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SUMMARY

The first part of the thesis, consists on a result in the area of commutators. The
classic result by Coifman, Rochberg and Weiss [16], establishes a relation between a
BMO function, and the commutator of such a function with the Hilbert transform.

More precisely, given a function b, if H denotes the Hilbert transform, then

1bllBazo ~ [I[b; H]ll 2, 12 -

This equivalence of norms, has been carried over to different contexts, for example,
multi-parameter theory, multilinear theory and Sobolev spaces. The result obtained
for this thesis, is in the two parameters setting (with obvious generalizations to more
than two parameters) in the case where the BMO function is matrix valued.

The second part of the thesis corresponds to domination of operators by using a
special class called sparse operators. These operators are positive and highly localized,
and therefore, allows for a very efficient way of proving weighted and unweighted
estimates.

There are three main results regarding sparse operators, present in this thesis:
The first one, a joint work with Michael Lacey, is a sparse version of the celebrated
T'1 theorem of David and Journé. We impose standard T'1-type assumptions on a
Calderén-Zygmund operator T, and deduce that for bounded compactly supported

functions f, g there is a sparse bilinear form A so that

(Tf, 9 < A(S,9)-

The proof is short and elementary. The sparse bound quickly implies all the standard
mapping properties of a Calderén-Zygmund on a (weighted) L? space.

The second result, in collaboration with Robert Kesler, considers the discrete

vil



quadratic phase Hilbert Transform acting on ¢?(Z) finitely supported functions

eiam2f<n _ m)

Hef(n) ::Z -

m#£0
We prove that, uniformly in «@ € T, there is a sparse bound for the bilinear form
(H*f,g). The sparse bound implies several mapping properties such as weighted
inequalities in an intersection of Muckenhoupt and reverse Holder classes.
The last result, jointly with Michael Lacey and Maria Carmen Reguera, expands
the sparse domination to the Bochner-Riesz multipliers. We show that these operators

satisfy a range of sparse bounds, for all 0 < § < ”T’l The range of sparse bounds

increases to the optimal range, as 0 increases to the critical value, § = ”T_l, even
assuming only partial information on the Bochner-Riesz conjecture in dimensions
n > 3. In dimension n = 2, we prove a sharp range of sparse bounds. The method of
proof is based upon a ‘single scale’ analysis, and yields the sharpest known weighted

estimates for the Bochner-Riesz multipliers in the category of Muckenhoupt weights.

viii



CHAPTER 1
CHARACTERIZATION OF TWO PARAMETER MATRIX-VALUED
BMO BY COMMUTATOR WITH THE HILBERT TRANSFORM

1.1 Introduction

It is well known, by the work of R. Coifman, R. Rochberg, and G. Weiss [16], that
the space of functions of bounded mean oscillation (BMO) can be characterized by
commutators with the Hilbert transform (and in general, with the Riesz transforms).
Given b € BMO, let M, represent the multiplication operator M,(f) = bf, if H

represents the Hilbert transform, defined as

i) = por [ L9 gy,

then we have

1bll 3o S (I[My, H]l[ 2522 S (|6l aso-

The study of the norm of the commutator has several implications in the charac-
terization of Hankel operators, the problem of factorization and weak factorization
of function spaces and the div-curl problem. Several extensions and generalizations
have been made in different settings. In the two parameter version of this result, the
upper bound was shown by S. Ferguson and C. Sadosky in [29], while the lower bound
was proved by S. Ferguson and M. Lacey in [28]. The formulation in this case is the

following: If H; represents the Hilbert transform in the i-th variable, then

16l Baro S [[My, Hi], Hal|[ 2222 S [0l Bmo-



Here, we are considering the product BMO of S.Y. Chang and R. Fefferman [14].
These results were later extended to the multi-parameter case by M. Lacey and E.
Terwilleger [52].

The idea of the present work, is to obtain the same characterization in the two
parameter case, for a matrix-valued BMO function. In the one parameter setting, we
have the desired characterization due to S. Petermichl [66], and also F. Nazarov, G.
Pisier, S. Treil and A. Volberg [62].

Consider the collection D of dyadic intervals, that is
D= { (k277 (k+1)277): j,k € Z},
and the collection of “shifted” dyadic intervals
D ={a+rk?, (k+1)2): k,jeZ}, areR

Define the dyadic Haar function as h; := ﬁ(]l 1~ — 1z,), where I_ and I rep-
resent the left and right half of the interval I, respectively. Denote also h} = %
(non-cancellative Haar function). The family {h;: I € D} (or I € D*"), is an or-
thonormal basis for L?(R;C?); here, for two Banach spaces X and Y, we use the
notation LP(X;Y) to denote the set { f: X — Y : [\ |||} < oo }.

Define the dyadic Haar shift by III*"(h;) = \%(h 1_—hr, ), and extend to a general
function f by

W ()= 30 (L) I () = 3 ()

(hf— - hf+)'
IeDr IeDer \/§

Note that I11%" is bounded from L?(R;C?) to L*(R;C?), with operator norm 1.

As proven by Petermichl in [66], the kernel for the Hilbert transform can be written



as an average of dyadic shifts, in particular

1 L I dr
K(t,z) = lim / lim —/ K*"(t,z) do —.
L—oo 2log L Jy/;, B—o 2R J_p r

Where K*"(t,7) = > cpanr hi(t)IO"(h;(z)). Therefore, it is enough to prove
the upper bound for the commutator with the shift [Mp, III] (the estimates don’t
depend on « or r).

Let B be a function with values in the space of d x d matrices. We consider the

commutator [Mp, H] acting on a vector-valued function f by
[Mp, H]f = BH(f) — H(BJ).

The result obtained by Petermichl is based on a decomposition in paraproducts,
and uses the estimates obtained by Katz [39], and Nazarov, Treil and Volberg [63]

independently. We have
|| [MBa H] ||L2(R;C’1)—>L2(R;(Cd) 5 log(l + d)HBH

Motivated by this result, we wish to find a generalization in a two parameter
setting, with the corresponding definition of the product BMO space (analogous to
the one given by Chang and Fefferman in [14]). The main result of the paper can be

stated as follows.

Theorem 1.1.1. Let B be a d x d matriz-valued BMO function on R?. If Mg denotes
the operator “multiplication by B”, and H; represents the Hilbert transform in the i-
th parameter, for i = 1,2, then the norm of the iterated commutator [[Mpg, H|, Hs]

satisfies

d7?||Bllsmo S [Mp, Hl, Ha| 122 oy r2@e.coy S d°|| Bllsuo-



The paper is organized as follows. Section 2, contains the proof of the upper bound
for the norm of the commutator, using a decomposition in paraproducts. Section 3
contains the proof of the lower bound, that relies on the proof for the scalar case by
S. Ferguson and M. Lacey in [28]. Throughout the paper, we use the notation A < B

to indicate that there is a positive constant C', such that A < CB.

1.2 Upper bound

Consider R = D x D, the class of rectangles consisting on products of dyadic intervals.
Given a subset E of R?, denote by R(E) the family of dyadic rectangles contained in
E.

Consider the wavelet w; constructed by Meyer in [57], and the two-parameters
wavelet vg(z,y) = wr(z)w;(y) for R = I x J, with all its properties listed in [28].

We start by giving the definitions of product BMO and product dyadic BMO.

Definition 1.2.1 (BMO). A function B is in BMO(R?) if and only if there are

constants C; and C5 such that, for any open set U C R? we have

1/2
1
1. 7 > (B.og)(Bog)"| < Cily
ReR(U)
1/2
1 )
2. T > (B,vr)" (B, vg) < Oyl
ReR(U)

The inequalities are considered in the sense of operators, I; is the identity d x d matrix.
The BMO-norm is defined as the smallest constant, denoted by || B|| g0, for which
the two inequalities are satisfied simultaneously. If we take the supremum only over

rectangles U, we obtain the rectangular BM O-norm, denoted by || B||smo

rec ®

If h; represents the Haar function associated to a dyadic interval I, define

hR<x>y) = h](l')h](Q), for R =1xJ.

4



That is hg = hr ® hy. The family {hgr}rex is an orthonormal basis for L?(R? C?).
We have the following definition of dyadic BMO. Note that it is the same definition,

but considering the Haar wavelet instead of the Meyer wavelet.

Definition 1.2.2 (Dyadic BMO). A matrix-valued function B is in BMO,;(R?)
(dyadic BMO) if and only if, there are constants C; and C5 such that for any open

subset U of the plane, we have

1/2
1
1. T > (B,hg) (B, hg)’ < Oy,
ReR(U)
1/2
1
2. i > (Bhg) (B.hg) | < Caly
ReR(U)

Where the inequality is in the sense of operators. And the corresponding norm

| Bl o, is, again, the best constant for the two inequalities.

It is known that ||B||gmo, < ||Blsmo; this fact can be found in [76]. In that
paper, the proof of the inequality is given in the multi-parameter setting, for Hilbert
space-valued functions, by means of the dual inequality || f[|g1 < [|f||z: (Estimate 2.3
in [76]). The duality in the dyadic case is discussed later, in the proof of Proposition
1.2.4. Using this fact, for the proof of the upper bound, it’s enough to consider the
dyadic version of BMO for the computations. For the rest of this section, we use
B (R) to denote the Haar coefficient of the function B, associated to the function hg,
that is

FR) =ttty = [ slaphnte.g) oy

~

Since B (R)E (R)* is a positive semi-definite matrix, we have




So, if we consider the two inequalities

\/ﬁ S BR)B(R) < CI, \/|—(1]| S BRB(R) < C1I,,
ReR(U)

ReR(U)

taking the trace on both sides, we get

\/’—[1]’ S BB < Cd. (1.2.1)

RER(U)

The initial computations are similar to the ones found in [24]. In this, we need
simplified versions, since we are dealing only with the biparameter Hilbert transform;
differences will arise when we deal with the various paraproducts that result from this
process, due to the BM O symbol being a matrix (which implies losing commutativity
and requiring the use of matrix norms). Similar computations are used in [49], and
this ideas can also be implemented in our case. Although we can use some equivalent
results from [60,61] to deal with the boundedness of the paraproducts, the ones arising
from our computations can be given self contained proofs of their boundedness.

The dyadic shift operator II(f) = >, f([)\%(hh — hy,) corresponds to the

operator ST described by Dalenc and Ou in [24], given by

© O L, ifI=K,
SLOf = Z Z Z arg(f,hr)hs,  apk =
KeDICK JCK - L ifJ=K,.

V2

Here, the symbol ngg) ; represents summing over those dyadic intervals I such that
I C J,and |I| = 27%|J|. Let I represent the parent of the dyadic interval I, that is,

the unique dyadic interval containing I with |I| = 2|I|, then, the shift can also be



expressed in a simpler way by

MI(f) = > arf(I)hs, (1.2.2)

where a; = L if I =1_, and —i if I =1,.
If we write B =) ;. B B(I)h;, and f = Y D F(J)hy, then we can write

Bf =Y "> " B(hif(J)h,

Therefore the commutator

[Mp, I](f) = MpU(f) — II(Mp[) = BUI(f) — I(BY),

can be written as

/\ /\

[Mp, I D F(Dh M (hy) = B(I) f(J)I(hsh,)
1,J

D:J)

) [ My, U] (hy).

1,J
Note that the terms are non-zero, only when I N J # (), also, if J C I, we have

that h; is constant in I N J, therefore, for every x € I N J, we have

(M, ] (hy) = hy(z) L (h,(x)) — TL(h;(2)h(z))

= hy(2)IL(hy(z)) — hy(2)I(hy(2)) = 0.

Then, the only non-trivial terms are those for which I C J.

We consider the two parameter commutator [[Mp, Hy], Hy] acting on a vector-



valued function f by

[[Mp, H\], Hy] f =BH\(Ha(f)) — Hi(B(H2(f)))

— Hy(BH,\(f)) + Hy(H (BYf)).

Where H, and H, represent the Hilbert transform, on the first and second variable

respectively. That is,

Hy f(x,y) ZP-U% R%dz, Hyf(x,y) /f

The main result we want to prove in this section is the following

Theorem 1.2.3. Let B be a matriz-valued BMO4(R?) function and f in L*(R?%*; C?),

then
H HMBv Hl]? HQ] ”LQ(RQ;(Cd)HLQ(RQ;(Cd) S HBHBMOd-
Proof: Let III; and III, represent the dyadic shift operator in the first and second

variable respectively, that is, III;(hg) = Il(h;) ® hy, and (k) = hy @ UI(hy),

for R =1 x J, and extending to a function f by
= " F(R)I,(hg), j=1,2.
RER
Or in the notation of (1.2.2),
mhL(f) =) arf(Ix Nhy@hy,  IL(f) = > as (I x J)hy & hy.
1,J€D I,J€D

Again, due to the representation of H as an average of shifts, it is enough to prove
the result for the commutator [[Mp, I11;], I5]. By an iteration of the computation

for the one parameter case, using the Haar expansion of the functions B and f and



taking their formal product, we obtain that [Mp, III;| (f) is equal to

~

> B(R)f(S) (hallly(hs) — L (hghs))

R,SeR

= > B(R)F(S) [My,, 11T] (hs)
R,SeR

= > BUx J)J(K x L) (hILhy — 1T, (hihg)) @ hyhy.
I,J,K,LED

Repeating the same computations, we get that the two parameters commutator

[Mp, 1I,],OI,) (f) is equal to

Z Z I X J L)h[mlhK®hJIH2hL
I1,JeD K,LED

3" 3" B(I x J)f(K x L)L (hihi) @ hyIlyhy
1,JeD K,LED

3" > B(I x J)f(K x L)hIIhy @ My (hhy)
1,JeD K,LeD

+ Z Z (I x J)F(K x L) (hihg) @ Mo (hshy)
I1,JeD K,LeD

=Nf—Tof =T3f+T,f

=>" 3" B(UIx J)J(K x L) [My,, IL)] (hx) ® [My,, Iy ().
I1,JeD K,LeD

If either INK =0, JNL =0, K C I or L C J, then we have that [M,, 1] (hx) ®
[M},,, Il15] (hr) = 0; therefore, the terms are non-trivial only when / C K and J C L.
We have four different cases, that can be analyzed independently for each term in
the sum. The computations for the four terms are similar, only the complete details
for the term T, will be provided, and at the end of the proof of the proposition we

mention briefly how to deal with the other cases. Let T~] represent T restricted to



the case I C K and J C L, then we have.

