ABSTRACT

RITSCHER, STEPHAN. Degree Bounds for Zero-dimensional Grébner Bases. (Under the
direction of Dr. Hoon Hong).

The theory of Grobner bases plays a fundamental role in solving and reasoning
with polynomial equations (ideals). This thesis will review and prove matching upper and
lower degree bounds of Grobner bases for zero-dimensional ideals and prove that this degree
is also obtained in the generic case. With n being the number of variables and d the degree
of the generators, for the lexicographic monomial ordering this degree is d", for graded

monomial orderings it is n(d — 1) + 1.



Degree Bounds for Zero-dimensional Grobner Bases

by
Stephan Ritscher

A thesis submitted to the Graduate Faculty of
North Carolina State University
in partial fullfillment of the
requirements for the Degree of
Master of Science

Mathematics

Raleigh, North Carolina
2009

APPROVED BY:

Dr. M. F. Singer Dr. A. Szanto

Dr. H. Hong
Chair of Advisory Committee



ii

BIOGRAPHY

After graduating from Gymnasium Friedericianum Erlangen with intense courses in Math-
ematics and Physics, I enrolled for Mathematics with minor Computer Science at Friedrich
Alexander University Erlangen-Niirnberg where I finished my Vordiplom in two years. Be-
ing accepted for the study program TopMath at Technische Universitat Miinchen I finished
my Bachelor of Science in Mathematics one year later. After another year I came to North

Carolina State University in order to finish my Master studies.



iii

ACKNOWLEDGMENTS

It is a pleasure for me to thank the many people and organizations that made this thesis
possible.

First of all, I am deeply indebted to my thesis supervisor at North Carolina State
University, Dr. Hoon Hong. He spent many valuable hours teaching me, from basic ap-
proaches to research to complex tools in the field of polynomial algebra and methods of
presentation. His simple and intuitive explanations along with clarifying exercises helped
me as much as his enthusiasm about research motivated me. Whenever I had a question,
he was the one to help me with advice.

I also want to thank my thesis committee, Prof. Singer and Prof. Szanto from
North Carolina State University, for their advice for my research and the comfortable at-
mosphere during the examination.

Many thanks go to my supervisor at Technische Univeritat Miinchen (Germany),
Dr. Ernst W. Mayr. He encouraged me to join the TopMath study program in Munich and
did a great job supervising me henceforth. Also the choice of my special topic is due to
him - a choice I continue to be pleased with. Furthermore, he recommended Dr. Hong as
a supervisor for research and a Master thesis to me.

I want to thank all my teachers in mathematics, the professors at the Friedrich
Alexander Universitdt Erlangen-Niirnberg, Technische Universitdt Miinchen, and North
Carolina State University as well as my high school teachers, especially Mr. Stark and Mrs.
Schmidt-Nessler for encouraging me to participate in high school math contests respectively
preparing me well for university in my last two years at high school.

I am grateful to all the organizations that supported me financially - especially
for my studies abroad -, but also provided me with beneficially opportunities to continue
learning beyond the horizon of mathematics, even during my studies at universities. These
are the Max-Weber-Programm (a Bavarian scholarship program), the Studienstiftung des

deutschen Volkes (a German scholarship program) and TopMath.

Lastly, but most importantly, I want to thank my parents, Christine and Matthias
Ritscher. They raised and taught me, always encouraged me to gather knowledge, helped

me in school, and always stood by me.



iv

TABLE OF CONTENTS

...................................................... v
..................................................... vi
I _Tntroductionl. . ..covvirii it i i it ittt ittt ittt 1
[1.1 Motivating Example: Optimization| . . . . . . . .. ... .. ... .. .... 2
[1.2  Motivating Example: Automatic Theorem Proving| . . . . ... .. ... .. 3

2 Grobner Basesl.......coiiiiiiiii i i ittt 5
BT Tdeald . . . .. .o 5
2.2 Grobner Bases| . . ... ... 10
2.3 Ideal Dimensionl. . . . . . . . . . .. .. 19

[3 Degree Bounds|........oiiiiiiiiiiiiiiiiiiiiiiiiineettossnnsssonnnnnss 26
BIGenerall . . . . . oo vt 26
3.2 Zero-dimensional Ideals, Lexicographic Orderingl . . . . .. ... ... ... 27
821 Tower Bound . . . . . .. ... ... .. 28

