
ABSTRACT 

ZHU, JIANXI.  Mathematical Modeling of Single Phase Flow and Particulate Flow 
Subjected to Microwave Heating. (Under the direction of Dr. Andrey V. Kuznetsov). 

 

 The purpose of this research is to numerically investigate heat transfer in liquids and 

liquids with carried solid particles as they flow continuously in a duct that is subjected to 

microwave irradiation. During this process, liquid flows in an applicator tube. When flow 

passes through the microwave cavity, the liquid absorbs microwave power and its 

temperature quickly increases. The spatial variation of the electromagnetic energy and 

temperature fields in the liquid was obtained by solving coupled momentum, energy and 

Maxwell’s equations. A finite difference time domain method (FDTD) is used to solve 

Maxwell’s equations simulating the electromagnetic field. The effects of dielectric properties 

of the liquid, the applicator diameter and its location, as well as the geometry of the 

microwave cavity on the heating process are analyzed. For modeling particulate flow 

subjected to microwave heating, the hydrodynamic interaction between the solid particle and 

the carrier fluid is simulated by the force-coupling method (FCM). The Lagrangian approach 

is utilized for tracking particles. The electromagnetic power absorption, temperature 

distribution inside both the liquid and the particles are taken into account. The effects of 

dielectric properties and the inlet position of the particle on electromagnetic energy and 

temperature distributions inside the particle are studied. The effect of the particle on power 

absorption in the carrier liquid is analyzed. The effect of the time interval between 

consecutive injections of two groups of particles on power absorption in particles is analyzed 

as well. 
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1 INTRODUCTION 

1.1 MICROWAVE HEATING 

 Microwave heating is utilized to process materials for decades. The ability of 

microwave radiation to penetrate the material directly without the need for any 

intermediate heat transfer medium provides a new and significantly different tool for 

processing a variety of industrial materials.  When compared with conventional heating 

methods, where heat is conducted from surface into the interior volume of the specimen, 

microwave energy causes volumetric heat generation in the material, which results in 

high energy efficiency and a reduction in heating time. This is especially desirable for 

specimen of thick section and materials with low thermal conductivities, where surface 

heat may require much time to diffuse though the specimen.  

 Microwave processing of materials has been utilized in a wide range of industrial 

applications. In 1949, microwave heating of materials was first discovered, and the 

commercial microwave oven was first introduced by Raytheon in 1952. During the past 

two decades, microwave heating of food product has been extensively used in the world. 

Other important microwave applications on processing of materials include industrial 

heating (large volume drying of textiles, rubber, and ceramic), material development 

(polymer matrix composites curing, ceramic sintering and plasma processing), and 

microwave removing of volatile constituents deep within materials [1]. In addition to 

these applications available, microwave processing has been considered for processing of 

radioactive wastes [2]. Microwave energy evaporates the liquid in the waste solution, 

which contains glass forming additives. Once the liquid have evaporated the remaining 
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mixture continues to absorb microwave energy until it fuses and vitrifies. In a similar 

process, infectious medical wastes can be irradiated prior to disposal, eliminating the 

need for incineration and off-sit treatment [3]. All these extensive applications of 

microwave heating stem from the great advantages of microwave heating over the 

traditional heating methods. 

1.2 MICROWAVE PROCESSING DEVICE 

 Microwaves are defined as electromagnetic waves with frequencies in the range 

from 300 MHz to 300 GHz. The corresponding wavelengths are from 10 cm to 0.1 cm. A 

microwave system typically consists of a generator to produce the microwaves, a 

waveguide to transport the microwaves and a cavity to manipulate microwaves for a 

specific purpose. Microwave cavities are classified as either single-mode, where a single 

standing electromagnetic wave fills the cavity, or multimode, where the cavity 

dimensions and microwave source frequency produce multiple standing waves. Single-

mode cavities have had limited applications in industry because of a limited processing 

volume over which the electric field is useful, but have been particularly effective in 

plasma  processing, joining and fiber curing. In a multimode system, the fixed frequency 

microwaves yield resonant modes over a narrow frequency band around the operating 

frequency. The modes result in regions of high and low electric fields within the cavity. 

In general, the uniformity of the field increases as the cavity size increase, but the 

uniformity also is dependent on the overall cavity dimensions [4]. 

 Magnetrons, gyrotrons, klystrons and traveling wave tubes are used to generate 

microwaves. Each has its advantages. Klystrons offer precise control in amplitude, 
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frequency and phase. Gyrotrons offer the possibility of providing much higher power 

output (megawatts) and beam focusing. The traveling wave tubes can provide variable 

and controlled frequencies of microwave energy. Magnetrons are by far the most widely 

used microwave source for home microwave ovens and industrial microwave systems, 

due to their availability and low cost. Solid state devices also are available for generating 

microwaves, but typically have been limited in power (few tens of watts) [5].  

 Certain features of microwave device have most likely hindered more widespread 

use of microwave energy for industrial processes;(i.e. limited and fixed frequencies, low 

temperature capabilities, field non-uniformity and complexity, and inability to monitor or 

control the internal temperatures). Although microwave energy covers a broad frequency 

range, to avoid interference with established telecommunication and defense frequencies, 

the U.S. government has defined frequency bands centered at 2.45GHz and 915MHz for 

industrial, scientific and medical microwave use [6, 7]. These two frequencies provide a 

good compromise between penetration depth, absorption and equipment costs for food 

processing. Water and other polar molecules couple well with these frequencies. 

Unfortunately for the rest of the materials processing community, they are not always the 

optimum frequencies for heating polymers, ceramics, composites and other materials. 

Most of the equipment is designed for low- temperature (few hundred °C) cooking and 

drying. Consequently, the equipment is not designed or properly insulated for the high 

temperatures (>1000°C) required to process most ceramics and composites. Field 

uniformity also has been a problem, especially for the lower frequency microwaves (2.45 

and 915MHz), where the wavelengths are several inches. The power absorbed by the 
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material is strongly dependent on the internal electric field. In turn, the internal field is 

controlled by the field inside the cavity, which can vary widely in most cavities [5].  

1.3 DIELECTRIC PROPERTIES OF MATERIALS 

 Microwave radiation  penetrates a material and produces a volumetrically 

distributed heat source, due to molecular friction resulting from dipolar rotation of polar 

solvents and fro the conductive migration of dissolved ions. The dipolar rotation is 

caused by variations of the electric and magnetic fields in the material [8]. Water, a major 

constituent of many materials is the main source of microwave interactions due to its 

dipolar nature [9]. When microwaves are applied to the material, forces on the charged 

particle from the oscillating electric field cause charged particles to move away from 

their equilibrium positions. This gives rise to induced dipoles which respond to the 

applied field. These dipoles are inclined to reoriented themselves in response to the 

changing electric field. The resistance to the reorientations of the dipole causes losses, 

attenuating the electric field and heating the material volumetrically. When a specimen is 

placed in a microwave cavity, the propagating microwave will penetrate and travel 

through the specimen. Once a steady root-mean-square electric field is achieved in the 

microwave cavity and specimen, the oscillating electric field within the material serves as 

a volumetric heat source. If the frequency of the electric field is near the natural 

frequency at which dipole reorientation occurs, the amount of heat generated within the 

material is maximized [2].    

 The propagation of microwave in air and other materials depends on the dielectric 

properties of the medium. The important properties that describe the behavior of 
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microwave propagation in a dielectric material are complex permittivity, ε , and the 

complex permeability, µ  : 

iε ε ε′ ′′= −      (1.1) 

iµ µ µ′ ′′= −  (1.2)  

The real part of the complex permittivity, ε ′ , is the relative permittivity, and the 

imaginary part, ε ′′ , is called the effective loss factor. The real part of the complex 

permeability, µ′ , is referred to as the relative permeability, and the imaginary part, µ′′ , is 

the magnetic loss factor.  

 The amount of microwave energy that the specimen absorbs depends strongly on 

the dielectric properties of the material. For insulating (non-magnetic) materials, the 

complex permittivity,ε , indicates the ability of the material to store and absorb energy 

from the oscillating electric source field. The relative permittivity, ε ′ , indicates the 

penetration of microwave into the material. And the effective loss factor, ε ′′ , 

characterizes the ability to store energy.  

 In addition, two alternative parameters, the loss tangent, , and the absorption 

coefficient, , are used to characterize the ability of the material to absorb microwave 

energy. They are defined as [10]: 

tan
εδ
ε
′′

=
′

 (1.3) 

02 efσ π ε ε σ′′= +  (1.4) 

where f  is the microwave frequency, 0ε  is the permittivity of free space or vacuum, and 

eσ  is the electric conductivity ( 0eσ = for a nonconductor dielectric). From Eq. (1.4), it is 
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evident that the absorption of microwave energy is not only proportional to the effective 

permittivity but also the microwave frequency.  

1.4 NUMERICAL MODELING OF MICROWAVE HEATING PROCESS 

 The intensity and spatial distribution of microwave energy throughout a material 

specimen is dictated by the complexity of electromagnetic waves scattering and reflecting 

in the microwave unit, as well as absorption of electromagnetic waves within the material 

[11]. Factors that influence microwave heating include dielectric properties, volume, and 

shape of the material, as well as design and geometric parameters of the microwave unit 

[12]. These factors make it difficult to precisely control the heating process in order to 

obtain the desired temperature distribution in the material. Due to complexity of the 

physical process, numerical modeling has been widely utilized to study microwave 

heating [13]. 

 Modeling of microwave heating requires solving the energy equation with a 

source term, which describes microwave power absorption in the material. The power 

absorption can be evaluated by two methods, using the Lambert’s law or by directly 

solving Maxwell’s equations. Lambert’s law has been extensively used in recent 

literature [14-16], mostly when the heated sample is large. In large samples microwave 

power absorption decays exponentially from the surface into the material. In small size 

samples, since the heat is generated by the resonance of standing waves, which Lambert’s 

law can not adequately describe, the solution of Maxwell’s equations is necessary to 

accurately determine the microwave power absorption.     
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 In the past, a number of studies [17-24] have been documented that dealt with 

numerical modeling of microwave heating process by solving Maxwell’s equations. The 

finite difference time domain (FDTD) method developed by Yee [25] has been used to 

provide a full description of electromagnetic scattering and absorption and gives detailed 

spatial and temporal information of wave propagation. Due to its versatility in handling 

complex shaped objects, a wide range of frequencies and stimuli, and a variety of 

materials, including those which exhibit frequency and temperature dependence, the 

FDTD method has received increased attention. A comparison of the FDTD method and 

other widely used methods for simulating microwave propagation and electromagnetic-

material interactions are be found in refs. [26,27]. Solutions of Maxwell’s equations 

using the FDTD method for a number of simplified cases are reported in Webb et al. [28]. 

Three-dimensional simulations of microwave propagation and energy deposition are 

presented in Liu et al. [19], Zhao and Turner [29], and Zhang et al. [30]. 

 Success in the numerical simulation of electromagnetic propagation has recently 

generated interest in numerical modeling of heat transfer induced by microwave 

radiation. Clemens and Saltiel [16] developed a model of microwave heating of a solid 

specimen. Their model accounts for temperature dependent dielectric properties, which 

causes coupling between the Maxwell’s and energy equations. Effects of the microwave 

frequency, dielectric properties of the specimen, and the size of the sample on the 

microwave energy deposition were investigated in a two-dimensional formulation. Other 

important papers addressing modeling of microwave heating processes include Ayappa et 

al. [31-33], Basak et al. [34], and Ratannadecho et al. [35-36]. 



 8 

 Although most previous studies of microwave heating focused on conduction heat 

transfer in a specimen, a few recent papers investigated natural convection induced by 

microwave heating of liquids; mathematical models utilized in these papers included the 

momentum equation. Datta et al. [37] investigated natural convection in a liquid 

subjected to microwave heating. In their study, the microwave energy deposition was 

assumed to decay exponentially into the sample based on Lambert’s law, which is valid 

only for a high loss dielectric material and a sample of large size. 

 Ratanadecho et al. [38] were the first who investigated, numerically and 

experimentally, microwave heating of a liquid layer in a rectangular waveguide. The 

movement of liquid particles induced by microwave heating was taken into account. 

Coupled electromagnetic, hydrodynamic and thermal fields were simulated in two 

dimensions. The spatial variation of the electromagnetic field was obtained by solving 

Maxwell’s equations with the FDTD method. Their work demonstrated the effects of 

microwave power level and liquid electric conductivity on the degree of penetration and 

the rate of heat generation within the liquid layer. Furthermore, an algorithm for 

resolving the coupling of Maxwell’s, momentum, and energy equations was developed 

and validated by comparing with experimental results. 

1.5 DISSERTATION STRUCTURE 

 The organization of this dissertation involves a total of six chapters. The present 

chapter provides a general introduction to the microwave heating, microwave processing 

device, dielectric properties of materials, and numerical modeling of microwave heating 

process, as well as the structure of the dissertation itself. Chapter 2 (published as ref. 
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[39]) investigates forced convection in a rectangular duct subjected to microwave 

heating. Three types of non-Newtonian fluids flowing through the duct are considered, 

specifically, apple sauce, skim milk, and tomato sauce. A finite difference time domain 

method is used to solve Maxwell’s equations simulating the electromagnetic field. The 

three-dimensional temperature field is determined by solving the coupled momentum, 

energy, and Maxwell’s equations. Chapter 3 (published as ref. [40]) investigates heat 

transfer in liquids as they flow continuously in a circular duct that is subjected to 

microwave heating. The transient Maxwell’s equations are solved by the Finite 

Difference Time Domain (FDTD) method to describe the electromagnetic field in the 

microwave cavity and the waveguide. Simulations aid in understanding the effects of 

dielectric properties of the fluid, the applicator diameter and its location, as well as the 

geometry of the microwave cavity on the heating process. Chapter 4 (published as ref. 

[41]) investigates microwave heating of a food particle and carrier liquid as they flow 

continuously in a circular pipe. The electromagnetic power and temperature distributions 

in both the liquid and the particle are taken into account. The hydrodynamic interaction 

between the solid particle and the carrier fluid is simulated by the force-coupling method 

(FCM). This chapter explores the effects of dielectric properties and the inlet position of 

the particle on microwave energy and temperature distributions inside the particle. The 

effect of the particle on power absorption in the carrier liquid is studied as well. Chapter 

5 (published as ref. [42]) investigates microwave heating of a liquid and large particles 

that it carries while continuously flowing in a circular applicator pipe. Computational 

results are presented for the microwave power absorption, temperature distribution inside 

the liquid and the particles, as well as the velocity distribution in the applicator pipe and 
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trajectories of particles. The effect of the time interval between consecutive injections of 

two groups of particles on power absorption in particles is studied. The influence of the 

position of the applicator pipe in the microwave cavity on the power absorption and 

temperature distribution inside the liquid and the particles is investigated as well. 
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2 NUMERICAL SIMULATION OF FORCED CONVECTION IN A 
DUCT SUBJECTED TO MICROWAVE HEATING 

ABSTRACT 

 In this chapter, forced convection in a rectangular duct subjected to microwave 

heating is investigated. Three types of non-Newtonian fluids flowing through the duct are 

considered, specifically, apple sauce, skim milk, and tomato sauce. A finite difference 

time domain method is used to solve Maxwell’s equations simulating the electromagnetic 

field. The three-dimensional temperature field is determined by solving the coupled 

momentum, energy, and Maxwell’s equations. Numerical results show that the heating 

pattern strongly depends on the dielectric properties of the fluid in the duct and the 

geometry of the microwave heating system. 

 

Nomenclature 

A area, m2 

Cp specific heat capacity, J/(kg K⋅ ) 

c phase velocity of the electromagnetic propagation wave, m/s 

E electric field intensity, V/m 

f frequency of the incident wave, Hz 

h effective heat transfer coefficient, W/(m2 K⋅ ) 

H magnetic field intensity, A/m 

L standard deviation of temperature, oC 
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k thermal conductivity, W/(m K⋅ ) 

m fluid consistency coefficient  

n flow behavior index  

Nt number of time steps  

p pressure, Pa 

q electromagnetic heat generation intensity, W/m3 

Q volume flow rate, m3/s 

T temperature, oC 

t time, s 

tanδ  loss tangent  

w velocity component in the z direction, m/s 

W width of the cavity, m 

ZTE wave impedance, � 

 

Greek symbols 

� apparent viscosity, Pa s⋅  

� electric permittivity, F/m 

ε ′  dielectric constant  

ε ′′  effective loss factor  
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�g wave length in the cavity, m 

� magnetic permeability, H/m 

� density, kg/m3 

� electric conductivity, S/m 

 

Superscripts 

�   instantaneous value 

 

Subscripts 

	 ambient condition 

0 free space, air 

in input   

x,y,z projection on a respective coordinate axis 

2.1 INTRODUCTION 

 Microwave heating has been utilized in the food industry for decades. It has been 

used predominantly as a batch processing and sporadically as a continuous process. 

Microwave heating has well-known advantages over traditional heating methods, such as 

fast heating and high energy efficiency as well as heating without direct contact with high 

temperature surfaces. However, microwave heating has also been known to heat products 
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non-uniformly [1-3]. Several factors affect the magnitude and uniformity of absorption of 

electromagnetic energy. These include dielectric properties, ionic concentration, volume, 

and shape of a product [4]. The power and temperature distributions inside the product 

can be predicted by solving the coupled momentum, energy, and Maxwell’s equations. 