L ICK JCL

Tgf H_Il (ZZZZB ] X J K X L)h]h}(@hJIHQhL) .

To analyze each of the four cases, we need the following proposition.
Proposition 1.2.4. Consider the following paraproducts

(i) PE(f) =D +B(I X J)(f,hs @hy) hy @ hy|[I|7/2|J]72.

I,J€D

(i) PA(f) =Y £B(I x J){f hj @hj)hy & hy|[I|72 |72,
I,J

(iii) P(f) =Y B(I x J)(f.hy @YY hy @ hy|1]7V/2|0]72.

I,J€D

(iv) Pa(f) =" B(Ix J){f.hy®h})hi & hy| |72 J|7H2.
1,JeD

(v) Py(f) =Y B(IxJ)(f,hj®hy)yhy @ hy|I|7/2|.J] 712,

1,JeD

We have that for1=1,2,3,4,

1P5 ()l 2@ecey S AlBllpaco,llfllz2meico-

Proof of proposition: In the following computations, for simplification we will
write L?(Y) = L*(R?;Y), since all the functions that we consider are defined on R?.
(i) We make use of a well known result, which is discussed in [13] for the bidisc

case, but it is easily extended to the plane.

Theorem 1.2.5 (Carleson Embedding Theorem). Let {ar}rer be a sequence of non-
negative numbers, indexed by the grid of dyadic rectangles. Then the following are

equivalent:

(i) Y rex ar(f)n < C 1 f1132, for all f € L2.

10



(11) |—l1]| > rexw) or < Ca, for all connected open sets U C R%.
Moreover, C7 ~ Cs.

We have the following basic estimates

(Pb1 )l =| [ (Ph1.9)cs do

~

= / <Z +B(I x JOYF(I x )1 II7' @ hJ|J\—1/2,g> dz dy
B2\ 17 cd

= / Z E Ix JOYF(I x J), g1 |1 @ hJ\Jy—1/2> dx dy
R2 cd

~

- Z/ <i§(]>< TOVF(I x J),g]l;|]|_1®hJ|j|_1/2> dady
17 R2 C

~

~ 1
=2 <iB<I x JO)VF(I < ), / —=g |17 @ Ryl | d:cdy>
R2 V2

1,J ©
:% > <i§(] x JONVF(I % J), (g, 1,17 ®hJ|J|_1/2>>Cd
g%; (2B x JO)FU x 0), (g, Ll ™ @ byl J|772))
g%; Bl g0 [ Frx |, o 1™ @ a7
<=3 [[Fa < | B < 7 tglleads

g%( |F< ) (ZZHE(I < J<l>>H2<||gu@>?xJ)2

2 2
2
<||9||<cd>1x,1>

<=l (ZHB 1)

Sz ol Bllsumoallllgllesll 2@y = dli Bllsyo,ll fllz2 o llgll 2 co)-

Here, we used the fact that since B € BM Oy, then by (1.2.1), the second condition in

11



Theorem 1.2.5 is satisfied with ap = HE(R) H2 Note, that we have a linear dependence
on the dimension of the matrix, due to the use of the trace. Note also that the same
computations allow us to replace each individual I and J for a parent or “great parent”
of I and J, in which case, the implied constant will depend also on complexity (level of
relation with its ancestor); we will use P} to denote any of these kind of paraproducts.

(ii) A direct computation shows that (P3)* is of the type P., therefore, by the
symmetry of the definition of BMOg-norm, the boundedness for P follows from that
of Pj.

(iii) Denote by S¢ the space of d x d complex matrices, equipped with the norm
derived from the inner product (A, B),, = tr(AB*), that is HAH%S = tr(AA*). To

estimate the L?-norm of this operator, we compute (Pg(f),g).

(oo bte)
R2 2
h;r ® hy
— (Ix J){f hf®h}), ﬁ> dzx dy
Z/RQ< L= 1121712 / .,
N 1
:Z<BI><J<fh}®h},>,<g,h1®hJ>ﬁ>
(Cd

I, [1]z]J]2

1
IXJ g,h]®hj <fh1 > W>

gM

|1]2|J)2
g,h1®hJ <f,h1 > T J> dz dy
Tr

/<Bh1®hJ, g, hi @ hy) {f,hy @ h}) = > dx dy

1
2

I
/\\’“M

«hr@h
Z (9. hr @ hy) (f.h; @ hY) ¥>
~ LB/ L

= (B,1L(f, 9)) -

Define the space H} to be the space of d X d matrix-valued functions ® such that

12



@]l 2 = [|S®]|1, where S is the square function defined by

S2P(x,y) = Z Z | (@, hy ® hy) H?qg ﬂﬁr) ﬂi]}?)

1eD JeD

Note that if @ is in H, then all of its components are in scalar H', and for 1 <, j < d,
we have [[®; ][z < ||| 1. Also, if B is a matrix-valued BM O, function, then all
of its components are in scalar dyadic BM O, and an easy computation shows that
for 1 <i,j <d, ||Bijllemo < d|B|lmo,. Using these facts, we can easily verify the

following duality statement:

Lemma 1.2.6 (BMOq4 — Hj duality). Let B in BMOgy and ® in Hj, then
(B, ®) 1250 S 1Bl a0y |2 3
Using this result, it is enough to prove that

ML Cf gy = ST, gD e S W22 llgllze.

We compute [S(IT;(f, 9))(z, y)]* to get

- - 17(z)1,(y)
— hr @ h L& RV |T|-1/2 1212 M
;W‘q’ L @ hy) (f, @ B T2 HSS‘—|IHJ|
2
hI@h] ﬂjxj(x,y)
= ||<gahf®hj>||2 f? 1 1
IZJ: “ 1212 [ ||o ]
2
hi ® hy o Lixy(z,y)
< sup ) g, hr @ hy A
(@y)elxJ < ]I\z\J]2> @”ZJW s I x J|

2

h]®hj 2 ILIXJ(fan)

< sup f ,——— g’h ®h ARINTV IS
(Cc’y)EIXJ<H H ' |]|2|J|2> I,ZJH< ! J>||Cd |I X J|

< M fllea) ()] [S(9) ().

13



Here, M represents the strong maximal function. Using the L?-boundedness of the

maximal and square functions, we conclude

ML CFs ) ey S ISALCS 9D S UM fle) SO e < 122 Mgl 22

(iv) As in the previous case, we compute (Pg(f), g)

ht @ hy
/RQ<ZBI><J (f,hi®h >’[|é|J‘é,g>Cddxdy
) ht ® hy
_Z/< (I xJ) <fh1®h> —]I| |J\2> dx dy
B(I x J){f h; @ h}, h @

1,J

1,

.

1
< (I xJ) <g,h1®hj><fh1® >W>
Tr

1
Z/ Bhy @ hy,{g,h; @ hy) (f hi @ h}) ——— ) dxdy
7 /R [1]z|J|2 [

1,
s hr®h
<B > {g.hi @ hy) (f hi ® hY)" {> dz dy
Tr

/]R [1]2]J]>

B,Y (g hb@hy) (b @ nt)y LERs >
£2(54)

»

] 112112

= (B,11x(f, 9)) .

Therefore, by duality, it is enough to prove that

M2 (f; 9) gz < 1 e2llgll 2

For this, we proceed again to find a pointwise estimate for the square function.
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We compute [S(ITo(f, g))]?

2
1 ]l]><J
g,h ®h fah ®
ZJ < I J>< 1 > |I| |J|2 d‘]xJ|
hy)
-3 (o) T 4GS B s o

211

1,
g, Bl = I ) llea)
<2 (e hlenlt 7 el

(Z (M (|, hr) H(Cd)2 |ILTI|> <Z (M H<9,hJ>H<cd)2 %)

Where M; and M, represent the maximal function in the first and second variable,
respectively. These last two factors are symmetric to each other, so it is enough to

prove the L?-boundedness for the operator

5 1)\
Sﬂ%w=<§XMﬂummw@m2b|> .

I

But this is easy, since

]Qﬁgf“*yﬂzdxdy==§ju/<%@waJu>mﬁ<y»2dy
<Z/“ (Wlea dy = 11£13.

(v) The computations are symmetric to those for (iv), exchanging the roles of [
and J. |
We proceed now to prove the upper bound for the four different cases. In each of
them, the idea is to reduce the term to an expression of the form III; o P§ o I11,, there-
fore, by Proposition 1.2.4 and the boundedness of the shifts, we get the desired result.
The estimates for the rest of the terms are similar, since they are reduced to find an

upper bound for the norm of the four variants of paraproduct studied above. More
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specifically, they correspond to expressions of the form I, (Pg (1L, f)), LLL;(IL;(Ps f))
and IIL;(IIL;(Pgf)), II;(Pgf), or duals of operators of the form III;(Pp- (111, f)),

I, (I (Pp- f)), WL (I (Pp- f)) and HL;(Pp- f).
Case I = K, J = L. In this case, using the definition of the shift, we have

<ZZB I x J)f(I x J)h,thQhJ)
—TIT, (Z S B(Ix J)J(Ix J)hi® hJaJhJ> .

Since I, (f, hy) = 32, anf(I x LM)hy, then, (I, (f, hr), hy) = asf(I x JO).

So, the previous expression is equal to

L (Y0 T B(I x J) (WL (f, hy)  hy) h @ hjhj>

=101, [ YN B x J) (I (f, hy)  hy) LI @ hJ|j|—1/2)
1 J

=111, ZZi (I x J) Iy f, hy @ hy) ht @ hy|I|7V2J)~ 1/2)

I, (P (I, f).

Case I C K,J C L. Here we have

(5 S5 B« st

K ICK L JCL

:H_Il <Z Z E(I X J)h[h}( X (Z <<f, hK> , hL> LHQhLI].J) hj) .

JK ICK L2J

By using the definition of the shift, and the known average identity (f, h})|J |71/2 =
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~

f(I)hr1,, we have
J

2

Z ((f.hg),hp) sk 1; = I, (Z ((f.hk),hr) hL) 1,

127 ey,
= ar ({f,hi) hp) hil,

LDJ
= ay {(f hic) s hg) by + Y ap {(fohie) s hg) bl

L2J

= (Il (f, hic) , B || 7215 + (ULy (f, hic) , hg) By

This divides the original sum into two sums S; + S;. The first one, S, is equal to

(ZZZB]XJ (I, (f, hic) h5>hIhK®|h‘ >

K ICK J

=111, (ZZE(I x J) (Z ((IL, f, hY), hK>hK]11> h;® I?II>

=111, (ZZ (I % J) ((ILyf, h) , ht) hl@h")
7 1]z J]2

11, (ZZ (I x J) (ILyf, h} @ b, >|}LI|@3”J]TJ>
T ?

Which has the form I (P3(IIyf)). And with similar computations, we get

S, = 111, (ZZE([ x J) (I f, h ® hy) hy @ Wy |17/ J| 1/2>
1 J

= I, (P3 (I, f)).

Case I = K,J C L. In this case we get

(Z SSTBUI x )J(Ix L)k} ® thghL>

L JCL

17



<ZZB\ [ x '] h2 (Z <<f7 hl) 7hL> IHQhL]lj) h])

(ZZ (I x J)h3 @ (I, (f, hy), hY) hy|J|~ 1/2>
I J
( ZEIXJ)hQ ® (I (f, A1), hJ>h>

= 51+ 5s.

Again, by the definition of the shift

Sy = I, ZZE(I x J)hi @ (Wly (f, hr), 1|J]7") hJ)
1

J

=11, (Y BU x J)(Uyf, by @ 1,77 1|1 @ hJ)
I J

=10, [ Y B(I x J) (Wayf, hy @ hy) by @ hy|I|7210| 1/2>.
I J

Which has the form I, (Pg(IIyf)). And similarly

Sy, = 1T, (ZZB (I x J) (yf, hy ® hy) bt @ BY|T|7V20)~ W)

= 1L ((Pg. )" (2 f)).

Case I C K,J = L. last case we have

i (YN > B x J)f KxJ)hIhK(X)hJLthJ)

K J ICK

ZB\([ X J) <Z <<f,hJ> ,hK> hK]l[> h[@h]ﬂlgh])

KT

L (YOS "B x ) ({f, ) hp) hal 172 @ (hy_ — hJ+>|J|‘”2> :
1 J
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This is a sum of two terms of the form
L Y03 B x ) (f by @ hy) —r= | = HL(P(])).
T 1]2]J|2
This concludes the proof of the estimate for the term Ts.

