
ABSTRACT 

CASSIDY, DANIEL.  Numerical and Experimental Investigations of Mixed Convection in Solid-
Liquid Flow for MicroPCM Applications. (Under the direction of Richard D. Gould.) 

 
 
The present study is both a numerical and experimental investigation into the two phase flow 

of a microPCM fluid in a circular tube with mixed convection. The PCM was octacosane 

encapsulated by a polyethylene shell to form a spherical particle with an average diameter of 20 

microns. The microPCM particles were suspended in a 50 / 50 ethylene glycol water mixture. The 

flow was through a 0.00775 m diameter copper tube with a length of approximately 0.75m. A 

constant wall heat flux was supplied by an electric resistance wire. The flow was gravity fed with 

a pumped circulation to maintain a constant pressure head. Experimental measurements were 

made of the tube outer wall at the top and bottom of the copper tube. Numerically an 

incompressible flow model was used with an Eulerian - Eulerian method to solve the two phase 

momentum and energy equations. The numerical model was verified using experimental data of 

single phase flow with mixed convection available in literature and was also verified by thermal 

results of both single phase and two phase flow from the experimental work in the current 

investigation. 

Through a numerical investigation of the experimental conditions it was found that when the 

slurry was not cooled to a temperature far enough below the inlet temperature a supercooling 

effect did not allow a full use of the latent heat available in the octacosane microPCM, only about 

50% of the total latent heat was used in one case. Further numerical investigations included tube 

wall material in which stainless steel was compared to the copper tubing used in the experiment. 

The inclusion of the solid phase buoyancy term was found to affect the thermal solution. A 

comparison was also made of microPCM flow rates in which the Reynolds number, the mass 

flow rate, and the pump power were each held constant and the solutions compared. It was then 

recommended that a constant pump power be used as a basis for comparison. A parametric study 



was also completed in which the Rayleigh number and the Stefan number were both varied to 

find the effects on the thermal and hydrodynamic solution. 
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1 INTRODUCTION 

1.1 MicroPCM and thermal fluid background 

The latent storage of heat has been used over the years to maintain a desired temperature while 

absorbing or releasing large amounts of heat energy. The latent heat of phase change is now being 

used in heat transfer and storage applications for both solid to liquid and liquid to vapor phase 

change processes, water, ice, paraffin, salts, and refrigerants are examples of materials used for the 

latent storage of heat through phase change. The solid to liquid phase transition is the focus of this 

work. Specifically, a solid to liquid phase change material (PCM) which is encapsulated in plastic 

of small diameter and then an appropriate amount of the microencapsulated PCM is added to a 

fluid resulting in a slurry. In the resulting slurry the microencapsulated particles remain in a 

particle form whether the PCM is in the liquid or solid state as the plastic does not melt. The slurry 

is used to enhance the transfer of heat in a pumped slurry application. The enhanced heat transfer 

is due mainly to the latent heat storage during the phase change with applications including 

computer chip cooling, avionics cooling1, hybrid electric vehicle cooling,2 energy savings 

applications such as solar thermal power3 and building cooling load applications4, or the 

possibility of any other heating / cooling process for which a pure fluid is now being used. 

The addition of micro encapsulated PCM’s was made possible as the process of 

microencapsulation was improved in the 1980’s to be able to manufacture particles of increased 

strength5 to with stand the stress found in circulating fluid systems. The microencapsulation of 

PCM’s is now possible below a diameter of 10 microns. 
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The latent energy absorbed by the PCM during the melting process stores energy with little rise 

in the bulk fluid temperature throughout the melting process when compared to that of a single 

phase liquid in which the energy absorbed is stored by raising the temperature of the fluid. Over 

the years there have been several materials used as the PCM including water, salts, and waxes. 

The selection criteria include operating temperature (should be at or slightly below the phase 

change temperature), cost, availability, and amount of energy storage during the phase change 

process. A review of materials has been given by Gibbs and Hasnain6 for solar applications and 

Himran et al.7 for alkanes and paraffin waxes. 

Both numerical and experimental investigations to the use of a microPCM slurry have been 

completed.1,2,8-11 One of these was an experimental studied was completed by Goel et al.8 in which 

eicosane was the PCM suspended in a circular tube under laminar flow conditions. Variations 

studied by Goel et al.8 included various volumetric loadings, particle sizes, and thermal conditions. 

This experimental work was compared to the previous numerical work of Charunyakorn et al.9 and 

significant differences in the numerical versus experimental wall temperatures were found. A 

number of possible causes of the discrepancy were suggested by Goel et al.8 including the melting 

process occurring over a temperature range instead of a single melt temperature as was assumed in 

the numerical modeling of Charunyakorn et al.9  Two subsequent numerical studies by Zhang and 

Faghri10 and Cassidy and Gould11 verified that the phase change of the eicosane occurring over a 

temperature range accounted for the majority of the differences. The phase change temperature 

range was not included in the numerical work by Charunyakorn et al.9 The solid to liquid phase 

change occurring over a temperature range is common among many PCM’s with published data 

available which includes the amount of latent heat and temperature dependent energy, including 

materials such as n-octadecane,4 tricosane,12 eicosane,13, 14 technical grade paraffin wax,15 and 

octacosane2. 
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In addition to the above, other studies have been completed including micro-channel 

applications16 and turbulent flow17. A more recent experimental study by Rao et al.18 was 

completed using mini-channels with water as the carrier fluid and n-octadecane as the 

encapsulated PCM with an average size of 4.97 μm. The study found that heat transfer 

enhancement occurred over that of pure water at all flow rates at a concentration of 5% whereas at 

higher concentrations there was enhancement over water only at low mass flow rates, where the 

basis of comparison was equal mass flow rate for water and microPCM slurry. The lower thermal 

conductivity of the slurry, due to the lower conductivity of the microPCM particles, was suggested 

as the reason the higher flow rates at higher concentrations showed lower heat transfer 

enhancement18. 

The slurry flow in all of these applications was a two phase flow consisting of solid particles 

suspended in a liquid. Solid - liquid two phase flow, not specific to microPCM slurries, has been 

and continues to be an active area of research and includes both numerical and experimental 

studies.16, 19, 20, 21 The field of two phase flow continues to change with current research while 

specifically to microPCM’s Xing et al.16 have performed numerical simulations accounting for the 

two phase flow aspects of microencapsulated PCM’s for micro-fluidic applications. The numerical 

work of Xing et al.16 included an axisymmetric assumption which neglected any gravitational 

effects. This assumption is not necessarily valid as Goel et al.8 reported noticeable phase 

separation by observing a higher concentration of particles in the upper region of the outlet of the 

test section during their experiments. Although direct measurements of concentration were not 

made, Goel et al.8 tested the effect of gravity on the tube wall temperatures by adjusting the 

density of the fluid to more closely match that of the particles resulting in particles which were 

closer to a neutrally buoyant condition. No noticeable changes in tube wall temperatures were 

measured. However, during the experiments the average circumferential tube wall temperatures 
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were measured instead of local, which along with thermal conduction along the circumference of 

the tube wall may have resulted in no noticeable temperature difference. 

In addition to the latent heat and two phase flow aspects of using a pumped microPCM slurry 

as a forced convective thermal fluid, mixed convection may also occur, similar to that of a single 

phase fluid. The internal axial fluid flow through a tube causes forced convective cooling of the 

tube wall by the slurry and under certain circumstances cross stream circulation occurs within the 

fluid due to temperature dependent density variations.22 This added circulation causes an 

axisymmetric flow to become three dimensional and the forced convection now includes free or 

natural convection. 

The subject of natural convection has been extensively studied and includes books on the 

subject such as that by Gebhart et al.23 which deals extensively with the subject. The added 

thermal effects of natural convection should be included during thermal analysis when the effects 

are of the same order as forced convection. Several methods have been found to estimate the 

conditions for which natural convection will be significant and include using the ratio of buoyancy 

forces to inertial forces ( 2Gr Re )24 or using a flow regime map which provides regions of forced, 

free, and mixed convection.25 Internal mixed convection in horizontal and vertical flows for single 

phase fluids has been extensively investigated,22, 26, 27, 28, 29, 30 however neither numerical or 

experimental studies of mixed convection for a microPCM application were found. Purely 

buoyancy driven flows for a microPCM slurry have been investigated by Inaba et al.31 for a 

cubical enclosure with no forced convection. During the study by Inaba et al.31 the fluid was 

considered a homogenous solution with bulk properties defined, thus there was no accounting for 

solid liquid interactions in the two phase flow. 

The thermal results of mixed convection during single phase tubular flow differs from 

axisymmetric pure forced convection applications as the hotter fluid will move to the top of the 
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tube due to a lower density when compared to the cooler fluid at the tube center. This can cause 

high temperature variations within the tube wall in the circumferential direction,22 where as in 

axisymmetric flow the tube wall temperature would remain constant in the circumferential 

direction. The result of the buoyancy driven cross flow is an overall higher circumferentially 

averaged convective heat transfer coefficient when compared to pure forced convection in a tube; 

however locally in the upper portions of the tube the convective heat transfer coefficient may be 

lower.22 This is dependent upon the tube wall material, thickness, and strength of cross flow 

circulation. These differences are still expected in the two phase slurry flow. 

 

1.2 Scope of work 

The current work is concerned with microPCM applications in which mixed convection is 

occurring along with the solid-liquid interactions inherent in the slurry. It is expected that the cross 

stream circulation present in mixed convection will enhance the heat transfer further by a bulk 

motion of the un-melted PCM from the flow center line to the heated wall. An attempt will be 

made to quantify the enhancements.  

Both experimental and numerical investigations have been completed using octacosane as the 

microPCM encapsulated by a polyethylene shell and suspended in an ethylene glycol / water 

mixture forming the slurry. The application considered was a circular copper tube with a constant 

wall heat flux supplied and an applied pressure gradient causing laminar flow. Experimental data 

is limited to tube wall temperatures located both at the top and bottom of the outer tube wall at 

various axial locations and under several thermal and flow conditions with in the circular tube. 

Numerical methods are verified using experimental tube wall temperatures, of this and previous 

studies, and give insight into the cross stream and axial flow characteristics in addition to the 
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temperature results. Then, using the numerical methods developed, conditions which were not able 

to be investigated experimentally are investigated including a parametric investigation. 
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2 THEORETICAL DEVELOPMENT 

2.1 Solid-liquid flow analysis 

A solid-liquid flow system may be analyzed by any of several methods including Eulerian – 

Lagrangian, Eulerian – Eulerian, and homogeneous. In the present application a large number of 

small diameter particles (on the order of 20 μm) are suspended within a fluid at a volumetric 

fraction of 5 to 25 percent. The approximate number of particles at this size and a volumetric 

loading of 20 percent is 13
3 10x8.4

6
# ==

p

s

d
particlesof

π
α

particles/m3, which is too many 

particles to be tracked by the Eulerian – Lagrangian method. Due to expected solid – liquid 

interactions along with mixed convection the Eulerian – Eulerian approach was chosen, 

specifically the interacting continua method was chosen due to a wide range of applicability. 

