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CHAPTER 1

INTRODUCTION

1.1 Orthogonal polynomaials

The analysis of orthogonal polynomials associated with general weights is a major
theme in classical analysis. The applications are rich, reaching different fields of
mathematics, physics and engineering such as approximation theory, special functions,
differential and integral equations, random matrix theory, number theory, quantum
mechanics, statistics and image analysis.

The setting is the following: Given a weight function w on an interval (a, b), finite

or infinite, such that the moments
b
Cp = / z"w(zx)dz, n=0,1,2,...
a

exist and are finite, we say that the set of real polynomials {p, }2°,, with p,, := p,(w;-)

of strict degree n, is orthogonal over [a, b] with respect to the weight w if

/ P ()P (2)w(x)dx = 0, m # n.

The theory of orthogonal polynomials has its roots in Stieltjes” work on continued
fractions. In his monumental final paper [53] he introduced the Stieltjes integral and
used it to solve the classical moment problem, which asks whether a given weight w
(or a more general measure dyu) can be represented by its moments {¢,}>° , and vice
versa. The moment problem is historically important because it gave rise to important
tools in modern analysis. Among others, M. Riesz gave a proof and his techniques
were later used to prove the well known Hahn-Banach theorem of functional analysis.

In the first half of the 20th century, the Hungarian mathematician Gabor Szego

had a profound influence on the theory of orthogonal polynomials and related fields.



His monograph [54] from 1939 still serves as the single most important reference in
the field. He determined the asymptotic behavior of p,(w;-) as n — oo for a large
class of weights w on [—1, 1], characterized by the Szegd condition

! log w(x)
1V 1-— .732

He was the first to consider orthogonal polynomials with respect to weights on arbi-

dr > —00. (1.1)

trary curves in the complex plane. An important case are orthogonal polynomials on
the unit circle, which have applications in linear prediction and filtering theory, and
are used extensively in spectral theory for certain linear operators, including discrete
Schrodinger operators. Significant new developments due to B. Simon and his collab-
orators [45, 46] for orthogonal polynomials on the unit circle have major implications
for weights on [—1, 1].

Motivated by applications from approximation theory, particularly Padé approx-
imation and weighted polynomial approximation, problems concerning the asymp-
totics of orthogonal polynomials with respect to weights with support on the whole
real line, have been in the spotlight since the school of G. Freud in the 1960’s [15, 36].
Freud and P. Nevai considered weights of the form w = W? = exp(—2Q), where Q
is even, convex and of smooth polynomial growth at infinity. Such weights are often

called Freud weights. Particular examples are
w(z) = Wi(x) = exp(—|2]%),  a>0.

E. Levin and D.S. Lubinsky (see the monograph [21] and the surveys [22, 25]) have
done extensive work on orthogonal polynomials with respect to exponential weights.

In the 1980’s, potential theory advanced as a vital tool in the development of
orthogonal polynomials associated with weights on the real line. It is especially useful
for investigating nth root asymptotics and zeros of orthogonal polynomials, see the
monograph [44] of E.B. Saff and V. Totik. A breakthrough emerged in independent

papers of E.A. Rakhmanov [41] and Mhaskar and Saff [29]: For @) even and convex,



the authors defined what is now referred to as the Mhaskar-Rakhmanov-Saff number

a,, the positive root of the equation

2 [t a,tQ (ant)

TJo V1I-

It turns out that p,(W?, z) behaves on [—a,,, a,,| much like an orthonormal polynomial

dt.

n =

for a Szegd weight on [—1,1], and this allowed the authors to establish nth root
asymptotics for p,(W?, ).

Following the results on the nth root asymptotics, Lubinsky, Mhaskar and Saff
[26] determined ratio asymptotics for orthogonal polynomials with weights on the real
line, an in particular solved the Freud conjectures. The ratio asymptotics were quickly
followed by strong (or Szegd) asymptotics, established independently by Lubinsky
and Saff [27], and Rakhmanov [42]. In the various types of asymptotics, weighted
polynomial approximation played an essential role. For more details, see Totik’s
excellent seminal lecture notes [55].

In the 1990’s a new powerful approach was developed to analyse the asymptotics of
orthogonal polynomials. First Fokas, Its and Kitaev [14] showed that you can look at
polynomial orthogonality as a Riemann Hilbert problem. Through this approach De-
ift and Zhou [11] developed the powerful so-called non-linear steepest descent method.
Via the Riemann-Hilbert techniques of Deift, Kriecherbauer, McLaughlin [9, 10], re-
markably precise asymptotics have been obtained for orthogonal polynomials associ-
ated with weights on the real line.

Random matrix theory (see Mehta [28]) is a field that has gained a large following
in recent years, and indeed is the main motivation for the Riemann-Hilbert approach
for orthogonal polynomials. It has rich applications, such as nuclear physics, number
theory, statistics, financial correlation, and the theory of integrable systems. Its
usefulness becomes apparent when applied in modeling large samples with equally
large population, take for example the world’s wireless communication system. In

many cases, important statistical properties of the modeled system can be deduced



from exploring the behavior of the eigenvalues of the random matrix as the size of the
matrix grows. Orthogonal polynomials come into play since some natural systems
can be well modeled using random matrices on probability spaces constructed via so-
called Gaussian unitary ensembles. In that case the growth of the eigenvalues can be
determined from the asymptotic behavior of the associated orthogonal polynomials.
A. Kuijlaars [19] and P. Miller [30] have both written excellent lecture notes on the
subject. One of the most important statistics in random matrix theory relates to
the associated correlation functions. As the size of the matrix grows, these essentialy
behave identically for different weights and this phenomena has been refered to as
the universality law. Using smoothing techniques, Lubinsky, in his landmark paper

[23], has proved universality for very general weights on [—1, 1].

1.2 Muntz polynomaials

One of the fundamental theorems of functional analysis and approximation theory
is Weierstrass’s Theorem, proved in 1885 [57], which states that every continuous
function on [0,1] (or any closed bounded interval) can be approximated arbitrarily
closely by polynomials under the uniform norm. In other words, the space span{z" :
n=0,1,2,...} is dense in C|[0,1]. In 1912, S. Bernstein conjectured [3] that more
generally the result holds if the exponents of x (the natural numbers) are replaced

with an increasing sequence 0 < A\g < A1 < Ay < --- of real numbers that satisfy
>
— = 00.
= M

In the case of the algebraic polynomials this is the harmonic series > ;- + = 00, so

5
Weierstrass’s Theorem is a special case. Two years later the conjecture was proved
(with A\g = 0) by the German mathematician Herman Miintz in his paper [34] (see a
short biography in [40]). Since then this result has been generalized and numerous

proofs have emerged. A recent research monograph [16] is devoted to ramifications

of this theorem and further questions regarding density and different types of Miintz



theorems are discussed in [1, 7]. The version that is most relevant to the topics of

this text is the following:

Theorem 1.1 (Miintz’s Theorem) Let {\;}2, be a sequence of real numbers such

that infy \y > —1/2. Then span{z*,xz* ...} is dense in Ly[0,1] if and only if

1
257

k=0

= 00. (1.2)

o0

N[

This result is especially beautiful since it connects a topological property (the density
of the space) to an arithmetic property (divergence of the series).
Following the considerations above, it is natural to ask further questions about

these generalized polynomials, which have the form

n
E ckaz’\’“ .
k=0

We call them Miintz polynomaials. It turns out that these functions share many of the
basic properties of their algebraic polynomial cousins. They can be orthogonalized in
a natural way on L0, 1], and they form a Chebyshev system on (0,00). These two
properties give rise to applications in approximation theory. Using the substitution
x = e~ !, we can alternatively look at the Miintz polynomials as exponential sums of
the form
n
k=0

which are important in non-linear approximation, particularly for decay processes.

A large part of the classic text of P. Borwein and T. Erdélyi [7] is devoted to
Miintz spaces, and important questions involve Markov-Bernstein inequalities, Remez
inequalities, the rate of approximation by Miintz polynomials and the distribution
of their zeros. Miintz rational functions are also explored, and in [6], the authors
investigate the corresponding Christoffel functions, which in a way provide a measure
of the density of the space. Furthermore, in [7, Appendix 2], Miintz orthogonality

is used to reproduce Apéry’s proof of the irrationality of ((3). A Miintz-type of



Gauss-Jacobi quadrature has been developed by G.V. Milovanovi¢ and A.S. Cvetkovi¢
[32, 33], especially with a view to numerical integration of functions with endpoint
singularities. Furthermore, the zero distribution of the extremal Miintz polynomials

has been investigated by Lubinsky and Saff [24].

1.3 OQOverview

The goal of this research is to determine asymptotic properties of the Miintz or-
thogonal polynomials with respect to Legendre and Jacobi weights in Ls[0,1]. An
important special case is when the Miintz exponents {\;} are asymptotic to an arith-

metic progression, i.e.

for some constant p > 0. Some of the classical orthogonal polynomials (e.g. Legen-
dre, Jacobi with a = 0, and Laguerre with o = 0) can indeed be written in terms
of the Miintz orthogonal polynomials, and our results yield new representations for
these functions which in turn gives rise to new proofs for their asymptotic behav-
ior. Furthermore, orthogonal exponential sums on (0, 00), as well as certain multiple
orthogonal systems, can be represented by Miintz orthogonal polynomials, and our
results apply to these as well.

In Chapter 3 we introduce a representation for the Miintz orthogonal polynomials
as a real oscillatory integral, which holds for = € (0,1), i.e. on the interval of or-
thogonality. The formula holds for general real exponents {\;} and it is quite special
that we get the same critical path for the pure oscillatory behavior of these elements,
independent of the A\;’s. This allows us to determine the asymptotics inside the inter-
val under very mild conditions on the \;’s using standard asymptotic analysis, and
this is the topic of Chapter 4. We also consider endpoint asymptotics, as well as the
behavior of the associated Christoffel functions for special cases. This is the first time

that such asymptotics have been determined for general exponents ;.



Building on these results, we devote Chapter 5 to studies of the zeros of the
Miintz orthogonal polynomials. We get a global bound for the smallest zero on the
interval and asymptotically determine the position of the largest zeros. Moreover we
determine the asymptotics of the spacing of the zeros in the bulk of the interval.

In Chapter 6, we turn our attention to asymptotics outside the interval of or-
thogonality. There, we don’t have a nice formula as for = € (0,1), but using the
method of steepest descent allows us to establish asymptotics for x > 1. In Chapter
7, we determine the asymptotic behavior of the Miintz-Christoffel functions at the
endpoints = 0 and 1. These functions can be written explicitly in terms of the

Miintz orthogonal polynomials, which take on a simple form at the endpoints.

1.4 Notation

The notation for the asymptotic relations used throughout this dissertation are given
in Table 1. Similar notation applies to sequences. We shall sometimes write “locally

uniformly for x in U” when we mean “uniformly for x on compact subsets of U.”

Table 1: Notation for asymptotic relations. Here, f and g are positive functions.

Notation Relation
f(x) =olg(z)) |lim,; .o fx)/g(z) =0

() = O(g(x)) | f < Ag for some constant A
f(x) ~ g(x) lim, oo f(2)/g(x) =1
f(x) )

A1g < f < Ayg for some constants Ap, As

We use the Kronecker-delta notation:

1 ifn=m,

5n,m —

0 if n#m.

The set of real polynomials of degree at most n is denoted by P, and we let P =

U~ P» denote the set of all real polynomials. We define the space of continuous



functions on [a, b] by
Cla,b] :={f : [a,b] — R : f continuous}
and denote the supremum norm over [a, b] by || f|ja5 := Supse(ay [f(£)]- We let
Lyla,b] :={f :[a,b] — R : f measurable and || f||oc < o0} .

and for each 1 < p < o0,

1/p
L,la,b] == {f : [a,b] — R : f measurable and || f|, = (/b |f(t)]pdt) < oo} .

We shall frequently use the notation

1

for each real number A, and similarly for sums, we sometimes write

n n—1
1
Eak = Zak + §an. (1.4)
k=0 k=0

For a given sequence {A;}32,, let

n n—1

Suo= DN =D AEA
k=0 k=0
Sn

On = —3
x27
)\n

and also let ¥, := 25, = 3170 (2Mx +1) +(2), +1)/2 for each n. Furthermore, define

n—1

1 1

2]

T, =
=\

(1.5)

=%

k=0

and note that the growth of 7,, determines the denseness condition (1.2).



CHAPTER 11

BACKGROUND

2.1 Orthogonal polynomzials

Let u(x) be a non-decreasing function with infinitely many points of increase on an

interval (a,b) (finite of infinite) and assume that the moments are finite, that is
b
/ |z|"dp(x) < oo, n=0,1,2...
Then a set of real polynomials {p,}>2,, with
pn(x) = pn(,u7 l’) = ’Ynl‘n +- € Pn \ Pn—h n = Oa ]-7 27 ce

is said to be orthogonal over (a,b) with respect to the measure p if

/ P ()P (z)dp(z) = 0, m # n. (2.1)

The elements {p, }>>, can be obtained by applying the Gram-Schmidt process to the
monomials 1, z, 22, 23,... . They can be made uniquely determined by imposing some
additional conditions on p,,, such as fixing the value of p,, at either one of the endpoints

or taking the leading coefficients ~,, as positive and requiring the polynomials to be

orthonormal with respect to u, i.e.

b
/ () pm()dp(z) = 8y, m,n=0,1,2,...

If 1 is absolutely continuous, then we can write du(x) = w(z)dzr, where the
weight function w(z) is non-negative and Lebesgue measurable with positive measure
on (a,b). Given the condition (2.1), in this case we say that {p,}>>, is orthogonal

with respect to the weight w(x).



In this setup, {p,}2, is linearly independent and every polynomial @, € P,
can be uniquely written as a linear combination of pg, p1,...,p,. Then from (2.1) it

follows that
b
/ pu(z)z dp(z) =0, k=0,1,...,n— 1.
The following property characterizes orthogonal polynomials and is the source of

many important applications [7, 15, 45, 54]:

Theorem 2.1 Fach set of orthonormal polynomials (take ~, > 0 for all n) satisfies

a three-term recurrence relation of the form
TP () = appPri1(x) + bppp(x) + apn_1pn—1(x), n=0,1,2,... (2.2)
where p_1 :=0, a_1 =0, ap = Yn/Yns1 > 0, and b, € R.

A converse to this result is given by Favard’s Theorem: given sequences {a,} and {b,}
of real numbers with a,, > 0 for all n, if we define a set of polynomials recursively via
(2.2), then there exists a measure p with respect to which the polynomials form an
orthogonal set.

Another fundamental result, with obvious connections to approximation theory,

is the following extremal property [12, 15, 54]:

Theorem 2.2 The polynomial

Qu(w) = —p(piz) ="+

is the unique monic polynomial of degree n of minimal Lo(p)-norm; that is, @Q,, solves
the extremal problem
b
. n 2
. 2d '
o, | 2" + - [du(x)
The zeros of orthogonal polynomials play an important role in interpolation theory,

Gauss-Jacobi quadrature, spectral theory and the design of digital filters [43, 44]. The

following property is basic:

10



Theorem 2.3 The zeros of each member of a set of orthogonal polynomaials are real,

simple, and lie in (a,b).

Given a set of orthonormal polynomials {p,}5°, associated with the measure

on (a,b), define the associated reproducing kernel by

K, (z,y) = Zpk(l’)pk(y)

The name given to K, (z,y) is drawn from its most fundamental property: for each

polynomial @,, € P,

b
Qo) = [ Kalt.2)Qult)dle). (23)
The classical nth Christoffel function associated with 1 is defined by
b
M) = APosgia)i= ink, [ |Qu (0 dute). (2.4)
Qn(z)=1 “

It turns out that the reproducing kernel solves this minimizing problem, and conse-

quently we can write the Christoffel function in terms of the orthogonal polynomials

[15]:

Theorem 2.4 Let {p,(z)}>2, be the orthonormal polynomials with respect to the

measure {1 on (a,b). Then
(i)™ = Kz, 2) = ) |pi()]”
k=0

Using the three term recurrence relation (2.2), one can prove [54] the Christoffel-

Darboux formula

K, (z,y) = 2 Poct@)Pn(¥) = P(@pnnly)

Tn+1 r—y

By taking the limit as y — =z, this yields the identity

Ko(z,7) = j— [P (2)pn(@) = Py (@)pasa ()]

11



The Christoffel-Darboux formula can be used to prove the Gauss-Jacobi quadra-

ture formula [15, 54]: for each polynomial (s, 1 of degree at most 2n — 1,

/ Q2n 1 d,LL Z)\anQn 1('rkn)

where 1, > xa, > -+ > x,, are the (fixed) zeros of the orthogonal polynomial
pn(p; ), and the Cotes numbers (or Christoffel numbers) A, = A\gn(p) are given in

terms of the Christoffel functions as

)\kn:An(ﬂ;ka), 1{1:1,2...,n,

)

and they only depend on the measure pu.

Christoffel functions have proved to be important tools in the theory of orthog-
onal polynomials and approximation theory. They have been applied to problems
involving quadrature formulas, interpolation theory, zeros of polynomials, polyno-
mial inequalities and the moment problem [15, 36]. Furthermore, there is a close
connection to the circular unitary ensemble of random unitary matrices, a field that
has drawn a great deal of attention in recent years and has underlined the importance

of orthogonal polynomials [19, 28, 30, 45].

2.2 Classical polynomials and their asymptotic properties

Here we introduce the classical polynomials (see Table 2.2), which are of importance
in applied mathematics and numerical analysis. We shall look at some of their asymp-
totic properties, especially those that are important in the scope of this thesis. Indeed,
some of the results of our research gives a new approach in establishing these classic
asymptotics. Furthermore, we will look at the asymptotic behavior of the associated
Christoffel functions.

The strong asymptotics are well known from Szegé’s monograph [54]. For each
case, there are two problems to consider. One is the behavior of the orthogonal

polynomials p,(x) as n — oo for x outside the interval of orthogonality (real or

12



Table 2: Classical orthogonal polynomials, following Szegé [54]

Type Weight Leading Normalization
coefficient

Legendre poly. P,(z) | w(z)=1on [—1,1] 27(12(:3;2 P,(1)=1

Jacobi poly. Pﬁa’ﬁ)(:v) w(z) = (1 —2)%(1 + 2)° 2%(2n+§+6) quaﬁ)(l) _ (n;;a)
on [—1,1] for a, f > —1

Laguerre poly. £ (z) | w(z) = e"z* on [0, ) = £570) = (")
for a > —1

Hermite poly. H,(z) | w(z)=e* on R 2"

complex) and the other for x on the interval of orthogonality. In general, the second
problem is more difficult, since there the elements exhibit an oscillatory behavior.
The classic approach is to apply the method of steepest descent (see [38, 54]) to a
contour integral representation for the respective orthogonal polynomials. The results
can also be obtained by examining the second order linear differential equations they
satisfy, or via the associated generating function.

The following asymptotic formulas for the Legendre polynomials P, (x) are well

known, see Szeg6 [54, p. 194]:

Theorem 2.5 (Formula of Laplace) For each 6 € (0,7),

Py(cos) =4/ WL;HQ cos ((n + %) 0 — %) +0 (n%?). (2.5)

The bound for the error term holds uniformly for 6 in compact subsets of (0, 7).

Theorem 2.6 (Formula of Laplace-Heine) Ifx € C\ [—1,1], then as n — oo,

1 [o 4 (@2 — 1)z

Po(x) ~ 5 (22 — 1)1/4

(2.6)

Here (22 — 1)Y* (22 — 1)V% and [z + (2 — 1)'/?] "2 ure real and positive if x is
real and greater than 1. This formula holds uniformly in the exterior of an arbitrary

closed curve which encloses the segment [—1,1].

13




G. Darboux, see [8] and [54, p. 196], was able to extend the results above to the

Jacobi polynomials.

Theorem 2.7 For each 0 € (0,7),

1 cos ([n + a+§+1} 6 — (a+12/2)”>

Vn sm(0/2)] Ecos(0/2)]FF 12

The bound for the error term holds uniformly for 6 in compact subsets of (0,7)

P9 (cos ) = +0O (n732). (2.7)

Theorem 2.8 Let o, > —1. If z ¢ [—1,1], real or complezx, then as n — oo,

[(2 + 1)1/2 + (z - 1)1/2]a+ﬁ [z + (22 _ 1)1/2]n+1/2
(27n)1V/2(2 — 1)2/2(2 4 1)8/2(22 — 1)1/2

P () ~ (2.8)

and this formula holds uniformly in the exterior af an arbitrary closed curve which
encloses the segment [—1,1]. The determination of the multivalued functions is obvi-

ous.

An important consequence of this result is the nth root asymptotics for the Legendre

and Jacobi polynomials: For z ¢ [—1, 1],
lim |P,§O"B)(z)|1/” = |z + (22 — D)V2.

The function ¢(z) = z + (22 — 1)'/2 that appears on the right hand side is the well
known conformal mapping that maps the cut plane C\ [—1, 1] onto the exterior of
the unit circle.

The endpoint limit asymptotics are also important, and the main result is the

following [54, p. 192].

Theorem 2.9 (Formula of Mehler-Heine) Let o, 5 > —1/2. Then uniformly for

zin C,

2 2 a
lim P (COS 3) = lim P9 (1 — Z—) = (—) Ju(2), (2.9)

n—-—auoQo n n—:ao

where J, is the Bessel function

Ja(z) =" (_.1)n(z/2)a+ iy (2.10)




This gives the asymptotics as we approach the endpoint = 1, and the asymptotics
close to the left endpoint x = —1 follow directly via the identity [54, Section 4.1]
PP () = (=1 B (~),

We can now proceed and obtain asymptotic formulas for the Christoffel functions.
First we deal with the endpoints, and the result can be proved directly from Theorem

2.4 since the function values of P{*” )(—1) are well known [37, p. 85].

