ABSTRACT

ATTIOGBE, CYRIL EFOE. On Characterizing Nilpotent Lie algebras by their

Multipliers. (Under the direction of Ernest L. Stitzinger.)

Authors have turned their attentions to special classes of nilpotent Lie
algebras such as two-step nilpotent and filiform Lie algebras, in particular filiform Lie
algebras are classified up to dimension eleven [8]. These techniques have not worked
well in higher dimensions. For a nilpotent Lie algebra L, of dimension n, we consider
central extensions 0>M—=>C—>L->0 with Mc czﬂZ(C), where ¢ is the derived algebra of
C and Z(C) is the center of C. Let M(L) be the M of largest dimension and call it the
multiplier of L due to it’s analogy with the Schur multiplier. The maximum dimension
that M can obtain is 2 n(n-1) and this is met if and only if L is abelian.

Let t(L) = Y2 n(n-1) - dimM(L). Then t(L) =1 if and only if L=H(1), where H(n) is the
Heisenberg algebra of dimension 2n + 1.

A recent technique to classify nilpotent Lie algebra is to use the dimension of the
multiplier of L. In particular, to find those algebras whose multipliers have dimension
close to the maximum, we call this invariant t(L). Algebras with t(L) < 8 have been
classified [10]. It’s the purpose of this work to use this technique on filiform Lie algebras
along with three main tools namely: Propositions 0, 3, and theorem 4. All algebras in this
work will be taken over any field whereas in previous works, they have been taken over

the field of real and complex numbers.
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1. Introduction

The classification of nilpotent Lie algebra has a long history, beginning with
Umlauf, a student of Engel, in 1891. He found there were only finitely many non-
isomorphic nilpotent Lie algebras of dimension less than or equal to 6. For dimensions
greater than 6, there are infinitely many non-isomorphic Lie algebras [1], [9]. In recent
years lists of Lie algebras of dimensions 7 and 8 have been studied [9]. Unfortunately,
these lists contain errors as noted by [8], the list of Lie algebra of dimension 7 have been
corrected more recently as noted in a complete list of nilpotent Lie Algebras of
dimension 7 found in [9], dimensions of 8 and higher have been harder to classify.

Authors have turned their attentions to special classes of nilpotent Lie algebras
such as two-step nilpotent [9], and filiform Lie algebras [8]. In particular filiform
lie algebras are classified up to dimensions eleven [8]. These techniques have not
worked well in higher dimensions. A recent technique to classify nilpotent lie algebras is
to use the dimension of the multiplier of L.(Note: We will define The Multiplier in the
next section). In particular, to find those algebras whose multipliers have dimension close
to the maximum, we call this invariant t(L). The philosophy of this work is to collect the
algebras for values of t(L) and use those to find the next case. This is done for a given
t(L) by considering H=L/Z(L) which has t(H) < t(L) and is filiform. From the previous
cases found in table 22.1, we choose candidates for H and compute the central extensions
to get candidates for L. Algebras with t(L)< 8 have been classified in [10]. It’s the

purpose of this work to use this technique on filiform lie algebras. Note: All algebras in
this work will be taken over any field whereas in previous works, they have been

taken over the field of real and complex numbers.



2. Preliminaries. Now we will define The Multiplier of L:

Consider all Lie algebras H such that H/Z(H) =~ L. H is called a central extension of L .

We want to consider the H of largest dimension. Without further restrictions H can be

infinite, take L® (infinite dimensional abelian Lie algebra) so we demand that Z(H) <
H®. An H of largest dimension is called a cover and Z(H) is called the multiplier of L,
denote it by M(L). We see that M(L) is abelian since it is the center of some H.

Note: 1. All covers of L are isomorphic (Peggy Batten)

2. If L is abelian then dim M(L) = '42n(n-1) where n=dim L.

3.dim M(L) < %n(n-1) V L.

We let t=t(L)='2n(n-1) —dim M(L).

Definition. Let L be a nilpotent Lie algebra with lower central series
L'=L,L?>=[L,L],...,L=[L"", L]...

with L* = 0, then L is called filiform if dim L/L""' = 1
Forj=2,...,s-1, and dim L/L>=2.

Note that L is the maximal length a nilpotent Lie algebra can have.

Also note the upper central series

0=ZycZ c...cZsic Zs=L has dimension Z;11/Z; = 1
when j=0,..., s-2 and dim L/Z¢ | = 2.

In a nilpotent Lie algebra Z;N B # O for any

ideal B#0, hence Z; c Bsince Oz ZiNBc Z,anddimZ, =1



The following are examples of filiform lie algebra:
Ex1
Let L = (x,y,z) where [X,y] = z
L*=(z),L’=[L’L]=0, Z(L)=(z) = L>L*>L=0
L is H(1) the three dimensional Heisenberg.
Ex 2
L = (x,y,z,c) where [x,y] =z, [X,z] = ¢
L?=(zc), L>=[L*L]=c, L*'=[L%L]=0 = Z(L)=(c)
=LoL’oL’oL*=0
Ex3
L = (x,y,z,c,r) where [x,y] = z, [X,Zz] =c, [x,c] =T, [y,z] =r
L?’=(zcr), L’ =(c,r),L*=(1),L’=0 = L' 5L’>L’5L'sL° =0
Ex 4
The following is not filiform. Tn = strictly upper triangular matrices of size n > 4. Since
Dim(T/T?) = n-1.
We will use the technique in [10] on filiform Lie algebra to classify Lie
Algebras with small t(L). Recall t=t(L).

We will begin by introducing some inequalities necessary to our method.

Proposition 0 Let L be a nilpotent Lie algebra of dimension n. Then t < 72 n(n-1)

Proof: Since dimM(L) < Y2 n(n-1), t =" n(n-1) - dimM(L) this implies t <2 n(n-1) |
Proposition 1 Let L be a nilpotent Lie algebra of dimension n.
Then dim L* + dim M(L) < % n(n-1)

Proof: see [10]



Proposition 2 Let L be a nilpotent Lie algebra with Z < Z(L) N L* and dim Z = 1
then dim M(L) + 1 < dim M(L/Z) + dim (L/L?)

Proof: see [10]

Proposition 3 Let L be filiform Lie algebra of dimension n.

LetK=Z(L)and H=L/K then t(H)+ dim L* < t(L)

Proof:  Since L is filiform, dim K = 1, we know that t(L) = 2n(n-1) — dim M(L)
= dim M(L)= "2n(n-1) — t(L)

now substitute for dim M(L) in Prop 2 [ie dim M(L) + 1 < dim M(L/Z) + dim (L/L%)]
= Yn(n-1)—t(L) + 1 < dim M(L/Z) + dim L — dim L?

= Yn(n-1)— t(L) + 1 < dim M(H) + n—dim L? 0

note: dim M(H) = M(L) — 1. Thus if dim M(L) = %n(n-1) — t(L)

then dim M(H) = %4(n-1) (n-2) — t(H) (i1)

now substitute (ii) in (i)

= Y% n(n-1) —t(L) + 1 < %(n-1)(n-2) — t(H) + n — dim L*

— t(H) + dim L?< -%n(n-1) + (L) — 1 + %(n-1)(n-2) + n

e+ i+ t(L) — 1 + %[> —3n+2]+n

St + Yn+t(L)—1+%n*-3/2n+1+n

=%n+t(L)-"%n=tL)

thus t(H) + dimL* < ¢(L) m

Proposition 4 Let L be nilpotent. Then dim L* <t(L)

Proof: This follows immediately from Proposition 3.



From Pete Hardy’s work and using propositions 1, 2 and 3,

we arrive at the following theorems.

Theorem 1 t(L)=0 IFF L is abelian.

Proof: see [10]

Note: L is abelian and filiform implies dim L = 2.

Theorem 2 t(L)=1IFF L = H(1).

Proof; see [10]

Note: that H(1) is indeed filiform Lie algebra . See example 1

Theorem 3 There are no filiform Lie algebras with t(L)=2

Proof: see [10]

We will take advantage of the following new results.

Theorem 4 Let L be a Lie algebra, then ¢+ ¢ < 2t

where ¢ = dim L?

Proof: In order to prove theorem 4 we need the following result.



Theorem 5 Let L be a nilpotent Lie algebra with H/Z(H) =~ L. Then dim(H*N Z(H)) <
dim M(L/L*+ dim L*[d(L/Z(L)-1] where d(X)=dim(X/X?) thus

d(L/Z(L))=dim{(L/Z(L))/(L/Z(L))*}.

Proof: In general if H/Z(H) =~ L but Z(H) < H?, H=H @ S where S is a central ideal and
ZH=7zZH) @S, H*'N ZH)=H"*N ZH)and L =~ H/Z(H)=H'® S)/(ZH)® S) =
H*/Z(H*). Hence we assume that H> 2 Z(H)

We break the process into a collection of Lemmas. Let H be a nilpotent Lie algebra with
Z,=7,(H)={x € H/ [x,y]=0 V yeH}

Z,=Z-(H) ={x € H/[x,y] € Z,(H) V y €H}, Z,(H)/ Z(H) ~Z(L)

Since H is nilpotent, if H is not abelian then 0 ¢ Z;c Z,and 0 # Z, # Z,.

Lemma 1. Lety € Z,,y ¢ Z,, then ad, is a homomorphism from H onto N where
NcZ,.

Proof: Since ad, is linear we need to prove that ad,([X, z]) = [ady(x), ady(z)]
Note y € Z, implies ady(h)=[y, h] € Z,; hence NcZ,
Thus ad}’([x’ Z]):[Ya [X> Z]]: '[Xa [Y7 Z]] - [Zla [X>YJ]:O

Also ady(x)=[y, x] € Z; and ady(z)=[y, z] € Z,; which implies [ady(x), ady(z)]=0 =

Lemma 2. [H? Z,]=0
Proof: Need to show that if [x, y] € H*and z € Z; then [[x, y], z] = 0

Note: H*= <[x, y]> where x,y € H

now consider [[x, y], z] +[[y, z], x] + [[z, x], y] =0



this implies [[X, y], z] = -[[y, z], X] - [[z, x], y] =0 since [y, z] € Z; and [z,x] € Z;. &
Lemma 3. Supposey € Z,N H*, y ¢ Z, then Z, < Ker ad,

Proof: Letz € Z, we need to show that z € Ker ad, which implies that ady(z) = [y, z] = 0
VyeH NZ.

Since z € Z, ady(z) = [y, z], [H% Z,]=0 m

By Lemma 3 there is an induced homomorphism o: H/Z;(H) = N given by
o({+ Zy(H)) = ady(¢) =y, ¢]. Now the theorem holds if k(L) = dim L? =0 for then
H’cZ(H) i.e., Z(H) n H>=H” We proceed by induction: Suppose the result holds for all

nilpotent Lie algebras K with dim K? < dim L* and dim(K/K?) < dim(L/L?).

Lemma 4. DimM(K/K?) < dim M(L/L?)

Proof: Since dim K*< dim L? and dim(K/K?) < dim(L/L?) letting dim(K/K?) =n and
dim(L/L?) = m it follows that dimM(K/K?) = Yn(n-1) < dim M(L/L?) =

2m(m-1). m

Now let y and N be as before (see Lemma 1). Since L/Z(L) ~ H/Zy(H) and ¢ 1s a
homomorphism from H/Z,(H) onto N, we consider ¢ also to be a homomorphism from

L/Z(L) onto N therefore o(L/Z(L))*=N*=0 therefore (L/Z(L))* < Ker (o).

Lemma 5. dim N < dim(L/Z(L)) — dim(L/Z(L))* = dim{(L/Z(L))/(L/Z(L))*}

Proof: Since 6 maps L/Z(L) onto N it follows that dim(L/Z(L))=dim N + dim Ker(c)>



dim N + dim(L/Z(L))? since {(L/Z(L))’< Ker (c).}m
Lemma 6. Let E=H/N then, (i) y+ N < Z(E) and (ii) y + N & Z(H)/N.
(1i1) dim Z(H)/NEdim(Z(H/N))
Proof: (1) This follows since [x + N, y + N] =[x, y] + N =ady(x) + N=N

(Since ady(x) € N i.e. N = image of ady)

(ii) Recall that y & Z(H) (=Z1)

Suppose that y + N € Z(H)/N. This implies that y + N =x + N, for some

x €Z(H) . Therefore y =x + n for somen € N. Thusy € Z(H), a contradiction.