2.1.1 Mass and volume concentrations 

For the two phase flow application the solids mass concentration of a homogeneous mixture is 

defined as 

ls

s
s mm

m
Y

+
=         2.1 

and the solids volumetric concentration is  

tot

s
s V

V
=α         2.2 

From these definitions and for the current application the slurry consists only of two 

components, solid particles and liquid, the bulk density may defined as 
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( ) lsssb ραραρ −+= 1        2.3 

 

2.2 Governing equations 

Using an Eulerian – Eulerian approach for a solid-liquid flow the two phases are considered 

separate but interacting continua. To calculate both the hydrodynamic and thermal solutions two 

sets of the conservation of mass, momentum, and energy equations are required one for the liquid 

and one for the solid. Interaction terms are included in the momentum and energy equations to 

account for solid-liquid interactions. The general forms of the governing equations are 

Continuity:  

( ) ( ) 0=⋅∇+
∂
∂

lllllt
vραρα        2.4 

( ) ( ) 0=⋅∇+
∂
∂

ssssst
vραρα        2.5 

Momentum:  

( ) ( ) ( ) ( )lwlllsllllllllllll p
t

fffgvvv ++++∇−=⋅∇+
∂
∂ αρααραρα   2.6 

( ) ( ) ( ) ( )swssslssssssssssss p
t

fffgvvv ++++−∇=⋅∇+
∂
∂ αρααραρα  2.7 

Energy: 
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2.3 Geometry 

The current application is a horizontal circular tube flow with a constant wall heat flux. One 

half of the tube will be considered due to symmetry about the central vertical plane.  Cylindrical 

coordinates were used and are defined in Fig.2-1,with the z coordinate being the axial direction. 

 

 

R 

Δ 

θ 

θ = 0 

g 

θ = π 

 

Figure 2-1  Tube end view with coordinates 
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2.4 Non-dimensionalization 

2.4.1 Governing Equations and boundary conditions 

The general equations of two phase flow, Eq.s 2-1 to 2.5, were put into cylindrical coordinates 

to describe the geometry of the current application and then were changed to dimensionless form 

using the following dimensionless definitions 

bbb

mbmb

b

in

bbb

kkk

w
GG

w
pp

k
Dq
TTT

D
zz

D
zz

D
rr

ρρρμμμ

ρρ

===

==′′
−

=

=== +

***

2
*

2
**

**

PrReRe

   2.10 

The resulting dimensionless governing equations are 

Continuitiy: 

 ( ) ( ) ( ) 011 *
*

*
*

**
** =

∂
∂

+
∂
∂

+
∂
∂

qqqqqqqqq W
z

V
r

Ur
rr

αραρ
θ

αρ   2.11 

Momentum: 

r – direction 
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θ – direction 
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z – direction 
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Energy: 
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where lorsrandsorlq == , 0.1,0.0,0.1A === CandB  when lq = and 

0.1,0.1,0.0A −=== CandB when sq = . Further more, the energy equation is given in 

temperature form where the relation dTCpdh =  for an incompressible substance was used and 

the apparent specific heat, *
appqCp , will be defined later in Section 2.5. The pressure was assumed 

common for both phases19 and development of the buoyant terms may be found in Appendix A. 

During the development of the governing equations the flow was assumed to be steady, 

laminar, incompressible, Newtonian, with no viscous heat dissipation, and no axial diffusion. In 

addition the Bousinesq approximation was used to account for liquid density variations which 

cause the free convection of the liquid phase. A constant wall heat flux was applied at the outer 

surface of the tube wall and circumferential tube wall conduction was included. The wall heat flux 

was calculated and reported using the inner tube wall area. Within the tube wall region 

( )δ+= 5.05.0* tor  only the energy equation is required to be solved 
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The dimensionless boundary conditions for the given flow field and tube wall for the given 

geometry are: 

Inlet: 
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Outlet: 

  5.00: * torregionFluid =  
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Outer wall: 
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Inner wall: 
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θ = 0 and π: 
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At the inner wall it was assumed that the heat was transferred entirely to the liquid phase and 

therefore an adiabatic boundary condition at the solids / wall interface results in Eq. 2.23. Energy 

to the solid phase was therefore transferred entirely by the thermal exchange coefficient found in 

Eq. 2.15. This assumption was used because the solid phase is small spherical particles making 

only point contact with the tube wall. 

Five dimensionless numbers that appear in the governing equations are the Reynolds, Grashoff, 

Archidemes, Nusselt, and Prandtl numbers. The Reynolds and Prandtl numbers are each based on 

bulk fluid properties to be defined later, where as the Grashoff, Archidemes, and particle Nusselt 

numbers are defined as 
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2
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l

k
Dqg

ν
β ′′

=       2.26 

( ){ }231Ar lpls gd νρρ−=      2.27 

l

pp
p k

dh
Nu =        2.28 

2.4.2 Tube wall axial conduction 

Axial conduction within the tube wall has been neglected in Eq. 2.15 due to the physical 

conditions currently under consideration. Axial heat transfer within a tube wall has been examined 

extensively including Barozzie32 in which axial conduction for an axis symmetric flow was found 

to depend upon the Peclet number (Pe), wall thickness to tube diameter ratio (δ ), and fluid 

thermal conductivity to wall conductivity ratio ( *
wk ). End effects were found to be negligible with 

large Pe, small *
wk , or small δ . Similar results were found by Cassidy and Gould11 for an 

axisymmetric microPCM flow. The nominal values for the current study are:  Pe = 12000, *
wk  = 

1000, and δ  = 0.1 and has a dimensionless axial length range of 0.005 < z+ < 0.02. Results for an 

axisymmetric single phase flow are shown in Figure 2-2 in which axial tube wall conduction is 

clearly isolated to the tube ends in the axial range of interest. 
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Figure 2-2  Effects of axial tube wall conduction 
 

2.4.3 Closure equations 

Equations to describe the fluid – solid interactions and the various properties are required to 

solve the governing equations. 

The momentum exchange factor has been given by Bouillard et al.33 as 
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and in dimensionless form 
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where the coefficient of drag and Reynolds number are defined as34 
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The first term on the right hand side of Eq. 2.7 is a pressure gradient term where 

( ) ssss Gpp ααα ∇+∇=∇        2.35 

It has been assumed that the pressure “p” is shared by both the solid and liquid phases19 and the 

second term on the right hand side of Eq. 2.35 is the solids pressure. This term appears as the 

second quantity on the right hand side of each of the Eq.s 2.12 - 2.14 and is the solids phase 

pressure term which is found through empirical correlations for the particle-particle interaction 

force and includes a term, *G . The effect of the solids pressure is to increase as the solids 

concentration increases then as the solids concentration approaches a compaction limit and the 

maximum possible solids concentration will be limited. There are a number of correlations for this 
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term some of which are discussed by Massoudi et al.35 The correlation of Bouillard et al.33 was 

used here 

( )sseG αα −−= max,0.600        2.36 

where the compaction limit is 624.0max, =sα  and the value of 600 is referred to as the 

compaction modulus. 

The thermal exchange between the liquid and solid is found using the particle Nusselt number 

from Eq. 2.15 and was calculated using the Ranz-Marshall correlation36 for a single sphere in a 

fluid with relative motion. 

3121 PrRe6.02Nu lpp +=       2.37 

Numerous additional correlations exist and are summarized by Floyd et al.37 

Many correlations exist for the bulk viscosity of a solid-liquid flow of which Xing et al.38 gives 

a summary under various conditions. The current work is a steady laminar flow and the bulk 

viscosity of the Thomas correlation for spherical particles39 was used. 

 sess
l

b ααα
μ
μ 6.162 00273.005.105.20.1 +++=     2.38 

With no correlation available for the local dimensionless solid viscosity a linear approximation 

was used as suggested by Enwald et al.40   

 ssllb μαμαμ +=        2.39 

The local thermal conductivity of each phase and the local bulk fluid was calculated using a 

correlation by Kuipers, et al.41  

 sblbb kkk ,, +=         2.40 

where 
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  ( ) lllb kk α−−= 10.1,       2.41 

( )[ ] llsb kAk Γ−+−= ωωα 0.11,     2.42 

  

( )
⎥
⎥
⎥

⎦

⎤

+−
−

−
−

⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −

−

−
=Γ

0.1
0.2
0.1

0.1

0.1

ln
0.1

0.1

0.1

0.2
2

B

A
B

B

B
A

A
B

A
B

A

A
B

   2.43 

910
0.125.1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
=

l

lB
α
α

     2.44 

and for spherical particles 

   
l

s

k
kA =       2.45 

   37.26 x10ω −=      2.46 

This local bulk thermal conductivity was used for calculation when there was a slurry flow and 

is different than the bulk thermal conductivity of the stagnant slurry presented in Chapter 3. 

 

2.5 Phase change materials 

As discussed in Chapter 1, phase change can occur at a single temperature or over a 

temperature range. The effects of a phase change temperature range have been the subject of 

several studies and include arbitrarily shaped specific heat curves and material specific specific 

heat curves.42, 43 In addition the phase change process for the heating of a given PCM could occur 

at different temperatures and the energy–temperature relation may be a different than the phase 

change process for the cooling of the PCM, this is particular to each PCM.44 The shift in the 
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heating and cooling curves is known as super cooling. This phenomenon may be increased during 

the microencapsulation process; however the addition of nucleating agent can reduce this effect.44 

Some PCM’s also have significantly lower thermal conductivities, particularly the waxes. This 

problem can also be minimized by adding small amounts of conductivity enhancing materials such 

as copper powder.12 

The phase change materials considered in this work will have a phase change from a solid to a 

liquid over a temperature range and it will be assumed that both cooling and heating processes 

occur over the same temperature range and follow the same energy-temperature relation. The 

enthalpy of such an encapsulated phase change material is given in a particle form as 
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where, f , is a temperature dependent function describing the heat energy necessary to change the 

PCM from a solid to a liquid and the particle specific heat is defined in Chapter 3. The function f  

may be found through the use of a differential scanning calorimeter (DSC). The phase change at a 

single temperature may be found by letting the phase change temperature range approach zero. 

The energy equation, Eq. 2.15, requires an apparent specific heat term, pappCp , , which is 

defined using the curve f  and may be considered as an addition to the specific heat of the particle. 
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In dimensionless form the equation is 
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The equations of f and *f are left undefined for now as they are dependent upon the specific 

PCM being used, for the current application these equations will be defined in Chapter 3. 
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3 EXPERIMENTAL 

3.1  Experimental Setup 

The experimental set up, Figure 3-1, was an open loop consisting of a constant heat transfer 

test section, adiabatic mixing, fluid cooler, volumetric flow rate capture vessel, circulating pump, 

and a gravity feed tube.  The test section was made of a 9.525 mm OD (3/8”) by 7.747 mm ID 

(0.305”) copper tube with an over all length of 0.78 m. Of the 0.78 m length 0.75 m were wound 

with a 1.667 ohm/ft resistance wire, with approximately 1200 tightly wound wraps split into two 

sections along the length of the tube. The first section had a total resistance of 65.43 ohms while 

the second section had a total resistance of 70.72 ohms. Two layers of insulation were placed over 

the resistance wire; the first layer was 1” thick melamine insulation and the second layer was 2.5” 

thick urethane insulation. 

There was an inlet section of approximately 10 diameters before the test section in addition the 

test section was thermally isolated using plastic fittings at the inlet and outlet. After the heated test 

section the working fluid was cooled using a counter flow concentric tube cooler with tap water as 

the cooling fluid.  The flow rate of the test fluid was measured using the capture method in which 

a clear PVC pipe was volumetrically calibrated and a valve at the exit allowed for the capturing of 

the fluid during the measurement process without interrupting the test flow conditions.  The time 

to fill 50 to 100 ml of fluid was measured using a stop watch, allowing for the calculation of a 

volumetric flow rate. The temperature of the captured fluid was measured and recorded to allow 

for the calculation of the test fluid / slurry density. The circulating pump was a centrifugal pump 
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by Lang which, by controlling the voltage, the speed of the pump was regulated to provide enough 

fluid flow for the gravity fed test section and some circulation to keep the gravity feed tank mixed 

(the microencapsulated particles were less dense than the suspending fluid and therefore tended to 

accumulate at the top over time). There was a pre-heater before the circulating pump to maintain 

the slurry at the inlet temperature. The gravity feed section was made of a PVC tube held at a 

constant height using the circulating pump and an overflow. The flow rate was controlled by 

raising or lowering the tubing discharge into the volumetric flow measurement tank which caused 

a decrease or increase of applied pressure gradient allowing the flow rate across the test section to 

be varied. 