Theorem 2.10 The Christoffel functions associated with the Jacobi weights w(®P) (z) =

(1 —2)2(1 + x)P satisfy the following asymptotic relations at the endpoints,

lim n222\, (w @ 1) = (a4 1)2°7 1 (a +1)%,

lim n?* T2\, (w ™ —1) = (B4 1)2°PHD(3 + 1)2

The following result gives the asymptotics on the interval of orthogonality [37, p.
85].

Theorem 2.11 For each x € (—1,1), we have

lim nA\(w@? 2) = 7(1 — x)*TV2(1 4 2)P+1/2,

n—o0

For x outside the interval we have the following result:

Theorem 2.12 Let a, 3 > —1. If x ¢ [—1,1], real or complez, then

2+ (o — 1)(e —1)*(w + D)1~ [6(a)|
|(:L‘ + 1)1/2 + (x _ 1)1/2|2(a+5) ’¢(x)|2”+1 )

Mw@?); 1) ~ (2.11)

where ¢(z) := x + (2 — 1)Y2. This formula holds uniformly in the esterior af an

arbitrary closed curve which encloses the segment [—1,1].

Finally, we recall the asymptotics of the Laguerre polynomials on and outside the

interval of orthogonality.
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Theorem 2.13 (Formula of Fejér) Let o € R. For each x > 0, as n — o0,

em/2

N ar w /2
L (z) = N (2 Vi = 5 = Z) +O () (2.12)

and this holds uniformly for x in compact subsets of (0, 00).
Theorem 2.14 Let o € R. Then uniformly for bounded z € C,

lim n°L (%) = 2], (252, (2.13)

n—oo

Theorem 2.15 (Formula of Perron) Let a € R. For each x € C\ [0,00), as
n — oo,

ear:/2

(@) —
Ly (x) = 2/ (—x)/Atal2p1/i-ar2

62(—nz)l/2 |:1 + O (n—1/2)} 7 (214)

and this holds locally uniformly for x in C\ [0,00). For x < 0, (—z)"/4**/% and

(—2)Y2 must be taken real and positive.

2.3 Miintz polynomaials

In the introduction of this thesis, we saw how the density of the Miintz polynomials

> o (2.15)
k=0

in L,[0,1] is related to the growth of the exponents A = {A\;}. The celebrated
Theorem of Miintz [1, 7, 16] in one of its most general form asserts that if the A\;’s
are distinct real numbers greater than —1/p, p € [1, 00), then the functions (2.15) are
dense in L,|0, 1] if and only if

N+

2
k=0 ()\k+ %) +1

= . (2.16)

If we assume that inf;>o{Ar} > —1/p, condition (2.16) is equivalent to

o

1
> it (2.17)

k=0

D=

16



Furthermore, assuming that the constant functions are included (i.e. Ao = 0), and
infy>1 A > 0, (2.17) is also equivalent to the denseness of (2.15) under the supremum
norm in C[0, 1].

A1
).

A system of the form (2?0, 2", ...) is called a Miintz system, and we denote the

corresponding Muntz space by
M(A) = U M, (A) = span{z* 2™ ...},
n=0
where we let M, (A) := span{z*, 2™, ... o’} for each n =0,1,2,....

2.4 Muiintz orthogonal polynomaials

The nth Miintz-Legendre polynomial associated with A is defined by

n—1
1 1t
Lp(z) == Ly(A; ) = — : 11 ttAtl @ dt, (2.18)
k=0

- 2mi t—M t— A,
where the simple contour I' surrounds all the zeros of the denominator of the inte-

grand. In the case when the Miintz sequence A satisfies the conditions
A > —1/2, n=0,1,..., and e N, JF#Kk, (2.19)

a straight-forward application of the Residue Theorem shows that the Miintz-Legendre
polynomials are indeed elements of the corresponding Miintz space and for each

n=0,1,2,...,

n

L,(A;x) = Z Chn @ (2.20)

k=0
with the coefficients
[T+ + 1)

Ckn = oy s k:O,l,...,n.
Hq;g(kk —Aj)
J

The Miintz-Legendre polynomials are orthogonal in L»[0, 1] with respect to the

Legendre weight. For the sake of completeness, we give a proof here [7]:

17



Theorem 2.16 Let A = {\;} be a sequence of real numbers greater than —1/2. For

alln,m=0,1,2,...,

5n,m

BorT) (2.21)

/1 Ln(A;x) L (A; x)de =

Proof. Tt suffices to prove this for distinct A\;’s; if they are non-distinct we can use
the fact that L, (A;z) is uniformly continuous with respect to individual A;’s for x in
compact subsets of (0, 1) and therefore treat this case using a limit argument.
Without loss of generality, we can assume that m < n. Since A\, > —1/2 for all k,
we can choose the contour I' in (2.18) so that Re(t) > —1/2 for all £ on I". Then for
each t on I', Re(t + A\,,,) > —1 and f01 pmdy = (t + A, + 1)7%. Applying Fubini’s

Theorem then yields

! t4+ A+ 1 dt
Ln(A; )z mde = — )
/0 (Ajw)arrde = 2m/FH = (=)t + Am + 1)

If m < n, then the new factor t + \,, + 1 in the denominator can be cancelled and we

have no new pole. Therefore we can change the contour I' to [t| = R > maxo<j<, A
and let R — o0, and the integral then clearly vanishes. If however m = n, the factor
t 4+ A + 1 gives a new pole at t = —\, — 1 < —1/2. Using the same treatment as
above the only change is that we get a contribution when I' passes through the new

pole. The Residue theorem gives

1 n—1
A+ A 1
L,(A: p)ade = —
/0 (Asz)ode g—An—Ak—l—)\n—An—l
1
2\, + Vepn’

where ¢, ,, is the leading coefficient from (2.20). It follows that

1 1
)
Lo(x) L, (2)dx = ¢y | Ln Ay = — M

18



It immediately follows that the functions
L= 2\, + )L, (2.22)

are orthonormal in L0, 1].
From the definition in (2.18) it is clear that the ordering of the first n — 1 Miintz

exponents does not make a difference, i.e.
Ln({Ao(0); Ao(1)s - - s Aa(n=1)s An}; ) = Ly (A; ), (2.23)

holds for all  and every permutation ¢ on {0,1,2,...,n — 1}.

The following identity is proved in [6] and will come of good use:

Theorem 2.17 Let A = {\,}32, a sequence of distinct real numbers greater than

—1/2. Then the associated Miintz-Legendre polynomials L, (x) = L,(A;) satisfy

n—1

wL),(x) = 2\ + 1) Li(x) + AL (z)

k=0

for every x € (0,1] and every n =0,1,2,...
It turns out that the Miintz-Legendre polynomials are always 1 at = =1 [6]:

Lemma 2.18 For the Miintz-Legendre polynomials defined in (2.18) we have L, (1) =
Land L,(1) = 0202\ + 1) + A\, for alln =0,1,2, . ..

We can extend the definition of the Christoffel functions (2.4) by taking more
general function spaces. Here we are interested in examining the nth Christoffel
function associated with the Miintz space M,,(A) over the Legendre weight w(x) = 1
on [0, 1], namely

1

MM, (A);x) := inf 2(t)|dt. 2.24

(i) = w140 224
Qx)=1

In the same way as for the case of algebraic polynomials, one can show that

n

MM, (A);2)™h = L)), (2.25)

k=0
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where the L}’s are the orthonormal Miintz polynomials (2.22).
The Miintz-Christoffel functions have been used by Borwein and Erdélyi [6, 7]
in establishing Markov-Bernstein inequalities, and they have been connected to the

denseness of the corresponding Miintz-space:

Theorem 2.19 Let A = {0 =X g < A\; < Ay < ---} be a sequence of integers. Then

the following statements are equivalent:
(i) M(A) is not dense in C[0,1] in the uniform norm,
(ii) > o Ay < 00,
(iii) There is an x € [0,1), such that > ;- |Li(x)|* < oo,
(1) >0 |Li(z)]* < oo converges uniformly on (0,1 — ] for every 0 < e < 1.
For parts (iii) and (iv), note that Y pe o | L (x)]* = lmy, oo Ap(M(A); 2) 71

We can also define the analogue of the Jacobi polynomials. For the weights

w® (x) = 2%, B> —1, the nth Miintz-Jacobi polynomial is defined by

L(’g)(:p) = L;ﬁ)(/\;x) =

n

t, (2.26)

+—B/2 /"1t+)\k+ﬁ/2+1 !
27TZ Fk

d
t—X—0/2 t—X\,— /2
where the contour I' encloses the zeros of the denominator of the integrand. They

satisfy the orthogonality condition
1
/ L (2) LV (2)2Pdx =
0

Note that w(® () corresponds to the classical Jacobi weight w®?)(z) = (1 + x)? on
[—1,1], and this can be seen by mapping [0, 1] to [—1,1]. It is easy to see that for
each n,

LP(Asz) = 2792 L, (A + B/2; 2), (2.27)
so our result for the Miintz-Legendre polynomials also applies for this class of func-

tions.

20



We pause here to emphasize an important aspect of the nature of Miintz-Legendre
polynomials. The orthogonality in (2.21) is only with respect to the trivial Lebesgue
measure w(x) = 1, which at first might appear highly restrictive. However, instead of
looking at differents weights, here we have the freedom of manipulating the exponents
{Ae}. A simple demonstration is (2.27), where we have absorbed the Jacobi weight
into the exponents of the Miintz-Legendre polynomial on the right hand side. We can

also consider Miintz polynomials of the form

n

E on
Cpx™

k=0
for some constant p. Here )\, = pn, and using the substitution ¢ = x” in the orthog-

onality condition (2.21) yields

1 1
(2571—711) — _/ Ly (A tYPY L (A Y/ 9) e P~
n P Jo

Clearly L, (A;t'/7) € P, and it is easy to see that indeed, L, (A;t'/?) = Lg/pfl)({k}; t).

In Section 2.4.2 we shall see that the Miintz-Legendre polynomials cover a large
class of orthogonal systems, including orthogonal polynomials associated with differ-
ent weights. Among these are many of the classical polynomials, orthogonal expo-
nential sums and generalized Legendre polynomials. Our results on the asymptotic
behavior of the Miintz-Legendre polynomials therefore also apply to these special

cases.
2.4.1 Zeros of Miintz orthogonal polynomials

In their paper [6], Borwein, Erdélyi and Zhang study the zeros of the Miintz-Legendre
polynomials. They discuss their interlacing and lexicographical properties and uni-
versally estimate the smallest and largest zeros through the zeros of Laguerre poly-
nomials. Given (2.19), the Miintz polynomials form a Chebyshev system on (0, 00),
so any nonzero element » ,_o gz has at most n zeros in (0,1]. The following are

basic properties.
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Theorem 2.20 Let A = {\,}>°, satisfy (2.19). Then for everyn =0,1,2,...
(i) L,(A;-) has exactly n zeros in (0,1).
(ii) The zeros of L,_1(A;-) and L, (A;-) strictly interlace.

We denote these zeros by

0 <lpp<lp1p<-<logp<l,<L (2.28)

(n) ._

min 7

In [7, pp. 136-137] a global estimate for the zeros is given: If we let A
min{ g, ..., \,} and AW, = max{Ag, ..., \,} then

2 1 —j?
exp —2% <y <+ <y, <exp J1 o) (2.29)
20, 41 2(2n + 1)(2Amax + 1)

min

where j; is the smallest positive zero of the Bessel function Jy defined in (2.10).
D.S. Lubinsky and E.B. Saff [24] have determined the zero distribution of the
Miintz extremal polynomials 7, ,(A) with respect to the L, norm, which satisfy

n—1
i — g cjxkj

Jj=0

15,5 (A) ||Lp[0,1] = o micn

""" n—1

L,[0,1]

Indeed, if
An

lim — =«
n—oo M,

for some o > 0, then the normalized zero counting measure of 7,, ,(A) converges

weakly to
a ta_l

NG

If @« = 0 or oo, the limiting measure is a Dirac delta at 0 or 1 respectively. In the

(2.30)

case when p = 1, we have the (monic) Miintz-Legendre polynomials.
2.4.2 Examples of Miintz orthogonal polynomials

Classical polynomials. If we let A, = n for all n and map [0,1] to [—1,1] via

x +— 2x — 1, we can write the Legendre polynomials in terms of the Miintz-Legendre
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polynomials; indeed we have

1

Pu(z) = L, (NO; x; ) (2.31)

and if we take x = cosf € [—1,1], § € [0, 7] then P,(cosf) = L, (cos? (0/2)).
Similarly, if we let A\, = n + (/2 for all n, then the Jacobi polynomials with

respect to the weight w®? (z) = (1 + x)” on [~1, 1] satisfy

1
PO () = L® (NO;“ ) (2.32)

where we use (2.27) in the last identity. It follows that

L, (No + 2;cos? (6/2))
cos? (0/2)

pLo.0) (cosf) =

n

for all 6 € [0, 7].
In [6, pp. 525-526], an interesting identity is proved: If we let A, = A, a constant,

for all n, then we get the Laguerre polynomials via the formula
Lo(A; ) = 2L, (—(2X + 1) log ).
In particular if we let A = 0 and y = — log z, we can write
La(y) = La({0}; 7). (2.33)

Exponential sums. For a given sequence II = {;} of positive real numbers, con-

sider the class of exponential sums of the form

n
E akeﬂ%t
k=0

which have applications in non-linear approximation, particularly for decay processes.

We define E,,(II; t) € span{e ot e #1t . e Fn!} via the orthogonality condition

o 0
E,(1;t)E,,(IL; t)dt = —=, n,m=0,1,2,... 2.34
| B s, - e 234
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Using the substitution = e~ in the orthogonality condition (2.21) for the Miintz-

Legendre polynomials L, (A; z) associated with the sequence A = {\;}, we can write

0 o
n,m L, A ; —t L,, A : e ldt
V2\, +1 /0 (As€™) Lm(Ai e )e

= /Ooo [Lo(Ase™)e ] [Lin(A; e M)e 2] at.

Then since L, (e~*)e™/? is of the form Yy _,are”™ M/ we see that by letting

fn = Ay + 1/2 for each n, we have
E, (II;t) = L,(A; e e 2, (2.35)

In our results below, we introduce a formula (3.2) for the Miintz-Legendre polynomials
L,(A;x). We shall see that the formula takes an especially nice form if written in
terms of the orthogonal exponential sums E,, (II; ).
Generalized Legendre polynomials. Consider the Miintz system obtained by
letting

Aok = Aog1 = K, kE=0,1,2,....

When orthogonalizing this system in the Miintz sense (2.21), one should interpret
this by setting \ox = k, Aogr11 = k + € and then letting ¢ — 0. The associated

(2n + 1)st Miintz-Legendre polynomial is

1 IS+ R+
s o o Th(t — k)2

where I' encloses t = 0,1,...,n. Since each pole is double, and %a:t = (logx)x!, it

Gn(®) = Lansa (2) (t+n+1)2'dt,

follows from the residue theorem that for each n, we can write

Gn(x) = pp(z) logx + (),
for some algebraic polynomials p,, ¢, € P, of degree n. It follows that [7, p. 373]

1
/ Gn(z)zhdz =0, k=0,1,...,n,
0
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and
1
/ Gn(z)(log z)z"dx = 0, k=0,1,...,n—1.
0

Therefore, the functions G, (z) generalize the Legendre polynomials in the sense of
multiple orthogonal polynomials of type IT (see Aptekarev [2] for detailed definitions).
In [7, Appendix 2], these elements are used to reproduce Apéry’s proof of the irra-
tionality of ((3).

Naturally, we can do this more generally: For a given natural number ¢, if we

define the sequence A = {\;} such that
Aghotr =k, r=0,1,...,q—1, k=0,1,...,
then similarily we get orthogonal functions of the form

Zp logx

where p{F) (x) € P, and

1
/ Gn(z)(logz) z"dx = 0, k=0,1,...,n—7.
0

forall j=0,1,...,q— 1.
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CHAPTER II1

A NEW REPRESENTATION FOR MUNTZ
ORTHOGONAL POLYNOMIALS

In this chapter we present a formula which, for = € (0,1) on the interval of orthog-
onality, expresses the Miintz-Legendre polynomials as a real oscillatory integral on
[0, 00). The formula involves a simple “measure” of the spacing of the exponents {\x}
in a form of a Riemann-like sum and is an actual mid-point Riemann sum in the case
of the classical Legendre polynomials.

In particular, the formula gives a new expression for the classical Legendre, Jacobi
and Laguerre polynomials (with o = 0) on their respective intervals of orthogonality.
Furthermore, since the representation is in the form of a Lebesgue-type oscillatory
integral, this provides a direct way to obtain their asymptotics for x inside the interval
of orthogonality. The result is published in the paper [48], “Asymptotic behavior of

Miintz orthogonal polynomials.”

3.1 Mawn Result

The formula is introduced here.

Theorem 3.1 Let A = {\;} be a sequence of real numbers. For alln and x € (0, 1),

we have the representation

— slog x]

) 1 ° sin[®,,(s)
nnn = | S e

ds, (3.1)

where

n—1 « N
1= 2wt () < (5

and X, = A\, +1/2, for all k.
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When determining the asymptotic behavior of L, (A;x) it will be useful to use a

different scaling in the integral, and therefore we state an alternative representation.

Corollary 3.2 Let A = {\;} be a sequence of real numbers. For alln and x € (0,1),

we have the representation
L (Aiz) = 1 /°° sin (2X% [R,(t) — tlogz])
™z Jo V142

dt, (3.2)

where

n—1
1 Py 1 1
R,(t) = e { E arctan )\_*Jt + 5 arctan E} :

J=0

and N, = X\ +1/2, for all k.

Remarks (1) Using the identity arctan(1/t) = 7/2 — arctant, it is easy to see that

we can also write

' (1) [ cos ()\;"L [QEn(t) + tlog x])
Lnlhiz) = Ve /0 V1t

dt, (3.3)

where

R, (1) ! {nz_l fan 22 4 L arct t}
W) = arctan —t + — arctant o .
Y= X2

n

(2) By introducing the probability counting measure
vn(s) = — E 1+ 15{1}(5) ,
n* 2
X1 /A5 <s

it is easy to see that we can write
! S
2A' R, () = (2n + 1)/ arctan Zdl/n(s)'
0

The proof of the formula above is similar to an approach of Milovanovié¢’s in his
paper [31]. However our main observation is the simple fact that on the critical line
Re(z) = —1/2, the modulus of the product of the integrand in (2.18) is 1. This is
true for all real sequences of exponents A and it is quite remarkable that we have the
same critical path for this large class of functions. This allows us to write the Miintz

orthogonal polynomials as a real integral over the positive real line.
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3.2 Special cases

In the case of the classical Legendre polynomials P, we have A\, = n for all n and we

saw in (2.31) that

1
Puta) = L (M 5.

What is interesting in this case is that the phase function R, in (3.2) is precisely a mid-
point Riemann sum with partition {0,1/n* 2/n* ... n/n* 1}, where each interval
has length 1/n* except the last one which has length 1/(2n*). Then for each t, as

n — 00,

Ro(t) /1 tan Ldu + 0 (=
n = arctan —du —
0 t n?
1t 1 1
= arctan¥—§log <1+t_2) —1—(9(?).

Therefore, and we shall do this rigorously in Chapter 4, as n grows we can replace
R, (t) with the function arctan(t~') — (¢/2)log (1 +t~2). Using the substitution ¢ =

cot u we see that P,(cos26) = L, (Np;cos*6), 6 € (0,7/2), will have the behavior of

cosf

1 ™/2sin ((2n + 1) [u + cot ulog COS“Dd
/0 sin u v

m cos 6

The phase function p(u) = u+cot ulog (cosu/ cos #) has a simple monotone derivative

p'(u) = — csc? ulog (cosu/ cos ), and hence the unique stationary point u = @. Thus

a simple application of Kelvin’s method of stationary phase (see Olver [38]) gives a
new simple proof of the Formula of Laplace of Theorem 2.5.

Similarly, we get new proofs for the asymptotics of the Jacobi polynomials and

Laguerre polynomials via (2.32) and (2.33) respectively. Indeed, for y € (0,00), via

our formula (3.2), the Laguerre polynomials can be written in the simple form

ey /°° sin ((2n + 1) arctan 1 + ty) "
0

T
and standard asymptotic analysis yields Fejér’s formula of Theorem 2.13.
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Using the identity (2.35), it is easy to see that for the orthogonal exponential
sums E,({u}; z) on the space span{e #of e7#1t . 1 defined in (2.34), the formula

yields

E.({m};y) = L[ ein (@) +ty)

T Jo 2+ t?

with U,,(t) = 2 Z}:& arctan (y1;/t) + arctan (p,/t).

dt,

3.3 A proof of the formula

The main ingredient in our recipe for the formula for L, (A; z) is the simple fact that
on the line Re(t) = —1/2, the product of the integrand in the definition (2.18) has

modulus 1; i.e. for all n and t = —1/2 +is, s € R,

n—1 n—1 .

t+ A 1 A 1/2
1 t—k; =11 —(§+ {;HS' N (34)
o k o ( k+ / )+Z8

Hereafter, let " be the closed half-circle consisting of the line segment from —1/2—iR
to —1/2 + iR, and the semi-circle Cr = {—1/2 + Re";0 € [~7/2,7/2]} with R >

An +1/2 (see Figure 1). From now on we write A\j = A\, + 1/2 for all £.

v

Figure 1: The contour I' chosen in (2.18). We then let R — 0.
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First we prove a lemma (see a similar result in [31]):

Lemma 3.3 We have

1 t
/ Ht+)\+ * dt — 0, R — o0.
CR )\n

Proof. Denote the integral above by I,,(z). Then we can write

1 m/2 n_1 A+ Rew Rew log =
J

I(1) = — i Re™db.
LRV N S v s v A
By writing
n—1 * 0 n—l A —i@
A} + Re 1 _ 1 H I+ % 1
—Ai+ Re® —\; + Re|  RIL17_ Je 0 ‘1 — 2he—if 7

it is clear that for a sufficiently large R, there exists a constant M > 1 such that for

all 0 € [—m/2,7/2],

T A+ Re® 1 _M
—\i 4 Re?? —\; + Re®| = R’
Hence if we let ¢ := —logx > 0, we obtain
oM [T/
| ( )| < e—cRcosBde

\/_

and the result now follows from Lebesgue’s Dominated Convergence Theorem. [J

Proof of Theorem 3.1.  According to the lemma, the contour integral in (2.18)

can be evaluated along the line L : Re(t) = —1/2. We saw in (3.4) that for every

t = —1/2+is, we can write the product in the integrand as
(5 N s
wp(s) == —_—,

with |w,(s)] =1 for all n and s € R. We can write
wn(s) = (_1)7162'971(5)’

30



where 0, (s) = 2 Z;:(} arctan (s/\7) € R. Furthermore, we have

wn(s) B (_1)n+1ei@n(s)

—N s /AT s?

where

O,.(s) = O,.(s )+arctan( ) - QZarctan( ) + arctan (;) .

