t) (8)

Constraints (7) and(8) ensure that each (s,t) flow is equally split amongst all the chosen

outgoing arcs. Here M is a large number that can be set to Dg;.

Capacity constraints:

S <ue Ve 9)
(1)

Constraint (9) restricts the total flow on an arc to satisfy the capacity.
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Using the variables and constraints defined above, a MILP model for multi-commodity flow
problem with equal-split restrictions is as follows:

min Z Ce Z ret

e (st)

st (3), (4), (5)
(6), (7), (8), (9) (P)

w € {0,1}, £ >0, &3 > 0.

e

For networks containing more than 25 nodes and 25 demand pairs, the above MILP is
very difficult to solve using a state-of-art MILP solver such as CPLEX. The main reason
is the weak linear programming relaxation and therefore slow convergence of the branch-
and-bound method. In order to strengthen the MILP formulation, we perform a polyhedral

study and develop valid inequalities. We present the valid inequalities in the next section.
2.3 Valid inequalities

In this section we develop valid inequalities for simple subsystems of the equal-split multi-
commodity network flow problem (P). Simple subsystems are studied because they are
easy to characterize and usually provide good insights for the whole problem. Since the
subsystem is a relaxation of (P) the proposed inequalities are also valid for (P). We consider

four different subsystems.
2.3.1 A simple single node system

Consider a single node system which has n outgoing arcs and a flow of b > 0 units coming
in, with the restriction that flow has to be equally split amongst the outgoing arcs that

carry positive flow. See Figure 3.

Denote f; to be flow on arc 7, x; to be a binary variable equal to 1 if and only if arc ¢
is used to send flow, and d to be a dummy variable used to ensure that we split the flow

equally. The system is given by:
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b /X2

Xn

Figure 3: A single node equal-split system

X! :{ (z, f,d) € {0,1}" x R" x R :

d<fi+b(l—az) i=1,....n }

The first constraint balances flow in to flow out; the second constraint enforces that the
flow can only be sent out on the chosen arcs; and the last two sets of constraints enforce

equal-split of flow among the chosen arcs. We can now state the following result for co(X1).

Proposition 1. The dimension of co(X?!) is:

0 ifn=1
dim(co(X") =14 2 ifn=2
2n ifn>3

Proof. For n =1 there is only one feasible point and for n = 2 there are only three feasible
points in X! (and it can be easily verified that these points are affinely independent), so the
result easily follows for n = 1,2. We know that the dimension of convex hull of X! can be

at most 2n, because of the equality constraint. And to show that the dimension is exactly
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2n, consider the following set of 2n + 1 points in X!, for n > 3;

r1T T2 ... Ip f1 f2 fn d
1 0 ... 0 b 0 ... 0 b
o 1 ... 0 0 b ... 0 b
0 0 1 0 b b
b b b

0 1 L0 = e i
b b b

L0 = pors v
b b b

1 ]. ... 0 m m 0 m
1 1 ...01 b bbb

To see that these points are affinely independent, let Ay, ..., Aop11 be the multipliers. Then

we have the following set of equalities,

At Angj A1 =0 Vi=1,...,n (10)
J#
b)\i+<b)z/\n+j+<b>)‘2n+1:0 Vi=1,...,n (11)
n—1) & n
J#
bZAi + <b> Z)‘m' + (b> A2nt1 =0 (12)
i n=17% ’ "
2n+1
> Ai=0. (13)
i=1

Subtracting (10) from (13) and (11) from (12) yields >Z.,; Aj + Ay =0 and b3, Aj +
(%))\n_i'_i = 0 respectively . Subtracting the above two we get A\,4; = 0 Vi. Plugging back
values of A\,yq, we get A; = 0 Vi, which yields A9, 41 = 0. The only solution to (10)-(13) is

A; = 0 for all 4. Hence the points are affinely independent and the result follows. O

We will now present some valid inequalities for the single node system defined above.
2.8.1.1 Family 1

Let us project out the variables f;, and then aggregate the x; variables to a general integer

variable z, i.e., z = > ' | ;. Note that z € {1,...,n}. Under this projection, the set X!

17



becomes:

Y={(d,z)eRy XxZs: dz=0b, 1 <z<n}.

Y is a two dimensional set with one general integer variable between 1 and n and one
continuous variable with one degree of freedom. Once z is chosen d is set to g. So the set

Y consists of following set of n points in R? :

(o1 (59)--(2)

The convex hull of these points can be constructed by joining consecutive points (%, k‘)
and (ﬁ,k—k 1> for k =1,...,n — 1, and the first (b,1) and the last (%,n) point. See

Figure 4 for details. Thus the convex hull of Y is given as follows.

b/3 |

b/4

b/n

Figure 4: Convex hull of the set Y

Theorem 5. The following inequalities define co(Y'):

k(k+1)d+bz>(2k+1)b k=1,....n—1, (14)

nd + bz < b(n +1). (15)
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The proof of the theorem (omitted here) is constructed by obtaining the convex hull of n
points in a two dimensional plane as discussed above (Fig 4. Valid inequalities (14) with z

replaced by > 7" | z; are also valid for X I and indeed are facet defining.

Proposition 2. The following inequalities are valid for X*

k(k+1)d+0> 2> (2k+1)b k=1,...,n—1. (16)

=1
Proof. Let Y., z; =1>1,thend = 5. We have k(k+1)2+bl—(2k+1)b =& ((1 — &)z — 1)
> 0 VI integer. O

Proposition 3. The family of valid inequalities (16) for X' are facet defining for 1 < k <

n— 2.

Proof. Consider all the points in X! that satisfy (16) at equality. It is easy to see that these
points are such that x; = 1Vi € I, z; = 0 otherwise, where I C {1,...,n} and |I| = k or k+
1. Now suppose such points satisfy the identity Y ;| Nixi + Y iy A fi + Aany1d = Ao for

some (), A\g) € R?"*2. Then (), \g) should satisfy the following set of equalities;

b b
DN+ T At Ao =X VIC{L,...,n}, |I|=k (17)
el k el k

b b
M 2 ST i b Ao = Ao VIC L. mY I =k+1 (1
; +k+1§ ++l<:+12+1 o VIC{ n}, || + (18)

From (17), taking appropriate sets I and subtracting we get \; + %x\nﬂ- =\ + %)\nﬂ.
Similarly from (18) we get \; + k%tl)\nﬂ- =\ + ﬁ:l)\nﬂ-. From these two equations we get
Xi = Aj and Ay = Ay Vi, j. Plugging back into (17) and (18) we get two equations with

four unknowns (we denote A; = A1 Vi and Ay = Ay Vi)

b
kA1 + b1 + %)\277,4»1 —X=0 (19)

b
1 PRI VT v 2
(k+1)A1 + bA +1+k+1)\2 +1—X =0 (20)

Both the equations (19) and (20) are linearly independent and hence the solution set is a

two dimensional linear subspace. A general solution to above equalities (19) and (20) is
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given by:

A b 0

)\n-i-l 0 1
= B+ 125)

A2nt1 k(k+ 1) 0

Ao (2k + 1)b b

To check the correctness of the solution, plugging the values into (19) we get:
b
kb + bpiz + + k(k + Dpa = ((2k + 1) + p2)b = 0
and plugging the values into (19) we get:

b
(k + 1)bpy + bus + mk(k + 1)1 — ((2k + 1)p1 + p2)b = 0.

Hence both the vectors of the solution belong to the two dimensional solution space. Also
since the vectors are linearly independent, they span the solution space.

So the general solution to (17) and (18) can be written as:

A1 b 0

An b 0

An+1 0 1
= nr + 2

)\Qn 0 1

Aont1 k(k+1) 0

Ao (2k+1)b b

The first vector is the vector defining the valid inequality (16) and the second vector is the
one defining the equality in the description of X!. Hence the result follows from Theorem
1. We also require 1 < k < n — 2 to get adequate number of affinely independent points for

the facet defining property. O

Separation

In order to use the valid inequalities (16) in a branch-and-cut algorithm, we need to separate
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them, i.e., find out which inequalities are violated at a given fractional solution. Since the
family of inequalities (16) is polynomial in size ((n — 1) for each node i), a straightforward
separation scheme could just go through each of them, but we can do better as shown next.

~

Given a fractional solution (X, d), let us define h(k) as

h(k) = k(k+1)3+b§n:@— (2k +1)b (21)
=1

as the difference between the left hand and the right hand side of (16). In order to find a
violated inequality of the form (16) we need to find a 0 < k < n — 1 such that h(k) < 0.
From the definition of h(k), it is clear that it is a convex quadratic function in k (since
d > 0 when b > 0). Let k* be the point where h(k) is minimized. We know that k* = %— z.
Now if h(k*) > 0 then we know that h(k) > 0 Vk, otherwise we can find the two roots k'
and k% of h(k) = 0 and h(k) < 0 for all the integers between (k!, k?), see Figure 5. This is
true only if both the roots of h(k) are real. If both the roots are not real then h(k) > 0 Vk.

This gives a constant time separation routine for the family of valid inequalities (16).

A

hio | g
h(k)>0

h(k)< 0, k; <k < k»

k K

>
E3 > I >

ks

Figure 5: Convex quadratic function h(k)

2.8.1.2 Family 2

We present another family of valid inequalities for X

Proposition 4. Let S C {1,...,n} and {fM,... fUSDY denote a permutation of {f;:
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i € S}. The following inequalities are valid for X :

|S]

E(k+1)d+b> 2 —bY xi+2) (k+i)f > (2k+1)b (22)
i¢S i€S i=1
VS:|S|<n—-2,1<k<n-—|S -1

Proof. To prove the validity of (22) consider a point in X! and let Y, z; = I, |S| = 0 and
Y ics Ti = m, 0 > m. We know that d = lj’ and the flow will be equal to % for all the arcs
with x; = 1. Now, among all the permutations of set S the smallest value of left hand side
: : : m o m b

of (22) is given by the permutation {fM), ..., f(™ . £} where f) = . = fim) = 7
and f(mt1) = = f(© = 0. The value of left hand side of the valid inequality in question

for this permutation becomes:

2kmb  m(m+1)b
+

b
k(k+1)7 +b(l = m) — bm + = z

l

hence we need to show that k(k + 1) + b(l — m) — b + 2220 4 w —(2k+1)b > 0.

Note that the above condition is equivalent to

b {ZQ ~ (2m+2k+1)I
l

—|—2km+m2+m—l—k2+k] >0 <

2 2
?[(l_WM> + <2km+m2+m+k2+k_<(2’rn+2k+1)> )] 20@

2 2
2
b[(l_@mM) _1]>0
l 2 4

which is true since both [ and m are integers. This completes the validity proof. O

Proposition 5. The family of valid inequalities (22) for X' are facet defining for all sets
S with |S] = 1.

Proof. We prove the facet defining property when |S| = 1. Let S = {j}, then the inequality

(22) becomes,

k(k+1)d+b> a—baj +2(k+1)f; > 2k+1)b Vj1<k<n-2 (23
1#]
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To prove the facet defining property, consider all the points in X! that satisfy (23) at

equality. The points are;
zj=0,z;, =1Vie I,0 ow., VI C{l,...,j

zj=1lz;=1Viel,00w., VI C{l,...,j

— 1,541,

—1,5+1,...,

n} st [Il=kork+1

n}st. [I|=kork+1

Now suppose such points satisfy the identity Y i Nz + > i Antifi + Aant1d = Ao

for some (A, o) € R?"*2. Then (A, \g) should satisfy the following set of equalities;

b b
Z)\Z"i_zz)\n-&-z"i_%)\Qn-i-l:AO ng{la7n}7 ‘I’:k (24)
i€l i€l
;A +k+1ZA"+Z o= VIC{L. o} [ =k+1  (25)
b
Z)\i + A+ ﬁ Z Anti + m)\n+j + m)\Zn+l = Xo
el el
VICA{l,...,n}, |I|=k (26)
b
Z)\ + A + Z)‘nﬂ' + m)\nﬂ' + m)\Qn+l = Xo
i€l ze]
VIC{l,...,n}, |I|=k+1 (27)

From (24), taking appropriate sets I we get \; + %)\n_l,_i

Also from (25), taking appropriate sets I we get \; + k%:l/\nﬁ

=N+ 2h oy forall i # 1 # 5.

=\ + k—f’rl)\nﬂ for all

1 # 1 # j. From these two equalities we get that \; = A\ & Ay = Ay Vi # 1 # 5.

Plugging it back into (24)-(27) we get the following four equations with six unknowns(denote

Xi = AL A = A1 ©F );

b
kX1 + byt + %A2n+1 = Ao

A2nt+1 = Ao

b
k+1
bk b

k+1 )\n+1+k+1)\n+]’+

b(k:-i—l) b
(k+1)/\1+)\]+k7+2)\n+1+k+2

(k+ DAL+ bAng1 +

kX1 + Aj +

23

E+1

Ants +

(28)

(29)

A2nt1 = Ao (30)

b, A (31)
k+2 2n+1 — N0



A general solution to above equalities (28)-(31) is given by:

Al b 0

A b 0

An+1 0 1
= M1+ 2

/\n+j 2 1

>\2n+1 ]{J(k + 1) 0

Ao (2k +1)b b

It is easy to check that the given solution is indeed a general solution to (28)-(31). Also
the solution space is a two dimensional linear subspace and both the vectors are linearly
independent of each other, and the subspace spanned by these two vectors indeed is the
solution set to (28)-(31).

The first vector is the vector defining the valid inequality (23) and the second vector
is the vector defining the equality in the description of X'. Hence the result follows from

Theorem 1. O

Separation

We now present an efficient way to separate the family of valid inequalities (22).

Let k be fixed and (Z, 1, @ be a fractional point. In order to separate (22), we need to
find a set S such that the inequality is violated. Rewriting the inequality by collecting the
terms that do not depend on S and aggregating them as C, we have the difference between
left hand side and right hand side of (22) as

|S]

O+ (2kfi —2ba) +2> if® (32)

€S i=1

We need to find a set S and the permutation such that the term (32) is < 0. We know
that if an arc ¢ is in the set S then the minimum contribution it would have towards (32)
is: (Qkﬁ —2bx;) + 2f; = B;. If 3; > —C for all i then none of the inequalities are violated.
Otherwise if 5; < —C for some 14, then the set S = {i} is one of the violated set. This is

true for a fixed value of k, so we still need to check for all values of k. This gives a linear
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time (checking for each k) separation scheme for the family of valid inequalities given by

(22).

2.3.1.83 Family 3

Proposition 6. Let S C {1,...,n}. Then the following inequalities are valid for X*:
d+bY zi+ ) f<(SI+1b VS| >1 (33)
Jjes Jj¢s
Proof. Let 3,z =1,[S| =oand }_,.gx; = m. We need to show that ?—{—bm—{—(l—m)% <
(0+1)b. But since (m+1)b < (o+1)b, it is sufficient to show that 5+bm+(1—m)% < (m-+1)b.
Note that this condition is equivalent to %(1 —m) < 0 which is true for all m > 1. This

completes the proof. ]

Proposition 7. The family of valid inequalities (33) for X' are facet defining for |S| =1

and n > 3.

Proof. We prove the facet defining property for the case when |S| = 1. Let S = {j}, then

the inequality becomes,

d+bz;+ > fi<2b (34)
i#]
Now consider all the points that satisfy (34) at equality. These points are precisely,
e Foreach k, zp = 1,2, =0Vi #k
e Foreach k # j, xj = 1,21, = 1,2, =0 Vi # j, k

e Foreach k.l # j,2; =12y =1L, 0= 1,2, =0 Vi # j, k,I

Now suppose such points satisfy the identity Y ;" | Nz + D iy Antifi + Aont1d = Ao

for some (A, \g) € R?"*2. Then (), \g) should satisfy the following set of equalities;

Ak + DAtk + bAang1 = Ao VE (35)
b b b .
A+ A+ 5)\n+k + 5)\n+j + §>\2n+1 =X Vk#J (36)
b b b b
A+ )\j + N+ g)\n+k + g)\n+j + g)\nﬂ + g)\2n+1 =X Vk, I, E#L#] (37)
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We can easily derive from (35)-(37) that Ay = N\ & Ak = Ay VE, L k #1 # 5. Plugging

the values back into (35)-(37) we get four equations with six unknowns (denote A\ =

)\1 & )\n+k == >\TL+1 Vk ?é j)

A1+ bAa1 + bAoni1r = Ao

Aj + Mg +bAani1 = Ao

b

b

A+ )\j =+ 5)\,14_1 + 5)\714,_]‘ + 5)\271—1-1 = )\0

2b b
201 +Aj + g)\n-i-l + g)\n—‘rj + §A2n+1 = Ao

A general solution to (38)-(41) is given by :

A1
Aj
An+1
An+j

A2nt1

Ao

1

2b

M1

0
b

M2

It is easy to check that the given solution is indeed a general solution to (38)-(41). Also

the solution space is a two dimensional linear subspace and both the vectors are linearly

independent of each other, and the subspace spanned by these two vectors indeed is the

solution set to (38)-(41).

The first vector is the vector defining the valid inequality in question and the second

vector is the vector defining the equality in the description of X'. Hence the result follows

from Theorem 1.

Separation

O

We now present efficient way to separate the family (33): Let (Z, 7, 3) be a fractional point.

In order to separate the inequality (33) we need to find a set S s.t.

d+0> 7+ fi> (S| +1)b

jes

igs
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Let z; be a binary variable which is 1 if j € S, 0 otherwise. Then we need to maximize the

following function to find a violated inequality:

S bdiz Y fi(l—z) = Oz +1)b
j=1 j=1 j=1

= Z(b@ — E —b)z; (since ij =b.)

j=1
Now if 377, (b7 — ]/”; —b)z; > —d, then we have a violated inequality. In order to test it,
compute (bz; — f] — b) for every arc j, denote it by ;. It is easy to see that 3; <0 Vj. So
if B3; < —d for all J, then none of the inequalities are violated, since 3; < 0 and d > 0. If 3j
st. B > —c?, then the set S = {j} represents a violated inequality. This provides a linear
time separating scheme for above-defined inequalities.

