ABSTRACT

JANA, KALIDAS. Canonical Correlations and Instrument Selection in Econometrics. (Un-

der the direction of Alastair R. Hall.)

This dissertation relates to three recent methods of instrument selection in econometrics,
namely, the Canonical Correlations Information Criterion (CCIC), the Relevant Moments
Selection Criterion (RMSC) and the approximate Mean Square Error Criterion (MSE).
Usual canonical correlations measure the degree of association between two random vectors
and provide the basis for construction of the CCIC. A new kind of canonical correlations
called Long Run Canonical Correlations (LRCC) has recently emerged in econometrics
and provides the basis for construction of the RMSC. Although the concept of LRCC has
emerged in the literature, methods of their estimation and inference have not been de-
veloped. Developing these methods constitutes the first chapter of the dissertation. In
addition, this chapter illustrates the usefulness of LRCC beyond their usefulness in rele-
vant moments selection for GMM models in dynamic nonlinear settings. In particular, it
demonstrates how LRCC can be used to develop econometric tests that play a role in (i)
structural stability testing, and (ii) exogeneity testing of regressors in time series models
where the regressors are nonstationary.

Although the properties of each of the above three methods of instrument selection
have been explored by their proponents, there have been no comparative studies of these
methods to date. The second chapter of this dissertation fills that gap.

The final and third chapter extends the statistical theory of the CCIC by considering
the case where the number of instruments tends to infinity at an appropriate rate as the
sample size tends to infinity. The importance of this extension stems from the fact that
this can lead to a further gain in efficiency of the estimator by systematically capturing all

relevant instruments from the growing candidate set.
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Chapter 1

Introduction

Ordinary Least Squares (OLS) estimation yields inconsistent estimators of parameters of
linear regression models where regressors are correlated with errors of the model. In such
models a popular method for obtaining consistent estimators is application of the Instru-
mental Variables (IV) method. To implement the IV method in practice, the researcher
must choose a set of instruments from a candidate set. Such choice has been informal
at best and fails to satisfy many of the now recognized desirable properties of instrument
selection. Recently, a number of instrument selection criteria has been proposed in the
literature to help guide a practitioner in this regard.

This dissertation relates to three among these proposed criteria, namely, the Canonical
Correlations Information Criterion (CCIC) of Hall and Peixe (2003), the Relevant Moments
Selection Criterion (RMSC) of Hall and Inoue (2003) and the approximate Mean Square
Error Criterion (MSE) of Donald and Newey (2001).

As the name suggests, at the heart of the Canonical Correlations Information Criterion
(CCIC) are canonical correlations. In the section below, we present a formal description of

these correlations.



1.1 Canonical Correlations

Cov(zt,zt)
’ \/Var(zt)\/(Var(zt) ’
proposed by Galton (1888) measures the degree of linear dependence between two random

known as the simple correlation coefficient

The standardized covariance

scalars xy and z;. The multiple correlation coefficient is a generalization of this idea and
measures the degree of linear association between a random scalar z; and a random vector
z¢. Canonical correlations proposed by Hotelling (1935, 1936) generalize this notion even
further to measure the degree of linear dependence between two random vectors.

More specifically, the multiple correlation coefficient chooses a weight vector « such that

Cov(zt,a’'zt)
r(xt)\/(Var(a’zt) ’

is maximum. Canonical correlations generalize this idea one step further by choosing weight

the correlation between the scalar z; and the linear combination o'z, NG
a

vectors o and (3 such that the correlations between the linear combinations o/x¢ and 'z,

Cov(a/x¢,3'zt)

\/Var(a’xt)\/(Var(,B’zt)
To elaborate the notions of canonical correlations a little further, let

are maximum.

Lt Exix, Exiz by by
v = px1 -~ N(O,EU), ¢>p, D, = t t _ TT Tz
2 Ezx, Ezz, Yoo Y.
gx1
Then define a pair of variables: (1 = ojzy,w; = [z such that p; = M%x Cov((1, w)
1,01
subject to Var(¢1) = Var(wi) = 1, that is, p1 = Max Cov(cajzy, [12) subject to

a1,61

Var(ajzy) = Var(Bz) = 1.
Now find another pair of variables: (o = al2$t,WQ = ﬁézt, whose elements are uncorre-

lated with the corresponding elements of the first pair, such that po = Maz Cov((2, wa)

2,02

subject to Cov((1,(2) = Cov(wi,wa) = Cov((1,w2) = Cov(Ca,w1) = 0, and Var((z) =

Var(we) = 1, that is, po = Max Cov(ahx, hz) subject to Cov(a)ze, abay)
2,02

= Cov(B1zt, Bhzt) = Cov(jxy, Bhzt) = Cov(abyay, B1z:) = 0, and Var(abay) = Var(Bhz) =
1, and so on. Thus, it is possible to decompose random vectors x; and z; into mutually inde-

pendent linear combinations of their elements displaying pairwise maximal correlations such

Cov(afx, Blzt)

VVar(aze)/Var(Bjz)’

that the quantities p; = i =1,...,p, are maximized subject to the re-
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strictions Cov(ajmt, alar) = Cov(Bizt, Bjz) = Cov(ajay, Bjz) = 0V i # j, and the normal-
izing conditions Var(ojz:) = Var(Biz:) = 1, i = 1, ..., p. The pairs (cfxy, Biz), i = 1,...,p
are called canonical variables and the correlations p;, ¢ = 1,...,p, are called canonical cor-
relations. It turns out that the canonical correlations can be obtained as square roots
of the ordered solutions of the generalized eigenvalue problem, that is, as square roots of
the ordered eigenvalues of the determinantal equation \EMZ‘Z_;EZI — AX.| = 0, that is,
pi = ﬁi, for Ay > Ay >,...,> A,. Canonical correlations are widely used in multivari-
ate statistics [Anderson (1984), ch.12; Dhrymes (1970), Ch. 2]. One of their principal
applications is in testing independence of random vectors.

Early use of canonical correlations in econometrics traces back to Sargan (1958). He
demonstrates that the asymptotic variance of the instrumental variables (IV) estimators
can be written as a function of the population canonical correlations between regressors
and instruments.

Recently, in the literature of Generalized Method of Moments (GMM) estimation (Hansen,
1982), canonical correlations have emerged to provide a natural metric for the purpose of
moment selection (Hall and Inoue, 2003). The latter has introduced the concept of long
run canonical correlations (LRCC).

To understand how canonical correlations arise in moment selection, we must first briefly

summarize the recent literature on moment selection, to which we now turn.

1.2 Canonical Correlations and Moment Selection

In many applications of interest where GMM estimation is appropriate, the underlying
economic/statistical model implies a candidate set of population moment conditions. In
deciding which elements of this set to choose for estimation, it has been a standard practice
to use the overidentifying restrictions tests. However, such practice suffers from repeated

testing problem, namely, the type I error of a given test in a sequence of tests will differ



from the significance level of the same test performed in isolation. This renders inference
suspect.

For inference about the parameters of the model based on “conventional” asymptotic
theory to hold, it is desirable for selected population moment conditions to satisfy four
conditions which Hall and Peixe (2003) refer to as (i) the identification condition: they be
satisfied at only one value in the parameter space; (ii) the orthogonality condition: this
value be the “true” parameter value, 6y say, implying that the selected population moment
conditions represent valid information; (iii) the efficiency condition: they minimize the
asymptotic variance of the estimator; and (iv) the non-redundancy condition: none of
the selected population moment conditions is redundant in the sense that the asymptotic
variance of the estimator increases if any element of the selected vector is excluded. All
these conditions impact directly on the asymptotic distribution theory of the estimator, Or
say, where T is the sample size, or on the adequacy of this theory as an approximation to
the finite sample behavior of the estimator.

In practice, it is impossible to verify a priori which elements of the candidate set
satisfy the four conditions enumerated above for any given data set. Instead, it is an
empirical matter. Hall and Peixe (2003) note that once the selection process becomes data
dependent, a fifth condition becomes important, a condition that the selection process must
not contaminate the asymptotic distribution theory of the estimator. So they introduce an
inference condition which requires that the asymptotic distribution of the estimator be the
same as if the selected moment conditions had been picked a priori. As already noted
above, the standard practice of applying overidentifying restrictions tests to choose from a
candidate set of moment conditions fails to satisfy this inference condition.

To remedy this problem, Andrews (1999) proposes an information criterion approach
that does not require repeated tests. He modifies the overidentifying restrictions test by
adding to the overidentifying restrictions test a bonus term that is a function of the number

of overidentifying restrictions. He provides a set of conditions under which his information



criterion satisfies the inference condition. But while his procedure satisfies the inference
condition, it suffers from a weakness. In terms of the other four conditions described above,
it can be recognized that Andrews’ (1999) method selects moment conditions on the basis of
the orthogonality condition because the latter is the null hypothesis of the overidentifying
restrictions test. But while this method weeds out any invalid moment conditions in the
candidate set, it makes no distinction between redundant and non-redundant moment con-
ditions. This can have a serious consequence. As demonstrated by Hall and Peixe (2003),
the use of this method can lead to the inclusion of redundant moment conditions which
in turn can cause asymptotic distribution theory to provide a poor approximation to the
finite sample behavior of the estimator.

To rectify the above problem, Hall and Peixe (2003) propose a method of moments
selection based on the combination of the efficiency and non-redundancy conditions. The
authors refer to this combination as the relevance condition. They focus exclusively on
the particular class of GMM models in which the population moment condition takes the
form E[ziut(0p)] = 0 where u,(.) is a scalar, possibly nonlinear function of a set of dynamic
random variables, z; is a vector of instruments and the asymptotic variance of the GMM
estimator is given by o2 { E[(Qus(00)/00) 2} B[22} "L E[2:(0ut(60)/060)'1} ~1. Because in most
cases of interest, uy(6p) is implied by the underlying economic model, the problem of moment
selection reduces to one of choosing a vector of instruments z; from a candidate set, Z, say.

Developing a method for selecting instruments based on relevance requires a suitable
metric for relevance. Hall and Peixe (2003) show that the population canonical correlations
between dut(0y)/00 and z; provide such a metric. This leads them to propose a canonical
correlations information criterion (CCIC) which is the sum of two parts: (i) a function of
the sample canonical correlations between ﬁut(éT) /00 and z;, where éT is a preliminary
estimator, and (ii) a penalty term which is a function of the number of overidentifying
restrictions. The selected instrument vector is then the choice which minimizes this crite-

rion. They provide regularity conditions under which this procedure satisfies the inference



condition stated above.

Just as Andrews’ (1999) method focuses on orthogonality and ignores relevance, Hall
and Peixe’s (2003) method focuses on relevance and ignores orthogonality. Because both
orthogonality and relevance are desirable properties of the selected instruments, intuition
suggests that a combination of the two methods should have the strength of both without
the weaknesses of either. Hall and Peixe (2003) verify this to be the case. While Hall
and Peixe’s results indicate that the sequence is inconsequential in terms of asymptotic
properties, their simulation results suggest that it is preferable to select instruments first
based on relevance and then based on orthogonality.

The relevance of the CCIC is limited to a particular class of GMM models as described
above. Hall and Inoue (2003) generalize the CCIC for the relevant instruments selection in
this special class of GMM models to the Relevant Moments Selection Criterion (RMSC) for
the entire class of GMM models in nonlinear dynamic setting. From this work a concept
of a new kind of canonical correlations has emerged. These canonical correlations have
been called long run canonical correlations (LRCC). Hall and Inoue (2003) show that the
asymptotic variance of the GMM estimator can be written in terms of the population
LRCC between population moment conditions used in estimation and the unknown true
score vector associated with the data. They exploit this result for the purpose of moment
selection. Hall and Inoue (2003) show that the log of the determinant of the asymptotic
variance matrix can be decomposed into two parts of which one depends on the LRCC and
the other equals the log of the determinant of the information matrix. This decomposition
of the asymptotic variance provides the basis for efficiency comparisons based on LRCC

without actually calculating the individual canonical correlations.



1.3 Contributions of this Dissertation

Although the concept of LRCC has originated in Hall and Inoue (2003), methods of their
estimation and inference have not been developed. Developing these methods constitutes
the first chapter of the dissertation. In addition, this chapter shows that the usefulness of
LRCC extends beyond moment selection. In particular, it demonstrates how LRCC can be
used to develop econometric tests that play a role in (i) structural stability testing, and (ii)
exogeneity testing of regressors in time series models where the regressors are nonstationary.

Hall and Peixe (2003), Hall and Inoue (2003), and Donald and Newey (2001) explore the
properties of their proposed methods. However, to date, there have been no comparative
studies of these methods. The second chapter of this dissertation fills that gap. To this end,
it (i) establishes a relation between contemporaneous and long run canonical correlations
in a linear simultaneous equations model, (ii) shows an analytical connection among the
CCIC, the RMSC and the MSE in the context of a simple linear IV model, and (iii) assesses
the relative performance of these three methods via a simulation study that investigates
the finite sample behavior of the post selection estimator of this simple linear IV model
by comparing median bias of the post selection estimator and coverage probability of 90%
confidence interval under the three criteria.

The final and third chapter extends the statistical theory of the CCIC by considering
the case in which the candidate set of instruments increases with the sample size. The
importance of this extension stems from the fact that it can lead to a further gain in
efficiency of the estimator by systematically capturing all relevant instruments from the

growing candidate set.



Chapter 2

Long Run Canonical Correlations:
Estimation, Inference and
Usefulness in Econometric

Analysis of Time Series

2.1 Introduction

In this chapter, we first present Hall and Inoue’s (2003) definition of LRCC. Then we
formally derive LRCC and present a lemma that is at the heart of Hall and Inoue’s (2003)
definition of redundancy of moment conditions. Next, we discuss methods of estimating
LRCC. To this end, we first establish a link between the concept of LRCC and that of
canonical coherence, which has previously been developed in the frequency domain analysis
of time series. Finally, we close this chapter by illustrating the usefulness of LRCC in

econometric analysis of time series, beyond their usefulness in moment selection.



2.2 Long Run Canonical Correlations

The short run, that is, contemporaneous canonical correlations between two random vectors
x¢ and z; are correlations between certain linear combinations of x; and z; which are chosen
to satisfy certain orthogonality and normalization constraints.

Hall and Inoue (2003) extend the concept of short run canonical correlations to capture
the association between the standardized sums X1 = T-1/2 Zthl zyand Zp = T-1/2 Zthl Zt.
They refer to the resulting statistics as the “long run” canonical correlations between x;
and z;. We present below their definition of LRCC.

Definition 2.2.1 Let x; and z; be p x 1 and q X 1, respectively, where q > p. Suppose that
T-1/2 Z?:l v 2 N(0,%,) where vy = (z,2,) and L, = limg_.oVar[T~/? 23:1 v s a

finite positive definite matrixz. Partition 3, as follows:

EZ‘LE EIZ

EZI ZZZ

using the obvious notation. The population long run canonical correlations between xy and z
are denoted by {pi;1=1,2,...,p}, where by convention p; > 0 fori=1,....p, and p; > pi+1
fori=1,2,...,p— 1, and have the following properties: (i) {p?} are the solutions to the
determinantal equation |S3, XY, — p?Yaz| = 0; (i3) {p?} are the p largest solutions to
the determinantal equation |¥,,5 1 5,. — p?2..| = 0; and (iii) p; = a;Emﬂi where o; and
Bi satisfy ($2:57) Sze — p*Saz)s = 0 and (322350 S0: — p°222)8; =0 fori=1,2,...,p.
1

It can be recognized that the only difference between the short run canonical correla-
tions and their long run counterpart lies in the form of the variance-covariance matrices

in the determinantal equation. Specifically, the short run canonical correlations are calcu-

lated using the contemporaneous variance-covariance matrices while the long run canonical

!’
'Recall that the linear combinations are chosen so as to normalize the variances to one, that is, o; Xz =

ﬁ;zzzﬁi =1.



correlations are calculated using the long run variance-covariance matrices.

Definition of long run canonical correlations is predicated on the existence of long run
variance-covariance matrices. Following Andrews (1991), we present a lemma that guar-
antees the existence of such matrices. However, because the lemma uses the concept of
a-mixing sequence, we define an a-mixing sequence first.

Definition 2.2.2 Suppose {v;} is a sequence of vectors defined on a common probability

space (Q, F, P). Denote for j >0,
a(j) = SUptSUPAeP_OO,Be]-‘fjj’P(A N B) — P(A)P(B)|

where Ft __ is the minimal o-field generated by vy, vi_1,... and FiX; is the minimal o-
field generated by viyj, Viqji1,.... Then {v} is called an o-mizing sequence with mizing
coefficient a(j) if lim;_—occ(j) = 0.
Thus, in essence, a-mixing is a notion of asymptotic independence. The mixing coefficient
a(j) measures the memory of the process. To be more precise, it measures how much
dependence exists between events separated by at least j time periods. With this preamble
on a-mixing, we are now ready for our desired lemma.
Lemma 2.2.1 Suppose {v:} is a mean zero, fourth order stationary a-mizing sequence of
random vectors. If supi>1E || vy [*'< 0o and P Pa()P D" < oo for somev > 1,
then 3772 supi>1E || vivpy; [[< oo and thus the long run variance-covariance matriz of
{v} exists and is uniformly bounded.
The condition on the mixing numbers in Lemma 2.2.1 is satisfied if they are of size —3v /(v —
1), ie., if a(j) = O(F~<3)/=1) for some € > 02.

In the next section, we formally derive long run canonical correlations.
Derivation of Long Run Canonical Correlations:
The derivation of the long run canonical correlations is similar to that of the contempo-

raneous canonical correlations [Rao (1973), p. 583]. The only difference is that here one

2{u:} is an a-mixing sequence of size —co if a(j) = O(j°) for some ¢ > co.

