ABSTRACT

Dozier, Richard Brent. Existence and Analysis of the Limiting Spectral Distribution
of Large Dimensional Information-Plus-Noise Type Matrices. (Thesis Director: Dr.

Jack Silverstein)

Let X,, be n x N with i.i.d. complex entries having unit variance (sum of vari-
ances of real and imaginary parts equals 1), ¢ > 0 constant, and R, an n x N
random matrix independent of X,,. Assume, almost surely, as n — oo, the empirical
distribution function (e.d.f.) of the eigenvalues of %RnR: converges in distribution
to a nonrandom probability distribution function (p.d.f.), and the ratio % tends to a
positive number. Then it is shown that, almost surely, the e.d.f. of the eigenvalues
of %(Rn + 0X,) (R, + 0X,)* converges in distribution to a nonrandom p.d.f. being
characterized in terms of its Stieltjes transform, which satisfies a certain equation.
It is also shown that, away from zero, the limiting distribution possesses a continu-
ous density. The density is analytic where it is positive and, for the most relevant
cases of a in the boundary of its support, exhibits behavior closely resembling that

of \/|z — a| for x near a. A procedure to determine its support is also analyzed.
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1. INTRODUCTION

For any square matrix A with only real eigenvalues, let F'4 denote the empirical
distribution function (e.d.f.) of the eigenvalues of A (that is, F4(z) is the proportion
of eigenvalues of A < x). The focus of this paper is on the limiting e.d.f. of the
eigenvalues of matrices of the form C, = %(Rn + 0X,)(R, + 0X,)* where X, is
n X N containing i.i.d. complex entries with unit variance (sum of variances of real

and imaginary parts equals 1), ¢ > 0 is constant, R, is an n X N random matrix

n

independent of X,,, and n and N both converge to infinity but their ratio

converges

* . . . .
R converges, almost surely, in distribution to a

to a positive quantity ¢, and F v Bn
nonrandom probability distribution function (p.d.f.) H. The aim of this paper is
twofold. First, we will show that, almost surely, F“» converges in distribution to a
nonrandom p.d.f. F, and second, we will derive analytic properties of F'.

The matrix C), can be thought of as the sample correlation matrix of N samples of
the form R.;+0.X,;, where the n x 1 vectors R.; are stationary ergodic with correlation
matrix S, = FR.1RY and the X ,’s represent components of additive noise (variance
o? unknown) that corrupt the R,;’s. If the noise is centered (EX;; = 0), and N is
sufficiently large, then C,, provides a reasonable estimate of S, + oI (I denoting the
identity matrix), which would reveal S, if S,, were known to be singular. However, if
n is large, then the number of samples needed to provide an adequate approximation
of S, + 02 is unattainable. The assumption + — ¢ > 0 models the situation of
sample size and vector dimension being on the same order of magnitude.

An area in which our results have significance is that of the detection problem in

array signal processing, that is, the problem of observing data collected at n sensors



which receive signals transmitted from an unknown number of sources in a noise-filled
environment, and using this data to determine the number of sources. The importance
of such results to array signal processing is discussed in Silverstein and Combettes
[11], however, in a less general setting. In that paper certain internal independence
assumptions are imposed upon the signal matrix R,,, specifically, independence across
samples is assumed. In this paper we require only that, almost surely, the e.d.f.
of the eigenvalues of %RanL converges in distribution to some nonrandom p.d.f.
H, thus allowing the detection problem to be studied under more general settings.
Further details on the detection problem are presented later in chapter 8 along with
a discussion of the applicability of results in the theory of large dimensional random
matrices.

The main tool we use is the Stieltjes transform. For any p.d.f. G, the Stieltjes

transform of G is defined as the analytic function

1
mg(z):/)\_sz()\), 2eC " ={2e€C:Zmz >0},

and G can be retrieved by the inversion formula

b
Gllaly = = tim [ Tmme(e + in)de,

T n—0+

where a, b are continuity points of G. Due to the inversion formula, convergence of a
tight sequence of p.d.f.’s is guaranteed by showing convergence of the corresponding
Stieltjes transforms on a countable subset of C* possessing at least one accumulation
point in C*.

A property of Stieltjes transforms that will be needed later is that if G is any
p.d.f. with nonnegative support, then

Tim zme(= /MAZ? () >0, (S.1)

_ 2’2

for any z = z; + 12 € Ct.



For p x p matrix A with real eigenvalues Ay, Ag, ..., A, the Stieltjes transform of

FA

Y

1 1 1 .
mpa(z) = 1_7; N ];tr(A— 2I)7,
involves the resolvent of A and is well-suited for our analysis (¢ denoting trace).
As mentioned earlier, we will provide results on both the existence and analysis

of the limiting e.d.f. of C,,. We deal with the existence issue by proving the following

theorem.

THEOREM 1.1. Assume on a common probability space:

(a) For n=1.2,..., X;, = (X};), n x N, Xj; € C*, i.d. for all n, 4, j, independent
across i, j for each n, E| X}, — EX}||* =1

(b) R, is n x N independent of X,, with F~fnf L. H, as., (D denoting weak
convergence) where H is a nonrandom p.d.f.

(c) N=N(n)and ¢, = 7 —c>0asn— oo

(d) Cr = ~(Ry + 0X,) (R, 4+ 0X,,)* where o > 0.

Then FC 25 F , a.s., where F' is a nonrandom p.d.f. whose Stieltjes transform

m = m(z) satisfies

_ dH(t)
m = / m —(1+02cm)z +0%(1 —¢) (1.1)

for any z € C*.

From (S.1) we have for any ¢t > 0 and any z € C*

t
Im <7 — (1 +c*em)z + (1 — c)) < —Imz<0.

1+ o2cm
Therefore for any z € C* the integral in (1.1) is well-defined.

The proof of Theorem 1.1 is covered in chapters 2, 3, and 4. Chapter 2 mirrors
Silverstein and Bai [9] in that justification is presented for restricting the assumptions
on the matrices R, and X,. Chapter 3 contains the bulk of the proof, and chapter 4
is devoted to showing that solutions, m, to equation (1.1) (with z € CT) are unique

if Zmm > 0 and Zm (1 + ocm)z > 0 (specifically, if m is the Stieltjes transform of a
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p.d.f. with nonnegative support). In chapters 5, 6, 7, and 8 we analyze the limiting
spectral distribution F'. Namely, in chapter 5 we show that F' has a density away
from zero which is analytic where it is positive. Chapter 6 provides a procedure for
determining the support of F', and chapter 7 contains an analysis of the behavior of
the density near certain points on the boundary of its support. In particular, it is
shown that near these boundary points the density is similar to a square root function.
Finally, in chapter 8 we provide an example with specific choices for H, ¢, and ¢ and
a discussion of the detection problem in array signal processing. For the example
given, the graph of the density is shown along with a histogram and scatterplot of
eigenvalues resulting from a simulation of the matrix C,,. The Appendix contains the
proof of a lemma from chapter 2.

Let C, = + (R, +0X,,)* (R, +0X,). The spectra of C,, and C, differ by |n — N|

zero eigenvalues and are related by

n n
FOn — (1 _ —) Lo + 2L RO 1.2
N [07 ) + N ( )

(1 p denoting the indicator function over the set B). Because of this, information on
the limit of F'C» can be inferred from knowledge of F'.

Notice that the eigenvalues of C,, are directly related to those of the N x n matrix
LRy +0X}) (R, +0X;)* = 2C,. With this fact it is straightforward to show that if
m satisfies (1.1) when ¢ < 1, then m will also satisfy (1.1) when ¢ > 1. We therefore
assume, without loss of generality, that 0 < ¢ < 1.

Let m,(z) = mpe, (2). Defining m,(z) = mpec, (z) we get from (1.2)

1—c¢,

m, = — + cpmy, (1.3)

z

which will be used later for notational convenience.



2. TRUNCATION AND CENTRALIZATION

The first step in proving Theorem 1.1 is similar to that of Silverstein and Bai [9], in
that, we truncate and centralize twice with regard to X,,, and, as in Silverstein [8], we
truncate R,,. The reason for these truncations and centralizations is to justify our later
replacing the matrices X,, and R,, with ones more suitable for analysis. We compare
the e.d.f.’s of these matrices by the following metric presented in Silverstein and Bai
[9]. Let {f;} be an enumeration of all continuous functions that take a constant -
value (m a positive integer) on [a, b], where a, b are rational, 0 on (—oo,a — ] J[b+

%, o0), and linear on each of [a — %, al, [b,b+ %] For probability measures F, G on

prG) =Y | [ gar - [ fac2

induces the topology of weak convergence, and, as noted in Silverstein and Bai [9],

R the metric

for sequences {F, },{G,} of probability measures on R, we have

lim ||F, — G,||=0= lim D(F,,G,) =0 (2.1)
where || - || denotes the sup-norm on bounded functions from R to R.

Note that for z,y € R, |f;(x) — fi(y)| < |z — y|. Then, restating from Silverstein
and Bai [9], we have for e.d.f.’s F, G on the (respective) sets {x1, ...,z }, {1, -, Yn},
n 2 n
D*(F,G) < (% >z - ?Jj|> < %Z(%‘ — ;). (2:2)
j=1 j=1
Before continuing, some needed results are presented.
For ¢ € C" and n x N matrix A, ||¢|| will denote the Euclidean norm, and ||A|

the induced spectral norm on matrices, that is, the largest singular value of A. We
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also use the notation F4 ~to denote the e.d.f. of the square root of the eigenvalues

sing
of AA*, which are the n largest singular values of A. The constants, denoted by K,
appearing henceforth in some of the expressions are nonrandom and may take on

different values from one appearance to the next.