In this section we considered a single node system and developed three different families
of valid inequalities for this system. We also proved that these valid inequalities are facet
defining under some conditions and provided fast schemes to separate these valid inequal-
ities. Now we will generalize the single node system into a two node system and perform

similar analysis.
2.3.2 A two node system

We now consider a two node system of a network flow problem with equal-split shown in
Figure 6. Node 1 has n; outgoing arcs with arc 1 connecting to node 2 which has no
outgoing arcs. There is a positive flow b entering node 1 and there is no exogenous flow

entering node 2.

n

Figure 6: A two node equal-split system
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We shall use the following notation:

Node 1 variables

fi  Flow on arc ¢

x; Binary variable indicating if arc 7 is used or not
d’  Dummy variable to equate flow on chosen arcs
b  Flow entering arc i (we assume b > 0)

Node 2 variables

gi Flow on arc ¢
y; Binary variable indicating if arc ¢ is used or not

d? Dummy variable to equate flow on chosen arcs

The two node system is defined as X?:
X2 = { (df,d%, f,g,2,y) € RE x RMH2 x {0, 1}m+72
ni
Z fl = b7
i=1
n2
> gi= 1,
i=1

fi<br; i=1,...,n,
gi < fiyi i=1,...,n9,
fz»gdf 1=1,...,n1,
g <d i=1,...,n9,
A< fi+b(l—x) i=1,....n

d? < gi + f1(1 —yi) izl,...,n}

As before the flow has to be equally split among the chosen arcs for both the nodes 1 and
2. In this system even though the arc from node 1 to 2 is not chosen, some of the outgoing
arcs from node 2 can still have y equal to 1 but the flow corresponding to those arcs will be
zero in that case. Let X!(n) be defined as a single node system with n outgoing arcs, so if
n1 = 0 or np = 0 our system X? can be written as X'(n2) or X!(n1) respectively. We have

the following result for the dimension of co(X?), the convex hull of X2.
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Proposition 8. The dimension of co(X?) is given by:

dim(co(X*(n2))) ifng=1,ny>1
dim(co(X(n +1 ifno=1,n1>2

oty = | Aot ) 2=1m
2+2n2 ifn1:2,n222
2n1 + 2ny 0.W.

\
Proof. To prove the result we consider the following four cases:

(i.) n1 = 1. The system reduces to X!(nz) since the arc outgoing from node 1 to node 2
has to be chosen and it serves as an exogenous flow entering node 2. Hence the system just
reduces to a single node system with positive incoming flow b and ny leaving arcs.

(ii.) ny = 1. If n; = 2 we can easily check that there are only four points in X? all of which
are affinely independent, hence dim(co(X?)) = 3 = dim(co(X1(2)) +1 . For ny > 3, first
note that since ny = 1 all the feasible solutions satisfy g1 = d9, and this constraint is linearly
independent of the other equality constraints, so the rank of the equality set of convex hull
of X? is at least 3, hence the dimension of convex hull is at most 2n; +1+3 —3 = 2n; + 1.
But we can find 2n; + 2 affinely independent points in X?, 2n; + 1 are the same as defined
in Proposition 1 (along with y, g and d9). The last point comes from the fact that when
x1 = 0 we can have both y; = 0 and y; = 1 and these points are affinely independent. The

points are given below:
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T T2 . my fi fo e fa Ao o

1 0 0 b 0 0 b 1 b b
0 1 0 0 b 0 b 1 0 0
0 O 1 0 0 b b 1 0 0
b b b
b b b b b
1 0 1 =5 0 o s S o s §

b b b b b
L1 0 733 721 0 7= 1 = o=

b b b b b b
1 1 PR 1 ﬁ E PR E E 1 E E
o 1 ... 0 O b ... 0 b 0 0 0

(iii.) n1 = 2,n9 > 2. We know from Proposition 1 that for the case of n; = 2, the equality
set for convex hull of X!(n;) is of rank 3 (5 — 2). The same equality set must be present
in convex hull of X2, since X? contains all the constraints of X*(n1). So the rank of the
equality set of convex hull of X2 must be at least 341 (1 comes from the equality for second

node). Hence the dimension of convex hull of X? is at most 5+ 2ns + 1 — 4 = 2 + 2ny. We

30



now show 3 + 2n, affinely independent points in X?2.

vz fi fo doyn v o g 9 92 o Gny @
1 0 b 0 b 1 0 ... 0 b 0 ... 0 b
1 0 b 0 b 0 1 ... 0 0 b ... 0 b
1 0 b 0 b 0 0 1 0 0 b b
1 0 b 0 b 1 1 o & ¢ 0o &
1 1 5 L L1 o0 0 2 0 0o ¢
1 1 5 b L oo 1 0o o0 2 o &
1 1 5 L 5 oo o 1 0 0 b L
R N
01 0 b b 0 0 0 0 0 0 0

The above defined points gives us 2ns + 3 points, which can be easily verified to be affinely
independent.

(iv.) m1 > 3,n2 > 2. In this case we have the rank of equality set of convex hull of
X? is at least 2 (one from each node), hence dimension of convex hull of X2 is at most
2n1 + 14 2no +1—2 = 2n1 4+ 2ny. We now show 2nq + 2no + 1 affinely independent points
in X2,
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T T2 e Ty S S o S Ay v o U o1 g2 Gn, A7
11 o & b 0o 2 1 0 o L o0 o &
1 1 o & b 0o 2 o0 1 o o 2 o 3
11 o & & 0o 2 0 o 1 0 0 bt
1 0 1 5t 0 bt 1 0 o Lt o0 o 2
1 0 1 koo U | o o o 2
1 0 1 b0 b2 o o0 1 0 0 bt
1 0 0 b 0 0 b 1 1 o L ! o
0 1 0 0 b 0 b 1 1 0o 0 0 0 0
0 0 1 0 0 b b 1 1 0o 0 0 0 0
1 0 0 b 0 0 b 1 0 1L 0 L
0 1 0 0 b 0 b 1 0 1 0 0 0 0
o 0 .. 1 00 .. b b 1 0 .. 0 0 0 .. 0 0

b b b b b b b b
IR R T T S BT B R

We have 2n; + 2ns + 1 points above, which can be easily seen to be affinely independent.

This completes the proof. ]

We now present some valid inequalities for X?2.
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Proposition 9. The following inequalities are valid for X?:

—bzy + 0 ;i + k(k+ 1)d’ + 2by; — 2(k + 1) (ng — 1)g;

J#1
+2(k+1)(ng — 1)d? > (2k+ 1)b Vi Vk (42)
—bry + b xj+ k(k+ 1)d’ — 2by; + 4(k + 1)g;
J#1
+2(k+1)) gj —2(k+1)d? > (2k —1)b Vi Vk (43)
J#i
bx1 + by; — 2n1g9; — m Zgj +n1d? < b Vi (44)
J#
bxy — by; + (RQ — 1)n1g,- — (n2 — 1)n1d9 <0WVi (45)

Proof. To prove the validity of the inequalities (42) we will consider the following four cases.
Take any point in X2 and let Zj xj =l and Zj y; = m. Denote the difference between the

left hand side and right hand side of an inequality by (LHS - RHS).
(i). 1 =0 and y; = 0. We have (LHS - RHS) equal to

2
ll)(l2(2k;+1)l+k:(k+1)):(l7<(l (%;1)) i) -

for all [ integer.

(ii). 1 = 0 and y; = 1. Since 1 = 0 even though y; = 1 we still have g; = 0. We have
2
(LHS - RHS) equal to % ((z - %) - }1> +2b>0

(iii). #1 =1 and y; = 0. We have (LHS - RHS) equal to

(—b+ bl — 1) + k(k + 1)? 42k + D) (ng 1)% (k4 1)b>

b, (Qk+3)1 b (2k+3)\* 1
> - - 7 = - — -2 1>
_l<z o HE k2] = | (1 5 L

for all [ integer.

(iv). 1 =1 and y; = 1. We have (LHS - RHS) equal to

2
R (=

for all [ integer.
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Similarly to prove the validity of (43) we also consider four cases. Take any point in X2

and let 3, z; =l and ), y; = m.

(i). 1 =0 and y; = 0. We have (LHS - RHS) equal to

b b 2k —1)\* 1
l(l2_(2k—1)l+k(k:+1)):l((l— 5 >—4+2k>20

for all [ integer.

(ii). 1 = 0 and y; = 1. Since ;1 = 0 even though y; = 1 we still have g; = 0. We have
2
(LHS - RHS) equal to (bl + k(k + 1)% — 26— (2k — 1)b) = 4 ((z - Eh) }1> > 0.

(iii). 1 =1 and y; = 0. We have (LHS - RHS) equal to

(—b+ bl —1) + k(k + 1)% 2k + 1)? — ok + 1)% — 2k 1)b>

2?(12—W+k(k+1)> :Zl)<<l—(2k2+1)>2_411> >0

for all [ integer.
(iv). 1 =1 and y; = 1. We have (LHS - RHS) equal to

(b b — 1)+ k(k+1)° — 2+ (b +1)-2+

[ Ilm

Mm=1) _oe41)-2 — (26— 1)

20k +1
+(—F)lm lm

2
:l;<z2_(2’<?2+?’)l+k(k+1)+2(k+1)) :fl?<<l_ (2k:2+3)) Ul;) .

for all [ integer.

We will prove the validity of the set of inequalities (44) by considering the following four

cases. Take any point in X2 and let Zj xzj =1 and Zj yj = m.
(i). 1 =0 and y; = 0. We have the (LHS - RHS) equal to 0 — b < 0.

(ii). 21 =0 and y; = 1. We have (LHS - RHS) equal to b — b < 0.
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(iii). 21 = 1 and y; = 0. We have (LHS - RHS) equal to b — nl% + n1% —b < 0, since

m > 1.

(iv). 1 = 1 and y; = 1. We have (LHS - RHS) equal to b+b—2n1i—n1M+n1%—b

lm Ilm

:b_(W)b:b—%bgo (since I < ny).

Similarly, to prove the validity of (45) we consider the following four cases. Take any point
in X2 and let dojrj=1land ) y; =m.
(i). 1 =0 and y; = 0. We have left hand side equal to 0 < 0.
(ii). 1 =0 and y; = 1. We have left hand side equal to —b < 0.
(iii). 1 =1 and y; = 0. We have left hand side equal to b— (ny — 1)n1% <0 (m<(na—1)
since y; = 0).

(iv). 1 = 1 and y; = 1. We have left hand side equal to b—b—(ng—l)m%—(ng—l)m% =

0<0.

Separation

The set of inequalities defined in Proposition 9 are polynomial in size and hence a straight-
forward separation scheme could go through the list of inequalities one at a time. However
we can do better by using a separation scheme similar to the one used to separate the single

node inequalities (16).
2.3.3 An alternate two node system

We now consider a slight variation of the above-mentioned two node system, where we
assume that there is positive incoming flow into both nodes as shown in Figure 7. Let the
incoming flow into node 1 and 2 be b; and by respectively. The rest of the variables are

defined similarly as in the two node system considered in the Section 2.3.2. For this two
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n

Figure 7: An alternate two node equal-split system

node system the set of feasible solutions is:
X2+ = { (df,dg7f’gal'ay) GR?’_ XRTFI‘FHQ X {0’1}7’11—{-77,2 .
ny
Z fi= by,
i=1

nz
Zgi = f1+ by,
i=1
fi §blxi 1= 1,...,n1,
9i S (b1+b2)yl 1= 17"‘7”27
fi Sdf izl,...,nl,
gi Sdg izl,...,nz,
d’ <fi+bhi(l—m) i=1,....n
d9 < gi + (by + 1) (1 — ;) z':l,...,n}
We have the following result for the dimension of co(X?"), the convex hull of X2+,
Proposition 10. The dimension of co(X?1) is given by:
dim(co(Xt(n2)) ifny=1,n9>1
dim(co(Xt(n1)) ifng =1,n3 > 2

dim(co(X?T)) =
24 2n9 ifny=2,n9>2

2n1 + 2ng 0. 1.

Proof. We will consider the following four cases:
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(i.) m1 = 1. The system reduces to X*(nz) since the arc outgoing from node 1 to node 2
has to be chosen and it serves as an exogenous flow entering node 2. Hence the system just
reduces to a single node system with positive incoming flow b; 4+ by and ns leaving arcs.
(ii.) mg = 1. Since ng = 1, the outgoing flow from node 2 will always be equal to by plus
the flow on arc connecting node 1 to node 2. Hence the system reduces to a single node
system of node 1.

(iii.) n1 = 2,n9 > 2. We know from Proposition 1 that for the case of n; = 2, the rank
of the equality set for convex hull of X!(n;) 3. So the rank of the equality set of convex
hull of X2* must be at least 3 + 1 (1 comes from the equality for second node). Hence the
dimension of convex hull of X2 is at most 5+ 2ns +1 —3 — 1 = 2 + 2ny. We now show

3 + 2ny affinely independent points in X?27.

zox fi fo doy o oy, @ g2 - Gno df
0 1 0 b by 1 0 ... 0 b 0 ... 0 b
0 1 0 b b 0 1 ... 0 0 by ... O b
0 1 0 b b 0 0 1 0 0 by b
0 1 0 b b 1 1 0o & b 0 b
1 1 % b boq g 0 Y+b 0 0 Y+b
11 % b 4o o 0 0 %a4b ... 0 Bib
1 1 % o b o 1 0 0 .. B4b Ytby
1 1 % & b1 g 0 % 4by Y4by ... 0 bib
01 0 b b 1 1 1 2 L by

The matrix above gives us 2ns+ 3 points, it can be easily verified that the points are affinely
independent.

(iv.) n1 > 3,n2 > 2. In this case we have the rank of equality set of convex hull of X 2 is at
least 2, hence dimension of convex hull of X? is at most 2nq + 1+ 2ns + 1 — 2 = 2ny + 2ns.

We now show 2n; + 2ny + 1 affinely independent points in X2+,
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We have 2n;1 4+ 2no + 1 points above, which can be easily seen to be affinely independent.

This completes the proof. O

In the following proposition we present some valid inequalities for X2+

Proposition 11. The following inequalities are valid for X?*:

—biyr + by xj+ k(k+ 1)d" + (2b1 + 2(k + 1Dba)yi — 2(k + 1)(ng — 1)g;

J#1
+ Q(k + 1)(712 —1)d? > (2k + 1)b1 + Q(k + 1)by Vi Vk (46)
—byx1 + (b1 + nlbg)yi — nl(nz — 1)91‘ + nl(ng — 1)dg > nyby Vi (47)

—byzy + b aj+k(k+1)d +2(k+1)) g; > (2k+ )by + 2(k + 1)by Vk (48)

J#1 J
blscl —+ (nlbg =+ bl)yi — 271192' — N1 Zgj + nldg < b1 Vi (49)
J#i
ba Z Yi — no Z gi +nad? < by (50)
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1 X2 Ty, f1 fo o oor fay ATy w2 o Y, g1 g2 e Gng d?
11 0 4 0 % 1 o0 0 % +bo 0 0 %+ b
11 0o 4 0 2 o0 1 0 0 %+ b 0 %+ b
11 0 & 4 0 % 0 o0 1 0 0 Yobby Ho4by
1 0 1% 0 S B 0 Y4by 0 Yot by
1 0 1% 0 b0 o1 0 0 Y%+ b, 0 Y%+ b,
1 0 1% 0 b0 0 1 0 0 Yopby, Yotby
10 0 b O 0 b 1 1 0 blgbg blng bl_ng

b b b
0 1 0 0 b 0 b 1 1 0 b b 0 b

b b b
0 0 1 0 0 bh b 11 0 b2 b 0 b
1 0 0 b 0 ... 0 b 1 0 .. 1  |afb 0 Lo fhe o bidd
0 1 0 0 b ... 0 &b 1 0 ... 1 Lo 0 Lo Lo
0 0 1 0 0 ... bi b 1 0 ... O 0 B b
11 1 bbb bioobop g 1 bitmiby  bitmiby bitniby  bitniby

ny ny tee ni ni e ning ning e ning ning




Proof. We will prove the validity of the set of inequalities (46) by considering the following

four cases. Take any point in X?T and let Ej xj =1 and Zj yj = m.

(i). 21 =0 and y; = 0. We have (LHS - RHS) equal to

b b
byl + k(k + 1)71 +2(ng — 1) (k + 1)E2 — (2k + 1)by — 2(k + 1)bs
b 2k +1\%2 1
2;(([— ;_ > —4)20 (since m <ng —1,asy; =0)

for all [ integer.
(ii). #1 =0 and y; = 1. We have (LHS - RHS) equal to

b
bil + k(k + 1)71 + 21 + 2(k + 1)by — (2k + 1)by — 2(k 4 1)by
by 2%k +1\? 1
> = - - = >
> - ((z 5 ) 4>+2b1_0

(iii). 1 =1 and y; = 0. We have (LHS - RHS) equal to

for all [ integer.

b b b
—by +b1(l— 1)+ k(k + 1)71 +2(k 4 1)(ng — 1)(% + i) — (2k + 1)by — 2(k + 1)bs
by b1 .
>bi(l—2)+k(k+ 1)7 +2(k+ 1)7 —(2k+1)b; (since m <mng—1,asy, =0)

by 2%k +3\% 1
=— — -~ >
z((l 2 ) 4)-0

(iv). 1 =1 and y; = 1. We have (LHS - RHS) equal to:

for all [ integer.

b
—by +bi(1—1) + k(k + 1)71 o+ 2by + 2(k + 1)by — (2k + 1)by — 2(k + 1)by

by 2%k +1\? 1
== - - >
l((l 2 ) 4)-0

Similarly to prove the validity of (47) we consider the following four cases. Take any point

for all [ integer.

in X** and let Y-, 2; =1 and ), y; = m.
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(i). 21 = 0 and y; = 0. We have (LHS - RHS) equal to ni(n2 — 1)2 —niby > 0 (since

m < mng—1).

(ii). 21 = 0 and y; = 1. We have (LHS - RHS) equal to niby — ni(n2 — 1)2 + ny(ns —

1)%2 — ’I’L1b2 =0.

(iii). 1 =1 and y; = 0. We have (LHS - RHS) equal to —b; +n;(ns—1) (l% + bl) —niby >

m

—by + "1Tb1 (since m < ngy) and is > 0 (since [ < ny).
(iv). #1 = 1 and y; = 1. We have (LHS - RHS) equal to —by + b1 + nibs — nibs =0 > 0.

To prove the validity of (48) we consider the following two cases. Take any point in X?2*

and let ), z; =l and ), y; =m.

(i). &1 = 0. We have the (LHS - RHS) equal to b1l + k(k + 1)b71 +2(k+1)ba —2(k+1)by —

(2k+1)by = le <(l - @)2 - %) > 0 for all [ integer.
(ii). 1 = 1. We have (LHS - RHS) equal to

—b+b(l—1) + k(k + 1)? +2(k + 1)(%1 +by) — (2K + 1)by — 2(k + 1)by

bl 2k +3 2 1
/ ((l 5 > ) 0 for all [ integer

To prove the validity of (49) we consider the following four cases. Take any point in X2+

and let ), z; =l and ), y; =m.

(i). #1 =0 and y; = 0. We have (LHS - RHS) equal to —n1 22 +n 2 —b; <0.

(ii). 1 = 0 and y; = 1. We have (LHS - RHS) equal to nibs + by — 2n1%2 — n1M +

m

nl%—bl =0.

(iii). =1 = 1 and y; = 0. We have (LHS - RHS) equal to b; —ny (671 + b2) +n (;’—1 + bl) —

m m

by <0 (since m >1).