Due to a large number of factors that affect heating and the complexity of the equations 

involved, numerical modeling is the only viable approach for conducting realistic process 

simulations [5].  

 A number of studies have been reported that dealt with numerical modeling of the 

microwave heating problem in a cavity containing a lossy material. Solutions of 

Maxwell’s equations for a number of simplified cases are presented in de Pourcq [2], 

Webb et al. [6], and Ayappa et al. [7]. Electromagnetic field and microwave power 

distributions for three-dimensional cavities are obtained in Liu et al. [8], Zhao and Turner 

[9], and Zhang et al. [10]. As for the simulation of heat transfer induced by microwave 

treatment, most previous works focused on the solid lossy material inside the microwave 

cavity. Zhang and Datta [11] coupled two separate finite element softwares to predict the 

temperature distribution inside solid foods due to heating in a domestic microwave oven. 

Liu et al. [8] applied a finite difference time domain (FDTD) algorithm to a three-

dimensional problem and investigated heating inside a partially loaded cavity, 

demonstrating the significant effect of relative location of the dielectric material within 

the cavity. There are also recent studies of a multi-dimensional heating process of a liquid 

by a microwave field. Zhang et al. [5] developed a three-dimensional model by coupling 

the momentum, energy, and Maxwell’s equations to investigate natural convection of a 

contained liquid induced by microwave heating. In their model, the local microwave 



 20 

power dissipation in a liquid is predicted by employing an FDTD method and the 

transient temperature and flow patterns in the liquid are simulated using the “SIMPLER” 

algorithm [12]; the two modules are coupled by temperature dependent dielectric 

properties of the liquid. A similar algorithm is adopted in the present study. 

 This chapter reports a numerical prediction of forced convection heat transfer 

occurring in a rectangular applicator within a three-dimensional microwave cavity. Three 

types of liquid foods are considered in this chapter to investigate the effect of dielectric 

properties on heating by simulating the steady-state temperature distributions in various 

liquids.  

2.2 GEOMETRY OF THE SYSTEM    

 The microwave heating system, as illustrated in Figure 2.1, consists of a single 

mode microwave resonant cavity and a vertical applicator tube. The liquid flows through 

the applicator tube vertically upward, absorbing microwave energy during the process 

which heats the liquid. 

 As shown in Figure 1, the cavity dimensions (Cx × Cy × Cz) are 406 × 305 × 

124mm. The applicator tube dimensions (Ax × Ay × Az) are 46 × 46 × 124mm. The 

applicator is located in the center of the cavity so that the centerline of the applicator is 

located at Dx = Cx/2 = 203mm and Dy = Cy/2 = 152.5mm. The microwave cavity is 

excited in TE10 mode [13] operating at a frequency of 915 MHz by imposing a plane 

polarized source at the incident plane (x = 21mm). The reflected microwave energy is 

absorbed at the absorbing plane (x = 0mm).  
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2.3 MATHEMATICAL MODEL FORMULATION 

2.3.1 ELECTROMAGNETIC FIELD 
 The equations governing the electromagnetic field are based on the Maxwell curl 

relation.  The three-dimensional unsteady Maxwell’s equations in Cartesian coordinates 

are: 

1 yx z
EH E

t z yµ
∂� �∂ ∂= −� �∂ ∂ ∂� �

 (2.1) 

1y xz
H EE
t x zµ

∂ ∂∂� �= −� �∂ ∂ ∂� �
 (2.2) 

1 yxz
EEH

t y xµ
∂� �∂∂ = −� �∂ ∂ ∂� �

 (2.3) 

1 yx z
x

HE H
E

t y z
σ

ε
∂� �∂ ∂= − −� �∂ ∂ ∂� �

 (2.4) 

1y x z
y

E H H
E

t z x
σ

ε
∂ ∂ ∂� �= − −� �∂ ∂ ∂� �

 (2.5) 

1 y xz
z

H HE
E

t x y
σ

ε
∂� �∂∂ = − −� �∂ ∂ ∂� �

 (2.6) 

where E and H are the electric and magnetic field intensities, � is the electric 

conductivity, � is the magnetic permeability, and � is the electric permittivity. 

 The boundary conditions for the electromagnetic fields are: 

• At the surface of the wall of the cavity, a perfect conducting condition is utilized. 

Therefore, normal components of magnetic fields and tangential components of electric 

fields are assumed to vanish: 
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0, 0n tH E= =  (2.7) 

At the absorbing plane, Mur’s [14] first order absorbing condition is utilized:  

0

1
0z xE

z c t =
∂ ∂� �− =� �∂ ∂� �

 (2.8) 

where c is the phase velocity of the propagation wave. 

• At the incident plane, the input microwave source is simulated by the following 

equations: 

, sin cos 2 in
Z inc in

g

xy
E E ft

W
π π

λ
� �� �� �

= − −	 
� �� � � �	 
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 (2.9) 

, sin cos 2in in
Y inc

TE g

E xy
H ft

Z W
π π

λ
� �� �� �

= −	 
� �� � � �	 
� � � �� �
 (2.10) 

where Ein is the input value of the electric field intensity, W is the width of the cavity, ZTE 

is the wave impedance, and gλ  is the wave length of a microwave in the cavity. 

2.3.2 HEAT AND MASS TRANSPORT EQUATIONS 
           The flow in the applicator is assumed to be hydrodynamically fully developed; 

only the streamwise velocity component is non-zero. The momentum equation is then 

presented as: 

0
w w dp

x x y y dz
η η� �∂ ∂ ∂ ∂� �+ − =� �� �∂ ∂ ∂ ∂� � � �

 (2.11) 

where η  is the apparent viscosity for the non-Newtonian fluid, which in this chapter is 

assumed to obey the power-law. The apparent viscosity for the power-law fluid is given 

by: 
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where m and n are the fluid consistency coefficient and the flow behavior index, 

respectively. 

 The temperature distribution in the liquid is obtained by solving the following 

energy equation wherein the microwave power absorption is accounted for by an 

electromagnetic heat source term: 

2 2

2 2p

T T T T
C w k q

t z x y
ρ � �∂ ∂ ∂ ∂� �+ = + +� �� �∂ ∂ ∂ ∂� � � �

 (2.13) 

where q stands for the local electromagnetic heat generation intensity term, which is a 

function of dielectric properties of the liquid and the electric field intensity: 

2
02 (tan )q f Eπ ε ε δ′=  (2.14) 

In Eq. (2.14), 0ε is the permittivity of the air, ε ′  is the dielectric constant of the liquid, 

and tanδ  is the loss tangent, a dimensionless parameter defined as: 

tan
εδ
ε

′′
=

′
 (2.15) 

where ε ′′  stands for the effective loss factor. The dielectric constant, ε ′ , characterizes 

the penetration of the microwave energy into the product, while the effective loss factor, 

ε ′′ , indicates the ability of the product to convert the microwave energy into heat. Both  

ε ′  and  ε ′′  are dependent on the microwave frequency and the temperature of the 

product. tanδ  indicates the ability of the product to absorb microwave energy. 
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 The following boundary conditions are utilized. At the inner surface of the 

applicator tube, a hydrodynamic no-slip boundary condition is used. At the inlet to the 

applicator, a uniform, fully developed velocity profile is imposed; it is specified by the 

inlet volume flow rate, Q. Heat transfer at the applicator wall is modeled as follows. The 

wall is assumed to lose heat by natural convection, which is modeled by the following 

equations: 

at the walls normal to the x direction : 

( )T
k h T T

x ∞
∂− = −
∂

 (2.16) 

at the walls normal to the y direction : 

( )T
k h T T

y ∞
∂− = −
∂

 (2.17) 

where k is the thermal conductivity of the liquid and h is the effective heat transfer 

coefficient defined as: 

1
1/ / 1/air wall wall liquid

h
h L k h

=
+ +

 (2.18) 

where airh  stands for the heat transfer coefficient from the applicator wall to the air in the 

cavity and liquidh  stands for the heat transfer coefficient from the liquid inside the 

applicator to the wall. wallL  is the thickness of the applicator wall and wallk  is the thermal 

conductivity of the wall. The inlet liquid temperature is set uniform and equal to the 

temperature of the free space outside the applicator, T∞ .  The initial temperature of the 

liquid is defined as: 
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T T∞=   at  0t =  (2.19) 

2.4 COMPUTATIONAL PROCEDURE 

 Two different time steps are utilized to update the electromagnetic and thermal-

flow fields. An FDTD method [15] is used to solve Maxwell’s equations (2.1)-(2.6). The 

obtained electromagnetic fields are used to calculate the electromagnetic heat source, 

given by Eq. (2.14), which represents the heating effect of the microwave field on the 

liquid. Since in Eq. (2.14) the dielectric constant, ε ′ , and the loss tangent, tanδ , are 

temperature dependent, an iterative scheme is required to resolve the coupling of the 

energy and Maxwell’s equations. The time scale for electromagnetic transients (a 

nanosecond scale) is much smaller than that for the flow and thermal transport (a second 

scale). A time step in the block of the code that solves Maxwell’s equations must satisfy 

the stability requirement of the FDTD scheme [16] written as: 

222
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zyx
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∆
+

∆
+

∆

≤∆  
(2.20) 

The momentum and energy equations are solved by applying an implicit scheme; a time 

step of one second is utilized in these computations. The electromagnetic heat source, q, 

defined by Eq. (2.14), is computed in terms of the time average field, E  , which is treated 

as a constant over one time step for the thermal-flow computation, and  defined as: 

1

1 tN

t

E E
N

τ

τ =

= 
  (2.21) 
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where tN  is the number of time steps in each period of the microwave and Eτ  is the 

instantaneous E field. The details of the numerical scheme used in this chapter are given 

in ref. [17]. 

2.5 RESULTS AND DISCUSSION 

 Table 2.1 shows electromagnetic and thermo-physical properties used in 

computations. The temperature-dependent data for the dielectric constant and loss tangent 

are plotted versus temperature in Figure 2.2. 

2.5.1 HEATING PATTERNS FOR LIQUIDS WITH DIFFERENT DIELECTRIC 
PROPERTIES 

 Figure 2.3 displays steady-state temperature distributions at the outlet of the 

applicator for the three different liquids as well as the corresponding electromagnetic heat 

generation intensity distributions. The heat generation intensity is also shown at the 

applicator outlet; however, its dependence on z (different from that of the temperature) is 

insignificant. This figure illuminates the interaction of the electromagnetic field and 

forced convection in the liquid. It illustrates that the temperature and electromagnetic 

heat generation intensity are nonuniformly distributed at the applicator outlet for all 

liquids. For the apple sauce, from Figure 2.3-a(1), the electromagnetic heat generation 

intensity distribution at the applicator outlet exhibits two well-defined peaks near the 

central area. Since the electromagnetic heat generation intensity determines the 

temperature distribution, Figure 2.3-a(2) depicts two hot spots around the central area and 

four hot spots at the corners of the applicator tube. Similar behavior of electromagnetic 

heat generation intensity and temperature can be observed in Figure 2.3-b(1-2) for the 
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skim milk, while the intensities of the hot spots near the center of the tube are smaller. 

For the tomato sauce, from Figure 2.3-c(1-2), the peaks of the electromagnetic heat 

generation intensity disappear and there are no hot spots of the temperature in the central 

area of the applicator tube, only four hot spots at the corners. From this analysis it can be 

concluded that although the difference of dielectric properties of these three liquids is not 

great (see Figure 2.2), it causes a significant difference in their heating as they pass 

through the microwave cavity. In order to evaluate the uniformity of the temperature 

distribution quantitatively, a standard deviation of temperature is introduced as: 

( )21
mL T T dA

A
= −��  (2.22) 

where A is the area of a cross-section perpendicular to the streamwise direction, and Tm is 

the mean temperature. Figure 2.4 displays the standard deviation of temperature versus 

the streamwise locations for the three liquids considered in this chapter. A larger standard 

deviation of temperature corresponds to a more nonuniform temperature distribution. 

Figure 2.4 shows that at the outlet of the applicator, the apple sauce has the most uniform 

temperature distribution and the tomato sauce has the most nonuniform temperature 

distribution. This can be attributed to the difference of their dielectric properties. From 

Figure 2.2, one can see that the dielectric constants ε ′  of the three liquids are almost the 

same; however, the loss tangent, tanδ , is significantly different for these three products. 

Consider the heat generation intensity equation, Eq. (2.14), if the frequency of the 

microwave and the dielectric constant are held constant. In this case the electromagnetic 

heat generation is proportional to the loss tangent. Thus, being a high loss liquid (with a 

large loss tangent), the tomato sauce absorbs more microwave energy than the skim milk 
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(which is characterized by a medium loss tangent) and the apple sauce (which is 

characterized by the smallest loss tangent of the three products), which results in the peak 

value of the electromagnetic heat generation intensity; also, the temperature range (Tmax-

Tmin) for the tomato sauce is larger than that for the skim milk and the apple sauce. The 

result is that the tomato sauce has the largest standard deviation of temperature at the 

outlet (the most nonuniform temperature distribution at the outlet) and the apple sauce 

has the most uniform temperature distribution.    

2.5.2 EFFECT OF DIFFERENT LOCATIONS OF THE APPLICATOR ON THE 
HEATING PROCESS 

 This section discusses the effect of positioning the applicator at different locations 

in the microwave cavity. As previously mentioned, Figure 2.3 shows the heat generation 

intensity and temperature distributions at the outlet of the applicator for the three liquids 

when the applicator is located at the center of the microwave cavity (which is considered 

as its base position). Figure 2.5 shows similar distributions with the applicator displaced 

by 141mm forward in the x direction from the base position (see Figure 2.1). A 

comparison between Figures 2.3 and 2.5 suggests that there is a great difference between 

the distributions and magnitudes of the electromagnetic heat generation intensity and 

temperature for the two cases. In particular, in Figure 2.3-a(2), which shows the 

temperature distribution at the outlet of the applicator for the apple sauce, there are two 

hot spots near the center of the applicator while in Figure 2.5-a(2) there is only one hot 

spot positioned almost exactly in the center of the applicator. Also, the peak value of the 

temperature in Figure 2.5-a(2) is about 1.7 times greater than that in Figure 2.3-a(2). 

Comparing Figures 2.3-a(1) and 2.5-a(1), one can find similar differences in the 
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distributions of the electromagnetic heat generation intensity. This proves the significant 

effect of positioning the applicator tube in the microwave cavity on heating the product. 

2.5.3 EFFECT OF THE SIZE OF THE APPLICATOR 
 The effect of the size of the applicator tube on heating patterns for the apple sauce 

is discussed in this paragraph. Figure 2.6 shows the electromagnetic heat generation 

intensity and temperature distributions of the three liquids at the outlet of the applicator 

with dimensions of 60×60×124mm. This applicator is larger than the applicator of the 

base size (46×46×124mm) although the enlarged applicator is positioned similarly in the 

center of the cavity, at the same location as the applicator of the base size. Comparing 

Figures 2.3 and 2.6, the distributions of the electromagnetic heat generation intensity and 

temperature are greatly affected by enlarging the applicator. For example, in the skim 

milk the peak value of the electromagnetic heat generation intensity and temperature in 

the applicator of a larger size are twice and three times larger than those in the applicator 

of the base size, respectively. This can be attributed to the fact that the larger applicator 

has a larger cross-sectional area allowing for more absorption of the microwave energy; 

also, for the same inlet volume flow rate, the flow in a larger applicator has a lower flow 

rate thus allowing fluid particles have larger residence time, which makes it possible for 

them to absorb more microwave energy. 

2.6 CONCLUSIONS 

 A numerical model is developed to simulate forced convection in a rectangular 

duct subjected to microwave heating. The results reveal a complicated interaction 

between electromagnetic field and convection. Dielectric properties of a liquid flowing in 
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the applicator tube play an important role in the heating process. Even a small difference 

in dielectric properties can result in a completely different heating pattern. It is also found 

that the electromagnetic heat generation intensity and the temperature distributions in the 

liquid are sensitive to the size and the location of the applicator. Both the magnitude and 

the distribution of the electromagnetic heat generation intensity and the temperature 

depend strongly on the geometry of the microwave heating system. This illustrates the 

importance of numerical modeling to design an optimal microwave heating device. 
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Table 2.1 Parameter values utilized in computations. 

 Apple Sauce Skim Milk Tomato Sauce 

f, MHz 915 915 915 

E0, V/m 9000 9000 9000 

�, H/m 4
×10-7 4
×10-7 4
×10-7 

�0, F/m 8.854×10-12 8.854×10-12 8.854×10-12 

k, W/(m K⋅ ) 0.5350 0.5678 0.5774 

cp, J/(kg K⋅ ) 3703.3 3943.7 4000.0 

h, W/(m2 K⋅ ) 30 30 30 

�, kg/m3 1104.9 1047.7 1036.9 

Q, m3/s 6.0×10-6 6.0×10-6 6.0×10-6 

m 32.734 0.0059 3.9124 

n 0.197 0.98 0.097 
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Figure 2.1 Schematic diagram of the microwave cavity and the applicator. 