[3.2.2 Upper Bound| . . . . .. ... ... ... 30

[3.2.3  Generic Degree| . . . . . . ... 32

[3.3  Zero-dimensional Ideals, Graded Orderings| . . .. ... ... ... ..... 38
B83.1 Tower Bound| . . . . . . . .. . .. ... 38

3.3.2 Upper Bound| . . . . . . ... ... o 40

[3.3.3  Generic Degree| . . . . . . ... 56

3.4 Summary] . . ... .. e 67

[Bibliography|....cooviiiii i i i i i i et e e e 69




LIST OF FIGURES

Figure (1.1 Equilateral triangle ABC" with cirumcirle center M and one median line|.. 4

Figure 2.1 Examples intuitively clear variety dimensions.|............ ..., 20




R KN, Z,C
R,S

fi9,h

deg(f)

LM(f), LT(f)
P, q

Tlye.y3Ty
F={fi,....fs}
d;
G={g1,...,9t}
1,J

7,J

dim(7), dimp(J)
dimg (V)

m, p

f=d

S—q

1(S)

V(F), Vp(F)
Res(Fo, ..., Fy)

LIST OF SYMBOLS

ring, field, natural numbers (1,2,3,...), integers, complex numbers
ring of coefficients of polynomials/homogeneous polynomials
polynomials

total degree of f

leading monomial / leading term of polynomial f

points with coordinates p;, ¢;

ring variables (x, ..., x, for homogeneous ideals)

ideal generators

degree of f; (di < ... <ds is assumed)

Grobner basis

ideals (J homogeneous)

ideal of polynomials with indeterminate coeff. (J homogeneous)
ideal dimension of I, projective ideal dimension of J

vector space dimension of V' over K

prime ideals

homogeneous part of polynomial f of degree d

{f € S: f homogeneous, deg(f) =d or f =0}

ideal generated by point set S

variety/projective variety generated by polynomials in set F’
resultant polynomial of the homogeneous polynomials
multiplication with y as a map

factor class containing f

Koszul complex

maps of the Koszul complex

basis vector of A,

homology of the Koszul complex (ker(d,)/im(d,+1))
determinant of the linear map ¢

a specialization of R[z1,...,z,] or S[zg,. .., Zy]

to K[z1,...,zy] respectively K|z, ..., z,]

R-linear subspace spanned by S

vi



Chapter 1

Introduction

In many contexts mathematical questions can be naturally formulated using poly-
nomial systems. Their solution often can be given by standard algorithms of polynomial
algebra and algebraic geometry, for example ideal membership tests and consistency and
finiteness tests for the set of common roots.

Many of these algorithms use Grobner bases, which are nice representations of
polynomial ideals. They were introduced by Bruno Buchberger ([I], translated in [2]),
who named them in honor of his supervisor Wolfgang Grobner. For an overview consult
[3] or M]. In general, Grobner bases are very hard to compute. Ernst Mayr and Albert
Meyer were able to show in [5], that the membership problem for ideals is exponential space
hard. On the other hand Klaus Kiihnle and Ernst Mayr developed in [6] an exponential
space algorithm for the computation of Grébner bases. The complexity of this algorithm
heavily depends on a good upper degree bound for Grobner bases. This entails the question,
whether better upper degree bounds for certain classes of ideals exist.

In this thesis the class of zero-dimensional ideals will be considered. For these
ideals much better bounds are known, depending on the monomial ordering. The upper
bounds by Daniel Lazard ([7] and [§], translated in [9]) and matching lower bounds for
graded monomial orderings will be stated and proved. Additionally the generic case will
be analyzed, which, to the knowledge of the author, wasn’t explicitely mentioned before,
although the result is an immediate application of Marc Chardin’s multivariate subresultant
introduced in [I0]. Also the well-known bounds for the lexicographic monomial ordering

will be treated.



Following several applications, basic notations together with common problem
statements will be introduced and motivated in the first chapter. The examples will raise
questions that cannot be answered in this chapter. Therefore the examples will be continued
throughout a large part of the thesis. Claims regarding ideal theory and Grébner bases that
are stated in this chapter, will be stated rigorously with proof or citation in chapter

The second chapter will give an introduction to Grobner bases, their computation
and some of their properties. The state of the art of degree bounds for Grébner bases will be
summarized, but only proofs for the zero-dimensional case will be given. This also includes

the earlier mentioned generic case.