  

TC-12
Captured
Temp.

TC-1
Inlet Temp.

Water cooler

0.75 m Test Section 
 TC’s at (7) axial locations

Volumetric
flow
measurement
tank

Gravity 
feed  tank  
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pump   

Pipe   
End view  

TC   

TC   

TC 

Pre-heater 
 

 

Figure 3-1  Experimental  setup 
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There were 27 total type T thermocouples used to measure fluid and wall temperatures of the 

system and included a bulk inlet thermocouple, a bulk outlet thermocouple, captured fluid 

thermocouple, and 20 thermocouples used to measure wall temperature in the test section.  The 

wall thermocouples were made by soldering the type T thermocouple wire to the copper tube outer 

wall.  They were placed at both the top and bottom of the tube at eight axial positions, as shown in 

Figure 3-1.  There were also four axial positions which included a third thermocouple 90 degrees 

from the top and bottom locations.  The temperatures were recorded using an Agilent data 

acquisition unit with a distilled water ice bath as cold junction compensation.   

The constant heat flux was applied at the outer wall using two sections of resistance wire 

wound around the tube and a voltage applied using a variable voltage transformer. A nominal 120 

VAC was supplied by a wall outlet through a constant voltage transformer. The same voltage was 

applied to each section. To account for the difference in the resistances between the two heated 

sections an added resistance, before the windings of the first section, of 65.43 ohms was included 

so the total resistance and therefore the heat flux was equal for both heated sections. The voltage 

was adjusted and set using the variable voltage transformer as required by the testing conditions 

and the voltage drop across each section was recorded using the Agilent data acquisition unit. 

Using Ohms law a total heat input was calculated using the measured voltage drop and wire 

resistance. Then the heated length and tube diameter were used to calculate the applied heat flux. 

After the flow rate and heat input (voltage) were set the system was allowed to reach steady 

state which was considered reached when the temperature at any thermocouple did not vary from a 

nominal value by more than plus or minus 0.07°C.  Temperature and voltage were then recorded 

approximately every 3 seconds for at least 1 minute.  The average value over the one minute of 

recording time was then used for all calculations and graphics. 
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3.2 Fluid, microPCM, and slurry properties 

3.2.1 Pure fluid properties 

The density, viscosity, and thermal conductivity of pure water and pure ethylene glycol were 

found using the following equations presented by Sun et. al45 (constants available in original 

publication) 

Ethylene Glycol:  

2
321 TATAAork ++=ρ        3.1 

 ( )3

2
1ln

AT
AA
+

+=μ         3.2 

Water:   

( )
( ) 35

22

10373667.

10358024.0116189.017.1002

Tx

TxT
−

−

+

−−=ρ
    3.3 

( )2645.137
9808.590758023.3ln

+
+−=

T
μ       3.4 

( ) ( ) 252 10609054.010167156.0570990.0 TxTxk −− −+=    3.5 

 

The specific heat was found using the following equation from Daubert and Danner46 

(constants available in original publication) and is used for both water and ethylene glycol. 

 4
4

2
321 TATATAACp +++=       3.6 

3.2.2 Ethylene glycol / water mixture properties 

The density, viscosity, and thermal conductivity of a 50 / 50 mixture by volume of ethylene 

glycol and water were calculated using the following equation45 
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( ) ( )TAYAAYYyyyYyYy EGwaEGwaEGwawaEGEG 654 ++−++=   3.7 

where, kory ,ln, μρ= . 

The specific heat of the mixture was found from an energy balance and was dependent upon 

the mass fraction of each component 

 wawaEGEG CpYCpYCp +=        3.8 

The coefficient of volumetric expansion of the fluids and mixture was calculated using the 

definition 

 
T∂
∂

−=
ρ

ρ
β 1

         3.9 

 

3.2.3 Particle properties 

The microencapsulated particle consist of two parts an outer wall and a core material which is 

the PCM. The particle properties are defined as follows 

Thermal conductivity9 

 
pPCMw

PCMp

PCMPCMpp ddk
dd

dkdk
−

+=
11

      3.10 

Density: 

( ) wPCMPCMPCMp YY ρρρ −+= 1       3.11 

Specific heat: 

( ) wPCMPCMPCMp CpYCpYCp −+= 1       3.12 

where the particle specific heat was found using an energy balance. 
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3.2.4 Slurry properties 

With the addition of the microPCM particles to the base fluid (50/50 ethylene glycol / water)  a 

slurry was formed in which the particles had a mean diameter of 20 microns. A mass 

concentration of 23% particles was used through the entire experiment which corresponds to a 

26.3% volumetric concentration with the fluid at room temperature. The volumetric concentration 

will vary slightly with variations in the carrier fluid and PCM density. Considering the extreme 

operating temperatures in the majority of this experiment, at a temperature of 58.85 ºC the 

volumetric concentration is 25.6% while at a temperature of 90.0 ºC the volumetric concentration 

is 26.4%. A microscopic picture of the slurry showing the solid particles is shown in Fig.3-2. 

 

 

Figure 3-2 MicroPCM slurry 
 

The bulk properties of the slurry were calculated using the following equations. 

Bulk thermal conductivity of stagnant slurry9 
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The bulk viscosity used was developed by Thomas39 and was given previously by Eq. 2.36 and 

the bulk density was previously given be Eq. 2.3. 

The specific heat was found using an energy balance as 

( ) 50/501 CpYCpYCp pppb −+=      3.14 

The current study uses octacosane as the PCM encapsulated by a polyethylene wall in which 

83% by weight is the PCM. Individual properties of the wall and PCM are listed in Table 3-1. 

 

Table 3-1  Particle properties 
 

Property Octacosane Polyethelene 
Particle Wall 

( )CkgJCp −  1910.7 (s),  2378.2 (l)47 1900 (estimated) 

( )3mkgρ  910 (s),  765 (l)48 1906 (estimated) 
( )CmWk −  0.2148 .47 (estimated) 
( )CkgJhsl −  259,100 (DSC data) N/A 

 

 

The enthalpy of the solid to liquid phase change for the octacosane occurs over a temperature 

range as shown by the results of DSC measurements made by Triangle Research and Development 

Corporation, the supplier of the microPCM slurry. The original data was given as power vs 

temperature (shown as Fig. B-1 in App. B) and was therefore converted to an apparent specific 

heat vs. temperature using the sample weight and rate of temperature rise, the resulting graph is 

shown in Fig. 3-3, which also includes a curve fit of the actual data. The curve fit of the actual 

data was represented by the addition of two gaussian curves given as 
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The first peak of the apparent specific heat curve corresponds to a solid to solid phase 

transition while the second peak corresponds to a solid to liquid transition; the total area beneath 

both peaks is the latent heat of phase transition. Each curve (DSC data and curve fit), see Fig. 3-3, 

represents 259.1 kJ/kg of latent heat, the latent heat for any temperature range within the phase 

change region may be found by the integration of the curve, ( )Tf . Integration of Eq. 3.15 within 

the melt region yields: 
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or in dimensionless form 
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Figure 3-4 is a graph of latent heat vs temperature, Eq. 3.16, within the melt range of 

octacosane, also shown, on the same graph, is the latent heat when a single melt temperature is 

assumed. The latent heat curve also clearly shows the solid to solid phase transition  and the solid 

to liquid phase transition found in the DSC plot. In addition the slope of the latent heat curve is 

realated to the height of the apparent specific heat curve. For the current work the curve fit, Eq. 

3.15, is used to calculate the apparent specific heat in all calculations. 
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Figure 3-3  Octacosane apparent specific heat,DSC data and curve fit 
 

The cooling of the bulk octacosane, Fig. B-2, does not follow the same curve as the heating 

cycle shown in Fig. B-1 of Appendix B, as discussed earlier this is common to other types of 

phase change materials and is referred as supercooling.49, 50 The cooling cycle is similar to the 

heating cycle where two peaks are present but the curves are slightly different and shifted 

downward in temperature by about 5 ºC. Methods have been researched to reduce these 

supercooling effects in microPCM’s.49 
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Figure 3-4  Bulk octacosane latent heat 
 

 

3.3 Experimental verification 

The experimental setup was verified by comparing the average wall temperature to a calculated 

average wall temperature using existing Nusselt correlations for single phase fluids. Both 50 / 50 

(ethylene glycol / distilled water) mixture and pure distilled water were used as the single phase 

working fluid.  The average wall temperature was used in the following correlations and is an 

integrated circumferential wall temperature at any axial location, which for the existing 
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experimental data is an average of the upper and lower external wall temperatures. A combined 

convection correlation was presented by Churchill25 

( ) 6166 NuNuNu NF +=         3.19   

where for natural convection25 
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and for forced convection51 

0.1
0.55

Gz0.1364.5Nu
3.0910

−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+=F      3.21 

In addition to the comparison of the experimental data to the Nusselt correlation, the data 

includes an attempt to quantify error by accounting for error in each measurement and using the 

methods of Kline and McKlintock,52 Eq. 3-23, to estimate the overall error assuming the 

correlations of Eq.s 3.19-3.21 as a basis. Table 3-2 lists the error estimations for each of the 

measured values. 
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Table 3-2  Error estimation values 
 

Dimension + / - Units Description 

Axial 
Position 0.00655 m 

Thermocouple end was .00635 m 
long in the direction of the tube 

axis 
Diameter 0.00008 m 0.007747 
Captured 
Volume 0.000005 m3 Beaker tolerance 

Temp 0.1 °C Thermocouple tolerance 
EG and 
Water 

Mixture 
Volume 

0.00005 m3 Beaker tolerance 

Volts 0.047468 volts 1 std dev of measured data 

Resistance 0.005 ohms 10 % of meter accuracy 

time 0.403058 sec 

1 std dev of a test of 20 
measurements 100 ml volume 

using captured volume method of 
the experimental apparatus 

 

 

Comparisons using both a 50/50 ethylene glycol/water mixture and water as the working fluid 

are made between the experimentally measured wall temperatures in this study and wall 

temperatures calculated using the correlations of Eq.s 3.15-3.17. Both dimensional and 

dimensionless plots are presented in Fig 3-3. In addition to the comparisons and error estimates 

energy conservation was verified using the measured inlet and outlet temperatures, mass flow rate, 
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and specific heat of the fluid. In each case energy was conserved to 94% or better. Table 3-3 

summarizes the pure fluid experimental runs. 

 

Table 3-3  Single phase test matrix 
 

Fluid Ra 
(x 106) 

Re Pr Gr 
(x 105) 

Gr / Re2 Mdot 
(x 10-3) 
(kg/s) 

q” 
(W/m2) 

Tin 
(ºC) 

Run # 

50/50 0.79 285 19.3 0.41 0.50 4.10 4248.8 35.3 8-31_1 

50/50 0.76 780 13.2 0.58 0.09 7.77 2733.1 52.6 8-31_7 

50/50 4.0 663 12.6 0.32 0.72 6.33 13766.8 49.8 8-31_6 

50/50 4.1 432 11.9 0.34 1.8 3.88 13257.2 49.7 8-31_3 

50/50 4.1 333 12.4 0.33 3.0 3.12 13707.7 45.1 8-31_2 

50/50 4.0 1063 11.6 0.34 3.1 9.32 12507.6 56.13 8-31_8 

50/50 5.1 339 12.3 0.41 3.6 3.16 17108.7 42.6 8-25_2 

Water 5.2 1177 3.0 1.7 1.3 3.32 13788.4 51.8 9-7_1 

 

 

The first three experimentally measured and averaged tube wall temperatures, shown in Fig. 3-

5a, are within the experimental error of the correlation data. The final five circumferentially 

averaged experimental data points are below the correlation and outside the range of experimental 

error, in addition the error appears to be increasing with axial position. Also, the final 

experimental data point appears to drop from the trend or slope of the previous points. Figure 3-5b 

shows the upper and lower wall temperature measurements for the water / glycol mixture. The 

upper and lower wall temperatures are within 1.5 °C of each other. 

