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Chapter 1
Introduction

My thesis studies Lie groups (or algebraic groups) and the (generalized) symmetric spaces
obtained from them. The study of symmetric spaces involves group theory, field theory,
linear algebra, and Lie algebras, as well as involving the related disciplines of topology,
manifold theory, and analysis. The notion of symmetric space was generalized in the 1980’s
to groups defined over arbitrary base fields. In particular, if G is an algebraic group defined
over a field k of characteristic not 2, # is an automorphism of order 2 of GG, and H is the
fixed point group of 6, then the homogeneous space G/H is called a symmetric space. It can
be identified with the subvariety Q = {gf(g)™' | g € G} of G.

These generalized symmetric varieties are especially of interest in representation theory,
especially when the base field k is the p-adic numbers, a finite field or a number field. A full
classification of these symmetric spaces for arbitrary fields is still an open problem.

The main focus for my thesis concerns a classification of these symmetric spaces for G the
special orthogonal group defined over an arbitrary field. Symmetric spaces have been studied
over 100 years, with the initial theory focusing on symmetric spaces over the real numbers
and their important role in mathematical physics, representation theory, harmonic analysis,
and differential geometry. More recently the field of research has expanded to include the
study of these spaces over general fields of characteristic not 2, and the applications of such
generalization has been shown to yield results important to not only the areas mentioned

above but also to number theory, quadratic forms, algebraic geometry, combinatorics, auto-



morphic functions, and more. We obtain our symmetric space by starting with a reductive
linear algebraic group (matrix group) G defined over an arbitrary field (of characteristic not
equal to 2) and analyzing the space G/H, where H is the fixed point group of an involu-
tion of GG. Classification of the involution leads to classification of the subgroup H, which
enables us to characterize the related symmetric space G/H. The symmetric space can also
be identified with the subvariety Q = {g6(g9)™" | g € G} of G. A full classification of these
symmetric spaces for arbitrary fields is still an open problem. The main focus for my the-
sis concerns a classification of these symmetric spaces for GG the special orthogonal group
defined over an arbitrary field. For g € SO(2n, K) where K is an extension field of &k the

corresponding inner automorphism of SO(2n, K) is denoted by Inn(g).

Definition 1. If ¢ and ¥ are involutions over SO(2n, k) then ¢ is isomorphic to v if there
is an inner automorphism w € Aut(SO(2n,k)) such that w™'¢w = 1. By abuse of notation,
1somorphy classes of involutions with respect to conjugacy will also be called conjugacy classes

of involutions.

Definition 2. If K is an extension field of k and ¢ and 1p are involutions of SO(2n, k)
then they are K-isomorphic if there is an inner automorphism w € Aut(SO(2n, K)) such
that w™l¢w = 1. By abuse of notation, K -isomorphy classes of involutions with respect to

congugacy will also be called K -conjugacy classes of involutions.

Thus, for the classification one considers the notion of isomorphism up to Inn(G), where
two involutions ¢ and 7 are isomorphic iff 7 can be obtained from 6 via conjugation by an
inner automorphism of G. Involutions of SL(n, k) were classified by Dometrius, Helminck,
and Wu, and the classification of SO(2n + 1,k) was done by Ling Wu. I have classified
the involutions of SO(2n, k). I first showed that all involutions of SO(2n, k) are restrictions
of involutions of SL(2n, k) to SO(2n,k). Then I determined which isomorphy classes of
involutions of SL(2n, k) have a representative that leaves SO(2n, k) invariant. The final step
is to determine in how many SO(2n, k)-isomorphy classes one SL(2n, k)-isomorphy class
splits. This depends on the field in question and in many cases one SL(2n, k)-isomorphy

class splits in several SO(2n, k)-isomorphy classes.



Over any algebraically closed field of characteristic not equal to two, there is one isomor-
phy class of involutions in SO(2n, k) for every isomorphy class of SL(2n, k). The same is true
over the real numbers R. However, over the finite field of p elements, denoted F,, there are
two isomorphy classes of SO(2n, k) for every one in SL(2n, k). The situation is much more
complicated over Q,. There are sixteen isomorphy classes in the case p = 1 (mod 4) and
p = 3 (mod 4), although they are different in these cases, and there are thirty-two classes
in the case p = 2.

From that, it is necessary to determine what the fixed-point groups of these isomorphy
classes of involutions are. That requires algebra, by which I have determined that, e.g.,
if A,B € GL(n,k) and A = (a;;) and B = diag(bs,...,b,). Then ABAT = B iff for all
i,7 €{1,2,...,n}, i # j, two properties hold:

1) alb =b;
(=1

2. Z aigajgbg =0
(=1

Using this result and others like it I computed the fixed-point group of each isomorphy class
of involutions over Q,,.

The next step is to determine which of these classes are compact, and which are not. It
turns out that the majority of them are not compact. Some of them are compact only for
suitably small n, and many of them are never compact. A major part of this result is the
fact that whereas if p =1 (mod 4) then every p-adic number in Q, is the sum of the squares
of two p-adic numbers, if p = 3 (mod 4) or p = 2 then this is not true. That restricts the
size of n in many fixed-point groups, so that if n is too small certain fixed-point groups do
not exist over SO(2n, k).

From there, I have investigated the involution classes and fixed-point groups of the
quadratic extensions of each class of p-adic field, i.e., of each field Q, where p =1 (mod 4),
p =3 (mod 4), and p = 2. There are some differences between these case and the previous

cases (over Q, unextended).



Further results are related to quadratic elements. Firstly, I have shown what the diagram
automorphisms are for the root system of SO(2n, k), which is Dy, given the divers ways in
which various roots (or dots, on the graph) may be fixed points. I also identified a maximal
torus in SO(2n, k) and proved that that is what it is. That required tedious-to-compute

results related to eigenvalues, the form of matrices in SO(2, k), and other such things.



Chapter 2

Preliminaries, Recollections, and

Notations

In this thesis, I have made use of the following notation: I,, will denote the n x n identity
0

0 —1I

a field. Also, J4 will denote the operator Js : X — A7'XA for all X in GL(2n,k), and

Inn(G) will denote the set of all inner automorphisms in G. Further, F will always denote

matrix, I;; will denote the matrix ( >, 5 means "such that,” and k£ will denote

an algebraically closed field, not necessarily of characteristic zero, and ¢,(A) will always
1, 1=y

0, i#j
Furthermore, [ ] denotes the ”ceiling” function which sends any real number £ to the

represent the Hasse symbol of A. Also, d;; = {

next integer greater than or equal to . Similarly, | | denotes the floor function, and F
denotes an algebraically closed field of characteristic not equal to two.

I have made use of the following outside theorems: the first one was proven by Ling Wu
and Christopher Dometrius, and it appears in the Ph.D. thesis of the latter [2, Theorem 5.2
on p. 75].

Outside Theorem 1. Suppose (3 is a non-degenerate symmetric bilinear form with matriz

M over V = k™ where char(k) # 2 and G = SO(2n, k), assuming n > 2.
i. If A € GL(2n,k) then the automorphism Jy : X — A7'XA of GL(2n, k) keeps G



invariant iff A = aA*, where o € k and
a. A* € G ifn is odd
b. A* € G or A* € O(n,k,3) and det(A*) = —1 if n is even

it. If A is in G for any n, or O(n, k,3) where n is even, then the inner automorphism

Ja of G keeps G invariant iff A = aA* where o € k and
a. A* € G ifn is odd
b. A* € G or A* € O(n,k,3) and det(A*) = —1 if n is even

The next result is from Burton, and it is a well-known and essential result about the
p-adic numbers [6, pp. 27-28]. The definitions of the terms contained in it can be found in

chapter four.

Outside Theorem 2. Let o, 3,7, p, and o be nonzero numbers in the p-adic field Q,. Let
(a|p) be the value of the Legendre symbol (c|p) where ag is the first term in the p-adic
expansion of a. Also let (o, ) be the value of the Hilbert symbol over R and let (., 3), be
the value of the Hilbert symbol in Q,. Then we have the following:

1. (a,0)e0 =1 unless a <0 and 5 <0

2. (@, 08)p = (B, )p

3. (ap?,B0%), = (a, ),

4. (a,—a), =1

5. If a =p"ay and B = p™by with a; and by units then:

i. if p is odd then (o, B), = (—1|p)"™(a1|p)™(b1|p)"

(a1 —1)(b1—1)
1

1. else if p=2, then (o, 5), = (2|a1)™(2]b1)"(—1)

6. If p is prime to 2003, (o, 3), = 1 for p # oo provided o and (3 are p-adic integers.



7. (a, 8)p(a,7)p = (@, B7)p

8. (Oé, a)P = (Oé, _1)P

9. (ap, Bp)p = (o, B)p(p, —ap),

10. If B is not a square in Q, and ¢ = £1 then for each prime p there is an integer o
such that (o, 3), = c. Furthermore, if m as defined in property 5 is odd, then such an

a can be found that is prime to p.

11. If a and b are in Q*, the set of non-zero rational numbers, then

11 (a,b), =1

p prime and p = oo
The next result can be found in Mahler [7, Theorem 1 on p. 72].

Outside Theorem 3. The non-squares of Q, are represented by the elements —1,£2, £3,
and £6. If p > 2, the non-squares of Q, are represented by N,, p, and pN,. This means

that there are seven distinct quadratic extensions of Qa, viz., Qa(v/—1), Qa2(v/2), Qa2(v/=2),
Q2(v3), Q2(v/=3), Q2(V6), and Qo(v/=6). Also, there are three distinct quadratic exten-
sions of Qp if p > 2, and they are Q,(\/Ny), Qp(y/P), and Qy(/pN,). Note that if —1 ¢ @;‘,2

then one can use —1 in place of Ny, as I did below.

The next result is a result by Drs. Helminck and Wang, the former of whom is my thesis

adviser. It can be found in their paper [5, Proposition 10].

Outside Theorem 4. Let G be a connected, reductive, algebraic k-group with char(k) = 0,
let x be an involution of G, and let X = {zx(z)™' | x € G}. If GXN[G,G] is anisotropic

over k then X, consists of semi-simple elements.

The next result is a result of elementary number theory, and a proof can be found in

Rosen [8, Lemma 3.9 on pp. 112-113].

Outside Theorem 5. Let n € Z be such that n > 0 and n is odd. Then there is a one-to-
one correspondence between differences (not sums) of squares of integers (in Z.) that equal n

and factorizations of n into two positive integers.



The next result was proven by Ling Wu in his doctoral thesis [11, Lemma 11 on p. 26].
Outside Theorem 6. In the finite field F,, —1 is a square iff p=1 (mod 4).

Now here is another result from elementary number theory on the integers Z. This one
is very useful in proving whether every element of Q, is a square or not. Specifically, it is a
result on linear diophantine equations in two variables. A proof can be found in Rosen [8,

Theorem 3.21 on pp. 120-121].

Outside Theorem 7. Let a,b € Z be such that the greatest common divisor of a and b is
d. The equation ax + by = ¢ has no solutions in Z if d does not divide c, i.e., if there is
no integer m such that md = c. On the other hand, if d does divide ¢ (so such an integer
m exists) then there are infinitely many solutions to ax + by = ¢ over Z. Furthermore, if
T =g, Y = Yo 1S a solution to the equation then every solution is of the form v = xq + gn,

Yy =yo — gn, where n € Z.

This last outside theorem is very useful in computing the fixed-point groups and whether

they are compact over Q,.

Outside Theorem 8. Over any p-adic field Q,, ¥ a1, az, a3, as, a5 € Qp, a127+asx3+asr3+
a4xi + a5:c§ = 0 has a non-trivial solution. That implies ale + aga;g + a3x§ + awi = as has

a solution. This result can be found in Scharlau [9, Theorem 6.3 on p. 187].



Chapter 3

Involution Isomorphy Classes with

Respect to Conjugation Classes over

SO(2n, k) where k =R, F,

3.1 Results Over General Fields

The first needed result in classifying isomorphism classes of involutions over SO(2n, k)
with respect to conjugacy, which I also call ”conjugacy classes of involutions” by abuse of
notation, is one that gives an idea of what form the involutions over SO(2n, k) take. These
involutions are classified according to the inner involutions J4, A € SO(2n, k). That is true

according to the following theorem:

Theorem 1. Suppose 3 is a non-degenerate symmetric bilinear form with matriz M over

V = k" where char(k) # 2 and G = SO(2n, k), assuming n > 2.

i. If A € GL(2n,k) then the automorphism J, : X — A7'XA of GL(2n,k) keeps G
invariant iff A = aA*, where o € k and
a. A* € G ifn is odd
b. A* € G or A* € O(n, k, 3) and det(A*) = —1 if n is even
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ii. If A is in G for any n, or O(n, k, 3) where n is even, then the inner automorphism

Ja of G keeps G invariant iff A = aA* where o € k and

a. A* € G if n is odd
b. A* € G or A* € O(n,k,3) and det(A*) = —1 if n is even

Theorem 1 was proven by Ling Wu and Christopher Dometrius, and it appears in the
Ph.D. thesis of the latter [2, Theorem 5.2 on p. 75]. The theorem shows that the notion of
classifying conjugacy classes of involutions by the inner involutions is valid, and the following

proposition gives an idea of what form the inner involutions actually take.

Proposition 1. Suppose 0 = Ja is an involution of G = SO(2n,k). Then if A € G,

I, 0
A=Al ( 0 g ) Ao where Ay € GL(2n, k), AgAL is diagonal, s+t = 2n, and s and t
— 1t

are both even. It is also possible that A € O(2n, k) and that A still has the same form but
A ¢ G, then s and t are both odd.

Proof. For all involutions 6 of G, § = Ja. J3 = idsoV X € G,J53(X) = A2XA? =
X = XA? = A%2X so A% = cl,,. It has elsewhere been proven that ¢ = 1, so the minimal

polynomial of Jy4 is (z + 1)(z — 1). Thus, the eigenvalues of J4 are +1.
As a result, 3 Ay € GL(2n,k) 2 A = A;'I,;Ag. Since A € G, A=t = AT or in other

words,
I, 0 I, 0
Ay (A" = Ag? Ay
0 -1 0 -1

o AGAL L, = I, Ag AT Call this equation ” (x)”.
X1 Xio

Xo1 Xoo
t x s block, and Xay is an ¢ x t block. Then from (%),

Xn —X12 B Xll X12
Xgl _X22 _X21 _X22

Let AOAE = ( ), where X7 is an s X s block, X, is an s x t block, X5; is an
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X12 = —X12 and X21

Xu 0
.'.AOAOT:< 0” p )
22

—X217 50 X2 = Osxt and Xo = Oxs-

(A()A(’Z;)T = AOA(I; SO
X 0 Xo

and Xop = X1, so AgAl is symmetric. Since symmetric matrices are congruent to diagonal

XL 0 Xun 0 . L T
= , which of course implies X;; = X7
0

matrices, there is a s X s matrix N; such that NanXﬂNlT is diagonal and there is a t x t

N

0
matrix Ny such that Ny X0 XL N is diagonal. Thus, if N = ( ) then NAgATNT =

0 N,

—1I; 0 —1I

NYOO0 N, 0
At 1 Ay = Ag' I Ay
0 —N,! 0 N,

. One can always pick A = Aj'I, Ay > AgAl is diagonal.

Furthermore, det A = det(A4y'I,;Ag) = det(Ay")det(l,,)det(Ag) = det(Ag)~1(—1)*
det(Ap) = (—1)" = 1 so ¢t must be even. Since s+t = 2n, s is even too.

If s and t are even, A € SO(2n, k), but it is possible that s and ¢ are both odd and
A € O(2n,k) but A ¢ SO(2n, k). Then J4 will still represent an involution on SO(2n, k) by
Theorem 1. Q.E.D.

I, 0 I, 0
(NAy)(NAp)T is diagonal. Ergo, (N Ag)~* ( ) (NAy) = Ag' N1 ( > NA
0

A result is needed that will help classify these involutions over SO(2n, k) for k not only
equal to IF, the algebraically closed field of characteristic not equal to two, and R and [,
but Q, as well. The latter case will be considered in the following chapter.

But before one can begin classifying the conjugacy classes of involutions, one must have
a way to determine whether or not any two given involutions are equivalent. The following
proposition provides just such a set of criteria, which are all that is needed in the case
G =S0(2n, k).

Theorem 2. Suppose 6 and ¢ are two involutions of G = SO(2n, k) in the same GL(2n, k)-
conjugacy class. Let A and B be matrices such that 0 = Ja, ¢ = Jg, and A and B satisfy the
conditions of Proposition 1. Suppose further that A = AgllsytAo, B = BO_IIS,tBO, AgAl =
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diag(ay, ..., as,), and ByBY = diag(by, ..., ba,). Then the following are equivalent.
. 6 is conjugate to ¢ over G
1. A is conjugate to B over G

213. diag(ay, ..., as) is congruent to diag(by, ...,bs) and diag(asy1, ..., aop) s congruent to

diag(bsi1, .-, ban)

w. If k is the p-adic field Q, then there are 71,7 € Qy that are not necessarily distinct
such that ajas...as = TEbiba...bs, 511054202, = Tabsy1bsia...bon, cplar,as,...,as) =

Cp(b17 bQ, ceey bs), and Cp(CLS_H, Ag42y + vy a2n> = Cp(bs+1, bs+2, ceey an)

Proof. Firstly, assume result i. is true. Then let § = p~'¢p, where p € Inn(G).
Then V X € G, 0(X) = (p'op)(X) = pHo(p(X))), so A1 XA = CB'C'XCBC™.
Now, CB'C'A'XACBC™! = X s0 CB7!C'A™'X = XCB~!C~ A~ = OB~ 'C1A!
= als,, where a € K and a # 0.
S 1CBC'=A

L, = AAT = LOBCTCBTCT = LOBBY'CT = 5CCT = L 1h,, 80 a = +1. Since A €
G, 1 = det(A) = det(2CBCT) = L det(C) det(B)det(C)™" = Ldet(B) (since C7' = C7T).
Now, since B € G, det(B) =1s0l1=1=a=1.
S A=CBCT =CBC™!.

Assume ., and let A = CBC~' = CBC”. Define p(X) = CTXC. Then
p Y o(p(X))) = CBTCTXCBCT = ATXA = 6(X) so § and ¢ are indeed conjugate.

Assume . Then A = CBCT = CBC™!, so

At Ag = OBy, ByC ™t

In that case,
(AD) T AG L, A AT = (AT) OBy I, ByC T AT
(A AL, Ag AT = (AT 'C[BT(BY) By 1, Bo | B (BT) ']~ AT
Therefore,

(Ao ALY ML, (Ao AL) = [(BE) 'O AT (BoBY)  Lua(BoBY)((BY) O A7)
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Now, by assumption AgAl and ByB! are diagonal, so they and their inverses both
commute with I, since I, is also diagonal.
oLy = [(BOYTTCT AL L (BE)TTC ALY, so (BY) 71O AT commutes with I, as well.
Ny 0
0 N
is t x t. Also, inasmuch as det((BI)"'C™'AL) # 0, det(N;) # 0 and det(Ny) # 0, so

N7YOO N, 0

[(By)'C™tAg ™ = ' . For ease of reference, let N = ! .
: ’ 0 N
2

Ergo, it must be true that (B{)'C7 1A} = ( ), where N; is s x s and Ny

0 N,'

From these formulas, it is cfear that A = CBI'N, so Ay = NTBy,CT. Then AgAl =

NTBCTCBEIN. Since C € G, CT = C™' so AgAY = NTByBl'N, which implies that

diag(ay, ..., as,) = NT diag(by, ..., bon)N. Therefore, diag(ay,...,as) = N{ diag(by, ..., bs) N
and diag(as 1, ..., asn) = NI diag(bsi 1, ..., ban) No

Now assume iii. and let diag(ay, ...,as) = N{ diag(by, ..., bs) Ny and similarly

Ny 0

let diag(asy1, ..., agn) = NJ diag(bsy1, ..., ban ) No. Let N = ( N
0 2

> and M = A;'NB,
as well. Then
MTAM = BalN_leAAalNBO

= By'N7'Ag(Ay' L, Ag) Ay N By
= By'N~'I,;NB,

L NP0 I, 0 N, 0
— B; By
0 Ny* 0 —I 0 N
N7t 0 N- 0
= Bal ! 1 ! BO

= Balfs,tBo
=B
Assume i7i. There is a theorem that two symmetric matrices A and B are con-
gruent iff det(A) = 72det(B) and c,(A) = ¢,(B), where 7 € Q} and ¢,(z) is the Hasse symbol
of x [11, Theorem 7, p. 35]. Given that, then by iii., a;...a; = 72by...bs and agy;...a9, =
T3bgy1...bay, Where 7,7y € Q, and 7,7 may be distinct. Further, cplar,as, ... a5) =

Cp(bl, bg, ceey bs) and Cp(a5+17 Ag42y ey agn) = Cp(b5+1, b5+2, ceey b?n)-

Assume . Then . follows immediately from the theorem I mentioned
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above. Q.E.D.

3.2 RandF,

Now it is possible to begin classifying the conjugacy classes of involutions themselves
(meaning, by abuse of notation, the isomorphism classes of involutions with respect to con-
jugacy). To that end, the following lemma makes the proof of the third proposition, which
will address this issue, much nicer. It states that in the case SO(2, k), there are two orbits

of matrices in GL(2, k) with respect to congruency.

Lemma 1. The orbit of diag(c, 8) € GL(2,k) where k = F,, over SO(2,k) is as follows:

*
p’

diag(a, B) is congruent to a multiple of diag(1,a?), a € F%, if the diagonal components of the
matriz are both squares of B, or to a multiple of I if they are equal, and it is congruent to

a multiple of diag(1,c*) otherwise, where ¢* is any non-square element of .

Ci1 C12

Proof. Let A = diag(a,b), a # 0, b # 0 and let C = (

CT acyp  acio o CZC%l + bC%l aciaC11 + bCQQCQl
bCQl b022 aci1C12 + b021022 CLC%Q + bcgz

1

). Then CTAC =

C21 C22

Now, if @ and b are both squares of F,,, ™! is also a square so one has A = a diag(1,a'b),
which is in the desired format. So set C' = I, and CT AC is naturally in the desired format
too.

On the other hand, if a is a square but b is not, then one already has obtain a multiple of
diag(1, ¢*), where ¢* is any non-square of F,,, for by setting ¢* = a~'b one obtains diag(a, b) =
adiag(1,c*). Or, if desired, one can conjugate by C* = diag(a~/2, a'/?) to obtain diag(1, ab)

which is also in the needed format.
0 -1
Also, if a is not a square of I, but b is, then if one takes C' = ( > then one
1 0
obtains diag(b, a), whence one can obtain a multiple of diag(1, ¢*) as before.

The last possibility is that both a and b are not squares of .. In that case, if a = b, the
matrix A = diag(a,a) = aly is already of the desired form. Otherwise, A = a diag(1,a'0)
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so in this case A is already in the format g diag(1, c*).
Thus, in every case it turns out that a suitable matrix is an element of SO(2n, k), which

completes the proof. Q.E.D.

Now I am ready to give the first classification of conjugacy classes of involutions, and to
prove that it is valid. This result is valid on the fields £ = [F, R, or the finite field F,,, where
F is the algebraically closed field of characteristic not equal to two. The proof is tedious,

and it uses induction.

Proposition 2. For k =T, R, or the finite field I, the isomorphy classes of involutions of
SO(2n, k) are as follows:

1. If k =T, there is only one SO(2n, k) conjugacy class for each GL(2n, k) conjugacy

class.
2. If k=R, the same thing s true.

3. Else if k = T, then there are two SO(2n, k) conjugacy classes for each GL(2n, k)
conjugacy class. The representatives of these classes are [2_”1157t[2n = I+ and X‘1]S7tX,
I, 0 0 0
where X = . ; -6 0 and o® + 3% is not a square of F,, (which implies
o
0O 0 0 I
p#2).

Proof. V 0 € Inn(GQ),0 = J4 where A = Aj'I,; Ay and Ay € GL(2n,k), AT Ay =
diag(ay, ..., as,). By Theorem 2, J, is conjugate to Jp iff AL Ay is congruent to BE By =
diag(by, ..., ba, ), where B = By'I,,By. Because F is algebraically closed, there is a matrix
N € GL(2n,k) > NTBIByN = I,. For example, let N = diag(bfl/z,bgl/z,...,b;nl/Q),
noting that no b; = because det(Bg By) # 0 (see part 2 below). Thus, if N* is (;N

det N)l/2n )

(N )TBI'By(N*) = ngn and N can be selected such that N* € SO(2n, k). (For

example, the N I gave above has this property, which would mean (N*)™! = (N*)T.)
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Ergo, AT(N*)TBIByN*Ay = %AngnAO where £ is some positive power of (det N)™! =
(€2 N*Ag)T BE Bo(£Y/?"N* Ay) = AL Ag so J4 is conjugate to Jp.

Let Jyu, Jg, A, and B be defined as in the proof of 1. Then since Jp is an involution,
the product Bl By is positive definite, so V i € {1,2,...,2n},b; > 0. Let C' = (¢;;) be a
2n x 2n matrix. Then CT Bl By,C =

c11b1 ca1be ... C2n,1bn
c1201 cooby ... Czn,zbn
C
Cl,anl 02,2nbz cee Czn,2nbn
b4+ A by+...+ 2 b bicio + ...+ conab
1191 C5102 e 627%1 n ... C1101C12 e Con,10nCon 2
2 2
Cl,?nblcll + CQ,anQCQI + ...+ 02n72nbn02n,1 e CLanl + ...+ C2n,2nbn

1
Ifvie{1,2,...,2n} one sets ¢;; = ﬁ and if for all ¢ # j one sets ¢;; = 0, then the result
will be Iy,. Additionally, C € GL(2n,k). (Because the product Bl By is positive definite,
Vie{l,2,...,2n},b; > 0s0 vb € R.) As a result, one can replace C' with C* C

to get

_ 1
T (detC)1/2n
WI%, so by Proposition 2 Jy is conjugate to Jg.

I will first prove this result for s = 2 on SO(2n, k) and then proceed inductively. The
s = 1 case is clear because then the upper-left s x s block consists of a single entry, and if

that entry of a; is a square one can use the "matrix” C' = (al_l/ %)

to get the desired result.
Otherwise, it is in the desired form already. Let J4 be any involution on SO(2n, k) where
A = Aj'I, Ay and the s x s upper-left corner of A} Ay = diag(a,b), and s = 2. Then by
the Lemma proved before this proposition, that part of Al Ay is congruent to a multiple
of diag(1, &%), where a € [, if the diagonal components of the matrix are both squares of
[, or are equal and it is congruent to a multiple of diag(1, ¢*) otherwise, where ¢* is any
non-square element of F;. Therefore, these are the two conjugacy classes of involutions of
SO(2n, k).

Now assume the result is true for m = 1,2, ..., s — 1. For simplicity, let s = m. Working

on the s x s case, I will make a proof for the (s—1) x (s—1) block in the upper-left corner, and
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note that the result is similar for the other part of the diagonal matrix A;'Ay. In that case,
let J4 be any involution on SO(2n, k) where A = Aj'I,;Ag. Also let AT Ay = diag(ay, ..., a,).
Then by considering the (s — 1) x (s — 1) block in the upper-left corner, it is assumed that
diag(ay, ..., as) = ediag(l, ...,a? a?) or diag(ay, ..., as) = ediag(1, ..., ¢*, a’) where ¢* is not a
square of [, and o and ¢ are elements of F}.

