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Chapter 1

Background

1.1 The Stone-Cech Compactification

A general knowledge of topology is assumed. A topological space X is said to be compact if every
open cover of X has a finite subcover. Any subspace of a compact Hausdorff space is closed iff it
is compact. A compactification of a topological space X is an ordered pair (K, f) such that K is a
compact Hausdorff space and f: X — K is a dense embedding of X into K.

If A C X, we will often use A to denote the closure of A in X. One exception will be in cases
where there may be some ambiguity as to what space the closure is being taken in. For example,
if we also have Y C X, we may write Cly(A) to indicate the closure of A is being taken in the
subspace topology of Y.

It is natural to ask what topological spaces have compactifications. A Tychonoff space is a T}
space X that is completely regular, that is, for any closed FF C X and x ¢ F, there is a continuous
function f : X — I (where I denotes the unit interval [0, 1]) such that f(z) =0 and f(F)=1. In
this case f is said to separate x from F.

A collection {fx|A € A} of functions fy : X — X is said to separate points from closed sets if
whenever F' C X is closed and = ¢ X, there exists A € A such that fy(z) ¢ fa(F). A well known
property of such a collection is that we then have an embedding of X into the product space IIycp X
(given by the evaluation map e : X — Il ycp X defined by [e(z)]x = fa(2)).

It follows that any Tychonoff space can be embedded into a cube, i.e., a product of unit intervals.

The following theorem is a well known equivalent of the axiom of choice:
Theorem 1.1.1. (Tychonoff) A nonempty product space is compact iff each factor space is compact.

(Proofs can be found in both [5] and [9]). As a consequence, if X is a Tychonoff space consider

the embedding of X in a cube. The closure of this embedding is a compact space with (an embedded
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copy of) X as a dense subspace, hence it is a compactification of X. Thus any Tychonoff space has

a compactification. The converse is true as well (and can also be found in [9]):
Theorem 1.1.2. A topological space X has a compactification iff X is a Tychonoff space.

The compactification of X described above is well-known as the the Stone-Cech compactification
and is commonly denoted S5X. The Stone-Cech remainder of X, 85X \ X, is commonly denoted by
X*. The Stone-Cech compactification is the ”largest” compactification of X in the sense that any
bounded, continuous function f : X — R can be continuously extended to all of 8X (i.e., X is
C*-embedded in 3X). In fact, any continuous map f: X — K (where K is any compact Hausdorff
space) has a unique continuous extension to all of 3X. Such an extension is generally denoted Sf;
it’s restriction to X* is sometimes denoted f*.

If X is also locally compact (every point in X has a neighborhood base consisting of compact
sets), then X has the additional nice property that X is open in 8X. This is implied by the

following proposition taken from [9]:

Proposition 1.1.3. In a locally compact Hausdorff space, the intersection of an open set with
a closed set is locally compact. Conversely, a locally compact subset of a Hausdorff space is the

intersection of an open set and a closed set.

Proof. Let X be locally compact and T5. If X is open in X and a € A, then a has a compact
neighborhood K contained in A, and K is then a compact neighborhood of a in A, so A is locally
compact. If B is closed in X and b € B, then b has a compact neighborhood K in X and KNBisa
compact neighborhood of b in B, so B is locally compact. Hence, open subsets and closed subsets of
X are locally compact. But the intersection of two locally compact subsets of X is locally compact
o, in particular, the intersection of an open set with a closed set in X is locally compact.

Conversely, suppose Y is Hausdorff and X is a locally compact subset of Y. It will suffice to
show X is open in Cly (X). Let z € X and find a neighborhood U of z in X such that Clx(U) is
compact, by local compactness. Say U = X NV where V is open in Y. Then

Cly(XNV)NX =Cly(U)NX = Clx(U)

and the latter is compact. Thus Cly (X N V) N X is closed in Y. But it contains X NV and
thus Cly (X NV); ie, Cly (X NV)NX D Cly(X NV). But then Cly (X NV) C X, and hence
Cly (X)NV C X. Thus Cly(X)NV is a neighborhood of = in Cly (X) which is contained in X, so
X is open in Cly (X). O

Corollary 1.1.4. A dense subset of a compact Hausdorff space is locally compact iff it is open.
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Proof. Let X be a compact Hausdorff space with a dense subset D. First suppose D is locally
compact. We then know D = G N F for some G open in X and F closed in X. Since F is a closed
set containing D, we must have F' = X. Therefore D = GN X = G is open.

Now suppose D is open. It is well known that any Hausdorff space is locally compact iff each point
in the space has a compact neighborhood, so given d € D, we must find a compact neighborhood
of d in D. Since X is a normal Hausdorff space, there is a neighborhood U of d in D such that
Clx(U) C D, and hence Clx (U) is the required neighborhood. O

It follows that X is open in X iff X is locally compact. Because of this nice property, all spaces
will be assumed to be locally compact Hausdorff spaces.

There are many additional unique properties of X, but first we need some definitions.

Definition 1.1.5. Z C X is a zero-set if Z = f~1(0) for some continuous real valued function f

on X.

It’s clear that every zero-set is closed. If X is a metric space, then we also have that every closed
set is a zero-set: Suppose F' is a closed subset of a metric space X. Define D : X — R by setting

D(z) as the distance from x to F. Then D~1(0) = F.

Definition 1.1.6. A z-filter on X is a filter whose elements are zero-sets of X. A z-ultrafilter

is a maximal z-filter.

Definition 1.1.7. A prime z-filter u is a filter with the property that whenever Zy and Zs are
zero-sets such that Z1 U Zy € u, then either Z1 € u or Zy € u.

It should be noted that any z-ultrafilter is prime.

Definition 1.1.8. A family F of subsets of X is said to have the finite intersection property if any

finite subcollection of F' has nonempty intersection

A well known property of such families of sets is that they can always be extended to ultrafilters.
This follows from a direct application of Zorn’s lemma.
The following theorem is proven in [1] and describes some unique properties of the Stone-Cech

Compactification of X:

Theorem 1.1.9. Suppose X is dense in a compact space K. The following statements are equivalent:
1. Every continuous mapping from X into any compact space Y has an extension to a continuous
mapping from K into Y .
2. X is C*-embedded in K.

8. Any two disjoint zero-sets in X have disjoint closures in K.
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4. For any two zero-sets Z1 and Zy in X,
Clg(Z1NZy) =ClgZy N Clg Zs.

5. Distinct z-ultrafilters on X have distinct limits in K

6. K is homeomorphic to BX.

It will be convenient to have a nice base for SX. For any open U C X, define Fx U =
BX\Clagx (X \U). It is evident that Ex U is the largest open set in X whose intersection with X
equals U. The following proposition and proof were inspired by [3]:

Proposition 1.1.10. The set {Ex U|U is open in X} forms a base for X.

Proof. Let x € X and let U C X be an open neighborhood of z. We need to find V €
{Exz U|U is open in X} such that z € V C U.

Since $X is a normal Hausdorff space, there is an open G C (X containing x such that
Clgx(G) CU. Set @ =GNX and let V =FEz G'.