(iv). 1 =1 and y; = 1. We have (LHS - RHS) equal to

b b b b b b
by + niby + b1 — 20y | — + — —ni(m—1) a2 e (A2 oy
Im m Im m Im m

40



b b
=b1 +n1by — ny <l1 + b2> =b; — anl <0 (since l < nj.)

For the proof of validity of (50) note that it is sufficient to show that the inequality is
valid for the case when x1 = 0, since the left hand side (by ZZ Yi — N9 ZZ gi + nzdg)m:l <
(b2 2y —n2 )2, 9i + nad?), _, for same y.

Let ), y; = m, then (LHS - RHS) is equal to me—nng—i—ng%—bQ = (m—l)(bg—ng%) <

0 (since m < ng). O
Separation

We can separate the families of valid inequalities (46)-(50) using a scheme similar to that

outlined in Section 2.3.2.
2.3.4 A multiple node system

Let us now consider a set of nodes P; = {1,2,..., P} on a path to a node 7 as depicted in
Figure 8 (assume that b; > 0). For each p = 1,..., P, let n, denote the number of outgoing

arcs from node p and b,(> 0) denote the exogenous flow into node p.

be b
)y @if\\%< °

Figure 8: A multiple node equal-split system

The binary variable x, for p =1,..., P — 1 corresponds to arcs going from p to p + 1,
and for p = P, corresponds to the arc from node P to . If z, =1 forallp =1,..., P, then

a lower bound on the flow into node i is b; + [(P;) where

by +n1be +nangbs + - + ning.np_1bp_1
ning...np '

[(Pi)
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Thus, the following inequality is valid
bi + (P
di > 27 ( Z Ip — |Pz|) (51)
‘ PEP;
where d; is the flow on every used arc from ¢ and z; is the number of out-going arcs used.
Now considering the inequality (51) only in (d;, z;) space (by considering other variables

fixed), we can linearize the following set of |O;| points,

{bi v 1Py (pr 7)1} "{bTol\ (pr Pi). 104}

by applying the same idea as presented for the set of inequalities in (14). This leads to the

following result.

Proposition 12. The following inequalities are valid for the multiple node system defined
above:
k(k+ 1)d; + (b + 1(P:)) > aj— k(k+ DI(P) > ap > (2k + 1)(b; + 1(Py))

J€O; pEP;
—k(k+DIPHP;] k=1,....ni—1  (52)

where O; is the set of outgoing arcs from i.

Separation

It is not clear how to separate the family (52) efficiently. However, we will now present a
heuristic idea for separation. We will present this idea for a fixed source node i. Let (Z, f, c?)
be a fractional point. Then we want to check whether there exists a path P; and k between
1 and n;, such that

k(k+ D)di + (b + UP)) Y &5 — k(k+DIP) S Tp<(2k + 1)(b; + 1(P3))

j€O; pEP;
—k(k + 1)I(P;)|Pil

Now for the fixed source node i, we can aggregate the variables for the node that do not
depend on the path P;, as C":

C=k(k+1)di+b Y 75— (2k+1)b;
J€O0;
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If C < 0, we already have a violated inequality with P; = {0}. Otherwise, if C' > 0,
then we need to check whether there exists a path P; and k, such that
CH+IUP) Y & —k(k+DIUP) D> Ty < (2k+ DIP:) — k(k + 1)I(P:)| Py
JEO; pEP;
(assuming that {(P;) > 0, since if [(P;) = 0, then the inequality reduces to the single node

inequality (16)),

p;_ T e IRy T Rkt 1) kE4D)

or once again aggregating the terms that do not depend on the path P; to D,

Z@>M+]%|+D. (53)

pEP;

If D > 0, then there does not exist a path that satisfies the above strict inequality. Since
> per, Tp < |Pil, D > 0 and C > 0, hence all paths P; satisfy > cp 7 < W -
|Pi| + D.

If D < 0 ,we need to find a path P; such that (53) is satisfied. It is not clear how to
find one efficiently. But to get a heuristic separation, we can try to find a path P; that
maximizes Zp€P¢ zp. Once we have a path, we can check whether the path satisfies (53)
or not. If it does satisfy (53), we have a violated inequality; otherwise we can not say that
there does not exist one. We are trying to maximize the right hand side, in hope that the
path we get would satisfy (53).

Finding a path that maximizes ZpE’PZ' x, corresponds to finding a longest path to node ¢
with weights Z on the arcs, which is a NP-hard problem. But we can use heuristic methods

such as those available in the literature [6][50], to get approximate solutions.

2.3.5 Valid inequalities based on capacity

The subsystems considered so far and the corresponding valid inequalities developed ignored
the capacities on the arcs and basically assumed that all binary solutions were feasible. It
might be possible that, based on the capacities, certain solutions might become infeasible,

e.g. an arc with capacity less than the flow coming in can take at most half of the flow
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(because of the equal-split restriction). In this section we provide valid inequalities for the
multi-commodity flow problem with equal-split restriction, which use capacities of the arcs
to cut off infeasible solutions.

Consider the single node system studied in Section 2.3.1 and let u; be the capacity on
each arc. Without loss of generality we may assume that u; > us > ... > u,. We have the

following set of valid inequalities for X1

Proposition 13. Let M; be the largest k € {1,...,n} such that u; < %, or 0 if u; > b for

all i, i.e. M; = min {L bl L] - 1}, then the following inequalities are valid for X*:

b
< —x; V1 1,... 54
fli(Mi—i_l)xl ZG{, ,TL} ( )
Proof. Since f; € {0,b, g, cees %} and ﬁ <y < Miy we know that f; < (T% if arc i is
chosen. ]

Proposition 14. If u1 > b and up < b then following inequalities are valid for X1 :

by +2Y  fj+2d < 3b (55)
j=2

Proof. To prove the validity of (55), consider a point in X! and let Zj rj=kk>1 We
consider the following two cases:

(i). 21 = 1. We have the (LHS-RHS) equal to b+ 2(k — 1)2 +22 —3b=0<0.

(ii). 21 = 0. We have the (LHS-RHS) equal to 2(k)2 + 22 —3b = —b+ 22 < 0 since k > 2

(only arc 1 can take the whole flow b).
O

b
u;

Proposition 15. Let M; = min{[ 1, [u%} — 1}, and % < uy, < n—ﬁl then following in-

equalities are valid for X':

bri+(n—2)) fi+(n—-2)d>(n—1)b Vi#n (56)
J#i
—brj+ (Mj+ 1) f;+ (n—=M; = 1)fa <0 Vj#n (57)
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Proof. To prove the validity of (56), consider a point in X' and let ;i =k k=1 We

consider the following two cases:
(i). #; = 1. We have the (LHS-RHS) equal to b+(n—2)(k—1)2+(n—2)2 —(n—1)b =0 > 0.

(ii). =; = 0. Because of the capacity restriction on arc n, it can only be chosen if all n
arcs are chosen, so when z; = 0 = =z, = 0 We have the (LHS-RHS) equal to

n—2)k)2+(n—2)2 —(n—1b=—-b+ (n—2)2 > 0since k < (n—2).

To prove the validity of (57), consider a point in X' and let >, z; = k,k > 1. We

consider the following cases:

(i). z; = 0. We have that f; = 0 and x,, = 0 which implies f, = 0. The inequality is

valid.
(ii). #; =1 and z, = 0. The inequality reduces to (54) that we already shown to be valid.

(iii). ; =1 and x, = 1. Since z,, can only be one if all the z are 1, it implies f; = % Vi.

Hence (LHS-RHS) is equal to —b + (M; + 1)% + (n—M; — 1)% =0<0.

Proposition 16. If % <up < ﬁ then following inequalities are valid for X1 :

b

n—1

fi=fn2 (zj —an) Vj (58)

Proof. Since % <u, < %v we know that f, < %xn. So, if &, = 0, the inequality (58)
becomes: f; > %x]’, which is valid since Zj zj <n-—1asx, =0 Whenx, =1 and
x; = 1, we have that f; > f,, which is true as f; = f,,. It is also valid for the case when

xnzlandszoasfn<%xn. ]

All these valid inequalities can be derived, for each instance, in the preprocessing stage.
Before the start of the branch-and-bound algorithm, these cutting planes can be generated

if the capacities satisfy the requirements.
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2.4 A branch-and-cut implementation

We incorporated the cuts derived in the previous section within a branch-and-cut algorithm
to solve the multi-commodity network flow problem with equal-split restrictions. We used
CPLEX 9.0 callable libraries to implement the branch-and-cut algorithm. Cuts for which
we had efficient separation schemes were added using the cut callback function as they were
violated. Computations were done on an Intel Pentium 4 Zeon machine with 2.4 GHz speed

and 2.0 GB RAM running Linux kernel 2.4.27.
2.4.1 Test Problems

We tested our branch-and-cut implementation on some randomly generated network flow
instances. To generate random networks we first fixed the number of nodes and number of
demand pairs, and then an arc between two nodes was randomly added with a probability
of 0.5. If, after this procedure, the random graph obtained was not connected, more arcs
were added to ensure connectedness. Capacities, cost and demands were also randomly
generated. The problems are named according to the number of nodes and demand pairs,
e.g. n25d10, denotes the problem instance on 25 nodes and 10 source destination demand
pairs. Also some dense graphs were generated with probability of an arc chosen to be in the
random graph was 0.7. These test instances are denoted by adding a ”D” in front of the

name, e.g. Dn15d15, is a test instance of dense graph with 15 nodes and 15 demand pairs.
2.4.2 Cuts

We identified single node subsystems (X') and added the corresponding valid inequalities.
It is easily seen that the cuts (16) are a special case of (52) when the path length is zero (i.e.,
P = (). There are exponentially many cuts of type (52) and we do not have an efficient
exact separation scheme for this family. Also the cuts become weak in general, as the length
of the path P increases. So in our branch-and-cut procedure we use only the cuts for which
the path length |P| < 2 and these cuts can be added directly to the CPLEX cutpool. For
the family of inequalities (22), we observed after doing initial computational experiments

that the inequalities become weaker as the size of set S increases, so we use only the valid
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inequalities for |S| = 1,2. The family of valid inequalities (33) are facet defining for only
|S| = 1 (Proposition 7), so these are the only ones that are used in our branch-and-cut
procedure.

We also identified the two node subsystem, as shown in Figure 6, in our equal-split
multi-commodity network flow problem and used the cuts (42),(43),(44) and (45). Sim-
ilarly, we identified subsystems as shown in Figure 7 and added the valid inequalities
(46),(47),(48),(49) and (50). We also added cutting planes based on capacity as discussed
in Section 2.3.5. All the family of valid inequalities are polynomial in size and were added

to the CPLEX cut pool, if the corresponding condition on the capacity was satisfied.
2.4.3 Computational Results

In Table 2.4.3, we demonstrate the effectiveness of our cuts by comparing our branch-and-
cut procedure with default CPLEX. The first column is the name of the problem. The
second and the third column present time (in seconds) and node counts taken to prove
optimality when the proposed MILP formulation was given to CPLEX. The fourth and
fifth column present time and node count results for our branch-and-cut method. If for a
problem optimality is not within the allotted time of 14400 seconds, i.e. 4 hours, the entry
in the time and the node count column is the percentage optimality gap at the end of the
run.

When the cuts were used within a branch-and-cut framework, we were able to solve all
but two of the problems. It is evident from Table 2.4.3 that both node count and time
significantly decreases when our cuts are added. Many of the instances were solved at the
root node when the cuts were used. We can see from Table 2.4.3 that time spent per node
increases in our approach but that is fully expected as the size of the node linear program
increases as more cuts are added. If we consider at the average of the total time spent (not
including the times when the problem was not solved) and the average number of nodes
required, to solve the instances, the times decrease by a factor of 30 and the node counts
decrease by a factor of 90 with our solution strategy. These results clearly demonstrate the

effectiveness of the cutting planes derived for the equal-split multi-commodity network flow
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Table 1: Node counts and time for instances of multi-commodity network flow problems

CPLEX CPLEX + CUTS
Prob Time(s) Node Count Time(s) Node Count
Dn15d15 181.7 13343 1.3 13
Dn15d20 2.83 62 0.2 0
Dn20d15  165.49 7203 0.5 0
Dn20d20 43.6 1049 0.4 0
Dn30d15 163.3 1557 0.9 0
Dn30d20  0.27% 0.27% 1.9 0
Dn30d30 11556.1 82455 7.6 10
n25d10 1.34 6 0.1 1
n25d15 21.81 679 2.5 35
n25d20 84.65 2310 13.12 204
n25d30 853.94 20927 18.93 333
n25d35 3.56% 3.56% 1.42% 1.42%
n25d50 1.21% 1.21% 0.18% 0.18%
n30d20 7.03 64 0.69 0
n30d25 1.17% 1.17% 280.5 1531
n30d30 4916.3 177357 25.5 279
n30d35 1137.8 36355 188.74 1040
n30d40 5927.6 150102 356.2 1282
n35d15 16.34 79 0.41 0
n35d20 330.92 6979 1.72 2
n35d25 355.87 5009 0.77 0
n35d30 603.18 6342 63.44 668
n40d25 1849.12 16686 9.56 29
n40d30 0.83% 0.83% 19.05 84
n40d40 10739.3 129895 530.8 3237
n40d50 0.85% 0.85% 52.27 136
Average®  1947.9 32923 61.2 357

*Computed over problems that were solved.

problem.

2.4.4 Relative Strength of Cuts

The computational experiments described in Table 2.4.3 were done by adding all the avail-

able cutting plane families in a branch-and-cut method. So the results provided in Table

2.4.3 demonstrate the combined effect of the cutting planes and do not show which cutting

planes are more helpful than the others. In order to investigate the relative effectiveness of

the different cutting plane families we performed additional computational experiments by

dividing our cut families into three different categories:
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I. All families for the single node system. This includes the cut families (16), (22) and
(33).

II. All families for the multiple node systems, this includes both two node systems and

multiple node systems. This includes the cut families (42)-(45), (46)-(50) and (52).

ITI. All capacity based cuts. This includes the cut families (54)-(58).

We tested the set of random problem instances shown in Table 2.4.3 on all the possible

combinations of these three sets (I), (II) and (III), namely:

1. Default CPLEX. None of the cutting planes were added and the default CPLEX’s
branch-and-bound method was used. Same results as column 2 and 3 from Table

2.4.3
2. Cutting planes only from set (I) were added in a branch-and-cut fashion.
3. Cutting planes only from set (II) were added in a branch-and-cut fashion.
4. Cutting planes only from set (III) were added in a branch-and-cut fashion.

5. Cutting planes from both of the sets (I) and (II) were added in a branch-and-cut

fashion.

6. Cutting planes from both of the sets (I) and (II) were added in a branch-and-cut

fashion.

7. Cutting planes from both of the sets (II) and (III) were added in a branch-and-cut

fashion.

8. All the cutting planes were added, these are the same results as presented in the Table

2.4.3.

Table 2 and 3 present the computation time and node count results for all the above
defined cases. We observe that the default branch-and-bound method of CPLEX, with no

cutting planes added, performed worse than, as compared with all the different combinations
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of all cutting planes families. We can observe that all the cut families are important in
getting the node counts as well as computation time down. Cut sets (I) and (II) are
important since on average the computation times and node counts decrease by a factor of
2.5 and 6 when these sets were added. But the most important of the three sets were type
(III), which had the most impact both in times and node counts. If we consider the best
combination then adding all the families (I), (II) and (III) together and adding (I) and (III)
together, led to the most improvement in both computational time as well as nodes.

We can also see similar results from performance profile plots [28] shown in Figures 9 and
10. Figure 9 uses solve time and Figure 10 uses node counts as the performance metric. For
a given z on the horizontal axis and a given method, the value y plotted in the performance
profile indicates the fraction y of the instances were solved within = times the length of
time required by the fastest method. The intercepts of the plot with the vertical axis to the
left side indicates the fraction of instances for which the given method was the fastest and
the intercept on the right hand side indicates the fraction of instances that were solved to
optimality in allotted time. For example, from Figure 9, we can see that adding cut families
(I), (IT) and (III) together solved around 55% of the instances fastest and around 90% of
problems were solved to optimality in allotted time. Also from the figure we can see that
the method of adding cut families (I), (IT) and (III) together was able to solve 90% of the
problem instances within 5 times the length of time required by the fastest solver.

Figures 11 and 12 shows the same performance plots when performance ratio is cutoff at
5. From these figures it is clear that most number of problems were solved by adding cuts of
type (I) and (III) together. Cut families (I), (II) and (III) together were able to solve more
problems faster than any other combination. Cut families (II) and (III) and (I) and (III)
were able to solve more problems with smallest node counts than any other combination.

It is clear that the most important set of family of cuts are of type (I1I), which represents
the family of cutting planes based on capacity. The main reason may be the fact that the
cuts of type (III) derived were very specific to the data of the problem. Since they also
utilize the equal-split structure of the problem, the cutting planes derived are very strong

in cutting off fractional solutions. Cuts of type (I) and (II), are of generic kind (do not
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depend on the instance), and are also important. They played a less important part in
strengthening the linear programming relaxation of the equal-split multi-commodity flow

problem.
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2.5 Final Thoughts

We provided a detailed polyhedral study of the equal-split structure and used it to derive

valid cutting planes for the equal-split multi-commodity flow problem. We also provided
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fast separation schemes for most of the families of cutting planes we proposed. Computa-
tional results provided indicate very significant improvements in terms of solving instances
of equal-split multi-commodity flow problem. We also provided a computational study
demonstrating the relative effectiveness of the cutting planes with respect to each other.
Our results indicate that the cutting planes derived based on the capacities of the arcs in the
network are most important. The study on the cut family provided in Section 2.3.5 is pre-
liminary. Further exploitation of the structure of the capacities with respect the demands

may lead to additional improvements.
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CHAPTER III

OSPF WEIGHT SETTING PROBLEM

3.1 Introduction

Open Shortest Path First (OSPF) is the most commonly used intra-domain routing protocol
in IP networks [12, 51, 69]. Under this protocol every link in the network is assigned a
weight, and based on these weights shortest paths between each source and destination are
computed. The OSPF protocol then routes flow on shortest paths. If there are multiple
shortest paths from some source to destination then the flow is split equally among all
the outgoing arcs that are on the shortest paths. This equal-splitting of flow is usually
referred to as the Equal-Cost Multipath (ECMP) principle. The weights assigned to the
links completely determine the flow in the network and hence the load on each link. The
OSPF weight setting problem is to determine a set of weights such that, if the flow is routed
based on the OSPF protocol, some measure of network congestion is minimized.

Network congestion can be measured in a variety of ways. Let the load on an arc be
defined as total flow over the arc capacity. Then we can use sum of loads over all the arcs as
a measure of congestion in the network. Maximum load amongst all the arcs in the network
can also be used [57]. Fortz and Thorup [36] used a piecewise linear convex cost function
to measure congestion. Other choices of the congestion measure are also possible, see e.g.
Awduche et. al. [8].