(111)Since Z(H)/N is always contained in Z(H/N), we get Z(H)/N&
Z(H/N) by (i), (i1)) of Lemma 6 =
Let A=E/Z(E) then L ~ H/Z(H) =~ (H/N)/(Z(H)/N) = (H/N)/(Z(H/N)) = E/Z(E)=A
Hence A is the homomorphic image of L and dim A < dim L by the last proof. Hence
A/(A)isa homomorphic image of L/L? and A/Z(A)isa homomorphic image of L/Z(L)
and (A)* is a homomorphic image of L. In fact we use induction on A. Note this

discussion yields:

Lemma 7. dim(A/ (A)?) < dim(L/L?) and dim (A)*< dim L?

Proof : Recally € Z,NH?,y €¢Z, andy + N < Z(H/N) since N = image ady. So in the
homomorphisms L= H/Z(H) > A , the image of y in L is in L but it is not 0 but it’s
image in A is 0. Hence the homomorphism carries L* onto A” and it is not

injective. Thus dim L* > dim A% By induction dim(E*N Z(E))< dimM(A/A?) + dim A*

dim[(A /Z(A))(A/Z(A)) - 1].



By a previous “ proof ” dimM(A/A?) < dimM(L/L?) and we have seen dim (A)* < dim L2
Since A /Z(A) is the homomorphic image of L,
dim[(A /Z(A)(A/Z(A))*] < dim[(L/Z(L))/(L/Z(L))*]. Substitution yields
dim [(E)’N Z(E)] < dim M(L/L?) + [dim(L?) — 1] {dim[(L/Z(L))/(L/Z(L))* — 1]}
Now y + N € Z(E) N (E)* and y+N ¢ H*N Z(H)/N and since the latter
is always contained in the former, dim H*> N Z(H)/N <dim [(E)*N
Z(E]. Thus dim[(E )*N Z(E)]< dim N + dim((E)*N Z(E)) -1
< dim[(L/Z(L))AL/Z(L))*] + dim M(L/L?) + [dim(L?) - 1]
[dim((L/Z(L))/(L/Z(L))* — 1] -1
= dim M(L/L?) — dim L* + dim L? dim[(L/Z(L))/(L/Z(L))*~1]
= dim M(L/L?) + dim L*[dim[(L/Z(L))/(L/Z(L))*]and the result is shown.
( Note that we have used the fact that ad, is a homomorphism from H onto N and N c Z,
by lemma 1 as a consequence N is abelian and by lemma 3 Z, c Ker ad, . Consequently

we have an induced homomorphism from H/Z;(H) = N and an induced homomorphism

from (H/Z»(H))/(H/ Z5(H)*) > N/N*~N. Therefore dim N < dim[(L/Z(L))/(L/Z(L))*].) m

When working with M(L), H? 2 Z(H) so the formula is dim M(L/L?) = dim H> N Z(H)<
dimM(L/L?) + dim L*[ dim[(L/Z(L))/(L/Z(L))*] or %n(n-1)—t <% d(d —1) + ¢[8 — 1]

where ¢ = dim L?, d = dim(L/L?) (¢ + d=n) dim L = n and & = dim[(L/Z(L))/(L/Z(L))*].

We can now prove theorem 4.
Proof: Note: dim L? = ¢, dim L = n where L> 2 Z(L) . For Lie algebran=c+d
8 = dim(L/Z(L)) — dim(L*/Z(L)) = dim(L/L?) we also know from the definition of t = t(L)

that dimM(L) = 2 n(n-1) — t and now substituting for dimM(L) in the inequality



dimM(L) < dimM(L/L?) + dimL*[d(L/Z(L)) —1]

= Yn(n-1)—t<%d(d-1)+c[d-1]

= Y(c+d)c+d-11-t<'%d(d-1)+c[d—1]

= Ylc*ted—c+de+d—d]-t<%[d*—d]+(cd—c)
= P—c-2t<-2¢

> +e<2t m

Note theorem 5 has been proved in [17 ] by cohomological methods.

Henceforth, L will be a filiform Lie algebra, we define
c=dimL? t=t(L)and t*=t(H), H=L/Z(L)

and from proposition 3, t*+c<'t.

We will now find the filiform Lie algebras for increasing values of t(L).

10



3.t4(L)=3
This case has been computed by Hardy. We will do the work to check that our

method is consistent with Hardy’s. By proposition 4 (dim L? < 3). If dim L*=3 then

dimH? =2 {since L* ~(H/Z(H))* =(H*+Z(H))/Z(H) =~ H*/Z(H)}( and t(H )= 0 by
proposition 3 (t(H) + dim L* < 3) which implies H is abelian, a

contradiction. If dim L?= 1, then L*= Z(L) and L is Heisenberg. But the only Heisenberg
that is filiform is the three dimensional one of example 1. It has t(L) =1 (by Theorem 2), a
contradiction. If dim L*= 0, then t(L) = 0, another contradiction. Hence, consider

dim L? = 2. Then dim H*> =1 and t(H) < 1. If t(H) =0, then H is abelian which implies
dim H? = 0, a contradiction (since dim H*=1). If t(H) = 1, then by Theorem 2, H=H(1)
and L is a central extension of a one dimensional ideal K by H(1) and Kc L2

A basis for L is {x,y,z,r} with [x,y] =z + a1, [X,z] = dar, [y,z] = asrand re Z(L).
Either o or o; must be non-zero, for otherwise dim L =1 a

Contradiction. WOLOG, let a,# 0. Then letting 2’ =z + a1,

y =y - o3/oux, T =apr and relabelling yields [x,y] =z, [x,z] =t

and [y,z] = 0. Now to compute the multiplier start with

[x,yl=z+s1 [y,z]=s3 [y.r]=ss

[xX,z]7r +s2  [X1]=s4 [zr]=S6

where si,s5,...,5¢ generate M(L). Next we perform a change of

variables i.e. [X,y]=z + s; =z* which implies [x,y]=z* similarly

[x,z]=r + sp=r* and [y,z]=s3 ,[X,r]=s4 [y,r]=ssand [zr]=s¢

thus s;=s,=0. Next we use Jacobi on all possible triples.

11



[[x,yl.z] + [[y,z].x] + [[[zx],y] = 0
= 0+ [s3,x]+s5=0
= ss= 0.
Similarly, s¢= 0. Therefore we get s; = s, = s5= s¢= 0. Now going back
to the original algebra which was (sj, sz, S3, S4, S5, S¢) NOW becomes
(s3, s4)=2=dimM(L). These are free variables and we can vary them and
have different central extensions since t(L)= 2n(n-1) — dimM(L),
it follows that t(L) = 6 — 2 = 4. Note n=4 since the basis for
L={x,y,z,r} we adopt the notation of Hardy and denote this algebra by L(3,4,1,4)
where the first digit designates it came from the t(L) = 3 case, the
second is the dimension of L, the third is dim Z(L) and the last is
t(L). Thus L(3,4,1,4) is the filiform Lie algebra with basis

{x,y,z,r} and non-zero multiplication [x,y] = z, [X,z] = .

We will use this algebra when t(L) = 4.

Theorem 6 There are no filiform Lie algebras with t(L) = 3.
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4. t(L) =4
By proposition 4 dim L* <4 and if dim L*=4, then dim H”> =3 and t (H) =0,

(by proposition 3) which implies H is abelian, a contradiction. If dim L* =3,

then dim H> =2 and t (H) < 1 (by proposition 3).There are no such filiform

algebras by previous work(i.e t(H) =0, t(H) = 1). IfdimL*=1, then L*=Z (L) and L is

Heisenberg since L is filiform, L is the three dimensional heisenberg. This contradicts

theorem 2. If dim L*=0, then L is abelian and t(L) = 0, a contradiction. The only

remaining possibility is dim L* =2, then dim H> = 1 and t(H) < 2, by proposition 3.

By previous work, H = H(1). The case H= H(1) has been computed in the last section and

it was found that L =L (3,4,1,4), which satisfies t(L) = 4.

Theorem 7 Let L be filiform with t(L) = 4. Then L = L(3,4,1,4).
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5.t(L)=5
By Theorem 4, we know that ¢” + ¢ <2t where ¢ = dim L? and t = t(L), thus if
t=t(L) =5 then c¢*+ ¢ < 10 which implies that ¢ < 2 therefore ¢ =0,1 or 2. If
dim L?= 0 = ¢, then t(L) = 0 and L is abelian, a contradiction (see Theorem 1). If
dim L*= 1 = ¢, then L?= Z(L) and L is Heisenberg(see Theorem 2) but the only
Heisenberg Lie algebra that is filiform is the 3 dimensional one of example 1. It has

t(L) =1, a contradiction. If dim L*= 2, then dim H*= 1 and t(H) < 3. i.e t(H) = 0,1,2

or 3. If t(H) = 1, then H=H(1), L = L(3,4,1,4) and t(L) = 4, a contradiction. If t(H) =2,

then there is no filiform Lie algebra (Theorem 3). Similarly if t(H) = 3 there is no
filiform Lie algebra(Thm 6).

Ift(H) = 0, then H is abelian , a contradiction.(Theorem 1).

Theorem 8 There are no filiform Lie algebras with t(L) = 5
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6. t(L)=6
By Theorem 4, we know that ¢” + ¢ <2t where ¢ = dim L? and t = t(L), thus if
t=t(L) = 6 then ¢* + ¢ < 12 which implies that ¢ < 3 therefore ¢ = 0,1,2 or 3. Also
from Proposition 0{i.e t< %2 (n)(n-1)}and since n=c+2 for filiform we get
t< % (ct+2)(c+1). If c=0, then t=6< "2 (2)(1)=1, a contradiction. If c=1, then
t=6< "2 (3)(2)=3, a contradiction. If ¢ =2, then t=6< "2 (4)(3)=06, and
if c=3 t=6< 14 (5)(4)=10. Thus c=2, 3 are the only cases that satisfy the
inequality(Proposition 0), therefore c¢>2.
If ¢ = dim L* = 2, then dim H?=1 and t(H) < 4(Prop 3) i.e t(H) = 0,1,2,3 or 4. If
t(H)=0 then H is abelian, a contradiction(Theorem 1). If t(H) = 1, then H=H(1),
H=L(3.,4,1,4) and t(L) =4, a contradiction. By previous work there are no
filiform Lie algebras for t(H)=2 or 3(see theorems 3 and 4 respectively).
If t(H) = 4, then H=L(3,4,1,4) a contradiction(since the dimension of the derived
algebra is 2 not 1). If c=3=dimL? then dimH” =2 and t(H)<3(Prop 3)i.¢ t(H)=0,1,2,3.
If t(H) =0 the H is abelian, a contradiction(Theorem 1). If t(H) =1 then H=H(1),
L=L(3,4,1,4) and t(L)=4, a contradiction. By previous work, if t(H)=2 or 3 there are

no filiform Lie algebras(Theorems 3 ,6). If t(H)=4, then Proposition 3 is contradicted.

Theorem 9 There are no filiform Lie algebras with t(L)= 6
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7.t(L)=7

Again by Theorem 4, ¢” + ¢ <2t where ¢ = dim L? and t = t(L), thus if t=t(L)=7,
then ¢* + ¢ < 14 which implies that ¢ < 3 therefore ¢ = 0,1,2 or 3. Again by
Proposition 0 {i.e. t</2(n)(n-1)} and since n=c+2 for filiform we get t<2(c+2)(c+1).
Similarly if ¢=0, then t=7<"2(2)(1)=1, a contradiction. If c=1, then t=7<'2(3)(2)=3
another contradiction. If c=2 then t=7<'4(4)(3)=6 another contradiction. Finally if
c=3, then t=7<'4(5)(4)=10, a true statement, therefore the inequality is true only for
¢=3, thus if c=dim L*=3, then dim H? =2 and t(H) < 4(proposition 3) i.e.t(H) =0,1,2.3
or 4. If t(H)=0 , then H is abelian, a contradiction. If t(H)=1, then H=H(1),
L=L(3,4,1,4) and t(L)=4, a contradiction. Again by previous work, if t(H) =2 or 3
there are no filiform Lie algebras (Theorems 3 and 4). If t(H)=4, then H=L(3,4,1,4).
(Henceforth t(H) = 4 and dimL*=3).

