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ZAGER, MICHAEL GARY. Modeling the Distribution and Metabolism of the Phytoestro-
gen Genistein in Rats. (Committee Chair: Hien T. Tran.)

Genistein is an endocrine-active compound found naturally in soy products, thereby
making its main exposure route in humans dietary. It has been linked to various health
effects, both beneficial and adverse. The liver is a major site of genistein transformation.
Experimental data suggest genistein is mostly metabolized in the liver into its glucuronide
form, and taken back into the gut lumen via biliary excretion. The data show a nontrivial,
dose dependent delay in biliary excretion of genistein. After initial modeling attempts,
it became clear that traditional physiologically-based pharmacokinetic (PBPK) modeling
methods fail to accurately describe the observed data. Hence, we have developed several
models that incorporate techniques not typically found in PBPK models to specifically
simulate the observed dynamics.

The first of these models developed is based on delay differential equations (DDE),
where the observed lag in biliary excretion is mathematically described by a time delay.
This delay is a function of the concentration of genistein and time, since the data may
also suggest that the lag diminishes over time. Existence and uniqueness of a solution to
this nonlinear system of state-dependent delay differential equations was obtained. Several
parameters in the model are experimentally unknown, including parameters in the delay

function. To use the model for the prediction of tissue dose, we obtained these parameters



via an inverse problem formulation using a modified maximum likelihood cost function.
The unconstrained optimization problem was solved by a Nelder-Mead algorithm. The
nonlinear system of state-dependent delay equations was approximated by a three-stage,
implicit, Runge-Kutta method, which has been shown to be an effective numerical method
for solving these types of equations. Using a statistical hypothesis test, we showed that
the delay model with the optimal set of parameters obtained is a statistically significant
improvement over the PBPK model in simulating the experimental data.

Our second modeling approach was taken by considering a dispersion modeling tech-
nique originally proposed by Roberts and Rowland (43). Traditional modeling approaches
for the liver have generally used the “well-stirred” model to describe events occurring in
the liver. The well-stirred model cannot accommodate spatial variations, such as enzyme
activity, hepatic cell permeability, and cellular transport inhibition. Our objective in this re-
search effort is to develop a fully functioning model for the liver that simulates the distribu-
tion, metabolism and excretion of chemicals, and is able to accommodate spatial variations
in biologically- and physiologically-based parameters. Our modeling strategy considers
the liver as a series of two cylindrical tubes, one representing the blood vessel space and
one representing the bile duct space, with a space of hepatocytes in between. Dispersion
coefficients are adjusted to create a biologically relevant distribution of the concentration
of genistein and its metabolites in the liver. Upon developing the equations and boundary
conditions for this model, we established existence and uniqueness of a solution to the sys-
tem, and continuous dependence of the solution on the initial data. A numerical code based
on the finite element method was developed to solve the mixed system of nonlinear ordi-
nary and partial differential equations. Parameter estimations were obtained via an inverse

problem formulation.
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Chapter 1

| ntroduction

The presence of endocrine-active compounds (EAC) in the environment has become a con-
cern to environmental biologists and toxicologists. Researchers have suggested that nu-
merous health effects, both adverse and beneficial, may be caused by exposures to these
compounds. The suggestions stem from observations that include field studies on wildlife
and human cultures (1; 2; 3), controlled experiments on laboratory animals and human
volunteers (4), and critical literature reviews (32). Phytoestrogens, a class of EAC that are
naturally plant-derived, bind to the estrogen receptor as either agonists or antagonists (5).
Because these chemicals are plant-derived, exposure to them is primarily through the diet.
In particular, the phytoestrogen genistein is a significant component of these dietary expo-
sures (6), including soybean-derived foods with high genistein concentrations such as tofu
and soy-derived infant formula (7). Genistein is believed to have a variety of effects ranging
from health benefits like cancer prevention (4; 8; 9; 10) to adverse effects such as endocrine
disruption and promotion of carcinogenic tumor growth (11; 12; 29). Consequently, the
health effects of genistein have been extensively studied. Endocrine- and cancer-related
effects have been found in studies of soy-based infant formula (30; 33). The United States
Environmental Protection Agency developed a pilot study using genistein, among other

EAC, as part of a proposed multimillion dollar Endocrine Disruption Screening Program
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designed to screen thousands of EAC and their health effects (22). Epidemiological studies
show that Asian cultures with diets rich in soy products have a lower incidence of breast
cancer than western cultures (13; 14; 15). Experimental studies have shown that treatment
with genistein suppresses mammary tumor growth in rats and humans (16; 17). Experimen-
tal prostate cancer treatments using genistein are currently underway in the United States
(18). Other studies have shown that genistein produces adverse endocrine-related effects in
rats such as low birth weights and reduced anogenital distances (11; 12; 19). The National
Toxicology Program conducted a multigenerational toxicity study on genistein in rats, and
various additional studies are currently underway to complement that work. These studies
include effects of neonatal treatment of genistein on mice and hormonal effects of dietary
administration of genistein on rats (30; 31; 33).

Enterohepatic circulation is a process by which a chemical travels through the intesti-
nal wall and into the liver via the portal vein. A portion of the chemical may subsequently
re-enter the intestine via the bile duct after passing through the liver. It is possible for that
portion, perhaps in part, to be re-absorbed through the intestinal wall and return to the liver.
This process can continue indefinitely. For a thorough explanation of enterohepatic circu-
lation, the reader is referred to (50). Genistein has been shown to undergo enterohepatic
circulation (20; 21) and is extensively metabolized via glucuronidation. Most of the genis-
tein excreted in the bile is in its glucuronidated form (20; 21). There is a period of time
(delay) while genistein passes down the bile duct, when it is not available for re-absorption.
Once excreted into the intestine, it is quickly cleaved from the conjugated form back into
its parent form of pure genistein, after which it can be re-absorbed. We initially developed
a preliminary PBPK model for rats that includes the simulation of biliary excretion (26). In
attempting to calibrate the model, we observed that one of the data sets strongly suggests a
concentration-dependent lag in biliary excretion of genistein (20). In particular, it appears

that higher concentrations of genistein increase the time it takes for genistein to transit the
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bile-duct, but that this increase in the delay is only temporary; i.e., there is an initial, dose-
dependent reduction in biliary flow (increasing the delay time), but this response dissipates
with time, until flow and the delay return to normal. Thus there is a transitory increase in
the delay due to transit of the bile duct, which then decays back to it’s basal value, pre-
sumably as the tissues acclimate to the presence of genistein. The material excreted into
the bile duct reaches the Gl tract, where it becomes available for re-absorption (after this
delay).

Physiologically based pharmacokinetic (PBPK) models are often developed to simulate
the general dosimetry of a chemical. Due to the apparently intricate nature of the biliary
excretion of genistein, PBPK models for the dosimetry of genistein have been difficult to
develop based on traditional PBPK modeling approaches. The ordinary differential equa-
tions (ODE) used in standard PBPK models are unable to simulate such a delay without
treating the liver in a special way, such as a series of compartments. That approach is really
intermediary between two more ideal extremes: treating the biliary transit as a pure delay
process, corresponding to plug-flow, and developing a fluid dispersion model using partial
differential equations (PDEs). Numerical implementation of PDEs is more complex than
including a simple delay, and it would be less straightforward to integrate PDEs with the
ODEs describing the other physiological compartments. Since it also seemed possible that
a simple delay could adequately describe the data, we therefore decided to first try that
simpler approach.

In Chapter 2, we develop state-dependent delay differential equations (DDE) to incor-
porate the compartments and parameters necessary to simulate biliary excretion under the
experimental conditions of the data set described in Sfakianos, et al. (20). The values of
the unknown parameters are estimated by fitting the model to the biliary excretion data.
Since the incorporation of any delay approximation increases the complexity of the model
and number of parameters over what would exist without that, the statistical significance of

the delay terms are tested, but in comparison to a standard model which uses neither DDESs



Chapter 1. Introduction 4

nor the rough compartmental approximation mentioned above. (That standard model is
obtained simply by setting the delays in the DDE model to zero.) Theoretical existence and
uniqueness of a solution to the equations and initial conditions is also established.

Then in Chapter 3, we develop and calibrate the fluid dispersion model, based on the
work of Roberts and Rowland (43). We establish well-posedness of the model in Chapter 4,
and present preliminary parameter estimation results in Chapter 5, including curve fittings
for single dose and multiple-dose data sets. In Chapter 6 we discuss the performance
of both models developed in this dissertation, issues and future directions of each model,
including the possibility of the introduction of state-dependent parameters in the dispersion

model.



Chapter 2

A Delayed Nonlinear PBPK M odel

2.1 Model Development

In the work presented in Sfakianos et al. (20), rats were lightly anesthetized, fitted with bile
duct cannulas to collect biliary excretions, and infused in the portal vein with one of four
different dose rates of *C-labeled genistein dissolved in rat serum for 1 h. Measurements
of the rate of excretion of 14C-radioactivity were taken every 5 min from the beginning of
the infusion through 65 min (Figure 2.1). Figure 2.1B is a magnification of the first 20
min into the infusions. Genistein first appears in the bile at the third measurement taken,
10 min (0.17 h) after the beginning of the infusion. At this time point, the lowest infusion
rate yields the highest rate of genistein excretion. This trend continues through 15 min
of infusion, and then after 45 min of infusion the highest infusion rate finally yields the
highest excretion rate. Thus there is a delay between the start of the infusion and the time
when the excretion rate responds proportionately to the dose.

The significance in these data is that Sfakianos (20) reports the only in vivo genistein
experiment involving biliary excretion in the literature that includes multiple doses and
time intervals in measurement short enough to capture the observed delay. All other pub-

lished biliary excretion experiments are in time intervals of 20 min or longer, and no other
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experiment includes more than one dose. Clearly, this delay would be very difficult to ob-
serve with time intervals as large as 20 min, and nearly impossible with a single genistein

dose (Figure 2.1). Given the above experimental conditions, we formulated the model as

—=— 0.0462 pmol
-+ - 0.1986 pmol e

0.3348 pmol ,//
—e— 0.5292 pmol -

0.2
£0.15}
3
e Y _
3 s &
,
,
,

0.05f

0.25f

0.1r

umol/hr
o
o
a

Figure 2.1: Dose- (or concentration-) dependent lag evident in genistein biliary excretion
rate (20). Figure 2.1B is a magnification of Figure 2.1A, focusing on the first 20 min of
reported excretion.

follows. Although active transport and elimination rates are likely saturable, we do not
have data for these rates. Therefore, we use linear terms in the model as an approximation

for these rates. In particular, the transport rates depend on the blood flow rates through the
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particular tissues of each compartment. The values used for the blood flows were obtained
from (23). The values for the partition coefficients were obtained from Plowchalk (24). The
volumes of each compartment were calculated from the formula volume = W’““gi] using
values for densities and percentages of body mass listed in ILSI (23). Values and abbrevi-
ations used for the volumes are listed in Table 2.2. The elimination rates for the model are
currently unavailable in the literature and therefore must be estimated. The abbreviations
used for these rates are also given in Table 2.2. The values are listed as “estimated” and are
provided in Section 2.3.

Experimental data suggest that genistein conjugation is saturable (20), that is, the rate
at which conjugation occurs increases with the concentration of the compound being con-
jugated, but at high concentrations the rate asymptotically approaches an upper bound.
Therefore Michaelis-Menten kinetics characterized by the parameters Viax and ky, are used
to describe the rate. However, the values of these parameters are not available in the litera-
ture and must be estimated. Vinax and ky, are usually approximated directly from the given
data. But in this case, due to the delay present in the Sfakianos data, attempting to approx-
imate these parameters using that data will potentially lead to poor estimates. Therefore,
we chose to estimate the Michaelis-Menten parameters via the inverse problem discussed
in Section 2.3. These parameters are listed in Table 2.2 as “estimated” and the values are
provided in Section 2.3.

In the Sfakianos study, the authors reported that genistein is excreted in the bile, the vast
majority of which is in its glucuronidated form, and they only report data for this metabo-
lite. Although this and other studies suggest that traces of pure genistein and genistein
sulfate may be found in the bile, they are negligible amounts (21) so we chose to ignore
excretion of unconjugated genistein in the model. Another study has shown that genistein
excreted in urine is in its pure and sulfated forms (21). Hence we have urinary elimination
routes for pure and conjugated genistein in our model. We do not distinguish between the

glucuronide and sulfate conjugates in the model.



Chapter 2. A Delayed Nonlinear PBPK Model 8

With the above assumptions, the DDE model is split into two submodels; one part tracks
pure genistein, and the other tracks conjugated genistein. Our resulting model is depicted
in Figure 2.2, and the abbreviations used are defined in Table 2.1. The equations describing

the model have the form:
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where the Heaviside function

1 x>0,

H(X) =
) 0 x<0,

is adjoined to all state variables appearing on the right hand sides of the equations. The
purpose of this is made clear in the next section. Justification for the introduction of the
Heaviside function is in the fact that, in terms of the biology of the model, all concentrations
of genistein and its conjugates are nonnegative for all times t. The abbreviations used for
the rates, volumes, and other terms are defined in Table 2.2. Note that the volumes 0.012 L

and 0.014 L for “blood” and “contents of Gl tract” compartments, respectively, added to
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Figure 2.2: Genistein PBPK model with a state-dependent delay in the biliary excretion
compartment (see Table 2.1 for descriptions of abbreviations).

the volumes in Table 2.2 for compartments tracking pure genistein in the model complete
the mass (or volume) balance. (Blood volume is not listed in the table.) The volume for
the ROB compartment (used in tracking genistein conjugates in the model) is obtained by
subtracting the liver volume from the total rat volume.

We now describe the formulation of the venous infusion function vin (t). When a chem-
ical is infused into the portal vein, there is obviously a small but nonzero amount of time
between the beginning of the infusion and the time at which the chemical reaches the liver
at full dose, due to dispersion of the chemical in the bloodstream. A similar result occurs
at the end of the infusion. Therefore we formulated the continuous function describing the
venous infusions, vins (t), by using a piecewise-defined cubic spline to capture the basic
dynamics of this type of infusion. The formulation is as follows. A constant term cy, is

multiplied to the spline function, where cy is the constant venous infusion rate of GEN.
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Table 2.1: Abbreviations defined for PBPK model.
Abbreviation Description

CgBen Concentration of pure genistein in plasma (umol /hr)
ngn Concentration of pure genistein in richly perfused tissues
Cge% Concentration of pure genistein in poorly perfused tissues
Clen Concentration of pure genistein in liver
Cé‘n Concentration of pure genistein in gastro-intestinal
(GI) tissue
Clon Concentration of genistein conjugates in liver
CcRoB Concentration of genistein conjugates in rest of body (ROB)
AR Amount of genistein conjugates in bile
- delayed compartment (umol)
Riinear Linear rate constant - see Figure 2.2 (hr—1)
Rm-m Nonlinear (Michaelis-Menton) rate - see Figure 2.2 (hr 1)

The spline is defined as:

( cvF (t) 0<t<e,
aG(t) e<t<1l-g,
oGH() 1-e<t<1,

| olt) 1<t<l+g,

Vinf (t) =

where

—23 3

We first note that F (0) = 0, F(0) = F(¢) = 0, and F (€) = 1; G(t) = 1, clearly with G(g) =
G(1—¢)=1and G(g) = G(1—¢) = 0. In addition, the function H (t) is given by

3

6 1
H(t) = £—t3+g(s—2)t2— (s—l)t+8—3(3s—2),

e3

where H(1—¢) =1, H(1—€) = H(1) = 0, and H(1) = 0. I(t) = 0, obviously with all

values | equal to zero. The value of € is chosen to accurately represent a typical venous
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Table 2.2: Abbreviations defined for model equations.

Abbreviation Description Value

My at Mass of rat (value from (20)) 0.25 (kg)

Qpp Blood flow rate through 0.528Q; (L/hr)
poorly perfused tissue

Qrp Blood flow rate through 0.289Q¢ (L/hr)
richly perfused tissue

Q Blood flow rate through 0.03Q: (L/hr)
liver

Qal Blood flow rate through 0.153Q¢ (L/hr)
Gl tissue

Q: Blood flow rate through 14.1(meg )27 (L/hr)
heart (cardiac output)

Ppp Blood/tissue partition 0.59
coefficient for poorly
perfused tissue

Prp Blood/tissue partition 1.94
coefficient for richly
perfused tissue

P Blood/tissue partition 3.61
coefficient for liver

Vop \olume of poorly perfused tissue ~ 0.188 (L)

Vip \olume of richly perfused tissue ~ 0.012 (L)

Vi \Volume of liver 0.0092 (L)

Vai Volume of Gl tissue 0.011 (L)

VroB \Volume of ROB 0.2408 (L)

k3 Linear rate term for pure genistein estimated (hr 1)
excretion in urine

oo e Linear rate term for genistein estimated (hr 1)

conjugate excretion in urine

Kpile Linear rate term for genistein estimated (hr—1)
conjugate excretion in bile

Vimax, Km Michaelis-Menton rate terms for estimated
saturable congugation of genistein  (umol /L/hr, pmol /L)
in liver

Cv Venous infusion rate of pure varies (see Figure 2.1)
genistein (umol /hr)

o Constant term used in adjusting 500

venous infusion function vins (t)
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Table 2.3: Abbreviations defined for model equations.

