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SUMMARY

The length LC), of the longest common subsequences of two strings X = (X1, ..., X,,)
and Y = (Y3,...,Y,) is way to measure the similarity between X and Y. We study the
asymptotic behavior of LC,, when the two strings are generated by a hidden Markov model
(Z,(X,Y)). The latent chain Z is an aperiodic time-homogeneous and irreducible finite
state Markov chain and the pair (X}, Y;) is generated according to a distribution depending
of the state of Z; for every « > 1. The letters X; and Y; each take values in a finite alphabet
A.

The goal of this work is to build upon asymptotic results for LC), obtained for se-
quences of iid random variables. Under some standard assumptions regarding the model
we first prove convergence results with rates for E[LC),]. Then, versions of concentration
inequalities for the transversal fluctuations of LC, are obtained. Finally, we have outlined
a proof for a central limit theorem by building upon previous work and adapting a Stein’s

method estimate.
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CHAPTER 1
INTRODUCTION AND BACKGROUND

There are many settings where one needs to compare two sequences and measure their
similarity. For instance, comparison can be used for error-correction or for establishing
relations. If there is a clear correspondence between the letters in the two sequences it is

most sensible to develop measures that use it. Such measures between a = (aq, ..., a,)

and b = (by,...,b,) are the Euclidean distance /Y, (a; — b;)?, the city block distance

>, |ai — b;| or the Hamming distance Y ;| 14—,

However, often the correspondence between letters is not known in advance. A useful
measure in this case which also respects the order of the elements in the sequences is the

length of the longest common subsequences.

For two finite sequences (X1,...,X,,) and (Y7,...,Y,,) taking values in a finite alphabet
A, the object of study is LC'S(X7, ..., X,; Y1, ..., Y,,), the length of the longest common
subsequences of Xi,..., X, and Y7, ...,Y,,, which is abbreviated as LC,, when n = m.
Clearly LC), is the largest k£ such that there exist 1 < i3 < -+ <1 < mand1 < j; <

-+ < jp < n with

X;, =Y, foralls =1,2,3,... k.

Example 1.0.1. If X = {A,C,T,G, A, C,T,C, A, A,G,C, A, T, A}andY = {C, A, A, G,
C,A,T,A A, C,T,G, A, C, T}, the longest common subsequences have length 9, and so

LC45 = 9. Here is a visual representation of this fact. The longest common subsequences



can be seen in bold (and red).

ACTGACTCAAGCATA

CAAGCATAACTGACT

Note that longest common subsequences do not necessarily consist of only contiguous
letters. The realization is also not unique. Here is another set of longest common subse-

quences for the same strings X and Y.

ACTGACTCAAGCATA

CAAGCATAACTGACT

1.1 Asymptotic results for L.C,

When the sequences are generated by a probabilistic model, the length of the longest com-
mon subsequence is a random variable as well. The distribution of L), depends on the
model and cannot be determined for general n even for some of the simplest models. Some
understanding of LC,, has been obtained through several asymptotic results. We now list
some of the major ones.

For two independent words sampled independently and uniformly at random from the al-

phabet, Chvatal and Sankoff [7] proved that

lim E[LC,]/n =~",

n—o0

and provided upper and lower bounds on ~*.

This was followed by Alexander [1] who obtained, for iid draws, the following generic rate



of convergence result:

ny* — Cy/nlogn < E[LC,] < ny", (1.1)

where C' > ( is an absolute constant.

Then Houdré and Matzinger [18] showed a closeness to the diagonal result which is rather
technical and will be stated more precisely in Chapter 3. Further work by Houdré and
Islak [16] establishes a central limit theorem for the length of the longest common subse-

quence in the iid case.

1.2 Hidden Markov models and thesis outline

From a practical point of view the independence assumptions, both between words and also
among draws, has to be relaxed as they are often lacking. One such instance is in the field of
computational biology where one compares similarities between two biological sequences.
In particular, alignments of those sequences need to be qualified as occurring by chance or
because of a structural relation. One way to generate alignments is with a hidden Markov
model (HMM). The states of the hidden chain account for a match between two elements
in X and Y or for an alignment of an element with a gap. Given X and Y one can find
the most probable alignment using the Viterbi algorithm. This model is particularly useful
when the similarity between X and Y is weak. In this case standard methods for pairwise
alignment often fail to identify the correct alignment or test for its significance. With a
hidden Markov model one can evaluate the total probability that X and Y are aligned by
summing up over all alignments, and this sum can be efficiently computed with the Forward
algorithm. For more information we refer the reader to Chapter 4 in [11].

There are very few results on the asymptotics of the longest common subsequences in a
model exhibiting dependence properties. A rare instance is due to Steele [26] who showed

the convergence of E[LC,,|/n when (X,Y) is a random sequence for which there is a



stationary ergodic coupling, e.g., an irreducible, aperiodic, positive recurrent Markov chain.
This thesis studies the longest common subsequences for strings exhibiting a different
Markov relation, namely we study the case when (X,Y) is emitted by a latent Markov
chain Z, i.e., when (Z, (X,Y")) is a hidden Markov model. A hidden Markov model con-
sists of a Markov chain Z = (Z;);>; which emits the observed variables (X;);>;. In our
setting the Markov chain Z is defined on a finite state space S and is aperiodic, time homo-
geneous and irreducible. The possible states of Z are each associated with a distribution
on the values of X . In other words, the observation X = (X;);>; is a mixture model where
the choice of mixture component of each observation depends on the component of the
previous observation. The mixture components are given by the sequence Z. In our setting
a single sequence of components Z gives rise to the two sequences (X, Y’). In particular
each Z; generates a pair (X;,Y;), where X and Y take values in the same alphabet .A.

Graphically, the model can be presented as

2 NV /7N

Zl 22 Zn

(X, Yy) (o, Y2) (X,, Yn)

Figure 1.1: A hidden Markov model

Note that this framework includes the special case when (Z, X)) and (Z’,Y") are hidden
Markov models, with the same parameters, while Z and Z’ are independent. In our set-
ting, mean convergence is quickly proved in Section 2.1 of Chapter 2. Then, a rate of
convergence result, obtained in Section 2.2 of Chapter 2, recovers, in particular, (1.1). In
Chapter 3 we generalize the technical result regarding closeness to the diagonal of Houdré
and Matzinger [18] mentioned above. Chapter 4 establishes a Stein’s method for functions
of hidden Markov models by generalizing on a result by Chatterjee [6]. This result is used

in Chapter 5 to outline a proof for the central limit theorem by following the approach
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in [16].
Throughout this manuscript our probability space (0, F,P) is assumed to be rich enough

to consider all the random variables we are studying.



CHAPTER 2
RATE OF CONVERGENCE

In this chapter we present a few results regarding the asymptotic behavior of E[LC,,] and

thus generalizing the work of Chvatal and Sankoff [7] and Alexander [1].

2.1 Mean convergence

Recall that a hidden Markov model (Z, V') consists of a Markov chain Z = (Z,,),,>; which
emits the observed variables V' = (V},),,>1. The possible states in Z are each associated
with a distribution on the values of V. In other words the observation V' is a mixture model
where the choice of the mixture component for each observation depends on the component
of the previous observation. The mixture components are given by the sequence Z. Note
also that given Z, V' is a Markov chain. For such a model our first easy result asserts the

mean convergence of LC,.

Proposition 2.1.1. Let Z be an aperiodic, irreducible, time homogeneous finite state space
Markov chain. Let 11, P, and  be respectively the initial distribution, transition matrix and
stationary distribution of Z. Let each Z,, n > 1, generate a pair (X,,Y,) according to a
distribution associated to the state of Z,, i.e., let (Z,(X,Y")) be a hidden Markov model,
where X = (X,,)n>1 and Y = (Y,,)n>1. Further, foralli > 1 and j > 1, let X; and Y}
take their values in the common finite alphabet A and let there exists a € A, such that

P(X; =Y, =a) >0, for some i > 1 and j > 1. Then,

E[LC,]

1 — =

n—o0 n

ES
)

where v* € (0, 1].
Proof. If u = 7, the sequence (X,Y") is stationary and therefore by superadditivity and

6



Fekete’s lemma or Kingman’s subadditivity theorem (see [27]) imply:

n—oo n k>1 k‘

for some v* € (0,1]. When p # 7, a coupling technique will prove the result. Let Z be
a Markov chain with initial and stationary distribution 7 and having the same transition
matrix P as the chain Z. Assume, further, that the emission probabilities are the same for
Z and Z and denote by (Z, (X,Y)) the corresponding HMM. Next consider the coupling
(Z,Z) where the two chains stay together after the first time 7 for which Z; = Z;, and let
7 be the meeting time of Z and Z. Next, and throughout, let X = (X,... X,) and

(

similarly for Y(”),Y(n) and V"), Since LCS(X™;y M)y — LC’S(Y(H);Y(H)) < n, then

for any K > 0,

- ‘E [[LCS(X(”); Y™y — LCS(X(");Y(”)]L%}

+E [[LOS(XW; ymy - LCS(Y(”);?W)]LSK}

< nP(r>K)+ K+ )E [[L(JSK(X(”); y®)y _ LCSK(Y(");Y("))]ITSK] ’

< nP(r > K)+ K, (2.2)

where LC S¥(+; +) is now the length of the longest common subsequences restricted to the
letters X; and Y}, for i > K, noting also that when 7 < K, then LO'SK(X®:Y (™) and

LCSE (Y(n); 7(71)) are identically distributed. If K € (mk, m(k + 1)], for some m > 0,



by an argument going back to Doeblin [9] (see also [28]),

P(r > K)
< P(Zk # Zk, Zok # Zots - -+ s ks  Zomk)
= P(Zy # Zi)P(Zog # Zow| Zi # Z1) -+ P(Zte # Zoke| Zm—1y6 # Z(m—1)i)
< (1—emt

< o, (2.3)

where o = {/1 — e € (0,1) and ¢ = 1/(1 — €)?. Therefore, 7 is finite with probability one.
Choosing K = \/n, yields P(t > K)+ K/n — 0 and finally E[LC,,|/n — ~*, as n — cc.
Clearly, E[LC,,] < n and to see that v* > 0, note first that, by aperiodicity and irreducibil-
ity, P* > ¢, for some fixed k and ¢ > 0, i.e., all the entries of the matrix P* are larger than

some positive quantity e. Therefore P(X; = Yj.11) > p, for some p = p(k, €) > 0. Now,

Lan-i-l > 1X1:Yk+1 + 1Xk+1:Y2k+1 +et 1X(n—1)k+1: k417 (2.4)

hence
np < E[Lonk—i-l]
nk+1~ nk+1

Letting n — oo implies that v* € [p/(k + 1), 1] C (0, 1], since p > 0.
[

Remark 2.1.2. (i) Under a further assumption, one can show that v* > P(X; = Y}).

Indeed, assume that forall v,y € A,z € S, P(X; =x,Y; =y|Z; = 2) =P(X;, =y,Y; =



x|Z; = z) > 0, and let Z be started at the stationary distribution. Then for any n > 2,

E[LC,] > E[LCh olx.—v. x, oy, )+ 2P(X, =Yy, X1 = Y1)
FE[LCh_alx,—y, x0 12y, 1) + P(Xy # Yy, Xy = Y1)
FE[LCp_alx, 2y, x0 1oy, 1) + P(Xy = Yy, Xy # Yoi)

+ E[LC_s1x, 4y, x0 1 2vs ) + P(Xp # Yo, Xy # Y1, X = Y1)
> E[LCh ] + P(X, =Y,) + P(Xp_q = Y1)

- E[LCH,Q] + 2P(X1 == Yi),

by stationarity. Therefore, iterating, still using stationarity, and since E[LCy] = 0 while

E[LC| = P(X, = Y1), it follows that for n > 2, E[LC,] > nlP(X; = Y}). Finally,

YV >P(X;=Y) =) P(X;=a)P(Y; = a),
acA

and this inequality is strict since Fekete’s lemma, e.g., see [27], ensures that
v* =supE[LC,]/n.