LEMMA 2.1 [Corollary 7.3.8 of Horn and Johnson [3]]. For r x s matrices A and

B with respective singular values oy > 09 > ... > 04, 71 > T2 > ... > T,, Where

(-0}

i=1

q = min{r, s}, we have

IA

|4 = Bllz,
where || - ||2 is the Frobenius matrix norm.

LEMMA 2.2 [Lemma 2.5 of Silverstein and Bai [9]]. For n x N matrices Q, Q,

* — =% 2 JE—
[F9 = FO9 || < —rank(Q — Q).

The following are well-known properties of matrices.

MATRIX PROPERTIES.

(MP1) For n x n A, B,
trAB| < (tr AA* trBB*)2 < nl|Al||| B

(MP2) For rectangular A, rank(A) < the number of nonzero entries of A.

Proof of Theorem 1.1. Following Silverstein and Bai [9] we use the convention of

occasionally suppressing the variables’ dependence on n. All convergence statements
o A _ (2 o 1 %

are as n — o0o. Let X;; = Xijl(lXij|<\/ﬁ) and C,, = (WR+UX> <WR+OX> ,

where X = (ﬁX”> . It is shown in the Appendix that
| FCn — FOn|| 22 0, (2.3)

6



Let Gy = (R +0X) (R +0X)  where X = (5 Xy) = (X — By X ).

Since rank(EX) < 1, we have from Lemma 2.2
|FC — | = 0. (2.4)

Write \/—%R in its singular value decomposition \/—INR = UAV. Let R, = UAV
where A, is the matrix A with each singular value s replaced by Sl(sga), for oo > 0.
Let @ be any n x N matrix. If a? is a continuity point of H, we have by Lemma

2.2 and assumptions (b), (c)

HF(ﬁRJrQ)(ﬁRJrQ)* — FRat@)(Rat@)| < Emnk (LR — Ra)
n

VN

2 ¢ 2 ¢
=23 L = 237 Loy 25 20 {(0% 00)),
i=1 =1

where the s;’s are the n largest singular values of \/—%R and the \;’s are the eigenvalues

of %RR*, ie., \; = s?. Let a =, = In(n). Tt follows that as n — oo

||F RS RQ) _ p(RatQ)(RatQ)* 2500, (2.5)

Let X5 = Xiy L(x 1<t — EXoy Lixy <ty X = (T%YJ , Xij = Xij — Xij,

and ? = (\/—%§U> . Let 51 > 5> ... > 5, and 5 > 55 > ... > 5, be the n largest

singular values of Ry +0X and R, +0X, respectively. Then using (2.2),(MP1), and

Lemma 2.1 we get

1 L o
D (FRa+UX FS}Z{;;UX) S E Z<§‘] _§]>2 S 50-2”X||3

sing

1 —k— 1 ——\ 2\ 2 s
— X X <o (—tr (XX) ) LN
n n
by (3.6) of Silverstein and Bai [9]. It follows that
D (pUtet e Recta Xy plltctaX)(RetoX)t) 2 g, (2.6)

7



Therefore, by (2.1), (2.3), (2.4), (2.5), and (2.6), in order to show that F¢» = F,

it is sufficient to show that for any z € C*,

mF<Ra+UY)<Ra+of)*(2) o mp(z).
We may therefore add to the conditions of Theorem 1.1 the following:

(1) [Xu1| < In(n) ,
(2) EXy;1 =0, E|X1|* =1,
(3) | ¥ RE]| < In(n).



3. EXISTENCE OF THE LIMITING DISTRIBUTION

Fix z = z; + iz € C*. The next four results are used to complete the proof of

Theorem 1.1.

LEMMA 3.1. For n x n A and n x 1 vectors ¢, v where A and A + vv* are invertible,

we have
*A—I,U
(A **1: *A—l_ q *A—l
¢ (A+w) a 14+ vA- 1y
Notice if ¢ = v then
v (A4 vv*) ! = ;U*A_l
1+ vA- 1y

Proof. Let ¢* (A + vv*)fl = r* so that ¢* = r*A + r*vv*. Multiplying by A~! on the
right we get
AT =t ot AT (3.1.1)

and then multiplying by v on the right we get
A =r v+ rrovt A e = e (1 + U*Aflv) .

Since ¢ is arbitrary we must have 1 + v*A~ v # 0. Then

) A
Y= ——
1+ vrA-10’
and hence by (3.1.1) we have
_ A ~
* *A T 7= = *A 1
e 1+ 0 A1y ’

and the proof is complete.



LEMMA 3.2 [Lemma 3.1 of Silverstein and Bai [9]]. Let C' = (¢;;), ¢i; € C, be an
n X n matrix with ||C]| <1, and Y = (X3, ..., X,,), X; € C, where the X;’s are i.i.d.

satisfying conditions (1) and (2). Then
E|Y*CY —trC|® < Kn*(In(n))*,

where the constant K does not depend on n, C', or on the distribution of Xj.

LEMMA 3.3 [Lemma 2.6 of Silverstein and Bai [9]]. Let z = 2z + iz € C* with A

and B n x n, B Hermitian and r € C". Then
tr (B —21)"' = (B+rr* —zI)7") A

r*(B —2I)7*A(B — zI)~'r | Al
— < .
1+r(B—=zI)"1r T 2

LEMMA 3.4 [Lemma 2.3 of Silverstein and Bai [9]]. Let z,y be nonnegative numbers.

For rectangular matrices A, B of the same size,

Fin {(x +y,00)} < Fip{(w, 00)} + F,,{(y, 00)}.

a.s.

Using Lemma 3.2 we get %tT%X X* — 1 which yields the almost sure tightness
of {F¥XX"} This together with Lemma 3.4 and assumption (b) gives us {FCn}

being almost surely tight, and therefore the quantity

ngFC” ()\)
(A +2f) + 23

d =infZm (mpeo.(z)) > inf/ 5

is positive almost surely.
For j =1,2,..., N let z;(= z}) and 7;(= r7) denote the jth column of X and R

respectively and define y; = \/_1N<Tj + ox;) so that C,, = z;vzl Yiy;-

10



Note that RR* = SV

j=1 7575, and since for each j =1,2,..., N the matrix RR* —

Ty = Zgé ;Tir; is positive semidefinite, then using condition (3) from the previous

chapter we get
lr5]* = [lrj75 1l < [RR[| < Nln(n). (3.1)

Define D = C,, — zI, B = A,, — zI, where
1 1
A, =|——— | =RR" —0o’2m,I,
<1 + azcnmn> N g em
and for j =1,2,..., N let C(jy = C,, — y;y; and D; = D — y;y;(= Cj) — 2I). Write

N
D+ zI = Zyjy;.

j=1
Multiplying by D~! on the right on both sides and using Lemma 3.1 we get

N
1
I+2D71 = Z —yjij L
Taking the trace on both sides and dividing by N we have
*D—lyj 1
Cp + 2y, = — g =1 =
N;l—ky*D Yj N: 1+y *D Yy

From our definition (1.3) of m,,, we see that

N

1 1 (3.2)
mn = — — .
N z(1+ y;D; y])
Following the steps leading up to (2.3) of Silverstein [8] we get
1 1
< — (3.3)

|2 (1 +y; D5 hyy)| ~ 22

For j =1,2,..., N, we make the following scalar definitions:

1 1 «
pj = N JDJ T, wj—NaxD xj,
1 * y—1 1 * )—1
5] = NTJD] oZj, Vi = NO'QJJDJ Tj,
1 1
pi =Dy By, @ = oty Dy BT,
. 1 . 1
B = NT]D 'Blox;, 45 = Naijj "B,



We begin the next stage of the proof by factoring the difference of inverses and

expanding the middle factor to get

B'—D'=BD-B)D"'=BYC, - A,) D"

o%c,m 1 1 1 1
=B —=" _RR'4+—0XR'+ —RoX"+ —0*XX*+0%m,I |D!
<1+020nmnN Ty et Ty Toem

= o%c,m, 1 1 1 1 1
= ; B! [m N riri + N T+ Nrjax; + Nazxjx’; + NJQ,zmnl] D!

N
o?c,m, 1 1 1 . 1 1
Z L p Cnmn Nrj jD + B~ NJ@"JTJD + B~ N0 D™

J=1

1 1
+B’1N02a:jx;D’1 + NazzmnB’lD’1

While using (3.2), we take the trace of both sides and divide by n to get

1 Lo [ o%cm, 1 1
-1 _ E n'’on * 1p-1 1np-1
—t’r’(An — ZI) — My = E {m N jD B Tj N?"]D B ox;

1
+ —Jx*D_lB_lrj + NU x*D -t zj

1 I, -1 —1]
— —o“trD™'B
1+ %(Tj + O’xj)*D‘;l(Tj +ox;) N

Il
SEES

> [W{“j + Wyl + Wi+ Wi — WS"J] . (3.4)

J=1

Let o™ =1+ +(r; + ox;)*D;"

P (Tj‘i‘O'[Ej):l—f-pj‘i‘ﬁj‘i"Yj‘i‘Wj.