It’sclear that z € V. If y € V = Ex G' = X \Clgx (X \G’), then y ¢ Clgx (X \G’). Therefore,
we must have y € Clgx(G') = Clgx(GNX) C Clgx(G) CU. Hence x € V C U. O

An alternate construction of SX using z-ultrafilters is given in [8]. Briefly: Define X as the set
of all z-ultrafilters on X. A base for the closed sets of 5X is then given by the family of sets of the
form W(Z) = {u € BX|Z € u}, where Z is any zero-set in X. We will often consider points in X*
as z-ultrafilters on X.

A nice property of this construction is that a z-ultrafilter u on X consists exactly of those closed

subsets of X that have u € fX as a limit point.

Definition 1.1.11. A continuous map f : X — Y is a compact map if f~*(y) is compact for

everyy € Y. If f is also closed, then f is said to be perfect.
The following theorem and proof come from [8]:

Theorem 1.1.12. If X and Y are Tychonoff spaces, then the following are equivalent for a map
f:X-=>Y:

1. f is perfect.

2. If u is an ultrafilter on X and if f(u) converges to y in'Y, then u converges (necessarily to

some x € f~1(y)).
3. Bf takes growth to growth, i.e. Sf(X*) CY™*.



Chapter 1. Background 5

Proof. 1=2: Let f be perfect and u be an ultrafilter on X such that f(u) converges to y € Y.
Because f is continuous, if u converges it must converge to a point of f~1(y). If u fails to converge,
then for all # € f~1(y), there is an open neighborhood U, of x such that U, ¢ u. Since f~!(y) is
compact, it is covered by a finite subfamily {U,,}. The open set V = |JU,, does not belong to u
because u is an ultrafilter. Thus, X \ V € wu so that f(X \ V) € f(u). Because f is a closed map,
Y\ f(z\ V) is a neighborhood of y which fails to belong to f(w). This contradicts the assumption
that f(u) converges to y. Hence, u must converge.

2=>1: We first show that f has compact fibers. Let v be an ultrafilter on f~1(y) for some y € Y.
Let u be an ultrafilter on X which contains v. Then f(u) converges to y € Y. Hence, u and therefore
v converge to a point in f~!(y) and f~!(y) is compact because every ultrafilter on f~1(y) converges.

Now we show that f is closed. Let F be a closed subset of X and let v be an ultrafilter on f(F)
converging to a point y € Y. For every V € v, f(f~1(V)NF) =V N f(F) is non-empty. Hence,
the family {f~! N F|V € v} is contained in an ultrafilter u on X. Then f(u) converges to y, and
therefore u converges to a point € f~1(y). Since F is closed, z € F. Hence, y = f(z) and f(F) is
closed.

2=3: Let p € fX. Because X is dense in X, there is an ultrafilter v on X which converges p.
Continuity implies that 5f(u) = f(u) converges to a point ¢ € 8Y. If ¢ € Y, then u converges to a
point in f~1(y). Because 83X is Hausdorff, we must have p = x. Thus, the only points of 3X which
are mapped to points of Y are the points of X.

3=-2: Suppose that u is an ultrafilter on X such that f(u) converges to y € Y. Because X is
dense in 8X, u converges to a point p € SX. Then continuity implies that 8f(u) = f(u) converges
toy € Y and that p € 3f~1(y). Since Bf sends X* into Y*, p must belong to X. O

Definition 1.1.13. A continuous map f : X — Y is monotone if f~1(y) is connected for all

yevY.
We will also need the following proposition (borrowed from [3]):

Proposition 1.1.14. Let f : X — Y be a perfect and monotone map. Then the map Bf : BX — Y

is also monotone.

Proof. Tt suffices to show that f~!(z) is connected for every z € Y*. So let z € Y* and write
Bf~1(z) as the disjoint union of two closed sets A and B. Using normality of 3X find open sets U
and V around A and B respectively, whose closures are disjoint. As the open set U U V' contains
Bf~1(z) there is an open set O in 3Y containing z such that 3f~1(0) C U U V; after shrinking U
and V a bit we may as well assume that Sf~1(0) =U U V.

The set (U U V)N X is saturated with respect to f: it equals f~1(O NY). Since f~1(y) is

connected for every y € Y and since U and V are disjoint open sets in X we see that f~1(y) is
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contained in U or V for every y € O. Therefore U N X and V' N X are saturated with respect to f
as well. We conclude that U’ = f(UNX) and V' = f(V N X) are disjoint open sets in Y'; moreover
ony =U0"uVv".

We claim that U'NV’/NO = (. To see this consider € O and assume x € U'. Let g : Y — [0,1]
be continuous such that g(z) = 1 and g(8Y \ O) C {0}. Using g we define h: Y — [—1,1] by

gly) ifyeY\V,
—g(y) iHyeY\U".

h(y) =

Observe that h is continuous and that || equals the restriction of g to Y, hence |Sh| = g. Now
h(y) = g(y) > 0 for y € U’ so that Bh(z) = g(x) = 1; on the other hand h(y) = —g(y) for y € V’,
hence Bh(y) <0 for all y € V/. We see that z ¢ V'.

Assume for example that z € V/. Now V CVNX C B3f~1(V’), because VN X = f~1(V'). But
then B C VN Bf~1(z) =0. It follows that 3f~1(2) is connected. O

A continuum is a compact, connected Hausdorff space. Much of this paper will be regarding con-
tinua. It is well known that continuous images of compact/connected spaces are compact/connected,
respectively. In general, it is not true that continuous images of Hausdorff spaces are Hausdorff.
However, since all spaces to be considered here will be Hausdorff, for our purposes we can assume
continuous images of continua to be continua.

We will also have occasion to use Tietze’s extension theorem:

Theorem 1.1.15. X is normal iff whenever A is a closed subset of X and f : A — R is continuous,

there is an extension of f to all of X.

A proof can be found in [9].

1.2 Hyperreals

The hyperreals are an extension of the real numbers which include both infinitesimals and infinitely
large numbers; they form the foundation for what is known as non-standard analysis. Their first
construction in 1961 by Abraham Robinson (see [7]) resolved a centuries old debate regarding the
application of infinitesimals in analysis. A brief overview of this debate is given in [2].

We will be primarily interested only in the ordering and algebraic properties of the hyperreals,
rather than their applications in non-standard analysis. The following construction of the hyperreals

has been taken from [2]
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We'll use R“ to denote the set of sequences of real numbers. Let v be a nonprincipal ultrafilter
on w (=the set of natural numbers). Define an equivalence relation on R as follows. If r = {r,}

and s = {s, } are any two sequences of real numbers, we’ll write r = s iff {n|r, = s, } € u.
Proposition 1.2.1. = is an equivalence relation on R*.

Proof. Tt’s clear that = is reflexive and symmetric. To see that it’s transitive, suppose r,s,t € R¥
with 7 = s and s =t. Then {n|r, =t,} D {n|r, = sp,} N{n|s, =t,}. Since {n|r, = sp} N {n|s, =

t,} € u, we have {n|r, =t,} € u, hence r = t. O

If r € R¥, we’ll denote the equivalence class of r under = by [r]. We'll denote the set of
equivalence classes of R¥ by *R.

Define an order < on *R by setting [r] < [s] iff {n|r, < s,} € u. This is well-defined: If
[r] <[s] and r" € [r], s’ € [s], then {n|r], < s/} D {n|r, =7} N{n|s, = s} N {n|r, <s,}. Since
{n|r, = ri} 0 {n|s, = s} N{n|r, < sp} € u, we have {n|r], < s/} € u. We'll write [r] < [s] iff
[r] < [s] and [r] # [s] (equivalently, [r] < [s] < {n|r, < sn} € u).