(ii) Steele’s general result, see [26], asserts that Proposition 2.1.1 holds if there is a sta-
tionary ergodic coupling for (X,Y"). Such an example is when the sequences X and Y
are generated by two independent aperiodic, homogeneous and irreducible hidden Markov
chains with the same parameters (and so the same emission probabilities). Indeed, at first,
when the hidden chains Zx and Zy generating respectively X andY are started at the sta-
tionary distribution, convergence of E[LC,]/n towards ~*, follows from super-additivity
and Fekete’s lemma (see [27]). As previously, v* > 0, since the properties of the hidden
chains imply (2.4). Then, when the initial distribution is not the stationary distribution, one
can proceed with arguments as above. In particular let T, and T, be the respective meeting

times of the chains (Zx, Zx) and (Zy, Zy ), and let T = max(ry, 72). Then, equation (2.2)

9



continues to hold:

[E[LCS(X;Y) — LCS(X;Y)]| < nP(r > K)+ K

< 2nP(r > K) + K. (2.5)

Taking K = \/n and noting the exponential decay of P(1 > K) finishes the corresponding

proof.

2.2 Rate of convergence

The previous section gives a mean convergence result, we now deal with its rate. Again let
(X,Y) be the outcome of a hidden Markov chain Z with i, P and 7 as initial distribution,
transition matrix and stationary distribution respectively. In this section we impose the
additional restriction that the emission distributions for all states in the hidden chain are
symmetric (this is discussed further in Proposition 2.2.8 and in the Appendix), namely for
allz,y € Aandall z € S,P(X; = 2.V, = y|Z; = 2) = P(X; = y,Y; = z|Z; = z).
Symmetry clearly implies that the conditional law of X given Z and of Y given Z are the

same since for all x, y and z,

P(X; =x|Z; = 2) :ZP(Xi =x,Y,=ylZ;=2) = ZIF’(XZ' =y, Y, =z|Z; = z)

yeA yeA

= PY,=x|Z; = 2).

In turn this implies that X; and Y; are identically distributed.
Moreover, one needs to control the dependency between X and Y and a way to do so

is via the S—mixing coefficient, as given in Definition 3.3 of [5] which we now recall.

Definition 2.2.1. Let F; and F; be two o—fields C F, then the S—mixing coefficient,

10



associated with these sub-o-fields of F, is given by:

g
1
B(F1, Fo) =5 sup > ) CIP(A; N By) — P(A)P(By)],
i=1 j=1
where the supremum is taken over all pairs of finite partitions { Ay,..., A;} and { By, ..., Bs}
of Qsuchthat A; € Fy, foralli € {1,...,I},] > 1and B; € Fforall j € {1,...,J},

J > 1.

In our case the above notion of 5—mixing coefficient is adopted for the o —fields generated
by two sequences. Moreover, by [5, Proposition 3.21], for a fixed n > 1, and since X (™ =

(X1,...,X,)and Y™ = (Y;,....Y,) are discrete random vectors,

Bln) = (e (X7),0 (¥™))
= Y TP =y =0) ~ (X =) P(r®) =)

ueA™ veA"

, (2.6)

where o (X (")) and o (Y(")) are the o—fields generated by X and Y. Clearly X
and Y™ are independent if and only if 3(n) = 0. Further, set 5* = lim,,_,», 3(n), where

the limit exists since 3(n) is non-decreasing, in n, and 3(n) € [0, 1] (see Section 5 in [5]).

Remark 2.2.2. (i) Another definition of 5—mixing coefficient based on “past” and “fu-
ture” is often studied in the literature, see, for instance, [4, Section 2]. For a single se-

quence of random variables S = (Si) ez and for —oo < J < L < o0, let
Flhi=0(Sy,J<k<L),
and for eachn > 1, let

571 ‘= sup B(fiooa"r]o—?-n)

JEZ
In particular [4, Theorem 3.2] implies that if S is a strictly stationary, finite-state Markov

11



chain that is also irreducible and aperiodic, 3, — 0 as n — oco. The mixing definition
relevant to our approach is different and this limiting behavior does not follow. A further
discussion of the values of $(n) is included in Remark 2.2.6 (i).

(i) One might also be interested to use the a—mixing coefficient defined for o— fields S

and T as:

a(S,T) =2sup{|Cov(1g,17)| : (S,T) € S x T}

Suppose further that T has exactly N atoms. The following holds (see [4] and [3, Theorem
1]):

20(S,T) < B(S,T) < (8N)2a(S,T).

" and since a(n) = a(a(X™),a(Y ™))

However, for our setting the number of atoms N will be | A

is increasing, a bound on 5(n) using the inequality above is useless.
The following rate of convergence is our main result:

Theorem 2.2.3. Let (Z,(X,Y)) be a hidden Markov model, where the sequence Z is an
aperiodic time homogeneous and irreducible Markov chain with finite state space S. Let
the distribution of the pairs (X;,Y;), i = 1,2,3, ..., be symmetric for all states in Z. Then,

foralln > 2,

E[LC,] . . Inn 2 1 Vo
> — — - — -1 _ N n .
= =28 = C " " (1—-1,-x) (\/ﬁ + ca ) , 2.7

where o € (0,1),¢ > 0 are constants as in (2.3) and C > 0. All constants depend on the

parameters of the model but not on n. Moreover with the same o and c,

E[LC,]

n

<A 4 (1 =1,y (% + caﬁ) : (2.8)

12



A key ingredient in proving Theorem 2.2.3 is a Hoeffding-type inequality for Markov
chains, a particular case of a result due to Paulin [22], which is now recalled. It relies

on the mixing time 7(¢) of the Markov chain Z given by
7(e) == min{t € N: dy(t) < e},

where

dz(t) = max sup dpyv(L(Ziw|Zi = x), L(Zi| Zi = y)),

1<SN—t 4 yen,

and where dry (1, v) = 23 o |u(z) — v(x)] is the total variation distance between the

two probability measures ;o and v on the finite set €.

Lemma 2.2.4. Let M = (M, ..., My) be a (not necessarily time homogeneous) Markov

chain, taking values in a Polish space A = Ay X - - - X Ay, with mixing time 7(¢), 0 < e < 1.

. 2—¢\?
Tmin = inf 7(€) ,
0<e<1 1—e¢

and let f : A — R be such that there is c € RY with | f(u) — f(v)] < Zf\il ¢ily, 0, - Then

Let

foranyt > 0,
942
P(f(M) — Ef(M) > 1) < exp <$> . (2.9)

Tmin 2511 sz
For our purposes, the Hoeffding-type inequality used below follows directly from (3.10)
once one notes that (Z;, X;,Y;);>1 is jointly a Markov chain on a bigger state space. Let
7(€) be the mixing time of this chain. Taking f to be the length of the longest common
subsequences of X1,..., X, and Y7,...,Y,, we have c = ((0,...,0),(1,...,1)) € R* x

R?", since f is a function of Z, X and Y, whose values do not depend on Z. Letting

A = \/Timin/2, (3.10) becomes,
—$2
P(LC, —E[LC,] > t) < exp l } : (2.10)

A

13



forall ¢t > 0.

Remark 2.2.5. (i) When X and Y are generated by two independent hidden chains Z**
and ZY, the same reasoning yields (2.10) where now 7(¢) is the mixing time of the chain
(ZX,ZY X0, Yo ) p>1.

(ii) The mixing time 7(€) of (Zy,, Xpn, Yy )n>1 is the same as the mixing time 7 (¢) of the chain

(Zy)n>1. Two proofs of this fact are provided in the Appendix.

Proof of Theorem 2.2.3. Firstrecall a result of Berbee [2], see also [10, Theorem 1, Section
1.2.1], [24, Chapter 5], and [14], asserting that on our probability space, which is rich

enough, there exists Y*™ = (Y}*,... Y;), independent of (Z, X)™ = ((Z;,X,),...,
(Zn, X)), having the same law as Y™ = (Y3, ...,Y,) and such that

P(Y™ #Y*™) = 5(n), (2.11)

where 3(n) = B(c((Z, X)™), o(Y ™)) is the 3—mixing coefficient of (Z, X )™ and Y™,
Note also that if (Y;);>; is stationary, then (Yy*,...,Y}") and (Y,*,... Y/, ) are iden-
tically distributed, for every ¢,k > 1, and that if (X, Y () is symmetric, then so is
(X y*™) where X(™ = (X1,..., X,,). Note finally that this implies that Y*(") is inde-
pendent of both X and Z(" = (Zy,..., Z,).

Next, fix £ € N, the idea of the proof is to relate E[LC},] to E[LCy,]. For k = 4, this
is done in the i.i.d case in [23]. However, we wish to take k& — oo and therefore follow
arguments presented for the i.i.d case in [20]. Call (v,7) == (v1,...,Vp, T1,...T5) @D 7—

partition with & < r < [2kn/(2n — 1)] if

l=11 <1< <y =kn+1,
l=n<n<--- <7y =kn+1,

(2.12)
(Vi1 —v;) + (1541 — 75) € {(2n — 1,2n}, for j € [1,r — 1],

(Vps1 — V) + (Tog1 — 7)) < 2n.

14



Let By, be the set of all r— partitions defined as above and let

[2kn/(2n—1)]

Bin= |J B

r=k

If (v, 7) is an r—partition, setting
LCkn(v,7) =Y LCS(Xy,- o, Xppy—1; Yoy oo Yoy 1),
i=1

then:

LCy, = max LCy,(v,7).
(v,7)eB(k,n)

Letviygs —v; =n—m, 7.1 — 7 <n+mform € (—n,n) and 7, — v; = . Then,

E[LCS(Xus,- -y Xospro15 Yos oo Yoya o))
= E[LCS(X1,. ., Xoem; Yoo o, Yernamo1)] (2.13)
< E[LCS(X1, .., Xoem Yo oo Y nime) Ly tem —yetiom) |
+min(n — m,n +m)P (Y#) £ ytn) (2.14)

< E[LCS(X1, ..o, X Yo'y oo Yo )] + nfB(kn). (2.15)

In the last expression the LCS is now a function of two independent sequences. Station-
arity implies (2.13) and LOS(Xy, ..., Xoem; Yoo Y imo1) < min(n —m,n 4+ m)
entails (2.14). The error term n/3(kn) in (2.15) follows from an application of Berbee’s

result (2.11). The same properties also imply

E[LCS(X1, .o X Yi's o Yoo 1))
= E[LCS(Xi,..., Xpom: Vi, o Y5 )]

>t n+m

< E[LCS(X1,.., X Vi, oy Yasw)] + 1B (kn), (2.16)

15



and

EILCS(X1, s X3 Yo oo Y1)
= E[LOS(Xy,..., Xpem; Y. Y5 )] (2.17)

S E[LCS(Xn—m+17 s 7X2n; Yn—i—m—‘rla s 73/271)} + nﬁ(kn)7 (218)

where the symmetry of the distributions of X and Y* is used to get (2.17). Next by super-

additivity of the LCSs as well as (2.15), (2.16) and (2.18),

E[LOS(XVZ, L 7Xl/i+1—1; YTi? AR 7Y7'i+1_1>:|

1
< 3 (E[LC’S(Xl, o X Yo Y]

+ E[LOS(Xn-mets - s Xon Yapmi1s - Yo )] + 2n6(kn)> +nfB(kn)

IN

% (E[L(Jzn] + 2nﬁ(lm)) +nf(kn)

_ %]E[LC’QH] + 2mB(kn). (2.19)

This inequality is key to the proof, since it yields an upper bound on E[LC},, (v, 7)] in terms
of E[LC5,], a quantity that does not depend on the partitioning (v, 7). A similar result is
central to the proof of the rate of convergence in the independent setting [1]. However,
independence allows one to get (2.19) directly without the mere presence of or the need to
introduce $-mixing coefficients. Moreover, our approach is more direct. Applying Hoeffd-
ing’s inequality and summing over all partitions provide a relation between E[LC},,] and