Then if we let ¢ = —logxz > 0 we can write (2.18) as (the negative sign comes from

reversing the orientation)

1 00 X z[@n(s) cs]
Lo(A:z) = L‘S)‘e—m / &t
2m\/x J_o =5+ s 27r\/_ VAT g2
Since s — O,(s) — ¢s is odd, it follows that

> cos[© — cs]
7T\/_ V /\* + 52

Using the relation arctanx = 7/2 — arctan(1/z) we can write

Ln(A;zx) =

ds. (3.5)

n—1
Ny \F
On(s) = (2n + 1)% — <2 Zarctan?] + arctan f) = (2n + 1)% —®,(s).
=0

The result now follows from the identity cos(O,(s) —cs) = sin ((2n + 1)) sin(®,(s)+
cs) = (—1)"sin(P,(s) — slogz). O

Proof of Corollary 3.2. The representation in (3.2) is arrived at by using the substi-
tution s = A%t in (3.1) and letting R, (t) = ®,(A\5t)/(2A}) for all n. O
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CHAPTER IV

ASYMPTOTICS ON THE INTERVAL OF
ORTHOGONALITY

Most of the results of this chapter appear in “Asymptotic behavior of Miintz orthogo-
nal polynomials” [48] and “Endpoint limit asymptotics of Miintz-Legendre polynomi-
als” [49]. We shall use the representation (3.2) to determine the asymptotic behavior
of the Miintz orthogonal polynomials for = € (0, 1) on the interval of orthogonality.

First we present a result on the endpoint limit asymptotics close to the endpoint
x = 1 under very weak conditions on the exponents. This generalizes the Formula of
Mehler-Heine in Theorem 2.9 and the Formula of Fejér in Theorem 2.13 for the case
a = 0 and we believe the proof flows quite naturally from the perspective of Miintz
orthogonality.

Next we prove strong asymptotics of L, (A; z) for x inside (0, 1). The formula (3.2)

holds for all real exponents A = {\;} and it turns out that the density condition

=1
z::)\k+ = 0 (4.1)

k=0

[

(this is condition (2.17) in Muntz’s Theorem for Ls[0,1]) appears in a very natural
way in the analysis of the phase function of (3.2), along with the sum of the exponents
> j—o (2A; + 1). Essentially we only need to assume (4.1), apart from when we are very
close to being non-dense, in which case we need to impose the very weak regularity

condition
n

> @\ +1) = o (4.2)

!
n1—>nc}o 20\, +1

We shall in particular look at the case when the Miintz exponents are asymptotic
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to an arithmetic progression, i.e. such that
n
lim — = p, (4.3)

for some constant p > 0. In particular, this provides a new proof for the asymptotic
properties of the classical Legendre, Jacobi and Laguerre (o = 0) polynomials inside
their respective intervals of orthogonality.

Finally for special cases we get immediate corollaries for the asymptotic behavior

of the associated Miuntz-Christoffel functions on the interval.

4.1 Main results

We start with the endpoint limit asympotics as we approach z = 1. Here we don’t

need to assume the density condition (4.1).

Theorem 4.1 Let A: —1/2 < Xy < A} < Ay < -+ be a sequence of real numbers and
let X = S0 (20 + 1) 4 (2, + 1)/2. If A satisfies the reqularity condition (4.2)

(i.e. X,/(2\, +1) — 00), then uniformly for bounded y > 0,

2
lim L, <e—y2/42n) — lim L, (1 _ Y ) — Jo(y),

n—soo n—o0 43,

where Jy is the Bessel function of order 0 as defined in (2.10). The error term is

O( 2\, + 1)/En) asn — 0.

Remarks Let us discuss the analogy to the classic results (2.9) and (2.13). The
quality of the error term in Theorem 4.1 implies that the scaling with >, is the
“correct” one.

(1) It follows from (2.32) that we can write

2 2\ —B/2 o0 2
pos) (1 Y N (v T (L BU v
" 2n? 4n? +2 b0 4n?

where P,Sw ) is the nth Jacobi polynomial with o = 0. For Ay = k + [3/2 we have
Y, =n?+ (8+1)(n+1/2) which of course grows like n?. Thus (2.9) for « =0 is a

special case of Theorem 4.1.
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(2) We saw in (2.33) that if we let \,, = 0 for all n we get the Laguerre polynomi-
als £ := L. Here ¥, = n+ 1/2 and we can write £(y/n*) = L,({0};e~%™"). Then

it is easy to see that (2.13) (for a = 0) follows from our result.

Before we give the strong asymptotics for fixed z, we give a name to the phase

function that appears in the formula for L, (A;z) in (3.2), namely we let

t
ho(t) == hy(t,z) == R, (t) — élog x, t>0, z€(0,1).

The following result is the most general one, where we only assume the denseness

condition 7,, — oo, as n — o0, and the regularity condition (4.2).

Theorem 4.2 Let A : —1/2 < Xy < A\ < Ay < -+ be a sequence of real numbers
that satisfies the Miintz condition (4.1) and the reqularity condition (4.2). Then for

each x € (0,1), as n — o0,

o cos (2X5 [Ra(ty) — t—"logac] —7r/4) 1
Luldiz) = VT By () (11 £2) <\/)\*R” 1+t2)) ’

where t, = t,(x) € (0,00) is the unique stationary point of hy,(t) = hy(t,x), i.e. such

that R, (t,) = 2logx. The result holds uniformly for x in compact subsets of (0,1).

Remarks (1) The regularity condition (4.2) is weak: Even having A\ < CA:_,.
for some increasing unbounded sequence {m,} and a positive constant C' would be
stronger.

(2) Note that using (2.23), we can relax the monotonicity condition of the expo-

nents, and only require that the \;’s are eventually non-decreasing.

In the case when \,, ~ n/p, for some constant p > 0, and the rate of convergence is
strong enough, the stationary point ¢, converges, as well as h,(t,) = R, (t,) — % logz
and R (t,). However, in order to replace the phase h,(t,) in Theorem 4.2, we need

an accuracy of order o (1/n). In Theorems 4.3 and 4.4, the asymptotics are explicit.
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Theorem 4.3 Let A : —1/2 < \g < A < Ay < -+ be a sequence of real numbers,

and let p >0 and 0 € (0,7/2).

(i) If Ay = (n+B/2) /p+0(1), as n — oo, for some constant 3 > —1, then as

n — 00,

2 :cos([2n+ﬁ+p]9—7r/4) 1
Lo cos™6) vV sin 6 cos2r—1 0 "o vn) -

(it) If \n =n/p+ o(y/n), then, as n — o,

o 2p gy CO8 ([2An, + 1)hp(cot 8) — 7 /4) 1
LaA; cos0) vV sin 6 cos2r—1 0 "o vn)’

where h,(t) = R,(t) — tlog (cosf).

The results hold uniformly for 6 in compact subsets of (0,7/2).

The following theorem is a more general version of Theorem 4.3. Since ¢, is not
explicit, but h, is, it is computationally practical to use successive approximations

from the limit point cot 6 of ¢,,. We demonstrate this using a type of Newton iteration.

Theorem 4.4 Let A : —1/2 < Ny < Ay < Ay < -+ be a sequence of real numbers
such that \, =n/p+o (nl_‘s) for some constant p > 0 and 0 < 6 < 1. Then for each

6 € (0,7/2), as n — oo,

Lo (A cos ) — cos ([2An + 1 hn(ynn) — 7/4) +0< 1 ) ’

Vnsin 6 cos2r—16

NG

where h,(t) = R, (t) — tlog (cosh), and vy, is defined recursively by

h/
VO,NZ’YO:COJC97 Ye+1,n = Vkn — Z(Vk), ]{?:071,2,...7]\[—17

and N is the smallest integer such that 1/2N+1 < §. The result holds uniformly for 0

in compact subsets of (0,7/2).
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Remarks (1) These results can easily be transferred to the Miintz-Jacobi polynomials
via equation (2.27).

(2) Under the assumptions of Theorem 4.4, lim,, . t,, = cot § and lim,, ., h,(t,) =
po.

(3) The classical results of Theorem 2.5 and Theorem 2.7 (with av = 0) are special

cases of Theorem 4.3, part (i).

The following result is a direct consequence of Theorem 4.2. Here we assume that

lim,, ., 0, = 00, which covers all the cases A, = o(n) as n — oo.

Theorem 4.5 Let A : —1/2 < X\g < Ay < Ay < -+ be a sequence of real numbers

that satisfies

. 1 .
n =0

Then for each x € (0,1), as n — o0,

Lo(Asz) = =2 (%’;g:;@f & (Z(zAj + 1))

+o <i(2)\] + 1)) 4 (44)

=0
where t, = t,(x) € (0,00) is the unique stationary point of hy(t) = R,(t) — §log .
The result holds uniformly for x in compact subsets of (0,1).

In Theorem 4.5, t,, = t, () is not explicit. In the next result we make a stronger
assumption for which h,(t,) can be explicitly written in the phase. This includes

all cases when A\, = o (nl/ 3), and a special case are the asymptotics of the Laguerre

polynomials (2.12) (recall the relation (2.33) we obtain by letting A\ = 0 for all k).

Theorem 4.6 Let A : —1/2 < \g < Ay < Xy < -+ be a sequence of real numbers

that satisfies

1 n
lim ———— 5720 +1) = .
n—oo (2\, + 1)4 =
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Then for each z € (0,1), as n — oo,

cos (2 Y| log x| — 7r/4> 1
Ln(Asz) = i o (—)
V7T (S| log z)

S
where ¥, = 377 (20 +1)+(2\, + 1) /2. The result holds uniformly for x in compact

subsets of (0,1).

In the following result, we state the asymptotic bounds obtained from Theorem
4.2 and summarize the bounds from the special cases above. Note that we don’t
have an explicit bound for the case o, — 0, n — oo (then we are close to being

non-dense), since then it is more difficult to estimate the stationary point ¢,,.

Corollary 4.7 Let A : —1/2 < X\g < A1 < Ao < -+ be a sequence of real numbers

that satisfies (4.1). Then uniformly for x in compact subsets of (0, 1),

1
LR =0 (5 ). n— 0,

where t, = t,(x) € (0,00) is the unique stationary point of h,(t) = R, (t) — £logx.
In particular, if 0, — 00, then
n 7%
|Ln(As2)]” = O (Z@Aj + 1)) . n— oo,
=0

and if A, <n asn — oo, then
L, (A;2)]P =0 (n7), n — 00.

In some cases we can use the asymptotics of the Miintz orthogonal polynomi-
als to determine the asymptotics of the associated Christoffel functions, which were

presented in (2.24). The following result is a consequence of Theorem 4.3 (i).

Theorem 4.8 Let A : —1/2 < Ny < A < Ay < -+ be a sequence that satisfies
A= (n+05/2)/p+0(l) as n —> oo. Then uniformly for x in compact subsets of

(0,1),

lim nA (M, (A);z) = p7r\/x2*1/9(1 — xl/r).

n—oo

37



We also get uniform bounds:

Theorem 4.9 Let a € (0,1] and let A : =1/2 < Ay < A\ < Ay < -+ be a sequence

that satisfies A\, < n® as n — o0o. Then uniformly for x in compact subets of (0, 1),

A(M,(N);z) ' =0 (nay) : n — 00.
It is worth mentioning that we always have

Au@mwmxrwxzzugu@uxzm

and therefore, in the case a < 1, Theorem 4.9 implies that the growth of the Christoffel
functions is concentrated at the endpoints. The asymptotic behavior of the Miintz-

Christoffel functions at the endpoints is addressed Chapter 7.

4.2 Proof for endpoint limit asymptotics

Here we present a proof of Theorem 4.1. For notational convenience, we use the sum

Sy = 2, /2 defined in (1.5) instead of ¥,,. We define a sequence of real numbers {b,}

S, 1/2
bmz<;> ., n=0,12,... (4.5)

by letting

By hypothesis S, /A — o0 as n — oo, and therefore b, — 0o as n — oo and

lim 2l _ g, (4.6)

n— oo Sn

With 2 = e7¥"/2% (3.2) becomes

(4.7)

ey2/4Sn /oo sin <@n<t) + )é;‘ggf t) ”
0 V1+t? 7

+ arctan %

L, (A; e’y2/23n> -

™

)
it

where O,,(t) = 2\ R, (t) = 2 Z;:g arctan

We need to analyse the integral

L) /oo exp i <@n(t) + ’\Q%?f t) "
n) = :
! 0 V14t
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From Lemma 4.19 it follows (here ¢ = —ilogz = y?/4S,) that t, < S,/\; as
n — oo uniformly for y bounded. We will show that the main contribution will

come from the part of the integral on [b,,c0). We can write

oo expi (222 4 2"y t
I,(n) :/b (A t - )dt+5o(n>+51<n>+52(n> (4.8)

where

bn €XP 1
) = [
0
o expi (555 + 5. t) 28.
= - j t)— =) —1|dt
f1(n) /b 1+ 2 {exm(@”() A*t) ]

© 198 AP 1 1
- nd —=|at
%2(n) / eXp‘(A:;t s, ) {w—lw J

We first estimate the error terms.

Lemma 4.10 Uniformly for real bounded y, dp(n) = O (\/A;;/Sn> asn — oo.

Proof. First we take out the linear part of the phase function that appears in dy(n)

and write
bn Z@n()
do(n) = t+e
0( ) 0 \/m 0( )
where

b giOn®) [ g2
o) = ;|
o V14t

According to (4.6), we have \ft/2S,, = o(1) for t < b, so this yields

Ney? t 5 )\*b
go(n)] < = t <y*—— =o0(1).

e 0

The function ©,(t) is monotone on [0, c0) so we can make the substitution u = 6,,(t).

Then using integration by parts gives

bn z@)n (t)

bn
=i [ O Cp,(b,) — e Op,(0) — / e'onlt dt> 4.9
[ =i (e, 0,) — O 0) - [0 (49)
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where we have defined p,(t) := —1/0/,(t)v/1+ t2, a non-negative function. The

derivative of p,(t) is
(L+t3)On(t) +10,(1)

1y
Plt) = gy (R (1 + 2y
. ne1l A/ . no1 AU !
Since —@;L(t) =2 Zj:() ()\;f/i,’;)2+t2+1+t2 and GZ(t) =2t <2 ijo [(A;/;;j)2+t2]2 + [1+t2]2)’
we have
1l 2(1 + 2) 1
(1+9)0,(t) +t0.(t) = t|2 25 -
n A* 2 A* 2 1+t2
= () +e | (2) +e
« N
s 2 E) e
- N 2 Y\ 2 2
i () +e (5) 4

Since \j/A;, < 1 it follows that p; () > 0 for all £ > 0. Hence we can estimate (4.9)

by

bu iOn(1) bn
dt| < |pn(by)|+ [pn(0 +/ P, (t)|dt
[t < ol )+ [l
< pn(bn> +pn(0) + pn(bn) - hn(o)

3pn(br).

IA

Using the inequality |0/, ()| > (25,/X5)/(1 + ¢*) and the hypothesis b, — oo, this

yields
bn  iOn(t) *
e dt’ < 3 _0 <)\nbn>
0o V1+12 107, (b)[/1+ 03, S
and the result now follows since b, = (S, /A\;)">. O

Lemma 4.11 Uniformly for real bounded y, d;(n) = O <\//\;§/Sn> as n — 0o.

Proof.  Using the inequality |arctanz — x| < |z|*/3 for || < 1 we see that for
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t>b,>1,

28 . A* ; 1
On(t) /\*77; < Z rctanﬂ - )\Tjt + arctang — E‘
n =0 n
1 n—1 A\
< — |2 _J
- 33 ( ]2; )\Z >
< 1 265,
= 33N

where in the last step we have used A\7/A; <1 for all j =0,1,...,n. It follows that

29 o0 dt S
5 < sv |l =% wp
| l(n)| — 3)\; /bn t3m © ()‘szg’z> ’

and (4.5) then gives |0;(n)| = O <()\:L/Sn)1/2> as n — 0. O

Lemma 4.12 Uniformly for real bounded y, 62(n) = O (X:/S,) as n — o0.

Proof. We trivially have

oo / 2 _
‘(52(7%)] < / Mdt =0 (i) ,
b, V1412 b2

and the result follows since b, = (S,/A\%)"2. O

By using the substitution v = \*ty/2S,, in (4.8) and applying Lemmas 1-3, we
have established that

[y(n):ﬁ;nywci +O(<gn) ) (4.10)

2Sn

as n — 00. To complete the proof of Theorem 4.1 we need the following estimate:
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Lemma 4.13 Uniformly for real bounded vy,

/Ail;fyexpiy(%+v)dvzo ﬁ 1/2 .
0 v Sh ’ '

Proof. Using the substitution s = 1/v we can write

/°° exp 1y (3+ %) s

*

/?;:y exp 1y (% + v)d
———=dv
0

v 2Sn 1 S
)‘:Lb”l )
00 1YSs 00 1YSs
e e 1

= ds + [e’ys — 1] ds
25, 1 8 2Sn, 1 S
Anbn Y Anbn Y
[ele] 18 o)

e ds

= “ds+ 0 = (4.11)
25, S 2Sp 1 S
A bn Ahbn ¥

Alby,
-o(%).

where the estimate for the first integral in (4.11) follows by using integration by parts,

o) eis ' eis S ' o) eis
—ds = —1 — —1 —st.
2Sn S S 2Sn 2Sn S
AF b

NE b, NE b,

nbn

Proof of Theorem 4.1. Recall that

6_y2/45n

Lo (A; e 91250 = Tm[Z,(n)]

7r
and trivially e v*/45 =14+ 0 (1/5,) =1+ 0O (\/)\:/Sn> as n — 00. Then (4.10)

and Lemma 4.13 give

Loty — - [T ULl P ( l) (112)

T v S

as n — 0o and this holds uniformly for bounded y > 0.
If we replace z = e ¥"/25" with z =1 — y?/2S,, and repeat the treatment above,
the estimates for the error terms are the same, but the main term in (4.10) becomes

o expiy (% —U%log (1 — %))

Afbn v

dv
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We have (25, /y?)log (1 —y*/2S,) = =1+ O (S, ?) as n — oo and this holds uni-

formly for bounded y. For any N,, — o0,

(1 28, | y?
Np, exni l—|—7j Nn  exXpy | - — v=3*10g ]'_F
Pty 3 v Yy n
—t  dv— dv
Anbn v Afbn v
25, Y 25n Y
Nn, iy(%—i—v) . 2Sp _ 32
— / : 1 i) ) g,
AL bn,
25, Y v

25, y?
< Nywyll+—1 1— =
< o (1e 5 (1-55))
Ny,
- o(3):
Just as in the proof of Lemma 4.13 we can show that

25

r expiy (1 —virlog (1- 45)) ( i )
N,

(Y

n

By choosing N,, = S,,, we then have

2
o  expiy (%—v%leg (1—29?”)) oo expiy(l—i—v) 1
fee. . = [, o ()
2Sn

as n — oo, and it follows that L, (A;e ¥"/25) — L (A;1—¢?/25,) = O (\//\;;/Sn)
To complete the proof we make the substitution v = e® in the main term in (4.12)

which gives

1 /°° sin (y [2 —HJ])dU _ z/"o sin(2ycoshs)d8.

T Jo v T Jo s

This is a well known representation for the Bessel function Jy(2y) (see [39]). The case
when y = 0 is trivial since L, (1) = 1 = Jy(0) (see [6] for the first identity). Finally,

we note that X, = 25, O
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4.3 Proofs for strong asymptotics; general results

4.3.1 Estimates for the phase function and its stationary point

In our formula (3.2) for the nth Miintz-Legendre polynomial, a key role is played by
the function

hn(t) = hp(t,x) = Ry (t) + tc,

where we have fixed ¢ = —% log z > 0 for our analysis below, and
n—1
1 Xl 1
R, (t) = )\_Z (;O arctan /\_j;]t + 5 arctan ;) .