Abbreviation Description Value

thasal Constant term used as a basal estimated (hr)
biliary excretion delay in delay
function d(t,Clen)

Cgen Constant term used as a genistein- estimated
specific delay in delay function (L-hr/umol)
d(t, Cien)

Ct Constant term used in delay function estimated (hr)
d(t, Cien)

infusion under the experimental conditions outlined in (20). The function is depicted in

Figure 2.3. We now formulate the delay function d(t,Cgen), which is given by

12

0 0.2 0.4 0.6 0.8 1
Time in hours

Figure 2.3: Venous infusion function V¢ (t) with ¢, = 1 and € = 0.1. These values are
used here for demonstration purposes and are not necessarily used in the model.

d(t, Clgn) = toasa + Cgen# (Cgen (1)) Chen(t)e . (22)

By the nature of a bile duct cannulation, there is inevitably a delay in time from the be-

ginning of biliary excretion of a chemical to the point where the bile has passed through
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the complex array of bile duct canaliculi, the main bile duct, down the bile duct catheter,
and finally into the collection cannula. This delay is labeled tpasy. Added to that constant
delay is a genistein-specific constant cgen, multiplied by the concentration of pure genistein
(Cgen(t)) and a time-decaying term e~&. This last term is added because the Sfakianos
data suggest that the delay diminishes after a certain amount of time has elapsed during
the infusions, as seen in Figure 2.1. These considerations are taken into account in the
formulation of the state-dependent delay function (2.2). The parameters tpasa, Cgen, and
are unknown and must be estimated. The values for these parameters are listed in Table 2.3
as “estimated” and are provided in Section 2.3.

Finally, the algebraic expression for the blood compartment Cgen is obtained by assum-
ing a pseudo steady-state for the differential equation describing that compartment. Setting
the equation equal to zero allows for an explicit solution for CgBen. This practice is standard
in PBPK modeling and has the advantage of reducing the dimension of the system of equa-
tions by one. Computationally, this means our system of equations (2.1) can be numerically

solved more efficiently.

2.2 Existence and Unigueness

2.2.1 Local Existence and Uniqueness

In this section we prove local existence and uniqueness of a solution to our nonlinear state-
dependent DDE based on the work of Driver (25). In his article, Driver presents a theorem

for local existence and uniqueness of solutions to DDE of the type

yi(t) = fi(tay(t)ay(QZ(tay(t)))’ ay(gm(tay(t))))’ (23)

fori=1, ---,n,and each g;(t,y(t)) <t, j=2, --- ,m.
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If we define g1 (t,y(t)) =t, the above equation (2.3) can be written in vector form as

follows:

y(t) = F(t,y@y1))),

where

Y(E(t¥(t))) = (¥(91(t,¥(1))), ¥(92(t,¥(1))), --- ,¥(Gm(t,¥(1))))-

For the following development, we now introduce additional notation. We begin by
defining
(taY) = (tayllv oy YinsYo1s ooy Yony ot Ymi, oo ’ymﬂ)

to be a vector in R™+1, Let (t,¥) = (t,y11, --- ,Y1n) be the projection of (t,Y) into R™1,

the space of the first n+ 1 coordinates of R™*?1, Define
f(t,Y) = (f1(t,Y), -~ , fa(t,Y))

to be a real, n-dimensional, vector valued function over a domain D ¢ R™*1 \where D is

open and connected. Let

G(tvy) = (gl(tay)a 7gm(t7y))

with g1(t,¥) =t be a real, m-dimensional, vector-valued function over domain D*, the

projection of D into R™?. For a vector v = (vq, --- ,vn) € R", we define the norm ||v|| by
[Ivil = max |vil,
<i<k

where k can vary, depending on the dimension of the space. We will not emphasize what

value k is when using the norm symbols, since it should be clear.
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For a vector-valued function h(t,7) let the notation h(t,7) € (C, Lip) mean that through-
out a region R, ﬁ(t,z’) is continuous with respect to all variables and satisfies the Lipschitz
condition |[A(t,2) — A(t,7)|| < A||Z—2|| whenever (t,7), (t,2) € R x RS, where A is the
Lipschitz constant and c is a positive integer.

Using these definitions, we now pose the following problem:

Problem P: Let f(t,Y) be defined over the domain D and let g(t,y) be defined over D*,
with g1(t,y) =t. For a fixed to € R, let o € [—oo,1p] be some fixed constant. Let @(t) =

(@(t), --- ,@n(t)) be a real, n-dimensional, vector-valued function of t for a <t <tp. In
the case that a = —oo, change all expressions of the form a < ---, here and throughout
this section, into a < ---. Now, assuming that

(i) (to,¥(to)) € D*

(”) a< g](t07(p(t0)) <t for J = 2a s, M, and

(i) (o, ®(9(t, P(t0)))) € D

we seek a real, n-dimensional, vector-valued function y(t) = (y1(t), --- , yn(t)), defined for

a <t < B < oo, such that

(&) Y(t) =) fora <t <ty,
(b) ¥(t) is continuous forto <t <p,
(c) (t,¥(t)) € D* fortg <t <p,
(d) a<gjt,yt)) <t forto<t<B,j=1,---,m,
(€) (Ly(g(ty()))) € forto <t <, and
(f) ¥(t) = F(t,9(9(t,7(1)))) forto <t <p.

The following local existence and uniqueness result was proven in (25):
Theorem 2.1 Let f(t,Y) € (C,Lip) in each compact subset of D, let g(t,¥) € (C,Lip) in
each compact subset of D*, let a < gj(t,y) <tforall (t,y) e D*N{t >to} (j=2, --- ,m),
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and let @(t) be Lipschitz continuous on each finite subinterval of [a, tg]. Then there is a
number h > 0 such that a unique solution of P exists for a <t < tg+h.

To apply the above local existence and uniqueness result to our problem, we state sev-
eral assumptions and observations about our model and introduce appropriate notation for
our model equations, variables, and functions to correspond to the notation used above.

For our model, the initial condition is given by @(t) = 0 where @: Dy — R’ with Dy =
(=00, 0].

Defining Y = (Y11,--+,Y17,Y21, -+ ,Y27) to be a vector in R, and ¥ = (y11,---,Yy17),
a vector in R”. That is, y11,---,Yy17 correspond to the 7 state variables of our model and
Y21, -+, Y27 correspond to the 7 state variables delayed by an amount of time admitted by
the function d(t,Cgen) defined in Section 2.1.

Now let § : D* — R x R be defined by g(t,y) = (91(t,¥),92(t,Y)), where gi1(t,y) =t,
g2(t,¥) =t —d(t,Cley), and the domain D* is defined as follows:

D*=R x R'.

If we define the following variables

y11 =Cn(91(t,9))  ya1 = Cin(02(t,9))
y12 =Cgn(91(t,¥)) Y22 = Cgén(02(t,V))
y13 = Cgen(01(t,¥)) Y23 = Cggen(92(t,Y))
y14 = CEn(01(t,¥))  Yaa = CGn(02(t,Y))
Y15 = Ceon(91(t,¥)) Y25 = Con(02(t,Y))
yi6 =C&e(91(t,Y)) Y26 = C&ao(92(t,Y))
Y17 = Alon(91(t,¥)) Y27 = Alon(92(t, ),
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then the system (2.1) takes the form y = (t,Y), where
F(t.Y) = (fut.Y), -, fa(t,Y)). (2.4)

Note that f(t,Y) is a real, 7-dimensional, vector-valued function over an open, connected

subset D of R x R4 defined as follows:
D=R x RM.

We now state some trivial facts about our functions (t,Y), g(t,¥) and ¢(t) that are
needed in order to apply Theorem 2.1. Note that we will drop the vector notation in the

expressions for these functions from this point on. Also note the following:

(0,¢(0)) € D7,

—0 < g2(0,9(0)) <0,

(0,9(g1(0,®0))), 9(g2(0,9(0)))) € D.

Also, since @(t) =0 for t € Dy, it follows that ¢(t) is Lipschitz continuous on each finite

subinterval of Dy Furthermore, we have the following:

Lemma 2.1 —oco < ga(t,y) <t forall (t,y) € D* such thatt > 0.
Proof ga(t,y) =t— (a+bH (ylg)ylge_%), for positive constants a, b, and c. Clearly
t—(a+ b}[(ylg)yme%t) <tforallt >0, since H(yis5)y15 > 0.

Lemma 2.2 g(t,y) € (C,Lip) in each compact subset of D*.
Proof If we show that both g; and g, are in (C,Lip) in every compact subset of D*, then

g € (C,Lip) in every compact subset of D*. Note g1(t,y) =t, being the identity function,
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has the desired properties.

Now, since the functionst — t and t — e~¢ are continuous on all compact sets, we have
that g2(t,y) =t —(a+ bﬂ(y15)y15e_%) is continuous in t on all compact sets.

Let D' be a compact subset of D*. Choose (t,y), (t,y) € D’. Then

192(t,Y) — G2(t,9)] = || (t— (@+bH (y1s)y156 <)) — (t — (@+ bH (J15)F156 <)) |
— ||be % (H (V15) Y15 — H (V1s)Y1s)| (2.5)

and since be~¢ > 0 for all t,

92(t,y) —g2(t,9)|| = be ¢ || (§15)¥15 — H (y15)y1s|| < 0e%||H (Y15)¥15 — H (Y15)Y1s]|

< b||¥15 — y15||

for all t > 0. Hence g3 is Lipschitz iny, and so it follows that g is Lipschitz in y. Therefore

g(t,y) € (C,Lip) in each compact subset of D*.

Lemma 2.3 f(t,Y) € (C,Lip) in each compact subset of D.
Proof By regrouping and renaming constants, it can be shown that f(t,Y) can be rewritten
as f(t,Y) = (fo(t,Y), .-, f7(t,Y))T, where

f1(t,Y) =CI1(k1}[(y11)Y11 + ko H (y12)y12 + ks H (y13)y13) + Cél}[(yll))ﬁla (2.6)
fa(8,Y) =2 (ke H (Y11)y11 + ke H (Y12)y12 + KsH (Y13)Y1s) + C2H (V12)Y12,
f3(t,Y ) =CL3 (ke H (y11)y11 + Ko H (Y12)Y12 + K3 H (Y13)Y13) + CoH (y13) Y13

C2H (Y13)y13
Cgf + H(y13)y13
fa(t,Y) =CI4(k1}[(y11)Y11 +koH (Y12)y12 + k3 H (Y13)y13) + c;4}[(y14)y14,

+ Vint (t) + 0;3}[()’14))/14 +
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f(LY) = Césﬂ (Y13)Y13
’ Cég + H(y13)y13
fo(t,Y) =C1® H (y16)Y16 + Co8 (H (Y15)Y15 — H (Y16)Y16),

f2(t,Y) =c;7 H (Y525,

+ 1 H (y15) Y15 + ¢ (H (y15)Y15 — H (Y16)Y16);

— Qm

where c{l Voo , and similarly for c I and k;.
pp

We will first show that f is continuous in t on every compact subset of (—co, ). Note
that the only explicit dependence of t in (2.6) lies in the function vins (t) as defined in the
previous section. But the construction of vin¢ (t) clearly implies continuity everywhere on
the real line. Therefore it is continuous on every compact subset of (—oo, o), and hence so
is f.

We now show f is Lipschitz continuous on each compact subset of D in each state
variable. Note that if we show each fj is Lipschitz continuous on all compact subsets of D,
then our assertion follows. So let S be a compact subset of D, and choose (t,Y), (t,Y) € S.

We first consider f3. Note that

1(6Y) = a6, 9)1 = [ (cf (ka2 (yaa)yaa + ke H (ya2)yaz + S

}[ (Y13)Y13 )
+ H(y13)y13

- (c{3(k1}[ (Y11)Y11 + ko H (Y12)¥12 + ka3 H (¥13)¥13)
C3H (V13)¥13 ) H

22 H (y13)Y13 + Vint (t) + C22H (V1a)y1a + fs

5 H (§13)913 + Ving (£) + €37 (§14) Y14 + Ced+ H (J13)§
! 13)Y13

= H Ci3Ka (H (y11)y11 — H (Y11)¥11) + ¢k (H (Y12)y12 — H (§12)¥12)
+(C{3k3 + Cés) (#H(y13)y13 — H (Y13)¥13) + C3 (Y14)Y14

H
— H(§14)Y14) +C5° ( fa Uiglvs __ H(fralius )H
Cl2+ H(y13)y1s 2+ H (913)¥13
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SCIBkl‘ | H (y11)y11 — H (Y11)V11|| + CI3k2| | H (y12)Y12 — H (Y12)¥12||

+ (C3ka +C2) || H (Y13)y13 — H (§13)¥13]| + €3] | H (Y14) Y14
Hyis)is  H(N3)¥1s
C+ H(ya)y1s ¢+ H(J13)¥is

— H (Y14)V14]| + Cés

Now note that

Hyis)is  H(13)¥13
CJS + H(y13)Y13 Cés + H (Y13)¥13
H ()’13)3/13(Cg,3 + H (Y13)¥13) — H ()713))713(Cg,3 + H(y13)y13)

fa
Cs

(Céa + H (y13)y13) (Cég + H (Y13)¥13)
Cefsg (H(y13)y13 — H (Y13)¥13)
(Cefsg + H (Y13)y13) (Cég + H (¥13)¥13)

c(H (V1s)y1s — H (J13)Y13)
(¢6)(cs)
fa f3
C A C ~
= 2| (y13)y13 — H (13)Y13]| < == ||y13 — Yas||
C 3

f3
C6 6

<cg

with 0;3, Cés > 0 and # (y13)y13, #H (¥13)¥13 > 0.
Hence, it follows that

1fa(t,Y) — fa(t, V)| < cikq|y11 — Vaa || + 12Kz | ly12 — Va2
f3

f f ~ f . C “
+(c°k3 +¢5°)|ly13 — Yi3|| + ¢5°| [y1a — Vual| + C—?3||Y13 — V13|
6

<cka|lY =V [+ ekl [Y =V ||+ (ci?ka +c5%)[[Y = V|| +c3[|Y =V ]

f3

Cs 6

f3
¢ 5 C R
+ Y =Y = (CI3K1+CI3K2+CISk3+Cé3+C§3+C—‘?g) I =Y|I.

20
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f3
Let A = c3ky + ci3kz + C1%k3 + C1° 4 €22 + C% Noting that all terms in A are positive
Ce
constants, we have A > 0. Hence, we have

[1fa(t,Y) = fa(t,Y)[| <A =Y

which proves that f3 is Lipschitz continuous on every compact subset of D, in all of its
state variables, with Lipschitz constant A. We note that fi, fy, fs, f5 and fg are all
similar (simpler) cases to f3. Hence, it can be shown analogously that f; through fg
are all Lipschitz continuous on every compact subset of D in all state variables. Recall
f2(t,Y) = c{7}[(y25)y25. It is trivial to show this function is Lipschitz continuous in ys
on all compact subsets of D. Therefore we have shown that f € (C,Lip) in each compact

subset of D.

Now, with the aid of Lemmas 2.1-2.3 and applying Theorem 2.1, we obtain local exis-

tence and uniqueness of a solution to equation (2.1).

2.2.2 Extension of Existence and Uniqueness

Now that existence of a unique solution on an interval —oco < t < tg+ h has been established,
we wish to extend the interval in which the solution is guaranteed to exist as much as pos-
sible. Furthermore, we wish to be guaranteed that the solution remains unique throughout
the extended interval. Although extensive research has led to various results in extending
intervals of existence for ODE and DDE that have constant delays or bounded delays with
dependence only in t (see (48) and (49)), we found few results for a class of DDE that
include state-dependent delays. The following two theorems are presented and proven in
(25) and will yield an extended interval of existence and uniqueness of a solution for the

system (2.6).
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Theorem 2.2 Let f(t,Y) be continuous in D, let g(t,y) be continuous in D*, let a <
gj(t,y) <tforall (t,y) e D*n{t>1to} (j=2, --- ,m), and let ¢(t) be continuous on [a, to].
Then any solution, y(t), of Problem P can be extended to o <t < 3, where to < 3 < o and
for any compact set F C D there is a sequence of numbers, to < t; <ty < --- — [, such that
(ti,y(a(ti,y(ti)))) e D—F fori=1, 2,---. Thus if B is finite and cannot be increased, we
conclude that as t — [3, one of the following occurs:

(i) limsup [ y(g(t,y(t))) [|= o, or
(i1) (t,y(g(t,y(t)))) comes arbitrarily close to the boundary of D.

Theorem 2.3 Let f(t,Y) € (C,Lip) in each compact subset of D, let g(t,y) € (C,Lip) in
each compact subset of D*, and let ¢(t) be Lipschitz continuous on each finite subinterval
of [a, to]. Then for any interval a <t < 3, where ty < 3 < o, over which a solution, y(t),

of Problem P exists, the solution is unique.

Note that the hypotheses in Theorems 2.2 and 2.3 are met by the system (2.6), since they
are weaker, in both cases, than the hypotheses in Theorem 2.1, which we proved the system
(2.6) meets. We conclude, therefore that the unique solution to our system can be extended

from a > 0 to a number (3 such that a < 3 < co.

2.3 Inverse Problem

PBPK models require numerous parameters such as flow, metabolism, and elimination
rate constants. In general, not all these parameters can be obtained from the literature or
directly by experimental means. Therefore the unknown parameters must be estimated via,
for example, the formulation of an inverse problem, that is, one compares experimental

data (in our case given by (20)) to model predictions via a cost function and adjusts the
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unknown parameters to achieve a minimal cost. The resulting “optimized” parameters
yielding this minimal cost will be the values used in the model. Mathematically, the inverse
problem is formulated as follows: letd = (qu, --- ,qn), Where gy, --- ,qn are our n unknown

parameters. Then the inverse problem is defined as

G = min(a (1)),

where S={§eR":qx>0,k=1,2, --- ,n} and J is our cost function to be defined.