E[LC5,] which can be used to get the rate of convergence. Indeed,

E[LCyn(v,7)] <

DO | 3

1 2kn
-2

(E[LCy,) + 4np(kn)) < = 5 1-‘ (E[LC5,] + 4np(kn)).
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In addition, for ¢ > 0,

1

P (LC’;m(z/, o [ 2kn

2n—1

5 w (E[LCs,] + 4nB(kn)) > tk:n)

< P(LCyn(v,7) — E[LCypn(v,T)] > tkn)
t*kn
A2 |7

< exp {— (2.20)

where the second inequality follows from Lemma 3.2.2. Next note that:

P (LC;m - % [zzk_” J (E[LCyn] + 4nB(kn)) > tlm)

_ IP’(LC,C”(V,T)—E[ 2kn —‘(]E[LC’QH]+4nﬁ(k:n))>tkn>

212n—1
(v,7)EBn

t2kn

The above can be rewritten as:

LCy, 1| 2kn E[LCy,] t2kn
Z < _
IP’( ot [2n— 1—‘ ( o +25(/{:n))> < |Bj.n| €xp [ |

Then, since LCYy,, < kn,

LCh, 1| 2kn E[LCy,)
E[k‘n}g t+%"2n—1—‘( 2n +26(kn))

LC%, 1 [ 2kn | E[LCy,)
P t+—
* (lm ~ +k[2n—1—‘ 2n )

1 { 2%kn w (E[LCM]

< t4+ -
- +k 2n—1 2n

t?kn
12

+ 25(1{:71)) + [Bin| exp [— } . (2.21)

Next a bound on |By,| is obtained using methods as in [20]. Recall that & < r <

2kn

[2kn/(2n — 1)] and that By, = ,42”_1 B;, .- Now

r=

(2.22)

k+r—1
|B,§)n|§2r—12n(” o )

r—1

17



Indeed, the sum of sizes of the partition on the X side should sum to nk which gives a

factor of less than ("H’" 1)

Also for each choice of the first » — 1 elements of the partition
on the X side we have at most 2 choices on the Y side. The last interval can take at most

2n values, as per (2.12). Recall Stirling’s formula (see [12]), forn > 1,
n"e " 2rne’/ ) < nl < e "V 2mne*".

Since in the end of the proof k£ — oo, this bound can be used in (2.22) to obtain:

(nk +r — 1)1 2 (nk + r — 1)e"/120nk+r-0)
(r — D) —1)/27(r — 1)e"/120-0+1 (nk)nk\/2rnke'/ 1200+
_ 1\nk+r—1
< 2’"n(nk +r—1)
(r — 1)r=Y(nk)"*

nk; r—1 9 nk
<2 1 1
- n( +r—1) (+2n—1)
2T (on + 1\
n 2n—1 n
<2 (1 —_—
= (+”+k—1) <2n—1)

The last inequality in the above expression holds true since k < r < [2kn/(2n—1)]. Then

Byl < (27 "2n)

for | By | one gets:

2nk
Bl < (%”_ -k 2> max B |

2nk nk
k n -1 /(9In +1
< 2)2n (1 —
( 1 ) < +”+k—1) <2n—1)
In ( —+2) rin2+1Inn 2 on + 1
< In(2 1 k
exp(( * nk +2n—1 n( n)+n(2n_1) "

n 2 2n+1
<(T 2n_1ln2+2n_11n(2n)+ln (2n_1))nk:)

2 o + 1
< In2 Inn +1 k
eXp(( 2n—1n +2n—1n”+n<2n—1)>">

<exp (10kInn),

where the last inequality holds for large k, in particular £ > n, and since In(1 + z) < z for

18



x > 0. Lett = 2Av/104/Inn/n. Then,

t2kn 2kn
|Bie.n| exp (— Ve ) < exp (10k Inn) exp (_ P )

< exp(—30kInn).

Next, note that, as k — oo, E[LCy,/(kn)] — ~+* and that

1 2kn <1 2kn D) o 2n
El2n—1| ~ k\2n—1 on—1°

Recall also that 8* = lim,,_,, #(n) = lim_,», S(kn). Then (2.21) implies:

p E[L 1
2n —1 2n n

and finally:

E(L 2n — 1 1
2n 2n n

Inn 1
n on’

> 4* — 28" — 24V/10 (2.24)

To get the result for words of odd length note that by (2.23),

E[LCo 1] S E[LCs,)

2n+1 — 2n+1
2n —1 Inn 2n
> *—2AV10 — 25*
_2n—|—1(7 n) 2n+16
> =25 — 24V 2R 2
=7 n on+1°

Of course, these last bounds are only of interest, for n large enough, if v* > 23*. Oth-
erwise, we get the trivial lower bound 0 (see Remark 2.2.6 below). One is then left with

slightly modifying the constants to get (2.7). The extra term on the right hand side in (2.7)
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accounts for the difference in initial distributions (2.2).
The proof of the upper bound (2.8), where symmetry is not needed, follows by combining
Fekete’s lemma (see [27]) with (2.2) and (2.3).

[

Remark 2.2.6. (i) Recall that the S—mixing coefficient B(n) is a measure on the de-
pendency between (X1,...,X,) and (Y1,...,Y,). The bounds in Theorem 2.2.3 rely on
p* = lim,,_,o B(n) which somehow quantifies a weak dependency requirement and 5* # 0
unless the sequences X and Y are independent. Note also that the lower bound in Theo-
rem 2.2.3 is meaningful only if 25* < ~*. Besides the independent case, there are instances
for which this condition is satisfied. For example, let X and Y be both Markov chains
with L states and with the same transition matrix P, where some rows of P are equal to
(1,1,1,...,1)/L, i.e., such that there exists a set of states L such that the transition prob-
ability between each one of these states is uniform. Let the initial distribution of X, be |
with u(x) = 0 if & ¢ L and assume that Yy = X,. Then the sequence Y defined, for all
n, viaY; = Y;, fori > 1 while Y, is distributed according to w will be such that Y™ and
Y™ have the same distribution. Moreover for all n, Y™ and X™ will be independent
and P(Y™) # Y™) > B(n), but P(Y ™ # Y()) = P(Y; # Y;) which can be made as
small as desired for a suitable choice of j. Thus the lower bound in Theorem 2.2.3 holds
and is meaningful.

(ii) There are instances when the lower bound in Theorem 2.2.3 is vacuous. Such a case
is when X; =Y, forall v > 1 and the X; are independent and uniformly distributed over

the letters in A. Then, it is clear that v* = 1 whereas one shows that

1

and so 5 = 1. In this case the lower bound in (2.7) is a negative quantity.

(iii) Theorem 2.2.3 continues to hold for Markov chains with a general state space A.
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Indeed, the Hoeffding inequality (2.10) is true when A is a Polish space. The exponential
decay (2.3) holds when A is petite, i.e., when there exist a positive integer ng, € > 0 and
a probability measure v on A such that P" (x, A) > ev(A), for every measurable A and
x € A, and where P™ (z, A) is the ng—step transition law of the Markov chain (see [25,

Theorem 8]).

When X and Y are generated by independent hidden Markov models. Then the following

variant of Theorem 2.2.3 holds (for a sketch of proof, see the Appendix).

Corollary 2.2.7. Let (Zx,X) and (Zy,Y) be two independent hidden Markov models,
where the latent chains Z~x and Zv have the same initial distribution, transition matrix

and emission probabilities. Then, for all n > 2,

E[Lon] > ’Y* -C ln_n - z - (1 — ]-,u=7r> (L + COC\/E) ) (2.25)

non vn

where o € (0,1),¢ > 0 are constants as in (2.3) and C > 0. All constants depend on the

parameters of the model but not on n. Moreover with the same « and c,

E[LC,,]

<y +(1-1,-) (% + ca\/ﬁ> . (2.26)

As mentioned in the end of the proof of Theorem 2.2.3, the symmetry of the distribution of

(X;,Y;) is used only for proving the lower bound. Let

n—m n+m
h(n) = max |2 P(X; #Y;) + PX;#Y;) .
(n) me[_mn]( Z (X: #Y7) Zm< # >>

Then the following holds:

Proposition 2.2.8. Let (Z,(X,Y)) be a hidden Markov model, where the sequence Z is an

aperiodic time homogeneous and irreducible Markov chain with finite state space S. Then,
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foralln > 2,

E[LC,] . hn) . /Inn 2 1 Vo

For a sketch of proof of this proposition, and some comments on h(n), we again refer the

reader to the Appendix.

2.3 Appendix

First, as asserted in Remark 2.2.5 (ii), we provide two proofs of the fact that the mixing

time 7(¢) of (Z,, X,,, Y;,)n>1 is the same as the mixing time 7(¢) of the chain (Z,,),>1.

Proof 1. Let T = (T »)n>1 be a Markov chain with finite state space S. Each TZ emits an
observed variable T; according to some probability distribution that depends only on the
state 7). Let T = (T})n>1 and assume 7; € A - a finite alphabet. Note that (T, T)is a
Markov chain; let 7(¢) be its mixing time, and let 7(¢) be the mixing time for the hidden

chain 7. Then,

dTV(ﬁ(( ive, L) (T3, o) = (z,u)), LO(Tive, Tie) (T3, Ti) = (y,v)))

P((Tise, Tive) = (2, 0)[(T;, o) = (2, 1))~

1
2
(z,w)eSxA

- ]P)((Ti-l—tvﬂ-&-t) = (va)l(TwTZ) = (:%U)

Tivy = 2|T; = 2)P(z = w) — P(Tipy = 2|T; = y)P(z — w)‘
= —ZIF’Z—HU’ Tipe = 2|T; = 2) — P(ﬂ+t:z|T~i:y)’

- 53 Jr

z€S

= dTV(E(Tith‘Ti = x)» E(Ti+t|i‘ =),

Tive = Z‘T =) — P(Ti+t = Z’Tz = y)‘
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where P(z — w) = P(T; = w|T; = z), i.e., the probability that a state with value z € S
emits w € A. By definition of 7 and T this last probability does not depend on i. Then
> wea P(z = w) = 1. Therefore, E(T,T) (t) = d#(t) and 7(€) = 7(e).

0

Before we present the second proof, we recall the following classical result [21, Proposition

4.71]:

Lemma 2.3.1. Let p and v be two probability distributions on $). Then,
dry(p,v) = inf{P(X #Y) : (X,Y) is a coupling of . and v}.

Moreover, there is a coupling (X,Y') which attains the infinum and such a coupling is

called optimal.

Proof 2. An alternative approach to proving the result of Remark 2.2.5 (ii) relies on cou-
pling arguments and was kindly suggested by D. Paulin in personal communications with
the authors.