10



works with the vectors of standardized sums, X7 and Zr, instead of the original vectors x;
and z;. Thus, the long run canonical correlations and the long run canonical variates are

obtained as solutions to the following maximization problem:

COU(O‘,XT) ﬁ,ZT) O‘/Emzﬁ

Mazx = Mazx
a, \/Var(a’XT)\/Var(ﬁ’ZT) @ B \/alzxxa\/ﬂlzzzﬁ

In words, the objective is to choose p and ¢ dimensional vectors o and (3, respectively, such
that the correlation between the linear combinations o/ X7 and 3'Zr is maximum. The
maximand clearly is homogeneous of degree zero in o and . Thus if aig and [y are a solution
to the above problem, then so are ciag and ¢y for arbitrary ¢; and co. To eliminate this

scale indeterminacy and achieve a unique solution, one imposes the normalizing conditions:
Var(d'Xr) = o/Sppa =1,
Var(8Zr) = 3'S,.0=1.

Then the problem is to maximize o’%,.3 subject to o/, = 1 and #'Y..8 = 1. Hence

the Lagrangean is:

L=d%,.0— %(a’zma -1) - %(ﬁ’&zﬂ —-1)

where \; and Ay are Lagrangean multipliers. Differentiating the Lagrangean with respect

to a and [ and setting them equal to zero yields

YeB— Mgz =0, (221)
Sape — Ao, = 0. (2.2.2)
Premultiplying (2.2.1) by ' yields o/¥,.8 = A1 and premultiplying (2.2.2) by 3 yields
B'Y..a = \o. Again, 3.« is a scalar and hence equal to its transpose. Thus 3’2, =
'Y, = Mo. Therefore, \; = A3 = p, say. Premultiplying (2.2.1) by ¥,,¥! and by
adding it to to p times (2.2.2), gives
Zzzzgl}zxzﬁ - pzszé + pzzma - p22zzﬁ =0
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or,

(2228718, — p?%..)3 = 0. (2.2.3)

Thus p? is an eigenvalue and [ is the corresponding eigenvector obtained from the deter-

minantal equation

13518, — p?2..| = 0. (2.2.4)
Let p2,..., pg be the eigenvalues and (31, ..., 3, the corresponding eigenvectors. Further, let
B = (f1,...,0y). Then by the theorem of simultaneous diagonalization of square matrices,

B'S..B=1 or, ¥,,=B"'B7 !
(2.2.5)
B'Y., Y 1%,.B=Ry or, ¥.,X.1%,.=B"'R,B7,

where Ry is the diagonal matrix of eigenvalues p?, ..., ,03. Similarly, we obtain the deter-
minantal equation

12021 — P20 =0 (2.2.6)

with eigenvalues p?, ... ,,01122 and corresponding eigenvectors o, . .., ap. The non-zero eigen-
values of (2.2.4) and (2.2.6) are the same. The multiplicity of zero roots is however different

in the two cases. If A and Ry correspond to B and Rs in (2.2.5), then

A'S A=1 or, Y =A 1AL
(2.2.7)
A Y18, A=Ry or, $.5 '8, =A"TR AT

The non-zero roots p; > p2 >,... are the long run canonical correlations and the linear
combinations

P, G a;XT and (1 Zr,..., @;ZT

are the long run canonical variates. W
Next, collecting above results we present a lemma that is at the heart of Hall and Inoue’s
(2003) construction of RMSC.

Lemma 2.2.2 Let o; be the it" column of A and B; be the it" column of B, where A and

12



B are, respectively, matrices of generalized eigenvectors corresponding to the determinantal

equations (2.2.6) and (2.2.4) above. Then the following identities hold:
r—1 1
Yo = A A )
Seyily, = AT R2AC
where R = diag(p1, p2,. .., Pp)-

Proof of Lemma 2.2.2 We begin by noting that the matrices A and B reduce the dis-

persion matrix of the transformed variables (A’ X7, B'Zr) to the simpler form:

Iy Rpxq
R, I

where I, and I, are unit matrices of order p and g, respectively, and R,y is a p X ¢ matrix
with first k& = rank(X,,) diagonal elements as p1, ..., pr and the rest of the elements zero.

That the above simplification holds can be seen as follows. We know

A Xp A'¥.. A AY,..B
Var =

B/ Zr B'Y,,A B'Y..B

Now the terms on the main diagonal are, respectively, A'¥;;A = I, from (2.2.7) and
B'Y..B = I, from (2.2.5). To determine the off-diagonal terms, consider the i-th equation
of (2.2.1):
Y2 = piXigacu.
Premultiplying by o, we have
X020 = piciSaaai = p;.

Premultiplying by o, we have

agzxzﬁi = piagzxxai =0.
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Therefore,

 Bq)

0/1 EazzﬁS
O/QE:EZQS
agzxzﬂ?)

0[2;21‘253

a;;2$zﬂ3

A'Y,.B

A lzxz B == (041,042,...7041;)/ sz (/817ﬁ27"'a/6q)
(pxp) (pxq)(a%xq)
oy
oy
= ) Ea:z (ﬁlvﬂ?r--
@
0/1 Ea:zﬂl 0/1 EIZﬂZ
O/szzﬂl 0/2250,252
O‘ézxzﬂl aézxzﬁ2
a;cgaczﬂl O‘;gza:zﬁQ
agzxzﬁl O[;;EszQ
o 00 0
0 py O 0
0 0 ps 0
0 0 0 o
0 0 O 0
= R
(pxq)
Hence,
A Xp A'Y A
Var =
B'Zp By, A

B'Y..B

0/1 E:):zﬂk
O/szzﬁk
aézxzﬁk

akzxzﬁk

Q;Exzﬂk

all Exzﬁk—l—l
a/2 Exzﬂk—l—l
OZ% Exzﬂk—l—l

a%; Exzﬁk:—s—l

/
apzxzﬁk—i-l

0/1 szﬁq
0/2 szﬁq

Oéézxzﬁq

akzxzﬁq

agzxzﬂq

(2.2.8)

From A’Y,,A = I and B'S,.B = I, it follows, respectively, that £,, = A’""'A~! and
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Y., = B'""'B7!. Again from A’Y,.B = R, it follows that X,, = (A")"'R(B)~!. Therefore,

we have

Y208 = (A)'R(BYBB/(BTVR' AT
= A7'R(B7'B)(BT'BYR'A™)

= A7'RRIA'=A"'R?A"'. 1

2.3 Estimation of Long Run Canonical Correlations

Because the long run canonical correlations are solutions to a generalized eigenvalue prob-
lem where the determinantal equation involves long run variance-covariance matrices, one
obvious first step in estimating the LRCC is to obtain consistent estimators XAJM, f)zz and
izz of the long run variance-covariance matrices .., Y., and X.,, then to solve the gen-
eralized eigenvalue problem by replacing the population variance-covariance matrices by
their estimated values. Or, equivalently, as part (iii) of Definition 1 suggests, the LRCC
can be estimated as p; = o;;iixzﬁi, which is the positive square root of the i-th generalized
eigenvalue, where a; and Bl are the corresponding i-th generalized eigenvectors satisfying
(f]xzflgzlizx—pQEDxx)di = 0and (izxigxlim—inzz)Bi =0fori=1,2,...,p, and Sz, Sas
and f)m are consistent estimators, respectively, of ¥,.,%,, and ..

Which ever of the above two alternative methods one adopts, the first step involves
estimation of the long run variance-covariance matrices ¥;;, (4, j = x, z) which are given by
the sum of variance-covariance matrices at lags s ranging from —oo to +oo:

oo
S =Y Tij(s).
s=—00
However, in practice, sample size T is finite. So it is instructive to estimate the sum by
truncating it at a finite lag s = T' — 1 since with T" observations one can estimate at most

T — 1 autocovariances. Thus one could obtain the estimated long run variance-covariance
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matrices as:

where

T
. . ,
Yij(s) =T E ViU
t=s+1
are the autocovariance matrices at lag s. Such estimators, however, have two undesirable

features. One is that if true autocovariances at arbitrarily large lags are non-zero, in finite
samples, such estimators need not be consistent. The reason being that the larger is the
autocovariance lag s, the smaller is the number of observations available to estimate them.
The second undesirable feature is that such estimators can fail, in finite samples, to be
positive semidefinite.

In time series models, where the data exhibit heteroscedasticity and autocorrelation
of unknown form, one popular class ? that overcomes the above mentioned problems and
delivers consistent estimators of the long run variance-covariance matrices is known as
the Heteroscedasticity and Autocorrelation Consistent Covariance (HACC) estimator. The
estimators belonging to this class are called kernel HACC estimators. The kernels, by
assigning appropriately declining weights to autocovariances at distant lags, yield consistent

and positive semidefinite estimators. These estimators take the form

(T-1) )
s=—(T—1) T

where k(.) is a “kernel” or “lag window generator” that belongs to the set K given by
K={k(): R~ [-1,1] | kK(0) =1, k(z) = k(—x) Vx € R,

/ |k(x)| do < 0o, k(.) is continuous at 0 and at all

—0o0
but a finite number of other points}.
The conditions k£(0) = 1 and k(.) is continuous at 0 ensure that the variance-covariance

matrices estimated at lag zero receive weight equal to one and at lags near zero weights

3(see Andrews, 1991)

16



close to one. Finally, M7 is a “window” or “bandwidth parameter” that depends on T
and stretches or contracts the window, and hence is also known as a “scale parameter”.
If k(x) = 0 for |z| > 1 and k(z) # 0 for some |z| arbitrarily close to 1, then My is also
referred to as the “lag truncation parameter”, because lags of order s > Mp are assigned
weight zero.

Two kernels, among others, that are widely used econometrics and are members of the

above class IC, are the following:

1—Jz| for|z|] <1,

Bartlett: kpr(z) =
0 for |z| > 1.
1—62%+6|z|> for 0 <|z| <1/2,
Parzen: kpr(z) = 2(1 — |z|)? for 1/2 < |z| <1,

0 for |z| > 1.

The use of the Bartlett kernel was introduced by Newey and West (1987) and that of
the Parzen kernel was introduced by by Gallant (1987, p. 533). Consistency of f)ij under

these kernels requires the bandwidths go to infinity as a power of the sample size:
My — oo as T — oo, and My = o(T/?).

In the next section, we show a connection between LRCC and canonical coherences that

have previously been developed in the frequency domain analysis of time series.

2.4 Link between LRCC and Canonical Coherences

Canonical coherences in the frequency domain are defined similarly as the canonical cor-
relations in the time domain. The only difference is that they are the solutions of the

determinantal equation where the variance-covariance matrices are replaced by their corre-

17



sponding spectral- and cross-spectral density matrices. 4

Proposition 2.4.1 In addition to Assumption 1, let z; and z; be covaraince stationary
time series with covariance function that satisfies > |h|y(h)| = L < co. Then canonical
correlations between Xp and Zp, that is, LRCC between x; and z; are equal to canonical
coherences between xy and z; at frequency zero.

Proof of Proposition 2.4.1:
EXrXy EXrZyp

We note that ¥, = limp_ Var()z(g) = limyr_ , ,
EZr Xy EZpZ.
Now,
X2 XirXor oo XirXpr
, XorXar X3, o Xor Xpr
EXTXT — E
XprXar XprXor - X]?T
Again,
T T T T
EX{r = B0 s 21 1 = T 2 2 jo1 Brazj
T T , T-1 T—|h
= %Zt:l 21 Yeran (B —J) = h=—(T—1) #’lexl(h)-

Then by Kronecker’s Lemma (Lemma 3.1.4, Fuller, 1996, p. 126),

oo EXTr = 32570 oo Yara (h).
Now following (4.1.2) of Fuller (1996, p. 144), the spectral density of 21 at frequency w is:
1 =
forar (W) = o eilWh'Yanm (h).

=—00

This implies
1 (o]
f-TliUl (0) = % Z RETES (h)7
h=—00

which, in turn, implies

Z RETES (h) =27 fuyy (0).

h=—o00

“See Hannan (1970) [Theorem 14, p. 299]
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Thus, lim7_ o EX12T = 27 fu,4,(0), where fu,4,(0) denotes spectral density of xz; at fre-
quency zero.

Similarly,

EXi7Xor = 3 1—1 Y1y Brpaj

= 2 Y Y (= 5) = Xl T ey (1)

and by Kronecker’s Lemma,

limr oo EX17Xor = Y72 Var2o(R). Then from cross-spectral density at frequency

1 [ee]

fl“lsz (w) = % e_iWh7x1$2 (h)

=—00

we have
1 oo
fxlévz (0) = % h_z_ VYz1z2 (h)

from which it follows that
o0

Z /7171‘%2(]7/) =27 f2129 (0)

h=—o00

Thus, limp_o EX17Xor = 27 f4,2,(0), where f,,.,(0) denotes cross-spectral density of 1
and xy at frequency zero.

Proceeding in a like manner, we have

ffcwl(o) fmﬂm(o) fﬂclz’p(o)

lim EX7p X, = S = 27 :v2m1( ) :c2m2( ) :l‘gxp( )

T—o0

= 27 f12(0).

fmpam(O) fmpmg(o) fmpa:p<0)

Similarly,
Jim EX7Zp = S = 27 f2.(0); Jim EZrXp = ., = 27f..(0); and

lim EZrZy = Y., = 2nf..(0).

T—o0
Thus,
Yoz Yz TT Tz
5, = . O £e0) ) _ 27 £,(0).
Yow Mz fzm(o) fzz(o)
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Therefore, the long run variance-covariance matrices are equal to a constant 27 times the
corresponding spectral and cross-spectral density matrices at frequency zero. Hence the
solutions of the determinantal equation |21222_le2$ — ,02 Y.z| = 0 are identical to those of
the determinantal equation | f,.(0) £} (0) f.2(0) — p? f2=(0)| = 0, that is, long run canonical

correlations are equal to canonical coherences at frequency zero. M

2.5 Usefulness of LRCC in Econometric Analysis of Time

Series

Hall and Inoue (2003) show how LRCC provide a metric for the purpose of relevant moments
selection in Generalized Method of Moments (GMM) models (Hansen, 1982) in dynamic
nonlinear settings. Usefulness of this metric derives from the fact that moments selected
on the basis of this metric yields the most efficient GMM estimator. The objective of this

section is to illustrate further usefulness of LRCC in econometric analysis of time series.

2.5.1 Structural Stability Testing

One intriguing area of econometric testing is structural stability testing. Andrews and
Fair (1988), Ghysels and Hall (1990a, b), Hall and Sen (1999), among others, develop such
tests. These tests assume that subsamples on either side of the break are asymptotically
independent. Here we show how this can be expressed as a hypothesis about the LRCC
between the subsamples.

As an illustrative example, suppose that v; is a k X 1 vector of random variables and

that we are interested in testing the null hypothesis

Hy:Ew)l=m=np, Vt
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against the alternative hypothesis

Hy:Elv] = i, t<][0.57]

= 2, t > [0.5T]

where [0.57] denotes the integer part of 0.57. Thus we are interested in testing constancy
of the mean throughout the sample against a break midway through the sample. This is
an example of structural stability testing where the break point is fized.

Following Andrews and Fair (1988) this can be tested using the Wald statisitc

N R -1
) ) M7 Qo 7 . .
Wr=T - ! : : - 2.5.1
T (/’LI,T MQ,T) ([05T]/T + 1_— [05T]/T> (MI,T MQ,T) ( )
where
1 [0.5T7]
i = m ; Ut,
1 T
for = T v,
[0.57] t:[o.ZE);]H

T—-1 .
~ VA ~ A/
My = Tiog+ z; k(T){FM +T,:}
1=

T—1 .
~ 7 ~ A/
Qo = Too+ 21 k(f){rz,i + 19}
=

.
I, = 057 Z (v = 1) (Ve—i — f1,7)
t=1+1
. T
I'y; = 057 Z (vt — fi,7)(ve—i — flo,1)

t=[0.5T)++i+1
and k(.) is a kernel giving desired weights to the autocovariance matrices I'y ;, IA“/M, fgﬂ‘ and
Ly

Andrews and Fair (1988) show that under Hy : Efvy] = pp = p, vt the Wald statistic

Wr 5 X2. Their conditions imply that

0.57] /2 04T, Vir 1 T 0
[ ] t=1 Ut _ : Dy H ’ 0.5 (2.5.2)
[0.5T]_1/2 Z?:[O.E]T}-"-l Ut ‘/2,T lu2 0 %

21



which, in turn, implies that
lim CO’U(VLT, ‘/Q,T) =0. (2.5.3)
T—oo

To see the above result, we modify the definition of LRCC to conform it to the structural

stability testing framework. Let

Xp(r) = T2y g,

px1
Zp(m) =T/ Zth[nTHl ts
gx1
and m = min(p, q). Further, let
Xr()
Vr(m) = ,
Zr(r)
and
Yoz(m) Xpa(m)
Yo(m) = limp_o Var(Vp(r)) = limp_o

Yoa(m) X..(m)

Then LRCC'’s for fraction 7, denoted p;(7), i = 1,2,3,..., m, where by convention p;(m) >
0, i =1,2,3,...,m, and p;(7) > piy1(n) for i = 1,2,3,...,m — 1, are such that {p?(n)}

are the m largest solutions to | Y. ()21 (1) E..(7) — p?(7)Bee ()| = 0.

zZ
Next, we show that the LRCC’s must be zero if T—1/2 Elji] x; satisfies FCLT. To
establish this result, set x; = z; and assume that Xp(7) = Z}vépr(ﬂ'), where (a) 2%22}042 =
Y22(1), and (b) By(m) is a p-vector Brownian motion. Then, by the property of the vector

Brownian motion [Hamilton (1994), p. 544], it follows that

Yox(m) = lim Cov[Xp(m), Xr(1) — Xp(m)]

T—o0
= O,
PXP
implying that p?(7) = 0 Vi.
Thus, using the definition of LRCC, it can be seen that (2.5.3) is equivalent to the re-

striction that p; = 0 for i = 1,2,--- , k, where {p;}¥_, are the LRCC between {vt}ﬁ?ﬂ and
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{vt}tT=[0.5T] 41~ This suggests that asymptotic independence of subsamples can be tested by
conducting a test of zero LRCC between subsamples. This, in turn, by virtue of Propo-
sition 2.4.1, is equivalent to a test of zero canonical coherence at frequency zero between
subsamples.