We considered several cost functions for this inverse problem, including least squares
(LS), weighted least squares (WLS), and the maximum likelihood function (MLF). We
compared the performances of these cost functions by using the optimized parameter set
resulting from one function to obtain the cost this parameter set produces using the other
two functions. With this comparison, we observed that the MLF consistently produced a
parameter set that resulted in the best cost (lowest in the case of LS and WLS and highest
in the case of MLF). Therefore we decided to use it exclusively throughout the estimation

process. The MLF is defined as follows:

J(d) = 3 ¥i—1 [ni(log(2m) +1)

i . o f ()2 (2.7)
+vi Y5 log(fi (@) + nilog (ni, SN %)] ’

where r is the number of different data types being used, i.e., biliary excretion rate, cumu-
lative biliary excretion, urinary elimination rate, etc., n; is the number of data points used
in each data type, z; j is each data point, where i corresponds to the data type and j corre-
sponds to the time at which the data point represents, f; j(q) is the model prediction at the
time of the data point z; j, and finally each y; are the heteroschedasticity terms for each data
type, which regulate how the cost for each data type is determined. As y; approaches zero,
the cost function describes an absolute error model. As y; approaches two, the cost function

describes a relative error model. Each vy; is bounded between zero and two and is treated
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as an unknown parameter to be optimized in the inverse problem. Hence {yi, y2,---} € G.
For a derivation of (2.7), we refer the reader to (27). It is worth noting that in the deriva-
tion, it is assumed that there is no correlation between the data sets. Recall that in the two
data sets we use, one set is obtained by integrating the data of the other. So, although the
guarantee of the performance of the MLF cannot be made, we still decided to use it for our
cost function since testing of the cost functions repeatedly showed the MLF to be the best
choice.

In our problem we use two data types: the experimental data consisting of biliary excre-
tion rate data and the cumulative biliary excretion data obtained by numerically integrating
the excretion rate data. Although the two data sets are based on the same reported data,
we observed that using two different types enhanced the performance of the MLF, yielding
better data fits. So we have two heteroschedasticity terms, y; and y», for the rate data and
cumulative data, respectively.

The Nelder-Mead simplex-based method was the main optimization algorithm imple-
mented for parameter optimization. This method proved to be most efficient generally
leading to the lowest cost. The specific code used is fminsearch (MATLAB R11, The
MathWorks, Inc.). The line search method, fminunc, also from MATLAB, was used as
well. The results of the parameter estimation are listed in Table 2.4.

Model predictions of the experimental data using the optimized parameters are pre-
sented in Figures 2.4 and 2.5. In attempting to numerically solve the DDE, we found a
high degree of stiffness. Therefore we implemented a three-stage, implicit, Runge-Kutta
method (RADARS5, N. Guglielmi and E. Hairer, 2000), an effective numerical method for
solving stiff, delay differential equations. In the cumulative biliary excretion depicted in
Figure 2.4, the simulated excretion curves for the lower two doses (Figure 2.4A) fit the data
well. Note the slight underestimation for the lower dose and an overestimation followed by
an underestimation for the higher dose. In the case of the higher two doses (Figure 2.4B),

a key characteristic of the data is a crossing of the two excretion curves. Although the
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Figure 2.4: Cumulative biliary excretion of genistein glucuronide after a 1 h venous infu-

sion of pure genistein.
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Figure 2.5: Biliary excretion rate of genistein glucuronide after a 1 h venous infusion of

pure genistein.
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Table 2.4: Resulting values from parameter optimization.

Parameter Value

kI 9.5 hr1

cn.  Ohr !
Koile 111.72 hrt
Vimax 25.25 pmol /L /hr
Km 0.6231 pmol /L
thasal 0.0865 hr
Cgen 0.0656 L - hr /umol
Ct 1.0107 hr
Y1 2
Y2 2

simulations begin with an underestimation and progress into a slight overestimation, they
also cross, capturing this nontrivial characteristic of the state-dependent delay observed in
the data.

The biliary excretion rate (i.e., the derivative of the cumulative excretion) is depicted in
Figure 2.5. The fits to these data are not as close as the cumulative excretion data. This is to
be expected since taking a derivative tends to amplify error. Note, however, that the fits to
the data for the lower doses (Figure 2.5A) are better than for the upper doses. This possibly
suggests a saturable process not accounted for in the model. However, the dynamics of
the state dependence in the delay are more prominent in the derivative data, and the model

decently characterizes these dynamics.

2.4 Statistical Significance of Delay Equations

In this section, we establish that our DDE model is a statistically significant improvement
over the model based on standard ODE. To do this, we test the null hypothesis, that is, we

compare the DDE model as described in the previous sections to the same model with the
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delay set to zero.
Let “q be the vector of parameters in the DDE model to be optimized. Clearly, q is of

dimension 10 (Table 2.4). Recall the delay function

t

d(t, Cgen) = thasal + CgerCoen(t)e @

With thasal, Cgen, and c; all elements of “g. To test the null hypothesis, we eliminate the delay
function, thus eliminating three of the parameters in “q. We then optimize overd, the vector
of the remaining 7 unknown parameters, using a predetermined cost function (in this case,
the MLF described in section 2.3). Then, using a test statistic U, we compare the optimal

cost admitted by minimizer §* to the optimal cost admitted by minimizer §. Using the

Table 2.5: Resulting values from test statistic U.

Xx*(3)
Confidence Level (%) a Threshold Value t
1% 0.99 0.115
10% 0.9 0.584
90% 0.1 6.251
95% 0.05 7.815
99% 0.01 11.34

developments in (28), we use the test statistic

where r is the number of data points in the data set. After obtaining U, we choose a
significance level a and use x(s) tables to obtain the threshold t, where s is the number of

degrees of freedom. If we find that U > T, then we may conclude that the null hypothesis
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fails, i.e., the DDE model is a statistically significant improvement over the ODE model.
In our data set, r = 112. We found J(§) = 597.2634 and J(*) = 402.0. Recall that
using the MLF, one wishes to maximize the likelihood. Hence, with the above numbers,
J(TG) is “better” than J(G*). Statistical significance is seen by the following. From our
above equation, we compute the test statistic U = 36.6162. Noting that we have 3 de-
grees of freedom, we compute the thresholds for the stated confidence levels in Table 2.5.
So we see that even with a 99% confidence level, U > 1. Therefore the null hypothesis
fails. This clearly shows a statistically significant improvement in simulating the data by

implementing the DDE model.



Chapter 3

Dispersion Model Derivation

This chapter will cover the development of the genistein (GEN) dispersion model. In Sec-
tion 3.1 we explore various biological issues that have to be addressed and we discuss what
a dispersion model is, what it is used for, and several standing assumptions we make prior
to the development of the model. Finally, we derive the model equations and boundary

conditions in Sections 3.2 and 3.3.

3.1 Modeling Considerations

In modeling the liver with as sufficient biological accuracy to include spatial dependence
in the equations, we need to understand the geometry of the liver and its functions from a
spatial point of view.

The liver lobule is arguably the smallest element of the liver that is capable of per-
forming all (or, at least, most) of the functions of the liver. Within a lobule there is a vast
network of canals called sinusoids that blood travels through. The blood flows from the
outer boundary of the lobule toward the center, where it is collected and exits through a
larger vessel called the central vein. These sinusoids are lined with rows of cells called

hepatocytes, where most metabolism is assumed to occur. The network of sinusoids and

30
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hepatocytes form a loosely defined system of canals that bile travels through in the opposite
direction of the blood. These canals are called bile duct canaliculi. For detailed illustrations
and a thorough expanation of the function of the liver lobule, the reader is referred to (50).

We build our simplified model of the liver based on the rules outlined above. We con-
struct a tube that represents the sinusoid structure with blood flowing in one direction. We
construct another tube of equal length that represents the bile canaliculi with bile flowing
in the opposite direction of the blood. We construct a row of hepatocytes separating these
tubes, where portions of genistein are uptaken from the sinusoid into the hepatocytes, me-
tabolized and excreted into the bile duct. Further details of this model are to follow, but
first we need to address several relavent biological issues concerning this type of modeling.

The following considerations are addressed in attempt to maintain as much biological
accuracy as possible in the development of the dispersion model, while simplifying where

appropriate.

Issue 1 - GEN binds to aloumin and alphafetoprotein (aFP) in rat serum (34).

Conclusion - This consideration raises an interesting point. Mendel (38) suggests the ques-
tion of whether to track the total concentration of the chemical or the unbound portion
when considering uptake into cells for metabolism. He proposes that the answer to this
question is dependent on specific characteristics and properties of each specific chemical.
Due to a lack of data in either direction for the case of GEN, and considering that unbound
portions were used in the modeling of estradiol (E2) (39), we will use unbound portions of
GEN when considering conjugation. This implies that we assume only unbound GEN is
available for cell membrane crossing (and therefore conjugation).

Now, the concentration of aFP in an adult rat is approximately .25 nM (39). In the
model for E2 by Plowchalk, binding to aFP was not tracked because the concentration is

low enough that any bound amounts of chemical to aFP would be negligible and may be
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omitted. Similarly, we will assume that GEN does not bind to aFP. This leaves us to track
GEN binding to albumin.

According to the GEN model for humans developed in (34), the free fraction of to-
tal GEN concentration in human serum remains relatively constant beyond a total GEN
concentration of 1000 nM. This is due to the fact that albumin controls the free fraction
because the capacity of human serum hormone binding globulin (SHBG, the other main
serum binding protein in human serum) is very small. So there is not enough SHBG in the
system to affect the free fraction. In adult rat serum, aFP has a capacity comparatively low,
similar to SHBG in humans. Hence, we shall assume the results are similar, that is, the
free fraction of GEN remains constant through 1000 nM total GEN concentration in adult
rat serum. Now, using the delay differential equation (DDE)-based GEN model of Zager,
et. al (40), the total GEN serum concentrations, even during the largest infusion dose, do
not exceed 1000 nM. Hence, in our model, we will assume the unbound fraction of GEN

remains constant in serum.

Issue 2 - GEN does not regulate aFP concentrations (35).

Conclusion - We assume GEN does not regulate albumin concentrations either, due to a
lack of any data in the literature suggesting otherwise. Furthermore, since the experiments
(and hence the simulations) are on a one hour time scale, the effect would most likely be

minimal within that amount of time.

I ssue 3 - GEN binds to estrogen receptors (ER) in the liver and reproductive tissue (34).

Conclusion - We will not track GEN-ER binding in the reproductive tissue considering that

most GEN found in serum is in its glucuronidated form (which we assume does not bind

to ER - see Issue 7), and since the reproductive tissue is a small percentage of total tissue
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mass. We will now elaborate on this issue quantitatively.

The amount of ER in the liver is approximately 0.021 nmol /L (39). The volume of
the liver of a 250 g rat is approximately 0.0092 L (23). Hence, in the liver, [ER] = 2.3 x
1073 umol /L ~ 2.3 nM, including both bound and unbound ER. Note that the inverse of
the GEN-ER dissociation constant (kq),

i _ [GENbound'ERbound]
kd [GENfree]'[ERfree]

from (41), and with

[ERfree] + [GENbound - ERbound] = [ERtotal ],

[GENfree] + [GENbound : ERbound] = [GENtotaJ]a

we have three equations. Now, again using the DDE model of (40), during the lowest
infusion dose of GEN, the concentration of GEN in rat serum averages 25 nM. So let’s
assume [GEN;qta1] = 25 nM. Also, the GEN-ER dissociation constant kg = 500 nM (34).

Hence, we now have
1 N [GE Nbound - ERbound]

500 "M~ [GENfreq] - [ERfree] ’

[ERfree] + [GENpound - ERbound] = 2.3 M,
[GENfree] + [GENbound : ERbound] =25nM.

So we have three equations in three unknowns. From the first equation we have [GENpoynd -

ERbound] = W. Substituting into the next two equations, we have

[GENfree] . [ERfree]
500 nM
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[GENfree] : [ERfree]
500 nM

and so we see that

Hence,

Therefore, we have

[GENfree]? — 22.7 "M - [GE Neg]
500 nM

[GENfree] —22.7 1M + =2.3nM,

which simplifies to the quadratic equation,
[GENfee]? +477.3 NM - [GENfree] — 12500 nM? = 0.

Solving this equation, we obtain [GENe] ~ 24.89 nM. Recalling that [GEN;ua] =
25 nM, we see that GEN binding to ER is negligible. We will not track this binding.

I ssue 4 - Estradiol (E2) competes with GEN binding to estrogen receptors and serum pro-

teins (34).

Conclusion - The concentration of albumin in rat serum is approximately 41 x 104 nM
(39). Female rats cycle between 1 to 6 pg/mL of E2 (42). The molecular weight of E2 is
272.37 g/mol. Hence, 1 pg/mL = 3.6715 x 10~3 nM of E2. So the highest concentra-
tion of E2 that female rat serum reaches is 6 pg/mL = 2.203 x 10~2 nM. Noting [E2]
<2.203x1072nM < 41x10*nM = [albumin], we see that E2 cannot possibly displace
enough albumin in serum to considerably affect GEN binding to albumin. So we will not

track E2 binding to albumin.
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Issue5 - GEN is glucuronidated in the liver and intestinal wall, and this is a saturable pro-
cess. Furthermore, GEN found in the bile is almost exclusively in its glucuronidated form
(20).

Conclusion - We assume glucuronidation of GEN occurs in the hepatocytes within the liver.
We will use a Michaelis-Menten term for the glucuronidation in the liver, and initially we
will use a linear term for glucuronidation in the intestinal wall, which may be changed to a

Michaelis-Menten term as needed.

Issue 6 - GEN glucuronide has been shown to be actively transported into the bile (36). It

is also believed that most chemicals are excreted into bile by diffusion (37).

Conclusion - We will include a (linear) active transport term and a diffusion term for ex-

cretion of GEN-glucuronide into the bile.

Issue 7 - It has been shown that GEN glucuronide binds to blood proteins (internal CHIT

studies - not published yet).

Conclusion - We compensate for conjugate binding in the model as we do for GEN. Due to
a lack of data to suggest otherwise, and since ER concentrations are so low as not to have a
considerable effect on the overall kinetics as pointed out above, we do not track any GEN
conjugate-ER binding. Also, as with GEN, we assume only unbound conjugates cross cell

membranes.

| ssue 8 - Data suggest GEN does not affect bile flow (20).
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Conclusion - We will assume GEN does not affect bile flow.

One other point that requires consideration is the following. Since the GEN infusions
are given with GEN diluted in rat serum, is there a considerable amount of albumin being
added to the rat as to increase the overall concentration in the rat considerably? To answer
this question, we note that the infusions were all given at 4.5 pL/min = 270 uL/hr =
270 L total. The plasma volume of a 250 g rat is approximately 10300 pL. So the amount
of albumin infused is less than 2.6 percent of the amount in the rat. This negligible per-

centage will be ignored.

We now discuss the dispersion model and its benefits to modeling the liver. Let a blood
element be defined as a volume considerably smaller than that of the liver but large enough
to contain sufficient solute molecules, erythrocytes, etc., to enable continuous properties,
such as concentration, to be well defined. We also define the residence time of an element to
be the time spent by that element in the liver from entrance to exit. As blood elements travel
through the liver, there is a natural distribution in the residence time of these elements due
to the numerous paths available to them through the vast network of sinusoids in the liver,
dispersion of material within the liver, etc. This distribution of residence times of elements
is defined as the residence time distribution. Bile flow in the liver is a similar process
and will be treated analogously. In light of this, we will use the developments of Roberts
and Rowland (43) to represent the liver compartment in our model. In (43), a dispersion
model is introduced and developed based on residence time distribution of solutes in the
liver and on hepatic physiology. This dispersion model treats the process of dispersion as a
differential process and represents the concentration-distance profile as a smooth variation.
The spread in the residence time distribution of solute as it moves through the liver is mainly
due to axial dispersion, which is described by the axial dispersion number, ©D. The higher

the value of D, the greater the degree of axial dispersion. Now, axial dispersion is the result
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of several events. These events include radial variations in flow velocity, variations in path
length (as mentioned before), molecular diffusion, and mixing of blood at branch points
and interconnections of sinusoids resulting in convective mixing in the direction of flow.
We will use the dispersion model in considering the sinusoidal/Disse spaces and the bile
canaliculi/duct spaces of the liver. From this point on, we treat the sinusoid/Disse spaces,
hepatocyte space and bile duct space as three distinct spaces (see Figure 3.1). The sinusoid
and Disse spaces are treated as single volumes. Similarly, the hepatocyte space is treated
as a single volume and the bile canaliculi/duct space is treated as a single volume as well.
In order to use the Roberts and Rowland developments, we need some further assump-

tions (all justified in (43)):

R1 Radial transport of solute is instantaneous, and thus at any point, distribution of solute
between the sinusoid and Disse space is instantaneous.

R2 Axial diffusion of solute (between hepatocytes) can be ignored.

R3 The unbound fraction of total GEN concentration is constant within the sinusoidal and
Disse space (although they may not be the same).

R4 Conditions do not vary across a section normal to flow. (This reduces the problem to
one space dimension.)

All other compartments in the model are formulated as well-mixed compartments, theory
of which is well developed. All flow rates to and from blood are approximated by linear
terms, based on flow rates and partition coefficients obtained from the literature. All elim-
ination rates in these compartments are initially estimated as linear as well, due to a lack
of any data suggesting any strong saturable processes. The equations are formulated using

mass-balance principles. The model is depicted in Figure 3.2.
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3.2 Derivation of equations

We now derive the governing equations for the model. Descriptions and units of the vari-
ables and parameters are listed in Tables 3.1, 3.2 and 3.3. Note that the rest-of-body (ROB)
compartments for pure GEN and GEN conjugates (CON) include tissue only which does
not include systemic serum within organs.