Let (T",T?) be an optimal coupling according to dpy (L(T,|Ty = z), L(T;|T) = y)) for
some x,y € S, i.e., T and T? are Markov chains with the same transition probability as

T,T} =2, T? =y, and
P(T £ T2 = dpy(L(TTy = 2), L(T,|T1 = y)) (2.28)

Next let 7} and T} be respectively distributed according to the distributions associated with
T} and T7? and be independent of all the other random variables. In addition, if for some

t>1,T} = T2, then T} = T2. Then

P(T} £ 17) = P((TL 1)) # (T2.T1))
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and by Lemma 2.3.1, for any u,v € A and any ¢ > 1,

> dry (£<<ﬁ+t>ﬂ+t)’(ﬁyﬂ) = <I7U))7£((ﬁ+tuﬂ+t)|(ﬂaﬂ) = (%U))) .
Together with (2.28), the above yields

dry (L(T|Ty = x), L(T| Ty = y)) >
Z dTV (‘C((ﬂ+t7 ﬂ+t)‘<ﬁ7 ,I"l) = (I, U)), E((ﬂ+t7 7—%+t>’(7~—1i7 E) == (3/7 'U)))
Taking the sup over z, y, u, v gives C_Z(T,T) (t) < dz(t).
For the reverse inequality, consider the optimal coupling <(T1, ™), (T2, T2)> according to

dry (c((:f;,m(ﬁ,ﬂ) = (z,0)), (T, T)|(Th, T1) = (y,v))), for some 7,y € S and

u,v € A. Then,

P (T}, 1)) A (T2.12)) = drv (L(T T)I(TL T) = (2,0), LT T, T) = (3,0)))

(2.29)
and
P((T1,1}) # (T2 1)) = BT} # 1),
However, by the Lemma 2.3.1, for any ¢ > 1,
P(T} # T7) = dpv (L(Td Ty = @), L(Tie| T3 = ). (2.30)

Taking the sup in (2.29) and (2.30) gives, d 7 1 (t) > d(t), and then d, 7.1 (t) = dz(t).
O
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Proof of Corollary 2.2.7. The Hoeffding inequality (2.10) holds as long as (Z, X,Y') is a
Markov chain. In addition, (X,Y") has to be symmetric (see proof of Proposition 2.2.8)
in order for (2.19) to hold. Again one such setting is when X and Y are two independent
HMM with the same transition matrix for the latent chain and same emission probabilities.
A rate of convergence result then follows from arguments as in Section 2.2. The bound on
By » 1s the same, and there is a Hoeffding type inequality for this model as per Remark 2.2.5
(1). One thing that differs is the bound (2.19), which is now much easier to get. When

started at the stationary distribution, by stationarity, independence and symmetry, one has:

LCS(X,,, ..., X Y., ....Y,

T'H»l*l

) S LCS(Xb'"7anm7Y'17"'7Yn+m)

I/i+1*1;

= LCS(X1, .., Xosmi Vi, oo s Yo)

In particular, there is no need to introduce mixing coefficients in this case (8 = 0). When
the hidden chains are not started at the stationary distribution one gets an error as in (2.5).
Then Theorem 2.2.3 holds but with constants depending on the new model. Moreover,
this setting reduces to the one where X and Y are independent Markov chains by letting
each state of the hidden chains emit a unique letter, which can further recover the iid case
originally obtained in [1].

]

Proof of Proposition 2.2.8. The symmetry of the distribution of (X,Y") is only used to
get (2.17), which entails that for any m € {-n +1,...,n — 1}, LOS(Xy,..., Xy m;
Yi,...,Yoim) and LCS(Xy, ..., Xpim; Y1, .., Yy are identically distributed and up-
per bounded by half of LC5,. Such a result yields a comparison between E[LC5,| and
E[LC},), leading as k — oo, to a lower bound on E[LC5,] involving v*. Without assum-

ing symmetry, the step (2.17) in obtaining (2.19) needs to be modified. One way to do so
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is to make use of the Lipschitz property of the LCS to get the following estimate:

LCS(X1, o, X Vi, oy Yoi)
- LCS(XI,...,Xn+m;Y1,...,Yn_m)+(LC’S(Xl,...,Xn_m;)/l,...,Yn+m)

— LCS(X1, .., X Y1, . .. ,Yn_m))

n—m n+m

< LOSMi . Yiemi Xt Xogm) +2)  Lxv + Y Ly,

=1 1=n—m-+1

Taking expectations, then (2.19) becomes
1
ELCS(Xy,,. ., Xp i —1: e, Yo 1)) < 3 (E[LC’QTJ + h(n)) + 2nf3(kn),

where h(n) = maxenn (230, P(X; #Y)+ > 0" P(X; #Y;)). This leads

i=n—m+1

to a non-symmetric version of (2.7), namely,

E[LC, . 1 h . 1 1 D
[n ]27 —C\/%—%—Qﬁ —m—(uh:ﬂ) <%+caf). (2.31)

]

If 2(n) = O(v/n1nn), then the rate in (2.27) or (2.31) will be the same as in (2.7). Such
will be the case when (Z’, X ) and (Z”,Y") are two independent hidden Markov models and
Z = (Z',Z") is a coupling of the two latent chains such that if Z] = Z, then Z = Z7 for
any j > 4. Then, (Z, (X,Y’)) is a hidden Markov model where X; = Y; once the two latent
chains have met, and by (2.3) h(n) = O(v/nlogn).

However, h(n) can be much larger, e.g, of order n. A case in hand is when the X;
and Y; are iid Bernoulli random variables with parameters 1/3 and 1/2 respectively. Then

P(X; £Y) =P(X; =0,Y;=1)+P(X; = 1,Y; =0) = 1/6 + 2/6 = 1/2, forall i > 1,
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and
(2 z_: P(X; #Y;) + Z P(X; # }g)) = (2(n —m)1/2 + (2m)1/2) = n.

i=n—m-+1

Note also that when X = (X;);>; and Y = (Y;);>1 are independent sequences of random

variables, the symmetry assumption is equivalent to X and Y being identically distributed.
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CHAPTER 3
CLOSENESS TO THE DIAGONAL

3.1 Preliminaries

Let (Z, X,Y’) be a hidden Markov model where Z a hidden irreducible aperiodic and time
homogeneous Markov chain on a finite state S. At each step Z; the chain outputs a pair
(X;, Y;) taking values in A x A. Assume the output distribution is symmetric and there
exist 0 < p, < py < lsuchthatforall z,y € A,;s € S,P(X; ==x,Y; = y|Z; = s) =

P(X; =y,Y; =x|Z; = s) € [pr,pu]- Let Z be started at the stationary distribution.

Lemma 3.1.1. There is €); > 0 such that for 0 < € < €y,
P(LCS(Xy, ..., Xon—en; Y1, ., Yen) = len]) > 1 =", (3.1

where ¢ € (0, 1) depends on the parameters of the model.

Proof. LetTy = en,and T; = inf{k > T;,_; : X, =Y;} fori =1,... en. Then
P(LCS(Xy, ..., Xon—en; Y1, .., Yen) = |en]) =1 = P(Te, > (2 — €)n).
Moreover,

P(T., > (2—en) = P (T, —Tp> (2 26)n)

= P (i(Tk — Tk—l) Z (2 — 26)7’L>

Elexp(t )y (Th = Ti1))]
>0 exp(t(2 — 2¢)n)
BBl (=TI
>0 exp(t(2 — 2¢e)n)
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Clearly, given Z, the variables T; — 7T;_; are independent for¢ = 1, ..., en and

P(T, — T = 2|2) < (1 —pr)* 'pv = (1 — pr)* 'prr,

where r := py/pr > 1 (see Remark 3.1.2). Then

E[E[exp(td 3= t(Th = Tea))1Z]] _ E[TZ, Elexpt(Th — Tiv)| Z]]

exp(t(2 — 2¢)n) B exp(t(2 — 2¢)n)
BT, oamo €™ (1 —pr)™ "prr)]
- exp(t(2 — 2¢)n)
Tenpineten
(= (- pr)eyreem

We now wish to minimize the right-hand side as a function of ¢t where ¢ € (0, —In(1—pr)).

Computing the derivative and setting it equal to 0,

et(Ben—Qn)(?)en . 2n)(1 . (1 . pL)et)en . et(Sen—Qn)(l . (1 . pL)et)en—len(pL . 1)6t — 0.

Then,
3¢ —2—¢"(1—pr)(3e —2) —e(pr, — 1)e! =0,
or
¢ 3e —2 € 1
e = = + .
(2 =2)1—pr) (2=2)(1—pr) 1-p
The boundary points ¢ = 0 and ¢ = —In(1 — p) give bounds of 1 and oo respectively.

So the minimum is indeed at ¢! = (3¢ — 2)/((2¢ — 2)(1 — pr)). Recall that ¢ > 0 so

2—3e>(2—2¢)(1 —ppr),ie,e<2p,/(2pr +1).
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The bound (3.2) then becomes:

3en—2n
en en (___ 3e=2
Elexp(t 3 3y (T — Th1))] < (rpL) ((2&2)(17“))

exp(t(2 — €)n) - (&)
(a2 ) ()

Since p is a fixed constant, the above is a function of € (and € < 2p,/(2p;+1)). We want to

show that asymptotically it behaves like ¢”, for ¢ < 1. Then we need to show that f(e) < 1

where:

ro= (s, 8_‘ ) (@ i)(igfL))Q
_ (%(26_ 2e>) ((1 —(12@(;5 2€>) .

The function f is continuous and positive for € € (0, 2pr,/(2pr, + 1)]. Moreover:

3 <<1 —g_)(ge)— 2e>)
(2360 ;L—)éi . 2(pr —1)(2 ~ 36()2—_(;52%)(2 —26)(-3)
=i (TG ey ) T T
- ()
Now note that
Chak O

(1= pr)*(2 - 2¢)°
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and

rpp(2 — 2¢)  pr(2— s22E)
PL2=2) S 41> 1
€ PL
2pr+1

Therefore, f'(¢)/f(¢) > Inl = 0 and so f(e) is a strictly increasing function for € €
(0,2pr/(2pr, + 1)). Finally note that f(2p;/(2pr, + 1)) = r and f(07) = (1 — pz)?. Then

there is €)s € (0,2pr/(2pr, + 1)] such that f(e);) = 1. Hence for € < €y,

P(To, > (2—€)n) < f(e)" =",

where ¢ := f(¢) < 1 and then (3.1) follows.
0

Remark 3.1.2. When X and Y are independent sequences of iid random variables, the
variables Ty, — Ty_1, k = 1, ..., en are independent geometric with parameters depending
on Yy, (since the distribution for the letters in the X and Y sequences may not be uniform).
Then since the moment generating function M is decreasing in p, the bound (3.2) holds

with r = 1. Therefore in the independent case (3.1) holds whenever ¢ < 2py/(2py + 1).
Now forp > 0 and g € (—1,1) let

CEILCS(Xi,. ., Xpi Vi, oy V)]

An(p) = W1 )2 7

_E[LCS(X, ., Xoongi Vis s Yain)]
n

Yn(q) :

One is interested in the limits 5(p) = lim, o ¥, (p) and Y(q) = lim, o ¥ (q). When
p = 1 or g = 0, the limit exists, see [17], and is denoted by ~*. Furthermore, 7,,(0) < ~*
and 7, (1) < ~* for all n. Note that 7,,(p) (resp. 7, (¢)) is symmetric about 1 (resp. 0) since,

by the symmetry assumption on the output distribution, each output (a,b) from a hidden
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state is equally likely to be (b, a).

Remark 3.1.3. For p # 1 (respectively q # 0) Fekete’s theorem fails to apply directly
unless X and Y are generated by independent hidden chains. Then one can say further

that vy, (respectively 7, ) is concave and attains a maximum at 1 (respectively 0).
Lemma 3.1.4. The limit v* € (7Y, Vy), where
Yo=Y P(Xy = a)P(Y; = a) > 0,
acA
and

=l— Y PXo=a,Xi=bYy=cYi=d) <Ll

a,b,c,deA
btd,btc,atd

Let 0 € [0,v*). Forany p; € (0,(v* —0)/(2—=~*+0)) andps > (2 —~*+9)/(7v* — 9),

and any n,
Fn(p1) <" =9, An(p2) <7 =90 (3.3)
Proof. For any n > 2,

E[LC,] > E[LCh_olx,_v, x, -y, ]+ 2P(Xy = Yy, Xpy = Vy_y)
F E[LC, oLy, x, i, ]+ P(Xy # Yy, Xy = Y1)
F E[LC, a1y, 2v, x, 1=y, ]+ P(Xy = Yy, Xy # Vo_1)
+ E[LC—alx, v, x 1, )+ P(Xn # Yoo, Xt # Vo1, Xy = Yo y)
> E[LCy o] + P(X, = Y,) + P(Xp_y = Y1)

= E[LC,_ 5] 4+ 2P(X; = Y}).
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Therefore by stationarity, for n > 2, E[LC,| > nP(X; = Y7). Then

VY SPX =Yi) =Y P(X;=a)P(Y; =a).
acA

The inequality is strict because Fekete’s lemma implies that v* = sup,, E[LC,,]/n.