1.2.1 Remark: Logarithmic estimate

Note that, because of (1.2.1), the previous estimates for the upper bound depend on
a dimensional constant. Using a slightly different ordering of the terms in the formal
Haar expansion of the product B f, we obtain a decomposition in paraproducts of the

form

(B (1Y ng"+ 30 (B ) (1) nig”

ReD2 ReD?2

n Z <B, hg,1)> <f, hg,o)> hg%l,o)jL Z <B, h%’0)> <f, h§270)> hg,l)
ReD?2 ReD?

n <B, hg,o)> <f, hg 1)> hg 0y Z <B, h% 1)> <f, hg),o)> hgg,o)
ReD? ReD?

+ 3 (B (£ ) P+ 3 (B (£h" ) i
ReD2 ReD2

3 (B (100 ) A
ReD?

=M+ To+T3+Ty+T5+Ts+Tr+ Tz + To)(f)-
Here, h'S% = nshS, with e,6 € {0,1}, and h = hy, h} = |[I|=Y/21;. Then,
[[Mp, 01|, M) (f) = [[T1, UL}, My] (f) + - - - [[To, 1L, ], o] (f).

Therefore, to find an upper bound for the commutator, it suffices to find upper bounds

for the different paraproducts in the above expansion. By the previous section, this
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upper bound depends also on a dimensional constant, however, it is possible for the
terms T, Tg, and T (by duality), to find a better estimate of order log(1 + d). This
is possible due to a generalization of the results obtained by Pisier in [69] for the one
parameter case, combined with the characterization by two index martingales given
by Bernard in [4].

With the rest of the terms, it’s still not clear how to find this improved dimen-
sional bound for the paraproduct, since we don’t have a representation in two-index

martingales in these cases, or the appropriate embedding theorem.

1.3 Lower bound

The lower bound can be proved by using the result in the scalar case (proved by

Ferguson and Lacey in [28]). That, is, there is a constant C' > 0 such that
1l Baro < Cl[[My, Ha], Hal|| 12— 12,
for all scalar functions b in BMO(R?). Let us recall the definition of BMO given in

1.2.1. The lower bound estimate in the matrix-valued setting is the following

Theorem 1.3.1 (Lower bound). Let B be a matriz-valued function on R?, then

d7?||Bllpmo < I[[Mp, Hi, Hal|| 2 (cay 12 (cay -

~

Proof: Denote by B(R) the wavelet coefficient (B, vg). Consider the functions
f,g € L*(C). Let {€,...,€4} represent the canonical basis of R, then, for 1 <
i,7 < d, the functions f = f&; and § = g€; both belong to L*(CY). If B = (b;;), an

easy computation shows that

<[[MByH1]>H2]]Z>£~7> = <[[Mbijl]7H2]fvg>L2(c)

L2(CY)
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Therefore, for every i,j € {1,...,d}, we have

I[[Ms,

ji?

H], Hol||r2(c)- 120y < M, Hl, Ho| 12(cy - 12(co)- (1.3.2)

Let {E;; : 1 < 4,5 < d} be the canonical basis for the d x d matrices, that is,
(Eij)ii = 0ixdj;. We can write B = Z - b;jjEyj, and proceed to find an estimate for

the BMO norm of the matrices B,] = b;j Ei;.

-~
~ ~

Note that B (R)BU(R) = B (R) BZJ(R) = bz](R)Ezj/_b\z](R)E]z = |bij<R)|2Eu

Then, for any open set U C R?, we have

1 > 2 oy L >
] > By(R)By(R)" = 0] b3 (R)|* B
RCU RCU
1 ~
< m Z |b ( )| I; < ||b2J||BMOId
RCU

Using the one parameter result, and equation 1.3.2, we get

i U| > By < My, HJ, o] 220520y L

RCU

< [[[Mp, Hi], Hal|| L2(ct)~ L2 (co)-
That is, || Byl zavo < ||[[Mp, Hil, Hy)|| z2(cay—r2(ce). Therefore,

IBllzao < Y I Bijllsao S Ell[[Mp, Hil, Holl 2 co) - 12(cay-

i,

Which is the desired lower bound. [ |
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CHAPTER 2
INTRODUCTION TO THE SPARSE THEORY

2.1 Definitions and basic concepts

Definition 2.1.1. Let 0 < ¢ < 1, a collection of cubes 8 (usually taken to be dyadic)
is said to be c-sparse (or just sparse, when the particular value of ¢ is not relevant),

if for every cube S € 8 there is a subset Eg C S such that:

1. |Eg| > ¢|S| for every S € 8.

2. || Xses Lrs |l <

Here, |S| represents the Lebesgue measure of S. The second condition is often
made stronger by requiring that the sets Fg are pairwise disjoint instead.

An equivalent formulation of a sparse collection, and the way in which most of the
times this collections are constructed, is the following: For a cube S € 8, let Chg(.5)
to be the collection of maximal cubes in & that are strictly contained in S. For a

fixed 0 < ¢ < 1, a collection 8 is said to be c-sparse if for every cube S € § we have

> Pl < sl (2.1.2)

PeChg

Note that if for every cube S in 8 we consider the set Eg = S\Upcapys) P> the

collection 8 satisfies the conditions of Definition 2.1.1.

Definition 2.1.3. A sparse operator, is an operator of the form

Asf(x) =) (f)gLs() (2.1.4)

Ses
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Where 8 is a sparse collection, and (f)4 represents the average of |f| over S, that is

(f)s =187 [51f ()| da.
Related to the sparse operators, we also consider the following bilinear forms:

Definition 2.1.5. Let S be a sparse collection, and r, s > 1 real numbers, we define

the sparse (r, s) form by

AS,T,S(f? g) = Z <f>S,r <g>S,s |S’ (216>

Ses

Here, (f)g, = <|f|r>)1s/r We say than an operator 7' is in Sparse(r, s) if there is a

sparse form Ag, s such that for every f, g compactly supported, we have

<Tf7 g) S ASm,s(.fa g)

In a further chapter, this will be stated in terms of a sparse norm.

2.2 Boundedness of the sparse operators

By using a Calderon-Zygmund decomposition of the function f, it is straightforward
to prove that a sparse operator 2.1.4 satisfies a weak 1-1 inequality. These operators

are also (strongly) bounded on LP, for p > 1: Let f € L? and g € L, then,

(Nsfr) =S (s (90615 < 3 () (o) | Bs| = / S (s (9 is(2) da

Se8 Ses8 Ses

<cf up((1)q 90 Tale)) Y 1r, (x) dr < [2s@) My(a) da

Ses

< M N ze 1Myl o < 2R I F Nz gl o

Here, M represents the maximal function, which is known to be bounded in LP, for

p > 1 and weakly bounded for p = 1. This dependence upon the index p is sharp.
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Note also, that from the very first line in the previous computation, it follows that
if and operator 7' is in Sparse(1,1), then it is bounded on L for p > 1. By using
restricted weak type estimates, it can be proved that domination by a sparse bilinear
form implies weak 1-1 estimates; a proof of this fact can be found in [21].

In general, a modification of the previous computation can be used to prove that

if T is in Sparse(r, s) with 1 <r < ¢, then T is bounded on L? for every p € (r,s').

2.2.1 Weighted inequalities

A function w is called a weight, if it is nonnegative and locally integrable. A weight

w is in the class A, if

where the supremum is taken over all cubes @ in R”. The quantity [w]a, is called
the A, characteristic of the weight w.

The space LP(w) is defined as the space of functions f that satisfy

112 ) = / (@) Pu(e) de < oc.

With a similar proof as in the unweighted case, we can verify that if an operator 7' is
in Sparse(r, s), for 1 < r < ¢, then, for every p € (r,s’), then T is bounded on L?(w),
for weights w belonging to an intersection of a special class A,, and a reverse-Holder
class. For a more precise statement, and a detailed proof of this boundedness, the

reader can check section 6 in [5].
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CHAPTER 3
THE SPARSE T1 THEOREM

(Joint work with Michael Lacey)

3.1 Introduction

We recast the statement of the T'1 theorem of David and Journé [25], replacing the
conclusion that the operator 7" admits a quantitative bound on its L?-norm, with the
conclusion that T admits a quantitative sparse bound. From the sparse bound, one
can quickly derive a wide range of (weighted) L? type inequalities for T'. That is,
the theory devoted to deriving these properties for 7' can be replaced by the much
simpler approach via sparse operators.

We say that an operator T is a Calderén-Zygmund operator on R? if (a) it is
bounded on L2, (b) there is a kernel K (z,y) : R x R4\ {(z,z) : 2 € R} — R so
that for functions functions f, g smooth, compactly supported, have disjoint closed

supports,

Br(f.g) = (Tf.q) = / / K (2, 9)f (y)g(x) dydy.

(c) For some constant Kr, the kernel K (z,y) satisfies

Kr

x —a|"
|K (z,y) — K(2', )] <IKTW, 0<2lz—2| <]z —1yl (3.1.2)

And, the same condition with the roles of x and y reversed. Above, n > 0 is a fixed
small constant.

A sparse bilinear form A(f, g) is defined this way: There is a collection of cubes
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8, so that for each S € 8, there is an Eg C S so that (a) |Eg| > ¢[S|, and (b)

1> 5es LEslloo < ¢!, Then, set

A(f.9) =D (Fslg)slS],

Ses

where (f)s = |S|™! [ f(x) dz. Here, we will not focus on the role of the constant
0 < ¢ < 1, and remark that many times it is assumed that the sets Es being pairwise
disjoint, that is ||>gcg Lrglleo = 1.

Our generalization does not affect the outlines of the theory, and makes some
arguments somewhat simpler.

It is very useful to think of A(f, g) as a positive bilinear Calderén-Zygmund form.
In particular, all the standard inequalities can be quickly proved for A. And, for
weighted inequalities, it is easy to derive bounds that are sharp in the A, character-
istic.

Our formulation of the T'1 theorem considers the usual L' testing condition on T,

phrased in bilinear language.

Theorem 3.1.3. Suppose that T is a Calderdn-Zygmund operator on R?, and more-

over there is a constant T so that for all cubes Q and functions |¢| < 1g, there holds

|Br(1q, ¢)| + [Br(¢, 1o)| < T|Q). (3.1.4)

Then there is a constant C' = C(Kr,T,d,n) so that for all bounded compactly sup-

ported functions f, g, there is a sparse operator A so that

[Br(f,9)| < CA(If]; lg])- (3.1.5)

The proof is elementary, using (a) facts about averages and conditional expec-

tations; (b) random dyadic grids as a convenient tool to reduce the complexity of
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the argument; (c) orthogonality of martingale transforms, and the most sophisticated
fact (d) a sparse bound for a certain bilinear square function, with complexity, de-
tailed in Lemma 3.4.6. In addition, the testing condition (3.1.4) appears solely in
the construction of the stopping times. The proof is carried out in §3.3. There are
many terms, organized so that there is one crucial term, in §3.3.2. Almost all of the
remaining cases use standard off-diagonal considerations, and the simple argument
to prove the sparse bound for a martingale transform. This is detailed in §3.4.

The consequences of the sparse bound (3.1.5) are:

1. The weak type (1, 1) inequality, and the L? inequalities, for 1 < p < oco. These
hold with the sharp dependence upon p. To wit, using ||M : L — LP|| <p' =
p

S, we have

A9 = [ S stostsdr S [ S thslo)st, di

Ses Se8

: /Mf Mg de < [Mflp[Mglly < p -2l fllpllglly-

2. The weighted version of the same, relative to A, weights. The dependence upon
the A, characteristic is sharp, for 1 < p < oo, and the best known for the case

of p = 1. See the arguments in [54].
3. The exponential integrability results of Karagulyan [38,65].

Our statement of the T'1 theorem follows the ‘testing inequality’” approach of the
Sawyer two weight theorems [70, 71], and the statement in Stein’s monograph [73].
Our approach is a descendant of the radically dyadic approach of Figuel [30], further
influenced by the martingale approach of Nazarov-Treil-Volberg [64]. (Also see [34].)
Our use of the stopping cubes follows that of the proof of the two weight Hilbert
transform estimate [51].

The bound by sparse operators has been an active and varied recent research
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topic. It had a remarkable success in Lerner’s approach to the Ay bound [54], which
cleverly bounded on the weighted norm of a Calderén-Zygmund by a the norm of a
sparse operator. The pointwise approach first established in [17], with a somewhat
different approach in [45]. The latter approach has been studied from several different
points of view [5,26,55,78]. The form approach used here, is however successful in
settings where the pointwise approach would fail, most notably the setting of the
bilinear Hilbert transform [21], Bochner Riesz multipliers [3], and oscillatory singular
integrals [50]. The interested reader can consult the papers above for more information
and references.

This paper proves the sparse bound without appealing to any structural theory
of Calderén-Zygmund operators such as boundedness of maximal truncations, which
is the approach started in [45]. The other prominent structural fact one could use
is the Hytonen structure theorem [33]. This is the approach followed by Culiuc-Di
Plinio-Ou [22] also using bilinear forms. They show that this approach has further
applications to the matricial setting, avoiding difficulties for the pointwise approach

in this setting.

