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ZACK, LAURIE. Nilpotent Lie Algebras with a Small Second Derived Quotient. (Under
the direction of Ernie L. Stitzinger.)

There are many parallels between groups and Lie algebras, and mathematicians have
been studying the similarities between them for decades. Many times researchers can
look at results from group theory and translate them over into results in Lie algebras and
vice versa. In 2003, Csaba Schneider published a paper in the Journal of Algebra about
finite p-groups G, with the properties G” # 1 and |G'/G”| = p®. Schneider used Lie
algebra calculations to inspire the ideas behind the group structure when G is generated
by two elements. He then extended the group ideas to find the structure of G when
generated by more than two elements and stated that it would be interesting to look at
these results in Lie algebras. This paper completes the analogous Lie algebra problem,
when L is a nilpotent Lie algebra with properties dim(L'/L"”) = 3 and L” # 0. In this
paper, not only have we found all the Lie algebra analogues to Schneider’s results, we

have also classified these algebras over the complex numbers.
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Chapter 1

Introduction

In a recent paper, Csaba Schneider [5] found the structure of finite p-groups with
properties |G'/G"| = p* and G” # 1 for odd primes. He found that |G?/G?| = p =
|G3/G* = |G*/G5|, and that G® = G”. He went on to prove that G is a central product
of two simpler groups, H and U, where H is generated by at most five elements, U’ C G?,
and that H and U centralize each other. Schneider commented that to obtain the first
of these results, he solved the analogous Lie algebra problem and then followed a similar
pattern in p-groups. This paper was inspired by another one of Schneider’s remarks that
it would be interesting to solve the Lie algebra analog to the central product result. In
this papaer, after obtaining this Lie algebra decomposition, L = H + U, we go on to
classify the possible H’s and U’s over the complex numbers. We find H can be one of
fourteen isomorphism classes and U is the direct sum of a generalized Heisenberg Lie
algebra and an abelian Lie algebra.

For the analog to the second part of Schneider’s results, we show general results
which correspond to work of P. Hall and N. Blackburn [2], and in particular use the
Lie algebra counterpart to a subgroup defined by Blackburn [1]. Finally, we find the

fourteen possible classifications of H over the complex numbers, results which as of yet



have no group theory analog.



Chapter 2

Preliminaries

We begin by introducing notation and definitions to be used throughout the remain-
der of the paper. The majority of our definitions come from notes written for a Lie
algebra class at North Carolina State University [4]. Let L be a finite dimensional nilpo-
tent Lie algebra of class ¢, L* the ith term of the lower central series, and we define
the derived series L' = [L, L], L" = [L',L'], and L"” = [L", L"]. So there exists a chain
LOL'DL2D .- DL =0 where L2=[L,L], L3=[L,L?, ..., L" = [L, L""'] and
L is said to be nilpotent of class t. Using notation from N. Blackburn [1], we will define

L' ={z € L|[z, L?] C L*}. By definition, Lie algebras satisfy the Jacobi identity,
[z, ly, 2] = [[=,y], 2] + [y, [%,2]] for all @, y,z € L

which is heavily used throughout many of the proofs in this paper. Since many times
we will be using more than three elements, we will simplify the bracket structure when

the brackets are left justified we will use [- - - [[x1, 2], 23], - -+, xn] = [21, 22, ..., T,].



Chapter 3

A General Lemma and some

Consequences

We start with a general lemma and some results that parallel Schneider’s work.

Lemma 1. Let L be a nilpotent Lie algebra and H is a subalgebra of L such that L? =
H? + L3. Then
L'=H 4+ L' for alli > 2 and

L'=H' for alli > 2.
Moreover, H is an ideal of L.

Proof. We will use induction on 1.
For i = 2 we have L? = H? 4+ L? which is the assumption of the lemma. Suppose that
L' = H=1 4+ [’ is true for i — 1 > 2. Now we will show the result for i. We know

that H® 4+ LY C L* because Lit! C LP and H* C L. So we need only show that



L' C H' + L', By definition we have

L= (L7 L]
= [H" + L', I
= [H, L] + (L}, I]

— [Hi_l,L] +Li+1.

So it is enough to show that [H*"! L] C H'+ L' Now [H*"' L] = [H"2, H, L], and by
the Jacobi identity we have [H*2 H, L] C [L, H" 2, H|+[H, L, H?]. Since H""? C L2

and [L, L'"?] = L*~! we have that

[L,H'"2, H] C L', H]
= [H'+ L', H]
= [0 H] +[L', H]
C H' + L'
and [H, L, H? C [L* H'?
= [H? + L®, H"?
— [H? H'™% 4+ L, H'™?

g Hz +Li+1

So [H"' L] =[H"2 H,L] C H + L', Therefore, L' = H" + L' for all i > 2.

Now if L is nilpotent of class ¢ then Lt = H*! = 0. Suppose Lt = H**! for
some 7 such that 3 < i < ¢+ 1. Then by the previous result we have L' = H + Li+!
= H' + H*' = H’ Then by induction, L' = H® for all i+ > 2. Moreover, since
[H,L] C [L,L] C L? = H? C H then H is an ideal of L. O



From this lemma, we obtain the following corollary, which again parallels work done

by Schneider.
Corollary 1. Let L be a Lie algebra. Then

(i) If dim(L*/L3) = 1, then L has a 2 generator ideal H such that L' = H' for all

1> 2.

(ii) If dim(L*/L3) = 2, then L has a 3 generator ideal H such that L' = H* for all

1> 2.

Proof (i). Suppose L? = [a,b] + L? for some a,b € L and H = (a,b). Since
L? =la,b]+ L3 C H*+ L? C L?, we have L?* = H?> + L?. So by the previous lemma we

have H is an ideal of L and L? = H? for all i > 2.

Proof (ii). Suppose dim(L?/L?) = 2. Then {[a,b] + L3, [c,d] + L?} is a basis for
L?/L3 for some a,b,c,d € L. Now select the subalgebra H in L as follows:
if [a, c], [a,d], [b, c], [b,d] € L? then let H = {a,b+ ¢,d). Then looking at H? we get
[a,b+ c] = [a,b] + [a,c] € [a,b] + L3. So [a,b] = [a,b+ c] — [a,c] € H? + L? and
b+ c,d) = [b,d + [c,d] € [c,d] + L?. So [¢,d] = [b+ c,d] — [b,d] € H* + L3.

We have [a,b] + L3 C H* + L? and [c,d] + L* C H?* + L? which implies L* C H* + L3.
Therefore L? = H? + L? and the result holds by Lemma, 1.

Without loss of generality, suppose that [a,c] ¢ L*. So [a,c] = ala,b] + Blc,d]
mod L3 for some «, 3 where at least one of them is not 0. Now, if o # 0 then set
H = {(a,c,d). Then ala,b] = [a, c]—0Bc,d] € H*. Hence [a,b] € H?, and since [c,d] € H?,
L? C H*+ L3 and L? = H?> + L3,

Otherwise set H = (a,b,c). Then similarly we have L? = H? + L3. In either case,

by the previous lemma, H is an ideal of L and L! = H* for all ¢ > 2. O



3.1 Proof of Theorem 1

We now move to our first theorem of characterizing the Lie algebras. This theorem
helps with the classification of the Lie algebras later by finding the dimension of the

second derived quotient.

Theorem 1. Let L be a nilpotent Lie algebra over a field of with characteristic not equal

to 2, dim(L'/L") =3, and L” # 0. Then dim(L*/L?) =1 and L" = L°.

Proof. Suppose L is finite dimensional such that dim(L'/L") = 3. If dim(L'/L?) =
1, then L = [I/, '] C L because

(L, L] = [{a) + L?, (a) + L]
= (laa + z, Ba +y]) for all z,y € L°
= (ala,y] + Blz,a] + [2,y]) for all 2,y € L°
C [(a), L] + [{a), L] + [L?, L]
= [(a) + L*, L]

=[L,L% C L°.

Thus there exists a chain of ideals L D L' = L? D L* D> L* D L° D L" # 0. Hence,
L" = L’ by the counting of dimensions.

Now assume the dim(L'/L3) = 2. By the previous corollary, there exists a three
generator ideal H = (a,b,c) of L such that H* = L' for all i« > 2. Therefore we may
work with H and for the remainder of the proof we will call it L. Since L” C L* and by
counting the dimensions, we have that L” = L*. We may also assume that L is nilpotent
of class 4, hence L° = 0.

Now L'/L3 is abelian with dimension 2. So there exists a, 3, not all equal to 0 such



that

ala,b) + Bla, ] + 6[b,c] =0 mod L.

The three vectors are linearly dependent, so if « = # = 0 then § # 0 would imply
that [b,¢] = 0 mod L®. If « = 0,8 # 0 then fSla,c] + d[b,c] = 0 mod L3. Then let

a' = fa+ b, ¥ =band ¢ =c. Then (d/,V, ) is still a generating set because

a’ G o0 0 a
V1 =10 10 b
c 0 01 c
where 3 # 0, so the representation matrix is nonsingular. Furthermore [d¢/, ¢'] = [Ba +

ob, c] € L3.
Similarly, if « # 0,3 = 0, then replace a” = —aa + dc, V" = b, ' = ¢ and again

(a”, 0", ") is a generating set. Then
[d", V'] = [~aa + dc,b] = —ala, b] + §[c,b] = —ala,b] — b, ] € L.

Finally, if o # 0, 3 # 0 replace @ = (8/a)a+(6/a)b, b= b+(8/a)c, &= c. Similarly,

(@, b, ) is still a generating set and

4.5 = [(B/aa + (5/a)h b+ (5/a)]
= (8/a)la,b] + (5*/a)a,] + (36/a®), ]
= (Bala, ] + Bla,d + 660, ) (3)

= (ala, 1]+ fla, ) + 30, d)( )
=0 mod L?
€ L°.