 

 

 

 

Applicator 

x 

y 

z 

Absorbing plane Microwave resonant cavity 

Incident plane Applicator 

Cy 

Cz 

Cx 

Ax 

Az 

Dx 

Dy 

Ay 



 33 

0 20 40 60 80 100

58

60

62

64

66

68

70

72

74

76

D
ie

le
ct

ri
c 

co
ns

ta
nt

 ( εε εε
/ )

Temperature (oC)

 Apple sauce
 Skim milk
 Tomato sauce

 

(a) 

 

0 20 40 60 80 100

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Lo
ss

 ta
ng

en
t (

ta
n 

δδ δδ)

Temperature (oC)

 Apple sauce
 Skim milk
 Tomato sauce

 

(b) 

 

Figure 2.2 Temperature dependence of the dielectric properties: (a) dielectric constant, 
ε ′ ; (b) loss tangent, tanδ . 
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Figure 2.3 Electromagnetic heat generation intensity and temperature distributions at the 
outlet of the applicator: (a(1) – c(1)) electromagnetic heat generation intensity 

distributions (W/m3) for the apple sauce (a), skim milk (b), and tomato sauce (c), 
respectively; (a(2) – c(2)) temperature distributions (oC) for the apple sauce (a), skim 

milk (b), and tomato sauce (c), respectively. 
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Figure 2.4 Standard deviation of the temperature distribution for the apple sauce, skim 
milk, and tomato sauce. 
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Figure 2.5 Effect of the location of the applicator on heating the product: (a(1) – c(1)) 
electromagnetic heat generation intensity (W/m3) distributions at the outlet for  the apple 

sauce (a), skim milk (b), and tomato sauce (c), respectively; (a(2) – c(2)) temperature 
(oC) distributions at the outlet for the apple sauce (a), skim milk (b), and tomato sauce 

(c), respectively, for the applicator having 141 mm off the original location in the x 
direction. 
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Figure 2.6 Effect of the size of the applicator on heating the product: (a(1) – c(1)) 
electromagnetic heat generation intensity (W/m3) distributions at the outlet for  the apple 

sauce (a), skim milk (b), and tomato sauce (c), respectively; (a(2) – c(2)) temperature 
(oC) distributions at the outlet for  the apple sauce (a), skim milk (b), and tomato sauce 

(c), respectively, for the applicator size of 60×60×124mm. 
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3 MATHEMATICAL MODELING OF CONTINUOUS FLOW 
MICROWAVE HEATING OF LIQUIDS (EFFECTS OF 
DIELECTRIC PROPERTIES AND DESIGN PARAMETERS) 

ABSTRACT 

 In this chapter, a detailed numerical model is presented to study heat transfer in 

liquids as they flow continuously in a circular duct that is subjected to microwave 

heating. Three types of food liquids are investigated: apple sauce, skim milk, and tomato 

sauce. The transient Maxwell’s equations are solved by the Finite Difference Time 

Domain (FDTD) method to describe the electromagnetic field in the microwave cavity 

and the waveguide. The temperature field inside the applicator duct is determined by the 

solution of the momentum, energy, and Maxwell’s equations. Simulations aid in 

understanding the effects of dielectric properties of the fluid, the applicator diameter and 

its location, as well as the geometry of the microwave cavity on the heating process. 

Numerical results show that the heating pattern strongly depends on the dielectric 

properties of the fluid in the duct and the geometry of the microwave heating system. 

 

Nomenclature 

A area, m2 

Cp specific heat capacity, J/(kg K⋅ ) 

c phase velocity of the electromagnetic propagation wave, m/s 

E electric field intensity, V/m 

f frequency of the incident wave, Hz 
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h effective heat transfer coefficient, W/(m2 K⋅ ) 

H magnetic field intensity, A/m 

L standard deviation of temperature, oC 

k thermal conductivity, W/(m K⋅ ) 

m fluid consistency coefficient, ns Pa  

n flow behavior index 

N number of time steps 

p pressure, Pa 

q electromagnetic heat generation intensity, W/m3 

Q microwave power absorption, W 

T temperature, oC 

t time, s 

tanδ  loss tangent 

v fluid velocity vector, m/s 

w velocity component in the z direction, m/s 

W width of the incident plane, m 

ZTE wave impedance, �  
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Greek symbols 

� apparent viscosity, Pa s⋅  

� electric permittivity, F/m 

ε ′  dielectric constant 

ε ′′  effective loss factor 

radε  emissivity 

�g electromagnetic wavelength in the cavity, m 

� magnetic permeability, H/m 

� density, kg/m3 

� electric conductivity, S/m 

radσ  Stefan-Boltzmann constant, W/(m2 K4) 

 

Superscripts 

� instantaneous value 

 

Subscripts 

	 ambient condition 

0 free space, air 

t time 
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in input   

X,Y,Z projection on a respective coordinate axis 

3.1 INTRODUCTION 

 Microwave heating is utilized to process materials for decades. In contrast to 

other conventional heating methods, microwave heating allows volumetric heating of 

materials. Without the need for any intermediate heat transfer medium, microwave 

radiation penetrates the material directly. Microwave energy causes volumetric heat 

generation in the material, which results in high energy efficiency and a reduction in 

heating time.  

 A distinct drawback to microwave heating is the lack of uniformity in material 

heating [1-3]. Both the magnitude and spatial distribution of microwave energy are 

dictated by the complexity of electromagnetic waves scattering and reflecting in the 

microwave unit, as well as absorption of electromagnetic waves within the material [4]. 

Factors that influence microwave heating include dielectric properties, volume, and shape 

of the material, as well as design and geometric parameters of the microwave unit [5]. 

These factors make it difficult to precisely control the heating process in order to obtain 

the desired temperature distribution in the material. Due to complexity of the physical 

process, numerical modeling has been widely utilized to study microwave heating [6]. 

 In the past, a number of studies [7-14] have been documented that dealt with 

numerical modeling of microwave heating process in a cavity. Generally, prediction of 

microwave energy deposition requires the solution of Maxwell’s equations, which 
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determines the electromagnetic field in the microwave cavity and waveguide. The finite 

difference time domain (FDTD) method developed by Yee [15] has been widely utilized 

to solve Maxwell’s equations. Solutions of Maxwell’s equations using the FDTD method 

for a number of simplified cases are reported in Webb et al. [16]. Three-dimensional 

simulations of microwave propagation and energy deposition are presented in Liu et al. 

[9], Zhao and Turner [17], and Zhang et al. [18]. 

 Success in the numerical simulation of electromagnetic propagation has recently 

generated interest in numerical modeling of heat transfer induced by microwave 

radiation. Clemens and Saltiel [4] developed a model of microwave heating of a solid 

specimen. Their model accounts for temperature dependent dielectric properties, which 

causes coupling between the Maxwell’s and energy equations. Effects of the microwave 

frequency, dielectric properties of the specimen, and the size of the sample on the 

microwave energy deposition were investigated in a two-dimensional formulation. Other 

important papers addressing modeling of microwave heating processes include Ayappa et 

al. [19-21], Basak et al. [22], and Ratannadecho et al. [23-24]. 

 Although most previous studies of microwave heating focused on conduction heat 

transfer in a specimen, a few recent papers investigated natural convection induced by 

microwave heating of liquids; mathematical models utilized in these papers included the 

momentum equation. Datta et al. [25] investigated natural convection in a liquid 

subjected to microwave heating. In their study, the microwave energy deposition was 

assumed to decay exponentially into the sample based on Lambert’s law, which is valid 

only for a high loss dielectric material and a sample of large size. Therefore, for small 
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size samples or low loss dielectric materials, coupled Maxwell’s, momentum, and energy 

equations must be solved. 

 Ratanadecho et al. [26] were the first who investigated, numerically and 

experimentally, microwave heating of a liquid layer in a rectangular waveguide. The 

movement of liquid particles induced by microwave heating was taken into account. 

Coupled electromagnetic, hydrodynamic and thermal fields were simulated in two 

dimensions. The spatial variation of the electromagnetic field was obtained by solving 

Maxwell’s equations with the FDTD method. Their work demonstrated the effects of 

microwave power level and liquid electric conductivity on the degree of penetration and 

the rate of heat generation within the liquid layer. Furthermore, an algorithm for 

resolving the coupling of Maxwell’s, momentum, and energy equations was developed 

and validated by comparing with experimental results. 

 Microwave heating of a liquid flowing in a rectangular duct passing through a 

cubic cavity was studied in [27]. Temperature distributions in different liquids were 

simulated. The aim of this research is to investigate heating of a liquid in a geometry 

which better approximates that of real industrial systems. The geometry is similar to that 

investigated in [28] and [29], but extended to three dimensions. Numerical simulations of 

microwave heating of a liquid continuously flowing in a circular pipe are reported. 

Velocity distribution is assumed to be that of a fully developed non-Newtonian flow in a 

circular pipe. If more microwave energy is released in the center of the pipe and less is 

released near the wall, the outlet temperature distribution may be closer to uniform. In 

this chapter, a microwave cavity designed to generate exactly such energy distribution is 

investigated. An algorithm similar to that reported in [26] is utilized in this chapter to 
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couple Maxwell’s and energy equations. In order to optimize the design of the microwave 

system, the effects of the diameter of the applicator tube, the location of the applicator 

tube in the microwave cavity, and the shape of the microwave cavity are investigated. 

3.2 MODEL GEOMETRY  

 Figure 3.1 shows the schematic diagram of the microwave system examined in 

this research. The system consists of a waveguide, a resonant cavity, and a vertically 

positioned applicator tube that passes through the cavity. A liquid food, which is treated 

as a non-Newtonian fluid, flows through the applicator tube in the upward direction, 

absorbing the microwave energy as it passes through the tube. It is assumed that no phase 

change occurs during the heating process. The microwave operates in TE10 [30] mode at 

a frequency of 915 MHz; the microwave energy is generated at the incident plane by 

imposing a plane polarized source. The microwave is transmitted through the waveguide 

towards the applicator tube located in the center of the resonant cavity. An absorbing 

plane is placed behind the incident plane to absorb the microwave energy reflected from 

the cavity. Two computational domains are utilized. The first domain, used for 

electromagnetic computations, includes the region enclosed by the wall of the waveguide, 

resonant cavity, and incident plane. The second domain, used for solving the momentum 

and energy equations, coincides with the region inside the applicator tube. The origin of 

the coordinate system for the electromagnetic computational domain lies at a corner of 

the waveguide, as shown in Figure 3.1. The origin of the coordinate system for the inside 

of the applicator tube is in the center of the tube at the tube entrance. Parameters 

characterizing system’s geometry are listed in Table 3.1. 
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3.3 MATHEMATICAL MODEL FORMULATION 

3.3.1 ELECTROMAGNETIC FIELD 
 Maxwell’s equations governing the electromagnetic field are expressed in terms 

of the electric field, E, and the magnetic field, H. In the Cartesian coordinate system, (X, 

Y, Z), they are presented as: 

1 yx z
EH E

t z yµ
∂� �∂ ∂= −� �∂ ∂ ∂� �

 (3.1) 

1y xz
H EE
t x zµ

∂ ∂∂� �= −� �∂ ∂ ∂� �
 (3.2) 

1 yxz
EEH

t y xµ
∂� �∂∂ = −� �∂ ∂ ∂� �

 (3.3) 

1 yx z
x

HE H
E

t y z
σ

ε
∂� �∂ ∂= − −� �∂ ∂ ∂� �

   (3.4) 

1y x z
y

E H H
E

t z x
σ

ε
∂ ∂ ∂� �= − −� �∂ ∂ ∂� �

 (3.5) 

1 y xz
z

H HE
E

t x y
σ

ε
∂� �∂∂ = − −� �∂ ∂ ∂� �

  (3.6) 

where σ  is the electric conductivity, µ  is the magnetic permeability, and ε  is the 

electric permittivity. Subscripts X, Y, and Z denote respective components of the vectors 

E and H. 

 Boundary and initial conditions for the electromagnetic fields are: 

       (a) At the walls of the waveguide and cavity, a perfect conducting condition is 

utilized. Therefore, normal components of the magnetic field and tangential components 

of the electric field vanish at these walls: 
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0, 0n tH E= =        (3.7) 

  (b) At the absorbing plane, Mur’s first order absorbing condition [31] is utilized:  

0

1
0Z XE

Z c t =
∂ ∂� �− =� �∂ ∂� �

 
      (3.8) 

where c is the phase velocity of the propagation wave. 

 (c) At the incident plane, the input microwave source is simulated by the 

equations: 

, sin cos 2 in
Z inc Zin

g

XY
E E ft

W
π π

λ
� �� �� �

= − −	 
� �� � � �	 
� � � �� �
 

      (3.9)       

, sin cos 2Zin in
Y inc

TE g

E XY
H ft

Z W
π π

λ
� �� �� �

= −	 
� �� � � �	 
� � � �� �
 

    (3.10)      

where f  is the frequency of the microwave, W is the width of the incident plane, ZTE is 

the wave impedance, gλ  is the wave length of a microwave in the waveguide, and ZinE  is 

the input value of the electric field intensity. By applying the Poynting theorem [26], the 

input value of the electric field intensity is evaluated by the microwave power input as: 

4 TE in
Zin

Z P
E

A
=  

    (3.11)      

where inP  is the microwave power input and A is the area of the incident plane. 

 (d) The applicator wall is assumed to be electromagnetically transparent. 

 (e) At 0t =  all components of E and H are zero. 
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3.3.2 ENERGY AND MOMENTUM EQUATIONS 
 The temperature distribution in the applicator tube is obtained by the solution of 

the following energy equation with a source term which accounts for internal energy 

generation due to the absorption of the microwave energy: 

( ) ( , , , )p

T T
C w k T q x y z t

t z
ρ ∂ ∂� �+ = ∇ ⋅ ∇ +� �∂ ∂� �

 
    (3.12)      

where ρ  is the density; pC  is the specific heat; k  is the thermal conductivity; T  is the 

temperature; w  is the axial velocity of the fluid; t  is the time; and x, y, and z are the 

Cartesian coordinates. q  represents the local electromagnetic heat generation intensity 

term, which depends on dielectric properties of the liquid and the electric field intensity: 

2
02 (tan )q f Eπ ε ε δ′=      (3.13)      

In Eq. (3.13), 0ε is the permittivity of the air; ε ′  is the dielectric constant of the liquid; 

and tanδ  is the loss tangent, a dimensionless parameter defined as: 

tan
εδ
ε

′′
=

′
 

  (  3.14)      

where ε ′′  stands for the effective loss factor. The dielectric constant,ε ′ , characterizes the 

penetration of the microwave energy into the product, while the effective loss factor, ε ′′ , 

indicates the ability of the product to convert the microwave energy into heat [32]. Both  

ε ′  and  ε ′′  are dependent on the microwave frequency and the temperature of the 

product. tanδ  indicates the ability of the product to absorb microwave energy. 

 The velocity of the fluid flow is determined by the solution of the following 

continuity and momentum equations: 
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0∇ ⋅ =v      (3.15)      

1D
Dt p

ρ η= − + ∇ ⋅ ∇v v  
    (3.16)      

where v  is the velocity vector; p  is the pressure; and η  is the apparent viscosity of the 

non-Newtonian fluid, which in this chapter is assumed to obey the power-law [33], as: 

( ) 1n
mη γ −= �      (3.17)      

where m and n are the fluid consistency coefficient and the flow behavior index, 

respectively. 

 In this chapter, it is assumed that the flow is hydrodynamically fully developed; 

only the axial velocity component is non-zero. The momentum equation is then 

simplified as: 

0
w w dp

x x y y dz
η η� �∂ ∂ ∂ ∂� �+ − =� �� �∂ ∂ ∂ ∂� � � �

 
    (3.18)      

The apparent viscosity, η , is expressed as: 

( 1) / 222
n

w w
m

x y
η

−
� �� �∂ ∂� �= +	 
� �� �∂ ∂� �	 
� �� �

 
    (3.19)      

 The following boundary conditions are utilized to determine the velocity and 

temperature distributions. At the inner surface of the applicator tube, a hydrodynamic no-

slip boundary condition is used. At the inlet to the applicator, a uniform, fully developed 

velocity profile is imposed, and specified by the inlet mean velocity, Vmean.  
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 The following thermal boundary condition is proposed at the applicator wall. The 

wall is assumed to lose heat by natural convection and radiation: 

( ) ( )44
∞∞ −εσ+−=

∂
∂− TTTTh

n
T

k radrad
surface

 
    (3.20)      

where T∞  is the ambient air temperature (the waveguide walls are assumed to be in 

thermal equilibrium with the ambient air), radσ  is the Stefan-Boltzmann constant, radε  is 

the surface emissivity of the wall of the applicator tube, n  is the normal direction to the 

surface of the wall, and h  is the effective heat transfer coefficient defined as: 

1
1/ / 1/air wall wall liquid

h
h L k h

=
+ +

 
    (3.21)      

In Eq. (3.21), airh  is the heat transfer coefficient between the applicator wall and the air 

in the cavity, liquidh  is the heat transfer coefficient between the liquid inside the applicator 

and the wall, wallL  is the thickness of the applicator wall, and wallk  is the thermal 

conductivity of the wall. The inlet liquid temperature is assumed to be uniform and equal 

to the temperature in the free space outside the applicator, T∞ .  The initial temperature of 

the liquid is defined as: 

T T∞=   at  0t =      (3.22)      

 Table 2 lists thermo-physical properties of the liquids considered in this chapter 

and other pertinent system parameters.  
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3.4 NUMERICAL SOLUTION PROCEDURE 

 Maxwell’s equations (3.1)-(3.6) are solved utilizing the FDTD method [34] on a 

uniform rectangular grid consisting of 2,472,000 cells in the electromagnetic 

computational domain. A leapfrog scheme [34] is applied to Maxwell’s equations so that 

the components of the electric field intensity vector are one half cell offset in the 

direction of their corresponding components, while the magnetic field intensity 

components are one half cell offset in each direction orthogonal to their corresponding 

components [4]. The electric and magnetic fields are evaluated at alternate half time 

steps. The time step, t∆  , must satisfy the Courant stability condition [34]:  

2 2 2

1
1 1 1

t
c

X Y Z

∆ ≤
+ +

∆ ∆ ∆

 
    (3.23)      

In this research, a time step of 121.56 10t s−∆ = ×  is used to solve Maxwell’s equations. 