1.1 Motivating Example: Optimization

A well known and very useful method in optimization theory is linear program-
ming. The aim is to optimize a linear cost function with respect to a set of constraints which
are formulated as linear equations or inequalities. This problem is solved by the simplex
algorithm by George Dantzig, which is efficient for most inputs, but needs exponential time
in degenerate cases. Newer algorithms known as the ellipsoid method by Leonid Khachiyan
and the inner point method by Nardendra Karmarkar always run in polynomial time and
the latter is also more efficient in practice.

But sometimes linear equations don’t suffice in order to model a problem. A
standard approach would be to use gradient and Newton methods to optimize continous
functions without constraints or penalty, barrier methods and sequential linear program-
ming in order to optimize funtions with constraints. These numerical methods are fast, but
they only find local optima in general, not the overall best solution.

Using Grobner bases, however, one can compute the global optimum of a polyno-
mial function with respect to polynomial constraints. Concerning the focus of this thesis

only a very simple example will be discussed. For a better treatment see [I1].

Example 1. Find the point (x,y) inside the unit cirle around (1,0) which maximizes
f(x,y) :=x — 3y.

Solution: The constraint can be written as

h(z,y) :=2? +y* —1<0.



Optimization theory provides necessary optimality conditions, known as Karush-Kuhn-

Tucker conditions:
0=20.f(x,y) + Ao h(z,y) =1+ 2z
0=0y,f(x,y) + Noyh(z,y) = =3+ 2\y (1.1)
0= M(z,y) = z? + My — X

Ignoring the additional condition A > 0 leaves the problem of solving a system of polynomi-

als in several variables. This easily can be done using Grobner bases as will be demonstrated

later. The solutions then will be evaluated in order to find the global maximum.

1.2 Motivating Example: Automatic Theorem Proving

Another broad application field for Grébner bases is automatic theorem proving.
Basically one formulates the premises and the claim as polynomial equations. Then an
algebraical method is desirable which checks whether the claim follows from the premises.
Especially suited for this approach are geometric problems. Here one can easily describe
points by coordinates and the geometric construction by polynomials. This will be demon-
strated following a small example. But be aware that not all examples will work as nicely
as the one described here. For more on the possible problems and how to overcome them

consult [I2], Chapter 6, §3-4.

Example 2. In figure an equilateral triangle ABC' with the center M of its circumcirle
and the line from A to the median D of BC' is depicted. This example shall prove the
well-known fact that M lies on the median line AD.

Therefore the configuration has to be modeled by polynomial equations. In order
to reduce the number of variables, the coordinate system was chosen with origin A and
x-axis through B (without loss of generality). Note that the only free variable is called w.
All other variables x1, ... xg will depend on u. Since there are six dependend variables, one
would expect six equations to determine them.

The point C' is the third point of the equilateral triangle. So its distances to A
and B must equal the distance between A and B. This gives

fii=at+ad—ut=0

foi= (1 —u)? + 25 —u?=0.



C= (xl, x2)

D= (x5, x6)

A = (0, 0) B=(u0)

Figure 1.1: Equilateral triangle ABC with cirumcirle center M and one median line.

M 1is the center of the circumcircle, so its distances to A, B and C' must match, which is

described by

fa=ai4a] - (z3—u)?—23=0

fa:= ZL‘% + :U?l — (3 — ;1:1)2 — (mq — :L‘g)2 =0.
Finally D is the median of BC, so

1
5 12175—5(1751-1'“):0

1
f6 = T — §$2 =0.

These six polynomials fully describe the geometric construction. This means every assign-
ment of w,x1,...,x¢ such that f;j(u,x1,...,26) = 0 is a valid configuration. The claim is

now that for all these configurations M lies on the line AD, which is captured by

h := x3x6 — T425 = 0.

So the proof boils down to showing that f; = ... = fg = 0 implies h = 0. The next chapter

will reveal how to do this.



Chapter 2

Grobner Bases

In the first chapter, the use of polynomial ideals was motivated by examples.
Several important non-trivial questions arose naturally during their treatment.

This chapter will first give an overview of the theory of Grébner bases which can
be used to answer the questions from chapter Also definition and characterizations of
the ideal dimension will be given. This is motivated by the focus on zero-dimensional ideals

in chapter

2.1 Ideals

In this section the foundations of ideal theory will be given. This establishes a
language to speak about the problems of chapter[I] Therefore the examples will be continued
until finally resolved.

A ring (with one) is a set R with two distinguished elements 0 and 1 and two

operators acting on it called addition
+:RxR— R

and multiplication

-:RxR— R.



(R,+,0) has to be an abelian group, i.e. Va,b,c € R

(a+b)+c=a+(b+c) (associativity)
a+b=b+a (commutativity)
a+0=a (identity)
a+ (—a) =0 for some —a € R (existence of inverse).