Therefore, we may assume without loss of generality that L = (a,b,c), L'/L? =
{[a,b] + L3, [a,c] + L3) and [b, ] € L3. Hence L' = ([a,b],[a,c]) + L3.
Since [b,c] € L3, then [b,c,a] € L* and also the Jacobi identity [a,b,c] + [b, ¢, a] +

[c, a,b] = 0 implies [a, b, c] = —[b, ¢,a] — [¢,a, b]. Hence,

[a,b,c] = [a,c,b] mod L*. (3.1)

Since L” # 0 and L° = 0 then

L" =L, L'} = ([[a, ], [a, d]])
= ([a,b, a,c] + [a, [a, b, d]])

= ([a,b,a,c] — [a,b,c,a]) #0 (3.2)

and

lla,cl, [a,b]] = [[a,c,a],b] + [a, [a, c,b]]| = [a,c,a,b] — [a,c,b,a] #0 and

la,c,b,a] = [a,b,c,al by (3.1)

If [a,b,a] € L* then [a,b,a,c] € L5 = 0. Similarly, if [a,b,c] € L* then [a,b,c,a] €
L5 = 0. So either [a,b,a] or [a,b,c] ¢ L* Similarly, either [a,c,a] or [a,c,b] ¢ L*.
Now [b,c] € L? which forces [a,c,b] + [b,a,c] € L*. Hence [a,c,b] € L* if and only if
la,b,c] € L* by (3.1). Hence either [a, c,a] ¢ L* or [a,b,c] ¢ L.

Now suppose [a,b,c] € L*. Then both [a,c,a] and [a,b,a] ¢ L* but they are in L3.

So we will change bases such that [a,b,c] ¢ L*. Since dim(L?/L*) = 1, then there exists



a # 0 such that

[a,b,a] = ala,c,a] mod L*.
So [a,b—ac,al =0 mod L*. Then let &' =b— ac

which implies [a,b',a] =0 mod L*

Also, [V, c] = [b—ac,c] = [b,c] € L? and [a,b',a] € L*. Then (a,V, c) is a generating

set since
a 1 0 0 a
¥V ]1=101 -« b
c 00 1 c

and again the matrix representation is nonsingular. Dropping the prime we have L =
{a,b,c), [b,c] € L? and [a,b,a] € L*. So [a,b,c] ¢ L*.

Thus we may assume that

[a,b,a] € L* | [a,b,c] ¢ L* and [b,c] € L? (3.3)

which implies that

[a,b,c] = [a,c,b] mod L*
[a,b,c] = [a,c,b] +x  where z € L*

la,b,c,a] = [a,c,b,a] + [z, a] where [z,a] € L® =0

Thus [a, b, c,a] = [a,c,b,a] # 0 since [a,b,a] € L*. Hence a ¢ Cr(L3).
On the other hand, by the Jacobi identity [a, b, a, b] + [[a, b], [a, b]] + [[b, [a, b]], a] =

10



Therefore, [a,b,a,b] = —[b,a,b,a] = [a,b,b,a]. Now,

[a,b,a] € L* so [a,b,a,b] € L* =0, hence [a, b, b,a] = 0. (3.4)

Now if [a,b,b] ¢ L* then L3 = ([a,b,b], L*) and we have a € Cp(L?) which is a contra-
diction. Hence,

[a,b,b] € L* (3.5)

If [a,c,a] ¢ L* then there exists some a # 0 such that [a,c,a] = ala,c,b] mod L*

using (3.1) and (3.3). So let @’ = a — ab, then

[d,c,a'] = [a— ab,c,a — ab] = [a,c,a — ab] + [ab,c,a — ab] € L* + [L* L] C L*.

Also,

[d',b,d'] = [a — ab,b,a — ab] = [a,b,a] — [a,b,ab] € L* by (3.4) and (3.5).

In this new generating set (a/,b,c), and dropping the prime, we have [b,c¢] € L3 and
[a,b,al,|a,b,b],[a,c,a] € L*.
Then

0= |a,b,a,c]+[[a,d],]|a,b] + [c]a,b],a]
=la,b,a,c| + [[a,c],a,b] + [a,|[a, c],b]] + [c, [a, b], ]
=0+0-a,c,b,a]l —[a,b,c,al

= —2[a, b, ¢, al

since [a,b,a] € LY, [a,c,a] € L* and [a, c,b] = [a,b,c] mod L*. So [a,b,c,a] = 0 which

11



is a contradiction unless the characteristic of L is 2, and we have dim(L'/L?) = 1. O

3.2 Proof of Theorem 2

The next theorem is the Lie algebra analog to results of P. Hall and N. Blackbrun.
In order to prove this theorem, we need some preliminary results that are analogous to

those in Schneider’s paper.

Lemma 2. Let L be a nilpotent Lie algebra with dim(L'/L") = 3 over a field of charac-

teristic not equal to 2. Then L' has codimension 1 in L.

Proof. Since every commutator is a linear combination of left justified commutators,
[L? L% C L* and L? C L' by definition of L'. We may take L* = 0 and by Theorem 1,
dim(L?/L3) =dim(L3/L*) = 1. Now let L? = (y) + L® and L® = (z) + L*. Then f(x) =
[z,y] = a2z has a one dimensional image. Therefore the kernel of f has codimension 1
in L and clearly kerf = L!. O

We immediately obtain the following corollary.

Corollary 2. Let L be a nilpotent Lie algebra with dim(L'/L") = 3 over a field of
characteristic not equal to 2. Suppose that dim(L/L") = 2. Then L has generators a
and b such that L = {a) + L* and L' = (b) + L?.

For the remainder of the paper, when working with a two generated algebra, we will
take generators a and b as stated in Corollary 2. The following lemma and proof are
also needed in the proof of our next theorem and they parallel the p-group case from

Schneider’s paper.

Lemma 3. Let L be a 2-generated finite dimensional nilpotent Lie algebra such that
dim(L'/L") = 3, dim(L'/L?) = 1, and L" # 0. Then generators a and b of L can be

chosen such that the following hold:

12



(i) L? = ([a,b]) + L%;
(ii) L* = ([a,b,a]) + L* and [a,b,b] € L*;
(iti) L* = ([a,b,a,a]) + L° and [a,b,a,b] € L;
(i) L° = (la,b,a,a,b]) + LY and [a,b,a,a,a] € L°.

Proof. Assume L = (a,b) where a and b are chosen such that
L={a)+ L' [L' L] C L', L' = (b) + L?
and we have
LoL=L’>L>L'>L°=L">L°

Now,

L?*=[L,L)=[L, L' = [aa + Bb+ 2,70+ y] = ([a,b]) + L* where z,y € L*
and L = [L, L?] = ([aa + Bb + x,7[a, b] + y]) where x € L* and y € L*

= (a[a, [a, b} + 7D, [a, b]] + aa, y] + B[b, y] + [z, [a, b]] + [z, )

€ {la,[a,b]]) + [L*, L} + L* + L* + L* + L°.

So L3 = {[a,b,a]) + L* and [a,b,b] € [L?, L'] € L*. Also, Since [a,b,a,b] = [[a,,b],a] +
[a, ], [a,b]] € L + 0, it follows that

L* = [L,L’] = [aa + Bb+ z,7[a,b,a] + z] where z € L*, x € L

€ {[a,b,a,a]) + L° + L° + ...

Therefore,

L* = {[a,b,a,a]) + L° and [a, b, a,b] € L°.

13



So we have shown (7)-(iii).

For (iv) we can assume L5 = 0. Now

L’ =[L',L'] = [[a,b] + z,[a,b,a] + y] where z € 43 and y € L*
= [[a, 8], [a,b,a]] + L°.
But [a, b, a,a,b] = [[a,b,a,b],a] + [[a,b,d], [a,b]] with [a,b, a,b,a] € L°

yields L° = ([a, b, a, a, b]), since L° = 0.

In general, L° = ([a, b, a, a, b]) + L°. We will make a change of basis such that all of the
above hold and [a, b, a, a,a] = 0.
Now

la,b,a,a,a] = ala, b, a,a,b] implies [a,b,a,a,a — ab] =0 (3.6)
So let ' = a — ab. Then
a,ba,d,d|=[a—abba—aba—aba—«
'b,d,d,d b, b b b b
= [a,b,a — ab,a — ab,a — al]

= |a,b,a,a,a — ab] + [a,b, —ab, a,a — ab] + [a,b,a, —ab,a — ab]

+ [a, b, ab, ab,a — ab]

Each of these is 0 because [a,b,b] € L*, [a,b,a,b] € L and (3.6). Hence

[d',b,d,a'a'] = 0.

14



Now we will show the first three properties hold when a is replaced by a'.

[d',b] = [a,b] — alb,b] = [a,b] which implies L* = [a’,b] + L?
[d',b,d'] = [a,b,a] — [a,b,ab] = |a,b,a] + x where z € L*

so L* = [a’,b,a'] + L* and [b,d’,b] = [b,a,b] € L*

Now [d/,b,d',d'] = [a,b,a,a] — |a,b,ab,a] — [a,b,a,ab] + [a,b, ab,ab] where the last
three terms are in L5 so L* = [d/,b,d',a| + L5. Also [d',b,b] = [a,b,b] € L* and

[a’,b,a’,b] = [a,b,a,b] — [a,b,ab,b] € L5. Finally,

[d’,b,a’,d’,b] = [a,b,a,a,b] — [a,b,ab,a,b] — [a,b,a,ab,b] + [a, b, ab, ab, V]

where the last three terms are in L5 which implies L° = [d/, b, d’,d’, ] since L® = 0.
So by letting a = a’ we obtain the lemma. O

The following is analogous to a lemma by Blackburn [2].

Lemma 4. If L is a nilpotent Lie algebra over a field of characteristic not equal to 2,
with series L D L' D L" D L" = 0 where dim(L'/L") = 3 and dim(L") = 2. Then the
following hold:

(1) L" = Z(L');
(ii) L' has a unique abelian subalgebra A of codimension 1 in L';
(1i) If B is an ideal of L where dim(B)=3 and L' > B D L", then B C A.

Proof. By Theorem 1, dim(L?/L3) = 1. By Corollary 1, there is a two generated
ideal H such that L' = H* for all i > 2. The assumptions and assertions change over to

H, so we can assume that L is also two generated. Then

15



L = (a,b)
L= (a)+ L'
L' = (b) + L*
L? = {[a,b]) + L*
L? = {(a,b,a]) + L* and [a,b,b] € L*
L* = (la,b,a,a]) + L° and [a,b,a,b] € L°
L’ = {(la,b,a,a,b]) + L° and [a,b,a,a,a] € L°

and LOL'D*=LDLDL*D>L°=L"D>L DL =0.
Also, pick k € L% such that {[a,b], [a,b, a],[a,b,a,a],|a,b,a,a,b],k} is a basis for L.
(i). To show L” C Z(L'), first note that

(L") =[L°, L) C L"=0, so L" C Z(L).