Now consider H=L(3,4,1,4). Then L can be described generally by the basis

{x,y,z,c,r} and multiplication [x,y]=z, [X,z]=c,[y,z]=0sr, [X,c]= a4, [y,c]= asr and
[z,c]= aer, r € Z(L). The Jacobi identity shows that as= 0=0.

Now, assume ¢ & Z(L), which implies 04#0. If a;=0, then replacing r by (1/ a4)r and
relabelling yields non-zero multiplication [X, y]=z, [X, z]=c, [X, c]=r. To compute the
multiplier, start with

[xylFz+s1 [ycl=ss [zr]=s

[x,z]=c +s2 [z,c]=s6¢  [S,r]=S10

[y.z]=s3 [x,r] =s7

[x,c]=r +s4 [y,r]=ss

where si,...,810 generate the multiplier. By relabelling we get s;= s, = s4= 0.
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Using Jacobi identity on all triples gives sg+ ss= 0 and ss=sg = s;9= 0. Hence the
multiplier has basis {s3, S¢, $7}, dim M(L) =3 and t(L) = 7. This filiform algebra
satisfies the requirements and we call it L.(7,5,1,7). For the record, it has
basis{x,y,z,c,r} and non-zero multiplication [X, y] = z, [X, z]=c, [X, c]=r. If 0a3#0,
then replacing r by (1/ a3)r and relabelling yields non-zero multiplication

[x,¥]=12z[x,z]=c, [y, z] =1, [X, c] = Br, B= (04 a3)#0. Then letting y* = By,

z* = Bz, ¢* = fc and r* = B’r and relabelling yields non-zero multiplication

[x,y]=2z[x,z]=c, [y, z] =1, [x, c] =71

To compute the multiplier, start with

[x,ylI=z+s1 [y, cl=ss [z,r]=so

[x,z]=c+s2 [z,c]=s6 [S,T]=S10

[y, z]=r+s3 [x,1]=87

[x,c]=r+s4 [y, r]=ss
where si,...,810 generate the multiplier.
By relabelling we get s; = s, = s3= 0. Using the Jacobi identity on all possible triple gives
$s-87 =0, s+ s3=0 and sy =s;0= 0. Hence, the multiplier has basis {s4, s, s¢},
dim M(L)=3 and t(L)=7. This filiform algebra satisfies the requirement and call it
L'(7,5,1,7). For the record, it has basis {x,y,z,c,r} and non-zero multiplication

[x,y]=z, [x,z]=¢c, [y.z]=r, [X.c]=T.

Theorem 10 Let L be filiform with t(L)=7 then L=1,(7,5,1,7) or L=L'(7,5,1,7)
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8.t(L)=8
Again by Theorem 4, ¢*+ ¢ < 2t where ¢ = dimL? and t=t(L), thus if t=t(L)=8 then
¢’ + ¢< 16 which implies that ¢<3 therefore ¢=0,1,2 or 3 but again by proposition 0
we have t< 5(c+2)(c+1) which implies that if c=0, then t=8<'4(2)(1)=1, a
contradiction. If c=1, then t=8< 2(3)(2)=3, a contradiction. If c=2, then

t=8< 142(4)(3)=6, a contradiction. If c=3, then t=8< /2(5)(4)=10, a true statement,
therefore c=3 is the only case that satisfies the inequality. Thus if c=dimL*=3, then
dimH*=2 and t(H)<5 (Prop3). Therefore t(H)=0,1,2,3,4 or 5. If t(H)=0 then H is
abelian, a contradiction (Theorem 1). If t(H)=1, then H=H(1), L=L(3,4,1,4) and
t(L)=4, a contradiction. Again by previous work, if t(H)=2 or 3 there are no filiform
Lie algebras(Theorems 3 and 6). If t(H)=4, then H=L(3,4,1,4), a contradiction since we

have found that t(L) = 7. If t(H) = 5 there are no filiform Lie algebras(Theorem 6).

Theorem 11 There are no filiform Lie algebras with t(L)=8
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9. t(L)=9
By Theorem 4, ¢+ c< 2t where c=dim L* and t=t(L), thus if t=t(L)=9 then
c¢*+c<18 which implies that c< 3 therefore ¢c=0,1,2 or 3 but by proposition 0, we have
9 <'s(ct+2)(ct+1) and by solving this inequality we know that c=3 is the only case
that satisfies the inequality. Thus if c=dimL?=3, then dim H?=2 and t(H)<6(prop 3).
By previous work there are no filiform Lie algebras if t(H)=2,3,5 or 6(theorems 3,6,8
and 9). If t(H)=0, then H is abelian, a contradiction(theorem 1). If t(H)=1, then
H=H(1), L=L(3,4,1,4) and t(L)=4, a contradiction. If t(H)=4, then
H=L(3,4,1,4), a contradiction, since from the t(L)=7 case we know that L=L(7,5,1,7)

or L=L'(7,5,1,7) which have t(L)=7 but here t(L)=9.

Theorem 12 There are no filiform Lie algebras with t(L)= 9.
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10. t(L)= 10
Similarly, by Theorem 4, if t=t(L)=10 then c¢’*+c<20 which implies that c<4,
therefore c=0,1,2,3 or 4 but by proposition 0, we havel0< 2(c+2)(c+1)
and by solving this inequality we know that c=3 and c=4 are the two cases that satisfy
the inequality. Thus if c=dimL*=3, then dim H?=2 and t(H)<7(prop 3). Again by
previous work, there are no filiform Lie algebras if t(H)= 2,3,5 or 6(Theorems 3,6,8,9
respectively). If t(H)=0, then H is abelian, a contradiction(Theorem 1). If t(H)=1, then
H=H(1), L=L(3.,4,1,4) and t(L)=4, a contradiction since from the t(L)=7 case we
know that L=1.(7,5,1,7) or L=L'(7,5,1,7) which have t(L)=7 but here t(L)=10. If
t(H)=4, then H=L(3,4,1,4), a contradiction since from the t(L)=7 case we know that
L=L(7,5,1,7) or L'(7,5,1,7) which have t(L)=7 but here t(L)=10. If t(H)=7, then
H=L(7,5,1,7) or L'(7,5,1,7), a contradiction since the algebras H=L(7,5,1,7) or
L'(7,5,1,7) were found to have t(L)=11 and here t(L)=t(L)=10.
Also if c=dimL*=4, then dim H*=3 and t(L)<6(prop 3).
Again by previous work, there are no filiform Lie algebras if t(H)=2,3,5 or 6. If
t(H)=0, then H is abelian, a contradiction(Theorem1). If t(H)=1, then H=H(1) ,
L=L(3,4,1,4) and t(L)= 4, a contradiction. If t(H)=4, then H=L(3,4,1,4), a

Contradiction by similar argument above.

Theorem 13 There are no filiform Lie algebras with t(L)= 10.
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11. t(L)= 11
By Theorem 4 , if t=11 then ¢*+ ¢ <22 which implies that c<4 therefore ¢=0,1,2,3 or
4, but by proposition 0, we have 11< '52(c+2)(c+1) and by solving this inequality we
know that c=4 is the only case that satisfies the inequality. Thus if c=dimL*=4, then
dimH?=3 and t(H)<7(prop 3). By looking at table 22.1, we found that the only
time these parameters are satisfied was when t(L)=7.Again by table 22.1, there
are no filiform Lie algebras if t(H)=2,3,5 or 6. If t(H)=0, then H is abelian, a
contradiction. If t(H) =1, then H=H(1), L=L(3,4,1,4) and t(L)= 4, a contradiction.
If t(H)= 7, then L=L(7,5,1,7) or L=L'(7,5,1,7).
We will consider these two cases. First let’s consider Case 1 where H=1(7,5,1,7).
{We will later consider Case 2 where H=L'(7,5,1,7), since it has different
multiplication table}.This L can be described generally by the basis {x,y, z, ¢, 1, t}
and multiplication
[x,Y]=z, [X,z]=c, [x,c]=r, [X,r]=oa4t, [y,z]=0st, [y,c]= ast, [y,r]= ost, [z,c]= ast
[z,r]= aot, [c,r ]=aot, and tEZ(L). The Jacobi identity shows that o =09 =010=0 and
g = - a7,
Relabelling yields the non zero multiplication [X,y]=z, [X, z]=c, [X, c]=T, [X, I]= aat,
[y, z]=ast, [y, c]= 0, [y, r]= ost, [z, c]= -ast, [z, r]= 0, [c, r]= 0 and t€Z(L).
Now if a7 =0 and a4 # 0. (Since if o; = 04=0 then r is also in the center Z(L), a
contradiction because L is filiform and only one element can be in Z(L) and we have
already designated t to be in Z(L) earlier.) Further relabelling yields

[x,Y]=z, [X, z]=c¢, [X, c]=r, [X, r]=aa4t, [y, z]=ast, [y, c]= 0, [y, r]= ast, [z, c]= -ost, [z, r]=0,
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[c, r]=0and t€Z(L).

Now by substituting t'= a4t which implies t=(1/ a4)t’, we get

[x.y]=z, [x, z]=¢, [x, c]=r, [x,1]=t', [y, z]= (as/au)t’, [y, c]= O, [y, r]=0, [z, c]=0, [z, 1]=0,
[c, r]= 0, now let yz=as't this implies

[x, Y=z, [x, z]=c, [X, c]=r, [x, r]=t'=t, [y, z]=05 t, [y, c]= 0, [y, r]=0, [z, c]=0, [z, r]=0,

[c, r]= 0, thus as=1 therefore we will now consider:

Case 1 (i) where we suppose a7 =0 and 1= a4# 0. (Since again if a; = a4=0 then r is

also in the center Z(L), a contradiction.)

Relabelling yields the non zero multiplication [X, y]= z, [, z]=c¢, [X, c]=r, [X, r]=t,

[y, z]=ost, [y, c]=0, [y, r]=0, [z, c]=0, [z, r]= 0, [c, r]= 0 and t€Z(L).

To compute the multiplier start with

[x,y]=z+s1 [y, z]=ost+ss [Z,r]=S9 [z, t]=s13
[X, z]=ct+s2 [y, c]=s6 [c, r]=s10 [c, t]=s14
[x, c]=rts3 [y, r]=s7 [X, t]=s11 [r, t]=si5
[x, r]=t+s4 [z,c]=sg [y, tI=s12

where si,...,5;5 generate the multiplier. Now we will use the Jacobi identity on all
triples.

* (xy)zt(yz)xHzx)y =0

= (ast)x-cy=0

= - 058111 S¢=0

= S¢= 05811

22



* (xy)et(yo)xt(ex)y =0

* (Xy)r+(yn)x+rx)y = 0

* (xy)tH(yt)x+H(tx)y = 0

* (x2)r+(zr)x+(rx)z =0

* (xz)cH(ze)x+(cx)z=0

s (xz)tH(zt)xH1tx)z=0

* (xr)cH(re)x+(cx)r=0

o (x)tH(rt)x+Htx)r=0

* (xo)t+H(ct)xHtx)c =0

* (yz2)cH(ze)y+H(cy)z =0

* (y)rH(zr)y+(ry)z =0

* (yo)tH(zt)yH(ty)z =0

* (yo)r+(en)y+(ry)e = 0

* (yo)tt(ct)y+(ty)ce =0

* (ro)t+(ct)r+(tr)c =0

= zc-ry=0 =853-87=0 = sg=37.

=zr+s7x-ty =0 = Sot+ §1,=0 —=- S9=-S12.

=zt =0 = 813=0.

=cr- (oyt)z =0 = $10=0.

= 0-rz=0 = s¢=0.

= 0+sgx-rz=0

=ct=0 = $14=0.

= (a4t)c- s10x=0 = 014514=0 = 814=0.