The OSPF protocol does not support a free distribution of flow between source and
destination as in the general flow routing problem. An alternative to OSPF is the emerging
Multi-Protocol Label Switching (MPLS) [62] protocol that allows the network operator to
route arbitrary amounts of flow on any path. Thus MPLS can implement the optimal
solution to the general flow routing problem [7][49]. This is an advantage over shortest path
protocols but MPLS does not have a nice compact description of routing between source and

destination. Also it is still not clear how to implement the MPLS efficiently. Before going
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bankrupt Global Crossing [75] attempted to implement MPLS through a greedy heuristic.
So, OSPF will still be widely used as an intra domain routing protocol until an efficient
implementation of MPLS.

A variety of optimization-based approaches for the OSPF weight setting problem have
been proposed. Fortz and Thorup [36] considered a version of the problem involving a
piecewise linear convex cost function to measure congestion. They showed that it is NP-
hard to determine an optimal set of weights, and even to approximate an optimal solution
within a constant factor. They proposed a local search technique to get good solutions for
the problem. Pioro et al. [57] considered the maximum load on any link in the network as
the measure of congestion. They showed that the OSPF weight setting problem with this
objective is N P-hard even for a single-source destination pair. They presented a mixed-
integer linear programming (MILP) formulation for the problem and proposed heuristic
methods, for its solution, based on local search, simulated annealing and Lagrangian relax-
ation. Srivastava et al. [68] used a hybrid of the two objectives as a measure of congestion,
and suggested heuristic solution methods. Lin and Wang [45] and Srivastava et al. [68] pro-
posed heuristic algorithms based on Lagrangian relaxation to determine feasible solutions
for the weight setting problem. FEricsson et al. [31] presented a genetic algorithm-based
heuristic. Buriol et al. [19] extended the genetic algorithm proposed in [31] to a memetic
algorithm by adding a local search procedure. Harmatos presented an iterative heuristic
in [40]. For more heuristic developments see [46, 52, 59, 60, 73].

Thorup et al. [18] addressed the issue of assigning OSPF weights and multiplicities to
each arc, aiming to design OSPF-routed networks with minimum total weighted multiplic-
ity (multiplicity multiplied by the arc length) needed to route the required demand and
handle any single arc or router failure. Fortz and Thorup [35] studied the robust version of
the OSPF weight setting problem, taking into account single link failure scenarios. They
extended the heuristic proposed in [36] for the robust case. A similar problem is discussed
by Nucci et al. [54]. Yuan [78] also presented a robust version of this problem that consid-
ered both normal and the failure states at the same time and proposed a local search based

heuristic technique to solve it. Marbukh [47] presented a game theoretic based approach to
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robust traffic engineering problem.

A restricted problem where the aim is to determine a set of weights such that these
weights define unique shortest paths for each source-destination pair has also been studied
in the literature. In this version of the OSPF weight setting problem there is no splitting of
the flow since there is a unique path for each source-destination pair. We call this problem
as the restricted OSPF weight setting problem. Bley and Koch [16] proposed an integer
programming based approach for this restricted problem. The approach is decomposed
into two stages: first stage is to find the paths on which flow is routed and the second
stage is to find if there exists weights such that these paths are unique with respect to
these weights. The second stage requires solving an inverse shortest path problem with the
additional restriction of uniqueness of these paths. The inverse shortest path problem has
been studied in literature, in context of estimation of travel times on road segments from
total end to end travel times, earthquake tomography and genetic sequencing [20, 21, 42].
The uniqueness of shortest paths is not required in these studies. The special case of
unique inverse shortest path where the paths are required to be shortest w.r.t the number
of arcs, has been studied by Farago et al. [33]. Ben-Ameur and Gourdin [10] discussed
structural properties of path sets where all paths are uniquely determined for some common
arc lengths. Bley [13] studied the general unique path inverse shortest path problem and
presented some inapproximability results.

For the restricted weight setting problem, Bley [14] showed that there does not exist a
constant factor approximation, unless P=NP. Thorup and Roughan [70] proposed a local
search based heuristic method that tries to avoid ties in shortest path routing. Berry et
al. [11] proposed an integer programming formulation for similar unsplittable-flow shortest
path routing problems. Holmberg and Yuan [41] and Prytz [58] proposed similar integer
programming formulations for network design problems with discrete link capacities. See
[15, 45, 61] for more discussion on the restricted OSPF weight setting problem.

There has also been some work done on the dynamic version of the OSPF weight setting
problem [77], where periodic information about the demands is available, either by moni-

toring edge-routers or from information about service agreements. See [74, 76, 79] for some
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related studies.

The existing studies on the general OSPF weight setting problem are based on devel-
oping heuristic solution methods without any quality guarantees. We propose an integer-
programming-based solution strategy for this problem so as to obtain solutions along with
worst-case quality guarantees. We consider the MILP formulation for the OSPF weight set-
ting problem with a maximum load objective presented by Pioro et al. [57]. Unfortunately
this MILP is extremely difficult to solve as-is by state-of-the-art solvers like CPLEX [26].
First we present a decomposition-based method for this problem. Computational results
show that these kinds of methods do not perform well on the OSPF weight setting problem.
Next, in order to strengthen the linear programming relaxation, we develop a family of
valid inequalities and incorporate these within a branch-and-cut algorithm. We propose
basic heuristic methods to start the branch-and-cut algorithm with a good solution. We
provide numerical results on the performance of our solution methodology on some ran-
domly generated test problems and some problems taken from the literature. Unlike the
heuristic methods, the proposed integer programming based approach is able to provide a
bound on the worst case optimality gap for the obtained solution. Moreover, the solutions
generated by our approach have significantly smaller optimality gaps than those produced
by the state-of-the-art MILP solver CPLEX. We also compare the heuristic methods pre-
sented with some heuristic algorithms proposed in the literature. Computational results

show that our heuristic methods outperformed the ones proposed in [31][57].
3.2 Problem Formulation

In this section we present the MILP formulation of the OSPF weight setting problem from
Pioro et al. [57]. The underlying IP network is represented as a directed graph G = (V, E),
where the nodes represent routers and arcs represent the links between them. Each arc
e € F has a capacity u.. We also assume that we have a demand matrix D, where Dy
represents the flow to be sent from a source node s € V to a destination node t € V.
See [34] for information on how to estimate the demand matrix. Denote by V; C V, the

set of destination nodes. Congestion in the network is measured as the maximum load over
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all the arcs in the network. More precisely, if [. denotes the total flow on arc e, then the
congestion is measured as the maximum of (I, /u.) over all arcs e € E. This objective allows
the flow on an arc to exceed its capacity, since there are no explicit capacity constraints,
and hence any set of weight vectors is feasible for the problem. The problem is to determine
weights w, for every arc e such that if the flow is routed, as per the OSPF protocol, between
each source destination pair satisfying the demand, it minimizes the congestion (measured
as maximum load) in the network. Flow is split according to ECMP rule which is illustrated
in Figure 13. Suppose we need to send 1 unit of flow from source s to destination ¢ and the
weights on all the arcs are 1, then all the paths {s,1,3,t}, {s,1,4,t} and {s,2,5,t} are of
equal length. So according to the ECMP principle, the paths {s, 1, 3,t}, {s,1,4,t} carry %

units of flow each, while the path {s,2,5,t} carry % units of flow.

Figure 13: Equal-Cost Multipath principle

OSPF does not distinguish between the flow coming from different sources that is going
to the same destination. It is thought of as a single commodity; hence we model this problem
as a multi-commodity network flow problem with each commodity being flow going to a
destination. The decision variables and constraints of the MILP formulation are presented

next.

Decision variables:
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z;,  binary variable denoting whether arc e is on some shortest path to destination t.
ft flow on arc e for destination t.

we  weight on arc e.

d!  shortest path distance from node v to destination t.

v dummy flow variables for splitting the flow from node v to destination ¢.

L the maximum load in the network.

Flow conservation constraints:

o= fl=> Dy ViteVy (59)

e€(—,t) ec(t,—) veV

S - Y fl=-Du VeeV\{t}VteV, (60)
e€(—,v) e€(v,—)
fL< Mt e VteVy (61)

Constraints (59) and (60) ensure that total inflow is equal to total outflow. Constraints
(61) force the flow to be sent on only arcs that are chosen to be on the shortest path. Here

M is a large number that can be set to ZUGV Dy.

Feasible distance label constraints:

d, <d' +we Ve=(u,v) YteV, (62)
d, —d, +we < M(1—2L) Ye=(u,v) VteV, (63)
(1—a2b) < M(d —d', +w.) Ve=(u,v) YteV, (64)

Constraints (62), (63) and (64) ensure that x! is 1 if and only if e is on a shortest path to

destination t.
Flow splitting constraints:

ff<ml Ve:e=(v,—) Vo, teV (65)

mb— <M1 —2al) Vec (v,—~) Vo, teV, (66)

Constraints (65) and(66) ensure that flow is equally split amongst all outgoing arcs on the

shortest path to each destination.
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Congestion constraints:

> fi<Le Ve (67)

teVy

Constraint (67) relate the total flow on an arc to the congestion measure L.

Using the variables and constraints defined above, a MILP model for the OSPF weight

setting problem is:

min L
st. (59), (60), (61), (62), (63)

(64), (65), (66), (67) (P)
L e {0,1}, f£>0, w. >0

>0

For a network with |E| arcs, |V | nodes and k destinations, formulation (P) has 6|E||V|+
|V|k+|E| constraints and 2(|E|+ |V|)k+ |E|+ 1 variables, out of which |E|k are binary. As
has been discussed by Pioro et al. [57], even for a small sized network, the above MILP is
very difficult to solve using a state-of-art MILP solver such as CPLEX [26]. In the following

section we present a decomposition based approach to solve the problem.
3.3 A Decomposition based approach

As discussed before, the mixed-integer programming formulation proposed for the OSPF
weight setting problem is hard to solve even for small-sized problems. The reason is that
the linear programming relaxation for the MILP formulation is weak. So even though we
might have a very good feasible solution, it is impossible to tell how good the solution is.
We now present a decomposition-based approach to solve the problem. We hope, even if
we are not able to solve the problem to optimality, to get better lower bounds. The basic
approach is discussed next.

If the constraints (62), (63) and (64) are relaxed (removed from the MILP formulation),
it makes the problem easier to solve. But the binary optimal solution x might not be a

feasible solution to the OSPF weight setting problem. In order to make sure that we have
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a feasible solution to the OSPF weight setting problem we need to check if there exists
feasible weights corresponding to the binary solution.

This can be done by solving a feasibility problem on the relaxed constraints; this is a
linear programming problem (called the subproblem LP). If the subproblem LP is feasible
then the solution is optimal; otherwise we can add a dual-based cut to the first stage 1P
and continue. Now we provide details on the procedure.

Solve the master integer program:

(FSIP) min L
st. (59), (60), (61), (65), (66), (67)
xt €{0,1}, f£1>0,m! >0

Let Eg be the binary optimal solution to (F'Srp). Then the solution is feasible to the

weight setting problem if and only if there exists a solution to the following set of inequalities:

dl, < d) 4+ we Ve=(u,v) YteVy (68)
d—d +we < M(1—zl) Ve=(uv) VteV, (69)
(1—ab) < M(d, —d', +we) Ve=(uv) VeV, (70)

d, >0, w, >0,
or the optimal solution value of the following linear program is 0:

(SSpp)  min Y ()l + (y2)i + (4)2)
te
st.  dl—d —we— (1), <0 Ve=(u,v) VteV, (71)
dh—d' 4w, — (yo)) < M(1—2b) Ve=(uv) VieV; (72
M(dh — ' +we) + (ys)h > (L —at) Ve=(uw) VeV (73)
dly 20, we = 0, (1), ()i, (ya)e = 0.
If the value of the optimal solution is 0, then we have found an optimal solution to the

OSPF weight setting problem. If the optimal solution value is > 0, then we know that
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for binary solution T there do not exist feasible weights. In order to cut off this binary

solution we can add a dual-based cut as follows. Let (77)%, (72) and (73)% be the optimal
dual solution to subproblem LP corresponding to constraints (71), (72) and (73). Then the

following inequality is a valid inequality and it cuts off the solution Z:

> (MO —at)@)l + (1 zl)(m3)e) <0 (74)

t.e

We can add the above inequality to F'S7p and repeat the procedure until a time limit is
reached or feasible solution is found. Along with the dual based cut, we can also add the

following inequality that removes this exact binary solution Z.

Z(l—wi)-i- Z z; > 1
0

;=1 9T =

The details on the complete algorithm are presented in Figure 14.

begin
feas = FALSE ;
while feas = FALSE and time limit;
do

Solve F'S;p and get optimal solution 7 ;

Solve SSLP (f),

if OPT(SSrp (%)) =0 then
feas = TRUE ;
exit;

nd

Ise
Get dual soln 7 to SSLp (7);
Add dual cut (74) to FSip ;
feas = FALSE ;

end

[CAN¢)

end

end

Figure 14: A Decomposition Algorithm

3.3.1 Results

We implemented the decomposition based method as proposed above using CPLEX 9.0 [26].

Except for a few problems, we were not able to solve problems to optimality. But at every
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step of the decomposition based method, we get a valid lower bound for the OSPF weight
setting problem. Table 4 presents the comparison between the linear programming lower
bound and the lower bound obtained through the decomposition-based approach. It also
shows the number of iterations taken for reaching that lower bound. The last column shows
the percentage improvement over the linear programming lower bound.

From Table 4 we can see that, except for a few instances, we were not able to solve
the problem in the allotted time. For some instances we were able to improve the lower
bound significantly (n10d6, n15d8, and n15d6, for example) but for others there was usually
a small improvement or no improvement at all. On average the improvement was 5.19%,
which is not very significant for the allotted time.

Table 4: Lower bound comparison of the decomposition method with Linear Programming
lower bound (bold-face represents optimal soln found). Time limit: 600s

Prob LP-LB Decomp-LB TIterations Improvement

nbd10 1.5918 1.7019 93 6.47%
n10d5 0.9457 1.0000 44 5.43%
n10d6 0.3455 0.3971 124 13.00%
nl10d11 1.2377 1.2377 125 0.00%
nl0di12 1.5847 1.6269 47 2.59%
n10d15 0.8503 0.8840 2 3.81%
nl5d5 0.5970 0.5971 16 0.01%
n15d6 0.5316 0.5906 218 10.00%
nlbd7 0.3870 0.3871 2 0.03%
n15d8 0.4578 0.6023 237 24.00%
n15d9 0.5417 0.5417 130 0.00%
nl15d10 0.3695 0.4061 2 9.00%
graphl 2.0701 2.1579 268 4.07%
caldata 0.6597 0.7060 494 6.56%
Pioro7 1.0000 1.0111 20 1.10%
Piorol2wl 1.0000 1.0056 35 0.56%
Piorol2w2 0.7802 0.7926 2 1.56%
Average Improvement - - - 5.19%

3.3.1.1 Implementation within branch-and-bound

The decomposition-based method discussed above is a two stage method where an integer
program (first stage) and a linear program (second stage) need to be solved at every iter-

ation. Instead of solving a series of integer programs, we can implement both the stages
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within a single branch-and-bound method.

We start with the branch-and-bound method for solving the F.S;p, and if at a branch-
and-bound tree node we find a feasible solution to F'S;p (which might not be feasible to
relaxed constraints), we check whether it satisfies the relaxed constraints (this is done by
solving the second stage LP (SSrp)). If the solution is feasible, accept the solution, and
continue as usual. Otherwise, add the dual-based cut at that tree node, by solving the
second stage LP. Now when this cut is added, the binary solution is no longer feasible and
we can continue branching from the node. So the feasible solutions to F'S7p are accepted if
and only if they are feasible to the whole problem; otherwise branching is continued. This
approach was implemented in CPLEX]26], but without much improvement.

Lagrangian-relaxation-based decomposition methods were also implemented for the weight
setting problem, but the lower bounds obtained were also not significantly better than the
linear programming lower bound. It shows the need to develop valid inequalities for the
OSPF weight setting problem in order to strengthen the linear programming relaxation.

This is discussed in the next section.
3.4 Valid Inequalities

In Section 2.3 we considered various subsystems of the equal-split network flow problem.
Since the same structure is present in the OSPF weight setting problem we can use the
valid inequalities derived before for this problem as well. For the weight setting problem,
for every node that has positive flow coming in, we can generate the same family of cutting
planes.

Let I! be a lower bound on the flow incoming to node v going to destination ¢ (I > 0
for all source nodes v which have flow going to destination ¢) and let O, denote the set of
outgoing arcs out of node v. Then we can obtain the following set of inequalities from the

family (16)

k(k+)mb +10 Y al > 2k+ 1)1 k=1,...,|0,] -1, Vo, Vt €V (75)
e€0y

Similarly, we look for single node systems and obtain valid inequalities (22) and (33).
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Also we can obtain two node and multi-node subsystems and obtain valid inequalities (42),

(43), (44), (45), (46), (47), (48), (49), (52), like before.
3.4.1 Specific Cuts

We believe that one of the reasons why the linear programming relaxation for the OSPF
weight setting problem is so weak is that there are no explicit constraints on the flow that
can be routed on each arc. Our objective is to minimize the maximum load and since there
are no constraints on capacity this load can be greater than one and no matter what the
demand matrix looks like this problem is always feasible. But if we do have a good feasible
solution, say with load L*, then we know that every optimal solution would satisfy the
capacity constraints on each arc when capacity is set to u.L*. Hence if we start the branch-
and-cut algorithm with a good starting solution then we can add the following capacity

constraints for flow on each arc:

Y ' <ult VeeE (76)
teVy

Consider a single source node with incoming flow b and let uprax be the capacity of the
arc with the largest capacity among the outgoing arcs from the source node. Let z; denote
the binary variables on outgoing arcs. Then we know, given a feasible solution with load

L*, that the following inequality is valid:

Zx > {bw : (77)

uprax L*
The above valid inequality (77) can be strengthened by considering the arc with the

second largest capacity, say uprax1, as follows:

uprax1L*

Ei::vi>1+max{rw—‘,0}. (78)

Now consider a node that is not a source node, i.e. there is no exogenous flow into this

node. Let variable G denote the sum of the flows coming into the node, i.e. G = > {fe :
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e incident with the node}. Then we generate similar cuts to (77):

Swz—S (79)

uprax L*
We can not do the rounding as before because G is now a variable, rather than data.

Similarly we can get the following weak valid inequality:

— L*
Z$i21+<GW(>' (80)

uprax1L*
Now consider a general node in the network. Let z; : ¢ = 1,...,n denote the binary
variables for arcs emanating from this node and y; : j = 1, ..., m denote the corresponding

binary variables for incoming arcs to this node.