N Gu_ C&
ote from Table 3.3 that fg" = oS Hence, we have
CSu = fSuCcSEN,

Similarly, we have

0 = 1gcg™,
G = figciE",
CFa = SscEeM,
C& = feeM

Furthermore, in light of our assumption that only unbound GEN and CON can cross cell

membranes, and since our ROB compartments are comprised of tissue only, we have that

CGu _ ~GEN
ROB — “~ROB »
Cu _ ~CON
CROB - CROB :

Recall the venous infusion of GEN was administered in the serum. In Chapter 2, we ex-
plain the formulation of the continuously differentiable function vins (t) to mathematically
simulate the infusion. Here, the function vin¢ (t) will be added as a forcing function on the

right hand side of the equation to be derived for the concentration of GEN in the systemic
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Table 3.1: State variables for model.

Abbreviation

Description

&
N
o

cS
CgSON

c

Concentration of total GEN in ROB (umol /L)
Concentration of unbound GEN in ROB
Concentration of total CON in ROB

Concentration of unbound CON in ROB
Concentration of total GEN in systemic serum

Concentration of unbound GEN in systemic serum
Concentration of total CON in systemic serum

Concentration of unbound CON in systemic serum
Concentration of total GEN in liver sinusoid space
Concentration of unbound GEN in liver sinusoid space
Concentration of total GEN in liver Disse space
Concentration of unbound GEN in liver Disse space
Concentration of total GEN in liver sinusoid extension
Concentration of unbound GEN in liver sinusoid extension
Concentration of total GEN in liver hepatocyte space
Concentration of unbound GEN in liver hepatocyte space
Concentration of total CON in liver hepatocyte space
Concentration of unbound CON in liver hepatocyte space
Concentration of total CON in liver sinusoid space
Concentration of unbound CON in liver sinusoid space
Concentration of CON in liver sinusoid extension
Concentration of unbound CON in liver sinusoid extension

Concentration of CON in bile duct space
Concentration of CON in bile extension tube

39
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Table 3.2: Estimated parameters defined for model equations.
Abbreviation Description

kRos Linear rate term for GEN conjugation
in GEN ROB compartment (hr—1)
kGEN Linear rate term for GEN excretion in urine
kGO Linear rate term for CON excretion in urine
Kpile Linear rate term for active transport of
CON into bile
Vimax, Km Michaelis-Menton rate terms for saturable conjugation
of GEN in liver (umol /L /hr, pmol /L)
D Effective axial dispersion coefficient for liver ([area]/hr)
D, Effective axial dispersion coefficient for bile duct
Ty Effective axial dispersion coefficient for bile extension tube ([area]/hr)
PGeEN Permeability coefficient of hepatocyte to GEN (L/hr)
Pcon Permeability coefficient of hepatocyte to CON

serum. To this end, we recall the definition of the infusion function vi,¢ (t) as follows:

.
cvF (1) 0<t<e,

© aG(t) e<t<1l-g,
Vin (t) =
" cH() 1-e<t<1,

5
\ allt) 1<t<l+g,

where we define

—23, 3,
G(t) =1,
2.5 3 , 6 1
H(t):gt +g(s—2)t —8—3(8—1)'[—1-8—3(38—2),

and

I(t) =0.

In the model, we set € = 0.01.
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Table 3.3: Known parameters defined for model equations.

Abbreviation

Description

Mrat

Mass of rat (g)

Blood flow rate to liver (L/hr)

Bile flow rate

\Volume of systemic serum (L)

\Volume of liver sinusoid space

\Volume of liver sinusoid space in extension tube
\Volume of liver Disse space

\Volume of liver Disse space in extension tube
\Volume of liver hepatocyte space

\Volume of bile duct space

\Volume of bile extension tube space

\Volume of ROB compartment

Average fluid flow velocity in liver ([length]/hr)
Average fluid flow velocity in bile duct

G
Free fraction of GEN in systemic serum gg% (constant)
. - - ceu
Free fraction of GEN in liver sinusiod space CG%
1,8

Free fraction of GEN in liver sinusiod space in extension tube

Gu

. . . C
Free fraction of GEN in space of Disse C('B—EDN
1,D

Free fraction of GEN in space of Disse in extension tube
C
Free fraction of CON in systemic serum Cf%iom
. - . . ctu
Free fraction of CON in liver sinusoid space CC'—OSN
1,8

Free fraction of CON in liver sinusiod space in extension tube
Cu

Free fraction of CON in space of Disse =g
D

Free fraction of CON in space of Disse in extension tube
Length of liver space and bile duct space [length]
Length of sinusoid extension tube space

Length of bile extension tube space

L [constant]

E

L
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We begin by formulating the mass-balance differential equations for the model based
on Figure 3.2. In the next section we introduce an extension to the sinusoid tube of length
L. That is, the extension tube begins at length L and ends at length L+ L. It is at the end of
this extension where the blood re-enters the systemic serum. We introduce equations for the
concentration of genistein and genistein conjugates in this extension. The state variables
are labeled, CGEN and C5EN. We derive the ROB and systemic serum compartments as

follows:

dCSEY  Paen

(CL — CRoR) — kirmeCrop — KforCrop. (3.1)
dt  Vror
P
VGEN (fGUCGEN _CGEN) kl(JSrIIEnI\éCGEN kaOBC%BN’
ROB
dCEp P
ROB _ PCON (CS — CSOY) — KCONCCON | |m  CGEN (3.2)
dt VRO
_ Pcon
V (fCuCcON CCON) kﬁ:’?rz\lecc ‘I‘km BC%IB\I’
ROB
chEN P -
s _PoEn ceen_ o Q ~L(CEN(t, L+ L) —CSEN) (3-3)
dt VRO Vis
1
V—SSme(t)
P _
VGEN (CSEN _ SucCEN) | \%(CGEN('{, L+L)—CSEN)
ROB ls
1
+ —Vinf (1),

Vss
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chON P R
S~ _TCON(cCON_ oCuy Q (CEON(t,L+L) — SNy (3.4)
dt  Vros Vis'

P —
=M R — 1GCEM) + L CEN L+ D) - CE),
where Vg is the systemic serum volume. All state variables are defined in Table 3.1. Now,
following the work presented in Banks, et al. (44), which is also based on the work of
Roberts and Rowland, we treat the sinusoid and Disse spaces and the bile duct (canaliculi

and larger bile ducts) spaces as cylinders of length L, as depicted in Figure 3.1. Consider

canaliculus

C
=< » »
C
hepatocytes
G, C
) . G,GA,C
A o A —_—
sinusoid
z=0 —> Blood flow —s— z=L z=L+1l

space of Disse

sinusoid space

Figure 3.1: Liver submodel based on Roberts and Rowland (43).

an element of thickness &z at a position z < L of the cylindrical sinusoid/Disse space (see
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Pure Genistein

infusion

Rest of
Body Systemic Serum l Liver
G | sinusoids :hepatocytes
. s e S
/ - G GA - o
Urine i G GA l
\ c CA <
C < = hn CA - - C
~<—> CCA I
c
Genistein Conjugates canlncu"
G - free genistein
GA - genistein/albumin complex Excretion Rate/Cumulative Excretion
C - free conjugates Measured

CA - conjugate/albumin complex

Figure 3.2: Model for GEN dosimetry in adult rats. Note that although the figure depicts
the association and dissociation between GEN and albumin, these dynamics are not tracked
in the model equations. In the model, we assume constant free fractions of GEN and CON
(see Issue 1 in the previous section).

Sinusoid Space

Space of Di

SSt

Thickness 6 z

Figure 3.3: Sinusoid and Disse space/bile duct element of thickness dz.
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Figure 3.3). Note that

rate of change net rate of flow exchange rate
of GEN = of GEN + of GEN
within element into element within element

and following the work in (44),

net rate of flow 52CGEN ICGEN
l,s l,s
of GEN =Vis(2)D 32 —Vis(2)v 5

into element

where V) (z) is the volume of the sinusoidal space of the element. Now, with our assump-
tion that GEN permeates across the hepatocyte cell membrane from the Disse space with
a permeability coefficient of Pgen, exchange of GEN in the sinusoid/Disse space element

with the hepatocytes is given by:

exchange rate
of GEN = Peen(C—C)
within element
= Peen(CFN - fizcEY)

,S

since C¢ = CGEN, as described above. Hence, we have

rate of change
62 GEN 0 GEN

of GEN = Vis(@)D—57 —Vis(@Ovi—3

within element

+PceN (CEEN — ﬁ%’C&EN).
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Assuming volumes do not change along the length L of the liver, we then obtain

rate of change
2 GEN aCIGEN
of GEN inthe =V sﬂ —5z ~VisVi—5—
sinusoid /Disse space

+Peen(CHN - fG”CGEN),

where V s is the volume of the sinusoidal space in the liver.

46

However, since GEN is present in sinusoidal serum and the Disse space, the rate of

change of GEN in the sinusoid/Disse space is the sum of the rates of change in each of

these two spaces, that is,

rate of change

of GEN inthe =Vis 5

aCEEN aCcEN
+Vip o

sinusoid /Disse space

Putting together (3.4) and (3.5), we have

( f| ) OCGEN aZCGEN aCGEN

Vi —V| sV
o 3 |sD 5~ — Vi Vi 55—

+pGEN(CGEN _ quCGEN)_

(3.5)

(3.6)

Because of assumption R1, we have CI D= C,GS”. As stated above, we define the rate of

diffusion of GEN between the space of Disse and the space of hepatocytes to be Pggn. Also

recall our assumption that metabolism of GEN in the hepatocytes is a saturable process,

which is modeled by a Michaelis-Menten rate term for that process. So our mass balance
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equation for GEN in the liver hepatocyte space is written as follows:

GEN GEN
at " Vin W et CGEN
GEN
_ Peen (CCu_CGEN) _ VinaxCry
Vl,h l,s I,h km+CGEN
VmaXCGEN

PGEN  :Gy~GEN _ GEN
Recall that we assume biliary excretion is both an active and passive process. Hence,
the exchange of CON into the bile from the hepatocytes can be expressed as a sum of two

processes, namely a linear term for the active transport process and a passive diffusion term:

exchange rate
of CON = Pcon(C(h — Cf) + KbiteChVi
within bile element
where Pcoy is defined to be the permeability constant for diffusion of CON between the
space of Disse and the space of hepatocytes. So, recalling CI h= CCON our mass-balance

equation for CON in the hepatocyte space is given by

aCICh VmaxclG hE N Pcon (
ot km—I-CGEN Vih

P
fC”C| s—Clh) — ( \zON (Ch—C) =+ kbiteC h) (3.8)

bl

Similar to our derivation of equation (3.6), we now formulate a partial differential equa-

tion (PDE) for CON in the sinusoid/Disse space as follows. Note that

rate of change net rate of flow exchange rate
of CON = of CON + of CON ;

within element into element within element
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where we have

net rate of flow
of CON = Vis(2)D

into element

92CC, acS
= -V s(Z2)Vi—==,

exchange rate
of CON = Pcon (Cﬁh - f&jcﬁs)-

within element )

Now, assuming volumes do not change, we obtain

rate of change
2 C C

oc
of CON inthe =V s@l azz —Vi Vi 52+ Peon(CF, — fECly).  (3.9)

sinusoid /Disse space

Again, similar to the previous derivation, since CON are present in the sinusoidal and Disse

spaces, we have

rate of change

i Vi aC'C Vip aC 3.10
of CON in the =Vis o+ at (3.10)
sinusoid /Disse space
So putting together equations (3.9) and (3.10) yields
f,Cu acC GZCC act

%2 1 Peon (th — f&‘CES). (3.11)

M, 0z

= |sﬂ Vi,sVi

| ,D

We now formulate a PDE for CON in the bile duct, following the same procedure as

above. Considering an element of the bile duct with thickness &z at a location z < L, we
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have
rate of change net rate of flow exchange rate
of CON = of CON + of CON
within element into element within element

To this end, we note that

net rate of flow
of CON =V v(2) Dy

into element

0%CC, oCC,

572 -l—VI,b(Z)VbT:

exchange rate
of CON = Pcon(Ch — Cb) + KeiteCVi n(2).
within element
Note the change of sign for the value of vy, due to the opposite direction of bile flow to the

blood flow. Putting these together and assuming no volume changes, we have

rate of change
of CON = VipDy
in the bile duct

0°CC, v oCC, 210
oz Ty (312)

+ Pcon (th — CIC,:b) + Kpil eCIC,:hV| h-
Now, since the rate of change of CON in the bile duct is given by

rate of change
of CON =Vip
in the bile duct

acﬁb
at ’

(3.13)
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combining equations (3.13) and (3.14) yields

CC aZCc C

oC
b Lb b
=VipDb—55~ +Vi,pVb—5 = +Peon (CPh— C%) + KniteCnVi - (3.14)

Lastly, we consider the bile duct outside the liver. For lack of a better term, we will call
this part of the bile duct the bile extension tube. Unlike the bile duct tube, this extended
tube does not border any hepatocytes and is a single transport tube, rather than a network of
bile duct canaliculi. To formulate the equation for this tube, we assume it extends out from
the end of the bile duct from z =0 to a length z = —L. Recall the experimental data we
desire to simulate is biliary excretion. For boundary condition purposes, this length —L is
a very large number in magnitude, which we will discuss in the next section. In the model,
we must choose a length less than L and compute the amount of CON in the extension tube
at that point in order to simulate biliary excretion. This chosen length must represent not
only the length of the bile duct outside the liver, but also the length of the canula attached
to it that leads to the measuring device. To simplify the modeling process, we assume a
homogeneous transition from the bile duct to the canula. That is, we assume the connection
is seamless in that there is no flow or pressure disturbance in the bile while traveling through
the duct and into the canula. Note that in the bile extension tube our dispersion number
should be less than in the bile duct tube due to the differences between the two tubes, as
stated above. That is, the extension tube represents a single transport tube away from the
liver, as opposed to a network of canaliculi where we consider path differences, velocity
differences, etc. Hence, with these considerations, we can formulate an equation for the
extension tube from (3.14). Let CS, . be defined as the concentration of CON in the bile
extension tube. Then, dropping the terms representing hepatocyte interaction and replacing

the dispersion number, the equation for the bile extension tube becomes:

athl:Jbe _

— ﬂ 62thL:Jbe athl:Jbe
ot

+ Vb

32 3 (3.15)
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o1

noting that the sign of the velocity term is negative as it is for the equation for the bile

duct. This is because we are assuming the bile extension tube is simply a long tube with no

outside interaction where flow begins at x = 0 and ends at some distance x = —L.

Equations (3.1-4), (3.6-8), (3.11), and (3.14-15) yield a system of ten ODE and PDE in

ten unknowns. This system of equations is summarized as follows:

)

cogs)
da

gy
da =

dcgEN
dt —

12y, o

(Vl,s‘i‘ﬁVI,D) =

o (fS' N~ CRER) —k

Vros
m GEN
_kROBCROB ’
Pcon ( £Cu~CON CON
Ve (f'Cs™ —Crog ) —K

m ~GEN
+KrosCroB -

VroB
—CSEN) + \ivinf (1),

VroB
CON
_CSS ) ’
aZCIGEN
S

Vish—7— —VisVi—5—

+Peen(CH — f&’C&EN),

Pcen (quCGEN . CGEN) B Vmaxcl(?
Vin Vs ™ls I,h km_i_C—IGhEN ’

GEN
VmaxC| h

aCIGfFN
T
acS,
o =
fou acs
(Vl,S+ f_ésUVI,D) at’s =
I,D

acS,
Vip =

acc

tube

at

km+CR N * Vi

P
- (% (th - Cfb) + kbneth) ,

92cC act

1, 1,
Vi sD —52° SV, Y —=2

0z 0z

+Pcon (Cﬁh - f& CES),

20C
0°C,

0 C
VipDo—z +Vi ,bvb% + Pcon (th - CIC,:b)

+kbiIeCEhVI h>

azcglbe 0 ube
& o2 Vb oz -

Cg
d

CON
VN (CRS! — fCEEN) + L (CHFN(t, L+ 1)

] _
V2 (CRSY — M) + (et L+ L)

P (fEe—Cf,

(3.16)
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3.3 Boundary Conditions

3.3.1 Liver - Sinusoidal Cylinder

Since the two equations governing the concentration of GEN and CON in the liver com-
partment contain second order spatial derivatives, these equations require two boundary
conditions each.

The boundary conditions at the entrance to the sinusoidal cylinder (z = 0) are simply the
concentrations of GEN and CON in the systemic serum for all t. The boundary conditions

take the form:

N0y = cgN). 61
C(t,0) = C§).

Now, for the boundary conditions at the exit of the sinusoidal cylinder (z = L), we as-
sume no significant events occur affecting the concentration of GEN or CON in the liver
outside of the sinusoidal cylinder, which recall includes the sinusoidal, Disse and hepa-

tocyte spaces. A common practice for boundary condition formulation in this case is to
o
0z

erts boundary condition and is used mostly in modeling tubular chemical reactors. Setting

= 0. This is known as the Dankw-

assume plug flow outside the sinusoid and set

the gradient to zero is based on an argument in Danwerts’s original paper (45) that fails
to hold here due to the two way exchange of GEN and CON between the hepatocytes and
sinusoid cylinder. So we abandon this approach and instead, we add a tube of length L,
where L >> L, onto the end of the sinusoid tube (at z = L), such that all of the properties
of the sinusoid tube hold in this extended tube, but from z = L to z= L + L, there are no
hepatocytes, thus no exchange of GEN or CON in the tube from L to L + L. This assump-

tion allows us to assume that at z = L, we have equality of concentrations and fluxes. We
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choose a large enough value of L so that we may approximate our boundary conditions

GEN C

t = oCy;
S —(tL+D)=0, — “ Mt L+L) =0, (3.18)

where C, ; is the concentration in the extended sinusoid tube (L <z <L+ L). Then, upon

formulating second order partial differential equations for the concentrations of GEN and

CON in the extension, we can simply define the boundary conditions at z = L as follows:
CoEN(t,L) = V(L)

GEN GEN (3.19)
5= (t,L) - WCEEN(t,L) = 5 (t,L) - vCEEN(t, L),

CCON( ) — CCON( )
DI (L) —ucEN L) = 0% 1) —weSN L),

which yields the required eight total boundary conditions for equations (3.6), (3.11) and

e (3:20)

the two equations for the extension.

