Abstract

BEIER, JULIE CATHERINE. Crystals for Demazure Modules of Special Linear Quan-
tum Affine Algebras. (Under the direction of Kailash C. Misra.)

Kac-Moody Lie algebras, independently discovered in the 1960’s by Victor Kac
and Robert Moody, are infinite dimensional analogs of finite dimensional semisimple
Lie algebras. Affine Lie algebras form an important class of infinite dimensional Kac-
Moody Lie algebras with numerous applications in different areas of mathematics and
physics.

Quantum groups, discovered by both Drinfeld and Jimbo in the 1980’s, are ¢-
deformations of universal enveloping algebras of symmetrizable Kac-Moody Lie alge-
bras. The quantum groups associated with affine Lie algebras are called quantum
affine algebras. For ‘¢’ generic and A a dominant weight there exists a unique (up to
isomorphism) irreducible highest weight module V() for the quantum affine algebra
U,(g). For each w € W, the Weyl group of g, there is a finite dimensional subspace
Vw(A) of V(A) called a Demazure module generated from the extremal weight vector
Uy by the positive part of U,(g).

The crystal B()) associated with V' (\) was introduced by Kashiwara and Lusztig



in the 1990’s. B(\) provides an important tool to study the combinatorics of V().
In 1993, Kashiwara showed that a suitable subset B, (\) of B(\) is the crystal for the
Demazure module V,(\).

In this thesis we give an explicit realization of the Demazure crystals B, (\) for
the special linear quantum affine Lie algebra Uq(sAl(n)) where w = w(k), k > 0, is
a suitable linear chain of Weyl group elements. This realization is given in terms of

certain combinatorial objects called extended Young diagrams.
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Chapter 1

Introduction

Symmetrizable Kac-Moody Lie algebras (cf. [9]) discovered independently by Victor
Kac [8] and Robert Moody [19] are the infinite dimensional analog of finite dimen-
sional semisimple Lie algebras. Affine Lie algebras form an important class of infinite
dimensional Kac-Moody Lie algebras with numerous applications in different areas of
mathematics and mathematical physics.

An affine Lie algebra, g, associated with an indecomposable generalized Cartan
matrix C = (a;;), 4,j € I = {0,1,...,n — 1}, can be constructed explicitly from
the finite dimensional simple Lie algebra g with Cartan matrix C = (a;;), i,j € I =
{1,2,...,n — 1}. For example, let g = si(n,C) be the simple Lie algebra of n x n
trace zero matrices. Its Cartan matrix C = (a;;), i,j € I = {1,2,...,n — 1}, is given
by @; = 2, a;; = —1 for |[j —i| = 1, and @;; = 0 otherwise. The associated affine Lie

algebra, sl(n,C), is § = sl(n,C) ® C[t,t] @ Cc & Cd where c is central and d is the
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derivation 1 ® t% with relations:
[z ® thy® tj] = [z,y] ® 4 (0)(tr(zy))diyjoc Vr,y€g i,j €L

[dyz@t] =dz®t) = <1®t <%)) (ret) =izt
lc,9] =0 Vgeg.

The Cartan matrix for g is C = (ay5), 4,7 € I = {0,1,...,n — 1}, given by a; = 2,
a;; =—1for [i—j| =1, apn-1 = —1 = a1 and a;; = 0 otherwise. Notice that C sits
inside of C.

In this thesis we will focus specifically on the affine Lie algebra g = sAl(n), which
has the triangular decomposition g = n~ @ § @ n*, where § is the Cartan subalgebra
of g. The subalgebra b = h @ n* is called the Borel subalgebra. This subalgebra plays
an important role in the construction of Demazure modules as discussed in Chapter 4.

Around 1985, Drinfeld [2] and Jimbo [6] independently introduced the quantum
group (also called quantized universal enveloping algebra) U,(g) associated with a
symmetrizable Kac-Moody Lie algebra g. These quantum groups are neither groups nor
Lie algebras. They are g-deformations of the universal enveloping algebra U(g). Lusztig
[14] showed that for generic g (¢ not a root of unity), the combinatorial properties of the
integrable representations of g remain invariant under this deformation. In particular,
the weight space dimensions, and hence the characters, of the integrable representations
of g are the same as that of U,(g).

Kashiwara [11, 12] and Lusztig [15, 16] independently introduced a basis called

“crystal basis” for the integrable representations of U,(g) and proved their existence.
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In particular, crystal basis provide a nice combinatorial tool to study invariants in the
representation space. Roughly, crystal basis can be thought of as a base at the ¢ =0
limit.

In 1990, Misra and Miwa [17] gave an explicit realization of the crystal basis for
the level one integrable highest weight representations of Uq(sAl (n)) in terms of certain
combinatorial objects called “extended Young diagrams”. This construction was gen-
eralized to arbitrary level integrable highest weight representations of Uq(sAl (n)) in [7].
An extended Young diagram can be thought of as a “colored Young diagram” with a
certain charge.

Let W =< rg,71,...,7h—1 > denote the Weyl group for g generated by the simple
reflections rg,r1,...,7,_1. For a dominant weight A € P*, let V()\) denote the inte-
grable highest weight U,(g)-module with highest weight A\. For w € W, it is known (see
[9]) that dim V' (A),x = dim V(X)) = 1. Let V(\), be spanned by u,,y. The Demazure
module V,,(\) is the finite dimensional U,(b)-submodule generated by the extremal
vector u,y. For w,w’ € W and w < w’ (Bruhat order), we have V,(A) C V,/(A).
Further we have V(\) = |J Vi, (\).

In 1993, Kashiwara [1;]6)s/¥mwed the existence of the crystal By, () for the Demazure
module V,,()\) as a subset of the crystal B(\) for the highest weight module V(). In [3],
Foda, Misra, and Okado gave an explicit realization of all Demazure crystals, B, (),
for the quantum affine Lie algebra Uq(sAl(Q)) in terms of extended Young diagrams.
In [18], Demazure crystals, B, )(Ao), were constructed in terms of extended Young
diagrams for a certain linear chain of Weyl group elements w(L) and the level one

dominant weight Ag.
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In this thesis we extend this work. In Chapter 3, we will review the concepts
of crystal base and the realization given in [17] and [7] in terms of extended Young
diagrams. Then in Chapter 4, we extended the work from [18] to give an explicit
realization of Demazure crystals, By )(A), for certain linear chains of Weyl group
elements w(L) and any dominant weight A € P in terms of extended Young diagrams.
In this process we give an explicit description for each extremal vector u,z) in terms

of these diagrams.



Chapter 2

The Special Linear Quantum Affine
Algebra

In this chapter we discuss Kac-Moody Lie algebras and their representations. After
discussing each in general, we look specifically at the realizations of the affine special

linear Lie algebra and of its associated quantum group.

2.1 Lie Algebras, Universal Enveloping Algebras
and Representations

Definition 2.1.1. A wvector space L over C is a Lie algebra if there is a bilinear

operation, called bracket, [, | : L x L — L such that:
1. [z,2] =0 forallxz € L

2. [z, [y, 2]] + [y, [z, 2] + [z, [x,y]] =0 for all z,y,z € L.  This property is called the
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Jacobi identity.

In particular, the special linear Lie algebra, denoted as sl(n,C), is the set of n x n
traceless matrices with entries in C. The bracket for sl(n, C) is the commutator bracket;

i.e. [A, B] = AB — BA. Before considering this general case, consider Example 2.1.2.

Example 2.1.2. Consider sl(2,C), the set of 2 x 2 traceless complex matrices with

the commutator bracket. The standard basis for sl(2,C) is:

and the relations are:
[E,F|=H, [H E|=2FE, [HF|=-2F

Similarly we have a standard basis for si(n,C). Let E; ; denote the n by n matrix

with a one in the (7, j)-entry and zeros elsewhere. We define the following basis vectors:
Ei=FEiiy1, Fi=E,;,, H=E;—Ei;u.

Then si(n,C) =< E;, F, Hi|i = 1,2,...,n — 1 >.
The Jacobi identity demonstrates that in general L is not associative. However,
given L we can uniquely construct an associative algebra called the universal enveloping

algebra of L. This algebra is denoted as U(L).

Definition 2.1.3. Let L be a Lie algebra. A universal enveloping algebra of L is a
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pair (U(L),1) where U(L) is an associative algebra (and hence U(L) is a Lie algebra)
andi: L — U(L) is a Lie algebra homomorphism satisfying the universal property: If
(A, j) is another such pair (i.e. A is an associative algebra and j : L — A is a Lie
algebra homomorphism) then there exists a unique associative algebra homomorphism

¢:U(L) — A such that j = ¢ oi. Pictorially:

Figure 2.1: Universal enveloping algebra

The universal enveloping algebra U(L) can be constructed as T'(L)/ <z ®@y —y ®
x — [x,y] > where T'(L) is the tensor algebra of L and < 2 @y —y @z — [z,y] > is the
ideal of T'(L) generated by elements of the form z ® y — y ® z — [z, y] for all z, y in L.
However, for a Kac-Moody Lie algebra we can realize U(L) in terms of generators and
relations. This is shown later in Proposition 2.2.3.

The following Poincare-Birkhoff-Whitt theorem, or PBW theorem, gives a basis for
U(L).

Theorem 2.1.4. [5] Let L be a Lie algebra with ordered basis {zq|oc € Q}. Let U(L)

paired with j : L — U(L) be its universal enveloping algebra. Then {j(xa,) - J(Za,)

n>0,0 <ay<...<a,q €Q}is a basis for U(L).

In particular, the map j : L — U(L) is an injective homomorphism.
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Corollary 2.1.5 illuminates how the direct sum of Lie algebras manifests in the
universal enveloping algebra.

Corollary 2.1.5. Suppose that L is the direct sum of L1 and Ly as Lie algebras (i.e.
g1 + gg,hl + h2 c L1 D Lg = L then [91 + gg,hl + hQ] = [91,h1] + [gg,hQ]). Then we

have the following natural isomorphism of associative algebras:

U(L) =2 U(L) @ U(Ly).

We now investigate the representation theory of Lie Algebras.
Definition 2.1.6. Let L be a Lie algebra over C and V' a vector space over C. Then:
1. A representation of L on V is a Lie algebra homomorphism ¢ : L — gl(V').

2. V is an L-module if there is a bilinear operation from L x V into V given by

(x,v) — z-v such that [z,y]-v=2-(y-v)—y-(z-v) forallx,y € L andv € V.

Given a representation of L on V', namely ¢, we can view V as an L-module by
x-v=¢(x)vforall x € L and v € V. Similarly if V' is an L-module we can also say
that there is a representation of L on V using ¢ : L — gl(V') defined by ¢(z)v = x - v

forallz € Land v e V.
Example 2.1.7. Let L = si(2,C) =< E,F,H > and V = C* =< vy, v, >. ThenV is

an L-module under matriz multiplication.

E-vy=Ev, = 0 F-vy=Fvy= vy H- vy =Hv, = v
E'UQZEUQZ U1 F"UQZFUQZ 0 H'UQZH’UQZ —V9
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Similarly, we can view this as a representation of L on'V by ¢ : L — gl(V') where:

¢(E)vy = 0 O(F)vy = w9 O(H)vy = vy
¢(E)U2 = U1 ¢(F)U2 =0 ¢(H)U2 = —V2y

There is a natural way to extend a representation of L to a representation of U(L).
Similarly a representation of U(L) induces a representation on L. Thus the represen-

tation theory of L is similar to that of U(L).

2.2 Affine Kac-Moody Lie Algebras

Affine Lie algebras are a generalization of finite dimensional semisimple Lie algebras.
These affine Lie algebras are constructed from generators and relations which are based

on a special matrix, called a generalized Cartan matrix (GCM).

Definition 2.2.1. Let C = (a;;) be an (n — 1) x (n — 1) matriz (indexed by I =
{1,2,...,n — 1}) with integer entries. We call C a generalized Cartan matriz if it

satisfies the following:
1. a; =2 foralli el
2. a;; <0 fori#j, 1,5 €l
3. a;;,=04ffa; =0 foralli,jel

If C satisfies the additional requirement that it is positive definite then the matrix is

called a Cartan matrix.
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If there exists a permutation ¢ of the indices of C such that

C;y O
0 Cy

C' = (ao(iyo()) =

then C is called decomposable. If no such o exists, C is called indecomposable. Since
any decomposable matrix can be realized as the direct sum of indecomposable matrices,

it suffices to consider only generalized Cartan matrices that are indecomposable.