Note that h,(t) > 0 for all t > 0. Also Al (t) = R, (t) + ¢ where

n—1 J
1 53 1 1
R (t) = —— E > — 4.13
- A

and therefore

Rl (0) = n711+1 +c=-T,+c
& A 2 -

where T), is the sum defined in (1.5). Hence if we assume the Miintz condition

T,, — o0, then A/ (0) < 0 for n large enough. Furthermore

lim A, (t) =c¢ >0,

t—00
and the second derivative

y

2 | & 5 L1
Sy ] T

n—

(4.14)

h () = Ry (t)

<

)\*

n

is positive for all ¢ > 0. Hence we have the following result:

Lemma 4.14 If the Mintz condition Y}, /\% = o0 18 satisfied, then for all n large
k

enough, the phase function h,(t) has a unique stationary point t, in (0,00).

Recall the notation (1.5), (1.5), (1.5) for S,,, 0, and T,, respectively. Hereafter we

assume that the sequence A = {\;} is non-decreasing.
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Lemma 4.15 For alln and t > 0 we have —T,, < R} (t) <0 and

1 [R.(0)] 1
< < —.
1+¢— o, t2

Proof. From (4.13) we see that 0 > R/ (t) > R} (0) = —T,,. Furthermore,

n—1
1 X111 o
R0 < 55 ( Lo+ —) -2,

o\ sz T2
7=0

and since A\j/A; <1 forall j =0,1,...,n,

n—1
1 X111 o
R,(t)| > — - = =—"_.
Fat)] 2 5 (;)\;1+t2+21+t2> 1+ 2

O
Lemma 4.16 For all n and t > 0,
2t RI(t) 2
< < -
L+t — |R(t)] ¢t
Proof. From (4.14), we obtain
o 1 [ 11 2
Ry << — [ > —%—+= = ~|R, ()]
n * 2 £\ 2 2 n Y
NP = (i_J> L 21+t t
and using A\5/\y <1 forall j =0,1,...,n,
_ A
R > 2 = = L1 1 2% )
n\t) Z 35 N2 ' 2 T 5 2" 2 | — PN
L j:()(i_i) 1P 2T T 1+t
]

Combining the results of the previous two lemmas yields the following corollary:

Corollary 4.17 For alln andt > 0,

LR _ 1
14+~ 20, 13
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Lemma 4.18 For alln andt > 0,

RO ()] < SRA(®)

Proof. First, we have

2 AS
G () = = 7
ROW = o [ 4

Here, for all r € [0, 1], 7":2;?;22 = ‘ 3+ Tﬁ:; <3, s0
-« i— 11 3
RO(1)] < 3 " - — ZR'(t

In the following results we give restrictions on the growth of the stationary point

tn, = t,(z) as n grows:
Corollary 4.19 Assume the Miintz condition (4.1). Then for all n,
2 <o,
c
and

tn _ taRi(ta)
241 2¢

< 1.

Proof. This follows directly from Lemmas 4.15 and 4.16, using |R] (t,)| = ¢ for all
n. U
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Lemma 4.20 Suppose the sequence A = {\;} satisfies (4.1). Then, uniformly for x

in compact subsets of (0,1), t,\% — 00 as n — oo. Furthermore, if the reqularity

condition
1
lim — Z A =00 (4.15)

is satisfied, then uniformly for x in compact subsets of (0,1),

lim A2 R/ (t,) = oo.

Proof. Assume t,, < 1. Then for some | = I(n) < n, we have
AN < tph, <A

First we have

A%

2= —2R.(1)) = — ni x o 11
- n\"n o * *\ 2 2
N e (;_]) L 2LEE
1
> _ A+ — 4.16
T 5 10
Xt <tn — i £<1
1 -1 n—1 1
> = N (4.17)
l j=0 j=t "7

Then since )7~ - )\1 < 2¢ while T, = Z;.:Ol = + 57 — 00, it follows that
J n

-1
1
Tl(n)zz)\— T,, n — oo,

and this clearly also implies that [(n) — oo as n — oo. This holds uniformly for =
in compact subsets of (0, 1) since ¢ = —3 logm 1 in such sets. Using the first sum

n (4.16) gives

2t N2 > Z A > Z )\* ~ NPT,

= <ty x5 <tn

and the first result follows from our assumption 7,, — oo, n — oo.
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The same way as in (4.16), we obtain the inequality

A*
42 [ & v 1 1
AR (t,) = -2 n -
n(tn) Af ; e 22+2t3+1
=+ (5)
A B2+ 2]
ﬁqn
1 *
= oo > (4.18)
n°mn )\%<tn
Therefore,
2)\*t2 /l )\*>_ )\*
LR DR SR
)\*<tn

and since | = [(n) — oo, the result follows from our assumption (4.15).

If t, > 1, then use [ = n above and the result is trivial. 0

Corollary 4.21 If \,, ~ n, then t, < 1 as n — oo, uniformly for x in compact

subsets of (0,1).

Proof. Using the proof from Lemma 4.20, we see from (4.17), that in the case A, ~ n,

n—1

1
> Z/\—; ~ logn —logl(n),

since I(n) — oo. Note that ¢ = —logz =< 1 for  in compact subsets of (0,1) so
[(n) — oo uniformly of z in such sets. This implies that {(n) ~ n, so the first sum

n (4.17) gives

2ct? > —Z)\* =

The upper bound for ¢2 follows from Corollary 4.19 since o, < 1 as n — oo. O
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4.3.2 Some technical lemmas

We will need the following lemmas:

Lemma 4.22 [f &, ~ t,, as n — 00, then uniformly for x in compact subsets of
(0,1),
Ry (&) ~ By(tn),  n— oo

Proof. First let &, = t, + n,, with 5, = o(t,), and for each j = 0,1,...,n let
7j = Tjn = Aj/Ay. Recall that R;(t) is given by (4.14). The factors of the terms of
R!(&,) — R/ (t,) that depend on &, and t, are

V%ﬁPﬂﬁww‘"Q@ww‘w+ﬁJ+w+%2

AL S R e e (H)
R R R A
_ n_n[_tn(tn+gn)r§+ti+r§+§§+<r§+t§)2 tn (19
tn i+ &2 i+ &2 4 &2 [rs + 2] '

where in the last step we use t2 — &2 = —n,(t, + &,).

2 2 2 2
Ifn, >0, ie & > t,, then elatin) < &albnttn) _ o Tt g g ittt Hen

r2+E2 &2 P riteR ri+E2
2 for allj = 0,1,...,n. If however n, < 0, i.e. & < t,, then % < 252,
7 n
r2+t2 it +rI+En —¢2 2-€2 242 _ 22 -
rj2_+§2 52, dJTgn 2+ 2+§n<2+ 57215 = g?f ggforallj:(),l,...,n

Then from (4.19) and (4.14) it follows that

n—1
&n tn 1 &n ty
Z ([r§+sz]2 B [r§+tz]2) T2 <u+sz]2 B [1+tz12)

77 2
< _n'5'max{1>£_72l} Rg(tn)a

and since n,, = o(t,) and &, ~ t,, as n — o0, we have

|B(én) — Ry(tn)| =

|R(&n) — Ry (L) = o (R (%)) -

The proof is completed by noting that the = dependence of ¢, = t,(z) comes from

the factor ¢ = —% log x which is uniformly continuous in compact subsets of (0,1). O
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Lemma 4.23 Let q(t) = (1 +t3)7Y2. For all0 < t # t,,,

%<$&)<O

Proof. The derivative is

d ( q(t) ) g (W) (t) — q(t)hn (1)

a\mw) =" wmer (420)

We have q(t)h”(t) > 0 and ¢'(t) = —t/(1 +t?)3/2 < 0 for all t+ > 0 so the result
is trivial for the case when t > t,,, since there A/ () > 0 holds, ensuring a negative
numerator above.

Now consider the case 0 < t < t,, for which A/ (t) < 0. According to Lemma

4.16, we have (1 + t*)h/(t) = (1 +t*)R!(t) > 2t|R,,(t)| = —2tR! (t), and thus

th! (t) + (L +t3AL(t) > thl(t) — 2tR,(t)
= —th! (t) + 2tc

> 0,

where in the last step, we use h,(t) < 0 and ¢ = —3logz > 0. Since ¢'(t) =

—t(1 +t2)73/2 it follows that the numerator in (4.20) satisfies

B0 = a0, 0) = ~ s [P,(0)+ (1 )R] <0,

and we are done. O

The following is a standard integral (see [38, p. 97]).

Lemma 4.24



4.3.3 Estimation of the integral
The formula (3.2) can be written as

Ln(A; x) =

00 Li2A] *hn(t,x) :| (4 )
21

1
—— Im
uaveT {0 Vit

where hy,(t,2) = Ry(t) — £logx, so we need to estimate the integral

oo 12/\* n(t, x)
0 v1+ t2

Here, we shall assume the Miintz condition » >

I,(n) =

=0 )\* = 00, in which case Lemma 4.14
states that h,(t,z) has a unique stationary point ¢, € (0,00) for all n large enough.
We split the integral I.(n) up in three parts; a central integral around ¢,, and the two
integrals on each side of the point.

Recall from Lemma 4.20 that locally uniformly for z in (0,1), N:t2 R/ (t,) — oo

as n — oo if (4.2) is satisfied. For a given Miintz space M (A), define the sequence

(well defined for all n large enough)

* 42 DI 1/2
AR (t n)
Then we have
N _ log (AL ta R (tn))
£ NtR(t)
and hence
M =0(t,),  n — 0. (4.23)
Furthermore, we have
MV AR () = /log (\£2 R/ (t,)) — oo, n — o0. (4.24)

We note that the estimates below will hold uniformly for x in compact subsets of
(0,1). We mention this here, but neglect to repeat it in the proofs. This is trivial
when we have explicit bounds, but otherwise it follows from the uniform continuity
of c = —% log  on such sets.

First we consider the central integral:
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Lemma 4.25 Let A = {\;} be a sequence of numbers such that the Miintz condition

> im0 % = oo and (4.2) are satisfied. Then as n — oo,

tn+Mn 12)\* han(t

n 12X 5 B (tn)+7/4]
)

tommn V1+ el ARy () (1 +27)
where t,, is the unique stationary point of h,(t) = hy,(t;x) and n, is defined in (4.22).

This holds locally uniformly for x in (0,1).

Proof. We expand the phase function h,(t) about ¢, and write (recall A} = R{’

forr=2/3,...)
Biltn) (ypy BOE) s
with &, = &,(t) between t,, and t. First we have
tatn i2); hn(t) 1 tntin

et gt 4 e(n),

where

tn v1—|—t2 wl—i—t% ¢
1 1

tn“l’n'n
e(n) = —
) /t Vit 1+

Then using the expansion (4.25), we can go on and write

2N ha () gy

b 20 ) ) t)?
e MBI gt 1 5(n) +e(n),  (4.26
W ViTelira nm

where

3(n) = B 1, } dt,

tn“l’nn
/ 7,2)\ hn () |:1
V1+t2

and &, = &,(t) is between t, and t, + 71, for all t. Using the substitution s =

A:R!"(t,)(t — t,), we can write the main contribution term as

tn+Mn Tn )‘ R t’ﬂ
/ PNt gy / st g
. )\* RN

m {§e T4 (1)] (4.27)
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where in the last step, we have used Lemma 4.24 and (4.24). To summarize, combining

(4.26) and (4.27) we have

tntnn i2X7 hn (¢ ) N e
\/ - 1+ o(1)] + d(n) + €(n).

It remains to show that §(n) and €(n) are o ([A;Rg(tn)(l + ti)]%m) as n — 00.

First we estimate €(n):

tn+77n
e(n)| < /
tn

Then using 7, = o(t,) and the inequality \/1 + (a +n)2 — V1 + a2 < 1, we see that

ol =0 () ~o (JEut)

Then, using the inequalities [R/(t,)(1 4 t2)]"!' < [2¢t,]7! and t,R!(t,) < 2¢ from

1
Vite \/1+t2

\/1 + (tn + 1) — 1+ 182
VOt +n)) (A +22)

Corollary 4.19, we obtain

* DI 2 1/2 o log()\;:tiRZ( ))

-0 log ()‘Ztn)
VAL,

= o(l),

as required. In the last step we have used the fact that \'¢,, — oo as n — o0, as
shown in Lemma 4.20.

Now we estimate the error term §(n). We have

(3) )
‘5(71) ’ _ ei/\jl Rn3 B(gn) (tftn)3 dt

1 tn+nn
—_— 1
V1412 /

/\* tn+nn 5 5
\/1+—t? 3 / R (&) — ta)°|dt

1

Ve "”"12

for some v, € [t,,t, + n,]. Applying Lemmas 4.18 and 4.22 (note v,, ~ t, since

[R5 ()|
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N, = o(ty,)) gives ‘Rg’)(un)/B‘ < R vn)/vn ~ R!(t,)/tn as n — 00, and hence

5] = 0= A*n4RZ(t")>

_ o R" log ( A:;tiR:; (t)]"
1—|—t2 )\*R//

Therefore,

. 2\11/2 o [Mog (N2 RE(E))P
[NSRE(t,) (14 £2)] |5(n)\_o< SRR >_0(1),

n'n n

and thus §(n) = o <[)\flh;;(tn)(1 + ti)]_l/2>, as needed.
The proof is completed by noting that we can treat the left side of the central

integral on (t,, — ny,,t,) the same way, and the same estimates hold. O

It remains to estimate the tail integrals, which are dealt with in the following two

lemmas.

Lemma 4.26 Let A = {\;} be a sequence of numbers such that the Miintz condition

(4.1) is satisfied. Then, as n — o0,

00 12)\ hn(t) 1
=0 ;
tntmn V14 t2 Xkl (ty, + )/ 1+ 82

and

tn MNn 7,2)\ hn() 1
O
0 \/1—4—252 Ne|RG (= M)A/ 1 + 82
where t,, is the unique stationary point of h,(t) and n,, is defined in (4.22). This holds

locally uniformly for x in (0,1).

Proof. Let A, =t, +n, and q(t) = (1 +*)7'/2. Recall that A/ (t) > 0 for t > t,,

and h!'(t) > 0 for all t. Hence on (t,,00), hy,(t) has an inverse function and we can
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use the change of variables s = h,,(t), ds = h! (t)dt. Then using integration by parts
we can write

/oo 2N )dt X o b (t) (t)dt
e _ e n'n q
A VI o
e2Mnn(t) g(t) | _
2X; hL() |4

225 hin (An) ; 0
q(A,) ¢ / q(?) 20 b (1)
teAnlin B dt 4.28
o (A 2 J @\ S © ’ (4.28)

1 1
lim ﬂ = — lim
t—00 h;l(t) C t—oo

By Lemma 4.23, we have
d ( q(t)
4.2
7 (m) <° 2
for all t # t,,, so

oGt - L

Then, from (4.28), we deduce the estimate

< 1 [ q(A,) N /
205 \ N, (An)  Ja,

and the first result follows.

where we have used

nA) (4.30)

\/1+t2

i {4in)|) = S

Now consider the second tail integral, and let B

00 Li2); hn(t) '

n = tn — Mp. On the interval
(0, B,,), we have h! (t) < 0, so we can proceed as in the proof above and write
Br i2\yha(t B ot
el g (t)dt
V14 t2 0 a®)
X2 Bn n
R 10)) 1 Brd | q(t) SN hn (1) gy
i2X5 hL(t) ], 2X5 Jo o dt R (t)
1 [q(By)e®nhn(Bn) i2Ann(0) /Bn d [ q(t) 25 hn () 4
— — e nton
25, | h(By) ) Joo d \ )
The same way as in (4.30), we have

/Bn
0

%{é&ﬂﬁ

‘Am%{&%}“zwl"“&)

n(0) AL (Bn)

95



and this yields the estimate

By 1(2)\n+1)hn() ‘ - 1 |: Q(Bn) N 1 +/’Bn d
o VIre | T 2n LBl 0]

_ i q4(Bn) 1
R Lh;(Bnn " |h;1<o>|}

1
- 0 ,
(/\Z!h%(Bn)I\/lﬂLt%)

where in the last step we use

1 _ Q(O) < Q<Bn)
1, (0)] [, (0)] — [y (Ba)|

which follows from (4.29). O

It turns out that the conditions of Lemma 4.25, for the central integral, are
precisely the ones that we need in order for the tail integrals to be insignificant

relative to the main term.

Lemma 4.27 Let A = {\;} be a sequence of numbers such that the Miintz condition

> im0 % =00 and (4.2) are satisfied. Then as n — oo,

[e.e]

e 2An+1)ha(t
e V1FE VARt (1 +82) )

and

tn Nn (2>\n+1
0 1/1—{—t2 *R” —l—t2) ’
where t,, is the unique stationary point of hn(t ) and n,, is deﬁned in (4.22). This holds

locally uniformly for x in (0,1).

Proof. We can expand h/,(t) about the stationary point ¢, and write

P (tn 1) = T, (tn) + P (§0) 0 = By (60) 70,
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with &, between t,, and ¢, +7,. According to (4.24), we have ;! = o ( )\nR;;(tn)>,
so using the result of the previous lemma yields

o (2)\n+1)hn(t) AR ()
= 0
A S Vire AR (&) /1 + 87

. L R
VAR () (1 + 2) Ri(&n)
Since 1, = o(t,,), Lemma 4.22 gives R/ (t,)/R!(&,) = O(1) as n — oo, and the first

result follows. The estimate for the second tail integral is proved in the same way. [

4.3.4 General results on asymptotics

At this point, we can prove our most general result on the asymptotics of the Miintz

orthogonal polynomials.

Proof of Theorem 4.2.  The result follows directly from combining the results of

Lemmas 4.25 and 4.27 and using the identity (4.21):

Litse) = ozl [\/ T o)
sin (2A% Ry, (t,) + 7r/4)

VTR (t,) (1 + t2) VAR () (14 t2)
cos (2Ahy(t,) — 7r/4)

VTR (t,) (1 + t2)

*R" 1—|—t2)) ’

Using our estimates for ¢, and R/ (t,) as n — 0o, we can now prove Theorems

4.5 and 4.7.
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Proof of Theorem 4.5. First note that o, < T}, and o, < \57'(S,/\%) for all n,
so if o, — o0, then both (4.1) and (4.2) are satisfied. Hence Theorem 4.2 applies.

Also Corollary 4.19 gives t2 ~ 20, /|logz| and t,R!(t,) ~ |logx| as n — oo, and

therefore
R (t,)(1 4+ 12) ~ t, R (t,) - t, ~ \/2|log z|on,.
Since A’ \/0, = /Sy, the result now follows from Theorem 4.2. O

Proof of Theorem 4.6. Here we assume that S’n/)\;4 = an/)\flz — 00 so in particular
lim, .. 0, = oo. This is therefore a special case of Theorem 4.5, so (4.4) holds.

Therefore, we only need to show that
2N b (tn) = 2A7 R, (t,) + Artn|log x| = /25, log | + o(1) (4.31)

as n — oo (recall 3, = 25,). We know from Corollary 4.19 that in this case,

t2 ~ 20, /|log x|. The same corollary gives the inequality

20, 20,
241 < |logz| < g

Since 20, /t2 — 20, /(2 + 1) = 20, /t2(1 + t2), this implies that

Multiplying through by (A\:t,)* then yields

— * 2 — ()\;kltn)2 * 2
‘2571 (Artn) |logx|| =0 - _@(/\n ) (4.32)
Therefore
_ M) |1 — 925,
Antn|log z| 2S,|logz| = |logz| (Aatn)” [logz| — 28

Xety| log x| + /25, log x|
x2

o)
S

This takes care of the second term in (4.31).
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Now we look at 2y R, (t,). Sincet, — oo and \}/\;, < 1foreachj =0,1,...,n,

we get the estimate

25, o/ \ b} 1 1
Nt 20 R (tn) = 2 A (/\*;n — arctan )\*an) + (— — arctan t_>

t?’l n
]:0 n n
_ 2 (N 3+1 1\?
7=0
1 S,
< -
3t

where in the last step we used #3 < (Sn/)\f)?’/g. Also, using (4.32) gives

25, 25, — (X:t,)? | log z
— — Aty = -
Nty tnllos it

)\*2
o)
Sn
Combining the estimates above and using the hypothesis A**/S, = o(1) confirms

(4.31). O

Proof of Corollary 4.7. By Corollary 4.19, (1+t2)R/(t,) > 2ct,, for all n, so we have

1 1
R are) ~° (A:;tn) Moo (4.33)

If 0, — oo, then t2 < 0, according to Corollary 4.19, and the second bound then
follows from (4.33) using \:,/a,, = /S, for all n. If \,, < n as n — oo, then ¢, < 1
by Corollary 4.21 and (4.34) below, and thus L, (A;z) = O ()\;_1/2> =0 (n'/?). 0

4.4 Proofs for the case \, ~ pn, p >0

Here we consider the special case when the sequence A = {\;} asymptotically satisfies

an arithmetic progression, i.e. such that



for some constant p > 0. First we will see how it will be sufficient to examine the

case when p = 1. Let IT = {y;}, with p; = pA; for all j, so that

lim & = 1.
n—oo Mn

Then, in (2.21), using the change of variables t = u yields

1
2An + 1

1 1
= / Ln(A;t)%dt = p/ L (A; w”)*uf~du,
0 0

and thus
1

1
= L,(A;u”)*u .
200 +p /0 ( )

Then, since L, (A;u”) € M,(II), it follows that

Ln(A;t) = L= V(1;¢7),  te(0,1],

where LY _1)(H; x) is the nth Miintz-Jacobi orthogonal polynomial associated with IT
and the weight z#~!, as defined in (2.26). Then according to (2.27), for all ¢ € (0, 1],

_ Ll 1
L) = () L, (10 G - 15t
1 1
t2/e=0p, <H + 5= 1); tl/P) : (4.34)

and p, +(p—1)/2 ~ n as n — oo. Hence it suffices to look at the case when p = 1.