12



Since D7! = (D; + —=(r; + 0x;)—=(r; + ox;)*)~! we can use Lemma 3.1 to get
VN VN

j 1 o’c,m 1
Wi = . - o™ —riD; B
! ami (1 + J2cnmn) [ NI J

1 1
—N(r;‘ij_l(rj +ow;)) 57 (ri + aa:j)*Dj_lB_lrj]

1 aZcpmy, X )
T i (1 n 02cnmn> {(1 +75 +wi)p; = (p; +5j)%‘],
; 1 1
Wy = —j[@ NT’;D 'B7ox;
am™
Lo s 1 *—1p-1
_N(erj (Tj"’o_l‘j))ﬁ(rj“l’axj) D; "B ox;
1 [ A ~
= g | w8y = (o + By |
n,J 1 [ n.q 1 * T~ — _
w3 = o |@ ’Jﬁaijj 'B7r;
1 * Pl 1 *—1p—1
— 02Dy (rj + ow;)) 55 (rj + 0w)" Dy B
1 [ ~ ~
= o (L+p5+B8)% — (v +wi)ps| s
W4 = % ' NO'.T]DJ B ox;
1 *y—1 1 * y—1 p—1
—N(aijj (rj+axj))N(rj+awj) D; B ox;
1 A )
= i (1+pj+Bj)w; — (v +wj)B;|, and
; 1 1
Wi = — —d*trD7'B7L.
5 o NO' T

Therefore, after simplification, we have

N

1 1 .

(34) = gE:amLJrOcm (0 camn — wj = 73)bj + B
=1 n!ltn

1
2 S A 2 —1p-1
m(ﬂj+ﬁj+1+0 Cnin )y + W5 — i trD™ B

13



1L 1

_ n,j

n anyj
Jj=1

For j =1,2,..., N we make the following definitions

1 =e,

m@y =muey (2),  mg) = —

T C),
1 1
Bj=|————| =RR"—c’zmy.
’ (1 + UQCnm(j)) N 7
As noted below (2.5) of Silverstein [8], my;) is the Stieltjes transform of a p.d.f. (on
[0, 00)).
The following expressions hold for any j = 1,2,..., N and any n.

From (3.3) we get

Ll (3.5)

] = 2

and since for any Hermitian matrix A, ||[(A — 2I)7Y| < i, we have

1
D < —. 3.6
D51 < - (36)
By (S.1) we get
1 2] 2]
< = 3.7
11+ o2¢c,my| = 29+ 02c,IZmzm, ~ 2z (3.7)
and similarly
1 2]
< 3.8
’]_ + O'QCnm(j)| - Z9 ( )
From Lemma 3.3 we have
| < (39)
max [m, —m;y| < —. .
J<N () nzy
Suppose A is an eigenvalue of %RR* and A\ = m/\ — 0?zm,, — z is the
corresponding eigenvalue of B. Then (S.1) gives
2
B B | o e Immy, 9
Therefore
1 1
B7Y| = < =, 3.10
157 = < (3.10



and similarly

1
Bl < —. 3.11
1B =< (3.11)

Using (3.7), (3.8), (3.9), (3.10), (3.11), and condition (3) we get
_ _ _ _ 1

1B =B = 1B, (B = B)B'| < =B - By
2

a’cn|mjy — my|

2
&%)

1 1
—RR* I
‘ (1 + o2cam,)(1 + o?cumg)) N e ’
o’c, 1 el
z
N nzS ’1 + UQCnmnHl + UQCnm(j)|

< Ten (ﬁ In(n) + |z\) < Km;”). (3.12)

1 *
VER

3 2
nz; \ %3

A simple application of Lemma 3.2 gives
El|lz;]|"* < Kn®(In(n))". (3.13)
The combination of (3.1), (3.6), (3.10), and the Cauchy-Schwarz inequality yields
53] < Kin(n) and |p;| < K In(n)

The Cauchy-Schwarz inequality along with Lemma 3.2, Lemma 3.3, (3.6), (3.10),
(3.11), (3.12), (3.13), and (MP1) gives

0.12

1
E’C:)j - NO,ZtTDlefl‘ﬁ — WE‘x;D;lell,j . terlelyfi

K * — _ —_ K * — — — —
< e Bl Dy (BT = By )ayl® + 1 Ele; Dy By — trDy By

K K
+mE|trD;1(B;1 - B Y%+ WEHT(D;l — D HB7°

(In(n))° 12, ((n)?  (Inn)° K
(In(n))*®

S R

Using (3.6), Lemma 3.2, and Lemma 3.3 we get

12

Elw; — o*c,m,|® = %Euij_lxj —trD7°

15



K * — — — —
< %% (Elz;D; e — trD;° + Eltr(D; ' — D)%)
K
(In(n))™ + N6
(In(n))"
A

From (3.1), (3.6), (3.11), (3.12), (3.13) Lemma 3.2, and the Cauchy-Schwarz in-

<

=

equality we have

K
IQEHSE*D 1B 1

K . . _
S Ela;D7 Y (B —le)rjyl2+N

6
E‘ J’12<N "

K _
< 5z Bl Pl 111D I B = B
K *—1p—1 * D—1% y—1x% 6

K
N12E|x Dy 1B] Ty B 1*D Loy

—-1np-1 * D—1% y—1%|6
trD; By i B D

J

(In(n))™
S K—-5— ng EH ]H12+

K
+—Elr;B; "Dy D B

N12 177 J J J
< Ki(mj(vqg)% + ]@(111( )2 E| D B et By D¢
BB DD B )
B U AN T
< K(lng\ﬁz)go,
and similarly
i < i P

Using (3.1), (3.6), Lemma 3.2, and the Cauchy-Schwarz inequality we have

E|’yj|12 NlQEHx Dy 7“]| | = E|x*D T D 1*I'J|6
< K ~— BE|a; Dy ey D Yy — tr Dy ey D
S yiz j
+%E|r§D;l*Dj_1rj|6
< o5 (m) 2B D s Dy 0+ o BILD; 2
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and similarly

E|g;]"? < K—(ln%§)18~

From the Cauchy-Schwarz inequality and the above bounds we get

) (In(n))**
E|Bi;° < KT-

Therefore, using (3.7) with the above, we have as n — oo

(02 cnmn — w;)p; Y5P; A0 1 PV
EI?A}f(maX{ 14 o02¢,m, | |1+ 0c2¢c,m,|’ 131, 133, 14 o02¢,m, |’
A 2
'14_5_% N |(:)J — %tTD_lB_1|} & 0 (314)

We now concentrate on a realization for which (3.14) holds, {F"} is tight, and
F~BR" converges in distribution to H. From (3.14) we get maxj<y |d™/| — 0 as

n — oo. Therefore, using (3.5),
1 -1
—tr(A, —zI)"" —m, — 0 as n — oo.
n

Consider a subsequence {n;} on which m,, ( bounded in absolute value by i)
converges to a number m. We have Zmm > § > 0. Let b = 1 + o%cm and b, =

1 + o%c,my,. Since Im zm,,, > 0 then Zm zm > 0. From this we find for all ¢ > 0
t 2
Im g—bz—i-a (1—c)) <—=2<0,

and similarly

Then




ﬁ(bm - b) + Z<bm - b) + 02<Cni - C)

(bi —bp,z+02(1 — cm)> (% —bz+o*(1 - C)>

t

[#llbn, = bl + 0Pl — ¢l [bu, = O b

- 22 Z|bn,| |1 —bz40%(1—¢)
_ |Z||bm _ b| + 02|Cni B C| + |bm B b| . —bz + 0-2(1 - C)
B 23 22|by, | L—bz+o02(l-c)

< |z||bm _b|+02|cni _C| + |bm _b| (1 | |bZ|—|—O'2|1—C| )

22 29|by, t—bz+02(1—c)

o2c 2
el Wt ol el o bl (|, (14 5) 41—

22 2902¢p,0 29

which converges to zero uniformly in ¢. Therefore as n; — oo

1 _ 1 1 RR*
—tr(A, —zI)"t = dF™: t
nl- T( i z ) / thL. _ban‘i‘O-Q(]. _Cni) ( )

(3

1
— / v Ul

Thus m satisfies (1.1).
Now, using the result from the next chapter we have that m is unique. Therefore,
with probability one, F“" converges in distribution to the p.d.f. F having Stieltjes

transform defined by (1.1), and the proof of Theorem 1.1 is complete.
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4. UNIQUE SOLUTION TO (1.1)

We now prove that a certain type of solution to equation (1.1) is unique.

THEOREM 4.1. Let 2 = 21 +i20 € CT, m = my+imy € C*, and m = m; +im, € C*
with Zm (1 + o%em)z > 0, and Zm (1 + o%cm)z > 0. If both m and m satisfy (1.1),

then m = m.

Proof. Define b = 14 o%cm = by +iby, and b = 1 4+ o0%?cm = b; + ib, and suppose

that both m and m satisfy (1.1). We have m — m = (m — m)«, where

2 Ltz
‘= C/ (% — bZ+O'2(1 - ZI)D)(% _ bz_|_0-2<1 — C))dH(t)'

Using the triangle and Cauchy-Schwarz inequalities we get

H|b\dH<t)
o] < Uc/|——bz+02 )| |& —bz+02(1 -0
, dH (1)
+OC|Z|/|£—bz+021—CH__bZ+02<1_C)’
2 )\
] [b|
= </|‘—bz+a21—c ) ( ‘——bz+021—0)|>

SIS

ny / o?cdH (t o?cdH (t)
|t — bz+021—c L — bz +02(1 c)|2

(9(b))2(g(b))2 + |2[(G(b))Z (G (b))>. (4.1)
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Note that g(b), g(b) > 0 and G(b), G(b) > 0.
The following statements are valid for both b and b.