= (a4t)t=0

=rt=0 = S 5=0

=(ast)ctsgy-sez=0 = -05814~0 =s14=0

=(ast)r+(-o7t)z=0 = as0+0a;0=0

= (ast)t=0 =0=0

= 0=0

= 0=0

=0=0
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From the preceding work we obtain the following equations.
(1) se=assy1 (1) s7=-sg (ii1) So=-512 (1V) $13=0 (Vv)s10=0
(vi) s9 =0 (vii) s14=0 (viii) s;5=0. This implies
$9=S10=S12= S13= S14= S15= 0. Further s, sg €(54,5557, s11) thus dimM(L)=(s4,55 7, s11)=4.
Therefore t(L)=Y2n(n-1)-dimM(L)= %2(6)(5) - 4=11, call this L=L(11,6,1,11).
Now by substituting t'= o;t which implies t=(1/ a4)t’, we get
[X,y]=z, [X, z]=c, [X, c]=r, [X, r]=04t’, [y, z]= (0s/a7)t’, [y, c]= O, [y, r]=t’, [z, c]= -t’,
[z, r]=0, [c, r]= 0, now let yz=a"t this implies
[x,Y]=z, [X, z]=c¢, [X, c]=T, [X, 1]=aat, [y, z]=0s5 't, [y, c]= 0, [y, r]=t’, [z, c]=-t’, [z, r]=0,

[c, r]= 0, thus a;=1 therefore we will now consider:

Case 1 (ii) where we suppose 1= a7 # 0.

Relabelling yields the non zero multiplication [X, y]= z, [X, z]=c¢, [X, c]=r, [X, r]= 0at,

[y, z]=ost, [y, c]= 0, [y, t]=t, [z, c]=-t, [z, r]= 0, [c, r]= 0 and tE€Z(L).

To compute the multiplier start with

[X,y]=z+s) [y, z]=ast+ss [z,r]=s9 [z, t]=s13
[x, z]=ct+s; [y, c]=se [c, r]=s10 [c, t]=s14
[X, c]=r+s3 [y, r]=t+s; [x, t]=s11 [r, t]=s15

[X, r]= out+ss  [z,c]=-t+sg [y, t]=s12
where si,...,8;5 generate the multiplier. Now we will use the Jacobi on all triples.
* (xy)zH(yz)x+(zx)y =0
=77+ (ast)x+ ssx+(-c)y=0

—=- 05 ST S6:O = S¢=05S11
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* (xy)et(yo)xt(ex)y =0

* (Xy)r+(yn)x+rx)y = 0

* (xy)tH(yt)x+(tx)y = 0

* (x2)r+(zr)x+(rx)z =0

* (xz)cH(ze)x+(cx)z=0

s (xz)tH(zt)xH1tx)z=0

* (xr)cH(re)x+(cx)r=0

o (xr)tH(rt)x+H(tx)r=0

* (xo)t+H(ct)xHtx)c =0

* (yz)cH(ze)y+H(cy)z =0

* (y)rH(zr)y+(ry)z =0

* (yo)tH(zt)yH(ty)z =0

* (yo)r+(er)y+(ry)e =0

* (yo)tt(ct)y+(ty)ce =0

* (ro)t+(ct)r+(tr)c =0

= (2)ct (se)x-(N)y=0 = -t-ry=0 = -t+t+s;=0 = s7=0

=7r+tx-( o4t-s4)y=0 = So- S11t 04 S12=0  =>S11=So+ 04S]2

=7t+ s12x- $11y=0 = s13=0

=> Cr+S9X- Outz-s47z=0 = S10+ 0uS13=0 = S10=- 0uS|3
= cc-tx-1z=0 = $11=-S9

= ct+s13x-8112=0 = 4S14=0

= (a4t)c-syox-11=0 = 8140

= (aat)ttsgt+s;sx-s; =0 = 0=0

= I'H‘S14X-SHC=O = S]5=0
= (ast)c -ty-sez=0 = -05S14+812=0 = S1= 05814
= ssr+sgy-tz=0 = s13=0

= (ast)t+s3y+(-s12)z=0 = 0=0

:>s6r+sloy+tc=0 :>S14=0
=S6t+S14y-512¢=0 =0=0
=>-81ot+S14r-815¢=0 =0=0
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From the preceding work we obtain the following equations.

(1) Se=05S11 (ii)S7=0 (111) S11=S9+ 0l4S12 (IV) S13= 0 (V) S10™=- 04S13 (Vl) S117=-S9

(Vll) S14=0 (Vlll) S15=0 (IX) S12= 05S14. This implies S7=S8=S9=S10=S11= S12= S13= Sl4=S15=0.

Further (so, s11, $12) € (84, S5, S¢) thus dimM(L)=(s4, S5, S6)=3.

Therefore t(L)="2n(n-1)-dimM(L)= "2(6)(5) - 3=12, call this algebra L=L(11,6,1,12).

Now we will consider case 2 where H=L'(7,5,1,7)This L can be described generally by

the basis {x,y, z, ¢, r, t} and multiplication
[x,Y]=z, [x,z]=c, [x,c]=1, [Xr]=04t, [y,z]=rt+ast, [y,c]= ast, [y,r]= ast, [z,c]= ogt
[z,r]= aot, [c,r ]=a0t, and tEZ(L). The Jacobi identity shows that o9 =a;0=0 and
o = o4 and og = - 07,
Relabelling yields the non zero multiplication [X,y]=z, [X, z]=c, [X, c]=T, [X, I]= oat,
[y, z]=r+ost, [y, c]=aat, [y, r]= ast, [z, c]=-ast, [z, 1]= 0, [c, r]= 0 and t€Z(L).
Now by substituting t'= o;t which implies t=(1/ a7)t’, we get
[x,Y]=z, [X, z]=c¢, [X, c]=T, [X, r]=(a/07)t’, [y, z]=r+(as/o)t’, [y, c]=(as/o)t’, [y, r]=t’,
[z, c]=-t', [z, r]=0, [c, r]= 0, now letting yc=a4't implies yc= a4t = a;=1
also letting yr= a7t implies yr= ost =, also letting zc=-a; 't implies zc=-a5t = o;=1
similarly letting yr =r + a3t implies yr =r + o3t = o7=1.

Thus o,=1 therefore we will now consider:

Case 2 (i) where we suppose 1=a; # 0.

Relabelling yields the non zero multiplication [X, y]= z, [X, z]=c, [X, c]=r1, [X, ]= dat,

[y, z]=r+ast, [y, c]= aat, [y, r]=t, [z, c]=-t, [z, r]= 0, [c, r]= 0 and t€Z(L).
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To compute the multiplier start with

[x,Y]=z+s; [y, z]=r+ asttss  [z,r]=s¢ [z, t]=s13
[X, Z]=cts2 [y, c]= aat +s¢ [c, r]=S10 [c, t]=s14
[x, c]=r1+s3 [y, r]=t+ s; [X, t]=s11 [r, t]=si5
[X, 1]= 04t +s4 [z,c]=-t+ sg [y, t]=s12

where si,...,s15 generate the multiplier. Now we will use the Jacobi identity on all

triples.

s (xy)zH(yz)xH(zx)y =0 = zz+ (rtast)x-(-c)y=0 = -o4t. 05811+ gt =0 = -0158;;=0

s (xy)cH(ye)xtH(cx)y =0 = (z)ct (agt)x-(r)y=0 = -t- g8+t =0 = ass11=0

s XY)rH(ynx+Hrx)y =0 = zr+tx-( a4t)y=0 = So- S11t 0481270 =S¢=Sy1-
04812

s (xy)tH(yt)x+(tx)y = 0 = 7t+ 812X~ $11y=0 = s13=0

* (xz)r+(zr)x+(rx)z =0 = cr+sox- o4tz=0 =810~ 0aS13=0 = S10= 014813=0
* (xz)ctH(ze)x+H(cx)z=0 = cc-tx-rz=0 = $11=-S9

* (x2)tH(zt)xHtx)z=0 = ct+s13x-S112=0 = $14=0

* (xr)cH(re)x+(cx)r=0 =(0ut)c-sjox-11=0 = 4S14=0= 04817 =814=511=0 =s9=0

o (xr)tH(rt)x+H(tx)r=0 =(oat)t+s15x-s; ;=0 =0=0
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* (xc)t+H(ct)x+(tx)c =0 = rt+s14X-s1;¢=0 = s15=0

* (yz)ct(zc)y+H(cy)z=0 = (r+ost)c -ty +(-a4t)z=0 = rct aste-ty- otz =0

=>- 810- 5S14T S12+ 81370 =51,=0 =>S9=811

* (y2)rH(zr)y+(ry)z =0 = (rt ast)r+soy-tz=0 = 11+ astr+s;3=0
=>- 058151+S13=0 = s13=0

* (y2)t+(zt)y+(ty)z=0 = (rtost)t+si3y+(-s12)z=0 = s15=0

* (yo)r+(cr)y+(ry)c =0 = outr+s;gy-tc=0 = - 4S15t814=0 = 0=0

* (yot+(ct)y+Hty)e =0 = (out)t+sigy-sipc=0 = 0=0

* (ro)t+(ct)r+(tr)c =0 =>-S10t+S14r-815¢=0 =0=0

From the preceding work we obtain the following equations.

(1)— (15811:() (11) 0,4511:0 (111) S9=S11- 04S12 (IV) 813:0 (V)slon

(Vi) s11=-89 (Vi1)$14=0 (Vviii) 04814=0 (iX) $1;=514=0 (X)s9=0 (x1)s15=0 (xii) s1,=0 (xiii) s13=0

This implies $7=S§=89=510=S11= $12= S13= S14=S15=0, thus

dimM(L)=(s4, S5, S6)=3.

Therefore t(L)="2n(n-1)-dimM(L)= %2(6)(5) - 3=12, call this algebra L=L"(11,6,1,12).
Now by substituting t'= o4t which implies t=(1/ as)t’, we get

[X, Y]:Z, [X’ Z]:Ca [Xa C]:I', [Xa I']Zl/(mt', [Y9 Z]:r+((l5/0,4)t’, [y’ C]:(l/ (1,4)1:’, [ya I‘]ZO,

[z, c]=0,[z, ]=0, [c, r]= 0, now letting [X, r]=1/a4t’=t"" implies t'= a4t”" thus relabelling
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implies [X, y]=z, [X, z]=¢, [X, c]=T, [X, r]= lout'=t""=t, [y, z]= r+(os/o4)(0at”")=r+ ast ,
[y, c]= (1/ au)( aat”")=t, [y, r]=0, [z, c]=0, [z, r]=0, [c, r]= 0, thus o4=1. Therefore we will

now consider:

Case 2 (ii) where we suppose a7 =0 and 1= a4# 0.(Again, 04 and a;

cannot both be zero since this implies r is also in the center, a contradiction)

Relabelling yields the non zero multiplication [x, y]= z, [, z]=c, [X, c]=r, [X, r]=t,

[y, z]=r + ast, [y, c]=t, [y, 1]=0, [z, c]= 0, [z, r]= 0, [c, r]= 0 and t€Z(L).

To compute the multiplier start with

[X,y]=z+s, [y, z]=r + ast+ ss [Z,r]=S9 [z, t]=s13
[x, z]=ct+s; [y, c]=t +s¢ [c, r]=Ss10 [c, t]=s14
[x, c]=rts3 [y, r]=s7 [x, t]=s11 [1, t]=s15
[X, r]= t+s4 [z,c]= s Ly, t]=s12

where sy,...,815 generate the multiplier. Now we will use the Jacobi identity on all

triples.