On the other hand, if A is the event {X,, # Y,,, X,,_1 # Y., X\, # Y1},

E[LC,] < E[LC,_114] + E[(LC,_; + 1)1 4¢]

= E[LC,_1] +P(A).

Therefore by stationarity, for n > 1, E[LC,] < n(1 — P(X; # Y1, Xo # Y1, X1 # Y0)).
Then

v < 1T =-P(Xy #Y1, X0 # Y1, Xq #Y))
= 1- ) PXo=a X =bYy=cY, =d)

a,b,c,deA
b#d,b#c,a#d

Letd € [0,7*)and ¢ € (—1, —14~*—4¢). By definition, v,,(¢) < 1+(—=1+~*—0) =~1*—§
for all n. Then 7,1_¢)(p1) < v* — 0 for p; = (¢ +1)/(1 — ¢) and all n, i.e., when

p1 € (0, (v =6)/(2—7"+0). Note that ,(p) = ¥»(1/p) by symmetry, s0 7 (p2) < 7" =3
forps > (2 —~v*+0)/(y* — §) and all n.

3.2 Main result

The main result provides a quantitative estimate of the fact that the positions in X and Y

of the same letter in the longest common subsequence cannot be too far apart. Let n = km
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and let the integers

ro=0<r<r<---<rp,1<r,=n, (3.4)
be such that
LC, = i LOS(Xp-1)41 - Xiis Yoo 11 --- Yr,). (3.5)
i=1
When the above is satisfied, we identify (r,...,7,,) as an optimal alignment for the se-

quences X and Y.
Lete > 0, p; > 0 and p, > 0 be constants. Let A?,p L po be the set of optimal alignments of
Xi,...,X,and Y7, ..., Y, for which a proportion of at least 1 — ¢ of the integer intervals

i1 + 1,7;] for i = 1,...,m have their length between kp; and kp,. More precisely,

A?,p .p, 18 the event that for all integer vectors (ro, 71, ..., y) satisfying (3.4) and (3.5),

Card({i € 1,2,..., m:kpy <r;—ri1 <kpy})>(1—¢e)m. (3.6)

The main result states that A7), . holds with high probability. It uses the S—mixing coef-

ficient, as given in Definition 3.3 of [5], to measure the dependence between X and Y.

Definition 3.2.1. Let F; and F; be two o—fields C F, then the S—mixing coefficient,

associated with these sub-o-fields of F, is given by:

I J
1
B(F1, F2) = 5 sup Zl Zl [P(A; N B;) — P(A)P(B;)], (3.7)
=1 j=
where the supremum is taken over all pairs of finite partitions { A;,..., A;} and { By, ..., Bs}

of Q such that A; € Fy, foralli e {1,...,1},I >1and B; € Foforallj € {1,...,J},

J>1.

In our case, since X = (X,,...,X,) and Y™ = (Y,...,Y,) are discrete random

34



vectors for any fixed n > 1, by Proposition 3.21 in [5]:

Bn) = B (o (x™),0(Y™))
= % YN PX™ =u, Y™ =) P (XM =) P (Y™ =)

uEA" veEA™

, (3.8)

where o (X (”)) and o (Y(”)) are the o —fields generated by X and Y. Clearly X
and Y™ are independent if and only if 3(n) = 0. Further, set 5* := lim,, . 3(n), where
the limit exists since $(n) is non-decreasing, in n, and 5(n) € [0, 1] (see Section 5 in [5]).
A key ingredient in proving Theorem 3.2.3 is a Hoeffding-type inequality for Markov
chains, a particular case of a result due to Paulin [22], which is now recalled. It relies

on the mixing time 7(¢) of the Markov chain Z given by
7(e) == min{t € N: dy(t) < e},

where

dz(t) = max sup dpy(L(Zi|Z; = x), L(Zie| Zi = vy)),

IISN—t 3 yen,

and where dry (1, v) = 23 o |u(z) — v(x)] is the total variation distance between the

two probability measures . and v on the finite set €.

Lemma 3.2.2. Let M = (M, ..., My) be a (not necessarily time homogeneous) Markov
chain, taking values in a Polish space A = Ay X - - - X Ay, with mixing time 7(¢), 0 < e < 1.

Let

) 2—¢\’
Tin ‘= OgelilT(e) <1 — E) , (3.9)
and let f : A — R be such that there is ¢ € RY with | f(u) — f(v)| < SN | ¢;1y,20, . Then
foranyt > 0,

P(f(M) — Ef(M) > t) < exp <i> . (3.10)

N 2
Tmin ) i1 Ci
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For our purposes, the Hoeftfding-type inequality used below follows directly from the above
result once one notes that (Z;, X;, Y;);>1 is jointly a Markov chain on a bigger state space

with 7(€) - the mixing time of the chain

Theorem 3.2.3. Let ¢ > 0 and § € (45%,7*/2). Let 0 < p; < 1 < py be such that
An(p1) < v* — 20 and 7,(p2) < ~* — 28 for all n. Fix the integer k to be such that
(1+1In(k+1))/k < (6§ —45%)%€*/(8Tmin), then

P(A" ) >1— exp (—n (—1 thnk+D) - 45*)262» , (3.11)

€,P1,P2 k 8Tmin
forall n = n(e, ) large enough.

Remark 3.2.4. Note that when X and Y are generated by independent hidden chains Zx
and Zy, (then Z = Zx x Zy), B* = 0 and up to the mixing time T,,;, in the expression

above, we recover the independent case.

3.3 Proof of Theorem 3.2.3

LetO =1y <7 < ... <1, = nbeafixed set of integers. Again we align Xj,;;—1)41 ... Xi;

with Y,  41...Y,; and get the alignment score:

L,(r) =L,(ro,m1,...,Tm)

= Z LCS(Xk(i,I)Jrl ce Xk“ Y;“i—lJrl e Y;Z)

i=1

Note that L,(r) < LC,. Let R.,, ,, be the set of all integer vectors satisfying (3.4)
and (3.6), while ﬁaphpz be the set of all integer vectors satisfying (3.4) but not (3.6). Note

that if 7* is a random vector satisfying (3.4), P(r* € RS, ) = P(r* € Rep, p,)- Indeed,

Repm \ Repr.p» consists of the vectors not satisfying (3.4) and then P(r* € Repm \

&

67p17p2) = O'
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Lemma 3.3.1. Let € > 0 and 6 € (45*,7*/2). Let 0 < p; < 1 < py be such that

Fn(p1) < v — 26 and 3(py) < v* — 26 for all n. Let v € R, p,, then

E[L,(r) — LC,] < —w, (3.12)
foralln = n(e, ) large enough.
Proof. For p ¢ [p1, ps),
ELOS(X, . XV Yigll _ oy

k(14 p)/2
Following a similar argument as in [17] and by stationarity, when r; — r;_1 = kp,

SE[LCS(Xityesr - - Xiw: Vo yir - Vo)
k +r; =T
2E[LCS(X(i—1yis1 - - - Xiws Y Dkt1 - - - Y1) ktkp)]
- k(1 +p)
E[LCS(X, ... X3 Yi...Ye)]
= k(1+p)/2

< 4f 25 448

+48(n)

+ 43"

Thus,

* k—FT,L — T *
Y (#1) - E[LOS(X(i—l)k—i—l o X Yo 1Y) > (60— 267)k.

Let M = {Z S | ¢ [k’pl,k‘pg]} Then

kT =i
Z (’7 (f) — E[LCS(X(z—l)k+1 ce Xik; Y;‘i_l—f—l Ce Y;l)])
iEM

> ) (6—28%k > n(5 - 28%)e.

ieM
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On the other hand,

% k + 1 =71
> (v (f) ~E[LOS(X(-ayer - - Xits Yoy - .m)

iEM
k+r; i
Z ( <—1> —E[LOS(X(i-tpkt1 - Xiw3 Yooy - --Yn)])
=y"n — Ln(r).
Therefore,

Y'n — Lp(r) > n(d — 28%)e, (3.13)
when r € R, »,- Finally, since lim,, .., E[LC,]/n = v,

E|LC,

o€
< — .
S5 (3.14)

for n = n(e, §) large enough. Combining (3.13) and (3.14) recovers (3.12).

We now proceed with the proof of Theorem 3.2.3. Clearly,

Card(R., ,,) < (“ N m) L lnrm™ (6(” i m))m — (e(k+1)™  (3.15)

- m m) m

For the event A7, . to hold, there needs to exist at least one 7 € Repr.py- Thus,

(A% ) = U {Lalr) = LGy = 0},

€,P1,P2
reﬁe’p17p2
and
P((Aepnpn)) < Y P(Ly(r) — LC, > 0). (3.16)
rERe,pl,pz
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When r € R, , it follows from Lemma 3.3.1 that:

(0 —45%)en

E[L,(r) - LG,] < ——— T,

and so

(0 —45%)en

P(L,(r) — LC, > 0) <P <Ln(r) — LCy — E[Ly(r) = LGy 2 *—

) , (3.17)

for all n large enough. Now, the difference L, (r) — LC,, changes by at most plus or minus
two, when any of the entries X, ..., X,,,Y],...,Y, are changed. Therefore, Lemma 3.2.2

applied to the right-hand side of (3.17), gives

]P)(Ln<7") — LCn Z O) S ]P (Ln(’l“) — LCn - E[Ln<7") _ LCn] 2 (5 — 46*)6n>

2
< e (_wn) |

8Tmin

Combining the last inequality with (3.16), one obtains:

P((A" )9 < C'ard(ﬁe,phm) exp (—wn) )

€
»P1,P2 8Tmin

But from (3.15),

P((ALy,5)) S(e(k +1))" exp (‘%”)

~exp (_n (_1 + ln(l + k‘) n ((5 - 45*)252>) |
k 87—min

Therefore, the proof of Theorem 3.2.3 is complete.
Before we move on we show the following corollary that makes use of the rate of conver-

gence of E[LC,,] which we recall next, and holds for all n > 1. Our rate of convergence
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result, that is Theorem 2.2.3, states that there is a constant C'4 such that

1 E[LC,
O[22 4 o > o ELLCHl
n n

for every n. The following variant of Theorem 3.2.3 holds

Corollary 3.3.2. Let 6 € (658*,7*/2). Let 0 < p1 < 1 < py be such that 7,,(p1) < v* — 2
and 7, (p2) < v* — 20 foralln. Let a € (0,1) and

\/1 + In(1 + no)
€ =C

nOL

)

where c; > 0 such that

2 16Tm1n

and

) (1+ln(1+na)) - 4C% Inn
‘i - > 5
n % n

foralln > 1. Then,

P(AL,, ) =1 —exp (=n' (1 4+ In(1 4 n%))), (3.18)

foralln > 1.

Proof. First show the following variant of Lemma 3.3.1.

Lemma 3.3.3. 0 € (66%,7*/2). Let 0 < p1 < 1 < py be such that 7,,(p1) < 7v* — 26 and

F(p2) < v* =26 foralln. Let o € (0,1), € > 0 and ¢; > 0 be such that

o Cl\/l—i—ln(l—l—n ) > 2?4 /hqn7
ne n
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foralln > 1. Let v € R p, p,, then

(0 — 65%)en

E[L,(r) - 1G] < — T,

(3.19)

foralln > 1.
Proof of Lemma 3.3.3. The proof is very similar to Lemma 3.3.1. For p ¢ [p1, p2],

E[LCS(X, ... X3;Y1... V3]
k(1+p)/2

<y = 29.

Following a similar argument as in [17] and by stationarity, when r; — r;_; = kp,

2E[LCS(X(Z_1)]€+1 “oe sz7 }/,,11._1_,_1 e }/n)]
k + ri —Ti—1

< -2 +487

Thus,
(7" — 28" (%) —RILCS(X(—1yisr - Xiki Yo a1 .. V)]
> (20— 66") (—k L TH)
> (6—3p")k.