From (1.1) we get
by = 14 b1g(b) + (0*(1 — ¢) — Rebz)G(b) (4.2)

Writing Zm bz = by 29 + bez1, (4.3) implies
1 —g(b) — 21G(b)

by = by G (4.4)
Since (4.2) can be written as
bi(1—g(b) + 21G (b)) = (L + 0*(1 — ¢)G(D)) + baz2G(D)
we replace by using (4.4) and get
b2((1 = g(b))* = [2[*G*(b)) = (1 + 0*(1 — )G ()G (b) > 0

(recall ¢ < 1).
Therefore,

(1—g(0)* = [z]*G*(b) > 0. (4.5)

Since G(b), by, and Zm bz are positive, we get from (4.3) that ¢g(b) < 1, and hence
(4.5) implies
0 < |z|G(b) < 1—g(b). (4.6)

We now have

g(b) <1—1z|G(b) and g¢(b) < 1— |z|G(b). (4.7)

For real numbers x and y with z,y € [0, 1] it is easy to show that

ol
ol
N

(1—2)>(1-y)

20

<1 (ay) (4.8)



with equality holding if and only if z = y.

To complete the theorem’s proof we use (4.1), (4.7), and (4.8) to get

N

o] < (g(b)2(g(b))2 + |2|(G(b)G (D))

(1 [2G(b))2 + |2|(G(b)G (b))

(SIS

< (1-]G®))
< 1 (]2|G(1))2(]2|G(b))? + |2|(G(H)G(b))? = 1.

Therefore || < 1, and hence m = m.
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5. EXISTENCE OF A DENSITY

In this chapter we establish the following result.

THEOREM 5.1. For all x € R — {0}, lim,cc+ ., mp(2) = m(x) exists. The function
m is continuous on R — {0}, and F has a continuous derivative f on R — {0} given

by f(z) = 2Zmm(x). Furthermore, if Zmm(x) > 0 (f(z) > 0) for x # 0, then m(x)

T

is a solution to (1.1) for z = z, and the density f is analytic about x.

2 *
7" XnXn converges

We note that it is shown in Silverstein [8] that, almost surely, F' ¥
in distribution to a nonrandom p.d.f. F, whose Stieltjes transform m, = mpg,(2), for

z € CT, satisfies the equation

1 1
e = 02(1—c—czmy) —z —(1+02em,)z+02(1—c)’

which is equation (1.1) with H = 1[0700) (]. p denoting the indicator function over the
set B). Therefore, by uniqueness of solution (Theorem 4.1), we have m, = mp (for
H= 1[0100)), and hence F' = F,. This function has an explicit expression (Marcenko
and Pastur [5]), satisfying all properties to be investigated in this paper. Therefore
for the remainder of this paper we may assume H # 1[0100).

We see from equation (1.1) that if ¢ | 0, we get for any z € C*

mp(2) —>/( wily

t+o02)—2z
which is the Stieltjes transform of the p.d.f. of a random variable Y +0?, where Y has
distribution H. In terms of the aforementioned application to array signal processing,
the condition ¢ | 0 corresponds to the situation when the number of samples, NV, is

significantly larger than the number of sensors, n which is equivalent to n being
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fixed and N approaching infinity. Assuming X, to be centered and the samples
independent, we can conclude by the strong law of large numbers that C,, — S, +o21,
almost surely; however, if we assume for each N there is a new set of N samples, we
may only use the weak law of large numbers to get convergence in probability. Both
cases coincide with our result on mg as ¢ | 0.

Two theorems from Silverstein and Choi [10] that will be needed are the following.

THEOREM 5.2 [Theorem 2.1 of Silverstein and Choi [10]]. Let F' be a p.d.f. and
x € R. Suppose Zmmp(x) = lim,cc+ ., IZmmp(z) exists. Then F' is differentiable

at x, and its derivative is 2Zmmp(z).

THEOREM 5.3 [Theorem 2.2 of Silverstein and Choi [10]]. Let X be an open and
bounded subset of R”, let Y be an open and bounded subset of R™, and let f : X — Y
be a function, continuous on X. If, for all zy € 0X, lim,ex .., f(z) = f(x0), then f

is continuous on all of X.

As indicated in Theorem 5.1, once existence of m is verified, we immediately have
continuity of m and existence of the density f by Theorems 5.2 and 5.3. To prove
the existence of m and the analyticity of f, we rely on a series of lemmas which will
be stated and proved throughout this chapter.

For notational convenience we will often write equation (1.1) in terms of the

variable b = 1 + o%cm in which case we have the equation

dH (t)
b=1+ o2 . 1.1/
+UC/%—bz+02(1—c) (1.1

Therefore, when we say that such a b satisfies (1.1'), the meaning is understood to
be that the corresponding variable m satisfies (1.1). At times we will also write

brp = 1+ o?cmyp to make a reference to the Stieltjes transform mp.
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Let 2 = z; + iz € CT, and let m = mp(2) and b = by + iby = 1 + o?cm. Recall

from the previous chapter the functions g(b) and G(b) given by

/ “eppdH(t)
|t — bz + o( 1—0)]

/‘——bz—lc—d;[ ! c)|2'

Note that G(b) > 0, and since H # 1[0700), we have g(b) > 0. It is clear that (4.2)

through (4.6) hold true for b since it is a solution to (1.1") with Zmbz > 0. These
equations will be used often in establishing our results for this chapter.

We now prove the following lemma.

LEMMA 5.1. Let z = 21 +i20 € Ct, m = mp(z), and b = by +iby = 1 + o0%cm. Then
we have the following three results:

(a) bl > 07

1 \2
b -
o) bl < (o)
(¢) Iflim,, .,b=b=0b, +ib, exists for {z,} C C* and 2z € R— {0}, then b, > 0.

Proof. For simplicity of notation we suppress the subscript n in the proof of (c).
First, to prove (a), suppose 1 — g(b) — z1G(b) < 0. Since g(b) < 1 we get

0 < (1—g(b))* < 2G*(b) < [2[*G*(b),

a contradiction of (4.6). Therefore 1 — g(b) — z1G(b) > 0, and since by > 0, zo > 0,
and G(b) > 0 we have b; > 0 by (4.4).

To prove (b) we first note that since 0 < g(b) < 1, (4.6) gives

0<G() < (5.1)

KN

Then using the Cauchy-Schwarz inequality we get

|m’_/}b bZ+021—c </|——bz+a21—c)\>
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(GO _ (1)
-\ o2 o?clz|
Finally, for part (c) we note that part (b) gives |b| < co. Solving (4.2) and (4.3)
for G(b) we find

by 1

" Im (%2 — bo2(1 — ¢)) " Rebr + blz’;}—;’z —02(1—c¢)

G(b)

1
B 2b121 — bQZQ + b%z_; — 0'2(]_ — C).

(5.2)

% dF(\) \
Since F'is proper we have b= (020 B |2) is bounded as z — x. Then if
2 — Z

b, =0and c <1 we get

1
ImGb)=G=———=<0
a contradiction since (5.1) gives
1
0<G< . (5.3)
]

If ¢ =1, then, as z — x, G(b) goes unbounded, again contradicting (5.3). Therefore,

b; > 0 and the proof is complete.

In the next lemma we show that mp(z) has a unique limit as z — = € R — {0}.

LEMMA 5.2. Let {z,},{2,} € C* with z, and Z, both converging to x € R — {0} as

n — oo. If m =mp(z,) — m and m = mpg(2,) — m as n — oo, then m = m.

Proof. The result is obvious for x < 0 since mp is analytic outside the support of F'.
Therefore, we assume z > 0. We let b = b; +iby, = 14+0%cm and b= 131 +i1;2 = 1+0%cim
and define the functions g(b) and G(b) in the same way that g(b) and G(b) are defined
with the exception that b and z are replaced by b and Z, respectively.

To prevent the confusion of multiple subscripts, we will suppress the dependence

on n of the sequence terms z,, 2, and write z, = z = 21 +i29 and 2, = 2 = Z; + i2,.
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We now take the difference m —m = (2= 2)Bu

where
1—a,

and

) bdH (t) :
o / (% — bz +02(1 —C)) <2 — b2t or(l _C))

Using the Cauchy-Schwarz inequality, (5.1), and Lemma 5.1 (b), we get for all n

7 7)1 2 1,4 1+ (2
< BGEOGEE _ 1ol _ 1+

£

1
)2
3 < — < r < K < oo.
ove arc(l2|l2])2 o (|2]|2])>
K|z — Z|

TR and consequently we need only show that |a,| stays
— o,
uniformly away from 1.

Therefore |m — 1| <

Following the procedure from the previous chapter, we use the triangle and Cauchy-

Schwarz inequalities to get
] < (9(0))2(9(0))? + |2(G(H)G(D))=. (5.4)
Therefore, since g(b), g(b), G(b), and G(b) are bounded, we can choose a subsequence

~

{n;} for which a,, g(b), g(b), G(b), and G(b) converge, and we define their respective
limits as «, ¢, ¢, G, and G.

From (5.4) and (4.6) we get for all j

o, | < (1= [2|G (D)2 (1 — |2|G(B))Z + |2|(G(B)G (D)), (5.5)

and then taking the limit we have
ol < (1 —2G)2(1 — 2G)? + 2(GG)z.
If G # G, then applying (4.8) to (5.7) we get the strict inequality

o] < 1— (2G2G)? + 2(GG)? =1

as desired.
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For the rest of the proof, we assume that G = G.