Since a portion of the boundary of the resonant cavity surface is curved, a staircase grid is 

utilized to approximate this curved surface. The grid size is mm28.1== dydx  and dz = 

6.25mm. A contour-path integral FDTD method [35] is utilized to deal with the curved 

surface of the microwave cavity using traditional rectangular cells.  

 Energy and momentum equations (3.12) and (3.18) are discretized using a cell 

centered finite volume approach and are solved implicitly in the Cartesian coordinate 

system using the time step of 0.1s. An upwind scheme is adopted to represent advection 

in the thermal fluid flow domain. To approximate a cylindrically shaped applicator tube, 

a staircase grid with rectangular cells is utilized. 
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 Since in Eq. (3.13) the dielectric constant, ε ′ , and the loss tangent, tanδ , are 

temperature dependent, an iterative scheme is required to resolve the coupling between 

the energy and Maxwell’s equations. Since the time scale for electromagnetic transients 

(a nanosecond scale) is much smaller than that for the flow and thermal transport (0.1s), 

the electromagnetic heat source, q, defined by Eq. (3.13), is computed in terms of the 

time average field, E  , which is treated as a constant over one time step for the thermal-

flow computation, and defined as: 

1

1 N

E E
N

τ

τ =

= 
  
    (3.24)      

where N  is the number of time steps in each period of the microwave and Eτ  is the 

instantaneous electric field intensity. The details of the numerical scheme used in this 

chapter are given in [4]. Energy equation (3.13) is solved by an implicit scheme, at each 

time step iterations are continued until the following convergence criterion is met: 

1
, , , , , , 6

, , ,

10
k k

i j k t i j k t
k

i j k t

T T

T

+
−−

≤  
    (3.25)      

where the superscript k refers to the kth iteration. Since this chapter is focused on steady-

state temperature profiles, iterative computations of electromagnetic and thermal fields 

continue until the temperature distribution does not change with time. The convergence 

criterion is defined as 
1

, , , ,

, ,

t t
i j k i j k

t
i j k

T T

T

+ −
∆ =  and convergence to steady-state, similarly to Eq. 

(3.25), is declared when 610−∆ ≤ .  
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3.5 RESULTS AND DISCUSSION 

 In this chapter, three liquid food products are considered, specifically, apple 

sauce, skim milk, and tomato sauce. The temperature-dependent data for the dielectric 

constant and loss tangent for the three liquids are plotted versus temperature in Figure 

3.2. In order to compare the results obtained for variant system geometries, the base case 

is first defined. The base case is characterized by the following geometric parameters of 

the microwave system: the applicator diameter is 38mm, it is placed in the center of the 

resonant cavity, and the apogee distance of the resonant cavity is 154mm. Presented 

results correspond to the moment in time when the temperature attains its steady-state.  It 

takes about 1,100 time steps for the temperature to reach its steady-state. The 

corresponding CPU time is about 50 hours on a single 208 Intel Xeon 3.0 GHz processor. 

3.5.1 HEATING PATTERNS FOR LIQUIDS WITH DIFFERENT DIELECTRIC 
PROPERTIES 

 The spatial distribution of the temperature and the corresponding electromagnetic 

power intensity for the three liquids are presented in Figures 3.3 and 3.4. Results are 

shown in the vertical x-z plane (y = 0) and the horizontal x-y plane at the applicator outlet 

(z = 124mm), respectively. The system geometry corresponding to the base case is 

utilized. The evidence of interaction of the electromagnetic field and forced convection in 

the three liquids is seen in Figure 3.3. As the fluid particle enters the applicator tube, it is 

heated by the microwave radiation. As the temperature increases in the z-direction, 

dielectric properties of the liquid change in accordance with Figure 3.2, which changes 

the distribution of electromagnetic field in the microwave cavity and the distribution of 

electromagnetic power intensity in the applicator. However, since the dielectric properties 
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of the liquids considered in this chapter are not highly temperature dependent, the 

electromagnetic power intensity does not change greatly in the z-direction, as shown in 

Figure 3.4. 

 It is evident that the electromagnetic power determines the temperature 

distribution in the x-y plane. As expected, Figure 3.4 shows a well-defined peak of 

electromagnetic power intensity near the center of the applicator tube; the peak is shifted 

by approximately 3mm in the x-direction for all three liquids. Although most of the 

microwave energy is released near the center of the tube, the reduced velocity near the 

wall results in higher temperature in the region near the wall for all three liquids. 

Comparing the power density and temperature distributions for apple sauce and skim 

milk, it is evident that the peak value of the power density near the tube center for apple 

sauce is approximately half as large as that for skim milk, but the temperature of the 

corresponding hot spot occurring in apple sauce is larger. This is because the flow 

behavior index, n, for apple sauce (n = 0.197) is much smaller than that for skim milk (n 

= 0.98), so that the velocity profile for skim milk is sharper and the magnitude of the 

velocity in the core region is larger. The high velocity in the core region reduces the 

effect of the peak of the electromagnetic power intensity on the temperature of the 

corresponding hot spot in skim milk. 

 To illustrate the effect of dielectric properties on power absorption, Table 3.3 

shows the dimensionless total electromagnetic power (nondimensionalized by the input 

power) absorbed by three liquids, defined as: 
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total

in

Q
Q

P
=�  

    (3.26)      

The total power absorbed, totalQ , can be calculated by integrating the electromagnetic heat 

generation intensity over the domain occupied by the applicator tube: 

total
V

Q qdxdydz=���      (3.27)      

The results confirm that a lower loss tangent liquid absorbs less microwave power as 

compared to a higher loss tangent liquid. The relation between the loss tangent and the 

microwave power absorption can be expressed by the reflection coefficient, R. For a 

normal incidence of the electromagnetic wave on a plane boundary between the material 

and vacuum, the reflection coefficient (the fraction of reflected power), R, is [36]: 

( ) ( )

( ) ( )

2 2

2 2
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� �′ ′− + + + +
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� �′ ′+ + + + +
	 
� �

 

      

    (3.28)      

Apparently, for the same dielectric constant, larger loss tangent and smaller reflection 

coefficient correspond to larger power absorption. From Table 3.3, it is evident that 

99.8% of the electromagnetic power is absorbed by tomato sauce, 88.9% by skim milk, 

and 61.3% by apple sauce. The remainder of the electromagnetic power is reflected and 

absorbed by the absorbing plane. 

3.5.2 EFFECT OF THE APPLICATOR DIAMETER 
 Tables 3.4 and 3.5 show the dimensionless electromagnetic power absorption and 

the mean temperature increase at the outlet, which is non-dimensionalized by the inlet 

temperature as: 
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∞

−∆ =�  
    (3.29)      

where T  is the mean temperature at the outlet of the applicator. The diameters of the 

applicator tubes are chosen to be 30.4, 35.5, 38, 40.5, 45.6, 50.7, and 55.7mm, 

respectively. The effect of the diameter is investigated for the geometry of the microwave 

cavity corresponding to the base case. The inlet mean velocity is the same for all cases 

(Vmean = 0.03 m/s). From Table 4, it is evident that in tomato sauce the power absorption 

increases as the diameter of the applicator is increased from 30.4 to 38mm. This is 

because increasing the diameter enlarges the effective surface area for microwave 

penetration into the liquid. However, as the applicator diameter is further increased from 

40.5 to 55.7mm, the power absorption decreases. This phenomenon is explained using the 

concept of the cut-off frequency, which is defined as: 

2c

c
f λ=  

    (3.30)      

Microwaves cannot propagate into the waveguide when the frequency is below the cut-

off frequency because they cannot propagate between guiding surfaces separated by less 

than one half of the wavelength. Therefore, the effective surface area for microwave 

penetration into the liquid is reduced (microwaves cannot get to a part of the applicator 

surface which is too close to the walls of the resonant cavity) and the energy generation 

in the liquid decreases accordingly [4]. In this case, mm164
2

=� , which is even larger 

than the perigee distance of the microwave cavity. However, since the liquid in the 

applicator is not a perfectly conducting material and a portion of the microwave energy 

can therefore penetrate through the applicator, the cut-off distance is actually smaller than 
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164mm in this case. Comparing the power absorption in apple sauce, skim milk, and 

tomato sauce, it is evident that the critical diameter, which is defined as the diameter of 

the applicator above which the microwave power absorption decreases with the increase 

of the applicator diameter, is different for the three liquids. For apple sauce and skim 

milk it is approximately 45.6mm, but for tomato sauce it is approximately 38mm. This is 

attributed to the effect of fluid dielectric properties. Since in tomato sauce the power 

absorption starts decreasing with the diameter increase at a smaller applicator diameter 

than in skim milk, for applicator diameters of 40.5 and 45.6mm the power absorption in 

skim milk is larger than that in tomato sauce, although tomato sauce has a higher loss 

tangent.  

 From Table 3.5, it is evident that the mean temperature increase at the outlet does 

not necessarily exhibit the same trend as the power absorption. For example, in apple 

sauce, although the power absorption increases when the diameter is increased from 30.4 

to 35.5mm, the corresponding mean temperature increase becomes smaller. Recalling 

that the inlet mean flow velocity is the same for all applicator diameters, the mass flow 

rate is smaller for the applicator with a smaller diameter. Since the increase of the power 

absorption in the applicator with a diameter of 35.5mm is not significant, which is 

explained by a higher resonance in the cavity with the 30.4mm diameter applicator, 

temperature increases in the applicator with a smaller diameter (30.4mm) is larger. Thus 

in order to obtain the maximum temperature increase, one should select the applicator 

with the diameter of 30.4 mm. 
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3.5.3 EFFECT OF DIFFERENT LOCATIONS OF THE APPLICATOR ON THE 
HEATING PROCESS 

 This section discusses the effect of positioning the applicator at different locations 

in the microwave cavity. Five different locations of the applicator are investigated. The 

geometry with the applicator positioned in the center of the microwave cavity is treated 

as the base case, other four cases correspond to -136, -68, +68, and +136mm shifts in the 

x-direction, respectively, from the position of the applicator in the base case. The 

diameter of the applicator is 38mm for all five applicator positions. Figures 3.5 and 3.6 

show the temperature and electromagnetic power intensity distributions in tomato sauce 

at the outlet (z = 124mm) for the applicator positioned at five different locations in the 

microwave cavity. It is evident that the temperature and microwave power intensity 

decreases significantly if the applicator is shifted from the base case position. This is 

because the cross section of the resonant cavity is ellipsoidal, and the guiding distance of 

the resonant cavity is the largest for the plane corresponding to x = 0. The guiding 

distance is decreased by moving the applicator either forward or backward, reducing the 

effective surface area of the applicator available for the microwave penetration due to 

reduced distance between the applicator and the wall of the cavity to the extent that 

microwaves are not able to get to a portion of the applicator surface. In Figure 3.6, unlike 

the base case, most of the microwave energy is absorbed in the front (x < 0) half of the 

applicator, implying that microwaves are strongly attenuated as they propagate around 

the applicator and the effective surface area for the microwave penetration is reduced to 

the front half part of the applicator surface. The heat energy generation decreases as well. 

Table 3.6 shows the effect of positioning of the applicator on electromagnetic power 

absorption in apple sauce, skim milk and tomato sauce. It is evident that for all three 



 60 

liquids the power absorption is the greatest when the applicator is in the base case 

position. The power absorption is greatly attenuated by shifting the applicator away from 

the base case position. Positioning the applicator in the center of the cavity thus provides 

the maximum heating rate. 

3.5.4 EFFECT OF THE SHAPE OF THE CAVITY 
 The effect of the shape of the resonant cavity is investigated. The height and the 

perigee distance of the resonant cavity are kept unchanged. The shape of the cross section 

of the cavity is controlled by the apogee distance which is chosen to be 205, 186, 167, 

154, and 128mm, respectively. An applicator diameter of 38mm is utilized. Figures 3.7 

and 3.8 show the outlet (z = 124mm) temperature and electromagnetic power intensity 

distributions in apple sauce for different shapes of the cavity. From Figure 3.8 it is 

evident that the peak of the electromagnetic power intensity moves backward (in the 

negative x-direction) and the magnitude of the power intensity decreases with reduced 

apogee distance. The decreasing trend of the power intensity can be attributed to the fact 

that the space of the cavity is reduced by decreasing the apogee distance, which reduces 

the resonance of the microwaves in the cavity. The effect of the cross section shape on 

the electromagnetic power absorption of apple sauce, skim milk, and tomato sauce is 

shown in Table 3.7. It is evident that the maximum heating rate can be achieved by 

utilizing the microwave cavity with the apogee distance of 205 mm. However, if the goal 

is to obtain the most uniform temperature distribution at the outlet cross-section, the 

apogee distance of 186 mm should be used. For this apogee distance, the maximum 

power absorption occurs in the area most closely located to the applicator axis. In this 
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case the maximum power absorption is compensated by the smallest residence time of the 

liquid (because of the largest fluid velocity in the applicator center). 

3.6 CONCLUSIONS 

 A numerical model is developed for simulating forced convection of a liquid 

continuously flowing in a circular applicator that is subjected to microwave heating. The 

results reveal a complicated interaction between electromagnetic field and convection. 

The effects of dielectric properties of the liquid, the diameter of the applicator tube, the 

location of the applicator tube in the cavity, and the shape of the cavity on heating 

patterns are investigated. Dielectric properties of the liquid determine the ability of the 

liquid to absorb the microwave energy; the geometry of the microwave system also plays 

an important role in the power absorption and distribution. Enlarging the diameter of the 

applicator increases the effective surface available to absorb the microwave energy, 

usually increases the power absorption in the liquid. However, beyond the critical 

diameter of the applicator, an opposite trend is observed. The critical diameter of the 

applicator depends on the geometry of the resonant cavity and dielectric properties of the 

liquid flowing in the applicator. The microwave power absorption is also sensitive to the 

location of the applicator and the shape of the resonant cavity, which affect the 

microwave propagation and resonance.  
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Table 3.1 Geometrical parameters. 

Symbol Description Value (mm) 

D 

AD 

PD 

CH 

WL 

WW 

WH1 

WH2 

TL 

IAD 

Applicator diameter 

Apogee distance of cavity 

Perigee distance of cavity 

Cavity & applicator height  

Waveguide length 

Waveguide width 

Waveguide height  

Waveguide height 

Total length of the system 

Distance between the 
incident plane and absorbing 

plane 

30.4-55.7 

128-205 

154 

125 

347 

244 

125 

51 

661 

27 

 

 

 

 

 

 

 

 

 

 

  



 63 

Table 3.2 Thermophysical and electromagnetic parameters utilized in computations. 

f, MHz 915 

inP , W 5000 

�, H/m 4
×10-7 

�0, F/m 8.854×10-12 

T∞ , oC 20 

Vmean, m/s 0.03 

h, W/(m2 K⋅ ) 15 

radε  0.4 

ZTE, � 377 

Apple Sauce 0.5350 

Skim Milk 0.5678 

 

k, W/(m K⋅ ) 

Tomato Sauce 0.5774 

Apple Sauce 3703.3 

Skim Milk 3943.7 

 

cp, J/(kg K⋅ ) 

Tomato Sauce 4000.0 

Apple Sauce 1104.9 

Skim Milk 1047.7 

 

�, kg/m3 

Tomato Sauce 1036.9 

Apple Sauce 32.734 

Skim Milk 0.0059 

 

m 

Tomato Sauce 3.9124 

Apple Sauce 0.197 

Skim Milk 0.98 

 

n 

 Tomato Sauce 0.097 
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Table 3.3 Dimensionless power absorption in different liquids. 

Liquids Dielectric constant,ε ′   

(50 oC) 

Loss tangent, tanδ  

(50 oC) 

Dimensionless 
power absorption 

Apple sauce 

Skim milk 

Tomato sauce 

68.4 

64.6 

69.3 

0.12 

0.31 

0.92 

0.613 

0.889 

0.998 

 

 

 

Table 3.4 Dimensionless power absorption: effect of the applicator diameter. 

Applicator Diameter, D, (mm) Liquids 

30.4 35.5 38 40.5 45.6 50.7 55.7 

Apple sauce 

Skim milk 

Tomato sauce 

0.518 

0.830 

0.948 

0.519 

0.870 

0.991 

0.613 

0.889 

0.998 

0.725 

0.952 

0.975 

0.768 

0.973 

0.873 

0.483 

0.771 

0.736 

0.343 

0.572 

0.630 

 

 

 

Table 3.5 Mean temperature increase at the outlet: effect of the applicator diameter. 