To simplify matters, in what follows, we set £k = 1 and so v; is now a scalar random
variable. This reduces canonical coherences at frequency zero between two subsamples of
]

. 0.5T
random vectors to a simple coherence at frequency zero between two subsamples {Ut}1[5:1

and {Ut}f:[oﬁT] 41 of scalar random variables:

f12(0)
f11(0)+/ f22(0)

where p12(.) denotes coherence between subsamples {vt}}&?ﬂ and {Ut}tT:[o.E)T] 41» f12(0) de-
]

p12(0) =

notes cross-spectral density between subsamples {vt}}ffiT and {Ut}tT:[o.sT] 41> fu1(.) denotes

spectral density of subsample {vt}ﬁ?ﬂ, and fo2(.) denotes spectral density of subsample
{Ut}rir:[O.ST]-&-l'
The population coherence p12(.) can be consistently estimated by the sample coherence:
f12(0)
F11(0)1/ f22(0)

where the hats denote consistent estimates of the corresponding population quantities.

p12(0) =

Exploiting conditions of Theorem 11 of Hannan [1970, pp. 288-289] and Proposition A.1.
of Hall and Inoue (2003), it follows from Hannan [1970, p. 290] that, under Hy : p12(0) = 0,

N D
p12(0)* = X7

[CIIAN

where v, given in Hannan [1970, p. 281 and Table 1, p. 282], is the equivalent number of
degrees of freedom of relevant spectral and cross-spectral density estimators. We call these
tests Hannan tests.

We also consider LR test inspired by Hannan [1970, pp. 299-306]. Under Hj : p12(0) =

v .
—g nfl - P12(0)2] 2 3.
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The formula for the equivalent degrees of freedom, v, for the Bartlett kernel is: v = 3T'/Mr,
and for the Parzen kernel is: v = 3.7097"/Mr.

In the following section, we conduct a simulation study to explore the finite sample
performance of the three statistics: the Wald statistic W for structural stability testing;
Hannan statistic § p12(0)? and LR statistic —% In[1—p12(0)?] for pre-testing the assumption
of the Wald structural stability testing, that is, for pre-testing the assumption of asymptotic

independence of subsamples.

2.5.2 Simulation Design for Hannan and LR Tests of Persistence and

Wald Test of Structural Stability

In this section, we simulate data from a time series model following AR(1) scheme:
v =0v_q+e, t=1,2---.T (2.5.4)
where e; ~ N(0, 1) and the autoregressive parameter # is generated as in Phillips (1987) by
0 = exp(cr/T), (—o0 < er < o0) (2.5.5)

where T’ is the sample size and cr is a noncentrality parameter. The noncentrallity param-
eter ¢y measures deviations of the model from the unit root process. When ¢y = 0, the
model is unit root. When ¢p < 0 and T is finite, 0 < 8 < 1 and the model is stationary
AR(1). When ¢y > 0 and T is finite, # > 1 and the model is explosive. When ¢y — 0 and
so 0 — 1 as T — oo, the model is described as having a root that is local to unity.

We are interested in exploring the effectiveness of the Hannan and LR tests in screening
out cases where the data are too persistent to allow asymptotic independence of subsamples,
thereby rendering the Wald test of structural stability invalid. With this objective in mind,
we choose values of noncentrality parameter ¢ that generate the corresponding persistence
parameter § = 0.10, 0.25, 0.50, 0.75, 0.80, 0.85, 0.90, 0.95 and 1.00. We set the sample

size T' = 50, 100, 250, 500 and 1000. We use two kernels: Bartlett and Parzen. For the
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Bartlett kernel, the values of the bandwidth chosen corresponding to the above values of T'
are, respectively, 3, 4, 6, 7 and 9. For the Parzen kernel, the corresponding values of the
bandwidth chosen are, respectively, 4, 6, 8, 10 and 12.

We also conduct the above tests for the above five values of T' for the near-integrated
case. To this end, we set the values of the non-centrality parameter: cp = -8.1259465,
-5.2680258 and -2.5646647, that start us, respectively, at 8 = exp(cp/T) = 0.85, 0.90 and
0.95 for T' = 50. Thus, given each value of cp, as T gets bigger and bigger, 6 gets closer
and closer to one, thereby generating a near-integrated process.

The above tests are first conducted without prewhitening and recoloring. Then they
are conducted with prewhitening and recoloring along the lines of Andrews and Monahan
(1992). For this purpose, we first estimate the AR(1) model given by (2.5.4) to obtain 6

and then filter the series to give w; = vy — Qv;_1, where

0.97 if 6> 0.97,
0= 6  if|d <0.97,

—0.97 if6<0.97.

We then estimate the long-run variance of the prewhitened series wy, call this 62, by an
HACC estimator. Finally, we apply recoloring to this HACC estimate to obtain our desired
estimate of the long-run variance as 62/(1 — §)2.

We note that if vg = 0 and § = 1, then the data generating scheme is a unit root process
and v, = Y!_, e;, and by Functional Central Limit Theorem, 7~ /2 Zyg] e; = B(m), where

B(m) ~ N(0,7), is a standardized Wiener or Brownian motion process for 0 < 7 < 1.
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Therefore, T~/2v; = B(r) for [xT] = t. Then

1 [0.5T) ] T [0 5T i ] T
e Z V¢ e Z V¢ = T2 — Z T 1/2Ut — Z T71/2’Ut
vT t=1 \/Tt:[o.5T]+1 ] _T t=[0.5T]+1
[o 5T] [0 5T

- 72| Z T—1/2Ut *ZT_I/QW Z T-1/2,

= T2/ [/ B(r)dr — 0053( )d} (2.5.6)

where we have used Lemma 1(a) of Phillips (1986) to obtain 73/ ,[&?T] v = f00‘5 B(r)dr
and T—3/2 Zt LV = fo r)dr where “ = 7 denotes Weak Convergence of probability
measures.

From (2.5.6) it follows that, with probability one, lzm Cov \F Z[O ST, % Zf:[o.sT] I vt]
diverges to oo at rate T2. Thus, under unit root situations, as 7 — oo, the asymptotic
covariance between subsamples grows without bound. Therefore, the assumption of asymp-
totic independence is invalid, and hence, use of the Wald test of structural stability is

misleading.

2.5.3 Simulation Results of Hannan and LR Tests of Persistence and

Wald Test of Structural Stability

The simulation results are presented in Tables 2.1-2.24. Tables 2.1-2.6 furnish results for
AR(1) and unit root case without using prewhitening and recoloring. Tables 2.7-2.12 give
results for the near-integrated case without prewhitening and recoloring. Tables 2.13-2.18
and Tables 2.19-2.24, respectively, provide results corresponding to the above cases but
using prewhitening and recoloring. The results show the empirical size of the test when the
nominal size is 5%. All results are computed using 10,000 simulations.

Inspection of results in Tables 2.1-2.2 reveals a clear pattern in the empirical size of
the Hannan test: as the value of the persistence parameter 6 increases, even when it stays

below one, the empirical size increases, that is, the test becomes more and more oversized.
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When the unit root in 6 is reached, the time series process becomes nonstationary and the
empirical size of the test increases significantly as we would expect since the null hypothesis
of zero coherence between subsamples is now false.

The results in Tables 2.3-2.4 for the LR test show a pattern in the empirical size similar
to that of the Hannan test. Such similarity in results, however, should come as no surprise
since the LR statistic —% In[1 — p12(0)?] and the Hannan statistic 4 p12(0)? constitute a
one-to-one mapping.

The results in Tables 2.5-2.6 clearly show that the Wald test rejects the null (truth)
of no structural break too often: the empirical probability of rejecting the null increases
significantly with the increase in the persistence in data. This corroborates our claim that
inference based on Wald test of structural stability is misleading when data are persistent.

Corresponding results for the near-integrated case presented in Tables 2.7-2.12 lead to
similar conclusions as above. Tables 2.7-2.10 clearly show that the Hannan and LR test
of persistence perform nicely and Tables 2.11-2.12 provide evidence that the Wald test of
structural stability is misleading when the time series is near-integrated.

However, as results in Tables 2.13-2.24 reveal, the picture changes dramatically when
prewhitening and recoloring is used. Tables 2.13-2.18 show that the empirical size of all
three tests, namely, the Hannan and LR tests of persistence as well as the Wald test of
structural stability for AR(1) and unit root case is close to the nominal size of 5%, other
than for large sample sizes in the unit root case. Similarly, the results for the near-integrated
case using prewhitening and recoloring, furnished in Tables 2.19-2.24, yield empirical size
of the test contrary to what we would expect and thus indicating a deterioration in the
performance of the Hannan and LR test of persistence when prewhitening and recoloring

is used.
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2.5.4 Exogeneity Testing of Regressors in a Cointegration Model

In this section, we illustrate yet another use of LRCC. It is how testing exogeneity of
integrated regessors can also be reduced to testing hypothesis about LRCC. Following

Wooldridge (1994, Handbook of Econometrics, Vol. 4, p. 2713) consider the linear model

yt:a0+x; ﬁO"—utv t:1>27"'7 (257)
1x1 1x1 1xkkx1 1x1

where u; is an I(0), zero-mean process, and the regressor vector x; is an I(1) process:

Ty =T—1+ v, (2.5.8)
kx1 kx1 kx1

where v; is an I(0), zero-mean process, and there are no cointegrating relations among the
x¢ (zo is an arbitrary random vector).
Let {w; = (ug,v})'} be a (1 + k) x 1 strictly stationary, weakly dependent stochastic

process with zero mean and finite second moments. Define

Y = E(wwy), A= ZE(wth,S),

s=1
and
/ , ~1/2 4 Qu Oy
QO=X+A+AN = lim Var |T Zwt =
T—o0

t=1 Qo1 Qoo
Note that

o0

221 = E(vtut), A21 = ZE(UtUt,S),

s=1

and

Aoy = o1 + Ao

The model specified by (2.5.7) and (2.5.8) imply that y; and x; are cointegrated, and
because the coefficient on g is normalized to unity, there is only one cointegrating vector.

The parameters ag and [y can be estimated by OLS regression of

yeonl,xe, t=1,---,T.
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Using Lemma 11.1 of Wooldridge 1994, Handbook Vol. 4, p. 2714, Park and Phillips (1988)

derive the limiting distribution of T (BT — Bo):

(- 2 [ ' Ba(r) Balr) ()] h Ji Bo)dBur)+ Am |, (259

where Bs denotes the demeaned process Bo, that is, for each 0 < r < 1,

Ba(r) = Ba(r) — /0 " By(s)ds (2.5.10)
where Bj(r) and Ba(r) are independent Brownian motions of dimension 1 and k, respec-
tively, with variance matrices €17 and 9. The integral fol Eg(r)’ dBi(r) is a vector of
stochastic integrals with respect to the univariate Brownian motion Bj(r) and the matrix
fol Bg(r)’ ég(’l“) d(r) is a quadratic functional of the demeaned vector Brownian motion
ég (r) and is nonsingular with probability one.

The limiting distribution (2.5.9) depends, in an intractable way, on the nuisance parame-
ters Q91 and Ay;. However, there is one case where this limiting distribution is independent
of the nuisance parameters, namely, the case where the regressors are strictly exogenous in
the sense that

E(Azjus) =0, Vtands. (2.5.11)

The above condition implies that Aoy = Q91 = 0, so that the long run variance-covariance

matrix of the (1 + k) x 1 vector wy = (u¢, v;) becomes block-diagonal:

T Q Qf Q 0
T2y wt] T I . (2.5.12)
t=1 Qo1 Q2 0 Qo

Q=X+A+A = lim Var

—00

Using the definition of LRCC, it can be seen again that this condition is equivalent to
the restriction that p = 0, where p is the LRCC between {u;} and {v;}. Thus test of
exogeneity is reduced to a test of zero LRCC between two error processes. This, in turn,
again by the virtue of Proposition 1, is equivalent to a test of zero canonical coherence at

frequency zero between the error processes. Because in the model under consideration, the
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long run correlation concerns correlation between a scalar and a vector, the test becomes a
test of zero long run multiple correlation and as a corollary of Proposition 2.4.1, it becomes

equivalent to a test of zero multiple coherence at frequency zero.

2.5.5 Simulation Design for Exogeneity Testing

In this section, we construct a simulation design where both the regressor x; and the

regressand y; are scalar variables that are generated as follows:

Ty =241+ v v ~ N(0, 1),

Ut = YU + et e~ N(O7 1)7
yr = oo + 2 B0 + uy.

We set the values of the parameters: ag = 1.0; 5y = 2.0; v = 0.0, —0.8, —0.4,0.4 and 0.8. It
is to be noted that v = 0.0 corresponds to the case of exogeneity while v £ 0.0 corresponds
to the case of endogeneity. Finally, the sample size: T = 50, 100, 250, 500 and 1000. We
calculate the empirical size of the test when the nominal size is 5%, and also compute the
empirical coverage probability of the 95% confidence interval of the estimator of the slope

parameter (3y. All results are computed using 10,000 simulations.

2.5.6 Simulation Results of Exogeneity Testing

Results pertaining to the empirical size of the test are shown in Tables 2.25 - 2.28. The
first row in each of these tables corresponds to the endogeneity parameter v = 0.0. Hence,
the results on the first row correspond to case where the null hypothesis that the regressor
x¢ 18 exogenous, is true. As a consequence, we would expect the actual size of the test
to be close to the nominal size of 5%, and that is precisely what we observe. Results on
the remaining four rows in each of these tables correspond to the endogeneity parameter

~v #£ 0.0. Hence, the null hypothesis that the regressor x; is exogenous, is false. Therefore,
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in these four cases, we would expect the actual size of the test to be much larger than
5%, and that is exactly what the results show. In particular, the higher is the endogeneity
and/or the sample size, the higher is the rejection rate. In addition, it is worth noting that
the test performs highly satisfactorily even in moderate size samples.

Results relating to the empirical coverage probability of the 95% confidence interval of
the estimator of By are presented in Tables 2.29 - 2.30. As in the earlier four tables, the
first row in each of these tables corresponds to the endogeneity parameter v = 0.0. Hence,
the null hypothesis is true. Hence, we would expect the empirical coverage probability to
be close to the nominal coverage probability of 95%, and the results show precisely that.
Results on the remaining four rows in each of these tables correspond to the endogeneity
parameter v # 0.0. Hence, the null hypothesis is false. So, in these four cases, we would
expect to see distortions in actual coverage rates and the results bear testimony to that.
Specifically, these results show that the higher the degree of endogeneity, the higher is the
distortion.

Thus the above results clearly demonstrate the usefulness of long run canonical corre-
lations in testing exogeneity of regressors in a cointegration model with a very high degree

of accuracy.

2.6 Conclusions

The objective of this chapter has been to present the definition of LRCC, to formally derive
LRCC and to prove a lemma that is the basis of Hall and Inoue’s (2003) construction
of RMSC. It also describes methods for estimating the LRCC and it establishes a link
between LRCC and canonical coherence that has formerly been developed in frequency
domain analysis. The final objective has been to present two additional uses of LRCC in
econometric analysis of time series beyond their usefulness in moments selection for GMM

estimation. One of them is development of the Hannan and LR tests of persistence designed

31



to pre-test the assumption of asymptotic independence of subsamples underlying structural
stability testing. The other additional use of LRCC show how they can be used for testing
exogeneity of nonstationary regressors. We call these test of exogeneity the Hannan and
LR tests of exogeneity.

This chapter also presents simulation studies of the above tests. It conducts the Han-
nan and LR tests of persistence and the Wald test of structural stability, both without
prewhitening and recoloring and with prewhitening and recoloring. Simulation results
without prewhitening and recoloring show that the Hannan and LR tests perform well
and corroborate our claim that the use of the Wald test of structural stability is misleading
when date are persistent because the empirical probability of rejecting the null (truth) of no
structural break significantly increases with the increase in persistence. However, quality
of performance of the Hannan and LR test of persistence deteriorates substantially when
these tests are conducted using prewhitening and recoloring.