From (5.2) we see that G(b) converges if and only it 22 converges. Therefore, =2

~ b2 b2

Z
and similarly 22 must converge, and we call their respective limits y and 7.

2
Solving (4.3) for g(b) gives

g(b) =1-

Imbz o _ (bﬁ n Zl) G(b).

2

We solve for g(b) the same way and substitute the results into (5.4) to get

v, | < ( (b1 b +21)G(b)>é< <b1 : +z1> G(B))é + |2|(G(D)G(b))=.

Defining b = b, + iby, = 1 + o%cm we take the limit and use (4.8) to get

N|—=

~

lol < (1= (byy +2)G)2(1 — (b + 2)G)? + 2G

=

<1- ((by+2) by +2)* )G, (5.7)
By Lemma 5.1 (c), we have b, > 0 and b, > 0. Therefore if either y > 0 or § > 0, we
have (byy + )2 (b9 + )2 > x, and hence |o| < 1 by (5.7).

Suppose y = ¢ = 0. Then (5.2) gives

1 A 1
= G: G: S 5
20, — o2(1 —¢) 20, — 0%(1 —¢)

and hence b, = él.

If b, = b, = 0, we are done. Suppose that either b, > 0 or b, > 0. Define

‘—+|!— =+ 2 for ¢>0.

Since Zm lA _ —(b1b2A+ bel) - _(blb2:’_ b2é1)
b [0b]? b2

noncolinear for j large. Therefore, since k,, (t) is the residual of the triangle inequality,

1
< 0asj — oo, then z and — are

we have for large j, ky;(t) > 0 for t > 0 with &, (t) = 0 if and only if ¢ = 0.
Define




t

Since ky, (t) < |

+ |z|, we have

for all j. Therefore by Fatou’s lemma we get

, / i, o0 kin, (£) dH (2)

< lim inf Yn; <1

J—00

Since H is proper, H # 1[0700), and b, b are finite we get v > 0.

Going back to the definition of a we follow similar steps as before to derive

Ll [2] — ki, (B)
o, | < 020/ - dH (t)
t—bz+o0%(l-c) %—b2+02(1—c)
< (g(0)2(g(0)? + [2[(G(BD)G(B))Z — m,

Then

< lim inf ((1 — 2GB))E (1 — |2G(B))E + \z\(G(b)G(z}))%) — liminf,,

J—00

=1 — liminf ,,
j—00

<l-vy<L

Therefore in every case we have m = m, and hence the proof is complete.

By Theorems 5.2 and 5.3 and Lemmas 5.1 (b) and 5.2 we now have the existence

and continuity of both m and f on R — {0}. Moreover, when f(z) > 0 we have
t
Im (m —b(x)r —o*(1 — c)) < —Imb(z)xr <0
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for all ¢ > 0, and therefore, by dominated convergence, m(x) satisfies (1.1) for z = z.

Therefore, the only part of Theorem 5.1 that remains to be shown is the analyticity

of f.

We now complete the proof of Theorem 5.1 with the following lemma.

LEMMA 5.3. If 25 € (0,00) and f(z() > 0, then f is analytic near z.

Proof. Let b= b, +iby, = 1 +c%cm(xg). For z € C* and any m € C™ satisfying (1.1),

we get

mo dH (1) L,
1+0%m _/t— (022 — bo2(1 — c)) =mp(b"2 —bo*(1 —c)), (5.8)

where my(-) denotes the Stieltjes transform of H and b = 1 + o?cm. Let w =

b*xo—bo?(1—c). Since the denominator in (5.2) is bounded, we can tighten inequality

(5.3) to get
1
0<G<—. (5.9)
Lo
From (5.2) we get ITmw = %2, and since by = mo?cf(xg) > 0 we have Zmw > 0, and

hence my is analytic near w.

First, suppose that m/; (w) # 0. Then in a neighborhood of w, the analytic inverse
m,}l exists. It is clear that for z near ¢ and b near b, we have w = b?z — bo?(1 — c)
near w. Therefore, if b is near b and b satisfies equation (1.1") for z near z, then we

have
L (1 _ 1) — (822 — bo®(1 — ¢)) = g (w), (5.10)

and hence

1 /1 1 1,

Let z(b) be the right hand side of (5.11). In a neighborhood of b, z(b) is clearly

analytic, and we will show that it is also one-to-one.
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For complex numbers b, b near b and z close enough to xy so that Zmbz > 0 and

Imbz > 0, define the function

. 020/ i te dH(t).
(% —bz+0%(1 - c)> (i —bz+02(1— c))

Note that for ¢ > 0,
t
Im (5 —bz+o%(1 — c)) =———>— —Imbz < -Imbz <0,

and similarly for b. Therefore the integrand of « is bounded since for any ¢t > 0

w t 12
L bzt 021 -c) ——bz+021—c ‘——bz—l—aQI—C‘Zmbz
_ : 2
T |b|Zmbz |3 — bz 021 =) (Tmbz)(Imbz)
B 1 —bz + 0%(1 —¢) ||
T plzmbe | L—bz+a2(A )| (Tmbz)(Tmbz)

1 [b]|2] + 0*(1 = ¢) 2]
= |b|Zm bz ( |t — bz +02(1 —c)\) " (Zm bz)(Imbz)
( [bl]2] + o*(1 — c)) 2] -
= |b|Zm bz Imbz (Imbz)(Tmbz)

and hence « is well-defined and, in fact, continuous in the variables b, l;, and z. Define

)

« to be the value of @ when b = b= b and z = xg, that is,

Define
t t
E(t): [_)_2 + X9 b—2+$0
and
k(t
7 =o’c k(t) 5dH(t)
; — bzo +0?(1 —c)’

Now, Imbi2 = b‘b‘bf < 0, and therefore bQ and xo are noncolinear. Since k is the

residual of the triangle inequality, we have k(¢) > 0 for t > 0 with k(¢) = 0 if and
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only if ¢ = 0. Therefore since H # 1[0700), we have v > 0, and since (4.3) gives

1 — g = xoG, we get, as in the proof of Lemma 5.2,

t
bﬁ‘i‘l‘o’

la| < o®c
t—brg+02(l—c)

=gtz G-—y=1-7<1

Suppose we have b and b both satisfying (1.1") for the same z, where b, b are close
to b and z is close enough to xg so that Zmbz > 0 and Zm bz > 0. Then we can
write b—b = (b— l;)a, and by continuity of a and the fact that |a| < 1, we must have
la| < 1 for all of these b, b and z sufficiently close to b and z, respectively. Therefore,
b =b. Then the function z(b) is one-to-one near b and hence has an analytic inverse
b(z) for z near zy. By Theorem 4.1 we must have b(z) = 1 + o?cmp(z) for z € CT,
and hence mp extends analytically onto an interval about zy. Therefore we get

o0
g an(x — x0)"

n=0

for x near zy and some a,, € C, and hence

1 o0
=— E Imay,(z — x0)". (5.12)
T
n=0

Now, suppose m/y(w) = 0. We form the function u of the two complex variables

b, z by

1 1
u(b, Z) = mH(bQZ - b0'2(1 - C)) - E (]. - g)
which is analytic near (b, zo) € C2. Then we have u(b, 7o) = 0. Taking the derivative
with respect to b we get

ou 1 1

G ) = mig(w) (2o — (1 = ) = o =~ 0.

By the implicit function theorem (Krantz [4] p.54) there is a unique analytic solution
b(z) in a neighborhood of zy such that b(xg) = b. Since mp is an analytic solution to

(1.1) in C*, we must have b(z) = 1+ o%cmp(2) by uniqueness of b(z), and hence mp
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extends analytically to an interval about zg, and again we have (5.12). Therefore,

f(z) is analytic where it is positive, and the proof is complete.

32



6. THE SUPPORT OF F

Let Sr and Sy denote the support of F' and H, respectively. Clearly, by definition
of ' and H, we have Sp C [0,00) and Sy C [0,00). We begin our analysis of Sg

with the following result.
THEOREM 6.1. F has no mass at 0.

Proof. The method we will use to prove the lemma was previously used in Silverstein
and Choi [10].

For any p.d.f. G we have

im iyme(iy) G{0} + im oo Ny G(N) G{0},

by dominated convergence, and therefore, if G{0} > 0, we must deduce that |m¢(iy)| —

ocasy | 0.
Suppose F{0} > 0. From (1.1) we have

iym(iy) = / ; iy dH ().

Tro%em(y) (1 + o2em(iy))iy + o2(1 — ¢)
Since F'{0} > 0 we find, for any t > 0, as y | 0

1y 0

— — =0,
Troremyy — L+ o2em(iy))iy + 02(1 —c)  o?cF{0} +02(1 —¢)
and since
vy Y 1
- < — = —— < 00,
ey — (L o2em(iy))iy + o2(1 —¢) | — Imiyb(iy) — bi(iy)

by Lemma 5.1 (a), we have, by dominated convergence, lim, o iym(iy) = 0, a contra-

diction. Therefore, F'{0} = 0.
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The fact that F{0} = 0 gives no information on whether or not 0 € Sp. Simula-
tions have shown that either case can occur, depending on H and the values of ¢ and
0.

A method to identify the support of F'is presented next.

First, we give a lemma that will be used in the proof of Theorem 6.3.

LEMMA 6.1. If b,b € R are positive and both satisfy (1.1') for z = z € R, x < 0,
then b = b.