Applicator Diameter, D, (mm) Liquids 

30.4 35.5 38 40.5 45.6 50.7 55.7 

Apple sauce 

Skim milk 

Tomato sauce 

1.35 

2.687 

2.638 

0.846 

1.572 

2.213 

0.926 

1.688 

2.152 

1.026 

1.805 

1.858 

1.072 

1.861 

1.313 

0.560 

1.373 

0.947 

0.302 

0.770 

0.682 
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Table 3.6 Dimensionless power absorption: effect of the applicator location. 

Location of Applicator Liquids 

-136mm 
shift in x 

-68mm shift 
in x 

Base case 

 (no shift) 

+68mm shift 
in x 

+136mm 
shift in x 

Apple sauce 

Skim milk 

Tomato 
sauce 

0.141 

0.233 

0.284 

0.110 

0.193 

0.233 

0.613 

0.889 

0.998 

0.140 

0.226 

0.290 

0.093 

0.159 

0.196 

 

 

 

Table 3.7 Dimensionless power absorption: effect of the cavity shape. 

Apogee Distance, AD, (mm) Liquids 

205 186 167 154 128 

Apple sauce 

Skim milk 

Tomato 
sauce 

0.613 

0.889 

0.998 

0.597 

0.784 

0.822 

0.390 

0.533 

0.578 

0.282 

0.404 

0.459 

0.172 

0.267 

0.325 
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Figure 3.1 Schematic diagram of the problem. 
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Figure 3.2 Temperature dependent dielectric properties: (a) dielectric constant, ε ′ ; (b) 
loss tangent, tanδ .  
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Figure 3.3 Temperature distributions (oC) in (a) x-z plane (y = 0), and (b) x-y plane 
(outlet, z = 124mm) for apple sauce (1), skim milk (2), and tomato sauce (3), 

respectively. 
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Figure 3.4 Electromagnetic power intensity distributions (W/m3) in (a) x-z plane (y = 0), 
and (b) x-y plane (outlet, z = 124mm) for apple sauce (1), skim milk (2), and tomato 

sauce (3), respectively. 
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Figure 3.5 Temperature distributions for tomato sauce at the outlet (z = 124mm): effect of 
the applicator position; the applicator is shifted in the x-direction from its position in the 

base case by (1) -136, (2) -68, (2) 0, (4) +68, (5) +136mm, respectively. 
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Figure 3.6 Electromagnetic power intensity distributions for tomato sauce at the outlet (z 
= 124mm): effect of the applicator position; the applicator is shifted in the x-direction 

from its position in the base case by (1) -136, (2) -68, (2) 0, (4) +68, (5) +136mm, 
respectively. 
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Figure 3.7 Temperature distributions for apple sauce at the outlet (z = 124mm): effect of 
the resonant cavity shape; (1) apogee distance of 205, (2) 186, (3) 167, (4) 154, and (5) 

128mm, respectively. 
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Figure 3.8 Electromagnetic power intensity distributions for apple sauce at the outlet (z = 
124mm): effect of the resonant cavity shape; (1) apogee distance of 205, (2) 186, (3) 167, 

(4) 154, and (5) 128mm, respectively. 
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4 NUMERICAL MODELING OF A MOVING PARTICLE IN A 
CONTINUOUS FLOW SUBJECT TO MICROWAE HEATING 

ABSTRACT 

  In this chapter, microwave heating of a food particle and carrier liquid as they 

flow continuously in a circular pipe is investigated numerically. The three-dimensional 

transient fluid flow as well as electromagnetic and temperature fields are described by a 

model that includes coupled Maxwell, continuity, Navier-Stokes, and energy equations. 

The electromagnetic power and temperature distributions in both the liquid and the 

particle are taken into account. The hydrodynamic interaction between the solid particle 

and the carrier fluid is simulated by the force-coupling method (FCM). This chapter 

explores the effects of dielectric properties and the inlet position of the particle on 

microwave energy and temperature distributions inside the particle. The effect of the 

particle on power absorption in the carrier liquid is studied as well. The results show that 

electromagnetic power absorption by the particle is greatly influenced by the ratio of 

dielectric properties of the particle and the liquid as well as the distance between the 

particle and the location in the applicator where the electromagnetic power takes on its 

maximum value.   

Nomenclature 

A area, m2 

ap particle radius, m 

Cp specific heat capacity, J/(kg K⋅ ) 

c phase velocity of the electromagnetic propagation wave, m/s 
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E electric field intensity, V/m 

f frequency of the incident wave, Hz 

f body force, N 

F  force monopole, N 

ext

F  external force, N 

g gravity, m/s2 

h effective heat transfer coefficient, W/(m2 K⋅ ) 

H magnetic field intensity, A/m 

k thermal conductivity, W/(m K⋅ ) 

m fluid consistency coefficient, ns Pa  

n flow behavior index 

N number of time steps 

p pressure, Pa 

P microwave power, W 

q microwave power density, W/m3 

T temperature, oC 

t time, s 

tanδ  loss tangent 

u fluid velocity vector, m/s 

V velocity of the particle center, m/s 

ZTE wave impedance, � 
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Greek symbols 

� apparent viscosity, Pa s⋅  

� electric permittivity, F/m 

rε ′  relative permittivity 

rε ′′  relative loss factor 

radε  emissivity 

�g electromagnetic wavelength in the cavity, m 

� magnetic permeability, H/m 

� density, kg/m3 

�  angular velocity, 1/s 

eσ  electric conductivity, S/m 

radσ  Stefan-Boltzmann constant, W/(m2 K4) 

σ , σ ′  length scale, m 

�  vorticity, 1/s 

 

Subscripts 

	 ambient  

a free space, air 

0 initial condition 

in input (at the incident plane)  

l liquid 

p particle 
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n normal 

t tangential 

X,Y,Z projection on a respective coordinate axis 

4.1 INTRODUCTION 

 Microwave heating of materials has been utilized in a wide range of industrial 

applications. Microwave technology makes it possible to heat the bulk of the material 

without any intermediate heat transfer medium. This results in high energy efficiency and 

a reduction in heating time compared to traditional heating techniques, where heat is 

transferred from a surface to the interior. 

 Modeling of microwave heating requires solving the energy equation with a 

source term, which describes microwave power absorption in the material. The power 

absorption can be evaluated by two methods, using the Lambert’ s law or by directly 

solving Maxwell’ s equations. Lambert’ s law has been extensively used in recent 

literature [1-4], mostly when the heated sample is large. In large samples microwave 

power absorption decays exponentially from the surface into the material. In small size 

samples, since the heat is generated by the resonance of standing waves, which Lambert’ s 

law can not adequately describe [5-6], the solution of Maxwell’ s equations is necessary to 

accurately determine the microwave power absorption [7-10].     

 Although most previous studies of microwave heating focused on solid materials, 

some effort for microwave heating of liquids is reported in [2, 3, 11, 12]. The analysis of 

microwave heating in liquids is more challenging due to the presence of fluid motion. 

Usually, a complete set of momentum, energy, and Maxwell’ s equations must be solved 
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to describe the complex interactions of flow, temperature, and microwave fields within 

the liquid. Complex interactions between electromagnetic field and convection during 

heating of liquids are addressed in [11-13].       

 Continuous processing of food is a promising alternative to traditional heating of 

food in containers. This technology has been successfully used for microwave heating of 

liquid foods. During this process, the liquid food flows in an applicator tube. When the 

flow passes through the section where the applicator is exposed to microwave radiation, 

the liquid absorbs microwave power and its temperature is quickly increased. Previous 

work [13] proposed a model describing forced convection heat transfer during the 

continuous flow microwave heating process. However, the previous investigation [13] 

only addresses a single phase flow in the applicator tube. To the best of the authors’  

knowledge, no modeling has been reported on microwave heating of a liquid with 

suspended particles. In this work, a three-dimensional model of heating of a liquid 

carrying a single solid particle as it passes a portion of the applicator subjected to 

microwave irradiation is proposed. The power and temperature distributions in both the 

liquid and solid particle are investigated. The effect of the particle on the microwave 

power absorption and temperature distribution of the liquid is studied.  

4.2 MODEL GEOMETRY  

 Figure 4.1 shows the schematic diagram of the microwave system investigated in 

this research. The system consists of a waveguide, a resonant cavity, and a vertically 

positioned applicator tube that passes through the cavity. A liquid food, which is treated 

as a non-Newtonian fluid, carrying a solid food particle flows through the applicator tube 
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in the upward direction, absorbing microwave energy as it passes through the tube. The 

microwave operates in TE10 [14] mode at a frequency of 915 MHz with the input power 

of 7 kW, which is generated in the incident plane by imposing a plane polarized source. 

The microwave power is transmitted through the waveguide and directed on the 

applicator tube located in the center of the resonant cavity. An absorbing plane is located 

behind the incident plane to absorb the microwave energy reflected by the cavity. 

Parameters characterizing the geometry of the microwave system are listed in Table 4.1. 

 

4.3 MATHEMATICAL MODEL  

 Two computational domains are utilized. The first domain, used for computing 

electromagnetic field, includes the region enclosed by the wall of the waveguide, 

resonant cavity, and incident plane. The second domain, used for solving the momentum 

and energy equations, coincides with the region inside the applicator tube. The origin of 

the coordinate system for the electromagnetic computational domain lies in the absorbing 

plane, as shown in Figure 4.1. The origin of the coordinate system for the inside of the 

applicator tube is in the center of the tube at the tube entrance.  

 A simulation begins when the particle enters the applicator and ends when the 

particle leaves the applicator.  

4.3.1 ELECTROMAGNETIC FIELD 
 The electromagnetic field is governed by Maxwell’ s equations, which are 

presented in terms of the electric field, E, and the magnetic field, H [15]: 
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et
ε σ∂ = ∇× −

∂
E H E  

(4.1) 

t
µ ∂ = −∇×

∂
H E  

(4.2) 

( ) 0ε∇ ⋅ =E  (4.3) 

0∇ ⋅ =H  (4.4) 

where a rε ε ε ′=  is the electric permittivity ( aε  is the permittivity of free space, rε ′  is the 

relative permittivity of the material) and µ  is the magnetic permeability. eσ  stands for 

the electric conductivity related to the loss tangent tanδ by: 

2 tane fσ π ε δ=  (4.5) 

where 

tan r

r

εδ
ε

′′
=

′
 

(4.6) 

In Eq. (4.6), rε ′′  stands for the relative loss factor. 

 At the inner walls of the waveguide and cavity, a perfect conducting condition is 

utilized. Therefore, normal components of the magnetic field and tangential components 

of the electric field vanish at these walls: 

0, 0n tH E= =  (4.7) 

  At the absorbing plane, Mur’ s first order absorbing condition [16] is utilized:  
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0

1
0Z XE

Z c t =
∂ ∂� �− =� �∂ ∂� �

 
(4.8) 

where c is the phase velocity of the propagation wave and t  is the time. 

 At the incident plane, the microwave source is simulated by the following 

equations: 

, sin cos 2 in
Z inc Zin

g

XY
E E ft

W
π π

λ
� �� �� �

= − −	 
� �� � � �	 
� � � �� �
 

    (4.9)      

, sin cos 2Zin in
Y inc

TE g

E XY
H ft

Z W
π π

λ
� �� �� �

= −	 
� �� � � �	 
� � � �� �
 

  (4.10)      

where f  is the frequency of the microwave, W is the width of the incident plane, Xin is 

the X-position of the incident plane, ZTE is the wave impedance, gλ  is the wave length of 

a microwave in the waveguide, and ZinE  is the input value of the electric field intensity. 

By applying the Poynting theorem [11], the input value of the electric field intensity is 

evaluated by the microwave power input as: 

4 TE in
Zin

Z P
E

A
=  

(4.11) 

where inP  is the microwave power input and A is the area of the incident plane. 

 At 0t = , all components of E and H are zero. 
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4.3.2 HEAT TRANSFER MODEL 
 The temperature distributions in the particle and carrier liquid are obtained by the 

solution of the following energy equations with a source term which accounts for internal 

energy generation due to the absorption of the microwave energy. 

In the particle the energy equation is: 

( ) ( , )p
p pp p p p

T
C k T q t

t
ρ

∂
= ∇ ⋅ ∇ +

∂
x  

(4.12) 

In the liquid the energy equation is: 

( ) ( , )l
l pl l l l l

T
C T k T q t

t
ρ ∂� �+ ⋅∇ = ∇ ⋅ ∇ +� �∂� �

u x  
(4.13) 

where ρ  is the density; pC  is the specific heat; k  is the thermal conductivity; T  is the 

temperature; and q  is the microwave power density, representing the local 

electromagnetic heat generation intensity term, which depends on dielectric properties of 

the liquid and particle as well as  the electric field intensity: 

2
02 (tan )rq fπ ε ε δ′= E  (4.14) 

 The following thermal boundary condition is proposed at the applicator wall. The 

wall is assumed to lose heat by natural convection and radiation: 

( ) ( )4 4
rad rad

surface

T
k h T T T T

n
σ ε∞ ∞

∂− = − + −
∂

 
(4.15) 

where h  is the convection coefficient, T∞  is the ambient air temperature (the waveguide 

walls are assumed to be in thermal equilibrium with the ambient air), radσ  is the Stefan-

Boltzmann constant, and radε  is the surface emissivity. 
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 The inlet liquid temperature is assumed to be uniform and equal to the 

temperature in the free space outside the applicator, T∞ .    

 The thermal boundary condition at the surface of the particle is: 

0 0p pr a r aT T= + = −=   and  
0 0p p

p l
r a r a

T T
k k

n n= − = +

∂ ∂=
∂ ∂

 
(4.16) 

 The initial temperatures of the liquid and the particle are defined as: 

0l lT T= ,  0p pT T=    at  0t =  (4.17) 

 

4.3.3 HYDRODYNAMIC MODEL 
 The movement of the liquid is determined by the continuity and momentum 

equations: 

0∇ ⋅ =u  (4.18) 

( , )l lp t
t

ρ η ρ∂� �+ ⋅∇ = −∇ + ∇ ⋅ ∇ + +� �∂� �

u u u u g f x  
(4.19) 

whereη  is the apparent viscosity of the non-Newtonian fluid, which in this chapter is 

assumed to obey the power-law, as: 

( ) 1n
mη γ −= �  (4.20) 

where m and n are the fluid consistency coefficient and the flow behavior index, 

respectively. 

 The effect of the particle on the fluid is represented by a localized body force 

( , )tf x  that transmits to the fluid the resultant force of the particle on the flow [17]. In this 
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chapter, a force-coupling method (FCM) developed by Maxey et al. [17-20] is utilized to 

simulate this source term ( , )tf x  .  

 According to FCM, the body force ( , )tf x  is specified as  

( )( , ) ,t σ= ∆ −f x F x Y  (4.21) 

where Y  is the position of the particle and F , the force monopole, represents the 

hydrodynamic drag on the particle. The localized force distribution for the particle is 

determined by the Gaussian function 

( ) ( ) ( )3/ 22 2 22 exp / 2πσ σ
−

∆ = −x x  (4.22) 

and the  length scale σ  is related to the radius of the particle, pa , as 

pa
σ

π
=  

(4.23) 

 The force monopole is determined by the sum of the external force 
ext

F  acting on the 

particle and the inertia of the particle: 

3(4 / 3) ( )ext
p g l

d
a

dt
π ρ ρ= − − VF F  

(4.24) 

where the only external force 
ext

F  acting on the suspending particles is the buoyancy 

force:  

3(4 / 3) ( )b p l gF aπ ρ ρ= − g  (4.25) 

The velocity of the particle, V , can be determined by a local average of the fluid 

velocity over the region occupied by the particle: 
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3( ) ( , ) ( , )t t dσ= ∆ −�V u x x Y x  (4.26) 

The angular velocity of the particle, � , is calculated as  

31
( , ) ( , )

2
t dσ ′= ∆�� � x x x  

(4.27) 

where �  is the vorticity and  the  length scale σ ′  is   

( ) 3/1
6 π

σ pa
=′  

(4.28) 

 At the inner surface of the applicator tube, a hydrodynamic no-slip boundary 

condition is used. At the inlet to the applicator, a uniform, fully developed velocity 

profile is imposed, and specified by the inlet mean velocity, Umean. The flow in the 

applicator is assumed to be hydrodynamically fully developed at 0t = . The inlet velocity 

of the particle is calculated as a volume average of the fluid velocity in a volume 

occupied by the particle, as stated by Eq. (4.26).   

4.4  NUMERICAL PROCEDURE 

 The electromagnetic solver used in this work is based on the FDTD method [21]. 

A non-uniform structured mesh consisting of 1,236,000 cells in the electromagnetic 

computational domain is utilized. The volume occupied by the applicator pipe is refined 

with smaller cells in order to accurately evaluate the electromagnetic power distribution. 

The time step for the electromagnetic solver obeys the stability condition [21]:  
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2 2 2

1
1 1 1

t
c

X Y Z

∆ ≤
+ +

∆ ∆ ∆

 
(4.29) 

 Since a non-uniform mesh is used, in Eq. (4.29) X∆ , Y∆ , Z∆  represent the smallest 

space increments in X, Y, and Z directions, respectively. A portion of the boundary of the 

resonant cavity surface is curved, and the utilization of structured mesh results in a 

staircase approximation of the curved surface, so a contour-path integral FDTD method 

[22] is used to improve the approximation of the curved surface of the microwave cavity 

with traditional structured cells.  