By abuse of notation, call a® as. If as is a square, then € diag(1, ..., ¢*, as) = ea diag(l, ...,

1,d*), where d* is not a square of IF,. Also,

10 ... 0 0 ! 10 ... 0 0 10 ... 0 0

01 ... 0 0 01 ... 0 O 01 ... 0 0

00 0 —1 c 0 00 0 —1

00 1 0 0 as 00 1 0
1 0 0 1 0 0 0
01 0 01 0 0

= el o 0 by the inductive hypothesis, where ¢**

00 ... as O 00 ... 1 0
00 ... 0 ¢ 00 ... 0 ¢

is a non-square element of I,

Else if a, is not a square, if diag(ay, . .., as) = ediag(1, ..., a?, a,) then I am already done
because I can use the inductive hypothesis on the 2 x 2 lower-right corner of the matrix to
get a multiple of diag(1,1,...,1,a,). Else if diag(ay, ..., as) = ediag(1, ..., ¢, as) then by the
inductive hypothesis taken in the lower-right (s —1) x (s — 1) corner, the matrix is congruent
to a multiple of diag(1,...,1,¢*), where ¢** is a non-square element of F,, which is the
desired form.

A similar result holds for the ¢ x ¢ block in the lower-right corner, so by Proposition 2,
there are two conjugacy classes of involutions, with all the desired properties. Note that
det(ApAl) equals the determinant of the upper-left s x s block times the determinant of the
lower-right ¢ x ¢ block, and det(AgAl) = 1 modulo a square, so the same must be true of

each of the two blocks. To get a matrix of the desired shape, notice that one can just as well
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have the nonsquare entry of the lower-right ¢ x ¢ block be in the upper-left corner instead of

the lower-right corner. Q.E.D.

The conjugacy classes of involutions over the reals can be found in Lemma 15 in a later

chapter.
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Chapter 4

Involution Isomorphy Classes with

Respect to Conjugation Classes over

SO(2n, k) where k = Q,

4.1 A Brief Introduction to Q,

Definition 3. If F' is a field, then a "valuation” is a mapping | | : F — R such that for all
a, 3 € F, the following are true:

i. |a| >0
%M. o] =0 a=0
wi. |af] = |o||g]
w. |a+ 6] <|al+ |3
This definition is taken from Gerstein, but it can be found in many other books [3, p. 51].
Given that, the p-adic numbers are defined as follows:

Definition 4. The "p-adic valuation” | |, on Q is defined as follows: |0], =0 and V o € Q¥,

if a = pf% where a, b, { € Z and § is in lowest terms (so a and b are relatively prime) then
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lal, = p~* [3, p. 52]. With that, the "p-adic numbers” Q, are the completion of the rational
numbers Q with respect to the p-adic valuation [3, p. 61]. Similarly, the "p-adic integers”
are the p-adic numbers o such that |a|, <1 [3, pp. 64, 66].

The following lemma is taken from Burton [6, pp. 27-28]. It depends on the Hilbert

symbol, Legendre symbol, and Hasse symbol, and these are defined as follows:

Definition 5. Let a be an integer and let p be a prime number. Then the Legendre symbol
0 if a=0 (modp)
(alp)=9 1 if a0 (mod p) and 3 x € Z such that x> = a (mod p)

—1 otherwise

Definition 6. Let o and 3 be elements of Q,. Then the Hilbert symbol

(o, 9) 1, 2?a+y*B =1 has a solution in Q,
«Q, =
. —1, otherwise

Definition 7. The Hasse symbol over Q, is defined as
s—1

cplar,. ... as) = (=1,—ay...as), H(a1 QA Qi) p
i=1

The original definition actually corresponds to determinants of matrices, but all of the rele-
vant matrices in this thesis are diagonal, so for my purposes the above one suffices. In the
general definition, one takes successive determinants of blocks in the upper-left corner of the
same matriz. Then by replacing every term a; ...a; with det Aj;, where Aj; is the j X j

upper-left block of the matrix A, one can recover the original definition from the above.

4.2 Computational Results

4.2.1 Results on the Hilbert Symbol

Lemma 2. Let o, 3,7, p, and o be nonzero numbers in the p-adic field Q,. Let (a|p) be the
value of the Legendre symbol (a|p) where ag is the first term in the p-adic expansion of .
Also let (o, B)so be the value of the Hilbert symbol over R and let (o, 3), be the value of the
Hilbert symbol in Q,. Then we have the following:
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1. (a,0)eo =1 unless a <0 and 5 <0

2. (a,B)p = (B, )y

3. (ap? fo?), = (a, B)p

4 (a—a)y =1

5. If a =p"ay and B = p™by with a; and by units then:

i. if p is odd then (a, 3), = (—=1|p)"™(a1|p)™ (b1|p)"
i, else if p =2, then (a,8), = (2la1)" (2lbr)"(~1) =

6. If p is prime to 2003, (o, 3), = 1 for p # oo provided o and (3 are p-adic integers.

7. (a, 8)p(,7)p = (@, B7)p

8. (av a)p = (aa _1)19

9. (Oép, ﬁp>p = <a7ﬁ>p(pa _aﬁ)p

10. If B is not a square in Q, and ¢ = £1 then for each prime p there is an integer o
such that (o, 3), = c¢. Furthermore, if m as defined in property 5 is odd, then such an

a can be found that is prime to p.

11. If a and b are in Q*, the set of non-zero rational numbers, then

11 (a,b), =1

p prime and p = oo

This lemma is a known result, so all proof is omitted [6, pp. 27-28].

This next lemma is helpful in the case —1 ¢ Q3?.
Lemma 3. [fp 7é 2 and -1 ¢ Q;QJ (p:t17p:t1)p - _]-7 (pvp_l)P = 17 (_pila_pil)p = _17

and (—p,—p~Y),— = 1. Further, (-1,-1), = 1, (p,—p*), = -1, (p™',—p?) = —1, and
(_17 _p2>p - ]'
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Proof. These results can all be verified with Lemma 2. By item 5 of Lemma 2, (p,p), =
(—1|p)1(1\p)1(1!p)1 =-1-1-1= -1 (=p,=p), = (-1p)'(-1p)'(-1|p)" = =1 - (-1)-

(1) = =1, (php™ "), = (=1p)'Ap)~'dlp)™" = -1-1-1 = =1, (=p",—p "), =
(=1p)' (=1lp)~*(~1fp)™" = -1 (=1) - (-1) = —1, and (p,p™"), = (»,p), = —1 and
(=p,—p~ "), = (=p, —p), = —1 by item 3 of Lemma 2.

Furthermore, (—1,—1), = 1 because —1 is a p-adic integer and p is prime to 2(—1)(—1) =
2 by assumption, so part 6 of Lemma 2 holds. Furthermore, by Lemma 2, (p,—p?), =
(—1p)2(1|p)*(—1|p)' = (=1)*-1'-(=1)! = —1. For similar reasons, (p~!, —p~2) = —1. In ad-
dition, (—1, —p?), = 1 because by property 7 of Lemma 2, (—1, —p?), = (-1, —1),(—1,p%), =
1-1=1. Q.ED.

Similarly, the following lemma is helpful in the case k = Q,
Lemma 4. Let k = Qo. Then (—1,—1)y = —1, (—1,£3)s = F1, (—1,£2)y = £1, and
(—1,46)s = F1. Also, (2,+3)y = —1.
Proof. These statements are proven using the results of Serre [10, pp. 18-20]. Specifically,
he gives the following: if a = 2%u, b = 2°v, where u and v are 2-adic units, then [10, p. 20]
(a’ b)2 _ (_1)s(u)s(v)+aw(v)+ﬁw(u)

2

In the above, ¢ and w are defined as follows: e(u) = uT (mod 2), w(u) = (mod 2)
10, p. 18].

In that case, we have the following:

i e(—1) = ==L (mod 2) =1, w(—1) = E2L=L (mod 2) = 0

i, e(—3) = =21 (mod 2) = 0, w(—3) = =L (mod 2) =

iii. £(3) = 25! (mod 2) = 1, w(3) = @1 (mod 2) =

Therefore, (—1,—1)y = (—1)M1H00H00 = 1" (-1 -3);, = (—1)M0+01H00 = 1" and

(—1,3)y = (=1)MHOIH00 = 1 Furthermore, (—1,2)y = (—1)10F00F0 = 1 (1, -2), =
(_1)1-1+040+1~0 — _1’ <—1,6)2 — (_1)1-1+0-1+1-0 — _]_7 and (—17—6)2 — (_1)1-0+0-1+1-0 = 1.
Lastly, (2,3)s = (—1)?1+11400 = 1 and (2, —3), = (—1)00+11400 — 1, Q.E.D.
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4.2.2 The Classification Lemmas that Show What is Possible for
AgAl = diag((y, . .., (n) from Proposition 1

The above results are useful in proving what the conjugacy classes of involutions are in
the case k = Q,. The three lemmas below are different: both of them show that there are
restrictions on these conjugacy classes. Each of the conjugacy classes comes from the invo-
lution Ju, A=A, 1IS¢A0 and AgA7 is diagonal, as proved over general fields in Proposition
1.

Below there are several results that show there are restrictions on what values one can
select for AgA%. Firstly, there is a well-known result about the square classes of Q, that
shows that if p # 2, there are four such square classes, and otherwise there are eight. First,

a definition is needed.

Definition 8. Over Q, if |x — y|, < 1/g (so g divides x —y), then x =y (mod g) and we
say “x 1s congruent to y modulo g.” If x is congruent modulo g to the square of a rational

4

integer, then x 1s a "quadratic residue modulo g,” otherwise it is a "quadratic non-residue

modulo g.” This notation comes from Mahler [7, p. 67].

It is a known fact that if p > 2 is prime, not all integers relatively prime to p are quadratic
residues modulo p, so there is a smallest such number N, that is a quadratic non-residue
modulo p [7, p. 68]. This element will turn out to be a non-square of Q,, p > 2, and the

square classes of QQ, are as follows:

Classification Lemma 1. The non-squares of Qo are represented by the elements —1, £2,

+3, and £6. If p > 2, the non-squares of Q, are represented by N,, p, and pN,. This means

that there are seven distinct quadratic extensions of Qq, viz., Qa(v/—1), Qa(v/2), Qa(v/=2),
Q2(v3), Q2(v/=3), Q2(v6), and Qo(v/=6). Also, there are three distinct quadratic exten-
sions of Qp if p > 2, and they are Q,(\/Ny), Qp(y/p), and Q,(/pN,). Note that if —1 ¢ Q;;Q

then one can use —1 in place of N, as I did below.

Proof. This result can be found in Mahler [7, Theorem 1 on p. 72]. Q.E.D.
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Each remaining classification lemma below shows that there are restrictions on what
diagonal elements are allowed in AgAJ. These restrictions vary according to whether p =

1 (mod 4), p=3 (mod 4), or p = 2.

Classification Lemma 2. Let p # 2, let ay,...,a, € Q. Then if cy(ay,...,as) = —1,
i the case —1 € Q*2 it 18 impossz’ble that there are not at least two a;’s in distinct square
classes of Q,. In the case —1 ¢ Q2, it is impossible that every non-square is in the same

square class as —1.

Proof. Assume in fact that a;...a, = &, where § € Q5 cy(as,...,a;) = —1, and that all
non-square a;’s are in the same square class. Then by the definition of the Hasse symbol,
cplar, ... as) = (=1,8),[1:Z 1((11 Sy =0 . Gig1)p
= (—1,8),(a1, —a1),(ar, a2)p(aras, —araz),(aras, as)y ... (a1 ... as—1, —a1 ... as_1),
(ay...as-1,0as),

(_17 g)p(ala a2)p(a'1a27 aS)p(ala2a3> a4)p cee ((11 s Qg1 as)p

Now, if in any of the above terms on either side of the Hilbert symbol is a square, the
value of the Hilbert symbol will be one, so such terms may be cancelled out. In the other
terms, one obtains a non-square on either side of the Hilbert symbol, and these non-squares
may be distinct. Assume that we have m such terms, and label these nonsquares N,, and

N ;Z, as follows:

cplar, ... as) = (=1,8), (prN* )p (szaN* )p - (Npm7N* )p

Vi€ {1,...,m}, N, and N; are in the same square class by assumption so they
differ by a square. Hence, (N,,, N} )p = (Np,, Ny )p = (Npy, Ny, )p- Further, by part 8 of
Lemma 2, (—1,¢), = (&,§),, and £ may or may not be a square. If it is not, then it is
in the same square class as N,,. As a result, one obtains c¢,(ai,...,as) = (Np,, Np, )"
cplar, ... as) = (Npy, Np, )mH, and since it is of little practical Signlﬁcance, by abuse of
notation assume cp(as, ..., as) = (Np,, Ny, )7

If —1 € Q?, it follows that c,(ay, ..., as) = (Np,, Ny, ). But by property 8 of Lemma 2,
(Npys Ny )p = (Npl, —1), =150 (Npl,N )ot =1, but this violates my original assumption
that ¢,(aq,...,as) = —1.
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If-1¢ @;2, then by the assumptions of the Lemma, ¢,(ay, ..., as) = (=1, —1);*. But by
Lemma 2, property 6, (—=1,—-1), = 1 = (=1, -1)7* = 1, but again this violates my original

assumption that c,(ay, ..., as) = —1. Q.E.D.

Classification Lemma 3. If AjAl = B € GL(n,k) then Ay € GL(n, k) is possible iff
Vdet B € k. If Ay ¢ GL(n, k) then Ay € GL(n, k) and Ay € GL(n, F) if F is k extended

quadratically to the greatest possible extent.

Proof. det Ay = det Al and det(AgAl) = det B € GL(n, k) so det(A4g)? = det B = det Ay =
v/det B. Now, the formula for the determinant is a linear combination of elements in k, so if
every element of Ag is in k then det Ay € k. Therefore, if det Ay ¢ k then not every element
of Ay isin k. As a result, if v/det B € k then Ay € GL(n, k) is possible, else if v/det B ¢ k
then Ay € GL(n, k), Ay € GL(n, F) and Ay ¢ GL(n, k). Q.E.D.

4.3 The Isomorphy Classes over Q,

Here are the isomorphy classes. Note that Classification Lemma 2 implies there is a

restriction on what elements one can and cannot put on the diagonal.

Proposition 3. Let the field under consideration be k = Q,, where —1 € @;2, p # 2, and
N, ¢ Q;Q. Then the conjugacy classes of involutions Jg of SO(2n, k), where B = By 1, By,
depend on the values of det(diag(by,...,bs)), det(diag(bsti,...,b2,)), cp(b1,...,bs), and
Cp(bst1, - - ., bay) in the following way: firstly, because of Classification Lemma 3, the only way
in which corresponding BoBY can exist in SO(2n, k) as opposed to SO(2n, k) is if det(ByBY)
is a square. That means det(diag(by,...,bs)) = det(diag(bsii,...,ban)) if they are non-
squares, and they can both be set equal to one if they are squares. Then the conjugacy classes

of involutions are given by Table j.1.
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The conjugacy classes of SO(2n,k) where

E=Q, and -1 € Q]’f. This table corresponds with

Proposition 3.

Item by ...bs bsi1 .- ban cp(by, ..., bs)
Item | ¢p(bss1, - -, ban) diag(by, ..., bs) diag(bsi1,-- -, ban)

1 1 1 1

1 1 I I;

2 1 1 1

2 -1 I diag(1,...,1,p, Np,plepfl)
3 1 1 -1

3 1 diag(1,...,1,p, Np,p_le_l) I;

4 1 1 -1

/4 —1 diag(1,...,1,p,N,, p~'N;1) | diag(1,...,1,p, Np, p ' N
5 N, N, 1

5 1 diag(1,...,1,N,) diag(1,...,1,N,)

6 N, N, 1

6 -1 diag(1,...,1, N,) diag(1,...,1,p,p 'N,)
7 N, N, -1

7 1 diag(1,...,1,p,p"'N,) diag(1,...,1,N,)

8 N, N, -1

8 -1 diag(1,...,1,p,p"'N,) diag(1,...,1,p,p"'N,)
9 P P 1

9 1 diag(1,...,1,p) diag(1,...,1,p)

10 P P 1

10 -1 diag(1,...,1,p) diag(1,...,1,N,,pN, ")
11 P D —1
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Table 4.1: Continued

Item by...bs boit-..boy cp(br, ..., bs)
Item | cp(bsya, - -, ban) diag(by, ..., bs) diag(bsi1,-- -, ban)
11 1 diag(l,...,l,Np,pNz;l) diag(1,...,1,p)
12 P P —1

12 —1 diag(l,...,l,Np,le;l) diag(l,...,l,Np,pr_l)
13 pIN, pN, 1

13 1 diag(1,...,1,pN,) diag(1,...,1,pN,)
14 pN, pN, 1

14 -1 diag(1,...,1,pN,) diag(1,...,1,p, N,)
15 pN, PN, —1

15 1 diag(1,...,1,p, N,) diag(1,...,1,pN,)
16 pN, PN, —1

16 -1 diag(1,...,1,p, N,) diag(1,...,1,p, N,)

Proof. The proof is entirely computational, so it has been omitted. One need only check
that all of my calculations are correct. And please remember, reader, whoever you are, that
it is extremely easy to make typos that are hard to spot when typing something like this.
Q.E.D.

Proposition 4. Let the field under consideration be k = Q,, where —1 ¢ @;2 and p #
2. Then the conjugacy classes of involutions Jg of SO(2n,k), where B = By'l, By,
depend on the values of det(diag(by,...,bs)), det(diag(bsii,...,b2,)), cp(b1,...,bs), and
Cp(bst1, - - ., bay) in the following way: firstly, because of Classification Lemma 3, the only way
in which corresponding BoBY can exist in SO(2n, k) as opposed to SO(2n, k) is if det(ByBY)
is a square. That means det(diag(by,...,bs)) = det(diag(bsii,...,ban)) if they are non-
squares, and they can both be set equal to one if they are squares. Then the conjugacy classes

of involutions are given by Table 4.2.
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Table 4.2: The conjugacy classes of SO(2n, k) where
k= Q, and —1 ¢ Q]’f. This table corresponds with

Proposition 4.

Item by...bs boy1...bay cp(by, ..., bs)
Item | ¢p(bsi1, ..., bap) diag(by, ..., bs) diag(bsi1,-- -, bon)
1 1 1 1

1 1 I I;

2 1 1 1

2 -1 I diag(1,...,1,p,p™ 1)
3 1 1 -1

3 1 diag(1,...,1,p,p7 ) I;

J 1 1 —1

4 -1 diag(1,...,1,p,p7 ") diag(1,...,1,p,p™ %)
5 —1 —1 1

5 1 diag(1,...,1,—1) diag(1,...,1,—1)
3 —1 —1 1

6 -1 diag(1,...,1,—1) diag(1,...,1,p,—p 1)
7 -1 —1 -1

7 1 diag(1,...,1,p,—p™ 1) diag(1,...,1,—1)
8 —1 —1 -1

8 -1 diag(1,...,1,p,—p~Y) | diag(1,...,1,p,—p~1)
9 P P 1

9 1 diag(1,...,1,—1,—p) | diag(1,...,1,—1,—p)
10 P P 1

10 -1 diag(1,...,1,—1,—p) diag(1,...,1,p)
11 D P -1
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Item by...bs boy1...bay cp(br, ..., bs)
Item | ¢p(bsi1, ..., bap) diag(by, ..., bs) diag(bsi1,-- -, bon)
11 diag(1,...,1,p) diag(1,...,1,—1,—p)
12 P P —1

12 -1 diag(1,...,1,p) diag(1,...,1,p)
13 —p —p 1

13 diag(1,...,1,—1,p) diag(1,...,1,—1,p)
14 —p —p 1

14 -1 diag(1,...,1,—1,p) diag(1,...,1,—p)
15 —p —p —1

15 diag(1,...,1,—p) diag(1,...,1,—1,p)
16 —p —p —1

16 -1 diag(1,...,1,—p) diag(1,...,1,—p)

Proposition 5. Let the field under consideration be k = Qo. Then the conjugacy classes of

involutions Jg of SO(2n, k), where B = By'I,;By, depend on the values of det(diag(by, . .
bs)), det(diag(bsi1, - -

. ,bzn)), Cp<bl, C.e

,bs), and cp(bsya, - -

°

., bay) in the following way: firstly,

because of Classification Lemma 3, the only way in which corresponding BoBL can exist in

SO(2n, k) as opposed to SO(2n, k) is if det(ByBY) is a square. That means det(diag(by, . .
bs)) = det(diag(bsy1, - -

°

., ban)) if they are non-squares, and they can both be set equal to one

if they are squares. Then the conjugacy classes of involutions are given by Table 4.5.

Table 4.3: The conjugacy classes of SO(2n, k) where k =

Q2. This table corresponds with Proposition 5.
Item bl...bs b5+1...b2n Cp(bl,...,bs)
Item Cp(bs+17 ce ,bgn) diag(bl, R ,bs) diag(bsH, R ,bgn)
1 1 1 1
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Item by...bs Doyt -..boy cp(br, ..., bs)
Item | ¢p(bsya, - -, ban) diag(by, ..., bs) diag(bsi1,-- -, ban)

1 1 diag(1,...,1,~1,—1) | diag(L,...,1,—1,—1)
2 1 1 1

2 -1 diag(1,...,1,—1,—1) I,

3 1 1 -1

3 1 I diag(1,...,1,—1,—1)
y 1 1 1

4 -1 I I

) —1 -1 1

5 1 diag(1,...,1,—1) diag(1,...,1,—1)
o —1 —1 1

6 1 diag(1,...,1,—1) | diag(1,...,1,3,—371)
7 —1 —1 -1

7 1 diag(1,...,1,3,-371) diag(1,...,1,-1)
8 —1 —1 —1

8 -1 diag(1,...,1,3,-37Y) | diag(1,...,1,3,-371)
9 2 2 1

9 1 diag(1,...,1,-1,-2) | diag(1,...,1,—1,-2)
10 2 2 1

10 1 diag(1,...,1,-1,-2) diag(1,...,1,2)
11 2 2 -1

11 1 diag(1,...,1,2) diag(1,...,1,—1,-2)
12 2 2 -1

12 —1 diag(1,...,1,2) diag(1,...,1,2)

30
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Item by...bs Doyt -..boy cp(br, ..., bs)
Item | ¢p(bsya, - -, ban) diag(by, ..., bs) diag(bsi1,-- -, ban)
13 —2 —2 1

13 1 diag(1,...,1,—-2) diag(L,...,1,-2)
14 —9 9 1

1 1 diag(1,...,1,—2) diag(1,...,1,-1,2)
15 —2 —2 —1

15 1 diag(1,...,1,—1,2) diag(1,...,1,-2)
16 —2 —2 —1

16 1 diag(1,...,1,-1,2) | diag(1,...,1,-1,2)
17 3 3 1

17 1 diag(1,...,1,3) diag(L,...,1,3)
18 3 3 1

18 1 diag(1,...,1,3) diag(1,...,1,2,3-271)
19 3 3 —1

19 1 diag(1,...,1,2,3-271) diag(1,...,1,3)
20 3 3 —1

20 1 diag(1,...,1,2,3-27) | diag(1,...,1,2,3-271)
21 -3 -3 1

21 1 diag(1,...,1,-3,1) | diag(1,...,1,-3,1)
22 -3 -3 1

22 -1 diag(1,...,1,-3,1) diag(1,...,1,-3)
23 -3 -3 —1

23 1 diag(1,...,1,-3) diag(1,...,1,-3,1)
2 3 3 1
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Item by...bs Doyt -..boy cp(br, ..., bs)
Item | ¢p(bsya, - -, ban) diag(by, ..., bs) diag(bsi1,-- -, ban)
24 -1 diag(1,...,1,-3) diag(1,...,1,-3)
25 6 6 1

25 1 diag(1,...,1,6) diag(1,...,1,6)
26 6 6 1

26 -1 diag(1,...,1,6) diag(1,...,1,6,1)
27 6 6 —1

27 1 diag(1,...,1,6,1) diag(1,...,1,6)
28 6 6 -1

28 1 diag(1,...,1,6,1) diag(1,...,1,6,1)
29 —6 —6 1

29 1 diag(1,...,1,—1,6) diag(1,...,1,—1,6)
30 —6 —6 1

30 —1 diag(1,...,1,—1,6) diag(1,...,1,—6)
31 —6 —6 —1

31 1 diag(1,...,1,—6) diag(1,...,1,—1,6)
32 —6 —6 —1

32 1 diag(1,...,1, —6) diag(1,...,1, —6)
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Chapter 5

Fixed-Point Groups of Isomorphy

Classes of Involutions over SO(2n, k)

Where k = Qy

5.1 Introductory Material

The fixed point group of an involution x over a group G is defined by GX = {x €
G | x(z) = x}. Throughout this chapter, I will be using SO(2n, k) and I will assume
char(k) = 0. First a definition:

Definition 9. If G is a semisimple algebraic group over k and 0 € Aut(G), the corresponding
"symmetric k-variety” is X = {g0(g)" g € G}

For k = R symmetric k-varieties are also called ”semisimple symmetric spaces.” The
real symmetric semisimple symmetric spaces for which GX is compact are also known as
Riemannian symmetric spaces. These play an important role in Lie theory, representation
theory, differential geometry, mathematical physics, and many other areas.

The symmetric k-varieties with a compact fixed-point group have many properties similar
to real Riemannian symmetric spaces. For example, they consist of semisimple elements as

follows from the following result due to Helminck and Wang.



34

Theorem 3. Let G be a connected, reductive, algebraic k-group with char(k) = 0, let x be
an involution of G, and let X = {zx(z)™' | x € G}. If GXN |G, G] is anisotropic over k

then Xy consists of semi-simple elements [5, Proposition 10].

According to another result of Helminck and Wang, two symmetric k-varieties related to
a matrix group G are G-isomorphic iff their involutions are isomorphic with respect to con-
jugacy. Theorem 3 is also useful in working with symmetric k-varieties. Over R, symmetric
varieties are called ”symmetric spaces” and they are studied in differential geometry, Lie
groups, and representation theory. Symmetric k-varieties are generalizations of symmetric

spaces.

5.2 Computational Results Used to Find the Fixed-
Point Groups and Whether They are Compact

My first result of this chapter is a result giving the fixed-point group of the most basic

possible involution over SO(2n, k).

5.2.1 The Most Basic Fixed-Point Group

Proposition 6. Let G = SO(2n, k) and let k =R or k = Q,. For the matriz A = Iy,_;;, the
fized point group G’4 consists of the block matrices diag( Xy, Xo) where Xy is (2n—i)x (2n—i),
Xoisixi, XI' = X', XT = X5' (so they are both invertible), and det X det X, = 1.

Also, G’4 is not compact over R or Q,,.

Bll BlQ

Proof. Let B € G’4 where A = Iy,_;;. Let B = <
By Ba

). Then by straightforward

—By1 By By By
tion, Bo; = 0 and Byy = 0. And inasmuch as B € SO(2n, k), BT = B7! so BY, = B;',
B;FQ = B2_21, and det B = det By det By = 1.

B —-B B, B
computation, Ja(B) = ( H 2 ) = ( Hoe ) Since char(k) # 2 by assump-



35

Further, because compactness on both R and Q, is equivalent to being both closed and

bounded, none of these fixed point groups are compact since ||B|| = || B1||||B2z|| using the
norm of either R or @, and the only restriction on By, i € {1,2}, is that B;' = BL.
Therefore, the fixed point group G74, A = I,,_;;, is unbounded. Q.E.D.

5.2.2 Full Results on the Possible Sums of Two Squares of P-Adic

Numbers

Here are some results related to showing whether every integer 1,2, ..., p is a sum of two
squares in Q,. This turns out to be an important issue in determining the fixed-point groups

and whether or not they are compact.

Lemma 5. Let n € Z be such that n > 0 and n is odd. Then there is a one-to-one
correspondence between differences (not sums) of squares of integers (in Z,) that equal n and

factorizations of n into two positive integers.