 

 



41 

z

T w

0 0.1 0.2 0.3 0.4 0.5 0.6 0.760

65

70

75

80

85

90

Top outer tube wall
Bottom outer tube wall

Wa / Glyc, Ra = 5.1 x 106

b)z+

T w*

0 0.01 0.020.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Wa / Glyc, Ra = 5.1 x 106

Wa / Glyc, Ra = 5.1 x 106, Eq. 3-18
Water, Ra = 5.2 x 106

Water, Ra = 5.2 x 106, Eq. 3-18

a)  

Figure 3-5  Experimental comparison a) dimensionless wall temperature and b) dimensional 
wall temperatures 

 

The lower slope and resulting lower wall temperatures measured in the current experimental 

setup are attributed to two phenomena not accounted for in the Nusselt correlation of Eq. 3.15, 

circumferential heat transfer within the pipe wall and variable viscosity of the fluid. The 

correlations used for comparison were made using data with tube walls of stainless steel which has 

an order of magnitude lower thermal conductivity.  The higher thermal conductivity of the copper 

in the current study caused heat to be transferred from the hotter tube top to the cooler bottom of 

the tube causing the lower average wall temperature.  The stainless steel had less heat transferred 

circumferentially keeping the hot upper wall at a higher temperature. The relatively low 

temperature difference, approximately 1.5°C between the upper portion of the heated tube and 

lower portion indicate that the experimental apparatus is approaching the infinite circumferential 

heat transfer limit in which the wall would be one temperature.  This is evident when compared to 

experimental results of previous experiments in which a temperature difference of 5 to 45°C22 was 

found using a stainless tube with water as the working fluid. As noted earlier the first three 

experimental data points match the correlation because the effects of the forced convection 
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dominate in this region which also causes the top and bottom of the tube wall to be nearly the 

same temperature. 

A correlating parameter for the wall effects in the steady state region for a mixed convection 

pure fluid flow has been given by Morcos and Bergles53 as 
Δ
D

k
k

w

l  and tested within the parameter 

range of 2 to 66. A Nusselt correlation for free convection in the fully developed region was 

found.26 

Δ

=

w

l

ll
l

k
Dk

Gr
Nu

33.028.0 Pr42.0
       3.23 

As the correlating parameter becomes greater there is less circumferential wall conduction, the 

circumferential average Nusselt number decreases, and the temperature difference between the top 

and bottom of the tube wall becomes greater.  For the current application the parameter was 

nominally .0044, this is outside the range of applicability of Eq. 3.23. However, it is approaching 

the limit of infinite circumferential wall conduction which would be a parameter value of zero, 

thus higher Nusselt numbers and lower average wall temperatures would be expected. The 

correlation given by Eq. 3.23 fails at the infinite conduction limit and therefore a new correlation 

would be needed for the copper wall material, but this is outside the scope of the current work and 

only mentioned here. 

The viscosity effects were investigated by using pure distilled water and comparing the wall 

temperatures to that of the 50 / 50 mixture. The viscosity changes for both fluids are plotted in Fig 

3-6 and show the pure water has a lower viscosity change over the same temperature range. The 

variable viscosity effects are not as great as the circumferential heat transfer effects, but should be 

kept in mind when working with fluids of highly temperature dependent viscosities. 
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Figure 3-6 Fluid viscosities 
 

The change in slope of the last experimentally measured position was due to the influence of 

the end conditions, Fig. 3-7, of the experimental setup. In the experimental set up the adiabatic end 

connection was a plastic fitting connected over the tube wall. The plastic fitting did not allow the 

constant wall heat flux condition to be continued to the end of the pipe. The unheated tube end 

caused axial conduction from the last measurement point to the unheated tube end connection. To 

check if this phenomena affected more than the last measured point the fluid flow rate was 

changed from high to low while maintaining a constant Rayleigh number. The high flow rate 

corresponds to a thermally shorter length than the lower flow rate. The difference in thermal 
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lengths is observed as dimensionless tube lengths in Fig. 3-8, in which the dimensionless tube wall 

temperatures were shown as a function of dimensionless tube lengths. As the dimensionless length 

is reduced the end effects are more pronounced. If the end condition affects more than the last 

point the temperature at that point will deviate from the curve.  

 

 

Resistance  
wire 

Tube 
wall 

End connector 
 

Figure 3-7  Typical inlet / outlet connection section 
 

Because only the last experimentally measured point deviated from the curve formed by the 

multiple dimensionless length experimental runs the experimental setup tube end condition was 

shown to only affect the final measured point, as seen in Fig. 3-8. The effects on the final 

measured point increased as the dimensionless length decreased. In addition to the experimental 

data numerical results (numerical methods discussed in Chapter 4) are presented in Fig. 3-8 and 

verify these single phase fluid results. Also shown are analytic results of a flow with 0Ra = . The 

results of the analytic comparison show the dimensionless wall temperatures to be lower in 

temperature after a short region and are of similar temperature at the tube entrance. This is typical 
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of mixed convection in tubular flow in which the fully developed region occurs sooner and makes 

a shorter thermal entrance region than pure forced convection; this is discussed further by 

Petkuhov22 and Ouzzane.29 
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Figure 3-8 Experimental setup end effects 
 

 

3.4 Experimental Results and Discussion 

The addition of the microPCM particles increases the viscosity of the fluid which is estimated 

by Eq. 2.38 and plotted over the temperature range for the microPCM used in the current work in 

Fig. 3-6. Also the microPCM particles can enhance heat transfer when the operating temperature is 

within the melt range of the PCM and melting of the particles occurs. First the fluid and particle 

mixture or slurry was investigated with no phase change occurring by applying a maximum 
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amount of power but still maintained the maximum tube wall temperature to 45°C which is below 

the start of the phase change of octacosane. The results are presented in Fig. 3-9 and are shown for 

similar Rayleigh numbers for a single phase fluid (50 / 50 ethylene glycol water mixture) and the 

slurry made of a 50 / 50 ethylene glycol water mixture with 23 % by mass addition of microPCM 

particles both with and without phase change. The dimensionless length was again varied to check 

the end effects of the experimental setup which, like the single phase fluid, were found to only 

affect the final measured position. The addition of the microPCM particles causes additional heat 

transfer enhancement over the single phase liquid flow, as seen in Fig. 3-9, in which single phase 

flow dimensionless tube wall temperature were presented along with the two phase results. The 

heat transfer enhancement was evident even though the single phase flow has a Rayleigh number 

1.46 times that of the two phase flows. This causes the single phase fluid Nusselt correlations to be 

invalid for two phase mixed convection thermal predictions because of the neglected effects of the 

solid particles suspended in the fluid. 

 

Table 3-4 Two phase test matrix 
 

Raf 
(x 106) 

Rab 
(x 106) Ste Reb Prb Grb 

(x 105) Grb /Re2 
Mdot 

(x 10-3) 
(kg/s) 

q” 
(W/m2) 

Tin 
(ºC) Run # 

3.1 1.5 10.8 424 30.3 0.50 0.27 9.01 9598.4 58.9 9-24_1

4.2 2.1 13.3 201 27.4 0.77 1.90 3.90 11857.4 58.8 9-24_4

5.6 2.7 18.8 418 29.3 0.92 0.53 8.62 16682.9 58.9 9-24_3

4.0 1.9 12.8 228 28.2 0.67 1.30 4.54 11411.1 58.9 9-25_2

1.1 0.53 7.6 464 52.1 0.10 0.047 1.69 6340.0 33.9 9-26_2

0.97 0.46 6.5 276 55.4 0.083 0.11 1.06 5653.8 33.8 9-26_1

1.0 0.50 3.6 384 28.7 0.018 0.12 7.79 3211.3 58.9 9-26_6

3.8 1.9 12.8 285 29.1 0.065 0.80 5.85 11365.5 58.9 9-30_1
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The inlet temperature of the two phase fluid was then increased to nominally 58.85 ºC which 

was within the melting region of the octacosane.  These results, at the same Rayleigh number of 

the non-melting case, are presented in Fig. 3-9.  The enhanced heat transfer due to melting is 

clearly evident. The 58.85°C inlet temperature was chosen from the DSC data presented in Fig. 3-

3, which indicated that the peak of energy storage due to melting was at 62.8°C which would 

cause the greatest heat transfer enhancement.  This inlet temperature was maintained for the 

remainder of the experimental work. A summary of the experimental conditions is summarized in 

Table 3-4. 
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Figure 3-9  PCM particle addition effects 
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3.4.1 Varying the Mass flow rate 

As seen in Fig. 3-10 increasing the slurry mass flow rate through the heated section, while 

maintaining the Rayleigh and Stefan numbers nearly constant, causes the dimensionless length to 

decrease and the dimensionless tube wall temperature to decrease, this is in contrast to that of the 

single phase fluid with no microPCM particles, Fig. 3-8, and two phase flow with no phase 

change, Fig 3-9.. There are two causes of the difference. 

1) Because the mass flow rate was higher the fluid and PCM had a lower temperature rise 

at the same dimensionless axial position versus the lower mass flow rate. The lower 

temperature rise of the PCM meant there was less latent heat stored at a dimensionless 

axial position and since a similar amount of energy was added the fluid temperature at 

the wall was higher. A second way of looking at this is that the apparent specific heat 

of the slurry, Fig. 3-3, at the peak is approximately 5 times that of the bulk fluid 

specific heat, this large property variation causes the curves to behave different when 

compared to the results of the single phase fluid, Fig. 3-8, or the solid liquid flow with 

no melting, Fig. 3-9. 

2) The bulk cooler outlet temperature measured by TC-12, Fig.3-1, was only reduced to 

56.8 ºC, which was not low enough to complete the cooling phase change, see Fig. B-

2, and thus latent heat below 56.8 ºC was unavailable as energy storage. 
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Figure 3-10  Flow rate variation 
 

3.4.2 Rayleigh and Stefan numbers 

Two dimensionless parameters which the tube wall temperatures are dependent are the 

Rayleigh and Stefan numbers. Because these two dimensionless parameters are both dependent 

upon the heat flux which in the current experimental apparatus is the only experimentally 

controlled quantity, upon which both parameters are dependent, that is able to be varied, a 

thorough investigation of the interaction of these two parameters was not possible. However, 

within the limitations of this experimental set up some observations are made. 

The Rayleigh and Stefan numbers were varied using the heat flux, of which both are dependent 

to the first power, to establish the effects on the tube wall temperatures for the microPCM slurry 
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the extreme cases are presented in Fig.3-11. For the two experimental conditions of Fig. 3-11 the 

heat flux differed by a factor of 5.2 while the Rayleigh and Stefan numbers differed by factors of 

5.4 and 5.2 respectively. The slight variation with the Rayleigh number is due to a difference in 

the temperature dependent viscosity which the Rayleigh number is dependent upon to the second 

power and the Stefan number is not dependent upon. 
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Figure 3-11  Experimental upper and lower tube wall temperatures 
 

These two parameters are competing in that as the Stefan number is raised the dimensionless 

wall temperature is expected to increase as can be easily seen in the upper limit where there is no 

phase change when the Stefan number approaches infinity.  Where as, the increase of the Rayleigh 

number tends to decrease the dimensionless wall temperature due to increased buoyancy induced 
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secondary flow. For the range of Rayleigh and Stefan numbers presented in Fig. 3-11 the effects of 

the Rayleigh number are dominant, after the dimensionless length of 0.0025, causing the 

dimensionless tube wall temperature to be lower. At the inlet of the tube, 0.0 – 0.0025, the effects 

of the forced convection are dominant overshadowing free convection effects as was discussed for 

single phase flows. In this inlet region it was therefore expected the lower Stefan number case 

would have the lower wall temperature but the data was too close in temperature draw that 

conclusion. Under the conditions of this experiment the free convection effects, causing lower 

dimensionless wall temperatures were greater than the increased Stefan number effects, which 

alone would cause a rise in dimensionless wall temperature. This may not be the case in other 

combinations of Stefan and Rayleigh numbers but these were outside the capabilities of the current 

experimental apparatus. 