We now formulate the equations required for the concentrations of GEN and CON
in the sinusoid tube extension. We begin by examining equations (3.6) and (3.11) and
recalling that in the sinusoid tube extension we have no hepatocyte interaction, and hence

no metabolism. Therefore, in the extension, equation (3.6) reduces to

fI acGEN 02cﬁEN acGEN
V =V, . V 21
(|t+ |DtI ) Gt 11Dy 32 , 02 (3.21)
,Dt
and equation (3.11) reduces to
fiy och 02CC oC
= |t@| —Vivi (3.22)

ot

Mt +Vipt—¢- e ) 3

I,Dt

where V, 1 is the volume of the sinusoid space in the extension tube, V| pt is the volume of
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the Disse space in the tube, flﬁ” is the free fraction of GEN in the sinusoid space in the tube,
and flcjgt is the free fraction of GEN in the Disse space of the tube and similar definitions are
for the terms in the equation (3.22) for CON. Although, in general, one would use different
dispersion coefficients for the concentrations of GEN and CON in the sinusoid extension
tube from those used in the sinusoid tube, given our assumptions on the extension tube, we
assume they are equal. Equations (3.21) and (3.22) will be added to the system of equations
(3.16) to yield a system of 12 equations in 12 unknowns.

Note that this tube extension is mainly for computational purposes, and the value we
desire for use in the rest of the model is located at z= L + I, where | is chosen to represent
the length of the central vein extending out from the liver, recalling L >> L. It is here
where we would normally use a flux term (convection and dispersion) for the values of
the concentrations of GEN and CON entering back into the systemic serum. However,
systemic serum is widely accepted to equilibrate rapidly. Therefore, the gradient of the
concentration of a chemical in the extension tube will approach zero much sooner than the
end of the long tube. This allows us to shorten the tube itself without compromising any
substantial biological relevance. If we choose a value of L simply greater than L (say, twice
as long), then we are able to choose the location that the blood re-enters the systemic serum
to be the end of the extension tube. Although the gradient may not quite equal zero at the
end of a tube of that length, it is a reasonable approximation and allowing the blood to
re-enter the serum at the end of a tube of that length will not interfere with the dynamics
of the rest of the system by adding a considerable transit time. Since the gradient is set to
zero at the end of the extension tube, the dispersion terms do not appear in the equations
(3.3) and (3.4).
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3.3.2 BileDuct Cylinder

Equations (3.14) and (3.15) are second order equations and also require two boundary
conditions.

Since our model is designed so that the bile duct canaliculi begin at z = L and recalling
that flow is in the reverse direction of the blood in the sinusiods, we assume there is no
flow of bile in the bile duct cylinder at z = L, and hence no flux across the boundary z= L
Hence, we obtain

ace
0=Vv,CS + @b— ~ L. (3.23)

For the boundary at z = 0, our situation is similar to the boundary condition described

for the sinusoid tube at z = L. So we have

CE(t,0) = Clpelt0)

c c (3.24)
D55 (1,0) +wCS(1,0) = 7GBe(t,0) + eCCpelt,0),

where Ciype IS the concentration in the bile tube. As mentioned in the previous section, the

value of L is chosen large enough so that we may approximate our boundary condition

acCON
tube (t ) (3 . 25)

which yields the last of the four necessary boundary conditions.

Again, this tube extension is mainly for computational purposes, and the value we de-
sire for use in the rest of the model is located at z = —I, where [ is chosen to represent
the length of the main bile duct extending out from the liver to the point where the bile is
delivered into the gut lumen. It is here where we use a flux term for the value of the con-

centration of CON being excreted to compute the biliary excretion rate via the following
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differential equation to be added to the system:

d ACON OCCON
o = AVClpelt, 1) + AT (t, ), (3.26)

where A is the cross-sectional area of the tube.
With equations (3.17-20) and (3.23-25), we have formulated boundary conditions for
the system of equations (3.16), with the addition of equations (3.21), (3.22), and (3.26).
With the state variables defined in Table 3.1 and parameters in Tables 3.2 and 3.3, our

new system of equations is given by:

dCR5D  PGEN , Gu~GEN ~GE GENCGEN
dt VROB(f s'Cs™ —Cro ) KurineCrO (3.27)
— kRosCroe
dCESY _ Peon (fSuCCON _ CSONY _ kCONCON
dt VROB urine
+kroeCro8
dcSEN P )
= VGEN (CSEN _ quCGEN)+ QI ( GEN(t |+ )
ROB
1
— CgEN) + V—Vlnf (1),
SS
dcgN P B
= VCON (CSON — fCuCCON)+ QI (CCON(t’L_l_L)
ROB
_CCON)
' quV GCESEN aZCGEN y oCCEN
M s+ fIGD D) o Vi sD “Visi—

fthu aCthEN B 62cGEN acGEN
Vig+—&- =V D =V 'T’
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GEN
oy _ Peen
at Vih

VmaxCGEN

qucGEN CGEN ’

aC| h VmaxCl hE N Pcon
ot km-l—CGEN Vin

)

P
- ( SNt h—Cip) + kbileth) :

(fcucl ,S CIC,:h)

Vih
fC” acC aZCC oC
(M, =V sﬂ Y 3
z
I,D
+ Pcon (C|Ch - f|(,:§ ),
y £ v oC aZCC ac
(H—I—G 0t 5 az
ocs, 0°CF, oCt,
ot =Vi bDp % 5 +V| ba— +PCON(CI h=C b)
+ KpileCF "hVi,hs
ace 62C act
s
d ACON . QCCON N
2C —Ay bcﬁﬁé“( —)+ A —10e (t, ).
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Chapter 4

Well-posedness of Solutions

In this chapter we use results for a class of abstract nonlinear parabolic equations estab-
lished in (46) to show existence, uniqueness and continuous dependence of the solutions
to our mathematical model on the data. Specifically, we will define the state space of the
equations derived for the dispersion model in Chapter 2, show the equations belong to the
class of equations in (46) and satisfies the standing assumptions necessary to obtain exis-
tence, uniqueness and continuous dependence. It is important to note that state variable y13
defined in Chapter 5 is uncoupled with the rest of the system. Therefore, it can safely be

dropped from our well-posedness analysis in the following sections.

4.1 State Space and Problem Formulation for the Disper-
sion Model

In this section we begin by rewriting the system of equations (3.27) in terms of a weak
formulation. Details of this formulation may be found in Chapter 5.2. We introduce di-

mensionless spatial variable x = £ and use the following change of variables:

58
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yi(t,x) = Clg N (t,Lx) —CN (1), (4.1)
y2(t,x) = C5 (t,Lx),
ya(t,x) = CEMN(t, L) —CEN (),
Ya(t,x) = CiN (t, LX),
ys(t,x) = C" (t, Lx),
ys(t,x) = CEEN(t, L+ LX),
y7(t,x) = CEON(t, L+ Lx),
ya(t,x) = Cpe (t,L(x—1)),
Yo(t) = CRGp (1),
yio(t) = CEB (1),
yu(t) =CN(),
yia(t) =CN (),

where y; and y3 satisfy homogeneous Dirichlet boundary conditions at x = 0. We multiply
each it" equation by a test function @ from an appropriate class of test functions, integrating
in space over the first eight equations and integrating by parts in equations y1, y3 and ys

through ys. We define the usual Ly inner product by

<to>= [ 1Qee

We take all Hilbert spaces to have real scalar fields. We let H = L,(0,1), H = H(0,1) and
V = HL(0,1), where we define

HL(0,1) = {9 € H*(0,1)|¢(0) =0}
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and V-norm
v = |¢f|n, forall e V.

From this point on, we will denote the L, norm |- |4 simply by | - |. Hence, for variables y;
through yg, | - | denotes the L, norm and for variables yg through y12, | - | obviously denotes
the usual R-norm.

We define our state space
V=V?xH*xH?>xR*
and the space
H =HE xR
with inner product and norms

8

12
<YP>5= 5 <U®>+ zgwncnq, forall y,@e 7,
k=1 n=

8 12
0% = |0 + 9+ 9sfG + @+ 5 195+ S o[, for e v,
j=5 k=9

8 12
W5 =5 o>+ S e, forpe 4.
=1 k=9

The weak form of the system is as follows. We seek a solution y(t) € ¥/ satisfying the

initial condition y(0) = 0 and
<Y, 9> +0(y(1), O+ <gY(1), 0> 5 =< f(1),0>q. o, foralloe v, (4.2)

where we have
y(t) = [ya(t), -+ ,y2(t)],
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1 1
f(t) = [_V_$Vinf(t)7070707070707070707V_$Vinf(t)70]T7

a(y) = [0,92(y2),0,—-02(y2),0,0,0,0,0,0,0,0],

VimaxY2
, Y2 2 05

gz(yz) — Km+Y2
0, y2<0,

and the sesquilinear form o : 7 x 7/ — R is defined by

61

(4.3)

o0 = -2 DU ORD) + 2 UsO)au(D)+ < 3 ' ¢ >
P P
Ry s — < PN g s 4 < FOEN £C0y, @y >
ajg ajg dai ’
P P P
+< ﬂf|esul-pll7(pl>+< GENL|J97(R|.>_< ﬂfgumll7(pl>
ap VroB VroB
- < &qul;(Pl >+ < &UJG(]-);(PI > —gwucm(l)— <apf Sy, @ >
Vis Vis a !
+ < agl, @ > — < azf Py, @ > —%QN%(O)%(D

Pcon Pcon

az VroB
Pcon Qi Qi

— < S, g > — < W, >+ < (L), @3 >
VroB Vis Vis

Qi

+ <

— < asPs, @ > + < kpireWs, s > +&@l§l¢/5(0)(95(0)

Vib
+ 1))+ < DN, 6 > + < s, >
Vib Vip

Pcon Pcon Vih
—< —L|J47(PC> >+ < —L|J57(PC> >—-< kbile—’Lp47(P5 >
Vib Vib Vib

P
f&”‘bs,% >+ < Z—?\lf&‘wu,% >+ < o—WY10,@3 >

— 5 bed(1)- < a0 f W3, @y > + < 280, @ > — < agf 2o, @ >

P
+ =W (0)@(1)+ < gﬂ’“w’s,% >—< gws,qfs >— < My, 3>
3 as as as
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+ 2y <1>%<1>+%aw (0)5(0) ~ 241 (1)@ (0)
L< Q'_Glg;l W,k > — < LIJ NOAS ——LIJ 196(0)+ Q w7<1)¢>7<1)
k
aQ; D, (0) g1 (0 )—% (L@ (0 )+<%@. .6 >
- < 2>~ 2w (0) - 2 DU Om(D) - 2 us (D)
+V2zew8(0)cpa(0)+ < v?,be@‘ We, g% > + < Vize%% >
P P
- P s ( G+ Kb ) W
P P
- o010 + (ﬂ + kgrine) W10@10 — kzogWo@Pro
VroB VroB
P
oEN (Wo — fG“llJ11)(P11 Ql W11Q11
VRO Vis

P
— —(Lplo — QW)@ — gLU?(Xo)(Plz + &Llllz(m-
VroB Vis Vis

Here, and in the following sections, y = ‘;t—y, ¢ = g‘)f, and < -,- >4 4 denotes the usual

duality product discussed in the next section.

4.2 \Well-Posedness for a Class of Abstract Nonlinear Parabolic

Systems

Consider the following system:

y(t) +Aay(t) +g(y(t)) = f(t) (4.4)
y(0) = yo,
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in V%, fort € (0,T) with T < co. We assume 7%, ¥/ and # are all separable, real Hilbert

spaces forming a Gelfand triple which satisfies
Vs H=H — P

We denote the norms the spaces 7*, ©/ and # by |- |, |- |4 and | - |, respectively, and the
inner product in # by < -,- >. We assume the embedding ¥ < # is dense and continuous,
with

@l <c|@y

for all @ € 7. The duality product < -, >y g is the extension by continuity of the inner
product in A from H x V to V* x V.

We assume the operator 4 is defined in terms of a sesquilinear form o : 7/ x ¥V — R,
i.e., we define 4: YV — V* by < 4@,y >4 = (@, ). With assumptions Al and A2
made below on g, it follows that 2 € £(7/,7*). For a complete discussion on this, inner
product extensions and Gelfand triples, we refer the reader to (47).

We make the following standing assumptions on g, f and g:

A1 The sesquilinear form o is bounded in 7/, i.e., there exists y; > 0 such that

[o(W, )| < va[Wlo|0ly, VU, 0€ V.

A2 The sesquilinear form o is elliptic on ¥/, that is, there exist k > 0 and Ay > 0 such that
o (@ ¢) > k|o2, — Aol 92, Voe V.

A3 The forcing function f satisfies

feLy((0,T); 9").
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A4 The nonlinear function g : # — # satisfies the following local Lipschitz condition: let
Br(0) = {u € A : Ju| < r} denote the ball of radius r centered around the origin in #. Then

given r > 0, there exists Lg, > 0 such that

9(¥) —9(@)] < Lg, [W— ¢, VU,9€ B (0).

A5 There exist positive constants C1 and C, such that

19(@)| < C1|@ +Co, Ve H.

We say thaty € L»((0,T); 7) is a solution to the system (4.4) if it satisfies

<Y(), ¥ >pr ¢ +0(Y(), W)+ < g(y(1), P >=< f(t), U >qp. » (4.5)
y(0) =y,
forall e 7.

Theorem 4.1 Under assumptions Al - A5 with yo € #, the system (4.5) has a unique
global solution y € L2((0,T); ) NC([0, T]; #) which depends continuously on the data

(yo, f)
This theorem is presented and proven in (46).

4.3 Well-Posedness of the Dispersion Model

In this section we verify that the dispersion model fits into the class of systems discussed
in Section 4.2.

Consider the weak formulation of the dispersion model (4.2) with the definitions of the
spaces, inner products and norms outlined in Section 4.2. The spaces ¥ and A form a

Gelfand triple with the duality product < -,- > . 4. Below are proofs that assumptions Al
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- A5 hold in the case of the weak formulation of the dispersion model. Once proof that the
assumptions hold is given, we may apply Theorem 4.1 to establish the global existence,
uniqueness and continuous dependence of a solution for the dispersion model.

Proof of A1 Note that

@9l > @] > [@(x)], VX, i.

With the above inequalities and (4.3), clearly y; can be found so that Al holds.

Proof of A2 From (4.3), we have

0(0.9) = - 2 A GOAD) + 2 wOnW) + 22N ol )
—2—1'<<pl,<dl>— - <<pz,<m>+P§—'iNf|G§‘I<m|2
+PGEN fIGSU<(pll’(pl>+PGEN <o, ¢1>_\P/<;(E): f8u < Quy, @1 >
_\%<(p“"pl>+\%<%( ); <pl>—9<m1cp1( 1) —af % < @@ >
+ag|@af? — ap <cpn,cpz>——ﬂ?|qu7 Q'(Pr( 0)gs(1)
+Q'£D| @12, - Q' <o %>—Pzﬂ<cp4 % >
+@f “ g% + CONf°“<<mz,%>+@<cmO,cps>
CiszCU<cp1 cp3>—\?—'s<cpl <p3>+&<cp7()cp3>
Qi

2 P2s(1) - afie < s, qu > +2a4\<p4|2—a4f| W< Quo, y >

—as < @5, > +kb||e\(P4|2+ Q—Q)t')\‘q% (0)gs(0)

Qb

g (Des(0) + 220) Vor? + 2 <>

P
—%«m cps>+ﬂ\%|2 kb.|e—<<p4 @ >
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e 1)+Q'_klg>| O)%(0) — Ln (L)g5(0)

dp
Qlkl@l 9l =5 < 0> —Q' 91105(0) + Q'cp?
+@ax #(0)r(0 —%( 1)y (0) + 2 2Ll
Q' <>~ 2w (0) - @Mm)cpa(l)— % () (1)
Vtube Vtube

VQE ¢ (0) +—th @l + Qb <. >

tube

N (o + (F’ +k$iEnNe+k;ﬂoB) @
 Vros VroB
\F;CON fcu(pl (Pl + (PCON + k&rlne) (p%O - klrgOB(P9(pl0

ROB Vro

PceN Qi

P,
= Vros T Vo 15 P~ B0+ —<r€1
VroB

Peo P
~ Voo @002 +ﬂfc“<lﬁz——<pr (x0) (912+—(sz

Using the Cauchy-Schwartz inequality and noting that 2ab < a® 4+ b?, Va,b € R, we have

Q ek (0)eu(1) (Q' D )zqua (gklﬂ.“)zm\

Q| Ql

klﬂ sl + 5 - 22047 M|

Similarly,

Q|

= @.
S—;kmw;w)cpg( D+ o "o
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Q |

Q Q N (2 Q 2
=~ < =

2 <P %> <5 ki) \cpalv+2 aon %l
Qi Ql Qi 9
hil < —k DN

2 <@, ¢h > < 1D \cpr|v+2 X £DIN\cprl

Qb Qb
U D (Om(L) < = bb sl + Q2 Icpal2
Using the same techniques, we see that for any f1, f, € H, 91,02 € R, a > 0,
a a
a< fy, fo >< Z|f12+ 2|, %
< T, o >< [+ 5T
Also note that

aff(x) <a|f1/?,
a_ o a _
a9192§§|91|R+§|92|R7
a o, a -
algy/|gz| < §|91|R+ 5\92|R,

a a
afi(x)g2 < 5|f1°+ 5o &

Hence, we have

NQI

CON

| @3lG + 224 @u]? + \cps\z

Q Qb PGEN
+ =@+ (g8l + | o + ke + KRos q%
az Viube VroB

3DNQ
>
(@9 =—,-

|
Icps\2
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P,
+ (ﬂ‘i‘kurlne) (P%o-i- l (P%1+V ([’%2
,s l,s

2V| S 28.1 2VroB 2 2a1k1

G
p P, 3 a fu DN
Qi GEN  Pcen fss" L2 QD _}_QI>‘(pl|2

qu> |(p2|2

P Peon f&  aaf|’ D
Q con  Peon'ss' +Q|| g)‘wz

2V| s 2a3 2VroB 2 2asky

ON Pcon kbiIeVI,h)|(p4|2

(ot
(o
(s
(a4 e T T
-
-
(s
(

P k,eV
Qb | Pcon |, kuil I,h>| |2_<g+ Q Q )‘%‘2

Vip 2v.b Vip Vs 2agkyDN

|
I Qb@N Qb
Q_Q Q >|(p7|2—( b 4 )|<P8|2
az Vs 2a7k1@| ANigbe  2Viuoe
Poe

2Vro 2 2V
G
Pgen f& afid P
GEN fss Q L %2hs | Poeen Qi Q = Q ) ol

Veos | is | 2 2Veos Mg 20

VroB 2V s 2 * 2VroB * 2V s * 2a3 + 2a;

Cy
_(PCONfss L Q +a4f|,s Pcon | Q |, Q | Q ) ol

k P kRo
)+ 2 ) 7 (M (14 1) 4 5 ) gy
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Choosing the appropriate min for k; and max for Ag, we have shown the assertion holds.