Proof. This is a result of elementary number theory, and a proof can be found in Rosen |8,

Lemma 3.9 on pp. 112-113]. It depends on the fact that a* — b* = (a +b)(a — b). Q.E.D.

Because of this lemma, whenever —1 € Q;Q, there is a sum of two squares that equals p
which consists of p-adic integers. If p — 1 is a square, (1/p — 1)? + 12 = p so for all primes

p=1 (mod c¢), ¢ a square, the result has been proven. It is below in lemma form.

Lemma 6. For all prime numbers p € N, if p =1 (mod ¢?) and ¢ € N then p is the sum of
two squares p = (y/p — 1) + 12.

Further, because all prime numbers p where —1 &€ Q;? are congruent to 1 modulo 3, I

have proven the following lemma.

Lemma 7. For all p-adic fields Q, such that —1 € @;2, every odd p-adic integer corre-

sponding to a finite p-adic series is a sum of two squares. Note that p = 1 (mod 4) iff
-leqQ.

Proof. This is a consequence of Lemma 5. Q.E.D.
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Here is another lemma that is useful in proving what [ want, viz., that if p = 3 (mod 4)

then p is not the sum of two squares over Q,,.

Lemma 8. OverZ, if p is a prime integer, p = 3 (mod 4), and ag, ay,b, by € {0,1,2,...,p—
1} then a3 +b3 # 0 (mod p), a2 + b3 + 2apaip+ 2bob1p # p, and (ag+par)* + (bo + pb1)? # p.

Proof. Assume ag + bg + 2apa1p + 2bgb1p = p. Then 1 want to show that either a; or b is
not zero, so assume they are both zero. Then a3 + b2 = p. Therefore, a2 + b3 = 3 (mod 4).
Now, any square is equivalent to 0 or 1 modulo four, so that is impossible, meaning either
ay or by is not zero, or both of them are nonzero. Further, a2 + b3 # 0 (mod p).

Assume without loss of generality that a; # 0. If ay = 0, then b2 + 2bobip = p so
b2 = p(1 — 2byb;) which implies that p divides b3, hence by (by the definition of ”prime
number”). That must mean that by = 0, so 2bpbip = p = 2beb; = 1, but that is a
contradiction because it was assumed that by, b, € {0,1,2,...,p—1}.

Therefore, ay # 0. For similar reasons, by # 0. a2 + b3 + 2apaip + 2bob1p = p =
az + b3 = p(1 — 2apa; — 2boby) so p divides a3 + b2. Thus, af + b3 = ¢p,{ € Z. But
ag, ai, b, by € {0,1,2,...,p— 1} and a3 + b2 + 2apa;p + 2bobip = p, so the only possibilities
are that ¢ = 0, which I proved was impossible, and ¢ = 1, which I proved was impossible.
That proves the first desired result.

Now assume (ag + pay)? + (bo + pb1)* = p. (ap + pa1)? = a2 + 2apa1p + ap?, so

(ao + par)? + (bo + pb1)* = ag + by + 2aparp + 2bobip + aip® + bip* = p

But I have shown that the first four terms above of the expansion of (ag + pay)? + (bo + pby)?
cannot be p, or in other words, a2 + b3 + 2aga;p + 2bobip # p. Then a3p? + b2p* # 0 so either
a; # 0, by # 0, or both. Assume without loss of generality that a; # 0. Then a?p® > p, so it
cannot be true that a2 + b2 + 2agaip + 2bobip + aip? + bip? = p. Q.E.D.

Proposition 7. Over Q,, if p # 3 (mod 4) (sop=2 orp=1 (mod 4)) then p is the sum
of two square p-adic integers. FElse if p = 3 (mod 4) then p is not the sum of two square

p-adic integers.
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Proof. The first statement is a direct consequence of Lemmas 5 and 7. As for the second

statement, let o = Zpiai be a p-adic integer, so all a; € {0,1,2,...,p—1}. Let g = ijbj
i=0 =0
be another p-adic integer, which thusly has a similar condition on all b;. Then suppose

a? + 32 = p. In that case, a2 + b3 + 2apa1p + 2bgb1p + ... = p.
In order for that to be true, it would be necessary that a2+ b2 = 0 (mod p), but I showed

in Lemma 8 that this condition cannot be met. Q.E.D.

Lemma 9. Let p be a prime integer. Then for any a € 7Z there exist b,c € 7Z such that
b> + c? =a (mod p).

Proof. There are only two square classes of the finite field F,,, where p # 2, so the sum of
any two squares has to be in one of them. In other words, each element of these square
classes can be multiplied by a square to get any of the others. The result is automatic if a
is a square. Since one can obtain a non-square with appropriate b and ¢, there is an o € Z
such that a?(b? + %) = a (mod p), or (ab)? + (ac)? = a (mod p).

If p=2then a =0 (mod 2) or ¢ =1 (mod 2), so one can set b = 0 or b = 1 and let
¢ = 0 in either case to obtain the desired result. Q.E.D.

Lemma 10. In the finite field F,, —1 is a square iff p =1 (mod 4).

Proof. This result was proven by Ling Wu in his doctoral thesis. He pointed out that T} is
a cyclic group of order p — 1 and —1 is the only element of order two. Thus, —1 is a square
iff the order of I is divisible (over Z) by four, i.e., iff p =1 (mod 4) [11, Lemma 11 on p.
26]. Q.E.D.

Now here is a result from elementary number theory on the integers Z that is very useful

in proving whether every element of Q, is a square or not.

Proposition 8. Let a,b € Z be such that the greatest common divisor of a and b is d. The
equation ax +by = ¢ has no solutions in Z if d does not divide c, i.e., if there is no integer m
such that md = c. On the other hand, if d does divide ¢ (so such an integer m exists) then

there are infinitely many solutions to ax + by = ¢ over Z. Furthermore, if x = xq, y = yo 1S
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_a

a solution to the equation then every solution is of the form x = x¢+ %n, y = yo— gn, where

n e Z.

Proof. This is a result of elementary number theory on linear diophantine equations in two

variables. A proof can be found in Rosen [8, Theorem 3.21 on pp. 120-121]. Q.E.D.
For p-adic integers, the result is found in the next proposition.

Proposition 9. If p =1 (mod 4) then every p-adic integer in Q, is the sum of the squares
of two p-adic integers. If p =3 (mod 4) or p =2 then this is not true.

Proof. Much of this result has already been proven by Proposition 7 and Lemma 5. In

particular, the case p = 3 (mod 4) was proven by Proposition 7. Consider the case p =
¢

1 (mod 4). By Lemma 5, every odd p-adic integer corresponding to a finite sum Z a;p' is
i=0
in fact the sum of two squares of integers in Z, hence in Q,,.
[e.e]

Therefore, let o = Z a;p’ be a p-adic integer such that either « is even or there are an
=0
infinitely many a; # 0, j € Z=°. Suppose a = (3* + 4%, where 8 and v are p-adic integers.

o0 o0 oo 2
Let § = Zbipi and y = Zcipi. Then % = (Z b,-pi> = bg + 2bob1p + (2boby + b7)p® +
i=0 i=0 i=0

(2bobs + 2b1b2)p* + . .. Thus, B2 +~% = b3 + ¢ + (2bob1 + 2coe1)p+ (2bgba + b? + 2coca + ¢3)p* +
(2bob3 + 2b1by + 2cqcs + 2¢1¢0)p> + . .

For this to equal o, it is necessary that b% + ¢3 = ao (mod p), and I proved in Lemma 9
that this can be done. Let b2 + ¢Z2 = np + ag. Then it is necessary that n + (2bgb; + 2coc;) =
a; (mod p), i.e., that 2bpb; + 2coc; = a3 — n (mod p), so without loss of generality one
may assume n = 0. Then 2(byb; + coc1) = a1 (mod p). Now, by and ¢y have already been
determined, but b, and ¢; have not.

If 2(boby + coc1) = ay + np for some n € Z then 2(boby + coc1) = a; (mod p). Since
|Z| is infinite, if p # 2 there is some n € Z such that the greatest common divisor of 2b,
and 2cy divides a; + np. Then by Proposition 8, there are numbers b; and c¢; such that
2(boby + coc1) = ay (mod p). A similar result holds for the coefficients of p?, p*, and etc. of

3% 4+ ~2, so inductively one can get every coefficient of every p’ to equal a;.
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On the other hand, let p = 2 and assume that o = 3% +~2 for all p-adic integers o € Qs.
If a; is odd, a; + np from the previous paragraph must be odd, so there is no suitable n. But
that means I must solve 2(bgb; + coc1) = 0 (mod 2) or 2(boby + coe1) = 1 (mod 2). In the
former case, let by = ¢; = 0. The latter case is insoluble. If ag = 0, one can set b + ¢ = 2
(if co = by = 1) and ¢; = b; = 0 to obtain 0 as the coefficient of p° and 1 as the coefficient
of p.

However, if ayg = 1 and a; = 1, one cannot solve the equations b3 + ¢2 = ag = 1 and
2(bgby + coc1) = a3 = 1 because ag = 1 implies one of by or ¢ is one and the other is zero.
Assume without loss of generality that by = 1 and ¢y = 0. Then in the second term one has
2(boby +coc1) = 1s0 2by = 1, but by € {0, 1}, which is a contradiction. Ergo, the result is not

true for p = 2, since 3 = 1 + 2! is not the sum of two square p-adic integers in Q,. Q.E.D.
Here is the final result.

Theorem 4. Ifp =1 (mod 4) then every p-adic number in Q, is the sum of the squares of
two p-adic numbers. If p =3 (mod 4) or p =2 then this is not true.

Proof. In the case p =1 (mod 4), a similar proof holds as was used in the previous proposi-
[o.¢]

tion, Proposition 4. If o = Z a;p', ¢ € Z and £ < 0, one can make « the sum of two squares
=0

b = Zbipi and v = Zcipi as before. In the case p = 3 (mod 4), suppose p = 5% + 2.

=0 =L
(o]

Then let g = Zbipi and v = ch-pi. By Proposition 4, m < 0 or n < 0. So assume
without loss ofzgénnerality that mz?—z

B2 = b2,p*™ + 2by by 1 p?™ T + B2, ,p*™ 2 + ... Furthermore, p¥, j < 0, is larger with
respect to the p-norm than p’. As a result, in 3% + 72 = p, the terms that are the largest
with respect to the p-norm must have their coefficients cancel out or the lefthand-side of
the equation will have a larger norm than the righthand-side, which is a contradiction. But
13]], > 1 because m < —2 < 0, so, because of what has been said, ||5%]|, > ||8]l, > 1. As a
result, unless m = n, the biggest terms of 32 (or 72 if n > m) will not be cancelled out, so

182 +~2|l, > 1 > 1/p = ||p||, meaning 5% + v* = p is impossible.
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Therefore assume m = n. Then 32++2 = b2 p*™+c2 p*"+2b,, by 1 02" +2CC 1 p*™ T+
b2p®™ 242, op*™ 2+ .. But by Lemma 8, b2 p*™+c2 p*™ # p*™ 1, s0 b2, p*™+c2p*™ < p
or b2, p*™ +c2 p*™ > p. In the former case, the norm of 32+~ is still different from the norm
of p, so that cannot be true. In the latter case, there is still a coefficient of p*™ by Lemma

2mtl terms can cancel evenly (supposing

8, since neither the p*™ terms nor the p*™ and p
m < —1). This contradicts my hypothesis that 5% +~? = p.

Now suppose p = 2. Let § = Zbﬂi and v = Zcﬂi and assume (3? +~% = 3. Then

for the same reasons as before (viz., the p-norm) m = n. In that case, it is impossible that
32 +~? = 3 because the earlier terms cannot cancel out, for reasons similar to what was seen

in the previous proposition. Q.E.D.
From the proof of the above, there are two corollaries found below that have been proven.

Corollary 1. In Qo, 3 is not the sum of two squares. If p = 3 (mod 4) then p is not the

sum of two squares.

Corollary 2. For any prime number p, in Q,, if o* + % = v, and the first term in the

p-adic expansion of v is not a square, then o = Zaﬂi and = ZbiQi. So both o and (3

start with the same index m. Furthermore, m is the first term of the p-adic expansion of 7.

5.2.3 Computational Lemmas

The following results have to do with finding the fixed-point groups as well.

Lemma 11. Let € € k be such that e is the sum of two squares in Q,. Then diag(e,¢) is

congruent to Is.

Proof. Let e=! = a? + 1?. Then

GG

e(a® 4+ b?) 0 g
0 e+ | ’

Q.E.D.
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Lemma 12. Let 0 <l <n, { € Z. OnF, and Q,, if p=1 (mod 4) then the block matriz
diag(l,—¢, —1;) is congruent to diag(l,_1,—1) and I,.

Proof. If p=1 (mod 4) then —1 is a square in both F,, and Q,, and by Lemma 10 and Propo-
sition 9 both 1 and —1 are the sums of two squares in both [, and @,. Then by an inductive
process, using the result of Lemma 11 as a first step, one can show that diag([,_,, —I;) is
congruent to I,.

Firstly, let n = 2. Then £ = 1. Let a> +b0* = —1 and let > +d*> = 1, ¢ # 0 (e.g.,

c:l,d:m.mn(c m><1 )( ¢ )()
Td +v/—-1c 0 —1 V-1d +v/—1c 0 1

If n =3 and ¢ = 1, a similar process shows that the matrix is congruent to I3. If £ = 2,
Lemma 9 shows how one can obtain I3 with a block matrix.

Assume the result is true for all m < n,1 < ¢ < m. Then the matrix diag(,_,, —1Iy)
is congruent to [, if £ < n — 1 by the inductive hypothesis, and otherwise it is congruent
to diag(/,_1, —1) which is congruent to [,. Furthermore, V n > 1, I, is congruent to
diag(l,_1,—1). Q.E.D.

5.3 Fixed-Point Groups on Two Often-Used Involu-

tions

First I have computed the fixed-point groups on a more basic set of involutions.

O 1 ... 0 O
-1 0 ... 0 O
Proposition 10. Let A = v .. vt Then the fized point group of Ja over
0O 0 ... 0 1
0O 0 ... =1 0
B Bz ... Bin1 Bin
GL(2n, k) consists of matrices B = : S : : where each B;; is

Bnl Bn2 Bn,n—l B'rm
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a 2 x 2 block, B;; = ( C;j i ), and (naturally) |B| # 0. Over R and Q, it is not
ij Qg
compact.
By Biz ... Bip-1 Bin
Proof. Let B € SO(2n,k), B = : o : : where each B;; is a
Bnl Bn2 <. Bn,nfl Bnn
2 x 2 block. Let B be in the fixed point group of J4 over GL(2n,k). (Observe that
0 1
A7t = —A = AT so A € SO(2n,k)). Let Ly = ( ) Then Ju(B) = —ABA =
-1 0
—diag(Ls, ..., Ly)Bdiag(Lo, ..., Ls)
—LyBiyLy —LyBisLy ... —LoByy1Ly —LoBiyLo
_LZBnlLQ _LQBnQLZ _LQBn,nflLZ _LQBnnLZ

which must equal B.

.. Q5 61‘]’
Asa result, v 1,] € {1, 2, BN 17 TL}, _LQBZ‘J'LQ = Bi,j- Let Bi,j = 5 . Then
Vij o Oij

S — g 8 = o B
_LQBZ',]‘LQ = ( g ! ) L2 = ( ! Tig ) = ( i ﬁ] ) Therefore, Q5 = 5@‘
i By —Bij g Yij  0ij

and [i; = —vi;.
Qi —Pij . . . . Q5 —Pij .
Now, i =Py oz?j + sz which can be arbitrarily big. Thus, i =P is
i g Bij

infinite when using the sup norm. Ergo, because compactness on R and Q, is equivalent to
being closed and bounded, the fixed point group of A is unbounded, so it is not compact.

Q.E.D.

I, 0 0 0

. 0 0
Proposition 11. Let X = g € GL(2n, k), where k = F, and o® + [3*

0 o} 0

0 0 0 I,
is not a square of ), (which implies p # 2). Then the fized point group of Jx-1; ,x over

GL(2n, k) is the subset of GL(2n, k) containing all matrices S of one of the following forms:



St FSis
)Y
1. if a = £0, then S = TR 0w
Y31 032
0 +S43

S13

032

033

543

43

0
£33y
234
Sua

where S11 is (s — 1) X (s — 1),

Syq s (t —1) x (t — 1), the 0 in the upper-right corner is (s — 1) x (t — 1), and the 0
in the lower- left corner is (t — 1) x (s — 1), all 0;; are (one-dimensional) elements in

F,, ¥31 45 1 x (s — 1), and X34 is 1 x (t — 1).

Sll
=%y
a1
0

of S have the same sizes here as in case

2. Else if a # £+, then S =

Proof. Let o® + % = £ Then X ' X =

X', X and let S € GL(2n,k), S = 5
31

541

5513 Si3 0
af(o3z—o22) B
o L DY
e 21 ) o —p o =3 The blocks
# 033 234
5543 Sas Saa
1.
I, 0 0 0
o?—32 —2a0 0
€ € Let A =
—2a0 B%2—a? )
0 z z 0
0 0 0 o~
Sz Sz S
o o by
22 U e where the entries with an S
O3z 033 X34
Saz Siz Su

are block matrices of the appropriate size to match the blocks of A and the entries with a o

are elements of & = IF),.

By assumption, o # 0 and 3 # 0 (otherwise, a? + 3* would be a square). Since A™! =
AT = A J4(S) = ASA which we set equal to S. Then AS = SA, or AS — SA = 0. Hence

by computation,

0 26(S128+S5130)
13
—2B(BX21+aX31) —2af(o32—023)
13
—20(B%21+a¥31)  —2(aBose+alase—B%032—afos3)
3

_2541 7204(7542,3+S42a)

2&(512@-{-5130&) 25114
2(a?023—B%023—afosztaBor)  2a(aXas—BYs4)
3 3 =
2a3(032—023) 26(aX24—F%34) 0
§ 13
—28(—S438+S420) 0
i3




Therefore, Sio = _7“513, Yo

Sy = 5843. Further, one obtains the following:
1. If @ = 43, then 095 = 033.

2. Else if a # £ then 093 = 035 =

— —« — —
= 7231, 032 = 023, Yig4 =

44

523% Sy = 0, Sy = 0, and

045(033 - 022)

As the result, the matrix S has one of the following two forms: if o = £0,

S FSiz Sis 0
¥ +3
S = T Om o i . Otherwise,
231 O32 033 234
0  £Su3 Siz Su
S1 %513
G — _7&231 022
Ly )
0 553
I.., 0 O 0
a —f
Corollary 3. Let X =
0 [0 « 0
0O 0 0 I

513 0
bl Ly,

033 Y34

Sy3 Saa

Q.E.D.

€ GL(2n,k), where k = F, and o® + (*

is not a square of ¥, (which implies p # 2). Then the fixed point group of Jx-1 ,x over

SO(2n, k) is the fived point group of Jx-1;, ,x over GL(2n, k) given in the previous proposition

intersected with SO(2n, k).

5.4 Results Critical to Computing Generalized Fixed-

Point Groups and Whether They are Compact

This next lemma simplifies many proofs.
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Lemma 13. Let A € GL(2n, k), char(k) # 2. If A~ I, A = I, then A is a block matriz of

w
the form A = (

0
),whereWissx:sandXistxt.
0

W X
Proof. Assume A™'[ ;A = I, Then I A = Al;. Let A = ( >, where where W
Y 7

W -X

issxs, Xissxt,Vistxsand Zist x t. ThenAI&t:(
Y -7

> and [, A =

w X
< ) Since these two matrices are equal and char(k) # 2, it follows that X =0
-Y —Z

and Y = 0. Q.E.D.
Theorem 5. Let A € SO(2n,k), A = X', X, and XX = diag(ay,as,...,as,). Let
M, = diag(aq,...,as) and M, = diag(as,1,...,a;). Then the fixed point group of Ja over
SO(2n, k) is G¥4 = { X~ diag(N,, N,)X| N,M,NT = M,, N,M,NT = M,}.

Proof. Suppose B € G’4. Then A'BA = B = X '[,,XBX 'I,;X = B. Therefore
I, XBX ' = XBX 'I;;. By Lemma 13, that means X BX ' = diag(Ny, V;) where N
is s x s and N; is t x t. Therefore, B = X! diag(N,, N;) X, and because B € SO(2n, k),
BBT = I, = X" diag(N,, N) X XT diag(NT, NT)(X V)T = I,..

Therefore, diag(Ng, N,) X X7 diag(NI, N}') = XX so NNM NI = Mg and N,M, N} =
M, as claimed. Note that the case in SO(2n + 1, k), which was proven by Ling Wu, has

a very similar proof, and as such I have borrowed his notation [11, Lemma 46 on p. 63].
Q.E.D.

Fixed-Point Group Computation Lemma 1. Let A, B € GL(n, k). Let A = (a;;) and
B = diag(by,...,b,). Then ABAT = B iff for all i,j € {1,2,...,n}, i # j, two properties
hold:

1.) aib =10,
(=1

2. Z (Zigajgbg =0
(=1
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anbl (llgbg e alnbn
T . az1by  agby ... aguby,
Proof. Assume ABA'" = B. Then by computation, AB =
anlbl an262 e annbn
Therefore, ABAT =
G%ﬂh + ...+ a%nbn auaglbl + ...+ alnCLann e auanlbl + ..+ alnannbn
a21a11b1 + ...+ aQnalnbn a%lbl + ...+ a%nbn c. Gglanlbl + ..+ agnannbn
L anlanbl + ...+ annalnbn an1a21b1 + ...+ annCLann Ce a%lbl + ..+ agnbn

From this computation, it can be seen that if i,j € {1,2,...,n} and i # j then each

entry in the diagonal spot (i,7) has the form Z aZ,bg, which must be equal to b;. Similarly,

(=1
n

each entry in the spot (7, j) has the form Z aieajebe and it must equal zero.
=1
Similarly, if ABAT # B then either property one or property two is not true for some

entry (i,7) of ABAT. Otherwise, by property one and by computation (as above), the
diagonal elements of ABA” are the same as the diagonal elements of B, and by property

two and computation, the off-diagonal elements of ABAT are all zero, so ABAT = B. Q.E.D.

The next two lemmas give two matrices, of order two and three, respectively, that can
be used in blocks to obtain any diagonal matrix over SO(2n, k), where k = Q, and p =
1 (mod 4), given the right conditions on a and i. The fact that they can be so used is proven

subsequently.

Fixed-Point Group Computation Lemma 2. If A € GL(2, k),

+a +Va — a?
Fv/0(1 —a?/a) ia\/g
where a € k and every root in A is in k then AAT = diag(a,3). Similarly, if B =
diag(l, 2, A) € GL(n,k) then BBT = diag(I,,_»,a,3). Furthermore, any matriz C €
GL(2, k) such that CCT = diag(a, 3) has this form.

A=
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a’ + (a — a?) —a\/ﬁ(l—aQ/a)+\/a—a2a\/§
—a\/ﬁ(l—cﬂ/a)—i-\/oz—cﬂa\/g B(1—a?/a)+ a*(B/a)

That simplifies to diag(«, 3). Based on this, the second result is automatic.

Proof. AAT =

To prove the last statement, let C' = (¢;;). Then assume

CCT _ [ C%l + C%Q C11C21 + C12C22 ] _ [ a 0 ]

2 2
C11C21 + C12C22 €51 + Cyo 0 g

That means ¢ = ++/a— 3y, ¢ = T/a—c3, and c1109 + C1aens = 0 = 9 =
F/B(1 — 2, /a), whence o = j:cn\/g. By computation, only the configuration of 4+
signs found in the statement of the Lemma will get the right result. Q.E.D.

Fixed-Point Group Computation Lemma 3. If A € GL(n,k), n =

_ (a— a2) ; g _ [B=i?)
A= \/ Y/ oy B!
\/ y—i2)( aa a?) a\/'y;’iQ i

where a,i € k, and every root in A is in k then AAT = diag(a, 3,7). Similarly, if B =
diag(I, o, A) € GL(n, k) then BBT = diag(I,,_3, , 3,7).

Proof. By laborious computation, AA” = diag(a, 3,7), and the second result is automatic.
Q.E.D.

Fixed-Point Group Computation Lemma 4. If p =1 (mod 4) and a € Q, then every
root in A in both of the previous two lemmas is in Q, forao = (3 =1,p,N,, or pN, or a3 =1
for appropriate a (in the first case corresponding to Fized-Point Group Computation Lemma
2)anda =0 =~=1orafy=1 for appropriate a and i (in the second case corresponding
to Fized-Point Group Computation Lemma 3). Also, one can replace 1,p, N, or pN, with
a square of Q) times 1,p, N, or pN, in the above equations. The cases aff = p, N, or pN,
and o = 3 = =p, Np, or pN, do not come out.

Proof. From Fixed-Point Group Computation Lemma 2, if « = g = 1, I want to show A =

a Va — a2

€ GL(2,k), k = Q,, p =1 (mod 4). Va—a?=+1—ad?
TS afE (2,%) p=1(mod 4) Va—@=VI-@
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and this works for a = £1. Now set « = 8 = p. Then Va — a? = \/p— a?. Since —1 is a
square in this case, by Lemma 6, if p — 1 is a square in Z then there is nothing to show since
I can set a = 1, so assume otherwise. By Proposition 7, for some «, 8 € k, o + 3% = p, so
set @ = . A similar argument holds for « = N, and a = pN,,.

—\/m = —\/m and a = 3, so we have —\/m again, for which the
result has been proven. Similarly, since a = (3, a\/g =a € k.

Now suppose a6 = 1. Then it is easily seen that all of the terms in the matrix A from
Fixed-Point Group Computation Lemma 2 are in Q,. If a8 = p, N, or pN,, the case does
not come out by Classification Lemma 3. Similar arguments will work for —A, since the
terms in the radicals are the same.

If a =0 =v=1, then set a = 0,£1 and ¢« = 0,£1 and one has it. If afy =
1, then 8 = a~ly7! so —iy/Ble=ed) a2 —iy/B(a —a®) = —iv/a — a2, and this case has
already been dealt with. Addltlonally, za\/> iaf and —, /51— 7 Ba=2) _ —/7 — 2. Further,
—1/ M = —/(v )(1 — a~'a?) which is similar to other terms that have been

dealt with, and the same is true for a 7;{2.

Any of the above calculations will come out if 1,p, N, or pN, is replaced by a square
of Qj times 1,p, N, or pN,. A specific proof has been omitted because the calculations are
essentially the same as the above.

Now consider the last case corresponding to Fixed-Point Group Computation Lemma
3. If « = =~ = p then simplifying most of the terms is similar to what has been seen.
However, it cannot be done simultaneously. For ia\/aziy = ia\/;"z2 = ia\/F = z'\/p—Ta2
meaning that a = 0, or alternatively, that ¢ = 0. However, if either one of them is zero then
there are other terms that don’t come out. The casesa = 3=~y = N, and a = 3 =y = pN,
are similar. Q.E.D.

Fixed-Point Group Computation Lemma 5. For any diagonal matriz C' € GL(n, k),
C' is congruent over SO(n, k) to any diagonal matriz D € GL(n, k) such that the elements
of D are the transposed elements of C. So there are the same number of the same entries of

C in D, just in different places.
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Proof. Consider the matrix A;; = (as,) where A is the same as I, except that for some
i,j € {1,2,...,n}, i > j, a;; = a;; =0, a;; = —1, and a;; = 1. It is clear that |4;;| =1

because one can take the determinant successively over every row except the " and j* rows

to obtain 172 = 1. Further, Aj;Al, = I, so Ay; € SO(n, k).

1 0

Now, AijCA;fg = (", where C* has the same entries in the same places as C except that
the " and j* entries (counting by rows or columns) have been transposed. By picking
successive, appropriate matrices Ag,,,,, one can obtain Ay, ... Agm CA} . .. A}, =D.

l1mq
Q.ED.