 An implicit time-integration scheme and the time marching procedure introduced 

by Patankar and Spalding [23] are adopted to solve the continuity and momentum 

equations (4.18) and (4.19). At each time step, the continuity and momentum equations 

for the fluid phase are first solved in the absence of the particle. Once the hydrodynamic 

information about the fluid phase motion is obtained, the velocity of the particle is 

determined from Eq. (4.16). The continuity and momentum equations are then resolved 

with the particle source term. This procedure is repeated until the following convergence 

criterion is met 

( )

6
(0)

ˆ
10

ˆ

k

−∞

∞

≤
r

r
 

(4.30) 

where r̂  is the residual of the pressure correction equation and the superscripts (0) and 

(k) refer to the initial and kth iteration, respectively.  

 Energy equations (4.12) and (4.13) are discretized using a cell-centered finite 

volume approach and solved implicitly in the Cartesian coordinate system. The two 
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energy equations are coupled by the boundary condition given by Eq. (4.16). At each 

time step, Eqs. (4.12) and (4.13) are solved iteratively until boundary condition (4.16) is 

satisfied. The rotation of the particle is taken into account by rotating the temperature 

field in the particle at each time step.  

Since microwave propagation is much faster than heat and mass transfer, different 

time steps of 1 1t ps∆ =  and 2 0.4t ms∆ =  are used for solving Maxwell’ s equations and 

heat and mass transfer equations, respectively. First, the distribution of the microwave 

power density, q , in the applicator  is computed by iterating the electromagnetic solver 

until the sinusoidal steady state (pure time-harmonic) distribution of the electromagnetic 

field is attained. The temperature distributions in both the liquid and solid particle are 

then determined using this power distribution. Utilizing these temperature distributions, 

the liquid dielectric properties (which are temperature dependent) are updated. The 

updated dielectric properties are then used to update the electromagnetic field and the 

power density distributions in the applicator. This procedure is repeated at each time step. 

The details of the computational procedure are illustrated in Figure 4.2. Table 4.2 shows 

thermophysical and electromagnetic properties used in computations.   

4.5 RESULTS AND DISCUSSION 

 In this chapter, three kinds of solid food particles and two kinds of liquid food 

products are considered. The properties of particles 1, 2, and 3 are representative for 

marinated shrimp, non-marinated shrimp, and potato, respectively. Liquids 1 and 2 have 

properties representative for two different soup products. Table 4.3 shows dielectric and 

thermal properties of these food products. Densities of particles 1, 2, and 3 are almost the 
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same, which results in their similar hydrodynamic behavior. Thermal and dielectric 

properties of the particles are also similar except for the loss tangent. Particles 1, 2 and 3 

have a high loss tangent, medium loss tangent, and low loss tangent, respectively. The 

loss tangent of liquid 1 is twice as large as that of liquid 2 at 20 C� . The particles are 

assumed spherical with a diameter of 0.9 cm. In each computed case, only one particle is 

introduced into the applicator tube. The flow in the applicator pipe is assumed initially to 

be hydrodynamically fully developed with a mean velocity of 6.0 cm/s. At t = 0, the 

particle is suddenly released at the inlet of the applicator. This makes the flow unsteady. 

The initial position of the particle is illustrated in Figure 4.3. Since the particle is released 

away from the pipe center, the flow is not axi-symmetric but three-dimensional with a 

plane of symmetry, which is the plane passing through 0θ = �  and 180θ = � , as shown in 

the section A-A of Figure 4.3. Also, at t = 0, the microwave energy is turned on. The 

initial temperatures of the particle and the carrier liquid are 0 0 20p lT T C= = � . The 

temperature in the free space outside the applicator is also 20T C∞ = � . It is assumed that 

there is no phase change in either the particle or the carrier liquid during the heating 

process. Hydrodynamic, electromagnetic, and thermal interactions between the particle 

and the carrier liquid are investigated. 

4.5.1 HYDRODYNAMIC INTERACTIONS BETWEEN THE PARTICLE AND LIQUID 
 The fluid flow in the applicator is initially fully developed, and then it is affected 

by the particle entering the applicator. In different simulated cases, the particle is released 

at different radial positions at the inlet. A typical flow field is shown is Figure 4.4, where 

the velocity contour lines of the fluid axial velocity and streamlines of the fluid velocity 

relative to the particle are given in the plane of symmetry. Figure 4.4 is computed for 
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particle 2 and liquid 1 with the particle initial position at 0.67r cm=  and 0θ = � .  From 

the axial velocity distributions, it is evident that the particle does not greatly modify the 

fully developed velocity profile except in the immediate vicinity of the particle. The 

streamlines shown in Figure 4.4 indicate the difference in velocities of the liquid and the 

particle. The forward streamlines in the central area of the applicator pipe indicate a 

larger axial velocity of the liquid than that of the particle. It is also evident that there is a 

recirculation zone just downstream in relation to the particle, close to the wall of the pipe. 

This is because of the relative velocity between the particle and the liquid. Figure 4.5 

shows streamwise velocities and trajectories of the particle for different particle initial 

positions. Since the flow is symmetric with respect to the plane of symmetry, there is no 

displacement of the particle in the θ  direction. Therefore, the trajectories of the particle 

are shown in the plane of symmetry only. 

4.5.2 ELECTROMAGNETIC POWER DENSITY AND TEMPERATURE PROFILES 
 The transient power and temperature distributions inside the applicator are shown 

in Figure 4.6. After the particle enters the applicator, both the particle and the liquid are 

subjected to microwave irradiation. A peak of the microwave power occurs near the 

center of the applicator pipe, and is located at 0.67r cm=  and 0θ = � .  The temperature 

in the streamwise direction increases because a fluid volume absorbs microwave power 

as it is convected downstream. The contour lines of power density are parallel to each 

other except near the particle. This is because dielectric properties of liquid 1 are not very 

sensitive to temperature and the temperature of the liquid does not rise significantly 

during the short residence time of the particle inside the applicator. This also indicates 

that on average the particle does not affect significantly the power density distribution in 
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the applicator. There is a thermal wake in front of the particle that grows with time, 

which is due to the fact that the particle velocity decreases after the particle enters the 

applicator, which enhances convection between the particle and the surrounding liquid. 

 The power and temperature distributions inside the particle are shown in Figure 

4.7. A peak of power density occurs in the left half of the particle. According to the 

power distributions shown in Figure 4.6, the magnitude of this power peak is much 

higher than the power density in the vicinity of the particle. This is attributed to higher 

loss tangent of the particle than that of the carrier liquid. The temperature distribution 

inside the particle is determined by the power density distribution, with the higher 

temperature values corresponding to higher power values. However, it is also evident in 

Figures 4.7 b(1) and b(2) that the temperature and power distributions in the upper and 

lower halves of the particle show less symmetry as the time increases. This is attributed 

to the effect of convection between the liquid and the surface of the particle. Since the 

streamwise velocity of the particle is smaller than the local velocity of the liquid, the 

lower half of the particle surface is upwind to the liquid flow. This causes more 

convection heat transfer between the lower particle surface and the surrounding liquid. 

This also results in the asymmetric power distribution in the upper and lower halves of 

the particle. Figure 4.8 shows the temperature distributions at the surface of the particle. 

It is evident that a region of the highest temperature appears at the upper part of the 

particle surface. Also, the surface temperature distributions indicate higher temperature in 

the left half of the particle than in the right half, which is consistent with the results 

shown in Figure 4.7.  
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4.5.3 HEATING PATTERNS FOR PARTICLES WITH DIFFERENT DIELECTRIC 
PROPERTIES 

 A comparison of the power and temperature distributions inside the particle for 

three particles with different dielectric properties is shown in Figure 4.9. Liquid 1 is used 

as the carrier liquid, and the particle is released at 0.67r cm=  and 0θ = � , same for 

particles 1, 2, and 3. It is evident that the highest temperature and power density are 

attained for particle 1. This is attributed to the highest loss tangent of particle 1. The 

mean power densities in the three particles are shown in Figure 4.10(a). It is evident that 

particle 1 has the largest mean power density, indicating the highest heating rate. Figure 

4.5 shows that if the initial radial position of the particle is at 0.67r cm= , the radial 

displacement of the particle as it passes through the applicator is not large. Since 

dielectric properties of particles 1, 2 and 3 are temperature independent, the difference 

between mean power densities for each particle are attributed to the influence of the 

streamwise position of the particle. The effect of the particle on power absorption in the 

liquid is investigated by comparing the mean power densities between the cases with and 

without the particle, as shown in Figure 4.10(b). It is evident that particle 3 has most 

influence on the power absorption in the liquid. This is attributed to the large difference 

in the power absorption between the materials of particle 3 and liquid 1. For the extreme 

case when the applicator is filled by the material whose dielectric properties are identical 

to that of the particle, the mean power density is 46.19 W/cm3 for the material of particle 

1, 44.93 W/cm3 for that of particle 2, and 36.56 W/cm3 for that of particle 3. From Figure 

4.10(b), it is evident that the mean power density in the liquid for the case with no 

particle is around 42.33 W/cm3. The larger difference in power absorption between 
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particle 3 and liquid 1 results in particle 3 exhibiting more influence on the mean power 

density in the carrier liquid than particles 1 and 2. 

4.5.4 EFFECT OF DIELECTRIC PROPERTIES OF THE CARRIER LIQUID ON 
PARTICLE HEATING  

 The influence of dielectric properties of the carrier liquid on the power density 

and temperature distributions in the particle are investigated. Simulations are performed 

for particle 2 with both carrier liquids 1 and 2. Liquid 2 has lower loss tangent than liquid 

1. Figure 4.11 compares the power density distributions in the cross-section at 1/2 height 

of the applicator in the two liquids at the moment then the particle passes the outlet of the 

applicator. It is evident that the power density distribution in liquid 2 is similar to that in 

liquid 1, but the magnitude of the power density is smaller in liquid 2 than in liquid 1. A 

comparison between the power density distributions in particle 1 with carrier liquids 1 

and 2 is shown in Figures 4.12 a(1) and a(2). It is found that the power absorption by the 

particle in liquid 2 is much smaller than in liquid 1. This indicates that the dielectric 

properties of the liquid determine the power absorption in the particle. The particle 

absorbs more microwave energy in a high loss liquid than in a low loss liquid. This also 

results in particle 2 attaining higher temperature in liquid 2 than in liquid 1, as shown in 

Figures 4.12 b(1) and b(2). 

4.5.5 EFFECT OF THE RADIAL POSITION OF THE PARTICLE ON POWER 
ABSORPTION IN BOTHE THE PARTICLE AND CARRIER LIQUID 

 The effect of particle position on power density and temperature distributions in 

the particle is studied. Simulations are performed for liquid 1 with particle 2. The results 

presented in Figure 4.12 show variations of power density distributions in the particle 

released at different inlet positions: (a) 0.95r cm=  and 0θ = � , (b) 0.67r cm=  
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and 0θ = � , (c) 0.28r cm=  and 180θ = � , (d) 0.67r cm=  and 180θ = �  and (e) 

0.95r cm=  and 180θ = � . Results are shown in the plane of symmetry at the moment 

when the particle is passing ½ height of the applicator. The radial position of the particle 

for this moment of time is displayed in Figure 4.5. It is evident that the power peak inside 

the particle occurs in the left half of the particle in cases a) and b), but in the right half of 

the particle in cases c), d), and e).  Recalling that the power peak in liquid 1 occurs at 

0.3r cm=  and 180θ = � , this indicates that the power peak inside the particle always 

occurs in the half of the particle which is closer to the location of the power peak in the 

liquid. Also, the power density and temperature inside the particle are higher if the 

particle is closer to the position where the power peak in the liquid occurs. This indicates 

that the power distribution in the carrier liquid determines the power distribution inside 

the particle.  

4.6 CONCLUSIONS 

 A numerical model is developed for simulating a 3D flow of a non-Newtonain 

fluid carrying a solid particle as the liquid and the particle pass the applicator tube 

subjected to microwave heating. The model takes into account hydrodynamic and thermal 

interactions between the particle and the carrier liquid. It is shown that the particle may 

get heated at a different rate than the carrier liquid. The results reveal that the power 

absorption in the particle is determined by the value of the loss tangents of the particle 

and the carrier liquid. The larger the loss tangent of the particle, the larger is the power 

absorption in the particle. The particle absorbs more microwave energy in a high loss 

liquid than in a low loss liquid. The power absorption in the liquid is also influenced by 
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the particle. The power density distribution inside the particle is determined by the power 

distribution in the liquid as the power peak inside the particle always occurs in the half of 

the particle which is closer to the position of the power peak in the liquid. Depending on 

the radial positions of the particle at the inlet of the applicator, power absorption in the 

particle may differ significantly. The power absorption in the particle shows a strong 

dependence on the distance between the particle and the location of the power peak in the 

liquid. The power density inside the particle is higher if the particle is closer to the 

position where the power peak in the liquid occurs. 
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Table 4.1 Geometric parameters. 

Symbol Description Value (cm) 

D 

AD 

PD 

CH 

WL 

WW 

WH1 

WH2 

TL 

IAD 

Applicator diameter 

Apogee distance of cavity 

Perigee distance of cavity 

Cavity and applicator height  

Waveguide length 

Waveguide width 

Waveguide height 1 

Waveguide height 2 

Total length of the system 

Distance between the 
incident plane and absorbing 

plane 

3.8 

20.5 

15.4 

12.5 

34.7 

24.4 

12.5 

5.1 

66.1 

2.7 

 

 

 

Table 4.2 Thermophysical and electromagnetic properties utilized in computations. 
12

0 8.85419 10ε −= ×  (F/m) 0.4radε =  

74.0 10µ π −= ×  (H/m) 85.67 10radσ −= ×  (W/(m2 4K⋅ )) 

20h =  (W/(m2 K⋅ )) 7000inP =  (W) 

377TEZ =  (�) 915f =  (MHz) 
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Table 4.3 Thermophysical and dielectric properties of food products. 

Product Property Value 

Liquid food product 1 �, kg/m3 

m, Pa·sn 

n 

cp, J/(kg K⋅ ) 

k, W/(m K⋅ ) 

rε ′  

tanδ  

1037 

0.0059 

0.98 

3943.7 

0.5678 

-0.155T+72.5 

0.0034T+0.18 

Liquid food product 2 �, kg/m3 

m, Pa·sn 

n 

cp, J/(kg K⋅ ) 

k, W/(m K⋅ ) 

rε ′  

tanδ  

1037 

0.0059 

0.98 

3943.7 

0.5678 

-0.163T+76.8 

0.12 

Particle 1 �, kg/m3 

cp, J/(kg K⋅ ) 

k, W/(m K⋅ ) 

rε ′  

tanδ  

1069 

2.5 

0.47 

68.4 

0.86 

Particle 2 �, kg/m3 

cp, J/(kg K⋅ ) 

k, W/(m K⋅ ) 

rε ′  

tanδ  

1069 

2.5 

0.47 

65.8 

0.48 

Particle 3 �, kg/m3 

cp, J/(kg K⋅ ) 

k, W/(m K⋅ ) 

rε ′  

tanδ  

1065 

3.5 

0.55 

52.5 

0.26 
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Figure 4.1 Schematic diagram of the microwave system. 
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Figure 4.2 Computational algorithm. 
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Figure 4.3 Basic arrangement for the particle inside the applicator. 
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a(1) 

 
a(2) 

 
a(3) 

 
b(1) 

 
b(2) 

 
b(3) 

 

Figure 4.4 (a) Contour lines of the axial velocity of the fluid flow in the plane of 
symmetry of the applicator , and (b) streamlines in the plane of symmetry of the 

applicator: (1) before the particle entered the applicator; (2) t = 0.2 s ; (3) t = 0.65 s.   
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Figure 4.5 (a) Trajectory of the particle in the plane of symmetry; (b) streamwise velocity 
of the particle. 
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Figure 4.6 (a) Power density distributions (W/cm3) in the plane of symmetry of the 
applicator, and (b) temperature distributions (oC) in the plane of symmetry of the 

applicator for: (1) t = 0.06 s; (2) t = 0.65 s; (3) t = 1.12 s.  
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Figure 4.7 (a) Power density distributions (W/cm3) in the plane of symmetry of the 
particle, and (b) temperature distributions (oC) in the plane of symmetry of the particle 

for: (1) t = 0.06 s; (2) t = 0.65 s; (3) t = 1.12 s.   
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Figure 4.8 Surface temperature (oC) of the particle for: (a) t = 0.06 s; (b) t = 0.65 s; (c) t = 
1.12 s.  
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Figure 4.9 (a) Power density distributions (W/cm3) in the plane of symmetry of the 
particle, and (b) temperature distributions (oC) in the plane of symmetry of the particle at 

t = 1.4 s in: (1) particle 1; (2) particle 2; (3) particle 3. 
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Figure 4.10 (a) Mean power density (W/cm3) in the particle; (b) mean power density in 
the liquid. 
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Figure 4.11 Power density distribution (W/cm3) for: (a) liquid 1; (b) liquid 2. 
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Figure 4.12 (a) Power density distributions (W/cm3) in the plane of symmetry of the 
particle, and (b) temperature distributions (oC) in the plane of symmetry of the particle at 

t = 1.4 s with: (1) carrier liquid 1; (2) carrier liquid 2.   
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Figure 4.13 Power density distributions (W/cm3) in the plane of symmetry of the particle 
with different initial positions of the particle: (a) 0.95r cm=  and 0θ = � ; (b) 0.67r cm=  

and 0θ = � ; (c) 0.28r cm=  and 180θ = � ; (d) 0.67r cm=  and 180θ = � ; and (e) 0.95r cm=  and 
180θ = � . 
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5 INVESTIGATION OF A PARTICULATE FLOW SUBJECTED 
TO MICROWAVE HEATING 

ABSTRACT 

 In this chapter, microwave heating of a liquid and large particles that it carries 

while continuously flowing in a circular applicator pipe is investigated. A three-

dimensional model that includes coupled Maxwell, continuity, Navier-Stokes, and energy 

equations is developed to describe transient temperature, electromagnetic, and fluid 

velocity fields. The hydrodynamic interaction between the solid particles and the carrier 

liquid is simulated by the force-coupling method (FCM). Computational results are 

presented for the microwave power absorption, temperature distribution inside the liquid 

and the particles, as well as the velocity distribution in the applicator pipe and trajectories 

of particles. The effect of the time interval between consecutive injections of two groups 

of particles on power absorption in particles is studied. The influence of the position of 

the applicator pipe in the microwave cavity on the power absorption and temperature 

distribution inside the liquid and the particles is investigated as well. 