Proof. First, note that for t > 0, b > 0, and = < 0 we have

1 1 1
= < < 00,
Tzt o2(1—c) EL+bla|+o2(1—c)  ba] =

and therefore the integral in (1.1’) is well-defined for both b and b. We write b —b =
(b — b)a, where
e o
_ 2 ob
‘= C/(g—bx+a2(1—c))(g—bx+o—2(1—c))

Again, following the procedure from chapter 4, we use the Cauchy-Schwarz and tri-

dH(t).

angle inequalities to obtain
la] < (g(0)2(9(b)) + |2|(G(b)G (b))z. (6.1)

From (4.2) we get b(1 — g(b) + zG(b)) = 1 + 0%(1 — ¢)G(b) > 0, and since b > 0 we
have

g(b) <1+ zG(b) =1— |z|G(b) (6.2)
and similarly for b. Substituting this into (6.1) and using (4.8) we find
o] < (1 —=[z[G(b)2(1 = |2|G(b))2 + |z|(G(b)G(b))>
<1 —(|2[G(b)|z|G(b))> + |z|(G(b)G(b))? = 1.
Therefore, b = b, and the proof is complete.

Suppose we have z € R — {0}. If 2 € S%, we have that m(x) is real, continuous,

and increasing, and therefore so is m™! (). Let b(z) = by(2) +iba(2) = 1+ o%cmp(2).
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Since b(z) is a well-defined, analytic function for z in a neighborhood of x, we have
that the function w(z) = b*(z)z—b(2)o?(1—c) is also well-defined and analytic in such
a neighborhood. In the next theorem, we will show that w(x) € S¢, and therefore

we may write the inverse of m, expressed in terms of b € R, as

2(b) = b1—2mH1 (% (1 - %)) + %02(1 o).

THEOREM 6.2. If z € S, then w(x) € S§.
Proof. Let (I1,13) C [L1, Lo] C S§ and choose xy € (I1,13). Since zg € S%, mp(z) is
analytic in a neighborhood V' of xy with VN R C (I1,l), and therefore w(z) is also
analytic in V. Note that w(z) = z+20%cmp(2)z+(0%c)*m3%(2)z—0*(1—c)—0o?co?(1—
c)mp(z). Let ¢ = u+iv, where u € R is fixed and v — 0o0. Since mg(¢) — 0, mp(¢)¢
is bounded, and m%({)¢ — 0, we have w(¢) — oo, and hence w(z) is nonconstant.
Therefore, by the open mapping theorem, w(V') is an open set.

For z € C* we have b(z) € C", and therefore w(z) € C* by (5.2). Therefore, by
(1.1) and Lemma 5.1 (a), we get for any z € C*

mp(z) () — dH(t)
e () = [ {20

1+ o2emp
which gives

Immpyg(w(z)) =Imw(z) 7 f[i((tz)”z — 7 le??ni,(j()z)P (6.3)

Let wy € w(V) NR be arbitrary. Take a sequence {w;} C w(V) N CT such that

w; — wp. There exists a sequence {z;} C V for which w; = w(z;) for each j. For any

z € V we have b(Z) = b(2), and consequently, w(Z) = w(z). Therefore, {z;} C C*.
Since the z;’s are bounded, there exists a subsequence {z;, } C {z;} that converges
to some zy € V. If 25 € C*, then G(b(20)) > 0 and by(29) > 0, and therefore (4.4)
gives Imw(zp) = Imwy > 0, a contradiction. Then we must have z; € R, and hence
2o € S%. Therefore Immp(zg) = 0. If zop # 0, Lemma 5.1 (c) gives b(z) > 0. If

2o = 0 we may assume, without loss of generality, that 0 € [L;, Ls], and therefore we

35



have

Therefore, in either case, b(zy) > 0, and (6.3) gives

lim Zmmpy(w(z;,)) = Immer(z0)

= =0.
k=00 [6(z0)?

Hence by Theorem 5.2, H is differentiable at wy and its derivative is 0. Since wy is
arbitrary in w(V) NR, we have w(V)NR C S§, and therefore w(zy) € S§;, and since

xo is arbitrary in S%, the proof is complete.

So far we have shown that if we have an x outside the support of F', the corre-
sponding w(x) is outside the support of H, and we have an expression for the inverse
of m. Therefore, if we graph the inverse x(b) and identify an interval of points in
S% on the vertical axis, x(b) will be increasing on that interval, but does the pres-
ence of an interval on the vertical axis for which z(b) is increasing always yield an
interval in S%7 The answer is yes, if b > 0, as Theorem 6.3 will show. To prove this
semi-converse we proceed as follows.

Suppose we have (l1,ly) C [Lyi,Lo] C S§. Then mg(-) is increasing on (Iy,ls)

1 1
and maps (l1,ly) onto some interval (di,ds). Now, —— (1 - 5) is an increasing
o2c

function of b from (0, 00) onto (—oo, —~). Since b < 0 does not correspond to our
o%c

Stieltjes transform by Lemma 5.1 (a),(c) , we may assume (l1,ls) is chosen so that

1
(di,dz) C (=00, —~). Therefore there is an interval (ki,k2) C (0,00) such that the
o2c

b % (1 _ %) (6.4)

1 1
is a one-to-one correspondence from (ky, ko) to (di, ds). Therefore mj;! (T <1 - 5))
o%c

mapping

is well-defined from (ki k2) to (I1,13), and hence we define

z(b) = b—12mH1 (% (1 — %)) + %02(1 —c) (6.5)



for b € (ki,ks). The next theorem will show that at a point b € (kq, ko) for which

2'(b) > 0, we have z(b) € S%, and b = 1 + o?cmp(x(b)).

THEOREM 6.3. Let b € (ki,k2) and 2/(b) > 0. Then z(b) € S and b = 1 +
o?emp(z(D)).

Proof. Let (ky,k,) C (ki,k2) be an interval on which 2/(b) > 0. Fix b € (k,k,).
If z(b) < 0, we immediately have z(b) € S%, and by Lemma 6.1 we must have
b = 1+ o?cmp(z(b)). Therefore we assume z(b) > 0. Let D be an open set in C
such that D N R = (k,,k,). Since z is analytic on (k;, k,), we may write x(b) in a
power series expansion centered at b, and therefore, for b € D, the function

2l

) .
) =a(b)+ Y ,fb) (b—b) (6.6)

=1 7

is the analytic extension of x onto D. Using (6.6) we write z(b) = z(b) + 2/(b)(b —
b) + 0(b) where 6(b) = o(b — b). Since z/(b) > 0, it is clear that we may choose
b= b, +ib, € DNCY sufficiently close to b to ensure that z(b) € CT, and since
bz(b) = bx(b) + z/(b)b(b — b) + bA(b) and z(b) > 0 we have Zm bz(b) = by(x(b) +
2/ (b)(2b; — b)) + Imb(b) > 0 for b € DN C* close enough to b. Therefore we have
Im z(b) > 0, Zmbz(b) > 0, and

() = L] (i (1 - 1)) + %02(1 o). (6.7)

b’ ol b
Hence, by Theorem 4.1, b is the unique solution to (1.1') for z = z(b), that is, b =
14-0%cmp(z(b)). Therefore, by = 1+0%cmp extends analytically onto a neighborhood
B of b and its inverse is given by (6.7).

Choose a sequence {z;} C z(B) N C" such that z; — z(b) (= x(b)). Then we
have bp(z;) = 1+ o?cmp(z;) — br(2(b)) = b, and consequently Zm mp(z;) — 0 as
j — o00. By Theorem 5.2, F' is differentiable at z(b), and it’s derivative is 0. Since
b € (k,;,k,) is arbitrary we have F'(x) = 0 for all z = z(b) € (z(k,),z(k,)), and

therefore these s are outside Sp. Moreover, mp is analytic in C* U (x(ky), z(k,)),
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and therefore b = 1 + o?cmp(z(b)) for any b € (ky, ko) for which 2/(b) > 0, and this

completes the proof.

As a result of Theorems 6.2 and 6.3, we now have a method whereby we may
graphically identify the support of F'. The first step of the procedure is to choose an
open interval Iy C S% such that I is not in S§;, that is, I is not a subset of a larger
interval in S§;. On Iy, my is increasing and maps to an interval (dy,dy). Since the
function (6.4) maps positive values of b onto (—o0, =), we take only those intervals
Iy for which (dy,d,) = (di,d>) N (=00, =) is nonempty, and disregard any I for
which this intersection is empty. Let (ki, k) be the pre-image of (d;,ds) under the
mapping given in (6.4). Therefore, m' (% (1 - %)) is well-defined from (kq, k2)
to Iy = {t € Iy : my(t) € (d;,d,)}, and hence we may graph the function z(b) given
by (6.5) for b € (ki, k2). We then identify all intervals on the vertical axis where the
graph of x is increasing. By Theorem 6.3, we know that these intervals are outside
Sr, and therefore we remove them from R, and Sr must be contained in what is
left. We continue in this manner for every interval Iy C S%,. Let D be the resulting
set. Since, by Theorem 6.2, every z € S% corresponds (via w(z)) to a point in S¢,
we must have D = Sp. Also, for each interval I C S%, there is only one interval
Iy C S§ for which our procedure produces Ir. In other words, the intervals outside
St that are being removed from R in the above procedure will not overlap each other.