Fixed-Point Group Computation Lemma 6. Ifp = 3 (mod 4), for the matriz in Fized-
Point Group Computation Lemma 2, if it is in GL(n,k) and k = Q,, then it is impossible
that o = p. Similarly, if p = 2 then it is impossible that o = 3 and that the matriz in
Fized-Point Group Computation Lemma 2 is in GL(n, k), k = Q..

Proof. This is a consequence of Corollary 1. In the first case, because p is not the sum of two
squares, the term £v/a — a? cannot be in QQ,. The second case is similar, since Corollary 1

states that 3 is not the sum of two squares in k£ = Q. Q.E.D.

Fixed-Point Group Computation Lemma 7. QOver any p-adic field Q,, ¥V a1, as, as, as, as
€ Q, a123 + asx3 + azri + a4x? + asz? = 0 has a non-trivial solution. That implies a;x? +
asT3 + azxs + asxi = as has a solution. This result can be found in Scharlau [9, Theorem

6.3 on p. 187].

Fixed-Point Group Computation Lemma 8. Ifdiag((i,...,(n) € GL(m,Q,), [[2, G €
2 and m >4, 3 Ay € GL(m,Q,) such that AgAY = diag((y, ..., Cn) € GL(M,Q,).

D

Proof. By Fixed-Point Group Computation Lemma 7 and because the diagonal elements of
Ay Al have the form Z;”:O 771-2]., ni; € Qp in the i row of AgAY, one can get every necessary
diagonal element in AgAl. As for the other elements, they can be made equal to zero by

linear algebra. Q.E.D.



50

+v1 — a? a
Lemma 14. For any A € SO(2,k), A has the form for some
—a +v1 — a?
a€k. If -1 € k*2, a can assume any value in k.
ayg a
Proof Let A=| = "% e SO(2,k). Then A~! = AT and |A| =1, so
a1 G22
[ Q22  —Q12 ] o [an az1 ]
—a91 a1 a12 Qa2
air a2
As a result, a1; = age and as; = —aje. Thus, A = .
—a12 an

Now, |A| =1 = a?, +a?, = 1. This means that a;; = £4/1 — a, as claimed. If —1 ¢ k*?
and the field is well ordered, then 1 —af, > 0= 1> a}y, = 1 > ajp > —1. (If the field is
not well ordered but —1 ¢ k*? there will still be a restriction on a;2.) Otherwise, there is no

restriction on ajs. Q.E.D.

5.5 The Generalized P-Adic Fixed-Point Groups of In-

volution Isomorphy Classes

Proposition 12. Let k = Q,, —1 € Q?, and N, ¢ Qi>. Then the fived point groups
G5 of the involution conjugacy classes of SO(2n, k) corresponding to an involution Jg,
B = BO_IISJ/BO, which are giwven by Proposition 4 are listed in Table 5.1. Their properties
of compactness or non-compactness are listed below. The entries of the table correspond to

a, B, v, and §, which fill out the following summations, which correspond to NyNI and

s—a 2n—vy s—a 2n—~y
N;NT: . Zufg =0, Z vy, =0 and ii. Zuwuj[ = f, Z VieVje = 0. On the chart it is
(=1 {=s+1 (=1 {=s+1

assumed tf;ati#j, L#E N 1,] € {1,2,...,2;} and t,\ € {s+1,5+2,...,2n}. Also, G'4 =
{Ag" diag(Ny, Ny) Ao | Ny = (i), Ny = (vij) } unless otherwise specified. If N, € O(s, k) or
N; € O(t, k) then I have written "n/a” for a or v and € O(s,k) or € O(t, k) for 5 ord,

respectively. The order of the items is the same order as can be found in Proposition 3.



Table 5.1: The table of the fized-point groups of invo-

lutions over SO(2n, k) corresponding to Proposition 3,

where k = Q, and —1 € Q;Q. This chart corresponds

with Proposition 12.

Item diag(by, . .., bop) 16}
! v )
1.1 I2n € O(S, k))
n/a n/a € O(t, k)
1.14. I, € O(s, k)
n/a n/a € O(t, k)
diag(1,...,1,p, N,,
2.1. p'NY) € O(s, k)
1 + (p - 1)51,7271—2_’_
(Np - ]->5L,2n—1 + (pileil - 1)5L,27L
n/a 3 _szznﬁ - NPVL2,27L71 - p_le_lezn
diag(1,...,1,p, N,
2.4 p'N;) € O(s, k)
—V,2n—2UX2n—2P — V,2n—1Vx 2n—1 Np_
’ﬂ/CL 3 VL,2nV)\,2np_1Np_l
1+ (p—1)d;s2+
dlag(L N2 Npa (Np B 1>6i,5*1 + (p_le_l - 1)513
3.1. pileila DI 1) _pﬂ’zz,s—Q - Npluzz,s—l - pileilﬂ’zzs
n/a € O(t, k)
dlag(]-) ey 1ap7 Npa —Mi,s—2Mj,s—2P—
3.1, pT'N; L LT i s—11j,s—1 Np — frisptisp” "N,
3 n/a € O(t, k)
1 + (p — 1)(5173_2"‘
dlag(l, ce 1,p, Np7p_1Np_1, (Np — 1)52'73_1 + (p_le_l — 1)515
42 17"'717p> Npap_le_1> _p/’b?,s—Q _Nplu?,s—l _p_le_I/szzs

ol
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Table 5.1: Continued

Item diag(by, . .., bop) o]
! v )
1 + (p - 1)5L,2n—2+
(Np - 1)5L,2n—1 + (pileil - 1)5L,2n
3 3 _pVLz,Qn—Q - NPVLQ,QTL—I - pileilyL%Qn
dlag<]~7 T 17p7 Np7p_1Np_17 —Hi,s—2Mj,s—2P—
4.11. L...,Lp, Np7p_1Np_1> Miys—1fg,s—1Np — /Msujsp_le_l
—V, 9n—2Vx2n—2P — Vi2n—1Vx2n—1Np—
3 3 VL,QnVAanileil
5.1. diag(1,...,1,N,,1,...,1,N,) 1+(Np—1)5i75—Npp?’S
1 1 1+ (N = 1)8,20 — Ny,
5.11. diag(1,...,1,N,,1,...,1,N,) — i shb5,5 N
1 1 _VL,ZnV)\,Qan
diag(1,...,1,N,,1,...,
0.1. L,p,p ' N,) 1+ (N, —1)8;s — Npuis
1 + (p - 1)5L,27’Z—1 + (p_le - 1)5L,2n
1 2 —PV,on—1 — p_leszn
diag(1,...,1, N, 1,...,
6.ii L,p,p~IN,) — i 15,5 Np
1 2 —V,2n—1V22n—1P — VL,2nV/\,2np_1Np
diag(1,...,1,p,p N, 1+ (p—1)0s 1+ (p N, —1)d; 5
7.1. 17 R 17 Np) —Plis—1 — p_lelu?S
1 14+ (Np,—1)6,0n — Npuz%
diag(1,...,1,p,p N,
7.1, L...,1,N,) — i s—1fbj,s—1D — MisttisD Ny
2 1 _VL,2nV)\,2an
dlag(L ey ]-7p7p71Npa 1 + (p - 1)5i,s—1 + (pile - ]-)51',8
8.1. L....,1,p,p7'N,) —Phis—1 — P~ Nppi,
1 + (p - 1)5L,2n—1 + (p_le - 1)5L,2n
2 2 —PVi2n—1 _p_leV2

1,2n




Table 5.1: Continued

Item diag(by, . .., bop) o]
! v )
diag(1,...,1,p,p N,
87'7' 17 I 1ap7p_1Np) _,ui,s—l,uj,s—lp - Mis:ujsp_le
2 2 —V,2n—1V22n—1P — VL,QnV)\,2np_1Np
9.1. diag(1,...,1,p,1,...,1,p) 1+ (p— 1)51-73—]9/%2,5
1 1 1+ (p—1)d,20 — pV22n
9.1i. diag(1,...,1,p,1,...,1,p) — i 5 fbj 5D
1 1 —V,2nVx2npP
diag(1,...,1,p,1,...,
10.1. 17 NpapNgjl) 1+ (p - 1)51,5 _p:uzz,s
1 + (Np - ]-)5L,2n—1 + (pr_l - 1>5L,2n
1 2 _NpVL,QTL*I - pr_lyLQ,Qn
diag(1,...,1,p,1,...,
10.4. 1, Ny, pN,; ™) — i s[4, sD
1 2 _VL,Qn—IV)\,Qn—le - VL,2nV)\,2npN;:1
dlag(l, e ]_, Np,pr_l, 1+ (Np — 1)51',3_1 + (pr_l — 1)52',3
1Li 1,...,1,p) Npptia 1 — pN; 22
2 1 14+ (p—1)0,2n — pVﬁQn
diag(1,...,1, Np,pr_l,
11.4. 17 BRI Lp) _,ui,s—lluj,s—le - NisujspNgl
2 1 —V,2nVX2nD
dlag(l, o1 Np,pNZ:I, 1+ (Np — 1)52'75_1 + (pNz;l — ]_)(52'75
12.i. 1,...,1,Ny,pN; ) —Nppi s—1 —pr_l,u?s
14+ (N, = 1)di2n-1 + (pN, ' = 1)d,2n
2 2 _NpVL,2TL*1 - pr_IVZQn
diag(1,...,1, Np,pr_l,
12.40. ]-7 R 1a vapNg;l) _,ui,s—l,uj,s—le - MisﬂjspNgl
2 2 _VL,Qn—ll/)\,Qn—le - VL,2nV)\,2npr_1

53
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Table 5.1: Continued

Item diag(by, . .., bop) 16
! v )
13.4. | diag(1,...,1,pN,,1,...,1,pN,) 1+ (pN, — 1)6; 5 —pr,u?’s
1 1 1+ (pN, — 1)6,2n — prVz%
18.4i. | diag(1,...,1,pN,,1,...,1,pN,) — i 5145, sPNp
1 1 _VL,QnV)\,anNp
diag(1,...,1,pN,, 1,...,
14.1. L,p, N,) 14+ (pN, —1)0; s — pru?’s
1 + (p - 1)5L,2n—1 + (Np - 1)5L,2n
1 2 —PVion—1 — NPVZQn
diag(1,...,1,pN,, 1,...,
14.11. L,p, Np) — i st sPNp
1 2 —V2n—1V\2n—1P — VL,2nV/\,2an
diag(1,...,1,p, N, L+ (p—1)0i5—1 + (N, — 1)dis
15.1. 1,...,1,pN, —pptis—1 — Npp2,
2 1 14+ (pN, — 1)6,0n — pryZ%
diag(1,...,1,p, N,
15.11. L....,1,pN, —His—1Hj,s—1P — HistisNp
2 1 _VL,QnV)\,2npr
diag(1,...,1,p, N,, 14+ (p—1)0i5-1+ (N, — 1);
16.1. 1,...,1,p,N,) —pptis—1 — Npp2,
14+ (p—1)d20-1+ (Np — 1)0, 20
2 2 —PVion—1 — NPVZQn
diag(1,...,1,p, N,
16.11. ]-7 sy 17p7 Np) —Mis—1Mjs—1P — Nisﬂjsz
2 2 —V2n—1V\2n—1P — VL,QTL”)\,ZIZNP

The results on the compactness of each isomorphism class with respect to conjugacy, a.k.a.
each conjugacy class by abuse of notation, are listed below.
1. Never compact

2. Never compact
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3. Never compact

4. Never compact

5. Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n, k))
6. Never compact

7. Never compact

8. Compact iff s =1t =2

9. Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n, k))
10. Never compact

11. Never compact

12. Compact iff s=t =2

13. Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n, k))
14. Never compact

15. Never compact

16. Compact iff s=1 =2

Proof. The results about the fixed-point groups are simple usages of Theorem 5 and Fixed-
Point Group Computation Lemma 1. As for compactness, any group in SO(2n, k) is compact
iff it is closed and bounded, and because of the form of matrices in SO(2, k), which can be
found in Lemma 14, SO(2, k) is unbounded. Therefore, any group of diagonal matrices that
has a block consisting of matrices in SO(2, k) is not compact, and by Fixed-Point Group
Computation Lemma 5, it is enough for a diagonal matrix to have two diagonal entries of
1. Therefore, whenever s + ¢t — o — v > 2, the fixed-point group is not compact. (Recall
that s +t = 2n, and that s and ¢ must both be even for the corresponding matrix to be in
SO(2n, k) instead of O(2n, k).)

Every fixed-point group listed in this proposition can be formed using the matrices listed
in Fixed-Point Group Computation Lemmas 2 and 3 in appropriate blocks of different ma-
trices. That is because of Fixed-Point Group Computation Lemma 4, which states that
under the right conditions (which one is free to select) they are in GL(2,k) or GL(3, k),
respectively. Because s +t = 2n is even, whenever a + 7 is odd and greater than one, the
corresponding fixed-point group will not be compact. For 1 is a square, so the equation

22 + 9% + 22 = 1 has an unbounded solution x = p™™, y = /—1p™™, z = 1, where m € N.
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Consequently, there is an unbounded matrix in the corresponding fixed-point group, making
the group itself non-compact.

As a result, whenever one has a 1 in the diagonal of ByB{', the corresponding fixed-point
group is non-compact. However, by Fixed-Point Group Computation Lemma 2, if there is
no such entry of BB and s and ¢ are small enough, then the fixed-point group is indeed
compact. That requires 2n = o + v, so a + v must be even. Recall that because we do not
want the identity mapping to be considered an involution, s > 0 and ¢t > 0. Thus, a > 0
and v > 0 are necessary conditions of compactness, and a and v must both be odd or even.

Case four presents a special case on O(2n, k). Over SO(2n, k) it is not compact because,
to be in SO(2n, k), t must be even, so there is a diagonal entry of 1. However, even on
O(2n, k) it is not compact because the smallest corresponding matrix is 6 X 6, so one is free
to select one of the thirty-six entries of the matrix in the fixed-point group as p™™, m € N
(the positive integers). That makes the matrix unbounded, hence the fixed-point group is
not compact.

Similarly, in cases eight and twelve, one can make a 4 x 4 matrix A such that AAT has
the appropriate form by Classification Lemma 3. It need not be bounded because there are
enough independent variables for one to be p™, m € Z, just as I set the entry in spot (1, 3)

equal to zero in the matrix in Fixed-Point Group Computation Lemma 3. Q.E.D.

Proposition 13. Let k = Q, and —1 ¢ @;2. Then the fized point groups G7B of the
involution conjugacy classes of SO(2n, k) corresponding to an involution Jg, B = Bo_lls,tBo,
which are given by Proposition 5 are listed in Table 5.2. Their properties of compactness or

non-compactness are listed below. They are in tabular form, and the entries o, (3, v, and

S—x

§ fill out the following summations, which correspond to NyNT and N;NT: i. Z“?Z = [,

/=1
2n—y s—a 2n—y

Z vy =6 and ii. Z/mujg = [, Z VieVje = 0. On the chart it is assumed that i # j,
l=s+1 =1 l=s+1
L#EN G, j {12, t} and t, A€ {s+1,s+2,...,2n}. Also,

G = { Ay " diag(Ny, Ny) Ao | Ny = (i), Ny = (vij) }

unless otherwise specified. If Ny € O(s, k) or Ny € O(t, k) then I have written "n/a” for «
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ory and € O(s, k) or € O(t, k) for 3 or d, respectively. The order of the items is the same

order as can be found in Proposition 5.

Table 5.2: The fixed-point groups of involutions over

SO(2n, k) corresponding to Proposition 4, where k = Q,,

—1 ¢ Q2, andp # 2. This chart corresponds with Propo-

p 7

sition 135.

Item diag(by, . .., boy) I6;
Q@ v )
1.2 [211 € O(S, k)
n/a n/a € O(t, k)
1.ii Ly, € O(s, k)
n/a n/a € O(t, k)
2.1. diag(1,...,1,p,p7 ") € O(s, k)
1 + (p - 1)6L,27’L—1 + (p_l - 1)6L,2?’L
n/a 2 —szznq - p_1VL2,2n
2.1 diag(1,...,1,p,p7 %) € O(s, k)
n/a 2 —Vy2n—1Vr20-1D — VignVa2nD "
dlag(la R 17pa 1+ (p - 1)61',871 + (p_l - 1>6zs
3.1. p~L1,...1) —DE o — DT
n/a € O(t, k)
diag(1,...,1,p,
8.1 p~h1,...,1) [i,s—1Hj.s—1D — MistljsD "
2 n/a € O(t, k)
dlag(L R 17p7p_17 1+ (p - 1>6i,s—1 + (p_l - 1)61
4Z 17"'717p7p_1) _p/“LZ%sfl _p_llvbzzs
1 + (p - 1)6L,27L71 + (p_l - 1)6L,27L
9 2 —pVlon 1 — D Vo,
diag(1,...,1,p,p7 1,
4.10. L....,Lpp") i s—1fbj,s—1D — ,uis,ujspil




Table 5.2: Continued

o8

Item diag(by, . .., bap) 16
Q v )
2 2 —V,2n—1V22n—1P — VL,2nV)\,2np_1
5.4. diag(1,...,1,-1,1,...,1,—1) 1— 20,5 + 12,
1 1 1 — 26,0, + l/i2n
5.ii. diag(1,...,1,-1,1,...,1,—1) i s/Lj.s
1 1 Vi,oanVx2n
diag(1,...,1,—-1,1,...,
6.1. 17p7 _p_l) 1 - 26@',8 + :u?,s
1 + (p - 1)5L,2n—1+
<_p71 - 1)5L,2n — PV, on—1
1 2 +p 'k,
diag(1,...,1,—-1,1,...,
.11 17]9, _pil) Mi,s,uj,s
1 2 —V,2n—1VX2n—1P + VL,QnV)\,anil
dl&g(l, 717p7 _p_17 1 + (p - 1)5i,s—1 + (_pil - 1)52',8
7.1. 17 ) ]-a _]-) —DPHis—1 +p711u125
9 1 1 — 26,90 + V2,
dlag<]~7 "717p7 _p_17
7.1 1, ceey 1, —1) — i s—1H5,s—1D + ;uis,ujspil
2 1 Vy2nVa2n
diag(1,...,1,p,—p~ 14+ (p—1)0;i 51+
8.i. 17 SR 17p7 _p_l) (_p_l - 1)61',8 — PHis—1 +p_1:uzzs
1 + (p - 1)5L,2n—1+
<_p_1 - 1)5L72n - pVL,Qn—l
2 2 +p*11/32n
diag(1,...,1,p,—p 1,
8“ 17 sy 1,]7, _p_l) _,U/i,sfl,uj,sflp + ,uis,ujsp_l
2 2 —Vyon-1Vx2n-1P + VL,QnV)\,an_l




Table 5.2: Continued

Item diag(by, ..., ba,) v
Q v )
diag(1,...,1,—1,—p, 1, 1 =281+ (—p—1)dis
9.1. ., 1,—1,-p) 47 1+ DL,
1-— 25L,2n—1 + (_p - 1)5L,2n
2 2 U on1 + PVlo,
diag(1,...,1,—1,—p, 1,
9.11. 1, =1,-p) Mis—1Hj,s—1 T i st sP
2 2 Vi oan—1Vx2n—1 T Vi 2nVx 20D
diag(1,...,1,—1, —p, 1 =261+ (—p—1)d;s
10.4. 1,...,1,p) 47 o1 + DL,
2 1 1+ (p - 1)6L,27’L - pVL2,2n
diag(1,...,1,—1, —p,
10.71. L...,1,p) Mi,s—1Mj,s—1 T Hisfj,sP
2 1 —V,2nVx2nP
diag(1,...,1,p,1,...,
11.. 1,—1,—p) 1+ (p—1)d;s — ppi,
1-— 26L,2n_1 + (—p - 1)5a,2n
1 2 +VL,2TL—1 +pVL2,2n
diag(1,...,1,p,1,...,
11.41. 1,—1,—p) — i s 5 sP
1 2 V,on—1Vx2n—1 + V, oanVx,2nP
diag(1,...,1,p,
12.. 1,...,1,p) 1+ (p—1)b;s — pu,
1 1 1 + (p - 1)6L,2n - pVZQn
diag(1,...,1,p,
12.ii. 1,....1,p,) — i s/4j,5P
1 1 —Vi2nVx2nP
1 —26;5-1+ (p—1)dis
18.4. | diag(1,...,1,—1,p,1,...,1,—1,p) —|—/ULZ27S_1 — pu,
1— 251,,21171 + (p - 1>6L72”
2 2

2
+VL,27L71 - pV[,,Qn

29



Table 5.2: Continued

Item diag(by, . .., bap)

Q v )

13.11. diag(l,...,1,—1,p,1,...,1,—1,p) Mis—1fjs—1 — Mi sfjsP

2 2 Vyon—1Vx2n—1 — Vi2nVx 20D

1—20; 51+ (p—1)0is

14.1. diag(1,...,1,—1,p,1,...,1,—p) +H227s—1 — pu,

2 1 14+ (—p—1)0,2n —}—p1/22n

14” dlag(17 ) 17 _17p7 17 R 17 _p> i s—1fbjs—1 — Mi sfjsP

2 1 V,onVx,2nP

15.4. diag(1,...,1,—p,1,...,1,—1,p) 1+ (—p—1)6;is + pp,
1— 26L,2n71 + (p - 1>5L,2n

1 2 +VL,2n71 - pyz2n

15.i. | diag(1,...,1,—p,1,...,1,—1,p) i s 1bj,sD

1 2 Vyon—1Vx2n—1 — Vi2nVx 20D

16.4. diag(1,...,1,—p,1,...,1,—p) 1+ (—p—1)0;is + pp,

1 1 1+ (_p - 1)5L,2n +pVL2,27’L

16.11. dlag(L sl —Pp; L, L _p> i sthj,sP

1 1 VionVx2nP

™o~

Never compact

Never compact (since s > 0)

Never compact (since t > 0)

—1 is the sum of two squares in k = Q,

60

Compact iff s =t = 2 and 23 + 23 + 2% + 25 = p has no unbounded solutions in

k=Q,
5. Compact iff s =t = 1 (which implies the group is in O(2n, k), not SO(2n,k)) and

6. Compact iff s =t =2 and 23+ x5+ 25 +23 = 1 has no unbounded solution in k = Q,

7. Compact iff s =t =2 and 23+ 23+ 22+ 2% = 1 has no unbounded solution in k = Q,



61

8. Compact iff s =t =2, and % + 13+ 23 + 23 = p and 2% + 23 + 25 + 23 = —p have
no unbounded solutions in k = Q,

9. Compact iff s =t =2 and 23 + 23 + 23 + 2 = —1 and 2} + 23 + 23 + 25 = —p have
no unbounded solutions in k = Q,

10. Compact iff s =t = 2 and no square class has an unbounded solution if it is the
sum of four squares

11. Compact iff s =t = 2 and no square class has an unbounded solution if it is the

sum of four squares
12. Compact iff s =t = 2 and 2% + 23 + 22 + 23 = p has no unbounded solutions in
k=Q,
18. Compact iff s=1t =2 and 23 + 23 + 23 + 23 = —1 and 23 + 23 + 22 + 22 = p have
no unbounded solutions in k = Q,
14. Compact iff s =t = 2 and no square class has an unbounded solution if it is the
sum of four squares
15. Compact iff s =t = 2 and no square class has an unbounded solution if it is the
sum of four squares
16. Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n,k)) and

—p is the sum of two squares in k

Proof. The results about the fixed-point groups are simple usages of Theorem 5 and Fixed-
Point Group Computation Lemma 1. As for compactness, any group in SO(2n, k) is compact
iff it is closed and bounded, and because of the form of matrices in SO(2, k), which can be
found in Lemma 14, SO(2, k) is unbounded. Therefore, any group of diagonal matrices that
has a block consisting of matrices in SO(2, k) is not compact, and by Fixed-Point Group
Computation Lemma 5, it is enough for a diagonal matrix to have two diagonal entries of
1. Therefore, whenever s +t — a — v > 2, the fixed-point group is not compact. (Recall
that s +t = 2n, and that s and ¢ must both be even for the corresponding matrix to be in
SO(2n, k) instead of O(2n, k).)

The compactness results come from a similar process as in the previous lemma. If s+ ¢

is big enough, then there will be independent variables in the corresponding matrix By, i.e.,
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one will be able to make By unbounded. Unlike in the previous case, p is never the sum of
two squares by Corollary 1. When 22 +z3+23+ 23 = o has an unbounded solution in Q,, if
is in the diagonal of ByB{, the corresponding fixed-point group is not compact. Otherwise,
one needs to ones in the diagonal to get a matrix with a block congruent to SO(2, k) in the

fixed-point group. Q.E.D.

Proposition 14. Let k = Q,. Then the fized point groups G’® of the involution conjugacy
classes of SO(2n, k) corresponding to an involution Ja, B = Bo_llstho, which are given by
Proposition 6 are listed in Table 5.3. Their properties of compactness or non-compactness

are listed below. The entries «, 3, v, and 0 in the tables fill out the following summations,

s—a 2n—y S—a
which correspond to Ny,NI and N;NT: i.ZM?g = 0, Z vy, = 6 and ii.z,uimjg = 0,
=1 t=s+1 =1

2n—y

Z vivje = 0. On the chart it is assumed that i # j, « # X, i,j € {1,2,...,t} and
l=s+1
L,)\ € {3 + 1,3 + 2, ce ,271,} AlSO, GJB = {Bal diag(NS,Nt)Bo ’Ns = (ﬂl]);Nt = (VU)}

unless otherwise specified. If Ny € O(s, k) or Ny € O(t, k) then I have written "n/a” for «
or v and € O(s, k) or € O(t, k) for B ord, respectively. The order of the items is the same

order as can be found in Proposition 6.

Table 5.3: The fixed-point groups of isomorphism classes
of involutions over SO(2n, k) where k = Qq. This chart
corresponds with Proposition 14 and the order of the

items in it correspond with Proposition 5.