Finally, simulation results of the Hannan and LR tests of exogeneity indicate that their

performance is highly satisfactory.
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Table 2.1: Hannan Test of Persistence using Bartlett Kernel.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.075 0.061 0.054 0.060 0.057
0.25 0.096 0.080 0.070 0.064 0.068
0.50 0.143 0.121 0.100 0.090 0.081
0.75 0.257 0.219 0.165 0.150 0.131
0.80 0.292 0.263 0.199 0.178 0.159
0.85 0.335 0.305 0.254 0.218 0.196
0.90 0.384 0.370 0.309 0.282 0.266

0.95 0.453 0.460 0.424 0.413 0.393

1.00 0.511 0.565 0.638 0.697 0.776

Note: Nominal Size = 0.05.
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Table 2.2: Hannan Test of Persistence using Parzen Kernel.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.052 0.049 0.046 0.051 0.051
0.25 0.068 0.057 0.0564 0.051 0.056
0.50 0.096 0.084 0.074 0.066 0.059
0.75 0.180 0.148 0.125 0.111 0.092
0.80 0.210 0.184 0.154 0.129 0.113
0.85 0.243 0.219 0.201 0.164 0.145
0.90 0.287 0.266 0.254 0.217 0.202

0.95 0.349 0.360 0.370 0.348 0.320

1.00 0.403 0.466 0.590 0.653 0.734

Note: Nominal Size = 0.05.
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Table 2.3: Likelihood Ratio Test of Persistence using Bartlett Kernel.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.094 0.072 0.062 0.064 0.060
0.25 0.115 0.094 0.078 0.068 0.071
0.50 0.171 0.138 0.109 0.095 0.083
0.75 0.285 0.240 0.176 0.156 0.135
0.80 0.321 0.282 0.212 0.185 0.163
0.85 0.361 0.327 0.267 0.224 0.200
0.90 0.414 0.392 0.321 0.290 0.270

0.95 0.477 0.476 0.436 0.421 0.397

1.00 0.537 0.579 0.646 0.701 0.778

Note: Nominal Size = 0.05.
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Table 2.4: Likelihood Ratio Test of Persistence using Parzen Kernel.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.081 0.065 0.056 0.056 0.054
0.25 0.096 0.079 0.064 0.056 0.059
0.50 0.136 0.108 0.084 0.070 0.063
0.75 0.228 0.180 0.139 0.118 0.097
0.80 0.258 0.215 0.166 0.139 0.117
0.85 0.294 0.254 0.219 0.173 0.151
0.90 0.335 0.304 0.272 0.226 0.208

0.95 0.402 0.394 0.385 0.360 0.327

1.00 0.455 0.497 0.604 0.659 0.737

Note: Nominal Size = 0.05.
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Table 2.5: Wald Test of Structural Stability using Bartlett Kernel.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.089 0.071 0.065 0.063 0.057
0.25 0.108 0.086 0.075 0.065 0.060
0.50 0.175 0.134 0.098 0.082 0.077
0.75 0.324 0.248 0.172 0.145 0.130
0.80 0.370 0.299 0.214 0.171 0.161
0.85 0.436 0.356 0.268 0.224 0.205
0.90 0.508 0.443 0.354 0.305 0.277

0.95 0.601 0.580 0.494 0.447 0.426

1.00 0.713 0.751 0.799 0.848 0.882

Note: Nominal Size = 0.05.
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Table 2.6: Wald Test of Structural Stability using Parzen Kernel.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.104 0.075 0.063 0.062 0.055
0.25 0.107 0.080 0.067 0.058 0.055
0.50 0.143 0.107 0.079 0.064 0.059
0.75 0.255 0.194 0.138 0.108 0.090
0.80 0.296 0.241 0.176 0.128 0.114
0.85 0.353 0.292 0.227 0.172 0.145
0.90 0.429 0.374 0.310 0.242 0.202

0.95 0.526 0.520 0.457 0.385 0.347

1.00 0.652 0.711 0.782 0.827 0.859

Note: Nominal Size = 0.05.

Table 2.7: Hannan Test of Persistence using Bartlett Kernel; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.344 0.407 0.490 0.581 0.667

-5.268026 | 0.380 0.448 0.528 0.626 0.695

-2.564665 | 0.446 0.508 0.582 0.664 0.729

Note: Nominal Size = 0.05.
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Table 2.8: Hannan Test of Persistence using Parzen Kernel; Near-Integrated Case.

Empirical Size of the test

c \.T 50 100 250 500 1000

-8.125946 | 0.252 0.308 0.434 0.524 0.614
-5.268026 | 0.275 0.344 0.477 0.574 0.645

-2.564665 | 0.346 0.408 0.531 0.615 0.686

Note: Nominal Size = 0.05.

Table 2.9: Likelihood Ratio Test of Persistence using Bartlett Kernel; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.371 0.427 0.501 0.587 0.670
-5.268026 | 0.405 0.466 0.538 0.631 0.698

-2.564665 | 0472 0.528 0.591 0.669 0.733

Note: Nominal Size = 0.05.

Table 2.10: Likelihood Ratio Test of Persistence using Parzen Kernel; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.299 0.342 0.449 0.532 0.618
-5.268026 | 0.330 0.379 0.494 0.582 0.649

-2.564665 | 0.396 0.440 0.546 0.623 0.690

Note: Nominal Size = 0.05.
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Table 2.11: Wald Test of Structural Stability using Bartlett Kernel; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.434 0.506 0.573 0.669 0.736

-5.268026 | 0.510 0.563 0.652 0.719 0.790

-2.564665 | 0.605 0.657 0.719 0.775 0.824

Note: Nominal Size = 0.05.

Table 2.12: Wald Test of Structural Stability using Parzen Kernel; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.358 0.436 0.535 0.625 0.684

-5.268026 | 0.430 0.500 0.622 0.673 0.749

-2.564665 | 0.529 0.602 0.694 0.740 0.785

Note: Nominal Size = 0.05.
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Table

2.13:

Hannan Test of Persistence using Bartlett

and Recoloring.

Empirical Size of the test

Kernel and Prewhitening

0T | 50 100 250 500 1000
0.10 0.076 0.055 0.050 0.050 0.051
0.25 0.075 0.057 0.050 0.049 0.051
0.50 0.074 0.056 0.051 0.051 0.048
0.75 0.080 0.060 0.053 0.050 0.048
0.80 0.077 0.060 0.054 0.054 0.053
0.85 0.076 0.065 0.055 0.049 0.051
0.90 0.077 0.061 0.051 0.051 0.055
0.95 0.076 0.065 0.059 0.056 0.053
1.00 0.073 0.056 0.069 0.129 0.328

Note: Nominal Size = 0.05.
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Table

2.14:

Hannan Test of Persistence using Parzen

and Recoloring.

Empirical Size of the test

Kernel and Prewhitening

0T | 50 100 250 500 1000
0.10 0.0561 0.047 0.045 0.049 0.050
0.25 0.055 0.049 0.048 0.047 0.051
0.50 0.054 0.048 0.049 0.049 0.048
0.75 0.055 0.050 0.051 0.049 0.047
0.80 0.057 0.051 0.051 0.052 0.052
0.85 0.055 0.057 0.054 0.047 0.050
0.90 0.055 0.055 0.049 0.049 0.054
0.95 0.057 0.056 0.056 0.054 0.053
1.00 0.053 0.048 0.069 0.128 0.327

Note: Nominal Size = 0.05.
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Table 2.15: Likelihood Ratio Test of Persistence using Bartlett Kernel and Prewhitening

and Recoloring.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.094 0.065 0.056 0.055 0.055
0.25 0.093 0.069 0.057 0.052 0.054
0.50 0.092 0.066 0.058 0.055 0.050
0.75 0.101 0.072 0.062 0.054 0.050
0.80 0.098 0.071 0.061 0.058 0.055
0.85 0.097 0.075 0.062 0.052 0.053
0.90 0.095 0.071 0.058 0.054 0.057
0.95 0.096 0.074 0.066 0.059 0.057

1.00 0.089 0.068 0.076 0.136 0.332

Note: Nominal Size = 0.05.
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Table 2.16: Likelihood Ratio Test of Persistence using Parzen Kernel and Prewhitening

and Recoloring.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.077 0.064 0.063 0.055 0.053
0.25 0.082 0.068 0.056 0.052 0.054
0.50 0.081 0.063 0.058 0.055 0.051
0.75 0.084 0.069 0.059 0.053 0.050
0.80 0.085 0.070 0.061 0.057 0.054
0.85 0.084 0.075 0.063 0.053 0.054
0.90 0.083 0.073 0.058 0.053 0.058
0.95 0.085 0.077 0.065 0.059 0.056

1.00 0.081 0.066 0.077 0.137 0.332

Note: Nominal Size = 0.05.
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Table 2.17: Wald Test of Structural Stability using Bartlett Kernel and Prewhitening

and Recoloring.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.069 0.062 0.059 0.059 0.051
0.25 0.060 0.060 0.060 0.054 0.052
0.50 0.049 0.055 0.056 0.049 0.051
0.75 0.026 0.039 0.046 0.051 0.048
0.80 0.020 0.033 0.046 0.049 0.050
0.85 0.013 0.021 0.038 0.048 0.046
0.90 0.009 0.010 0.030 0.041 0.045
0.95 0.005 0.006 0.014 0.030 0.040

1.00 0.005 0.050 0.374 0.634 0.784

Note: Nominal Size = 0.05.
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Table 2.18: Wald Test of Structural Stability using Parzen Kernel and Prewhitening

and Recoloring.

Empirical Size of the test

0T | 50 100 250 500 1000

0.10 0.096 0.073 0.062 0.062 0.055
0.25 0.088 0.071 0.064 0.056 0.054
0.50 0.079 0.067 0.058 0.052 0.054
0.75 0.055 0.052 0.050 0.054 0.050
0.80 0.044 0.048 0.051 0.052 0.053
0.85 0.034 0.033 0.041 0.051 0.048
0.90 0.023 0.020 0.035 0.044 0.047
0.95 0.017 0.012 0.018 0.034 0.043

1.00 0.013 0.059 0.373 0.625 0.771

Note: Nominal Size = 0.05.
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Table 2.19: Hannan Test of Persistence using Bartlett Kernel and Prewhitening and

Recoloring; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.082 0.059 0.054 0.067 0.131

-5.268026 | 0.078 0.063 0.089 0.076 0.185

-2.564665 | 0.075 0.059 0.061 0.098 0.240

Note: Nominal Size = 0.05.

Table 2.20: Hannan Test of Persistence using Parzen Kernel and Prewhitening and

Recoloring; Near-Integrated Case.

FEmpirical Size of the test

c \T 50 100 250 500 1000

-8.125946 | 0.059 0.054 0.051 0.066 0.131
-5.268026 | 0.058 0.056 0.056 0.075 0.185

-2.564665 | 0.056 0.055 0.061 0.097 0.241

Note: Nominal Size = 0.05.
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Table 2.21: Likelihood Ratio Test of Persistence using Bartlett Kernel and Prewhitening

and Recoloring; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.100 0.069 0.060 0.071 0.134
-5.268026 | 0.094 0.074 0.066 0.080 0.189

-2.564665 | 0.092 0.070 0.069 0.102 0.244

Note: Nominal Size = 0.05.

Table 2.22: Likelihood Ratio Test of Persistence using Parzen Kernel and Prewhitening

and Recoloring; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.088 0.074 0.061 0.071 0.136
-5.268026 | 0.086 0.075 0.066 0.082 0.190

-2.564665 | 0.083 0.074 0.070 0.104 0.247

Note: Nominal Size = 0.05.
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Table 2.23: Wald Test of Structural Stability using Bartlett Kernel and Prewhitening

and Recoloring; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.014 0.008 0.033 0.204 0.463
-5.268026 | 0.010 0.007 0.089 0.305 0.575

-2.564665 | 0.006 0.009 0.195 0.455 0.664

Note: Nominal Size = 0.05.

Table 2.24: Wald Test of Structural Stability using Parzen Kernel and Prewhitening

and Recoloring; Near-Integrated Case.

Empirical Size of the test

c T 50 100 250 500 1000

-8.125946 | 0.034 0.016 0.037 0.201 0.444
-5.268026 | 0.026 0.013 0.093 0.300 0.557

-2.564665 | 0.019 0.017 0.194 0.445 0.647

Note: Nominal Size = 0.05.
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Table 2.25: Hannan Test of Exogeneity using Bartlett Kernel.

Empirical Size of the test

v N\NT | 50 100 250 500 1000
0.0 0.050 0.049 0.051 0.046 0.051
-0.8 0.871 0.978 1.000 1.000 1.000
-0.4 0.407 0.599 0.833 0.973 0.999
0.4 0.402 0.589 0.830 0.976 0.998
0.8 0.870 0.975 0.999 1.000 1.000

Note: Nominal Size = 0.05.

Table 2.26: Hannan Test of Exogeneity using Parzen Kernel.

Empirical Size of the test

v \\T | 50 100 250 500 1000
0.0 0.045 0.047 0.052 0.046 0.050
-0.8 0.851 0.946 0.999 1.000 1.000
-0.4 0.374 0.504 0.806 0.954 0.998
0.4 0.373 0.505 0.802 0.953 0.998
0.8 0.846 0.949 0.999 1.000 1.000

Note: Nominal Size = 0.05.
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Table 2.27: Likelihood Ratio Test of Exogeneity using Bartlett Kernel.

Empirical Size of the test

v N\NT | 50 100 250 500 1000
0.0 0.060 0.055 0.054 0.048 0.052
-0.8 0.885 0.980 1.000 1.000 1.000
-0.4 0.437 0.619 0.841 0.974 0.999
0.4 0.436 0.611 0.838 0.976 0.998
0.8 0.884 0.978 0.999 1.000 1.000

Note: Nominal Size = 0.05.

Table 2.28: Likelihood Ratio Test of Exogeneity using Parzen Kernel.

Empirical Size of the test

v \\T | 50 100 250 500 1000
0.0 0.057 0.055 0.056 0.048 0.052
-0.8 0.869 0.952 0.999 1.000 1.000
-0.4 0.411 0.534 0.815 0.957 0.998
0.4 0.411 0.530 0.811 0.955 0.998
0.8 0.867 0.954 0.999 1.000 1.000

Note: Nominal Size = 0.05.
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Table 2.29: Hannan Test of Exogeneity using Bartlett Kernel.

Coverage Probability of 95% Confidence Interval for (3,

vy N\T| 50 100 250 500 1000
0.0 0.926 0.932 0.936 0.944 0.943
-0.8 0.833 0.837 0.846 0.855 0.850
-0.4 0.886 0.895 0.907 0.910 0.909
0.4 0.887 0.901 0.906 0.911 0.916
0.8 0.832 0.836 0.845 0.845 0.856

Table 2.30: Hannan Test of Exogeneity using Parzen Kernel.

Coverage Probability of 95% Confidence Interval for [y

v N\T| 50 100 250 500 1000
0.0 0.925 0.929 0.936 0.944 0.943
0.8 0.833 0.834 0.845 0.854 0.850
0.4 0.885 0.893 0.907 0.910 0.910
0./ 0.886 0.898 0.906 0.911 0.915
0.8 0.832 0.832 0.845 0.844 0.855
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Chapter 3

A Comparative Study of the
CCIC, the RMSC and the MSE

3.1 Introduction

The objective of this chapter is to do a comparative study of the three methods CCIC,

RMSC and MSE in the context of a simple linear IV model:

ye = wbo + e, (3.1.1)

r = zZmo+e, t=1,2,....,T (3.1.2)

where ¥, is the dependent variable, x; is a scalar regressor correlated with the regression
error u; which has a mean zero and which could exhibit heteroscedasticy and autocorrela-
tion. A ¢ x 1 vector of valid instruments, z, is available so that cov(z, z;) # 0 and satisfies
the population moment conditions E[z;u:(6p)] = 0. The last condition implies that we are
considering instrument selection in models that are correctly specified.

The contribution of the paper to the emerging literature on instrument selection is that
it brings the above three papers together, synthesizes and unifies them by showing through

an analytical comparison the common thread that runs between them, and brings out their
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relative strengths and weaknesses via a simulation study.

Although the three methods under study are tied by the common goal of instrument
selection, they are different in terms of their underlying objectives. Donald and Newey’s
(2001) objective is to achieve an improved finite sample risk property of the estimators.
They attain this goal by minimizing the approximate MSE. The objective of Hall and
Peixe (2003) and Hall and Inoue (2003), on the other hand, is to achieve an improved
quality of asymptotic approximation to the finite sample behavior of the estimators. They
gain this objective by eliminating the redundant moment conditions based, respectively, on
SRCC and LRCC.

Even though each of the aforementioned papers explores the properties of its proposed
method, there have been to date no comparative studies of these methods. What, if any,
is the analytical connection among the three methods? Is there any systematic pattern in
the finite sample properties of the post selection estimators obtained by the three methods
so that a unique ranking of these methods emerge? If no systematic pattern emerges, can
we still provide guidance to a practitioner as to which of these methods should be used in
any particular real life application of interest?

In this chapter, we explore the above issues. We begin by briefly summarizing the
CCIC, the RMSC and the approximate MSE, and by presenting the corresponding criteria
in the context of a simple linear IV model specified in Section 1 and to be subsequently
used in simulation. Then we establish a relation between contemporaneous and long run
canonical correlations in a linear simultaneous equation model. Next we show an analytical
connection among the three criteria. Then we follow it up by an assessment of their relative
performance via a simulation study that investigates the finite sample behavior of the post
selection estimator. To this end, we compare median bias of the post selection estimator

and coverage probability of 90% confidence interval under the three criteria.
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3.2 Summary of the three Criteria

3.2.1 Hall and Peixe’s Canonical Correlations Information Criterion

The objective of Hall and Peixe (2003) is to develop a method of instrument selection from
a fized candidate set in the context of Generalized Method of Moments (GMM) models
(Hansen, 1982) by satisfying five desirable conditions of moment selection, namely, (i)
identification: the moment conditions be satisfied at only one value in the parameter space;
(ii) orthogonality: this value be the “true” parameter value, 6y say, implying that they
represent valid information; (iii) efficiency: they minimize the asymptotic variance of the
estimator; (iv) non-redundancy: the asymptotic variance increases if any element of the
selected vector is excluded, and (v) inference: the selection process must not contaminate
the asymptotic distribution theory of the estimator. The authors define a gq. X 1 selection
vector ¢ to index the instrument vector which they denote as z;(c). The value of ¢qz iS
fixed, independent of sample size, and the elements of ¢ indicate which elements of the
candidate set are included in z/(c) and which elements are excluded: ¢; = 1 implies that
the j*" element is included, and ¢; = 0 implies that the 4t element is excluded. They
focus exclusively on the particular class of GMM models in which the population moment

conditions take the form

Elz(c)us(6)] = 0 (3.2.1)

where u;(.) is a scalar possibly nonlinear function of a set of dynamic random variables,
z(c) is a vector of instruments selected from a candidate set that is fized and the asymptotic

variance of the GMM estimator is

V(e) = op {Eldi(00)z(c) {Elzi(c)ze(c) 1} zu(e)di(00) T} (3.2.2)

where 03 is the variance of u;(fp) under the assumption of conditional homoscedasticity,

that is, o8 = E[ut(00)?|Q:], € is the information set at date t, and d;(6y) = dut(6o)/ 0.
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Validity of the “conventional” asymptotic distribution theory of the estimator used for
inference about the parameters of the underlying model as well as for adequacy of this
theory as an approximation to the finite sample behavior hinges crucially on simultaneous
satisfaction of the above five conditions. Existing methods of instrument selection fail to
meet this requirement. For example, while Andrews’ (1999) proposed information criterion
approach satisfies the conditions of orthogonality and inference, it need not satisfy the con-
dition of non-redundancy. It depends on moment condition and whether or not there are
any redundant moment conditions. Hall and Peixe (2003) show that the use of this method
can lead to inclusion of redundant instruments which causes a deterioration in the quality
of the conventional asymptotic approximation to the finite sample behavior of the estima-
tor. This evidence motivates Hall and Peixe (2003) to consider the problem of instrument
selection based on a combination of the efficiency and non-redundancy conditions which
they refer to as the relevance condition.