* (xy)zt(yz)xH(zx)y =0 = zz+ (rtost)x+(-c)y=0 = - ass1;=0

* (xy)cH(ye)x+(cx)y =0 = (z)ct (aqt)x-(r)y=0 = sg-8111s7 =0 = Sg=S11-S7

* (xy)r+(yr)x+(rx)y = 0 =zr+ atx-( out)y=0 = S9- 07811+ 04 S12=0

= S9= 07811~ 04812 =- S12
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. (xy)t+(yt)x+(tx)y =0 = 7t+ S1X- S11y=0 = $13=0

* (xz)r+(zr)x+(rx)z =0 = crt+sox-tz=0

* (xz)ctH(ze)x+(cx)z=0 = cc- a;tx-1z=0

* (x2)t+H(zt)xH1tx)z=0 =ct+s13Xx-5112=0

* (xr)ctH(re)x+(cx)r =0 =(0yt)c-s1ox-11=0

s (xr)t+(rt)x+(tx)r=0 =(04t)t+s15x-s111=0
* (xo)t+H(ct)xHtx)c =0 =1t+s14Xx-81;¢=0

* (yz)ct+(zc)y+(cy)z=0 = (rt+ast)c — asty +(-o4t)z=0

=810™- 05814

* (yz)r+(zr)y+(ry)z=0 =(r+ ast)r+soy-tz=0

= -058151+S13=0 = 05815=0

* (yz)t+H(zt)yHty)z=0 =(rt+ast)t+s13y+(-s12)z=0
* (yo)r+(cr)y+(ry)c =0 = tr+s;oy- s7¢=0

* (yo)tH(ct)y+(ty)e =0 = ()t+s14y-s12¢=0

* (re)tH(ct)r+(tr)c =0 =>-S1ot+S141-815¢=0

= st 813=0 = S10= -S13
= -078111+S9=0 = s9=0
= 814:()

= 04 S14=0 = S14=0
=0=0

3515:0

=rc+ astc-tz=0

= 11+ 0str+s13=0

= 815:()

= S15=0

= 0=0

=0=0
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From the preceding work we obtain the following equations.

(1)- ass;1=0 (i1)sg=s11-s7 (ii1) So= 017811~ 04S12=-S12 (1V) $13= 0 (V)S10=-513

(vi) sg=0(vi1) s14=0 (viii) s15=0 (iX) S10=- 05514 (X) atsS15=0 .Now from (i) if a5 is not zero,
this implies sg=S¢=S10= S12= S13= S14=S15=0. Further s;;€ (ss, S¢, S7, S3) thus
dimM(L)=(ss, s¢, $7, S3)=4.

Therefore t(L)=Y2n(n-1)-dimM(L)= %2(6)(5) - 4=11, we call this algebra L=L"(11,6,1,11).

From this work we have found the following algebras for t(L)=11 and we summarize

them in the following theorem.

Theorem 14 Let L be filiform with t(L)=11 then L=L(11,6,1,11) or L=L"(11,6,1,11)

31



12. t(L)= 12
By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL? and t=t(L). If t = 12 then

¢*+ ¢ < 24 which implies that ¢ < 4 therefore ¢ =0, 1, 2, 3 or 4, but by proposition 0

(i.e. t < 'on(n-1)) and since n= c+2 for filiform we get 12 < '5(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 4 is the only case that satisfies the inequality. Thus if ¢ =
dim L= 4, then dim H” = 3 and t(H) < 8 (proposition 3). In the t(L)=11 case we have

already computed these and we list them in the following theorem.

Theorem 15 Let L be filiform with t(L)=12, then L=L(11,6,1,12) or L=L’(11,6,1,12).
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13. t(L) = 13

By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL? and t=t(L). If t = 13 then

¢*+ ¢ <26 which implies that ¢ < 4 therefore ¢ =0, 1, 2, 3 or 4, but by proposition 0

(i.e. t < 'on(n-1)) and since n= c+2 for filiform we get 13 < '4(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 4 is the only case that satisfies the inequality. Thus if ¢ =
dim L*= 4, then dim H” = 3 and t(H) < 9 (proposition 3), but from Table 22.1, we

know that the only time these conditions are satisfied is when t(L)=7, but here t(L)=13,

hence a contradiction. We thus summarize our findings in the following Theorem.

Theorem 16 There are no filiform Lie algebras with t(L) = 13.
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14. t(L)=14

By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL?* and t=t(L). If t =14 then

¢*+ ¢ <28 which implies that ¢ < 4 therefore ¢ =0, 1, 2, 3 or 4, but by proposition 0

(i.e. t < '4n(n-1)) and since n= c+2 for filiform we get 14 < '5(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 4 is the only case that satisfies the inequality. Thus if ¢ =
dim L*= 4, then dim H” = 3 and t(H) <10 (proposition 3), but from Table 22.1,we

know that the only time these conditions are satisfied is when t(L)=7, but here t(L)=14,

hence a contradiction. We thus summarize our findings in the following Theorem.

Theorem 17 There are no filiform Lie algebras with t(L) = 14.
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15. t((L)=15

By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL?* and t=t(L). If t =15 then

¢*+ ¢ <30 which implies that ¢ < 5 therefore ¢ =0, 1, 2, 3, 4 or 5 but by proposition 0
(i.e. t < 'n(n-1)) and since n= c+2 for filiform we get 15 < '4(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 4 and c=5 are the two cases that satisfy the inequality.
Thus if ¢ = dim L*= 4, then dim L = 6 which implies dim H=5, but from Table 22.1

This is a contradiction.

Also if ¢ =dim L*= 5, then dim H” = 4 and t(H) <10 (proposition 3), but again from
Table 22.1, we know that there are no filiform Lie algebras satisfying these conditions,

hence a contradiction. We thus summarize our findings in the following Theorem.

Theorem 18 There are no filiform Lie algebras with t(L) = 15.
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16. t(L)=16

By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL?* and t=t(L). If t =16 then

¢*+ ¢ <32 which implies that ¢ < 5 therefore ¢ =0, 1, 2, 3, 4 or 5 but by proposition 0
(i.e. t < 'an(n-1)) and since n= c+2 for filiform we get 16 < '4(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 4 or ¢=5. Thus (1) if ¢ = dim L*= 4, then dim H*> =3
and t(H) <12 (proposition 3). (2) If c= dim L*= 5 then dim H?>=4 and t(H)<l11
(proposition 3), but from previous work we know that the only time these conditions are
satisfied is when t(L)=11 or t(L)=12. If t(H)=11, then H=L(11,6,1,11) or H=L"(11,6,1,11)
and if t(H)=12, then H=L(11,6,1,12) or H=L'(11,6,1,12) but note that ¢ = dim L*=4is
impossible since the dimension of ¢ must equal to 5 because ¢ has to be 2 less than the
dimension of L which has 7 elements as defined by the basis {x, y, z, ¢, r, t, u} which is
what we need here for t(L)=16. Therefore (1) above is totally eliminated leaving us with
only (2). We will therefore now consider the two cases for t(L)=11. The first is when
H=L(11,6,1,11) and the second is when H=L'(11,6,1,11).

CASE 1 Let H=L(11,6,1,11), this L can be described generally by the basis

{x,, 2z, c,r,t,u} and multiplication

[x,Y]=z, [x,z]=c, [X,c]=1, [X,r]= ast+Pau, [y,z]=ast+Bsu, [y,c]= Bsu, [y,r]= t+pmu,

[z,c]= -H‘Bgu R [z,r]=B9u, [c,r ]2[31011, [x, t]= Bnu, [y, t]= B]zu, [z, t]= [313u, [c, t]= [31411,

[r, t]= B1su, and u€Z(L). Now we will use the Jacobi Identity on all triples.

* (xy)zH(yz)x+(zx)y =0
=zz+ (astt+ Bsu)x +(-c)y=0

= astx+ Psux-cy=0
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= -asﬁllu-(-B6u)=0 = Béz UvSBll

* (xy)ctH(ye)x+H(ex)y=0 = zct Beux-(-t- f7u )=0 = zctt+Bu=0 = PB7=-Ps

o (xy)rt(yr)x+H(rx)y =0 = zrt+ (t + Bru)x + (-0ut-Psu)y=0 = zr+ tx+ Prux-ostypfsuy=0

= Bou-Priu- au(-Pr2u) = Bo= B11- a4Pi2

s xy)tHyt)x+(tx)y=0 =zt + Bux-fuy=0 =p3u=0

+ (xy)uHywxHux)y =0 = 0=0

* (xz)cH(ze)x+H(cx)z=0 = cct(-t+ Psu)x-rz=0 = -tx-rz=0 = P;jut Pou=0

= Bo=- P

s (x2)rH(zr)x+(rx)z=0 =cr+ Boux- oatz- Bsuz=0  =Pjout auPi3u=0

= Bio=- sPi3

* (x2)tH(zt)x+H(tx)z=0 =ct+ Bizux- fjuz=0 =B14u=0

* (xz)ut(zu)x+(ux)z=0 = 0=0

* (xc)r+(cr)x+H(rx)c =0 =rr+ Bioux- ostc- fauc=0 = -outc=0 =aufi4u=0

s xo)tHet)xHtx)c =0  =rt+ Brauxt+(=piu)c=0 = PBisu=0

* (xc)ut(cu)x+(ux)c=0 =0=0
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o(xOtHrt)Xx+Htx)r=0 = (oytt+ Pau)t+ Brsux+(-Bu)r=0  =0=0

s (xryut(ru)x+(ux)r=0 = 0=0

s (xthut(tu)x+(ux)t=0 =0=0

* (yz)eH(ze)yH(cy)z =0 =(ost+ Bsu)et(-t+ Bsw)y+(-Bou)z=0

= astct BsuC- ty+ Bguy- Bguz=0 —-05 [31411"‘ B12u=0 — % B14= B]z

s (y2)rH(zr)y+(ry)z=0 = (ostt+ Bsu)r+ Bouy+(- t- fru)z=0 = astr- tz- Bruz=0

= -05 Bisut Bisu=0 = PBi3=as Pis

s (yo)tH(zt)yHty)z=0 = (astt Bsu)t + Bisuy- Biouz=0 =0=0

s (yz)ut(zu)y+(uy)z=0 = 0=0

s (yor+(cr)y+(ry)ce=0 = Beurt Biouy+(-t- B;u)c=0 =>-tc- Bruc=0 = P14u=0

s (yotH(ct)yHty)ce=0 = Peutt Prsuy+psuc=0 =0=0

s (yo)u+(cu)y+(uy)c =0 =0=0

* (yn)t+(rt)y+(ty)r=0 = (t+ Bru)t+ Bisuy-Prour=0 =0=0

* (ynut(ru)y+uy)r=0 =0=0

o (yHut(tu)y+uy)t=0  =0=0
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* (ze)r+(cr)zH(rz)c =0 = (-t+ Bsu)r+ Bouz-fouc=0 = -tr=0 =B15u=0

* (ze)t+(ct)z+H(tz)c =0 = (-t+ Bsu)t- Brauz-Pizuc=0  =0=0

* (zc)ut(cu)zt(uz)c =0 = 0=0

* (zn)t+(rt)z+(tz)r =0 = Boutt Bisuz-Pizur=0 =0=0

* (zr)ut(ru)z+(uz)r=0 = 0=0

* (zt)ut(tu)zH(uz)t =0 = 0=0

* (cr)t+(rt)ct+(tc)r=0 = Bioutt+ Bisuc-Pisur=0 =0=0
* (cr)ut+(ru)ct+(uc)r=0 =0=0
* (rt)ut(tu)r+(ur)t =0 =0=0

We will now summarize the equations found below:
(1) Be= a5 Bi1 (2) B7=-Bs (3) Bo=P11-04 P12 (4) B13u=0 (5) Po= P11 (6) Bro=-04 P13

(7) B14u=0 (8) a4P14u=0 (9) B15u=0 (10) 05 B14=P12 (11) B13= 05 P15

From the preceding work we obtain the following equations.
(i) Bs= Bo = P10 = P11 = P12= P13= P1a= P15=0 (ii) B7=-Ps

(ii1) Bo =-B1=Pu=0 (iv) Pio=-0a P13=0 (V) P13= 015 P15=0.

Relabelling yields the non zero multiplication
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[Xa}I]:Za [XoZ]zca [x,c]=r, [X,I‘]= U'4t+B4ua [yaz]=a5t+B5ua [Yac]z 07 [yyr]z t'BSHa

[z,c]= -t+Bsu, [z,r]=0, [c,r ]=0, [X, t]=0, [y, t]=0, [z, t]= 0, [c, t]= 0,

[r, t]=0, and u€Z(L). This implies that t is also in the center, a contradiction, thus we we

have not found any filiform lie algebra for this case.