Now to show Z(L') C L", suppose L"” # Z(L'). Since L' is not abelian, Z(L') # L’
and Z(L') can never have codimension 1 in L' if dim(L’) > 1. We claim that the
dimension of Z(L') = 2. If the dimension is 5, then L’ is abelian, which implies that
L" = 0, which is a contradiction. If the dimension of Z(L') = 4, then Z(L') has
codimension 1 in L', which is a contradiction. If dim(Z(L")) = 3, let {s,t, 2z} be a basis

for Z(L’) which can be extended to a basis {z,y, s, t, z} for L' since L is 5-dimensional.

16



Then

[z,s] = [z,t] = [,2] =0

ly,s] = [y, t] = [y, 2] =0
[s,t] =[s,2] =[t,2] =0

since s,t,z € Z(L').

Then [L', L'] = ([z,y]) would imply L” is 1-dimensional which is a contradiction. Hence,
dim(Z(L')) =2 and Z(L') = L". Since L' D L" = Z(L') D [/, L"] = 0 it follows that
L' has class 2.

(ii). Let A = ([a,b,a],[a,b,a,a],s,t) where s,t € L” and the vectors in the gener-

ating set form a basis for A. Then dim(L') = 4. Let j = s or t. Then

[[a,b,a],[a,b,a,a]] € LT =0,
HCL, b’ a]’j] € LS = O’

[[a,b,a,al],j] € L° = 0.

Hence, A is an abelian subalgebra of codimension 1 in L’.

Now suppose there exists another 4-dimensional abelian subalgebra B such that
B C L. Then A+ B = L' and dim(AN B) = 3. Hence let {s,t, 2} be a basis for AN B,
so AN B = (s,t,z) where s,t € L° = " = Z(L'). Also, let {z, z,s,t} a basis for A and
{y, 2z, s,t} a basis for B. Then L' = (z,y, z,s,t), L" = [L',L'] = (|x,y]) since A and B
are abelian. Therefore L” is 1-dimensional which is a contradiction. So A is unique.

(iii). Let B be an ideal of L, dim(B) = 3 and L' D B D L”. We will show
that B C A. Let z = [a,b], v = [a,b,a], z = [a,b,a,a] and B = (w) + L" where

w = ala,b] + Bla,b,a] +d[a,b,a,a]. If BE A then B is a maximal abelian subalgebra of

17



L. Now, [w,a] = afa,b,a] + Bla, b, a,a] + §[a, b, a,a,a]. Since B is an ideal of L we have
[w, a] € (w) + L? so [w,a] = c(ala,b] + Ba,b,a] + d[a,b,a,a]) + k where k € L°> = L".

From the last two expressions, we have

ala,b,al + Bla, b, a,a] + dla, b, a,a, a] = c(ala, b + Bla, b, a] + dla, b, a,a]) + k

Then ca = 0,¢8 = « and ¢d = (. Hence either ¢ = 0 or « = 0. If ¢ # 0, then
a = 0 implies f = 0 implies 6 = 0, which implies w = 0 and dim(B) = 2, which
is a contradiction. So then ¢ = 0, which implies that a = 0 and # = 0. Therefore
B = {[a,b,a,a]) + L° C {[a,b,a],[a,b,a,a]) + L°> = A. Thus BC A. O

Using the above lemmas and corollaries, we are able to prove our next theorem,

which is analogous to work done by Blackburn and Hall [2].

Theorem 2. Suppose L is a nilpotent Lie algebra of characteristic not 2 such that

dim(L'/L") = 3 and dim(L") > 1. Then dim(L") = 1.

Proof.

First assume all of the conditions in Lemma 4 hold. Then continuing with the
notation as before, Let x = [a,b], y = [a,b,a], z = [a,b,a,a], s = [z,y] and r = [z, 2].
Then [y, 2] € [L3, L*] = L = 0. Hence {r, s} is a basis for L5 = L".

We claim that [z, g,y] = 0 for all g € L. Now if g = a then [z, g, y] = [[a, b, al, [a, b, a]]
=0. If g = b, we get [z, g,y] = [[a,b,D], [a,b,a]] C [L*, L3] = LT = 0. Thus

[z,9,9] =0 (3.7)

For g € L we have

r,g] = [2,2,9] = [2,9,2] + [2,]2,9]] € LT = 0.
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Hence r € Z(L).
Since [y, g] € L%, it follows that [y, g] = az +u where u € L. Then [s,g| = [z,y, 9] =

[z, 9,y] + [z, [y, 9]] = 0+ [,z + u] = ar since u € L° = Z(L'). Hence

[s,g] = ar for any g € L (3.8)

Now L° = (s) + L% and r, which is the product of 6 terms, is in L% hence L® = (r).
Lettlng [yagz] = Q42 mod L5' Then [8791'] = [x7y7gz] = [x’gzay] + [ZL‘, [yagz“ =
0+ [x, ;2] = ayr. Since {r, s} is a basis for L°> we have [z, ;] = Bir + ;5.

Now

[Zv [91792]] = [2791792] + [917 [2792]]
= [Bis + &1, g2 + (91, Bas + Ear]

= fraer +0 —ayfBor + 0 because r € Z(L)

= —(0f2 — aaf1)r

and

W, [91, 92)] = [, 91, 92] + 91, [y, 92]]
= [a1z, o] + [g2, 27]

= 1028 + 1627 — 318 — (ua€qT.
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Now let g, = a and g5 = b. Then

. 91, 2]] = [y, [a, b]] = —s
(1B — asBh)s = —s
which implies a5 — @y = —1
and [z, (g1, 00]] = [z, [a,0]] = [z, 2] = —r
—(aufy — afBi)r = —r

which implies o102 — a3 = 1.

So 1 = —1 which is a contradiction unless the characteristic is 2. Therefore, dim(L”) = 1.

Now suppose dim(L") > 2. Then L” = L% > L5 > L” D L and there exists a
vector space V such that L® > V D L7 and dim(L®/V) = 1. Now [L,V] C [L, L5] =
L" C V. Thus V is an ideal of L, so L/V satisfies the assumptions of Lemma 4,
and dim((L/V)") = 2, which we have just shown is not possible. Hence L"” = 0 and

dim(L")=1. O
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Chapter 4

Central Decomposition Theorem

As we have already seen, L has a 2-generator ideal H, such that for all i > 2, L' = H".
We have also found in the previous chapter, a particular generating set which satisfies
some additional conditions. These results are used to obtain the desired factorization.
This work again parallels Schneider’s. Before the theorem, we need one additional

lemma.

Lemma 5. Let L be nilpotent Lie algebra over a field of characteristic not equal to
2, such that dim(L'/L") = 3 and L" # 0. Then L has a minimal generating set

{a,b,ur,us, ... ,u} which is a basis for L)L’ such that for all u; and u;:

(1) H = {a,b) is an ideal of L such that H* = L for all i > 2. Furthermore, a and b

are as in Lemma 4;
(ii) [a,u;] € L for all u;;
(111) [b,u;) € L* for all u;;
() [u;,ui] € L for all u; and .

Proof. From Theorem 1, under these conditions, we have dim(L'/L?) = 1, and from

Corollary 1, L has 2-generator ideal H such that L' = H® for ¢ > 2. Then from Theorem
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2, we know dim(L"”) = 1, L” = L°, and L% = 0. So we will select a,b € L such that

H = (a,b), where a and b are as in Lemma 3.

Now choose uy,us, ..., u, such that {a,b,uy,...,u,} is a basis for a subspace com-

plementary to L2

Suppose [u;, a] = a;[b,a] mod L3 and [u;,b] = ;[b,a] mod L3. Then

[u; — a;b+ Bia, b] = [u;, b] — a;[b, b] + Bila, b]
= [ui, b] + Bila, b]
= Bi[b, a] + Bila,b] mod L?
€ L°.
Also, [u; — ;b + Bia, a] = [w;, a] — o4[b, a] + Bi[a, a]
= [u;, a] + o [b, d

= o4[b,a] — a;[b,a] mod L3

€L’

So, let w, = u; — a;b + fa. Then {a,b,u},ub, ..., u.} is also a basis complementary to
L? since o ) -

a 1 0 00 0 a

b 0 1 00 0 b

Ull 61 —Q 10 0 Uq

u,2 ﬁg — Qg 01 0 (5]

u, 6, —a. 00 --- 1 Uy

and the change of basis matrix is nonsingular. We also have [a, ], [b,u}] € L3 for i =

1,2,...,r.
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Suppose [u}, a] = a;]a, b, a] + Bila,b,a,a] mod L°. So [u},a] — a;[a,b,a]— Bila,b,a,a
= 0 mod L°. Then let u! = v} — a;la,b] — Bi[a,b,a]. This implies [u},a] € L° and
similarly {a,b,uf,uy,...,u!} is still a basis for the complementary subspace because

the change of basis matrix is nonsingular. We claim [uf, b] € L*.

Now, [a,b,u}] € L* since [a, b, u!] = [a,u,b] + [a, [b, u!]] by the Jacobi identity, and
la,u!] € L?, therefore [a,u/,b] € L® =0 and [b,u!] € L? so [a, [b,u]]] € L*.
So we have the following:

[uiyaL [uzab] € L2>
[uf, al, [uj, b] € L?,
[ul,a) € L°, and [a,b,u]] € L*.

Hence,

la,b,a,u!] = [a,b,u, a] + [[a,b],[a,u]] =0 (4.1)

since [a, b,u] € L*, so [a,b,a,u!,a] € L°® = 0 and [a,u}] € L so [[a,b], [a,u]] € L°® = 0.

Similarly,

[a,b,a,a,u)] = [a,b,a,u,a] + [[a,b,a], [a,u]] = [0,a] + [L* L°] = 0. (4.2)

Therefore [u}, L3] = 0.