Let M = {i :r; —ri_1 ¢ [kp1, kp2]}. Then

k+r,—r_
Z ((’Y* _ 26*) (%) — E[LCS(X(Z_l)k.H ce Xz'k; Y;“i_ﬁ-l cee }/7"1)])

ieM

> 688
iEM

> n(d—30"e.
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On the other hand,

: 2
ieM
- % % k +7r;, =T
< Z ((’Y —253%) (f) —E[LCS(X(i-1yk41 - - X Yo, 41 - -
i=1
= (v —=208%)n— Ly(r).
Therefore,

(Y = 26%)n = Ln(r) = n(6 = 307,

when r € ﬁgphm. Finally, Theorem 2.2.3 implies that for all n > 1,

g —op - HEG g /00
n n

So in particular, let « € (0,1), € > 0 and ¢; > 0 be such that

1+In(1+n) _ 204 [1
6::Cl\/+1r17(1a+77/)2 5A/r711n,

forallm > 1. Then

n 2

for all n > 1. Combining (3.20) and (3.21) recovers (3.19).

. o [(E+Ti—Tie
3 ((7 —26%) (—1> —E[LOS(X s - - Xits Vi1 - ..m])

v.)))

(3.20)

(3.21)

]

The remainder of the proof of Corollary 3.3.2 follows from the same arguments that finish

the proof of Theorem 3.2.3.
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3.4 Closeness to the diagonal

Let D¢, ,, be the event that the points representing any optimal alignment of X, ..., X,
with Y7, ..., Y,, are above the line y = p1x — pine — p1k, and below the line y = pox +

pane + pok.

Theorem 3.4.1. Let ¢ > 0 and 6 € (46%,7*/2). Let 0 < p; < 1 < po be such that
In(p1) < v* — 20 and 7,(p2) < ~v* — 28 for all n. Fix the integer k to be such that
(1+1In(1+k))/k < (6 —46%)%€*/(8Tmin), then

P(D" )>1—2exp (—n (— 1+In(l+k) | (- 46*)262)) , (3.22)

€,P1,P2 k STmin
foralln = n(e, ) large enough.

Proof. See the proof of Theorem 4.1 in [18].

3.5 Short string-lengths properties are generic

Let P be a relation assigning to every pair of strings (x, y) the value 1 if the pair (z, y) has

a certain property, and 0 otherwise. Hence, if A is the alphabet we consider,

P (Uk.Ak) X (Uk.Ak) — {O,l},

and if P(x,y) — 1, the string pair (x, y) is said to have the property P.
Let now € > 0, be fixed and let r = (7o, ..., r,,) satisfy condition (3.4). Let also B}(r, €)

be the event that there is a proportion of at least 1 — € of the string pairs

(X—1ypt1 - Xie: Yoo y1 ... Y5) (3.23)
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satisfying the property P, i.e.,

Bp(r€) = {ZP =Dkt - - Xk Yo g1 - Y)Z(l—E)}

Next, let B%(€) be the event that B} (r, €) holds for all r satisfying (3.4) and LC,, = L, ().

There is a ¢ € [0, 1] such that

P(P(X)... X0 Ys.. . Vo) > 1—g,
and

P(P(Xs ... XprssV1...Y0)) > 1 — g,

for all ¢ € [kpy, kpo] and all integers s > 1. If X and Y are independent sequences, by
stationarity it is enough to consider only the case when s = 1.
We want to find minimum value of ¢ = ¢(k) such that a large proportion of the aligned

pairs (3.23) has the property P. Recall that R is the event that every optimal alignment

€,P1,P2
aligns a proportion of at least 1 — € of the sub-strings X;_1)x41 . . . Xy With sub-strings of
Y with length in [kpy, kpo].

Let B{é(r, €) be the event that among the aligned string pieces (3.23) there are no more than

em which do not satisfy the property P and have their length r; — r;_1 € [kp1, kps]. For

€1 >0,e9 >0,

Aty | () Bplrie) | € Baler +e),

r€Re,py,po

and so

P((Bp(er +e2))) SP((AL )0+ Y PUBR(re2))).

T€Rey1,p1,p2
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Next,

P((B3(r, e2))) < (E::n) g™ < exp(H,(ez)m)q™,

where H. is the base e entropy function. Hence,

P((Bp(r, €2))°) < ¢ exp(H(e2)m).
Therefore,

P((Bp(er + €))°) < P((AL 5, 5,)%) + (e(k +1))"q=™ exp(He(ez)m).

€1,P1,P2

Taking q(k) = 1/(2e(k + 1))/, finally yields

P((Bp(er + €))°) <P((AL , 5,)°) + exp((He(e2) — In2)m).

€1,P1,P2

When e; < 1/2, H.(€2) < In2, and then exp((H,(€e2) —In 2)m) is exponentially small in n.
Furthermore, Theorem 3.2.3 provides an exponentially small lower bound on P((A” )°).

€1,P1,P2

Letting € := €; = €5, we have obtained the following result.

Theorem 3.5.1. Let 0 < € < 1 and § € (40*,7*/2). Let 0 < p; < 1 < py be such
that 3,(p1) < v* — 28 and 7,(p2) < v* — 26 for all n. Let the integer k be such that
(1+In(k+1))/k < (6 —45%)%€* /(32T ), and

1
i PP(X.. XY V) >l —
telkpbpal o1 (PEX : +) (2e(k + 1))2/e
1
in PPX.. . XV Y))>1o——
etz D¢ ersi 11 X)) (2e(k + 1))2/e

Then for any r satisfying (3.4) and L, (r) = LC,, the proportion of string pairs (X ;—1)k+1 - - - Xik;
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Y, ,41...Y,.,) satisfying property P is at least 1 — € with probability at least equal to:

i

. (_n (_1 +lnlik+ DN ;24512262» exp (g (H (g) —1n2>>,

foralln = n(e, ) large enough.
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CHAPTER 4
STEIN’S METHOD

This chapter will focus on the development of tools that are used in the proof for the central
limit theorem. In particular, we show a version of Stein’s method for normal approximation
that holds for hidden Markov models. In the process, the concept of a discrete derivative is
realized and we give useful bounds for some expressions. Finally, we show an upper bound

on the variance of LC,, that supports the main assumption in Theorem 5.1.1.

4.1 Preliminaries

Stein’s method is a way to obtain normal approximation based on the observation that the

standard normal distribution  is the only distribution that satisfies
ENfN)] =E[f (M),

for all absolutely continuous f with a.e. derivative f’ such that E[f'(N)] < cc. Then for
another random variable W, the value of |E[W f(1W) — f'(W)]| can be thought of as a
distance measuring the proximity of W and N.

The distance between two probability measures p and v is often of the type:

d(p,v) :s%p{'/hdu—/hdy

where # is a class of functions. (We write d(X,Y) instead of d(u, v) when X ~ p and

:he?—[},

Y ~ v). Various H give rise to various distances. For instance, when H is the set of
1—Lipschitz functions we get dy (1, /) - the Wasserstein distance, while for # is the set of

L(—ooq) for z € R we get dg (pt, V) - the Kolmogorov distance. Now let * be the family
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of functions f that are solutions to the differential equation
h(W) = E[RN)] = (W) = W f(W),

where h € H, W ~ pand N ~ v = N(0,1).
Bounding |E[A(WW)] — E[h(N)]| only depends on the properties of the solutions f and the

law of W. More precisely the following result holds [23, Corollary 3.38]:

Proposition 4.1.1. Let N ~ N (0, 1) and let W be a random variable with finite expecta-

tion. Then,

A (W) < sup [B('(0) =W (W),

where H* is the set of all absolutely continuous f : R — R such that || f||oc == sup,ep |f(2)| <

Naw

f'lloo < 2 and such that for all u,v,w € R,
(w + ) f(w + w) = (w+0)f(w+ )] < (|| + V2r/4) (Jul + [v]).
A simple optimization argument can yield the following result by Chatterjee [6, Propo-

sition 1.1]:

Corollary 4.1.2. Let Z be a standard normal random variable and W be any random

variable with E[W] = 0 and E[W?| = 1. Then

1/2
0 (W, ) < 2 (sup E(F(W) — Wf(W)>!> , @

feH*

where H* is the set of all f : R — R that are twice continuously differentiable, and

[f(@)] <1,

f(@)| <1, and |f"(z)] < 1forall x € R.

In applications, W = W(n), i.e., it is often a random quantity connected to some object

of varying size n. A suitable bound on the right-hand side of (4.1) in terms of n can yield
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weak convergence of W (n) to A and therefore a central limit theorem can be established
for W (n).

For instance if W = ¢(X) - a function of n independent random variables X = (X;,..., X,,)
such bounds have been obtained by Chatterjee in [6]. His approach relies on introducing
discrete derivatives on exchangeable pairs. In particular, let X' = (X7,..., X)) with X/
- an independent copy of X; and W’ = ¢(X’). Then (W, W’) is an exchangeable pair
because it has the same joint distribution as (W', W). A perturbation W4 = ¢4(X) :=
g(X“#) of W is defined through the change X of X as follows:

XA X! ificA

)

X, ifi¢ A

for any A C [n]. Then a discrete derivative can be defined for any A C [n] and i ¢ A, as:
Nig" = g(X7) — g(x ).

Chatterjee’s result then reads as follows:

Theorem 4.1.3. Let W be a function of n independent random variables as above with

E[W] = 0 and E[W?] = 1. Then:
[E(F (W) = W) < VVarE ) + 1 > Ell® 2
=1

for every f € H* (as in Corollary 4.1.2) and where

Z > ( y AigAig?. (4.3)
4]

=1 AC[n]\{i}

Very little work has been done outside the independent case. Some notable exceptions
include [8] where a rate of convergence of the n—step probability distribution to the sta-

tionary for the Ehrenfest urn model is obtained, and [13] and [15] where Markov chains
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appear in the generation of exchangeable pairs. I was able to show the following:

Theorem 4.1.4. Let (Z, X) be a hidden Markov model with Z an aperiodic time homo-
geneous and irreducible Markov chain on a finite state space S, and X taking values in a
finite alphabet A. Let W = g(Xy,...,X,,) with E[W| = 0 and E[W?| = 1. There exist
a sequence of independent random variables Ry, Ry, . .., R|s|n-1) and a function h such
that h(Ry, . .., R|s|(n—1)) has the same law as g(X1, ..., X,). Then:

|S](n—1)
E(S/(W) = WIW)| < \/VarE(TIh(Ro,..., Risjn1)) + 7 3 ElAbI,

=1

for every f € H* (as in Corollary 4.1.2) and where

71 > %AihA,-hA.
= acismv " (al)
The main idea of the proof of the above result is to think of R = (R,, ... ,R|5‘(n,1)) as
stacks of independent random variables on the |S| possible states of the hidden chain that
determine the next step in the process, with R specifying the initial state. Each R, takes
values in S x A and is distributed according to the transition probability from the present
hidden state. Then one can write g(Xi,...,X,) = h(Ro,..., Ris|n-1)) for h = go~
where the function -y translates between R and X. This construction is carried out in more

detail in the following section.

4.2 HMM as stacks of independent random variables

Let (Z, X) be a hidden Markov model with Z an aperiodic time homogeneous and irre-
ducible Markov chain on a finite state space S, and X taking values in a finite alphabet .A.
Let P be transition matrix of the hidden chain and () be the |S| x |.A| probability matrix for

the observations, i.e., ();; is the probability of seeing output j if the latent state is in chain

50



1. Let the initial distribution of the hidden chain be x. Then

P((Zl,...,Zn;Xl,...,Xn) = (21,...,zn;x1,...,xn))

= /’L(Z:l)QZl,-Tl P21,22 e Pznflyanznyxn‘

Our goal is to introduce a sequence of independent random variables R, Ry,
taking values on S x.A and a function y such that y(Ry, . . ., Ris|n-1)) = (Z1,

Forany s, € S,z € Aandi € [0,n — 1], let

P(Ry = (s,2)) = pu(5)Qsye

P(Ri|s|+s/ = (S7$)> = Ps’,st,z-

- Bisim-n)
e Ty Xy X)),

The random variables R; are well defined since ) | s, = 1forany s € S,and ), Py ; =

> i(s) = 1forany s € S. One can think of the variables R; as a set of instructions on

where the hidden Markov model goes next. The function ~y reconstructs the realization

(Z;, X;) sequentially from the sequence (R;). In particular, ~ captures the following rela-

tions

(Zla Xl) = RO

(Zi+17Xi+1) = Ri|S|+s if Zz = sfors Z 1.