3.2 Random Grids

All the proofs here will use Hyténen’s random dyadic grids from [33]. Recall again,

that the standard dyadic grid in R? is

DO::U‘Dk, @k::{2k([0,1)d+m):m€Zd}.

kEZ

For a binary sequence w := (w;);ez € ({0, 1}d)Z we define a general dyadic system by

DY :={Q+w:QeD},
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where Q@ +w =0Q + > i <00 277w;. We consider the standard uniform probability
measure on {0,1}¢, that is, it assigns 27¢ to every point. We place on w, the prob-
ability measure PP, the corresponding product measure on ({O, 1}d)Z. This way, we
can see (D) as a collection of grids with a random set of parameters w. For every w,

these dyadic grids satisfy the required properties, namely
1. For P,Q e D¥, PNQ € {P,Q,0}.
2. For fixed k € Z, the collection DY = { QeD¥: IQ=2F } partitions R

Definition 3.2.1 (Good-bad intervals). Let 0 < v < 1 and a positive integer r such
that r > (1 —~)~!. We say that Q € DY is r-bad, if there is an integer s > r, and a

choice of coordinate, so that the vectors

W+ [ (1—7)s]» Wk+| (1—7)s|+1y - - - s Whk+s € {07 1}d7

all agree in that one coordinate. If () is not r-bad, then it is called r-good.

From now on, we are going to omit the dependence on r, and we will refer to the

cubes as only good or bad. The following lemmas are well known.

Lemma 3.2.1. If Q) is good, then for any cube P with 2"((Q) < (P we have
dist(Q, OP) Z (LQ)"(¢P)' 77,

where the implied constant is absolute.

Lemma 3.2.2. Fiz 0 <y <1 and r > v, then, there is a constant Cy such that
P(Q is good) > 1 — Cyy~ 1277,

For an arbitrary dyadic grid D¥, every function f € L*(R%) admits an orthogonal
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decomposition

F=Y_ Aqof.

QeDY

Given a dyadic grid D“, we define the good and bad projections as

Prfi= > Aof,  PyUfi= > Agf.

QeDdv QeD¥
Q is bad Q is good

The following lemma says that in average, the bad projections tend to be small.

Lemma 3.2.3. For all 1 <p < oo there is an €, > 0 such that for all 0 <y <1 and

1

r >y we have

Eu ([Pl S 27 (1 f1IZ-

Using this lemma, we can prove that it is enough to estimate bounds only for good

functions, in the following sense

Lemma 3.2.4. Let 1 <p <oo. If T : LP — L? is a bounded operator. If 0 < v <1

is fized and r > C(1 + log %), then
T : LP — LP|| < 4M,
where M s the best constant in the inequality
E [ (TP3f, P g) | < M| f| o[l Lo

3.3 The Proof of the Sparse Bound

As a consequence of Lemma 3.2.4, it is enough for the remainder of the argument to

show this: There is a choice of constant C' > 1, so that for all f and ¢ compactly
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supported, and almost all grids D“, there is a sparse operator A = Ay oo so that
(TP f, Peig)] < CA(Lf] |g])- (3.3.1)

In view of the Lemma 3.4.9, the random sparse operator above can be replaced by a
deterministic one. Averaging over choices of grid will complete the proof.

Almost all random dyadic grids have the property that the functions f,g are
supported on a single good dyadic cube. And, hence, on a sequence of dyadic cubes
which exhaust R™. This fact and goodness are the only facts about random grids
utilized, so we suppress the w dependence below. The inner product in (3.3.1) is

expanded

<TPgoodf’ Pgoodg> — Z Z <TAPf: AQQ) (332)

PeD QeD
P is good Q is good

We will further only consider the case of /P > /@), the reverse case being addressed
by duality. The fact that P and @) are good will be suppressed, but always referenced
when it is used. And, by ) € P we will mean that ) C P and 2"¢Q) < ¢/P. Goodness

of @) then implies that
dist(Q, skelP) > (£Q)*(¢P)*, (3.3.3)

where skelP is the union of OP’, where P’ is a child of P. We will likewise suppress
the role of the dyadic grid in our notation.

As just mentioned, the two functions f, g are supported on a single good cube
Py € D, which we can take to be very large. Therefore, we can restrict the sum in

(3.3.2) to only cubes P,(Q C Py. The bound we obtain will be independent of the
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choice of F. The sum we consider is then broken into several subcases.

> ) (TARf, Agg) (3.3.4)

P:PCPFy Q : QCP()
1P>1Q

= Z Z (TApf,Agg) (inside) (3.3.5)

P:PCPyQ:QeP

+ D, Y (TApfAg) (near) (3.3.6)

P:PCPyQ:270Q<(P
QC3P\P

+ Y > (TApf.Agg) (far) (3.3.7)

P:PCPyQ: tQ<(P
QN3P=0

+ Z Z (TApf,Ngg). (neighbors) (3.3.8)

P:PCPyQ: {Q<LP<27LQ
QN3P#£D

3.3.1 Stopping Cubes

We define a sparse collection 8 of stopping cubes, and associated stopping values in
the following way: Add Fp to the collection 8, and set o¢(Fp) = (| f|) p,, and similarly

for g. In the recursive stage of the construction, for minimal S € §, define three sets
o Fi=U{S €D(S):(fl)g > Cooy(S), S’ maximal }.
o FZ=J{S5 €D(S):(gl)g > Cooy(S), S’ maximal }.
e F2={9 €D(S):(|Tls|)sr > CoT, S’ maximal } .

Let Fs = F&U F2U F2, and Fg be the family of dyadic components of Fg. The
weak-type bound for the dyadic maximal function and the testing condition (3.1.4)
implies that there exists Cy big enough, such that |Fs| < 3|S|. Recursively, add,
every Fs to the collection S to form a sparse collection.

We set P? to be the smallest stopping cube S that contains P. And we set Q7 to

be the smallest stopping cube S such that Q € S. The Haar projection associated to
S is Hgg = ZQ:QT:S AQQ.
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3.3.2 The Inside Terms

We turn our attention to the main term, that of (3.3.5), for which there are three

subcases. The argument of T is Ap f, which we write as

Apf =Apflpp, + 1p,Apf (3.3.9)

ﬂs—ﬂs\pQ S:QTDPQ
= Apflpp, + (Apf)p, (3.3.10)

Is+1pns S=0Q7C Py

where () @ P, and Py is the child of P that contains Q.

First Subcase

Control the first term on the right in (3.3.10) by off-diagonal considerations. Central
to all of these off-diagonal arguments are the class of forms B™" defined in (3.4.1),
which are in turn bounded by Lemma 3.4.6.

Since @ is a good cube, the inequality (3.3.3) holds: That is ) is a long way from
the skeleton of P. By (3.4.12), we have

(T(ApfLp\ry): Boa)| S Po(Apflep, ) (@) Aqglh (3.3.11)

S [€Q/LPI(|AR 1) Pl Aqyll- (3.3.12)

Using the notation of (3.4.1), for integers v > r, we have

S Y UT(ApfLeg,), Aog)l S 277" B (f.9)

P Q:QCP
2U0Q=(P

and by Lemma 3.4.6, this is in turn dominated by a choice of sparse form. Sparse
forms are again dominated by a fixed form. We can sum this estimate over v > r, so

this case is complete.
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Second Subcase

We turn attention to the second term in (3.3.10), in which we have (Apf)p, 1. This
is the most intricate step, in that we combine several elementary steps. The bound

we prove is uniform over a choice of S € 8. Namely,

S D (T(ARf-1s), Mqg)| S (1 £1)s(lgl)s]S] (3.3.13)

Q:Q™=S P:QeP

This is the one point in the argument in which the implied constant depends upon
the testing constant T in (3.1.4).

For each cube @) with Q7 = S, define ¢ by

cllfls= Y (Aprflp,- (3.3.14)

PeD, Q@PQ

By the first stopping condition, corresponding to the control of the averages of f,

{eg}gen is uniformly bounded. In particular, this operator is a martingale transform.

Mg = > £y
Q:Q7=S

We make the following observation about the second stopping condition, corre-
sponding to the control of the averages of g. Setting a conditional expectation on S

to be

o(xr) x €S\ F;
E(¢ | Fs) =
(pysr w8, 5 eFg

Then, [|E(gls | Fs)lloo < (|g])s. We also have IIg = IISE(gls | Fs). Therefore, by

the L? bound for martingale transforms,
IMsgllz < 1E(91Ls | Fs)l2 < (lgl)s] S| (3.3.15)
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The point of our third stopping condition, corresponding to the control of the
average of T'lg, is that E(T'1g | Fs) is bounded in L*> by a constant multiple of T.
Collecting these observations, we can rewrite our sum as below, in which in the first

step we use the definition (3.3.14) to collapse the sum over P.

LHS of (3.3.13) = [{|f|)s(TLs, [159)] (3.3.16)
= [(If)s(TLs, E(Ilgg | Ts))] (3.3.17)
= [{|f[)s(E(T'Ls | Fs), 15g)] (3.3.18)
S AFDsIE(TLs | Fs)ll2Tsgll2 < {[FDslgl)s]S]- (3.3.19)

This completes this case.

Third Subcase

We address the top alternative in (3.3.10), namely we bound

DD D (Arf)ry(Tls\ry, Aqg) (3.3.20)

S Q:QT=SP:QeP
PgcCS

This is similar to the first subcase, since Lg\p, is supported in (2Q)¢, then the off-

diagonal estimates also imply

Q1"
(T, Bag) | S Pallar)(@18eglh S |72 180

Holding the relative lengths of @) and P fixed, we then have for integers v > r,

> > >, [(T(Apfls\ry), Agg)| S 27" B (f.g).

S Q:Q™=S P:QeP
PqCS, 2lQ=tP

We use the notation (3.4.1), and Lemma 3.4.6 to complete this case.
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Fourth Subcase

We address the bottom alternative in (3.3.10), namely the case in which S = Q7 C Py.
The point here is to gain geometric decay in the degree to which ) and Py are
separated in the stopping tree 8.

Given S € 8, let S = S© C SO C ... C P, be the maximal chain of stopping
cubes which contain S, and continue up to Fy. For each Sy € 8, and integer t > 1,

we bound

> > (Apf) o (T Lppse-1,TTsg)| < 27| f[)5 191} 560l

S : S(t):SO P: S(t_l)@PQCSO
(3.3.21)

The point is to use the off-diagonal estimates, but there is a complication in that
the stopping cubes are not good. To address this, we let Q(S) be the maximal good

cubes with Q7 = S, and set

Moeg= > Agg, Q€95
Q: @ =5.QcqQ"

The goodness of the cubes implies that dist(Q*,dS% V) > (LQ*)(£St1)l—¢ >
2120Q*, by (3.3.3).

The second point is that we have

S (I Ds-

oo

H Z <APf>PQ]po\S(t,1>

P:S¢t-DePyCSy

Combining these last two observations with (3.4.14), we see that for each Q* € Q(S),

Y Y AehrTsen o) S 27D gl

S:SMH=8,P: S(t_l>@PQCSO

S 27 f)sollgl) Q7.

36



Here we have used the stopping condition to dominate ﬁQ* g. To conclude, we simply

observe that

Yo Aabs D@ Yo (abslSI S (lghsilSol.

S : 8t =5, Q*€9Q(S) S 8sh=g,

Our proof of (3.3.21) is complete.

3.3.3 The Near Terms

We address the term in (3.3.6). Fix an integer v > r, and consider Q C 3P \ P with

2V0Q) = (P. The cube @ is good, so that by (3.3.3) and (3.4.12), we have

(TAPf, Agg)l S 27 (|ARS]) Pl Aqylh-

But, then, we have

1(3.3.6)] S 27 B (f, g),

where the latter bilinear form is defined in (3.4.1). It follows from (3.4.1) that the

near term is dominated by a sparse bilinear form.

3.3.4 The Neighbors

We bound the term in (3.3.8). For P, let P’, P” be choices children of P. There are

at most O(1) such choices. For integers 0 < v < r, we bound

> >, (T(Apf-1p), 1prAgg). (3.3.22)

P:PCPy Q: LQ<(P=2"(Q, QN3P0

The case of P’ # P” is straight forward. The function Apf - 1p/ is constant, so

that the Hardy inequality immediately implies that

(T(Apf - 1p), 1prDag)| S (AR [PV 10 Aggll2
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S [{Ap) el - [[Aqylls-

And this can be summed to the bound we want. Namely, it is dominated by B%(f, g),
where the last term is defined in (3.4.1).
The case of P’ = P” reduces to the testing inequality, and we have the same

bound as above.

3.3.5 The Far Term

We address the terms in (3.3.7). For integers uw,v > 1, we impose additional re-
strictions on P and (), and obtain a sparse bound with geometric decay in these

parameters. From this, the required bound follows. Namely, we have for
(P=/(P, P C3“'P 2%4Q=1(P, Qc3""P\3"P, (3.3.23)
we have from (3.4.12) the estimate below.

(TAR . 8q9) S 277 Ap 1)l Aggll-

Therefore, appealing to the definition in (3.4.1)

ST Y [(TApS Agg)l S27TCTIBY(S, g).

P (P’,Q)satisfy (3.3.23)

By Lemma 3.4.6, this case is complete.

3.4 Lemmas

We collect three separate groups of Lemma, (a) the sparse domination of a class of

dyadic forms; (b) standard off-diagonal estimates; and (c¢) a Hardy inequality.
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Sparse Domination

We define a class of (sub) bilinear forms that are basic to the proof. For a cube P,

let ip = logy((P). Let Dyf = p. ;p_ox Apf, and define
B*(f,9) = Y (IDip-uf1)sp{|Dip-ogl)sr| P| (3.4.1)
P

Above, u,v > 0 are fixed integers, so that we are taking the martingale differences
that are somewhat smaller, over the triple of P. We comment that this is a dyadic
operator of complexity u + v, in the language of [33].