When A\, ~ n as n — oo, we expect that R, (t) should behave like

! u 1t 1
R(t) = /0 arctan ?du = arctan i log (1 + t_2> ; (4.35)

for which the first two derivatives are

1
U 1 1
Rt) = — | - qu=—=1og 1+ —
(®) /0u2+t2u 20g( +t2)’
1
U 1
R'(t) = 2t ———du = ————.
(t) /0 @+ 22" T 1+ )
Lemma 4.28 Let v = cos?0, 0 € (0,7/2), and 9 = cot @ > 0. Then

hn(VG) = 0+ (Rn - R)(V@)a
ho(ve) = (R, — R)(7),

R (9) = tan @ sin® 0 + (R, — R")(7).
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Proof. First, we have

1 1 1 1 9 1
Elogx + Elog (1 + 7—92> = Qlog [cos 000520} =0.

Hence, using the formulas above, we can write

ha(0) = Raly) = 3 loga

I 7 1 Yo
— Ru(v) - R tan — — og (14 =) ) = 221
(70) (v0) + (arc an = 5 og( +73)) 5 ogx

= arctan(tanf) + R,(v9) — R()

= 0+ (R0 = R)(%)-

Moreover,
/ / ]‘
= Rl (v) — R/( )—110 1+1 —llo:c
= 11, Yo 5 g 792 5 g
= R,(7) — R'(),
and finally

h;i(%) = RZ(%})
1
_ 7 Y
= Ru() = B(7) + cot 0(1 + cot? 0)

= tan@sin®0 + R () — R" (7).

Lemma 4.29 Let {\;} be an increasing sequence of real numbers such that lim, ., n/\, =

1, and let f € C?0,1] with f(z) = O(x) as x — 0. Then for each constant 3, as

! 1 [, /) 1
[ fapda - - [ )+ §f(1)]

1, In+ 08— A 1
_ @(_z|ﬁ|_ co(L).
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Proof.  Let K, := supycp |f™)(s)| for r = 1,2. First we look at the midpoint
Riemann sum for the integral with partition {0,1/n*,2/n* ..., n/n* 1}. For each

j=0,1,...,n—1, 7%/n* is the midpoint of [j/n*, (j + 1)/n*], so

7 e ki (5] -

it1

K. i\ °
2/ (x— ‘7—) dx
2 Ji n*

n*

Ko
24n*3”

IN

The interval [n/n* 1] is of length 1/2n*, so

/f D) = 5] (1) <

< If(fv) —f()|dx <

It follows that

/Olf(a?)d:v—%[2f(%)+%f(l)]|:0<%), n—oco.  (4.36)

J

For each j =0,1,...,n — 1, we have

i by i by
() () () )
1 by by N1 1
T {f (;) ‘f(»ﬂ *f(r:) {E‘ﬂ
A

[ Eim) /- f(Tjn) % /\
= HOdG L0 o, - () 25

n

n*)\;z ’

for some &;,,, 7, € (0,1). We also have f(1)/2n* — f(1)/2\ = f(1)(A, — n)/2n* X},
and it follows that

n[Zf() 1)]—%[2f(i—%>+%fﬂ)”

J

n—1

S M S ) (5 (5) )

Jj=0

n—1
1 _ |An — 1|
= O(ﬁ;:o|]_)\]|+ n >
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In the steps above one can easily replace j with j + 3, for any constant 3. Then the

Riemann sum partition above becomes

{ 6] 1+ 7 24+ n-+ 0 1}
(n+6) (n+p6) (n+p6) " (n+ )

so one needs to verify that on the interval [0, 5/(n + ()*] in (4.36), we get

e 1
/0 f(z)dz =O (ﬁ) ,

which holds since f(z) = O(z) as x — 0 (similar if § < 0 since f (8*/(n + 3)*) /n* =
O (1/n?)). O

Combining the two lemmas above yields the following result:

Corollary 4.30 Let © = cos?0, g = cot 8, for 6 € (0,7/2), and suppose \, ~ n as
n — 00. Then hy(vs) — 0, B! (79) — 0 and h"(vy) — tan@sin’6, as n — oo,

and for all the limits, the rate of convergence is

n—1

for each constant > —1/2.

Proof. For a fixed t > 0, the integrand in each of the integrals in R(t), R'(¢) and
R"(t), namely arctan(u/t), u/(u® + t*) and u/(u® + t*)?, are O(u) as u — 0, so the
result of the previous lemma holds in each case. Then the result follows directly from

Lemma 4.28. UJ

Lemma 4.31 Let x = cos®0, 6 € (0,7/2), and suppose that A\, ~ n as n — oo.
Then h!(t,) = tanfsin®6 + o(1), and moreover, if A\, = n + 3 + o(nlfﬁ) for
some integer N and constant 3, then h,(t,) = hy(ynn) +0(1/n) as n — oo, where
Tn = Yn.N 1S defined recursively by

ha, (k) E—
h%(”)/k) Y » = Y

Yo = cot 0, Ve = V-1 —
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If \p =n+ B+ 0(1), then h,(t,) =0+ o0(1/n) as n — oc.

Proof. For all n, we have

h/n('VO) = h;z(tn) + hﬁ(ﬂn)(% —tn) = h;ﬁ(ﬁn)(% —tn),

where 7, is between -y and t,,. By Corollary 4.21, the condition A, ~ n ensures that
t, is bounded above and below. Then according to Corollary 4.17, h!'(n,,) is bounded

above and below, and thus
[t — %0l < [h ()|, n— o0 (4.37)
Expanding A about t,, then yields

iy (0) = By (ta) = WP (va) (0 — ta) = O (|15, (%)]) (4.38)

where we have used the fact that A (t) is bounded above for ¢ bounded above (Lemma
4.18). The first result now follows from |h! (70)| = o(1).

Using the expansion A/ (t) = hl (7o) + A2 (7o) (t — Y0) + ) (&) (t —70)?/2 yields

Ch(0) A (&)
R (o)  2h7(70)

_ h,(70)
Ry ()

tn — Y0 = (tn —0)* = + O (\h%(%)’z) ;

where we have used (4.37) (and again h!/(f) is bounded above and below and by
Corollary 4.17 for ¢ bounded and thus also A (t) is bounded above by Lemma 4.18).
We can rewrite this as ¢, — y; = O (|l,(70)]?), where v1 = vo — 1, (70) /R (o). Now

expanding the same way about ~; then yields

h/n(%)
(1)

b — 1= — + 0O (lh;(70)|4) ) n — 00,

and continuing this way gives

th — v = O (Ih;(%)|2N> ,  n— 00,
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for each N € N. Then we obtain the following estimate:

hn(Yn) = haltn) = B (tn) (yn = tn) + —hg(;”)

= O (Ir(0)™)

(’VN - tn)2

and since |1, (70)] = O (z;?;g G+ 8= Nl/n?+n+ 5 — An|/n> +O (1/n2), we have
h(78) — hn(tn) = 0 (1/n) if Ay —n — B = 0 (nl—ﬂ*).

If \y—n— 08 = o(1), then we have hn(y0)—hn(tn) = O, (t)|?) = 0 (1/n%), and by
Corollary (4.30), hn(70) — 6 = O (z;.:g i+ 8= N/ +n+ 5 — )\n|/n) —o(1/n),

and the last statement of the lemma holds. O

We are now ready to prove Theorems 4.3 and 4.4.

Proof of Theorem 4.4. We are assuming that A\, ~ n/p, as n — oo. Define the

sequence IT = {u,} by letting

1
un:p)\n+§(,0—1), n € Np.

Then from (4.34), we have (note that this is not the same II as in (4.34))

Ln(A;cos?*0) = (cos@)Pe=V, (IT; cos” 6)

= (cos6)' "L, (IT;cos®0) , (4.39)

for each 6 € (0,7/2).
In the following, we put A and IT in the superscript, to indicate which sequence
we are using. Since p' = pA} for all n, we have hm (t) = hM (t)/p for all t. By

hypothesis, 1, =n+o0(n'™°) =n+o (nl_szfl), and thus according to Theorem
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4.2 and using Lemma 4.31,

) cos [QMZha(zH) (tn) —m/ 4] .
L, (H; cos 9) = To - :
oy mus i ()1 4 2)  \VER G E)

cos [Zp)\fL%hf(lA) (vw) — 7r/4} 1
_ ol —
cos O+/mn tan @ sin® 6(1 + cot? 6) (\/ﬁ)

o)

as n — 00. The result now follows from (4.39). O

Proof of Theorem 4.53. (i) Using the same notation as in the proof above, if A, =
(n+08/2)/p+o(1), then p, =n+ (6+p—1)/2+0(1) as n — oo. Then, according
to Lemma 4.31, h{) (t,) =0+ 0(1/n) and we can follow the proof above to reach the
conclusion.

(i) This is a special case of Theorem 4.4, with 6 = 1/2 and N = 0. O

4.5 Proofs for the Miintz- Christoffel function

Proof of Theorem 4.8. We know from Theorem 4.3 (i), that locally uniformly for 6
in (0,7/2),
Ln(A; cos® ) =

cos ([2n+ B+ pl0 — 7/4) ( 1 )
+o|—=
\/TpAE sin 6 cos?—1 6 Vn

as n — oo. Using the identities (2.25) and (2.22), we can write the nth Miintz-

Christoffel function as

v) =Y |Lp(Ai2)P =2 N[ Li(As )]
k=0

k=0
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Using the trigonometric identities 2 cos® ¢ = 1 + cos 2¢ and cos(¢ — 7/2) = sin ¢, it

follows that

MM, (A): cos? )1 — 2 & (0032 ([2k + B+ pl0 — 7/4) +0(1))

mpsin 6 cos?—1 0

(]

0
1

ﬂpsin&COSQp—le <1+COS (2[2k+ﬁ+p]0—ﬂ'/2)) +O(n)

[l
=+

=
Il

0

1 n
= 1 i 2k 20 . 4.40
7psin O cos2r—1 0 ne +kzzosm([ + 6+ ] )) +o(n).  (4.40)
We have
ei29(2k+ﬂ+p) _ €i20(,6+p) Z (6i49)k
k=0 k=0
i46(n
£120(3+0) € o —1
€i46 -1
140(n
— 20+p-1E o —1
2isin20 '

and therefore > )'_,sin ([2k + 5 + p]20) = O(1) uniformly for 6 in compact subsets of

(0,7/2). Thus (4.40) yields
lim nA(M,(A); cos® §) = mpsind cos* 10,

n—oo

and the result follows by letting x = cos? 0. ([l

Proof of Theorem 4.9. 1If A, < n%, then S,, < n®"! and thus it follows from Corollary

A7 that N2 Ln(A;2)2 = O (A;;S;W) = O (n@/2). 1t follows that

MUAz) = 2> A|Le(A; )

k=0

- 0 (Z k(a—l)/2>
k=0

= 0 (n(a+1)/2) ]
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CHAPTER V

ZERO SPACING ASYMPTOTICS AND ESTIMATES FOR
THE SMALLEST AND LARGEST ZEROS

Using our formula (3.2), in this chapter we introduce new estimates for the largest and
smallest zeros of the Miintz-Legendre polynomials. The endpoint limit asymptotics of
Theorem 4.1 give us the exact asymptotics of the largest zeros. We also obtain a sharp
lower bound for the smallest zero. Furthermore, we determine the asymptotic behav-
ior of the spacing of consecutive zeros of the Miintz-Legendre polynomials L, (A; z)
via the strong asymptotics obtained in Chapter 4. In Theorems 4.2, 4.4 and 4.5, the
error limits hold uniformly for x in compact subsets of (0,1) and this implies that
the zeros of L, (A;z) can be approximated by the zeros of the main asymptotic term.
The results are from the papers [51] “Zero spacing of Miintz orthogonal polynomials”

and [50] “On the smallest and largest zeros of Miintz-Legendre polynomials.”

5.1 Mawn results

Recall from Theorem 2.20 that the nth Miintz-Legendre polynomial L, (A;x) has
precisely n zeros on (0,1). Let l,,,, < l,—1, < --- <1, denote these zeros.

First we get a global bound for the smallest zero.

Theorem 5.1 Let A = {)\,}22 be a sequence of real numbers greater than —5. Then

( , n—1 1 1 ) <1
€xXp 1 1 n,n;
0 )\j + 3 >\n + 3

1=

Remark This considerably improves the lower bound in (2.29) as can be seen from

the inequality

— 1 P n+3
SNty 2hts A0 L



An important corollary is that for non-dense Miintz spaces, L, (A; z) has no zeros

close to 0 (compare to [7, Section 6.2, E.2]).

Corollary 5.2 Let A = {\;}32, be a sequence of real numbers greater than —1/2

such that
> 1
r=Y 1l cw
prd Ak +1/2

Then the smallest zero of L,(A;x) for all n is greater than
exp(—2T") > 0.
Next we obtain the asymptotic behavior of the largest zeros.

Theorem 5.3 Let A : —1/2 < \g < A\ < Ay < -+ be a sequence of real numbers and

let

i
L

2\, + 1
S= ST 20 4+ 1) + 2+ . (5.1)
0

If A satisfies the reqularity condition lim,,_o 3, /(2\, + 1) = oo then for fized k > 1,

i

SN\ 2
lim ¥,|logly,| = (%)

where ji denotes the kth positive zero of the Bessel function Jy as defined in (2.10).

The error term is O ( 2\, + 1)/Zn> as n — 00.

Remark Theorem 5.3 gives [y, ~ exp (—j?/4%,) which, in the asymptotic sense,

improves the upper bound in (2.29). We trivially have

2%, < (2n+ )2\, +1).

max

We now turn our attention to the bulk of the zeros and consider their spacings.
For the general case when the Miintz space is dense, the zero spacing of the Miintz
orthogonal polynomials L, (A;x) depends nicely on the stationary point ¢, (z) of the

phase function R, (t) — £logx of the representation (3.2).
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Theorem 5.4 Let A be a sequence as in Theorem 4.2, and let t,(x) be the unique

number that satisfies R, (t,(x)) = 3 logz. If locally uniformly for z,y in (0,1),

then locally uniformly for zeros ly . lp+1.n of Ln(A;2) in (0,1),

lim —)\”tnak’n)

n—oQ vis k,n

(lk,n - lk—i—l,n) =1

If A\, ~ an as n — oo, then R, (t) is asymptotic to a mid-point Riemann sum,

and the stationary point ¢, (z) converges as n — 00,

Theorem 5.5 Let A : —% <A <A < Xy < be a sequence of numbers such that

A
lim — =«
n—oo N,

for some a > 0. Then locally uniformly for zeros ly n, ly41.n of Ln(A;z) in (0,1),

lim g n (lk,n - lk:—i—l,n) -1

ren llz,_na(l B ll?,n)

It is interesting to compare this result to the zero distribution given in (2.30).
The next result covers all cases when A, = o(n) as n — oo. Then we know the

asymptotic growth of ¢,(z) as n — oo.

Theorem 5.6 Let A : —% <A <A < Xy <1 be a sequence of numbers such that

n

. 1
" k=0

Then locally uniformly for zeros ln, lk+1,n of Ly(A;x) in (0, 1),

n 1/2
. 1 lkn - lk+1n
lim — 22X +1 — =1,
ng& T (Z( J + )) lk:,n| log lk,n|1/2

j=0
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Note that the result of Theorem 5.6 is essentially the case when & — 0 in
1/2
Theorem 5.5. If A\, ~ an as n — oo, then <Z?:0(2Aj + 1)> ~ y/an as n — 00,

and furthermore we have for z € (0,1),

2—a 1 — ® 1/2
lim <w) = z|log z|*/2.

a—0 0%

In Figure 2 we graph the limit functions of the zero spacing asymptotics for different
cases. Recall from (2.30) that if @« — 0 or oo, then the zero probability distribution

is Dirac delta at z = 0 and 1 respectively.

0.6 -

0.5 A

0.4 - =

-

" &, =o(n) (or & — 0) AN

n

0.3 - / ‘\_.\

0.2

0.1

Figure 2: The graphs show the limit functions for the scaled spacing of consecutive
zeros for different cases. This means that we show the graph of f(x) for which

1/2
limnaoo% (Z?:o(”\j + 1)) (e — le1n) = f(lkn). In the case of Theorem 5.5,
f(x) = /227(1 — 2%) /o and if A\, = o(n) (or « — 0) we have f(z) = z+/|logz|.
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Figure 3: The same as for Figure 2 but for large values of . As we know from
Corollary 5.2 there are no zeros close to 0 when a@ — o0, hence the spacing diverges.

5.2 Proofs on smallest and largest zeros

Proof of Theorem 5.1.  Recall that for each n we let X} := X\, +1/2 and T, :=

n—1 1
k=0 Xp + 2>\* :

We need to show that L, (A;z,) # 0.

According to (3.5), we can write

(=1)mefn [ cospy(t)
Ln(A; ) = 9 1/2 dt
@ o (N2 +¢?)

where

Pult) = 2Rt — B, (1).

The first two derivatives of p, are p/,(t) = 2R, — @/ (t) and p.(t) =

n— )\*
) =2 n
Z)\*2+t2 2242

72

We choose any R > TTH and let Ty = _2Rn so that Ty € (O, B_QTn].

—d”(t) where



and

Py (t) = —2t (2712: QAZ 2).

A2 +t2 [A;; + 1]
Since ®/ (0) = 2T,,, we therefore have p/ (0) = 2(R,, —T,,) > 0 and p!/(t) > 0 for t > 0.
It follows that p, is a strictly increasing function on [0, 00) which maps [0, c0) onto
[0, 00) (note that @, (t) < wn+7/2)

We can therefore use the substitution u = p,(t) in integral of (5.2), and this gives

© cospu(t) * cosu
|- [ (5:3)
0 ()‘n +1 ) o qn

where ¢, (u) is determined by

1/2

au(uw) = (X7 +82) 7 pl, (1)
Then ¢,(0) = 2\ (R,, — T,,) and since lim; ., p,,(t) = 2R,, we have

lim g, (u) = tlim (A5 + t2)1/2 P (t) = .

U—0o0
We show that g, (u) is strictly increasing: The chain rule gives

B = 5 (00 +2)"50)
)+ (0 + ) ra®)

(N2 +2) "7

and since p!,(t),pl/(t) > 0 for t > 0 it follows that ¢/,(u) > 0 for u > 0.

Using a standard argument we can write (5.3) as an alternating series Y - ,(—1)*ay,
with ar > agyy > 0 and ap — 0, and the alternating series test shows that

fooo ;:?5) du # 0. The result follows. -

Before we prove Theorem 5.3, we need two lemmas. First we define the function

fuly) = L <efy2/4zn> 7 y >0,

Then according to Theorem 4.1, uniformly for bounded y > 0,

faly) = Jo(y) = O ( ;Z) =o(1), n-—o0 (5.4)
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For each n and k = 1,2,...,n, we can write the zeros of L, (x) on the form

2
L = € Thn/45n

for some 0 < ry, <ron <--- <7, These are precisely the zeros of f,, i.e.

Jn(rin) =0, k=1,2....n.
Below, let || - ||joy denote the supremum norm over [0, y].

Lemma 5.7 For each n and y > 0,
/ Yy
[ folloy < 2 Sup [ filljo.y) < o0

Proof. We recall the identity from Theorem 2.17,

—_

xLl! (x) = M\oLp(z) + ) (20 + 1) Lg(x).

3

B
Il

It follows that

fly) = —%e—y2/4%;<e-y2/42">

= —2§ ALy (7Y /%5 ) £y (20 + 1) Li(e —y2/42n)]
" 0

3
,_.

i

n—1

Therefore, since 0 < y/%/3, <y forall k =0,1,...,n,

)| < 22 An +Z 2+ 1) | max || fell
k=0
y
< §Sup||fk||[ovy}-
k

(5.5)

(5.6)

Since fy is continuous on [0, y] for each k, and f,,(t) — Jy(¢) uniformly for ¢ bounded,

it follows from the inequality || fi|ljo,y] < |10l + [Ife — Jolloy) = 1+ | fe — Jolljo.y)

that

Sllip||fk||[o,y] < oo.
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The result now follows from the trivial inequality £ supy, || fillo.g < % supy, || fulljo,y) for

each t <wy. ([l

Lemma 5.8 For each n and y > 0, we have

1 y
1520w < 3 (145 ) sup il < o

In particular, the family {f)'} is uniformly bounded on bounded sets [0, y].

Proof. Using the identity (5.6) for f/(y), we obtain

oo - oo

=0

B )

M—%[w&(w“mﬁl) n( ?)]

If we let A := %sup, || fulljoy, then since 0 < yy/E;/E, < y for all n and k =

0,1,...,n, the lemma above gives
Yk
!
i (y\/ E_n> < 5\/—Sup||fk|| ow/Erm < AY-

It follows that

A4+ SN (20 + 1

2

)
< — .
< (1+2)

The result now follows from the trivial inequality supy, || fi|[jo,q < supy || felljpy) = 24

IN

/()]

for each t < y. ([l

Proof of Theorem 5.5. Let 0 < j; < jo < --- denote the zeros of Jy on the positive

axis. According to the interlacing property of the zeros, for fixed k, {ry,}, is a
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decreasing sequence bounded below by 0, and thus has a limit. Then from (5.4) it is
clear that for each k,

lim 74, = jm

n—oo
for some integer m = m(k) > 1. By the intermediate value theorem, for n large
enough, f, has a zero close to each ji. Therefore, its smallest zero 7, necessarily
has j; as limit.