One can think of the sequence (R;) as |S| stacks of random variables on the S possible

states of the latent Markov chain, and the values being rules for the next step

in the model.

Note that only one variable on the ith level of the stack will be used to determine the (i+1)-

st hidden and observed pair. Furthermore, the distribution of the random variables R; for

1 > 1 encodes the transition and output probabilities in the P and () matrices of the original

model.

Thus one can write f(X1,...,X,) = h(Ro, ..., Ris|m-1)) for g := ho~y where the function
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7 does the translation from (R;);>o to (Z;, X;);>1 as described above.
Let R' = (Ry, ..., R|g,_y)) be an independent copy of R. Let A C {0,1,...,[S|(n—1)}
and let the change R4 of R be defined as follows

i R, ificA

(2

R, ifi¢ A

Recall that the discrete derivative of h with a perturbation A is

AhA = h(RAY) — h(RAVE).

Theorem 4.1.4 follows from Theorem 4.1.3 since when (Z, X) is a hidden Markov model

one writes

W = g(Xl, NP ,Xn> == h(Ro, ooy R\S\(n—l))a

and the sequence (R;));>o is a sequence of independent random variables and the conclu-
sion of Theorem 4.1.3 holds for (R;);>.

The remainder of the chapter establishes bounds on the discrete derivative A;h(R*) where
h = g o and g is a Lipschitz function. The following results will be used in the next
chapter where we outline a proof to a central limit theorem for L, - which is a Lipschitz

function of the observed variables of a hidden Markov model.

4.3 Bounds on A;h4

The latent chain in the hidden Markov model is irreducible and aperiodic. Assume that
each value in A4, the space of possible values for the observed variables X, can be reached

through some state in S. Assume further that the latent chain is started at the stationary
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distribution. Then there is K and € > 0 such that

P(X, =z X,k =1") >¢, (4.4)

forall x,2’ € A and all n > 1. Such K and ¢ exist since the chain is irreducible and then

P(Zy = 8, Zoip = &) > 0,

forallmn > 1and s,s' € S.

Proposition 4.3.1. Let (Z, X)) be a hidden Markov model as above and let K > 0 and ¢ > 0
as in (4.4). Let g : A" — R be Lipschitz with constant ¢ > 0. Let R = (Ry, . . . ,R|S|(n_1))

be a vector of independent random variables and h be the function such that

g(Xl, . ,Xn) == h(RQ, R\S|(n—1))~

Then

P(h(R) — h(R") > cKxz(n)) < C(1 — €)*™, (4.5)

where x(n) > 0 is some function of n. Furthermore, let o > 0. Then for any r > 0,

E|h(R) — h(R")[" < C(lnn)", (4.6)

where C' = C(r) and n large enough.

Proof. The sequence of instructions R’ may give rise to a different realization (Z’, X') of
the hidden Markov model, as compared to (Z, X) - the one generated by R. However, the

probability of seeing a mismatch between X and X’ decays exponentially with the size of
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the mismatch. Assume R; determines (7, X;) and R} determines (Z}, X}). Then

P(Xj 1k # X i)

S P(Xjik =2, X, i # )

zeA

= D PNk = 2)P(Xj i # )

zeA

< (1 _6)7

where we have used that if X, x # X ]’ Lk then two variables have been generated by
different instructions I?;, and R, and so X and X ;- are independent.

Letr > 0. Then

( J+K 7é j+K7 J+2K 7é X]-I—QK’ s XJ+$(TL K 7é ]+1‘(n)K) S (1 - E)x(n)'

Note that once X, = X, X,,, = X, forall m > [. Let E be the event

E={X ik #X J+K, j+2K7éX],+2K7“' Xjtamr 7 X +x(N) K}

Then

This suffices for the proof of (4.5). Now,

E[h(R) — h(R')[" = E[A(R) — h(R")["1p + E[h(R) — h(R")["Lge,
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Then

E|h(R) — h(R))|" < (Cn)"(1 — €)*™ + (CKz(n))".

Let z(n) = _11:(1111_2) > (. Then,
- Cr "

The order of the bound is optimal. Indeed, assume that z:(n) is such that

(1— €)™ < (hl_"> ’

n
or

r(Inn — In(lnn))
In(1—¢)

x(n) > —

Then

Cr

BN - () <~ g

and the right-hand side has the same order of growth as (4.8).

)) (Inn —In(Inn))" 4+ C",

4.7)

(4.8)

4.9)

If the order of growth of (1 — €)*("™ is higher than the one in (4.9), the bound on the second

term in (4.7) is of higher order as well.

]

Using Efron-Stein’s inequality one can produce the an upper bound on the variance of

f(X).

Corollary 4.3.2. Let (Z, X) be a hidden Markov model as above. Let g : A" — R be

55



Lipschitz with constant c. Then
Var (9(X1,. .., X,) < On'te,

forany a > 0, C = C(|S|) and n large enough.

Proof. As in Proposition 4.3.1 let R = (R, ..., Ris|n-1)) be a vector of independent

random variables and h be a function such that

9(X1, .., X)) = h(R).

Let R = (Ry,..., | s|(n_1)) be an independent copy of R. Applying Efron-Stein’s in-
equality to h(R) yields,
1SI(n—1)

E[(h(Z) = M(Z")7,

=0

Var(h(R))) <

DO | —

with R’ defined as in Proposition 4.3.1.

By Proposition 4.3.1 there is o > 0 and a constant C' = C'(«) > 0, s.t

Var(h(R)) < 5(|S|(n — 1) +1)Cn* < C'n'*,

N | —

where C’ > 0 is a function of |S| and «. Finally, note that Var(g(Xy,...,X,)) =
Var(h(R)). O

Remark 4.3.3. Note that the bound on the variance also follows from using an exponential
bounded difference inequality for Markov chains proved by Paulin [22]. This holds for the
general case when X is a Markov chain (not necessarily time homogeneous), taking values

in a Polish space A = Ay x - -+ x A,,, with mixing time 7,,;,. Then for any t > 0,

B(1£(X) — ELf(X)]] > 1) < 2exp (i) |

| |c| |27—mm
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CHAPTER §
CENTRAL LIMIT THEOREM

5.1 Introduction

So far we have obtained the rate of convergence of E[LC,,| and a closeness to the diago-
nal estimate. Furthermore we have outlined a way to modify the generalized perturbative
approach introduced by Chatterjee for the case of sequences generated by hidden Markov
models. Those are all the key results used in [16] to obtain a central limit theorem for LC,
in the independent case. In this chapter we follow the arguments in [16] to get the following

result

Theorem 5.1.1. Let (Z,(X,Y)) be a hidden Markov model. Assume Var(LC,) > Kn

for some constant K > 0, independent of n. Then,

LC, —E|LC,

lim sup |P [LCh) <z |-PWN <z)| =0, (5.1
n—00 zcR Var(LC,,)

where N is the standard normal random variable.

Recall that there exists a vector R = (R, ..., R|s|»—1)) of independent random variables

(though not identically distributed) taking values in S x .A and a function & : (Sx A)" — R

such that

As in chapter 4, let R’ be an independent copy of R, and if A C {0,...,|S|(n — 1)}, let

R, ifie A
R, ifi¢gA



Then the discrete derivative of g is defined for any A C {0,...,|S|(n — 1)} and ¢ ¢ A, as

AR = h(R*) — h(RAY).

Let

1 1 ,
20 2 TSI = =) 25

AC{0,..|SI(n-1)} \ 4] i¢A

Theorem 4.1.3 implies that

h(R) — Eh(R) Var(T) 1 3
d E|A;h 5.2
v ( Var(h(R)) 7N) = o2 + 203 [A5RI7, (5-2)

where 02 = Var(LC,) = Var(h(R)) and dy is the Monge-Kantorovich-Wasserstein
distance. Note that here we use the variance Var(T') as an upper bound of the conditional
variance in Theorem 4.1.3, since it is a simpler object to study.

Assuming 02 > Kn we show in Section 5.2 that the right-hand side of (5.2) converges to

0 as n — oo. This in turn will imply Theorem 5.1.1.

5.2 Proof of Theorem 5.1.1

We first note that E|A;¢|*/(20%) — 0 as n — oo. Indeed, by Proposition 4.3.1 with o = 1

and » = 3, there is a constant C such that

E’A]h‘g < C'n,

for all large n. Then o > K3/2n?/2 it follows that E|A;h[*/(203) — 0 as n — oco.
We next turn to bounding Var(7") from above. It will be enough to show that Var(7T") =
o(n?) in order for Theorem 5.1.1 to hold.

To do so, we start by giving a variant of Theorem 3.2.3. Assume n = wvd, and let the
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integers
O=rg<r <rg<---<rg1 <rg=mn, (5.3)

be such that

d
LCy =) |LCS(Xu(imys1 - Xois Yor_ys1 ... Y,

=1

; (5.4)

so the vector r = (1, . .., rq) determines an optimal alignment for the pair (X,Y).

As in Chapter 3 for any p > 0, let

_ EILCS(Xy, .., Xpi Va, o, V)]
- n(1+p)/2

Fn(p) :

Lete > 0, p; > 0 and p, > 0 be constants. Let A7,  be the set of optimal alignments of
Xq,...,X,and Y7, ..., Y,, for which a proportion of at least 1 — € of the integer intervals
[ri141,r;] fori =1,..., dhave their length between vp; and vp,. More precisely, Azphm

is the event that for all integer vectors (79,71, ..., 74) satisfying (5.3) and (5.4),
Card({i € 1,2,...,d:vpy <r;—7ri1 <ope}) > (1 —e€)d. (5.5)

Let 5* and 7,,;, be the #—mixing coefficient and mixing time for the hidden Markov model
as defined in Chapter 2.
Recall the following result regarding closeness to the diagonal from Chapter 3 (Corol-

lary 3.3.2).

Proposition 5.2.1. Let 6 € (65*,~7*/2). Let 0 < p; < 1 < py be such that 7,,(p1) < v*—2§

and 7, (p2) < v* — 28 foralln. Let « € (0,1), d = n'~* v = n® and

¢1+mﬂ+n%
€ =C s

nO{
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where c¢; > 0 such that

2 16Tm1n

= G-

and

) (1+ln(1+na)) - 4C% Inn
‘1 - >
n % n

foralln > 1. Then,

P(A?, ) >1—exp(—n'"*(1+In(1+n%))),

€,P1,P2

foralln > 1.

We now focus on estimating the variance term in (5.2). Note that,

. ih(R)A;h(R?)
Var(T) = 3V ( > > WWzl )(IS|(n — 1) + 1 —|A])

AZAO,...,|S|(n—1)} jgéA |A|
1 Z Cov(A;hA R, AghAghP)
4 ses, ™SI = 1) + 1= (AN (SO (18] (n = 1) + 1= |B])

where

Si={(A,B,j,k): AC{0,...,1S|(n—1)},BC{0,...,|S|(n—1)}.j ¢ Ak ¢ B}.

The following proposition (see [16, Proposition 2.1]) will be useful at various points of the

proof.