Item ByBY

! ¥ )
diag(1,...,1,—1,—1,1,

1.1 ...,1,—1,—1) 1—26175714—/,6?’5_1 —25154—/,6128

2 2 1-— 2(272”,1 + VLQ,anl — 25L,2n + I/g2n
diag(1,...,1,—1,—1,1,

1.21. ey 17 —17 —1) ,ui,sfl,uj,sfl -+ ,uisﬂ/js

2 2 V,on—1VX2n—1 + V,oanVX2n
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Table 5.3: Continued

Item ByBY
o vy )
2.1. diag(1,...,1,—-1,-1,1,...,1) 1—20;51 — 2055 + p3 oy + 113
2 n/a € O(t, k)
2.11. diag(1,...,1,—-1,-1,1,...,1) i s—1Mj,5—1 F Histlis
2 n/a € O(t, k)
3.1, diag(1,...,1,—1,-1) € O(s, k)
n/a 2 1 —20,9n—1 — 20,9, + Van_l + I/Z%
3. diag(1,...,1,—1,-1) c O(s, k)
n/a 2 Vyon—1Vx2n—1 + Vi2nVx2n
4.1. Iy, € O(s, k)
n/a n/a € O(t, k)
4.1 Iy, € O(s, k)
n/a n/a € O(t, k)
5.4. diag(1,...,1,—1,1,...,—1) 1 — 265 + 2,
1 1 1 — 20,0, + V2,
5.i. diag(1,...,1,=1,1,...,—1) Lishtjs
1 1 Vi onVx2n
6.i. | diag(1l,...,1,—-1,1,...,1,3, =371 1 — 26,5 + 2,
1+ 20,001+ (=371 —1)d,9,
1 2 —3V32n_1 + 3*1%272“
0.11. diag(1,...,1,—-1,1,...,1,3, —3*1) Mishis
1 2 =3V on—1Vr2n-1+ 3 Wianlron
142061+ (=371 = 1)d;s
7.4. | diag(1,...,1,3, =371 1,...,1,-1) —3p7 1+ 37l

1

I 25L,2n + N%gn




Table 5.3: Continued

Item ByBY
o vy )
7.4 | diag(1,...,1,3,=3711,...,1,—1) —3his-1Vjs—1 + 37 st
2 1 V,o2nVx2n
diag(1,...,1,3,—37L, 142801+ (=37 = 1)8;
8.i. 1,...,1,3,-371) 312, + 37l
1 + 26L,2n71 + <_3_1 - 1)5L,2n
diag(1,...,1,3,—371,
8.11. 1, ceey 1, 3, —3_1) —3/JJZ'7S,1VJ"S,1 -+ 3_1[11'5/,@‘5
2 2 _SVL,2n—1V)\,2n—1 + 3_1VL,2nV)\,2n
dlag(l, y 1, —1, 2, 1-— 2(51"371 - 3518
9.i. L...,1,—-1,-2) 47 oy + 207,
1— 25L,2n71 - 35L,2n
2 2 —|—V32n71 + 2V32n
diag(1,...,1,—-1, -2,
9.41. 1,.. 71,—1,—2) stﬂjs+2uzsﬂ]s
2 2 V,on—1V22n—1 + QVL,ZTLV/\,%L
diag(l,...,l,—l, 2, 1 —261"371 _35ZS
10.1. 1,...,1,2) 17 oy + 207,
2 1 1 + 5L,2TL — 21/3271
dlag(L ) 1a _17 27
10.7. 17 ) 17 2) Histijs + 2,uz's,ujs
2 1 _2VL,2nV)\,2n
diag(1,...,1,2,
11.4. 1,...,1,-1,-2) 1+ iy — 22,
1-— 26L,2TL—1 - 35L,2n
1 2 +VL2,2TL71 + 2VL2,2TL
diag(1,...,1,2,
11.4. 1,...,1,-1,-2) — 2t tlis
1 2 V,on—1Vx2n—1 + QVL,QnVA,Qn

64



Table 5.3: Continued

Item ByBY B
o vy )
diag(1,...,1,2,
124, 1,...,1,2) 14 65 — 212,
1 1 1 + (hgn — 2V32n
diag(1,...,1,2,
12.%. 1,...,1,2) —2uisujs
1 1 _2VL,2nV)\,2n
diag(1,...,1,-2,
13.4. 1,...,1,-2) 1— 36, + 2u2
1 1 1 — 30,90 + QVZ%
diag(1,...,1,-2,
13.4. 1,...,1,-2) 2tistljs
1 1 2V, 90V 2n
diag(1,...,1,-2,
14.i. 1,...,1,-1,2) 1 — 36;, + 242
1— 25L,2n—1 + 5L,2n
diag(1,...,1,-2,
14.ii. 1,...,1,-1,2) — 2l
1 2 Vion—1Vx2n—1 — 2VL,2nV)\,2n
diag(l,...,l,—l,?, 1 —2(52'75_1 +5zs
15.i. 1,...,1,-2) 2, — 2l
2 1 1 — 38,20 + 2025,
diag(1,...,1,-1,2,
15.1. 1, ey 1, —2) Misltjs — zuzs,ujs
2 1 2V, 90V 2n
diag(l,...,l,—l,?, 1 —251'75,1 +5’LS
16.i. 1,...,1,-1,2) 2, — 2l
1— 26[,,277,71 + 5L,2n

L,2n

65
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Table 5.3: Continued

Item ByBY B
o vy )
diag(1,...,1,-1,2,
16.1. 1,...,1,—1,2) Misljs —ZIuZSIuJS
2 2 Vyon—1Vx2n—1 — 2VL,2nV)\,2n
diag(1,...,1,3,
17.4. 1,...,1,3) 1+ 265 — 312,
1 1 1+ 25L,2n - 3VL2,2TL
diag(1,...,1,3,
174, 1,...,1,3) —3isfljs
1 1 _3VL,2nV)\,2n
diag(1,...,1,3,1,
18.4. ., 1,2,3.27h 1+ 26;, — 3u2
1+ 5L,2n—1 + (3 ' 271 - 1)5L,2n
diag(1,...,1,3,1,
18.i. ., 1,2,3.27h — 3l tlis
1 2 —2V,9n-1Vx2n-1 — 3+ 27 W, 00V 2n
diag(1,...,1,2,3- 271, 146014 (3-271—1)5,
19.i. 1,...,1,3) 22, —3-27' 2
2 1 1+ 25L72n - 3#3271
diag(1,...,1,2,3-271,
19.11. 17 ) 17 3 _2,Ui,sfl,uj,sfl -3 2_1ﬂis,ujs
2 1 —3 e, 2n 20
diag(1,...,1,2,3-2°1, 146514 (3-271—1)5,
20.i. 1,...,1,2,3-271) —2p2,  —3-271 2
1 + 5L,2n—1 + (3 : 271 - 1)5[,,271
diag(1,...,1,2,3-274
20.1. 1, ceey 1, 2, 3- 2_1) —2/11'75,1/1]"5,1 -3 2_1uisluj8
2 2 _QVL,anIV)\,anl -3 2_1VL,2nV)\,2n




Table 5.3: Continued

Item ByBY

o vy )

21.i. | diag(1,...,-3,1,1,...,1,-3,1) 1 — 4861 + 307y — i3,
2 2 1 —40,2,-1 + 3”32%1 - VL2,27L
21.u. | diag(l,...,-3,1,1,...,1,-3,1) 3fbis—1/bjs—1 — Histjs

2 2 3V, 2n—1Vx2n—1 — Vi 2nVA2n
22.1. diag(1,...,-3,1,1,...,1,-3) 1 — 4661 + 3#?,5—1 — iz
2 1 1 — 46,2, + 3VL2,2n
22.11. diag(1,...,-3,1,1,...,1,-3) Blis—1/bj.s—1 — Hislhjs

2 1 3V, 2nVx2n

23.1. diag(1,...,-3,1,...,1,-3,1) 1 — 465 + 32,

1 2 1 —40,2,-1 + 3’42,27171 - I/L2,2n
23.11. diag(1,...,-3,1,...,1,-3,1) 3fbisthis

1 2 3VL,21’L—1V>\,27L—1 — VionVx2n
24.4. diag(1,...,-3,1,...,1,-3) 1 —46; + 32,

1 1 1 — 49,9, + 3V22n

24.11. diag(1,...,-3,1,...,1,-3) 3ftisthis

1 1 3V, 2nVx 2n

25.1. diag(1,...,1,6,1,...,1,6) 1+ 50;5 — 6,

1 1 1+ 50,2, — 6y32n

25. 1. diag(1,...,1,6,1,...,1,6) —6tisftjs

1 1 —6v, 2nV2 20

20.1. diag(1,...,1,6,1,...,1,6,1) 1+ 58; — 62,

1 2 1+50,20-1 — 61/327#1 — VZ%
26.11. diag(1,...,1,6,1,...,1,6,1) —6Lisths

67
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Table 5.3: Continued

Item ByBY
o vy )
1 2 _6VL,27L71V)\,27L71 — V., 2nVx2n
27.1. diag(1,...,1,6,1,1,...,1,6) 1450621 — 67y — iy
2 1 1+ 50,2, — 6VL2’2n
27. 1. diag(l,...,1,6,1,1,...,1,6) —6/,%‘75_1#]',5_1 — MisHjs
2 1 _6VL,2nV)\,2n
28.i. | diag(l,...,1,6,1,1,...,1,6,1) 1+ 50,61 — 62,y — 12,
2 2 1 _|_ 55[,,271,—1 - 61/32,"/_1 - I/L2,2n
28.1. dlag(l, .,1,6,1,1,...,1,6,1) —6/11-75,1/”,5,1 — Histjs
2 2 _6VL,2n71V)\,2n71 — V. 2nVx2n
1 —20; 51+ 50is

29.i. | diag(1,...,1,—-1,6,1,...,1,—1,6) i,y — 61

1— 251,,211—1 + 55L,2n
2 2 +1/L2,2n—1 B 6VL2,2n
29.11. diag(l,...,1,—1,6,1,...,1,—1,6) His—1Hj,s—1 _6,uis,ujs
2 2 Vion—1Vx2n—1 — 6yb,2ny)\,2n

1 —20;5-1 4 Ddjs

30.i. | diag(1,...,1,—1,6,1,...,1,—6) i,y — 612
2 1 1 — 78,20 + 6125,
30.11. diag(l,...,1,—1,6,1,...,1,—6) /1,@571”]‘78,1 _6,U/7,S,LL_]S
2 1 6V, 2nVx 2n
31.i. | diag(1,...,1,—6,1,...,1,—1,6) 1— 7685 + 612

1— 25L,2n—1 + 56L,27’L
31.ii. | diag(l,...,1,—6,1,...,1,—1,6) 6Ltisits
1 2 Vion—1Vx2n—1 — 6VL,2nV)\,2n
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Table 5.3: Continued

Item ByBY

o vy )

32.1. diag(1,...,1,-6,1,...,1,—6) 1— 76 + 62,
1 1 1 — 76,00+ 6V32n
32.11. diag(1,...,1,—-6,1,...,1,—6) Otistljs

1 1 6V, 20V 20,

Let 7(x)” denote the equation x3 + x5 + 23 + 23 = v. Then the compactness conditions

on Qo

1.

ARSI

are as follows:

Never compact
Compact iff s =t = 1 (which implies the group is in O(2n, k), not SO(2n,k)) and

Compact iff s =t =2 and (x) has no unbounded solution for v =1
Never compact (sincet >0)

Never compact (since s > 0)

—1 is the sum of two squares in k = Qq
. Compact iff s =t =2 and (x) has no unbounded solution for v = +1,43

6
8
9
1
1
1
1

. Compact iff s =t =2 and (%) has no unbounded solution for v =4+1,+3

. Compact iff s=t =2 and

(

(*)

(%) has no unbounded solution for v = +1,43
(*)

. Compact iff s =t =2 and (%) has no unbounded solutions for v = —1,—2

0. Compact iff s =t =2 and (%) has no unbounded solution for v = +1,£2

1. Compact iff s =1t =2 and (x) has no unbounded solution for v = +1,+2

2. Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n, k))

3. Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n,k)) and

—2 18 the sum of two squares in k = Qg
14. Compact iff s =t =2 and (%) has no unbounded solution for v = 41,42
15. Compact iff s =t =2 and (%) has no unbounded solution for v = +1,+2
16. Compact iff s =t =2 and (%) has no unbounded solution for v = —1,2
17. Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n,k)) and

3 15 the sum of two squares in k = Qo



18.
19.
20.
21.
22.
23.

2.
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Compact iff s =t = 2 and (x) has no unbounded solution for v =1,2,3,6
Compact iff s =t = 2 and (x) has no unbounded solution for v =1,2,3,6
Compact iff s =t = 2 and (x) has no unbounded solution for v =26

Never compact

Never compact (since s =t as we consider SO(2n, k), not SO(n, k))

Never compact

Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n,k)) and

—3 is the sum of two squares in k = Qq

25.

Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n,k)) and

6 is the sum of two squares in k = Qy

26.
27.
28.
29.
30.
31.
32.

Never compact (since s =t as we consider SO(2n, k), not SO(n, k))

Never compact (since s =t as we consider SO(2n, k), not SO(n, k))

Never compact

Compact iff s =t = 2 and (*) has no unbounded solution for v = —1,6

Compact iff s =t = 2 and (x) has no unbounded solution for v = +1,+6

Compact iff s =t = 2 and (x) has no unbounded solution for v =+1,+6

Compact iff s =t =1 (which implies the group is in O(2n, k), not SO(2n,k)) and

—6 is the sum of two squares in k = Qq

Proof. The proof of this result is similar to the proof of the two previous results.  Q.E.D.



71

Chapter 6

Involution Isomorphy Classes with

Respect to Conjugation Classes over

SO(2n, k) where k£ = Q, Extended
Quadratically to the Greatest Possible
Extent

6.1 The Involution Isomorphy Classes over the Great-

est Quadratic Extension of Q,

6.1.1 A Classification Result

My first proposition below is similar to the ” Classification Lemmas” of a previous chapter,
except that this proposition shows how many conjugacy classes of involutions there are over

Q, extended quadratically instead of on Q,.

Proposition 15. Suppose J4 is an involution of SO(2n, k), where A = Ao_lf&tAo and Ay €
GL(2n, k) is such that AgAL = diag(ay,. .., as,). Let k be the greatest possible quadratic
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extension of Q,, which is a finite extension of Q, according to Classification Lemma 1.
Then for each GL(2n,k) conjugacy class of Ja there are 16 possible SO(2n, k) conjugacy
classes of Ja. They correspond with the Hasse symbol of the upper-left s x s block of AgAY,
the Hasse symbol of the lower-right t x t block of AgAL, and det(AyAL).

Proof. Let Jg be an involution of SO(2n, k), where B = Bo_lmeo and By € GL(2n, k) is
such that BOB(:)F = diag(by, . .., ba,). By the fourth part of Theorem 2, .J4 is conjugate to Jp iff
there is a 7 € Q) such that ajay ... az, = 72b1by . . . bay, Cplar, as, ... as) = cp(by,ba, ..., by),
and ¢p(as41, Ast2, - -+, Q2n) = Cp(bsi1, bsyo, ..., ban). Now, if aray...ag, and biby. .. by, are
in the same coset of Q/ Q;;z (which is also called a "square class”), then 3 7 € Q; >
a10s ... G2, = T2biby...by,, but not otherwise. Similarly, by the definition of the Hasse
symbol, ¢,(ay, as, ..., as) = £1 and ¢, (b1, ba, ..., bs) = £1. Also, ¢,(ast1, Gsia, ..., a2,) = £1
and ¢, (bsy1,bst2, .., ban) = £1.

So for any involution Jp there are sixteen possibilities for the values of the representatives
of b1by ... by, In Q;/Q;Q, for ¢, (b1, b, ..., bs), and for ¢,(bss1, bsi2, - - ., bay,) since the first term
can take on the values 1,p, N,, and pN, and the following two terms can each take on two
values, i.e., 1.

Note that since the terms 7, and 7 from Theorem 2 are now in the extension of Q, rather
than Q, itself, one need only consider the determinant of the entire matrix Ao Al rather than
the determinants of the upper-left s x s block of AgAZ and of the lower-right ¢ x ¢ block of

Ao AL For even if 7, # 79, one can always make 7% = 75. Q.E.D.

6.1.2 The Isomorphy Classes

Proposition 16. Let the field under consideration be k = Q,(\/p, \/ﬁp), where —1 € Q;"f,
p # 2, and N, ¢ Q;Q. Then the isomorphy classes of involutions Jg of SO(2n, k), where
B = By'I,;By, depend on the values of det(ByBl), ¢,(by,...,bs), and c,(bsiy, ..., bay) in
the following way:

1. V s, t > 1, if det(BoBY) = 1, ¢,(b1,...,bs) = 1, and cp(bsy1, ..., ban) = 1 then B

corresponds to an tnvolution Jg with the representative BOBE)F = Iy,.
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2.V s,t > 1, if det(ByBl) = N,, ¢p(b1,...,bs) =1, and cy(bss1,...,b2n) = 1 then B

corresponds to an involution Jg with the representative BoBg = diag(1,1,...,1,N,).

3.V s>1,t>1, if det(ByBY) = pN, (a nonsquare in Q,), c,(b1,...,bs) = 1, and
cp(bst1, .., bay) = —1 then B corresponds to an involution Jp with the representative

BBl = diag(1,1,...,p,N,).

4.V s>1,t>1,if det(ByBl) = pN, (a nonsquare in Q,), ¢,(by,...,bs) = —1, and
cp(bst1, ..., ba,) = 1 then B corresponds to an involution Jp with the representative

ByBI = diag(by, ..., bs,) where bs_1 = p, by = N, and all other b; = 1.

5.V s,t>1,if det(BoBl) = 1, ¢,(by,...,bs) = =1, and cy(bss1, ..., ban) = —1 then
B corresponds to an involution Jp with the representative BoBl = diag(by, ..., ba,)

where bs_1 = p, by = Np, bay—1 = p7L, oy = Nljl, and every other b; = 1.

6.V s>1,t>1,ifdet(ByBl) =1, ¢,(by,...,bs) =1, and cp(bsi1, ..., ba,) = —1 then
B corresponds to an involution Jg with the representative BoBl = diag(by,. .., ba,)

where by = pilefl, ban—1 = p, bap, = N,, and all other b; = 1.

7.V s> 1,t>1, if det(BoBY) =1, (b, ...,bs) = —1, and cp(bsi1, ..., b2,) =1 then
B corresponds to an involution Jg with the representative BoBg = diag(by, ..., ban)

where bs_1 = p, by = N,, by, = pilefl, and all other b; = 1.

8 YV s > 2t > 1 (or vice versa), if det(ByBl) = N,, cy(b1,...,bs) = —1, and
Cp(bst1, ..., ba,) = —1 then B corresponds to an involution Jg with the representa-
tive BoBl = diag(by, ..., bs,) where by_y = p, bs_1 = N, by = p_le_l, bon_1 = p, and

ba,, = p ' N, (or one can switch the s and t portions to get s > 1, t > 2).

9. Vs>1,t>1,ifdet(ByBl) = N, cy(br,...,bs) =1, and cp(bsi1, ..., ban) = —1 then
B corresponds to an involution Jp with the representative BoBl = diag(by, ..., ba,)

where by = p~", byn—1 = p, ban = Ny, and all other b; = 1.



74

10. V s > 1,t > 1, if det(BoyBl) = N,, cp(by,...,bs) = =1, and cp(bsy1,...,bay) =1
then B corresponds to an involution Jg with the representative ByBE = diag(by, . . ., ba,)

where bs_1 = p,bs = N, by, = p~*, and all other b; = 1.

11. V s > 1,t > 1, if det(BoBL) = pN,, c,(b1,...,bs) = 1, and cy(bsy1, ..., ban) = 1

then B corresponds to an involution Jg with the representative ByBY = diag(1, ..., 1,
pr)'

12. ¥V s > 2,t > 1 (or vice versa), if det(BoBa) = pN,, cp(b1,...,bs) = —1, and
cp(bst1, ..., bay,) = —1 then B corresponds to an involution Jg with the representative

BBl = diag(by,. .., by,) where by o = p, by_y = N, b, = p_le_l, bopn_1 = p, and

bon, = N, (or one can switch the s and t portions to get s > 1,t > 2).

13. Vs> 1,t > 1, if det(BoBL) = p, c,(b1,...,bs) =1, and cp(bsi, ..., ba,) = 1 then
B corresponds to an involution Jg with the representative BoBl = diag(by,. .., ba,)

where by = Ngl, ba, = pN,, and all other b; = 1.

14. Vs> 1,t > 1, ifdet(ByBl) = p, cp(by, ..., bs) = —1, and cy(bsy1, - - -, ban) = 1 then
B corresponds to an involution Jg with the representative BoBl = diag(by,. .., ba,)

where bs_y = p,bs = N, by, = N;l, and all other b; = 1.

15. Vs> 1,t > 1, if det(BoBl) = p, cp(by,...,bs) =1, and cp(bsi1, ..., bay) = —1 then

B corresponds to an involution Jg with the representative BoBl = diag(by,. .., ba,)
where by = Np_l, ban—1 = p, bap, = N,, and all other b; = 1.

16. ¥V s > 2,t > 1 (or vice versa), if det(BoBl) = p, ¢y(b1,...,bs) = —1, and
cp(bst1, ..., ba,) = —1 then B corresponds to an involution Jg with the representa-

tive ByBY = diag(by, ..., ba,) where bs_5 = p, bs_1 = N,, bs = p_le_l, bon—1 = PN,

and by, = Np’1 (or one can switch the s and t portions to get s > 1, ¢t > 2).

Proof. Firstly, if a,b € Q,, a = p™ag, and b = p™2by where ap and by are p-adic units,
then (a,b0), = (—1|p)™™(a1|p)™(b1|p)™* by Lemma 2. So if a = p and b = N,, then
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(p, Np)p = 1-(=1)t- (=1)? = —1. Therefore, ¢,(p, N,) = ¢,(1,1,...,1,p, N,) = —1. Given
that, we have the following.

If ByBY = Iy, then det(BoBY) = 1, cp(bi,...,bs) = 1, and cp(bsyy, ..., ban) = 1.
Furthermore, any matrix A € SO(2n, k) with A = Aj'I,; Ay such that det(AgA7) = 0 € Q;?,
cp(ar,...,as) =1, and ¢y(asq, ..., a2,) = 1 is congruent to B by part iv of Theorem 2. A
similar fact will be true for the below statements as well for the same reason, so I will not
repeat the argument thereof.

If ByBY = diag(1,1,...,1,N,), then det(ByBY) = N,, ¢,(bi,...,bs) = 1, and
Cp(bsi1y ..y bay) = 1.

If ByBY = diag(1,1,...,p, N,) then det(ByBY) = pN, (a nonsquare in Q,), ¢, (b1, . ..,
bs) =1, and ¢p(bss1, .- ., b2n) = —1.

If BoBY = diag(by,...,bs,) where bs_; = p, by = N,, and all other b; = 1 then
det(ByBl) = pN, (a nonsquare in Q,), ¢,(by,...,bs) = —1, and ¢,(bsi1, ..., ba,) = 1.

If ByB = diag(by,...,by,) where by_y = p, by = N, boy—y1 = p~!, and by, = N;!
then det(ByBl) =1, ¢,(by, ..., bs) = =1, and ¢,(bss1, - - -, b2n) = —1.

If ByBY = diag(b, ..., bs,) where by = p™'N, L, byt = p, by, = N,, and all other
b; =1 then det(ByBl) = 1, ¢,(by, ..., bs) = 1, and ¢p(bsi1,. .., bay) = —1.

If ByB{ = diag(by,...,bs,) where b,_y = p, by = N,, by, = p"'N,'!, and all other
b; =1 then det(ByBl) = 1, ¢,(by, ..., bs) = —1, and ¢,(bsy1, .., b2n) = 1.

If ByBY = diag(by,...,bsn) where by = p, by_y = Ny, by = p~'N; %, bopy = p,
by, = p~'N,, and all other b; = 1 then det(ByBl) = 1, ¢,(b1, . ..,bs) = (p, pN,)p(pNp, 1), =
(. 2Ny)y = (1p) (N p)! = 1+(=1) = =1, and ¢y(buss - -, ban) = (B, Ny)y = (1p) (N, p)! =
—1 by Lemma 2.

The proofs of the remaining items are very similar, so they have been omitted. Please
do beware of typos, reader. Q.E.D.

Proposition 17. Let the field under consideration be k = Q,(\/p, vV —1), where —1 ¢ Q;Z
and p # 2. Then the isomorphy classes of involutions Jg of SO(2n, k), where B = By ', B,
depend on the values of det(BoBgd), cp(by, ..., bs), and c,(bss1, ..., bay) in the following way:

1. V s,t > 1, if det(BoBY) = 1, cp(b1,...,bs) = 1, and cp(bss1,- .., ban) = 1 then B
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corresponds to an involution Jg with the representative ByBY = I, .

2.V s,t > 1, if det(BoBl) = —1, ¢y(b1,...,bs) =1, and cy(bsy1, ..., ban) = 1 then B

corresponds to an involution Jg with the representative ByBY = diag(1,1,...,1,—1).

3.V s> 1,t > 1, if det(BoBY) = —1, ¢cp(b1,...,bs) = 1, and cy(bss1,--.,b2n) = —1
then B corresponds to an involution Jg with the representative ByBl = diag(by, . .., bay)

where by = —1, byp_1 = p, bay, = p~ L, and all other b; = 1.

4.V s>1,t>1,if det(BoBy) = —1, ¢p(by,...,bs) = =1, and c,(bsy1,...,ba) = 1
then B corresponds to an involution Jg with the representative ByBl = diag(by, . .., bay)

where bs_y = p, by =p~ ", bay = —1, and all other b; = 1.

5.V s,t>1,if det(BoBl) = 1, ¢,(by,...,bs) = —1, and cy(bss1, - .., ban) = —1 then
B corresponds to an involution Jg with the representative BoBl = diag(by,. .., ba,)

where by_1 = p, by = pil, bon—1 = p, and by, = pfl-

6.V s>1,t>1,ifdet(ByBl) =1, c,(by,...,bs) = —1, and cy(bsy1, - .-, ban) =1 then
B corresponds to an involution Jg with the representative BoBl = diag(by,. .., ba,)

where by_1 = p, by = p~*, and all other b; = 1.

7.V s>1,t>1, if det(BoBY) =1, (b, ...,bs) =1, and cy(bsy1,...,bay) = —1 then
B corresponds to an involution Jg with the representative ByBl = diag(1,1,...,1,p,
p ).

8.V s,t > 1, if det(BoBY) = —1, cp(b1,...,bs) = —1, and cy(bsy1,...,bay) = —1 then
B corresponds to an involution Jg with the representative BOBOT = diag(by, ..., ban)

where by = p, bey, = —p~ ', and all other b; = 1.

9.V s>1,t>1,if det(ByBl) = p, cp(b1,...,bs) =1, and cp(bsi,...,b2,) = 1 then
B corresponds to an involution Jg with the representative BOBOT = diag(by, ..., bay)

where by = —1, by,_1 = —1, by, = p, and all other b; = 1.



7

10. Vs > 1,t > 1, ifdet(ByBl) = —p, ¢,(b1, ..., bs) = 1, and cp(bsy1, - - -, ban) = 1 then

B corresponds to an involution Jp with the representative ByBl = diag(1,...,1,—1,p).

11. Vs> 1,t > 1, ifdet(BoBl) = p, ¢p(b1, ..., bs) = =1, and c,(bsy1, - .., ban) = 1 then
B corresponds to an involution Jg with the representative ByBY = diag(by, ..., bay,)

where, by = p, and all other b; = 1.

12. ¥V s > 1,t > 1 (or vice versa), if det(BoBd) = p, ¢p(b1,...,bs) = —1, and
cp(bst1, ..., bay) = —1 then B corresponds to an involution Jp with the representa-
tive BoBL = diag(by,...,by,) where by = p, ba,_1 = p, and by, = p~! (or one can

switch the s and t portions to get s > 1, t > 2).

18. V s,t > 1, if det(BoBl) = p, c,(b1,...,bs) =1, and cp(bsi1,...,ba,) = —1 then B

corresponds to an involution Jp with the representative BoBY = diag(1,...,1,p).

14. V s,t > 1, if det(BoBY) = —p, c,(by,...,bs) = =1, and c,(bss1, ..., ban) = 1 then
B corresponds to an involution Jg with the representative BoBl = diag(by,. .., ba,)

where by = —p and all other b; = 1.

15.V s > 1,t > 1, if det(BoBY) = —p, cp(b1,...,bs) = 1, and cp(bsi1, ..., ban) = —1

then B corresponds to an involution Jg with the representative ByBY = diag(1, ..., 1,
—p).

16. ¥V s > 1,t > 1 (or vice versa), if det(BoBl) = —p, ¢,(b1,...,bs) = —1, and
cp(bst1, ..., bay,) = —1 then B corresponds to an involution Jg with the representative

ByBl' = diag(by, . .., ba,) where by = —p, bay_1 = p, and by, = p~ (or one can switch
the s and t portions to get s > 1, ¢t >1).

Proof. 1t must be observed that computing the Hasse symbol is more complex in this case
because, given o € Q, it is no longer necessarily true that (—1,«a), = 1.