Since [u!,b] € L3, then

[u!,b] = €la,b,a] + 6;a,b,a,a] mod L°. (4.3)
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Since we want [u,b] € L, we want ¢; = 0. Now,

[a,b,u)] = [a,[b,u]]] — [b, [a,u] = [u},b,a] since [b, [a,u]] € L® =0
= ¢la, b, a,al,
so [a,b,u;,b] = €]la, b, a,a,b].
Now [a,b,u;,b] = [a,b,b,u]] + [[a,b], [}, b]] by the Jacobi identity.
= [a, b, [u], b]] since [a,b,b] € L* and [u], L*] = 0.
= [la, 8] €ila, b, d]]
= [a, €a, b, a], b] + [a, [b, €;[a, b, a]]] by the Jacobi identity.
= —¢la,b,a,a,0] + 0

since [b, €;[a, b, a]] € L” so [a, [b, €a, b, a]]] € L° = 0.

Therefore, ¢;[a, b, a,a,b] = —¢;la, b, a,a,b], and [a, b, a, a,b] # 0 since it is a basis element,
hence ¢; = 0 and [u},b] € L* by (4.3).

Now we will drop the primes for simplicity and show that uy, ug, ..., u, € C(L"). We
know L' = L* = ([a, V], [a,b,a], [a,b, a, a], [a, b, a, a,b]). We already have that [u;, [a,b, a]]
= [a,b,a,u;] = 0, and [a,b,a,a,u;] = 0. Clearly, [a,b,a,a,b,u;] € L® = 0, so we just

need to show that [u;, [a,b]] = 0. Consider

[u;, [a, b]] = [u;, a,b] + [a, [u;,b]] =0

Since [u;,b] € L*, then [a, [u;,b]] € L5 = 0. We also have [u;,a] € L° and [u;, a,b] = 0.
Therefore the u;’s centralize L.

It remains to show [u;,u;] € L°. We know that [u;,u;] € L' = L* = H*> = H', and
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forall k =1,2,...,r we have

[[ws, uj), a) = [u, [uj, a]] + [[u, a], u;] = 0 since [uy, a] € L?, [ug, [ug, a]] € L° = 0.

Also, [[ui, u;],b] = [ui, [u;, b]] + [[ui, b], u;] = 0 since [ug,b] € L* and uy takes L* to 0.
Therefore [[u;, ], [a,b]] = 0 and [u;, u;] € Z(H) which implies [u;,u;] € Z(H) N H,
since H' = I'. Now, H° C H' N Z(H). If x € H' then

r = cia, b] + c2fa, b, a] + csla, b, a, al + c4fa, b, a, a, b].

If + € Z(H) then [z,a] = 0. So we have

0= [z,a] = &1]a, b, a] + c2[a, b, a,al + c3la, b, a,a,a] + cqfa, b, a,a,b,a

= c1[a,b,a] + cx]a, b, a, a], since [a,b,a,a,a] € L° = 0.

So ¢; =0, and ¢ = 0. Therefore z = ¢3[a, b, a, a] + ¢4]a, b, a,a,b]. Now [z,b] = 0 and

0 = [z,b] = e3la, b, a,a,b] + c4la, b, a,a,b, bl

= c3la, b, a,a,b] + 0.

So cg = 0 and z = cyfa,b,a,a,b] € L°. Therefore H' N Z(H) = H® = L° hence
[ui,uj] € L5' a
Now we are able to prove the central decomposition theorem similar to Schneider’s.

The proof uses Lemma 5 and the results from the previous chapters.

Theorem 3. Let L be a nilpotent Lie algebra such that dim(L'/L") = 3 and L" # 0.

Then L can be written as L = H + U where
(i) H is an ideal of L generated by at most five generators;
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(1) H = L' for all i > 2;
(iii) U is an ideal of L such that U' C L?;
(iv) H and U centralize each other.

Proof. First, choose the generating set {a,b, u;,...,u,} for L as in Lemma 5. We
will modify the set so that in addition to the properties from Lemma 5, one of the

following hold:
(a) uy,ug,...,u. € Cpr(a) or
(b) U2, U3, . .. Up € OL(<CL7 u1>)

If we have condition (a) then we have conditions from Lemma 5 and we are done. So

suppose there exists at least one u; ¢ Cr(a), call it uy. So [uy,a] # 0 but [uy,a] € L° from

the Lemma 5, hence [u1,a] = ala, b, a,a,b]. Scaling u;, we have [u1,a| = [a,b,a,a,b].
Now for j =2,3,...,7, [uj,a] = aj[a,b,a,a,b], then let u} = u; — aju;. Then

[u;,a] = [u;, a] — aj[u, a] = aja, b, a,a,b] — ajla,b,a,a,b] = 0.
So we have ub, u}, ... u, € Cp(a) and [u1, a] = [a, b, a,a,b]. If all the u;’s centralize u; we

are done because we have satistifed the conditions for case (b), so suppose not and say
uly, does not centralize u;. Now [u), uy] = [a, b, a, a,b] (scaling us) and for j = 3,4,...,r

we have [u}, ui] = Bj[a,b,a,a,b]. So let uj = u} — Bjuy. Then

[w?, uy] = [u), u1] — Bjlub, wa] = Bila, b, a, a,b] — Bila, b,a, a,b] = 0.

77 77
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Now dropping all primes for simplicity we have

[ul,a] = [a'7 ba a,a, b],
Us, Uz, . .., us € Cr(a),

[ug, u1] = |a, b, a,a,b], and

U3, Ugy ooy Up € CL(“’l)‘

If ug, uy,...,us centralize us then we go to the next paragraph (at *). If not, use
ug and similarly suppose [us,us] = [a,b,a,a,b] (scaling ug). Then for j = 4,5,... r,
[uj, ua] = Bjla,b,a,a,b]. Solet uf = u; — Bjuz. Then [u}',us] = 0 for j = 4,5,... 7.
Dropping the primes we have

1. [u1,a] = [a,b,a,a,b

2. Ug,U3,...,U, € CL(CL)

3. [ug,uq1] = [a,b,a,a,b] and [ug, us] = [a, b, a, a, b]

4. ug,uy, ..., u € Cp(uy) and uy, us, ..., u, € Cr(us)

Continuing in the same process, one more step would produce

1. [uy,a] = [a,b,a,a,b

2. ug,ug,...,u, € Cpla)

3. [ug, wq] = [a,b,a,a,bl, [us,us] = [a,b,a,a,b] and [uy, uz] = [a, b, a, a,b]

4. ug,uy,...,u. € Cp(uy), ug, us, ..., u, € Cp(uy) and us, ug, . . . u, € Cp(u3)
So we continue this process until we get to some k such that

1. [u1,a] = [a,b,a,a,b]
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2. ug,us,...,u, € Cr(a)

3. [wi,uiq] = [a,b,a,a,b] for i =2,3,... k

o

[Upq1, ur] =0
5. Uiy, Uiz, ... U € Cp(u;) foralli =1,2,...,k

If k is even, then let ' = a + uy +uy + ... + ug. Then

[ur,d’] = [u1, a] + [ug, ua] + [ug, wq] + ... + [ug, ug]
= [a,b,a,a,b] — [a,b,a,a,b] + 0+ ...+ 0
— 0,

[ug, a'] = [ug, a] + [ug, ug] + [ug, ug) + ... + [ug, ug]
=04+0++0+...40
=0, and

[us, a'] = [us, a] + [uz, us] + [us, us] + ... + [us, ug
=0+ [a,b,a,a,b] —[a,b,a,a,b] +0+...+0

=0.

Continuing on we see that uy, us,...,u, € Cr(a’), hence property (a) holds. Now if k
is odd, let u| = uy + us + ... + ugx. Then similarly, we can see that ug,us,...,u, €
Cr({a,uy1)), hence property (b) holds.

*Now suppose that {a,b,uq,...,u,} is the generating set with the conditions from
the previous lemma, and in addition, property (a) holds. First we will assume that all
the u.s centralize b mod L°. If [u;, b] = &;[a, b, a,a,b] for some i € {1,2,...,r}, then let

u, = u; —d;la, b,a,al. Then H = (a,b), and U = (uy, us, ..., u,) (where we have dropped
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the primes) satisfy the assertions of the theorem. That is, [H,U] =0, and L = H + U.
The other conditions follow immediately.

Now suppose that some of the us do not centralize b mod L°, and assume without
loss of generality that it is u;. Then [uy,b] = [a,b, a,a] + d1]a, b, a, a, b] where we have
scaled u; to obtain the a coefficient of 1 for [a,b, a,a]. Then let v} = u; — 01]a, b, a, a,

which implies that

[y, 0] = [ua,b] — 01[a, b, a,a, 0]
= |a,b,a,a] + 01]a, b, a,a,b] — 61[a, b, a,a, b

= [a, b, a,al.

Now for j = 2,3,...,r, the same substitution yields [u},b] = ajla,b,a,a]. So let u] =

/ E—

U;

ajuy for 5 =2,3,...r. Then
[u}',b] = [u;, b] — a[ul, b] = ajfa, b, a,a] — ajla, b, a,a] = 0.

Dropping the primes for simplicity we have

[u1,b] = la, b, a,al and

U2, U3, ..., Up € CL(b)

If ug,ug,...,u, centralize u;, then choose H = (a,b,u;) and U = (ug,us,...,u,) and
we are done. So, suppose this is not the case and [ug,ui| = [a,b, a,a,b]. Then we can
repeat the first part of the proof and select a generating set {a, b, uy,us,...,u,} such

that the following properties hold:

L. [u1,b] = [a,b,a,ad]
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2. ug,usz,...,u. € CL(b)

3. [uk—1,up_2] = [a,b,a,a,b]

4. [ugy1,ux) =0

5. Uiy, Uiz, ... U € Cp(u;) foralli =1,2,...,k

If k is even, then we can set H = (a,b,uq + us + ... + up_1,us + ug + ... + ug) and
U = (ug,ug, ..., Up_1,Ugs1,--,U.). If kisodd, set H = (a,b,u; +us+ ...+ ug) and
U = (ug,us,...,u.). In both cases, L = H + U and [H,U]| =0, so H and U satisfy the
assertions of the theorem.