To see this, we note that (6.5) gives

m] (i (1 - %)) — Ba(b) — bo?(1 — o). (6.9)

By Theorem 6.3, for each = € I, there is a unique b, namely b = 1+ o?cmp(z), such
that x = x(b). Therefore, Ir uniquely determines the range of the left-hand side of
(6.8), which is an interval in S§;. Consequently, once we eliminate an interval from
being in S, we will never again encounter any portion of this interval in subsequent

steps of the procedure.
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7. BEHAVIOR NEAR A BOUNDARY POINT

We now focus on the behavior of the density f near boundary points of Sg. Let
a be a left end-point of S, and let € > 0 be sufficiently small so that (a —e€,a) C S%.
Therefore, by the previous chapter, there exists an interval (I;,ly) C S§ from which
we can construct a well-defined, analytic function z(b) given by the representation in
(6.5), for b in some interval (ki,ks) C (0,00), such that (a — €,a) is in the range of
x(b) and 2’(b) is positive over these range values. We now assume that [a — €, a] is in
the range of x(b), and, in particular, we define by, b, € (ki, ko) so that x(b,) = a — €
and z(b,) = a. Therefore b, < b,, and x(b) is defined on both sides of b,.

Note that our assumption may not occur for certain choices of H. It may be the
case that limy,, x(b) exists, but x(b) is not defined at b,, which can possibly occur
if b2a — byo?(1 — ¢) € Sy and m/y(w) exists as w — b*a — b,o*(1 — ¢). However,
our assumption is valid, for example, when H is discrete, since m/; will not exist on
0Sy. This constitutes the most relevant cases of application of our model. A non-
discrete H would only be considered if it approximates the population eigenvalues in
an analytically tractable manner.

Since x(b) is analytic with a/(b) > 0 for all b € (bs,b,) and a is a left end-point
of Sp, we must have z/(b,) = 0, and the next theorem will imply that b, is a relative

maximum of z.

THEOREM 7.1. For some 6 > 0 for which b, + 6 < ko we have 2/(b) < 0 for all

b € (ba, b +9).
Proof. Suppose 1) (b,) is the first non-vanishing derivative of 2(b) at b,. Then for all

b in some interval (by, by +6) C (ba, k2), 2199 (b) is of one sign, and therefore each of the
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first j — 1 derivatives do not change sign in this interval. If 2/(b) > 0 on (b, b, + 9)
then we would have (x(b,),z(bs + 9)) = (a,z(b, + 6)) C 5%, and consequently, a
would be an isolated point in S, an impossibility since F' has a continuous density
on R — {0}. Therefore we must have 2/(b) < 0 for all b € (by, b, + J), and the proof

is complete.

Let k* € (ba, k2) be such that 2/(b) < 0 for all b € (b,, k*). Define the interval
(1, 1,) C (I1,15) to be the image of (b,, k*) under the mapping m ' <% (1 — %))
For z € C* let bp(2) = 1+ o?cmp(z). Write lim,ecr ., br(2) = b(z) = by (x) + iby(2)
for x € R — {0}. We have (b, (a),by(a)) = (bs,0). Choose ¢ sufficiently small so that
for z € (a,a + §) we have b,(z) € (b,, k*) and b?(2)x — by (x)o?(1 —¢) € (I}, 1,).

We argue that f(z) = ——b,(x) > 0 for all z € (a,a+§). Suppose zy € (a,a+ 0)
is such that b,(z) = 0. Letting b = b, (), we have z(b) = z. It is obvious that
b+ b, and if b € (bs,b,), then zy < a, a contradiction. Therefore be (ba, k%), and

hence, #'(b) < 0. For any b € (by, k*) we have from (1.1)
b=1+ o*cbmy(b*x(b) — bo*(1 — ¢)),

and therefore differentiating implicitly with respect to b we get

v L =a?ebPmly (VPx(b) — bo?(1 — ¢))(20x(b) — 0*(1 — ¢))
(0) = a2eb*m/y (b2x(b) — bo%(1 — ¢)) <0 (7.1)

Since b is real, we have

dH(t)
(t — (b?x(b) — bo2(1 — ¢))?

= 026/ dH(t) = G(b>7
(% — bx(b) + o2(1 — c))2

a%ﬁ%ngaﬂxao—ba%1—c»::a%ﬁ2/"

and therefore (7.1) yields

1 G(b)(2ba(b) — (1 - 0))
b2G (b)

z'(b) < 0. (7.2)
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Let z =21 +iz € CT and b(z) = by (2) + ibs(2) = bp(2). From (5.2) we get

21— G(b(2))(201(2)21 — 0*(1 — ¢)) + ba(2)22G(b(2))
by(2) bi(2)G(b(2))

> 0.

Letting z — o we have b(z) — b and therefore (7.3) gives

1 — G(b)(2bzo — 02(1 — ¢))

%0~ >0
b2G(b)

- I

a contradiction of (7.2). Therefore, by(z9) > 0, and hence f(x) > 0 for all z €

(a,a+9).

THEOREM 7.2. z"(b,) < 0.

Proof. Since 2'(b,) = 0, we have, by Theorem 7.1, that b, is a relative maximum of

x. Therefore, z”(b,) < 0. Since the first non-vanishing derivative of a function at a

relative extreme must be of even order, we will assume z”(b,) = 0 and z"'(b,) = 0,

and proceed to show a contradiction.

Let w = b*x(b) — bo*(1 — ¢), w, = b2a — b,o*(1 — ¢), d = 2bx(b) — o*(1 — ¢),

d, = 2b,a — 0*(1 — ¢), and define

Aj:/(dﬂ for j =234

t—w,)’

so that m/y(w,) = Aa, mi,(w,) = 243, and m7(w,) = 6A4. Writing (1.1) as

%(1 - 2) —

and differentiating implicitly with respect to b three times results in the following

three equations

g = Ml (w)(d + 0% (8)
2

o2cb?

0 = mj(w)(d+b%2' (b)) 4+3m); (w) (d+-b%2' (b)) (22 (b)+4bx’ (b)+b*z" (b))

o2ch* H

= m/y;(w)(d + b2’ (b))? + m/y (w)(2x(b) + 4ba’ (b) + b*2” (b))

+m'y (w) (627 (b) + 6bx” (b) + b*2™ (b)).
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Now, we evaluate these equations at the point b, and use the assumption that the
first three derivatives of x are zero to get the following three equations in terms of

the A;’s
1

2002
och?

d,As =

Ay +ady = ————
s T =T

1

20pt
o?ch;

d2A4 + Q(IdaAg =

Note that the first equation implies d, > 0. Solving for A3 and A4 we get

A —_i L_{_L
TT g2 \ B2 T 2

and

A — 1 2a? n 2a . 1
YT o2 \ 52 T At dBbE )
Writing w, = dgb, — b2a and Az = [ mdl-](t) — w, A4 we get

374
—2a°b,
20 5p4°
ocd)bs

t
0< | m———dH(t) = w, Ay + Az =
/(t—wa)4 (1) = wada + 4
a contradiction since a and d, are both positive. Therefore, 2”(b,) < 0.

We now show that the density f resembles a square root function in a neighbor-
hood to the right of a.

Since m/y (w,) # 0, there exists a neighborhood W C C of w, on which my is one-
to-one, and hence has an analytic inverse. Let B C C and U C C be neighborhoods

of b, and a, respectively. Define
Wo={weC:w=>b2—bo*(1—-c)forbe BandzecU}.
Choose B and U sufficiently small so that BNR C (ky, ko), Wo C W and Wy NR C

1 1
(I1,13). Then mz (T (1 — E)) is an analytic mapping from B to W,. For b € B
o2c

() = b—12mH1 <% (1 _ %)) 4 %0—2(1 o).

42

define



Therefore, if b € BN R, we have z(b) = z(b), and hence 2/(b,) = 2'(b,) = 0 and
2"(b,) = 2"(by) < 0. By Theorem 10.32 of Rudin [6], there is a neighborhood V' C B

of b, and a function ¢, analytic in V', such that
z(b) —a = (¢(b))? forall beV, (7.4)

¢’ has no zero in V, and ¢ is an invertible mapping of V' onto a disc centered at the
origin. We then have ¢(b,) = 0, ¢'(b,) # 0, and computing the first two derivatives

on both sides of (7.4) we get
2'(b) = 2¢(b)¢'(b)

and

Therefore
0> 2"(ba) = 2[¢' (by)]%, (7.5)

_1
¢’ (ba)

Let 6 > 0 be small enough so that f is positive over (a, a+9) and (a,a+d) C UNR.

and hence ¢'(b,) must be purely imaginary. Write = 1o, where o € R is nonzero.

Fix z € (a,a + §). Since m(z) satisfies (1.1) for z = x we immediately have

z —a = [p(b(x))]*.

Since x > a, we may take the square root of both sides to get
¢(b(r)) = V& —a,

where we assume that ¢(b(z)) is the positive root. Let I' be the inverse of ¢ on V.
Then I'(0) = b, and I'(0) = m = i, and expanding I" about 0 we have

b(x) =T(vx —a) =T(0) + I'(0)vx — a + (higher order terms)

= b, + iav/x — a + (higher order terms).

Therefore
by(z) = V& — a(a + (higher order terms )),
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——b,(x) as an analytic

and hence, for z € (a,a + ), we have expressed f(z) = ——

function of v/r — a. This is a stronger result than what was proven for the density
in Silverstein and Choi [10], although the same method used here may be applied to
that case and yield the same strong result.