Proof of A3 Note that vint (t) € L2((0,T),7*) forany T > 0, since vint (t) is a continuously

differentiable, piecewise polynomial. Therefore, this condition is satisfied.

Proof of A4 Letr > 0 be given. Let @, € B,(0). Recalling that all entries in the function

g(-) are zero except entries 2 and 4, we have

19(0) —9(W) > = 2|g2(2) — g2 (W2) %,
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which yields
19(9) — 9(W)| = 22(g2(92) — Ga(W2) -

In light of this, we may limit our scope to g2(-) in our proof. We will give this proof in four

parts.
1) Assume @,y > 0. Then, recalling the definition of g»(-) and dividing the top and
bottom by kp, yields

_ Vx| @ W
192(2) = 92(W2) | = - - e 1+ ¥

_ Vmax @ —U»
ki | (14 ) (1 +132)

Vimax Vimax
< 2 e =W < = =[o- .
km km

If we letLg, = 2%%@‘, the assertion is proven for this part.

2) Assume @ > 0 and Y2 < 0. Again, dividing the top and bottom of g2 by kyn, we have

Vimax | _ @2
92(92) ~ G2(W2) | = |2(@2) | = > |
m 1+E
V V. Vv
< 2@ < =@ — W] < =2 [@— . 47)

Letting Lg, = 2%\%‘, the assertion is proven for this part.
3) Assume @, < 0 and Y, > 0. This proof is identical to the above proof.

4) Assume @, Y < 0. Then

192(@2) — 92(W2)| = 0 < Vimax|@— Y.

Letting L, = Z%Vmax, the assertion is proven for this part, and the condition is satisfied.
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Proof of A5 As in the proof of A4, we must only concern ourselves with g(-), that is,

19(9)] = 22(g2(9»)|,

for any @ € #H. So we only need to show that |g2(@)| < Ci|@|+C,. We will break the
proof into two parts.
1) Assume @ > 0. Then

Ve ® | Vx| @
V V

< @] < g
Km Km

2) Assume @ < 0. Then
V
92(@2)[ =0 < =g,
m

Hence, in both cases we have |g2(@)| < \’Wmax|cp|. Letting C, be any positive number, the
condition is satisfied.
So with A1-Ab5 satisfied, there exists a unique solution to our weak system that depends

continuously on the initial condition and forcing function.
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Model Simulation

5.1 Model Simplification

We begin with changes of variables and labeling. Recall L is our assumed length of the liver

sinusoid and bile duct cylinders, L and L are the lengths of the sinusoid and bile extension

tubes, respectively, and x = z/L. We define:

Y1 t7X =

y2(t,X) =

)
X)
t,x) =
t,x) =
t,x) =
)
)
)

t,X) =
t,X) =

(
(
(
(
(
(
(
(

Y8 taX =

CGEN (t LX) CGEN (t),

GEN( X),

CCON (t LX) CCON (t),

CON ( X),

CON(t LX),
CEN(t, L+ Lx),
CON(t, L+ Lx),

)

Chpo(t,L(x—1)),

71

(5.1)
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yo(t) = CroB (1),
yio(t) = Cron (1),
yu(t) = caMN),
yz(t) = cN (),
ys(t) = ASR (1),

fory; —vys,

for ys and y7, and

9 _(9 B0
ox 0z’ ax2 022

for ys. Note that y; and y3 are introduced to assure homogeneity in the Dirichlet boundary
conditions.
For a function y(t,z), we use the notations y := ay and y' : ay. So now with the

definitions of (5.1), we have

CGEN — 4+ ’
Is y1+Yyu (5.2)
CIC,:S = Y3+VYi,
and also
3 (~G _ 9 ) _
a—x(CLEN) = S +50u) = v, (53

2@Ct) = Lya)+Lyi2) = V5

)
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5.2 Weak form of Equations

We now begin deriving the weak form of our system of differential equations (3.27), noting
the change in the order of equations and changes of variables due to the definitions given

in (5.1):

£ Vi oV
<V|S+V|D' )(y1+y11) 'I’_S?y’l’— =) (5.4)
fID
+Paen (Y2 — fi(yL+y11),
0 P
vy - y2) — 92), 55)
i . ) Vi sD \YRY,
(Vl,s-i-fl—éjVLD) (Y3 +Y12) = ll’_sz Y3 — li_s s (5.6)
I,D
+ Pcon(ys — f|C§‘ (Y3 +Y12)),
) P
ya =9(y2) + \(;ION(f 2 (Y3 +Y12) —Ya) (5.7)
Pcon K
v, ~— (Y4 —Ys) + KnileYs
. DoyYs  VbYs , Pcon KpileVi h
Y5 =2 T Vi (Ya—Ys) + Vip T (5.8)
qu . V|'[ﬂ " V| tVI
V|t+—V| ot | Ye(t,x) = 7 Ve~ Ve (5.9)
i Dt
fCu . Vltﬂ " Vl tVi
V|t+—V| ot | y7(t,x) = z YT (5.10)
i Dt
) 1, 1,
Y8 :ﬂﬁyS +VbrYs (5.11)
) P
Yo = GEN(fscssUYM Yo) — kurlneyg KRoBYo: (5.12)

VroB
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. Pcon
Yo =3 (f&1Y12 — Y10) — KiineY1o + kioeYes
ROB

PcEN
VroB

yi1 = (yo — fSuy11) + \%(YG (t,1) —y11)
S

b

1
+V—SSVinf(t)a
Qi

P
N (10— £Q0y10) + = (y7(t,1) — y12),

1 —
n VroB Vis

. A
y13 =Avpys(t,X1) + Tﬂ%(ta X1),

where we define

VimaxYi )
-9 y 2 0’

g(yl) — kmH-yi I
0, yi<O,

and we have x; = 1 — ’IE

74

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

We begin with equation (5.4). If we let A, s be defined as the cross-sectional area of

the liver sinusoid cylinder, then we have V| s = A sL, where L is the length of the cylinder.

Hence,
\%
L’s - A|,S'
Since v; = A%'s, we have
A v =Q.
Therefore,
VI s
—2v =Q.
LV Q
From (5.18) and (5.19), we also obtain
Vl,sﬂ _ Al,sﬂ — N
20, =
L<Q LQ

(5.18)

(5.19)

(5.20)

where @,N is the axial dispersion number defined by Roberts and Rowland (43). Hence, we
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have
VI s@I
L2

=QN. (5.21)

For convenience, we will let the sinusoid extension tube volume V) s = k;V; s and the bile
tube volume Viype = KoVi b, Where ky and ky are constants. It follows that ky = I__/L, ko =

L/L, and

VtEbe _ \%7 Vttbe _ kz\lf|,b’ V;_uzbe _ kZIE/ZI,b’ (5.24)
VEJZbe _ \CLb klzvlt_ufe kleleb (5.25)

Leta; =V|s+Vip fz: Then
Y14y = QI yi— g)/'1 + ﬂ(y — {2 (1 +yn)). (5.26)

Multiplying equation (5.26) by a test function @; and taking the L, inner product yields

. . NQ| " Q. , PGEN
<Y1,Q1 >+ <Y11,¢1 >=< Y1, > — <_y1a(l)l>+< Y2,1 >
o Poe
- < ‘;EN oy, @ > — < o fG“yn,cpl >, (5.27)
1 a1

Integrating the first two terms on the right side of equation (5.27) by parts, using the fact
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that y11 is known, and considering the natural boundary conditions, we have

<Y1 @ >—%'((£D|Ny’1 —y)@)(t,1)— < Q' Y1, ¢ >+ < —yl,qfl >
+< @y o>—< PGEN fG“yl,cpl >—< Pa—lfG“yll,cpl >
—< Py o >+< \P/(;EN fSuyi1, 0 > — < \%'Sye,(t,l),cpl >
+< &yn,(pl >—< \/i$v|nf(t),(p]_ > . (5.28)

Recalling that at z = L, we have equality of flux between the sinusoid and the extension

tube cylinders. Enforcing that boundary condition in equation (5.28) yields

Ql
< 1,01 >=3 2 (DN (1,0) - Y6(6,0)ex(D)- < Ay > < D>

P P P

+ < GENyz,(pl —< G—TNfG”yl,(Pl >—< GEN fG”Yll,(Pl >
P Pee

- VGENy Q>+ < V—fG“yn,cm >—< &ye(t 1), >

ROB ROB

Q Q 1,

+< —Y11,(P1 >+ yll(Pl( )— < V_me(t)a(pl >, (5.29)

SS
G
where ag =V, ; + qu Vi bt

Now, letting a; = PelEhN, equation (5.5) becomes
Y2 = ax f% (Y1 +Y11) — az2y2 — (¥a)- (5.30)
Multiplying by test function @, and taking the inner product yields

<Y2, (2 >= < af Y1, > — <azy2, @ > (5.31)
—(9(y2), @)+ < @2 fiSy11, @ > .
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. £Cu . . .
For equation (5.6), we letaz =V, s+ f'T*ﬁVLD and multiply by a test function 3. Deriv-
L.D

ing the weak form of this equation is identical to that of equation (5.26). Also note that by
letting a4 = % and multiplying equation (5.7) by a test function ¢4, the derivation of the
weak form of equation (5.7) is similar to that of equation (5.30).

For equation (5.8), we observe similarity to equations (5.20) and (5.21), yielding

VipDe
L2

Vipo

QD L= Qb,

where DY, the axial dispersion number, is defined similar to D). Therefore, we obtain

. Qbalg\l 7 Qb ! I CON V| h

Multiplying (5.32) by test function s, taking the inner product, and integrating the first

two terms on the right side by parts yields

: QoD QoD
< V5@ 5= — 2Dy (1 0)s(0) — 2ya(t, gs(0)— < 2Dy > (5.39)
Vib Vib Vib
Qb 1 _
— < =25, > 4+ < —(Pcon + KuiteVi h)ya, @5 >
Vib Vib
Pcon
—< T,byS’(pS >,

where we use the zero flux boundary condition at z = L and the equality of concentrations
boundary condition between the bile duct and bile extension tube cylinders at z = 0.

For equation (5.9), we use (5.22) and (5.23) to obtain

Y6 = 6—@| Y6 — = VY6- (5.34)

Multiplying by a test function g, integrating by parts, using the zero gradient boundary

condition at z= L +L, and using the equality of concentrations between the sinusoid and
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extension tube cylinders boundary condition at z = L yields

N
<o >= — YLD (L) o y5(1,0)05(0) +

?(l Ve, @ > + < gya,% > +g—6y11(P6(0)-

Q

'y1<t 1)gs(0)  (5.35)

If we letaz =V, ¢+ Cu V| .ot, multiply by a test function @7, and again use (5.22) and

IDt

(5.23), the derivation of the weak form of equation (5.10) is identical to that of (5.34).
Now, using (5.24) and (5.25) equation (5.11) can be written as

To put the equation into weak form, we multiply by a test function g and use the equality

of flux boundary condition at z = 0 and the zero gradient boundary condition at z= —L to

obtain
- _ N Qb
<Ys, g >= Vue((@b y5(t,0) +ys(t, 0)) ( (t,0)@5(0)
- <:\;gb fz% y87q% > = <: y8aq% > (5'36)
tube

The last five equations (5.12-5.16) do not contain spatial derivatives, and so our system of
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equations in weak form is given by:
. Q 1 NQ|
<Y1, 01 >=—'(£’>|Nk—y%(t,0) —Y6(t,0) (1) — < ——y1,¢ > (5.37)
P P
<2 y1,<d1>+< GENyz,cp1> < RSy, >
PGEN PGEN PGEN .G,
< f Y1, @ > — DRV LI g s £ fs"y11, @1 >
I
- < \%ye(t D, >+< Q—yn,cpl > +Q yu@i (1)
S
e v,e >
V_SS inf 0L >,
<Y2,@2 >= < ax fi%y1, 2 > — < azy2, @ > — (9(¥2), ) (5.38)
+ < a2f %y, @ >,
: _Q| N1 NQ|
P P
<gy3,qf3>+<ﬂy @ > = < 25,00 >
e Pco P
— < Y1, G > — < 10,03 > + < o Y10, (3 >
as VroB VroB
I
—< &W(t 1),>+< Q VY12, > +QY12(P3(1),
Vis Vis as
<Y4,@p >=< a4f|,sy3,cp4 > — < 2a4Y4, @ > + < agys, @ > (5.40)

— < KoiteYa, @4 > +(9(Y2), @) + < a4 Fy12, 4 >,

< 5,05 >=— Qﬁ V5(t,0)05(0) ‘\%;y Le(0)- < 20 ys,cpe > (64D
Qb Y5,([f5 >4+ < —(PCON + KbileVi h)Y4,(P5 >
- < F>Cﬂy @5 >,
< Y6, 96 >=— gyes( Dgs(1) - ?('jf Yo (t,0)@s(0) + 2 ) YI(t 1)gs(0) (5.42)
Q| Qi

a ye,,qfa >+ < —YG,(I% > +2_GYI1(P6(0)7
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QDN
<101 >= = 2D (D)~ S (1,00 (0) + Syt 1r(0)
Q|
k y77(d7> + < |y7a¢{7>+gy12q}7(0)7
az arz
< Yo,y >= ((@b VA (t,0) +Ys(t,0))@s(1) — -2 ys(t,0) 5 (0)
Vu be Vtube
Q Q
— < DY > - < V—bys,qfs >,
tube tube
. Pcen PcEN
Vo =y 1<"Y11 = (= + Kirine + kRoe)Yo,
) P,
Y10 —%( <812 — y10) + KBoeYe — KSineY 10,
) P 1
i1 =2 (g — 1Sys1) + - 06(8, 1) — Yan) + i 0,
VroB Vss

. P,
ylzzvcﬂ(y 0— fs y12)+g(y7(t 1) —y12),
ROB

y13 =QbYa(t, 1) + DNQpys(t,x1),

7

noting that 22 = DNQ,

5.3 Formulation of Finite Element Method

5.3.1 BassElements

80

(5.43)

(5.44)

(5.45)
(5.46)

(5.47)

(5.48)

(5.49)

We partition the interval [0, 1] into N subintervals of length h, where h = % by 0 = xp <

Xp < -+ <xXy=1 withxi=1ih,i=0,1,---, N.

Using the weak form of the equations (5.37-5.49), we formulate the Galerkin method
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with the following finite element approximations:

N

MEx) =S ajt)e(x), (5.50)
y1 (t,X) j;aj()(p,(x)
N
Y(t,x) =S Bj(t)e;(x),
Y2 (t,X) j; ()i (x)
N
vA (t,x) = PRICLICE
J:

N

2 (6) =Y Nt (x),

Yy (t,X) j;)m()(pj(x)
N

yE‘(t,x) = j;aj(t)(pj (X)’
N

Y5 (t,X) = J;pj(t)tpj (x),
N

y'%'(t,x) = Zowj (t)(pj (X)v
]:
N

3 (tX) =Y 6;(H)ej(x),

Yg (t,X) j; (1) ®;(x)

where the basis elements @;(x), j=0,---,N are the linear hat functions defined as follows:

X_)r(]j_ly Xj—1 < X <X,
Xj41—X
@i (x) = %, Xj <X < Xjt1, (5.51)

0, 0<x<Xj_p0rxjpp <x<1,
such that
%7 Xj—lSXSXja
G =19 T, xj <X <Xjpa, (5.52)
0, 0<x<Xjp0rxXjt1 <x<l1.

Note that in (5.50), the indices beginning with 1 enforce the essential boundary conditions
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on those equations.