Proposition 1.2.2. < is a linear order on *R.

Proof. The proof that < is transitive is routine and similar to the proofs already presented.
To see that < is linear, pick any [r], [s] €* R. Note that {n|r, < s,}U{n|s, <r,} =w € u. Since
u is prime, either {n|r, < s,} € u or {n|s, < r,} u, i.e., either [r] < [s] or [s] < [r], respectively.

If we have [r] < [s] and [s] < [r], then {n|r, < s,} N{n|s, < r,} = {n|r, = sn} € u, hence

[r] = Is]. a
Define two binary operations + and x on *R as follows. For any [r], [s] €* R, set [r]+[s] = [r+s],
where r + s is the sequence (r + s),, = 7, + 8, V1 € w. Set [r] x [s] = [rs], where rs is the sequence

(rs)n = rnsy, ¥n € w.

+ is well-defined: If v/ € [r], s’ € [s], then {n|r], + s, = rn + sn} 2 {n|r, = rn} N{n|s, = sn}.
Since {n|r], = r,}N{n|s,, = s,} € u, we must have {n|r),+s,, = r,+s,} € u, hence [r+s| = [r'+5].
A similar argument demonstrates that x is well-defined.

Let [0] and [1] denote the sequences that are constantly 0 and 1, respectively.
Theorem 1.2.3. The structure (*R, +, x, <) is an ordered field with zero [0] and unity [1].
The following sketch of a proof is taken from [2].

Proof. The proof that *R is a integral domain with zero [0] and unity [1] is routine and similar to

arguments already presented.
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If [r] € *R, it’s easy to check that the additive inverse of [r] is —[r] = [—r] (where, of course,
(=7)p = —rp Vn € w).
The multiplicative inverse of [r] € *R ([r] # [0]) is the sequence [s] € *R defined by

% if r,, #£ 0,
Sp = "
0 ifr,=0
Since {n|r, # 0} € u, we have {n|r,s, = 1} € u, hence [r] x [s] = [1].

We’ve shown that *R is a field. To show that *R is an ordered field, set P = {[r] € *R | [r] > [0]}.
We need to show that for any [r],[s] € P:

1L [r]+[s]eP

2. [r] x[s]eP

3. —[r]¢ P

We'll prove 2 (the others are similar).

We have {n|r,s, > 0} D {n|r, > 0} N {n|s, > 0}. Since {n|r,, > 0} N{n|s, > 0} € u, we have
{n|rnsn > 0} € u, and hence [r] x [s] € P. O

R is embedded in *R: Each a € R corresponds directly with the equivalence class of the constant
sequence {a,}, a, = a Vn € w. It’s easy to check that the order and algebraic structure on this
embedded copy of R are isomorphic to the usual structure on R.

Define an absolute value on R by setting |[r]| = [|r|], where |r| is the sequence defined by

rln = [rnl.
Proposition 1.2.4. (Triangle Inequality) For any [r], [s] € *R, we have |[r] + [s]| < |[r]| + |[s]|-
Proof. This follows directly from the fact that |r,, + sp| < |r,| + |sn| for all n € w. O

Definition 1.2.5. [r] € *R is said to be an infinitesimal if |[r]| < a for all positive real numbers

a.

It’s clear that 0 is an infinitesimal. To see that there is a nontrivial infinitesimal, consider the
sequence € = {¢, } defined by ¢g =1 and ¢, = % forn=1,2,3,..... If a is any positive real number,
then the set {nle, < a} is an element of u since it is cofinite. It follows that 0 < [¢] < a for all

positive real a, and therefore [¢] is a non-real infinitesimal.
Definition 1.2.6. [r] € *R is said to be an unlimited if a < |[r]| for all real numbers a.

[Q] € *R defined by Q,, = n for all n € w is unlimited: If a is any real number, the set {n|Q, > a}

is cofinite, hence it is an element of u. It follows that [Q2] > a for all real numbers a.



Chapter 1. Background 9

Denote the finite (i.e., not unlimited) elements of *R by fin(*R). fin(*R) is a subgroup of *R
under addition: If [r], [s] € fin(*R) with |[r]| < a, and |[s]| < as, then |[r]+[s]| < |[r]|+][s]] < ar+as,
so [r] + [s] € fin(*R) (it’s also clear that | — [r]] = |[r]| < ar, and so —[r] € fin(*R)).

Consider the subgroup (under addition) of fin(*R) generated by {27}, i.e., the subgroup consisting
exactly of the integral multiples of 27r. Denote this subgroup by (27) and the corresponding quotient
group by fin(*R)/(27). If r and s are sequences in the same equivalence class of fin(*R)/(27), we’ll
write r = s (mod 27).

Now denote the set of sequences on the real number interval [0, 27) by [0, 27)“, and denote the

set of equivalence classes of those sequences under = by *[0, 27).
Proposition 1.2.7. There is a bijection between fin(*R)/(27) and *[0, 2m):

Proof. Let r = {r,} be a sequence from some equivalence class in fin(*R)/(27). Because [r] is a finite
hyperreal, r is bounded on some F' € u, i.e., there is a real number a such that F' = {n| |r,| < a} € u.
By primality of u, there is some integer k such that F, = {n|27k < r, < 27(k+ 1)} € u. Define
r’ € 0,2m)* by

rn, —2nk ifn € Fy,

0 if n ¢ Fy,

It’s clear that » = 7’ (mod 27). We identify the equivalence class of r in fin(*R)/(27) with the
equivalence class of ' in *[0, 27).
This identification is well-defined: If s = (mod 27), analogous to the above there is an integer

i and a set G; = {n|2mi < s, < 27w(i + 1)} € u. Define s’ € [0,27)¥ by

sp— 2w ifne Gy,

Since ' = ¢’ (mod 27), we have {n|r], — s}, = 0} € u; in other words, ' = s’ (and thus 7’ and s’
are in the same equivalence class of *[0, 27)), hence this identification from fin(*R)/(27) to *[0, 27)
is well-defined.

We now check that this identification is a bijection. We’ll keep the same notation as above (using
r and s to represent sequences from (not necessarily equal) equivalence classes in fin(*R)/(27) and
using 7/, s’ to denote their respective corresponding sequences from equivalence classes of *[0, 27)).

The identification is one-to-one. Suppose ' and s’ are in the same equivalence class of *[0, 27).
Then ' = s, and therefore r =1’ = s’ = s (mod 27), so the identification is one-to-one.

The identification is onto: This is trivial: The equivalence class of 7 in *[0, 27) is mapped onto

by the equivalence class in fin(*R)/(27) containing r’. O
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Thus *[0, 27) inherits the group structure of fin(*R)/(27). It is easy to check that this addition
inherited by *[0,27) is the usual addition mod 2m; i.e., if [r],[s] € *[0,27), then [r] + [s] is the
equivalence class in *[0, 27) of the sequence {r, + s, (mod 2m)}.

We’ll have occasion to refer to this group again later on.

On a final note regarding the hyperreals, one might ask whether the order or algebraic structure
of *R depend on the choice of the ultrafilter u. To (partially) answer this question, we must first

mention the continuum hypothesis:

Definition 1.2.8. The Continuum Hypothesis (CH) is the assumption that 2* = w;, where
wy denotes the smallest uncountable cardinal and 2¥ denotes the cardinality of the set of binary

sequences (or, equivalently, the cardinality of R).