Basing instrument selection on relevance condition requires a metric of relevance. Hall
and Peixe (2003) show that certain canonical correlations provide a natural metric for
relevance by adapting Sargan’s (1958) arguments that the asymptotic variance V(¢) in

(3.2.2) above can be rewritten as
V(e) = B A(c)A(c) "2 A(e) (3.2.3)

where A(c) = diag(pi(c)...pp(c)), {pi(c); i =1,2,...p} are canonical correlations between

h

d¢(6p) and z(c), and A(c) is the p x p matrix whose ' row contains the weights in the

linear combinations associated with d;(6p) in the ith canonical correlation, that is,
Corrlai(c) di(60), bi(c) z:(c)] = pi(c) (3.2.4)

where b;(c) is used to denote the vector of weights associated with z.(c).
Equation (3.2.3) reveals that the asymptotic variance depends crucially on the popu-

lation canonical correlations. Hall and Peixe (2003) exploit this result to show how these
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population canonical correlations can provide a suitable metric for redundancy. To this end,
they define an additional set of instruments to be redundant' when the inclusion of this
set has no impact on the population canonical correlations. This implies through equation
(3.2.3) that the inclusion of this set should have no impact on the asymptotic variance of
the estimator. Thus, formally,

Definition 3.2.1 Let ¢; € C for i = 1,2 and satisfy cjca = 0, then z(c2) is redundant
given z¢(c1) if and only if V(e1 + c2) = V(c1) where V(c) is given by (3.2.2).

Conversely, they define an additional set of instruments to be non-redundant when
the inclusion of this set increases® at least one of the population canonical correlations.
This, in turn, implies through equation (3.2.3), that the exclusion of this set increases the
asymptotic variance of the estimator, and hence, formally,

Definition 3.2.2 Let ¢; € C for i = 1,2 and satisfy cjca = 0, then z(c2) is redundant
given z¢(c1) if and only if V(c1 + c2) — V(c1) is negative definite.

Thus the above definitions of redundancy and non-redundancy show how the population
canonical correlations can be used to deduce which instruments are redundant, and so form
the natural basis for a method of instrument selection based on relevance. They characterize
a set of instruments to be relevant if, given this set, the remaining elements of the candidate
set are redundant and no element of this set is redundant given the other elements of this
set. Their objective is to select from a valid candidate set this relevant instrument set with

probability one in the limit and their proposed canonical correlations information criterion

(CCIC) is defined to be

CCIC(c) = ZEp(c) + P(T,|c|) (3.2.5)
where the statistic
P
Er(c)= T In[l —rip(c)] (3.2.6)
i=1

'For other equivalent definitions of redundancy, see Breusch, Quian, Schmidt, and Wyhowski (1999).

2Note that the population canonical correlations can never decrease as a result of augmenting the instru-

ment vector.
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captures the sample information, |¢| = ¢ equals the number of elements in z(c) and
P(T,|c|) is a “penalty” term which satisfies the following conditions: (i) P(T\,|c|) =
h(lc|)ur; (1) h(.) is non-negative and strictly increasing; (iii) ur — oo as T — oo and
pr = o(T).

In our specified simple linear IV model given by equations (3.1.1) and (3.1.2) above, the
regressor x; is a scalar. Therefore, the CCIC involves only one sample canonical correlation
rp which is equal to the multiple correlation coefficient, also commonly known as the

coefficient of determination. Thus our criterion takes the form
CCIC(c) = T In[l —r2(c)] + P(T,|c|). (3.2.7)

Possible choices of the penalty term P (T, |c|) correspond to Akaike’s (1974) criterion where:
h(lc|) = |e| = p, pwr = 2; Schwarz’s (1978) criterion where: h(|c|) = |¢| — p, pur = InT; and
Hannan and Quinn’s (1979) criterion where: h(|c|) = |c|—p, pr = QIninT, for some Q > 2.

Because in Akaike’s (1974) criterion upr = 2 does not tend to infinity, condition (iii)
above for the penalty term is violated, and so we adopt the specifications corresponding to
Schwarz (1978) and Hannan and Quinn (1979). Of these two, we have explored the case

corresponding to Schwarz.

3.2.2 Hall and Inoue’s Relevant Moments Selection Criterion

The objective of Hall and Inoue (2003) is to generalize the CCIC of Hall and Peixe (2003)
to Relevant Moments Selection Criterion (RMSC) for GMM models in nonlinear dynamic
setting. The RMSC is based on their result that the asymptotic variance of the GMM
estimator can be written in terms of the population long run canonical correlations between
the population moment condition used in the estimation and the unknown true score vector
associated with the data.

Hall and Inoue (2003) assume that the data generating process is strictly stationary and

ergodic. They consider the GMM estimator of the unknown parameter vector 6y based on
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a finite set of population moment conditions: E[f(v¢,6p)] = 0 where f:V x © — R4, This

estimator is defined to be

Or(c) = Argmingeogr(0;c) Wrgr(6;c) (3.2.8)

where 67 and gr are indexed by the selection vector ¢ to indicate which moments from the
candidate set are included and which are excluded: ¢; = 1 implies that the 4 moment is
included, ¢; = 0 implies that the j* moment is excluded; gr(0;c) = T~1 Zthl f (v, 05 0);
and Wy is a positive semi-definite weighting matrix which converges in probability to S,
where

S = Tlim Var[TY%g7(6o)). (3.2.9)

They premise their analysis on the assumption that the asymptotic distribution of éT(C)
takes the following form:

T2 (br(c) — 6) % N(0,9Q(c)) (3.2.10)

where Q(c) = [Gy(c)S™ Gole)] ™1, Go(c) = E[0f (vt,00;¢)/d0'], and show that under certain

conditions, Q(c) can be written as:

Q(c) = L(c)R(c)2L(c) (3.2.11)

where R(c) = diag(pi(c), p2(c),...,pp(c)), {pi(c);i = 1,2,...,p} are the set of popula-
tion long run canonical correlations between the population moment vector f(vq,0;c)
and the score vector sg.(1o;c), L(c) is the p x p matrix with ith column I;(c), I;(c) is
the generalized eigenvector satisfying [Go(c)' S~ 'Go(c) — pi(c)*Zo(c)]li(c) = 0 and Ty(c) =
E[Se,t(¢0; C)Se,tWO; C)/]~

The expression for 2(c) in (3.2.11) above shows that the variance of the GMM estimator
depends crucially on the long run canonical correlations between the population moment
and the score. Hall and Inoue (2003) exploit this result to deduce a condition for redundancy

of moment conditions. They define a set of additional moment conditions as redundant if
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inclusion of this set has no impact on the long run canonical correlations between the
population moment vector and the score vector. Using this concept of redundancy they
develop a method for the selection of the relevant set of moment conditions from a valid
candidate set. They characterize a set of moment conditions to be relevant if given this
set, all other members of the candidate set are redundant and no member of this set is
redundant given the remaining members of this set. The relevant set is asymptotically
efficient within the class of moment conditions that can be constructed from the valid set.
Thus the idea of Hall and Inoue (2003) is to construct an information criterion that involves

estimated asymptotic variance. Their proposed criterion is
RMSC = In[|Q(c)|] + p(|¢|, T) (3.2.12)

where (c) is a consistent estimator of Q(c) and u(|¢, T) = &\/%p)ln\/f 3
Specializing these results to our model given by equations (3.1.1) and (3.1.2) yields the

criterion:

_ A2 1 / - ) = (Je] = 1) n
RMSC(c) = In (|62[x"2(c){z(c) 2(c)} 1 2(c) 2] 1|) + T InVT. (3.2.13)

3.2.3 Donald and Newey’s Approximate Mean-Square Error Criterion

While Hall and Peixe (2003) and Hall and Inoue(2003) keep the candidate set of instruments
fized, Donald and Newey (2001) allow the candidate set to grow with the sample size. Their
objective is to develop a criterion for instrument selection based on minimizing Nagar (1959)
type approximation of the mean square error (MSE) of the estimator. They show that this
method can improve the finite sample properties of IV estimators, including among others,
the two-stage least squares (2SLS) estimators. Choosing instruments to minimize MSE
helps reduce misleading IV inferences that can occur with many instruments. For 2SLS,

the MSE explicitly accounts for an important bias term [Bound, Jaeger, and Baker (1995)],

3This penalty is correct under (3.1.2), but not necessarily in all cases.
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so choosing instruments to minimize MSE avoids cases where asymptotic inferences are
poor due to the bias being large relative to the standard deviation.

In our notation, their model becomes

y =z b+ u; (3.2.14)

z=f(z)+e (3.2.15)

where they allow the function f(.) in the first stage reduced form equation (3.2.15) to be of
any unknown form that can be approximated arbitrarily closely by nonparametric methods.
Their method is based on higher-order asymptotics as follows. Expand the centered

and scaled 2SLS estimator:
:L'/Pl')il 2’ Pu
T VT

= (L Tt

VT(0 - 6o) = (

3

=H'h

=[H — (H — H)|"'[h + (h— )]

=[{I~(H - H)H "}H] [+ (h — h)]

=[H I~ (H - H)H '} '[h+ (h—h)]

— H Y[+ (H-HH "+ (H-H?2H 2+ ][h+ (h— )]

—H '+ h—h+ (H-H)H b+ (H— HH (b~ h)+ (H— H?H ?h+ -

= H Y+ (H—H)H ‘h+ (H-H)H (h—h)+ (H— H*H 2h + ..
where P is the projection matrix of basis functions used to approximate the unknown
function f, H = filp—f, and h = f/\/—% Now square the above expansion and take expectation
of terms that are largest in probability and are functions of the number of instruments gq.

This yields the desired approximate mean square error criterion:

MSE(c) = 0§u|CT|2 + 02 f/(I;P)f. (3.2.16)
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Minimizing the approximate MSE requires estimating the approximate MSE. This in
turn requires preliminary estimates of the parameters of the model and a goodness of fit
criterion R(c) for estimation of the first stage reduced form using the instruments z;(c). For
example, the preliminary estimator might be an IV estimator with only as many instruments
as right-hand side variables, or it might be an IV estimator where the instruments are chosen
to minimize one of the first stage goodness of fit criteria. Donald and Newey (2001) consider
the cross-validation and Mallows’ (1973) reduced form goodness of fit criteria.

They minimize the approximate MSE of a linear combination N éT(c) of the IV esti-
mator, where \ is some vector of estimated linear combination coefficients. Because the
structural parameter 6y in our model is a scalar, for our purposes, A is equal to one.

Let 07(&) and 77 (¢) be some preliminary estimators of 6y and 7, respectively. Then

the estimated approximate MSE of the 2SLS estimator of our proposed model is
— 52 |C|2 ~2 [ _@H
MSE(e) = ooy + 6y | Blle) =675 (3.2.17)

where for any preliminary selection vector ¢, G, = € (¢)u(¢)/T, é(¢) = é(c)[7'(¢)z'(¢)z(¢)
7(¢)/T)7 1, é(c) = [I — P(c)]x (Note, the vector of residuals é(c) is calculated using all ele-
ments of the candidate set; c; = 1 for j = 1,2,..., gmaz), P(c) = z(c)[z(c)'z(c)] " 2(c), u(c) =
y — x07(8), 62(¢) = a(e)a(e)/T, &2(¢) = é(&)é(é)/T, and the cross-validation criterion

is,

pcY _ 1 [Z(C)]
B = TZ[ P

and the Mallows’ criterion is,
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3.3 Relationship between Contemporaneous and Long Run

Canonical Correlations

In this section, we show the relationship between contemporaneous and long run canonical

correlations in the following linear simultaneous equation model:

y = 901 + lutl,
1x1

(I1x1)  (1xp)(px1)  (1x1) (3.3.1)
ry = 7w 2 + e , t=12....T

(px1)  (pxq@)(gx1)  (px1)

where
U ..
! “JN< 0o . )
(P+1)x1 (p+1)x(p+1)
€t
and
0'5 Yue
D _ (1x1) (1xp)
1 1
(p+1)x(p+1) Eeu Zee

(px1)  (pxp)

Proposition 3.3.1 Let v, = (a},2;) be stationary and o = (04, ¢;). Then in a linear
simultaneous equation model described by equation (3.53.1) under the assumption of identi-
cally and independently jointly normally distributed structural and reduced form errors, the
population long run canonical correlations between the score vector s (1)) with respect to
the parameter on the endogenous regressor x; and the population moment vector f(vy,00)
are proportional to the contemporaneous canonical correlations between the endogenous re-

gressor vector xy and the instrument vector z;, where the constant of proportionality is given
2
g
b 775.
y Zuezeelzeu+ag

The proof is presented in the appendix.
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3.4 Analytical Connection among the Three Methods

In this section, we investigate the analytical connection among the three criteria under the

proposed simple linear IV model:

y = x by + wu,
(1x1)  (Ix1)(1x1) (1x1)

x = 2z m + e , t=1,2...,T.
(Ix1)  (Ixg)(gx1)  (1x1)

In matrix notation the model becomes

y = z 6y + u
(Tx1) (TxL)@ax1) (Tx1)

r = z 7o + e .
(Tx1)  (Txg)(gx1) (Tx1)

We know from (3.2.7)) that for this model the CCIC is given by
CCIC(c)= T n[l —r4(c)] + (|| — 1) InT.

We also know from equation (3.2.13) that for this model the RMSC given by

T T
RMSC(c) =In <]&Z[Z xtzt(c)/{z 2()z(e) 371 Zzt(c)xt(c)/]_”) + (M\/_Tl) InVT
= 1 t=1

_ o (Il = 1) 2 _ T
=lIn < N (C)> + \/T ZTL\/T, [Where My = T ]?

which shows that RMSC is a function of the squared canonical correlation which in this
case is the squared multiple correlation, 72 (c).

To explore the link of Donald and Newey’s (2001) approximate MSE criterion with the
canonical correlations, it is convenient to first obtain in their notation the following form of

their MSE. Substituting for S(K) from [p. 1167] into equation (2) on [p. 1166] of Donald
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and Newey (2001), the N times population approximate MSE:

2 /U= P)f

R R K2
E[N(6—60)(6 — o) = 0€2H—1 + H_I[O'uGO':KW o: N ]H_1 +0p(1)
_ _ K2 _ f'f fPf ..
=o!H '+ H 1[0ueUZeW]H '+ H 1[062(W - JH™! 4 0p(1)
K? 'P
= O'€2H71 + Hil[auga;ew]ﬂfl + Hil[af(H — %)]H*1 + 0p(1)

20—752+0—55£2+0—752_i€2flpf
H H?N H H? N

Therefore, the population approximate MSE in our model is given by

2

Tu
7+

02 |C‘2
w2 o)

and hence the estimated approximate MSE is

2 ~2 2
MSE(c) = ¢ + ;g';'
Oeu_|c*

7 (%)2 T

52 )
Ou Ocu 2
= T
Fag (72! 27)? el

To, Oeu 2

= 1 ) + —1 -1 2|C| T

[(2'2)~Yelx]/2'z[(22)~12'x]  ([(#'2) 712z 2’ 2[(2/2) 12 x])
_ TOA_Z &gu |C|2T

' z(Z2) e (22 (2 )2 )2
— 5'1% + 6gu | ‘2

Frile) i)

52 52

thereby showing that Donald and Newey’s approximate MSE is also a function of canonical
correlations between regressors and instruments.
Thus, we see all three criteria are analytically connected through their dependence on

canonical correlations between regressors and instruments.
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3.5 Simulation

3.5.1 Design

We follow Donald and Newey (2001) and Hall and Peixe (2003) to design a Monte-Carlo

experiment using the simple linear IV model used in the previous sections:

ye = a6 + uy,

Ty = Zt/ﬂo—i-et, t=1,2,...,T.

For a fixed value of 6y = 0.1 and for different specifications of my, random samples are
generated under the assumption that v; ~ N(0,%,) where v; = [ug, e, 2;). The main
diagonal of 3, are all set to unity; the only non-zero off diagonal elements are cov(uy,e;) =
Oue, that is, ¥,(1,2) and ¥,(2,1). Hahn and Hausman (2002) show that this specification

implies a theoretical first stage R-squared of the form

/
2 ToTo

2 = (3.5.1)

mymo + 1
We consider three models that differ in the specification of the my vector. Models 1 and 2
below are the models used by Donald and Newey (2001). Within the three models, each
experiment consists of a specification of (T, R?c, Oues Gmaz)- In Model 1, for a given value of

Rfc, the ith element of my is given by

. 4
(1) _ ! o
To.i = (Gmaz) <1 - W) for i1 =1,..., ¢maz> (3.5.2)
. (W, (1) R} o o
where the constant ¢(gmaq) is chosen so that 7y ;'mg/ = L while in Model 2 it is given
b b - f

by

7T(()2,L-) = 7T(()2) = 2 for i = L. gmaz- (353)

For each model, experiments are conducted with the following specifications:
T € {100,500}, Rfc € {0.1,0.5,}, oue €{0.1,0.5,0.9}, and ¢ma. € {20,30}.
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In Model 1, one has apriori knowledge that instruments are from the best quality to
the worst, as given by (3.5.2). But a selection criterion does not say in which order the
instruments should be selected, and so, one could be curious to know what might happen
if selection proceeds from the worst quality instrument to the best instead of the other
way around. Therefore, we follow two selection strategies, namely, selection strategy 1 and

/ / ]/
1’ “Qgmaz—1

selection strategy 2. Under strategy 1, the selection vectors are given by ¢; = |1
and ¢; is a ¢ x 1 vector of ones and 0,,,,—i 1S & (gmaez — %) X 1 vector of zeros and thus
selection proceeds from the best quality instrument to the worst. Under strategy 2, they
are given by ¢; = [0}_y,7, ;4] where 0;—1 is a (i — 1) x 1 vector of zeros and 14,,,,—i+1
is & (@maz — 7+ 1) x 1 vector of ones and thus selection proceeds from the worst quality
instrument to the best. In Model 2, where no apriori information exists about the quality
of the instruments, we use selection strategy 1 and thus selection proceeds from the first
element in the candidate set to the last.