In the case of property (b), we consider the Lie algebra L; = (a,b,us,...,u,) and
choose subalgebras H; and U; according to the process described previously. Then again,
Ly = H,+ U, and [Hy,U;] =0, and so H; and U, satisfy the assertions of the theorem.
Moreover, H; can be generated by at most four elements. For L, we can choose the
subalgebras H = (Hy,u;) and U = U;. O

Lemma 5 and Theorem 3 give the Lie algebra analog to the Schneider’s central
decomposition. Here we have found that L = H + U, where we will see in the next
chapters the structure of U and that H is one of fourteen algebras after we classify H

over the complex numbers.
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Chapter 5

The Structure of U

The nilpotent Lie algebra U in Theorem 3 has the multiplication of a skew form from
U into (z), where z = [a,b,a,a,b]. U has a basis x1,y1, o, Y2, - -+, Ty Y, 2, W1, ..., W
where [z;,y;] = 6;;2 and Z(U) = (z,ws,...,ws) by Theorem 6.3 [3]. Hence U is the
direct sum of a generalized Heisenberg Lie algebra made up by the z,y, and 2’s, and an

abelian Lie algebra made up by the w’s.
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Chapter 6

Classification of L=H-+U when
H=(a, b)

We now turn to classifying the Lie algebra L = H + U given in Theorem 3. For the
remainder of this paper, we will examine the possible structures of the Lie algebra H
over the complex numbers. We consider the cases as the number of generators for H
increase. H is said to be degenerate if H = H;,+ U; where H; and U; are as in Theorem
3 and U; # 0, and do not consider them further. To begin, we will consider H = (a, b).

When H is generated by two elements, we know U is empty, H has dimension 6, and
L% = 0 since dim(L") = 1. If we say H is generated by a and b as in the previous chap-
ters, then we have [[a, b], [a, b]] = [a, b, a, b] + [a, [a, b, b]]. Since the left hand side is 0 and
[a, [b, [a,b]]] = 0 since [a,b,b] € H* from Lemma 3, it follows that [a, b, a,b] = 0. Also,
[a, b, al, [a,b]] = [a,b,a,a,b] + [a, |a,b,a,b]] = [a,b,a,a,b]. Note that since [a, b, b] € H,
la,b,b] = e[a,b,a,a] + fla,b,a,a,b]. Thus we can construct the following multiplication

table:
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Table 6.1: Two Generated Multiplication Table

a b [a,b] [a,b,a] [a,b,a,a] | [a,b,a,a,b]
a 0 [a,b] -la,b,a] -la,b,a,a] 0 0
b -[a,b] 0 *x 0 -la,b,a,a,b] 0
[a,b] [a,b,a] K 0 -la,b,a,a,b] 0 0
[a,b,a] [a,b,a,a] 0 [a,b,a,a,b] 0 0 0
[a,b,a,a] 0 [a,b,a,a,b] 0 0 0 0
[a,b,a,a,b] 0 0 0 0 0 0

Where ** is given by the fact that since [a,b,0] € H*, [a,b,b] = ela,b,a,a] +
fla,b,a,a,b]. If a second algebra of this type with generators «, (3 has the identity
o, B, 5] = s|a, B, a, a] + tla, B, a, a, ], we would like to know when these algebras are

isomorphic. We look for a change of basis by setting

a = coa + c1b + cola, b + c3la, b, a] + ¢4]a, b, a, a] + cs[a, b, a, a, b (6.1)

B = hib+ hsla,b] 4+ hs|a, b, a] + h4la, b, a, a] + hsla, b, a,a, b] (6.2)

where cg, hy # 0. Multiplying these together we obtain the following expressions:

hd [Oé, ﬁ] = C(]hl[a7 b] - COhQ [CL, b7 CL] - COh3[a7 b7 a, a’] - Clh2 [CL, ba b] - Clh4[a> b7 a, a, b] +
cahyla, b, b] — cohsla, b, a, a,b] + cshala, b, a, a,b] + c4hq|a, b, a, a, b]

hd [Oé, 67 Oé] = C%hl [CL, ba G,] - C%hg [&7 ba a, a] + COclhl [aa b> b] - Cﬂclhi’) [aa ba a,a, b]
- C%hQ [CL7 ba b7 b] - COC2h2[aa ba a,a, b] - CUC?)hl[au b7 a,a, b] + CICth[aa b7 b7 b]
e [a,B,a,a] =ciha,b,a,a] - Ecrhsla, b, a,a,b) + cocihyla, b, b, b]
+ cEeahi[a, b, a, a, b]
o [o, 83, a,a,a] = cieih|a, b, a, a,b]
o [a,3,a,a,8] = cihila,b,a,a,b]
L4 [[O[, ﬁa O[Lﬂ] = Coclh% [CL, ba b7 b}
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o [, 8], [0, 3, 0] = —ch3[a, b, a, a, b

o [, 3, 3] = coh?la,b,b] — cohihs[a, b, a,a,b] — cihihs[a, b, b,b] + coh?[a, b, b, b]

- coh3[a, b, a,a,b] — cohihsla, b, a,a,b]

e [a,83,8,05] = cohila, b, b,b]

Note that since we know cg, hy # 0, and we have 0 = [a, 3, , o, o] = c3erhy[a, b, a, a,b],
therefore ¢; = 0. Now since [a, 3,0] = sla, 3, a,a] + tla, B, a,a, §] it follows that
[, 3, 3, 8] = s|a, B, a, v, 8], and so cohia, b, b,b] = scih?|a, b, a,a,b] or

cohdela, b, a,a,b] = sc3h?la, b, a,a,b]. Hence
ecoh} = scyh oreh; = scp.

Hence e = 0 if and only if s = 0. Now suppose e = s = 0, and then let ¢t = 0. Then in
the algebra generated by « and 3 we get [«, 3, 3] = 0, and in the algebra generated by
a and b we get [a,b,b] = fla,b,a,a,b]. Now set ¢g = hy =1 and h3 = % and all other ¢;
and h; =0. Then o =a,f =0+ %[a, b, a] and

[, B] = |a, b] — g[a,b,a,a}

[, 3, 5] = [a, b, b] — g[a,b,a,a,b] + g[[a, b], [a, b, al]

= la,b,b] — fla,b,a,a,b] =0

and any algebra with [a,b,b] € H? is isomorphic to one such that [a, 3, 8] = 0 and we

obtain the following multiplication table:
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Table 6.2: Two Generated Multiplication Table Case 1

a b [a,b] [a,b,a] [a,b,a,a] | [a,b,a,a,b]
a 0 [a,b] -la,b,a] -la,b,a,a] 0 0
b -la,b] 0 0 0 -la,b,a,a,b] 0
[a,b] [a,b,a] 0 0 -la,b,a,a,b] 0 0
[a,b,a] [a,b,a,a] 0 [a,b,a,a,b] 0 0 0
[a,b,a,a] 0 [a,b,a,a,b] 0 0 0 0
[a,b,a,a,b] 0 0 0 0 0 0

Now suppose that e,s # 0 and set s = 1,t = 0 so that [«, 3, 3] = [«, 5, o, . We
can show any algebra with e # 0 is isomorphic to one with this product by setting ¢y =

1,h = %, hs = %, and all other ¢;, h; = 0. By doing this, then o = a, 8 = %b—l— %[a,b, al,

and we get [o, 3] = 1[a,b] — %[a,b,a,a] so [a,3,8] = Z[a,b,b] — %[a,b,ma,b] -
%[a,b,a,a,b] = [a, B,,a]. Hence this change of basis gives the identity for any of

these algebras with s # 0, and we get the multiplication table:

Table 6.3: Two Generated Multiplication Table Case 2

a b [a,b] [a,b,a] [a,b,a,a] | [a,b,a,a,b]
a 0 [a,b] -la,b,a] -la,b,a,a] 0 0
b -la,b] 0 -la,b,a,a] 0 -la,b,a,a,b] 0
[a,b] [a,b,a] [a,b,a,a] 0 -la,b,a,a,b] 0 0
[a,b,a] [a,b,a,a] 0 [a,b,a,a,b] 0 0 0
[a,b,a,a] 0 [a,b,a,a,b] 0 0 0 0
[a,b,a,a,b] 0 0 0 0 0 0

Summarizing, if H is a two-generated Lie algebra with dim(H'/H") = 3, H" #
0 with the same notation as before, the basis for H is given by {a,b,[a,b],|a,b,a],
la,b,a,al,|a,b,a,a,b]}, and dim(H)=6. Also, H* = H' = {[a,b], [a,b,a],|a,b,a,a],
la,b,a,a,b)), dim(H")=4, H* = {([a,b,a],|a,b,a,a], [a,b,a,a,b)), H* = ([a,b,a,a] ,
la,b,a,a,b]), H> = H" = {[a,b,a,a, b}, dim(H")=1,Z(H)= {[a,b,a,a,b]}, and H® = 0

so H is nilpotent of class 5. We summarize these results into the following theorem.

Theorem 4. Suppose H is a two generated nilpotent Lie algebra with dim(H'/H") = 3

and H" # 0. Then there exists generators a and b such that the multiplication table
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between basis elements is given either in Table 6.2 or Table 6.3. These algebras are not

isomorphic since in one case H'/H® is abelian and in the other case it is not.
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Chapter 7

Isomorphism Classes when

H=(a,b, u)

Now consider H = (a,b,u) where M = (a,b) is the 2-generated algebra as in the
previous chapter, and let y = [a, b, a,a] and z = [a, b, a, a, b] for simplicity. From Lemma
5, [u,a] = az,[u,b] = By + vz and u ¢ Cy (M), where o, 3,7 € C and C is the complex
numbers. We will try to divide these algebras into isomorphism classes, each with a
simple representation by changing u. Let v’ = py + Tu, with 7 #£ 0, otherwise v’ € M.
Then

[u, a) = T[u, a] = Taz and
[, 0] = pz + 7(By +72)

Let p = —77. Then [v/,b] = 70y and [v/, a] = Taz. We now alter 7 by looking at all the

possible cases for a and (3, which are:
1. fa=0and =0, then v € Cy(M) and H = M + U, therefore H is degenerate.

2. Ifa=0and B #0, then let 7 = 3. Then [/, a] = 0 and [v/,b] = y.
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3. If a# 0 and =0, then let 7 = %. Then [/, a] = z and [v/,b] = 0.