It is well-known that CH is independent of the standard Zermelo-Fraenkel-Choice axioms of set
theory. Under CH, the choice of the ultrafilter u is irrelevant; all constructions of *R are isomorphic

as ordered fields regardless of the choice of u. Without CH the situation is undetermined (see [2]).

1.3 Dedekind Completions

Let L be a set linearly ordered by <. We begin with a few definitions:

Definition 1.3.1. D C L is said to be dense in L if for all a,b € L with a < b, there exists d € D
such that a < d < b.

Definition 1.3.2. L is said to be complete if every nonempty subset of L bounded above has a
least upper bound. If M is a set linearly ordered by < and N is a dense subset of M, M is said to
be the completion of N if for any m € M there are ny,ne € N such that n; <m < ns.

Definition 1.3.3. A Dedekind cut in L is a pair < A, B > of nonempty, disjoint subsets of L
such that AUB = L and for alla € A and b € B, we have a < b. A Dedekind cut is a gap if A has

no largest element and B has no smallest element.

Dedekind cuts are a natural way of completing linearly ordered sets. A typical example is the
standard construction of R as the Dedekind completion of the rational numbers Q. We’ll show that

any linearly ordered set L has exactly one completion (up to isomorphism). First we need a lemma:
Lemma 1.3.4. L has at most one completion (up to isomorphism).

Proof. Suppose M and N are two completions of L.
We'll define a partial function i : M — N by setting h(l) =1 foralll € L
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Let X be the set of gaps in L. Define f : M\ L — X and g: N\ L — X by f(m) =< A, B >
and g(n) =< A,, B, >, where 4,, ={l € L]l <m}, B,, ={l € Lim <1}, A, = {l € L|l <n}, and
B, ={l € Lin < 1}. All four of these sets are nonempty (by the definition of completion).

We'll show that the map f is a bijection. Suppose m,m’ € M \ L with m # m’. Without loss of
generality, m < m/. Since L is dense in M, there is [ € L such that m <1 < m/. Then A,, # A,
and B, # By, implying f(m) # f(m'), and hence f is one-to-one.

Now let < A, B > X. A is a nonempty set bounded above (by any element of B), so it has a
least upper bound m € M. Since A does not have a largest element, m ¢ A and so we have a < m
for all @ € A. Since every element of B is an upper bound for A, we have m < b for all b € B.
Since B does not have a smallest element, we have m < b for all b € B. It follows that m ¢ L and
f(m) =< A, B >. Therefore, f is onto.

Similarly, g is a bijection.

Extend h to all of M by setting h = g=to f on M \ L. We know h is a bijection; we need to
show it preserves the orders <;; and <y on M and N, respectively.

h is the identity on L, so it preserves the order on L. If l € L and m € M \ L with [ < m, then
l € A = Ap@m), and so h(l) =1 < h(m). Similarly, if we had [ > m then h(l) > h(m).

Finally, suppose m,m’ € M \ L with m < m/. By density, there is | € L such that m <l <m’.
We then have h(m) < h(l) < h(m’), and we’re done. O

Theorem 1.3.5. Any set L linearly ordered by < has a completion.

The following proof is taken directly from [4].

Proof. For a € L, let a = {b € L|b < a}. The Dedekind cut < a, L\ a@ > will be denoted by S,. Let
X be the set of all gaps in L. Finally, let C = {S,]a € L} U X. Thus C contains all Dedekind cuts
< A, B > such that A does not have a largest element or B does have a smallest element.

If < Ag,By > and < Ay, By > are Dedekind cuts such that A; is not a subset of Ag, then
Ap is an initial segment of A;. Thus we can define a linear order relation <c on C' as follows:
< Ag,By > <¢c < A1,By > iff Ay C Aq.

The function i : L — C defined by i(a) = S, is an embedding of L into C, and it is easy to see
that 4(L) is dense in C.

Now we show that the linearly ordered set (C,<¢) is complete. Consider a Dedekind cut <
X,Y >in C, where X ={< A;,B; > i€ I} and Y ={< D;,E; > |j € J}. Let

A=A, B'=(B:
i€l iel
Then < A", B’ > C and X <¢ < A, B’ > <¢ Y. Thus (C, <¢ is complete. It is not hard to

see that C' has a minimum iff L does, and that a minimum element of C' will necessarily be in the
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range of . The same is true for maxima. This proves that Ya € C 3b, ¢ € L such that i(b) <¢ a and
a <¢ i(c). O

This completion of L is known as the Dedekind completion of L.



Chapter 2

The Stone-Cech Compactification of the Plane

2.1 Hypercircles in IT*

Let IT denote the plane, H the closed half line of nonnegative reals, w the natural numbers, and C'
the circle R mod 27, all with the usual topologies. Points in II will typically be denoted in polar
coordinates: IT = {(r,0)|r > 0,0 € C}. Identify H as a subset of IT by H = {(r,0)|r > 0, § = 0}.
We will denote the Stone-Cech compactification of a Tychonoff space X by X and its remainder
by X*. Similarly, if X is a Tychonoff space, K a compact Hausdorff space, and f : X — K is
continuous, we will denote the Stone-Cech extension of f by ff : 3X — K.
7 : II — H will denote the standard norm map. If X C II, we will denote the restriction of 7 to

X by 7x.
Definition 2.1.1. Any f C1II such that 7y : f — H is a homeomorphism will be said to be a line.

If fis aline and » € H \ {0}, then w?l(r) = (r,0) € II for some unique 0 < 0 < 27; we set
flr) = 6. If we also set f(0) = 0, we can consider f as a function, f : H — C. Conversely, any
function f : H — C can be considered as a subset of II, since f = {(r, f(r))|r € H} C II (considering

(r, f(r)) as the polar representation of a point in the plane).

Proposition 2.1.2. Let f: H — C. As just mentioned, we can consider f C II. Then f is a line

if and only if f :H — C is continuous everywhere except possibly at zero.

Proof. First, suppose f is a line, that is, 7 : f — H is a homeomorphism. Pick z € H\ {0} and
let {z,} € H be a sequence converging to x. Note that wj?l(r) = (r, f(r)) for all » € H. Since
7r]71 is continuous, the sequence {w}l(zn)} converges to w}l(z). By the previous note, this implies
the sequence {f(zy)} converges to f(x), implying f is continuous at x. Since x was arbitrary, f is

continuous on H \ {0}.

13
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Now suppose f : H — C' is continuous (except possibly at zero). That 7y is a bijection follows
from f being a function on H. 7, inherits continuity from 7, so we need to show 71';1 is continuous.

Pick x € H\ {0} and let {z,} C H be a sequence converging to x. Since f is continuous at z,
{f(z,)} converges to f(x). It follows that the sequence {w?l(xn)} = {(xn, f(x,))} converges to
(z, f(x)) = 7Tf_1(a:)7 and therefore 7r]71 is continuous at all nonzero x.

Finally, to show that 7TJ71 is continuous at 0, let {z,} C H be a sequence converging to 0. Then
the sequence {ﬂ';l(.’lin)} = {(xn, f(zn))} converges to the origin (since the first coordinate converges
to 0).