S~
AR

Figure 15: A general node

Then we know that if one of the incoming arcs is chosen, then there is a positive flow coming
in and hence at least one of the outgoing arcs has to be chosen as well. This leads to the

following set of valid inequalities:

n
iy Vi=1,...,m. (81)
i=1

Note that these inequalities are not valid for destination nodes as there is no flow going out
from the destination nodes.

Considering in opposite direction, where if one of the outgoing arcs is chosen, then there
has to be positive flow coming in and hence at least one of the incoming arcs has to be

chosen as well.
S yiza; Vi=1,....n (82)
i=1

for all transshipment nodes, i.e. nodes without positive incoming exogenous flow.
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3.5 A branch-and-cut implementation

We incorporated the cuts derived in the section 3.4 within a branch-and-cut algorithm to
solve the OSPF weight setting problem. We used CPLEX 9.0 callable libraries to implement
the branch-and-cut algorithm. Cuts were added using the cut callback function as they were
violated. Computations were done on an Intel Pentium 4 Zeon machine with 2.4 GHz speed

and 2.0 GB RAM running Linux kernel 2.4.27.
3.5.1 Test Problems

We experimented using some problems taken from the literature and some randomly gen-
erated problems. To generate random networks we first fixed the number of nodes and
number of demand pairs, and then an arc between two nodes was randomly added with a
probability of 0.5. If the random graph obtained was not connected, more arcs were added
to ensure connectedness. Capacities and demands were also randomly generated. Table 5
provides the number of nodes, arcs, demand pairs and number of binary variables in the
MILP models for the problems considered. The problem names starting with ‘n’ are ran-
domly generated. The problems ‘Pioro7,” ‘Pioro12wl’ and ‘Piorol2w2’ are taken from [57].
The problem ‘snh’ is obtained from [64]. The remaining problems, i.e., ‘graphl’ and ‘cal-

data’ are proprietary telecommunication networks.

3.5.2 Cuts

Similar to the multi-commodity flow problem with equal-split we identified single node and
two node subsystems and added the corresponding cutting planes. The valid inequalities
that could not be separated efficiently were added to the CPLEX cut pool.

Our objective in the OSPF weight setting problem is to minimize the maximum load
and there are no explicit capacity constraints on the flow. But if we have a good starting
solution say L*, we know that in any optimal solution, flow on any arc e is going to be at
most u.L* and this gives a bound on the flow on an arc. We can use this bound as explicit

capacity and use capacity-based cuts of type (54),(55),(56) and (57). But the cuts generated
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Table 5: Size of the problems

Prob Nodes Arcs Demand pairs Binary Vars

nbd10 5 12 10 60
n10d5 10 40 5 200
n10d6 10 48 6 288
nl10d11 10 42 11 336
nl0d12 10 38 12 266
nl10d15 10 42 15 378
n15d5 15 98 5 392
n15d6 15 82 6 410
n15d7 15 96 7 672
n15d8 15 84 8 504
n15d9 15 88 9 792
n15d10 15 98 10 784
graphl 10 28 10 168
caldata 14 36 33 504
snh 11 46 9 322
Pioro7 7 24 21 144
Piorol2w1 12 36 66 396
Piorol2w2 12 36 66 396

from this procedure are going to be effective only if we have a very good starting solution.
This emphasizes the need to have heuristic methods to get good starting solutions.

Also, based on a good staring solution we can add the valid inequalities (77), (78),(79),(80),
(81),(82) as discussed in Section 3.4.1. These cuts would be strong only if we have a good
starting solution L*.

Inequalities that could not be separated efficiently were added directly to the CPLEX
cut pool. The rest of them were added, using the cut callback function of CPLEX, when
they were violated. At any given fractional node all violated valid inequalities are added

(through cut callback).
3.5.3 Heuristics

We implemented some basic heuristic methods to start CPLEX with a good initial solution.
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3.5.8.1 Local search

For the OSPF weight setting problem with the objective of minimizing the maximum load,
any set of weights on the arcs is feasible (since there are no explicit restrictions on the
capacity). So we implemented a weight-adjustment heuristic in which we start with a set of
weights (all arc weights could be set to 1 or some other random number). After routing the
flow based on these weights following the OSPF protocol, we adjust the weights, increasing
weights for the arcs with bigger load and decreasing for arcs with smaller load, in hope of
decreasing the maximum load in the network. This procedure is repeated a fixed number
of times and the best solution obtained over all the iterations is stored. The exact steps are

shown in Figure 16.

begin
Initialize (w_old) ;
Lpest:= 00;
for i =0 to max_count do
Route_Flow(w_old);
L = Compute_Load(w_old);
Linaz = max{L(e) : e € E'};
if Liar < Lpest then
Lbest = Limae )
w_best = w_old ;
end
fore=1to F do
if L(e) > 1 or L(e) > alyq, then
| w_new(e) = w_old(e) + 1;
end
else if w_old(e) > 1 then
| w_new(e) = w_old(e) — 1;
end

end

w_old = w_new ;
1:=1+1;

end

return w_best and Ly ;
end

Figure 16: A Local Search Heuristic

The weight adjustment algorithm is initialized with weights randomly selected from 1

to 20. The procedure is repeated for a set of different initial weights and the best solution

72



is recorded. For the computational results provided the parameter « is set to 0.9, and the

max count is set to 5000.
3.5.3.2  Integer Programming (IP) heuristic

After experimenting with various different objectives, we realized that the problem with
the objective being the sum of the loads rather than maximum deviation was much easier
to minimize. And since the feasible region remains the same this IP provides a feasible
solution to the problem with the objective of minimizing the maximum deviation. So in the
heuristic stage we solved an IP that minimized the sum of loads on each arc and in order
to get better starting solution, we also added the maximum load variable (with certain
penalty) to our objective. We changed the objective from min Ly,q, to:

min ALpqz + Z L(e)
eckE

keeping the constraints the same, where A is the penalty on the maximum load variable.

The more we increased the penalty on the maximum load variable )\, the harder the
problem became to solve. If the penalty on the maximum load variable is very large then the
problem basically reduces to our original problem. We did some computational experiments
to determine the best penalty. Since we did not want so spend too much time on the heuristic
IP, we put a time limit of 100 seconds on this procedure and collected the best solution
obtained. We also kept track of the best solution obtained in terms of the maximum load
amongst all the feasible solutions obtained.

We got the best solution from both the heuristics and started our weight setting problem
with the better one. It was observed that the IP heuristic outperformed the local search
heuristic most of the time.

An advantage of getting a good starting solution is that the MILP model does not
have any capacity constraints on the flow that can be routed on any arc, and good heuristic
solutions provide an upper bound on the capacity. Also, this facilitates generation of general

flow cover type of cuts which help in the branch-and-cut procedure.
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3.5.4 Symmetry

The integer programming formulation for the weight setting problem has a lot of symmetry.
Given a feasible solution with certain load, another feasible solution with the same objective
can be obtained by changing one x variable from 0 to 1 and keeping the flow zero. In order
to get rid of this issue we added lower bounding inequalities, which imply that if the arc is
chosen then there has to be a certain positive flow on that arc. These are easy to obtain for
the arcs emanating from the nodes with positive exogenous incoming flow. For the simple
single node system we can add the following inequalities f; > %xl For the other arcs we
find a path from the closest source node and add an inequality similar to the one obtained

for the multiple node system. This does not completely remove the symmetry problem but

adding these inequalities helps in the computations.
3.6 Computational Results

In Table 6 we provide the optimality gap of the best feasible solution returned after 800
seconds. The reason we chose to stop our computations after 800 seconds is because after
around 800 seconds the gaps did not improve much problem. So either the problem would
be solved to optimality before that time or it would be solved at all. The first column is
the name of the problem. The second column provides optimality gaps for the solutions
returned by the default CPLEX solver. The third column provides optimality gaps for the
solutions from our branch-and-cut procedure when all the above defined cuts are added.
The fourth column presents results after adding the heuristic methods and adding all the
cuts obtained in the previous sections for penalty of 5 on the maximum load objective (see
discussion in Section 3.5.3.2). The rest of the columns present results for the penalty of 10,

20, 50, 100, 200, 500, 1000 and 10000 respectively.
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As is evident from Table 6 the OSPF weight setting MILP is quite difficult to solve as-is.
Within the allotted 800 second time limit, the default CPLEX solver produced solutions
with an average optimality gap of 35.7%, and for three of the problems, it was not even
able to find a feasible solution. When cuts are used in the branch-and-bound procedure we
see that there is a significant reduction in the optimality gaps for the problems considered
as seen in column 3, where the average optimality gap reduced by half. When the proposed
branch-and-cut scheme is used with a heuristic hot start it produced feasible solutions
with optimality gaps significantly reduced from those of default CPLEX. We tested various
different sets of penalties, ranging from 5 to 10000. Results as shown in Table 6 indicate
that as the penalty size increases the optimality gaps decreased but for penalties bigger
than 50 there was no improvement in general. A penalty setting of 50 provided the best
results.

Comparing the best results against the default CPLEX branch-and-bound method, we
were able to solve seven more problems to optimality and for two more of them the solutions
provided were near enough to optimal for any practical purposes(gaps of 0.15% and 0.20%).
Secondly, except three instances, we were able to provide solutions with good quality bounds
(gap < 10%), while CPLEX was able to do it for only a handful of instances. Overall, the
average optimality gap decreased from 35.15% to 4.59% with the addition of cuts and
heuristics to the branch-and-bound procedure. Hence with the use of heuristics and cutting
planes we were able to provide solutions with seven times better optimality gap, on average,
as compared to default branch-and-bound method of CPLEX.

The computational results provided strongly indicate that the cuts and heuristic meth-

ods are both important for getting good solutions with tighter optimality gaps.
3.7 Comparison of Heuristic Quality

We implemented two heuristics proposed in literature for getting solutions for the OSPF
weight setting problem. This was done for two reasons. Firstly, we wanted to make a
comparison with our heuristic methods. Secondly, we believed that if the heuristic methods

in the literature provided better solutions, then integrating them with our branch-and-cut
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approach would lead to solving more problems and possibly solving them faster.

Both the heuristic methods we proposed were based on local search, one based on
Genetic Algorithms [31] and other based on Simulated Annealing [57]. We provide a brief
introduction for both the algorithms. For details refer to the corresponding papers. See

[43] for general discussion on Simulated Annealing and [9][39] for Genetic Algorithms.
3.7.1 Genetic Algorithm Based Heuristic (GA)

The Genetic Algorithm (GA) presented [31] consists of the following steps:

begin

t=0;

initialize Pop(0);

evaluate Pop(0) ;

while Not termination-criteria do
t=t+1;
select Pop(t) from Pop(t-1) ;
alter Pop(t) ;
evaluate Pop(t) ;

end

end

Figure 17: Genetic Algorithm

Population at step ¢ is represented by Pop(t¢). Population was initialized by selecting
random integer weights from [1,65535]. Each solution was associated to a fitness value. A
given set of OSPF weights completely determine the shortest paths and hence how much
flow is sent over which arcs and the load on each arc. The fitness value for each solution
was assigned based on the maximum load (among all the arcs) in the network as computed
for that solution.

After computing the fitness for each solution the population was divided into three
classes, based on fitness; elite (class A) and non-elite (class B & C). The top 20% of the
solutions per fitness values were categorized as Class A, the next 70% were non-elite Class
B and the rest were assigned to Class C. Crossover was done by mating two parents in the
population, one from the elite class (Class A) and the other from the non-elite class (Class

B or C). To cross two parent solutions p; (elite) and py (non-elite) into a new solution, the
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gene for the new solution is inherited from parent p; with a certain probability K (> 0.5).
It is done by generating a random vector between 0 and 1 of size number of arcs. Also
to escape early local convergence a gene of a solution is changed randomly with certain
probability during each crossover.

To create the next generation of the GA, all Class A solutions are promoted without
change, all Class C solutions are replaced by random solutions, and the remaining solutions
are created by crossover.

We implemented this heuristic with the same settings as proposed by FEricsson et al.
[31]. Two different sizes of initial population were used, namely 20 and 50, to perform

computational results.
3.7.2 Simulated Annealing Based Heuristic (SA)

The Simulated Annealing implemented is based on the heuristic algorithm proposed by
Pioro et. al. [57]. The basic algorithm is presented below:

The algorithm is started with random solution w_old . At each step, the algorithm
selects a neighbor of w_old. The neighboring state, w_new, is obtained by selecting at
random a link and incrementing or decrementing its weight by 1 (the selection from the two
possibilities is also random). Then the demands are routed according to the new weight
system w_new, and the cost of the new state, C(w_new), is calculated and compared to the
cost of the old one, C(w_old). If the cost of the new state is not greater than that of the old
one, the new state is always accepted. If C(w_new) is greater than C(w_old), the new state is
accepted according to the Metropolis test. The outcome of the test depends on the current
temperature T and on the cost difference between the states (C). At the beginning, SA
will accept states with relatively large (C) with a high probability, which is then decreased
exponentially during the optimization process. This allows for a better scanning of the
state space to avoid local optima. At the end of the main loop the temperature is decreased
(a < 1); the loop is executed until the temperature reaches a predefined lower bound.

The algorithm is implemented based on the settings as proposed by Pioro et. al. [57].
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begin
Initialize (w_old) ;
min_cost:= C (w_old);
w_best:= w_old ;
T:= initial temperature;
while T > temp_lower_bound and min_cost > cost_lower_bound do
for counter=0 to counter_upper_bound do
w_new = neighbor(w_old);
AC = C (w_new) - C (w_new);
if AC <0 then
w_old = w_new ;
if C (w_new) < min_cost then
min_cost = C (w_new);
w_best =w_new;
end
end

else if random < exp{—AC/T} then
| w_old = w_new ;

end
end
T=T x a;
end
end

Figure 18: Simulated Annealing

3.7.3 Traditional Recommendations

CISCO [25][69] recommends setting the OSPF weights inversely proportional to the capacity
of the link (InvCap). The justification behind this strategy is that, smaller the capacity of
the arc, the weight should be set larger so fewer shortest paths go through this arc and vice
versa for arcs with large capacity.

Another strategy could be setting all the weights to 1 (Unit) [51]. In this case the
shortest path would be the path with shortest number of arcs from a source to destination.
We implemented both these strategies to demonstrate why these strategies might not work

in general and also to show the need for an optimization-based approach.
3.7.4 Proposed Heuristics

For the OSPF weight setting problem, we implemented two basic heuristic methods as

discussed in Section 3.5.3. The first of them was a local-search heuristic based on weight
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adjustment. Details are provided in Figure 16. The other heuristic was based on the integer

programming formulation discussed in 3.5.3.2.
3.7.5 Discussion of Results

Table 7 presents the comparison of various heuristic methods. The first column is the
problem name, followed by the solution returned if all the weights are set to 1 (Unit OSPF).
The third column denotes the CISCO recommendation [24] for the OSPF weight setting
problem, setting weights inversely proportional to capacity. The fourth and fifth columns
show the results for the Genetic Algorithm for population size of 20 and 50 respectively. The
next column presents result for the Simulated Annealing algorithm. Next column (HEUR)
presents the results from the heuristic proposed for the OSPF weight setting problem in
this thesis. The next two columns show, in percentages, how much better our solution is as
compared with the best solution returned by Unit-OSPF and InvCap. The last two columns

show the improvements over Genetic Algorithm and Simulated Annealing respectively.
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The results from the Unit and InvCap columns of Table 7 as compared with our heuris-
tic solution demonstrate that neither Unit OSPF, setting weights on the arcs to 1, nor
InvCap OSPF, setting weights inversely proportional to the capacity of the arc, is a good
strategy for setting the weights in an OSPF network. Both the construction strategies
recommended by CISCO usually yield sub-optimal solutions and leave a lot of room for
improvement. Comparing the results from Imp-Unit and Imp-InvCap columns, we can see
that the heuristic proposed by us outperforms both the Unit OSPF and InvCap strategies
by more than 100%, on average. That is, our heuristic decreases the maximum utilization
in the network by half. Among these construction strategies,the InvCap strategy usually
provides better solutions as compared with the Unit strategy.

The two local search heuristics, Genetic Algorithm (GA), and Simulated Annealing (SA),
also return solutions that are inferior to the solutions provided by our heuristics. Comparing
the two columns for Genetic Algorithm, GA20 and GA50, we see that Genetic Algorithm
heuristic provides better solution with larger population size, as is expected. But larger
population size also leads to larger computation times. Also the Genetic Algorithm almost
always outperforms Simulated Annealing (SA). Our heuristic methods return a solution
better at least as good as any other methods implemented for all the tested instances. On
average, Simulated Annealing was outperformed by more than 100% and Genetic Algorithm
by about 15%, when compared with our heuristic method.

After comparing the results we can say that, firstly, construction strategies as recom-
mended by CISCO may not provide good set of weights and in some cases the solution
provided can be far away from optimal. So the approaches that provide good solutions
become very important. Secondly, the heuristic methods proposed in the thesis always
outperform the other heuristic methods tested. Lastly, even though the solutions returned
by our heuristics look good, there is no way to know whether the heuristic has found the
optimal solution. Integer programming based approaches are needed to make a claim like

that.
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3.8 Final Thoughts

A few final thoughts on the OSPF weight setting problem. First and foremost, we need
integer programming based methods for the weight setting problem to get good solutions
with quality guarantees. The linear programming relaxation for the MILP model proposed
is weak and there is need to develop cutting planes to strengthen it. The valid inequalities
derived for the weight setting problem were based on exploiting the equal-split restriction
in the model. A next step should be to consider the shortest path structure in the problem
to develop more valid inequalities.

Heuristic methods are as important as the cutting planes to solve the weight setting
problem. Decomposition based approaches to the problem do not seem to work as well.
Also, due to the nature of the objective function used, there are lot of symmetry issues that

need to be looked at.
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CHAPTER IV

EQUAL-SPLIT FLOW PROBLEMS ON BIPARTITE GRAPHS

4.1 Problem Definition

In the equal-split flow problem on a bipartite graph we are given two sets of nodes, sources
and sinks, each source node has a positive incoming flow that has to be routed out to any
of the given sinks and a restriction on number of sinks that the flow can be sent to. Every
sink has a capacity on flow that can be routed to it. The problem is to send the flow from
sources to sinks such that all the flow is routed and capacity of the sinks is not exceeded.
The key requirement is that if the flow from a particular source is routed to multiple sinks
then it has to be equally split among them. It is easy to see that for a given set of data this
problem might not be feasible. Even when the sum of incoming flow is less than the sum of
the capacity of the sinks, it might be infeasible due to the equal-split restriction that does
not allow the flow to be split arbitrarily. So in order to make the problem feasible we allow
the flow assignment to go over sinks capacity. The objective is to minimize the summed
deviation over the capacity of all the sinks. See Figure 19.