CASE 2. We will now consider H=L'(11,6,1,11). This can be described generally

by the basis {x,y, z, c, 1, t, u} and multiplication

[x,Y]=z, [x,z]=c, [X,c]=1, [X,I]= ast+Pau, [y,z]=r+ast+Psu, [y,c]= ast+Peu, [y,r]= t+p7u,

[z,c]= -t+[33u R [z,r]=B9u, [c,r ]=[310u, [x, t]= Bnu, [y, t]= B]zu, [z, t]= [31311, [c, t]= [314u,

[r, t]= B1su, and u€Z(L). Now we will use the Jacobi Identity on all triples.

* (xy)zH(yz)x+H(zx)y =0 =zz+ (r+ostt+ Bsu)x +(-c)y=0 =X+ ostx+ Bsux-cy=0

= (-ogt-Bau)toas(-Priu)-(-ost-Beu)=0 = PBe=PsutoasPi;

* (xy)cH(ye)xH(cx)y =0 = zctH(ast+PBeu)x-ry=0 = -t+Bsut agtx+ Peux+t+H7u)=0

= Br=04P11-Ps

o (xy)rH(yr)x+Hrx)y =0 = zr+ (t +Hpu)x + (-out- Bau)y=0 = Bouttx+ Brux-asty-Psuy =0

= Bou-Briu- ou(-fr2u) = Po= Pi1- auPi2

s (xy)tHyt)x+(tx)y =0 = zt + Boux-Biuy=0 =B13u=0

s (xy)ut(yu)x+(ux)y =0 =0=0
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* (xz)cH(ze)x+H(cx)z=0 = cct(-t+ Psu)x-rz=0 = -tx-rz=0 = P;jut Pou=0
= Bo=- P11

« (XZ)rHzD)xHIX)z =0 = ort Poux- outz- Buz=0  =Prout sBru=0 = Bio=- osP13
s (x2)tH(zt)xH(tx)z=0 = ct+ fizux- Bjjuz=0  =P14u=0
. (x2)uH(zu)x+Hux)z=0 = 0=0
s (xo)r+(cr)x+(rx)c =0 = 11+ Boux- aatc- Bsuc=0 = -outc=0  =0ouP;4u=0
e (xOHE)XHEK)C =0 = rt+ Braux+(-Bru)e=0 = B15u=0
e (xc)uH(cu)x+(ux)c =0 = 0=0
e XOHIOXHE)E =0 = (ot Bau)t+ Prsux-H(-Pru)r=0 =>0=0
o (xO)uHru)xHux)r=0  =0=0
e (xuHtL)x+Hux)t =0  =>0=0
* (y2)et(zo)yHey)z =0  =(astt Psu)eH(-t+ Psu)y+(-Beu)z=0
=(ast+ Bsu)ctH(-t+ Bsu)y+(-Beu)z=0 = astc+ Bsuc- ty+ Psuy- Psuz=0
—-05 Braut Brou=0 = 05 P14= P12
. (y2)r+Hzn)yH(ry)z = 0 = (st Bsu)r+ Pouy+(- t- Bru)z=0 = astr- tz- Bruz=0

= -05 Bisut Bisu=0 = PBi3=as Pis
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s (yo)tH(zt)y+H(ty)z=0 = (ast+ Bsu)t + Bisuy- Biouz=0 =0=0

* (yz)ur(zu)y+(uy)z=0 = 0=0

s (yorH(cr)y+(ry)ce=0 = (out+Beu)r+ Brouy+(-t- Bru)c=0 =>oytr+Peur+ -tc- Pruc=0

= Bi4= 04Pis

s (yott(ct)yHty)e=0 = (aatPeu)t+ Brauy+puc=0 =0=0

s (yo)ut(cu)y+(uy)c=0 = 0=0

* (yn)t+(rt)y+(ty)r=0 = Broutt Bisuy-Prour=0 =0=0

o (yn)ut(ru)y+Huy)r=0 = 0=0

s (yHut(tw)y+uy)t=0 = 0=0

* (ze)r+(cr)zH(rz)c =0 = (-t+ Bsw)r+ Brouz-fouc=0 = -tr=0 =P;5u=0

o (zo)tH(ct)zHtz)e =0 = (-t+ Bgu)t+Pisuz-Prsuc=0 = 0=0

* (zc)ut(cu)zt(uz)c=0 = 0=0

* (z0)t+(rt)z+(tz)r =0 = Bout+ Bisuz-Pizsur=0 =0=0

* (zr)u+(ru)z+(uz)r=0 =0=0
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s (zt)uH(tu)z+(uz)t=0 =0=0

e (cr)tH(rt)ct(tc)r=0 = Bjout+ Pisuc-fraur=0 = 0=0

* (cr)u+(ru)ct(uc)r=0 =0=0

s (rHyu+(twyr+(un)t=0  =0=0

We will now summarize the equations found below:

(1) BsZB4U+ s Bll (2) B7 :(14[311-[38 (3) B9:B11-0t4 [312 (4) B13U:0 (5) B9: [311
(6) 3102-014[313 (7 [31411:0 (8) 014[31411:0 ©) [31511:0 (10) as 314:[312 (11) [313: as [315

(12) B1a= a4 Pis

From the preceding work we obtain the following equations.
(1) Bo = B1o = B11 = B12= P15= P1a= P15=0 (i1) B=-Ps

(iii) Bs =B4

Relabelling yields the non zero multiplication

[x,Y]=z, [x,z]=c¢, [X,c]=1, [X,1]= ost+Pau, [y,z]=r+ast+Psu, [y,cl=aat, [y,r]=t-Bsu,

[z,c]= -t+Bsu, [zr]=0, [c,r ]=0, [X, t]=0, [y, t]=0, [z, t]= 0, [c, t]= 0,

[r, t]=0, and u€Z(L). Again this implies that t is also in the center, a contradiction, thus

we again have not found any filiform Lie algebras for this case and now summarize our

findings in the following Theorem

Theorem 19 There are no filiform Lie algebras for t(L)=16
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17. t(L)=17
By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL? and t=t(L). If t =17 then

¢*+ ¢ < 34 which implies that ¢ < 5 therefore ¢ =0, 1, 2, 3, 4 or 5 but by proposition 0
(i.e. t < 'on(n-1)) and since n= c+2 for filiform we get 17 < '4(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 5 is the only case that satisfies the inequality. Thus if ¢ =
dim L*= 5, then dim H” = 4 and t(H) <I2(proposition 3), but from Table 22.1, we

know that the only time these conditions are satisfied is when t(H)=12. We will therefore
consider the two cases for t(H)=12. The first case is when H=L(11, 6, 1, 12) and the

second is when H=L'(11, 6, 1, 12).

CASE 1. Let H=L(11, 6, 1, 12), this L can be described generally by the basis
{x,, 2z, c,r,t,u} and multiplication
[x.y]=z, [x,z]=c, [x,c]=r, [X,r]=t, [y,z]= ast+Bsu, [y.c]= Peu, [y,r]=P7u,

[Z,C]zﬁgu > [Zar]=B9ua [C,I' ]=B10u9 [Xa t]: Bllua [ya t]: BlZu, [Zo t]: Bl3u9 [Ca t]: Bl4ua

[r, t]= B1su, and u€Z(L). Now we will use the Jacobi Identity on all triples.

* (xy)zH(yz)xH(zx)y =0 =zz+ astx+ Bsux +(-¢)y=0 = astx-cy=0

= - asPriu-(-Beu)=0 = Be= 0P

* (xy)et(ye)xt(ex)y =0 = zct Beux-ry=0 = Bgut Pu=0 = Pr=-Ps

* (XY)rHyDxHrx)y =0 = zr+ (Brwx + (-)y=0 = Bou- (-f12w)=0 = By=-P12
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. (xy)t+(yt)x+(tx)y =0 =zt + B]qu-Bl 1U.y=0 = [313u=0 = B13=0

* (xy)ut(yux+ux)y =0 =0=0

* (xz)cH(ze)x+H(cx)z=0 = cctHPgux-rz=0 = Bou=0 = Bo=0

* (x2)r+(zr)x+(rx)z =0 =cr+ Boux-tz=0 = cr-(-B13u)=0 = Biout aufi3u=0
= Bio=-P13 = B10=0

* (x2)tH(zt)xHtx)z=0 = ct+ Bizux- Bjuz=0 = B14au=0 B14=0

* (xz)ut(zu)xt(ux)z=0 = 0=0

* (xc)r+(cr)x+(rx)c =0 = 11+ Broux-o4tc=0 = -o4tc=0 = P14=0

* (xo)t+H(ct)xHtx)c =0 = rt+ BuxtH(-friu)c=0 = Pisu=0 = Pi15=0

* (xc)ut(cu)xt(ux)c=0 = 0=0

o (xr)tH(rt)x+Htx)r=0 = (t+ Bau)t+ PBrsux-Pjur=0 = tt+ Psut+ Bisux-P;;ur=0

=0=0

s (xr)uH(ru)x+Hux)r=0 = 0=0

s (xthuH(tu)x+(ux)t=0 = 0=0

* (yz)ctH(zo)y+H(cy)z=0 =(astt+ Bsu)c+PBsuy+H(-Beu)z=0 = astc=0 = asp14.=0 =0=0
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* (yz)r+(zr)y+(ry)z=0

* (yz)tH(zt)y+(ty)z=0

* (yz)ut(zu)y+(uy)z=0

* (yo)rH(er)y+Hry)e =0

* (yo)t+(ct)yH(ty)e = 0

* (yo)ut(cu)y+(uy)c =0

* (yntH(rt)y+(ty)r =0

e (yr)u+(ru)y+(uy)r =0

* (yt)u+(tu)y+(uy)t =0

* (zo)r+(cr)zH(rz)c =0

* (ze)t+(ct)z+H(tz)c =0

* (zc)ut(cu)z+(uz)c =0

* (z0)t+(rt)z+(tz)r = 0

* (zr)ut(ru)z+(uz)r=0

= (ostt+ Bsu)r+ Bguy- B7uz=0 = astr=0 = a5[315u=0 =0=0

= (astt Bsu)t + Bisuy- Brouz=0 = 0=0

= 0=0

= Bourt Biouy+(-p7u)c=0 = 0=0

= Bout+ Prauy-Piouc=0 = 0=0

= 0=0

= (Bru)t+ Bisuy-Prour=0 =0=0

= 0=0

=0=0

= BSUI"I‘ B]oHZ-B9uC:0 = 0=0

= Bsut- Brauz-fisuc=0 =0=0

= 0=0

= Bgut‘l‘ [315uz-[313ur=0 =0=0

=0=0
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s (zt)ut(tu)z+(uz)t=0 = 0=0

s (er)tH(rt)ct(tc)r=0 = Boutt Pisuc-fraur=0 = 0=0

* (cr)ut(ru)ct(uc)r=0 =0=0

s (rtyut(twyr+(ur)t=0 =0=0

We will now summarize the equations found below:
(1) Be=osPi1 (2) B7=-Ps (3) Po=-P12 (4) P13=0 (5) Bo=0(6) P1=0
(7) B1a=0 (8) P15=0.

From the preceding work we obtain the following equations.

(1) Bo = P10 = P13= P1a= P15=0 (ii) B7=-Ps (iii) B12=0 (iv) s = ats

Relabelling yields the non zero multiplication

[XaY]:Z> [X,Z]:C, [X,C]:r, [Xar]: t’ [yyz]: a5t+B5u’ [Y5C]: osu, [Y>r]:_BSu7

[z,c]=Bsu , [z,1]=0, [c,r ]=0, [x, t]=u, [y, t]= 0, [z, t]= 0, [c, t]= 0,

[r, t]=0, and u€Z(L). For t to not be in Z(L), either B;; or B2 is not zero, but B;,=0 so

B1:1#0 thus [x, t]=u by the substitution u’= f;;u which implies that 3,,;=1.

To compute the multiplier start with

[x.y]=z, [x,z]=c¢, [x,c]=T, [x,r]=t, [y,z]= ast+Psutss, [y,c]= asutse,

[y,r]=-Bsuts; [z,c]=Psutss, [z,r]=s9, [C,r |=S10, [X, t]=U, [y, t]=S12,

[z, t]=s13, [C, t]=S14, [T, t]=S15, [X, U]=S16, [, Ul=S17, [Z, u]=s1s,[c, ul=si9, [r, u]=s20

[t, u]=s2;, where si,...,s; generate the multiplier.
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Now we will use the Jacobi identity on all triples.