 

Nomenclature 

A area, m2 

ap particle radius, m 

Cp specific heat capacity, J/(kg K⋅ ) 

c phase velocity of the electromagnetic propagation wave, m/s 

E electric field intensity, V/m 

f frequency of the incident wave, Hz 
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f body force, N 

F  force monopole, N 

ext

F  external force, N 

g gravity, m/s2 

h effective heat transfer coefficient, W/(m2 K⋅ ) 

H magnetic field intensity, A/m 

k thermal conductivity, W/(m K⋅ ) 

m fluid consistency coefficient, ns Pa  

n flow behavior index 

N number of time steps 

p pressure, Pa 

P microwave power, W 

q microwave power density, W/m3 

T temperature, oC 

t time, s 

tanδ  loss tangent 

u fluid velocity vector, m/s 

V velocity of the particle center, m/s 

ZTE wave impedance, � 

 

Greek symbols 

� apparent viscosity, Pa s⋅  

� electric permittivity, F/m 
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rε ′  relative permittivity 

rε ′′  relative loss factor 

radε  emissivity 

�g electromagnetic wavelength in the cavity, m 

� magnetic permeability, H/m 

� density, kg/m3 

�  angular velocity, 1/s 

eσ  electric conductivity, S/m 

radσ  Stefan-Boltzmann constant, W/(m2 K4) 

σ , σ ′  length scale, m 

�  vorticity, 1/s 

 

Subscripts 

	 ambient  

a free space, air 

0 initial condition 

in input (at the incident plane)  

l liquid 

p particle 

n normal 

t tangential 

X,Y,Z projection on a respective coordinate axis 
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5.1 INTRODUCTION 

 Microwave technology has been utilized in a wide range of industrial applications 

for decades. This technology has been extensively used in chemical engineering and food 

processing industries. Microwave heating of food is one of the most energy efficient 

methods of food processing; it can be employed for thawing, drying, cooking, baking, 

tempering, pasteurization, and sterilization of different kinds of foods. Unlike the 

traditional heating techniques, where heat is transferred from a surface to the interior, 

microwave technology makes it possible to heat the bulk of the material without any 

intermediate heat transfer medium. This results in a high energy efficiency and reduction 

in heating time. Extensive investigations devoted to modeling of microwave heating are 

reported in [1-5]. 

  In order to determine temperature increase in a fluid passing in an applicator tube 

through a microwave cavity it is necessary to solve the energy equation with an 

electromagnetic heat generation term which describes microwave power absorption in the 

material. The power absorption can be evaluated by two methods, using the Lambert’ s 

law or by directly solving Maxwell’ s equations. Lambert’ s law has been extensively used 

in literature [6-9], it works the best when the heated sample is large. According to 

Lambert’ s law, microwave power absorption decays exponentially from the surface into 

the material. In order to use Lambert’ s law it is necessary to evaluate experimentally the 

amount of microwave radiation transmitted to the surface of the material.  In small size 

samples, heat is generated by the resonance of standing waves, which Lambert’ s law 

cannot adequately describe [10-11], so the solution of Maxwell’ s equations is needed to 
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accurately determine the electromagnetic heat generation term. Modeling of microwave 

heating based on numerical solutions of Maxwell’ s equations is reported in [12-15].      

 Continuous processing of food is a promising alternative to traditional heating of 

liquid food in containers. During this process, liquid food flows in an applicator tube. 

When flow passes through the microwave cavity, the liquid absorbs microwave power 

and its temperature quickly increases. Compared to investigation of microwave heating of 

solid materials, the analysis of microwave heating of liquids is more challenging due to 

the presence of fluid motion. Research devoted to microwave heating of liquids is 

reported in [7, 8, 16, 17].     

 Modeling of microwave heating of liquids usually requires solving a complete set 

of momentum, energy, and Maxwell’ s equations to describe complex interactions of 

flow, temperature, and microwave fields as a liquid passes through the applicator [16,17]. 

Our previous work investigated continuous microwave heating of a single phase liquid 

flow in the applicator [18,19] and the case of a liquid carrying a single large solid particle, 

which represented a typical food particle with a diameter of 0.9 cm [20]. In this chapter, a 

three-dimensional model of microwave heating of a liquid carrying multiple large 

particles as it flows in the applicator subjected to microwave irradiation is proposed. The 

power absorption and temperature distributions in both the liquid and particles are 

investigated.  

5.2 MODEL GEOMETRY  

 Figure 5.1(a) shows the schematic diagram of the continuous microwave heating 

system investigated in this research. The system consists of a waveguide, a resonant 
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cavity, and a vertically positioned applicator tube that passes through the cavity. A liquid 

food, which is treated as a non-Newtonian fluid, carrying multiple solid food particles 

flows through the applicator tube in the upward direction, absorbing microwave energy 

as it passes through the tube. The microwave operates in the TE10 [21] mode at a 

frequency of 915 MHz with the input power of 7 kW. The microwave power is 

transmitted through the waveguide and directed on the applicator tube located in the 

center of the resonant cavity. Parameters characterizing the geometry of the microwave 

system are listed in Table 5.1. 

5.3 MATHEMATICAL MODEL  

 Two computational domains are utilized, as shown in Figure 5.1(a). The first 

domain, including the region enclosed by the walls of the waveguide, resonant cavity, 

and incident plane, is used for computing the electromagnetic field. The origin of the 

coordinate system of the first domain lies in the absorbing plane. The second domain, 

coinciding with the region inside the applicator tube, is used for solving the momentum 

and energy equations. The origin of the coordinate system of the second domain is in the 

center of the tube at the applicator inlet. A simulation begins when the first particle enters 

the applicator and ends when the last particle leaves the applicator.  

5.3.1 MICROWAVE IRRADIATION 
 The electromagnetic field in the first domain is governed by Maxwell’ s equations, 

which are presented in terms of the electric field, E, and the magnetic field, H [21]: 
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et
ε σ∂ = ∇× −

∂
E H E  

(5.1) 

t
µ ∂ = −∇×

∂
H E  

(5.2) 

( ) 0ε∇ ⋅ =E  (5.3) 

0∇ ⋅ =H  (5.4) 

where µ  is the magnetic permeability and a rε ε ε ′=  is the electric permittivity ( aε  is the 

permittivity of the free space and rε ′  is the relative permittivity of the material). eσ  

stands for the electric conductivity related to the loss tangent tanδ by: 

2 tane fσ π ε δ=  (5.5) 

where 

tan r

r

εδ
ε

′′
=

′
 

(5.6) 

In Eq. (5.6), rε ′′  stands for the relative loss factor. 

 At the inner walls of the waveguide and cavity, a perfect conducting condition is 

utilized. Therefore, normal components of the magnetic field and tangential components 

of the electric field vanish at these walls: 

0, 0n tH E= =  (5.7) 

  At the absorbing plane, Mur’ s first order absorbing condition [22] is utilized:  
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0

1
0Z XE

Z c t =
∂ ∂� �− =� �∂ ∂� �

 
(5.8) 

where c is the phase velocity of the propagation wave. 

 At the incident plane, the microwave source is simulated by the following 

equations: 

, sin cos 2 in
Z inc Zin

g

XY
E E ft

W
π π

λ
� �� �� �

= − −	 
� �� � � �	 
� � � �� �
 

 (5.9)      

, sin cos 2Zin in
Y inc

TE g

E XY
H ft

Z W
π π

λ
� �� �� �

= −	 
� �� � � �	 
� � � �� �
 

  (5.10)      

where W is the width of the incident plane, f  is the frequency of the microwave, ZTE is 

the wave impedance, Xin is the X-position of the incident plane, gλ  is the wave length of a 

microwave in the waveguide, and ZinE  is the input value of the electric field intensity. 

According to the Poynting theorem [17], the input value of the electric field intensity is 

evaluated by the microwave power input as: 

4 TE in
Zin

Z P
E

A
=  

(5.11) 

where inP  is the microwave power input and A is the area of the incident plane. 

 At 0t = , all components of E and H are zero. 

5.3.2 HEAT TRANSFER 
 The temperature distributions in the particles and carrier liquid are obtained by the 

solution of the following energy equations. 
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In the particles the energy equation is: 

( ) ( , )p
p pp p p p

T
C k T q t

t
ρ

∂
= ∇ ⋅ ∇ +

∂
x  

(5.12) 

In the liquid the energy equation is: 

( ) ( , )l
l pl l l l l

T
C T k T q t

t
ρ ∂� �+ ⋅∇ = ∇ ⋅ ∇ +� �∂� �

u x  
(5.13) 

where ρ  is the density, k  is the thermal conductivity, pC  is the specific heat, T  is the 

temperature, and q  is the microwave power density: 

2
02 (tan )rq fπ ε ε δ′= E  (5.14) 

 The applicator wall is assumed to lose heat by natural convection and thermal 

radiation: 

( ) ( )4 4
rad rad

surface

T
k h T T T T

n
σ ε∞ ∞

∂− = − + −
∂

 
(5.15) 

where T∞  is the ambient air temperature (the waveguide walls are assumed to be in 

thermal equilibrium with the ambient air), h  is the effective convection coefficient that 

incorporates thermal resistance of the applicator wall, radε  is the surface emissivity, and 

radσ  is the Stefan-Boltzmann constant.  

 The thermal boundary condition at the surface of the particle is: 

0 0p p

p l
r a r a

T T
k k

n n= − = +

∂ ∂=
∂ ∂

  and  0 0p pr a r aT T= + = −=  
(5.16) 

 Initially the particles and the liquid are assumed to be in thermal equilibrium, so 
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0pT T=   and  0lT T=  (5.17) 

 The inlet liquid temperature is assumed to be uniform and equal to the 

temperature in the free space outside the applicator, T∞ .   

5.3.3 HYDRODYNAMICS 
 The fluid velocity field ( , )tu x  satisfies the Navier-Stokes equations: 

0∇ ⋅ =u  (5.18) 

( , )l lp t
t

ρ η ρ∂� �+ ⋅∇ = −∇ + ∇ ⋅ ∇ + +� �∂� �

u u u u g f x  
(5.19) 

where η  is the apparent viscosity of the non-Newtonian liquid, which in this chapter is 

assumed to obey the power-law: 

( ) 1n
mη γ −= �  (5.20) 

where m and n are the fluid consistency coefficient and the flow behavior index, 

respectively. 

 The effect of particles on the fluid is represented by a localized body force ( , )tf x  

that transmits to the fluid the resultant force that particles impose on the flow [23]. In this 

chapter, a force-coupling method (FCM) developed by M.R. Maxey and his group in [23-

26] is utilized to simulate this momentum source term ( , )tf x .  

 According to FCM, the body force ( , )tf x  is computed as  

( )( ) ( )

1

( , ) ,
N

n n

n

t σ
=

� �= ∆ −� �
f x F x Y  
(5.21) 
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where )(nY  is the position of the nth particle and )(nF  is the force monopole representing 

the hydrodynamic drag on the nth particle. The localized force distribution for the 

particles is determined by the Gaussian function, 

( ) ( ) ( )3/ 22 2 22 exp / 2πσ σ
−

∆ = −x x  (5.22) 

and the length scale σ  is related to the radius of the particle, pa , as 

pa
σ

π
=  

(5.23) 

 The force monopole is determined by the sum of the external force ( ) extnF  acting on the 

particle and the inertia of the particle: 

( )
( ) ( ) 3 ( )(4 / 3) ( )

ext
n

n n n
p p l

d
a

dt
π ρ ρ= − − VF F  

(5.24) 

where the only external force ( ) extnF  acting on the suspending particles is the buoyancy 

force:  

3(4 / 3) ( )b p l pF aπ ρ ρ= − g  (5.25) 

The velocity of the particle, V , can be determined by a local average of the fluid velocity 

over the region occupied by the particle: 

( ) ( ) 3( ) ( , ) ( , )n nt t dσ= ∆ −�V u x x Y x  (5.26) 

The angular velocity of the particle, � , is calculated as  

( ) ( ) 31
( ) ( , ) ( , )

2
n nt t dσ ′= ∆ −�� � x x Y x  

(5.27) 
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where �  is the vorticity and the length scale σ ′  is   

( ) 3/1
6 π

σ pa
=′  

(5.28) 

 In addition, to prevent particles from overlapping each other domains or 

penetrating into the wall, an additional inter-particle and particle-wall repulsive force F′   

[27] is added to the force F  for each particle:  

)(

1

),()( nWN

nm
n

mnPn FFF +=′ 


≠
=

 (5.29) 

In Eq. (5.29) ( , )P n mF  represents the force exerted on the nth particle by the mth particle,  
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(5.30) 

where )()(),( mnmnd YY −=  is the distance between the centers of the nth and mth 

particles, and Pε is a small positive stiffness parameter. In Eq. (5.30), δ  is the force 

range, the distance between the surfaces of two particles at which the contact force is 

activated; and δ  is set to one mesh size in this chapter.  The particle-wall force ( )W nF  is 

modeled as the force between a particle and the imaginary particle located on the other 

side of the wall Γ  (see Figure 5.2): 
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(5.31) 
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where 
′−=′ )()()( nnnd YY  is the distance between the centers of the nth particle and the 

center of its mirror image, 
′)(nY  is the position of the imaginary particle, and wε  is the 

second stiffness parameter. The stiffness parameters are taken as 51015.8 −×=pε  m3 N-1 

and 2/pw εε = . 

 A hydrodynamic no-slip boundary condition is used at the inner surface of the 

applicator tube. At the inlet to the applicator a uniform, fully developed velocity profile is 

imposed, and specified by the inlet mean velocity, Umean. The flow in the applicator is 

assumed to be hydrodynamically fully developed at 0t = . The inlet velocity of the 

particle is calculated as a volume average of the fluid velocity in the volume occupied by 

the particle, as stated by Eq. (5.26).    

5.4 NUMERICAL PROCEDURE 

 Maxwell’ s equations (5.1)-(5.4) are solved by the FDTD method [28]. A non-

uniform structured mesh consisting of 1,236,000 cells in the electromagnetic domain is 

utilized. The time step for the electromagnetic solver obeys the stability condition [28]:  

2 2 2

1
1 1 1

t
c

X Y Z

∆ ≤
+ +

∆ ∆ ∆

 
(5.32) 

 An implicit time-integration scheme and the time marching procedure [29] are 

adopted to solve the continuity and momentum equations (5.18) and (5.19). At each time 

step, the continuity and momentum equations for the fluid phase are first solved in the 
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absence of particles. The continuity and momentum equations are then solved again with 

the particles’  source term. This procedure is repeated until convergence.  

 Energy equations (5.12) and (5.13) are discretized using a cell-centered finite 

volume approach and solved implicitly in the Cartesian coordinate system. The two 

energy equations are coupled by the boundary condition given by Eq. (5.16). At each 

time step, Eqs. (5.12) and (5.13) are solved iteratively until boundary condition (5.16) is 

satisfied. The rotation of the particles is taken into account by rotating the temperature 

field in each particle at every time step. Since microwave propagation is much faster than 

heat and mass transfer, different time steps of 1 1t ps∆ =  and 2 0.4t ms∆ =  are used for 

solving Maxwell’ s equations and heat and mass transfer equations, respectively.  

5.5 CODE VALIDATION 

 The validation of the computer code developed for this chapter consists of two 

sections: 1) validation of the hydrodynamic solver; and 2) validation of the 

electromagnetic solver.  

 To validate the hydrodynamic solution in the applicator pipe a well-known case of 

a spherical particle positioned in the center of a pipe is tested and the results are 

compared to published data. The test is performed for the following geometry. The 

diameter ratio of the particle and pipe is 0.1. The length of the pipe is twice its diameter. 

A hydrodynamic fully developed velocity profile is imposed at the inlet. With this 

geometry, the flow is closely approximated by an externally unbounded uniform flow 

past a sphere. The drag coefficient on a sphere, DC , defined by 
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1/ 2
D

D
s

F
C

U Aρ ∞

=  
(5.33) 

where DF  is the drag force,  U∞  is the mean flow velocity at the pipe entrance,  sA  is the 

projection area of a sphere, 2
paπ , is computed and compared with published data [30] for 

two particle Reynolds number, Re 10p =  and Re 100p = . The particle Reynolds number 

is defined by 

2
Re p

p

U a

ν
∞=  

(5.34) 

The algorithm for calculating the drag coefficient with the FCM method is described in 

[25]. Table 5.2 shows a comparison between predictions of the code and results published 

in [30]. The agreement in the value of the drag coefficient between published and 

computed results is within five percent.       