One of the applications of the equal-split problem on bipartite graphs is network switch
design. Network switches [1] are used to route flow in a Local Area Network (LAN).
Switches consist of two sets of ports, input ports and output ports. The flow comes into
the switch through the input ports and is routed out through one of the output ports.
The flow coming from a source s, into the switch through one of the input ports say ¢,
going to destination ¢ is routed through the available output ports (the ports connecting
to destination t). The switch has the provision to split the packets among the available
output ports (for load balancing purposes). Since the links connecting the output ports
to other parts of the network have limited capacities, an arbitrary assignment of output
ports may lead to overloading of one of these links (since there are multiple sources trying

to send flow). So the assignment of output ports to input ports for different sources may
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Figure 19: An equal-split problem on bipartite graphs

be considered as a part of the switch design. This problem can be seen as the equal-
split problem on bipartite graphs, where the set of input ports form one bipartition of the
bipartite graph and the output ports form the other bipartition. We assume that we have
an estimate on the incoming flow into each input port (from historical data). The capacities
of the outgoing links from the output ports are the capacities of the second bipartition of
the graph. The objective is to assign output ports to input ports while trying to minimize
the total deviation of exceeding the capacities of the links. Similar equal-split structure
is also used in peer-to-peer networks [29] where the resources are equally split among the
connected users as one of the methods for allocation of resources.

For the equal-split flow problem on bipartite graphs if the equal-split restriction and the
constraint on number of sinks each source can split the flow into is removed, and arbitrary
fractional flow is allowed then this problem is easy to solve. Also, if the sum of incoming
flow, i.e. sum of exogenous flow into the sources, is less than or equal to sum of the capacity
of the sinks, then it is easy to see that the optimal solution to the relaxed problem is always
zero. This basically means that there always exists an assignment such that none of the
capacities of the sinks are exceeded. But we can not make the same statement for the

problem with the equal-split restriction, under the same assumptions on sum of flows and
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capacities. Indeed this problem is NP-complete, which we prove next. First we define the
problem formally.

This problem can be represented on a bipartite graph, where one bipartition represents
the sources N7 and the other sinks No. We assume that all the arcs between N7 and Ny are
present. Each source ¢ € N; has an incoming flow of b; and the maximum number of sinks
that the flow can be sent to, is denoted by M;. Each sink j € Ny has a capacity c; on the
flow that can be assigned to sink j. The problem is to route flow from sources to sinks, and
if the flow from a source is assigned to multiple sinks then it has to be equally split among
them, while minimizing the summed deviation over the capacity of the sinks.

We prove the hardness result by reducing a variation of the Subset Sum problem to our
problem. Subset Sum with Repetitions Problem (SSRP) defined as follow:

(SSRP): Given positive integers a1 < ag < ... < a, and r1,72,...,7y,t. Determine if there
exists integers x;, 0 < a; <1 for i =1,...,n such that ) a;z; =t.

SSRP is NP-complete since it contains the subset sum problem when (r; = 1 for all 7). Also,
it has been shown by Alfonsin [4] that the problem is still NP-complete if r; = 2 for all 1.
We denote the special case of SSRP with 2-SSRP. We are going to provide a reduction from

2-SSRP to our equal-split problem on bipartite graphs.
Theorem 6. The equal-split flow problem on bipartite graphs is NP-complete.

Proof. Consider an instance of 2-SSRP. Construct an instance of equal-split problem on
bipartite graphs with n sources and 2 sinks. The exogenous flow into source ¢ is 2a; and
the capacity of sink 1 is ¢ and the capacity of second sink is (2, a; — t). Each source can
split the flow among either of the sinks. Now the problem is to determine an equal-split
assignment of sources to sinks such that summed deviation over the capacity of the sinks is
0. This is equivalent to assigning ¢ units of flow to sink 1 and rest of the flow to sink 2.

Now if we have a solution = to 2-SSRP, then equal-split assignment defined below:

1. If x; =2, then assign the source ¢ to sink 1.

2. If z; =1, then split the flow from source 7 equally among both the sinks.
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3. If x; =0, then assign the source 4 to sink 2.

yields an assignment to equal-split problem with deviation of 0.
Similarly, if we have a solution to the equal-split problem on bipartite graphs with

deviation 0, then construct the solution to 2-SSRP as follows:
1. If flow from source i is assigned to sink 1 completely, then set x; = 2.
2. If flow from source ¢ is split to sink 1 and 2, then set z; =1.
3. If flow from source 7 is assigned to sink 2 completely, then set xz; = 0.

Hence the problem is NP-complete. O
4.2 Problem Formulation

We can formulate this problem similar to the multi-commodity flow problem with (z, f, d)
variables from Chapter 2, but after performing computational tests we found out that this
formulation did not yield good results, even after adding the cutting planes derived for this
formulation. So we provide a different formulation for modelling the equal-split restriction.
We model the mixed integer linear programming formulation with the help of the following

variables.

Decision variables:

x;; binary variable denoting whether flow from source ¢ is routed to sink j.
fij amount of flow routed from source i to sink j.
;. binary variable denoting the flow from source i is split into k& equal parts

A; deviation of incoming flow over the capacity of sink j
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The mixed integer linear programming (MILP) formulation is given below:

(P1) min ) A

s.t. Zfij =0b Vi (83)
J
Zfzj - Aj < Cj V] (84)
Zyik =1 Vi (85)
k
> kyin =Y @i Vi (86)
k J
bz . .
fij < % +bi(2 — yix — wi5) Vi, 4,k (87)
b/L . .
fij = " bi(2 — yir — xi5) Vi, 5,k (88)

Tij S {0, 1}, fij >0 Vi,j
yik € {0,1} Vi, k

Aj =0 V)

The set of constraints (83) are flow conservation for every source i. The next set of
constraints (84) are capacity constraints for every sink j that measure deviation A;. The
set of constraints (85) model the requirement that flow can only be split in one way. The
next set of constraints (86) make sure that the number of arcs chosen is same as the
corresponding split variable y, for every source i. The next two sets of constraints (87)
and (88) model the equal-split of the flow on the arcs. Finally, we have the binary and the
non-negativity restrictions on the variables.

The optimal value of the linear programming relaxation of (P1), is max { (ZZ b; — Zj cj)
Thus linear programming relaxation is weak and it is very hard to solve this problem directly
by the CPLEX integer programming solver.

In order to strengthen the linear programming relaxation of (P1), we carry out a poly-

hedral study and obtain some strong valid inequalities in the next section.
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4.3 Valid Inequalities
4.3.1 A simple system

Consider the following simple system of (P1) given by the constraints (85)-(86). It repre-
sents the relation between the number of arcs chosen, )  %ids and the binary variables y;x
denoting the number of sinks used to split the flow from a given source i. Dropping the

index i, the system we study is represented as:

vi={ @y e 0,1} x 0,1}
D=1
k
>3k
J k
First we have the following result for the convex hull of Y'!, co(Y'!).
Proposition 17. The dimension of convex hull of Y1, co(Y'!) is 2n — 2.

Proof. The dimension of the convex hull of Y'! is at most 2n — 2, because the two equality
constraints in the description of Y'! are linearly independent. In order to prove that the
dimension of the convex hull is exactly 2n — 2 we show 2n — 2 + 1 = 2n — 1 affinely
independent solutions. The following set of 2n — 1 points are in Y'! and can be seen to be

affinely independent.
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r1T X2 T3 ... Tp |Yt Y2 Y3 ... Yn
1 0 0 0|1 0 O 0
0 1 0 0O(1 0 O 0
0 0 1 0|1 0 O 0
0 0 0 1171 0 O 0
1 1 0 00 1 O 0
1 1 1 0]0 0 1 0
1 1 1 110 0 O 1

O]

Even though the system Y is very simple, its linear programming relaxation is still not
integral, i.e. the LP relaxation polyhedron contains fractional extreme points. To see this,
consider Y! with n = 3. Let an objective function be defined as follows: ¢;, = 1, ¢z, = 1,
Czy = 0, ¢y, = 3, ¢y, =0, ¢y, = 2. Then the optimal solution is : 1 = 22 = 1,23 = 0 and
Y1 = ys = %,yg = 0, with objective value 4% and this is the unique optimal solution for
this objective. For this example with n = 3, in any binary solution to Y'' we know that if
y3 = 1 then all of the x’s have to be chosen, so the following inequalities are valid: 1 > ys3,
To > y3, T3 > Y3, and the solution defined before would not satisfy the inequality xs > ys.
In fact for the above defined objective, after adding the inequality x3 > ys, the optimal
solution becomes integral. Observations along similar lines lead us to the following set of

valid inequalities.

Proposition 18. Let 1 <[ <n —2 and let S; denote the set of all subsets of {1,...,n} of

n

cardinality I, (note |S;| = (})). Then the following inequalities are valid for Y.

l
x> myniim VIES 1<1<n -2 (89)
jeI m=1

Proof. To prove the validity of (89), pick any point in Y! and consider p such that y, = 1.

Let [ be fixed. If p < n — 1+ 1 then the right hand side is zero and the inequality is valid.
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So we may assume that p > n — [+ 1, more specifically let p = n — [ + ¢ with ¢ > 1, integer.
Then the right hand side is equal to qy, = ¢. Now | = n—p+ ¢ and any subset of {1,...,n}
of size n — p + ¢ would have to have at least g of the x’s with value 1. And this is exactly
the inequality.

O

The inequality (89) implies that if y, = 1, i.e. there are p variables « with value 1, then
for any subset of {1,...,n} of size n — p + 1 there has to be an z; with j € I such that
xj = 1. And for all subsets of {1,...,n} of size n — p+k, k of the z;’s for j € I has to be

set to 1.
Proposition 19. The family of valid inequalities (89) are facet defining for co(Y'!).

Proof. The dimension of convex hull of Y! is 2n — 2, so to prove the facet defining property,
we will show 2n — 2 affinely independent points satisfying the valid inequality at equality.
We will show this for a fixed I. Also, without loss of generality we may assume that set
I consists of the first [ components, i.e. I = {1,...,l}. Then the following set of 2n — 2

points are affinely independent and satisfy the inequality (89) at equality.
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ry T2 ... T | T4l T2 - Tp | Y1 Y2 oo Yn—d | Yn—l+1l Yn—i+2 --- Yn
1 0 ... O 1 1 ... 110 0 ... 0 1 0 ... 0
0O 1 ... 0 1 1 ... 110 0 ... 0 1 0 ... 0
0 O 1 1 1 110 O 0 1 0 0
0 0 0 1 0 0|1 O 0 0 0 0
0 0 0 0 1 0|1 O 0 0 0 0
0 O 0 0 0 111 0 0 0 0 0
0 0 0 1 1 0|0 1 0 0 0 0
0 0 0 1 1 110 O 1 0 0 0
1 1 0 1 1 110 1 0 0 1 0
1 1 ... 1 1 1 ... 1|10 1 ... 0 0 0 o1

The first (1) points, second (n —1) points, the third (n —! —1) points and the last (I —1)
points, are all affinely independent and total up to 2n — 2, providing required number of

points. ]

Another interesting property of the above defined family is that it cuts off all the frac-

tional extreme points of the linear programming relaxation of Y''.

Proposition 20. The family of valid inequalities given by (89) cuts off every fractional

extreme point of the linear relaxation of Y.

Proof. To prove the above property, we first claim that all the extreme points of Y1 have
all x components integer.

We have 2n variables and at a given solution, a maximum of 2n + 2 inequalities can be
active (only one of the bound inequalities can be active at any feasible solution). If some

component of y is fractional, then there has to be another component of y fractional as well

92



because of the constraint >, yx = 1. So if we have an extreme point with fractional z, then
y can not be fractional as it would lead to at most (2n — 1) active constraints but for an
extreme point we need 2n. So we may assume that if x is fractional then all components of

y are integer. Since all components of y are integer, the right hand side of the equality:

D@ = kun
j k
is integer and hence there have to exist two fractional x components (can not be more than
two for an extreme point). Let their two indices be k; and ko. This leads to

Tk, + Tk, = integer.

Now since 0 < z, + xk, < 2, we have that xy, + z, = 1, which implies y; = 1. Then this

fractional point is a convex combination of following two points

K, = 1,y1 = 1, everything else zero,
Tk, = 1,y1 = 1, everything else zero.

Hence the claim that all the extreme points of Y'! have all z components integer.
Now any extreme point with fractional y will have to have at least two fractional com-
ponents and an extreme point, also can have at most two fractional components. Let the

two fractional components be k1 and ko. Then we have

n
chj = K1Yk, + K2y, -
j=1
We have that ko — k1 > 2, since k1yg, + ka2yr, has to be an integer and yp, +yp, =1 . It
implies that }; z; = w € (k1, k2), and also we know that w is an integer. Now let [ = n—w
and the set I be the one that contains all the x;’s that are zero (there are (n —w) of them).
Then the left hand side of the valid inequality (89) for this set is 0. The inequality becomes:

n—w n—w
0= ij 2 Z MYn—(n—w)+m = Z MYwt+m = Yuwt1 + 2Ywt2 + ...+ (0 —w)y, >0
Jel m=1 m=1
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since k2 > w. Hence this point is cut off by one of the inequalities (89). Hence all the
extreme points of Y'! are either integer, or if fractional are cut off by the family of valid

inequalities (89). O

We believe that the set of inequalities (89) plus the original inequalities for Y'! are enough

to define the convex hull of Y''. The properties shown above support our conjecture.

Conjecture 1. The family of inequalities (89) plus the original inequalities defining Y' are

sufficient to define the convex hull of Y, co(Y!).

Separation of (89)

Even though the family of valid inequalities (89) are exponential in number we have a
polynomial time scheme for separating them.

Given a fractional solution (Z,y), we sort the components of Z in ascending order of
their value. For every [, the right hand side of (89) is fixed and hence we just need to check
whether there exists a set I C Sy s.t. Y, z; is smaller than the right hand side. This can be
done by checking the smallest [ components of the fraction solution Z, or the first ! compo-
nents of the T sorted in ascending order. If the sum of the smallest [ components of Z greater
than the right hand side then there does not exist a set I, for that [ such that the any of

the inequalities are violated; otherwise, the set I defined by the smallest [ components pro-

vides the violated set. Since sorting requires O(nlogn) time, so this scheme is polynomial.

We have considered a simple subsystem of the equal-split system. This simple system
relates the binary variable x that denotes which arcs were chosen, to the binary variables
y that denote the number of arcs chosen. The actual flow assignment on the chosen arcs
was not considered. In the following section we add the flow assignment to the single node

system and consider the same subsystem in (z,y, f) space.
4.3.2 A simple single node system

Here we consider a simple single node subsystem in (z,y, f) space as shown in Figure 20.

We assume that the flow can be split among all the sinks, so M; = n for all sources 1.
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Figure 20: An (z,y, f) single node system.

The single source node system with equal-split and with positive incoming flow b can

be represented as:

Y2 = { (z,y, f) € {0,1}" x {0,1}" x R" :

Zyk:

k
Zﬂfi sz?/k
i k

+ b(2 — Yk — l‘z) Vi,k‘

Note. In our original formulation of the equal-split restriction introduced in Chapter 2 with
(x, f,d) variables, the dummy variable d is equivalent to >, ( %)yk for the new formulation.
Hence all the valid inequalities for the original formulation are still valid for new formulation
when we replace d by >, (2)yg.

First we have a result for the dimension of the convex hull of (Y?).
Proposition 21. The dimension of convex hull of Y2 is 3n — 3.

Proof. The three equalities in the description of Y? are linearly independent hence the
dimension of convex hull of Y2 is at most 3n — 3. We will show 3n — 2 affinely independent

points in Y2 to show that the rank is exactly 3n — 3.
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T Ty Ty ... Tn | Y1 Y2 Y3 - Un|S1 f2 f3 ... fa
1 0 0 01 0 0 0/b 0 0 0
0 1 0 01 0 0 00 b 0 0
0 0 1 01 0 0 0/0 0 b 0
0 0 0 1|1 0 0 0/0 0 0 b
1 1 0 0/0 1 0 02 &t o0 0
1 0 1 0/0 1 0 0% o 2 0
1 0 0 1o 1 0 02 0 o0 b
0 1 1 0/0 1 0 ojo %2 2 0
1 1 1 0/0 0 1 o|% & ¢ 0
1 1 1 ... 1]0 0 0 ... 1|2 2 b b
The above defined (3n — 2) points are affinely independent and are feasible to Y?2. O

We now present valid inequalities for the system Y?:

Proposition 22. Let v, = %]9_2) and n = ﬁ then the following inequalities are
valid for Y?:

LT L P (90)

277 24t =g
k=3 1]
—bZ%yk + = le + nbx; — Zf’ <nb Vj (91)
#J i#£]
b
Zb m yk+ 7%= fi <0 Vi, 1<n-1 (92)

k=l+1

Proof. To prove the validity of (90) we take a point in Y2 and consider the following cases:

(i.) y1 = 1. Ifz; =1, then LHS = £ —b = —& = RHS, so the inequality is valid. If 2; = 0

then 97 # j such that x; = 1; hence LHS = —% = RHS, so the inequality is valid.



(ii.) yo = 1. If 2; = 1, then LHS = & — & — & = RHS, so the inequality is valid. If z; = 0
then Ji, k # j such that x; = x; = 1; hence LHS = —b < —% =RHS, so the inequality

is valid.

(ili.) yy =1,1 > 3 and 2; = 1. We have that (LHS-RHS) equal to

(-1 -2) b b b b
- 21 b+2 2” b z+2
_b<z2—3l+2+l—l2+l—2+l> _
— 3 —

Hence the inequality is valid in this case.

(iv.) yy = 1,1 > 3 and z; = 0. We have (LHS-RHS) equal to

I-1)(1-2), b, b 2-3l+2-1%2+1 (1-1)
— _ = Z = = — <
b—3l+3 5] b0 <0

for all [ > 1, integer.

To prove the validity of (91) we consider a point in Y2 and consider the following cases:

(i.) y1 = 1. If ; = 1, then LHS = nb < nb = RHS, so the inequality is valid. If z; = 0,

then LHS = % — b < nb = RHS (since n > 0), so the inequality is valid.

(ii.) yo = 1. If z; = 1, then LHS = g +nb— % < nb = RHS, so the inequality is valid. If

x; = 0, then LHS = b — b < nb, so the inequality is valid.

(iii.) yy = 1,1 > 3 and z; = 1. We have (LHS-RHS) equal to

l-11-2) b n—3 (1-1) n—3
= b Ty (-1 _ _
by e Dby 3(n - 1)
_ =D =2+ =21
= 5l =
(iv.) yy = 1,1 > 3 and z; = 1. We have (LHS-RHS) equal to
(-1nHl-2) b n—3 (1—2) n—3
7 ] _}ph— = - <
b Tl Ty Ty oy S0

for all 3 <1 <n—1 (since z; = 0, implies y,, = 0).
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It is easy to see that the inequality (91) is valid when y, = 1 if k¥ < [. Let y, = 1 with

k> 1+ 1. If z; = 0 then the inequality is valid as (I < k). If z; = 1, we have LHS-RHS

-k b b l—k+k—1

lk
Proposition 23. Families of valid inequalities (90), (91) and (92) are facet defining for

the convex hull of Y2.