We need to show that rs, does not approach j; as well. Suppose to the contrary
that

lim Ton = jl'

n—oo

Then by the mean value theorem, there exists some ¢,, € (1, 72,) such that

flen) =0 (5.7)

and of course by hypothesis ¢, — j; as n — oc.
Define a point

an:j1+5n

where the error §,, is chosen so that

VAL /S, = 0(6,) = o(1)

(say d,, = log (\:/%,)). Then, since f,(y) — Jo(y) uniformly for bounded y with

error O (A /X,,), and Jy(j1) = 0, we have for some &, between j; and a,,

falan) = Jolan) + fulan) — Jo(an)
= Jé(fn)(an —j1)+ 0O ( ;\:Z>

= Jo(j1)on[1 + o(1)] (5.8)

as n — oo (it is well known, see Olver [Section §7.6]), that the zeros the Bessel

functions are simple, so J}(&,) — J{(j1) # 0). On the other hand, using (5.4) again
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with Jy(j1) = 0 yields

falan) = fn(jl)+fw/z(yn)(an_jl)

A% /
- o( 27) + f (1)6n. (5.9)

for some v, between j; and a,. Expanding f” about the point ¢, from (5.7) gives

Favn) = £ () (Ve = cn)

for some 7, between v,, and ¢,, and according to Lemma 5.8, since ¢,,v, — Jj; as
n — oo, we have f/(v,) = o(1) as n — oo. Therefore, (5.9) gives f,(a,) = 0(dy),
which contradicts (5.8). Hence lim,, .o 72, 7# J1.

Since f,, has a zero close to j, for n large enough, it follows that ry, — js. Now
we can repeat the proof for r3,, and so on, and we have established that lim,, .. 7, =
Jr for each fixed k. The result now follows from —4%, logl,, = r,%vn.

As for the error, a linear approximation yields

Jo(Trn) = Jo(rem) — Jo(jk) = Jo(n) (Thm — Ji),

for some &, between 7y, and jj, and thus since the zeros of J; are simple, (5.4) and

(5.5) yield

. A
Thm — Jk = O (Jo(rin)) = O ( E_) , n — 0.

5.3 Proofs on zero spacing asymptotics

In Theorem 4.2, we determined the asymptotic behavior of the Miintz orthogonal
polynomials L,,(A; z) for z € (0,1) when n — oo under some mild conditions on the
sequence of exponents {\;}. Here we are interested in the zeros of L, (A;x) on the

interval, so we look at the phase function that appears in the main asymptotic term
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as a function of z. Namely if we let
On(x) =2\ Ry (tn(2)) — At (x) log o, (5.10)

then we have

COS (gpn( ) — %)

1
Lo(A:z to , 5.11
N S A ETE) (w*m 1+t2)> G-4)
where
n—1
1 Py 1 1
R,(t) = v LZO arctan ﬁ + 3 arctan ;] :

and ¢,(z) € (0,00) is the unique point such that R} (t,(z)) = Lilogz, ie. it is
determined implicitly by
n—1 )‘;

2 Y 1 1
—logz = |logz| = — Z ——" + - 5| - (5.12)
N (R) b PR

We recall from (4.19) that for all n and z € (0, 1),

2S5,
| log x|

(Netn)?(z) < < (A2 (ta(z)* + 1), (5.13)

where S, = Y1) As 4 22
The most important and beautiful aspect of the asymptotic analysis in Chapter

4 is that the slope of the phase function R, (t) at the left endpoint satisfies

+ =T, (5.14)

which determines (2.17) and hence the denseness of the space (and the existence of
the stationary point ¢,(z) for all x € (0,1)). Also we saw in (4.14) that the second
derivative R/ (t) is a strictly positive function.

Let us now look at the function ¢, (). Taking the derivative of R}, (t,(z)) = 3 logx

with respect to x gives



and since R (t) is positive, this shows that ¢,,(x) is an increasing function of z € (0, 1).

Also it is clear from (5.12) that

lim t,(z) = oo, (5.15)

r—1—

and since R) (t,(e"*")) = $loge 2" = —T,,, it follows from (5.14) that
tn (e_QT") =0.

It turns out that the first derivative of the phase function ¢, (z) from (5.10) is

surprisingly simple: Using R/, (t,(z)) = 3 log z we obtain

pn(r) = A |26, () Ry (tn(2)) — £, (z) log = —

ta(z)

— t”:(f), (5.16)

Since t,(x) > 0, this shows that ¢, (z) is strictly decreasing on (0,1). We've seen

that t,(e7?™") = 0, so

gon(e_zT") =2N' R,(0) =mn" =+ g,

and (5.15) gives

m — M) 2 ()] ]
lim ¢,(r) = lim At,(x)|logz| = lim (Antn)”(2)|log z|
rx—1— =

0,
z—1— r—1~ )\;tn(ﬂi)

where in the last step we have used that (\:t,)?(x)|log z| is bounded with respect to

x, as seen in (5.13). This gives the following:

Lemma 5.9 The phase function ¢,(x) defined in (5.10) maps [e"*T" 1) bijectively
onto (0, ™ + g}
The zeros of the main term in (5.11) are the solutions of the equations

™
gOn(.T) =7k — Z:
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for some integer k. Lemma 5.9 shows that there exists a unique solution zy, for
each k = 1,2,...,n. For two consecutive zeros i1, < T, using first order Taylor

approximation, we have

™= Son(karl,n) - @n(xk,n) = _@;<€k,n>(l‘k,n - xk+1,n)7

for some &, € (Tgs1m, Tkn). Then using (5.16), we can write

TQk,n
Len — Lh4ln = L (517)

/\;:,tn (gk,n) '

Assuming the Miintz condition (2.17), Lemma 4.20 yields

Tk+1,n m

0<1-—
Thon (Artn)(Trg1n)

= o(1), (5.18)
for Zp41m, Trn in compact subsets of (0,1). It follows that locally in (0, 1),
Tk+1n ™~ Thkn n —— OoQ0.

Hence, asymptotically, we can replace &, with xj, in the denominator of (5.17),
but we also need to show that ¢, (&) ~ t,(xk,,). For that purpose, we first need the

following lemma:

Lemma 5.10 For 0 <z <y <1, we have

Ri(tay)) _ logy —loga _ Rl(ta(x))
W) Bl 2@ ()

Proof. For each j = 0,1,...,n, let rj := r;, := A7/\;. Then using (5.12) and the
notation (1.4), we can write

logg = —logx+ logy
x

2 - Tk 2 Tk

= — Y —-=————- —— Y —

A Zk_o retin@) A Zk_o e+ ()

2 1 1
= — M7 —_
A:;,;O ' ( +2() 1l +tz<y>>
= [ - 2@] 2
k=0

n

i + 2@ Irg + £(y)]
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Recalling that

I Qt Tk
R (t) = — »x ,
n( ) ;; Pt [T]% +t2]2
and using t,(x) < t,(y), we get
200) — 2] 2 <o < (i) (o) e

Lemma 5.11 Assume the hypothesis of Lemma 4.20, and furthermore that locally

uniformly for z,y in (0, 1),

Then, if x, — yn = O (1/X:t, () for xn,yn locally uniformly in (0, 1),

tn(n) ~ tn(Yn), n — 00.

Proof. According to Lemma 5.10, we have

ln (xn) tn(?Jn) o Ln
R (b))’ Rg(tnwn»} ’1 B

By hypothesis we have |1 — x,/y,| = O (1/ At (x,)) = O (1/ Xt (yn)), sO

£2(20) — £2(yn)| < max {

‘1 B % - (m { A:t%(xnﬂl%;:(tn(xn))’ A:ti(yn>;x<tn<yn>> z%i }> |

If 2,,y, € [a,b] C (0,1), then t,(yn)/tn(zn) < t.(b)/tn(a) = O(1), and since

N t2R!"(t,) — oo locally uniformly in (0,1) by Lemma 4.20, this gives t,(z,) ~

n'n-m

tn(yn) as n — o0. O

Given the assumptions of the lemma above, since xy,, — Tg11, = O (1/Ait,,) by

(5.17), we have
Tkn

_TRm 5.19
Netn(xpn) e ( )

LTln — Lhk4+1n ™~
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for @y41m, 2k, on compact subsets of (0,1). It remains to be shown that we can
replace @y, with Iy, where l,, < l,,_1, < -+ < ly,, < l1, are the actual zeros of

L,(A;z) on (0,1).

Lemma 5.12 Assume the hypothesis of Lemma 4.20, and furthermore that locally

uniformly for z,y in (0, 1),

Then locally uniformly for xy, in (0,1),

1
l n - n - Ne1 /1 N ) M
b = Tk =0 (m(zk,n)) e

and it follows that Uy, — lks1n ~ Tk — Thy1,n GS N — OO.

Proof. According to Lemma 4.20, locally uniformly for z in (0, 1), we have \'t,,(z) —

oo as n — oo. Let {0,} be a sequence of numbers such that

1
dp =0 (/\Ztn> = o(1), n — 00 (5.20)

(by hypothesis t¢,(x) < t,(y) for z,y on compact subsets of (0,1) so we can simply
write ¢, instead of ¢,(x)).

For each k =1,2,...,n, ), is determined by ¢, (zx,) = 7k — 7 /4, and therefore

cos (Spn<xk,n) - %) = 0,

sin (gon(xkn) — %) = (=11
We can write
Pn(Thn + 0n) = Pu(Trn) + (Va0 )n
for some vy, between xzy,, and xy,,, + 0,,. Using the double angle formula cos(a+ () =

cos avcos f — sinasin 3, and the identity (5.16) for ¢/, we obtain

(e

os (n@rn+00) = 5 ) = cos (pnl@nn) = § + ¢ha)dn)

= —sin (gpn(xk,n) — %) sin (6,7 (Vin)

= (=1)"'sin (5HM> ‘

Vi n
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Given (5.20), we trivially have xy, ~ 2y, + 0, locally uniformly for x;, in (0,1)
and by Lemma 5.11, ¢, (zg, + 0n) ~ tn(xkn) locally uniformly in (0,1). According to
Lemma 4.22, we also have R (t,(xgn+0,)) ~ R (t,(2k,)) locally uniformly in (0, 1).
Then, using the asymptotics formula of Theorem 4.2, we obtain locally uniformly for
Tpn £ 0, in (0,1),

<%<xkn +4,) — %)

Ln(mk,n + (Sn) =

1
cos xkn:lzé ) )

\/ﬂ—x’@:” n 'rL n(xk‘,n)xl_’_t%,(xk,n))

1
(\//\*R” {L‘kn )(1+t2<xkn)))
(D" + sin ((5 M) —i—&?n(x)]
Vk,n

Ve R (6,) (1 4 £2)
where the error term e,(z) is o(1) as n — oo locally uniformly for z in (0,1).

According to (5.20),
Nita(V: SNt
sin (5n—:(t kn)) ~ DB n(Thn) =o(1), n — oo.
Vk:,n
We still have the freedom of choosing the rate of convergence for d,, in (5.20) and we

can choose {d,} such that

ul@) = (0 \itn(@) = 0 ( <5M)>

as n — 00, locally uniformly for x in (0, 1). Then by the intermediate value theorem,
there is a zero I, of L, (A;x) that lies between xy,, — 9, and zy, + 0,. It follows

that Iy, ~ 2, locally uniformly in (0, 1). The same holds for x4, and this yields

in —letin = Tk — Thprn + len — Ton) — (let1.n — Tht1.n)

= Tkn — Tk+ln + @) <5n) .
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According to (5.17), Zgn — Thr1,n =< 1/ A5t (2ks), and it follows from (5.20) that

lkz,n - lk+1,n ~ Tkn — Tkylp &S 7L — OQ. O

Proof of Theorem 5.4.  The result follows from replacing xy,, with Iy, in (5.19),

which is justified by Lemmas 5.11 and 5.12. OJ

Theorems 5.5 and 5.6 can now be proved with little effort by determining the

behavior of the stationary point ¢,(z). In both cases we shall use the quantity

In the first result we assume that o,, < 1, and in the second o, — 00 as n — <.

Proof of Theorem 5.5. First assume that o = 1, so A\, ~n as n — o0o. Then T,, <
logn — oo so (2.17) is satisfied. In Corollary 4.21 we showed that if A\, ~ n, then
to(z) < 1 as n — oo locally uniformly for x in (0, 1). Furthermore <Z?:0 /\;‘> JAL =<

n as n — o0, so the conditions of Theorem 5.4 are satisfied. Define

1
1t 1
R(t) := /0 arctan ;ds = arctan P log (1 + t_2> :

Then R'(t) = —3log (1 +t72), soif welet o = (x/(1 — )%, then R'(v) = slogx =

R/ (t,). Using linear approximation then yields

(Bn — R)'(70) = B, (70) — By (tn) = Ry, (&) (Y0 — tn), (5.21)

for some &,, between 7, and ¢,,. Then since ¢, < 7, < 1 and

t_ Ry _ 1
1+e2 " 20, 3

(see Corollary 4.17), R!(&,) is bounded above and below. In Lemma 4.31 we showed

that for A, ~ n, we have (R, — R)'(70) = o(1) as n — o0, and it now follows from
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(5.21) that
Xz

1/2
1—x> +o(1), n — o0.

tn =% +o(1) = (
Now consider the general case A, ~ an with a > 0. Then if we define the sequence
IT = {u,} by letting p,, = A,/ for each n, then p,, ~ n, and the corresponding phase

functions are related via

Then RV (70) = 3loga, where vo = (x/(1 — 2))"/? was determined for the a = 1

case above. Then

11 1
R (7o) = S ologr = §1Og951/a,

so we can replace ~yy with véA) = (2°/(1 — 2*))"%. Tt follows from Theorem 5.4 that

1/2
A lkn 1-— ll? _
A (G = Do) ~ —m n) o).
T (k, k+1, ) tn<lk,n) k, ( k,n ( k,n)

@
lk:,n

Proof of Theorem 5.6. Here the hypothesis 0,, — oo ensures that the conditions of
Theorem 5.4 are satisfied, since o,, < T}, and X} o, ~ ( Z;é )\,’;) /A%, and furthermore
Lemma 4.19 shows that t2 < o, locally uniformly for z in (0,1). More accurately,

Lemma 4.19 gives t2(x) ~ 20,,/|log z|, which yields
Outo@) ~ T SN m—
Tog o] 2=

Therefore we get

lon — 1 - e
k,n k+1,n 1/2 § *
)\ztn<lk,n) ’ &%, | ( 0 k)

Wlk,n
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CHAPTER VI

ASYMPTOTICS OUTSIDE THE INTERVAL OF
ORTHOGONALITY

In this chapter we turn our attention to the asymptotic behavior of L,(A;z) as
n — o0, for x > 1 outside the interval of orthogonality. There, we don’t have a
nice formula as in the case for = € (0, 1), so the approach here is not as clear-cut.
However, given the standard form and revealing nature of the representation (3.2), we
can emulate the manipulation of the contour integral definition (2.18) we performed
in Chapter 3 to arrive at the “true” phase function for = ¢ (0,1). We then apply
the method of steepest descent to determine the behavior of the Miintz orthogonal
polynomials, and we present both strong asymptotics and root asymptotics. Again,

we assume that the density condition

= 1
S
—~ A+ 1 /2
is satisfied and we especially look at the cases when \,, = o(n) as n — oo and

. A
Iim — = a.
n—oo M

The results below appear in the manuscript [47], “Asymptotic behavior of Miintz-

Legendre polynomials for z > 1.”

6.1 Mawn results

Our most general result on the asymptotics of L, (A; z), stated in Theorem 6.10 below,
requires a regularity condition on the Miintz exponents A and the asymptotic term
depends on an implicit stationary point. For more special cases, which are presented

here, the asymptotics are more explicit.
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Theorem 6.1 Let A : —1/2 < N\g < A1 < Xy < ... be a sequence of real numbers
that satisfies

1
)\n:;(n—i—g)—l—o(l), n — oo,
for some constants p > 0 and 3 > —1. Then locally uniformly for x in (1,00), as

n — oo,
1 [1,1/2 + (x _ 1)1/2}2n+ﬂ+p

AN
Ln<A7x ) 2\/% I(2p—1)/4(x — 1)1/4

Theorem 6.2 Let A : —1/2 < X\g < A1 < Xy < ... be a sequence of real numbers
that satisfies

lim£:p>0.

n—oo n

Then locally uniformly for x in (1, 00),

lim Ly(A;a”)/" = [2' + (z = )],

n—oo

Note that these results can easily be mapped to the Miintz-Jacobi polynomials
LY (z) via (2.27).

The following result covers the cases when A\, = o(n) as n — 0.

Theorem 6.3 Let A : —1/2 < X\g < A1 < Ao < ... be a sequence of real numbers

that satisfies

n

. 1
T 2 (2A ) =0

k=0

Then locally uniformly for x in (1,00), as n — oo,

n

n —1/4
. xfr pn + )\k +1

k=0

where p, = pn(x) > N\, is determined by the identity

A\

logx =2 E t .

%2 *2 *2 *2
Opn )\ Pn _)\n

and grows according to p2logx ~ > 7 (2A, + 1).

87



Here the stationary point p, = p,(z) is implicitly determined. In the following

we reveal the root asymptotics in the same case, which does not depend on p,.

Theorem 6.4 Let A : —1/2 < X\g < A1 < Xg < ... be a sequence of real numbers

that satisfies

n

lim ﬁ > @M+ =

Then locally uniformly for x in (1,00), as n — oo,

lim L, (A; x)l/m = 62(1°g”‘")1/2,

n—oo

where X, = >0 020 + 1) + (2\, + 1)/2 for each n.

6.2 Proofs

6.2.1 Setup and basic estimates

In the following we fix x > 1 and let
= logx > 0.
We start making the change of variables t = Afu — £ in (2.18) which yields

U+7rEp T
Ln(A;2) 6.1
(A2 27rzx1/2/Hu—rku—1u (6.1)

where I'™* encloses all the zeros of the denominator, and we let ry = 7y, = A\ /A

for all n and k = 0,1,...,n.. Let logz and z'/? denote the principal brances of the
logarithmic and square root functions, respectively. Note that since the A\;’s are real,
u, u~+ 1 and u —ry all lie in the same upper/lower half plane of C, and if Re(u) > 0,
then (u + ri)(u — ri) as well. If Re(u) > 0, since |arg(u — r1)| > |arg(u + i), it is

easy to see that

(u? — P22 = (u+ )P (u — 1) 2 and <u+rk’) _ (utm)

u— 7 (= rp)V2
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Then in the right half plane, and off the interval (0, 1], we can write the integrand in
(6.1) as

ﬁu+rk:vA3“ _ ﬁu—irrk ut+1\Y?  eriue
u—rpu—1 u—rp \u—1 (uz —1)"2

k=0 k=0
(O (u)uc]
_ T (6.2)
where ¢ = logz and (see the definition for ) xin (1.4))
1 — U+ g
O, (u) = — I« 1
(v) )\;ELE Ogu—rk
k=0
We then have
2 u Tk
o, —— :
n(1) A = 2
k=0
and since L [0, (u) + uc] = ©),(u) + ¢, the stationary points for the phase function

O, (u) + uc are the roots of the equation

n

EZ*T_k_C
* 2 2
)‘”k:ou i

Remark Making the substitution u = is in (6.2), we can write ©,, as a sum of inverse
tangent functions. In the case z € (0,1), with some manipulations, this yields the
representation in (3.2). Since logz < 0 in that case, the stationary points lie on the

imaginary axis, u = =£ip},.

Since

lim [—©/(u)] = oo, lim [—©/,(u)] =0,

u—1+ U—00
and
4 & r
0" (u) = _E—’f2
/\n k=0 (u2 - TI%)
is strictly positive for v > 1, we see that there exists a unique stationary point

Tn = To(x) in (1, 00) of the phase function O,,(u) + uc, i.e. 7, satisfies

n

2

n L—0 n Tk

For the following lemma, recall the definition for o, in (1.5).
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Lemma 6.5 (a) For all x > 1 and n, we have

20
21 < R <2
C

> Ga? 00 asm — 00, locally uniformly for x in (1,00).

~

(b) We have X,

In particular, if o, — oo, then 7,,> ~ 20, /c as n — oo.

Proof. Since 0 <71, <1 forall k=0,1,...,n, we have

n n
2 Tk - 2 Tk 20,
C = — %k _ *k =
* : : 2 .2 * 2 __ 2 _ ’
A= Ta =T AL Zk:(] 2—-1 72-1

and similarly ¢ > 20, /72. Recalling that S, = \*?0,,, we can write the latter inequal-

ity as c(A\:7,)%(z) > 2S,. Since S, is independent of z and ¢ = logz is uniformly

bounded above and below for = in compact subsets of (1, 00), the result follows. [

Lemma 6.6 (a) For all x > 1 and n, we have

" 2
| < 7,00 (1) < T ’
- 2 T 12-1

Y

(b) We have \;720"(1,) 2 Aot 2 Sa/? — 00 asn — oo, locally uniformly for

x in (1,00). In particular, if o, — o0, then 7,07 (7,) ~ 2¢ as n — oo.

Proof. By writing

n n
T@,,(T) 472 " Tk B 4 ” Tk Tz
n~n\'n;, 2: 72 2\2 72 2 -2 27
Ay = (mh =) X, T TR T

n

the first inequalities follow from the identity (6.3) and the trivial inequalities 72 —1 <

l/2—>oo. [l

72 —r, < 72, Tt follows from Lemma 6.5 that \: 720/ (7,,) > 2cA%7, 2 Sn
Applying Cauchy’s Integral Theorem we can choose I'* to be the closed half circle
{is : =1, < s < 1,} UC,, where C,, is the arc parametrized with v,(s) = 7,€',

€ (—m/2,7/2). Then we can write (6.1) as

_ ie p—iAEsc A5 [On (u)+uc]
omiax'/ 2L, (x / Tk z-se —ds —i—/ S 5 5 du. (6.4)
g TR s 1A ds o, (w2 —1)Y
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We estimate three parts of this integral. We split the integral over C,, up in two parts,
one close to the stationary point 7,, + 0, where we have the main contribution, and
the other away from the point. Then we get a simple estimate for the part on the
line segment {is: —7, < s < 7,}.