Therefore, 7rf_1 is continuous on H, and hence 7 is a homeomorphism. O

L will be used to denote the set of lines.
We now fix u € H* and (since we can consider u as a z-ultrafilter on H) define an equivalence

relation =, on L relative to w as follows: If f,g € L, we say f =, ¢ if and only if {r € H|f(r) =
g(r)} € u.

Proposition 2.1.3. =, is an equivalence relation on L.

Proof. Tt’s clear that =, is reflexive and symmetric.

To show that =, is transitive, let f,g,h € L with f =, g and g =, h. Then {r € H|f(r) =
g(r)} € wand {r € Hlg(r) = h(r)} € u, and so the intersection of these two sets is in u. The
set {r € H|f(r) = h(r)} is a closed superset of that intersection (it is closed because it is the set
(f —h)~1(0)). It follows that {r € H|f(r) = h(r)} € u implying that f =, h, hence =, is transitive

and therefore an equivalence relation. O]

Denote the set of equivalences classes of L under =, by L/u. If f € L, denote its equivalence
class by [f]u-

We now let L= = {f € L|f(r) 20Vr > 0}. If f € L™, then 0 < f(r) < 2m,¥r > 0. This will
allow us to order equivalence classes of L~ as follows:

As before, denote the set of equivalence classes of L~ under =, by L~ /u. This set of equivalence
classes admits a natural linear order <, relative to u: If f,g € L™, we say [f]. <u [g]. if and only
if {r e H|f(r) < g(r)} €u.

Proposition 2.1.4. <, is a linear order on L™ /u.

Proof. We must first show that <, is well defined. Suppose f,g € L™; [flu <u [g]u, and pick
' €lflu, 9 € lglu- We need to show {r € H|f'(r) < ¢'(r)} € u:

By definitions, the three sets {r € H|f(r) = f'(r)}, {r € Hlg(r) = ¢'(r)}, and {r € H|f(r) <
g(r)} are all in u, and so their intersection is in u. The set {r € H|f/(r) < ¢'(r)} is a closed superset
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of this intersection (closed because {r € H|f'(r) < ¢'(r)} = (¢’ — f/)~(H)), and is therefore also in
u. This shows <,, is well defined.

<, is transitive: Let f,g,h € L™ with [f], <4 [g]u and [g9]u <u [h]u. The set {r € H|f(r) <
h(r)} € u, since it’s a closed superset of {r € H|f(r) < g(r)} N {r € H|g(r) < h(r)} € u. This shows
that [flu <u [h]u-

<, is anti-symmetric: Let f,g € L™ with [f], <y [¢9]u and [g]y <y [f]u- The set {r € H|f(r) =
g(r)} € u, since it’s a closed superset of {r € H|f(r) < g(r)} N {r € H|g(r) < f(r)} € u. Therefore,
[flu =u [9lu-

<, is linear: Let f,g € L. Write H as a union of three closed sets: H = {r € H|f(r) <
gy U{r e H|f(r) = g(r)} U {r € H|g(r) < f(r)}. H € u, and so by primality of u, one of these
three sets must be in «, implying [f]. <u [9lu; [flu =u [glus OF [9)u <u [f]u, respectively. O

In the case that [f], <4 [9]. and [f]u # [glu, we will write [f]u <u [g]u-
We now turn our attention to IT* (and various subsets thereof). By Prop. 1.1.14, Br~!(u) is a

subcontinuum of IT*.

Definition 2.1.5. For any u € H*, the continuum B~ (u) will be denoted C,, and referred to as a
hypercircle. We will also set C;; = Cy, \ {u}.

By Prop. 1.1.12, II* is the disjoint union of all such hypercircles.
If f € L, we know 7y : f — H is a homeomorphism; it follows that gmy : 3f — GH is also a
homeomorphism. In particular, 8f N C, is a single point; denote this point by f(u).

Proposition 2.1.6. Suppose u € H* and x € C,. Then if F is any closed subset of H with F' € u,

we have 7~ Y(F) € x. In particular, it follows that x is a limit point of 7~ 1(F).

Proof. Considering = and v as ultrafilters on II and H, respectively, we have 7(z) = u. If F € w, it

follows that 7 ~1(F) € z. O

Definition 2.1.7. If f is any line and w € H*, f(u) will be called a linear point of C,. The set
of linear points will be denoted as L,,. If x € Cy, \ Ly, x will be called a nonlinear point. Since u

itself is a linear point (f(u) = u when f is identically zero on H), set L] = L, \ {u}.

Proposition 2.1.8. For a fixed u € H*, the map which sends the equivalence class [f], € L/u to

the linear point f(u) € L, is one-to-one.

Proof. I [f], € L/u, we already know f(u) is a single point in L,. We need to show this map is
well defined, i.e., if ' € [f]., we need to show f(u) = f'(u):
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Since {r € H|f(r) = f'(r)} € u, there is a net {z\} C {r € H|f(r) = f/'(r)} converging to
u. The nets {(zx, f(zx))} and {(zx, f'(z1))} converge to f(u) and f’(u), respectively. However,
{(ox, (o)} = {(@r, (@)}, and so f(u) = f(w).

Now suppose f,g € L with f(u) = g(u). We need to show [f], = [g]u:

f(u) € Clgn(f) N Clgn(g) = Clgn(f N g), and hence there is a net {xy} C f N g converging
to f(u). The net {m(zx)} C 7(f Ng) converges to 7(f(u)) = u. Note that m(f N g) is the closed
set {r € H|f(r) = g(r)}; since there is a net inside of this closed set converging to u, we have

{r €e H|f(r) = g(r)} € u, and therefore [f], = [g]s, completing the proof. O
Corollary 2.1.9. The same map establishes a one-to-one correspondence between L;, and L~ /u.

Proof. Suppose z € L;,. We need to show there is a ¢ € L™ such that g(u) = z.

Let f € L with f(u) = x. We know f~1(0) ¢ u (otherwise, f(u) = u, a contradiction), so 3Z € u
such that f=1(0) N Z = (. Define gz : Z — (0,27) by gz(r) = f(r) Vr € Z.

Since Z is a closed subset of the (normal) space H\ {0}, and since (0, 27) is homeomorphic to R,
we can use Tietze’s extension theorem to extend gz continuously to ¢’ : H \ {0} — (0,27). Finally,
extend ¢’ to g : H — C by setting g(0) = 0. Then g € L~ and g(u) = x since g and f agree on
Z € u. O

Because of this one-to-one correspondence, L, inherits the linear order from L~ /u; we will
continue to use <,, for this inherited linear order on L, : For any f(u), g(u) € L, we have f(u) <,
g(w) if and only if [f], <4 [g]u-

This linear order on L,, defines a topology on L, which we will denote by 7.,. For the moment
we will denote the basic open intervals of L, by using standard interval notation: (a,b) = {z €
L |a <y x <y b}.

We will now show that the topology 7., on L, is the same as the topology that L, inherits

from BII. First we need a definition, lemma, and corollary:

Definition 2.1.10. For any interval I C H and 0 < € < 7, the polar rectangle {(r,0)|r € I, —e <
0 < e} CII will be denoted by R(I;¢).