Theorem 2.2.2. [9] Let C be an (n—1) x (n—1) indecomposable GCM. Then C belongs

to exactly one of the following categories:

Finite Type There exists a column vector 0 € Z"~" of positive integers such that CO

is a column vector of positive integers. In particular, C is positive definite.

Affine Type There exists a column vector 6 € /A of positive integers such that

CO = 0. In particular, C is semi-positive definite with corank 1.

Indefinite Type There ezists a column vector 6 € Z" " of positive integers such that

CO is a column vector of negative integers. In particular, C is negative definite.

A generalized Cartan matrix, C', is symmetrizable if there exists an invertible di-
agonal matrix, D = diag(sy, S2, ..., Sn_1), (all s; > 0) and a symmetric matrix B such
that C' = DB. All GCMs of finite and affine type are symmetrizable. Here after we
assume all GCMs to be both symmetrizible and indecomposable.

There is a correspondence between Cartan matrices and Dynkin diagrams. All of
the Dynkin diagrams are classified for symmetrizable generalized Cartan matrices of

finite and affine type (see [9]).

10
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Let C = (a;5), i, € I ={1,...,n — 1}, be a Cartan matrix (i.e. a positive definite
GCM). The triple (b, II,1I) is a realization of C if:

e I is a complex vector space of dimension n.

o IT = {oy|i € I} C b* is a basis for b*.

o Il ={a;|i € I} = {H;|i € I} C b is a basis for b.

o o;(H;) =<aj,H;,>=aq;fori,jel

We can now construct the appropriate Lie algebra. Let C be a Cartan matrix
and (b, T1,11) be a realization of C, as defined previously. Let g(C) be the Lie algebra

generated by E;, F; (i€ I ={1,...,n—1}), and h with relations:

[ [EZaF]] = 52]Hz for Z,] el

[H,H'] =0 for H,H' €4

[H,F;| = —«;(H)F; for He h,iel
o (ad(E))'s)(E;) =0fori,jel,i#]
o (ad(F,)) %) (F;)=0fori,jel,i#j

Then g(C) is a finite dimensional Lie algebra. This Lie algebra is also called the Kac-
Moody Lie algebra of finite type associated with C. The generators E; and F; (i € I) are
called the Chevalley generators, and the subalgebra § is called the Cartan subalgebra
(CSA). The rank of the Cartan matrix is called the rank of g(C).

11
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Similarly, there is a realization for generalized Cartan matrices of affine type. Let
C = (ay), i, € I ={0,1,...,n— 1}, be a generalized Cartan matrix of rank n — 1.

The triple (b, I, II) is a realization of C if:
e f) is a complex vector space with dimension n + 1.
o IT = {oy|i € I} C b is linearly independent.
o Il ={q|i € I} = {h;|i € I} C b is linearly independent.
o aj(h;) =<ay,h; >=q;; fori,jel

Again we can construct the Lie algebra associated with C using the triple (b, II, ﬁ)
as defined in the last realization. Let g(C) be the Lie algebra generated by e;, f;

(1€ 1={0,1,...,n—1}), and b with relations:

® [62', f]] = 51]h7« fori el

o [h,W]=0for h,h €
o [h,e;] = ai(h)e; for all h, ' € § (2.2)
b [h7 fl] = _al(h)fl for all h’v b S b

o (ad(e;))17%i)(e;) =0 fori,j€l,i#j
o (ad(f))t-ui)(f)=0fori,j e, i

Then g(C) is called the Kac-Moody Lie algebra of affine type associated with C. Since

C is affine, g(C) is also called an affine Lie algebra. Again the e; and f; (i € I) are

12



Chapter 2. The Special Linear Quantum Affine Algebra

called the Chevalley generators, and the subalgebra b is called the Cartan subalgebra.
Also, as before, the rank of the generalized Cartan matrix is called the rank of g(C).

Notice that the constructions are similar for the Cartan matrix and for the GCM
of affine type. It is important to note that we have chosen to label the finite type
generators with capital letters, as we did when discussing sl(n) previously, while we
are labeling the affine type generators with lower case letters. Also the affine type
Cartan matrix has size n x n with generators indexed by 0 to n — 1, while the finite
type Cartan matrix has size (n — 1) x (n — 1) with generators indexed by 1 to n — 1.

More details about this construction can be found in [9]. In fact, this same con-
struction can be carried out for any symmetrizable GCM.

For ease of notation, we simply denote g(C) as g.

Once we have the GCM associated with a Lie algebra g we can explicitly realize

the universal enveloping algebra U(g) in terms of generators and relations.

Proposition 2.2.3. [}/ The universal enveloping algebra U(g) of g with generalized
Cartan matriz C = (aij)i jer and realization (h,11,11) is the associative algebra over C

with unity generated by E;, F; (i € I) and T = span{H;} satisfying the relations:
I HH' = H'H for HH' €T
2. E;F; — F;E; = 0;;H; fori,j €1
3. HE, — E;H = ao(H)E; for HET, i €1
4. HF, — F;H = —o;(H)F; for He T, i €1

1—a;j;

5o Y (DR BT B EE = 0 fori #
k=0

)

13
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1—a;;

6. 3 (D) ETT R E =0 for i #
k=0

Recall the realization (b, 11, ﬁ) of C. The set II is the root basis and its elements
are called simple roots. Similarly, II is the co-root basis and its elements are called

simple co-roots. The root lattice and the positive root lattice are respectively defined

as:
Q = @ ZO&Z‘ and Q+ = @ ZZ()OZZ'
iel iel
There is a partial ordering, >, on @ defined by o > 3 if and only if « — 3 € Q™ for
any «, 0 € Q.

Using the Chevalley generators we can see g contains |I| copies of si(2,C). For
each i € I, let g;) = Ce; + Cf; + Ch;. Then g(;) is isomorphic to s/(2,C) with basis
{ei, fi, hi} and relations: [e;, fi] = hi, [hi, ] = 2e;, [hy, fi] = =2 ;.

The roots give a useful decomposition of g as described below.

Definition 2.2.4. Let g be a Kac-Moody Lie algebra with realization (b,11,11). For
a € h* define

9o = {9 € g|lh, gl = a(h)g for all h € B}.

Ifgo # {0} and o # 0, then « is called a root and g, is a root space. Notice that go = b.
The dimension of g, is the multiplicity of the root . The height of o = > bya; € Q
a; €11
is > |bs| and is denoted as ht(a).
i€l
Let A denote the set of roots of g. Since any root is a linear combination of

the simple roots with either all positive or all negative coefficients, the set of roots

splits into the set of positive roots, A, = AN Q", and the set of negative roots

14
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A_=AN-QF" =—A,. The Lie algebra g has a root space decomposition:

g= (EB%) @b

aEA

Further we know that g,, = Ce; and g_,, = Cf;.

Additionally there exists an automorphism 7 : g — g called the Chevalley involution
given by n(e;) = —fi, n(fi) = —e; and n(h) = —h for all h € h. Thus for all « € A,
N(8a) = §—a, mult(a) = mult(—a) and A_ = —A,.

Define the following subalgebras of g:

nt = P g

a€A;
v =P o
aEA_
Then the triangular decomposition of g is g = nt @ h @ n~. The Borel subalgebra b is
b=n"®h. Thus g = b P n. Further we see that n* is generated by the ¢;’s and n~
is generated by the f;’s.
Given a symmetrizable generalized Cartan matrix, C = DB where D =
diag{si, s2,...,8n_1} (or D = diag{so, $1,-..,5n,_1} for affine type), there is an asso-
ciated bilinear form on b.
Let C = (ay5), i,j € I ={1,...,n—1}, be a symmetrizable GCM of finite type.

Define the bilinear form (-|-) on h = span{H;|i € I} by:

(HAH) :SZ‘Oéi(H> fOI'iG[, HEh

15
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Now let C = (a;5), ¢, € I ={0,1,...n — 1}, be a symmetrizable GCM of affine

type. Define the bilinear form (:|-) on h = span{hg, hy, ..., hy_1,d} by:

(h2|h) = SiOéi(h) for ¢ S [, h € b

(hAd) = Oél(d> for ¢ el

In each case, (+|-) is a non-degenerate, invariant, symmetric, bilinear form. This
form induces a non-degenerate, invariant, symmetric, bilinear form on h* through the
vector space isomorphism v : h — bh* defined by v(h)(h') = (h|h). We use (+|-) to
denote the bilinear form on both h and h*. We also have that (o;|ay) = bij = aij/s;
for a;, a; € 11

Additionally, (-|-) can be uniquely extended to a non-degenerate, invariant, sym-

metric, bilinear form on g. This form on g has the following properties:

For a, 8 € A, g € 9o g € 85, (9,9") =0 whenever a+ 3 =0

and (62', f]) = 52‘]‘Si

Given a Kac-Moody Lie algebra g there is an associated group of reflections called
the Weyl group, denoted by W. For i € I, we define r; on h* by r;(\) = A=A(h;) ;. 7; s
called a simple reflection. The Weyl group, W, is the subgroup of Aut(h*) generated by
the set of simple reflections. Notice that r;(«;) = —a;. The Weyl group is particularly
important in Chapter 4.

Let w be any Weyl group element. Then w can be written as the product of simple

16
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reflections, i.e. w = ﬁ r;; for some positive integer ¢. w is a reduced expression if ¢ is
minimal and ¢ is thejn: talled the length of w. We let I(w) denote the length of w.

If g is a Kac-Moody Lie algebra of finite type, then all of the roots are in the Weyl
orbit of simple roots. In other words, for all & € A, there exits a w € W such that
w(a) = «; for some ¢ € I. Additionally, in this case, we have that if « is a root, k«a
is a root only if k£ is 1 or -1. Notice that this says that the multiplicity of any root is
one. However, this is not true in either the affine or indefinite case.

If g is a Kac-Moody Lie algebra that is not of finite type, we have some roots
that are Weyl conjugate to a simple root and some that are not. If a root is W-
conjugate to «y, for some i, we say it is a real root. Otherwise, it is an imaginary root.
Imaginary roots may have multiplicity greater than one. In addition, integer multiples
of imaginary roots may also be roots. The set of real roots is denoted by A" and the
set of imaginary roots as A", Notice that A = A" L1 A",

If g is of affine type, there is a root § such that 6(h) = 0 for all h € h. This
root is called the null root. The null root is imaginary. In fact in the affine case
A™ = {ké|k € Z}.

The PBW theorem tells us that U(g) also has a triangular decomposition. Namely,

Ulg)=U (g) @U@ U (g) =Um")@U(h) @ U(n")

Similar to the root lattice we define the weight lattice as:

P={)e b |\ h) € Z,h; €11}

17



Chapter 2. The Special Linear Quantum Affine Algebra

The set of dominant weights is defined as :
P* = {\ € PIA(K) € Zso}

Finally we define the coweight lattice as:

P = Homy (P, Z)

Note that h; € P by defining h;(\) = A(h;) for all i € I.

Let V be a g-module. Then, similar to the root spaces, we define weight spaces.

Definition 2.2.5. For A\ € bh*, define
Vi={veV|h-v=X\h)v for all h € b}

Vi is called the \ weight space. If V) # {0}, we call X a weight. The dimension of V)
is called the weight multiplicity of A in V' and is denoted as multy (\). We denote the

set of weights of V' as wt(V).

If V has a weight space decomposition, i.e. V = @ V), it is called a weight module.
Aeh*

If each of the weight spaces is finite dimensional, the character of V' is defined as:

ch'V = Z(dz’mVA)e’\

Aeb*

For \,u € P, we say A > pif A — p € Q1. We use this partial ordering of P
to define the set D(A). For A € P*, D(A) = {u € P|u < A\}. We say that D()) is

18
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dominated by A.

We are interested in modules from a certain category. The category O is the set of
weight modules V' over g for which there exists a finite number of elements, A1, ..., A,
such that wt(V) C D(A1) U---U D(\s). The morphisms for O are homomorphisms.
Category QO is closed under finite direct sums, finite tensor products and quotients.

Of particular interest are elements of category O called highest weight modules.

Definition 2.2.6. (c¢f. [4]) A weight module V is a highest weight module of highest
weight A € h* if there exists a nonzero vector uy € V, called a highest weight vector,
such that:

ei(un) =0 foralli el
huy = A(h)uy for all h € b
V =U(g)ux
We denote this highest weight module as V(\).