4. Ifa# 0 and § #0, then let 7 = . Then [v/,a] = z and [v/,b] = oy where o = B,

Q

In the last case, we want ¢ = 1 so we rescale a, b and u’ to produce a further
simplification. By letting o’ = da, i’ = eb and v’ = fu' where d,e, and f are scalars
then [a/, V] = dela,b],[d,V,d'] = d*ela,b,a],[d,V,d,d] =y = dey,[d,V,d,d V] =
2 = d%?z, and [@,V,V] = de?[a,b,b]. Also, [u",d'] = df[u,a] = dfz = 52" and
) = Ly

Either [a,b,b] = 0 or [a,b,b] = y. In the first case [a’,V/, 0] = de?[a,b,b] = 0 and we
are done. In the second case [a/, 0, 0] = de*y = %y’ = 5y'. Now we choose e,d and f
such that ﬁ =1, C{—ga =1, and z = 1. We accomplish this by letting d = U%, f= %

1
273+

and e =
o

Dropping all primes we have the following 6 possible isomorphism classes:

Table 7.1: Possible Isomorphisms

1 | [u,a]=z, [u,b]=0, [a,b,b]=0

[w,a]=0, [u,b]=y, [a,b,b]=0
3 | [u,a]=z, [u,b]=y, [a,b,b]=0
4 | [u,al=z, [u,b]=0, [a,b,b]=y
5 | [w,a]=0, [u,b]=y, [a,b,b]=y
6 | [u,a]=z, [u,b]=y, [a,b,b]=y

In this case, H is degenerate precisely when dim(Z(H)) > 1. Directly checking the
six cases we find that they are all non degenerate. We would now like to examine which
of these cases are isomorphic to each other. Notice that H = {a, b, [a, b], [a, b, a],y, z, u},
H? = {[a,b],|a,b,a],y, 2}, H' = {[a,b],[a,b,a],y,z, byu}, and Z(H) = H° = {z}.
In cases 1, 2, and 3, Cy(H?/H%) = {b,[a,b],[a,b,al,y,2,u} and in cases 4, 5 and 6
Cu(H?/H%) = {[a,b],[a,b,a],y, z,u}. Since the dimensions are not equal, we can con-
clude that cases 1, 2, and 3 are not isomorphic to cases 4, 5, and 6. Now by examining

Cy(H'/H®) we get that in case 1, Cy(H'/H®) = {b,[a,b],[a,b,a],y, z,u}, in cases 2

38



and 3 Cy(H'/H®) = {[a,b],[a,b,al,y, 2}, in case 4, Cy(H'/H?) = {[a, b, al,y, z,u} and
in cases 5 and 6, Cy(H'/H®) = {[a,b,a],y, 2}. Again, by counting the dimensions we
can conclude that case 1 is not isomorphic to case 2 or 3, and case 4 is not isomorphic
to case 5 or 6. It remains to show the relationship between cases 2 and 3, and between
cases 5 and 6.

Suppose that case 2 is represented with primes and case 3 is not and that they
are isomorphic. Let @' = cpa + c1b + 3a, b] + csla,b,a] + c4y + ¢52 + cgu and b =
hib + hola, b] + hsla,b,a] + hay + hsz + heu similar to equations (6.1) and (6.2). Let
v = dopa + dib + dafa, b] + dsla, b, a] + dyy + dsz + dgu, and note that [u/, H?] = 0 since
[ [a 0] = [[o, '], 0] + [, [/, b]] = 0. Now 0 = [u/, [a,b]] = dyla, [a, b]] + d1[b, [a, b]] +

ds|a,b, a,a,b] which implies that dy = d3 = 0. Also, 0 = [/, [a,b,a]] = —ds]a,b,a,a,b]
so dy =0 and 0 = [¢/, [a, b, a,a]] = —dyz, hence d; = 0. Therefore v’ = dyy + d5z + dgu.
Now

0= [u,d] = dsciz + dgco|u, a] + dger[u, ]

Thus 0 = dyc; + dgcg. But ¢; = 0 from previous chapter 6 work and ¢y # 0 hence dg = 0
and u' € (a,b) which is a contradiction. By similar reasoning we can conclude cases 5
and 6 are also not isomorphic. Therefore, we have six distinct isomorphism classes when

H = (a,b,u). Summarizing this case into the following theorem:

Theorem 5. When H is a nilpotent Lie algebra such that dim(H'/H") =3, H" # 0 and
H = {a,b,u) with a and b as in the previous theorem and u ¢ Cy({a,b)), then there are

6 isomorphism classes whose canonical algebras are given in Table 7.1.

39



Chapter 8

Isomorphism Classes for

H = (a,b,uy,u)

Now consider the case H = (a,b,u;,us), where H is as in Theorem 3 and M =
(a,b) as in Table 6.2 or Table 6.3. Again let y = [a,b,a,a] and z = [a,b,a,a,b] for
simplification. From Lemma 5, [uy, a] = ayz, [u1,b] = fiy + 112, [ug, a] = asz, [ug, b] =
Boy 4+ v2z. Next we will divide the algebras into isomorphism classes, each with a simple

multiplication between basis elements. Let

/
Uy = CoY + C1u1 + Calg

uhy = doy + dyuy + dous

€1 C
where is non-singular. Then

di dy
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[u},a] = (craq + caan)z = p12
[uh, a] = (dyoy + doa)z = poz
[}, 0] = coly, b] + c1(Bry + m12) + c2(Bay + 122) = o1y + 12

[uy, b] = doly, b] + di(Bry + m12) + do(Boy + 22) = 02y + Toz

Setting 71 = 7, = 0 and then letting ¢y = —c1v1 — c272 and dy = —dyy; — day2 we obtain
that both [u], b], [ub, b] € (y).

. . ) . C1 C2 ap By p1 01
Placing our equations into a matrix, we have =

dy dy ay [ p2 02
which we denote by AB = C.

If rank(B)=2, then we can solve AB = I to obtain
[u}, a] = z, [u},b] =0, [uy,a] =0, and [uy, b] =y

It is impossible for rank(B)=0, otherwise uy,uy € U as in Theorem 3.

If rank(B)=1, we have 3 cases:

1. If the second column of B is 0, we solve AB = to obtain
[u},a] =z, [u},b] =0, [uy,a] =0, and [u), b] =0
0 1
2. If the first column of B is 0, we solve AB = to obtain

[u},a] = 0,[u],b] =y, [uy,a] =0, and [uy,b] =0
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3. If neither column of B is 0, then we can solve AB = for some § # 0 to

obtain

[u/laa] =%, [ulla b] = 5y7 [U/QJG] = 07 and [u/27 b] =0

Another change will allow us to take 6 = 1 for further simplification. Dropping all primes
in the foregoing to simplify the notation, let o’ = da, I/ = eb, and v} = fu; where no
scalar is 0. Then we compute

[d’, V] = de|a, V]
[d,V,ad] = d*e|a, b, d]
y =[d,V,d,d] = d®ey
2 = d*e*z

[d',V,b] = de*[a, b, b]

! a, — — — J / f /
[Ul) ] df[ul,a] dfz — WZ — o

/ l, efé , fs ,
[Up ] ef[ul, b] = ef5y = o _ . y

Furthermore, [a,b,b] = 0 or y. Hence, [a’, V', V'] = 0 or [/, V', V] = de*y = &y'. Therefore
we need to solve
/ fo

€
_:1,$:1andﬁzl

Set d = 51%, e = 52% and f = 5% to satisfy the above equations. Then, by dropping all

primes the third rank(B)=1 case becomes

[uy,a] = z, [ug, b] =y, [ug,al =0, [ug,b] =0 and [a,b,b] =0 or y
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Since u; and uy have been altered, now [uy, us] = 7z. A final change will allow 7 =0
or m = 1 to be used. In all rank(B)=1 cases 7 # 0 and we can let ujy = Zuy. Since
[ug, a] = [ug, b] = 0, we can add [u, us] = 2z to the multiplication list. In the rank(B)=2

case, let a’ = da, b’ = eb,u} = fiuy,uy = fous. As before, 3y = d®ey and 2’ = d3e?z,

d
) = o o = e = 0
e
[, V] = e folus, b] = efoy = deZ
[y, u5] = fifalur, ua] = frforz = %m’
d€2 e
(@' V] = 2y = 5
We want
¢ hf h f2
ﬁ:1’ @7‘(‘:1’ @:12111(1@:1

Let d = Wﬁ, e= %, fi= # and fy = # to solve these equations. Then
[uy,a'] = 2 [uy, U] = o/, [u), a'] = 0, [uy, b] = 0

[u}, uy) = 2" or 0 and [a@',b',b'] =/ or 0

In summary we have the following 10 possible isomorphism classes (at the top of the

next page):
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Table 8.1: Five Generated Possible Isomorphisms

1 | [ur,a] = 2z, [ug, b] = 0, [ug, a] = 0, [uz, b] =y, [ur, us| = 2z, [a,b,b] =0
2 | [ui,al = z,[uy,b] =0, [ug, a] =0, [ug, b] =y, [u1,us] = 0,[a,b,b] =0
3 | [ui,a] = z,[uy,b] =0, [ug,a] =0, [uQ,b] =0, [uy, us] = z,[a,b,b] =0
4 | [ui,a] =0, [u,b] =y, [ug,a]l =0, [ug, b] =0, [ug, us] = 2, [a,b,0] =0
5 [ulaa] =%, [ubb] =Y [u2>a] = 07 [u2>b] = 07 [ul>u2] =% [a7b> b] =

6 [uha] = %z, [ulab] = 07 [UQ,G] = 07 [UZab] =Y, [u17u2] = Zz, [a7b7 b] =Y
7 [uha] =% [ula b] - Oa [’LLQ,CL] - Oa [UQa b] =Y [ulaUQ] - Oa [CL, b7 b} =Yy
8 | [u1,a] = z,[uy,b] =0, [ug, a] =0, [ug, b] = 0, [u1, us] = z,[a,b,b] =

9 | [u1,a] =0,[uy, b =y, [uz,a] =0, [ug, b] =0, [uy,us] = z,[a,b,b] =y
10 | [u1,a] = z, [u1,b] =y, [ug,al = 0, [ug, b] = 0, [uy, us] = 2,[a,b,b] =y

We will now divide these 10 classes into isomorphism classes. Similar to when H =

(a,b,u), we see that cases 1-5 are when [a, b,b] = 0 and cases 6-10 are when [a, b, b] =y

and bases for H, H', H' = H? and H® are

H = {G, ba [aa b]v [avba a],y,z,ul,ug}
= {b,[a,b],[a,b,a],y,z,u1,us}
{[a. 0], [a,b,al,y, 2}

H° = {2z}

H? =

Notice for cases 3 and 8, if we let @ = a — ug, then [uy, a] = [u, a] —

so then uy,us € U and these cases really belong in the two generator case, so they are

degenerate. We now check to see if any of the remaining 8 cases are degenerate in the

sense that H = Hy + Uy, U; # 0 and H,,U; are as in Theorem 3.