We note that in the above three cases, the instruments are selected in an increasing
sequence of one, two, three, and so on, up to a total of g,q,. Thus there are g4, selection
vectors. Each time, the selection vector is augmented by retaining the previously included
instruments and adding to the vector the next instrument from the candidate set. But
it is also of interest to explore the consequences of including different combinations of
redundant and non-redundant instruments. To investigate such consequences, we consider
a third model by modifying Model 1 along the lines of Hall and Peixe (2003). Because the
total number of possible combinations of instruments quickly grows large with the value of
Qmaz, We set a small value to gqz, equal to 8. Thus, mg and z; are 8 x 1 vectors. Even this
small value of ¢,q: generates 255 possible combinations of instruments. For a given value

of Rfc, the ith element of 7y is generated by the scheme

. 4
(3
;= 1-— , =1, 2:;
0,3 C(Qma:p) < G+ 1) , 1 , 2;

= 0 fOri:37...,Qmaa:7
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. R2 . .
where the constant ¢(gmqz) is chosen so that mjmg = —=L>. Each experiment consists

(1-R})

of a specification of (7, R;,aue,qmax) from the following sets: 7" € {100,500}, Rfc €
{0.1,0.5,},  oue € {0.1,0.5,0.9}, and @naz € {8}. The selection vectors ¢ are com-
prised of combinations of ¢ ones and 8 — zeros, k =1,...,255; i =1,...,8. Asin Hall and
Peixe (2003), (2,3, 2t4, ..., 28) are redundant given (z; 1, 2¢2) and so (21, 2¢,2) constitute
the “relevant” instruments. For ¢ > 2, z:(cj) contains ¢ — 2 redundant instruments.

Because the total number of possible selection vectors is large, following Hall and Peixe
(2003) we group these possibilities into six cases: 1R,2R,1R/I,2R/I*,I and all, where
1R denotes the cases in which ¢ = (a,05)" for a € {(1,0),(0,1)}, implying that that the
selection vector consists of only one of the relevant instruments; 2R denotes the case in
which ¢ = (1,1,05)’, indicating that the selection vector consists of only both relevant
instruments; 1R/I denotes the cases in which ¢ = (a/,V’)" for a given above and b # 0g,
meaning that the selection vector consists of one relevant instrument and at least one
redundant instrument; 2R/I* denotes the cases in which ¢ = (1,1,d’)’ and d # 0g or
ig, that is, the selection vector consists of both relevant and at least one but not all six
redundant instruments; I denotes the cases in which ¢ = (0,0,0')" for b given above,
implying that the selection vector consists of only redundant instruments; and finally, all
denotes the case in which ¢ = 1§, indicating that the selection vector contains all eight
instruments, the two relevant instruments as well as the six redundant instruments.

To assess the relative performance of the CCIC, the RMSC and the approximate MSE,
we compare median bias of the post selection estimator and coverage probability of 90%

confidence intervals.

3.5.2 Results

The results are presented in Tables 3.1 through 3.14. All results correspond to 10,000

replications. First we look at the performance of the three criteria in terms of median bias.
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We begin with Model 1 under strategy 1. Recall that this is a case where the practitioner
has prior knowledge that all instruments in the candidate set are relevant but the relevance
is of a declining one. The order of selection of instruments is from the best quality to the
worst. The results for this case are shown in Tables 3.1 through 3.4. We find that for
both sizes of the candidate set, that is, ¢mnee = 20 and @nee = 30, with 7" = 100, when
the first stage R-square, R? = 0.1 [Tables 3.1 and 3.3], for all values of endogeneity, oy, a
unique ranking emerges: CCIC ranks higher than approximate MSE which, in turn, ranks
higher than RMSC. However, when R? = 0.5 [Tables 3.2 and 3.4], the median bias becomes
very similar under each criterion and thus no unique ranking becomes possible. Also, with
T = 500, no unique ranking emerges under either value of R;.

Next, we look at Model 1 under strategy 2. The results of this case are presented in
Tables 3.5 through 3.8. Recall that here the order of selection of instruments is reversed,
that is, selection proceeds from the worst quality to the best. When T' = 100, we find that
a unique ranking emerges: approximate MSE performs better than CCIC which, in turn,
performs better than RMSC, for all values of ¢nqz, R?c and oy, except for the case where
Gmaz = 30,Rfc = 0.1,04¢ = 0.1 in Table 3.7. When sample size increases to T" = 500, at
Rfc = 0.1 a unique ranking still emerges and approximate MSE still does the best but CCIC
and RMSC switch ranks. However, at R%2 = 0.5, no unique ranking of the three criteria
becomes possible.

The results of Model 2, where the instruments are of equal relevance, are shown in
Tables 3.9 through 3.12. Tables 3.9 and 3.11 indicate that at Rfc = 0.1, a unique ranking
emerges for both sizes of the candidate set g4, for both sample sizes T', and for all values
of the endogeneity parameter oy.. The CCIC ranks higher than M SE which, in turn,
ranks higher than RMSC. Tables 3.10 and 3.12 reveal that at Rfc = 0.5, similar result
holds. CCIC tends to outrank M SFE which, in turn, outranks RM SC.

In Model 3, where the candidate set consists of a combination of both relevant and irrel-

evant instruments, Table 3.13 shows that at R2 = 0.1, a unique ranking of the three criteria
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emerges: CCIC ranks higher than RMSC which, in turn, ranks higher than approximate
MSE. Table 3.14 shows that when the first stage R-square increases to R?c = 0.5, a unique
ranking of CCIC and RMSC no longer holds as they perform almost equally well, but the
canonical correlation based criteria still rank higher than the approximate MSE.

Finally, we look at the coverage rate. Inspection of the results in Tables 3.1 through
3.14 reveals that no unique ranking of the three criteria in terms of coverage rate becomes
possible except in only two cases where R?c = 0.5 and 7' = 500. In Model 1 under strategy 1
where the selection is from the best quality to the worst [Table 3.2], M SE outranks RM SC
which, in turn, outranks CCIC'. In Model 2 where instruments are equally relevant [Table

3.12], RM SC ranks higher than M SE which, in turn, ranks higher than CCIC.

3.6 Conclusions

This chapter set out by raising three questions relating to three recent methods of in-
strument selection in econometrics. The first question concerns the analytical connection
among them. Because CCIC and RMSC are based on canonical correlations, it is no wonder
that they would be a function of canonical correlations. However, what was not clear is
whether approximate MSE could also be a function of canonical correlations. Our analytical
investigation shows that it is.

The second question under investigation was whether a unique ranking of the three
methods is possible in terms of the finite sample behavior of the post selection estimator.
Simulation results reveal that the answer to this question is a conditional one, in the sense
that, a unique ranking emerges under certain parameter configurations while it does not
under others.

The third question raised was what guidance we could provide a practitioner as to which
of these three methods one should use in any practical application of interest. In light of

the nature of the second answer, the answer to the third question is obviously a conditional
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one. For example, a practitioner would be better off implementing CCIC if the practitioner
is aware that all the instruments in the candidate set are relevant but the relevance is of
a declining one and the first stage R-square is small, or that all instruments are equally
relevant and the first stage R-square is small, or if the practitioner is not sure about the
composition of the candidate set and it is possible that the candidate set could contain
a mix of both relevant and irrelevant instruments. On the other hand, if one is aware
that all instruments are relevant but the relevance is of an increasing one and the the first
stage R-square is small, one would be better off implementing approximate MSE. In other
situations one would do about equally well using any of the three criteria. Finally, from

our study, no clear guidance emerges in terms of coverage rate.
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Mathematical Appendix
Proof of Proposition 3.3.1

The log-likelihood function implied by the model is

T (Y — w160)
L) = L In(2m) + ¢ |57 - 2 Z{ — @) (@-moa)}STT T )
($t - 7TOZt)
where
(yt - 56/90)
[(yt —x400) (2t — Wozt)/] »! ¢
(l‘t - 7TOZt)
, ) (02 — 30Xt Sen) —(02 = TS V) 1 Bt
= [(y — x400) (w¢ — moz1)’]
_Ee_elxeu(o' - EueE Z ) (Eee - 2eu( ) 12ue)
(ye — 460)
X
(xt - Fozt)

= (ye — 2100)(0% — SueSee Tew) ™ (41 — 360)
—(xt — m02)' S0 Seu(0p — SueSee Seu) ™ (1 — 2160)
—( — 2100) (07 — SueSee Seu) ™ SueSee (T — mo2¢)
(= 702t) (Bee — Beu(0) ™ Sue) ™ (e — mo2e)
= (g — 21600) (07 — TueXee Sew) " (4t — 160)
—2(yr — 2100) (07 — SueSee Seu) Sueew (T — mo2¢)

+(xt - WOZt)/(Zee - Eeu( ) 1Eue) (xt - 7TOZt)
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So, the score with respect to the parameter 6 on the endogenous regressor z; is given by

T
9L(Yo) _
99— 2 *0ulbo)
T T
= Z xe(ye — 1'290)(05 — Euezggzeu)—l — th(ag — ZueZe_elZeu)_lEueEe_el(xt — T02t)
t=1 t=1
T
= (02 — Lue X Bey) ! Z[wt(yt — 2400) — 230w S (2 — mo2¢)]
t=1
T
= (07 = DueDed Tew) " Y _[mite(00) — 2¢Tue S ]
t=1
T
= (07 — DueDed Tew) " Y wefus(00) — Tue X el
t=1
T
=4t Z zi[us(00) — TueX e, where § = (02 — Bue X! Tew).
t=1
Note that

w =SSl er + &
= E(utler) + &:.
Because E(utle;) = YyueX tes is a linear projection of u; on eg, the prediction error, u; —
E(utler) = &, is uncorrelated with the conditioning variable e; : E&e) = 0.

The population long run canonical correlations between the score sg+(1) and the pop-

ulation moment f(v,60p) are solutions to the determinantal equation \Ve_l —p?Il = 0
where
1 1 7 1 I T
Vol = lim E[—= su(¢0)l[—= > f(ur,00)][ lim E(—=>" f(v1,60))(—= Y f(vi,60))']”
oo = = SR = VT =
1 o 1 o
x jm El—= > Fon00)][—= > sex(to))
e T4 =
= PPy ' Ps;
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- Ti= Ti=
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Again,
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where X, = E(xx)).

Hence,
o2 of %
Veil - P2IQ = fzxz[(zueze_elzeu + Ug)zzz]_lfzzx B p25%2xx
o? o}
¢ £ ) ?
_ £ P, Diay — PO
62 [Euezgelzeu n 0? Xz Hyy Hzx 1Y acx]
Therefore,
Vi =l =0
B 1
= ’Ezzzzzlzzw - ;02%211’ =0
where
2
k= ¢
1 2"
Yuedee Yiey + O

3

Thus we note that while the contemporaneous canonical correlations between the regressor
vector x; and the instrument vector z; are given by the solutions of the determinantal
equation

20255 Bap — 77800 | = 0,
the long run canonical correlations between the score vector sg (1) and the population

moment vector f(ve,6p) are given by the solutions of the determinantal equation

P

20255, Ber — 3

S| = 0.

Hence the proof is complete. B
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Table 3.1: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 1 under strategy 1: Best to Worst

9maxr = 20 T=100 T=500

R2=10.1; oy = 0.1.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias 0.032  0.021 0.041 | 0.012  0.008 0.012

90% Nom. Cov Rate | 0.922  0.957 0.947 | 0.898 0.913 0.924

R§ =0.1; oy = 0.5.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias 0.163  0.113 0.188 | 0.056  0.051 0.061

Cov Rate 0.756  0.872 0.818 | 0.844 0.874 0.868

R?c = 0.1; oy = 0.9.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias 0.229 0.191 0.341 | 0.079  0.087 0.105

Cov Rate 0.651 0.724 0.470 | 0.787  0.787 0.762

Notes: Nominal Coverage Rate = 90%; Best to Worst indicates that the order of

selection of instruments is from the best quality to the worst.
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Table 3.2: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 1 under strategy 1: Best to Worst

9max = 20 T=100 T=500

R2 =0.5; oye = 0.1.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.008  0.007 0.006 | 0.002  0.002 0.003

Cov Rate | 0.898  0.904 0.914 | 0.901  0.898 0.900

R§ = 0.5; oye = 0.5.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.033  0.031 0.034 | 0.010 0.010 0.010

Cov Rate | 0.862  0.875 0.893 | 0.898  0.893 0.896

R?c = 0.5; 0ye = 0.9.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.053  0.059 0.059 | 0.013 0.015 0.015

Cov Rate | 0.809  0.798 0.831 | 0.883 0.873 0.881

Notes: Nominal Coverage Rate = 90%; Best to Worst indicates that the order of

selection of instruments is from the best quality to the worst.

79



Table 3.3: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 1 under strategy 1: Best to Worst

9max = 30 T=100 T=500

R2=10.1; oy = 0.1.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.042  0.029 0.046 | 0.016 0.010 0.013

Cov Rate | 0.921  0.965 0.951 | 0.890 0.911 0.924

R§ =0.1; oy = 0.5.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.191  0.133 0.213 | 0.072  0.065 0.077

Cov Rate | 0.723  0.880 0.798 | 0.817  0.859 0.851

R?c = 0.1; oy = 0.9.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.285  0.235 0.384 | 0.104 0.117 0.132

Cov Rate | 0.595  0.700 0.401 | 0.749 0.735 0.701

Notes: Nominal Coverage Rate = 90%; Best to Worst indicates that the order of

selection of instruments is from the best quality to the worst.
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Table 3.4: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 1 under strategy 1: Best to Worst

9max = 30 T=100 T=500

R2 =0.5; oye = 0.1.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.011  0.009 0.009 | 0.003 0.002 0.003

Cov Rate | 0.897  0.904 0.921 | 0.903 0.901 0.908

R§ = 0.5; oye = 0.5.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.048  0.045 0.046 | 0.012 0.012 0.013

Cov Rate | 0.843  0.858 0.885 | 0.889  0.885 0.890

R?c = 0.5; 0ye = 0.9.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.067  0.078 0.075 | 0.019 0.022 0.021

Cov Rate | 0.780  0.753 0.810 | 0.868 0.844 0.862

Notes: Nominal Coverage Rate = 90%; Best to Worst indicates that the order of

selection of instruments is from the best quality to the worst.
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Table 3.5: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 1 under strategy 2: Worst to Best

9max = 20 T=100 T=500

R2=10.1; oy = 0.1.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.022  0.098 0.099 | 0.024 0.086 0.034

Cov Rate | 0.944  0.998 0.967 | 0.902 0.997 0.915

R§ =0.1; oy = 0.5.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.091  0.429 0.449 | 0.110 0.461 0.201

Cov Rate | 0.804  0.952 0.669 | 0.648  0.960 0.564

R?c = 0.1; oy = 0.9.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.057  0.802 0.807 | 0.001  0.799 0.741

Cov Rate | 0.818  0.725 0.046 | 0.814 0.740 0.018

Notes: Nominal Coverage Rate = 90%; Worst to Best indicates that the order of

selection of instruments is from the worst quality to the best.
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Table 3.6: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 1 under strategy 2: Worst to Best

9max = 20 T=100 T=500

R2 =0.5; oye = 0.1.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.015  0.020 0.047 | 0.003  0.003 0.088

Cov Rate | 0.895  0.939 0.969 | 0.903 0.899 0.966

R§ = 0.5; oye = 0.5.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.078  0.102 0.235 | 0.019 0.019 0.019
Cov Rate | 0.746  0.822 0.811 | 0.876  0.867 0.867

R?c = 0.5; 0ye = 0.9.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.011  0.188 0.439 | 0.033 0.033 0.033

Cov Rate | 0.821  0.550 0.366 | 0.812  0.792 0.788

Notes: Nominal Coverage Rate = 90%; Worst to Best indicates that the order of

selection of instruments is from the worst quality to the best.
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Table 3.7: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 1 under strategy 2: Worst to Best

9max = 30 T=100 T=500

R2=10.1; oy = 0.1.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.017  0.100 0.088 | 0.034 0.101 0.089

Cov Rate | 0.954  0.995 0.966 | 0.896  0.998 0.958

R§ =0.1; oy = 0.5.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.084  0.432 0.449 | 0.053 0.463 0.440

Cov Rate | 0.856  0.949 0.665 | 0.727  0.964 0.524

R?c = 0.1; oy = 0.9.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.112  0.804 0.809 | 0.007 0.814 0.804

Cov Rate | 0.812  0.716 0.043 | 0.794  0.738 0.005

Notes: Nominal Coverage Rate = 90%; Worst to Best indicates that the order of

selection of instruments is from the worst quality to the best.
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Table 3.8: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 1 under strategy 2: Worst to Best

9max = 30 T=100 T=500

R2 =0.5; oye = 0.1.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.024  0.042 0.052 | 0.005 0.005 0.009

Cov Rate | 0.894  0.991 0.971 | 0.906 0.896 0.913

R§ = 0.5; oye = 0.5.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.093  0.216 0.255 | 0.027  0.027 0.048

Cov Rate | 0.657  0.954 0.817 | 0.842  0.826 0.782

R?c = 0.5; 0ye = 0.9.