Furthermore (R, -, 1) has to be a monoid, i.e. Va,b,c € R

(a-b)-c=a-(b-c) (associativity)

a-l=a=1-a (identity).
Finally, addition and multiplication have to interact nicely:

a-(b+c)=(a-b)+(a-c) (distributivity)

(a+b)-c=(a-c)+(b-c) (distributivity)
A ring is called commutative, if Va,b € R
a-b=">-a.

As usually ab denotes a - b and parenthesis may be omitted if not neccessary (following
the PEMDAS order of evaluation). Well known rings are the integers (Z, +,-,0,1) and the
polynomials over a field (K[z1,...,zy],+,+,0,1). Furthermore every field constitutes a ring.

The ring of polynomials over K in the indeterminates x1,...,z, is denoted by
K[zg,...,2y]. The following grading of polynomials will be used. The (total) degree of a
monomial is defined as the sum of the exponents of the variables that occur in the monomial.
The degree of a polynomial is the maximum of the degrees of the monomials of its terms.

A polynomial is called homogeneous if all terms have the same degree.

One can homogenize a polynomial f € K[z, ..., x,] by introducing a new variable
xg and defining
hf ::azgeg(f)f <xl,...,%) .
T T
Then "f is a homogeneous polynomial in K[z, ..., z,] with

flze,...,zn) = hf(l,xl,...,xn).



Of special interest are the subsets which are closed under polynomial combinations,

called ideals. In formulas, I C R is an ideal if Va,b € I,r € R

a+beR
r-a € R.
For given polynomials fi,..., fs,
S
<f17"’ 7f8> = {Zalf’b ta; € K[xla” . 7.Tn]}
i=1
represents the smallest ideal containing these polynomials. Furthermore {f1,..., fs} is

called an (ideal) basis of the ideal I = (f1,..., fs).
As already seen in the introduction, the set of common roots of polynomials
f1,-.., fsis of natural interest. This set is called (algebraic) variety (generated by fi,..., fs)

and will be written as
V(fi,...) fs) ={xeK": fi(x)=0fori=1,...,s}

An immediate observation is that polynomial combinations of f1, ..., fs also vanish

on this variety, i.e.
Vpe V(fh"'?fs)vf € <f17"'7f5> : f(p) =0.
Example 3. Consider again the system of polynomials (1.1)). Let

f1 =142z
f2 = -3 + 2)\y
f3 1= Az? 4+ \y? — .

The ideal I = (f1, f2, f3) contains e.g. the polynomial
h=3x+y.
You can see this from the equation

h=yfi—xfs.



But you might guess that it is not always easy to see whether a polynomial is contained in
a given ideal. So an algorithm to test ideal membership would be of great help. That will
be one of the topics in the next sections.

Consider the points (z,y, A) = (0,0,0) respectively (‘—110, J%’ %) For the first
point one obtains

fl(o’()?O) = 17

so (0,0,0) ¢ V(f1, f2, f3). The second point gives

f<—1 3 5>_f<—1 3 5)_f<—1 3 5>_0
"\V1o' vio' vio/)  P\vio’'vio'vio/) 7’ \Vvio vio vio

Thus (\;—1%, \/%, \/%) € V(f1, f2, f3). Sometimes one can guess a few solutions, but in
general it is hard - especially to find all of them. This encourages to analyze ideals in more

detail in the next chapter.

For computations it is really hard to deal with infinite sets. A finite description
is always necessary. Therefore Hilbert’s Basis Theorem is of great importance for all ideal

algorithms.

Theorem 4 (Hilbert’s Basis Theorem). If R is noetherian, i.e. every ideal in R has a

finite basis, so is R[x1,...,xy,]. Especially, K[xy,...,x,] is noetherian.

Proof. See [13] (Theorem 1.2) and note that any field is noetherian since it only has trivial

ideals. O

Another way to construct an ideal is the set of polynomials that vanish on a (not

neccessarily finite) given set V' C K"
I(V):={feKlz,...,zpn] : f(z1,...,20) =0V(x1,...,2,) €V}

Conversely define a subset of K", called (algebraic) variety, as the set of common root of a

(not neccessarily finite) given set of polynomials F'
V(F):={ze€K": f(z) =0Vf e F}.

From an abstract point of view, I maps from the subsets of K™ to the ideals of K[z1,. .., 2]
(actually to the radical ideals, see Hilbert’s Nullstellensatz, theorem |5)) and V maps from

the subsets of K[z1,...,x,] to the set of varieties in K.