We remark that a standard argument would write

B“(f,g) = /Z<|Dip—uf‘>3P<’Dip—vg’>3P]1P(x) dx (3.4.2)

It is clear that we would dominate this last integral by a product of square functions

[ Suf - Spg dz, with the square functions defined by

(Suf)* = (IDipuf])iplp. (3.4.3)

P

The deepest fact needed in our proof of the T'1 theorem is this: The square functions

S, are weakly bounded, with constant linear in w.

Lemma 3.4.4. We have the inequality below, valid for all integers u > 0
|Suf + L' LM < (1 +u). (3.4.5)

Proof. The square function S, is bounded on L?, with constant independent of u, by
the orthogonality of martingale differences. To prove the weak-type inequality, we

take f € L', and apply the Calderén-Zygmund decomposition at height 1. Thus,
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f=g+b, where ||gll> < ||f]I¥/*, and we have

b= bg,

BeB

where B consists of disjoint dyadic cubes with ) 4| B| < || f||1, and bp is supported
on B, has integral zero, and ||bg||1 < |B].

We do not estimate S, f on the set £ = Jz.5 3B. And estimate
He g B Suf(x) > 2} < [{Sug > 1} + {z € B+ Sub(z) > 1}

The first term is controlled by the L? bound and the fact that ||g||5 < || |1
Concerning the function b, observe that for P ¢ E, that we have (|D;,_.f|)sp # 0
only if there is some B € B with B C 3P, and 2¢/B > (P. For a fixed B, there are

only 3%(1 + u) such choices of P. Therefore, we will estimate

{2 & F : Sub(z) > 1}] < /|Ab| da

P:P¢E

<ZZ > /|AbB]dx

v=1 P: P¢EBEB: BCP

Y Y Y BLaXIB Sl

v=1 P: P¢E BEB : BCP BeB
2U¢B=(P

Our proof is complete. O

The previous estimate is the principal tool in this sparse bound, which we use

repeatedly in our proof of the sparse result.

Lemma 3.4.6. For allu,v > 0, all bounded compactly supported functions f, g, there

1S a sparse collection & so that

B (f,9) S (1 +u)(1+v)A(f,9).
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It is an easy corollary from the conclusion above for w,v = 0 that martingale
transforms satisfy a sparse bound. And, we also comment that the linear dependence
of the constant above presents no difficulty in application, as we will always have a

term that decreases geometrically in u + v.

Proof. Note that from the equality for B*" in (3.4.2), we have

B"(f,g) < / Suf - Sug da

with the square functions defined by (3.4.3). But, we localize this familiar argument.

Define
(Su,Pof)2: Z <|Dip—uf|>§PI]-Pa

P:PCPy

we have for an absolute constant C', and all choices of u > 0,
H{zx € 3Py : Supf>CA+u){|f)sp} < %\PO\. (3.4.7)

Moreover, the set on the left is contained in F,.

We construct the sparse bound this way. Fix a large (non-dyadic) cube Py that
%PO contains the support of both f and g. The sparse cubes outside of F, can be
taken to 3*P,, for k € N. We need to construct the sparse collection inside of P,.

Counsider the restricted sum

1) i= [ 3 (Dt apDipaglart de (3.48)

P: PCPy

Using (3.4.7), set

Eo = {Supr,f > CA+u){|f)sp} U{Surg > CI+v)(g])sr}

This set is contained in Py, and has measure at most i|P0|. Let &y be the maximal
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dyadic components of Fy. We have by Cauchy-Schwartz and construction,

I(Py) < C*{|fD)sn{lgl)sm | Pol + > 1(Q).

Q€lo

The first term on the right is the first term in our sparse bound. We recurse on the

second terms. This completes the proof. O]
A very general fact about sparse forms is that they admit a ‘universal domination.’

Lemma 3.4.9. Given f, g, there is a sparse operator Ay, and constant C' > 1 so that

for any other sparse operator A, we have A(f,g) < CAo(f,g).

Proof. Recall that shifted dyadic grids are a collection G of at most 3¢ dyadic grids
G € G, so that every cube Q C R? can be approximated by some cube in a dyadic grid
G € G. Namely, for each cube @, there is a G and a cube P € § so that ¢/(P) < /(Q)
and @ C 6P. See [35, Lemma 2.5] for an explicit proof.

Shifted grids permit us to construct a universal sparse operator for each grid
G € G. We show this: For any dyadic grid G, let 8 C G be such that for S € 8, there
is a set Eg C S so that |Eg| > ¢[S| and [|>gcs Laglloo < ¢! Given non-negative f, g
bounded and compactly supported, we construct Ug C G so that there are pairwise
disjoint exceptional sets {Eq : @ € Ug} so that Eg C @ and |Eg| > 3|Q|, and
moreover,

> (Hslgdsls <16%> > (fHulgvle. (3.4.10)

Se8 Uelg
To complete the proof of the Lemma, we remark that the collection {Ug : § € G}
is sparse. It dominates every sparse operator formed from some § € G, hence is

universal for all sparse operators.

For integers k, let U;, be the maximal cubes Q € § so that (f)g(g)q > 8%*.
Then, the product is at most 82#%+24/3 The cubes Q € Uy, are pairwise disjoint, by

maximality. We check that the children are small in measure. Setting C(Q) = {P €
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U1 = P C Q}, we can write C(Q) = C¢(Q) UC,(Q), where P € C¢(Q) if P € C(Q)

and (f)p > 4(f)q, and similarly for €,(Q). But, then it is clear that

> P <4l < LQl.

PeCs(Q)

We set Eg = Q \ Upee(g) - This set has measure at least Q).
Set Ug = U, Ux. The sets {Eg : @ € U} are pairwise disjoint. Now, given the
sparse collection as above, provided (f)s{g)s # 0, each S € § has a parent S* € U,

namely the smallest element of U that contains S. Then,

D (Hslgdsls =D > (Hslg)sls

Ses UclUg SSE_S
<16° Y (Hulgw D Ls <16%° Y (Hulg)ulo.
Uelg SeS Uelg

This verifies (3.4.10), so completes the proof.

Off-Diagonal Estimates

We begin with the very common off-diagonal estimate. For n > 0 consider the

Poisson-like operator

B (tQ)"a(y)
Pe@ = | ((Q)T + dist(y, Q)P

Lemma 3.4.11 (Off-diagonal estimate). Let g be a function with [ gdx = 0, sup-

ported on a cube Q, and f € L* supported on (2Q)¢, then we have

{Tf.9) 1 S PalAl@Ngllh < Pl FI@IQI?llgll2. (3.4.12)
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Proof: Let xg be the center of (), then we have

(Tf,g)] = \ / Kt dyds

- ‘/@Q)c /Q(K(x’y) — K(zq.y))f(y)g(x) dz dy

— X
<y [ [ et asdy < %o 1@l
e Jo [T =Yl

And the second inequality follows from Cauchy-Schwarz. O]

Lemma 3.4.13. Suppose that Q € P and Q is good, then there is ' =n'(n,v) > 0,

such that /
Pylgap(Q) S {i—gr (3.4.14)
Proof. Let A = ({P/{Q)'~7. By goodness of Q, Lemma 3.2.1 implies
Py lga\p(Q /Rd\P (0 + (iglit(y Q)i dy
14

= /]Rd fP 1= 7§df‘27’)+ dist(y, Q)d+n dy

< {%} n(l P,1ga(AQ).
So, the result follows. O

Hardy’s Inequality

This is the version of Hardy’s inequality that we need. It can be proved from the one
dimensional version. In point of fact, we only need this in the case where the function

f below is constant.

Lemma 3.4.15. For any cube, P, and 1 < p < oo, we have

[R5 gl (3.4.16
3P\P
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CHAPTER 4
UNIFORM SPARSE BOUNDS FOR DISCRETE QUADRATIC PHASE
HILBERT TRANSFORMS

(Joint work with Robert Kesler)

4.1 Introduction

Let e(t) = €™ and o € T. We consider the operator H* acting on finitely supported

functions f on Z, defined by

apiy . N elam?®) f(n —m)

Hf(n) = 7;) - :
This can be regarded as a discrete oscillatory Hilbert transform with a quadratic
phase. As such it satisfies a range of /* estimates which are uniform in «. In particular,
the result below holds. Indeed, the work of Arkhipov and Oskolkov [1] in the case of
p = 2, and of Pierce [67] in the case of 1 < p < 0o, prove much more than the result

below.

Theorem 4.1.A. For 1 < p < oo, there holds
sup||[H® : 7 — 0P| < oc.

In this paper we give a further quantification of the uniform boundedness of H?,
by proving a sparse bound. We set notation for the sparse bound. Let a discrete
interval (or just an interval) be a set of the form I = ZN[a, b], for a,b € R, and define

its length || as its cardinality. For 1 < r < oo, the L"-average of a function f on the
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interval [ is defined by

1 1/r
(), = [mz |f(:v)!"] .

zel

A collection of intervals 8 is called p-sparse if for each S € §, there is a subset Fg
of S such that (a) [Es| > p|S], and (b) || > ges Lrsllw < p~'. For a sparse collection

3, a sparse bilinear form A is defined by

AS,r,s(fv g) = Z <f>S,r <g>S,r |S’

Ses8

When r = s, we write Ag,s = Ag,. The dependence on p is not rel.evant, so it can
be omitted. We also omit sometimes the dependence on the sparse collection 8§ and
just write A, 5 or A,.

To simplify some of the arguments, we make use of the following definition: For
an operator 7" acting on finitely supported functions on Z, and 1 < r, s < oo define

its sparse norm

|T : Sparse(r, s)|| = || : (r,s)]l, (4.1.1)

as the infimum over the constants C' > 0 such that for all finitely supported functions

f,g on Z we have

‘ <Tf7 g> ’ S CsupAT,S(f7 g)

Here, the supremum is taken over all sparse forms.

With this notation, we can state the main result of this paper as follows,

Theorem 4.1.2. There exists 1 < r < 2 such that

sup [|[H* : (r,r)|| < 0.
a€eT

Given the useful structure of the sparse forms, we can derive a variety of mapping

properties. For instance, we obtain the following immediate result
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Corollary 4.1.3. There exists 1 < r < 2 such that for all weights w that satisfy

w,wt € Ay N RH, we have

|H : (2(w) — Z(w)]| < 1.

The weights above are in the intersection of the the standard Muckenhoupt class
Ay and some Reverse Holder class RH,.. Here and through all the paper, the notation
A < B means that there is a constant C such that A < C'B; the dependence of the
constant will be indicated when necessary.

The domination by sparse operators has been an active topic initiated by Lerner
[54] in his simple proof of the Ay conjecture, by providing sparse control over the
norm of a Calderén-Zygmund operator. This was improved to a pointwise estimate
in [17] and following a stopping time argument in [45]. The latter approach has been
used in different contexts [5,37,55]. The sparse bilinear form approach that we use
here, has proven to be successful where the pointwise approach is not convenient or
to avoid the use of maximal truncations, for example, the bilinear Hilbert transform
[21], Bochner-Riesz multipliers [3] and oscillatory singular integrals [44, 50].

The study of oscillatory singular integrals is motivated by the work of Stein, who

in [74] proves the boundedness on L?, for 1 < p < oo, of the following operator,

sup
aeR

/Rf(x — y)e(o;yz) dy| . (4.1.4)

In the setting of discrete norm inequalities it is important to mention the remark-
able work of Bourgain on ergodic theorems regarding polynomial averages [6,7]. More
recent results include the work of Krause [42] which have been extended in different
directions by Mirek, Stein and Trojan [58,59]. A first result in which similar discrete
operator can be controlled by sparse forms can be found in [23], and in the case of

random discrete operators in [44, 50|, where the sparse bound follows from simpler
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arguments.
Our main result, and the proof, is a model case for a wider range of results in
the discrete setting. Some of the many possible extensions to the main result of this

paper are as follows.

1. Extend the result to a general polynomial and kernel. That is, given a polyno-

mial P and a Calderén-Zygmund Kernel K, find sparse bounds for the operator

Tpf(n) =) e(P(m))K(m)f(n—m),

m##0

that only depend on the degree of P and the kernel. More ambitious claims sug-
gest themselves, such as obtaining sparse bounds for discrete Radon transforms,

even in the quasi-translation invariant setting. See [67,68].

2. Sparse version of Krause and Lacey’s result [43], that is, find sparse bounds for
the following restricted maximal operator, for A satisfying a certain Minkowski

dimension condition,

sup [ f(n)| = sup| 3 LA =)

m
a€A acA —

3. Sparse control over the maximal truncations of the operators above. This would

entail extra difficulties.

The paper is organized as follows: In §2, we provide some preliminary results
regarding sparse forms and specific operators bounded by them, that are key to our
proof. In §3, following techniques from the Hardy-Littlewood circle method, we give
a decomposition for the Fourier multiplier of the operator into major and minor arc
components, and obtain some estimates for the different parts. We prove the sparse

bounds for the minor and major arcs in §4 and §5 respectively to conclude the main

48



theorem. Of particular interest is the method to bound the major arcs, as it depends

upon the sparse bound in Theorem 4.2.C.

4.2 Preliminaries

One useful fact about sparse operators is that, in some sense, they admit an universal
domination. A version of the following lemma can be found in [47] and has a similar

proof.