In fact, if V(A) is a highest weight module then V/(\) = U(g)vy = U~ (g)vy. Further
the dimension of V(\), is 1 and the dimension of V/(\), < oo for all p. V(A) has its

own weight space decomposition, namely:

V) =PV,

759

Example 2.2.7. Let L = sl(2,C) as in Example 2.1.2. Let V(\) be the irreducible

highest weight module of L with highest weight X € C and highest weight vector vy.
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Then X\ € Z>o and V(X) is A+ 1 dimensional with basis {v; }i—o

.....

fi(va)
Kl

vV =

Now let g again be any Kac-Moody Lie algebra. Let V' (\) be an integrable highest
weight g-module with highest weight A and highest weight vector u). For each A\ &€
h*, there exits a unique (up to isomorphism) highest weight module called a Verma
module, denoted by M (). The Verma module M (X) has the property that any highest
weight g-module is a quotient of M(\). M(A) has a unique maximal submodule, N()).
M(X)/N(A) is the irreducible highest weight module V' (\) with highest weight A. In
fact, every irreducible g-module in category O is isomorphic to M(X)/N(A) for some
A € b*.

Given a weight module V' over g, we call V integrable if all e; and f;, (i € I), are
locally nilpotent on V. We also say that a weight is integral if A(h;) € Z for all i € I.
Recall that the set of integral weights is contained in the weight lattice P. Now we can

define an important subcategory of O called O;,;.

Definition 2.2.8. [4] The category O;ns consists of integrable g-modules in the category
O such that wt(V) C P.

Note that Verma modules, although in category O, are not in O,,,;. However, each
irreducible integrable module is a highest weight module. If g is of affine type, the
integrable modules are direct sums of irreducible integrable modules.

Another important property of O;,; concerns the Weyl group. If V'€ O;,; and A is
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a weight of V', then for any Weyl element, w € W:
dim(Vy) = dim(V,,y)

From now on we use V() to refer to these irreducible highest weight modules of g

in Oint .

2.2.1 The Affine Special Linear Case

We now consider the realization of the affine special linear Lie algebra, sAl(n) Note
that this is also denoted by Af}ll. We consider the base field to be C unless otherwise
specified.

Consider the Cartan matrix C = (a;;), 4,5 € I ={0,1,...,n — 1}, with:
aii:2 for allt el

a;; =—1 foralli,j €I such that |[i —j| =1
agp—1 = —1=ap_19
0 otherwise

C is the generalized Cartan matrix for si(n). Notice we use the index set I =
{0,1,...,n— 1} for C. It is clear that C is indecomposable. Also we see that C is of
affine type with 6 = (1,1,...,1)T.

The Dynkin diagram for si (n) is:
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Figure 2.2: Dynkin diagram for s/ (n)

Now we construct the triple (f),H,fI) as previously discussed. So the root basis
is Il = {ag, a1,...,a,_1} and a;(h;) = a;; for all 4,5 € I. The coroot basis is I =
{ho,h1,...,hpn_1} CHh. g= sAl(n) can then be constructed from the generators e; and
fi (i € I) with relations 2.2. For example, [hy, es] = aa(hy)es = ajaes = —es.

Alternatively g = sl(n) can be constructed from L = si(n). Recall that L =
< E;, F;, Hz}z =1,2,...,n—1 > and is endowed with the commutator bracket. The

affine Lie algebra sl(n) is:
g=sl(n)=sl(n) ®Clt,t "] ®Cc® Cd

where c is central and d is the derivation 1 ® t%. The bracket structure on g is defined

as follows:
@ty @] = [x,y] @t + (i) (tr(zy))disjoc Yr,ye L i,je

dz@t] =dz®t) = (1@1& (%)) (rat) =ilz®t)

[c,9] =0 Vgeg
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In this realization we have the following generating elements for g:

60:F0®t 622E2®1
f0:E0®t_l fZ:Fz®1
hOZ_H0®1+C hZ:HZ(X)l

The central element is ¢ = hg+hq+. .. h,_1. The CSA, or maximal toral subalgebra,
is h = spanc{hi,dli € I'}. The simple roots then act on h as follows, a;(h;) = a;; for
i,j € I and a;(d) = d;0. Notice that the null root is 6 = g + 3 + -+ - + a,—1. Now g
is affine and has the imaginary roots A™ = {ké|k € Z}.

As before the root lattice is

Q:@Zai:Zao+Za1+~“+Zan_1

iel
and the positive root lattice is
n—1
Q+ = @ Zzooéi-
iel

Let A be the set of all roots. Again, g,, = span{e;} and g_,, = span{f;}. Additionally
we know that sAl(n) has the triangular decomposition sl (n) =nT@Hhdn~, as discussed
previously.

Notice that C is symmetric. So the invertible diagonal matrix D discussed previously

is the identity. In other words, s; = 1 for all ¢+ € I. Thus the non-degenerate, invariant,
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symmetric, bilinear form, (-|-) on b is defined by:
(hilh) = ay(h) for alli € I, h € b

(hz|d) = Oéz(d) =0 foralliel

This form is extended to a bilinear form on h*. Then (o;|o;) = a;; for all a;, a; € 1L
Extending the form further to a non-degenerate, invariant, symmetric, bilinear form

on g, we have that
For a, € A, g€ ga,d €93, (9,9) =0 whenever a« + =0

and (ei, fj) = (5@'

Denote the fundamental weights of sAl(n) by A; € b* where A;(h;) = 0, ; and A;(d) =
0, for all i,7 € I. Then P = ZAy ® ... ® ZA,,_1 ® Z0 is the weight lattice and
P+ ={X\ € P|\(h;) € Zso} C P is the set of dominant weights. The coweight lattice
is P = spanZ{hi,d‘i el} Ch.

For any dominant weight A\ we can assume, without loss of generality, that A =

n—1
>_ kil\i since V(A +16) = V(X)) @ V(I6) and dim V (10) = 1.

=0

2.3 Quantum Groups

Now we will look at the quantum group associated with g or the quantized univer-

sal enveloping algebra, U,(g), corresponding to the symmetrizable generalized Cartan
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matrix C = (a;;). Recall that C = DB, where D = diag(sg, 51, .., 5,—1) and B is
symmetric. There are many similarities between the universal enveloping algebra and
U,(g), particularly when ‘¢’ is generic (i.e. not a root of unity).

Assume ¢ to be a generic parameter that is not a root of unity (i.e. ¢* = 1 if and

only if s = 0). For each n € Z, we define the corresponding ¢-integer, [n],, as:

qn _ q—n

[n]q q— q_1

Next we define the factorial of a g-integer to be:

0]! =1 [n]! = [nl4n—1],---[1],

For every n,m € 7Z where 0 < n < m, we define the corresponding ¢-binomial coeffi-

cient, [m o as

),

Observe that as ¢ approaches 1, [n], — n, [n],! — n! and [mq — (™).

Definition 2.3.1. (c¢f. [4]) Define the quantum group U,(g) associated with the sym-

metrizable generalized Cartan matriz C to be the associative algebra over Q(q) with
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unity generated by {q*, e;, fi}i el, te P} with the following defining relations:

(i) ¢ =1,q¢'¢" =¢*" for allt,t' € P
(i) q'eiqt = q*iWe; forall te P, iel
(ii)) ' figt = q O f; forall te P, iel
(iv) eif; — fiei = 0i; <in__q]£1) i,j€l
1—a;,
0 B0 i
() 1§;j<‘1>"P:?“Ljﬁ‘““‘"fjff =0 i#j

where ¢; = ¢° and K; = ¢%".
Note that lin% U,(g) =Ul(g).
q—)

Example 2.3.2. Again consider the Lie algebra L = sl(2,C) as in Ezample 2.1.2.
U,(sl(2,C)) is the associative algebra over Q(q) with generators {e, f,q*"} and rela-

tions:

h, —h _ 2 hyg —h 2 ¢ —q"
g"e¢" =qe, q'fqg"=q"f, [af]zm-

Recall that g = Ce; + Ch; + Cf; is isomorphic to sl(2,C). Similarly, Uy(g(;) is
isomorphic to U,(sl(2,C)).

U,(g) has both root space and triangular decompositions (see [4]):

U,(g) = @(Uq)a where (U,)q ={u € Uq(g)}qhuq_h = ¢“My for all h € P}
a€eqQ

Uq(g) = Uq(n_) ® Uq(b) ® Uq(n+) = Uq(n_)Uq([_))
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U,(g) has a Hopf algebra structure (as does U(g)). Let p denote the comultiplica-

tion, € the counit, and S the antipode. The structure is defined as follows:

o p(")=q¢"®q¢" forall h e P

ple)) =e; @K, '+ 1®e; forallicl

p(fi)=fi®ol+K;® fforallie [ (2.3)
o c(¢")=1, ele;)=¢€(f;)=0forallicl, heP
[ S(qh) = q_h, 5(61) = —e,-K,-, S(fz) = —Kl_lfz for all 7 € ], h € p

As discussed in [4], the representation theory of U,(g) is similar to that of the

Kac-Moody Lie algebra g. Below we will discuss a few of the important features of

Uy()-
Let V4 be a U,(g)-module.

Definition 2.3.3.
Vi={ve Vq}qhv =™y for all h € P}
If Vit £ {0}, X is a weight of V9 and V! is a weight space. v € V) is called a weight

vector. If e;u =0 for alli € I, v is called a maximal vector.

V4, a U,y(g)-module, is a weight module if it admits a weight space decomposition.

Namely,

vi=vy.

AeP
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Theorem 2.3.4. (cf. [4]) If A\ € PT and V(X) is the irreducible highest weight U,(g)-
module with highest weight X, then as ¢ — 1, VI(A\) — VY(A) = V()), the irreducible

highest weight module V() over U(g) with highest weight \.

The category OF consists of weight modules V¢ over U,(g) with finite dimensional
weight spaces for which there exists a finite number of elements \q,..., \; € P such
that

wt(V) C D(A\)U...UD(Ag).

A weight module V?()) is a highest weight module with highest weight A € P if

there exists a nonzero vector uy € V7 such that

e;uy =0 foralli el

¢uy = Duy for all h € P

uy is still called the highest weight vector and is unique up to scalar multiple. Again
dim V9I(A)y = 1, dimV?(\), < oo for all 4 and V?(\) admits its own weight space

decomposition as a direct sum of weight spaces ,VI(\) = @@ VI(A),.
n<A

We again can define Verma modules and their maximal submodules in the same

manner as before.

q
int*

Now we define the category O

Definition 2.3.5. (¢f. [4]) The category Of,, consists of U,(g)-modules V9 satisfying

int

the following conditions:
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e V7 has a weight space decomposition VI = @ Vi, where Vil = {v € VIq"v =
AEP

Mo} and dimVy < oo for all X € P

o There exist a finite number of elements A1, ..., A\s € P such that

wt(V) € D(\) U...UD(\)

o Alle; and f;, i € I are locally nilpotent on V1
The morphisms are U,(g)-module homomorphisms.

Again we are interested in irreducible integrable highest weight modules, V4(\).

Set el(-k) = eF/[k],! and fi(k) = fi(k) /1k]g!. These are called the divided powers
of e; and f;. For the case of Uq(szl(n)), ¢; = q since s; = 1. Thus egk) = e¥/[k],! and
fi(k) = fi(k) /1k]4!. Let V(A) be an irreducible highest weight U, (g)-module with highest
weight A\. Then, by U,(sl(2))-representation theory, for any element v in the p weight

space V! = V9(\),, we can uniquely write v as

v = Z fz’(k)vk

k>0

where vy, € ker(e;) NV, . We use this to define the endomorphisms ¢é; and fi, called

the Kashiwara operators, on V() as:
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filw) =37 fE Dy,

k>0

These Kashiwara operators have great significance in later chapters.

2.3.1 The Quantum Affine Special Linear Case

Now consider this in light of the quantum affine special linear algebra, Uq(sAl(n)). Recall
Definition 2.3.1 of quantum group. Since the s; are the entries of the invertible diagonal
matrix D which symmetrizes the Cartan matrix, each s; = 1 for sAl(n) So ¢; = q and

K; = ¢". Thus in the case of Uq(sAl(n)), conditions (iv), (v) and (vi) in 2.3.1 simplify

to:
. hi _g—h; ..
(ZU) e,-fj — fje,- = 52',]' <qq_qq71 ) 1,] = 0, ]_, e, — 1
1—a;;
n —ai; 1—(],,L--—n n o__ . .
(v) ZO (D[] e e =0 i #
1—a;;
. n _aij l—aij—n n __ . .
(vi) Z_)O(—l) (o] f fifit =0 1#]

Similarly the relations for the Hopf algebra structure labeled 2.3 simplify to:

e p(")=q¢"®@¢" forallh e P

ple)) =e;@q M +1®e; forallicl

p(f)=fi@14+¢" @ f forallicl

o c(¢)=1, ele;)=¢€(f;)=0forallicl, heP
i S(qh) = q_h7 S(el) = _eiqhi7 S(fl) = _q_hifi for all 4 € Ia h e P

The representation theory discussed previously carries over with no modification

needed. For ease of notation, we supress the superscript ¢ in subsequent chapters.
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Additionally, we now only consider the cases where L = si(n) and g = si(n). The

quantum group that we consider is Uq(sAl(n)).