Lemma 2.1.11. Let U C 1I be open with U NH # 0. If (a,b) is a component of U NH, then there
is a continuous function f:H — [0,7/2) such that

1. (r,f(r)) € U Vr € (a,b),

2. f(r)>0Vr € (a,b), and

3. f(r) =0 elsewhere.
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Proof. Let Iy = [ag,bo] = [(2a + b)/3, (a + 2b)/3] (the closed middle third of (a,b)), and, more

generally, for n € w set I, = [an, by] = [a + %, b— f;%] Note that (J,,c,, In = (a,b) and that for

all n € w we have I, C I, ;1.

For each x € I, pick an open interval J, C H and an open polar rectangle R, = R(J,;€,) such
that © € R, C U. {Ry|z € I} is an open cover of the compact set I;, so we can take a finite
subcover Ry, ..., Ry, . Set ¢9 = [min{ey,,..., €, }]. Note that I1 C R([a1,b1];90) C U; label this
polar rectangle R;.

Proceed by induction: Having constructed ¢,, so that 0 < ¢, < 7/2and I, 11 C R([an+1,bn+1]; dn) C
U, construct ¢,11 as follows:

As before, cover I,,;o with open polar rectangles: for each = € I,,;2, take an open interval
Jr € H and R, = R(J,;€,) so that x € R, C U. Since I, 42 is compact, we can take a finite
subcover Ry, ,...,Ry, . Now set ¢pi1 = [min{dn/2,€s,,..., €, }]- As before, note that I,,1o C
R([an+2,bnra]; dnt1) C U; label this rectangle Ry, 4o.

Note that the sequence {¢,} is decreasing and bounded below by zero, so it converges to some
oo € H.

Now define gg : Io — (0,7/2) by go(r) = ¢o/2 ¥r € Iy, which is clearly continuous.

Again, proceed by induction: Having constructed g, : I, — (0,7/2), we will construct a contin-

uous function gp41 : Iny1 — (0,7/2) so that g,41 extends gp:

gn(r) if r eI,
In+1(1) = € dpy1/2 if r € [ant1,a’ UV, bpta],

connected linearly elsewhere.

(where o', b’ are fixed arbitrary points in (an11,an), (bn, bnt1), respectively).

Now define g : (a,b) — (0,7/2) by setting g = U,,c,, 9n- ¢ is continuous on (a,b), and since
lim, .+ g(r) = lim,_,- g(r) = ¢, /2, we can continuously extend g to the closed interval [a,b] by
setting g(a) = g(b) = ¢.,/2.

Finally, define f : H — [0,7/2) by

g(r)_¢w/2 ifre[mb],

0 elsewhere.

fr) =

f is clearly continuous. Since the sequence {¢,,} is strictly decreasing, for all r € (a,b) we have
f(r) =g(r) — ¢, /2 > 0; elsewhere f(r)=0.

Finally, if r € (a,b), pick the smallest n € w \ {0} such that r € I,,. Then 0 < f(r) < g,(r) <
On-1/2 < ¢n_1, therefore (r, f(r)) € R, C U, completing the proof. O
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Corollary 2.1.12. Let U C 1II be open with U NH # (. Then there is a continuous function
f:H—[0,7/2) such that

1. If r e UNH, then (r, f(r)) € U and f(r) > 0.

2. f(r) =0 elsewhere.

Proof. U intersects H in at most countably many disjoint intervals; order these intervals by w:
{In}new-

For each I,,, apply Lemma 2.1.11 to construct f, : H — [0,7/2) such that:

1. (r, fu(r)) e U Vr € I,

2. fu(r)>0Vrel,, and

3. fn(r) = 0 elsewhere

Define f' : H — [0,7/2) by f'(r) = Zpewfn(r) Vr € H (this is clearly convergent since for any
r € H, we have that f,(r) # 0 for at most one n € w).

For any r € H, let d(r) denote the distance from r to the set H \ U; it’s clear that this is a
continuous function on H. Now define f : H — [0,7/2) by f(r) = min{f’'(r),d(r)} Vr € H.

It’s clear that f satisfies properties 1. and 2. stated in the Corollary. It’s also clear that f
continuous on U NH (since both f’ and d are continuous on U NH and Vr € H, f(r) = M —
If/(T)z—d(T)l)_

We need to show that f is continuous on H \ U, so pick an arbitrary ro € H\ U. Given € > 0,
pick § = e. Then if |r — rg| < 0, we have |f(r) — f(ro)| = [f(r)] < |d(r)] < |r—19] < § =€, and

we're done. O

Proposition 2.1.13. The topology 7, on L, is the same as the topology that L, inherits from
GII.

Proof. Denote the usual topology on BII by 7. For any X C II, denote the closure of X in II by X.

Suppose (a,b) € 7. We will construct U such that U N L, = (a,b):

Let fo,f» € L™ such that f,(u) = a and fp(u) = b. Set U = {(r,0) € II|fo(r) < 6 < fu(r)}
(without loss of generality, assume f,(0) = f;(0) = 0, so that the origin is not in U’), and define
U= Ex U = BII\ Clgn(IT\ U").

Let ¢ € (a,b). Pick f. € L™ such that f.(u) =c. Then A ={r € H: fo(r) < fo(r) < fo(r)} € u,
so there is a net {x,} C A converging to u. Note that the net {wjicl (zx)} C U’ converges to ¢, hence

c is a limit point of U”.

Now suppose ¢ is also a limit point of IT\ U’, so of course ¢ is a limit point of IT'\ U’ as well. Since
U’ and 1T\ U’ are both zero-sets in II, we have ¢ € Clgn[U’] N Clgn[I1\ U'] = Clgn[U’ N1\ U],
and so ¢ is a limit point of U’ NIT\ U’. But U’ NII\ U’ is the boundary of U’, which is contained in
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fa U fp. Therefore, ¢ is a limit point of f, U f,. However, the only limit points of f, U f; contained
in L, are a and b, which contradicts the fact that c is strictly between a and b.

Therefore, ¢ is not a limit point of II'\ U’, and so ¢ € U = I\ Clgp(II\ U’).

Conversely, suppose ¢ € U N L;,. Again, pick f. € L™ such that f.(u) = c.

Suppose ¢ ¢ (a,b). Then {r € H: f,(r) < f(r) < fo(r)} ¢ u, so either {r e H: fo(r) < fo(r)} ¢
wor {r e H: f.(r) < fo(r)} ¢ u. We will consider the latter case (the former case is similar).

Since w is a prime z-filter, {r € H: f.(r) < fo(r)} ¢ w implies B = {r e H: f,(r) < f.(r)} € u.
Therefore, there is a net {z»} C B converging to u. Note that the net {7rf_c1 (xA)} CII\ U’ converges
to ¢, hence ¢ is a limit point of II \ U’. Therefore, ¢ ¢ BII \ Clgn(Il \ U’') = U, a contradiction.
Therefore ¢ € (a,b).

Therefore, U N L, = (a,b), and hence 7, C 7.

Now let U € 7 and fix € U N L, (without loss of generality, assume u ¢ U). We will construct
(a,b) € T<, such that z € (a,b) CUNL,.

Since {Ex U’'|U’ C 11 is open} is a base for 7 (by Proposition 1.1.10), without loss of generality
we can assume U = Fx U’ for some open U’ C II.

Let f, € L~ such that f,(u) = x. Considering f, C II (as in Proposition 2.1.2), we know
fe N U’ # 0 (since z is a limit point of f,).

Consider the homeomorphism F : IT — II defined by F(r,0) = (r,0 — f,(r)). Clearly the images
F(f;)=Hand F(U")NH # 0.