If ByBY = Iy, then det(ByBL) = 1, cy(by,...,bs) = 1, and ¢,(bsy1,-..,ban) = 1.
Furthermore, any matrix A € SO(2n, k) with A = A" I, Ay such that det(AgA7) = 0 € Q;2,

cplar,...,as) =1, and cp(ast1, ..., a2,) = 1 is congruent to B by part iv of Theorem 2. A
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similar fact will be true for the below statements as well for the same reason, so I will not
repeat the argument thereof.

If ByBI = diag(1,1,...,1,—1), then det(ByBY) = —1, ¢,(b,...,b) = 1, and
Cp(bst1, ..., bay) = 1.

If BOBOT = diag(by, ..., ba,) where by = —1, by, = p, and by, = p~! and all other
bi =1, then det(ByBi) = —1, ¢,(b1, ..., bs) = 1, and ¢p(bsi1, ..., bay) = (—=1,—1),(p, —1), =
(p,p)p = —1 by Lemmas 2 and 3.

If BoBL = diag(by,...,ba,) where by_1 = p, by = p~1, by, = —1, and all other b; = 1
then det(ByBl) = —1, ¢,(b1,...,bs) = —1, and ¢,(bsy1,...,b2,) = 1 for similar reasons as
in item 3.

This case holds for similar reasons as the previous cases.

The proofs of the remaining items are very similar, so they have been omitted. Q.E.D.

Proposition 18. Let the field under consideration be k = Qy(v/—1,v/2,v/3). Then there is
at least one isomorphy class of involutions Ja of SO(2n, k), where A = Ay, Ay, for every
possible value of the square class of det(AgAL), the value of ca(ay, ..., as), and the value of

c2(Gsy1, ..., a0,). Ezamples of each class are listed below.

1. Vs,t > 1, ifdet(AgAL) = 1, ea(ay, ..., a5) = 1, and ca(asyq, - - -, as,) = 1 then A cor-
responds to an involution J with the representative AoAg = diag(ay, az, ..., as, 1, as,)

where ag = —1, as, = —1, and every other a; = 1.

2.V s>1,t>1,ifdet(AgAL) =1, ea(ay, ..., a5) = =1, and ca(ass1, - .., a2,) = 1 then
A corresponds to an involution Ja with the representative AgAl = diag(ay, as, . .., ag, 1,

asy) where as,—1 = —1, as, = —1, and every other a; = 1.

3.V s>1,t>1,ifdet(AgAL) =1, co(ay, ... as) =1, and ca(asiy, . . ., a9,) = —1 then
A corresponds to an involution Ja with the representative AgAl = diag(ay, ag, . .., ag, 1,

as,) where as_1 = —1, as = —1, and every other a; = 1.

4.V st > 1, if det(ApgAL) = 1, ea(ar, ..., as) = —1, and cy(ass1, ..., a2,) = —1 then

A corresponds to an involution Ja with the representative AgAl = Iy,.
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5.V s >3t >1o0rs > 1t >3, if det(4AL) = —1, es(ay,...,a;) = 1, and
c2(Ggsy1, ..., a9,) = 1 then A corresponds to an involution Ja with the representative
AgAL = diag(ay, ag, . .., a9, _1,a9,) where ag_y = —1,a, 1 = —1,a, = —1, ag,_1 = —1,
as, = —1, and every other a; = 1.

6.V s> 1,t>1,if det(AgAL) = —1, co(ar,...,as) = 1, and ca(ass1,- .., a0,) = —1
then A corresponds to an involution J 4 with the representative AgAL = diag(ay, as, . . .,

A2n—1, Qo) Where as = —1 and every other a; = 1.

7.V s > 1,t > 1, if det(AgAL) = —1, ca(ar,...,as) = —1, and ca(assn, ..., a9,) = 1
then A corresponds to an involution Ja with the representative AgAl = diag(1,1,...,1,
—1).

8.V s>1,t>1,if det(ApAL) = —1, co(ay,...,as) = =1, and ca(asiy, ..., a9,) = —1
then A corresponds to an involution J4 with the representative AgAL = diag(1,1,...,1,
3,—371). Or if one wants s > 1,t > 1, then A corresponds to an involution J with
the representative AoAg = diag(ay, ag, ..., as,_1,as,) where as_1 =3, as = —371, and

every other a; = 1.

9. Vs, t>1,ifdet(AgAL) = 3, ca(ar, ..., as) = 1, and ca(asy1, - . ., az,) = 1 then A cor-
responds to an involution J with the representative AOAOT = diag(ay, as, ..., as,_1, as,)

where ay = —1, as,_1 = —1, as, = 3 and every other a; = 1.

10. V s, t > 1, if det(ApgAL) = 3, ca(ay, ... ,as) =1, and ca(asiy, - .., a2,) = —1 then A
corresponds to an involution J4 with the representative AgAL = diag(ay, ag, . .., asn_1,

as,) where as = —1, ay, = —3, and every other a; = 1.

11. V s,t > 1, if det(AgAL) = 3, ca(ay, ... ,as) = =1, and ca(agyq, ..., a9,) =1 then A
corresponds to an involution Ja with the representative AOAOT = diag(ay, as, ..., 02,1,

as,) where ag = —3, as, = —1, and every other a; = 1.

12. V s > 1,t > 1, if det(AgAY) = 3, ca(ay, ... as) = —1, and ca(asyy, ..., a2,) = —1

then A corresponds to an involution Ja with the representative AgAl = diag(1,1,...,2,
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3-27Y. Or if one wants s > 1,t > 1, then A corresponds to an involution J, with
the representative AOAE‘)F = diag(ay, as, ..., as,_1, as,) where as_y =2, as =3 - 271 and

every other a; = 1.

18. V s,t > 1, if det(ApAL) = =3, ca(ay, ..., as) = 1, and ca(asy1, ..., a9,) =1 then A
corresponds to an involution Ja with the representative AOAOT = diag(ay, as, ..., as,_1,

as,) where as = 3, as, = —1, and every other a; = 1.

14. YV s> 1,t > 1, if det(AgAL) = =3, ea(ay, ..., as) =1, and ca(asyy,. .., a2,) = —1
then A corresponds to an involution J4 with the representative AgAL = diag(ay, as, . . .,

A2n—1, Qo) Where as_1 = —1, ay = 3 and every other a; = 1.

15. V s > 1,t > 1, if det(AgAl) = =3, ea(ay, ..., as) = —1, and ca(asi1,...,a2,) = 1
then A corresponds to an involution J4 with the representative AgAL = diag(ay, as, . . .,

A2n—1, Qo) Where ag,_1 = —1, ag, = 3 and every other a; = 1.

16. V s > 1,t > 1, if det(AgAL) = =3, ea(ay, ..., as) = =1, and ca(asy1, - .., a2,) = —1
then A corresponds to an involution Ja with the representative AgAl = diag(1,1,...,1,
—3). Or if one wants s > 1,t > 1, then A corresponds to an involution Ja with
the representative AgAL = diag(ay, ag, ..., a9, 1,a2,) where a, = —3 and every other

Clizl.

17. V s,t > 1, if det(ApAL) = 2, ca(aq, ..., as) = 1, and ca(agy1, ..., a2,) = 1 then A
corresponds to an involution J4 with the representative AgAL = diag(ay, as, . .., ag, 1,

as,) where as_1 = —1, as = 2, as, = —1, and every other a; = 1.

18. V s > 1,t > 1, if det(AgAl) = 2, es(ay,...,as) = 1, and ca(agyy,- .., a2,) = —1
then A corresponds to an involution J 4 with the representative AgAL = diag(ay, as, . . .,

A2n—1,02,) Where as_1 = —1, ag = —1, as, = 2, and every other a; = 1.

19. V s > 1,t > 1, if det(AgAL) = 2, ca(ay,...,a5) = =1, and co(asiy, ..., a2,) = 1
then A corresponds to an involution J4 with the representative AgAL = diag(ay, as, . . .,

A2n—1, A2y) Where ag =2, ag,—1 = —1, as, = —1, and every other a; = 1.
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20. ¥V s> 1,t > 1, if det(AgAL) = 2, ea(ar, ..., as) = =1, and ca(asiq, ..., a,) = —1
then A corresponds to an involution Ja with the representative AgAl = diag(1,1,...,2).
Or if one wants s > 1,t > 1, then A corresponds to an involution J, with the repre-

sentative AoAéF = diag(ay, as, ..., as,_1, as,) where as = 2 and every other a; = 1.

21. V s,t > 1, if det(AgAL) = =2, calar, ..., as) =1, and co(ass1,- .-, a9,) = 1 then A
corresponds to an involution J4 with the representative AgAL = diag(ay, as, . .., ag, 1,

as,) where ag = =2, as,—1 = —1, as, = —1, and every other a; = 1.

22.V s> 1,t> 1, if det(AgAL) = =2, co(ay,...,as) = 1, and ca(asiq, ..., a,) = —1
then A corresponds to an involution J 4 with the representative AgAL = diag(ay, as, . . .,

A2n—1,a2,) Where ag = —1, as, = 2 and every other a; = 1.

23. Vs> 1,t > 1, if det(AgAL) = =2, co(ay,...,as) = =1, and cz(asy1,- .., a2,) = 1
then A corresponds to an involution Ja with the representative AgAL = diag(ay, as, . . .,

A2n—1,a2,) Where ag = 2, ag, = —1, and every other a; = 1.

24. V¥V s>1,t>1,ifdet(AgAY) = =2, co(ay, ..., as) = —1, and ca(agyq, ..., a9,) = —1
then A corresponds to an involution J4 with the representative AgAl = diag(1, ..., —1,
2). Or if one wants s > 1,t > 1, then A corresponds to an involution Js with the
representative AOAOT = diag(ay, ag,. .., Gop_1,a2,) where as_y = —1, a; = 2 and every

other a; = 1.

25. ¥V s,t > 1, if det(AgAL) = 6, ca(ay,...,as) = 1, and ca(asy1, ..., a2,) = 1 then A
corresponds to an involution J4 with the representative AgAL = diag(ay, ag, . .., agn_1,

as,) where ag =6, as,—1 = —1, as, = —1, and every other a; = 1.

26. Y s > 1,t > 1, if det(AgAL) = 6, calay,...,as) = 1, and ca(agyq, ..., a2,) = —1
then A corresponds to an involution J4 with the representative AgAL = diag(ay, as, . . .,

A2n—1, Qo) Where as = —1, ag, = —6 and every other a; = 1.

27.V s > 1,t > 1, if det(ApAL) = 6, ca(ay,...,as) = —1, and ca(asy1, ..., a2,) = 1

then A corresponds to an involution J4 with the representative AgAL = diag(ay, as, . . .,
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agn—1,a2,) where ag = —6, ag, = —1, and every other a; = 1.

28.V s> 1,t > 1, if det(AgAL) =6, ca(ar,...,as) = =1, and caasiq, ..., a,) = —1
then A corresponds to an involution J4 with the representative AgAL = diag(1,...,1,6,
1). Or if one wants s > 1,t > 1, then A corresponds to an involution Ja with the
representative AoAg = diag(ay,as,...,a,_1,a9,) where as_y = —6 and every other

CLZ‘:]..

29. V s,t > 1, if det(AgAl) = —6, ca(ay, ..., as) =1, and ca(assy, . .., a9,) =1 then A
corresponds to an involution Ja with the representative AOAOT = diag(ay, as, ..., 02,1,

as,) where ag = —1, ag, = 6, and every other a; = 1.

30. ¥ s> 1,t > 1, if det(AgAl) = =6, ca(ay,...,as) = 1, and ca(agiq, ..., a2,) = —1
then A corresponds to an involution J4 with the representative AgAL = diag(ay, as, . . .,

Aon—1, Qo) Where as_y = —1, ay = 6, and every other a; = 1.

31. Vs> 1,t > 1, if det(AgAl) = —6, cs(ay,...,as) = —1, and ca(asiy, ..., as,) =1
then A corresponds to an involution Ja with the representative AgAL = diag(1,...,1,

—1,6).

32. ¥V s>1,t>1,ifdet(AgAl) = =6, ca(ay,...,as) = —1, and ca(asy1, - .., a2,) = —1
then A corresponds to an involution Ja with the representative AgAL = diag(1,...,1,

—6). Or if one wants s > 1,t > 1, then A corresponds to an involution Ja with

the representative AOAOT = diag(ay, as, ..., as,_1,a2,) where ag = —6 and every other
a; = 1.
Proof. Flrstly, det(AgAl) = a; ... —1-(=1) = 1. Secondly, cs(ay,...,as) =
s—1
(—Lal . 2 H az+1 2 = 2 H 1 = 1. Similarly, C2(as+1a e aa'2n) =
=1

1.
co(ay, ... a5) = (=1, —1)y = —1,
CQ(CLS+1, .. 7(12”) = (-1, —1)2 . H?Z;_&l(a5+1(ls+2 Qg CL5+1CLS+2 e a/i+1)2

= (=1, =1)2- (L, =1)o(=1, =(=1)*)2
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= —1-1-(=1,-1),
= —1-(-1)
=1

The proof of this result is almost identical to the above proof (just change the indices).
In this case, it is clear that det(AgAL) = 1. Furthermore, cy(ay,...,as) = (—=1,a; ...

as)2'
s—1 s—1

H(a1 ce @iy —ay ... Gir1)2 = (—1,—=1)9 - | | 1 = —1 because by Lemma 4, (—1,—1)s = —1.

ZS:i;nilarly, cplastr, ..., a,) =—1 -

Since five entries in AgAZ are —1 and the rest are 1, it is clear that det(AyAl) = —1.
(1,1, —=1,—=1,=1) = (=1, =(=1)?)5 - (1, 1)a(=1, =1)5(1, 1) = —1 - (=1) = 1. Further,
(1, =1,=1) = (=1,—=12)5 - (1, 1)o(=1,—1)s = 1.

det(ApAL) = —1, ca(ay, ..., a,) = —1 as before, and cy(asy1, - .., a2,) = 1 as before.

The proof of this result is similar to the previous one.

co(diag(1,...,1,3,=371)) = (=1,1)9(3, =1) = —1 by Lemma 4. Also,
det(diag(1,...,1,3,=371)) = =1 and ¢»(1,...,1) = —1.

co(diag(ay, ..., as)) = 1, co(diag(asst, ..., a2,)) = (=1, —-3)2(1,3)2 = 1, and clearly
det(ApAl) = 3. Since these proofs are becoming highly repetitive, I have left it to the reader
to verify the rest of them. Q.E.D.

6.2 The Fixed-Point Groups over Q, Extended Quadrat-
ically as Much as Possible

Proposition 19. Let k = Q,(,/p,\/N,), —1 € 2, and N, ¢ Qi*. Then the fired point
groups G’& of the involution conjugacy classes of SO(2n, k) corresponding to an involution
Jg, B = BO_IIS’tBO, which are given by Proposition 16 are listed below, and none of them
is compact. (Note that the size conditions on s and t and the conditions on det(ByBl),
cp(br, ..., bs) and cp(bssq, ..., ban) have been omitted from the items for the sake of brevity.

The enumeration of them corresponds with their order in the list in Proposition 16 and all
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of these conditions can be found there.)
1. [f BOBg = Ign then

G5 = { By diag(N,, N;) By| Ny € O(s, k), N, € O(t, k), det(N,) = det(N) = £1}

2. If ByBl = diag(1,1,...,1,N,) then
G’ = {B; " diag(Ny, N;) By [N, € O(s, k), N; = (v35) }

where Y i,j € {s+ 1,5 +2,...,2n}, i # j, det(N,) = det(N;) = +1 and the following
are true:

2n—1

1. Z Vizl =14+ (N, —1)6i0n — NpViQ,Zn
l=s+1
2n—1

1. E ViygVije = _Vi,Zan,Qan-
l=s+1

3. If ByBY = diag(1,1,...,p, N,) then
G’7 = {By " diag(N;, Ny) By |Ns € O(s, k), N, = (vij) }

where ¥V 1,5 € {s+1,s+2,...,2n}, i # j, det(Ny) = det(NV;) = £1 and the following
are true:

2n—2
- 2 2 2
L E vi =1+ (p— 1)1+ (Np — 1)di2n — PVion—1 — NpVi,Qn
l=s+1
2n—2
1. g VieVjt = —Vian-1Vjom—1D — VianVjonNp.
l=s+1

4. If BoBl' = diag(by, ..., by,) where by_1 = p, by = N, and all other b; =1 then
G’7 = { By diag(N;, Nt) By [N, = (vi), N; € O(t, k) }

where ¥ 1,5 € {1,2,...,t}, i # j, det(Ns) = det(N;) = £1 and the following are true:
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i Z vi =14 (p—1)8is1+ (N — 1)8is — pri sy — Npv;,
=

18

. E VieVje = —Vis—1Vjs—1P — Vistsz-

5. If ByBY = diag(by, ..., ba,) where bs_y = p, by = N, bay_1 = p~t, by, = N, and

p 7’

every other b; =1 then
G'7 = {By " diag(Ny, Ni) By [Ny = (pij), Ne = (vig) }

whereV i, j € {1,2,...,t}, i # j, andV 1, A € {s+1,s+2,...,2n}, . # A, the following

are true:

2n—2
i 2”121 =1+ (p - 1)5i,8—1 + (Np - 1)528 - pu?,s—l - Nplj’z?si Z VL21 =1+ (p_l -
(=1 l=s+1
1)(5%271*1 + (Ngl - 1)5L,2n - pill/L2,2n 1 N 1VL22n
s—2 2n—2
0. Zﬂizﬂjé = —Mi,s—1ﬂj,s—1p—ﬂisujsz; Z Hoeftne = _:uL,Qn—llu)\,Zn—lp_l_,U’L,QTL,U/)\,QH
/=1 l=s+1
N

6. If BoBj = diag(by, ..., by,) where by = p~' N, ', byn_1 = p, ban = N, and all other
b; =1 then

G’» = { By diag(Ny, Ny) By | Ny = (i), Ny = (vij) }

whereV i, j € {1,2,... t}, i # j, andV 1, A € {s+1,s+2,...,2n}, t # A, the following
are true:

2n—2
iy oph =1+ N =16, - St Y Vi =14 (p—1)60n1 + (N, —
/=1 l=s+1
1)5L,2n - pVL2,27‘L—1 N, VL 2n
s—1 2n—2
il Z Hiettje = —ﬂis/ijsp_le_l; Z VigVxi = — Vi 2n—1VA2n—1P — VionVa2nNp
=1 r=s+1
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7. If BoBY = diag(by, ..., ba,) where by_1 = p, by = N, by, = pilefl, and all other
b; =1 then

G72 = { By diag(Ny, Ni) Bo [Ny = (), Ne = (vig) }
whereV i,j € {1,2,...,t}, i # j, and¥V 1, A € {s+1,s+2,...,2n}, t # A, the following

are true:

s—2 2n—1
> ph =1+ (=10 a1+ (Ny=1)0ia—ppl = NopiZy, > va=14(p "N, =
/=1 l=s+1
1)6, 20 — p_le_ll/Zzn
s—2 2n—1
. Z Hiekbje = — i s—1/bj,s—1D — HisttjsNp, Z Vlne = _VL,QNV)\,an_le_l
(=1 l=s+1

8. If ByBj = diag(by, ..., by,) where bs_y =p, by_1 = Ny, by = p ' N;*, byy = p, and
bo, = p~'N, then

G5 = {By" diag(Ny, Ny) By | Ny = (i), Ny = (vij) }

whereV i,j € {1,2,... t}, i # j, andV 1, A € {s+1,s+2,...,2n}, t # A, the following

are true:

s—3
LY ph =1+ (p= 162+ (Ny = D)diar+ (p ' Ny = D)dig—ppl o — Nopt oy —

=t 2n—2
p_le_l/J’Z?S7 Z VL21 =1 + (p - 1)51,,271—1 + (p_le - 1)5L,2n _pVL,Zn—l _p_lel/an
{=s+1
s—3 2n—2
0. ZMM,UM = — i 52l 52D — Mis—1 [g,s—1 Np— tishtisp N, Z VVxe = =V, 2n-1
(=1 f=s5+1

-1
Ux2on—1P — VianVx2nP Np

9. If ByBY = diag(by, ..., ba,) where by = p=', by, = p, by, = N,, and all other b; = 1
then
G78 = { By diag(N, Ni) Bo [Ns = (pg), Ni = (v5) }
whereV i, j € {1,2,...,t}, i # j, andV 1, A € {s+1,s+2,...,2n}, t # A, the following

are true:
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_ 2n—2
LY ph =14+ = Do —p il Y VA — 1)di2n-1+ (Np — 1)d20 —
=1 l=s+1
pVLZ,Qn 1= VLQ?’L
2n—2
0. Z Migllje = —MisflisP, Z VigUre = —Vi2n—1VA2n-1P — VianVr2nNp
= l=s+1

10. If ByBY = diag(by, . .., ba,) where bs_y = p,bs = N, by, = p~ !, and all otherb; =1
then
G’7 = {By " diag(Ny, Ny)Bo | Ny = (pi5), Ny = (vij) }

whereV i, j € {1,2,...,t}, i # j, and¥V 1, A € {s+1,s+2,...,2n}, t # A, the following

are true:

S— 2n—1

i. 21%21 =14 (= 1)1+ (Np = 1)dis — p#?,s—l - Np#?,s: Z vi=1+ (" -
_ l=s+1
1)5b,2n p L 2n
s—2 2n—1

B> fietie = —flia-1fja-1P — HistisNp, Y VieVar = —VignVrznD
/=1 l=s5+1

11. If ByBl = diag(1,1,...,1,pN,) then
GJB - {‘BO_1 diag<N87Nt)B0 |Ns € O(Sak)7Nt - (Vij>}

where Y i,j € {s+ 1,s+2,...,2n}, i # j, det(N,) = det(N;) = +1 and the following
are true:

2n—1

1. Z Vi =1+ (pNp — 1)ds.2n — PNpv 12n
l=s+1
2n—1

E VigVje = _Vi,2n7/j,2npr-
l=s+1

12. If BB = diag(by, ..., bay) where by_y = p, bs_y = Ny, by = p"'N;*, bop_1 = p,
and by, = N, then

G72 = { By diag(Ny, Ni) Bo [Ny = (), Ne = (vi5) }
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whereV i,j € {1,2,... t}, i # j, andV 1, N € {s+1,s+2,...,2n}, t # A, the following

are true:

s—3
> ph =1+ (p— 162+ (Ny = D)diac1+ (p Ny = D)dig—ppl o — Nopt? oy —

= 2n—2
p :uzs7 Z VLl =1 + 1)5L,2n—1 + (Np - 1)5L,2TL - pVL,Zn 1 N, VL 2n
l=s5+1
s—3 2n—2
il Z,Uie,ujé = _/Li,sz,uj,szP_,ui,sfllﬁj,slep_ﬂisﬂjspileily Z VyVxe = —Vi2n—1
/=1 l=s5+1

Uxn2n—1D — VionVr2nNp

13. If ByB§ = diag(by, . .., bsy) where by = N, by = pN,, and all other b; = 1 then
G’# = { B, diag(Ny, Ni) By [N, = (uij), Ny = (vi5) }

whereV i, j € {1,2,...,t}, i # j, andV 1, A € {s+1,s+2,...,2n}, t # A, the following

are true:
- 2n—1
i. ZM?1 =1+ (Np_l —1)dis — Np_lﬂisf Z v =1+ (pN, = 1)d,20 — PN, VL 2n
= l=s+1
2n—1
0. Z Hietbje = ﬂzs,ujs D ; Z VyUxe = _VL,QnV)\,2npr
l=s+1

14. If BoBl = diag(by,...,ba,) where by_y = p,bs = N, by, = Ny L and all other
b; =1 then
G’7 = {By " diag(N,, Ni) By [N, = (uij), Ny = (vi5) }

whereV i, j € {1,2,...,t}, i # j, andV 1, A € {s+1,s+2,...,2n}, . # A, the following

are true:
s—2 2n—1
. Z /’L121 =1 + (p - 1)5i,s—1 + (Np - 1)5i,s _p/'L?,sfl - Nplu?,s? Z VL21 =1 + (Np_l -
/=1 l=s+1
1)6L,2n N 11/L22n
5—2 2n—1

.. -1
2. § Hieltje = —His—1Hjs—1P — ,Uis,ujsz; § ViV = _VL,QnV)\,Qan
(=1 l=s+1
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15. If BoBY = diag(by, ..., bs,) where by = szl, bon—1 = p, ba, = N,, and all other
b; =1 then

G5 = { By " diag(N;, Ny) By | Ny = (pij), Ny = (vij) }

whereV i, j € {1,2,... t}, i # j, and¥ 1, A € {s+1,s+2,...,2n}, v # A, the following

are true:
s—1 2n—2
. 2 -1 —-1,2 2

L. E i = 1+(Np _1)57«3_Np Hiss E : Va= 1+(p_1)5L72n_1+(Np_1)5L72n_

(=1 l=s+1
2 2

pVL,2n71 - NPVL,Zn
s—1 2n—2

.. -1

2. E Mietlje = _/Jlis,ujsz ’ § VyVxe = —Vi2n—1Vx2n—1P — VL,2nVA,2an
/=1 {=s5+1

16. ]f B()Bg = diag(bl, ey bgn) where bs_g =D, bs—l = Np, bs = p_le_l, bgn_l = pr,
and by, = N;' then

G77 = {B; " diag(N, Ny)Bo [N = (wij), Ne = (v5) }

whereV i, j € {1,2,...,t}, i # j, andV 1, A € {s+1,s+2,...,2n}, t # A, the following

are true:

s—3
> ph =1+ =162+ (N = D)diar+ (p "Ny = Ddig—ppl o — Nyt oy —

(=1
2n—2
pileillu?s; Z I/L21 =1+ (pr - 1>6L,2n71 + (Nl;l - 1)6L,2n _prI/L,QTZ*l - NZ:IV,%Qn
l=s+1
s—3 2n—2
0. Z Higlbie = — i s—2Mj,s—2P — Mi,s—luj,s—le - Nisﬂjsp_lN;I; Z VUxe =
/=1 l=s+1

_VL,anIV)\anlep - VL,2nV)\,2an_1
Proof. This immediately follows from Proposition 26, which states that
G’ = { X' diag(N,, N;) X | N,NT = I, NN/ = I}

This is the same as the given set. Note that if det(N,) = det(N;) = —1, det(X ! diag(Ng, V)
X) = det(N,) det(N;) = 1.



90

This follows from Proposition 26 and Lemma 20. (Of course, I used the d;; notation so
I could write one formula corresponding to the diagonal elements of N; diag(1,...,1, N,) N,
instead of two.)

The proofs of the remaining items are similar, and they have been omitted for brevity.
As for compactness, every square root of every element in Q, is in this quadratic extension
field by Classification Lemma 1. Therefore, the matrices in Fixed-Point Group Computation
Lemma 2 and Fixed-Point Group Computation Lemma 3 are in SO(2n, k) for every value

+a +Va — a?
F/O(1 —a?/a) ia\/é

of a and 7. Recall that these matrices have the form and

iv/2 (O‘a;az) ia a% — WVT_Z% . Therefore, one can always make the matrices
_ \/ O=Plaa) \/v;ﬂ ;

corresponding to each fixed-point group unbounded, so none of them is compact. Q.E.D.