Lemma 4.2.1. Given finitely supported functions f,g and 1 < r;s < oo, there is a
sparse form Ay and a constant C' > 0 such that for any other sparse operator A,

we have

AT,S(f? g) S CA:,s(f7 g)

The Hardy-Littlewood maximal function is defined by

M f(n) = ]Svu>1;(>) 2N+ 1 Z |f(n—7)] n € 2. (4.2.2)

A well known result is the following.

Theorem 4.2.B. The Hardy-Littlewood maximal function satisfies (1,1) sparse bounds.
That 1s,

|| My, : Sparse(1,1)]] < 1.

If I is a Hilbert space, we extend the definition of sparse forms to vector valued
functions f, by setting (f); = [I|7' > ,c; 1 f(x)|lsc. It is then straightforward to
extend some sparse domination results to Hilbert space valued functions. One of
this results, in the continuous setting of oscillatory singular integrals, is the following

theorem, that is going to be an important part of our proof.

Theorem 4.2.C. [50] Let K be a Calderon-Zygmund kernel and P a polynomial of
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degree d on R™. Define the operator

Tpf(x) = / (PW)K () f(x — ) dy.

For each 1 <r < 2 and compactly supported, Hilbert space valued functions f, g, there

is a constant C' = C(K,d,n,r) and a bilinear sparse form A, such that
|Tpf : Sparse(r,r)|| < C.

Recall that a Calderén-Zygmung kernel K : R\{0} — C satisfies

sup [y K (y)| + y%K(y)’ < o0,

y70

and the corresponding convolution operator is L?*(R™)-bounded. In particular, we
are going to apply this result with the Hilbert Transform kernel K(y) = 1/y. It is
important to note that the previous estimate depends on the polynomial only through
its degree.

In the subsequent sections, € > 0 will denote a small fixed constant. We use the

standard notations for the Fourier transform and its inverse:

FB)=FF(B) = _ f(n)e(—pBn),

neL

§(n) = 5 g(n) = / 9(8)e(Bn) db.
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4.3 Decomposition of the multiplier

The Fourier multiplier associated to the transformation H® is

amy . N elam? — fm)
M*(B) = m%:O — . (4.3.1)
The goal of this section is to describe a decomposition of the multiplier M into
terms, with uniform control in the variable a. Let {1;};>0 be a dyadic resolution of
the function {, with ¢;(t) = 277¢(277¢t), and ¢ is a odd smooth function satisfying
P(t) < 1pyan(Jt]). Then, for || > 1, we have % = > ;>0 ¥;(t), and in the support of

¥, we have 2972 < |¢| < 27. Using this, we can decompose the multiplier as a sum of

terms of the form

M3 (B) = 3 A=) ),

m
m#£0
That way, we can write M =} . M.

For fixed s € N, define

R, :{(g,g) €T?: A, B,Q€Z (A,Q)=(BQ) =1, 28*3@98}.

Then, the rationals in the torus, can be written as (J .y Rs. Given (%, g) € R, and

j > s/e, define the j-th major arc at (S, g) by

M;(A/Q, B/Q) = {(a,8) € T*: |a = A/Q| <2V, |8 - B/Q| < 277},

(4.3.2)
Collect the major arcs
m = M(4/Q,B/Q). (4.3.3)
(A,Q)=(B,Q)=1
0<Q<26i
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As proven in [43], the union above is over disjoint sets for € small enough. For each
j, we define the minor arcs to be the complement of this union of the major arcs.
Let x be a smooth even bump function, such that 1_; 101100 < x < Li—1/5,1/5)-

For s,j € N, set xs(t) := x(10°%), and define the multiplier

LE(B) = Y. S(A/Q.B/Q)Uj(a— A/Q,B — B/Q)xs(a — A/Q)x:(8 — B/Q).

(2:8)ex
(4.3.4)
Here, U; is a continuous analogue of the multiplier M,
Us(ag) = [ eat? ~ yt)us (0, (435)
R
and S is the complete Gauss sum
Q-1
1 2
S(4/Q.B/Q) =5 > e(A)Q -1 —B/Q ). (4.3.6)
r=0
Consider also the following definitions.
L3(B) =Y L5.(B), =1, (4.3.7)
s<ej
LYB) = Y LS(B), s>1, (4.3.8)
j>s/e
LYB) ==Y LY(B) =Y L™(B), (4.3.9)
j=1 s=1
EF(B) = M (B) — L7 (B), j=>1, (4.3.10)
E“(8) =Y _ES(B). (4.3.11)
j=1

The proof of the following lemmas can be found in [43]. The first one says that

on the major arcs, M; is well approximated by its continuous analogue.
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Lemma 4.3.12. For 1 < s <¢j, (A/Q,B/Q) € Rs, and (o, ) € M;(A/Q, B/Q),

we have the approximation

M;(B) = S(A/Q. B/Q)Uj(a — A/Q, 8 — B/Q) + 02 1).

In the minor arcs we have the following estimates.

Lemma 4.3.13. There exists § = 6(g) such that uniformly in j > 1,

IMP(B)] + LS (B)] S 27, (a, B) & M;(A/Q, B/Q)

Using these results, we obtain the following bounds.

Theorem 4.3.14. There is a choice of § > 0 such that, uniformly in o € T

1S(A/Q, B/Q)| S27%, (A/Q,B/Q) €R,, s>1, (4.3.15)
IES(B)lle S 27, 4 >1, (4.3.16)
Hc?_ﬁQEa H <2¥, j>1 (4.3.17)

The first estimate can be found in several places in the literature (see, for example,
[32]). Given that by construction M$(8) = L§(8) + Ef(3), the second estimate is
a consequence of the previous two lemmas. The derivative estimate comes from
straightforward computations.

We prove the main Theorem by showing that there is a choice of 1 < r < 2 and

1 > 0 such that for j,s > 1 the following estimates hold, uniformly in « € T

| Tge : (r,r)]| S 27 (Minor arcs estimate) (4.3.18)

Tias: (ryr)|| S 277 (Major arcs estimate) (4.3.19)

Since our operator can be written as H* = Zj>1 Tia + > o Tias, from the triangle
>1 - Ej >

53



inequality for the sparse norm it follows that

I ()< T = ()l 4+ ) 1T ()| S 27% 4 ) 27" < oo

j>1 s>1 j>1 j>1

Since these estimates are independent of «, the main theorem follows.

4.4 Minor Arcs estimate

Consider the multiplier £, defined in (4.3.10). The L* estimate (4.3.16) and the

derivative estimate (4.3.17) imply that

Y
—1 o : —€,
|F B (m)| §m1n{2 ) 1+m2}' (4.4.1)

These bounds are independent of «, since the derivative estimates are. Write I ”E;‘ =
EO‘ + E 5, where Ej‘l(m) = FES(m) 1 gss 935(m). We first estimate for Ej,, for

this, consider the Hardy-Littlewood maximal function defined in (4.2.2), we have

T, f (@) = | By f(2)] < D [Ka(y)f(x —y)| S 2% ) Vfl(ﬂf—y)|

2
yeZ |y|>237 + 1yl

DY M <9 N 2 M f(n) = 2T Mo f ().

_|_ 2
k>3] 2k <|y|<2k+1 ly |k|>287

Once again, this estimate is independent of o. Using Theorem 4.2.B we obtain the
result for E7,.

For E%

@, we need to use the following result (Proposition 2.4 in [23]).

Proposition 4.4.2. Let Tx f(z) =) K(n)f(z —n) be convolution with kernel K.

Assuming that K is finitely supported on the interval [— N, N| we have the inequalities

Tk : (ry )| S NV T 00 > £, 1 <rs < o0
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To proof the sparse bound for TEQI, we use the proposition with N = 2% and
7>

r = s, that is
L 335(2-D)) . . opr -
||TE§%1 ()] S 2 HTngl AN A 1<r<oo.

We just need to find an r such that the operator norm has a summable decay in
7. It is easy to check for the cases » = 1 and » = 2. For r = 1, we have by Young’s

inequality and (4.4.1)
|75, ]| S 1B Il F 1 S 272105
And for r = 2, we have by the L* estimate of the multiplier (4.3.16), and Plancherel,
HTE% 2 £2H <970,

We can now interpolate and choose 1 < r < 2 such that 10(2/r — 1) < §/2 to get the
desired decay. Combining this with the estimate over the norm of TE(,¥2 the proof of
J»

(4.3.18) is complete.

4.5 Major Arcs estimate

We proceed now to prove the more complicated estimate (4.3.19). Recall the definition

of Uj;, given by (4.3.5). For s > 0, define U*® to be

Us(x7y> = Z Uj<x7y)'
jzs/e
Then, we can write the multiplier L** defined in (4.3.8) as
L™*(B) = > S(A/Q,B/QU*(a—A/Q,B— B/Q)xs(a — A/Q)xs(8 — B/Q).
(4B
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Given that the support of y, is contained in [—2 107571 2. 107%71], for fixed o € T,
there is at most one rational a, = A/Q with (4,Q) = 1,2°7! < Q < 2° for which
Xs(a — A/Q) is non zero. To simplify the notation, we make use of the following

definition

R ={B/QeT:(A/Q,B/Q) e R\, AJQ =ar,}.

It is important to say that the subsequent analysis only depends upon the cardinality

of R, which is at most 2%¢, and not the value of o. We can rewrite L®* as

LY(B) = > S(as, B/QU (o — as, B — B/Q)xs(a — a)xs(8 — B/Q).
SeRe
As in [23], we will make use of a sparse bound for Hilbert space valued singular
integrals. For this, define for fixed o € T the finite dimensional Hilbert space H¢ =
(2(R2). Given f € (2, if Mody, f(z) = e(hz) f(z) represents the standard modulation
by h, set fsp = ?_l(xi/z) * Mod_j, f. Define the H¢-valued function f& by

f&={fupq:B/QeR}.

Note that the Fourier transforms fs,B/Q(ﬁ) = X;/Q(ﬁ)f(ﬁ + B/Q) have disjoint sup-
ports, so by Bessel’s Theorem || f&'||;23¢,) < || f]l2. We have the following simplifica-

tions,

<TLa,sf, g> = Z Z Oés;g < i\ — Qg = — g)Xs(a - as)Xs(' - g)f():§<)>

i>s/e
= R&j
Q%

= 5 3 Sto ) (Vo Do — @ OF+ 0+ )

i>s/e
= ‘:Raj
Qe :

= a—as Z ZSO&S,% < 06—0537 )fsB/Q gsB/Q>

i>s/e
fRa]
QE :
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= Xs(a - as) Z S(Oés, g) <TU5fs,B/Qags,B/Q> .

B
_Ra
Qs

For B/Q € RY, take Ap/g with unit norm and such that Ap/q <TUsfS,B/Q> fs,B/Q> 2
0, and set f;‘ = {)\B/QfS,B/Q :B/Q € R% }, then, using the Gauss sum estimate

(4.3.15) and summing over j > s/e we have

[(Tpor fo0)] S 275 (T 08 )

Since [ f&']|a¢e = ||fg||g{?, then we can replace f by f¢ in the inner product. The next
step is to find a sparse form A; (on Hilbert space valued functions) that dominates

the last inner product. For this, first we write

U —ag, B) = ) /Re((oz — a,)t})e(—Bt);(t) dt = / (o = ag)t® = Bt) Y aby(t)dt

e
j>s/e R j>s/e

The integrand above is supported on [t| > 21/¢]=2 and by explicit computation
> j>s/e ¥i(t) coincides with 7 for [t| > 2ls/el . Therefore, this kernel corresponds
to a Calderén-Zygmund kernel, and we can apply Theorem 4.2.C. As a consequence,

for any 1 < r; < 2 there is a sparse bilinear form A,, such that

’(Tf]s saag?>| SATI( saag?)' (451)

The implied constant above does not depend on «.

To end the proof, we need the following result

Lemma 4.5.2. Let 1 <r; <2 and 6 > 0. Let A, be a sparse form over a collection

of intervals all of which have length larger than 10°. Then there exists r satisfying
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r1 < r <2 such that for all f,qg there is a sparse form A, for which

A (f99) S 2%/ A (£ 9)-

The proof of this lemma is a slight modification of the proof of the r; = 1 result
given at the end of [23] (the value of a doesn’t affect the proof). Ensuring all the
sparse intervals in A,, have length at least 10° is achieved by taking ¢ > 0 small

enough. Combining the estimates, and letting n = 30/4, we have

I <TLa,sf, g) | 5 Q_HSAT(bﬂ g)

Which proves the major arcs estimate, and therefore, the main theorem.
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CHAPTER 5
SPARSE BOUNDS FOR BOCHNER-RIESZ MULTIPLIERS

(Joint work with Michael Lacey and Maria Carmen Reguera)

5.1 Introduction

We study sparse bounds for the Bochner-Riesz multipliers in dimensions n > 2. The

latter are Fourier multipliers By with symbol (1 — |¢?)], for 6 > 0. That is,
FBsf = (1 - [¢[*)35F,

where JF is a choice of Fourier transform. At 9, = "T’l, the multiplier is borderline

Calderén-Zygmund, and one has the very sharp bounds of Conde-Alonso, Culiuc, di

Plinio and Ou [18], which we recall in Theorem 5.2.F below. In this paper, we focus

on the super-critical range 0 < § < ”T’l, the study of which was initiated by Benea,
n—1

Bernicot and Luque [3]. We supply sparse bound for all 0 < § < "7, and prove a

sharp range of estimates in dimension n = 2.