 



52 

4 NUMERICAL PROCEDURES 

4.1 Grid 

For the cylindrical coordinate system of the tubular flow condition considered an uneven grid 

was used which was clustered to the tube wall in the radial direction and to the tube inlet in the 

axial direction to better resolve the higher gradients expected in these two regions. The 

circumferential direction used an evenly spaced grid. The following equation was used for the grid 

generation54 in both the radial and axial directions. 
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where y  is the position for an evenly spaced grid and β is chosen such that ∞<< β1 . Equation 

4.1 clusters points towards the inner tube wall in the flow region and the tube inlet in both the flow 

and tube wall regions as β  approaches 1. The current application used 1.1=β for the radial 

direction and 1.1=β for the axial direction. An evenly spaced radial grid was used for the tube 

wall radial direction and for the circumferential direction. The same circumferential and axial 

grids used in the flow region were used within the tube wall. Figure 4-1 is an example of the 

θ−*r grid used (the tube wall is represented by the thicker lines). 
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Figure 4-1  Tube section - fluid and wall grid 
 

 

The final grid size within the fluid region was 16 x 16 x 20-120, where the axial direction 

depended upon the dimensionless length. The tube wall consisted of 6 radial cells with the axial 

and circumferential directions being equal to the fluid region. 
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4.2 Two phase flow solution procedure 

To solve the governing equations Eq. 2.11-2.15 the SIMPLER method55 was used by first 

modifying the method to handle the two interacting fluids of the two phase flow. The grid / mesh 

layout was as described in section 4.1 and the variables were solved on a staggered mesh with 

velocities solved at cell boundaries and all scalar variables were solved at cell centers, as shown 

for the radial and circumferential directions in Fig. 4-2. In addition all thermodynamic properties 

were calculated at the cell centers. 

 

Vf, Vs 

Tf, Ts, 
P, α 

Uf, Us 

 

Figure 4-2 Typical cell and variable locations 
 

The following solution description is based on the SIMPLER method55 and only equations 

needed for the two phase aspect, which are different than the SIMPLER method, of the current 

study are presented. The solution method begins with a guessed initial velocity field for each 

phase. A pseudo velocity, in which the differential pressure term is neglected, is calculated for 
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both phases. To solve the pressure field the discretized liquid mass conservation equation, Eq. 2-

11, is used by substituting the pseudo velocities of the liquid phase into the discretized mass 

conservation equation, resulting in a set of equations with pressure as the unknown. Solving this 

set of equations results in a pressure field that is shared by both the liquid and solid phases. This 

method follows the SIMPLER method for single phase flow and has been used in other numerical 

investigations.56 Now with the pressure field solved the discretized momentum equations, shown 

below in a general form, may be solved for the velocity field of each phase.  

( ) lPlsPlPlililPlP spaa ,,,,,,, +Δ+−−= ∑ αφφλφφ      4.3 

( ) sPslPsPsisisPsP spaa ,,,,,,, +Δ+−−= ∑ αφφλφφ      4.4 

As discussed in Chapter 2 the interphase coupling between the solid and liquid phases is 

completed in the second term on the right hand side of Eq. 4.3, where lambda represents the 

interphase coupling term. As an example of a typical computational cell the liquid phase of the 

radial direction momentum equation, Eq. 2-12, is discretized. The computational cell of concern is 

shown in Fig. 4-3, where dashed lines being the cell boundary and solid lines are representing the 

computational grid. 
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Figure 4-3  Typical cell layout for the radial momentum equation 
 

 

The coefficient values to be used in Eq. 4.3 for the radial component of the liquid momentum 

equation, Eq. 2-12, are 
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where the diffusive coefficients were calculated using the geometric mean as recommended by 

Pantakar,55 the variables were linearly interpolated to cell center or cell face as needed, VΔ  is the 
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cell volume, and the lPa ,  coefficient was written to maintain a positive value, the notation 

( )[ ],0max  was used to select only positive values. In addition the power law scheme55 was 

used to calculate the diffusive fluxes. The other coordinate directions are similarly discretized. 

The pressure field was based on the initial guessed velocities; a new velocity field is then 

calculated using Eq.s 4.3 and 4.4. The resulting velocity field however, does not satisfy the 

conservation of mass and therefore similar to the SIMPLER method a pressure equation based 

only on the liquid mass continuity was used to derive a pressure correction equation. The pressure 

equation was solved and the results used to correct the velocity fields of both phases using 

equations of the form (the details may be found in Ref. 55 ). 

( )1
,

*
+−+= ii

sP

s
ss pp

a
Auu        4.15 

where the nomenclature of Ref. 55 was used. 

Using the most recently calculated pressure and velocity fields the concentration of the two 

phases may now be calculated by solving the solids mass conservation equation, Eq. 2.11, for the 

solids volumetric concentration. Then using the fact that the volumetric concentrations of the two 

phases sum to unity the liquid concentration may be found as 

sl αα −= 0.1          4.16 

To solve for the solids concentration derivatives of the incompressible mass conservation 

equation, Eq. 2.11, were expanded and after rearranging 
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The upwinding method was used to discretize Eq. 4.17 which resulted in an equation of the 

form 
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sP
nb

sisisPsP saa ,,,,, +=∑ αα        4.18 

where the coefficient definitions for the upwinding method are similar to the discretized radial 

momentum equation presented earlier by Eq.s 4.5 – 4.14. The resulting set of equations was 

solved for the solids concentration using the Thomas algorithm. Now with the solids volumetric 

concentration known Eq. 4.16 was used to find the liquid volumetric concentration. The velocities 

and concentrations are now known and therefore the temperature field of each phase can be solved 

using the discretized form of the energy equations, which are also of the form of Eq.s 4.2 and 4.3 

excluding the pressure term. The method just described is the inter phase slip algorithm (IPSA).57  

Specific issues with two phase flow solution procedure and the current application will be 

discussed in sections 4.2.1 to 4.2.3. 

4.2.1 PEA 

To increase the convergence rate of the above iterative procedure the partial elimination 

algorithm (PEA)58 was implemented. The general form of a discretized conservation equation 

given by Eq.s 4.3 and 4.4 is the starting point where phi may be either a component of the velocity 

field or the temperature depending upon the conservation equation being solved, but only the 

momentum equations involving the velocity contain the pressure gradient term, and lambda 

represents the exchange coefficient between the two phases. Rearranging Eq.s 4.3 and 4.4 yields 

( ) lPlsPlililPlP spaa ,,,,,, +Δ++=+ ∑ αλφφφλ     4.19  

( ) sPslPsisisPsP spaa ,,,,,, +Δ++=+ ∑ αλφφφλ     4.20 

Solving for both the liquid and solid phase variables of Eq.s 4.19 and 4.20 
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The solution of the solid phase variable, phi from Eq. 4.22, is now substituted into the liquid 

phase equation, Eq. 4.21, thus eliminating the current solid phase variable from the solution for the 

liquid phase variable. Similarly the solution of the liquid variable is then substituted into the solid 

phase variable solution.  After rearranging and adding relaxation the following equations result 
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where E is defined by Van Doormal and Raithby59 as  

ω
ω
−

=
1

E          4.25 

Equations 4.23 and 4.24 are then solved iteratively, described in section 4.2.4, for the unknown 

variable phi. The PEA method was used to solve the momentum and energy equations, Eq.s 2.12 - 

2.15. 
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4.2.2 Concentration Equation solution modifications  

In two phase flows each phase has a maximum limit which may be as high as 1.0 when only a 

single phase is present at a particular location. During the solution of the concentration equation 

the upper limit is not bounded and can be exceeded causing physically unrealistic solutions or 

divergence. Several methods have been proposed to solve this problem.60, 61 

When solving the momentum equations, Eq. 2.12 – 2.14, the particle-particle interaction force 

or solids pressure term G is calculated using the correlation given by Eq. 2.36 and a plot of G  

versus particle volumetric concentration is shown in Fig 4-4. When the concentration of the solids 

phase is at the compaction limit ( )624.0max =α  Eq. 2.34 gives 1=G , above the limit the value 

quickly grows which causes a large source term in the momentum equation and limits the particle 

concentration at any particular location. When the particle concentration is above the compaction 

limit the large value of G  can cause the iterative solution to diverge. An effective method of 

preventing divergence while solving for the particle concentration was presented by Carver61 and 

was successfully implemented by Zhang et al.62 The method first calculates the a preliminary 

particle concentration of Eq. 4.18 at each computational grid location in point Jacobi form giving 

sP

sP
nb

sisi

sP a

sa

,

,,,

,

+
=
∑ α

α        4.26 

Then if 59.0, >sPα  at any grid point a local relaxation factor for the solid phase concentration 

at that grid point is set to the minimum value of  ( )sPs ,max, αα −  and 10-10 or in equation form 

( )[ ]10
,max, 10,max −−= sPs ααω  is used resulting in the following equation 
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Now using the local value of relaxation Eq. 4.17 is solved for the particle concentration using 

Eq. 4.28. This method allows the concentration and momentum equations to be solved iteratively 

for the concentration without causing divergence. 
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Figure 4-4  Particle - particle interaction force 
 

4.2.3 Tube wall solution 

As was presented in Section 2.4.2 the axial conduction within the tube wall was not considered 

however, the circumferential conduction within the tube wall was considered. The second term in 

Eq. 2.16 accounts for the circumferential heat conduction. The inclusion of the circumferential 

conduction was found to be significant in studies such as the numerical work of Ouzzane and 

Galanis,29 and is expected to be significant here due to the highly conductive copper wall and 

therefore it will be included here. This conjugate problem was solved using the appropriate wall 

boundary conditions of Eq.s 2.17 – 2.25. The velocity within the wall was not solved but set to 
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zero. During the solution of the liquid phase energy equation the temperature distribution was 

solved using Eq. 2.15. The tube wall temperature was solved along with the fluid temperature due 

to the interfacial boundary condition requiring all thermal energy transport is to the liquid phase as 

described in Chapter 2. 

At the fluid – wall interface a large jump in thermal conductivity occurred and was solved by 

taking the harmonic mean of the two thermal conductivities.55 A formula for the harmonic mean is 

found by considering Fouriers law of conduction between two cells of different size and 

conductivity. The steady state 1-D heat transfer may be written as 

2
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and solving for the effective thermal conductivity 

1221

21

knkn
knkkeff Δ+Δ

Δ
=         4.29 

where Δn1 and Δn2 are the distance from the respective cell center to the interface. The 

computational cell interface during the solution of the energy equation is at the fluid-wall 

interface. 

A local Nusselt number at a given circumferential and axial position is given by 

**
,
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1Nu

bw TT −
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        4.30 

with a circumferential average Nusselt number defined as 
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*
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θ θ
π

       4.31 

where the bulk temperature is found using the bulk energy flow within the fluid at an axial cross 

section. 
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Now using an iterative solution procedure the variables of both the fluid and tube wall regions 

may be solved. 