By Corollary 2.1.12 (and by symmetry), there are functions f* : H — [0,7/2) and f, : H —
(—m/2,0] such that:

1. If r € F(U') NH, then (r, f*(r)), (r, f«(r)) € F(U’"), f*(r) >0, and f.(r) <0,

2. f*(r) = f«(r) = 0 elsewhere.

Now define the lines f, and f;, by fu(r) = fu(r) + fo(r) = F71(f.) and fi(r) = f*(r) + fo(r) =
F=1(f*). It is then easy to check that f, and f, satisfy:

L If (r, fo(r)) €U’ N fo, then (1, fa(r)), (r, fo(r)) € U', fo(r) > fo(r), and fo(r) < fo(r),

2. fo(r) = fo(r) = fo(r) elsewhere.

Set V. ={(r,0) € I1| fo(r) < 0 < fp(r)}. Clearly V C U’, and hence Ex V C Ex U’ =U.

Let a = fy(u) and b = fp(u). Then z € (a,b) = Ex VN L, CUN L, and we are done. O

u

2.2 Hyperreals in II*

In this section we will investigate the structure of the hypercircles further and demonstrate a rela-

tionship in certain cases between the linear points L, and the hyperreals.
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We now consider C,;. If z € C; is a nonlinear point and f is a line, then by primality of the
z-ultrafilter z, either {(r,0) € I1|0 < 0 < f(r)} € z or {(r,0) € I1|f(r) < 0 < 27} € = (but not both,
by nonlinearity of ). In the former case, we’ll say "z lies below f”; in the latter, ”z lies above f”.

This allows us to define an equivalence relation ~,, on C,, in the following manner. If a € L, its
equivalence class is the singleton set {a}. If z,y € C,, are nonlinear points, define z ~,, y if and only
if {f € L|z lies above f} = {f € L|y lies above f}. It’s clear that this establishes an equivalence
relation on C,, . If z € C, denote its equivalence class by [z]~,,.

We will now define a linear order on these equivalence classes. This order will be identical to <,
on (the singleton set equivalence classes of) L,; since we are then actually extending <,,, we will
continue to use the same notation.

If [z]~, is an equivalence class of nonlinear points, a € L, with corresponding line f,, define
a <y [z]~, if and only if x lies above fg; [x]~, <y a if and only if z lies below f,.

This is well defined since if a <, [z]~., and g is another line limiting on a, we have {(r,0) €

u

lg(r) < 0 < 2r} 2 {(r,0)[fa(r) = g(r)} N{(r,0) € Mlg(r) < 0 < 2x} = {(r,0)[fa(r) = g(r)} N
{(r,0) € | fu(r) < 6 <27} € z, and so z lies above g. (The other order, [z]~, <y a, is similarly
well defined).

From the argument in the previous paragraph, it is also clear that this definition of <, is
consistent with the original definition; if a,b € L, with a <, b under the previous definition, we
still have a <, b in the current definition (i.e., b lies above f,, where f, is any line limiting on a).

Extend <, transitively: If [z].,,[y]~, are two distinct equivalence classes of nonlinear points
and a € L, then [z]., <4 a, a <y [y]~, together imply [z]~, <u [Y]~,-

This (and similar arguments) establish:

Proposition 2.2.1. This extension of <, is a linear order on the equivalence classes of C, under

Ny

Proposition 2.2.2. These equivalence classes of C,; form the Dedekind completion of L, .

Proof. It’s clear that each equivalence class of nonlinear points corresponds to a unique gap of linear
points: Each equivalence class partitions the linear points into two sets—those linear points larger
than the equivalence class, and those smaller.

We'll now show that each gap corresponds to a unique equivalence class of nonlinear points. As
usual, given a € L,,, f, will be used to denote an arbitrary line corresponding to a. If f, g are lines
with f <, g, we will use [f, g] denote the closed region of the plane defined by {(r,0)|f(r) < 6 <
9(r)}-

Let < A,B > be a gap in L,. Note that the family of closed sets {[fa, fo] N 7 1 (F)la €
A,b € B,F € u} has the finite intersection property, so it extends to a z-ultrafilter. Any such
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z-ultrafilter will be greater than all linear points in A, less than all linear points in B, and contained
in C,;. Conversely, any z-ultrafilter satisfying these three properties extends this family of closed
sets. Therefore, this gap corresponds to the unique equivalence class of z-ultrafilters in C, above

the linear points in A and below the linear points in B. O

Proposition 2.2.3. If u € H* is in the closure of a countable, discrete subset of H, then L, is

dense in C,,.

Proof. Let D denote the countable discrete subset of H. Pick x € C and an open neighborhood
U C BII of . Without loss of generality, assume U = Ex U’ for some open U’ C II.

U'na=Y(D) # 0, so the set D’ = {r € D|U' N7~ Y(r) # 0} is nonempty; in fact, D’ € u.
Construct a line f : H — C as follows: For all » € D', arbitrarily define f(r) so that (r, f(r)) € U’.
Extend f continuously to all of H in any arbitrary manner (this is possible since D’ is discrete).

Clearly f(u) ¢ Clgn(II\U’), and so f(u) € BII\ Clgn(II\U') = Ex U’ = U, hence L, is dense
in C,,. O

We can define a binary operation on L, as follows: For any a,b € L,, (with corresponding lines

fo and fy, respectively), define a + b = (f, + fp)(u).
Proposition 2.2.4. This addition is well-defined and L, is an abelian group under +.

Proof. Pick a,b € L, and corresponding lines f,, fp, respectively. Suppose f, € [falu, fi € [fo]u-
We know {r € H|f.(r) + fi(r) = fo(r) + fo(r)} € u since it is a closed superset of {r € H|f.(r) =
fa(r)} 0 {r e H|f{(r) = fo(r)} € u. Therefore, f, + f} € [fa + fo]u and hence our binary operation
is well-defined.

Clearly a + v = u+a = a for any a € L, (pick f : H — C identically zero for the line
corresponding to u), so u is the additive identity.

If a € Ly, set —a = —fq(u). It is then clear that a + (—a) = (—a) + a = u (since f, + (—f,) is
identically zero on H).

Finally, if a,b € L,,, then a +b = b+ a (since f, + fo = fo + fa)- O
Proposition 2.2.5. L, is homogeneous.

Proof. Pick arbitrary a,b € L,. We will construct a homeomorphism of L,, onto itself taking a to b.

Let f, and f;, be lines such that f,(u) = a, fp(u) = b. Define F : 11 — II by F(r,0) =
(r,0 — fo(r) + fo(r)). F is clearly a homeomorphism, and so its extension SF : SII — S1I is also a
homeomorphism.

Let ¢ € L, with corresponding line f., and let {(ry, fc(rx))} € f. be a net converging to c.
The net {F(rx, fe(ra))} = {(ra, fe(ra) = fa(ra) + fo(ra))} converges to SF(c) = BF(fe(u)) =
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(fe — fa+ fo)(u) =c—a+be L,, and so BF maps L, to L,. We need to show the restriction
BF': L, — L, is a bijection:

If £ € Ly, then BF'(x+a—b) =(zx+a—b) —a+b=u=z, and so SF’ is onto.

If x,y € L, with 8F'(x) = BF'(y), then  —a+b =y —a+b. It follows that x = y, and so SF’
is one-to-one.