If dim(Z(H)) = 2 or 3, then H is clearly degenerate. We will find dim(Z(H)) by
letting @ = coa+ c1b+ cala, b+ csla, b, a] + cay + 52 + cur + crug € Z(H). First consider
cases 1, 2, 6 and 7 where [ug,b] = y. Then [z,a] = ¢1]a,b] + cs[a, b,

and [z,b] = ¢ola,b] + ¢4z + ey = 0. Hence g = ¢ =g =3 =¢4 = ¢g = ¢; = 0 and

dim(Z(H)) = 1. Now consider Z(H/H?).
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al + c3y + cgz =0

Let © + H®> € Z(H/H®) with x as above.

=2—2z=0,



Then [z,a] = ¢1[b,a] + cla,b,a] + czy € H® and [z,b] = cyla,b] + czy € H®. Then
ci=ca=c3=cy=c;=0and r = cuy + cou; and dim(Z(H/H?)) = 2.

Suppose that H = Hy; + U;. If dim(U;) = 1, then dim(Z(H)) = 2, which is a
contradiction. If dim(U;) = 2, then dim(Z(H/H®)) = 3, which is also a contradiction.
Hence all 4 cases are nondegenerate. Cases 4, 5, 9 and 10 are handled in a similar
manner and all 4 of these cases are also nondegenerate.

Now that we have determined which cases are degenerate, we now divide the remain-
ing 8 nondegenerate cases into isomorphism classes. In cases 1-5, we find Cy(H?/H?®)
= {b,[a,b],[a,b,a],y, z,u1,us} so the dimension is 7. However, in cases 6-10 we find
Cu(H?/H%) = {]a,b],[a,b,a],y, z,u1,us} so the dimension is 6. Therefore cases 1-5 are
not isomorphic to cases 6-10. Also, Cy(H') = {z,u,} in cases 2 and 7 and Cy(H"') = {z}
in cases 1, 4, 5, 6, 9 and 10. Thus the class defined by 2 and the one defined by 7 are
not isomorphic to any of the other classes. In summary we have cases 1, 2, 4, 5 are not
isomorphic to cases 6, 7, 9 and 10, and case 2 is not isomorphic to cases 1, 4, and 5, and
case 7 is not isomorphic to cases 6, 9 and 10. It remains to see if cases 1, 4, and 5 are
isomorphic as well as if cases 6, 9, and 10 are isomorphic.

We claim that case 5 is isomorphic to case 4 (5 = 4). Let a,b, uy, uy give the multi-

plication table for class 5. If we let @ = a — us, then [a, b] = [a — us, b] = [a, b], [a, b, a] =

la,b,a — us] = [a,b,al,y = [a,b,a,a] = |a,b,a,a — us] = y,[a,b,a,a,al = [a,b,a,a,a] =
0,z = [a,b,a,a,b] = [a,b,a,a,b] = z,[wa] = [ur,a — us] = [ug,a] — [ug,us] = 2 — z =
07 [ulab] =Y, [u27&] = [u2,a - u2] = [Ug,a] = 07 [Ug,b] = 07 [ulaUQ] = z and [a7 b7 b] =

[a,b,0] = 0, so we have 5 = 4. Similarly, with the same change we can also show that
10 2 9, since all of the above equations are the same and [a, b, b] = [a,b,b] = v.
We also claim that 1 = 4. Let a, b, uy, us give the multiplication for case 4, and now

we will show we can change to get the multiplication in 1. If we let @ = a + uy — ug,b =
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b— [a,b] + ug, iy = —ug, and Uy = —y + u; — uy then

[t1, ug] = —[ug,u1] = =z

@, b,b] = [a,b,b] + [u1,b,b] + [a, —[a,b], —[a,b]] = 0+ [y,b] + [a, [a,b],[a,b] =2 — 2=0

(1,0 = [—ug,a+u —ug) =2=12
[t1,b] = [~ug, b — [a,b] + uy] =0
[Ua, @] = [—y 4+ up — ug, a + uy — ug] = —[ug, us] — [ug, u1] =0
[, b] = [~y 4w —us,b—[a,b] +us) = —24+y+2=7

Thus this change takes type 4 into an algebra with multiplication

[ur,a] = z, [uy, b] = 0, [ug, al = 0, [ug, b] =y, [u1, us] = z,[a,b,b] =0

Hence 4 =2 1. The same transformation shows 9 =2 6. Hence 1 =24 =5 and 6 =£ 9 = 10.
Therefore we have 4 isomorphism classes when H = (a, b, u1, us). They have repre-

sentations as shown in type 1, 2, 6 and 7.

Theorem 6. Let H = {(a,b,uy,us) as in Theorem 3. Then there are four isomorphism

classes represented by the multiplication formulas of types 1, 2, 6 and 7 in Table 8.1.
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Chapter 9

Isomorphism Classes for

H = (a,b,uy, ug, u3)

Finally we consider H = (a, b, uy, us, ug), where H is as in Theorem 3 and M = (a, b)
as in Table 6.2 or Table 6.3. Continue to let y = [a,b,a,a] and z = [a,b,a,a,b], we
have [uj,a] = agz, [u1,b] = By + Mz, [ug,al = asz, [ug, b] = Boy + Y2z, [us,al = asz,

[U3, b] = ﬁgy + 32 Let

uy = coy + crug + coug + c3ug
UIQ = doy + d1u1 + d2u2 + dglbg

/
Uz = €Y + eju; + eaus + esuz

€1 C2 C3
where placing the coefficients in the following non-singular matrix | ¢, dy, ds

€1 €3 €3
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Then

[u},a]l = cra1z + ooz + cza3z = pr2
[uh, a) = dyoyz + dyanz + dzazz = poz
[ug, a] = ejaqz + eaqaz + e3azz = p3z
[}, b] = coz + c1(Bry +M12) + co(Boy + 722) + c3(B3y + 132) = o1y + 712
[uh, 0] = doz + di(Bry + 112) + dao(Boy + Y22) + ds(Bsy + V32) = 02y + oz

[wy, b] = eoz + e1(1y + 112) + e2(Bay + 722) + e3(Bsy + V32) = 03y + T32

Set TN = T = T3 = 0. Then lettlng Cop = —C171 — C27y2 — C373, do = —dl")/l — dg’}/g — dg’)/g,
and ey = —eyy1 — €272 — e3y3 we obtain that [u}, ], [ub, 0], [us, b] € (y). Simplifying the

equations into a matrix equation to solve, we have

i C2 C3 ar P1 01
dy dy ds ay Po | = | p2 02
er ey e3 as B3 p3 03

which we denote by AB = C where A is non-singular. The analysis follows the same
pattern as in the last chapter.

10
If rank(B)=2, then we can find A such that AB= | 1 | to obtain

0 0

[u},a] = z, [u},b] = 0,[uy, a] =0, [uy,b] =y, [uz,a] =0 and [uj, b] =0

It is impossible for rank(B)=0 for then wu;, us, u3 € U as in Theorem 3.

If rank(B)=1, similar to the last chapter, we obtain 3 cases:
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1. [u1,a] = 2z, [u1, b] = 0, [ug, a] = 0, [ug, b] =0, [us,a] =0, and [us, b] =0
2. [ulaa] = 07 [uhb] =Y [UQ,CL] = 07 [u27b] = 07 [U,g,a] = 07 and [U3,b] =0

3. [ur,a] = z,[us, b = 9y, [us,a] = 0, [ug,b] = 0,[uz,a] = 0 and [us,b] = 0 where
J#0

In case 3, just like before, we change generators to make 6 = 1. Let d’ = da, ' = eb,
and u} = fu;. The same computations as in the last chapter show that letting d = /%,
e = 55, and f = 57 changes case 3 to [u},d’] = z and [u}, V'] = y and the other brackets

are (. To proceed, we drop the primes for simplicity and now case 3 becomes
[ur,al = z, [uy, b =y, [ug, a] =0, [ug, b] = 0, [ug,a] =0, and [uz, b] =0

Now for each of the above cases we have [uy, us| = 12, [u1, ug] = mz and [ug, ug] =
m3z. For the rank 1 case, if m; = 0 we can interchange us and ug, then 7 # 0. Now let
Uy = %uQ, then [uy, us] = %[ul, us] = z. Dropping the hat we have [u, us] = 2, [u1, ug] =
Toz, [ug, u3] = m3z. Now we can let 13 = uz — moup and then [uy, us] = mz — Mz = 0
and [ug, Us] = [ug, uz] — malug, us] = [ug, us]. So dropping the hat again, we now have
[u1,us] = 2, [ug, ug] = 0, [ug, ug] = m32z. Now 73 # 0, otherwise we drop down into a lower
dimensional case, and hence this case is degenerate. But if we let u3 = %Ug and change
back to the u's we have [uy, us] = 2, [u1, ug] = 0, [ug, ug] = z. Then we can let u; = ug+u;
and then [uy, ug] = [us, us] + [u1, us] = 0 and [y, us] = [us, us| + [us,us) = —2+2 =10
so then both uy and uz drop out and we are again in a lower dimensional case. Hence
all rank 1 cases are degenerate.

For the rank(B)=2 case, we have
[uh CL] =z, [uh b] = 07 [u27 CL] = 07 [u27 b] =Y [u37 a] = 07 [Ug, b} =0
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[ur, us] = miz, [ur, us] = m2z, and [uy, us] = 732

Note that w5 and w3 cannot both be 0, otherwise us € U and we would be back in the 8
dimensional case.