31



Chapter 3

Crystal Base

In this chapter we give the definition of crystal base then realize crystals for irreducible
highest weight modules of Uq(sAl (n)) in terms of combinatorial objects called extended
Young diagrams. Recall that a crystal basis can be roughly thought of as a base at the

q = 0 limit of U,(g).

3.1 Crystal Base

Let V be an integrable U,(g)-module. Recall, by U,(sl(2))-representation theory, for

each i, any v € V) can be written as v = ) fi(k)vk where fl-(k) = fF/[k],! and v, €
k>0

ker e; N Vyika,. Also recall that the Kashiwara operators are the endomorphisms é;

and f; on V defined by :

éi(v) = Z fi(’f—l)vk and f,(v) - Zfz(k+1)vk'

k>1 k>0
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Define A to be the set of rational functions without poles in Q(q). i.e.

_ 1)
A= {g(q) € Q(g)]9(0) #o}

Kashiwara [11, 13] defines a pair (L, B) to be a crystal base of the integrable U,(g)-
module V' if L is an A-lattice of V and B is a Q-base of L/qL satisfying:

o L= L, where Ly=LNVyand V =Q(q) ®4 L

AeP
e B= /\UPB,\ where By = BN (Ly/qLy) # {0}
=
e L CLand f;LCL
e &BC BU{0}and f;Bc BU{0}
e For b,b/ € B,V = f;b if and only if b = &b/

The crystal graph associated with (L, B) is a color oriented graph with B the set
of vertices and i-colored arrows defined by b 5 ¥ if and only if f,-b =V. B is called
the crystal for V.

Note that A is an integrable domain with its fraction field Q(q).

Let V(\) be an irreducible highest weight module of Uq(sAl (n)) with highest weight
vector uy. Then the crystal base (L()), B())) is given by [18]:

B\) = {fi, -+ faur mod gL(N)[1 > 0, 4y,...,45 € I}\{0}.
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B(\) can be explicitly realized in terms of some combinatorial objects called extended
Young diagrams [7]. This realization is discussed later in the chapter.
Let V(A) be a highest weight Uq(sAl(n))-module with crystal base (L(\), B()\)).
Then for b € B()), set
€;(b) = max{k > O‘éfb #0}

¢:(b) = max{k > 0|f*b # 0}

If €;(b) = 0 for all ¢ € I, then ¢&;(b) =0 for all i € I. We call such a b € B(\) a highest
weight element.

Crystal bases behave well over tensor product as seen in the following theorem.

Theorem 3.1.1. [11] Let (L;, B;) be a crystal base of an integrable U,(g)-module V;
for j=1,2. Set L=V, ®4 Vs, B={by ® bs|b; € B;}. Then (L, B) is a crystal base
of Vi @ Va where the Kashiwara operators & and f; act as follows.

(

by @ by) = €ib1 @ by ifpi(b1) > €;(b2)
\ by ® €iby ifpi(b1) < €i(by)

_ fiby @ by i fi(b i(b

by @ by) = f1®~22f¢(1)>€(2)
\ by ® fiba ifdi(b1) < €;(b2)

Now abstracting the properties of crystal base, we define a crystal as follows.

Definition 3.1.2. [10] A crystal is a set B with maps &, f; : BU{0} — BU{0} with
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the following properties for each i € I.
&0 =0= f0

For allb € B,i € I, there is ann € Zsq such that b =0 = f"b
Forallb,t € B, i € I, V = f;b if and only if b= &’

We say that a crystal B is P weighted if B = |J By and for eachi € 1,b € By the
AEP

following hold:
e;b e B)\_;_ai U {0}

f,b € B)\_az. U {0}
A(hi) = ¢i(b) — £:(b)
In the next subsection we discuss extended Young diagrams and use these to realize

B(A), the crystal for the highest weight module V().

3.2 Extended Young Diagram Realization

Extended Young diagrams are basically colored Young tableau and are associated with

a sequence rather than a partition. More formally, we have the following definition:

Definition 3.2.1. [18] An extended Young diagram, Y = (yg)k>0, i a weakly increas-
ing sequence with integer entries such that there exists some fixed 1o With Yr = Yoo for

k >>0. We call yo the charge of the extended Young diagram Y .

Example 3.2.2.
Y =(-4,-3,-1,-1,1,1,...)
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—4<-3<-1<-1<1<1... andchargey, =1

With each sequence, we associate a diagram in the following way. Draw Y in the
7, x 7 right half-plane as a diagram of connected columns where each column has
depth ;. Then truncate the diagram at the charge height and fill in boxes. A general
illustration of this process is in Figure 3.1 and a specific example follows. At this point,

since color has not yet been assigned, it is important to keep track of the charge.
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Y :(ylay%"'ayk—laykv-“)
= <y17y27 s Ye—15 Yoo Yoo - - )

I

L]
Yoo Yoo
|

Yk—1 a Truncate

Y2 f

n L]

Figure 3.1: General extended Young diagram construction

Example 3.2.3.
Y =(-4,-3,-1,-1,1,1,...)

yoo:1

Figure 3.2: Extended Young diagram construction for ¥ = (-4, -3, -1, -1,1,1,...

Denote a k-tuple of extended Young diagrams, (Y1, Ys,...,Ys), by V.
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Let |Y], called the width of Y, denote the number of boxes in the top, or widest,
row of Y. |Y| is the maximum of the |Y;| fori=1,2,... k.

We define the diagonal number of each box to be d = a + b where (a,b) is the
coordinate of either the upper-left or lower-right corner of the box. Then we color each
box with the ¢-color if d = ¢ mod n. There are n colors labeled 0,1,...,n — 1, one
corresponding to each simple root. If n > 2, we will forgo coloring the box and denote
an ¢-colored box as . Notice that the charge color will always be the color of the
top left box since this box has coordinates (0, ys,). In addition, all boxes on the same

diagonal will have the same color.

Example 3.2.4.

Y=(-2,-1,-1,1,1,...) andn =3

O (L1 (21 (31
< < g
N\ N\ A
00 N\ (3,0) 112
< < g

\\0 \\z \\V,) N 1 2

0,—1 _
( ) & P (3, —1)

7N N

(0,-2)

Figure 3.3: Extended Young diagram for Y = (—-2,—1,—1,1,1,...) and n =3

)Y )

We define the weight of Y, denoted by wt(Y'), by

n—1
wt(Y) - Acharge - Z m;ay
=0
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where m; is the number of i-colored boxes in Y. So in the previous example, the wt(Y)
is A1 — 20 — 20 — 3. The weight of a k-tuple, ), is defined as: wt(Y) = Zk: wt(Y;).

In order to describe the action of the Kashiwara operators, we define colrzriers and
i-signatures. A corner occurs in a diagram, Y = (y;)i>0, whenever vy, # yg+1. A corner
may be convex, _| , meaning that it is occupied by a box, or concave, [ , meaning that

it is empty. Now we construct i-signatures, one corresponding to each color.

Definition 3.2.5. [18] The (reduced) i-signature of a k-tuple of extended Young dia-

grams, Y = (Y1,Ys,...,Yy), is a sequence € = (g, €1, ...,Em) such that:
k
1. > #{i —corners of Y;} =m
j=1

2. Each corner, r, is assigned a pair (d(r), j(r)), where d(r) = the diagonal number

and j(r) = the index of the diagram containing the corner.

3. The corners, r;, are ordered in the following way: r < re iff (d(r1),j(r1)) >
(d(r3),7(r2)) where we define (d,j) > (d',7") iff either (i) d > d" or (ii) d = d’

and 7 < j'.

4. Fach e, =0 or 1; e, =0 if the corresponding corner is concave and €, = 1 if the

corner is convet.
5. All (0,1) pairs are recursively deleted.

Example 3.2.6. Let n = 3. Consider Y = (Y1,Ys,Y3) where Y1 = (—1,0,0,...),
Yo =(-1,0,1,1,...), and Y3 = (0,0,2,2,...). YV isin B(Ag+ A1+ As). Notice that the

diagram charges ‘agree’ with X = Ao + Ay + Ay; i.e. the charge of Y1 is 0, the charge
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of Y5 is 1 and the charage of Ys is 2. This notion of agreement between the charges of

the Y; and the weight \ will be discussed in more detail later.
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Figure 3.4: Y as in Example 3.2.6; Y € B(Ag + A1 + As)

Labeling each corner with (d, j) we have:

(1,1) (3,2) (4,3)
0 2]y, |20
(-1,1)  (0.1) |0|(12) 1

(_1; 2) (07 2) (0; 3) (2; 3)
Figure 3.5: ), as in Example 3.2.6, labeled with pairs (d, j)

The ordering defined previously gives the following order for each set of colored

corners in this example:

0 — corners : (3,2) > (0,1) > (0,2) > (0, 3)
1 —corners: (4,3) > (1,1) > (1,2)

2 —corners: (2,2) >(2,3) > (-1,1) > (—1,2)

Completing the i-signatures by assigning the appropriate 0’s and 1’s, we get:

eo(Y) =1(0,1,1,0) ~ (1,0)
e1(yY) =1(0,0,0)
e2(Y) =(1,1,0,0)

We now define the actions of the Kashiwara operators ¢; and fl on ). Let Y =
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(Y1,Ys,...,Y,) and V' = (Y{,Y5, ..., Y/) be two k-tuples of extended Young diagrams.
Then we define the actions of €;) = )’ and ﬁ-y =Y’ if and only if [18]:

e The charge of Y} is the same as the charge of Y/ for j =1,2,.. k.

o ;= (c1,...,em) and €, = (&,...,¢),) are the i-signatures of Y and Y’ respec-

rTm

tively.

e The number of reductions (or # of (0,1) pairs deleted) to achieve the signature
for ¢; and €] are the same. Additionally the index of each deletion should be the
same. In other words, if (g;,¢;11) was deleted during the reduction of ¢;, the

corresponding pair, (g7, €},,), must have been deleted during the reduction of €.

e To define ¢;(Y) = Y', Ik such that ¢, = 0 and ¢, = 1 or to define ﬁ(y) =Y,
Jk such that ¢, = 1 and ¢, = 0. In addition, for either case, the following is
satisfied:

gj=c;=1forall j <k

gj=¢;=0forall j > k.

If no such )’ exists, we define the action to be 0. If )’ does exist, the actions are

defined as follows:

e ¢;()) deletes an i-colored box of ) such that the last 1 in the i-signature becomes

al

° f,(y) adds an i-colored box to ) such that the first 0 in the ¢-signature becomes

al
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It is clear that the action of & increases the weight of ) by «; and the action of f;
decreases the weight of ) by «;.

Example 3.2.7. Let Y be defined as in the previous example. It is easy to verify that

& and f; act as follows:

éo(y): 0712720 fO(y): 071272
112 0 1
0
c0 = (0,1,0,0) ~ (0,0) o= (0,1,1,1) ~ (1,1)
é1(y):0 fl(y): 0 ) ]2 ) 2 !
0
51:(1707())
éZ(y): 071 272 0 f2(y): ) 272
0 0
ey = (1,0,0,0) e = (1,1,1,0)

Figure 3.6: Action of the Kashiwara operators on ) as in Example 3.2.6

Using the Kashiwara operators, we can construct the crystal B()\) corresponding

to the highest weight module V' (\). Say A = koAg + kA1 + ... + kp_1A,—1. Since the
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crystal is a highest weight crystal, and the ﬁ lower the weight by adding boxes, we
begin with a sequence of k = ko + k1 + ...+ k,_1 (empty) concave corners. The first
ko corners have charge 0, the next k; corners have charge 1 and so on. Next we apply

each of the f;. This repeated application creates B (N).

Example 3.2.8. Following is a partial crystal graph of B(Ag + A1) when n = 2. In
this example the zero color is white and the one color is black. The action of fo 18

indicated by a down-left arrow and the action of fi is indicated by a down-right arrow.
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We say that two extended Young diagrams, Y and Y’, are contained in each other
if they are contained as diagrams. i.e. Y C Y’ if y; > y! for all i. For k-tuples, Y C )’
ifY;CY/forj=1,2,... k

Define Y'[n] to be a shift of the diagram Y by n units. If Y = (y1,yz,...) then
Y[n] = (y1 + n,y2 +n,...). Note that for any extended Young diagram Y, Y[n] C Y
ifn>0,Y[n=Yifn=0and Y[n] DY isn <O0.