It is easily verified that I and V are inclusion reversing, i.e. VV.W C K", F,G C

Klz1,...,z)

Vcw=ILV) ODIW)
FcG = V(F)>V(G)

Finally, Hilbert’s Nullstellensatz connects the ideals I and I(V(I)). But two more
concepts are necessary for this theorem.

Given an ideal I of a ring R, the set
VI :={f e R:3de N such that f? e I}

is an ideal called the radical of I. Obviously, VI contains I and \/\ﬁ = /1. An ideal
I = /T is called radical.

A field K is called algebraically closed if every polynomial over K can be written
as product of linear terms. The most important example of an algebraically closed field are

the complex numbers C.

Theorem 5 (Hilbert’s Nullstellensatz). If K is algebraically closed and I C K[z, ..., xy)
an ideal, then

I(V(I))=VI
Proof. See [12] (Chapter 4, Theorem 1.2). O

The same theory can be established in the projective space
P = {(xg:...:2z,) C C"T\ {0} : 2; # 0 for some i}.

Here the notation (zo : ... : x,) stands for the equivalence class of all points (axo, ..., ax,)
for a € C\ {0}, which can be interpreted as line through the origin in C"**. There are only
very little well defined functions on P”, e.g. polynomials and homogeneous polynomials are
not well defined - even for degree 1. But the roots of homogeneous polynomials f; can be

expressed in terms of these equivalence classes since

filxzo,...,xn) = 0= fi(axg,...,ax,) = adeg(fi)fi(xo, ceoyy) = 0.
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Every polynomial f can be decomposited into homogeneous components

deg(f)

f=> f=
i=0

where f—; is homogeneous of degree i. A set I is called homogeneous, if f € F implies
f=i € F for all i.

So one can consider the projective variety in P of an homogeneous set F'
Vp(F):={xeP": f(x) =0Vf e F}.

There is an equivalent version of of Nullstellensatz in the projective setting, but only a

(slightly) weaker version will be needed.

Theorem 6 (Projective Weak Nullstellensatz). Let K be an algebraically closed field and
J a homogeneous ideal in K[zg, ..., x,]). Then Vp(J) =0 if and only if (xq,...,z,) CVJ.

Proof. See [12] (Chapter 8, Theorem 3.8). O

2.2 Grobner Bases

Building upon the foundations of the last section, it is possible to provide solutions
for the examples [3| and The key is the concept of Grobner bases. They will provide
algorithms for ideal membership tests and variable elimination.

The first part of the chapter is dedicated to example [2l Missing for the solution
is a decision procedure for the radical ideal membership problem, i.e. given a polynomial
f one has to determine whether f € v/I. But before that the simple ideal membership will
be treated.

The ring of polynomials in one variable is a principal ring, i.e. all ideals can be

generated by only one ring element, namely, given fi,..., fs € K[z],

<f17"'7f5> = <ng(f17"'7f8)>'

Then ideal membership for a polynomial f € K|[z] can be tested by dividing f by the greatest
common divisor ged(f1,..., fs). f is contained in the ideal if and only if the remainder is

0.
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For several variables, this approach doesn’t work quite the same, but it can be
adopted. The first module is a division algorithm that is able to handle several polynomials.
This is necessary since most ideals in K[x1,...,x,] are not principal. To accomplish this,
one has to decide on an order of the monomials (for one variable there is only one ”good”
ordering).

A (total) monomial ordering < will be called admissible if for all monomials m, n, p
m=<n = pm=<pn

1<m

The first premise ensures that the ordering is compatible with multiplication, the second
renders it a well-ordering, i.e. every non-empty set of monomials has a smallest element.
Both are crucial for the Buchberger algorithm that will be presented soon. If the monomial
also fulfills

deg(m) < deg(n) = m <n

it is called degree compatible. Here, as in the rest of the thesis, the degree deg(m) is the
total degree, i.e. the sum of the exponents of all variables that occur in m.
Mainly the following monomial orderings will be treated. As notation, multiindices

a=(ag,...,a,) C Ny will be used for writing monomials

(67

@ i=aft gt

n
The lexicographic ordering <jex is given by
2% <jex 27 1= B = o and ay, < 3 for some k and each 1 < i < k.
The reverse lexicographic ordering is
% <reviex 7 = [ = a; and oy, > 3 for some k and each k < i < n.
Finally, the graded reverse lexicographic ordering is defined as

Y <greviex 2P = deg(z®) < deg(xﬂ) or (deg(:z:o‘) = deg(mﬁ) and 2% <eviex x’6> .
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Example 7. For the better understanding of the above definitions, an excerpt of each

ordering (with z1 > zg > x3) in the ring K[z, x9, x3] is given.
<=<ex: 1 < 23 -<a:§ < ... <x9 < xox3 <:c2x§ < ...<x1 <2123 -<:1:13:§ < ...