Proposition 20. Let k = Q,(\/p, vV —1), where —1 ¢ Q;Z and p # 2. Then the fixed point
groups G’'& of the involution conjugacy classes of SO(2n, k) corresponding to an involution
Jg, B = BO_IIS’tBO, which are given by Proposition 17 are listed below, and none of them

1s compact. This time they are in tabular form, and the entries o, 3, v, and § fill out the

s—a 2n—y
following summations, which correspond to NyNI' and NyNT : i.Zu?g = 03, Z vy =06
(=1 l=s+1
S—a 2n—~
and ii.Zuigujg = 0, Z vivje = 0. On the charts (but not elsewhere) it is assumed
/=1 l=s+1

that i #ﬁj, L # N 4,5 € {1,2,...,t) and 1, € {s+ 1,58 +2,...,2n}. Also, G’ =
{ By diag(Ny, Ny)Bo [Ny = (155), Ny = (v35) } unless otherwise specified. The order of the

items is the same order as can be found in Proposition 17.
1. If ByB! = I, then
G77 = { By diag(N,, N;) Bo| N, € O(s, k), N, € O(t, k), det(N,) = det(Ny) = £1}
2. If BoBY = diag(1,1,...,1,—1) then

G’7 = {By" diag(N;, Ni) By [N, € O(s, k), N; = (vij) }
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where Y i,j € {s+ 1,s+2,...,2n}, i # j, det(N,) = det(N;) = +1 and the following
are true:

2n—1

. § 2 2
{=s+1
2n—1

1. E Z/Z'gl/jg = Vi,Qan,Qn-
l=s+1

Tables listing the remaining fized point groups in summarized form follow, together with
full, unabbreviated items whenever Ny € O(s,k) or Ny € O(t, k). The tables include the
conditions on ByBl in abbreviated form, the full versions of which can be found in Proposi-

tion 17. Note that the § at the head of the last column is not the Kronecker delta function

1, i=j
0ij = { L J , but that this delta function is found in the summations.
0, i#J

6. If ByBl = diag(by,...,ba,) where by_1 = p, by = p~*, and all other b; =1 then
G’ = {B; " diag(Ny, N;) By [Ny = (wi;), N € O(t, k) }

where ¥V 1,5 € {1,2,...,s}, i # j, det(Ns) = det(N;) = £1 and the following are true:

s—2
iy =14 (p =1+ (07 = D)o —pui g —p ul,
(=1

5—2
i) itttie = —Phis-1flie-1 — P Hisfljs-
=1

7. If BoBl = diag(1,1,...,1,p,p™") then
G’5 = { By diag(Ns, N;) By [N, € O(s, k), Ny = (v5), }

where Y i,j € {s+ 1,s+2,...,2n}, i # j, det(N,) = det(N;) = +1 and the following
are true:

2n—2

. Z Vz'21 =1+(—1)di2n1+ (pil — 1)8;.0n — pV’i2,2n71 - pfl’/zzgn
l=s+1
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Table 6.1: The fixed-point groups of conjugacy classes three through five of involutions over

SO(2n, k) where k = Qu(\/p,vV—-1), -1 ¢ Q32

Proposition 17.

and p # 2. The order corresponds with

Item ByBY
Q v o
3.1. diag(1,...,=1,1,...,p,p7Y) 1 — 26,5 + p2,
1 ‘|"<p'_']-)(SL,Qn—l"F’(p‘1 _'1)5u2n

1 2 _pVLQ,Zn—l _p71VL2,2n
3.11 diag(17"-a_1a]—a"'7p7p71) Hisljs
1 2 _Jﬁﬂn—lyAQn—lp'_ZQQnVAanil

1 +—(p-—-1)5@5_1 ‘|"(]941 —'1)5w
4.1. diag(1,...,p,p 1, 1,...,—1) —ppF ey — D
2 1 1-— 25L72n + VZQn
4.ii diag(1,...,p,p~ ", 1,...,-1) [his—1 151D + Mispljsp "
2 1 Vi onVx2n

L+ (p—1)dis—1+ (p~' —1)dis
5i. | diag(1,...,p,p"1,...,p,p7") Pl o1 — P s

1 _I"<p_'1)5L,2n—1'—|"<p”1 _'1)5u2n
2 2 PVl — D'V,
511 dla‘g(la s 7p7p717 17 cee 7p)p71) ,ui,s—lluj,s—lp + ,uislujspil
2 2 Vi on—1Vx2n—1pP + VL,QnVA,anil
2n—2
1. Z VieVjp = —PVioan—1Vjoan—-1 — pflVi,zan,zn-
l=s+1
10. If ByBl = diag(1,1,...,1,—1,p) then

G’7 = {By " diag(N;, N;) By |Ns € O(s, k), Ny = (v35), }

where Y i,j € {s+ 1,5 +2,...,2n}, i # j, det(N;) = det(N;) = +1 and the following

are true:
2n—1

0. Z Vi =1—200n 1+ (p—1)6an + yi2’2n_1 — pl/i%

f=s+1



93

Table 6.2: The fixed-point groups of conjugacy classes eight and nine of involutions over

SO(2n, k) where k = Q,(/p.vV/—1), =1 ¢ Q;?, and p # 2

Item ByBY o)
5 v )
8.1. diag(1,...,p,1,..., 1, —p 1) 1
1+ (p — 1) — i3, 1 L+ (—p~' = 120 + P~ V0,
8.ii. diag(1, ..., p,1,...,1,—p 1) 1
—PlhusHas 1 IanZes
9.1 diag(1,...,—1,1,...,—1,p) 1
1 —20,9n-1+ (p—1)d,2n

1 — 20;5 + p2, 2 FVl 001 = PV
9.ii. diag(1,...,~1,1,...,—1,p) 1
Lisfhjs 2 Vyon—1VA2n—1 — Vi, 20VA 20D

-1

0. Z ViVt = Vion—1Vjon—1 — PVianVj2n-
(=s+1

11. If ByBI = diag(by, . .., ba,) where, by = p, and all other b; = 1 then
G’ = {B;" diag(Ny, N;) By [Ny = (wi;), N € O(t, k) }
where ¥ i,5 € {1,2,...,s}, i # 7, det(Ny) = det(N;) = £1 and the following are true:
s—1
> ph =1+ (p— 1)5is — pui,
=1
s—1
i) fiehhic = —Dflisflis-
=1
13. If BoBl = diag(1,1,...,1,p) then
G’ = {B; " diag(Ny, N;) By [N, € O(s, k), Ny = (v35) }

where ¥V 1,5 € {s+1,s+2,...,2n}, i # j, det(N5) = det(INV;) = £1 and the following

are true:
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Table 6.3: The fixed-point group of conjugacy class twelve of involutions over SO(2n, k)
where k = Q,(\/p,vV—1), -1 ¢ (@;2, and p # 2. The order corresponds with Proposition 17.

[tem ByBY Q
B ¥ 0
12.1. diag(1,...,p,1,...,p,pY) 1
1 + (p - 1)5%277,71 + (P_l - 1)5L,277,
1+ (p - 1)515 + luz25 2 _pVL2,2n—1 - p_IVLQ,Qn
12.1i. diag(1,...,p,1,...,p,p7Y) 1
_p,ulis,ujs 2 Vi on—1Vx2n—1P + VL,QnV)\,2np_1
2n—1
i. Z vi=1+(p—1)82, — pl/izn
l=s+1
2n—1
il Z VieVie = —PVi2nVj2n-
{=s+1

14. If BoBL = diag(by, ..., by,) where, by = —p, and all other b; = 1 then
G’ = {B; " diag(Ny, N;) By [Ny = (wi;), N € O(t, k) }

where ¥ i,5 € {1,2,...,s}, i # 7, det(Ny) = det(N;) = £1 and the following are true:

s—1
> s =14 (=p = )65 + s,y
/=1

s—1
. Z iektje = PHisfhjs-
(=1

15. If BOBOT = diag(1,1,...,1,—p) then
G’# = { By ! diag(Ny, N;) By [N, € O(s, k), Ny = (v35), }

where Y i,j € {s+ 1,5 +2,...,2n}, i # j, det(N,) = det(N;) = +1 and the following
are true:

2n—1

2 Z vi =14 (=p—1)din +p1/i2,2n
l=s+1
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2n—1
2. E VieVije = PVi2nVjon-
{=s+1

Table 6.4: The fixed-point group of conjugacy class sixteen of involutions over SO(2n, k)
where k = Q,(/p,vV—1), =1 ¢ (@;;2, and p # 2. The order corresponds with Proposition 17.

Item ByBY o}
s v )
16.1. diag(1,...,—p,1,....p,p7Y) 1
1+ (p—1)0,00-1+ (Pt —1)d,2,
1+ (=p — 1)dis + 13 2 A e AR
16.1i. diag(1,...,—p,1,....p,p7h) 1
Dlhistbis 2 —Von—1Vr2n-1D — VignVr2nD

Proof. The proof of this proposition is very similar to the proof of the previous one, and it

has been omitted for the sake of brevity. Q.E.D.

Proposition 21. Let k = Qy(v/—1,v/2,v/3). Then the fired point groups G'4 of the in-
volution conjugacy classes of SO(2n, k) corresponding to an involution Ja, A = Ay'I, Ao,
which are given by Proposition 18 are listed below, and none of them is compact. This time

they are in tabular form, and the entries o, 3, v, and ¢ fill out the following summations,

s—a 2n—y S—a
which correspond to N;NI' and N;NT: i.Zufe = 0, Z Vfg =0 and @'z’.z,uimjg = 0,
=1 (=s+1 =1

2n—y
Z vivje = 0. On the chart it is assumed that i # j, v # X, i,j € {1,2,...,t} and
l=s+1
LAE{s+1,5+2,...,2n}. Also, G' = { A" diag(N,, N;)Ag |Ns = (i), Ne = (v35) } un-

less otherwise specified. In this case, unlike the last case, if Ny € O(s, k) or Ny € O(t, k)
then I have written "n/a” for a or v and € O(s, k) or € O(t, k) for 5 or §, respectively. The

order of the items is the same order as can be found in Proposition 18.



Table 6.5: The fized-point groups of isomorphy classes of
involutions over SO(2n, k) where k = Qo(v/—1,v/2,V/3).

This chart corresponds with Proposition 21. The order
corresponds with Proposition 18.
Item AgAY
o 0 )
1.i. diag(1,...,1,—-1,1,...,—1) 1 — 25,5 + p2,
1 1 1 —20,9,+ 1/2271
1.14i. diag(1,...,1,—-1,1,...,—1) istjs
1 1 V.20V 2n
2.1. diag(1,...,1,—-1,-1) € O(s, k)
n/a 2 1 —20,9n-1 — 20,20 + I/L%Qn_l + VZ%
2.1 diag(1,...,1,—-1,-1) € O(s, k)
n/a 2 Vyon—1Vx2n—1 + VionVx2n
8.4 | diag(l,...,1,—-1,-1,1,...,1) 1= 20551 — 2055 + 17 oy + 117
2 n/a € O(t, k)
3.11 diag(1,...,1,—-1,-1,1,...,1) Hi,s—1Hj,s—1 T Hisfjs
2 n/a € O(t, k)
4.1. I, € O(s, k)
n/a n/a € O(t, k)
4.11. Is, € O(s, k)
n/a n/a € O(t, k)
diag(1,...,1,—1,—1, 1 —20;5-2 — 20; 51 — 205
5.4. ~1,1...,-1,-1) F17 oo+ E g+ 1
2 1 —20,2n-1— 20,20 + I/Zzn_l + 1/2%
diag(1,...,1, =1, —1, His—2j,s—2 + i s—1}j,s—1
5.1t —1,1...,-1,-1) +lhisthys
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Table 6.5: Continued

Item AgAT 6]

! vy )

5 ) VL,27L72V)\,2—T’£7V?’2_:VI§:,22:71V)\,anl

6.i. diag(1,...,—1,1,...,1) 1 — 20;5 + i,

1 n/a € O(t, k)

6.ii. diag(1,...,—1,1,...,1) Listlis

1 n/a € O(t, k)

7.4 diag(1,...,1,—1) € O(s, k)

n/a 1 1 —26,0n + l/L2,2n

7.ii. diag(1,...,1,-1) € O(s, k)

n/a 1 V, 20V 2n
142061+ (=371 —1)dss

8.i. | diag(l,...,1,3,-371,1,...,1) =37y + 37k,

2 n/a € O(t, k)

8.4i. | diag(1,...,1,3,-371,1,...,1) —Bhlis e + 37 listtjs

2 n/a € O(t, k)

9.i. diag(1,...,—1,1,...,—1,3) 1 — 26,5 + p2,

1 2 1 — 20,001+ 20,20 + V29,1 — 3079,

9.4i. | diag(1,...,—1,1,...,—1,3) Listlis

1 2 Vi 2n—1VA2n—1 — 3V2nVA2n

10.1. diag(1,...,—1,1,...,-3) 1 — 265 + p2,

1 1 1 — 46,2, + 31/2%

10.4i. diag(1,...,—1,1,...,-3) [istbis

1 1 3V, 20V 2n

11.4. diag(1,...,-3,1,...,—1) 1 — 46,5 + 3u2,
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Table 6.5: Continued

Item AgAT 6]

! vy )

1 1 1 — 26,9, + VZQH

11.4 diag(1,...,-3,1,...,—1) 3ltistts

1 1 Vi, 20V 2n

12.4. diag(1,...,1,2,3-2°1) € O(s, k)
148,001+ (3-271 = 1)d, 2,

n/a 2 —2V32n71 —3- 2_1V22n

12.4 diag(1,...,1,2,3-271) € O(s, k)

n/a 2 —2V, 9p—1Vr2n—1 — 3 - 2*11/“2”1/,\,%

134, | diag(l,...,1,3,1,...,—1) 14 26,5 — 3422,

1 1 1 — 26,90 + V2,

13.4i diag(1,...,1,3,1,...,—1) —3LListjs

1 1 V,2nVa2n

14.4. | diag(1,...,1,-1,3,1,...,1) 1 — 20601+ 2056 + 17 oy — 3,

2 n/a € O(t, k)

14.di. | diag(1,...,1,—1,3,1,...,1) i s—1Hjs—1 — Shlishbis

2 n/a € O(t, k)

15.14. diag(1,...,1,—1,3) € O(s, k)

n/a 2 1 —20,9n-1+ 26,2, + 1/2271_1 — 3’42,271

15.4i diag(1,...,1,-1,3) € O(s, k)

n/a 2 Vi on—1VA2n—1 — 3V, 20V 2n

16.1. diag(1,...,1,-3) € O(s, k)

n/a 1 14 26,20 + 3079,

16.71 diag(1,...,1,-3) € O(s, k)

n/a 1 3V, 20V 2n




Table 6.5: Continued

Item AgAT

! vy )

17.4. | diag(1,...,1,-1,2,1,...,-1) 1= 20;6-1 + Ois + 117 gy — 242,
2 1 1 — 26,0, + Van

17.i. | diag(1,...,1,—1,2,1,...,—1) i s—1fj,5—1 — 2hbisflis

2 1 Vi2nVx2n

18.i. | diag(1,...,1,—-1,-1,1,...,2) 1= 20;6-1 — 2045 + 17 1 + 112,
9 1 1+0,2, — 21/3%

18.1i. | diag(1,...,1,—-1,—-1,1,...,2) is—1fbjs—1 + Histbis

2 1 —2V, 2nVx2n

19.1. diag(1,...,2,1,...,—1,—1) 1+ 85 — 202,

1 2 1 —26,20-1 — 20,20, + yﬁ%fl + VZQn
19.i. | diag(1,...,2,1,...,—1,—1) —2isfhjs

1 2 Vyon—1Vx2n-1 + VionVx 2n
20.1. diag(1,...,1,2) € O(s, k)

n/a 1 L4 0,00 — 2079,

20.11 diag(1,...,1,2) € O(s, k)

n/a 1 —2V, 2nVx2n

21.4. | diag(l,...,—2,1,...,—1,—1) 1 — 385 + 2u2,

1 2 1 —20,2n-1— 20,20 + 1/?72”_1 + I/L272n
21.4. | diag(1,...,-2,1,...,—1,—1) 2fbisfhis

1 2 Vyon—1Vr2n-1 + VionVx2n
22.4. diag(1,...,—1,1,...,2) 1 — 25; + p2,

1 1 1+ 0,2, — 21/2%

22.1 diag(1,...,—1,1,...,2) Lishjs
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Table 6.5: Continued

Item AgAT 6]

! vy )

1 1 —2V, 20V 20

234, | diag(1,...,1,2,1,...,—1) 1+ 65y — 242

1 1 1 — 26,0, + l/z%

23.i. | diag(1,...,1,2,1,...,—1) Qi

1 1 Vi2nVx2n

2/.i. diag(1,...,1,-1,2) € O(s, k)

n/a 2 1—26,00-1+ 000 + VL2,2n—1 — 21/3%
24.ii diag(1,...,1,-1,2) € O(s, k)

n/a 2 Vio2n—1VA2n—1 — 2V.2nVA2n
25.4. | diag(1,...,1,6,1,...,—1,—1) 1+ 56;5 — 612,

1 2 1= 26,001 — 20020 + V}gn_1 + Vo
25.4i. | diag(1,...,1,6,1,...,—1,—1) — 6 tislye

1 2 Vian—1Va2n—1 1+ Vi2nVa2n
26.1. diag(1,...,—1,1,...,—6) 1 — 20;5 + p2,

1 1 1 — 76,20 + 6172,

26.11 diag(1,...,—1,1,...,—6) [isttis

1 1 6V, 20V 2n

274, | diag(l,...,1,-6,1,...,—1) 1 — 76y + 62

1 1 1 — 26,2, + I/L2,2n

271 diag(1,...,1,-6,1,...,—1) 6ftisttis

1 1 V20V 2n

28.i. diag(1,...,1,6,1) € O(s, k)

n/a 2 1456, 901 — 61/3%_1 - VZQn
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Table 6.5: Continued

Item AgAT

! vy )

28.ii diag(1,...,1,6,1) € O(s, k)

n/a 2 =06V, 2n—1VA2n—1 — Vi2nVA2n
29.1. diag(1,...,—1,1,...,6) 1 — 26, + p2,

1 1 1+ 50,2, — 61/3%

29.4i diag(1,...,—1,1,...,6) Lol

1 1 —06v, 202 20

80.i. | diag(l,...,1,-1,6,1,...,1) 1= 2061+ 506 + pf gy — 613,
2 n/a € O(t, k)

30.41 diag(1,...,1,-1,6,1,...,1) i s—1Htj,s—1 — Oflisfbjs

2 n/a € O(t, k)

31.1. diag(1,...,1,—1,6) € O(s, k)

n/a 2 1 — 26,201+ 50,2, + 1/32,1,1 - 61/32n
31.ii diag(1,...,1,—1,6) € O(s, k)

n/a 2 Vi2n—1Vx2n—1 — OV, 2nV5 20
92.i. diag(1,...,1,—6) € O(s, k)

n/a 1 1 — 76,20 + 6175,

32.11 diag(1,...,1,—6) € O(s, k)

n/a 1 6V, 20V 21
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Chapter 7

Diagram Automorphisms of D, and

Two Maximal Tori of SO(2n, k) that
Can Be Used to Compute Quadratic
Elements, and Information About the

Quadratic Elements

7.1 Introductory Results

7.1.1 Preliminaries and Recollections

In this chapter, it is assumed that a torus 7' of the group G = SO(2n, k) is a maximal
(0, k)-split torus of G, where ¢ is an involution of G and K = R. In other words, it is assumed
that, firstly, 7" is a torus such that there is a ¢ € G where ¢g7'¢g~! is a group consisting of
diagonal matrices. Secondly, it is assumed that T=T"1' = {t € T|o(t) =t '}.
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-, 0 0 O

) 0 I, o I, 0 O
Notation: define J,, as J,, = and define K, , = as

-1, 0 0 0 -1, 0

0 0 0 I

0 -1,
I, O
Define an involution 6 : G — G, 6 : x — (z7)~*. The following lemma is taken from

Helgason [4, pp. 451-455].

in Helgason [4, p. 444]. Note that J, 1 = ( ) = —Jyand K| = K, ,.

Lemma 15. For any X € GL(2n,k), k = R, the involution conjugacy classes of GL(2n, k)

are as follows:
1. o(X) = (XT)7?
2. o(X) = J,(XT)"tJ !
3. o(X)=1,,X1,,
4. o(X)=J,XJ !

5. 0(X) = K,, XK,

7.1.2 The Maximal (o, k)-Split Tori Stemming from Lemma 15

It is now necessary to investigate the maximal (o, k)-split tori generated on SO(2n, k)
by these conjugacy classes of involutions, and that is done in the following proposition.
Recall that there is a one-to-one correspondence between the conjugacy classes (i.e., the

isomorphism classes) of SO(2n, k) and GL(2n, k) according to Proposition 2.

Proposition 22. The mazimal (o, k)-split tori T generated on SO(2n, k) by the conjugacy

classes of involutions in the above lemma are as follows:

1. If o(X) = (XT)™1, T = {X € SO(2n, k)| X? = I,,}
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A B
X = where D =
C D

2. If o(X) = J(XT)"LJ-L, T = {XG SO(2n, k)

AT, C=-C" B=-B"

B
3. Ifo(X)=1,,X1L,, T = {XGSO(Qn k) | X ( D)}whereA:AT,B:
—CT.D = DT
A B
4. If o(X) = J,XJ; L, T = {XGSO(Qn,k) = ( . )} where D = AT, C =
T, B——BT
( A B C DY)
5. If o(X) = K, XK,,, T = {xesoenm|x=| ¥ £ ¢4 h
. Ifo = , T = n, = where
e I J K L
\ M N O P )
A= AT B= —ET.C=1T,D=-MT,F=FI.G=—Jl H=NT K=K L—

~-0oT,p=pPT
Proof. These items will be proven in order.

1. Define an involution ¢ on SO(Qn k) such that o : X — (X7)7!. Then we need all

X € SO(2n, k) such that o(X) = X~'. On SO(2n, k), X' = XTsoo(X) = (XT)™!
(XT)T = X so we need X = X7, Then the maximal torus is T = {X € SO(2n, k)| X =
X7},

2. Now define o : X — J,(XT)'J 1t Set J,(XT)'J ! = X! = XT. Then

A B
J. XJ7b=XT Let X = ( oD ), where A, B, C, and D are all n x n blocks.
D -C AT CT
Then J, XJ, ' = —-J,XJ, = = .
-B A BT DT

D=AT C=-C"T and B=—BT.
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A B
3. Set 0 : X — I,,X1,,, where p and ¢ are arbitrary. Let X = ( o ) as before,
D

except that now A is a p x p block, B is a p x ¢ block, C'is a ¢ x p block, and D is a

A -B . AT CT
q X q block. I,,X1I,, = and we set this equal to X7 = :
-C D BT DT

That means that A = AT, D = DT, and C = —B7.
4. If we set 0: X — J,XJ 1 we get the same result as in item 2.

5. Lastly, set 0 : X — K, ,XK,,, where K,, = diag(—1,,1,,—1,,1,). Let X =

A B C D A -B C -D

EF F G H i -F F -G H
. Then by computation, K, , X K, , =

I J K L /I —-J K -—-L

M N O P -M N -O P

AT ET 1T MT
BT T Jgr NT
If we set this equal to X7 = o or v oor | then it is clear that A =
K
Dt gt [t pt
Al B=-FE'C=1""D=-M'F=F''G=—-J'H=N'K=K"L=-07,
and P = PT.

The maximality of these tori follows from the fact that all possible matrices meeting the

necessary criteria are contained within each one. Q.E.D.

7.2 Diagram Automorphisms

Now consider the following root system D,, where the black dots here and afterwards

signify fixed points in the diagram automorphism.

Lemma 16. In the root system D4 shown above, the longest element of the Weyl group with
respect to the basis, which I will call wy(0), acts on oy as follows: wo(0)(a1) = o + ag +

a3+ Qy.



Figure 7.1: The Root System D,

Proof. Let S,, be the reflection of a; to —a; Vi € {1,2,3.4}. Then
wo(0) (1) = SaySasSasSasSasSas(1). As a result,
wo(0) (1) = Sa,SasSasSas (1)

= Sy S0 50303 S, (1)

= Say S0 SasSas (a1 + a2)

= SoySasSas (a1 + ag + a3)

= SoySau (1 + g — g + a3 — g)

= SuySa, (0 + s + a3)

= Sa, (1 + g + az + ay)

= (g + ) —as+ (3 + a2) + oy

=01+ 0o+ g+ 0y

Note that S,, acts non-trivially on s instead of as.

Here is a much more general but related result to the above lemma.

Proposition 23. This proposition will prove the following results.
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Q.E.D.
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1. In the root system Dy, (or DI,) shown below,

‘-1
1 2 -2
O ()
N
14
Figure 7.2: The Root System DI, (or Dy)
wo(0) = id since there are no black dots. That means the diagram automorphism

0 = —id.

2. In the root system DIII, shown below,

wo(0) = Say 0S4y ©...0 84, 5 084,. That means the diagram automorphism 0 =
[5*]

— H Sasiir | © Sa,, where the multiplication is understood as the composition of
i=0

functions, which is the group action on the automorphism group, and [ | denotes the

“ceiling” function which sends any real number £ to the next integer greater than or

equal to &.

3. In the root system DIII, shown below,
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(-1
1 2 3 (-2
® O o
l
Figure 7.3: The Root System DIII,
l
O
»
1 -1
o O o Q—Q»)
Figure 7.4: The Root System DIII,
] )
wo(f) = H Sasiea | S0 that the diagram automorphism 0 = —0" - Sz
i=0 =0

4. In the root system DI, shown below,

wo(0) = —id on the black dots and wy(0) = id on all of the white dots except for s. On

—id, [ even , , .
s, wo(f) = ¢ odd where "¢ 1s the automorphism which permutes ay_1 and
—e, )

ay and leaves the others fixed” [1, p. 257]. So the diagram automorphism 6 = —wg(6).

Proof. There are no fixed points, denoted by black dots, for wy(f) to act on and 6* = id

here, since it is not present. Therefore, the diagram automorphism 6 = —id o 6* o wy(0) =
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Figure 7.5: The Root System DI,

—id.
None of the fixed points are adjacent, so wg(#) = S,,0S4,0...0S,, ,05,,. Therefore,

° Qy—3
£=4
2

the diagram automorphism § = — H Sazier | © Say-
i=0

For the same reason as in case 2, wo(#) = Say © Say © ... 0 S4,_,
[]

H Sasiea | > since 0% is not trivial in this case.
=0

so § = —6* .

On every fixed point (denoted by black dots), wy(f) = —id and on the white dots

. —id, / even .
except for s, wy(f) = id. On ay, wo(f) = ' odd [1, p. 257]. So the diagram
—é, 0

automorphism 6 = —id o 6* o wg(0) = —wg(h). Q.E.D.

7.3 Maximal Tori in the Case p = 1 (mod 4), in the
Other Cases k-Anisotropic Tori

7.3.1 Preliminary Results and Definitions

Definition 10. A torus T is "k-split” if the minimum polynomial of its elements factors
completely over k. (That would imply that these minimum polynomials have the same number
of roots in k as their degree.) On the other hand, a torus T is "k-anisotropic” if the minimum

polynomial of each of its elements has no roots in k at all.

This next lemma will simplify the proof of Proposition 24.
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a b
Lemma 17. T =
-b a

SO(2,k) iff =1 € k*2. If =1 ¢ k*? then T is a k-anisotropic torus of SO(2, k).

a2+ =1Vi=1,2,... ,n} 18 @ maximal k-split torus of

a b c d
Proof. Let A= , O = be elements of T'. Then
—b a —d ¢

ac—bd ad+ be
AC = =CA
—bc —ad ac—bd

and det(CA) = (ac — bd)? + (ad + be)? = a*c® — 2abed + b*d* + ad® + 2abed + b*c? =
A(a® +b*) + d*(a®* + b*) =+ d* =1 so AC = CA € T. That means that T is a torus.

—b
Further, det(A) = 1 so T has the same dimention as SO(2, k), and AT = ( Z ), SO

2+ 0% —ab+ab
that AAT = [ © T 2 Lo A €S0, k).
—ab+ab a®+?
. . . la—=XA b
The minimum polynomial of A is ) N A2 —2a) + (a? +b?). Therefore, the
— a —_—

eigenvalues are

2a + V4a? — 4a? — 4b?