Proof. The dimension of convex hull of Y2 is 3n — 3, so the proof of the facet defining prop-
erty is constructed by showing 3n — 3 affinely independent points satisfying the inequality
at equality.

Consider the valid inequality (90) and let 7 = 1. For the proof we have the following set

of affinely independent points.

T T2 T3 ... Ty | Y1 Y2 Y3 ... Yn | S1 fo f3 ... fa
1 0 0 01 0 0 0Olb 0 0 0
0 1 0 01 0 0 00 b 0 0
0 0 1 01 0 0 00 0 b 0
0 0 0 111 0 0 0l0 0 0 b
1 1 0 0/0 1 0 0o]s 2 o0 0
1 0 1 0/0 1 0 02 o ¢ 0

b b
1 0 0 110 1 0 02 0 o0 b
1 1 1 0/0 0 1 o2 & & 0
1 1 1 ... 1/0 0 0 ... 1|2 b 2 b

To prove the facet defining property of (91), consider the following set of (3n—3) affinely

independent points.
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1 Ty T3 Tp1 Tn |Y1 Y2 Y3 Yn—1 Yn | 1 f2 f3 o1 [
0 1 1 1 1]/0 0 0 1 o o0 X b b b
1 0 1 1 10 0 0 1 0% o b b b
1 1 0 1 1]/0 0 0 1 0% -2 o0 b b
1 1 1 0 1/0 0 0 10|y X b 0 b
1 1 1 1 00 0 0 10| - b L0
1 1 0 0 0|0 1 0 o o & L o0 0 0
1 0 1 0 0|0 1 0 o o % o 2 0 0
1 0 0 1 00 1 0 0o o[ % o0 o0 b0
1 0 0 0 1]0 1 0 o ot 0o o0 0o !
11 1 0 0|0 0 1 o of % & ¢ 0 0
1 1 1 1 1,0 0 0 o 1|22 b 2 b b
1 0 0 0 0|1 0 0 0O 0| b 0 0 0 0

The first set consists of n points, the second set consists of n — 1 points, the third set

consists of n — 3 points (it does not have the (n — 1)t point from first set) and last one add

up to 3n — 3. It is easy to see that these points are affinely independent.

To prove the facet defining property of (92), consider the following set of 3n — 3 affinely

independent points.
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T T2 X3 ... Tp|Y1 Y2 Y3 .- Yn | S1 fo f3 .. fa
1 0 0 0|1 0 o0 0[b 0 0 0
0 1 0 0|1 0 0 00 b 0 0
0 0 1 0|1 0 0 00 0 b 0
0 0 0 11 0 0 00 0 0 b
1 1 0 0/0 1 0 02 & o0 0
1 0 1 0/0 1 0 0% o 2 0
1 0 0 1o 1 0 02 0 o0 b
1 1 1 0|0 0 1 o2 & & 0
11 1 1[0 0 0 1|2 b 2 b

Separation of (90)-(92)

All the above defined family of valid inequalities (90), (91) and (92) are of linear size and
can be checked for violation at a fractional point by going through each of them. It is not

clear if we can do better.

We present another family of valid inequalities for Y2.

Proposition 24. Let S, denote collection of subsets I of {1,...,n} of size m. Then the

following set of inequalities are valid for Y?2.

n

S B Y e Y h<0 e s, 023 (93)

k=1+1 icl icl
Proof. Pick a point in Y2 and let y,, = 1. For m < [+ 1, (93) is trivially valid. So we may
assume that m > [+ 1, and when y,,, = 1, for any [, the maximum value of left hand side

is:
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-1 —1 —1
(m =D =0, o — iy =Dy <o,
m m
Hence the inequality is valid for all [ and all sets S,,_;. O

Separation of (93)

The family (93) of valid inequalities is exponential in size but we can separate efficiently.
Given a fractional solution (Z, ¥, f), compute (bz; — f;) for each arc ¢ and we sort the arcs
in ascending order of (bz; — f;). Now for every [ we need to check if there exists a set I of

size n — [, such that

> Wﬁ—b2@+2ﬁ>0.

k=1+1 icl icl
Pick the first (n — 1) arcs in I (sorted) and check if

Swr -y <y BDEEDb

i€l k=l+1

If it is we have a violated inequality; otherwise there does not exist any set I C S; for which
the inequality violated for the fixed {. This leads to O(nlogn) time separation scheme

where the sorting step (O(nlogn)) is the longest.

In the discussion above, we exploited the equal-split structure of a single node system
and developed cutting planes for these subsystems, but we did not use the unique bipartite
structure of the problem. In the following section we consider the equal-split problem as a

whole and perform a similar polyhedral study to obtain valid inequalities.
4.4 Structure based cuts

In this section we develop valid inequalities that utilize the whole structure of the equal-
split problem on bipartite graphs. So far we have considered the structure from the source’s
side, where the restriction of equal-split was exploited to generate valid inequalities. Now
we consider the sink side and develop more valid inequalities.

Consider a sink with capacity c. Let there be n sources with incoming flow by, b, ..., b,

(refer to Figure 21). Let x; be the binary variable denoting whether flow from source i

101



Figure 21: A Single sink node with multiple sources

is sent to the sink or not. Let M; denote the maximum number of sinks the flow can be
assigned to from source i. If source i is assigned to the sink, the minimum flow assignment
from this source to sink will be Mip because at minimum the flow from source i is split into
M; sinks and each sink will be assigned Mii flow. Based on this observation, it is easy to
see the inequality defined below is valid, and it provides a lower bound on deviation (A)

for the sink:

b.
A > l) T; — C. 94
Also we have the following set of valid inequalities based on M;.

Proposition 25. The following inequalities are valid for the equal-split problem on bipartite

graphs:
A> (e Dy — Y Cay b it (95)
= Mj i Mj 7 % s Js
A>—(C—Zﬁ)l“— ﬁ—zﬁay—i-f' Vi (96)
- M = My M
JF#i J#i J#Fi

Proof. The proof of validity for (95) is presented by considering the following four cases:
(i.) @j = x; = 0. In this case f; = f; =0, hence A >0 > —1\% + fi = RHS.

(ii.) ; =0, x; = 1. In this case we have f; =0, and hence A >0 > f; = RHS.

(ili.) @; =1, z; = 0. In this case we have A > f; —c = RHS.
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xzj = 1. In thiscase, A> fi+ fj —c> fi + ]% — ¢ =RHS (since when z; = 1,

).

(iv.) =

I

v
Sle

The set of inequalities (96) are a form of an aggregated version of (95), hence the proof is

similar and is not repeated here. O

We also have the following set of valid inequalities that depend on a specific value of M;.

Ax ) <_(bi —c)zi + 2(blbl_C)fz> + > (i) (97)

i M;=2 wM;=1

bi 2 (bz — c) bi bi . .
A> <c2> lerTfZ—Z <02) xj+ijf§ Vi (with M; =2)  (98)
J#i J#i
All the above defined inequalities are polynomial in size and also they depend on the

data of the instance, so these inequalities are added to CPLEX cut pool at the start of the

branch-and-bound method.

4.5 Branch-and-Cut Results

We demonstrate the effectiveness of our cuts by performing computational experiments on
randomly generated instances of the equal-split flow problem on bipartite graphs. The
random instances were created such that the sum of the incoming flow is always less than
or equal to the sum of the capacities of the sinks.

We incorporated the cutting planes developed in the previous section within a branch-
and-cut algorithm to solve the equal-split problem on bipartite graphs. We used CPLEX
9.0 callable libraries to implement the branch-and-cut algorithm. Computations were done
on an Intel Pentium 4 Zeon machine with 2.4 GHz speed and 2.0 GB RAM running Linux
kernel 2.4.27.

For the family of valid inequalities that are not polynomial in size, i.e. (89) and (93),
we have fast separations schemes so these were added when violated, using the cutcallback
function of CPLEX. But for the rest, which were mostly linear in size, we added those
cutting planes in the CPLEX cut pool. We tested the effectiveness of cuts by comparing

our procedure with solutions given by default CPLEX with no cuts.
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4.5.1 Heuristics

We developed basic heuristic methods to get good starting solutions. These heuristic meth-
ods were based on the MILP formulation. Denote by M; the maximum number of sinks
that flow from source node ¢ can be split amongst and let m,,;, = min; M;.

The first approach to get solutions was to fix the number of sinks for flow from each
source 7 to be equal for all of the sources. For example to require that the flow from every
source node to be equally split among 2 sinks, we set y;5 = 1 for all ¢ and the rest of y’s
to zero. This way we solve m,,;, integer programs by fixing y;x to 1 for k = 1,..., mMumin
with the same objective and store the best solution obtained. Since the problem solved
is a special case of the original problem, the solutions obtained are feasible to the original
problem as well. For these integer programs, the only decision variables are x’s and f’s, and
hence they are much easier to solve. Also, since y’s are fixed, we know the exact number
of arcs chosen from each source, hence we know the exact amount of the flow on the arc if
it is chosen. We can use this observation to strengthen the cuts family (94) and this makes
the problem much easier to solve. Even then we do not have to solve them to optimality,
but we can stop the branch-and-bound after certain amount of time to get a good solution.

The second approach is to fix that flow from each source ¢ has to be split equally amongst
M; sinks for each source ¢. This can be done by setting y;as, to 1 for each ¢ and the rest
to zero. Here we solve one integer program, as compared to m,,;, integer programs in
the previous approach, and store the best solution obtained. Similar to the first approach
we can strengthen certain families of cuts which makes this restricted problem easier to
optimize.

After experimenting with both the approaches we found out that, invariably the second
approach was giving better solutions than the first approach. The second approach also
seemed more attractive since we just need to solve one integer program in the second
approach as compared with my,;, in the first approach. So the second approach was used

to get starting solutions.
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4.5.2 Computational Experiments

Table 8 shows the comparison of lower and upper bounds returned by default CPLEX and
when we add our cuts and heuristic. Results are presented in such a way that it is easy
to see the improvement in both lower and upper bounds when cutting planes are added.
The first column denotes the problem name. The problem En;_no denotes an instance of
equal-split flow problem on bipartite graphs with n; source nodes and ns sink nodes. The
second and the last column present the lower and upper bound obtained by CPLEX at the
end of 300 seconds of computation time. Third and fourth column present the best lower
and upper bound obtained when cuts and heuristics are used to solve the problem.

Table 8: Lower and upper bounds for instances of equal-split assignment on bipartite
graphs (time limit: 300s)

CUTS + HEUR

Prob CPLEX LB LB UB CPLEX UB
E10-10 0.00 0.00 0.00 0.00
E10_11 1.00 6.17 6.17 19.00
E10-12 6.00 14.33 14.33 21.17
E10.13 0.00 0.00 0.00 0.00
E10_14 0.00 6.25 6.25 28.08
E10_15 1.00 13.75 13.75 24.00
E10-20 2.00 50.50 50.50 65.00
E15.10 0.00 7.75 7.75 15.25
E15.15 0.00 0.00 0.00 0.00
E15.20 0.00 5.25 6.15 31.25
E20_10 0.00 0.00 0.00 8.00
E20_15 0.00 10.00 10.00 26.67
E20_20 0.00 8.75 10.17 48.83
E20_25 0.00 16.75 17.75 108.00
E20_30 0.00 0.00 0.00 92.58
E25_20 0.00 0.00 0.00 17.83
E25_25 0.00 0.00 7.83 71.00
E25_30 0.00 0.00 0.00 0.00

Entries in bold denote convergence to an optimal solution

The results from Table 8 show that the lower bounds returned by CPLEX at the end
of the run are quite bad in general, the main reason being that the LP relaxation is very

weak. By adding our cuts we were able to significantly increase the lower bounds for almost
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Table 9: Time and node counts comparison

CPLEX Cuts + Heur
Prob Node Count Time(s) Node Count Time(s)
E10_10 240 1.50 0 4.01
E10_11 86543 300.00 762 16.47
E10_.12 65324 300.00 19 7.78
E10_13 30 1.12 0 5.06
E10_14 38413 300.00 434 20.11
E10.15 31001 300.00 1655 40.43
E10-20 15565 300.00 5 7.12
E15.10 37247 300.00 16150 68.32
E15_.15 155 8.91 0 4.72
E15.20 8053 300.00 4388 300.00
E20_10 33334 300.00 3766 106.49
E20_15 11261 300.00 5 10.25
E20_20 6571 300.00 8855 300.00
E20.25 2100 300.00 1527 300.00
E20.30 753 300.00 3 15.19
E25_20 1844 300.00 0 6.80
E25.25 2939 300.00 3438 300.00
E25_30 1000 235.32 0 13.91

Entries in bold represent that optimal solution was found in 300 second

all of the problems. Not only did the lower bounds improve, our heuristic methods with
the branch-and-bound procedure were able to significantly decrease the upper bounds as
compared with upper bounds returned by CPLEX. Comparing the results from different
columns we can see that we were able to solve more problems to optimality and we were
able to provide relatively tight bounds for most of the rest.

Table 9 presents the actual node count and computational times for the random instances
tested. The time limit was 300 seconds. If the problem was not solved to optimality in
allotted time, then the corresponding entry in time column is 300 and the node count entry
is the number of nodes explored in 300 seconds. Not only were we able to solve more
problems by using heuristic methods and adding cuts but we were also able to solve them

in less time and exploring lesser number of nodes, as is evident from Table 9.

Tables 8 and 9 show that the proposed heuristics and cutting planes significantly im-

proved the performance of the branch-and-bound method for solving equal-split problems
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defined on bipartite graphs. In the following section we will consider an alternate formula-

tion for this problem.
4.6 An Alternate Formulation

For the equal-split problem on bipartite graphs, it is not hard to see that flow variables
are not needed for the integer programming formulation. Consider a single source with
exogenous flow b and n sinks. Let the set S = {1,2,...,n} be the set of sinks connected to
the source. Now if we know that the set I C S, I # (), is the set of sinks used to route flow
from the source, then the flow on the arcs connecting the source to the sink is automatically

determined, and is given by:

% ifiel,
fi= (99)
0  otherwise.

So once the assignment is known, the flow on all the arcs is determined as well. Based on
this realization we propose a new formulation for the equal-split flow problem for bipartite
graphs that does not contain any continuous flow variables.

Consider a source with n sinks. Let x;‘ be the binary variable that will be 1 if flow is

routed to sink £ and a total j — 1 other sinks. Then the following set defines the equal-split

structure for a single source:

n n .Z'k

>y (Y- (100
J

n

> @k > jaf Vi k (101)

It is easy to see that the above formulation correctly models the single source node with

equal-split.
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Now for the equal-split flow problem on bipartite graphs, we now show how the deviation
is calculated for each worker. Consider a sink k, and let there be n; sources that can send
flow to sink k. Let us denote by (:c;“)l, binary decision variables for source i, as defined

above for the single source. Then the deviation Ay is given by:

A = max ii?(mﬁ)l—ck ,0

i=1 j=1

which can be written as:

nT n bz
Ap=> Y ;(l’f)z‘ — Ck (102)

i=1 j=1
Ap>0 (103)

when the objective is such that each Ay will be set as small as possible.
Using the constraints defined above the equal-split problem on bipartite graphs can be

modeled as:

min Z Apg
k
n

S.t. <(])Z> =1,V sources 1
1

k=1 j= J
(€§)i = j(a5)i Vi jk (P2)
k=1
nt n b:
Ay > ZZ —l(a:f)Z — ¢ V sinks k
: - ¥
=1 j5=1

0 < (2§); <1, binary, Vi, j,k

In the formulation defined above, we got rid of the flow variables f and binary variables

y, but we added a lot more binary variables. If there are n; sources and no sinks, then

the number of binary variables in the previous formulation (P1) is 2n3ng, and the number
2

of binary variables in the new formulation (P2) is nin5. Also there are no continuous

variables in the second formulation. So it is not clear which formulation will be better in
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terms of solving the integer program. In terms of the linear programming relaxation, both
formulations provide the same LP lower bound for the objective of minimizing the sum of
deviations for each worker.

For the set defined by Z for a single node, let Z; p be the linear programming relaxation,
where the binary restrictions on x variables are removed and replaced by lower and upper

bounds of 0 and 1 respectively. We can show that this polyhedron is integral.
Theorem 7. Zpp = co(Z).

Proof. We will prove this result by contradiction. Assume that above is not true. Then
there exist an extreme point of Zyp such that one of the components is fractional. Let =
be such a fractional extreme point represented by (a:;f), j=1...n,k=1,...n.

Let j1 be one of the fractional components, by this we mean that there exists a k such

that 1‘2’-‘1 is fractional. We claim that there exists k; and ks s.t. 1:?11 ) xff > 0, and are strictly
fractional. To see this consider different cases of j;. If j; > 1 then it can be easily seen
from (101). If j; = 1, then either there exits such k; and ks fractional or else there exists
72 > 1 which has the above desired property and we can substitute j; by j2 and so that jo
will have the desired properties.

If j1 = 1, then we know that a:lfl and xlfQ are strictly positive and less than 1. So

we can find an e such that both the points a = (...,:Jc’f1 + e,...,xlfQ —¢€...)and b =
L x — e 2™ 4 e . .) are feasible and T = 1a + 1b, contradicting the fact that T is
1 1 2 2

an extreme point.

Now if we have multiple choices of j; > 1, pick j; such that there exists ki , ko s.t.

0< xfll,xff < 1 and both of the constraints
n
k .k
> = i (104)
k=1
n
A -
S, > ek 09
k=1

are not active. If there exists such a j; then we can find e, small enough to satisfy all

the constraints, s.t. both the points a = (... ,xfll + €. . xff —¢€...)and b= (... ,xfll —
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k
TN s

e .) are feasible and ¥ = %a + %b, contradicting the fact that 7 is an extreme

point.

Suppose there is no j satisfying (104) and (105), then we can see from (101) that for all

k1 mb

7 such that there exists k1 , kg s.t. 0 < r;, T

< 1, we have that: :1;5C =0 or Fj}, since all
the constraints (101) are active.

From (100) and the above property, we know that there has to exist j; and jo such that

2k

— . ko _ .
=0 or Fj and zj, =0 or Fj,.

Let I, and I;, be the number of fractional k’s in x;, and z;,. Then we can find €¢; and €

such that the following points are feasible:

k k
a=(...,75 +e,...,75 —€,...)
b=(...,2% —¢ zh +e )

cees T Lyev ey Ty, 2, ...

where

I; I;
1€ 122 (to maintain feasibility of (100)).