Sparse bounds are a particular quantification of the (weak) LP-bounds for an oper-
ator, which in particular immediately imply weighted and vector-valued inequalities.
The topic has been quite active, with an especially relevant paper being that of Benea,
Bernicot and Luque [3], but also see [5,18,21,36,46,47] for more information about
this topic. We set notation for the sparse bounds. Call a collection of cubes & in R"
sparse if there are sets {Fs : S € 8} which are pairwise disjoint, Fg C S and satisfy
|Es| > §|S|forall S € 8. For any cube Q and 1 <1 < 00, set (f)5, = Q™" [,|f["dz.
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Then the (7, s)-sparse form Ag, s = A, 5, indexed by the sparse collection § is

AS,r,s(f7g) = Z|S|<f>5,r<g>5,s- (511)

Se8

Given a sublinear operator 7', and 1 < r,;s < oo, we set ||[T" : (r,s)|| to be the

infimum over constants C' so that for all bounded compactly supported functions f, g,

(Tf,9)] < CsupA,4(f,9), (5.1.2)

where the supremum is over all sparse forms. It is essential that the sparse form be
allowed to depend upon f and g. But the point is that the sparse form itself varies
over a class of operators with very nice properties.

The study of sparse bounds for the Bochner-Riesz multipliers was initiated by
Benea, Bernicot and Luque [3], who established sparse bounds for a restricted range
of parameters d,r and s below. We extend their results, using an alternate, less
complicated method of proof, yielding results for all § > 0. In two dimensions our

main result is as follows.

Theorem 5.1.3. Let n =2, and 0 < § < % Let R(2,0) be the open trapezoid with

vertices

vagr = (B2, H),  vaga = (K2, 32,
V2,63 = (3+T26> 1+Tfé)a V26,4 = (32_26’ 1_4_26)
(See Figure 5.1.) There holds
IBs : (r,s)[ < o0, (1) € R(2,0). (5.1.4)

Moreover, the inequality fails for * + 1 > 1, with (£, 1) not in the closure of R(2,0).

)
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S =

= ——
>l ——

Figure 5.1: The trapezoid R(2,6) of Theorem 5.1.3. The Bochner-Riesz bounds are

sharp at the indices % = %, %1, which corresponds to the Carleson-Sj6lin bounds. The
11

sparse bounds for Bs hold for all (-, ¢) inside the dotted trapezoid, and fails outside

r?

the trapezoid. We abbreviate vy 59 = v2, and similarly for vs.

As 0 increases to the critical value of § = %, the trapezoid R(2,0) increases to the
upper triangle with vertices (1,0), (0,1) and (1,1). This is the full arrange allowed
for the case of § = %, see Theorem 5.2.F.

In the next section, we give the full statement of the results in all dimensions.
The remainder of the paper is taken up recalling some details about sparse bounds,

the (short) proof of the main results, and then drawing out the weighted corollaries.

5.2 The Full Statement

In dimensions 3 and higher, we only have partial information about the Bochner-Riesz
conjecture. Nevertheless, we show that from this partial information one can obtain

sparse bounds as a consequence.

Conjecture 5.2.1. [Bochner-Riesz Conjecture] We have By : LP(R™) — LP(R™) if

nly =3l <g+6, d>0. (5.2.2)
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This has an equivalent formulation, in terms of ‘thin annuli,” which is the form
we prefer. Let 1_j/41/4) < X < 1j_1/2,1/2) be a Schwartz function, and set S, to be
the Fourier multiplier with symbol x((|¢| —1)/7).

Conjecture 5.2.3. Subject to the condition n|1l7 — %} < %, there holds

HSTHLPHLP < 1, O0<7T<1. (524)

~E

Above, we use the notation A(7) <. B(7) to mean that for all 0 < ¢ < 1, there
is a constant C¢ so that uniformly in 0 < 7 < 1, there holds A(7) < C.r7B(71).
It is typical in these types of questions that one expects losses in 7 that are of a
logarithmic nature at end points. This issue need not concern us.

The Theorem below takes as input partial information about the Bochner-Riesz
Conjecture and deduces a range of sparse bounds. For 0 < § < ”T’l, let R(n, po, 9)

be the open trapezoid with vertexes

Uns3 = Unpo2s, Unod = Unpo1, Wwhere (a,b) = (b,a). (5.2.6)

Theorem 5.2.7. Assume dimension n > 2. And let 1 < py < 2 be such that the

estimate (5.2.4) holds. Then, for 0 < < ”T_l, the following sparse bound hold.

| Bs : (r,s)]| < o0, (£,1) € R(n, po, 0). (5.2.8)

Moreover, for the critical value of p = p(d) given by p% = "T“ +0, the inequality above

fails for % + % > 1, with (%, %) not in the closure of R(n,ps,?).

This Theorem contains Theorem 5.1.3, since the Bochner-Riesz conjecture holds
in dimension 2, as was proved by Carleson-Sjolin [11]. (Also see Cérdoba [20].) In

dimensions n > 3, the best results are currently due to Bourgain-Guth, [8], but also
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see Sanghyuk Lee [53]. We summarize the best known information in
Theorem 5.2.D. These positive results hold for the Bochner-Riesz Conjecture.
1. [11] In the case of n =2, (5.2.2) holds.

2. [8, Thm 5] In the case of n > 3, the condition (5.2.2) holds if ¢ = max(p,p’)

satisfies
(
2% n=0 mod3
q > % n=1 mod 3 (5.2.9)

4(n+1) _
\ on—1 n =2 mod 3

Concerning sparse bounds for the Bochner-Riesz multipliers, the general result
of Benea, Bernicot and Luque [3] is a bit technical to state in full generality. We

summarize it as follows.
Theorem 5.2.E. These two results hold.

1. [3, Thm 1] In dimension n = 2, for § > &, we have || Bs : (£,2)| < oc.

2. [3, Thm 3| In dimensions n > 3, for all § > 0, there is a 1 < p(d§) < 2 for
which we have ||Bs : (p(0),2)|| < oo. (Using our notation, the sparse bound

holds when the second coordinate of vy 52 s %)

Our result provides sparse bounds for the Bochner-Riesz multipliers, for all § > 0,
and all p in a non-trivial interval around 2. It is a routine exercise to verify that a

consequence of Theorem 5.1.3 that we have

|Bs : (2,2)] < oo, n=2 0> (5.2.10)

1
5

Indeed, using the notation Theorem 5.1.3, we have vy /62 = (%, %) This is the two

dimensional result of [3].
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The interest in sparse bounds, besides their quantification of LP bounds, is that
they quickly deliver weighted and vector-valued inequalities. In many examples, these
estimates are sharp [5,18,45,56], or dramatically simplify existing proofs, and provide
weighted inequalities in settings where none were known before [44,46,50]. The
mechanism to do this is already well represented in the literature [5], and was initiated
by Benea, Bernicot and Luque [3] in the setting of Bochner-Riesz multipliers. We
point the interested reader there for more information about weighted estimates in

the Bochner-Riesz setting.

That our result and that of [3] coincide at the case of r = 2 is not so surprising.
They approach the problem by using sharp results about spherical restriction, as there
is a close connection between the Bochner-Riesz Conjecture and spherical restriction,
subject to an index in the restriction question being 2. Our approach is more direct,
working essentially with the ’single scale’ version of the Bochner-Riesz Conjecture
directly, through Conjecture 5.2.3. In both cases, we use the ‘optimal’ unweighted

estimates, and derive the sparse bounds.

Concerning the critical index 4,, = ”T’l, it is well known that the Bochner-Riesz
operator is borderline Calderén-Zygmund. Hence one expects much better sparse
bounds. The best sharp bound is due to Conde-Alonso, Culiuc, di Plinio and Ou
[18]. It shows not only sparse bounds in the upper triangle of the (%, %) plane, but

also a quantitative estimate at the vertex (1,1).

Theorem 5.2.F. [18] In all dimensions n > 2, we have

|Bs, : (L, 1+¢)| Se 0<e< o0.

Note that the trapezoid of our theorem increases to the upper triangle, as ¢ in-

creases to the critical index 9, = ”T_l In that sense, our results ‘interpolates’ the

better bounds known in the critical case. We do not recover Theorem 5.2.F. Indeed
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we can’t as the proof is intrinsically multiscale, whereas ours is not.

The sparse bounds imply vector-valued and weighted inequalities for the Bochner-
Riesz multipliers. The weights allowed are in the intersection of certain Muckenhoupt
and reverse Holder classes. The inequalities we can deduce are strongest at the vertex
Un5.2, Using the notation of (5.2.5). Indeed, the weighted consequence is the strongest
known for the Bochner-Riesz multipliers. The method of deduction follows the model

of arguments in [3, §7] and [5, §6], and so we suppress the details.

We conclude with these remarks.

1. Seeger [72] proves an endpoint weak-type result for the Bochner-Riesz operators

in the plane. The sparse refinement of that is given Kesler and one of us in [40].

2. Extensions of these results to maximal Bochner-Riesz operators is hardly straight

forward. For relevant norm inequalities, see [9,53,75].

3. Bak [2] proves endpoint estimates for negative index Bochner-Riesz multipliers.
(Also see Gutiérrez [31].) Aside from endpoint issues, it would be easy to derive
sparse bounds for these operators using the techniques of this paper. The A4, ,
weighted consequences would be new, it seems. The endpoint issues would be

interesting.

4. Tt is also of interest to obtain weighted bounds that more explicitly involve the
Kakeya maximal function, as is done by Carbery [9] and Carbery and Seeger

[10]. This would require substantially new techniques.

Acknowledgment. We benefited from conversations with Andreas Seeger and Richard

Oberlin, as well as careful readings by referees.
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5.3 Background on Sparse Forms

We collect some facts concerning sparse bounds. It is a useful fact that given bounded

and compactly supported functions, there is basically one form that controls all others.

Proposition 5.3.1. [47, §4] Given 1 < r;s < oo, and bounded and compactly sup-

ported functions f, and g, there is a single sparse form Ag, , s for which

sup Asrs(f,9) S Asors(f 9)-

The implied constant is only a function of dimension.

Second, closely related sparse forms are also controlled by the sparse forms we
defined at the beginning of the paper. For a cube @), and 1 < r < oo, set a non-local

average to be

1

(har = 1017 [IF@I 1+ it @/iQId] . (32)

/
8,r,8

And then define a sparse form Ag . using the non-local averages above in place of

(f)o.r- These forms are not essentially larger.

Proposition 5.3.3. [23, Lemma 2.8| For bounded and compactly supported functions

fyg, and 1 < r s < oo, we have

Sl;p A:S,r,s(f7 g) Sz Slslp AS,T,S(fa g)

A central point is that the selection of the ’optimal’ sparse form in Proposi-
tion 5.3.1 is certainly non-linear. But at the same time, one would ideally like to
interpolate sparse bounds. We do not know how to do this in general, but the anal-
ysis of the operators S, being ‘single scale’, places us in a situation where we can

interpolate.
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Using the notation of (5.3.2), for 0 < 7 < 1, set

Ar,r,s(fv g) = Z <<f>>Q,T<<g>>Q,S|QIa 0< n < L. (534)
QED
1<0Q<

Above, D denotes the dyadic cubes in R”, and /Q = |Q|% is the side length of Q.
That is, the sum is over all dyadic subcubes with side length between 1 and 1/77.

We have this interpolation fact.

Proposition 5.3.5. Let 1 < rj,s; < oo for j = 0,1 and fix 0 < 7 < oo. Suppose

that for some linear operator T we have

’<Tf7 g>‘ S Cj]\T,rj,Sj<f7 g)7 j - 0,1, (536)
for all smooth compactly supported functions f,g. Then, for 0 < 0 < 1, we have

(TF )| < CECT " Arrys0(f.9), (5.3.7)

1 _ 6, 1-6 .
where o T T and similarly for sg.

The proof is a variant of Riesz-Thorin interpolation, but we include some details,

as the proposition is new in this context, as far as we know.

Proof. Let us recast the sparse bound in a slightly more general format. For cubes

Q, set
1

ol
(rer = [igr | amite- gyams 2

Above, X is some Borel measure. Fix a finite collection of cubes Q, and consider a

‘sparse form’ given by

Br,s(f;g) BQ)\wrs f g Zw {f}AQT{g})\QS (538>

QeQ
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Above w : Q +— (0, 00) is a non-negative function. The sparse forms that we consider
are special instances of these more general forms.

Appeal to Hélder’s inequality. Given ry < 1 and sy < s1, we have

Bryso(f19) € Broso (,9)Brs (f,9)70  0<0<1

1 _ 6 , 1-0 o
where e =0T and similarly for sy.

Let us consider a bilinear form [ for which we have
B(f,9)l < A;By,5,(f.9), =01
By multiplying f, ¢ and the measure A by various constants, we can assume that
By (fig)=1, j=01
For 0 < 6 < 1, consider the holomorphic function F'(s) = 5(fs, gs), where
fo = sen(f)lfI0

and similarly for gs. The function F'(s) is of at most exponential growth in the strip

0 < Res < 1. Namely,
’F(S)’ S BT1,81(fS>gS) S Ceo\s|’ 0< Res S 1.

for some finite positive constant C'. This is because f and g are bounded functions,
and we have a finite collection of cubes Q. Our deduced bounds are independent of

these a priori assumptions. It also holds that |F(j+io)| < A;, for j =0, 1. It follows
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from Lindel6f’s Theorem that F' is log-convex on [0, 1]. In particular,
[F(0)] = 5(f.9)] < AGAT™".
From this, we conclude our proposition. O

5.4 Proof of the Sparse Bounds

The connection between the Bochner-Riesz and the .S, multipliers is well-known, and
central to standard papers in the subject like [9,20]. We briefly recall it here. For

each 0 < § < ”Tfl, we have
B5 — TO + Z 27]65 Dﬂl_ka 527k,
k=1

where these conditions hold: First, Tj is a Fourier multiplier, with the multiplier being

a Schwartz function supported near the origin. The operator Dil; f(z) = f(x/s) is a

),

dilation operator. And, each Sy« is a Fourier multiplier with symbol Xk(2k| €] —1
where the y satisfy a uniform class of derivative estimates.
The point is then to show this result, in which we exploit the openness of the

condition we are seeking to prove.