5 =a+by-1
That means that T is a k-split torus of SO(2, k) (where n = 1) iff —1 € k*2. It is clear that
if —1 ¢ k** then T is a k-anisotropic torus of SO(2, k). Q.E.D.
7.3.2 The First Torus
Proposition 24. The set
( )
aq b1 Ce 0 0
—bl a ... 0 0
T= S a2+ =1Vi=1,2,...,n
0 0 a, by
0 O -b, a,
\ /
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is a mazimal k-split torus of SO(2n, k) iff —1 € k**. If —1 & k** then T is a k-anisotropic
torus of SO(2n, k).

Proof. This proof will be inductive. The case where n = 1 has been taken care of by

Lemma 17 above so assume the result is true V.n < /. Now let n = ¢/ + 1. Let A =

a by ... 0 0 cq dy ... 0 0
-b; a1 ... 0 0 —d; ¢ ... 0 0
: : : €T and let C = : o : : € T. Then
o 0 ... a, b, 0 0 ... ¢ d,
o 0 ... =b, a, 0O 0 ... —d, c,
ajc; — bidy  aidy + b1 ... 0 0
—bicy —a1dy ajep — bidy ... 0 0
AC=CA = : : : :
0 0 ceo QpC, —byd,  a,d, + byc,
0 0 ... —=byc, —and, anc, — b,d,

and det(C'A) = 1 because the determinant of the (n — 2) x (n — 2) block in the upper left is
1 by the inductive hypothesis and the determinant of the 2 x 2 block in the bottom left is 1
because it is identical to the matrices considered in Lemma 17. As in Lemma 17, this shows
that AC' = CA € T. That means that 7" is a torus.

Similarly, det(A) = 1 so T" has the same dimention as SO(2n, k), and

a2 +b? —a1by +arby ... 0 0
—arby + arby a? 4+ b3 . 0 0
AAT = z 5 z z -1,
0 0 . a + b2 —anb, + anby,
0 0 oo —apb, + anb, a? + b2

so A € SO(2n, k).
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ay — A bl c 0 0
—bl ap — Ao 0 0
The minimum polynomial of A is equal to : : : : . By
0 0 Qp — A bn
0 0 b, a,— A
the properties of determinants,
a; — A by ... 00 1 0 ... 0 0
0 0 1 0]]0 O Ap — A b,
0 0 01 0 0 . b, a,— A
a; — A b1 . 0 0
—bl ap — Ao 0 0
Define £(\) = : : : : , which factors over k iff —1 €
0 0 v Qp_1 — A bn_1
0 0 ce —bn,1 Ap—1 — A
ap — )\ bl ... 00
a; — A bl ... 0
—bl a; — A ... 00
9 . . . —b1 a; — A ... 0
E** by the inductive hypothesis. : : Lo | = _ ‘ ' =
0 0 10
0 0 1
0 0 0 1




a] — A bl
—b1 ap — A

0 0 Ap—1 — A

0 0 —bn—1
10

01

|A = M| = £(N)
0

bn—l
Ap—1 — A
0 0
0 0
Ap — A b,

b, a,— A

= &()). Therefore,
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= EN)[N2 = 2an) + (al + 02)]

The roots of this polynomial are equal to the roots of () and a,, £ b,/—1 which are in

k iff —1 € k*. This proves the result.

7.3.3 More Useful Results

Lemma 18. All matrices of the form

ai

—b,

the form a; £ biv/—1 for all i € {1,2,...,t}.

Proof. This proof will be inductive. In the t = 1 case, the determinant of

0 0 by
(o bt c. 0
—bt ag ... 0
0 0 ay

A2 — 2a;\ + a? + b? which has roots a; & bjv/—1 as claimed.

Now assume the result is true for t = 1,2,...,n — 1. In that case, we are assuming

Q.E.D.

have eigenvalues of

ap — )\ b1
—bl a; — A
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a1—>\ 0 0 bl
0 cee Qpe1 — A b— 0
that n—1 ! has the roots a; & b;«/—1 for all 7 =
0 _bn—l an—l_A 0
—bl 0 0 al—)\
1,2,...,n— 1. Now consider the case where t = n.
al—)\ 0 0 b1
O at—)\ bt 0
0 . T . 0
—b1 0 0 CL1—/\
(IQ—)\ 0 0 bg 0
0 at—)\ bt O 0
= (a3 — \) 0 cee =by ar—X ... 0 0
—bg 0 0 CLQ—)\ 0
0 0 0 0 0 0 a; — A
0 CLQ—/\ 0 0 b2
0 0 CLt—A bt 0
_bl 0 0 —bt at—)\ 0
0 —bg 0 0 al—)\
—by 0 0 0 0 0 0
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CLQ—)\ 0 0 bQ
0 —A b 0
= [\ = 2a;\ + a? + b?] o '
0 _bt at—)\ 0
—bQ 0 0 CLQ—)\

Now, inductively, we assumed the polynomial resulting from the last matrix above has
only roots in the desired form, since it is (n — 1) x (n — 1), and the roots of the polynomial

on the left are again a; £ byv/—1. This proves the result. Q.E.D.

Lemma 19. Any matriz in SO(2n, k) can be row-reduced to Iy, by using row operations cor-
responding to matrices in SO(2n, k). Further, one can also row-reduce a matriz in SO(2n, k)
that has a block in SO(2m, k) on the main diagonal, m < n, that is otherwise diagonal and

whose diagonal entries outside of the block have the product of one.

Proof. The proof will be inductive. Let A € SO(2, k). Then by Lemma 14, A =
£V1-a? ¢ for some a € k. It follows that A= = £V1-a? ¢
—a +v1— a2 a +v/1—a2

= A", Then if one takes the first row of A, multiplies it by £v/1 — a2 and adds —a times the
second row to the first row, the first row will be the same as the first row of I,. Similarly,
one can multiply the second row by ++v/1 — a2 and add a times the first row to it to render
the second row identical to the second row of I. This corresponds to multiplying A by A1,
and these operations are both a combination of elementary row operations.

Now assume the result is true on SO(2n,k) for n € {1,2,...,m — 1}, using the same
method. Let n = m and let A € SO(2n,k). If B € SO(2n — 2, k), the result is true on B.
That means that a combination of elementary row operations takes one from B to Iy, s.
Specifically, B~! = BT so, by multiplying the first row of B by by, e.g., and adding the
second row of B multiplied by bs; to it, adding the third row of B multiplied by bs; to it,
and etc. down to adding the last row of B multiplied by bg,_2; to the first row will make the

first row the same as the first row of I, ». By the inductive hypothesis, a similar process

will work for the other rows.
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Thus, one can do the same thing to row-reduce A to I,, considering the fact that

A~t = AT since A € SO(2n, k).

aq

If one considers the matrix C' =

o O O o o

0

0

0
0
0
D
0
0

0

0 0

0 0

0 0

0 0 , D € S0(2m, k),
Qg1 0

0 0

0 Q2n—2m |

all a;j € k, and m < n, one can use a similar simultaneous row-reduction to obtain the

identity. This row reduction will correspond to the matrix

a; ... O
0 0
0 o
0 0
0 0
0 0
| 0 0

where D € SO(2m, k) and all a; € k.

0
0
0
0

o O O o o o

Qop—2m _

Q.E.D.
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7.3.4 The Second Torus

Proposition 25. For o = J;,, wheret € {1,2,...,n} and s +t = 2n, assuming —1 € k*2,
the mazimal (o, k)-split torus of SO(2n, k) can be chosen as

p

N
aq 0 0o ... b1
0 a bt 0
T = [2nf2t a12+b12:1v221,2,7t
0 _bt ar ... 0
—b1 0 0 ... aq
\ Vs

The dimension of the above torus is t.

ay . 0 c. 0 ... bl
0 Qy bt 0
PT’OOf. Let A = I2n—2t € Ta let
0 —bt Qg 0
—bl 0 0 aj
C1 ce 0 c. 0 ... dl
0 Ct dt 0
c=| + + ¢+ L, ¢ ¢ | €T Then
0 —dt Ct 0
—d1 . 0 e 0o ... C1




ajc; — bidy 0 0
0 aQiCy — btdt Cltdt + btct
AC = T2
0 —atdt — tht aiCy — btdt
—a1d1 — b1C1 0 0
T is commutative.
ap 0 0 —by
0 Q Ce —bt 0
Let B = Jp,,(A) = I o
0 bt e ay 0
b1 0 N 0 aq
inverse of A. That means that T is o-split.
The minimum polynomial of A is
a1 — Ao 0 0
0 o Ay — A bt
Lot (1 = X) :
0 Ce _bt ar — A
-b; ... 0 0
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a1d1 + blcl

0
= (CA so

ajc; — bidy

. Then AB = I,,, so B is the

a1—>\
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a1—>\ 0 0 bl
:(1_)\)2n—2t 0 at—)\ bt 0
0 e =y oar— X L 0

—bl 0 0 al—)\

By Lemma 18, the roots of the above are 1 and a; £+ b;+/—1 for all « = 1,2,...,¢t. That
means that 7" is indeed k-split.

All that is left to show is maximality of the torus 7. Given the above eigenvalues, the

corresponding eigenvectors of A are as follows: the vector z; = (0,0,...,0,1,0,...,0)T,
where only the i row is nonzero, corresponds to the eigenvalue 1V i € {t+1,t+2,...,2n—
2t} A—(a; + bi/—1) Iy, =
a1 —a; —biv/—1 ... 0 0 0 by

0 c b/ 0 0 —b; .. 0

0 0 at — a; — biv/—1 by 0 0

: : : : Ton—2t : : : :

0 0 —by coar—a;—biy/—1 0 0

0 b 0 0 —biy/—T ... 0

—b1 0 0 0 0 cee a1 —a; —biy/—1

The eigenvector y; such that (A—(a;+biv/—1)12,)y; = 0isy; = (0,...,0,/=1,0,...,0,1,
0,...,0)T where /-1 is in the i spot, 1 is in the (2n — i) spot, and the other entries are
zero. Note that in the case b; = 0 this is still an eigenvector of A.

For similar reasons, the eigenvector z; corresponding to the eigenvalue a; — bjv/—1 is
yi = (0,...,0,—/~=1,0,...,1,0,...,0)T where —/—1 is in the i*" spot, 1 is in the (2n —4)™

spot, and the other entries are zero. Thus, the matrix of eigenvectors B (the one which I
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chose to use) looks like this:

i

O)—‘OOOOOOOOﬁO
—_

o»—tooooooooﬁo
—_

_- o O O O O O o o o o ﬁ
—_
=== === ===
o O O B, o o o o ﬁ o o o
[
|
o o o = o o o o ﬁ o o o
—_
O O 0O O o O O R o o o o
o o O o O ©O — o o o o o
o O 0O O R O O o o o o o

In that case, B~'AB = diag(a, +bivV/—1,a1—bivV/—1, ..., a;+b/—1,a;—bi/—1,... a+
biv/—1,a; — by/—1,1,...,1). In SO(2n, k), only diagonal matrices commute with B~'AB,
except that the bottom-right corner can be any special orthogonal (2n—2t) x (2n—2t) matrix.
However, since the entries to the left of that block in the matrix will all be 0, by Lemma 19
that block can be row-reduced over SO(2n, k) to Io,_9. (Observe that the product of all of
the eigenvalues is one.) That means that the diagonal matrix is mazimal. That implies that
any matrix conjugate to it is maximal as well.

Let C be such a matrix, i.e., a matrix commutative with B~'AB. Then C has the block

cT ... 0 0
o 0 0 . ) . .

form C' = where D is a special orthogonal matrix of size (2n — 2t) x
0 ... Ct 0

0 ... 0D
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(2n — 2t). Then BCB™! =

%cl + %CQ e 0 0 50— 5 G
0 0 0 0 0
0 %ct_l + %ct 0 gct_l — gct 0
0 o 0 D 0 0
0 @Ct_l — @Ct 0 5Ct-1+ 3¢ 0
0 0 0 0 0
@cl — @02 o 0 0 0 301+ %02
which is of the desired form. Q.E.D.

7.4 Results Related to Quadratic Elements

7.4.1 A Preliminary Result and a Definition

c
A+d>=1anda# 1, c#1, are conjugate over SO(2,k) . Further, a+1 = e*(c+ 1) for

. ‘ —a b —c d
Proposition 26. The matrices A = and B = , where a* + b* =
b a d

some e € k.

Proof. Assume a? +0* =1 and *+d* = 1. Let A= X'I;;X and B =Y '} ;Y where

b a—+1 d c+1 ]
X = LY = , and A and B are conjugate over SO(2, k).
a+1 —b c+1 —d

Note that A and B both have a determinant of minus one, which means that they are not
in SO(2,k). Let D = | X~ Y~V2|Y|7Y¥2X-1Y. Then D € SO(2,k) C O(2,k) because its
determinant is one and D"'AD = YleXfllLlXXle = Y*1]171Y = B.

So A is conjugate to B over SO(2, k), since there is the matrix D € SO(2, k) such that
D™ 'AD = B. That means D 'X'[} XD = Y 'I,,Y = [, XD = XDY 'I,;Y =
ILlXDY_1 = XDY_IIM. Thus, XDY ! is diagonal.

Let XDY ! = diag(e, f), so that XD = diag(e, f)Y. Since D € O(2,k), DT = D7! so
XXT = XDDTXT = diag(e, f)Y - (Y diag(e, f))" = diag(e, f)Y - YT diag(e, f) so diag(b* +
(a+1)% 0% + (a +1)%) = diag(e?[d* + (¢ + 1)%], f2[(c + 1)? + d?%]).
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Since b + (a+1)2 = b* +a®> +2a+ 1 = 2(a+ 1), €2[d* + (¢ + 1)?] = 2¢*(c + 1), and
2l(c+1)2+d?]) = 2f?(c+1), one obtains diag(2(a+1),2(a+1)) = diag(2e*(c+1), 2f%(c+1)).
Thus, a + 1 = €*(c+ 1) = f?(c + 1) which proves the result. Q.E.D.

Definition 11. The set of “quadratic elements” of a mazximal (o, k)-split torus T are the
a € T such that o Inn(a) is an involution of the group G. Quadratic elements are also called

“k-inner elements.”

7.4.2 The Big Result on Quadratic Elements

Proposition 27. All the quadratic elements (or k-inner elements) for SO(2n, k) are conju-

—ay by ... 0 O 0
by a ... 0 O 0
gate to Ju over SO(2n, k) with A = : S : , and where ¥ i €
0 0 —a; by 0
0 0 by 0
0 0 0 0 IDppo

{1,2,...,t}, a2+ b2 =1 and a; # —1.

Proof. By Proposition 24 a maximal (o, k)-split torus (to which the others are conjugate) is

( 3\
aq 0 0 ... bl
0 Q¢ bt 0
T = ot Doy P a?+b=1vi=12,...,t
0 —bt ag ... 0
L —b1 0 0 ... aq J

Therefore, if E' € T', the quadratic elements are of the form J;, ,Jp = Ji, ,g. Let B = I, F =



a ... 0
0 a;
0 b
by ... O

IQn—Qt

by

0
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. Assume that Vi € {1,2,...t}, a; # —1.

B has eigenvalues of 1 and -1 with multiplicities of 2n — ¢t and ¢, respectively. The

corresponding matrix of eigenvectors is S below:

Thus, S™'BS = st

Let A =

1
0

o O o o o o

by

a1+1

by

0
0
0

by

a1

0
0
0

0
1

o O O o o o

by
0

0 00
0 00

00
1 00
0 10
0 01
0 00
0 00
2o 000
© 00
0 00
0 00
0 0
0 0
b 0
a 0
OIanZt

0 =% 0 0
00 ZH 0
0 : :
0 0 0 p
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 1
0

0 0 1 0
0 1 0 0

. Then A can be diagonalized as well. It

also has eigenvalues of 1 and -1 with the same multiplicities as B (2n —t and ¢, respectively).
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The matrix of eigenvectors of A is R below:

20 0 00 0o 1 0 0

10 0 00 0 =2 0 0

0 2 ... 0 00 0 0 1 0

0 1 0 00 0 0 2 0
00 0 :

R=]1 0 0 2 000 0 0 0 1
0 0 1 00 0 0 0 =
0 0 0 10 0 0 0 0
0 0 0 01 0 0 0 0
0 0 0 00 0 0 0 0
0 0 0 00 1 0 0 0

Thus, R'AR = I,,.

As a result, ST'BS = RAR = I,, so RS'BSR™ = A= (SR')"'B(SR™) = A.
(SR~ = (SR™)" and det(SR™) = 1iff ¢ is even, that is, iff I,;, € SO(2n, k), so the
result has been proven by Theorem 2. Q.E.D.
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7.4.3 How to Use the Big Result on Quadratic Elements

Proposition 28. The matrices A =

dy

0
0
0

dy

C1

0
0
0

0 O 0

0 O 0
—Ct dt 0

dt Ct 0

0 0 12n72t

by

by

ai

0 0
0 0
by 0
Ay 0
0 Ipp—o

and

, where it is assumed that all a? +0? = 2 +d? = 1

and all a; # —1 and all ¢; # —1, are conjugate over SO(2n, k) iff diag(a;+1,as+1, ..., a;+1)

is congruent to diag(cy + 1,co +1,..., ¢+ 1).

Proof. A is the same as it was in the previous proposition, so it still has eigenvalues +1 and

matrix of eigenvectors

s 0
1 0
0 ot
0 1
0 0
0 0
0 0
0 0
0 0
0 0

o O O O

bt

ar+1

o O O O

SO O O = O O O o o o o

o O = O O O o o o o o

_ o O O O O o o o o o

o o O o o O

o O O O

—by
at+1

o O O
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Similarly, B has the same eigenvalues with the same multiplicities and a matrix of eigenvec-

tors
P 0 00 0 1 0 0
10 0 00 0 =& 0 0
0 & 0 00 0 0 1 0
0 1 0 00 0 0 Z% 0
00 0 :
S=1 0 0 4000 0 0 0 1
0 0 1 00 0 0 0 —d
0 0 0 10 0 0 0 ... 0
0 0 0 01 0 0 0 0
0 0 0 00 0 0 0 0
0 0 0 00 1 0 0 0

Thus, R7'AR = S7'BS = I,;. Consequently, A= RI,;R~" and B = SI,;S™".

Assume A and B are conjugate over SO(2n, k). My claim is that diag(a;+1, as+1, ..., a;+
1) is congruent to diag(c; + 1,0+ 1,...,¢ 4+ 1). Given my assumption, 3 C' € SO(2n, k) >
CAC~! = B. Then C’RIS,tR*1C’*1 = Sl&tS*l which implies that S*IC’RISJ = ]S7t5*10R
A 0
0 A,

A 0 AT 0 A 0
Thus, CR = S so RRT = RTCTCR = ! sTs .
0 A, 0 AT 0 A,

AT 0
Hence diag(a; + 1,a0+1,...,a,+1,1,1,...,L,a1 + L,as + 1,...,a; +1)7' = ( ! )

so STICR = ( >, where Ay is t x t and Ay is (2n —t) X (2n —t).

0 AT
A 0

0 A
plies the desired result, since it means diag(a; + 1,as +1,...,a, +1,1,1,...,1,a; + 1,a0 +

diag(cl+1,02+1,...,ct+1,1,1,...,1,01+1,02—|—1,...,ct+1)_1( ) which im-

ATY 0
... a+1) = ( S - )diag(cl—l—l,cg—l—l,...,ct—l—l,l,l,...,1,cl+1,02+1,...,ct+1)
2
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(A7)t 0
0 (AN
are also congruent to each other.

> . That means that the t x ¢t upper-left blocks of the diagonal matrices

Now assume that diag(a;+1, as+1, ..., a;+1) is congruent to diag(c;+1, co+1, ..., ¢;+1)
over SO(2n, k). Then diag(a; + 1,a0+1,...,a, +1,1,1,..., ;a1 + L,as + 1,...,a; + 1) is
congruent to diag(c1+1, co+1, ..., c+1,1,1,... 1, c3+1, co+1, ..., ¢+1) via a block diagonal

Ly 0
! . ) , where L € SO(2n, k), Ly istxt, and Ly is (2n—t)x (2n—t). In other
0 L

words, LTRTRL = STS. Let M = RLS™'. Then M'AM = SL'R'RI,,R"'RLS™! =
SL'I,,LS' = SI,,5°' = B. Q.E.D.

matrix L = <
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Appendix A
Extraneous Results

This proposition is true, but I didn’t need it for anything.

Proposition 29. A sequence in Q, that is bounded both above and below has a limit superior

and a limit inferior.

Proof. Let ® = {¢1, ¢o, ...} be a bounded sequence in Q, that is bounded above and below.
Then there are real numbers ¢ and € such that, Vi € N, § < |¢;|, < e. Now, the p-norm
gives discrete values for the norms of points in @Q,, so there can only be a finite number of
p-norm values that come from the terms ¢; of the sequence ®. By the pigeonhole principle,
that means at least one of the values p* of the norm, where k € Z and § < p* < ¢, must be
repeated an infinite number of times.

If there is only one norm value p* such that for an infinite number of ¢;, |¢], = p*,
then any o € Q, such that |a|, = p* will be both the limit superior and the limit inferior
of the terms of ®. (That means that the limit of the norm of the terms of ® exists, and
tlﬁz:bo |9elp = P*)

Otherwise, let p** and p*? be two distinct p-norm values of the terms of ® such that for
an infinite number of 7, j € N, |¢;|, = p** and |¢;|, = p™. Assume without loss of generality
that p* < p*2, that p*? is the biggest such infinitely repeated p-norm value, and that p*! is
the smallest such infinitely repeated p-norm value. Then lzm ¢, = p* and lzm o, = ph

The reason is that there can only be a finite number of gbz Wlth a bigger norm value than



132

p*2 and there can only be a finite number of ¢; with a smaller norm value than p*', by my

assumptions at the top of this paragraph. Q.E.D.

I think the lemma below is redundant with Classification Lemma 2.

Lemma 20. Let A = € GL(2,k), let k = Q, and let N,, be a nonsquare of k. Then

a b a c

c d] b d] N ac+bd c + d?
diag(1, N,)). Then a® + b* =1 = b = +v/1 —a? and ¢® + d*> = N,,, which is always possible
if —1 € Q;z but might not be otherwise. However, in the other case, N, could be picked so

¢
it cannot be true that AAT = diag(1, N,).

a? +b* ac+bd

Proof. Assume otherwise, i.e., assume AAT =

that it is the sum of two squares. Suppose for the sake of argument that that has been done.

Then d = +/N, — ¢, so

ac+bd =0

actV1—a*/N,—2=0

ac=FV1—a%\/N, — 2
/N, —c2
Since N, is not a square, ¢ # 0. Assume a # £1. Then \/1Cia2 =F Né’ SO 1f22 =

Mo g0 —1+ iy =M o L M 2 - N (1—a?). But @+ d? = N, so

1—a? c? 1—a? c?

N, — Nya* + d*> = N, = d* = N,a? or (d/a)* = N,, which is a paradox because N, is not a

square.
Now assume @ = £1. Then b = 0 and ac = Fv1 —a?/N, — ¢ = 0 implies ¢ = 0 so
d? = N,, but again, that is a paradox. Q.E.D.

These two guys might be useful in computing examples of fixed-point groups over Q,,.
Lemma 21. If v is a square over Z, then v # 2 (mod 4).

Proof. If any number is congruent to two modulo four, then it is even but not divisible by
four. Therefore, its prime factorization contains an odd power of two, so it cannot be a

perfect square over Z. Q.E.D.



133

Lemma 22. In Q3, —1 and —3 are not the sums of two squares.

oo o0

Proof. Generally speaking, —1 = Z(p —1)p" and —p = Z(p —1)p". Assume the desired

1=0 =1

result is not true for —1. Therefore, by Corollary 2, if 3% +9? = —1, then 3 = Z b;2" and

. i=0
v = Z ;2"

Tlggn B2+ % = b2 + 2 + (2boby + 2coc1)p + (2boby + b2 + 2coco + 2)p? + (2093 + 2b1by +
2coc3 + 2¢1¢9)p + ... By Corollary 1, p is not the sum of two squares, and if p — 1 were a
square then that would not be the case. So p — 1 is not a square, not only in this case, but
in Q, (p =3 (mod 4)).

Therefore if b3 +c2 = p—1, by # 0 and ¢y # 0. That can sometimes happen, and it
happens if p = 3, e.g., let by = co = 1. So consider p = 3. In the second term, one can set
by = 1 and ¢; = 0 so consider the third term. 2bgby + b% + 2¢cpco + cf = 2by + 2¢0 + 1 = 2,
which has no solution over Z. If instead one sets 2by +2co +1 = 2+2¢, ¢ € N, there is still no
solution because the righthand-side is even and the lefthand-side is odd. That is a paradox.
However, if by = 2 and ¢y = 1, then b2 + ¢2 = 5 = 2+ 3, so the 3 can be added to the next
term. But that also causes a paradox, because then 1 + 2byb; + 2coc; = 2 + 2¢ and again
one side of the equation is odd and the other is even. No other combination of by = 1,2 and

co = 1,2 can get the first term to be 2, so that proves the result. The case 5% + % = —3 is
similar. Q.E.D.

The last result below is redundant with (in fact, is superseded by) Fixed-Point Compu-

tation Lemma 7, which comes from Scharlau.

Fixed-Point Group Computation Lemma 9. For sufficiently large m € N, 23 + ... +

22 =p, 22+ ...+ 22 = —1, and 22 + ... + 22, = —p have solutions in Q,, where p =

m =

3 (mod 4). One can always select m = p to obtain a solution for each equation.

Proof. There’s not much to the first one. f m =plet x; = +1Vie {1,2,3,...,m—1,m}.
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o0

In Q,, —1= Z(p —1)p'. Let z; = Zfsz Then 27 = (Z ij) = 5[2)]- + 2&0;&1p +
(2602, +§1J)p —|— (250]53] +26160;)p + . A sum of p of these terms can get what is desired.
Specifically, let m = p. ThenV j € {1,2,3, ...,m—1,m}, set §; = £1 if j < m and set
&om = 0 to get the first term. Then one is free to set each term &y; equal to one or minus one

later. For the second term, set &;; = &y; for all j < 2= L and set &,, = 1. For the third term,

there are a number of ffj terms whose sum is equal to ’%. Then set &; = &o; if j < ”73

and set &; = 0 if j < m otherwise to get the third term. (Observe that if p = 3, ’%3 =0.)
Note that no selection has been made for &s,,,.

One continues in this vein to get —1. In the fourth term, based on the selections already
m—1

made, we have (Z 250153,) 1 —I— Eom. (Recall &, = 0, so the top index of the sum is

=1

m—1
-9
m — 1, not m.) So if p # 3, one must solve <Z 2501’5&') + Som = pT This leaves one
i=1
with many options, such as setting &; = 0V i € {1,2,.. — 1} and settmg Som = 557,
p=7
5

U‘

which is necessary if p = 7. Or, one could have £31 = &y, and the other &3; = 0, so &, =

There are many more such options too, depending on what p is.
m—1
To get the fourth term if p = 3, one must solve Z 2£0i€3; | + & = 2, and that is just
i=1
as easy. The following terms are similar (indeed, note that no selection has been made for

&3m), and since there are an infinite number of them they have been left to the reader. This
process works, and inductively it goes on ad infinitum.
Lastly, in Q,, —p = Z(p — 1)p". One can obtain a sum of p squares to equal this

i=1
series in the exact same way as was done in the previous equation. Just start with terms
o

= Z &jpi instead of x; = Z{ijpi and one has it. Q.E.D.

i=1 =0