The a we used was a left end-point of Sg. If a were a right end-point of Sg, the
analysis would differ only slightly from what we have done here. In that case we

assume that b, is a relative minimum of z(b), and therefore (7.5) becomes
0 < 2"(ba) = 2[¢'(ba)]?,

giving that ¢'(b,) is nonzero and real. Write m = «. Let 9 > 0 be small enough
so that f is positive over (a — d,a) and (a — d,a) C U NR. Fixing z € (a — §,a), we
again have

z —a = [p(b(z))],
and hence, since r < a, we get

¢(b(x)) = iv/|z —al,

where the square root is assumed to be positive. Again letting I" be the inverse of ¢

on V we have I'(0) = b, and I''(0) = o. Expanding I about 0 we get
b(x) =T(i\/|x — a]) = T'(0) +iI'(0)/|x — a| + (higher order terms)

= b, + iay/|z — a| + (higher order terms),

and therefore

by(z) = v/ |z — a|(a + (higher order terms)).
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8. AN EXAMPLE AND APPLICATION

In this chapter we graphically analyze the limiting density and the procedure for
finding Sr for a particular example of F'. We compare the results of a simulation to
our density graph, and use the comparisons to analyze the problem of signal detection
in array signal processing.

As noted earlier, F' is nonrandom and only depends on the distribution H and
the constants ¢ and 0. We construct our example by letting ¢ = .1 and ¢ = 1 and
taking H to be discrete with mass .2, .4, and .4 at the respective values 0, 3, and 10.

In chapter 6 we described a method by which Sy may be obtained. From each
interval Iy C S§ we construct a well-defined function z given (in terms of b =

1+ o%cm) by

2(b) = %m; (% (1 _ %)) + %02(1 — o) (8.1)

for b in some interval (k1, ko) C (0, 00) prescribed by /5. We graph this function and
remove the intervals along the vertical axis where the graph is increasing. We repeat
this procedure for each interval Iy C S, and the set of points that have not been
removed from the vertical axis will be Sg.

For our example, S§; is composed of the four intervals I(;) = (—00,0), 1) = (0, 3),
Iy = (3,10), and I(;,) = (10, 00), and therefore we have four functions given by (8.1).
The graphs of these four functions (given as x(m)), obtained using Newton’s method,
are shown in Figure 1 (a). The thick lines on the vertical axis represent Sp. As
noted in chapter 6, we see that the intervals on the vertical axis where the graphs are

increasing do not overlap each other from one function to the next.
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(= b}

Ficl.

Once we have obtained Sp it is a simple matter of applying Newton’s method
to equation (1.1) with z = 2 and m = m(x) to numerically obtain the density
f(x) = 2ZImm(x) for each z € Sp. Figure 1 (b) shows the graph of the limiting
density f. Note that when positive, f is a smooth function, and, at the boundary of

its support, f goes down vertically to the z-axis, thus behaving in a similar fashion

to a square root.
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Recall that when ¢ | 0, F' will converge to the distribution of a random variable
Y + 02, where Y has distribution H. For our example, as ¢ | 0, F will converge to
the discrete distribution having mass .2, .4, and .4 at the respective points 1, 4, and
11. It is evident that our choice of ¢ = .1 is small enough to see the mass beginning
to accumulate around 1, 4, and 11.

In Figure 2 we have overlaid the density graph with a histogram and a scatterplot
of the eigenvalues of a simulation of the matrix C,. We choose n = 200 so that,
since ¢ = .1, N = 2000. We construct R, in a deterministic manner so that the
e.d.f. of the eigenvalues of %RnR;‘; is exactly H, and let the entries of X, be i.i.d.
standardized Gaussian. We see that the histogram of the eigenvalues of C,, follows
the shape of the density and the scatterplot, with each eigenvalue marked by the
symbol ‘o’; stays close to Sr. The eigenvalues exhibit a clear separation into three
distinct groups clustering near the points 1, 4, and 11. In fact, the distribution of the
eigenvalues among the three groups is, from left to right, .2, .4, and .4. That is, of
the 200 eigenvalues, 40 are in the first group, 80 are in the second group, and 80 are

in the last group.

1
14

Fi1c2.
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We use this example to illustrate the connection to the detection problem in array
signal processing, where an array of n sensors receives signals transmitted by an un-
known number ¢ < n of sources with unknown locations in a noise-filled environment.
The goal is mainly to identify the number of sources (signal detection) and their di-
rection of arrival (DOA). The model is given by an n x N matrix Y;, = R,, + 0X,, in
which the columns represent N “snapshots” (samples) of the received signals. The
matrix R, represents the pure signal information and contains values detailing sensor
orientation, the signal values at the source, and components such as steering vectors
which provide information on the unknown direction of arrival of the signals. The
signals are commonly assumed to be stationary ergodic processes. The matrix X,
represents additive noise (variance o unknown) that contaminates the signal during
transmission and processing. The entries of X, are assumed to be i.i.d. standardized
random variables. If the population matrix S, + oI (S, = ExR,R};) were known,
or at least adequately approximated, then using the MUSIC (multiple signal classi-
fication) algorithm, as presented in Schmidt [7], one could determine the number of
sources and, depending on the accuracy of the approximation, their direction of ar-
rival. The sample covariance matrix C,, = %YHY; is used to estimate the population
matrix; however, as stated in the introduction, if the number of sensors, n, is large
then it may not be possible to collect enough samples to adequately estimate it. In
this case, limiting results on the eigenvalues of (), can aid in the detection problem:
determining the number of sources. As noted in Schmidt [7], if ¢ < n then 5, is
singular with n — ¢ zero eigenvalues. Therefore the n — ¢ smallest eigenvalues of the
matrix S, + 021 are equal to 2. These are called the “noise” eigenvalues, and the ¢
larger eigenvalues are called the “signal” eigenvalues. Therefore, obtaining the value
of ¢, the number of sources, can be accomplished by determining the multiplicity of
the noise eigenvalues. From this it is clear that limiting results on the eigenvalues of
the sample covariance matrix C,, can play an important role in signal detection. In-

deed, if it can be shown that, for large n, the eigenvalues of C,, display this “splitting”
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into groups of smaller and larger eigenvalues with the correct number of eigenvalues
in each group corresponding to the noise and signal eigenvalues, then determining
the number of sources can be accomplished with fewer samples than needed to ap-
proximate the population matrix itself. It will only require enough samples for the
eigenvalues of C,, to separate into distinct, separate clusters.

Results of this type were proven for a different class of matrices in Bai and Sil-
verstein [1], [2] with the first paper showing that, for n large, no eigenvalues appear
where they should not, i.e., outside the support of the limiting distribution, and the
second paper showing that, for n large, each interval of the support contains the cor-
rect number of eigenvalues. As yet, there are no such results proven for our limiting
distribution, but from simulations it appears that similar results hold true for our
case as well.

In the simulation above the number of sensors is 200, sample size is 2000, the
(unknown) number of sources is 160, and 0 = 1. Since R,, was artificially constructed
so that %RHR; has only two distinct nonzero eigenvalues, our example is limited in
its comparison to an actual signal detection problem. Even so, this example is useful
for illustrative purposes. The scatterplot shows a clear separation of the 40 noise
eigenvalues from the 160 signal eigenvalues. The value ¢ = .1 is certainly small enough
to see the separation of the support of F' into disjoint intervals. In fact, by analyzing
the density for different values of ¢, we discover that the separation of the smaller
eigenvalues from the larger ones occurs when c is approximately .37555. Therefore,
for a particular value of n, it would take less than 3n samples for separation of the
support to occur. This number is substantially smaller than the number of samples
required to adequately approximate the population matrix S, +02] using conventional
multivariate inference methodology.

Further research is needed to make rigorous the mathematical arguments for exact

eigenvalue separation in our information-plus-noise model.
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Here we prove (2.3) which states that
HFC”—FG”HgO as n — oo.

First, we define p, = P(|X11] > +/n) and note that since F|X;|*> < oo we have

pn =

Now, to prove (2.3) we will need the following theorem.

THEOREM A.1l. Let X, X, ..., X, beiid. Bernoulli with p = P(X; =1) < % Then

for any € > 0 such that p+¢ < 3 1 we have

7’L€2

< ZX p>€>_ _Q(p—&-e).

Proof. Fort >0

p(l ZXi —p> e) < tnlpte)p [etZ?zl XZ}
{Cr

_ (pet(l —(P+e) 41— petlet 6))

n

Minimizing over ¢ we get

n

( ZX p> e) [(%)1(%6) (pie)pﬂ] — (P, 6)7

where 1 is defined by

6.0 = (1= () (14 =) - e om (1- ).

Now, using the Taylor series



we get

B X ¢k 1 (—1)k
V(ps€) = _ZE ((p+€>k—1 + (1— (p+€))k—1) :

k=2
Since p+¢€ < %, the terms in the sum are all nonnegative, and therefore, dropping all

but the first term, we get

AP U
PO="5\pre T T-(+o = 2(p+e)

and the theorem is proven.

We now prove (2.3) by first noting that for ¢ > 0 we get from Lemma 2.2 and
(MP2)

A 2
P(”Fcn _ FC"H > 6) < P(EZ ]‘(|ng|2\/5) > 6)
1,7

1 €
= P(m ZJ Ly vm = o on —Pn>-

Since p,, = %, for any € € (0, %) we can apply Theorem A.1 to get for all n large

ne

P(HFC" _Fén” > 6) < e 16

when p, < ;-. Therefore P (||F Cn — FOn|| > e) is summable, and hence ||[F —

FOn|| %% 0 as n — oo which proves (2.3).
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