MSE CCIC RMSC | MSE CCIC RMSC

Med Bias | 0.007 0.414 0.450 | 0.005  0.050 0.293

Cov Rate | 0.840  0.847 0.395 | 0.839 0.661 0.338

Notes: Nominal Coverage Rate = 90%; Worst to Best indicates that the order of

selection of instruments is from the worst quality to the best.
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Table 3.9: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 2: Equally Relevant Instruments

Gmaz = 20 T=100 T=500
R3 =0.1; oye = 0.1.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.058  0.053 0.067 | 0.025 0.024 0.032
Cov Rate | 0.945  0.988 0.954 | 0.901  0.968 0.935
R} =0.1; 0y = 0.5,
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.303  0.290 0.338 | 0.167  0.133 0.176
Cov Rate | 0.676  0.925 0.708 | 0.645 0.873 0.721
R?c = 0.1; oy = 0.9.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.548  0.500 0.602 | 0.263  0.233 0.301
Cov Rate | 0.489  0.719 0.144 | 0.628  0.693 0.322
Notes: Nominal Coverage Rate = 90%.
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Table 3.10: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 2: Equally Relevant Instruments

Gmaz = 20 T=100 T=500
R3 = 0.5; oye = 0.1.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.015  0.022 0.023 | 0.004 0.004 0.008
Cov Rate | 0.899  0.921 0.943 | 0.909 0.903 0.913
R} = 0.5 0ye = 0.5,
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.092  0.094 0.101 | 0.018 0.018 0.038
Cov Rate | 0.738  0.778 0.857 | 0.876  0.861 0.855
R?c = 0.5; 0ye = 0.9.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.168  0.170 0.183 | 0.046 0.033 0.063
Cov Rate | 0.641  0.495 0.642 | 0.748  0.792 0.748
Notes: Nominal Coverage Rate = 90%.
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Table 3.11: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 2: Equally Relevant Instruments

Gmaz = 30 T=100 T=500
R3 =0.1; oye = 0.1.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.065  0.064 0.075 | 0.035  0.026 0.042
Cov Rate | 0.949  0.992 0.964 | 0.895  0.980 0.938
R} =0.1; 0y = 0.5,
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.330  0.329 0.363 | 0.215 0.163 0.218
Cov Rate | 0.695  0.937 0.696 | 0.601  0.907 0.693
R?c = 0.1; oy = 0.9.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.611  0.578 0.656 | 0.323  0.258 0.376
Cov Rate | 0.486  0.717 0.105 | 0.585  0.744 0.227
Notes: Nominal Coverage Rate = 90%.
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Table 3.12: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 2: Equally Relevant Instruments

Gmaz = 30 T=100 T=500
R3 = 0.5; oye = 0.1.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.023  0.020 0.026 | 0.006  0.006 0.011
Cov Rate | 0.892  0.960 0.946 | 0.905  0.898 0.920
R} = 0.5 0ye = 0.5,
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.125  0.112 0.128 | 0.031  0.029 0.049
Cov Rate | 0.642  0.869 0.848 | 0.832 0.824 0.851
R?c = 0.5; 0ye = 0.9.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.205  0.199 0.223 | 0.068  0.050 0.085
Cov Rate | 0.609  0.705 0.597 | 0.696  0.656 0.705
Notes: Nominal Coverage Rate = 90%.
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Table 3.13: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 3: Combinations of Relevant & Irrelevant Instruments

Gmaz = 8 T=100 T=500
R} =0.1; 0ye = 0.1,
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.071  0.027 0.042 | 0.030 0.004 0.005
Cov Rate | 0.984 0.935 0.947 | 0.958 0.913 0.919
R} =0.1; 0y = 0.5,
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.380  0.130 0.210 | 0.369  0.019 0.033
Cov Rate | 0.740  0.841 0.804 | 0.733  0.901 0.897
R} = 0.1; 0y = 0.9.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.799  0.214 0.477 | 0.813 0.030 0.084
Cov Rate | 0.294  0.645 0.253 | 0.377 0.875 0.766
Notes: Nominal Coverage Rate = 90%.
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Table 3.14: Properties of MSE(c), CCIC(c) & RMSC(c).

Model 3: Combinations of Relevant & Irrelevant Instruments

Gmaz = 8 T=100 T=500
R2%2 = 0.5; oye = 0.1.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.006  0.003 0.003 | 0.002 0.001 0.001
Cov Rate | 0.911  0.903 0.906 | 0.905 0.902 0.903
R% = 0.5; oye = 0.5.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.031  0.012 0.017 | 0.006  0.002 0.001
Cov Rate | 0.884  0.901 0.903 | 0.904 0.908 0.908
R3 = 0.5; oye = 0.9.
MSE CCIC RMSC | MSE CCIC RMSC
Med Bias | 0.124  0.019 0.027 | 0.024  0.002 0.002
Cov Rate | 0.720  0.877 0.876 | 0.860  0.900 0.898
Notes: Nominal Coverage Rate = 90%.
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Chapter 4

Selection of Instruments when the
Number of Instruments Tends to

Infinity

4.1 Introduction

While Hall and Peixe (2003) and Hall and Inoue (2003) keep the candidate set of instruments
2z and the candidate set of moments f(.), respectively, fixed, when sample size T increases,
Donald and Newey (2001) allow the candidate set of instruments z; to increase with the
sample size T'. In this chapter, our objective is to extend the statistical theory of the CCIC
by considering the case in which the candidate set of instruments increases with the sample
size. We first define canonical correlations where the regressor z; is a vector and then
extend the statistical theory of the CCIC by limiting our focus to the case where x; is a
scalar.

With this objective in mind we let vt 4, = (a:;,z;qT)’ where: (1) z¢ is p X 1, 214, is
qr x 1 and qr > p; (ii) for every T, {viq, € V5 t =1,2,...,T; V C RPTIT} is a sequence

of covariance stationary random vectors with mean vector zero and variance-covariance

92



matrix

Extx; El‘p?:;
O =E( vigr  Urgy )= "
(pxp) (p+ar)x1 1x(p+qr) Ezigrri Ezpgpz ar
(4.1.1)
sz QCL’Z
(pxp)  (pXxqr)
QZ"E QZZ

(grxp) (grxaqr)

where the second subscript gr on the instrument vector z; indicates that the size, g, of the
instrument vector z;, now depends on the sample size T'. So {24, } constitutes a double

array of random variables.

4.2 Definition and Existence of Canonical Correlations

We define the squared population canonical correlations between x; and z; 4, denoted by
{pqu;l = 1,2,...,p}, where p;q. > piy14, for i = 1,2,...,p — 1, as solutions to the
determinantal equation
| Qoo Q) Qo — P2 Qua| =0 (4.2.1)
(pxar)(gr xqr)(@T XDP) (pxp)
However, because ()., becomes infinite dimensional when ¢r — oo as T — oo, for these

solutions to exist, certain structure on z; and (2., needs to be imposed.

Case: p=1.
To explore conditions that guarantee the existence, we begin with the case where p = 1,
that is, regressor x; is a scalar.

To fix the idea, we begin with a simple linear IV model:

Yt = vy O + w (422)
(1x1) (I1x1)(1x1) (1x1)

T = Y Ztgr + €t (4.2.3)
(1x1) (1xqr)(grx1)  (1x1)

Ztge = UMTo0Ztgp (4.2.4)
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The regression (4.2.2) is the object of interest. The relation (4.2.3) states that the
regressor z; is stochastically related to ¢r instruments z; 4, . Finally, (4.2.4) indicates that
the number of instruments tends to infinity as the sample size T tends to infinity.

The population moment condition for IV estimation implied by the model is:

El ztqp (yr —2b0)] = 0 . (4.2.5)
(qrx1)  (1x1) (grx1)

and the resulting IV estimator is:

1 & 1 & Tz
b = 1Y g (F3 i) 5D )
t=1 t=1 t=1

1 & 1 & T Z
t=1 t=1 t=1
= (X} Zp(Zh Z0) L 2 Xy A X Zp (2 Z) L 20 Yy (4.2.6)

We restrict attention to the ordered sequence of candidate sets {z 4, } and consider the
following specification of the v vector.
Specification of ~:
00
Z%? < 00, and there does not exist finite s such that v; = 0 for ¢ > s. (4.2.7)
i=1

In other words, this is a case where every additional instrument is useful in approximating

Tt.
For z; scalar, the determinantal equation (4.2.1) reduces to
Quz QL Qoo —po, Qg =0 (4.2.8)
(Ixq7) (g7 xq7r)(gT x1) (1x1)
or,
E;Utz,;qT (Ezt,qu;qT)il Ezgpxt — pgTExtx; =0. (4.2.9)

Thus the eigenvalue, which is the squared population canonical correlation, is given by

Q. Q2 Q, , N
) (Ixar)(qrxgr)(arxl)  PTtZgr (Ezt,qTZt,qT) Eziqpx
Par = O = For (4.2.10)
Tx t
(1x1)
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Therefore, for x; scalar, the squared population canonical correlation is equal to the squared

population multiple correlation coefficient, commonly denoted R?.

2

r 18 given by the solution of

The corresponding squared sample canonical correlation r,

1 « 1 Tz 1
T E Ti2y g (T E ztquthT) T E zquTmt'—rng g xxy =0 (4.2.11)
t=1 t=1

t=1 t=1
Thus,
-1
1 T ! 1 T / 1 T
Tor = T~T 3 (4.2.12)
T 2t—1 %

Consistency and asymptotic normality of the linear IV estimator, and existence of the
inverses (Ezt,qT z;qT) o and (% Zle 2t.qr z;’qT) o and hence that of pZT and T‘ZT take place
under certain conditions. Portnoy (1984, 1985) shows that such conditions place restrictions
on the design matrix Zr. They require that the empirical distribution of the vectors {z 4, }
be near a distribution in Y7 with an appropriately smooth density. He shows that these
conditions will hold in probability whenever the distribution of the sample {2 4, } is not too
concentrated in any fixed direction, that is, the distribution of {a’z 4.} does not depend
too strongly on the direction, a/||a||. Equivalently, the directions {24, /||2tq,||} should be
at least somewhat smoothly distributed over the unit sphere. Such conditions rule out cases
where there may be different rates of information accumulating along different directions,
such as the case when there are both trending and non-trending regressors.

Following Portnoy (1984, 1985), we formally impose the conditions referred to above on

the design matrix Z;.

Conditions on Zp: Let
Iw,e) ={t=1,2,..,T : |z, w| < c}

and let S be the ball in 17 of radius § and S* be the sphere of radius 1.

(i) For any ¢ > 0 and ¢ > 0, there are constants ¢’ > 0 and C' > 0 such that for all
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ve S we S and T=1, 2, ...

Z(zéqu)Q < eT where J = I(v,c)NI(w,C).
ted

(ii) There exist constants b and B with 0 < b < B < oo such that
Amae(ZZ1) < BT a.s., Apin(ZipZ7) > bT a.s.

Condition (i) above [Portnoy (1984, p. 1300)] is designed for the situation where
Cov(ztqp) = Ezt g z;qT = I. It is innocuous because if it does not hold, then the transfor-

.. —1/2
mation Z; ¢, = sz/

Ztgr, B = QiézvqT yields an equivalent problem with Cov(Z;4,) = 1.
Then under the assumption that in the population, {24, } constitutes a sequence of

_ : / —1 . .
= I, the inverse (Eztq,2;,,)  always exist in

/
orthonormal vectors, and thus Ezq,.2; 4,

,oN—1
the population. Again, by virtue of condition (ii), the inverse (% Zthl Ztqr Zt,qT) always
exist in the sample. So, the existence of the population squared canonical correlation

I
ExtquT Ez gr 1y

2
= 4.2.13
Par Ez? ( )
and of the sample squared canonical correlation
-1
1 T ’ 1 T / 1 T
9 T 2at=1 Tt qp (T P Zt,qTZt,qT) T 2at=1 Ztar Tt

Top = (4.2.14)

LN~T 2

T 2t=1 %

is guaranteed.

4.3 Consistency of the Sample Canonical Correlation

Having guaranteed the existence of pgT and rgT, we now proceed to establish the consistency

2 2 :
of g, for pg . To this end, let
E:Utz;qooEzt,qmwt = £ < 00. (4.3.1)

Then we have

Proposition 4.3.1 Assume that (i) {z14,} is a sequence of gr x 1 i.i.d. random vectors
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with E{z 4, } = 0 and Cov{zq, } = I, (i) {et} is a sequence of i.i.d. random variables with

mean zero and variance o and is uncorrelated with {zt 4, }, (i) sup, n%aa:THEa:tz;,qTH <k,
T = AR

a finite constant, and (iv % — 0. Then rgT EN pgT.

Proof of Proposition 4.3.1:

By the triangle inequality,
1 & 1 & Tz
’T Z LTtZ4qp (T Z Zt:‘ITZt,qT> T Z Zt,qp Tt — &|
t=1 t=1 t=1

1 1 & T
/ ! /
< |T Z Ttt,qr T Z Ztqr 2t,qr T § ZtqrTt — EfEtZt,qTEZt,qTCUt|

t=1 t=1 t=1

!
+’Extzt,qTEzt7QT'rt ¢
T T

1 T 1 ! 1
- ‘T Z LtZt qr (T Z ZunZt,qT) -1 T Z Zt,qr Tt
t=1

t=1 t=1

T T
1 A | /
Hf Z xtzt,qTf E :Zt,QTﬂft - Extzt,qTEzt7QT$t|

t=1 t=1

—|—]Extz;7qTEzt7qut — ¢

= A+ B+, say, (4.3.2)
where
1 & 1 & - 1 &
A= \T Z Tt2y g (T Z zt7qut’qT> -1 T Z 2t 40Tt (4.3.3)
t=1 t=1 t=1
1 & 1 &
B= \T Z Tt2tqr Z ZtqrTe — Exizy o B2y gp 4], (4.3.4)
t=1 t=1
C= ‘Eth;,qTEZt,qTxt — <. (4.3.5)
Then,
1 & 1 &
B = ‘T tzz; xtthTT tz:; Zt,qT:L‘t — Extzt,qTEZt,qT‘rt’
e ’
g | |T Z gjt’zt,qT - Ewtzt,qT | ‘
t=1
1 I
+2 || Bz, |1 > @iz gy — Exizy g, | (4.3.6)
t=1
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where

1 T 1 T
! / - / ’ , ,
T Zwtzt#JT - ExtztﬂT -7 Z (,qu Ztgr + Et) Ztar — E[(’YqT Ztgp T 875) Zt,qT]
t=1 t=1

T T
1 , 1 , )
-7 Z Yar 2tar Zar T T Z St2tqr — E(’Y‘IT,Ztquzt,qT)
=1 t=1 (4.3.7)
[since E(e12;,,) = 0]
1 £l 1 T
= ’Y(IT,[T Z Ztv‘szt,qT — E’Zt,QTZt,qT] + T Z Et'zt,qT‘
t=1 t=1

Now, from our imposed condition on the sequence of «’s it directly follows that, H’YqTH =

0(1).
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T T
1 ! / 1 !
= E :Zt:(ITZt,qT - Ezt,Qth,qT = mr E Ztaqr*eqr T I
T T
t=1 t=1
Zt,1
T
1 Zt,2
= T Z . Zt)l Zt?2 st Zt7qT B I
t=1 :
thZT
2
Zt1 Zt1%t2 ... Zt1%tqr
T 2
1 Z Zt2%t,1 Zt,2 s 2t 2Ztgr 7
T
t=1
2
“tgrct,l  Rtgrct2 - Zgr
1 7T 2 17T 1T
Toam1 21 — 1 X Z1%2 o T D1 A1 %gr
Op(1) (L) Op( =)
1 T 1 7T 2 1 7T
T 2i=1 262260 72171 — L oo ) Z2%igr
_ Ou( =) (L) Op( =)
1 T 1 T 1 T 2
T Dote1 Phar?tl T Dope1 PtarAt2 - T Dupe1 Ptar
Ou( ) 0(L) Op(=)
(4.3.8)
1 T ! ! _ qr : .
Therefore, ||7 > i1 2tar2tgr — E2tarztg, |l = Op(ﬁ) [where we use the Frobenius norm:
[All = /tr(A'A)].
Next we note that, €121,4,,€222,97,---,6T2T,9, are a sequence of gr x 1 iid. ran-

dom vectors with E (e;2¢4,) = 0 by independence of ¢; and z; 4., and Cov (€214, )

E (12140747 €t) = E(€7) E (2tqp2t4r’) = 021 by E (¢}) = 0 and E (24,214,") = 1.
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Therefore, by Theorem 1.1 of Portnoy (1986) [p. 572], ||+ ST z-:tz;qTH = 0p(-%). Hence,

vos
]_ T / ]. I /
B= ’T Z t2tqr o Z Ztgr Tt — B2tz o0 B2 gr 4]
t=1 t=1
T T
1 / ’ 1 /
< |‘7QT/[T Z ZtarZtgr — E2tarZtgr] + T thztﬂTHQ
t=1 t=1
/ 1 T ’ /
+ 2 [|B2izg g, |l Y wt%tqr — Bzt
t=1
1 « 1 o RS
/ ’ ’ / !
< H’YQT,[T Z 2tar ft,qr Ezt,QTZt,qT]||2 + 2||’7¢1T/[f Z Ztar*egr Ezt,QTZt,qT]H ||f Z 5tzt,qTH
t=1 t=1 t=1
1 & 1
/ / ’ !/
U Y etet gl + 2 1B g | 17 D 0% g — Bttty
t=1 t=1

< 0()0,(%2) +2 010,110 (—=) + Oy(5) +2 ()0,

< z L)0p 7= )

qr
VT
= Op(ql)

_ e 3L

= 0p(1) smceﬁ 0.