Given the need for the charge of Y; to appropriately correspond to the weight, as

disccussed in Example 3.2.6, we define the set of appropriate diagrams )(\).

Definition 3.2.9. Let A = A, + A, + ...+ A, with0 <y < ... <y <n-1
Define Y(A) ={Y = (Y1,Ya, ..., Y3)|Yi has charge ~;}.

Jimbo, Misra, Miwa and Okado used these defnitions to give an explicit realization

for all of the ) in the highest weight crystal.
Theorem 3.2.10. [7] Let B(\) be the crystal for the highest weight Uq(gl(n)) module
V(A). Then

BOA) ={Y € YW|Vi 2 Y, D ... DY, D Yy = Yi[n],

and for each j >0, 3 some 1 <i <k s.t. (Yiy1); > (Yi)j+1}

Example 3.2.11. We can use this theorem to find all possible tuples in a specific
B(X). For example, let n = 2 and A = Ao + Ay. Consider the weight space for
= X—2a0 — 2ay. Following is a table containing the potential 2-tuples of diagrams

for B(X\) with weight fi.
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Table 3.1: All possible tuples of weight A — 2ay — 2a in B(Ag + Ay)

1 7 17 v

() (rﬂ]) (;ljr) ((mm))

cwm o (m) @) (e

FL

(rm ) hE E.r (il])

((mm)

)

e Ll

Column (1) contains all diagrams of weight p that are indeed in B(\), so they satisfy
both of the conditions of Theorem 3.2.10. Column (II) contains all of the diagrams
which fail the first required containment, Y1 2 Ys. Column (III) contains diagrams
which fail the second required containment, Yo O Ys = Y1[2]. The final column, (IV),

contains all diagrams which fail the inequality condition of Theorem 3.2.10.
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Since these are all of the possible diagrams constructed from two white and two black
boxes with the charge of Y1 = 0 and the charge of Yo = 1, we see that the dimension of
V(A), is four.

Let B(A) denote the crystal for the highest weight Uq(sAl(n))-module V(A). We
define the subset B () as:

B\ ={yeBW\||Y <L}

This subset proves to be important in Chapter 4.
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Figure 3.7: Partial crystal graph of B(Ag 4+ A1) when n = 2



Chapter 4

Demazure Crystals

In this chapter we discuss Demazure modules and their corresponding crystals. Then
we present new results which provide an explicit realization of a large class of these
modules in terms of extended Young diagrams.

Recall that g can be decomposed into a Borel subalgebra and a negative piece,
g=0bdn". Let W be the Weyl group of g, W =< rg,r1,...,7,_1 >. It is known that
1 =dimV(A)y = dim V(A), for any w € W (see [9]). Since the dimension is one, let
Uy be the basis vector for V(). This vector is called the extremal vector. Then
the Demazure module associated with w is Vi, (A) = U, (b)uyn.

These Demazure modules, V,,()), are finite dimensional subspaces of V'(\). Further

they satisfy the following:

vy = VeV

weWw

Viw(A) € Vi (A) for all w < w’ (Bruhat order) , w,w’ € W

49



Chapter 4. Demazure Crystals

In 1993, Kashiwara [13] proved that the crystal for V,,(\), denoted as B, (), is a
subset of the highest weight crystal B(\) for V(). Specifically, he showed that for

w € W, there exits a subset B, (\) C B(A) such that

Vw(A) N L(A) P
LN S
where (L()A), B(\)) is the crystal base for V(\). The set B,(\) is the crystal for the
Demazure module V,(\).
Further, the Demazure crystal B, (\) has the following recursive property: If

w < r;w (Bruhat order), then
Brw(X) = {f"b|m >0, b € By()), &b =0}\{0}.

The condition that €;b = 0 can be removed from the requirements for this recursive
property.

The crystal By, (\) can be constructed in terms of exended Young diagrams using
two different methods. The first, which comes from the construction of the Demazure
module, is to find the extremal vector u,) then act on it by the é;’s. In order to use
this construction one must know the extremal vector explicitly.

The second construction is due to the recursive property mentioned above. Using
this property, we can construct the crystal using only the f;’s. Recall that for w € W,
w=r; ...T,7; is a reduced expression for some simple reflections and some m. Thus,

by the recursive property, to find B, ()\) we must act by f;, exhaustively, then by f;,

and so on.
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Chapter 4. Demazure Crystals

We define ¢ to be a concave (or empty) corner of color i. The superscript i will
be supressed when the color is understood. A k-tuple of ¢* in V() is denoted as .
Note that ® is the top tuple in the higheset weight crystal B(\) and corresponds to
the highest weight vector wuy.

We use the notation w® to mean the k-tuple of extended Young diagrams ) € V()
which corresponds to u,,y, where u,,) is the basis vector for V' (\),,. Similarly, we say

that w acting on ® creates the set of diagrams in the crystal By, ().

Example 4.0.12. Letn = 3 and A = 2Ag. Consider the Demazure crystal Bygrryre(N).
The recursive property tells us that the Demzaure crystal can be constructed by letting
fo act exhaustively on ®, then fg acting exhaustively on all existing diagrams, followed
by f1 and finally finished with fy. This construction is indicated in Figure 4.1 with
solid downward arrows.

By the construction of Demazure modules, the Demazure crystal can also be realized

by letting the €; act on the extremal element rorirorg®. It turns out that

7’07"1’/"27’0(1) =

0 0
2 2
1 1
o] [of

This construction is also indicated in Figure 4.1. The extremal element is located

wn the bottom left and the dashed upward arrows represent the action of the €;’s.
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Chapter 4. Demazure Crystals

Figure 4.1: The crystal graph for the Demazure module V; .,y (2A0) when n = 3
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i <I> " e
a4
[Il
[} l]/[ ||
Z
(FP
o

(Em

o[t |0
210 [2]0]
I
0

23
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Recall that the Weyl group is W =< rg,ry,...,r,_1 >. For j € Z, define r; = r;
when 7 = 7 mod n. The Dynkin diagram (see Figure 2.2) of g has an automorphism
which rotates the nodes. This induces an automorphism, o, on the Weyl group which
acts as follows: o(r;) = rji;.

Define w® for k € Z as follows:

0)

k
w® =1 W= Tn—kal---Tn_2Tn_1T0

We refer to Weyl group elements consisting of linear chains of simple reflections in
this order as reverse ordered. Let w(L) = w* Y. Notice that the length of w(L) is
L(n —1). We also have that the length of w(L) equals the length of o(w(L)).

Let B, (A) be the crystal for the Demazure module U, (b)u,,» where w,) is the basis
vector for V(A\),x. We use the remainder of this chapter to describe Demazure modules
of the form By, )()) in terms of extended Young diagrams.

Recall the notation conventions established in Chapter 3. Y = (V;), i € I =
{1,2,...,k}, is a k-tuple of extended Young diagrams. Each Y; = (y1,¥2, -, Ym, Yo
s Ysos - - -) Where the charge of Y] is yo..

Given Theorem 3.2.10, we realize that successive columns of an extended Young
diagram in B(A) can differ in height by no more than n — 1 boxes. This corollary is

useful later.

Corollary 4.0.13. Let Y € B(A\). Then 0 < (Y;);41 — (Yi); <n—1 for

1<i<k, j>0.

Proof.
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Notice (Y;);+1 — (Yi); < n—1if and only if (V)41 — (Yi); < n if and only if (Y;);41 <
(Y:); + n, for all 7, j. Assume there exists an 1 < ip < k and jy such that (Yj,);jo+1 >
(Y;o)jo +n.

Clearly we have the following containments:

Define Y; for all i € Z by Y; = Y, ymr = Y,[mn] where 1 < p < k.
Clearly (Y;)j+1 — (Y3); > 0, else (Y;);+1 < (Y;); which contradicts Y an extended
Young diagram.

Observe that the conditions in Theorem 3.2.10 are as follows:
(¥) YiDV2 D ... D Vi[n] & (Yip); > (Vi); Vi j

(**) For each j, 3 ij s.t. (}/;j"rl)j > (Y; )j-l—l 1< ij < k

J

Fix j = jo. Consider each of the three cases.
Case 1: 19 < i
(Yio)jor1 = (Yig)jo +n = (Yig+k)jo by assumption
> (Yigsr-1)jo = - = (Yi,41)j, by (%)
Yi; )ior1 by (%)

(
(}/ij—l)jO‘i‘l > .2 (Y;o)jo-i-l by (*)
So (Yi)jo+1 = (Yiy)jo+1, which is a contradiction.

AV \V)

Case 2: 19 = 1;
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A%

(Y;o)jo-l-l (}Qo)jo +n = (}/;o+k)jo by assumption
(}/;0+k—1>j0 2.2 (}/;j+1)jo by (*)

; (Y;'j)jo-i-l = (Y;'o)jo-i-l by (**)
So (Yig)jo+1 = (Yig)jo+1, which is a contradiction.

A%

Case 3: 19 > 1
We have assumed ( Zo)]o-i-l > (Y;o)jo +n, so (Yio)jo-i-l -—n= (Y;o—k)jo-i-l > (Y;'o)jO'

(Yio—r)jo+1 = (Yi)j, by assumption

> (Yig-1)jo = - - = (Yi;41)jo by (%)

; (Yzj)]o—i-l by (**)

Z ( '—1>J0+1 > Z (}/io—]'C)jO-i-l by (*)
>

S0 (Yig—k)jo+1 = (Yig—k)jo+1, which is a contradiction.

Therefore, (Y;)j+1 — (Yi); <n—-1 forl1<i<k, j>0. O

Recall the construction of B, z)(A) based on the construction of Demazure modules
requires knowledge of the extremal element. We can explicitly describe the extremal

element w(L)® for the case of A = kAg using the following lemma.

Lemma 4.0.14. The extremal vector w™™® in B(kAy) is Y = (Y1,Ya, ..., Y:) where
Vi (= Ln=1),~(L=Dn=1),...,~(n=1),0,0,...), i =12, .k
Proof.
Let ® = (¢1, ¢2, - . ., ¢r) with the charge of each ¢; equal to zero. Define b =n — (L —
1)(n — 1) mod n.

Let L = 1. Then b = 0. Consider w™ V& = ry .. .7, _17P.

Notice the signatures of ® are non-existent except for when ¢ = 0. Further, ¢y =

ep = (0,0,...,0) where each zero corresponds to a concave O-corner ¢;. Note that
—_——
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0 = b where b =n — (L —1)(n — 1) mod n. It is clear from eq that ro...7,_17¢® =

To...Tph—2Tn—-1 (fg@) .
Now, féﬂb = (fogbl,fogzég, . .,fogbk) and each foqﬁi = (—1,0,0,...). Notice the fol-

lowing about féffl):

oroq):fé“@:(@’@,... ,@)

e 5= (1,1,...,1) =g

—_————
k

e ¢ = (0,0,...,0) = gp11; And since r; = 7,41 does not appear in the remaining
k

chain of reflections, ry...7,_1, 1 will remain all 0’s (although the signature

length may increase).

® &y 1= (0,0,,0) = Ep—1
k

e All other g; are non-existent.

By the €; comments it is clear that |w(1)®| = 1, thus we know by the previous
corollary, Corollary 4.0.13, that each Y; can have no more than n — 1 boxes. In fact we
now show that each Y; has precisely depth n — 1.

The (n — 1)-signature makes it clear that ro...7,_17¢® =79... 7 o7y 1 (féf@) =
Fo. . Tns (]’;_1 ~(§“®>. Now f*  fid = (fn_l O A A S f(](bk) and each
farifodi = (=2,0,0,..).

Similar to above we observe the following about f* | f5®:

o rpare® = fE_ fid = <” ’)
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o c1 =¢cp11 = (0,0,...,0
1= Ep+1 = k )

e g, 1=¢c,1=(1,1,...,1)
k

L4 5n—2:€b—2:(0707"'70)
k

e All other ¢; are non-existent.

Repeating this process to the n — 1 step, we see:

racsraro® = fE P S0 = (foo Fuidon o FuiBotne e Foe i otn)

and fz . ..fn_lfoqbi = ( —(n—1),0,0,.. .)for each 1.