4.2.4 Iterative procedure 

The following is the two phase solution procedure for the current application: 

1) Variable initialization 

2) Calculate properties and momentum exchange coefficients 

3) Calculate momentum equation coefficients 

4) Calculate the pseudo velocities  

5) Solve for the pressure field 

6) Solve the momentum equations for velocities of both phases 

7) Solve the pressure correction equation and correct the velocities of 

both phases 

8) Solve the concentration equation  

9) Calculate particle – fluid Nusselt number 

10) Solve the energy equation for fluid, solids, and wall temperatures 

11) Solve the tube wall temperature equation 

12) Check convergence if not return to 2) 

 

During the solution the following values of relaxation were used 

Velocities:  5.0=ω  

Thermal:  0.1=ω  
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Concentration: 5.0=ω  (unless locally modified as described in section 4.2.2) 

 

The above iterative solution is repeated until the final solution of all variables is found.  The 

solution was considered converged when the overall mass residual, the energy residual, and each 

of the velocity variables met the following convergence criteria. 
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where Residual of .continuity eq sφ =  

Velocity:  

 

( )
3

*

2
Re

10−<
∑

bm

sq

mW �

φ
        4.33 

  

where Residual of , , , , , .l l l s s sU V W U V and W momentum eq sφ =   

Energy:   

( )
5

*

2
ReRe

10−<

+∑

in

sssl

E�

φφ
      4.34 

  

where Residual of solid and liquidφ = . 
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4.3 Code Verification 

The numerical code was verified by first using a single phase liquid where the 

circumferentially averaged Nusselt numbers were compared to analytical results and previous 

experimental results and then tube wall temperatures were compared to experimental results of the 

current work. Two phase thermal numerical solutions were compared to experimental results of 

the current work which included the melting of the encapsulated particles. 

4.3.1 Pure fluid flow comparison 

Numerical results of a pure fluid for a hydrodynamically fully developed axisymmetric flow 

with pure forced convection are compared with an analytic tube wall Nusselt number solution by 

Siegel et al.63 

∑+
=
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2

e
24
11

2Nu
β

      4.35 

where the constants in Eq. 4.35 may be found in Ref. 63. Numerical results of a hydrodynamically 

fully developed mixed convection flow are also compared with the experimental results of 

Petukhov22 for Rayleigh numbers of 6 x 106 and 1.4 x 106 in which water was the working fluid 

flowing inside a stainless steel circular tube. The local circumferentially averaged Nusselt number 

is presented for comparison in Fig. 4-5. The results for the numerical case which was an 

axisymmetric flow were good as was the case with mixed convection when 6100.6Ra x= . When 

the Rayleigh number was 6104.1Ra x=  the numerical results were slightly higher than the 

experimental results with a maximum percent difference of 9%, where the percent difference was 

found as 
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Figure 4-5  Numerical comparison with experimental and analytical data 
 

Numerical results from the code were also compared to experimental data for the single phase 

flow with ethylene glycol and water as the working fluid in a circular copper tube of the current 

work. The outer tube wall temperatures were compared at a Rayleigh number of 4.1 x 106. Results 

of the circumferentially averaged wall temperature may be seen in previously presented Fig. 3-6 

and the upper and lower numerical tube wall temperatures were compared with the experimental 

results in Fig. 4-6. The numerical results predict the circumferentially averaged wall temperatures 

and Nusselt numbers accurately when compared to experimental data from literature, Fig. 4-5, and 

the upper and lower tube wall temperatures, Fig. 4-6, of the current experimental data were 
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consistently above the experimental data with a maximum percent difference of 7.5%. This is 

slightly higher than the %0.7± for the average wall temperature at that position. 
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Figure 4-6  Upper and lower wall temperatures 
 

In order to show the thermal effects of the tube wall material, numerically found upper and 

lower dimensionless wall temperatures are also shown in Fig 4-6 using the same experimental 

conditions but with a stainless steel tube wall of the same dimensions as the copper wall used 

during the experiment.  These numerical results indicate the extent of circumferential heat transfer 

for the stainless steel tube wall compared to that of the copper tube wall which have thermal 

conductivities of 14.9 and 401 ( )KmW −  respectively.24 
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4.3.2 Two phase experimental comparison 

The code was additionally verified with the solid – liquid flow experimental results of the 

current work presented in Chapter 3. Figure 4-7 shows comparisons of experimental and 

numerical results at two different lengths with PCM melting and one length with no melting of the 

PCM particles. The wall average temperature is presented for clarity and because the top and 

bottom tube wall temperatures are nearly the same. 
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Figure 4-7  Two phase PCM numerical / experimental comparison 
 

The numerical results for the flow with no PCM melting were consistently higher than the 

experimental but was a low difference (note that the last experimental point was not considered a 
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good measurement due to the experimental setup end effects discussed in Chapter 3). The 

numerical results for the shorter melting matched the experimental results well starting below the 

experimental data and ending slightly above the data at the tube outlet. The numerical results for 

the longer case were consistently below the experimental data and the second to last experimental 

point was approximately 24% lower. At similar Rayleigh numbers for single phase flow the 

experimental uncertainty was +/- 6%. The experimental uncertainty is expected to be higher for 

the two phase flow with melting but the 24% is thought to be excessive. 

A numerical investigation into the cause of the discrepancy included varying the inlet 

concentration, particle density, slurry thermal conductivity, strength of cross stream recirculation 

due to mixed convection, and supercooling of the PCM, the cause was found to be supercooling. 

Figure B-2 is the cooling curve of bulk octacosane which is shifted about 5 ºC below the heating 

curve, Fig. B-1. The experimental cooler outlet bulk slurry temperature, TC-12 in Fig. 3-1, was 

recorded as 56.8 ºC, which is not cooled below the super cooled temperature shown in Fig. B-2. 

Therefore some of the latent heat is not available during the heating and melting process. The 

amount of latent heat unavailable is difficult to predict for the following reasons:  

1) Cooling was accomplished by using a concentric counter flow tube in 

tube heat exchanger which caused temperature differences within the 

slurry. The microPCM particles near the cooled wall are cooler than 

those at the core of the flow, therefore some particles may have been 

cooled below 50 ºC making 100 % of the latent heat available while 

the microPCM particles in the center will be cooled only to 56.8 ºC, 

the bulk slurry temperature. 

2) The preheater used to keep the slurry at the inlet temperature of 58.85 

ºC was an electric heat trace wrapped around the copper pipe leading 
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into the recirculation pump, see Fig 3-1. This addition of heat again 

caused temperature differences with the slurry flow. The microPCM 

particles near the heated wall were some temperature above the 58.85 

ºC inlet temperature but were cooled back to the 58.85 ºC inlet 

temperature, by pump mixing action, before entering the test section. It 

is then probable that any latent heat of these particles would not be 

recovered due to super cooling. 

3) A further complication is the non-homogeneous flow concentration 

due mainly to the gravity. Near the top of the tube there would be 

more particles but flowing at a slower velocity than the rest of the 

tube, as will be shown in Ch. 5. 

4) The DSC cooling curve shown in Fig. B-2 is for bulk octacosane, the 

micro encapsulation process can alter this curve. 

In spite of these difficulties numerical predictions were numerically tested by adjusting the 

amount of latent heat available for each portion of the melting process, solid to solid and solid to 

liquid. The results of these tests are shown in Fig. 4-8. The best fit of the experimental data from 

the numerical testing were 0% of the latent heat from the solid to solid phase change was available 

and 50% of the latent heat from the solid to liquid phase change was available. 
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Figure 4-8  Dimensionless wall temperatures of the numerically corrected available inlet 
latent heat 
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5 NUMERICAL RESULTS 

5.1 Control case 

In order to investigate the effects of some of the most important parameters involved in the 

microPCM application a control case, based on experimental run #9-24_1, will be considered 

under the following conditions: a uniform inlet velocity and concentration, a uniform temperature 

of 58.85 ºC, and a uniform heat flux which starts at the inlet of the tube thus hydrodynamic and 

thermally developing flow will be considered. In addition the control case will have the following 

parameters: 
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Although shown in previous chapters to be important supercooling will be neglected during for 

the duration of the work presented here. In addition for the numerical work presented here the 

liquid viscosity will be considered constant at the bulk temperature of the experimental run on 

which the control case is based. The liquid viscosity is considered constant because it is possible 

during the parametric investigations that the fluid temperature could go outside the range of 

applicability of the temperature dependent viscosity equation describing the 50 / 50 ethylene 

glycol / water mixture, Eq. 3-7. The viscosity due to the addition of particles, Eq. 2-36, is still used 

as it is dependent on the volumetric concentration only not the fluid temperature. 
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Figure 5-1  Concentration / Temperature contour plots and velocity vector plots at various 
axial locations a) z+= 0.0014, b) z+= 0.0024, c) z+= 0.0038, and d) z+= 0.0069 

 

Concentration and thermal contours and velocity vector plots are shown for the control case in 

Fig. 5-1 at several axial locations. Each contour plot within Fig. 5-1 is at the same scale for 

comparison purposes and a reference velocity arrow is shown for the velocity vector plots. The 

plots show a particle phase concentration at the compaction limit (0.624) at the top of the tube 
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which forms quickly and continues to grow throughout the length of the tube. At the outer radius 

at the bottom of the tube a low concentration of particles begins to form near the entrance of the 

tube and spreads circumferentially up along the tube wall.  The axial development of the particle 

phase concentration is presented in Fig. 5-2 at several radial locations. At the outer radius the 

compaction limit is reached at approximately an axial location of 0.0011, while the nearly particle 

free zone at the outer radius in the lower portion is reached at an axial location of 0.0040. 

Consistent with the solid phase concentration contour plots the central portion of the flow remains 

near the inlet concentration. There is a region at the upper portion of the tube where the 

concentration is higher whose area becomes smaller circumferentially and thicker radially with 

increasing axial distance. 
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Figure 5-2  Axial concentration variations for control case 
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The buoyancy driven circulation of both phases is up along the heated wall and straight down 

through the central part of the flow. The circulation velocity at the outer wall is zero and increases 

to a maximum and decreases toward the circulation center. This circulation profile is similar to 

that found by others28 when a single phase fluid is considered. A development of the axial velocity 

profile within the tube is presented in Fig. 5-3.  The velocity of both phases is shown however the 

difference in velocity is negligible due to the small 20 micron particle diameter. Both phases enter 

the tube at a uniform velocity and develop quickly. The exit velocity profile remains unchanged 

from the previous axial location. At the upper portion of the tube the velocity gradient at the tube 

outlet is lower and increases as the slurry moves away from the upper wall. This is due to an 

increased bulk viscosity of the two phase flow with the solids concentration at or near the 

compaction limit. At the lower portion of the tube near the tube wall a higher velocity at the tube 

outlet occurs due to the low solids concentration and thus lower bulk viscosity.  The bulk viscosity 

varies exponentially with particle concentration as shown by Eq. 2.36. Also the maximum velocity 

has shifted slightly below the tube centerline. 
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Figure 5-3  Velocity profiles for control case 
 

The thermal development, Fig. 5-1, at the inlet of the tube is symmetric top to bottom but 

becomes cooler at the bottom and hotter at the top of the tube with an increase in axial position. 

The hotter buoyant fluid is moving upward and stagnating in the vertical direction at the upper 

portion of the tube, this is again similar to findings of a single phase fluid in mixed convection. 

The axially varying dimensionless temperature at the outer tube wall is presented in Fig. 5-4. For 

the control case, based on the experimental work, the copper tube was used. There was very little 

difference between the upper and lower outer tube wall temperature. The tube material 

considerations, also shown in Fig. 5-4, will be discussed further in the following sections.  
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Figure 5-4  Dimensionless axial tube wall temperatures 
 

 

5.2 Application considerations 

5.2.1 Inlet Temperature 

The apparent specific heat for octacosane is temperature dependent as shown in Fig. 3-3, which 

is common to PCM’s. The inlet temperature of the slurry to the heat transfer section may be 

below, within, or above the range of phase change for the PCM being used. The following is to 

investigate the effects of inlet temperature upon outer tube wall temperatures. The resulting 

dimensionless tube wall temperatures are presented in Fig. 5-5 for several inlet temperatures and 
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the control case of 58.82 °C. For reference purposes the position of the various inlet temperatures 

on the melting curve may be seen in Fig. 3-3. The only changes from the control case were the 

following inlet temperatures, given in dimensional form as 

CandcasecontrolTin
D0.62,0.60),(82.58,0.58,0.57=    5.1 
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Figure 5-5  Tube wall temperature at various Inlet Temperatures 
 

The control case of Tin= 58.82 ºC provided the lowest tube wall temperature at the outlet which 

was approximately 9% below the highest outlet tube wall temperature which occurred at Tin= 60.0 

ºC. It is interesting to note that the highest tube wall temperature at the outlet did not occur using 

the highest inlet temperature of 62.0 ºC and this same inlet temperature provides the lowest tube 
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wall temperature at the inlet of the tube, as shown in Fig. 5-5. The reason for this can be seen in 

Fig. 3-3 where the 62.0 ºC inlet temperature occurs just before the highest apparent specific heat. 