Proposition 5.2.2. Let R be a subset of {0, ..., |S|(n — 1)}?, and let

S ={(A,B,j,k): AC{0,...,|S|(n—=1)},B<A{0,...,|S|(n—=1)},j ¢ Ak ¢ B,(j,k) € R}.
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Then

1
0 SR e T B T e T T e R

Proof. Some elementary manipulations yield

1
Z (‘S'(" D8I = 1) + 1= JAD (PP (IS — 1) + 1~ |B))

(A,B.jk)eS* \Al |B|
[S](n

1
e Z o, TSI 1) 1= (T - 1+ 1)
B#k,|B|=r

S| (n—1) (ISI(n—l)) (\5\(71—1))

r

AP ‘S'““)(ISI( 1)+15—8)('5‘("2”“)(|5|(n—1)+1—7“)

(j,k)eER s,r=0
|S|(n—1)

= 2 Z |S|n—1 T1)2

(j,k)ER  s,7=0

= [R|

Note that by Proposition 4.3.1, if R = {0, ...,|S|(n — 1)}?,

Z COU(A hA hA AkhAkhB)
s, | O (1S (n— 1) + 1 - |A|><‘S‘ ) (S| (n - 1) + 1 - |B))
< C(a)|R|n"
— C)(n2+a>7

where a > 0 and C'(a) > 0 is a constant that depends on a and the parameters of the model.
In particular, it is not enough to apply Proposition 5.2.2 to get that Var(T) = o(n?). To
get the desired asymptotic behavior we use the optimal alignment introduced in (5.4).

For notational convenience, below we write -, for 3, 5 ;) s, Also, for random vari-
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ables U,V and a random variable Z taking its values in R, we write Covy_.(U, V) for

E[(U — E[U])(V — E[V])|Z = z],z € R. Moreover, let

1
kn,A,B = n— n— .
(S DY (151 — 1) + 1 — [AD (ST D5 (1S |(n — 1) + 1 - [B])
Let, now, the random variable Z be the indicator function of the event A™ where

€,P1,P2

)

\/1 +In(1 + n®)
€ =C

nOé

and c; as in Property 5.2.1. Then

Var(T) = Y knapCov(AhAR", AyhAhP)
1
= Y knapCovz_o(AhAN", AyhAhP)P(Z = 0)
1

+ ) knasCovz—1 (AhARY AhAHP)P(Z = 1), (5.6)
1

To estimate the first term on the right-hand side of (5.6), note that h(R) < n because

h(R) = LC,,. Then by Proposition 5.2.2 and Proposition 5.2.1,

> knaCovz—o(AjhARY, AhARPP(Z = 0)
1
< Z kn,a,80°P(Z = 0)
1

< On4e—n1*°‘(1+ln(1+na)).

(5.7)
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For the second term in the right-hand side of (5.6) note that

> knapCovz_1(AhARY, AhARPP(Z = 1)
1

IA

> knap |Covz—1(AhARY, AhARP )| P(Z = 1)
1

IN

> knan |Covzoy(AhAR, AghAP)] . (5.8)
1

Before we proceed with more careful estimates on right-hand side of (5.8) we show the

following simple bound of the terms in the sum.

Proposition 5.2.3. Let (A, B, j, k) € Sy. Forany a > 0,
|Covz_1(A;hARY, AghALhP)| < Cn®,

where C' > 0 depends only on the parameters of the hidden Markov models and for all n

large enough.

Proof. Let a > 0. By Proposition 4.3.1, for all n large enough,
|Cov(AjhA;RY, AghARhP)| < Cn®.
Now note that

|Cov(A;hA;RY AghALhP)|

= |Covzeo(A;hAhY, ALhALRPYP(Z = 0)

+ Covg—1 (A;hRARY AyhALhEYP(Z = 1)

v

— | Covzo(A;hA R, Ah AR )| P(Z = 0)

+ |Covzy (ARARY AghARhP) | P(Z = 1),
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and then using (5.7),

|COUZ:1(AjhAjhA, AkhAkhB)|

Cn® + Cn46—n1*0‘(1+1n(1+na))

IN

IN

Cn®,

for all n large enough. ]

Next we estimate the right-hand side of (5.8) using properties arising from the optimal
alignment. Recall that for each pair of words (X, Y") there is an optimal alignment r satis-

fying (5.3) and (5.4). Note that conditionally on {Z = 1}, r satisfies (5.5).

Definition 5.2.4. For the optimal alignment r, each of the sets

{Xno‘(i—l)-i-lu e Xn"‘l; 5/7'1;1+1 s 7}/7’1-}7 L= 17 s 7n1704

is called a cell of r.

Let P; be the set of cells (zero, one or two) of the optimal alignment potentially modified
by a change in the instruction /. Assume that /; determines X and Yj.. Note that P; is
empty if the instruction /; is not used, and the other two cases correspond to X, and Y/
being in the same or different cells respectively.

Define the following subsets of S; with respect to the alignment r:

S11={(A,B,j,k) € S; : h; and hy, influence the same cell in r},

and

Si12={(A,B,j,k) € S : h; and hy, influence different cells in r},
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Clearly, $11 NSi2 = fand S; = S11 U S1,2. Now, for a given subset S of S;, and for
(A, B, j, k) € S, define

Covz—1,a,8,k).s(U, V) =E[(U - E[U))(V = E[V])1(a5,mes|Z = 1].

When (A, B, j, k) is understood from context we write Covz—; s(U, V') instead.

The right-hand side of (5.8) is then bounded by

> knan [Covzmy (AhAR*, AghALR)]
1
< Y knan|Covzars,, (AhARA, AghALRY))|
1

+ ) knan [Covzors, o (AhARY, AghALhP)] (5.9)
1
Next, note that by the definition of C'ov z-1,5,, and Proposition 5.2.3,

> knan|Covz—ys, , (DAY, AhARP)]
1

IN

> knasE D (A;hARY — E[ARA;hY)
1

(AphARRT — E[ARAR)) L4 5 jh)es:

=

< CwE[R||Z = 1]
where
R ={(j,k) € {0,...,]S|(n — 1)}* : R; and Ry, influence the same cell in r}.

Let R; be the number of pairs of indices (j,k) € {0,...,|S|(n — 1)}? that influence the
ith-cell. Recall that given Z = 1, the number of cells with more than n(1 + po) letters is

less than en'~®. If @ > 2/3, then en'™® < 1 for large n and then all cells have no more

65



than n(1 + py) letters given that Z = 1.
To estimate |R;| note that by Proposition 4.3.1 the probability that a change of an instruc-
tion R; for a pair (X, Y}) leads to changes in pairs (X}, Y;/) decays exponentially with

the distance |j’ — &’|. Therefore,
E[|Ri||Z = 1] < (Cn® + (1 + p2)n®)* < Cn®®.

Now since

nlfa

E([R||Z=1] =) E[Ri|Z = 1],

=1

it follows that

> knan |Covzors, ,(AhAR* AghAhP)]
1

Cnanl—an2a

IN

= (Onltote (5.10)

We move next to the estimation of the second term of the right-hand side of (5.9) which is

given by
Z kn,A,B ‘COUZ:I,SLQ (AjhAjhA, AkhAkhB)| .
1

To estimate the covariance terms we need to decompose them in such a way that indepen-
dence of certain random variables leads to a simplified expression. For this purpose, for
eachi € {0,...,|S|(n—1)} let P, be the set of cells in the optimal alignment that contains

the letter determined by the R; instruction. Then let



where P/ is the same as P, except that the instruction R; is replaced by the independent copy
R;. While the change of R; can lead to multiple changes among the realization (X,Y),
the variable A, is the difference between the length of the longest common subsequence

before and after the modification restricted to the cell P;. Now for (A, B, j, k) € S,

Covz_i s, ,(AjhARY, AghAghP)
= Covg—is,,((Ajh — Ajh)AjhY, ALhARRP)
+ Covgey s, (Ah(ARY — AjhY), AyhAchP)
+ Covgey sy, (AhARA, (Axh — Ach) AphP)
+ Covge g o (BhARA, Agh(Ah® — Agh®))

+ Covgy s o (DhARA, AchALhP), (5.11)

where for any i ¢ A, we also set Zj hA = hA|p, — hAY} b | i.e., the restriction is the same
as in A\;h but there is a set A of instruction flipped as well.

The first technical assumption we make (which will be addressed in future work) concerns
the contribution of the last term in (5.11). In particular,

Assumption 1. Assume
3" knaslCovzy s, o (AhA R, AhAhP)| < Ont*e
1

for all n large enough.
The second assumption we make concerns the distribution of Aji — Ajh.

Assumption 2. If (A, B, j, k) € S1 2, then

AR — AjpA =g |A;h — Ajh.
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We first estimate the first term in (5.11). It is given by
Covz_i s, ,(Ajh — Ajh)ARA, AghAghP).
Let
U= (Ajh — AR)ARA,
and
V = AyhARRE,
so that the first term is equivalent to Covz—; s, ,(U, V). Note that

|COUZ=1,51,2 (U7 V) ’

= [E[(U-EUNV - E[VDLazimes .12 = 1]

IN

E[|UV |14, kes .| Z = 1]
+EVIE[U[LaBjmes 212 =1]
+E|UE[V[Lapimes 212 =1]
+E|UE|VI|E[1(4,B kes.1Z = 1]

= T1+T2+T3+T4.
Note that

Ty ::E[|UV|1(A,B,]‘,I<:)681,2|Z =1]
L
- P(Z=1)

< CE|UV],
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where we have used that P(Z = 0) is exponentially small for large n by Theorem 3.2.3.

Now since |Ajh — Ajh| < Cn, Property 4.3.1 implies that
E|UV| <CnE|Ajh — Ajh| 4+ Cnle~n (0%
for large n. Similar approach yields the same upper bound for 75, 75 and T};. Then,
|Covg—y s,,(U, V)| < CnE|Ajh — Ajh| + Cnlem " (Fn4n®),

Now by Assumption 2, and using the symmetry between A and B and between j and £,

each of the first four terms in (5.11) is bounded above by
CnE|A;h — Ajh| + Cnte~n' " (+In(14n)
Together with Assumption 1, we can bound second term of the right-hand side of (5.9)

Z kn,A,B ’COUZZI,SLQ (AjhAjhA, AkhAkhBN
1

< 044 k4 pCnE[Ah — Ajh| 4+ Cntemn 0T,
1
Next by superadditivity, we immediately get
Ajh < Ajh.
By independence, E[A;h] = 0, so

Z kn,A,B ’COUZ:LSLQ (AjhAjhA, AkhAkhB)‘
1

< 044 kyapCnE[AjR] + Cntemm (0T (5.12)
1
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Our final assumption is regarding a bound on the middle term above.

Assumption 3. Assume
43 ko apCnE[A;h] < Cnlrete,
1
Then (5.7), (5.10), and (5.12) imply

Var(T) Scnl-i-a-i-a + Cn4€—n1_o‘(1+ln(1+n(’))

S Onl—l—a—l—a'

Therefore, Theorem 4.1.3 ensures that

LC, —ELC 1
dy | = N ) < O
W(m )— e

for all n > 1 and with C' > 0 a constant independent of n.

70



CHAPTER 6
CONCLUSION

In this thesis we have studied the asymptotic behavior of the length of the longest common
subsequences of two strings generated by a hidden Markov model. Under some standard
assumptions regarding the model we have generalized results of Chvatal and Sankoff [7]
and Alexander [1] for the convergence of E[LC,,]. We have also obtained versions for the
closeness of the diagonal estimate of Houdré and Matzinger [18] and we have outlined
a proof for a central limit theorem by building upon work by Houdré and Islak [16] and
adapting a Stein’s method estimate by Chatterjee [6].

For the central limit theorem proof to be complete one needs to provide a linear lower
bound on Var(LC,,) - a result that is not yet obtained even for the iid case. Another point
that needs to be addressed are the two technical assumptions in our outline for the proof.
A second direction for future work concerns other models with a dependence structure. For
instance one can try to obtain similar results for the rate of convergence or even a central
limit theorem by only assuming a suitable mixing condition for the sequences.

Finally, the new version of Stein’s method for dependent sequences, that is Theorem 4.1.3,
can be applied to Markovian equivalents of other models, like the ones discussed in [19].
Some instances are the stochastic coverage process, and the problem of set approximation
with random tessellations. Furthermore, a Stein’s method for functions of dependent ran-
dom variables should be obtainable directly using the dependency structure, especially if
the variance of the function in question is of higher order. Such would be the case when

the underlying model is the two dimensional Ising model at critical temperature.
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