* (xy)zH(yz)x+(zx)y =0 = zz+ (ast+ Bsutss)x +H(-c)y=0 = astx+ PBsux+ssx-cy=0

= (15(-11)-[35815" a5u+56=O = S¢— [35816

* (xy)cH(yc)x+(cx)y =0 = zct+ (osutse)x-ry=0 = PBgutsgt asux+sex-ry=0

f— Bgu+Sg+ (15(-816)-([3811-87):0 = Sg§ = 05S16-S7

* (xy)r+(yr)x+(rx)y =0 = zr+(-Bsutsy)x+(-aat)y=0 = So-Pgux+ s7x-ty=0

=59-Ps(-S16)-04(-512)=0 => so+Pssi6t S12 = S9=-P5S16-S12

s (xy)tH(yt)x+(tx)y =0 = zt+(s12)x+(-u)y=0 = s13-(-s17)=0

= S137-817

s xy)ut(yu)x+(ux)y =0 = zu+s;7x-s16y=0 = s13=0

* (xz)ctH(ze)x+H(cx)z=0 = cct( PBgutsg)x-rz=0 = Bgux+sgx+so=0
= PBs(-s16)89=0 = So=PsS16

* (xz)r+(zr)x+(rx)z =0 = cr+sox+(-t)z=0 = S10=-04813

* (x2)t+H(zt)xHtx)z =0 = ctt sp3xt+(-u)z=0 = s;4-uz=0

= s14-(-s13)=0 = S14=-S138 = s14=0

* (xz)ut(zu)x+(ux)z =0 => cu + S18X- S162=0 =S19=0
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* (xc)r+(cr)x+(rx)c =0

* (xo)tH(ct)xHtx)c =0

* (xc)ut(cu)x+(ux)c =0

s (xr)t+(rt)x+(tx)r=0

* (xr)u+(ru)x+(ux)r=0

* (xt)uH(tu)x+(ux)t =0

* (y2)r+(zn)y+(ry)z =0

= (ostr+ Bsurt+ssr)+Pguz

* (yz)ct(zc)y+(cy)z=0

= -05S14-Pss17-0t5815=0

* (yz)t+H(zt)y+Hty)z=0

= -P552:=0

* (yz)ut(zu)y+(uy)z =0

* (yo)r+(en)y+(ry)e = 0

= as(-520)+ Ps(s19)=0

= rrts;0xH(-t)c=0 = -tc=0 = 514=0
= rt+(tx)c=0 = S15=-S19 = 815=0
= ru + Sy9X- S;6¢=0 = $50=0

= -ur=0 = $30=0

= tu+Sy0X- S16r=0 = $31 =0

= $71X- S16t=0 = 0=0

= (ostt+ B5H+S5)I‘+Sgy+ (Bgu-S7)Z=0

= -05S15-P5S20- PsS15=0 = 05515= Pg 518=0

= (astt Bsu)c+ PBsuy-asuz=0

= Bgs17=0

= (ostt+ B5u+85)t+sl3y+(-512)2=0 = Bsut =0

= Bss21=0

= (ostt+ B5U+S5)U+S18y-517z=0 = ostut B5uu=0 = 05821=0

= (asutse)rt+sipy+(Bsu-s7)c=0 =asur+ sgr+s;gy+Psuc=0

= -PsS19=05S20
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s (yotH(ct)y+H(ty)c =0 = (asutse)tt sjay+s12c=0

* (yo)ut(cu)y+(uy)c =0

* (yn)tH(rt)y+(ty)r=0

= Bgs21=0

* (ynut(ru)y+(uy)r =0

* (ytut(tu)y+(uy)t =0

* (ze)r+(cr)zH(rz)c =0

* (ze)t+(ct)zH(tz)c =0

* (zc)ut(cu)z+(uz)c =0

* (zr)t+H(rt)z+(tz)r=0

* (zr)u+(ru)z+(uz)r = 0

* (zt)ut(tu)ztH(uz)t =0

* (er)t+(rt)cH(tc)r=0

* (cr)ut(ru)ct+(uc)r=0

* (rtyut(tu)r+(ur)t =0

= (X5ut=0 = (15S21=0

= (a5u+s6)u+ Sl9y+817C:O = (151111+S6u:0 = 0=0

= (-Bsutsy)ttsisy+(-si2)r=0 = -Pgut =0

= 0=0

= (-Bgu+S7)u+Szoy-S 17=0

:>(812)u+ S12Y- s17t=0

= ( Psutsg)r+sipz-soc=0

= (Bgu+58)t+5142+-513c=0

= ( Bgu+88)u+8192-818(3:0

= SgZ+ S]5Z-Sl31’:0

= Sou+t SzoZ-Slgl’:O

= S13u+ $212-S15t=0

= Sjott 815C—Sl4I':O

= Sjout SzoC-S]9I‘=0

= S15U+ Sp11-Spot=0

= -Bguu=0

= 0=0

= Bsur=0

= Bgut=0

= 0=0

= 0=0

= 0=0

= 0=0

= 0=0

= 0=0

= 0=0

= 0=

= 0=0

=0

0

=0
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We now summarize the equations found below:

(1) s6= Pssi6 (2) ss= asS16-87 (3) So=-PsS16-512 (4) $13=-817

(5) 518=0 (6) s9=Pss16(7) s10= -513 (8) 814=0 (9) 519=0 (10) 515=-519=0 (11) 520=0

(12) $21=0 (13) Bss17=0

From the preceding work and equation (13) above we have two cases. Bgs;7=0 implies
Either Case (A) s17=0 or Case (B) s;7# 0 and Bg=0

In Case (A), if s17=0 then s31= 820 = S19= S18=S15=514=513=S10=0 and s¢=PsS16 , S§ = UsS16-S7

S9=B8S16 , 512='B8516‘ So which implies S6, S8, S9, S12 € (Ss, S7, Slﬁ) thus dll’l’lM(L)=3

which implies t(L)="2n(n-1)-dimM(L)= "2(7)(6)-3=18 ,we call this algebra

L=L(17, 7, 1,18).

In Case (B), s17# 0 and Bs= 0 then s3;= $20= s19= S15=515=514=0 and s¢=PsS1¢ , S3= AsS16-S7
S9=Pss16 , S12=- S9 , S10=- 813 = $17 Which implies s, Ss, S9, S12, S10, S13 € (Ss, S7, S16, S17) thus
dimM(L)=4 which implies t(L)='2n(n-1)-dimM(L)= "2(7)(6)-4=17 ,we call this algebra

L=L(17, 7, 1,17).
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CASE 2. Let H=L'(11, 6, 1, 12), this L can be described generally by the basis

{x,y, 2z, c,r,t,u} and multiplication

[x,Y]=z, [x,z]=c, [X,c]=1, [X1]=t, [y,z]=r+ ast+Bsu, [y,c]=t+ Beu, [y,r]=Pu,

[Z,C]zﬁgu > [Zar]=B9ua [C,I' ]=BIOU9 [Xa t]: Bllua [ya t]: BlZu, [Zo t]: Bl3u9 [Ca t]: Bl4ua

[r, t]= B1su, and u€Z(L). Now we will use the Jacobi Identity on all triples.

* (xy)zH(yz)x+(zx)y = 0

= ‘t‘Q«SBl 1+t+B(,u:O

* (xy)et(ye)x+(cx)y =0

= Bsu-PutPu=0

* (Xy)r+(yn)x+(rx)y = 0

* (xy)tH(yt)x+(tx)y = 0

* (xy)ut(yu)x+(ux)y =0

* (xz)ct(ze)x+H(cx)z=0

* (x2)r+(zr)x+(rx)z = 0

* (x2)t+H(zt)xHtx)z=0

* (xz)ut(zu)x+(ux)z =0

* (xc)r+(cr)x+H(rx)c =0

= 77+ (r+ ost+ Bsu)x H(-c)y=0 =rx+ astx+ Psux-(-t-Beu)=0

= Bs :(15[311

= zcH(t+Beu)x-ry=0

= B7= B11- Bs

= zr+Bux+(-t)y =0

= zt + Boux-Piuy=0

= 0=0

= ccH(Bsu)x-rz=0

=cr+ Boux+(-t-Bsu)z=0

=ct+ Bisux- Bijuz=0

= 0=0

= 11+ Broux+(-t)c=0

= Pguttx+ Peux-ry=0

= Bou-ty =0 = Bo=-P12

:>[313u=O :>[313:0

= B9=0

= Biou-tz=0 = P1=-P13
= Bl4u=0 = 314:0
= B14:0
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e (xc)tH(ct)xH(tx)c =0 = rt+ Brgux+(-pju)e=0 = Bisu=0 = B15=0

s (xc)ut(cu)xHux)c=0 = 0=0

o (xr)t+(rt)x+(tx)r =0 = (Ot+ Brsux+(-fru)yr=0 = 0=0

s (xr)uH(ru)x+Hux)r=0 = 0=0

s (xthuH(tu)x+(ux)t=0 = 0=0

* (yz)eH(ze)yH(cy)z =0 =(r+ ast+ Bsu)et(Bsu)y+(-t-fou)z=0

=rct astct Psuct Bsuy-tz-Beuz=0 = -PBiou- asPisut Bisu=0 = Pi3= Piot asPia

* (y2)r+(zr)y+H(ry)z=0 = (r+ astt Bsu)r+ Bouy+H( p7u)z=0 = rr + astr+ Bsur=0

= -(15[3151120 = 05 B15:O

s (yo)tH(zt)y+H(ty)z=0 = (r+ astt+ Bsu)t + Bisuy- Prouz=0 = rt + astt+ Bsut=0

jm— [3151120 - [315:()

* (yz)ut(zu)y+(uy)z=0 = 0=0

s (yort(cr)y+Hry)c =0 = (t+Beu)r+ Brouy+(-p7u)c=0 = tr+Peur=0

:>B]5=0

*(ott(eyt(ty)e =0 = (tHBew)tt Piauy-prouc=0 = 0=0
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* (yo)ut(cu)y+(uy)c =0

* (ynttH(rt)y+(ty)r=0

* (yr)ut(ru)y+(uy)r =0

* (yHut(tu)y+(uy)t=0

* (ze)r+(cr)zH(rz)c =0

* (ze)t+(ct)zH(tz)c =0

* (zc)ut(cu)z+(uz)c =0

* (zn)t+(rt)z+(tz)r =0

* (zr)u+(ru)z+(uz)r =0

* (zt)ut(tu)zt(uz)t =0

* (er)t+(rt)cH(tc)r=0

* (cr)ut(ru)ct+(uc)r=0

e (rt)ut+(tu)r+(ur)t =0

= 0=0

= [37ut+ [315uy-B 1 2111’:0

= 0=0

= 0=0

= (Bswr+ Brouz-Pouc=0

= (Bsu)t+P14uz-P13uc=0

=0=0

= Bout+ Bisuz-Pzur=0

=0=0

=0=0

= Bioutt+ Bisuc-Praur=0

=0=0

=0=0

= 0=0

= 0=0

=0=0

=0=0

=0=0
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We will now summarize the equations found below:
(DBs =011 (2) Br=P11-PBs  (3) Bo=-P12 (4) P15=0 (5) Bo=0
(6) B1o=-B13(7) B14=0 (8) P15=P1o+ asP14(9) B15=0 (10) 0:sB15=0

From the preceding work we obtain the following equations.

(1) Bo = B10 = B12= P13= P14= P15=0 (i1) Bs=1- B7(111) as= Pe

Relabelling yields the non zero multiplication
[z,c]=Bsu , [2,r]=0, [c,r <0, [x, t]= Puru, [y, t]=0, [z, t]= 0, [c, t]= 0,

[r, t]=0, and u€Z(L). Hence for t& Z(L), f11#0 and we can use xt=u for multiplier .