Representing this visually,

Tg...Tn_lTO(I):ka... f_lfoké[):

Thus w" VP = w(1)® = (V1,Ys,...,Y;) where each ¥; = (— (n—1),0,0,...) and
the lemma holds for L = 1.
Assume that it holds for L — 1. i.e. Assume that wN0"D® = (L — 1)® =

(Y1, Ya,...,Y;) where Y; = (—(L—1)(n—1),—(L—2)(n—1),...,—(n—1),o,o,...)
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for each ¢. Graphically,

n-1| 0

Y, =(L-1)(n—-1) where x = (L — 2) — (n — 2)

Notice that b + 1modn = n— (L —1)(n — 1)+ 1modn = Lmodn = (L —
2) — (n — 2) mod n and in general the i'" column ends in a box of color (i — 1) —
((L—i4)(n—1)—=1) mod n = L mod n. Thus each column of Y; ends in a b + 1-
colored box. Also, L — 2 mod n = b — 1 mod n, so there exists a concave b-corner at

the end of the first row of each Y;. So we see that:

01

n-1 0

n : n—1

Y =@-1)(n-1)
—} n—1
E
Show that the lemma holds for L.
Observe w ™ V® = ry 0. .1y 11w * V=D& where b = n — (L — 1)(n —

1) mod n, as before. Notice the following about w1 d:
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e All other g; are non-existent

So wh Ve = 1y s myary s (FEF (w0 DD) ) and fEF (wlDDe) =
(Y1, Ys,...,Ys) where each Y; = (— (L—1D)n—-1)—1,—~(L-2)n—1)—1,... -
(n—1)—-1,-1,0,0,.. ) because bek adds a b-colored box to the bottom of each
column and to the end of the first row of each Y;.

Similar to before, the following is true of fF*w(E=D0=1d:

e 5, =(1,1,...,1)

N———
Lk
e 5,11 = (0,0,...,0) Notice that r,4; does not occur in the remaining chain of
k
reflections.
® &y 1 — (0,0,...,0)
N—_———
Lk
e All other g; are non-existent.

So we know:

Thnto - g rpw VNG = Thona2---Tp_2Tp_1 (ffkw(L_l)(”_l)q))

= Thont2---Tp-2 (fﬁ1 ~bLkw(L_1)("_1)<I>>
and fI¥ fEPRpl-D0-D® = (Y,Y5, ..., Y;,) where for each i,
Yi=(-L-1)n-1)—-2,—(L—-2)(n—2)—2,...,—(n—1)—2,-2,0,0,...).

Repeating this process to the n — 1 step we see:
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wtr e = Thont2 - - ' EFTHe NP

= e FEA R e

= ()/171/27ayk)
where for each 1,

Y, = <—(L—1)(n—1)—(n—l),—(L—Q)(n—l)—(n—l),...,
(n—l)—(n—1),—(n—1),0,0,...>

- <—L(n—1),—(L—1)(n—1),...,—2(n—1),—(n—1),0,0,...>.

Note that for the case when A\ = Ay, this has been shown in [18].
Given this realization of the extremal element we can now realize the Demazure

crystals Byr)(kA;) in terms of extended Young diagrams as follows.
Theorem 4.0.15. For k € Z~g, B,cm-1(kAg) = {y € B(kAo) }\y| < L}

Proof.
Let ® = (¢1, P2, ..., ¢x) € B(kAg). Assume Y # P.
Let Br(kAo) = {Y € B(kAo)||Y| < L}.
Begin by showing B, ctn-1)(kAg) C Br(kAg). Clearly Y € B, rn-1)(kAg) gives that
Y € B(kAy), so it is sufficient to show |Y| < L.

61



Chapter 4. Demazure Crystals

Let L =1and Y € B,n-1(kAg). Then ) is one of the diagrams created by the
action of r9...7,_179 on ®. Thus Y = ~1s"’1 ) ..f,?_l ~§1<I> for some s; € Z>g, s1 # 0.
and for each m = 1,2,...,k, Y,, = N;"*l ) ..fr?_l }qﬁm for some t; € Zsg, t; < s,

Y] # ¢1. More specifically, we know:
0<s5,1<8,2<...<5 <5 <k

and 0<t,1 <t,2<... <t <t; <1 (Zetle{O,l}andtZ:0:>t2+1:0)

This is clear from the proof of Lemma 4.0.14, but for clarity we repeat some of this
argument below.

The 0-signature of ® is (0,0, ...,0), where each 0 corresponds to a concave 0-corner
N—_———

k
¢; so s1 < k and t; < 1. It is easily observed that the (n — 1)-signature of f3*® is

(0,0,...,0), where each 0 corresponds to the concave (n — 1)-corner of the first s;
———

S1
diagrams in ) (this corner is located below the 0-box). So sy < s1 and ty < 5.

We continue in this fashion with the (n — i)-signature of £, ... f5*® becoming

(0,0,...,0),800<s, 1<...<s55<s5<kand 0<t, 1 <...<ty<t; <1.

Notice that the action of fO increases the width of the ¢,, to one. However, the
width is not further increased to two since this can only happen by filling the concave
1-corners (there are s; width-increasing 1-corners, s,_; depth increasing 1-corners and

the l-signature of f3"* ... f%2 f3'® is (0,0,...,0)) of the Y,,, which requires action
S1+Sn—1

by fl, which does not occur in the chain of fi’s.

In other words it is clear that each Y,, is contained in Y} = (—(n —1),0,0,...) =
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w™ V. So each Y, = (—an,0,0,...) for some a,, with 0 < a,, < n —1, a; # 0.
Furthermore since the s;’s and the ¢;’s weakly decrease, a,, > a;,11. [Note this also
comes from the fact that Y € B(kAy).] More precisely, we know that a,, is the value
such that t,, = 1 and t,,, 1 = 0 (where we say t,, = 0 since fl does not occur in the
sequence). So clearly, |Y,,| < 1 for m = 1,2,...,k (and specifically |Y;| = 1), thus
|V| <1 (in fact [Y| = 1 since Y # ®). Therefore B,q)(kA¢) € Bi(kAo).

Assume the result holds for L — 1. ie. Assume B,w-1nm-1(kAg) € Br_1(kAg).
Show holds for L.

Let Y € Byt (kAg). Observe that w1 =r,_ o .1y 11w E=DO=D® where
b=n—(L—1)(n—1) modn. So ) is one of the diagrams created by the action of
Thent2 . ..Tp—17p ON wE—H-1,

More specifically, there exists a V' = (Y{,Y;,...Y/) € B,o-nm-(kAo), V' # O,
such that ) is one of the diagrams created by the action of 7,_,49...75 17 on ).
In other words, J = ~lff;}r2 o [ [ Y for some s; € Zsg, so for m = 1,2,...,k,
Y, = ~lf:1+2 . flfil ;le,; for some t; € Z>o, t; < s;, with the sum of the ¢; equal to s;.

Now consider |Y,,|. If |Y!| = L — 1, then there is a concave b-corner at the end
of the first row that contributes a 0 to the b-signature of Y. So if the 0 remains in
the relevant signature, and #; is large enough to fill this corner, |f'Y?| = L. Else,
|f1Y! | = L — 1 and its width can not be increased by the remaining chain of actions.
Now if [f'Y!| = L the only way to increase the width of f'Y is to fill the (b4 1)-
concave corner at the end of the first row. However the action of f, +1 does not occur
in our remaining chain so |Y;,| is L or L — 1.

If |V | < L—1, then there is a convex corner of some color, say ¢, at the end of the
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first row. The action by fq may increase the width by one. However, the next action
that can widen Y, is now ~q +1- But this action is n — 1 away in any reverse ordered
chain of actions and we only have, at most, n — 2 actions remaining in our chain. Thus
Y| < L —1.

Therefore, for each m, |Y,,| < L. We can also observe this fact by realizing that
Y must be contained in the extremal element Y* = w""V® = (Y}, Yy, ... Y}) where
Y =(-L(n—1),—(L—-1)(n—-1),...,—(n—1),0,0,...). SoY,, CY* and |Y,}| = L,
so |Y,,| < L.

Thus |Y| < L and Y € B (kAy). Since Y is arbitrary, B, cm-1) (kAg) C Br(kAy).

A shorter argument for By,,—1)(kAg) € Br(kAo):

Let ) € Byrm-1(kAg). Then Y is one of the diagrams created by w1 acting on

®. i.e. Vis one of the diagrams created by ... 7,_o7,_170 acting on ®. So Y C wl=Dd,
—_——

L(n—1)
But by 4.0.14, w*®| = L. Thus |Y| < L, so Y € Br(kA).

Next, show Bp(kAg) € Brm-1(kAg). Let L =1 and Y € Bi(kAy). So |Y| <1
and ) € B(kAg). In other words we know:

o |V, |<lform=12 ...k

Y DY,D ... DY, D Yi[n]

e Vg >0, 3 psuch that (Y,11)q > (Y,)g+1-

In particular, for every m =1,2,... k, Y,, = (—a;,0,0,...) where:
® a,, € L>p, a1 #0

e a,, <n (by Corollary 4.0.13)
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0@12&2>...2ak20

e a; > a; —n (Since a; —n < 0).

So it is clear that for each m, Y,, = f,_, ;...

fn—1fo¢m where n—a,, +1 mod n >

2. If the required use of reverse order for the f; is unclear, refer to the argument below.
n—1 ~
Consider the weight of Y, wt Y = kAo — ) ¢ja;. Notice: ¢; = 0 since no f; action
7=0
appears in the sequences for Y,,. Observe that ¢y > ¢,_1 > ... > ¢y (clear from actions

creating Y, and a; > as > ... > a;) and ¢y # 0. Furthermore, £ > ¢; > 0 since

|| = 1. Then we can write Y specifically as: Y = f$2... f ' food.

Although the discussions above should be clear, the details are presented here for

rigor. Notice the 0-signature for ® is (0,0,...,0) where each zero corresponds to a
——

k
concave O-corner created by ¢; and all other signatures are non-existent. Thus f;°®

places a 0-colored box in the first ¢y corners (so all components of fSOCD are either
(=1,0,0,...) or (0,0,0,...)). Next observe that cq is precisely [{am|a, > 1}|. Observe

the signatures of f(fO@. The O-signatureis (1,1, ..., 1,0,0,..., Q) The (n—1)- signature
Zg kz’co

is (0,0,...,0) where each zero corresponds to a concave (n — 1)-corner located directly
———

co
below one of the 0-boxes just created. All other signatures are non-existent. So we

see 22’11 ~SOCI) has a (n — 1)-signature of (1,1,...,1,0,0,..., (D, a (n — 2)-signature of

g

Cn—1 C0—Cn—1
(0,0,...,0) and all other signatures are non-existent. We continue in this fashion to
——
Cn—1
create V.

Thus y S Bwnfl(]{?A(]) SO Bl (]on) - Bw(l) (]on)
Assume this result holds for L — 1. i.e. By_1(kAg) € B-1m-1(kAg). Show holds
for L.
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Let Y € Br(kAo). So |Y| < L and Y € B(kAy). In other words we know:
o |V|<Lform=12 ...k
e Y1 DY;D... 2V, DYi[n]

e Vg >0, dp such that (Y,41), > (Y})g+1

Notice that if |V| < L, Y € Br_1(kAg) so by the induction step, ) €
B, -1m-1(kAg) C Byrm-1. So it is sufficient to only consider ) for which |Y| = L.

If —Y| = L, |Y,,| = L for at least one m. Notice that due to the containment
property, |Y,,| < L gives that |Y,,+1| < L (or that |Y,,,| = L = |Y;,—1| = L). Observe
the following: The L™ box on row 1 of Y,,,, if it exists, is of color b (b =n — (L —1)(n—
1) mod n as previously defined). The L™ box on row 2 of Y,,, is of color b—1 = b+(n—1).
And so on with the L box on row i of Y,, having color b +n — i. Also realize (by
Corollary 4.0.13) the depth of the L™ column is less than n.

Let & be the number of Y;, in ) such that the L column has height at least 4,
i=1,2,...,n—1. [Le. If Y = (Y1,Y,,...,Y;) where each Y, is the L' column of Y,
then & = Cp1i_1 mod n Where wt Y =kAy — E:l ¢;a;.] Notice that &, =§&,41 = ... =0.

If &1 # 0, then Y7,Y5,..., Y, | all hai:aoa (b 4 2)-colored box at the end of the
L™ column. So there exists a V' € B(kAg) and 3,_, > &, such that éff;;ly =)
and |)'| = L.