Below, we shall assume that 72(z) — 1 is bounded below away from 0, locally
uniformly for x in (1, 00). This will ensure that the estimates and limits hold uniformly
for x in compact subsets of (1, 00), but for the sake of brevity, we shall fail to mention
this in every step. The key is that ¢ = log x is uniformly bounded above and below

in compact subsets of (1, 00).
6.2.2 Contribution near the stationary point

Here we look at the second integral on the right hand side of (6.4), over the arc C,,

and restrict to a part close to the stationary point 7, 4+ ¢0. Define €, > 0 such that

log(\* 7,
52: Og( nT)

" AET,

: n > 0. (6.5)

In what follows, we assume that 72—1 is bounded below away from 0, locally uniformly

for z in (1, 00), so according to Lemma 6.5, €,, = o(1). We define the integral

= o oo
€T En - o9 N1/ u? .
Clen) (W2 = 1)1/2

where F,(u) = F,(u;x) = ©,(u) + uc and C(g,) is the arc parametrized by
’75n(8) = Tneis - a’ﬂ«(8> + Zﬁn(s)v S e (_5n7 5n)-

Here we let ay,(s) = 7, coss and (3,(s) = 7, sin s for simplification, and furthermore

we write the real and imaginary parts of the phase function as

hn(s) = Re[Fu(1e,(s)]  and  ku(s) = Im[F, (72, (s))] -

For u = 7., (s), we have

u+r  (utr)@—ry) (1 —1p) — 12ra(s)

u—rL lu — 73]2 240 = 21 (s)
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and thus

u+ 1| C(mE )P+ 2rkBa)? T T 2ra,
u—ry|  [72+ T2 — 2rpa,)? 24 r? = 2rpay,
and
u+ T 211 0n(8)
arg = —arctan ——-—-.
U — 7 T2 —7r

It follows that (dropping the s-dependence of «, and (3, from the notation)

n

1 2 412 + 2r0
ho(s) = o, E log —F i 6.7
(5) = anc + 20\* k::*O 08 T2+ 12— 2rpo, (6.7)
and
1 < 271 3n
k,(s) = B,c — — tan ————. 6.8
(s) = Bue x k:*Oarc anTHQ—r,% (6.8)

First we show that the imaginary part k,(s) is insignificant for €,, small enough.

2

Lemma 6.7 If uniformly on (1,00), 75(x) — 1 is bounded below away from 0, then

for |s| < ep,

and this holds locally uniformly for x in (1, 00).

Proof. Recall that for || < 1, we have the alternating series expansion arctanz =
r—12%/3+2°/5— -+ and thus |z — arctan z| < |z?®|/3. By hypothesis,

1
Tn = — <1,

2—-1 7,

and it follows that

2r,3,(s)| _ 27,|sin s| 27
Tn2 - T]% S Tn2 - ]. S Tn2 — 18n - O (€n> = 0(1)

asn — oo, for all k =0,1,...,n. Thus we get the following bound for (6.8),

2~ m | L @B Y
< -
[kuls)] - < |ﬁn(s)llc A;kE*O:TnQ_rz o Z T
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and the result follows since 72/(72 — 1)2 < 1 as n — o0, locally uniformly for z in

(1, 00). O

Using the parametrization ., in (6.6), we can write

» €n eA;‘Lhn(s)ei/\;“lkn(s) i
Im(gn) = ZTn/ (T262i5 — 1)1/2 & dS

iTh B e (s
= m / GA”hn( )dS + 51(571) + 62<€n) + 53(5n)7

—En

where we have introduced the error terms

‘ e Mihn()eiNika(s)
d(en) = zm/ (2 1) (e — 1] ds

—E&n

S . 1 1
5 n = ) n Anhn(s) ZAnk"(s) - — d
2(€n) T, /En € € (r2e%s — 1)1/~ (72 — 1)1/2 o
) (g ) = L - eAzhn(s) [ei)\zkn(s) _ 1} ds
T mer ),

Using the inequalities |r2¢** — 1| > |72 — 1] and |e"® — 1| < |s], for all s, we get

En
101(en)| < %L/ () ds.

(T?’% - 1>1/2 —€
By (6.5), we have

T i 27;
m[ezs"—l]lgﬂ_len:o(l), n — 0o,

and thus since |(1 +w)"/? — 1| = O(|w|) if |w| = o(1) we get the estimate

2,2is _ 1)1/2 : en
(72 = 1) (e =DV ),

T2 T, e
— n n n'tn (S)
O(ﬁ—fOQﬁ—W”[%e o

We are assuming that 72 — 1 is bounded below and since ¢,, = o(1), we have

Tn e (s
61(en), d2(en) = 0 (m/ eAnnd )dS) ,  n— oo

—En

1 —

|02(e,)] < max

As for d3(e,), we apply Lemma 6.7, and get

N, Tn e (s
e = 0 (et} s [ s

n —En
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Since 72/(12 — 1) < 1 as n — oo, and recalling (6.5), we have

NS M A llog(hm)

-0 T R n (e
[10g()‘:7—n)]3/2 1
Qo) 2 272

[log(An 7))

n

(An )2
= o(1),

as n — 00, and this holds locally uniformly for z in (1, 00). To summarize, we have
shown that

1Ty,

L.(en) = o /57; Mt ds (14 0(1)], n — o0. (6.9)

To deal with the main term in (6.9), we need to look at the function h,(s), defined

n (6.7), in more detail. The first two derivatives are

hn(s) = =B |+ _Z rk T +T2k72kﬁn) ] (6.10)
and
hl'(s) = —ay, |c+ %kz_ﬂgm(ﬁ +17) [((;;—_ T:)) ((22::56:))] ] : (6.11)

We note that (recall o, (0) = 7, and 3,(0) = 0) A/ (0) =0,

Tn + Tk
hn(0) = T,c+ — »*lo
(0) nkzg 0g
= T.c+ O,(m)
= Fn(Tn)
and
2 — T2 472
" _ n k
hn(O) = —T,|C+ Egrkw
47‘5’ = Tk
Y ,; (r2—17)?
= 7-73@;;(771)’



and here we have used the identity (6.3). Thus expanding h,(s) about s = 0 yields

ha(s) = hn<0)+h;<o>s+@s2+...

297 - hgﬂ) -
— Fn(Tn) o Tn ;(T >52 4 if ) )83,

where &, 5 is between 0 and s. Then we can write

En . N En * 1 15(3)
/ M (9) 1o — eAnFn(Tn)/ ex\n{*fi@i{(fn)s%rghn (£n,s)s3}d8

—en —€n

En
* 71 * 2 //
= €>\”Fn(Tn) / e AnTnOn (7n) dS + 54<€n)

e
where

€n X
* _1yx 200 2 An g (3) 3
d4(en) = e/\”F”(T")/ e~ 2 nTnOn(mn)s [e 6 hn (Sn.s)s” _ 1] ds.
—en

Recall from Lemma 6.6, that if 72 — 1 is bounded below, then locally uniformly for z

n (1,00), 7,07 (7,) < 1 as n — oo. Therefore using (6.5), we get
Nr20" (1) < Nir,e? = log(Mir,)
and by Lemma 6.5, \* 7, — o0, locally uniformly for = in (1, 00). It follows that

lim e,/ 720! (7,) = 0. (6.12)

n—oo

Then using the substitution v = \/\;720"(7,)s yields

L X 729” (Tn)en
6_5)‘;77%9’%(7-")82d8 —

/an \/ /
—En )\ZT%@// Tn )\*7-2@//

= / 2v? dv[l+o0(1)]
A:T201 (1)

= \[xereay o)

and the limits hold uniformly for z in compact subsets of (1,00). It remains to

estimate the error term d4(g,,), and for that purpose we need an estimate for the

third derivative h” (s).

95



2

Lemma 6.8 If uniformly on (1,00), 7;(z) — 1 is bounded below away from 0, then

for |s| < ep,

|h’£z3)<8)| =0 (Tn‘sn) ) n — 0Q,

and this holds locally uniformly for x in (1, 00).

Proof. From (6.11), and using o, (s) = —f,(s), we get

B(s)  fro— 2 S (r? 1 r (72 = D) = (20,5,
e ng;k g [ o) o9

2

Letting ay, = 72 — rf for each n and k = 0,1,...,n, and using £(2r,53,)* =

2(2r1,)2 0,3, we compute
ila ﬁm—@mmfl = O
"lag,, + (2rk0,)?)? g, + (2reB)?)?
—2(2r¢)2anfulad , + (2rk8)?] — [af,, — (2refn)?] 2 - 2(2rk) By
[af ,, + (2riB3,)%]
B ( a2, — (2nB)° | 202ra,)?  3af, — (mm)?)
+ (2r5,)? akn + (2r0n)? akn + (2r0n)? a%m + (2r3.)? |

3ai7n—(2rkﬁn)2
ai’n+(27’kﬁn)2 -

+a,

akn (27’kﬁn)
zn (Qrkﬂn)Q

d [ az., — (2riB,)° ]

ds | “"[a2., + (2B

<1

— Y

Since n=T12—ri>72—1 this yields

|85 2472
< o )

n

IA

Using the identity (6.3), and |3,| = 7,|sin s| < 7,ep, (6.13) yields

n

2 Tk T2 -+ r,% 2472
_E 1422
¢t A* —r2 7'2 r? + (12 —1)2

T+ 1 2473
§7””P+ﬁ—10+ﬁ—nﬁy

|h(3) ()| < Tuen

If 72 — 1 is bounded below, then

2 2
+1 24
In (1—1-(42) = O(1), n — oo,




and the result follows. O

The lemma above gives

An hgf)

IO 1 = 0 (Nymeh)

max n

0<r,s<en

and using (6.5) and Lemma (6.5) yields A:7,e4 = [log(A:7,))2/ i = o(1). If follows

that

En
54(5) = 0 <e>‘:LF"(TTL)/ e_é)\:«T’IzL@’/ri(Tn)s2ds) ,

—&n

and this holds uniformly for x in compact subsets of (1, 00).

To conclude, combining this with (6.9), the main contribution is

1 1 . e
—Ia:(gn) ~ —T / GA"hn(S)dS

271 2r (12 = 1)V2 ).,
1 ™ ume 2m
2m (77 — )12 MO0 (1)
eA:LFn(Tn)

= . 6.14
V2N (7 — DO .

6.2.3 Estimate of the integral on the arc away from the stationary point

Here using the same ¢, as in the section above, we estimate the integral

AnFn(u)

Ju(en) = / B
Co\Clen) (U2 — 1)1/

—en o ARhn(s) giXsKn (s) /2 o Nihn(s) piXskn (s)
= 4 / Sds + i, / e ds
= T, . e . .
2.2 1/2 2.2 1/2
—njo (225 —1) / . (12e%s — 1)1/

Since (72—1)Y2 < |(72e%*—1)'/2| and h,,(s) is even about s = 0 (since ay,(s) = 7, cos s

is), we have
27,

w/2
| Ju(en)| < 1) / M ds. (6.15)

Lemma 6.9 For s € [g,,7/2],

1
=0 L , n — 0o,
|h,(s)] Tn€n

and this holds locally uniformly for x in (1,00).
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Proof.  From (6.10) we recall that

n

2 2 2
hl(s) = —Tpsins |c+ — E (T + 1) 2].

Ay = (3 — i) + (2rym, sin s)

Then using sin s > sine,, > % and the identity (6.3) we get

ThEn [ 2 — re(T2 4+ 12)
h/ > < n k
2 R P e

n 2 2
Th€ 2 T, TS —7T

5 Tnfn [ N T,f — 1
c+ec
-2 | 241
2
Tn
- n€n
TnEnC Ca|
The result follows from noting that 72/(72 +1) < 1 as n — oo. U

Since hl,(s) is negative for s > 0, h,(s) is monotone on [e,,7/2], and we can use
the substitution v = h,(s), dv = h! (s)ds in (6.15). Then using h,(c,) < h,(0) =

F,.(1,,) and the result of Lemma 6.9 yields
o, eAihn(en) _ Anhn(7/2)

(12 — 1)1/2 X MiNele, /2] |, ()]
o - eAnhn(0)
- ((7‘3 — 1)1/2 )\*Tn5n>

>\ *Fn(n) (Tn@g<7n)>1/2
N VA2 =107 (1) \ AiTuel '

According to Lemma 6.6, if 72(x) —1 is unformly bounded away from 0 on (1, 00), then

|/ (en)]

7,0"(0,) =< 1, and using (6.5) and Lemma 6.5, we see that \*7,e2 = log(\7,) — o0

as n — 0o. It follows that

; 6)‘nFn(Tn)
z\En) = s n — OoQ.
( ) \/)\* @//(Tn)

6.2.4 Estimate of the integral on the line segment

It remains to determine the contribution of the part of the integral in (6.4) that lies

on the imaginary axis. We denote it by [,(n). Using |ry —is|/|rx +is| = 1 for all k
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and s € R, and ¢ = logz € R we get
—1iA} sc

7 N1 -
L) = |/ T2y,
_ T, +1is 1+1s

™ k=0

< /T" ds _2/7” ds
) L] o V1t
= 2log (Tn—l— 1—1—75)

= 0(m),

where in the last step we have used our assumption that 7, is bounded below away

from 1. Recall that the main contribution term is e*f=(™) /| /27 )\* (12 — 1)0/(1,).

First, since ©,,(7,) > 0, we have the basic estimate
X Fy(m) > Anmy log .

According to Lemma 6.6, (12 — 1)©”(7,) < 7,,, and it follows that

T e, <_Tn\/ AZTn) —0 (()\ZTn)g/2 ! ) .
()

eMFn(mn) e Min logz AT \®
n
VALE-Der

Then since > 1 and A7, (x) — oo locally uniformly for z in (1, 00), it follows that
l:(n) = o0 (I:(en)).

6.2.5 Proofs of main results

In (6.4), we wrote 2miz'/2L,,(A; x) = I.(¢,) + Jo(en) + l.(n). According to the treat-
ment above, recalling the main contribution in (6.14); if uniformly on (1,00), the
stationary point 7,, = 7,(x) > 1 of the phase function F,(t;x) = ©,(t) + tlogz is
bounded below from 1, then we have

A Fn (i)

L(A;x) ~ , n — o0. 6.16
N e e 10

The following result will give these asymptotics, and we to find general conditions on

the sequence A, under which the requirement that 72 — 1 is bounded below holds.
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Theorem 6.10 Let A : —1/2 < Ny < A1 < Ao < ... be a sequence of real numbers

such that
n—1 2\
() lim Y =00
n—00 Pt )\n — )\k
y IR
(17) e Z Ay, s bounded below away from zero as n — oo
n k=0
1 )\*

TXE<AL (1—€n) AE<Ay (1—en)

Then locally uniformly for z in (1,00), as n — oo,

1 “ A5 - P+ +1  af
L(A: 2 _ Tk
( al‘) 2 ( anz )\22) H _)\kz pn_)\n’

i Opn

where p, > A, s uniquely determined by

)\*

logz =2 t .
; p:f e

Proof. We need to show that conditions (i), (ii) and (iii) ensure that 72(x) — 1 is
uniformly bounded below for z in compact subsets of (1,00). If 72 — 1 > 1, then

there is nothing to prove, so we assume that 72 — 1 < 1. Then we have

21—1r2), fr2—1<1—12
R S R ’f
202 —-1), ifr2—1>1-r

and it is easy to see from (6.3) that,

2 Tk 2 Tk 1 1
logx = — —> —_ 4+ —
8 ) Z Zo2 2 22 2o

0<l—ri<r2-1

1 ry 11
+ —

/\* Z -1 XN72-1
1—r2>72-1 0<1l-ri<r2—1

AL 1 .
k n n

1—r2>72-1" " 0<1—-ri<r2—1

3x
,_.
ﬁ

N
\
\]

N
—

3

vV
>/|,_
ol ol
\MI

3
|
[
=
Eal

If we assume to the contrary that 72 — 1 = o(1) as n — oo, then the bound

1 ES
ey D DR

0<1—ri<r2-1

logx >



yields
1

LY x=e,

"o0<l-ri<r2-1
and the condition (ii) then implies that

1 *

1<A*2ZM o2 M
" k=0 mo1-ri>r2-1

Letting €, = 72 — 1, we can rewrite 1 — 77 > 72 — 1 as )}

< A1 —¢€,, sO we can

apply (iii) and then the bound >, _»5 . ; Ap/ (A? = A\;?) < loga from (6.17) then

yields

AF
1=o0 Z )\*2—k = 0(1),

)
1—r2>72-17" Ak
a contradiction. Hence 72 —1 is bounded below away from 0, and this holds uniformly

for x in compact subsets of (1,00) since logz is bounded above and below on such
sets.

It follows that (6.16) holds. Letting p! = A7} for each n, we can write

* - r
N7 = DOL() = (7= DA Y
k=0 n  k

n )\*
*2 *2\ ok k
= 4(p," = Ao E* W
k=0 \I'n

Then writing out the phase function

-1

n—1

. 1. 7,41 51 pE N
2: Tn+7T Tk —IOgT + lgpn+ . 1o pn+ n
—~ 2 "1n,—1 o= 2

o,
Ly (A; ) =

Hpnw (pmxs)m
\/27'(']}'4( A Pn

/\* )pnzﬁ% 0(pr? )\*2)2 k= 0pn

i) i

kOn )\k pn_)\n
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We are now ready to explore the special cases.

Proof of Theorem 6.3. Here we assume that o, — o0 as n — 00, so according to

Lemmas 6.5 and 6.6, we have (\*7,)? ~ 25, /logz and 7,,0,,(7,) ~ 2logz. Therefore,
(7 = 1)O5(7) ~ (X3 7)(10On(7)) ~ 2(25, log )72,

as n — o0o. Then writing out the phase function

A En(Tosx) = ArO,(t) + Arr, log e = E log Tn Tk + A7, log
5—0 Tn — Tk
in (6.16) and letting p! = A!7, yields
AbT, n—1 1/
nin n n 1
L(Aix) ~ T HT + 7y, <T+ )
\/2mx - 2(28, loga:)l/2 0Tn =Tk \Tn — 1
2\/_(28 log )"/ o Pn /\1:’
and here we have used (7, +1)/(1, —1) ~ 1 as n — oo since 7, — o0. The
result now follows from S,, = Z’;é Ne+ A5 /2 ~ >0 o Af, which is guaranteed by our
assumption \:?/>°7_ Af = o(1). O

Proof of Theorem 6.4. As in Theorem 6.3, we assume that o, — o0, so 7, — 00

by Lemma 6.5. Then we get

0;(m) = 3= Zlog <1+ 2" )

-
n k=0 k

R DL EE)

*
)\"k “Tn = Tk
n

- 2)\7;” 27-2 -k r2 [140o(1)]
o(1)],

= T,logz|[l+

where in the last step we use the identity (6.3). Therefore we have F,(7,;z) =

O, (1n) + Tnlogx = 27, log z[1 + o(1)]. Using (\:7,)? ~ 2S5, /log z then yields

Ao Fy (T ) 2\ T, log x

~ = 2(log x)"/2
(2S.)V2 " Nira(log z)/? (log 2)
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We saw in the proof of Theorem 6.3 that the denomiator in (6.16) behaves like

2y/7 (25, log z)"/* and it follows that

Ly (A; ) @507 [eA;P*(T”WQ](zs")_l/Q ~ 20g )

The proof is completed by noting that ¥, = 25,,. 0

Now we turn to the case when )\, ~ an for some constant @ > 0. If « = 1 we

expect the phase function F,(t;x) = ©,(t) + tlogz = >3 _log 7= + tlogx to

t—T’k

behave like the function

1
t
F(t) = /log +udu—l—tlogx
0 u

t —
t+1 2 —
= logt_1 —|—t[logt—2+logx .
Then
-1 2

F'(t) = log

1 F'(t) = ———.
t2 + ng, ( ) t(tQ _ 1)

If we let 7o = (z/(z — 1))"/?, ie. 2 = v2/(72 — 1), then F'(vy) = 0 and

Yo+l R G _ 1/2 1/272
F(7) —log%_ . —logxl/2 myp—T =log [¢'? + (z — 1)'*]",
which yields e*#00) = [21/2 4 (z — 1)1/?] 2+ Furthermore
2(x —1)3/2
" .
F'(v) = ——5—

If we let ©(t) = fol log 2% du, so that F(t) = O(t) 4 tlog x, then we have

t—

Fu(y) = log [+ (z — 1)'/?]" 4+ (0, — ©)(0) (6.18)

Fo(v) = (©n—0) () (6.19)
y 2(x —1)3/2 "

E/(w) = ——5— +(0n=6)"(). (6.20)

Now we recycle Lemma 4.29 from Chapter 4. This gives the following:
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Lemma 6.11 If \,, ~n asn — oo, then

Fa(v) = log [22+ (x = 1)"*]" + o(1)
Fi(%) = o(1)

2(x — 1)%2
Fa) = 2T o),

where the rate of convergence for all the o(1) errors is

( ZIHB A|+M>+O<%)

for each constant (3.

Proof. This follows directly from (6.18), (6.19) and (6.20) using Lemma 4.29 and the
fact that the integrands in the integral representations of ©(t), ©'(t) and ©"(t) are
log ((t —s)/(t+s)), s/(t* — s*) and s/(t* — s?)?, respectively, and they are all O(s)

as § — 00. ]

We also need the following results to ensure that in this case, (6.16) indeed holds,

and that have 7,, ~ v as n — oo.