This indicates that not only the amount of latent heat available but also the range of temperature 

over which the phase change occurs is an important factor for the tube wall temperature. 

5.2.2 Tube Wall effects 

A tube wall having a finite thickness and thermal conductivity will conduct heat radially, 

axially, and circumferentially. This is true for any flow condition including single phase and 

multi-phase flow. The relative importance of each direction of conduction will be dependent upon 

tube wall material and thickness, the Peclet number, and the Rayleigh number. The Peclet number 

is an indicating factor of axial conduction because it is a measure of the energy being convected 

axially by the flow while the Rayleigh number indicates circumferential conduction as it is a 

measure of the strength of the natural convection causing cross stream circulation. Both axial and 

circumferential wall conduction were discussed earlier along with correlating parameters in 

chapters two and three respectively.  In the solid-liquid flow situation these correlations are 

expected to still be true but with additional parameters needed including concentration, density 

ratios, particle to duct ratio, and the Stefan number. 

The effects of circumferential tube wall conduction are now considered. The copper wall of the 

control case is compared to that of a stainless steel tube wall of the same thickness. The axial tube 

wall temperature variations are presented in Fig. 5-4, while circumferential variations are 

presented in Fig. 5-5. For the copper wall there is very little difference in upper and lower wall 

temperature indicating a high amount of heat transfer from the upper portion of the tube wall to 

the lower portion. While for the stainless steel there is a larger difference in upper and lower tube 

wall temperatures. At the inlet, Fig. 5-4, the tube with the stainless steel wall has a higher outer 
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tube wall dimensionless temperature than the copper wall, this is due to the reduced thermal 

conductivity of the stainless steel causing a higher temperature difference to accomplish the same 

heat transfer in the radial direction. The results for the stainless steel tube wall are similar to single 

phase experimental results reported by Petkuhov.22 The parameters changed from the control case 

were 
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The stainless steel tube wall conductivity ratio was approximately th261 of the copper tube 

wall. 
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Figure 5-6  Circumferential outer wall temperatures 
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5.2.3 Buoyancy effects 

A settling velocity for a particle in a stagnant liquid results from the balance of gravity and 

drag force which act oppositely. As a reference the settling velocity of a homogenous stagnant 

slurry is calculated to get a feeling for the buoyant effects within the flow. The settling velocity is 

found using64 

7.4)0.1( sset vv α−−= ∞         Eq 5.3 

where 

( ) 5.0

3
0.14
⎟⎟
⎠

⎞
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⎛ −
=∞

D

lpp

C
gd

v
ρρ

      Eq 5.4 

which is the settling velocity of a sphere in an infinite medium and 

2.0Re
Re
24

<= p
p

DC      Eq 5.5 

Under the experimental conditions of Chapter 3, from which the properties in the following 

numerical simulations were based, the settling velocity is calculated as 2.1 x 10-6  m/s, using the 

experimental data of run # 9-24_1.  

The effect of the particle buoyancy was investigated by comparing the numerical results of the 

control case, in which buoyancy was included, to numerical results when buoyancy was neglected. 

Numerically this was accomplished by setting the Archimedes number in Eq.s 2-12 and 2-13 to 

zero, effectively eliminating the buoyancy. In addition both the stainless steel and copper walls 

under the two buoyant conditions were investigated. The changes to the control case were 
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Neglecting the buoyant term for the copper tube wall led to higher wall temperatures starting at 

an axial position of 0.002 and continued to increase along the length of the tube, Fig. 5-7a. The 

stainless steel wall, Fig. 5-7b, showed a difference starting at an axial position of 0.001 and while 

the bottom the tube with buoyancy included remained below the neutrally buoyant case, the top 

tube wall started above the neutrally buoyant case and then crossed below at an axial position of 

about 0.005. The copper wall has very little circumferential temperature variation both with and 

without buoyancy, Fig. 5-7a. The stainless steel has a larger circumferential wall temperature 

variation with the buoyancy included case having a higher variation of 0.034 compared to the 

neutrally buoyant case with a 0.026 difference at the outlet. The temperature at the upper portion 

of the stainless tube changed 0.004 between the two buoyant cases while at the bottom of the tube 

the change was 0.014. 
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Figure 5-7  Particle buoyancy effects on upper and lower wall temperature a) copper tube 
and b) stainless steel tube 
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Concentration and thermal contours and a velocity vector plot are presented in Fig. 5-8 for the 

tube wall materials and buoyancy effects at the tube outlet. In Fig. 5-8 two concentration legends 

are used due to the large difference in concentrations for the two different buoyancy cases while 

one temperature legend is used for all cases. When buoyancy is neglected, Fig.s 5-8a and b, the 

slurry becomes nearly homogenous throughout the flow with solids concentrations varying from 

approximately 21% at the upper portion of the tube to 26% along approximately three quarters of 

the tube wall. The temperature of the neutrally buoyant case has a thicker hot portion at the top 

tube wall for the copper case. The concentration contours are nearly the same for the two tube wall 

materials. Even at the low settling velocity calculated using Eq.s 5.4 - 5.6, the buoyancy term has 

a noticeable effect on the thermal solution and the solids concentration across the slurry. 
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Figure 5-8  Buoyancy effects on solids concentration, temperature, and velocity at tube outlet 
a) neutrally buoyant copper wall, b) neutrally buoyant stainless wall, c) buoyant copper wall, 

and d) buoyant stainless wall 
 

5.2.4 Concentration 

Several methods have been used for comparing microPCM slurry flows of different 

concentrations or a pure fluid and include setting equal the mass flow rate or Reynolds number. 
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Here different concentrations are compared by using a constant power as the basis for comparison. 

This assumes a given application will have the same pump power available for any fluid flow.  

For flow through a tube the required pump power is given by 

D
LVfmP
2

2

�=         5.7 

where f is the friction factor. The friction factor for laminar flow is 

Re
64

=f         5.8 

However, in the current application there is a two phase flow with mixed convection, therefore the 

friction factor will need to be adjusted to account for the mixed convection. A correlation26 which 

was found for single phase fluids is then used to account for the mixed convection in the current 

two phase flow based on bulk properties. For the correlation the laminar friction factor is modified 

by an amount dependent on the bulk Rayleigh number 

( ){ } 151150.15
bRa195.00.1

Re
64

+=+f      5.9 

The bulk Rayleigh number uses bulk slurry properties for all properties except for the coefficient 

of volumetric expansion which will be based only on the fluid properties. Substituting Eq. 5.9 into 

the pump power equation, Eq. 5.7, yields  

bQf
D

LP μ
π

2128 �+=        5.10 

The first term in Eq. 5.10 remains constant for a given application and therefore if the power is 

to remain constant the term bQf μ2�+ must remain constant between the various microPCM 

particle loadings. For the control case, based on experimental run #9-24_1, the mixed convection 

modified friction factor was 249.0=+f and 142 10x867.6 −+ =bQf μ� . 
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Table 5-1 is a matrix of test conditions which were varied from the control case and were were 

used in combination to investigate the effects of Ste, concentration, and flow rates. The Stefan 

number varies between the various concentrations because it is included in the definition of the 

Stefan number. The mass flow varies from 0.00790 (Re constant) to 0.01163 (power constant). 

 

Table 5-1  Summary of concentration / Ste test condition 
 

sY  sα  Ste bQf μ2�+  m�  
(kg / s) Re 

0.23 0.25 10.8 
1410x867.6 −  

(control case) 
0.009011 423 

0.20 0.22 12.3 
1410x867.6 −  

(power matched) 
0.011663 627 

0.20 0.22 12.3 
1410x326.5 −  

(mass flow rate 
matched) 

0.009011 485 

0.20 0.22 12.3 
1410x651.4 −  

(Re matched) 
0.00790 423 

0.23 0.25 5.4 1410x867.6 −  0.009011 423 

0.20 0.22 6.2 
1410x867.6 −  

(power matched) 
0.011663 627 

0.20 0.22 6.2 
1410x326.5 −  

(mass flow rate 
matched) 

0.009011 485 

0.20 0.22 12.3 
1410x651.4 −  

(Re matched) 
0.00790 423 

 

The dimensionless tube wall temperatures are plotted against axial position. At the higher 

Stefan number the temperatures are close together with the equal mass flow and equal power 

being nearly identical. At the lower Stefan number the equal Reynolds number at the lower mass 

flow rate is above the higher mass flow rate and the lower mass flow rates with equal power and 
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equal mass flow. Therefore as concentration changes equal pump power would be the best 

comparison method for a given application. 
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Figure 5-9  Stefan number variation at two concentrations 
 

 

5.3 Parametric investigation 

5.3.1 Rayleigh number 

An increase in the Rayleigh number for a given flow causes a secondary cross stream flow 

pattern to develop in single phase flow. The secondary flow is a result in variations of the fluid 
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density due to temperature difference. The density variations in the numerical model developed 

have been linearized using the Bousinesq approximation and is directly related to the difference 

between the temperature of the local fluid with that of the inlet fluid temperature. The inlet 

temperature was chosen over a bulk temperature because the area of concern is the inlet region of 

thermally developing flows. The mixed convection phenomena have been well researched for the 

single phase flow. Similar secondary flows develop in the current application of a microPCM 

suspended in a carrier fluid forming a two phase flow.  

5.3.2 Particle addition effects 

The effects the microPCM particle addition has on the mixed convection resulting in a two 

phase mixed convective flow will be investigated.  Figure 3-9 showed effects of the microPCM 

particles on the mixed convection with no melting. However, the experiment was limited to 

Raleigh numbers on the order of 105 otherwise the addition of heat required to raise the Rayleigh 

number would cause PCM melting. Numerically the Rayleigh number may be raised while not 

accounting for any latent heat effects due to melting and thus isolating the particle addition effects 

on the mixed convection. The control case was used with the following conditions modified 

 

)(Ste
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     5.2 

 

Figure 5-10 includes the tube wall outer dimensionless temperature versus axial position for 

both a pure fluid and with the addition of the non-melting microPCM particles. From Fig. 5-10 the 

two phase flow showed a decrease in outer wall temperature at all values of the Rayleigh number. 

The difference between the single phase and two phase outer wall temperature decreased as the 

Rayleigh number increased. The dimensionless temperature of the single phase flow is above that 
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of the two phase flow at the inlet of the tube but for 6
b 10x0.15Ra = the outer wall temperature 

becomes less than the lower Rayleigh number two phase flow cases at a dimensionless axial 

position of approximately 0.0012. The dimensionless wall temperature, when 6
b 10x5.1Ra = , 

was less than the dimensionless wall temperature for lower Rayleigh numbers during the two 

phase flow at an axial position of approximately 0.0055. Also for each Rayleigh number the single 

phase and two phase dimensionless wall temperatures appear to be parallel after reaching what 

seems to be a steady state when the wall temperature slopes become constant. 
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Figure 5-10  Mixed convection comparison of pure fluid and two-phase fluid at various 
Rayleigh numbers 
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The difference in dimensionless wall temperature and percent difference at the tube outlet are 

both summarized in Table 5-2. 