It is clear that &, 1 < &, 2 < ... < & < & > 0. Similar to the argument above,
for every & # 0, we can find an appropriate 3; such that we get:

‘“62 ~,37L72 ~,37L71 . /
€ - Coy3 €b+24y =Y.

~
n—1
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However, now |V'| = L — 1. And:
o Bt B R =,

Since |V'| = L — 1 and V' € B(kAy), V' € Br_1(kAo), which means that it is in
B, -1m-1(kAg) by the induction step. But this makes it clear, since there are no

more than n — 1 of the ﬁ acting on )’ in reverse order needed to create ), that

Y € Byrin-1(kAg). Since ) is arbitrary, we have that By (kAg) C B,rm-n (kAg). O

This result again can be found in [18] for the case of k = 1.
Interestingly a quick corollary to this theorem can tell us exactly how many dia-

grams are in B,z (A;).

Corollary 4.0.16. In Uq(gl(n)),

{Y € B(Ao)|]Y] < L}‘ - \BL(AO)‘ = )Bw(m(AO)} =

nk.

Proof.
First observe that this corollary holds for L = 0. The only diagram in By(Ag) is ¢.
Thus |By(Ag)| =1 = n°.

Now note that for L > 0 the corollary holds if and only if, [{Y € B(Ao)||Y| =

L} = (n—1)nt"! since n” = n(nt) =p" '+, +n" ' =nl1+ (n—1)n""! and
n t;;nes

nt=t ={Y € B(Ao)||Y]| < L —1}.

Recall that Y € B(A) if and only if y;41 —y; <n Vj, in other words if and only if

consecutive columns in the diagram of Y differ by no more than n —1 boxes (Corollary

40.13 ).
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Let L = 1. Then the diagram Y consists of only one column. If Y # ¢, the height
of this column must be an integer strictly greater than 0 and less than n by Corollary
4.0.13. Thus there are n — 1, or (n — 1)n*~1, possibilities.

Let L = 2. Assume |Y| = 2. Then again the far right column (the second column)
can have up to n — 1 boxes and must have at least one box. Assume there are ¢ boxes
in this column. Then the adjacent preceeding column, the first column, must have at
least ¢ boxes and can have up to n — 1 additional boxes (again by Corollary 4.0.13).
Thus there are (n — 1)(1 +n — 1) = (n — 1)n, or (n — 1)n*~!, possible such Y.

Assume that this holds for diagrams of width L — 1. Show for width L. Assume
that |Y| = L. By the induction step, there are (n — 1)nt~! options for the diagrams of
width L — 1. So there are (n — 1)n’~! options for columns 2 through L of Y. Let the
height of the second column of Y be ¢. Then the first column of Y must have at least
¢ boxes and may have up to n — 1 additional boxes (Corollary 4.0.13). Thus there are
n choices for this column. Therefore there are n x ((n — 1)n*™1), or (n — 1)n’ options
for Y.

Further it is clear that this is the entire set of Y satisfying y;4+1 — y; < n and that
the Y are all distinct. It is easy to check that all of these diagrams are in B(Ag). It is
clear that condition one of Theorem 3.2.10 is met since Y; D Yi[n]. Condition two of

this theorem is also met since y; 11 —y; <n = y;s1 <y;+n = (¥Y1);11 < (Yi[n]);. O

Now we will generalize the extremal element description to any dominant weight

A e PT.
n—1 7
Theorem 4.0.17. Let X = koAg + k1A + ... + kpoiNpo1, D ki =k, & = Y k; for
i=0 =0

i=0,1,...n—1. The extremal vector w*™ D& in B(\) is Y = (Y1,Ya, ..., Y:) where:
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Q) Vi=Yo=-- =Y, = <—L(n—1),—(L—1)(n—1),...,—(n—1),0,0,...)
(i) Yer1 =Y p2 ==Y, =
(—(L—1)(n—1)+1,—(L—2)(n—1)+1,...,—(n—1)+1,1,i,z’,...>

[Notice the depth of the columns of the diagrams with charge 0 is a multiple of
n—1 and is one more than the depth of the columns of the diagrams with charge n — 1.
Additionally the depth of the columns of the diagrams with charge n — 1 is one more
than those in diagrams with charge n — 2, which are one more than those with charge

n — 3 and so on.]

Proof.

Let L = 1. Consider w" '® = ry...7,_179®. Let ¢’ be a concave i-corner. So ® =

0 10 0 41 1 -1 1 .
(09,05, .. . @0 Phts s Pl ey B ..., @t ). Observe that the signatures of
® are g; = (0,0,...,0), 7= 1,2,...,n — 1, where each zero corresponds to a ¢'. Now

————
ki

using the 0O-signature we see ro® = fém(I). Observe the following about ngCD:

.f0®_< 3 g ey ’¢50+1’... Kly o9 Kn—1
g
Vv

ko

ie. Y1 =Yy, =-.. =Y, = (-1,0,0,...) and all other diagrams of f* are

empty corners.

e 51 =1(0,0,...,0)
——

ko+k1
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® &y 1= (0,0,,0)
———
kn—1+ko
e 5, =1(0,0,...,0) fori#0,1,n—1
( k ) for i #
Now the (n — 1)-signature shows that r,,_yre® = f27' 1% fkog - Observe the follow-

ing about fk" 1Jrlmfk“(II

~kn71+k0 ~k‘o _
® Jn—1 Jo'® =

0] [0] 2
(SR RN SN = N =
~ hd knfl
A
ie. Y1=Yo=---=Y,, =(-2,0,0,...)
Yo ot1 = Ye, si2o ==Y, . =(n—2n—1n-—1,...) and all other
diagrams of f " 1+k° P are empty corners.
e 50 =1(0,0,...,0) [Note: 1y does not occur in the remaining chain of actions thus
N—_——
knfl

no ones will be added to this signature.]

® £ — (0,0,,0)
———
ko+k1
e o= 1(0,0,0,...,0,0

ko+kn—1+kn—2

e g, 1=(1,1,...,1)
————
kO“l‘knfl
e 5, =1(0,0,...,0) fori #0,1,n—2,n—1
ki
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Repeating this process to the n' step we see that

_ fkot+(kn—1+..+k3+k2) rkot+k
7’2...7"n_17‘0(I)—f2 " "'fn—l

~k0+(kn71+...+k3+k2) j‘ka“l‘kn*l ~k0(p _
ccrdn—1 0 -

n-l fO’“WI) and observe the following:

k1 P ~ ~
k3
ko
Y )t
k?;:l
e Vi =Yo=---=Y, =(—-(n—1),0,0,...)
Yo 1 =Y o= =Yy = (Lii,..) fori=1,23....n—1
Yipr1 =Yoo =-=Y,, =¢"=(1,1,1,...) [which agrees with above]

knfl

e £ =(0,0,0,0,...,0,0,0) = (0,0,...,0)

(ko+k1+-+kn—1)+ko k+ko

o 5r=(1,1,1,1,...,1,1,1) = (1,1,...,1)

P A B
.

-~

—
ko+(ke+ks+-+kn—1) k—k1

g;=(0,0,...,0) fori=3,4,....,n—1
————

ki—1
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Thus the statement holds for . = 1. Assume it holds for L — 1. i.e. Assume

w1 = (Y1, Y, ..., Y:) where:

Yi=Yy=- =Y, = <—(L—1)(n—1),—(L—2)(n—1),...,—(n—1),0,0,...)
and
Y 1 =Ye o= =Y, = <—(L—2)(n—1)+1, —(L—-3)(n—1)+1,...,1,i,i,.. )

Show that the statements holds for L. Define b = n — (L — 1)(n — 1) mod n. Notice

that b = L — 1. Observe the following about w(X=D=D .

L-1
( O 1 (
n-1| 0
P n—1 n—1
T T
o V-0 — | =+ b4 =
T ) ) T )
- 3 -
~ b+1] - b+1]
\—} n—1 \—} n—1
b+1 b+1
i g i P
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[ Y i m;}
) (1—u)(z—T)

P Y i E}
) (1—u)(2—1)

L-1 L‘
}n—l

[2]3
1

L-1 L‘
}n—l

[2]3
1

i
===
Rl
P S f.ﬂ
32 ...............
N
et+(a-w)(e—1)
-
_ &
i Ll P
A2
" P f.ﬂ
32 ...............
N

73



Chapter 4. Demazure Crystals

L—1 L—1
—_— ———
C|n-1l n L-4|L-3 o1l n L-4|L-3
~ n-2|n-1 L-5|L-4 ~ n-2(n-1 L-5|L-4
| P P — n—2 | P — B N n—2
S o s = e
N IR T ) AN
= = s : = = :
L 1 v L 1 v
eoeo 5 5 —} n—1 ..., 5 5 —} n—1
) | | b+1] ’ ) | | b+ 1]
) — ) —
Il | Il |
b+1] b+1
\ _} n—1 \ —} n—1
b1 b+1
T ~— — _
kn—1

e 5, =(0,0,0,...,0,0) [It is easier to see the length of the signature in this way:

(L—1)k+ko
(L—l)]{?+l{?0: (L—l)(k’o—f—k’g—Fk‘g—F+kn_1)+(L—2)/€1—|—/€0—|—/{51]

So wh VG =1y gy (WETVOTIR) =1y gy < ~b(L_z)kJrko(I))- And

we observe the following:

L L
—_— —_——
101 -2 b] 101 12 b]
~||n-1{0 L-3 ~ 110 L-3
= IHE HEE S IHE B
IR - o I |
F(L—2)k-+k . b o b
'fb( Jetko gy — % A = y e ’% A R ,
|| E = IHig
\E}n—l \E}n—l
ko
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L-1

L jrty

[2]3

[3]4

L-1

T
Y
]
e Y 7.bi}
N PN
) T+(1-u)(eg—1)
1
Q| o —
T

......... i.bi

eH(1—w)(1—7)

-

-2 b

L-1

L jrty

(172

273

[3]4
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——~ ——~
|n-1l 1 L-4/L-3 |n-1l n L-4|L-3
n-2|n-1 L-5|L-4 } n-2(n-1 L-5|L-4 }
T P n—1 T N n—1
= b] = b
3 SIHE
[ N N ] , /'—‘I\ ?} n—1 g e , /'_‘I\ T} n—1
S — SH I .
b) : [b]
\E} n—1 \E} n—1
k:;l
e Vi=Yy=---=Y,, =
(-(L—1)(n—1)—1,—(L—2)(n—1)—2,...,—(n—1),—1,0,0,...)
Yﬁo-i—l = YH(H-? == Yfﬂ =
(—(L—z)(n—1),—(L—2)(n—1),...,—(n—1),0,1,1,...)
and Yeiit1 =Ye jp2=- =Y, =

(—(L—2)(n—1),—(L—3)(n—1),...,—(n—1),0,@',2’,@',...)

fori=1,2,...,n—1

e 5,1 =1(0,0,0,...,0,0) [It is easier to see the length of the signature in this way:

Lk—k1+kp_1
Lk —Fky+kypy=(L)(ko+hka+ks+...+kn1)+(L—1Dks+kn_1.]

— FLk—k1+kn—1 F(L—1)k+k
So wL(” 1)(I> =Tp—n+2---Tp—3Tp—2 ( b—1 1Hn 1fb( et OCD).
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Continue this process to the (n — 1) step. Then we find that:

wL(n_l)q) = Tb—n+2--- rb_lrbq)
— ;L_kn—fé-‘rkg o ~bL_kl—k1+kn71fb(L—l)k+kO®
and
Yi = Ya=---=Y,,
~ (~@=D-) ==, ~(L=2)n-1) = (n-1),...,
~(n=1) = (n=1),~(n—1),0,0,...)
= (Lo =1~ =1 =1),...,=2(n = 1), ~(n = 1),0,0,...)
Yﬂi71+1 = Yﬂi71+2 == Ylii
- <—(L—1)(n—1)+1—(n—1),—(L—3)(n—1)+1—(n—1),...,
—(n—1)+1—(n—l),l—(n—l),l,i,i,...)
- <—(L—1)(n—1)+1,—(L—2)(n—1)+1,...,
—2(n—1)+1,—(n—1)+1,1,i,i,...>
fori=1,2,...,n—1
]
If we change the index set I from our constructions to be {1,2,...,n} instead of
{0,1,...,n— 1}, the two descriptions (i) and (i7) collapse into one description.

Now we want to similarly generalize the explicit realization of B, r)(kA;) for any
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dominant weight A € P*. In order to accomplish this we need the following lemma,
which essentially states that any reverse ordered string of n reflections with the first

one having non-trivial action will increase the width of ) by one.