Lemma 6.12 If )\, ~ n as n — oo, then 72(z) — 1 =< 1, and this holds locally

uniformly for x in (1,00).

Proof. If \, ~ n, then 0, <1 asn — o0, so 72 — 1 = O(1) by Lemma 6.5. If
72—1 > 1, then we are done. Otherwise, since 72 —r7 = (12 —1)+ (1 —r}) < 2(1—73)

if 72 —1<1—r?, we have the bound

and since A, ~ n, this yields

logx 2 2

/\/1—(7'%—1) S p /7’5—1 du
S = — f—
1 u
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Hence, 72 — 1 is bounded below away from 0. Since log z is bounded above and below

on compact subsets of (1,00), the result follows. O

Lemma 6.13 If \, ~n as n — oo, then

=% = o(F,(7)),
Fu(m) = Fuly) = 0<FT/L<’YO)2>7

F (1) = El(0) = o(F, (7)),
Proof. Expanding F/ (t) about the stationary point ¢t = 7, yields

F(0) = F(7a) + F7(6) (0 — ) = F/(&) (Y0 — ), (6.21)

where &, is between 7 and 7,,. We have the basic estimate
4t & Tk At 1) 4o
Flit) = — 9 —F— > — Y — = =
”() )\:Z(ﬂ—ri)Q_)\ZZt‘l 3
k=0 k=0

and since 0, < 1 as n — o0, 7, is bounded above by Lemma 6.5, and thus

L >1, n — 00.
min{vo, 7, }

Fl(&n) =

It follows from (6.21) that o — 7, = O (F).(70)).

Now we expand F),(t) about ¢t = 7,, and get

Fo(v0) — Fulma) = (70 — Tn)za

for some v,, between 7, and 7,. Note that for t > 1,

4to,

F(t) < m»

so according to Lemma 6.12 we have F(v,) = O(1) as n — oo. It follows that

[Fa(0) = Fu(ma)|l = O (In0 = 7al*) = O (F,(70)*) -
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The treatment above shows that F(7,,) and F)’ (7o) are bounded above and below.
Thus, the same way as above, F)(1,,) — F)/ (7o) = O (70 — 7,,) follows if we can show

that £ (t) is bounded above when t is between 7,, and 7o. This is clear since

4 S~ 3242
B3 () = __E 'k
Fn (t) = )\* *TL (t2 _ 7’2)3

so for t > 1,
3t +1

FO W) < 4o, —"—.
F(0)] < d0u 315

Before we give the proofs for Theorems 6.1 and 6.2, we recall how the case n/\, ~
p can be mapped to the case when p = 1. For a given sequence A = {\,} define
I = {u,} by letting

1
Vm:p)‘n_"ﬁ(p_l)a

or equivalently, p* = pA* for each n. Then as shown in (4.34)
Lo(A:u?) = Ly (I w)uz7), (6.22)

Proof of Theorem 6.1. First assume that p = 1. Then Lemma 6.12 ensures that

(6.16) holds in this case. If A\, =n+ 3/2+0(1) as n — oo, then

+|n+6/2_)‘n‘ :0<l),
n

n

n—1

1 G

j=0

so we have F/(79) = o(1/Af) as n — oo according to Lemma 6.11. Then Lemma

6.13 gives F,(7,) — Fu(v0) = 0 (1/Af), T, ~ 0 and F)/(7,) ~ F () so (6.16) yields
MiFn(20)

V2ran(yg = DE! ()

Then Lemma 6.11 and 72 — 1 =1/(z — 1) yield

Ln(A;zx) ~

Lo(hir) ~ e L Rt VR
n\{\%; T ) ~ = )
O L 2a=1)3 2y/mnzt/4(x —1)1/4

z—1 gl/2
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and by noting that 2\* = 2n + 8+ 1 + o(1), the proof is complete for this case.
Now assume that \, = (n+3/2)/p + o(1) and define I = {u,} by letting
e = pAf so that u, = n+ (8+p—1)/2+ o(1) as n — oo. Then according to

(6.22), and the proof for the special case p = 1 above,

L,(A;2f) = Ln(H;x)x%(l’p)
[xuz +(z— 1)1/2} 2,
~ x
2/mnzt/4(x —1)1/4
[xl/Q + (x _ 1)1/2} 2n+p+p
2\/mnx@e—D/4(x — 1)1/4°

(1-p)

N[

This completes the proof. 0

Proof of Theorem 6.2. This follows from the proof of Theorem 6.1; the only differ-
ence is that since we are taking the nth root it suffices that F,(7,,) — F(y0) = o(1),

and this holds if A, ~ n/p according to Lemmas 6.11 and 6.13. U
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CHAPTER VII

ASYMPTOTIC BEHAVIOR OF MUNTZ-CHRISTOFFEL

FUNCTIONS AT THE ENDPOINTS

This chapter is built on results from the paper [52]. At the endpoints x = 0 and 1,
we compare the asymptotic behavior of Christoffel functions associated with differ-
ent Miintz systems, for which the respective sequences of exponents are asymptotic.
Along with the known asymptotics for the algebraic polynomials, we use this to es-
tablish the asymptotic behavior of the Christoffel functions in the case when the

exponents are asymptotic to an arithmetic progression, i.e. such that

for some p > 0. We utilize the fact that the Christoffel functions can be written
in terms of the Miintz-Legendre polynomials, which take on a simple form at the

endpoints z = 0 and z = 1. Our main results are Theorems 4.1 and 4.2 below.

7.1 Lemmas

7.1.1 Asymptotics in polynomial spaces with Jacobi weights

Recall that on the interval [—1, 1], the classical Jacobi weights are defined as
w(o"ﬁ)(x) = (1 —2)*(1 4 z)°, e |[-1,1],

for given real numbers «, 3 > —1. In order to use these weights with the Miintz
systems, we need to shift them to the interval [0, 1], where the Miintz polynomials
are well defined. Using the mapping [—1,1] > 2 +— (z+1)/2 € [0, 1] we obtain Jacobi
weights on [0, 1] as

P (z) = (1 — z)%P, x € [0,1]. (7.1)
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Note that u(®%) (x) = w®#) (22 — 1)/29FP for all z € [0, 1].

Lemma 7.1 Under the Jacobi weights u'®®) on [0,1], the Christoffel functions over

the algebraic polynomials satisfy the following asymptotic behavior at the endpoints,

lim 2?2, (u? 1) = (a+1)(a+1)% (7.2)
lim 222N, (u®? 0) = (B+1)T(B+ 1)2 (7.3)

Proof. We know from Theorem 2.10, that the Christoffel functions over the algebraic

polynomials with respect to the Jacobi weights on [—1, 1] satisfy

lim n2 2\, (w@? 1) = (a+1)2°H10(a + 1)?,

n—oo

lim n?* T2\, (w @ —1) = (B4 1)2°PHD(3 + 1)2

n—oo

Then using the substitution ¢ = 2z — 1 and letting Q,,(t) = P,((t + 1)/2), we obtain

Pn(c)=1

1 (a,8)
g /Pﬁ t+ 1\ wd () dt
Pa(e)=1J_4 2 20+8 2
L / 1 Q2 (H)w' P (t)dt
20é+ﬁ+1 Qn(QCfl):]. _1 n

1
= W}\n(w(aﬁ)’ 2c — 1),

1
(U@ ¢) = inf /Pﬁ(ac)u(a’ﬁ)(a:)dx
0

and it follows that \,(w,1) = 29T8+1\ (u,1) and \,(w, —1) = 2¢FFFLN\ (u,0). O

Now let \g, A1, Ao, ... and g, i1, p2, - .. be sequences of real numbers with A,, =
{ Mt and 1T, = {p }r_,, and define the corresponding Miintz systems M (A,,) and
M(1I1,,) on [0, 1]. Here, we wish to compare the Christoffel functions of the two spaces
at the endpoints z = 0 and x = 1. First, for the right endpoint we have, according

to equation (2.25) and Lemma 2.18,

n n

1 1
AM,(A); 1) MNM,1);1) 2 (2N +1) — (2u +1)] =2 k:O()\k — ),
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or equivalently,

AMLAD:L) + 2A(M,(I1); 1) y (Ak = pe)- (7.4)
k=0

A simple consequence of this identity is the following lemma on monotonicity.

Lemma 7.2 Let A, := { Ao, A\, Xa..., A} and I, := {uo, p1, o - - ., fin} e sequences
of positive real numbers such that A\, < pg for all k = 0,1, ..., n, with strict inequality

for at least one index. Then
MM (Ag); 1) > A(M(I1,); 1).

As for the other endpoint, x = 0, we assume that \g = pg = 0, so the Miintz-

Legendre polynomials take the values Ly, (A;0) = cff,, and Ly, (I1;0) = cfl,,, where

,m
¢ and c{l,,, are the coefficients from (2.20), for the respective systems. Then

1 Hm 1 pi+1 2

K ]:ﬂﬁ( )
|C(/)\,m| 1 Hm 1,\J.r1 L “ < >

AML(A):0) _ Soofpim + DIl
AL(T0) — g2+ Dl

the following monotonicity lemma follows directly:

and since

Lemma 7.3 Let A, := { o, A\, Ao .., A} and I, := { o, po1, fho - - -, fin} be sequences
of positive real numbers such that \g = g = 0, and N\ < py for all k =0,1,... n,

with strict inequality for at least one index. Then
ACM(A,); 0) < A(M(TL,); 0).
7.2 A Comparison Theorem

Here, we wish to compare the Christoffel functions for two different Miintz systems,

at the endpoints of [0, 1].
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Theorem 7.4 Consider two sequences A = {A} and I = {u} of distinct non-

negative real numbers such that A\, g, — oo and

A
lim 2% = 1.
k—o0 ,[,Lk

For eachn, let M,,(A) := span{z* 2™ ... 2} and M, (I1) := span{zto, ... xtn}
be the corresponding Miintz spaces on [0,1]. Then,
(i)
AM,(A); 1
lim MMM D)
n—o0 A(My(I1); 1)

(ii) and if \o = o = 0, and the limit

a:= lim H M 1 (7.5)

n—o0
k=

exists and is finite, then

lim —————= = a”.

Proof. (i) At the endpoint x = 1, it follows from equation (7.4) that

A(M,(11); 1)
Sr ) 1| SPORID Y b

Since A\g/pr — 1 and pp, — 00, we have

> k=l = Zﬂk ——1‘ {Z(2Nk+1)}a

k=0
and the result follows from A(M,(IT); 1)~' = Y7 (2u, + 1).

(ii) Now, we turn our attention to the endpoint x = 0. For each [ € N define the

number
!

i(p 4+ 1)
=TIy

Then, since we assume here that \g = pg = 0, we have

141

|CO,m| 1 Hm “]J _ ma

1 m— 1AJ+1 - “m-l
I

.
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Therefore, we can write

n

1
LS 2t 4+ 1)[cL |2
SOn0) 22t Dl

)‘gn A 12 2
= Z(Qlum + 1)M_2’00,m‘ Q-1

m=0 m
" Ao Mo
_ oy (mm N —) e P2,
s M Hm

Then, since A,/ — 1, ag, — « and A\, — 00 as k — o0, it follows that

AM,(I0);0) ™ ~ Y (20 + D)cp,*0” = @AM, (A);0) 7,

m=0

as n — 00, and we are done. O]

Remark The condition in (7.5) can be replaced by requiring convergence of the series

1

1
e M

2

00
k=1

We see this by noticing that

S+l ( Ak — [k ) - (
al ST (22 ) < T (1 +
Huk)\lﬂrl P pe(Ar + 1) H

k=1

and recalling that [[(1 + ax) and > ax converge simultaneously for ax > 0.

7.3 Asymptotic behavior of the Muntz-Christoffel function
at the endpoints

7.3.1 Miintz systems with {u;} = {kp}

Here we consider the simple case when the powers of the Miintz basis elements satisfy
an arithmetic progression, that is we assume that there exists a positive number p
such that

i = kp, for all £ > 0.

Let M, , be the span of (1,27,...,2"), and note that for each element S(x) =
> o ckT™ we can write

S(a) = P(a?),



where P(z) = >} _,cxx" is a polynomial of degree n. Then, using the change of

variables u = t?, the Christoffel function over the Lebesque measure on [0, 1] can be

written as
1 1
S2(t)dt P2(tr)dt
MM, ;x) = inf —fo () = i —fo ®)
’ seM,, |S(z)|? PeP, | P(zr)|?
1 f01P2(u)u1/p’1du
T pPer. |[P(ar)]?
— l.)\(pmu(Oal/p—l);xp),
)

where u(®1/7=1 is the Jacobi weight u(®Y/?=V(z) = u/#~! on [0,1] with a = 0 and

B=1/p—1in (7.1). Then, using (7.2), we obtain

(1) = 1, (7.6)

lim n°A(M,, ;1) = p

n—oo

|

and since §+ 1 = 1/p, equation (7.3) yields

P (1/p)? = (M) | (77)

lim n??\(M,,,;0) =
P

1
n—oo p

1
p
7.3.2 Miintz systems with {;} asymptotic to {kp}

From the comparison theorem in section 3, the following theorems are direct conse-

quences of (7.6) and (7.7).

Theorem 7.5 Let Il = {u} be a sequence of real numbers such that

lim 2 —
Jim T =
for some constant p > 0. If we let M, (I1) := span{xto, z* ... xt*} for each n, then

lim n’\(M,,(I1); 1) = !

n—oo p ’

Theorem 7.6 Let I1 = {p} be a sequence of distinct real numbers such that



for some constant p > 0, and such that the limit

oy e kp+1
a = lim —
n—00 i ]{Jp Mk +1

exists and is finite. If we let M, (IT) := span{xto z ... xt} for each n, then

oI (1/p)°

lim n??\(M,(I1);0) = :

n—oo P
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CHAPTER VIII

FUTURE WORK

8.1 Random matrix theory: Mintz ensembles

8.1.1 Biorthogonal ensembles

In [35], K. A. Muttalib argued that for certain physical systems with two-body in-
teractions, the standard random matrix model does not provide sufficient accuracy.
He, and Borodin [5] did this more generally, proposed using ensembles built out of
biorthogonal systems [17]. They turn out to have several of the same properties as
their orthogonal ensemble cousins; most importantly the correlation functions also
have determinantal form, so important statistics can be derived from the behavior
of the biorthogonal functions themselves. Recently, a Riemann-Hilbert problem was
formulated for biorthogonal polynomials by Kuijlaars et al. [20].

A biorthogonal ensemble is a probability density function of the form

Plar, .. wm) = — det [fi(a;)]"._, det [g:(z;)]"

A ij=1 ij=1"

where f1,..., f, and g1,..., ¢, are two given sequences of functions and the normal-

izing constant

Zy = /.../det fi(ap)]} -y det [gi(ap)]7,_, day - day,

is defined such that P(zy,...,z,) is indeed a probability density function.
Suppose that the systems (fi,..., fn) and (g1,...,9,) can be biorthogonalized
with respect to each other. This means that we can find functions ¢4, ..., ¢, in the

span of fi,..., f, and v¢1,...,1, in the span of ¢i,..., g, such that
[ osarinta)ds =
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Then the biorthogonal ensemble is a determinantal point process with correlation

kernel
y) = Z ¢ ()¢ (), (8.1)

which means that we can write

1 n
P('xh s ,l‘n) = mdet [Kn(‘r“x])] i

t,j=1"

It follows that for every k = 1,2,...,n, we can write the conditional probabilities

(correlation functions) as

—k)!
/ /77 T1yenoy Tp)dTpyy - - day, = (n =k det K, (2, xj)]ijzl :

n!
Therefore, just as in the case of orthogonal ensembles, the correlation kernel (8.1) is
written in terms of the orthogonal functions and is a key element in examining the
statistics of the biorthogonal ensembles. For the biorthogonal case however, we don’t
have an analogue of the Christoffel-Darboux formula, and this makes the treatment

different from the standard case.
8.1.2 Mintz ensembles

The biorthogonal ensembles described above include a special case considered by
Borodin [5]: here the biorthogonal functions are Miintz biorthogonal polynomials, i.e.
the orthogonal elements obtained by orthogonalizing the systems M (A) = span{z*}°°
and M (II) = span{z#}5° , with respect to each other. Indeed, Miintz biorthogonal
polynomials can be obtained by slightly altering the definition for the Miintz orthog-

onal polynomials (2.18): if we define

t

t+u+1 =z
n(A dt 8.2
e 2m/H t—X t—X, 8.2)

and ¢, (IT5; z) in an analogous way, then (if the sequences consist of distinct entries)

On(Ar1;-) € My (A), @ (Tly;-) € M, (IT) and

5n,m

1
(A ) o (T 2)d = —2mm
/Ownmo(w)x e
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Since Miintz biorthogonal polynomials have a contour integral representation which
is similar to (2.18), one can hope that the approach used in this thesis can be applied
to determine the asymptotic behavior of the elements (8.2). For example: is there an
equation like (3.1) for Miintz biorthogonal polynomials?
Borodin [5] considered very special cases, namely A\, = k and p, = 0k for all
k, where 6 is some constant, for the classical weights. This is a one parameter
deformation of the standard random matrix model. His approach involved writing
the correlation kernel (8.1) as
Ko(z,y)= Y cWatym
1<i,j<n

(n)

and estimating the coefficients ¢; / as n — oo.

It would be interesting to see whether we can apply the results in this thesis
to shed light on the Miintz ensembles for more general A; and p; or obtain more
accurate asymptotics for cases where A; and j; have regular growth (one important
special case is discussed in the next section). Of course, when \; = p; for all j,
then we have Miintz orthogonal polynomials. The following question is important: is
there an analogue to the Christoffel-Darboux formula for Miintz biorthogonal (or just
orthogonal) polynomials? We were able to obtain an asymptotic formula (Theorem

4.8) for K, (z, ) in the cases when A, = (n+ (3/2) /p+ o(1) as n — oo. Otherwise,

we only have the uniform bounds in Theorem 4.9.

8.1.3 Biorthogonal Miintz polynomials as multiple orthogonal polynomi-
als of mixed type

Multiple orthogonal polynomials (see Aptekarev [2] for detailed definitions) have ap-
plications in number theory and approximation theory, and have recently been con-
nected to certain models in random matrix theory [4, 18]. Asymptotic results for
special cases [13] have been obtained through a Riemann Hilbert problem for multi-

ple orthogonal polynomials, formulated by Van Assche, Geronimo and Kuijlaars [56].

117



Here we show that a certain class of multiple orthogonal polynomials can be written
in terms of (non-multiple) Miintz orthogonal polynomials.

Let 3 be a real number greater than —1/2 and define the sequence A = {\} by

letting

)\Qk =k and )\2k+1 =k + ﬁ
for all k =0,1,2.... Then each associated Miintz polynomial can be written in the
form

p(@) +q(z)a”,

where p, g are algebraic polynomials. Therefore it is easy to see that the corresponding
Miintz-Legendre polynomials are precisely the multiple orthogonal polynomials of
type I with respect to the Jacobi weights w,(z) = 1 and wy(x) = 2% on [0,1]. If we
let 5 — 0, then (see [7, Appendix 2]|) we get multiple orthogonal polynomials of
type I with respect to the weights wy(x) = 1 and wq(z) = log z.

More generally if we fix distinct numbers (o, 1, ..., 3,—1 > —1/2, and for each

7=0,1,2,...,r—1, let
Aty =k + B, k=0,1,2,...,

then each Miintz polynomial associated with A = {\,,} is of the form

S pele)un(a)

where py(z) are algebraic polynomials and wy(z) = 2% for all k = 0,1,...,r — 1.
If we write the orthonormal nth Miintz-Legendre polynomial in this form with py
of degree ny — 1 and n = ng + ny + - -+ + n,_1, then they satisfy the orthogonality

condition

L , 0 forj=0,1,...n—2
/ Zpk(x)wk(l') dr =
0

k=0 1 forj=n-1
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and this is precisely the definition for the multiple orthogonal polynomials of type I
with respect to the weights wy(z), k = 0,1,...,7 — 1 on [0, 1]. By equating some of

the (;,’s we can more generally get weights of the form z”(log x)™, m € Nj.

8.2 Muiintz-Christoffel functions

In Section 2.4, we introduced the Miintz-Christoffel functions A(M,,(A); x) associated
with A = {M\;} and just as in the algebraic polynomials case it can be written in

terms of the reproducing kernel as
MM, (A);2) ™ = Ky(w,x) = ) |Li(x)|”
k=0

where Lj(z) is the kth orthonormal Miintz-Legendre polynomial (2.22). The Miintz-
Christoffel functions have been used in relation to Miintz-type of Gauss-Jacobi quadra-
ture [32], density questions [6] and, as described above, the reproducing kernels are
the key functions for determinantal processes that arise in random matrix theory.
Using our formula (3.1), we can write the reproducing kernel as a double integral,

namely
Ky(z,y) = Z%ZLk(fﬂ)Lk(y)
k=

Z / sin (Vg (t) — At log x)dt /°° sin (Vg (s) — Aislog y)d
= s
7T2\/ \/1—|—t2 0 V14 s?

X Z Az sin (W (t) — Aptlog ) sin (Wi (s) — A\islogy) dtds.

)\J

where W, (t) =23 77, " arctan i

+ arctan +. Letting ¢ = — log z and using a trigono-

metric sum-to-product identity, we can write

w2 K, ( — Up(s) + Ape(t — s))

k() + Ui(s) + Ne(t + 9))

/ / mmz““’s
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Can we look at this as a type of Christoffel-Darboux identity? For special cases, can
we simplify this expression and obtain asymptotic formulas for K,,(x,z) (or K, (z,y))

via the asymptotics obtained in this thesis for the Miintz orthogonal polynomials?
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