To compute the multiplier start with

[x.y]=z, [x.z]=c, [x,c]=r, [x.1]=t, [y,z]=r+ast+Bsutss, [y,c]=t+ Peutss,
[y,r]1=Bsutsy [z,c]=Psutss , [z,r]=so, [C,r |=S10, [X, t]=U, [y, t]=S12,

[z, t]=Ss13, [C, t]=S14, [T, t]=S15, [X, U]=S16, [Y, U]=S17, [Z, U]=S13,[C, U]=S19, [T, U]=S20

[t, u]=s21, Wwhere sy,...,82; generate the multiplier.

Now we will use the Jacobi identity on all triples.

* (xy)zH(yz)xH(zx)y =0 = zz+(rtost+ Bsutss)Xx +(-c)y=0 =rx+ astx+sux+ssx-cy=0

= 1X tostx+Bsux-(-t-Beu-s¢)=0 = -t+ as(-u)+ t+Peutse=0

= S6= PsSi6
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* (xy)et(yc)x+(ex)y =0

= Bgu+Sg-u-B6816+B7u+S7 =0

= s5=PeS16-57

* (XY)rHynx+(x)y =0

= 59 +B7(-S16)-512=0

s (xy)tH(yt)x+(tx)y = 0

* (xy)ut(yu)x+ux)y = 0

* (xz)cH(ze)x+H(cx)z=0

= Bs(-816)+59=0

* (x2)r+(zr)x+(rx)z = 0

* (x2)t+H(zt)xHtx)z=0

* (xz)ut(zu)x+H(ux)z =0

* (xc)r+(cr)x+(rx)c =0

= zct+ (t+PBeutse)x-ry=0

= sgtPe(-s16)+57=0

= zr+(Pyutsy)x-ty=0

= S12= S9-B7516

= zt+ spxt+H(-u)y=0 = s;3t+517=0 = s;3=-517

= Zu+s17x-516y=0 =818 =0

= ccH( Bsutsg)x-rz=0 =Pgux+sgx+so=0

= 89 =PsS16

= cr+sox-tz=0 = S10t $13=0 = s10=-S13
= ct+ s;3x-uz=0 = S141+ S15=0 = S14=-S13
=> Ccu + 818X~ S16Z2=0 =819=0

=-tc=0 =814=0

* (xo)t+(ct)xHtx)c =0 =rt+sux-uc=0 = s;5ts1=0 = s;5=0

* (xc)ut(cu)x+(ux)c =0

= ru + Sy9X- S;6¢=0 = $30=0

56



o (xr)tH(rt)x+H(tx)r=0 = -ur=0 = s0=0

s (xnyut(ru)x+(ux)r=0  =s3=0

* (xt)utH(tu)x+(ux)t =0 = 0=0

*(YO)rH(z)yHry)z=0 = (rtastt Psutss)rtsoy+ (-pru-s7)z=0

= (I‘I“l‘(lstl"“ B5ur+s5r)-[37uz=0 = -(15815-B5SZO+B7 S]g:() = 05S15= 0

* (yz)ct(zc)y+(cy)z=0 = (r+ost+ Bsutss)ctH(Psutsg)y+ (-t-Bsu-s¢)z=0

= rctastct Psuctssct+Psuy+ssy-tz-Peuz-sez=0

= -s107F as(-S14)+ Bs(-s19)+Ps(-517)-(-513)- Pe(-s18)=0

= s10=-Pss17+s13

* (y2)t+(zt)yHty)z=0 = (r+ast+ PBsutss)tts;sy+H(-si2)z=0

= 815:0

* (yz)ur(zu)y+(uy)z=0 = (rt+astt Bsutss)uts;sy-s;7z=0 =ru+ astut Bsuu=0

= Sy0—-05S21 = 0=0

* (yo)r+(cr)y+(ry)c =0 = (t+Peutse)r+sioy+H(-p7u-s7)c=0

= tr+feur+ ser+s;oy-pruc=0
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=-S5t B6('520)+B7(Sl9)=0 = S19 =0

* (yo)tt(ct)y+(ty)ce =0

= tt+[36ut+s6t-slzc=0 = [36('521):0

* (yo)ut(cu)y+(uy)c =0

* (yntt(rt)y+(ty)r=0

= Bruttsst-Biour=0

* (yr)ut(ru)y+(uy)r =0

* (yHut(tu)y+(uy)t=0

* (ze)r+(cr)zH(rz)c =0

* (ze)t+(ct)zH(tz)c =0

* (zc)ut(cu)z+(uz)c =0

* (zn)t+(rt)z+(tz)r =0

* (zr)ut(ru)z+(uz)r=0

* (zt)ut(tu)zt(uz)t =0

* (cr)t+(rt)ctH(tc)r=0

= (t+Bsutse)t+sisy+(-s12)c=0

= BGSZIZO = 0=0

= (t+Bsutse)ut sigy-s;7¢=0 = tu=0 = $71=0

= (Byutsy)tts;sy+H(-si2)r=0 = 0=0

= B7(-s21)-P12(-820)=0

= (B7u+57)u+szoy-sl7r=0

= (S12 )u + S21y- S17t=0

= ( B8u+88)r+S10Z-SQC:0

= (Psutsg)ttsisz-s;3¢=0

= ( Bsutss)utsigz-s;gc=0

= $9Z+ $152-S13r=0

=> Sou+ Sp9z-S15r=0

= 13Ut Sp12-815t=0

= S1ott Sy5¢-S14=0

= Bi12520= B7 521

= Buu=0 = 0=0

= 0=0

= Bgur=0 = 0=0

= Bgut=0 = 0=0

= 0=0

= 0=0

= 0=0

= 0=0

= 0=0
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* (cr)ut(ru)ct(uc)r=0 = sjput spoc-s19r=0 = 0=0

* (rtyut(tu)r+(ur)t =0 => S15U+ Sp11-Sx0t=0 = 0=0

We now summarize the equations found below:
(1) s6=- Bssis (2) ss5=Pes16-87 (3) 812= 89 -P7816 (4) 8137817
(5) s9=Bss16 (6) s13=-810 (7) s10=-Pss17ts13 (8) $16=0

(9) $21= 820 = S19= S18=515=514=0

From the preceding work we have dimM(L)=(s7, s16, $7, S5)=4.
Thus t(L)=t(L)="2n(n-1)-dimM(L)="2(7)(6)-3=17, we call this algebra L=L"(17, 7, 1, 17),

And we summarize our result in the following theorem.

Theorem 20 Let L be filiform with t(L)=17 then L=L(17,7,1,17) or L=L"(17, 7, 1, 17).
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18. t(L)=18

By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL?* and t=t(L). If t =18 then

¢*+ ¢ < 36 which implies that ¢ < 5 therefore ¢ =0, 1, 2, 3, 4 or 5 but by proposition 0
(i.e. t < 'n(n-1)) and since n= c+2 for filiform we get 18 < '5(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 5 is the only case that satisfies the inequality. Thus if ¢ =
dim L= 5, then dim H” = 4 and t(H) <13(proposition 3). In the t(L)=17 case we have

already computed this algebra and we list it in the following theorem.

Theorem 21 Let L be filiform with t(L)=18, then L=L(17, 7, 1, 18).
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19. t(L)=19

By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL?* and t=t(L). If t =19 then

¢*+ ¢ < 38 which implies that ¢ < 5 therefore ¢ =0, 1, 2, 3, 4 or 5 but by proposition 0
(i.e. t < '4n(n-1)) and since n= c+2 for filiform we get 19 < '4(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 5 is the only case that satisfies the inequality. Thus if

¢ = dim L?= 5, then dim H? = 4 and t(H) <14(proposition 3), but again from Table 22.1,
we know that there are no filiform Lie algebras possible under these conditions,

thus we have the following Theorem.

Theorem 22 There are no filiform Lie algebras with t(L) = 19.
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20. t(L)=20

By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL?* and t= t(L). If t =20 then

¢*+ ¢ < 40 which implies that ¢ < 5 therefore ¢ =0, 1, 2, 3, 4 or 5 but by proposition 0
(i.e. t < '4n(n-1)) and since n= c+2 for filiform we get 20 < '4(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 5 is the only case that satisfies the inequality. Thus if ¢ =
dim L*= 5, then dim H” = 4 and t(H) <15(proposition 3), but from Table 22.1, we

know that there are no filiform Lie algebras possible under these conditions, thus we have

the following Theorem.

Theorem 23 There are no filiform Lie algebras with t(L) = 20.
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21. t(L)=21

By Theorem 4, we know that ¢>+ ¢ < 2t where ¢ = dimL?* and t=t(L). If t =21 then

c*+ ¢ < 42 which implies that ¢ < 6 therefore c =0, 1, 2, 3, 4,5 or 6 but by proposition 0
(i.e. t < '4n(n-1)) and since n= c+2 for filiform we get 21 < '4(c + 2)(c + 1) and by solving
this inequality we know that ¢ = 5 and c=6 are the two cases that satisfy the inequality.
Thus if ¢ = dim L*= 5, then dim H* = 4 and t(H) <16 (proposition 3), but from Table
22.1, we know that there are no filiform Lie algebras possible under these conditions.
Also if ¢ =dim L*= 6, then dim H”> = 5 and t(H) <15 (proposition 3), but again from
Table 22.1, we know that there are no filiform Lie algebras possible under these

conditions, thus we have the following Theorem.

Theorem 24 There are no filiform Lie algebras with t(L) = 21.
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22. SUMMARY

The following table summarizes the findings of this paper :

TABLE 22.1 The Filiform Lie Algebras With t(L)=3 Through t(L)=21.

t(L)

dimL

Basis

(Non Zero Multiplication

Filiform Lie Algebra

4

4

{xy.zr}

[x.yl=z, [x.z]=r

L=L@3,4,1,4)

{x,y,z,c,r}

x,yl=z, [x,z]=¢c, [x,c]=r OR

[x.yl=z, [x.z]=c, [y.z]=r [x,c]=r

L=L(7, 5, 1,7) OR
L=L'(7,5.1,7)

11

{x,y,z,c.rt}
1= o7 ;ﬁ 0

[x.yl=z, [x.z]=c, [x.c]=T,
[x.r]=0ut, [y,z]=ast, [y,c]=0
[y,r]=t, [z,c]=-t, [z,r]=0

[c,r]=0

OR

xy|=z, [x,z]=c, [x,c]=T,

X, I]=04t, [y,z]=r+ast, [y,cl]=out
v,r]=t, [z,c]=-t, [z,r]=0

L-L(11,6,1,11) OR
L=L'(11,6,1,11)

12

{Xﬂy’z’cir’t}

[x,y]=z, [x,z]=c, [x,c]=r
[x.r]=t, [y,z]=ast, [y,c]=0
[v,r]=0, [z,c]=0, [z,r]=0
[cr]=0

OR

[x,¥]=z, [x,z]=c, [x,c]=T,
[x.r]=t, [y,z]=rtast, [y,c]=t
[v,r]=0, [z,c]=0, [z,r]=0
[c,r]=0

L=L(11,6,1,12) OR
L=L'(11,6,1,12)

17

{x,y,z,c,r,t,u}

[x,y]=z, [x,z]=c, [x,c]=r

[x,1]=t, [y,z]= astt Bsu, [y,c]= Bsu
[y.r]=0, [z,c]= 0, [z,r]= 0

[c,r]= 0,[x,t]= 0, [y,t]=0

[z,t]=0, [c,t]=0, [r,t]=0

OR
[x,y]=z,[x,z]=c,[x,c]=r,[X,r]=t+P4u
[y,z]=rtast+Bsu, [y,c]=t+Peu
[y.r]= Bru, [z,c]= Bsu, [zr]=0
[c,r]= 0,[x,t]= 0, [y,t]=0

[z,t]=0, [c,t]=0, [r,t]=0

L=L(17,7,1,17)

BGZ Os

OR
L=L"(17,7,1,17)
Be= asand

Ps=1- B
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TABLE 22.1 (continued)

18

{x,y,z,c,r,t,u}

[xyl=z, [xz]=c, [x.c]=r,
[x.1]=t, [y,z]= astt Bsu, [y.c]= Beu
[y.1]= Bru, [z.c]= Psu, [z1]= 0
[e.r]= 0,[x,t]= 0, [y,t]= 0

[z]=0, [c,t]= 0, [,t]= 0

L=L(17,7,1,18)
B=-Ps
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