 The electromagnetic field in an empty rectangular waveguide is simulated to test 

the code’ s electromagnetic solver. The calculated results are compared with the analytical 

solution [21].  The waveguide is 30.5 cm in width (x-direction), 12.4 cm in height (y-

direction) and 116.7 cm in length (z-direction). The microwave is excited in the TE10 

mode [21] at a frequency of 915 MHz. Figure 5.3 provides a comparison of the numerical 

and analytical values of the E and H field components. Numerical results are in excellent 

agreement with the analytical solution.  
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5.6 RESULTS AND DISCUSSIONS 

 Table 5.3 summarizes the dielectric and thermal properties of the particles and the 

carrier liquid considered in this chapter. The particles are spherical with a diameter of 0.9 

cm. The flow in the applicator pipe is assumed to be initially hydrodynamically fully 

developed with a mean velocity of 6.0 cm/s. At t = 0, the particles are suddenly released 

at the inlet of the applicator. This makes the flow unsteady. The particles are released into 

the liquid periodically. During each period only one group of four particles is released. 

Total of twenty particles enter the applicator in five groups for each computed case. In 

each group, the four particles are released at different angular positions of 0θ = � , 

90θ = � , 180θ = � , and 270θ = �  respectively, and at the same radial position of 

0.67r cm= . The inlet positions of the particles are illustrated in Figure 5.1(b), where 

positions I, II, III, and IV correspond to the inlet positions of four particles in each group 

(e.g. the third particle in the second group is particle # 7 ( 4 2 1 7× − = ), and its inlet 

position is III).  

 A t = 0, the microwave energy is turned on. The initial temperature of the liquid, 

0lT , and the temperature in the free space outside the applicator, T∞ , are both set to 

20 C� . The temperature of the particles at the moment when they enter the applicator, 

0pT , is set to 20 C�  as well. It is assumed that there is no phase change in either the 

particles or the carrier liquid during the heating process.  

5.6.1 HYDRODYNAMIC FIELD 
 In this chapter, five groups of particles are released into the liquid periodically. 

Two cases, A and B, are simulated. The time interval between releasing two groups of 
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particles is 0.15 s for case A and 0.25 s for case B. The fluid flow in the applicator is 

initially fully developed, and then it changes because of the influence of the particles 

entering the applicator.  

 The flow field for case A is shown in Figure 4, where the velocity contour lines of 

the fluid axial velocity are given in 0θ = �  and 180�  planes. It is evident that the particles 

do not greatly modify the fully developed velocity profile in the beginning. This is 

because at the inlet the particle velocity is set to the average fluid velocity in the volume 

occupied by the particle, so the particle does not initially move relative to the fluid. As 

time progresses, the velocity of particles decreases due to the larger density of particles 

than that of the liquid, which increases the velocity difference between the particles and 

the liquid. 

 From Figure 5.4, it is evident that the distance between the first and second 

groups of particles is the largest and the distance between groups of particles gets smaller 

with every new group entering the applicator. The particles’  velocity is smaller than the 

velocity of the surrounding liquid, and the hydrodynamic wake is located downstream 

each particle.  The particles released earlier experience a reduced drag force because they 

are in the hydrodynamic wakes of the particles released later (the particles released later 

shield particles released earlier from a fluid drag). This results in the particles released 

earlier having smaller streamwise velocity than the particles released later. This leads to 

collisions between particles. It is evident (see Figure 5.4, t = 2.12) that the fully 

developed velocity profile is greatly distorted downstream the particles after particles’  

collisions. This is because particles are more spread out after collisions. It is also found 

that after a collision the positions of particles and the velocity field are not axisymmetric. 
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This is because the outcome of a collision of two particles is sensitive to the velocities 

and positions of the particles, and small disturbances (naturally modeled by numerical 

errors) result in different separation velocities and paths of the particles.   

 It is found that there are no collisions between particles in case B. This can be 

attributed to the longer time interval between releasing groups of particles in case B, 

which enlarges the initial distance between each group of particles. A comparison of the 

residence time of each particle for cases A and B is shown in Figure 5.5. It is evident that 

the residence time distribution is more scattered in case A than in case B, which is due to 

the influence of particle collisions.    

5.6.2 ELECTROMAGNETIC FIELD AND HEAT TRANSFER 
 Transient distributions of the microwave power density and temperature inside the 

applicator for case A are shown in Figure 5.6. After the particles enter the applicator, 

both the particles and the liquid are subjected to microwave irradiation. It is found that 

the region of high microwave power density is located in the central area of the 

applicator.  The power densities in the particles are different from that in the surrounding 

liquid because of different dielectric properties of the particles and the liquid. It is also 

found that the injection of particles does not modify the power density distributions in the 

liquid except in the vicinity of the particles.  A thermal wake is developed in front of each 

particle as the particle moves downstream the applicator, which is due to the increase of 

the velocity difference between the particle and the surrounding liquid. 

 Figure 5.7 shows the microwave power density and temperature distributions 

inside particles #15 and #19 in the planes corresponding to 0θ = �  and 180� . It is found 

that the power density inside the particles is greatly affected by the power density 
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distribution in the liquid. From Figures 5.6(a) and 5.7(a), it is evident that a region of 

higher power density occurs in the half of the particle which is closer to the centerline of 

the applicator. The power density inside a particle is high if the power density in the 

surrounding liquid is high (which is caused by high electromagnetic field intensity in this 

region).  The power density in particle #15 is higher as the particle is closer to the central 

area of the applicator; the power density decreases as the particle moves toward the wall 

of the applicator, which happens after the collision between particles #15 and # 19. Since 

particle #15 is pushed toward the central area of the applicator by particle #19, the power 

density inside particle #15 increases. This trend is consistent with the observation that the 

power density distribution in the liquid in the central portion of the applicator is the 

highest. It is found that the temperature distribution inside the particle does not exactly 

follow the power density distribution, which is attributed to the effects of particle rotation 

as well as convection heat transfer between the surface of the particle and the surrounding 

liquid.  

 The mean temperature of particles at the outlet of the applicator for cases A and B 

is shown in Figure 5.8(a). It is found that the mean particle temperature distribution is 

more scattered in case A. That is attributed to a wider residence time distribution of 

particles for case A. Distribution of the mean power density in the mixture that includes 

both the liquid and particles is shown in Figure 5.8(b). It is found that the mean power 

density increases as time progresses in the beginning, then the mean power density 

remains almost constant, and finally it decreases as the particles start leaving the 

applicator. This can be attributed to the higher loss tangent of the particles than that of the 

liquid. 
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5.6.3 EFFECT OF THE APPLICATOR POSITION IN THE MICROWAVE CAVITY 
 The effect of the applicator position on power density and temperature 

distributions in both the liquid and particles is studied for case B. Ten different locations 

of the applicator are investigated. The position with the applicator in the center of the 

microwave cavity is treated as the base case; other nine cases correspond to -11.6 cm, -

9.0 cm, -4.5 cm, +4.5 cm, +9.0 cm, and +11.6 cm applicator shift in the X-direction, and -

4.5 cm, -7.0 cm and -8.4 cm applicator shift in the Y-direction. Figure 5.9 shows the 

power density distribution at the outlet of the applicator for different applicator positions 

at t=0.5 s. It is evident that the power density decreases significantly as the applicator is 

shifted from the base case location in either X- or Y-direction. It is also found that as the 

applicator is shifted in the Y-direction, the symmetry of the power density distribution in 

the planes corresponding to 0θ = �  and 180�  breaks down, which does not happen if the 

applicator is displaced in the X-direction. This is because when the applicator is shifted 

away from the base position in the Y-direction, the symmetry of dielectric properties in 

the microwave cavity is broken, which distorts the electromagnetic field in the cavity. 

Figure 5.10 shows the electromagnetic filed in the plane located at 50% height of the 

microwave cavity perpendicular to the flow direction. It is evident that the 

electromagnetic field is not symmetric with respect to the X- axis. This results in the 

power density distribution in the applicator being asymmetric with respect to the planes 

corresponding to 0θ = �  and 180� . Since the electromagnetic field intensity is larger in 

the central area along the X-axis, as shown in Figure 5.10, the applicator shift away from 

the base position in the Y-direction significantly decreases the power absorption by the 

particulate flow in the applicator.  
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 The temperatures inside the particles are greatly affected by the power density 

distribution in the applicator and are quite sensitive to the variation of the applicator 

position. Table 5.4 shows the mean temperature of particles # 1 and # 3 at the moment of 

them leaving the applicator. It is found that in cases of the applicator shift in the X-

direction the mean temperature of particle #3 is higher than that of particle #1. For cases 

of the applicator shift in the Y-direction, the mean temperature of particle #1 is higher 

than that of particle #3. This is because the peak of the microwave power in the 

applicator occurs closer to the exposed surface of the applicator wall (for the definition of 

the exposed and unexposed surfaces see Figure 5.1(b)) when the applicator is shifted in 

the X-direction away from the base position, and particle #1 is closer to the exposed 

surface than particle #3. As the applicator is shifted in the Y-direction from the base 

position, the power peak occurs closer to the unexposed surface, and particle #3 is closer 

to the unexposed surface than particle #1. The inlet positions of particles #1 and #3 are 

illustrated in Figure 5.1(b).    

5.7 CONCLUSIONS 

 Continuous microwave heating of a non-Newtonian liquid that carries large solid 

particles as it passes through the applicator pipe is investigated using a three-dimensional 

model. The model takes into account hydrodynamic, thermal, and electromagnetic fields 

in the liquid and particles. The results reveal that the particles are mainly heated by the 

microwave irradiation and not so much by convection with the surrounding liquid as it 

happens in traditional heating methods. The power absorption in the particles is 

determined by dielectric properties of the particles and the power density distribution in 
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the liquid. More power absorption in the particle occurs if the particle’ s path is close to 

the area of the highest power density in the liquid. It is also found that collisions between 

particles make the group of particles spread out in the radial direction and result in 

widening the residence time distribution of the particles. The collisions also result in 

enlarging the difference in the power absorption by different particles.  It is also found 

that the power absorption in both the liquid and particles is greatly attenuated by shifting 

the applicator away from the center of the microwave cavity. Shifting the applicator 

affects the power density distribution in both the liquid and the particles.      
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Table 5.1 Geometric parameters of the microwave system. 

Symbol Description Value (cm) 

D 

AD 

PD 

CH 

WL 

WW 

WH1 

WH2 

TL 

IAD 

Applicator diameter 

Apogee distance of cavity 

Perigee distance of cavity 

Cavity and applicator height  

Waveguide length 

Waveguide width 

Waveguide height 1 

Waveguide height 2 

Total length of the system 

Distance between the incident 
plane and absorbing plane 

3.8 

20.5 

15.4 

12.5 

34.7 

24.4 

12.5 

5.1 

66.1 

2.7 

 

 

 

Table 5.2 Comparison of the drag coefficient, DC , predicted by the code with published 
data [30]. 

Case Re 10p =  Re 100p =  

Present  work 4.02 1.06 

Published 4.26 1.11 
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Table 5.3 Thermophysical and electromagnetic properties utilized in computations. 
12

0 8.85419 10ε −= ×  (F/m) 0.4radε =  

74.0 10µ π −= ×  (H/m) 85.67 10radσ −= ×  (W/(m2 4K⋅ )) 

20h =  (W/(m2 K⋅ )) 7000inP =  (W) 

377TEZ =  (�) 915f =  (MHz) 

0.47pk =  W/(m K⋅ )  0.57lk =  W/(m K⋅ )   

2500ppC =  J/(kg K⋅ ) 3944plC =  J/(kg K⋅ ) 

1069pρ =  kg/m3 1037lρ =  kg/m3 

68.4rε ′ =   (particles) 0.155 72.5r Tε ′ = − +   (liquid) 

tan 0.86δ =   (particles) tan 0.0034 0.18Tδ = +   (liquid) 

0.0059m =  Pa ns⋅  0.98n =  

 

 

Table 5.4 Particles’  mean temperature at the applicator outlet, C� .    

Applicator shift in the X-direction (cm) Base case Applicator shift in the 
Y-direction (cm) 

Particles 

-11.6  -9.0 -4.5 +4.5 +9.0 +11.6 no shift -4.5 -7.0 -8.4 

#1 23.0 25.7 52.0 29.4 23.0 22.0 71.7 80.8 49.8 33.6 

#3 54.1 57.1 78.1 72.3 49.1 39.6 68.8 25.3 25.2 24.9 
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(a) 

 
(b) 

 Figure 5.1 (a) Schematic diagram of the microwave system; (b) Basic arrangement for 
the particles inside the applicator. 
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Figure 5.2 Schematic diagram for calculating contact forces of the inter-particle and 
particle-wall collisions. 
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Figure 5.3 Comparison of numerical and analytical solutions for field components. Solid 
line: numerical solution;  circles: analytical solution.   
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         t = 0.004 s 
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         t = 2.12 s 

 
         t = 2.36 s 

 

 
         t = 2.72 s 

 

 

Figure 5.4 Contour lines of the axial velocity of the fluid flow in the planes 
corresponding to 0θ = �  and 180� .   
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Figure 5.5 Residence time distribution of the particles : (a) case A, (b) case B. 
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Figure 5.6 Transient distributions: (a) microwave power density, W/cm3, (b) temperature, 
C� . 
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Figure 5.7 Microwave power density and temperature distributions inside particles: (a) 
particle #15, (b) particle #19. 
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Figure 5.8 (a) Particles’  mean temperature at the outlet of the applicator, C� ; (b) Mean 
power density in the mixture of the liquid and the particles, W/cm3. 
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Figure 5.9 Power density distribution at the outlet of the applicator, W/cm3. 
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Figure 5.10 Distribution of electric field component, zE , (V/m): (a) base case; (b) +11.6 cm 
applicator shift in the X-direction; (c) – 7.0 cm applicator shift in the Y-direction. 
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6 CONCLUSIONS 

 This dissertation investigates heat transfer in liquids as they flow continuously in 

a duct that is subjected to microwave heating; microwave heating of a food particle or 

particles and carrier liquid as they flow continuously in a circular pipe. Mathematical 

modeling and numerical results are presented.  

6.1 REMARKS ON HEAT TRANSFER IN LIQUIDS AS THEY FLOW 
CONTINUOUSLY IN A DUCT THAT IS SUBJECTED TO MICROWAVE 
HEATING 

 Continuous processing of food is a promising alternative to traditional heating of 

liquid food in containers. During this process, liquid food flows in an applicator tube. 

When flow passes through the microwave cavity, the liquid absorbs microwave power 

and its temperature quickly increases. A 3D numerical model is set up for simulating heat 

transfer in a non-Newtonian liquid continuously flowing in an applicator that is subjected 

to microwave heating. The results reveal a complicated interaction between 

electromagnetic field and convection. The spatial variation of the electromagnetic field 

and temperature field was obtained by solving coupled momentum, energy and 

Maxwell’ s equations.  

 It is found that dielectric properties of the liquid determine the ability of the liquid 

to absorb the microwave energy; the geometry of the microwave system has great effect 

on the power absorption and distribution as well. Enlarging the size of the applicator 

increases the effective surface available to absorb the microwave energy, usually 

increases the power absorption in the liquid. However, beyond the critical size of the 

applicator, an opposite trend is observed. The critical size of the applicator depends on 
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the geometry of the resonant cavity and dielectric properties of the liquid flowing in the 

applicator. The microwave power absorption is also sensitive to the location of the 

applicator and the shape of the resonant cavity, which affect the microwave propagation 

and resonance.  

6.2 REMARKS ON MICROWAVE HEATING OF A FOOD PARTICLE OR 
MULTIPLE PARTICLES AND CARRIER LIQUID AS THEY FLOW 
CONTINUOUSLY IN A CIRCULAR PIPE  

 A three-dimensional model of microwave heating of a liquid carrying a single 

large particle or multiple large particles as it flows in the applicator subjected to 

microwave irradiation is proposed. The power absorption and temperature distributions in 

both the liquid and particles are investigated. The model takes into account 

hydrodynamic and thermal interactions between the particle and the carrier liquid. It is 

shown that the particle may get heated at a different rate than the carrier liquid. And the 

particle is mainly heated by the microwave irradiation and not so much by convection 

with the surrounding liquid as it happens in traditional heating methods. The results 

reveal that the power absorption in the particle is determined by the value of the loss 

tangents of the particle and the carrier liquid. The particle absorbs more microwave 

energy in a high loss liquid than in a low loss liquid. The power absorption in the liquid is 

also influenced by the particle. The power density distribution inside the particle is 

determined by the power distribution in the liquid. Depending on the radial positions of 

the particle at the inlet of the applicator, power absorption in the particle may differ 

significantly. The power absorption in the particle shows a strong dependence on the 

distance between the particle and the location of the power peak in the liquid. 
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 It is also found that collisions between particles make the group of particles 

spread out in the radial direction and result in widening the residence time distribution of 

the particles. The collisions also result in enlarging the difference in the power absorption 

by different particles.  It is also found that the power absorption in both the liquid and 

particles is greatly attenuated by shifting the applicator away from the center of the 

microwave cavity. Shifting the applicator affects the power density distribution in both 

the liquid and the particles.      

 

 

 

 

 

 

  

 

 

 

 