 

 

Table 5-2  Outlet tube wall temperature differences at various Rayleigh numbers for a single 
phase fluid and a two phase fluid without phase change 

 

Rab 
( x 106) 

Dimensionless wall 
temperature difference at the 

tube outlet 
% Difference 

0 0.029 17 

0.15 0.035 21 

1.5 0.020 15 

15.0 0.011 12 

 

 

The contour plot of the tube outlet conditions, Fig. 5-11, compares an order of magnitude 

difference in the Rayleigh numbers. A concentration and temperature legend is shown for each 

Rayleigh numbers and the velocity vectors are all at the same scale. The enhanced heat transfer 

due to the addition of the particles can be seen through out the flow. The concentration for the two 

phase flow at the higher Rayleigh numbers is nearly homogeneous ranging from 0.24 to 0.26 

where the gradients are isolated close to the wall. The lower Rayleigh number has a larger 

concentration variation of approximately 0.37 to 0.22 with the gradients still close to the wall but 

gradient position has moved farther into the flow. 

The velocity profile at the exit of the tube is shown in Fig. 5-12 for both single phase and two 

phase flow at the two highest Rayleigh numbers. For both for both the single and two phase flows 



93 

the maximum axial velocity shifted downward with an increase in the Rayleigh number. The 

single phase maximum axial velocity was below that of the two phase flow for both Rayleigh 

numbers. This is consistent with the velocity vector plots of Fig. 5-11 which show a stronger cross 

stream circulation for the single phase flow at each Rayleigh number. 
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Figure 5-11  Two phase no melting – single phase outlet cross stream flow comparison a) 
Two phase Rab=1.5 x 106, b) Single phase Rab=1.5 x 106, c) Two phase Rab=1.5 x 107,  and d) 

Single phase Rab=1.5 x 107 
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Figure 5-12  Two phase no melting – single phase outlet velocity profile comparison 
 

 

5.3.3 PCM particles with melting 

Both the particle and phase change effects are now included to investigate the effects of the 

Rayleigh number during the use of a microPCM slurry. The variations from the control case that 

were investigated are listed in Eq. 5.3, with all other quantities from the control case remaining 

constant.  
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Dimensionless temperature results of the tube outer wall are presented in Fig. 5-13 and show 

the axial variation in temperature, all of these cases are two phase flows with the only difference 

being the PCM melting. Table 5-1 lists the difference in dimensionless wall temperature and the 

percent difference at the tube outlet for each Rayleigh number. At the lower Rayleigh numbers the 

% difference is lower than at the higher Rayleigh numbers. 
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Figure 5-13  Rayleigh number variation 
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Table 5-3   Outlet tube wall temperature differences melting vs no melt at various Rayleigh 
numbers 

  

Rab 
( x 106) 

Difference in dimensionless 
wall temperature between 

cases with and without phase 
change at the tube outlet 

% Difference 

0 0.039 29 

0.15 0.034 27 

1.5 0.038 38 

15.0 0.026 36 

 

A contour plot of solid phase concentration and temperature along with velocity vector plot is 

provided for comparison, Fig 5-14, at the tube outlet for both particles with and without phase 

change at the three Rayleigh numbers which are not the control case, the control case contour and 

velocity plot is  in Fig. 5-1. 

When the Rayleigh number is zero there is no cross stream circulation due to fluid density 

variations only velocities associated with the buoyancy induced movement of the solid particles. 

As expected the concentration of solid particles is the same for melting and no melt and varies 

from 0.05 up to the packing limit 0.624 at the tube top. The temperature is nearly axisymmetric for 

both cases with the melting case having cooler fluid at all radial positions. 

As the Rayleigh number is increased cross stream circulation begins to form in the no melt case 

as can be seen by the small velocity vectors and the downward deformation of the cooler core 

region. The melting case does not show the signs of any cross stream circulation due to fluid 

buoyancy. The fluid does remain cooler throughout the tube cross section as with the previous 
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case. Additionally there is very little change in the concentration contour from a Rayleigh number 

of 0 to 1.5 x 105 for both melting and no melt. 

At the largest Rayleigh number, 1.5 x 105, the cross stream circulation is evident both by the 

velocity vectors and the temperature contours. The circulation of the no melting case is stronger as 

seen by the magnitude of the velocity vectors and the depression of the temperature contours. The 

stronger circulation also causes a nearly homogeneous fluid particle mixture across the tube which 

varies from 0.24 to 0.26. The melting case clearly has the lower temperature and since the 

temperature is the driving for behind the buoyancy driven flow of the liquid the circulation is 

weaker. 

The axial development of the solids concentration are shown for Rab = 15.0 x 106 and Ra = 0, 

the extremes for the Rayleigh numbers investigated, in Fig.s 5-15 and 5-17, these may be 

compared with the control case, Fig. 5-2. At the inlet the solids concentrations start out similar but 

at an axial position of approximately 0.001 the high Rayleigh number case stops growing for the 

upper portion of the tube and stops declining for the lower portion. At this point the cross stream 

circulation is beginning to develop keeping the flow region closer to homogenous. A contour and 

vector plot is shown in Fig. 5-16 at this axial location in which the development of the circulation 

may be seen. 
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Figure 5-14  Concentration and temperature contours and velocity vectors at various 
Rayleigh numbers a) Rab= 0 melting, b) Rab= 0 no melt, c) Rab= 0.15 x 106 melting, d) Rab= 

0.15 x 106 no melt, e) Rab= 15.0 x 106 melting, and f) Rab= 15.0 x 106 no melt 
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Figure 5-15  Solids concentration axial development at Rab = 15.0 x 106 
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Figure 5-16  Solids concentration and temperature contours and velocity vector plots for 
Rab=15.0 x 106 at z+= 0.0011 
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Figure 5-17  Solids concentration axial development at Rab = 0 
 

 

The velocity profiles from bottom to top of the fluid axial velocity are shown in Fig. 5-18. 

There is very little difference in velocities at all but the highest Rayleigh number where there is 

some difference between the melting and no melt cases. The difference is due to the stronger cross 

stream circulation discussed previously associated with the no melt case. 

 



101 

Axial velocity (w*)

R
ad

ia
lp

os
iti

on

0 0.5 1 1.5 2

-0.4

-0.2

0

0.2

0.4

Rab= 1.5 x 106, Two phase, no melt
Rab= 1.5 x 107, Two phase, no melt
Rab= 1.5 x 106, Two phase, w / melt
Rab= 1.5 x 107, Two phase, w / melt

 

Figure 5-18  Outlet velocity profiles for two phase flow with and without PCM phase change  
 

5.3.4 Stefan number 

The Stefan number, an indication of the amount of latent heat energy available for storage, was 

varied according to the following 

)(,6.21),(8.10,4.5Ste meltnoandcasecontrol ∞=  11 

Figure 5-19 is a plot of dimensionless wall temperature along the axial length as expected with 

an increase in Stefan number the dimensionless wall temperature increases. This is because there 

is less latent heat storage available at a higher Stefan number. 
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Figure 5-19  Stefan number variation 
 

Solid concentration and temperature contours along with velocity vector plots are presented in 

Fig. 5-20. As the Stefan number is reduced the fluid temperature is also reduced due to the 

additional latent heat storage. The reduction in temperature then causes a lower circulation due to 

mixed convection and more particle separation with the microPCM particles accumulating at the 

top of the tube and less micro PCM particles at the lower portion of the tube. 
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Figure 5-20  Contour and velocity vector plots a) Ste = ∞ (no melt), b) Ste = 21.6, c) Ste = 
10.8 (control case), and d) Ste = 5.4
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6 CONCLUSIONS 

A two phase flow consisting of microPCM particles suspended in a 50 / 50 ethylene glycol 

water carrier fluid has been investigated both numerically and experimentally while the flow was 

in a mixed convective regime. The buoyancy driven secondary flows caused enhanced heat 

transfer similar to that of single phase flows. When comparing the numerical to experimental data 

it was found that supercooling allowed only a portion of the latent heat available to be used. This 

caused higher experimental wall temperatures than were predicted numerically. 

The two phase mixed convective flow was similar to that of single phase flows but had lower 

buoyancy induced secondary flows. Even with the lower secondary flows the two phase mixture 

was numerically shown to produce lower tube wall temperatures even when the PCM material did 

not change phase. When the PCM was melting the temperature gradients within the flow were 

reduced which also reduced the secondary flows. The tube wall material was also shown to have a 

large effect on the tube wall temperatures due to circumferential conduction. The more conductive 

copper had a lower temperature difference from the top to the bottom of the tube than that of the 

stainless steel. It was also recommend that a constant pump power be used for comparison of 

different slurry mixtures. 

Included within the numerical model were particle buoyancy effects which although small did 

cause the buoyant microPCM particles to separate and migrate toward the upper wall of the tube. 

The amount of segregation which occurred was not only dependent upon the particle buoyant 

parameters but also the amount of circulation due to mixed convection. As the Rayleigh number 
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was increased, and indication of the strength of circulation, the fluid became more homogenous 

keeping the microPCM particles mixed within the fluid. 

 

6.1 Future Recommendations 

6.1.1 Experimental 

During the experimental phase, after heating the microPCM solution was not cooled below the 

crystallization temperature, therefore not all of the latent heat was available for energy storage and 

heat transfer enhancement. Efforts should be directed at reducing the supercooling effect through 

some of the available methods.49 The resulting slurry should then be tested in a cooling loop with 

the ability to quantify the supercooling effect specifically by cooling the fluid below the 

crystallization temperature.  

A second area of experimental focus should be in the use of the microPCM slurry in a more 

realistic cooling application which involves an actual system to be cooled. The experimentation 

would then need to include controlling both the heating and cooling processes to be able to 

quantify the use of the slurry in a pumped loop situation. 

6.1.2 Numerical 

The numerical methods should be expanded to include a loop type situation which would 

involve solutions to both the heating and cooling portions of the microPCM slurry. Also included 

should be the ability to include the effects of supercooling. Currently numerically only cases with 

no supercooling have been investigated this however is not realistic and over predicts the amount 

of enhanced heat transfer possible. Therefore, to calculate more realistic results the supercooling 

effect should be included in the numerical model. 
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APPENDIX A 

Considering the dimensional form of Eq. 2.2 
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The first and second terms are combined using the fact that the second is the radial derivative of 

the hydrostatic pressure, the first and second terms are 
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Using Bousinesq approximation for the temperature dependent fluid density 
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now defining an alternate pressure which includes hydrostatic pressure  
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Substituting Eq. A.5 into Eq. A.2 the term becomes 
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Replacing the liquid volumetric fraction that is in the parenthesis of Eq. A.6 with 

sl αα −= 0.1           A.7 

and after rearranging the original term, Eq. A.2, may be written as 
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Substituting the liquid density of Eq. A.3 yields 
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Included in Eq. A.9 are both a liquid buoyancy term which is dependant upon the local 

temperature and a solid buoyancy term which is dependant upon the density of the solid phase of the 

two phase mixture. The liquid phase equation, Eq. A.1 may now be written as 
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Where the superscript on the pressure term has now been dropped, using the defined dimensionless 

variables and including the solids pressure term Eq. 2-12 is obtained. The same process may be used 

to obtain the solid phase equation, which in dimensional form is 
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An assumption that the solid phase and liquid phase share the same pressure has also been used. 

The solid phase does not include the temperature dependent term as it has been assumed the solid 

phase remains at a constant density. Also the solid – liquid term is of opposite signs in the two 

equations as they exert opposite and equal forces on each other. 
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Similarly the circumferential direction includes buoyancy terms and is then converted to 

dimensionless form which includes the Grashoff and Archimedes numbers. The axial direction 

however, is horizontal and thus no body (gravity) forces are included. 
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Figure B-1  Bulk octacosane DSC results from a heating process   
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Figure B-2  Bulk octacosane DSC results from a cooling process   
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