Suppose that m3 = 0. Then my # 0. Let o' = da,b’ = eb, v} = fiui,ul, = fous and
uy = fauz. Then [d',0] = dea,b], [d,V,d] = d*e[a,b,a],y = [d,b,d,d] = dPey,? =

(a0, a V] = dez

(@', U, V] = de*[a,b,b] = de*y = %y' or 0

fd
[ulv ] fle— BPe 5% 2
fae
Ul,b/ — ey = == /
[us, 0] = faey e
Jifa
[y, us) = fifolur, us] = T 27rlz’
fifs
), us] = T e o # 0
If 71 # 0 we want 5 = décfeg — fl_g — filfegl _ f;ig:s;fz —=1. Let d = W’ — ﬂ_117 f = ﬂ%’
fo = %/w and f3 = —(Wl)ll/27rg and these equations are satisfied. Thus, dropping the
st
primes, [u1,us] = 2, [u,us] = z and [uy, us] = 0. Now let u), = uy — us. We get that

up, usy] = 0, [ug, ub] = 0, [uz, uy] = 0 and [ug, b] = y. Then if we let @’ = a — uz, we also
2 2 2
get [uy,ad’] = 0, [uy,a’] =0 and [us,a’] = 0. Hence, dropping the primes u;,us € U and

this case is degenerate.

If 7, = 0, (and therefore m3 = 0), then we want & = d{; = 5?; = fil];i;” =1. So
let f3 = 7712, fi = fo = d = e =1 to satisfy these equations, and when we drop the
primes we obtain [uy, us] = 0, [u, us] = z and [ug, us] = 0. Set @’ = a — uz and we have

[uq,a’] = 0 which implies uy,us € U. Hence this case is also degenerate.

Thus far, all cases have been degenerate. There remains the rank(B)=2 case with
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73 # 0. Notice that if m; # 0, we can let uy = m3u; + muz. Then [u], us] = [m3u; +
miug, ug] = (mymy — mmg)z = 0. Therefore we can assume that m = 0. Notice that this

change forces [u,a] = pz, p # 0. Therefore we have

[ub a] = Pz, [U'la b] = 07 [UQ? CL] = 07 [u2a b] =Y, [U’37 a] = 07 [Ug, b] =0

[ub u?] = 07 [ub U3] = T2z, and [u27 Ug] = M3z

Once again let @’ = da,l = eb,u] = fiui,uy, = fous, and uy = fsusz. As before we

1 33 I 33,2 oo deZ _ 1o pfid s 1o fae
have y' = d’ey, 2/ = d’e’z, [a', 0, V] = 552y or = 0, [uf,d] = B5l52!, [uy, V] = 320/,
[uf, uf] = g;gg moz', and [ub, uh] = £§£§ 73z, Again we want to solve for the coefficients.

First, let my # 0. Then we want

pfi  fo fifsma  fofsms e 1
A2z B dBe2 32 &2

Letting d = (22)1/3, e = (£2)2/3, f, = £ f) = % and fy = —(Z2)*3 solves the

2 ™2 ™2 U s T
above equations. Hence we get [uy,a] = 2, [u1,b] = 0, [ug,a] = 0, [ug,b] = vy, [us,a] =
0, [ug, b] = 0 [ug, us] = 0, [ur, us] = z, [ug, u3] = z, and [a,b,b] =0 or y. Let ¢’ = a — us

and u), = uy — uy. Then uy,us € U and this case becomes degenerate.

Finally, let m3 = 0. Then we seek a solution to

pfi fo  fofsms e 1
?e2 B P2 &

A solutionisd=e = fy =1, f; = /l) and f3 = 7%3 Note that p and 73 are not 0. We need
to show that this case is nondegenerate. We begin by stating that we know dim(Z(H)) =
1 and suppose that H is degenerate. Let vy = cia+ cob+ csla, bl + c4la, b, a] + c5y + coz +

C7U1 + CgUso + ColUg and Vg = d1a+d2b+d3 [CL, b] +d4 [CL, b, a] —I—d5y—|—d62+d7u1 +d8U2 +d9U3.
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If v; and vy € U, then [v;, M?] = 0 and [ve, M?] = 0. Now [vy, [a,b]] = ci]a,[a,b]] +
cala, b, b]+c4z which implies that ¢; = ¢4 = 0, [v1, [a, b, a]] = c3z. This implies ¢3 = 0 and
[v1,y] = c2[b,y] = 0, so co = 0. Similarly, d; = dy = d3 = dy = 0. Now by scaling back
the coefficients, we let @’ = a + exb + e3a, b] + e4]a, b, a] + esy + egz + ezuy + egus + egug

and 0 = b+ f3[a,b] + fila,b,a] + fsy + fez + frui + fsua + fous then

0 = [v1,0] = —cgluz, b] + c52 + (co fs — cs fo)z, so cg = 0 and similarly

ds = 0 and therefore
[Ul, ’UQ] = (ngg - dSCg)[Ug, Ug] = 0 since Cg = dg =0

This implies that vy, ve € Z(H) which is a contradiction. So this case is nondegenerate.

Hence the multiplication is

Table 9.1: Isomorphism Classes

[uy,a] = z [ug,b] =0
[uQva] =0 [u27b] =Y
[ug,a] =0 [ug, b] =0
[, us] =0 [u1,u3] =0
[ug,us) = z | [a,b,b] =0 or y

Therefore we are left with only two isomorphism classes in the case when dim(H) = 9.

We summarize this case into the following theorem:

Theorem 7. Let H = (a, b, uy, us, us) as in Theorem 3. Then there are two isomorphism

classes represented by the multiplication formulas in Table 9.1.

If we combine all of our results, we can formalize one more theorem.
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Theorem 8. Let L be a nilpotent Lie algebra such that dim(L'/L") = 3 and L" # 0.
Then L can be written as L = H 4+ U as in Theorem 3, where U is the direct sum of a
generalized Heisenberg Lie algebra and an abelian Lie algebra, and H can be classified
over the complex numbers into one of fourteen isomorphism classes. A further breakdown
reveals that there are 2 isomorphism classes when dim(H) = 6, 6 isomorphism classes

when dim(H) =7, 4 isomorphism classes when dim(H) = 8, and 2 isomorphism classes

when dim(H) = 9.
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Chapter 10

Examples

Here will will provide some examples of the 6 dimensional and 7 dimensional cases

of L.

Example 1. Let L be the subalgebra in T(6, F') generated by A = E15 + Esq + Ey5 and
B = Eo3+ Esg. Then to generate the algebra, need to bracket all elements together until

we have everything. So

o [A B] = (Eiot+Es31+Ey5)(Eas+Ese) — (Eaz+Ese) (Eria+ Ess+ Egs) = Eiz+Eys—Eoy

[A, B7 A] =2E1, — E25 - E36

[A, B, A, A] - 3E15

[A,B,A, A, Al =0

[A,B,B] =0

[A,B, A, B] =0

[A, B, A, A, B] = 3Eg

[[Av B7 A]? [A’ BH = 3Ejlﬁ
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Here the dimension of L is 6, the basis for L = {A, B,[A, B],[A, B, A],[A, B, A, A],
[A,B, A, A, B]}, L' = [A,B],[A, B, A],[A, B, A, A],[A, B, A, A, B] so the dimension of
L' is 4. Also, " = [L',L'] = [A, B, A, A, B] so the dimension of L" is 1. Therefore,

dim(L'/L") =3, L" # 0, L has two generators A and B, and the structure is

Table 10.1: Basis Table for Example 1

A B [A,B] [A,B,A] [A,B,A,A] | [A,B,A,A,B]
A 0 [A,B] JABA] [AB,AA] 0 0
B [A,B] 0 0 0 [AB,A,AB 0
[A,B] [A,BA] 0 0 TAB,AA D] 0 0
[A,B,A] [A,BAA] 0 [A,BA A D 0 0 0
[A,B,A,A] 0 [A,B,A A D 0 0 0 0
[A,B,A,A,B] 0 0 0 0 0 0

Example 2. Let A= E19+ E34 + Ey5 and B = Eo3 + Esg + 3E35. Then we get

o [A,B] = Eij35+ Ey — Esg

[A7 Ba A] = 2E14 - E25 - E36

[A7 Ba A7 A] = 3E15

[A,B,A, A, Al =0

[A7 Ba B] = 3E15

[A,B,B, Al =0

[A,B, B,B] — 3E16

[A,B, A, B] =0

[A, B, A, A, B} == 3E16
e [[A, B, A],[A, B]] = 3E

Here we can see the structure is identical to that of the second class for L{a,b), when

la,b,b] = [a,b,a,al.
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These last two examples are when L = (a,b). The follow examples are for the 6

isomorphism classes, when L = (a, b, u).
Example 3. Let A= E12 + E34 + E45, B = E23 + E56 and U = —3E26. Then
o [A,B] = Ei3+ By — Foy

[ ] [A, B, A] - 2E14 - E25 - E36

[Aa Ba A7 A] = 3E15

[A,B, A, A, A =0

e [A,B,B] =0

[A,B, A, B] =0

[A, B, A, A, B} — 3E16

hd HA7 BvA]? [A>B]] - 3E716
o [U, A] = 3E16
o [U.B]=0

We can see this is an example of case 1 of the 6 isomorphism classes, when [u,a] =

z, [u,b] = 0 and [a,b,b] = 0.

Example 4. Let A = FE1o+ Es3y + Eu5, B = Fo3 + Es + 3E35 and U = —3FE»5. Then
o [A,B] = FEi3+ Ey5 — Esg
o [A, B, Al =2F 4 — Ey5 — E3

L4 [A,B,A,A] == 3E15
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e [A/B/AAAl=0

o [A,B,B] = 3E;

o [A,B,B, A =0

o [A,B,B,B] = 3Ey

o [A,B,A,B]=0

e [A,B,A, A B] = 3F

e [[A, B, A]|,[A B]] =3F;

o [U, Al =3E

o [U,B]=0
Which is the example of case 4, when [u,a] = z, [u,b] =0 and [a,b,b] = y.
Example 5. Let A = Eo3 + E34 + Ey5, E19 + Esg and U = Es5. Then

o [A,B] = Ey— Eiy

o [A,B Al = —Fy4y — E3

o [A,B,A, Al = —E5+ Eo

e [A/B/A A Al=0

o [A,B,B] =0

o [A,B,A,B]=0

o [A, B, A, A B = —2Ex

hd HA, B? A]? [A’ B]] = _2E16
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o [U Al=0
o [U,B] = Ey — Ei5
Which we can see is an example of case 2, when [u,a] =0, [u,b] =y and |a,b,b] =0

Example 6. [f we let A = E23 + E34 + E457 E12 + E56 — %E24 + %Egg, and U = E25 we

get an example of case 5, when [u,a] =0, [u,b] =y and [a,b,b] = y.
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