J1 J2

Both €7 and €5 can be chosen appropriately. Now T = %a—k %b, contradicting the assumption

that Z is an extreme point. O
4.6.1 Valid Inequalities for (P2)

Consider a sink with capacity ¢ and n different sources with incoming flow b; that can be

assigned to the sink. See Figure 22.

For notational convenience we represent the binary variables from source ¢ to the sink
by xé», which denotes the binary decision of sending flow from source 7 to the sink under
consideration and the total number of sinks used is j. Then we have that the deviation for

the sink A, satisfies the following inequality:
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Figure 22: A simple subsystem

Let us denote for each i the term (%) by «j;. Then the above inequality becomes:

n M,
A > Z Z aijx;'- —c. (106)

i=1 j=1

Now we will present a family of valid inequalities for the subsystem shown in Figure 22 and

hence for the bipartite system.

Proposition 26. Let L be an integer between 0 and c, then the following is a valid inequality

for the bipartite system (P2):

M;
A > Z Z max{0, (a;; — L)}x; + Z max{(c — L), (ou; — L)}ac;C +

i#k j=1 jiog;>e—L
+ > (awah)—(c—L) Vke{l,...,n} (107)
Jragj<c—L

Proof. To prove the validity of (107), consider any binary point of the equal-split bipartite
polyhedron. To check the validity it is sufficient to check for a point where for each ¢ , there
exists j such that .CE; = 1. Since the right hand side will only decrease if one of the z’s is
zero, so validity of other solutions would follow from this case. Pick a k € {1,...,n}. Two

cases arise:

(I) axj > ¢ — L. In this case the right hand side is given by:

n

Z max{0, (oj; — L)} + max{(c — L), (aj — L)} —c+ L
i=1,ik

Two subcases arise:
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(a) max{(c— L), (agj — L)} = (¢ — L). We have that

> max{0, (ai;— L)} +(c—L)—c+L < Y max{0,(esj— L)} +ogj—c+L
i=1,i#k i=1,i#k

(108)
since ag; > ¢ — L. If 370, . max{0,(a;; — L)} = 0, then the left hand
side of (108) is 0, and the inequality A > 0 is trivially valid. Otherwise if
> im1 iz max{0, (a;; — L)} > 0, then it is easy to see that

n

Z max{0, (o — L)} + agj — (c— L) < Zaij —c<A.
i=1,i#k i=1

(b) max{(c — L), (axj — L)} = (ap; — L). We have that the right hand side of the

valid inequality (107) in question is:

n n
Z max{0, (a;; — L)} + (agj— L) —c+L = Z max{0, (a;j, — L)} + oy —c.
i=1,i#k i=1,i#k

It is easy to see that

n

n
> max{0, (i, — L)} +aj —c <> (o) — e <A,
i=1,i#k i=1

(II) ag; < ¢ — L. In this case the right hand side of (107) is:

n

Z max{0, (a;; — L)} + apj —c+ L
i=1,itk

which we can see is less than:

n
< E:(%p—L+aM—c+L§A.
i=1,i#k

This completes the proof of validity of (107). O

The size of family of valid inequalities (107) depend on the data in the problem, i.e. the
capacities of the sinks ¢, hence it is exponential. But L should be chosen such that ¢ — L =
ay; for some k,j. And if L is chosen in this way, it leads to a polynomial size and can
just be added to the cut pool right at the start of the branch-and-bound method. Once
an inequality (107) is derived, then more inequalities can be developed from the derived

inequalities.
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4.6.2 Comparison of two formulations

In this section we compare the effectiveness of the two formulations (P1) and (P2) in solving
the equal-split problem on bipartite graphs.

As already mentioned before, the linear programming relaxation optimal solution value
is the same for both formulations. Also, formulation (P2) contains more binary variables
than (P1) and also does not have any continuous variables. But the constraints required to
model the single node equal-split subsystem for (P2) are sufficient for convex hull but this
is not true for (P1).

In order to make a comparison between the two formulations, we compare the optimal LP
solution and its characteristics. Since the LP relaxation solution value is the same for both
the formulations, we compare the fractional components of the optimal LP solution. We
compare various statistics as shown in Table 10. We first consider the number of fractional
components. Since there are different numbers of binary variables in the two formulations,
we also consider the percentage of fractional variables. Also, to see how fractional the
optimal solution is we compare the total fractionality of the solutions. For a given fractional
solution z, total fractionality is calculated as: ), min{z;, 1 —z;}. The average fractionality
is calculated by dividing the total fractionality by the number of fractional variables. This
tells on average how far the fractional solution is from an integer solution.

Table 10 presents the above-mentioned statistics. The first column is the problem name.
The next five columns present statistics for the LP optimal solution for formulation (P1).
The last five columns present the same statistics for formulation (P2). From Table 10 we
can see that even though (P2) has many more binary variables than (P1), the total number
of fractional variables at the LP solution are less. This also means that the percentage
of fractional variables in (P2) are less as compared with (P1). From these results we
can say that formulation (P2) seems to have fewer fractional components, even though it
has more binary variables, so the optimal LP solution is closer to an integer solution for
(P2) as compared with (P1).But, if we compare the average fractionalities across the two

formulations there is not much difference across the two formulations.
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We now present results on how effective the two formulations were at solving the equal-
split flow problem on bipartite graphs. CPLEX branch-and-bound was used to solve the
two mixed integer programming formulations.

Table 11: Comparison of two formulations: lower and upper bounds were returned at the
end of 300s of computation time

(P1) (P2)
Prob LB UB LB UB
E10_.10 0.00 0.00 0.00 0.00
E10_11 1.00 19.00 3.67 6.83
E10.12 6.00 21.17 14.33 14.33
E10_.13 0.00 0.00 0.00 0.00
E10_.14 0.00 28.08 6.25 9.42
E10.20 2.00 65.00 50.50 50.50
E10_15 1.00 24.00 11.50 13.75
E15.10 0.00 15.25 7.75 7.75
E15.15 0.00 0.00 0.00 0.00
E1520 0.00 31.25 5.00 15.50
E20_10 0.00 8.00 0.00 0.50
E20.15 0.00 26.67 9.76 11.50
E20.20 0.00 48.83 8.54 21.50
E20.25 0.00 108.00 15.00 21.41
E20.30 0.00 92.58 0.00 20.50
E25.20 0.00 17.83 0.00 0.00
E25.25 0.00 71.00 0.00 42.42
E25.30 0.00 0.00 0.00 0.00

Entries in bold represent that optimal solution was found in 300 second

Table 11 presents the best lower and upper bounds reported by CPLEX branch-and-
bound for each of the formulations after 300 seconds of computation time. Table 12 reports
the solve times and node counts for each of the formulations. If the problem was not solved
to optimality in the allotted time (300s), the corresponding entry in the Time column is
300 and the entry in the Node Count column is left blank.

From Table 11 we can see that formulation (P2) was much more effective in solving
the equal-split problem on bipartite graphs. CPLEX branch-and-bound with formulation
(P2) was able to solve four more problems as compared with formulation (P1). More
importantly the lower and upper bound returned at the end of the run for formulation (P2)

were significantly better than the bounds for formulation (P1). Also from Table 12 we can
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see that for the problems that were solved to optimality, both node counts and solve times
were significantly better for formulation (P2) as compared with (P1). This shows that as an
integer programming formulation, with no additional cuts or heuristics added, formulation

(P2) performs better than formulation (P1).

Table 12: Comparison of two formulations: Node counts and solve times

P1) (P3)

Prob Node Count Time Node Count Time
E10_10 240 1.5 56 0.19
E10_11 86543 300.00 264266 300.00
E10.12 65324 300.00 13740 12.20
E10.13 30 1.12 8 0.10
E10_14 38413 300.00 134958 300.00
E10-20 15565 300.00 101 0.53
E10_15 31001 300.00 136464 300.00
E15_10 37247 300.00 17000 17.68
E15.15 155 8.91 16 0.17
E1520 8053 300.00 86127 300.00
E20.10 33334 300.00 234194 300.00
E20_15 11261 300.00 129512 300.00
E20_20 6571 300.00 71903 300.00
E20.25 2100 300.00 46454 300.00
E20.30 753 300.00 67791 300.00
E25_20 1844 300.00 56647 94.39
E25_25 2939 300.00 38221 300.00
E25.30 1000 235.32 900 11.62

Entries in bold represent that optimal solution was found in 300 second

We studied the equal-split structure as modeled by formulation (P1) and developed
cutting planes. We also implemented a basic heuristic method, based on the IP formulation,
to get good starting solution. Computational results demonstrated the effectiveness of the
cutting planes and heuristics in solving instances of equal-split problem on bipartite graphs.
For formulation (P2), we did not provide an extensive study of the equal-split polyhedron
as modeled by (P2). But, we did provide a family of valid inequalities for (P2). Also,
the same heuristic implemented for (P1) can be used for (P2) as well. The results after
adding cutting planes and heuristics for (P2) were better than the CPLEX default branch-

and-bound on the formulation. In order to make a comparison on how effective the cutting

116



planes and heuristics were for formulation (P1) as compared with the second formulation
we present computational results next.

Table 13 presents the best lower and upper bounds by the branch-and-bound after
heuristics and cuts were used in both formulations. Table 14 presents the node counts and
solve times for the results obtained in Table 13. The time limit was 300s, so if optimal
solution is not found in the allotted time for a problem the corresponding entry for solve

time is 300s and node count entry is the number of nodes explored in 300s.

Table 13: Comparison of two formulations with cutting planes and heuristics: lower and
upper Bounds after 300s of computation time

(P1) (P2)
Prob LB UB LB UB

E10.10 0.00 0.00 0.00 0.00
E10.11 6.17 6.17 4.93 6.17
E10.12 14.33 14.33 14.33 14.33
E10.13 0.00 0.00 0.00 0.00
E10.14 6.25 6.25 6.25 9.83

E10.20 50.50 50.50 50.50 50.50
E10.15 13.75 13.75 11.50 14.25
E15.10 7.75 7.75 7.75 8.00
E15.15 0.00 0.00 0.00 0.00
E15.20 5.25 6.15 5.00 6.50
E20.10 0.00 0.00 0.00 1.67
E20.15 10.00 10.00 10.00 10.00
E20.20 8.75 10.17 8.75 11.17
E20.25 15.75 17.75 15.75 17.75
E20.30 0.00 0.00 0.00 0.00
E25.20 0.00 0.00 0.00 0.00
E25.25 0.00 7.83 0.98 9.67
E25.30 0.00 0.00 0.00 0.00

Entries in bold represent that optimal solution was found in 300 second

Looking at the results from Table 13, we can see that, with the help of cuts and heuristics,
formulation (P1) was able to provide better results than (P2). More problems were solved to
optimality and for except one, the bounds provided for the problems not solved to optimality
in allotted time by formulation (P1) were stronger than formulation (P2). Results from
Table 14 show that even though more problems were solved with (P1) in the allotted time,

but the problems that were solved by (P2) were solved faster than by (P1).
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Table 14: Comparison of two formulations with cutting Planes and heuristics: node counts
and computation times

(P1) (P2)
Prob Node Count  Time Node Count Time
E10_10 0 4.01 0 0.30
E10_11 762 16.47 115551 300.00
E10.12 19 7.78 9909 28.60
E10_13 0 5.06 0 1.05
E10_14 434 20.11 72053 300.00
E10-20 1655 40.43 67 5.60
E10.15 5 7.12 62165 300.00
E15_10 16150 68.32 199389 300.00
E15_15 0 4.72 0 3.10
E15.20 4388 300.00 10 300.00
E20_10 3766 106.49 194930 300.00
E20_15 5 10.25 36 1.56
E20_20 8855 300.00 41642 300.00
E20.25 1527 300.00 26179 300.00
E20_30 3 15.19 0 5.14
E25_20 0 6.80 0 1.38
E25_25 3438 300.00 16730 300.00
E25_30 0 13.91 0 2.16

Entries in bold represent that optimal solution was found in 300 second

We believe that the cutting planes derived for formulation (P1) were very effective
in providing good bounds. Since we did not perform an extensive polyhedral study for
formulation (P2), the overall performance of (P2), with cutting planes, was not as strong
as (P1). But the results do suggest the potential for improvement if a more detailed study
of formulation (P2) is done.

We finish off this section with a note on whether either of these formulations (P1) and
(P2) can be used to model the equal-split structure in multi-commodity flow problems or
OSPF weight setting problem. The general multi-commodity flows equal-split problem can
be modeled as per formulation (P1) but we can not use (P2) to model equal-split in the
general problem, because (P2) assumes that incoming flow into every node is fixed, which

is not the case in general networks.
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4.7 Final Thoughts

We studied the equal-split problem on bipartite graphs and presented two different integer
programming formulations for it. We studied, in detail, the polyhedral structure of the first
formulation (P1) and demonstrated with computational experiments that the cutting planes
developed were very effective in solving and providing good bounds for this problem. For
the second formulation (P2), we provided a limited polyhedral results. Next we performed
a comparison between the two formulations on the effectiveness of solving the problem.
Computational results indicated that the second formulation (P2) as-is (with no additional
cutting planes or heuristics) was more effective in solving the problem than (P1) as-is.
When the proposed heuristics and cutting planes were added to both the formulations,
(P1) performed better than (P2).

Because of the nature of the objective function, cutting planes derived from the equal-
split structure without taking into account the capacities of the workers were not as effective
as the ones that used the capacities. The cutting planes developed performed very well in
terms of solving the problems faster and providing good bounds but we feel that in order
to do better we need to study the structure of incoming flows to the sources (b) compared
to the capacities of the workers (¢). We performed a somewhat similar study in Section 4.4,
but it is not clear how to do this in general.

The second formulation (P2) seems very promising from the computational results pre-
sented. A detailed polyhedral study of this formulation would lead to more significant
improvements. Since the basic structure both formulations try to model is the same, so
the cutting planes already derived for the first formulation (P1) should also be valid for
the second formulation (P2) but in a different space. How the families of valid inequalities
derived for (P1) look in terms of the variables of (P2) can be another direction of further

study.
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CHAPTER V

CONCLUSIONS

5.1 Summary of work done

We performed an extensive polyhedral study of networks with equal-split structure. We
started by studying the multi-commodity network flow problem with equal-split. We con-
sidered single node, two node and multiple node subsystems of this problem and developed
valid inequalities based on these subsystems. We incorporated these valid inequalities in
a branch-and-cut scheme to solve the problem. Computational experiments, performed on
randomly generated problems, indicated that the cutting planes developed strengthened the
mixed integer linear programming formulation. On average, computation time for our data
set decreased by a factor of 30 and node counts decreased by a factor of 90, when compared
with default CPLEX 9.0. We also performed extensive computational experiments to test
the relative strength of the various cutting plane families with respect to each other.
Next, we considered the OSPF weight setting problem. We proposed a mixed integer
linear programming formulation for the problem. A decomposition based approach was
presented as a solution methodology for the weight setting problem. The approach did
not provide good results, so we developed valid cutting planes by considering the specific
structure of the problem to strengthen the linear programming relaxation. Heuristic meth-
ods for getting solutions to hot start the branch-and-bound method were also proposed.
We tested our solution methodology on some randomly generated instances and some in-
stances taken from the literature. Computational results show significant improvements
over default CPLEX, and our solution methodology was able to provide solutions with
much better quality guarantees as compared to other approaches. Also, we implemented
two heuristic methods proposed in the literature and CISCO’s recommendations on how the
weights should be set in a network. We compared the results provided by these procedures

with the results from heuristic methods proposed by us. Results indicate that our methods
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outperformed all the other methods in almost all the cases.

Finally, we considered an equal-split flow problem on a bipartite graph. We provided
a different formulation for the equal-split structure for this problem since the original for-
mulation did not perform well. We also considered simple subsystems of this problem and
performed polyhedral study to generate cutting planes for the problem. Heuristic methods
based on the integer programming formulations were proposed. Computational experiments
performed on some randomly generated instances show that the cutting planes we proposed
were very effective in closing the optimality gap. When compared with default CPLEX we
were able to solve more problems and for the problems that were not solved to optimality,
our approach provided solutions with much better optimality gap. An alternate formulation
for modelling the equal-split structure in the bipartite graph was proposed next. A convex
hull property for a subsystem of this formulation was proved. A comparison between the
two formulations, in terms of how effective they were in solving the equal-split flow problem

on bipartite graphs, was provided.
5.2 Remaining Technical Issues

In this section we present some remaining technical issues and propose some research di-

rections that might lead to improved computational results and understanding.
5.2.1 Equal-split multi-commodity network flow capacity cuts

The computational results performed to test the relative effectiveness of the various cutting
plane families indicated that cutting planes derived from capacities, or structure, were the
most important ones. The cutting planes derived were specific for certain special cases, and
adding these to the branch-and-cut method led to very significant improvements. So we
believe a more detailed study to derive cutting planes, specific to capacities, will lead to

significant additional benefits.
5.2.2 OSPF weight setting symmetry

Valid inequalities derived for the OSPF weight setting problem were based on exploiting

the equal-split restriction. Another component of the flow is that it has to be routed on
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shortest paths, equally split among the arcs on the shortest path. We believe that better
understanding of the relationship between the paths and the flow and using the information
to derive valid inequalities for this problem will help solve the problems faster and provide
better optimality gaps.

As discussed before there is a lot of symmetry in this problem and it is not clear how to
get rid of it. Another direction for further study can be to understand the symmetry and
propose solutions to remove it from the formulation or propose an alternate formulation

that does not have similar issues.
5.2.3 Equal-split flow on bipartite graphs: extended polyhedral study

Because of the nature of the objective function of the flow problem on bipartite graphs
cutting planes derived from the equal-split structure taking capacities of sinks into account
were more effective compared with the general ones. We performed a somewhat similar
study in Section 4.4, but it is not clear how to do this in general and can be one of the
further directions to pursue.

Among the two formulations we proposed for this problem, the second one (P2) per-
formed better, in computational tests provided, for getting solutions. For the first for-
mulation (P1) a detailed polyhedral study of some subsystems was provided and valid
inequalities were obtained, which were shown to be very effective in solving the problem.
A similar polyhedral study was not performed for the second formulation and we believe
that the cutting planes obtained from this would lead to additional benefits. Also since the
structure modeled by both the formulations is the same, the cutting planes derived for the
first formulation should also be valid for the second formulation but in a different space. So
a further direction can be to study the relation between the two formulations and see how

the various cutting plane families relate.

To conclude, we want to mention the numerous applications of the equal-split assump-
tion. Some of them include fair allocation in cooperative games in Economics [17], embedded
systems design for electronic circuits [38], coalition formation in natural resource tendering

[71]. Also, it can be used in school districting to help local communities allocate students to
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schools. Equal-split requirement on the flow is also assumed for throughput maximization
in a multi-hop packet radio network using ALOHA [55]. We can use similar approaches
to the ones presented in the thesis for solving these applications of the equal-split flow

assumption.
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