82

Also note the following inner products with corresponding values:

4

<@, @ >= 4
)

<@, @ >= <
\

<@, @ >=

\

|
[ [ ] 3-|H ()

-

~

-

NI~ N, O N NN O

-

i—j>2
i—jl=1
O<i=j<N
I=]=0,N,
i—j[>2
i—jl=1
O<i=j<N
I=]=0,N,
i—j[>2
i=j+1
i=j—1
O<i=j<N
i=]=N
i=]=0.

5.3.2 Finite Element Approximations

We now substitute the functions in (5.50) into the system of equations (5.37-5.49) to obtain

the matrix/vector form of our equations.

Making the substitutions described above, using equation (5.37), for each i such that



Chapter 5. Model Simulation 83

i=1---N, we have

N

Zdj(t)<(pj,(ﬂ = QI Q?| (%pj )@ (0 ) (%p, )@ 0)>‘ﬂ(1)

N
_Q@l Zon(t) <@ ¢> +a—120(j(t) <0, 4>

P fi 5 Peen N
GEN%B, < Q@ > — Sal Zaj(t)<<p,,cn>
f s PGEN P
yut) <1,@ > ——Nye <1 @ >
a VroB
P
+VGENfG“y11<1<n>—&§pJ )oi(1) < 1,¢ >
ROB
+\%y11<1(ﬂ>+Q Y11 @ (1)
l,s
1
— —Vinf(t) < 1,@ >, (5.53)
Vss

and then in matrix-vector form, we have

Gy
%(t):( LA AR fS;GEN _> a(t) + GENMB() (5.54)

ag

P . tSup £C “PcEN 5
_Peeny o [ f=PeEn | Q  Tis y1 (D@
ROB VroB V|s ar

e DN (pol1)65(0) + P10 (08 — o Po(t)m(0)e

PN )¢N+9yneN —Vév.nf( o,

where the definitions of the constant matrices I\/I_, K and A_, and constant vectors CTJN and gy,
and all other constant matrices and vectors are found at the end of this section.

Following the same steps taken to obtain (5.54) from (5.37), we can form a similar
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matrix-vector formulation for equation (5.39). Hence, we have

_ _ 0 — fSPeon - y
My(t) = (ﬂﬂ.’“u Qi ﬂm) Y0+ FEON i ) (5.55)
as asz as as
Cy
Pcon. = f@Pcon Q1 fisPcon .
— Yo ®n+ o t)P
Veos y10®n ( Vs Vi 2 y12(t) Py
2 o 0)4h(0) + 1 (1) 0))8h — )0
- \%(ﬂ\l(l)wN(t)a’N +ypen.
l,s as

Using equation (5.38), for each i such that i =0---N, we have

N | N N
%Bj(t) <@ >=azf|(;“zo‘j(t) <@, @ > —angj(t) < Q@ >

N
- <g(§Bj(t)cpj),cn> +afyn <1,¢>.

In matrix-vector form, we have

MB(t) = a TG () — aMB() — G(B(D) + 20 f Sy (OPrss,  (5.56)

where we define, for X(t) an N + 1 dimensional vector, the N + 1 dimensional vector-valued
function

N

foreachi=0,---,N.

The matrix-vector form of (5.40) is obtained in a similar fashion as for (5.38), and is
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given by

M (t) = — (284 + kile) M (t) + a4 FEEMY() + asME(t) + Grm(B(1)) (5.58)

+ag fC”ylz(t)q3N+1

For equation (5.41), for each i such thati=0---N, we have

N . be

%Ej(t)<q3j,(ﬂ >=—

N
ga )6 (0))@ ﬁi(;eja)cpj(l))cn(m
—b@ygz,-m <g.q> ——ga <o, >

P
CON %m <0,@ > —ﬂgﬁ <0,@ >

kbile | .h
+ — i) <o,@ >, 5.59
Vio %ﬂj() 0, ¢ ( )
and in matrix-vector form:
2 Qb .na Qo Pcon )-'
ME (t < fD A——K-—-—""—M|E&t 5.60
t)= Vio Vi Vi (t) (5.60)
Pcon KpileVi h ) -
+ (M 2Ly ) (e
< Vip Vib (v

N
22 (€5 1) (0) +E1 (D (0)dhst — 22 Bn ()N (L.
b I,b




Chapter 5. Model Simulation 86

In the case for equation (5.42), for each i such thati=0---N, we have

N _ N
> 010 < 0.0 >= (T o 0B ()R 523 P OFO)RO
N
+2 aj(t)cpj(l)cn(o)—%ﬂ’“gpj(t) <d.d>
N
+ a—; %pj t) <@, ¢ > +2—;y11<n(0), (5.61)

and in matrix-vector form:

M50 = (g P10+ ) B0~ ZonOm(Di

kias

— =D (po ()@ (0) + p1 ()@ (0))dn1

+ —G(GN(t)W(l))JN+1 + S_;yllaN+l- (5.62)

Obtaining the matrix-vector form of equation (5.43) is identical to that of equation

(5.42), as shown above, and is given by

Mé(t) = (km@ A+ 2k) 60 - Lon (Ve (569

—a?QN(wo(t)%(O) + w1 (£)9(0))dn-+1

+ 2 o) s + Dy
az ay
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For equation (5.44), for each i such that i = 0---N, we have

< Qb N N Qb N
6;(t) < 05, @ >=o = D(3 & (OF 0)B (1) + 7==(3 & ()0 (0)@(2)
Viube Viube
N
—sz)e<§ej(t>cpj<o>>cn<0> ot 2 80 <d.0>
R A LRLKES (564

and the matrix-vector form is given by:

—Qp

\ﬁube

MB(t) = (
+&1(1)6(0))Enr1+
Qb

\ﬁube

oA K) 8t) + 2 DN(Eo(t)gh (0)

Viube Viube
2 Eo (1) (0)81
tube

Bo(t) 90 (0)dn+1. (5.65)

Recalling that we are not multiplying by any test functions and integrating, making the

finite element substitutions for equations (5.45-5.49) is straightforward:

: —Pcen PcEN
jo = ( _KEEN k'!;os) yo+ TCEN gauy
VroB VroB

| P P
y10 =KRosYo — <% + kurine) Y10+ V?—RZ: f&ly12,

) P
Y11 :&(pN(l)pN(t) + ENy (5.66)
Vis VroB

I Pcen 1
(R PeEN e v 1),
\ﬁ,s VroB

Vss
: Qi Pcon Q1  Pcon,c
=—"n(1 t) + ——y10 — (— + —— f<")y12,
V12 V|,s(pN( Yoo (t) y—Cl (V|,s Veos )y12

Y13 =Qp[@(X1) -+~ On (x1)]B(1)
+ Qu DN (x1) - -~ Gy (x1)]8(1)
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The definitions for the constant matrices and vectors above are as follows:

(M)ij =< @j,@ >, 1<i,J <N+1,
(M)ij =< @j,¢ >, 1<i,j <N,
(M)ij =< @,@ >, 1<i<N, 1< j<N+1,
(M)ij =< @j,@ >, 1<i<N+1, 1< j<N,

(A)ij =< ¢, @ >, 1<i,j <N+1,
&

)ij =< ¢, ¢ >, 1<i,j<N,
(K)

i =<@,@> 1<i, j<N+1,

(K)ij =< @j,¢ >, 1<i,j<N,
(DN)i =< 1,¢>, 1<i<N,

(a)N+1)i =< 17(ﬂ >, 1< i < N+17

B 1,i=N
(Bn)i = _
0, otherwise,
B 1,i=N+1
(Bny1)i = _
0, otherwise,

B} 1,i=0
(dn1)i = {

0, otherwise.

5.3.3 Seami-Discrete Problem

With the formulation of equations (5.54 - 5.66), we may now develop the semi-discrete

system as follows.
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Let

y @) = (@)™, @) T, )T, GO ED)T, BT, @), @),
Yo (1), y10(t),y11(t),y12(t), y13(t)]".

Then the finite dimensional system to be solved is given by

ML) = Ay () + GIND) + (1), (5.67)
where we define - )
M 00 O0OO0TO 0O 0O
OMOOU OO OGO 0O0O
0 0OMOOO OO OOO
00 0OMOOGO OO OO
M=|0 00 0MO 0 00O
0000 O0MUO OO
000 0O0O0OMU OO
000 0O0O0O0MODO
|00 000 0O0 O]
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with
[ an P o0 0 0 A 0 0 o
af%M —aM 0 0 0 0 0 0
0 0 Agz NN 0 Ay 0 Az
0 0 af®M Ay aM 0 0 0
a=| o 0 0 Ay s O 0 g O
o1 0 0 0 0 s 0 0 g
0 0 43 0 0 0 A7 0 Ay
0 0 0 0 A5 0 0 A 0
0 0 0 0 0 Aw Ay Ass Aoy
and
Ay = _a—?'QNA_Jr S—l'K_— f,fsupz—'i’“lvl_,

s = (e DN (0) — (O o'k (0

PeEN = = P, PGEN . = .
Ay — [_VGEN¢N0 ((fs%” GEN+&_f|C,;Su GEN)¢N+%§N) ok

ROB VroB  Vis ai

Arg = [6 0 a fl’Gg’aJN+1 00 ,

—QI Nr QI Ve

A3z = ——D A+ —K
33 a3 DA+ 2

Q

as

Qi

k1a3

Az7 = [(%QN%(O) -

— P — - P P prd -‘-
Azg = [0 — —VCON (OIN0) ((fC“—CON + @ flcg‘—c;ON)CDN + %§N> 0
) 3 |

SS
ROB Vros  Vis

L@ (0))En = DNg (0)En 0---0 — Ly

c,Pcon .+
—fie——M,
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Pcon KpileVi h
sy = M ~M
7 Vi Vip
—Qb N Qb Pcon
Agg = —PpNp_ P TCONN L B
% Vib Vib Vib
Asg = [0 -0 —%cm( )dN+1]
oy = [o LRENE )dNH}
Q
A = @| A+ K+BG6‘7

kla6

A3 = [6'“6 g(ﬂﬂ(l)JN+l] :
arz
Q
A = @| A+ K+B77,
Ao = [aaa%m a],
arz
| Qb N ~ Qb 2
s = | (Dp &(0) + @(0))&n1 Dp @ (0)&n+1 0
Vtube Vtube
Ay = — B pNA— (g
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0 0
0 0
Age = \%5 0 on(l) |
0 0
L O O d
. )
0 0
Ag7 = \%ls 0 0 )
0 on(1)
L O O J
[0 0 | 0
0 0 0
Agg = Qb 0 0 +QpDN 0
0 0 0
| @o(xa) PN (x1) | | @p(x1) N
Agg =
[ a3 0 Prents 0
oo (v~ Kiine) 0 e
w0 -ty o
0o 0 (gl
0 0 0 0
and
Bss = —\% b'¢h (0)dn 41 —\% b6 (0)dn41 0---0
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Bes = {—%QN%(O) N+1 — %QN%(OWNH 0--- _a—?(ﬂ\l(l)éN-i—l] :
7= [—&QN%(O))dNH - k&@IN(dl(o)dN‘Fl 0---0 &W(1)§N+l} ’
187 a7

and the functions

GV (L) = [6N — Gm(B(t)) On Gm(B(1)) Ons12 On1 Onst Ong2 0000 0] T,

5.4 Inverse Problem

93

The formulation of the inverse problem for the dispersion model is almost identical to that

of the DDE model, outlined in Section 2.3. The inverse problem is defined in same way,

and is given by:

G = Min(I (@)

where S={deR":qx>0,k=1,2, --- ,n} and J is our cost function.

In the DDE model, we used the MLF for the cost function, introducing two more pa-

rameters to be optimized. In the case of the dispersion model, we decided to use the single

data set comprising of the biliary excretion rate data only, and hence used the standard least

squares cost function, given by:

@)=Y (z—fi@)>

M=

]
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where each z; is a data point, j corresponds to the time at which the data point repre-
sents, fi ;(d) is the model prediction at the time of the data point z; ;. As will be discussed
in Section 6.2.2, we ultimately wish to implement the MLF for this model, however for
our preliminary optimization results, the performance of the least squares cost function is
satisfactory.

For the same reasons as in the DDE model, the Nelder-Mead simplex-based method
was the optimization algorithm implemented for parameter optimization. Since the biliary
excretion rate are the original experimental data in (20), we used that data set (as opposed

to the cumulative biliary excretion data) to compare the dispersion model to.

5.5 Numerical Methods

In this section we describe the numerical procedure used in obtaining the solutions for our
dispersion model. From the proof of Theorem 4.1 (see (46)), we are guaranteed of theo-
retical convergence of the semi-discrete problem to the solution of the infinite-dimensional
model equations (5.37-5.49) as N — o. All entries in the matrices M and 4 that contain
certain combinations of inner products of basis elements were calculated analytically, as

shown in Section 5.3.1.

5.5.1 Implementation

The computer code was written and ran in MATLAB, Version 6.1.0.450, Release 12.1 (The
Mathworks, Inc., Natick, MA). Computations were performed on a Red Hat Linux based
Dell Precision 420 with dual Intel Pentium 111 1 GHz processors and a Red Hat Linux
based Micron Millenia with a single Intel Pentium I11 1.4 GHz processor. We implemented
the MATLAB ODE solver odel5s to solve the system of equations in the semi-discrete

problem. This is a variable order, variable time-step solver designed for stiff systems of
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ODE. Since the stiffness of our semi-discrete system varies with parameter values, this was
the solver of choice in our problem. The MATLAB optimization routine fminsearch, which

is based on a simplex-based method, was implemented for the parameter estimations.

5.5.2 Convergence of the Numerical Scheme

As was established in the proof of Theorem 4.1 in (46), we are guaranteed theoretical
convergence of solutions for the finite dimensional Galerkin approximation to the solution
of the infinite dimensional system. This convergence is seen in Figure 5.1, where we fix

the paramters and vary N from 12 to 96 elements.

Cumulative Biliary Excretion of CON
T T

12 elements
- - 24 elements 7

48 elements )
— 96 elements

0.12

0.1f

0.08f

pmol
N

7
0.06 7
/

0.04

0 0.2 0.4 0.6 0.8 1
Hours

Figure 5.1: Demonstration of convergence of the Galerkin approximations to the infinite
dimensional solution.

5.6 Simulations

We estimated the unknown parameters for each single dose of the four doses of genistein

administered. The results of these estimations are in Section 5.6.2. We also estimated a
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parameter set using all four doses. That is, we generated a cost after running the model
using each of the four doses and comparing the model to the data set. The results of this
estimation are in Section 5.6.4. In each case, we noticed that setting the free-fractions to
the values obtained in Section 3.1 did not allow for enough free genistein to be uptaken,
metabolized and excreted into the bile for any relavent comparison to the data. Therefore,
for our preliminary parameter estimations all free-fraction coefficients were set to .98. Fur-
ther discussion about this can be found in Section 6.2.2. We also set the dispersion numbers
for the bile duct and the bile extension tube equal, for simplicity. In the future, this will not

generally be the case.

5.6.1 TheNeed for Nonlinearity

When we replace the Michaelis-Menten rate term for the saturable process of genistein
metabolism with a linear rate term, the plots of the data versus simulation strongly sug-
gest that a saturable term is, indeed, needed. Since experimental data show that genistein
metabolism is saturable, this was naturally the rate for which we chose to use a Michaelis-
Menten term. In Figure 5.2A, we simulated the lowest dose of genistein administered using
the estimated parameters for the lowest dose, where the estimated parameters used were
with a linear metabolism term. In Figure 5.2B, we simulated the highest dose administered
using the estimated parameters for the lowest dose. Clearly the model overpredicts the data
for the highest dose by a large margin in Figure 5.2B, while accurately predicting the data
for the lowest dose in Figure 5.2A. Now, as seen in the plots of Section 5.6.4, the saturable
metabolism term corrects this problem to a point, but further correction is needed. In this

case, the model may suggest that even more saturable terms may be necessary.
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Figure 5.2: Figure A: Simulation of biliary excretion rate using the lowest dose with the
estimated parameters for the lowest dose. Figure B: Simulation of biliary excretion rate
using the largest dose with the estimated parameters for the lowest dose.
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5.6.2 Single Dose Smulations

We estimated the unknown parameters (Table 3.2) using the excretion rate data for each
single dose of genistein. The following plots show various state variables of the model, the
most noteworthy of is the biliary excretion rates, whereas those plots represent the com-
parison between the model and the original experimental data. Plots of the state variables
for GEN and CON in the ROB and systemic serum compartments are shown for Doses
1 and 4. Table 5.1 following the figures lists the estimated parameters used to obtain the
simulations shown for each of the four doses. For purposes of minimizing the number of
parameters needed to be estimated, we simplified the model in the following manner. First,
we set the metabolism term for the ROB compartment k¥ = 0. Recall that this term
is to account for genistein metabolism in the intestinal wall. But since the experimental
conditions require a venous infusion of genistein, as opposed to a bolus oral dose or a gut
infusion, and since the rats were bile duct-cannulated, the amount of genistein being con-
jugated in the intestinal wall under these conditions is likely negligible. Since there are no
urinary elimination data (with the correct experimental conditions) and changing the val-
ues of these parameters simply requires an adjustment of the other estimated parameters to
maintain an accurate simulation of the data, we fixed the urinary elimination rate constants
to kGEN = 4.0 and kG, = 0. Lastly, we set the dispersion numbers for the bile duct space
and the bile extension tube equal, i.e., D) = DN. These simplifications, and the choice of
using a least squares cost function over the MLF discussed in Chapter 2 reduces the number
of estimated parameters from 13 to 7. We discuss the variations in the parameter sets in
Section 5.6.4.
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Figure 5.3: (Dose 1) A: Biliary excretion rate of conjugates after a 1 hour dose of pure
genistein. B: Cumulative biliary excretion of conjugates after a 1 hour dose of pure genis-

tein.
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Figure 5.4: (Dose 1) A: Genistein concentration in ROB compartment after a 1 hour dose
of pure genistein. B: Conjugates concentration in ROB compartment after a 1 hour dose of
pure genistein.
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Figure 5.5: (Dose 1) A: Genistein concentration in systemic serum compartment after a 1
hour dose of pure genistein. B: Conjugates concentration in systemic serum compartment

after a 1 hour dose of pure genistein.
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Figure 5.6: (Dose 2) A: Biliary excretion rate of conjugates after a 1 hour dose of pure
genistein. B: Cumulative biliary excretion of conjugates after a 1 hour dose of pure genis-
tein.
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Figure 5.7: (Dose 3) A: Biliary excretion rate of conjugates after a 1 hour dose of pure
genistein. B: Cumulative biliary excretion of conjugates after a 1 hour dose of pure genis-
tein.
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Figure 5.8: (Dose 4) A: Biliary excretion rate of conjugates after a 1 hour dose of pure
genistein. B: Cumulative biliary excretion of conjugates after a 1 hour dose of pure genis-
tein.
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Figure 5.9: (Dose 4) A: Genistein concentration in ROB compartment after a 1 hour dose
of pure genistein. B: Conjugates concentration in ROB compartment after a 1 hour dose of
pure genistein.
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Figure5.10: (Dose 4) A: Genistein concentration in systemic serum compartment after a 1
hour dose of pure genistein. B: Conjugates concentration in systemic serum compartment

after a 1 hour dose of pure genistein.
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Table 5.1: Resulting values from parameter optimization for the dispersion model.