Lemma 4.0.18. Let 'LU(l) = Tn—i+1---Tn—1T0 and A\ = k’vo + k‘lAl + ...+ kn—lAn—l
with kg # 0. Then max {|y|‘y S Bw(l)()\)} = {L-‘

n—1

Proof.

Case 1: [ is a multiple of n — 1

If [ is a multiple of n — 1, then w®® = wP™ Y = w(p) for some p. Then ) €
B,o(\) implies that Y C w®® = w(p)®, since w(p)® is extremal. By Therorem

4.0.17, Jw(p)®| = p, so |Y| < p. But since w(p)® is itself in B,w(A), we know

n—1 n—1 n—1

mazx {|y|)y € Bw(z)()\)} = p. Notice that p = 2020 — _L_ — [L—‘ So the statement
holds.

Case 2: [ is not a multiple of n — 1

If [ is not a multiple of n — 1, then [ is between some multiples of n — 1. Let L be the
smallest integer such the L(n — 1) is larger than . So (L —1)(n —1) <1< L(n —1).

Then we have the following;:

L—-1 =mazx {|y|)y € Bw(L—l)()‘)}
< max {Iywy € Bwa)()\)}

< mag {|y|}y e Bw(L)()\)} —L

Let b =n — (L —1)(n — 1) mod n as before. Consider ryw(L — 1)®. Clearly this is
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in B,w(A). Now g, for w(L — 1)® is (0,0,0,...,0,0) by the argument in Theorem
——— ———

(L—1)k+ko
4.0.17, and kg of these zeros correspond to b-corners located at the end of the first row

of the first kg diagrams, whose current width is L — 1 (again see argument in Theorem
4.0.17). Then ryw(L — 1) = fb(L_l)kJrkO@, which fills these empty b-corners (see

Theorem 4.0.17). Thus |ryw(L —1)®| =L —1+4+1= L. So mazx {\y|‘y € Bw(l)()\)} =
L=|:5]

Notice that if kg = 0, then max {|y| ‘y € Bw(z)()\)} < {L-‘

O

n—1

Finally we have the following description for B,r)(A), the Demazure crystal for

the Demazure Uq(sAl(n))—module Vi) (A).

Theorem 4.0.19. Main Theorem Let B,)(\) be the Demazure crystal for the
Demazure Uq(gl(n))-module Viy(A) generated by w(L) = rn_rn-1)41---Tn-170 with
highest weight A € PT. Let o be the Dynkin diagram automorphism whose effect on

the simple reflections is: o(r;) = riv1. If:
I. A= FkAg, then Byr)(X) = Br(A)

n—1
II. xe P""; then jL:JO Baj(w(L))()\) = BL()‘)

n—1
IIT . A€ P, then no Boj(w(L))()\) = BL—I()\)
]:

Proof.

(I): This is proven previously as Theorem 4.0.15. Note that this statement also

agrees with Part II and Part III. Since A = kAg, any initial action other than ry will
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leave ® unchanged. So the effect of o7(w(L)) acting on ® is the same as some sub-

n—1
sequence of w(L) acting on ®. Thus |J Buiqwr)(A) = Buw)(kAo) = Br(kAg). Sim-
=0
n—1 n—1
ilarly, it is clear that (1) Buiw(r))(A) = Buw—1)(kAo) = Br_1(kAg) since () w(L) =
=0 =0

Tn—(L(n—l))—l—l .. .Tn_lT’QCI) = w(L - 1)@.
n—1
(IT): Let A be any dominant weight and V € |J By (). Immediately we
=0
have ) € B(A). Now Y in the union gives that ) is contained in Bg;, L)) () for

some j. Recall 0/ (w(L)) is 7j_(L(n—1))41 - - - Tj—17j, & sequence of L(n — 1) reverse order

g

L(n-1)
reflections. So by Lemma 4.0.18, || < L("—_ll) = L. Thus Y € Br()\).

Next, we show Bp(\) C nol Biwry)(A). Let Y € Br()A). Then Y € B()) and
V| = maz{|Y;|[i = 1,2,. kj}zoz L.

Let L = 1 and assume Y # ®. Then |Y;| = 1 or 0 for each i. We know that
each Y; is created by some sequence of f acting on ¢; (p; € Zso, 0<i<n—1)
and similarly for ). So we know ) is in the crystal generated by some sequence of
reflections.

Consider Y in sections by charge: Yi,...,Y,, is the O-section; Yy 41, .., Yy, is the
1-section, and so on. By determining the reflections needed to generate each section,

we can learn those needed for V.

Look at the O-section, (¢7, 39, ...,¢%,) = ®°. g here is (0,0,...,0) and all other ¢;

ko
are non-existant. Thus the first action to create this section must be f{* so we must

start with 9. Now there are three non-trivial signatures for ro®%: e, 1, and €,_1.

These are:
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PO
greater than one.

® &y 1= (0,0,,0)
N—_——
Po

So the next action to create Y must be f"7' since it is the only action that will
result in a change that does not increase the width. Thus we act by r,_; and consider

the signatures of r,,_17¢®y,. We have:

e s=(1,1,...,1,0,0,...,0)
——

pPo+pn—1
N

J/

-~

ko—pn—1

° 81:(0,0,...,0)
—_——

We continue this process to the n — 1 step. We stop here because Lemma 4.0.18 tells
us that the n!” step will increase the width of ) to two. Thus we see that the O-section
is generated by at most 7o ...7, 179 = w(1).

Repeat this process for each section. So the i-section is generated by at most

Tic(n—1)41 - - - Ti—173 = o' (w(1)).
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To generate ) we must have some subset of these generating sequences (or subse-
quences of them). Now by Theorem 4.0.17, we know that we need at least n—1 reverse
order reflections since w(1) € By(\). Each of the pieces above fits this requirement and
nothing shorter. But by Lemma 4.0.18, we know that there is at most n — 1 reflections
used to generate )Y, else max{|Y|} =2 > 1. Thus ) must be generated by precisely
one of the generating sequences above! So Y € nL_Jl Baiway (N).

It is easy to reason that this extends to L. ngume it holds for L — 1. Show for L.

Now Y € B () and the argument follows directly from Theorem 4.0.17 and Lemma
4.0.18 as before. ) must be, by argument used previously, generated by some sequence
of simple reflections in reverse order: ...r,_or,_i1r9. This is assumed for L — 1 in
induction. Now consider the signatures. Action by fb is the only pertinent one and
the b-signature contains at least one zero (if |Y| = L, else |Y| < L and we are in the
induction case), so act by 7,. Next the only non-width-increasing action to use is b — 1
and so on until we have accumulated up to n—1 additional reflections. So each segment
is generated by 7i_r(n—1)41 ... Ti—2mi—173, @ = 0,1,...,n — 1. Consider the reflections
needed to generate ). By Lemma 4.0.18, we know the length of this string can not
exceed L(n—1), else max{|Y|} = L+ 1. However, Theorem 4.0.17 tells us that w(L)®

is in B (A). Thus we must have at least L(n — 1) actions in our sequence if we are to

generate any arbitrary piece. Therefore ) itself must be generated by precisely one of

n—1
these. So Y € U Baj(w(L))()‘>-
j=0
(III): Let A be any dominant weight. Recall we have defined r; = r; if j = j' mod n.
However, we will avoid taking mod n for large portions of this proof and leave j" in

order to be more precise. Essentially we will consider any sequence of reverse order
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reflections to be portions of:
oo T 1T—py o . . T 3T 2T T T2T3 .. . TpTp+1 - .-

n—1
First we show [ Bgi(w(r))(A) € Br-1(A)

=0
n—1
Let Y € () Byi(wry(A)- Then Y is generated by each of the following sequences
=0
of reflections acting on ® (This is set 4.1 consisiting of n — 1 linear chains.):

T—L(n—l)—l—l ... Too T_1 To (]_ . 41)
T—L(n—l)—l—Z oo T To T1 (2 : 41)
T—(L—l)(n—l)-{—l ceo Th—3 Th—2 Tp-1 (n —1: 41)

Furthermore, if we shift the indices by n for any combination of these rows we get that
Y must also be generated by each of the new sequence of reflections acting on . For
example, in (2:4.1), r; comes before the initial ry in (1:4.1), but it could be viewed as
coming after it instead by simply shifting the indices —n. In other words, we could
write (2:4.1) as 7_(L41)(n—1)+1 - - - T—nT"—n+1. Notice that although this does not result
in a change in the actual sequence of actions, it does change the intersection of the
rows. Since ) is in the intersection of the Bgj(,(z))(A), it must be generated by some
subsequence of reflections common to each sequence (1 :4.1)—(n—1:4.1), or common

to the same set with one or more index shifted rows.
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By examination, the maximal common subsequences are:

So = T'—(L-1)(n—-1)+1---T-1T0
and

S; = d(S) j=1,2,...,n—1

Notice that the length of Sy is (L — 1)(n —1). Thus we know Sy = w(L — 1) and
n—1
S; = o/ (w(L — 1)). Since Y is generated by one of these, Y € |J Byiw(r-1))(A). By

Jj=0

n—1
Part IT of this theorem, we know |J Byi(wr-1))(A) = Br-1()), thus Y € Br_1()).

7=0

n—1
Now, show Br_1(A) € [\ Baiqwry(A). Let ¥ € Br_1()\). Then by Part II of this
=0

J

n—1

theorem, Y € | Boiwz-1))(A). So YV is generated by at least one of the following
=0

sequences of reflections acting on ® (This is set 4.2 which also consists of n — 1 linear

chains.):

T—(L—l)(n—l)—l—l o T9 T_-1 To (1 : 42)
T—(L—l)(n—1)+2 oo T To 1 (2 . 42)
T_(L_g)(n_1)+1 oo Th—g Th—2 Th-1 (n —1: 42)

Note that if ) is generated by (1 : 4.2), we are done since (1 : 4.2) is Sp, a
subsequence of each (1:4.1) —(n—1:4.1). Now look at (2 : 4.2). Clearly it is in each

of (2:4.1)—(n—1:4.1). Since (1 : 4.1) can be rewritten as 7, (L(n—1)41 - - - Tn—2"n—17n,
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by shifting the indices up n (i.e. moving the section right). Now it is clear that (2 : 4.2)
is contained in (1 :4.1). In fact, (2 :4.2) is S; = 0'(Sp). Similarly, (i : 4.2) is in each
of (i:41)—(n—1:41)and in (1:4.1) — (i — 1 : 4.1) after shifting the indices of
(1:4.1) — (i —1:4.1) by n. Again we see that (i : 4.2) is actually S; = o*(Sp).

Since ) is generated by some (i : 4.2) = S;, and every S; is in each (j : 4.1),
Y is generated by the actions of each (j : 4.1). Thus YV € By () for each
J=0.1,....n 1. Therefore ¥ € 1 By (A). 0

§=0
The following example illustrates the main theorem. The first three figures give
examples of B,;(,(1))(A) while the fourth gives the union of the crystals and the final

diagram illustrates their intersection.

Example 4.0.20. Let n = 3 and A\ = Ag + Ay + Ay. Consider L = 2. Then w(2)

contains 4 reverse ordered reflections and, as illustrated in the following figures:
UBUJ p(Ao + A+ Ap) =

Brorlrzro (AO + Al + A2) U Brlrzrorl (AO + Al + A2) U Brzrorlrg (AO + Al + A2) =
By(Ag+ A1+ Ay)

and

mBo-J AO +A1 +A2)

Brorlrgro (AO + Al + A2) N Brlrgrorl (AO + Al + A2) N BTQT()T’lT’Q (AO + Al + A2) -

Bi(Ag+ A1+ As)
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Figure 4.2: Crystal graph for the Demazure module V, ;. ,ro (Ao + A1+ A2) when n =3
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Figure 4.3: Crystal graph for the Demazure module V; ;0 (Ao + A1+ A2) when n =3
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Figure 4.4: Crystal graph for the Demazure module V,.,, (Ao + A1+ A2) when n =3

92



Chapter 4. Demazure Crystals

TLT TTL

S
/ >< ><\

(rm.ﬂ)

/M>< \w\

JHu
(Lo Li2] [2 o))

(ﬂ. ﬁ) (‘ WT) (=)

(Pr )
X \ NN

(T L) ()
o) (£ ) m)

/NN NN

93



Chapter 4. Demazure Crystals

/\\\\

o35 il pragy (B

\ NN N

[Fﬁ ) (tu)

FEE) o

94



Chapter 4. Demazure Crystals

2
Figure 4.5: U Boj(w(L))(A() + A+ Ag) = BQ(AO + A+ Ag)
j=0
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