Finally, BF'(a) = a — a + b = b, completing the proof O

Theorem 2.2.6. If u € H* is in the closure of a countable discrete subset of H, then L, and
fin(*R)/(2x) (i.e., the circle of finite hyperreals mod 2r) are isomorphic as groups (for some appro-

priate ultrafilter v’ on w).

Proof. Let D denote the countable discrete subset of H. It’s easy to check that the collection of sets
up = {F N D|F € u} is an ultrafilter on D.

Let f : D — w be the natural order preserving bijection. Set v’ = f(up). Then the construction
of *[0,27) using the ultrafilter v’ is clearly equivalent to the construction of L,: The sequences in
[0,27)“ correspond directly to the lines in L with their domain restricted to D € u. Since *[0, 27)
and fin(*R)/(27) are isomorphic (by Prop. 1.2.7), we have that fin(*R)/(27) is isomorphic to L,. O

2.3 A Mapping Property of Certain Subcontinua of II*

We need two final results before proving that many subcontinua of II* map onto any arbitrary

continuum of weight < ws.

Proposition 2.3.1. Let f, be the line defined by fr(r) = m for all v € H. For any a,b € L, there
is a homeomorphism G* : II* — II* such that G*(a) = u and G*(b) = fr(u).

Proof. From the proof of Prop. 2.2.5, there is a homeomorphism GF : GII — QII fixing L,, such that
BF(a) = u, so without loss of generality, we can assume a = u.

We need a homeomorphism of SII that fixes u and sends b to fr(u). Define the line fy by
fo(r) =0 for all r € H (so that fy(u) = u). From the proof of Corollary 2.1.9, there is a line f;, such
that fy(u) =band 0 < fp(r) < 2w Vr € H.

Define G : IT — II by

(r, +750) i£0<0< fy(r).
Gr,0) = J;b(((:izw)
(T‘, 2 — o (r) + 27T) if fb(?") <0 <2m

It’s routine to check that G is a homeomorphism, the important thing to note is that G
stretches/shrinks the plane (around the origin) so that the line fy is fixed, while the line f; is
taken to the line f.
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Since G preserves distances of points from the origin, if {z»} C f} is a net converging to f,(u) = b,
then the net {G(z))} C fr converges to fr(u), and so the extension SG(b) = G*(b) = fr(u).

G*(u) = u as well, and we are done. O

Proposition 2.3.2. Ifa and b are any two distinct linear points of the hypercircle C,,, then C,\{a, b}

1s disconnected.

Proof. Note that the map in Prop. 2.2.5 preserves distance from the origin on II, therefore it maps
C, homeomorphically to itself. Hence, without loss of generality, we can assume a = u.

Define fy and f3 as before in the proof of Prop. 2.3.1. Using the notation previously defined in
Prop. 2.2.2, consider the regions of the plane A = [fy, fo] and B = [fs, fo]. Clearly AU B =1I and
ANB=fyU fp.

Note that the set F' = 3fo U Bf, is closed, hence the sets U = (8A) \ F and V = (8B) \ F are
both open. It’s clear that each of these open sets have nonempty intersection with C,. But then

UncC,)u(Vnc,) =Cy,\{a,b}, and so we have disconnected C,, \ {a,b}. O

Theorem 2.3.3. Let K C II* be a non-degenerate subcontinuum. If:
1. K intersects two distinct hypercircles, or
2. K contains two distinct linear points within the same hypercircle, or
3. K C C, where uw € BH is in the closure of a countable, discrete subset of H,

then K maps onto any continuum of weight < w.

Proof. In his PhD thesis, Franco Obersnel showed that any non-degenerate subcontinuum of H*
maps onto any continuum of weight < wy, so it is sufficient to map K onto a non-degenerate
subcontinuum of H*.

If K intersects two distinct hypercircles, this is trivial since in that case f7(K) itself is a non-
degenerate subcontinuum of H*.

Suppose K contains two distinct linear points within the same hypercircle C,,. By Prop. 2.3.1,
without loss of generality we can assume the two points are u and fr(u).

Define M, N C H by M = U;.)';O[QQj,QQj'*'l], N = U;’;O[22j+1,22j+2]. By primality of u, either
M € uor N € u. Without loss of generality, suppose N € u (the other case is similar).

Define a homeomorphism h : IT — II by:

(&mrg)  if0<O<m,

h(r,0) = 2

(32=0r,0) ifmr<@<2r

Again, it is routine to check that this is homeomorphism.
Extend h to Sh : II — BII. Note that h is the identity on fr (and hence Sh(fr(u)) = fr(u)),
while on fy, h maps N onto M.
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Either Sh(u) = uw or Sh(u) # u. In the latter case, we still have Sh(u) € Clgn(fo) (since the
image of fy under Sh is still fy), implying v and Sh(u) lie on different hypercircles, and therefore
we are done (Sh(K) is now a subcontinuum of II* that intersects two distinct hypercircles).

Suppose Sh(u) = u. Since (along fy) h maps N onto M, this implies both M, N € u. Therefore,
MNN={2]j=1,2,3,..} €u.

By primality of u, either E = {27|j is an even positive integer} or O = {27]j is an odd positive integer}
is in w. Without loss of generality, assume E € u (the other case is similar).

Since fh(u) = u and h(E) = O, we have O € u. Therefore, EN O = @ € u. This is impossible,
hence we must have Bh(u) # u, and we are done with case 2.

Finally, suppose K C C, where u € SH is in the closure of a countable, discrete D C H.

K contains at most one linear point (otherwise we’re back in case 2), so without loss of generality,
assume u ¢ K. (This will allow us to use the linear order <, on (equivalence classes of) C,, ).

Pick any linear point b € C;; \ K. Then for all x € K, the equivalence class [z]~
Ve € K, [z]~,
disconnected by b and u (by Prop. 2.3.2).

Again, define fy and f, as in Prop. 2.3.1; also, [fo, fp] is defined as in Prop. 2.2.2.

For all r € D, define A, = C, N [fo, fu] (i-e., each A, is the arc of the circle C, starting at the

<y b (or

u

>, b, but without loss of generality we’ll assume the former). Otherwise K is

line fy and going counter clockwise to f).

Label the points of D by r, (n € w) in the natural way so that o < 1 < r9 < ... (we can do
this since D is countable and discrete).

Trace out a homeomorphic copy of H as follows. We'll connect the arcs A, by pieces of the lines
fo and fp:

For any closed interval [m,n] in H and any line f, let f[m,n| denote the closed segment of f
starting a distance of m from the origin and ending a distance of n from the origin.

Our copy of H will now be X = [, cp Ar] U {folren, rens1]ln € w} U{folrani1, rany2]In € w}.

Since K lies between u and b, we have K C X*. Since X* is homeomorphic to H*, K maps onto

any arbitrary continuum of weight < w;. O

2.4 Open Questions

Question 2.4.1. Can the remaining non-degenerate subcontinua of II* not covered in Theorem 2.3.3

map onto any arbitrary continuum of weight < wy ?
Question 2.4.2. If u,u’ € H*, under what conditions will C,, be homeomorphic to Cy/ ?

Question 2.4.3. Is C,, homogeneous for any/all u € H*?
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Question 2.4.4. Is L, dense in Cy if u is not in the closure of any countable discrete subset of H?

Question 2.4.5. Can the group structure on L, be extended to all of C,?
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