Theorem 5.4.1. Assume dimension n > 2. And let 1 < py < 2 be such that the
estimate (5.2.4) holds. Then, the following sparse bounds hold. For all (1)

R(n,po,d), there is a k = k(r,s) > 0 so that
1S, : (r, 8)|| Se 7707, 0<7<1. (5.4.2)

The papers of Cérdoba [19,20] also proceeds by analysis of the operators S,. Also
see Duoandikoetxea [27, Chap 8.5]. Write S, f = K, % f. The basic properties of this

operator and kernel that we need are these.
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Lemma 5.4.3. For0 <7 < %, these properties hold.

1. We have this estimate for the kernel K,. For all0 <n <1 and N > 1,

Koo L+]zf]% 2| <Crtn _
K, (z)| <7 5.4.4
lz| 2" [r]z|] Y otherwise.

The implied constants depend upon 0 < n <1, and N > 1.

2. ||ST||1,_>1 SJ T_n%.

Proof. The second estimate follows from the first. The first is seen this way. Let o
denote normalized Haar measure on the sphere S"~! C R™. Then, recall [73, Chap
VIIL.3], that the Fourier transform of ¢ has an expression in terms of Bessel functions

as follows.

o () :/ e g (€) = 2rla] T Jus (21 o))
Sn—l

The Bessel function has an expansion [73, Chap VIII.1.4]

Janz(s) = \/gcos(s — i3 4 O(s™3/?), s — 00.

It is preferable to write

Juz(s) = /e as(s) + e Ma(s), s >0 (5.4.5)
where
dm
}ds—mai(sﬂ S+ s, méeN, s> 0. (5.4.6)

This follows from the asymptotic expansion of the Bessel functions.

Turning to our estimates for K, (x), it is clear that |K,(x)| < ||x(77||z| = 1])|1 <
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T, since we are only estimating the volume of a thin annulus. Thus, we only need to

consider |z| 2 1 below. In terms of the Bessel function, we have

Krla) = / X(rYJE] = 1)) e € de
2
= n/ / x(r7Yr = 1)) e do (&) r™dr (5.4.7)
sn=1.Jo
2
— onnla| 5 / N = 1))r% Jums (270 2]) dr
0 2

Using (5.4.5), this last expression is the sum of two terms, both of a similar nature.

The first term 1is
1—n 2 1 n—1 .
2n7r|$|2/ X(T7r — 1|)7“Ta+(r|x|)e”‘x| dr.
0

The integral above is obviously dominated by 7, and this is the estimate that we use
for 1 < |z| < 777" For |x| > 77177, we can employ the standard integration by

parts argument and the derivative conditions in (5.4.6). O

The decay condition in (5.4.4) reveal that for fixed 7, we need not be concerned
with the full complexity of the sparse bound. We can rather work with this modified
definition. Recall the sparse form /~\T,,.,s defined in (5.3.4), where we restrict cubes to
have side length at least one, and no more than 77177, And for which we have the
interpolation estimate of Proposition 5.3.5. We define ||T" : (r,s,7)|| to be the best

constant C' in the inequality

|<Tf7 g>’ S C]\Tﬂ‘,s(.ﬂ g)7 (548>

the inequality holding uniformly over all bounded and compactly supported functions

[ 9

Lemma 5.4.9. Assume dimension n > 2. And let 1 < pg < 2 be such that the
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estimate (5.2.4) holds. These sparse bounds hold, for all 0 < 7, < 1.

IS, : (1,1, 7)) S 7 (5.4.10)
1S, : (1,00, 7)|| S 7"z ™, (5.4.11)
157+ (po, po, T S 777 (5.4.12)

The implied constants depend upon 0 < n < 1.

Proof. 1t is in the last condition (5.4.12) that the hypothesis is important. Note
that if f, g are supported on a cube @ of side length 77177, then we have from the

assumption that the Bochner-Riesz estimate (5.2.4) holds for p = py,

(Se o)l S 7N lleollglloy Se (Framo(9)am @l

In view of the decay beyond the scale 77177 in (5.4.4), and the global form of the
average in (5.3.4), we can easily complete the proof of the claimed bound. (And, we
only need to use the dyadic cubes of scale 77177, rather than the full range of scales
in (5.3.4).)

In a similar way, if f and ¢ are supported on a cube of side length 77~ one can

use the kernel decay in (5.4.4) to see that

(521, )| < (1K (@) ][ 1[0

_n-l_ _n-l_
ST " lllgllee ST T ) @i(9) @00l Q-

And from this, we see that (5.4.11) holds.

The case of (5.4.10) is a little more involved, and requires that we use all the
scales in our modified sparse operator (5.3.4), whereas the previous cases did not.

Very briefly, we can dominate K, by a positive Calderéon-Zygmund kernel, with
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Calderén-Zygmund norm at most 7="% ~™_ From this, and the known results for
sparse domination of Calderén-Zygmund operators, the bounds (5.4.10) follow. To

be more explicit, let ¢ = 1j;<2, and set pi(z) = 27" (227%). Then, we have

_n=1
| (2) g crra| S 7772 > ().

k:1<2k<r—1-n

Convolution with ¢y, is an average on scale 2¥, so that

[ [ Koo = 9t o f (o) d | S 75 Rl fr9).

But, the same bound holds for the remainder of the kernel K., due to the decay
estimates in (5.4.4). This completes the proof.
]

Proof of Theorem 5.4.1. We in fact show that for 0 < § < 1 and (%, %) € R(n,po,9),
1S, : (r,8,7)| S 7707, 0<m,n<Ll (5.4.13)

Above § is fixed, but 7 and 7 are allowed to vary. (The implied constant depends
upon 7.) This proves our Theorem, since for fixed (1,1) € R(n,po,d), we have
(3,2) € R(n,po, 6 — k), for a choice of 0 < k(r, s) < 6.

The bounds in (5.4.13) are self-dual and can be interpolated, and so it suffices to
verify the bounds above at the vertexes vy = v, 51 and vy = v, 52 of R(n,py,0), as
defined in (5.2.5). But this is again an interpolation. To get the point v, interpolate
between the sparse bound (5.4.12) and (5.4.10). For the point vy, use (5.4.12) and

(5.4.11). See Figure 5.2.
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Figure 5.2: The interpolation argument for the sparse bounds. We have the sparse

bounds (pio, z%)’ (1,0), and (1,1) as well as their duals. The sparse bound at (p%? Z%)
0 0

is, up to logarithmic terms, uniformly bounded in 0 < 7 < %, while the others are
n—1

bounded by 772 . Interpolation, along the dotted lines, to the circles, yields sparse
bounds with growth 77, for 0 < § < ”T_l

5.5 Sharpness of the sparse bounds

We discuss sharpness of the sparse bounds in Theorem 5.2.7. Recalling that p(J)
is the critical index for the Bochner-Riesz operator Bs, we cannot have any sparse
bound (r,s), where 1 < r < ps, as that would imply the boundedness of Bs on LP,
for r < p < p(9).

It remains to show sharpness of the (r,s) sparse bound when ps < r,;s < pi.
This follows from a standard example. We work in dimensions n > 2, Consider the

rectangles R and R defined by

n—1
R=[3, )\\Tj\i| ;  R=R+1(1,0,...,0).

<]

> =

3

Above 0 < ¢ < 1 is a small dimensional constant. Define the functions

f(z) = e“m'lR(a:), g(x) = e*imlé(x).
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Using well known asymptotic estimates for the Bochner Riesz kernel, we have

(lz—yl—lzl+]yl)
BM9|NL//11+W e e (5.5.1)

~ |RPA"T 0 ~ Alﬂ” (5.5.2)

The kernel estimates we are referencing are analogs of (5.4.5), which has two expo-

nential terms in it. Above, one can directly verify that the phase function satisfies

|z =yl = |z] + |yl| S z€R, yeR. (5.5.3)

This leads to the estimate above. There is a second exponential term with phase
function

|z —y| = |z|+ |y~ 2z —yl, 2z€R, ycR (5.5.4)

So, that term has substantial cancellation.

Recall that the largest value of sparse form Ag, (f,g) is obtained by a single
sparse form. For the functions f, g above, it is clear that this largest form is obtained
by taking 8 to consist of only the smallest cube () that contains the support of both
f and g. That cube has /QQ ~ A~!. And then,

QU our(g)gs = AT G2, (5.5.5)

We see that the (r, s) sparse bound for By implies that (5.5.2) should be less than

(5.5.5) for all small A. By comparing exponents, we see that

The case of equality above is the line that defines the top of the trapezoid R(n, p(d), d),

as is verified by inspection.
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5.6 Weighted Consequences

The sparse bounds imply vector-valued and weighted inequalities for the Bochner-
Riesz multipliers. The weights allowed are in the intersection of certain Muckenhoupt
and reverse Holder classes. The inequalities we can deduce are strongest at the vertex
Un.5.2, using the notation of (5.2.5). Indeed, the weighted consequence is the strongest
known for the Bochner-Riesz multipliers. The method of deduction follows the model
of arguments in [3, §7] and [5, §6], as well as [46, §6]. We tread lightly around the
details.

It is also of interest to obtain weighted bounds that more explicitly involve the
Kakeya maximal function, as is done by Carbery [9] and Carbery and Seeger [10].
We leave to the future to obtain sparse variants of these latter results.

Recall that a weight w is in the Muckenhoupt A, class if it has a density w(dz) =
w(z)dz, with w(x) > 0, which is locally integrable, and o(z) = w(x)_P%l is also
locally integrable, and

[w]a, = sgp(w)da)’é{l < 00, (5.6.1)

where w(Q) = fQ w(dz), and the supremum is over all cubes. We use the standard

extension to p = 1, namely

vl =[5

We set AP = {w” :w € Ap}.

We will set Bs,, to be the class of weights w such that we have the inequality

| Bs | o () Lo () (5.6.2)

Below, we will focus on qualitative results. All results can be made entirely quantita-
tive, but given the incomplete information that we have the Bochner-Riesz conjecture,

or even the full range of sparse bounds in two dimensions, we do not pursue the quan-
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titative bounds at this time.
The best known results concerning the weighted estimates for the Bochner-Riesz
multipliers in the category of A, classes, are below. We emphasize that some of these

hold for the maximal Bochner-Riesz multiplier, which we are not considering in this

paper.

Theorem 5.6.G. 1. (Christ, [15]) We have the inclusion below valid in all n > 2.

1424 n—1 n—1
A" CB L
1" C Bz 2(n+ 1) <0<

(5.6.3)

2. (Carro, Duoandikoetzea, Lorente [12]) We have the inclusion below, valid in all

dimensions n > 2.
25

A2_1 C B(S72. (5.6.4)

The second result is a consequence of the (% + n2—_51, % + n2—_‘51) sparse bound. This
latter sparse bound can be deduced from the the (trivial) (2,2, 7) and (1,1, 7) sparse
bounds, as defined in Lemma 5.4.9. That is, (5.6.4) has little to do with the Bochner-
Riesz operators. (The authors of [12] note a similar argument.)

We are able to deduce this improvement of (5.6.3), in that it applies for all 0 <
0 < ”T’l, and increases the integrability of the Bochner-Riesz bound. Finally, it

approximates the known estimate at the critical index, see Theorem 5.2.F, and the

earlier result of Vargas [77].

Theorem 5.6.5. In all dimensions n > 2, using the notation of (5.2.5), write the

verter vy 52 = (%, %) We have

s—p(s—1) 1_P

A c Al " C By, 0<d<d <t r<p<ys. (5.6.6)
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In particular, for n =2, we have the explicit value vy 59 = (1+T66, %5), and

1-26 1 1466

1—pi=2d _pld6d
AP AT C By, 0<d<d<i

5 T <P < 55 (5.6.7)

1

This contrasts to [3, Theorem 14], which is restrictive in the range of 0 < § < ”T_l
that are allowed. (See [3, Corollary 16] for an example of the kind of vector-valued
consequences that can be derived.) We use the vertex v, 52, as it is the strongest sparse

bound we have. The proof is however elementary. We have this known proposition.

Proposition 5.6.8. If a linear operator T satisfies a (r,s) sparse bound, with 1 <

s < r, we then have

s—p(s—1) P
i

T : LP(w?) — LP(w)|| < oo, weA - Ai_, r<p<s.

Proof of Theorem 5.6.5. Tt is a consequence of [5, Prop. 6.4], that the sparse bound

assumption implies that
|T : LP(w) — LP(w)]| < oo, r<p<s

provided the weight w is in

D
r

w E Ag ﬂRH(S//]))I = Ai/(s//p)/ . A}

Above, RH, denotes the reverse Holder class of weights of index 1 < p < oo, and the

equality above is classical. By direct calculation, 1/(s'/p) = sops=l), O]

S
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