(4.3.9)

Again,

1 & 1< 1 & 1 &
A= |T Z xtzt,quil(I - T Z Zt,QTZt,qT)(T Z Zt,fITZt,qT)ilf Z Zt#]Txt’
t—1 t=1 t—1 t—1

[Using E=! = F~' = F7Y(F - E)E!]

1 o 1 o 1 1 g
/ / /
§|]—th2 HHI——Zzt Ze ol || —Zzt z —Zzt xt|| = abe
T t,qr T 4T “t,q1 T 4T “t,qT T 4T
t=1 t=1 t=1 t=1

(4.3.10)
where
1 T
a=|17 D vzl (4.3.11)
t=1
1 T
b=I1I— %D ztarzgrll (4.3.12)
t=1

1 & B
c=| (T > Zt,qTZt,qT> =2 zaraill (4.3.13)
t=1 t=1
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Again,

T T
1 ! 1 ! i !
t=1 t=1
L I
< ||7thzzlfq - Extz;q H + ||Extz;€q ||7
T~ g g g (4.3.14)
~0, ( ar ) +0(1)
VT
=0(1).
By our earlier result we know, b= || — % Z;‘FZI zunz;qTH = Op(q—\/%).

—1
1 T ! 1 T _oa S
Next, (T D1 zt,qTZt,qT> T > i=1 2tar®t = Ygp,0LS = Yqr,0LS — Yar + Var

< ‘W‘IT,OLS - ’VqTH + H’YQTH = 0(1)
op(1)under the condition%—»O by Portnoy (1984) o(1)

d thus, ¢ = || (2 27 P Vi _ o0

an us, ¢ = || T D1 2t,qr “t,qp T > i=1 2tar®ie|| = O(1).
Hence, A = abc = O(1) Op(%) O(1) = op(1), since% — 0.
Also, C = ]Ea:tz;,qTEzt,qTa:t —¢&] — 0 by the definition of &.

So it only remains to show that % Z;‘FZI x? 2, Ex?, where

Ex} = E[('Yquzt,qT + Et) (Ztv‘IT/FY(IT + 5t)]
= ’YQT/E(ZLQTZLQT/)’YQT + 'YQT/E(ZLQTEt) + E(EtztvlJT/)’VQT + E€? (4'3'15)

= 'VqT/'YtIT + o [Since E(Zt7QTZt7QT,) =1, E(Zt,QTEt) =0 and EE% = ‘72]'

Now,
1 1 &
T Z ‘Tt2 -7 Z[(V‘IT/Z@‘IT + Et) (ZtaQT/fYQT + Et)]
t=1 t=1
T T T (4.3.16)
= ’VQTI’YQT + = Z Etzt,QT/'YQT + 'VqT/* Z 2tarct T Z 5?-
T t=1 T t=1 T t=1

Let St = + S €t2t.4r"Var and note that Sy is a scalar. Also,

T
E(St) = %Z{E(et)}{E(zmT”qu)} =0 [by independence of {e;} and{z: 4, }] (4.3.17)
t=1
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and

T T
Var(St) = B(S3) = Bl Y erztar Yar)’ = g S ABEDHE Grar 7))
t=1

t=1

(4.3.18)
o2 T ) o2 qr - o2 qr
t=1 i=1
Therefore, by Chebychev’s inequality, P(|St| > 5) < MQST) =O0(7) = 0as T — oo.

Also, by WLLN, L S°7  e? % Ee? = 02 Thus, ~3/_ 27 2 [y ver + 0%] = Ea} < oo,

2 2
Hence, 77, S Pyr- W

4.4 Consistency and Asymptotic Normality of the Linear IV

Estimator

Proposition 4.4.1 Assume conditions (i) and (ii) on the design matriz Zp and assump-
tions of Proposition 1 above hold. Then

(a) Op il 0o, and

(b) TY2(0r = 60) = N (0, 02[Q32(02)102)] 1) = N(0, 020205 Y.

T2° 22
=I

Proof of Proposition 4.4.1:

(a) From (4.2.6) we have

1 T 1 T - T
Or = 6y + {f Z TtZy g <TZ zt,qut,qT) Z ,qTﬂb‘t/}_l
t=1 t=1 t:l
T T - T
1 / 1 /
T Z TtZtqr (TZ Zt,qTZt,qT> Z Ztar€t
t= 1
= b + Mgy Z %t gpEt (4.4.1)

where

T T T
M, = 1 ! l ! l -1
T { Z :I:tzt7qT Z Zt7QT Zt,QT Z Zt,QTmt }
Tz Tt=1 T t=1
—1

T 1 T /
Z TtZt g TZ 2t.qr ?tqr . (4.4.2)
t=1 t=1
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By WLLN, % Z;‘FZI xtz£7qT £ Extz;,qT, (%Zle zunz;qT) L Ezt gr2t.qr -
Then, by Continuous Mapping Theorem, M, LY, , Where

M = {El‘tZ;,qT (EZLQTZWIT/)71Ezt,QTxt/}7letzwlt,qT (EZLQTZEQT/)il

Again by WLLN, % Zle 2t qrEt Lt Ezi 4,61 = 0. Therefore,

plim éT = 0o + plim M; 4, plim % Z;le Ztgret =00+ M x0=10,. &

(b) From (4.4.1) we have

1 & 1< Tz
T1/2<9T - 00) = {T E Tt2¢ g <T§ :Zt,CITZt,qT> T E :Zt,lJTxt/}il
=1 =1 t—1

T T / -1 | I
g t% th (; Zt,qTZt,qT) ﬁ ; Zt,qr€t
q:r\ﬁzzt ar€t (4.4.3)
As noted in the proof of Proposition 4.3.1, 21 4,€1, 22,¢p€2; - - - s 2T,qpET are a sequence
of gr x 1 iid. random vectors with E (z;4,6:) = 0 by independence of z 4, and e,

and Cov (2,476¢) = E (2tgpet€tztgr’) = E (e7) E (2tqp2t,q:') = 021 by E (e7) = o2 and

E (2t,qp2t,qp’) = I. Therefore, by Theorem 1.1 of Portnoy (1986) [p. 572],

T
1
7 S zgree 2 N(0, 0%, (4.4.4)
t=1

Assume that a Lindberg-type condition holds for the elements of the vector xtz;.qT, that is,

T ar
lzmTﬁoomaxt<Tma:cq<qT:ctztq/E g a:tth 0. (4.4.5)

t=1 g=1
Then, by Central Limit Theorem, % Zle(xtz;qT — Elxz, ar)) b, N(0, V) where V =

limTﬁmVar(ﬁ 25:1 l‘tZ;,qT), and it follows that A Zt | TeZy ar Lt E(l“tZ;,qT) = Q.

Similarly, assume that a Lindberg-type condition holds for the elements of the matrix

/ .
2tqr 2t ,qps that is,
T qr

. 2 2
lzmTﬂoomaxtSTmaazngth’q/ E g 2rq = 0. (4.4.6)
t=1 q=1
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Then, by Central Limit Theorem, % Z;‘F:l(zt,qu;qT —E[zt7qu;7qT]) D, N(0, T') where I' =

/ P /
7QTZt,qT - E(Ztv(ITZt,qT) =

Q%9 = I. Then by Continuous Mapping Theorem, M, LN (222(Q2)~10) 102 (NX2) ! =

limT_mVar(% Zle zt’qu;qT), and it follows that %Z;le 2

(22202)710% . Finally, applying Slutsky’s Theorem completes the proof. W

Tz~ "ZT

4.5 Canonical Correlations Information Criterion

Hall and Peixe’s (2003) canonical correlations information criterion is given by:

CCIC(c) = ZEp(c) + P(T,|c|) (4.5.1)
where the statistic
P
Er(c)= T in[l —riz(c)] (4.5.2)
i=1

captures the sample information, and P(T),|c|) is the penalty term which satisfies the fol-
lowing conditions: (i) P(T,|c|) = h(|e|)ur; (ii) h(.) is non-negative and strictly increasing;
(iii) ppr — oo as T — oo and pup = o(T).

The functional form of Zr(c) is motivated by the form of a likelihood ratio statistic when
the dimension of the parameter vector underlying the model of interest is fixed. Suppose

that x; is generated by the following model

e = v 2(c) + e (4.5.3)
1x1 1xq gx1 1x1

= 7 z(c) + 75 zlc2) + e (4.5.4)
1xq1 q1x1 1xq2 qax1 1x1

where the number of instruments, ¢ = (q1 + ¢2) is fixed, z¢(c) = [2¢(c1)’, 2e(c2)], ¢lea =0
and Ele;z:] = 0. The statement that z;(c2) is redundant given z;(c1) is equivalent to the

null hypothesis Hy : v2 = 0. If e, ~ IN(0,€), then the likelihood ratio statistic is

LRy = Z%(c1) — E%(c) (4.5.5)
where Z%(c) = TY?_,in[l - TiQ,T(C)] and 7;7(c) is the ith sample canonical correlation

between x;(0y) and z(c).
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It can be seen that the two components of CCIC(c) (4.5.1) move in opposite directions
in response to the inclusion of an additional instrument: the first term Zp(c) either stays
the same or decreases, while the second term P(T,|c|) increases. Hence, if the selection
vector is chosen to minimize CCIC(c) then the resulting instrument vector retains only
those instruments whose inclusion reduces Zp(c) sufficiently to offset the increase in the
penalty term P(T, |c]|).

In contrast to model (4.5.3) above, our model becomes

Tt = Vgr 2tar(0) + e (4.5.6)
X1 1xgp qrx1 1x1
- ’y‘lllT Ztqr(c1) + 7:]2T Ztgr(c2) + e (4.5.7)
Ixqir arxl 1xgop Ger X1 1x1

where the number of instruments, ¢r = (17 + g2r) — 00 as T’ — 00, 2t 4, (¢) = (21,4, (1),
2t qr(€2)']', cica = 0 and Eles|z]) = 0. Similarly to the Hall and Peixe (2003) setting above,
the statement that z; 4, (c2) is redundant given z; 4, (c1) is equivalent to the null hypothesis
Hy : 74, = 0. Although the dimension of ~,,, — 0o as T' — oo, given our specification
of the v vector in (4.2.7), it follows from the consistency of sample canonical correlation
given by Proposition 1 above, that the CCIC(c) of Hall and Peixe (2003) will lead to the
selection of all relevant instruments with probability one.

Theorem 4.5.1 Assume that (i) the specification of the Yoo vector in (4.2.7) holds; (ii)
cr = argnginCCIC(c) where C is the set of all possible choices of c; (iii) the penalty
functionCJi(T, le]) = h(|e))pr, satisfies the following conditions: (a) h(.) is non-negative
and strictly increasing; (b) up — oo as T — oo and pp = o(T). Then ép L Cr.00, Where
Cr.oo 15 the set of all relevant instruments.

Proof of Theorem 4.5.1 As in Hall and Peixe (2003), the proof relies on considering
the limiting behavior of CCIC(c) when the instrument vector z;4,(c1) is augmented by
including the vector z; 4, (c2). Let pr be the sample canonical correlation between z; and

2t qr(€), 77 be the sample canonical correlation between x; and 2z 4, (c1).
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Then,

A =CCIC(2t,4p(c)) — CCIC (21,4 (1))
= Tin[l — p7[a: : (2tgr (1), 297 (c2))]] + (| pr
— Tin[l = r#[a; : (214, (c1)]] = h(ler| pr

R i prlwe: (zrgr(cr), 2gr(c2)] o)) = h(le
- { 1 — 712z : (2,90 (c1)] } + [A(le]) = h(lex])]pr-

Hence,

A { L= pplee: (zrgr(er), 2gr (c2))]
T L= rilae s (2qr(c1)]

}+mww—mmmﬁi

Now, from the specification of the v, vector, it follows that z; ¢,.(c2) is not redundant given

2t qp(c1) and that inclusion of the additional instruments z; 4,.(c2) will yield the result that

A~

prlee : (2tqr(c1), 2tqr(c2))] > rr[2e : (2060 (1)]-

Therefore, because sample canonical correlations are consistent estimators of the population

canonical correlations, as T — o0,

n 1- ﬁ%[$t : (Zt,qT (Cl)a Zt,qT(C2))] g
in{ T Z[z0 : (rogr ()] }oro

where k is a constant. Again, as a consequence of |c| > |c;| and of condition (i7)(a), [h(|c]) —
h(lc1])] > 0. Finally, by condition (ii)(b), as T" — oo, ur/T — 0. Thus, A < 0 with
probability one in the limit, implying that implementation of the CCIC(c) of Hall and
Peixe (2003) will continue to decrease the value of the criterion and thus inclusion of the

relevant instruments until the vector ¢,  is selected in the limit. W

106



4.6 Conclusions

The objective of this chapter has been to extend the statistical theory of the CCIC of Hall
and Peixe (2003) to the case in which the the candidate set of instruments increases with
the sample size. It focuses on the case where the regressor x; is a scalar. It establishes
consistency of the sample canonical correlation and also proves consistency and asymptotic
normality of the linear IV estimator. Finally, this chapter shows that for the specific
instrument generating scheme considered, implementation of the CCIC of Hall and Peixe
(2003) will lead to the selection of all relevant instruments from the growing candidate set

with probability one in the limit.
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Chapter 5

Summary and Directions of Future

Work

In this dissertation we develop methods of estimation of a new kind of canonical correlations
called Long Run Canonical Correlations (LRCC) that has recently emerged in econometrics
to provide a metric of relevance for moments used in GMM estimation. In addition, we
show further usefulness of LRCC beyond their usefulness in moment selection. In particular,
we show how LRCC can be used to develop econometric tests that can play a role in (i)
structural stability testing, and (ii) exogeneity testing of regressors in a cointegration model.
To this end, we establish a link between LRCC and canonical coherence at frequency zero.
By exploiting this result, we develop what we call the Hannan and LR tests of persistence
and the Hannan and LR tests of exogeneity. The importance of tests of persistence is
that they can be used to pre-test data to screen out cases where subjecting the data to
the Wald test of structural stability would be misleading. The importance of tests of
exogeneity of regressors in a cointegration model is that in the case of strict exogeneity,
the limiting distribution of the estimator of the slope vector becomes nuisance parameter
free. Simulation results of the Hannan and LR tests of persistence are mixed. It is seen

that if the tests are conducted without prewhitening and recoloring, then they perform
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well. However, if they are implemented with prewhitening and recoloring, then the quality
deteriorates. Simulation results of the Hannan and LR tests of exogeneity, on the other
hand, indicate that the tests are highly satisfactory.

Next, we conduct a comparative study of three recent methods of instrument selection
in econometrics, namely, the CCIC of Hall and Peixe (2003), the RMSC of Hall and Inoue
(2003), and the approximate MSE of Donald and Newey (2001). In this context, we explore
three questions: (i) What, if any, is the analytical connection among the three methods? (ii)
Is a unique ranking of the three methods possible in terms of the finite sample behavior of
the post selection estimator? (iii) What guidance can we provide a practitioner as to which
of these three methods one should use in any practical application of interest? The answer
to the first question reveals that all three methods are functions of canonical correlations.
The answer to the second is a conditional one, in the sense that, a unique ranking emerges
under certain parameter configurations while it does not under others. In light of the nature
of the second answer, the answer to the third question is obviously found to be a conditional
one as well.

Finally, we extend the statistical theory of the CCIC of Hall and Peixe (2003) to the
case where the number of instruments goes to infinity with the sample size. Here, we limit
our focus to the case where there is only one endogenous regressor and show that, for the
particular kind of instrument generation scheme considered, implementation of the CCIC of
Hall and Peixe (2003) will lead to the selection of all relevant instruments from the growing
candidate set with probability one in the limit.

So far we discussed works that have been done in this dissertation. Now we turn to
directions of future works that emerge as a natural outgrowth of this research.

Although the methods of estimation of LRCC have been developed, methods of their
inference have not been developed. It is of interest to know how many population LRCC
are different from zero; that is, how many long run canonical variates are needed to explain

the correlations between Xp and Zp. The number of nonzero LRCC is equal to the rank
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of ¥,,. One could be interested in testing the null hypothesis that all LRCC are zero:
p1=p2=...=pp =0, 1e., X, = 0. If this is accepted, then there are clearly no useful
long run canonical variates. If it is rejected, then it is possible that py > p2 = ... =p, =0,
and so, rank(X;.) = 1, in which case only the first long run canonical variates are useful.
If this is tested and rejected, we can test whether the smallest p - 2 LRCC are zero, and so
on. Thus, we have a sequence of hypotheses Hy: pyy1 =...=p, =0for k=0,1,...,p—1.

By exploiting the result of Proposition 2.4.1 of Chapter 2 of this dissertation, we can
conduct a likelihood ratio test in the frequency domain by adapting Theorem 15 of Hannan

[(1970), p. 300]. It can be implemented through Wilk’s lambda statistic: !

| faz (0)]
= [T a-5)
i=k+1

Deriving the asymptotic distribution of the above lambda statistic under the null hypoth-
esis:

Hy:pps1=-..=pp=0

for k=0,1,...,p— 1, is one of the areas of future work.

Other areas of future research relate to: generalizing result (2.5.6) to near-integrated
processes along the lines of Phillips (1987); modifications of CCIC(c) for other specifications
of the v, vector; extension of analysis of Chapter 4 to the case where p > 1, that is, where
the regressor z; is a vector, and comparing the performance of CCIC(c) in expanding

parameter case with that of Donald and Newey’s (2001) M SE(c).

Hannan [(1970), p. 301]
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