Dose 1 0.0462 pmol/hr
Parameter Value

Kbile 8.2147 x 10° hr1
Vimax 12.7045 pmol /L /hr
Km 0.0006 umol /L
Pcen 1.074 L/hl’

Pcon 0.001 L/hr

DN 9.0506 x 103

DN 13.2303

Dose 2 0.1986 pumol/hr
Parameter Value

Kbile 41.3181 hr1

Vimax 88.347 pymol /L/hr
Km 0.013 pmol /L

PceNn 1.1381 L/hr

Pcon 0.0021 L/hr

DN 600.2301

DN 2.6281

Dose 3 0.3348 umol/hr
Parameter Value

Kbile 7.2836 hr1

Vimax 215.8068 umol /L/hr
Km 0.0019 pumol /L
PGEN 1.1481 L/hr

Pcon 0.0037 L/hr

DN 1.5336 x 10°

DN 2.0193

Dose 4 0.5292 pmol/hr
Parameter Value

Kbile 9.1104 hr—1

Vinex 4.0332 x 10%* pumol /L /hr
Km 5.4588 x 10° pmol /L
PceENn 10.2633 L/hr

Pcon 0.013 L/hl’

DN 4.1285 x 103

DY 0.149
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5.6.3 Parameter Comparison - Single Dose

In this section we examine the parameters and the differences between doses in Table 5.1.

Figure 5.11 depicts the simulation results for Dose 4 using several values of Vax and
km. Figure 5.11B shows that the original value of Viax = 4.0332 x 104 can easily be
lowered to a value of 10* without any considerable loss of goodness of fit, noting that
“goodness of fit” is defined in this case as merely an eyeball examination. However, if Vinax
is lowered enough, goodness of fit is considerably lost (Figure 5.11C). Noting that the value
of Vimax tends to increase with increasing doses of genistein, one may be compelled to think
that Vimax is @ dose- or concentration-dependent parameter. However, Viax represents the
largest rate at which the liver can metabolize genistein. From a biological standpoint, it is
unlikely that genistein is able to increase the saturation point of its own metabolism. A more
reasonable explanation is that, although genistein metabolism is saturable (as experimental
data suggest), its saturation point is relatively high. Therefore, as the doses become smaller,
the value of Vinax Necessary to accurately predict the data becomes smaller. However, if we
raise the value of Vi at the lower doses, the data become overpredicted by the model.
This suggests that other parameters are affected by this change, and perhaps these other
parameters are concentration dependent.

Figure 5.12 compares the concentration of conjugates in the bile extension tube between
Dose 1 and Dose 4 . The difference in the dynamics seen in Figure 5.12 is nontrivial, and
may suggest a dose- or concentration-dependence in the parameter Q)k’,\‘. If this is the case,
the biological meaning is not completely clear. It seems unlikely that genistein could affect
the viscosity of blood serum, however it would seem unreasonable to rule it out. A more
realistic possibility is that genistein causes a slowdown in bile flow, in which case we may
see a lower concentration of conjugates toward the end of the extension tube for higher
concentrations of genistein over time. That is exactly what Figure 5.12 depicts. Another

explanation is that setting @t’,\' = DN (as described in the previous section) causes this effect.
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In fact, another effect noticed by that equality is the drop in the simulated biliary excretion
rate in the first three doses. This is caused by the value of the dispersion number for the
bile (and, by equality, the extension tube) being high enough to force a decrease in the rate
of excretion when the concentration gradient (with respect to space) begins to decrease.
This can be seen in the equation (3.26), where the rate is dependent on the concentration
of conjugates and the gradient of the concentration in the extension tube. This decrease
may not be biologically exact, and lowering the value of DN would rid the model of this
characteristic by allowing the concentration term to dominate the equation.

However, the fact remains that the model suggests there is a clear concentration depen-
dent change in the parameter DN or DN. But since DN is the dispersion number for the
extension tube, where only transport is occuring, the more likely candidate for dependence
is DN. More discussion on this topic is found in Section 6.2.

Note the considerable difference in magnitude between DN and D} for all four param-
eter sets. Recall that @l’\‘ is the dispersion number for blood. Experimentally, it is widely
accepted that chemicals equilibrate very quickly in systemic blood. In fact, in traditional
PBPK modeling the common practice is to assume a pseudo-steady state for the blood ODE
and solve for the state variable algebraically. Therefore, the rather large values found in all
four parameter sets is not considered biologically unrealistic.

Notice the values for the parameter kyjje. The pattern seen suggests that at low doses,
Kpile Must remain fairly small in order to allow the model to fit the data. However, at large
doses, kpije becomes larger. Although the larger values can be lowered slightly without
losing significant accuracy in the model simulations, there still remains a clear pattern of
the value of k¢ increasing as the dose decreases. Again, this observation suggests another
possibility of concentration dependence in certain parameters of the model.

Lastly, note the considerably high value of kny, = 5.4588 x 10° in the parameter set for
Dose 4. This value does not coincide with the estimated values for the other three doses.

However, as seen in Figure 5.11A, this high value can be lowered to a value of k= 10~10
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without losing any considerable accuracy in the simulation. This is not alarming, since our
inverse problem is an unconstrained inverse problem and hence, the parameter values are
free to increase without bound. So, although the value of ky = 5.4588 x 10° may be (at
least) locally optimal, clearly a value as low as ky, = 10719 still yeilds accuracy. Noting that,
we see that the parameters kmy, Pcen and Pcon do not vary greatly among parameter sets.

This suggests that these parameters are probably not dose- or concentration-dependent.
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Figure 5.11: (Dose 4) A: Biliary excretion rate of conjugates with kyy, = 10710, B: Biliary
excretion rate of conjugates with Vimax = 10* and km, = 10, C: Biliary excretion rate of
conjugates with Vimayx = 10% and kyy = 108,
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5.6.4 Multiple Dose

In this section we present the preliminary results of the parameter estimation for the 4-
dose simulations. In this case we generate a cost by simulating one dose after another,
cumulatively adding the cost of each data comparison. These results are preliminary in
that, as discussed in Section 6.2, numerous augmentations can be made to the model to
improve the multi-dose performance. Unfortunately, most (if not all) of the augmentations
introduce substantial nonlinearities to the model, which create difficulties, both numerically
and theoretically. Therefore, we did not pursue those courses of action for this dissertation,
but they are ideal directions for the future.

Figures 5.13A and 5.14A depict the biliary excretion rates. The simulations demon-
strate the model’s ability to reproduce the relatively smooth curves suggested by the ex-
perimental data. This qualitative behavior of the model is undoubtedly a crucial feature in
accurately reproducing the data. This is seen in the single-dose simulations as well. Fig-
ures 5.15A and 5.15B show a comparison between model predictions using the single dose
parameters and the multi-dose parameters. Values for the parameters obtained are listed
in Table 5.2. Although several parameters have the characteristic high values as seen in
the single dose parameter sets, these high values are able to be lowered to more reasonable

levels, as in the case of the single-dose estimations.
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pure genistein, Doses 1 and 2. B: Cumulative biliary excretion of conjugates after a 1 hour
dose of pure genistein, Doses 1 and 2.
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Figure 5.14: (Upper Doses) A: Biliary excretion rate of conjugates after a 1 hour dose of
pure genistein, Doses 3 and 4. B: Cumulative biliary excretion of conjugates after a 1 hour
dose of pure genistein, Doses 3 and 4.
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SINGLE/MULTI-DOSE PARAMETER COMPARISON
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Figure 5.15: A: Biliary excretion rate of conjugates after a 1 hour dose of pure genistein,
where the solid line is the model simulation using the parameter set from Dose 3 and the
dashed line is the model simulation using the multi-dose parameter set. B: Biliary excretion
rate of conjugates after a 1 hour dose of pure genistein, where the solid line is the model
simulation using the parameter set from Dose 4 and the dashed line is the model simulation

using the multi-dose parameter set.
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Table 5.2: Resulting values from parameter estimation for 4-dose optimization.

Parameter Value

Kbile 13.366 hr 1

Vimax 8.4307 x 103 pmol /L /hr
Km 2.752 x 107 umol /L
PGEN 9.6224 L/hr

Pcon 0.0165 L/hr

DN 5.4864 x 10°

DN 0.1934
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Chapter 6

Conclusions and Future Directions

In this dissertation, two models were developed to simulate the distribution and metabolism
of the phytoestrogen genistein in rats. Genistein has been shown to induce an acute, dose-
dependent lag in biliary excretion, and standard PBPK modeling techniques are unable to
reproduce this phenomenon. With this in mind, we developed the two models discussed in
this dissertation. The DDE model was developed from a perspective of plug flow and the
dispersion model is based on fluid-flow dynamics, where the concentrations of the chemical
are distributed with respect to space. Each of these models have been useful on a variety
of levels in understanding genistein pharmacokinetics and each model has several exciting

directions for future research.

6.1 DDE Model

6.1.1 Concluding Remarks

Though the delay observed in the data is present in the DDE model simulations, the qual-
itative dynamics of the delay are clearly not captured with great accuracy. The failure to
reproduce these dynamics limits the potential ability of the model to fit biliary excretion

rate data. A possible solution is using a different numerical optimization method and/or a
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different delay function. Another solution is developing a high-fidelity model with more
biological consideration for biliary excretion, which was done in the later chapters of this
document. However, such a model requires numerical simulation of PDEs, which is com-
putationally much more complex. So it seemed reasonable to first explore a simpler ap-
proximation, using delay-differential equations as described in Chapter 2, to determine if
that approach would be sufficient. We have shown that such a model can be successfully
simulated numerically and that incorporation of a delay gives a statistically significant im-

provement over a model lacking that delay.

6.1.2 Futureof the DDE Model

Since there are two urinary elimination rate constants in the DDE model and no urinary
elimination data to compare under the experimental conditions described in Section 2.1,
the optimized parameters obtained are not unique. In Table 2.4, the estimate for the rate
constant governing the urinary elimination of genistein conjugates (k%) is essentially
zero. This is not suggested by experimental data (21). However, if we bound k3, away
from zero, by adjusting the rate constant for urinary elimination of pure genistein, we can
obtain similar data fits to what is seen in Figures 2.4 and 2.5. Hence, even local uniqueness
of our parameter set is not possible. If urinary elimination data obtained under the same
experimental conditions were available, using those data to estimate the unknown kinetic
parameters governing the urinary elimination of the parent compound, metabolites, or both
would hopefully yield identifiability of the parameters. For a thorough discussion on iden-
tifiability and consistency of estimators we refer the interested reader to Banks and Kunisch
(28).

As we mentioned, better performance of the DDE model could possibly be obtained by

rederiving the delay function based on another approach. This would require re-optimization
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of the parameters, where using a different numerical optimization routine and/or cost func-
tion may result in better performance as well, such as a global optimization algorithm.
The estimated parameters and system of DDE defining our model can be incorporated in
a full PBPK model capable of predicting a wide range of genistein dosimetry under various
experimental conditions. If the urinary elimination data mentioned above are obtained, we
can use the full PBPK model to estimate the urinary elimination parameters. Ultimately,
this approach can blueprint the modeling of other chemicals that undergo enterohepatic

circulation.

6.2 Dispersion Model

6.2.1 Concluding Remarks

Rather than continuing development of the DDE model, which would include the ideas
described in Section 6.1.2, we pursued an approach that would inevitably yield a more
physiological foundation. The dispersion modeling techniques described in (43) and en-
hanced in (44) were the building blocks for our dispersion model. Our modeling efforts are
advanced in that our dispersion model takes the approach used in (43) and adapted in (44),
and uses these techniques to model a fully functioning liver, from uptake and metabolism to
excretion. Our objective in this research effort was to develop a fully functioning model for
the liver that simulates the distribution, metabolism and excretion of chemicals, and is able
to accommodate spatial variations in biologically- and physiologically-based parameters.
These spatial variations may include enzyme activity, hepatic cell permeability, cellular
transport inhibition, etc. Such a model can be used as a template for a class of chemicals
that undergo biliary excretion.

Our modeling efforts extended to a preliminary data fitting to genistein biliary excre-

tion via parameter estimation with the goal of achieving a similar qualitative behavior of the
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model simulations that is present in the experimental data. Although it is clear that model
refinement is necessary (as expected), as seen from the plots in Chapter 5, this model has
great promise and flexibility for an accurate description of the effect of genistein on bil-
iary excretion. The dispersion model captures the qualitative behavior of the experimental
data well, which is seen not only in the multi-dose simulations but especially in the single
dose simulations. With added features of this model (see Section 6.2.2), not only does
it have the potential to achieve accurate data fits, but it may be possible to gain insight
into the underlying biological mechanism causing the biliary excretion lag, depending on
which augmentations yield the best results. For example, if creating a dose or genistein
concentration dependent parameter to govern the flow of bile in the bile duct results in a
considerable increase in the model’s ability to simulate the experimental data, this would
point researchers in the direction of experimentally investigating genistein’s effect on bile
flow. To this point, the cause of this biliary excretion delay remains unknown. Such as in-
sight could have a considerable impact on the experimental study of genistein. Clearly this
model can also be used as a template for other chemicals metabolized in the liver and are
excreted in the bile, and can be linked with pharmacodynamic models to aid in obtaining a

dose-response assessment of toxic compounds.

6.2.2 Futureof the Dispersion Model

Although partial differential equations and delay-differential equations are intimitely re-
lated, we did not research the connection between the two models developed here. In order
to better understand the behavior of the DDE model, this may be an advantageous direction
to take.

In our preliminary inverse problem for the dispersion model, we used a simple least

squares cost function. The data sets involved are correlated, and therefore the maximum
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likelihood function used in the DDE model inverse problem, in theory, cannot be guar-
anteed to perform. However, we found that in spite of the correlated data sets, the MLF
performed better than any other cost function used. Therefore, it is reasonable to presume
the same may be true in the case of the dispersion model inverse problem.

As mentioned in Section 5.6, we found that using the experimental values for the free
fractions of genistein did not allow for enough free genistein to be uptaken, metabolized
and excreted in the bile to even remotely match the experimental data. In his paper (38),
Mendell suggests that using the free fractions alone may not be biologically accurate in
modeling the uptake of chemicals into cells. If the dissociation constant between the chem-
ical and the blood protein is large enough, the chemical may, in actuality, be more available
for uptake by a cell than the free fraction may suggest. In the dispersion model, using the
dissociation constants (if experimentally known) to determine what values to use for the
free fractions in the model may enhance the performance of the model. If the dissociation
constants are not experimentally known, the values of the free fractions could, in theory, be
estimated from the experimental data, however the reliability of accuracy may be an issue
without a more diverse experimental data set.

Currently in the dispersion model, the volumetric flow rate of bile is constant. This is
a gross simplification, since the bile duct canaliculi have a clear, physical boundary (where
each canaliculi begin). The flow rate will likely increase, on average, as the bile travels
down the canaliculi toward the bile duct, and ultimately in the main bile duct and into the
gut lumen. We wish to make the volumetric flow rate of bile a function of space. However,
a problem arises in that this will create a nonlinearity in the model equations. Nevertheless,
this augmentation to the model would yield greater biological relevance.

The preliminary, multiple-dose, dispersion model simulations seem to mainly suggest
two important issues. First, as noted in Section 5.6, the results may suggest that further
saturable terms should be added to the model. Second, it is clear that the state-dependence

of the delay is not captured. This was not expected, since nowhere in the model did we
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include a state-dependent parameter or variable. However, the model is able to reproduce
the data with multiple parameter sets with great accuracy, as seen in the single-dose sim-
ulations. But in order to find a single set of parameters that will allow the model to fit
the data over all four doses, model augmentation will most likely be needed. Some possi-
bilities include making the volumetric flow rate of bile a function of the concentration of
genistein conjugates, as discussed above. Other possibilities range from a dose or concen-
tration dependent inhibition of active genistein transport in the hepatocytes to concentration
dependent liver sinusoid diameter constriction. Inevitably some possibilities are more or
less biologically plausible, and in that lies a perfect example of the importance of cross

disciplinary collaboration between mathematicians and experimental biologists.
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