<=<revlex: - < TiT3 < T1T3 < T3 < ... < Toxy < T Ty < Ty < ... < T3 <z <1
<=<grevlex: | = T3 < Tg < T1 < 3 < Tow3 < 1173 < T3 < 172 < T3 < TP < ...

Obviously < eviex is not admissible. <jex and <greviex, however, are admissible monomial
orderings. Both will be used recurrently in this thesis. Furthermore the graded reverse

lexicographic ordering is degree compatible while the lexicographic ordering is not.

Now all that is missing for the division algorithm is some notation. Given a
polynomial f, the largest monomial of f with respect to some monomial ordering < with
nonzero coefficient is called the leading monomial of f and denoted by LM<(f). Its co-
efficient, the leading coefficient, is written as LC<(f) and the leading term of f is simply
LTL(f) :== LC<(f)-LM<(f). Usually the monomial ordering will be fixed and the subscripts
will be omitted.

In order to divide a polynomial f by a polynomial g, the leading monomial of f
must be divisible by the leading monomial of g. The basic idea for the division algorithm
is to just try this with all given divisor polynomials. If nothing works, the leading term is
declared as remainder and one continues with the next biggest term.

However, the result of the algorithm is not as expressive as one might expect or

wish.

Example 8. This shall be illustrated with example |3| and the lexicographic monomial
ordering with = > y > A. The ideal I was generated by

f1 =2z + 1
f2 = 2:1./)\ -3
f3 = 22X+ 2\ — A

Obviously f3 is contained in the ideal I. So one could expect to get a zero remainder of

division. Consider the following two calls of DIVIDE:
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Algorithm 1 DIVIDE

Procedure DIVIDE(h, (fi,..., fs))
Input: Polynomials h, fi,..., fs
Output: Representation h =7 | a;fi+r
1: 7z\<—h,r<—0, a; —0Vi=1,...,s
2. while 1 # 0 do

3 Letie{l,...,s} be minimal such that LM(Jf;) | LM(h).

4:  if such i exists then

5: a; < a; + 755((2))
o ko phg

7. else

8: r— LT(/l\L)

9: h—h—LT(h)
10: end if
11: end while
12: return h =3y ;_ a;fi+r

EndProcedure

Division algorithm for multiple variables and polynomials
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DIVIDE(f3, (fs, f2, f1)): This call returns after the first pass with the representa-

tion
fa=1-f3+0-fo+0-f1+0
DIVIDE(fs, (f1, f2, f3)): According to the algorithm b= f3 is first divided by fi,
yielding
2\ x
a; — — = —
2x 2
~ ~ x
h —h—Sfi=-S4920- )
2fl 5 Ty

~

Since the leading monomial LM (h) = z is not divisible by any leading monomial of fi, fa, f3,

the next step is

x
roe— ——
2
h <—/ﬁ—|—§:y2)\—>\

Now h’s leading monomial is divisible by f2’s, which results in
a «— Qyi)\ = 5
hoe Y2,
<« _— = — —
2727 Y

Finally the remaining terms of h cannot be divided further such that they will be added to

r. This gives the representation

_ T Y Lz 3
f3—2f1—|-2f2+( 5 T 5Y A).

From the example it is clear that the remainder of the division depends on the
order of the divisors fi,..., fs, whereas the ideal (fi,..., fs) is independent of the order of
the generators. From a remainder r = DIVIDE(h, (f1,..., fs)) = 0, one can deduce that
the polynomial h is in the ideal I = (f1,..., fs). But in the current form the contrary
is not true, as was exposed by the second call of DIVIDE: a nonzero remainder does not
necessarily imply that h ¢ 1.

This flaw will be overcome by choosing a special ideal basis. It should be required

that the leading monomial of every polynomial that is contained in the ideal is divisible by
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at least one of the leading monomials of the basis polynomials. This alone already fixes the

algorithm. To see this, consider h € I and note that
N S
h=h-> aifi—r
i=1

Since r = 0 in the beginning, h will be in the ideal and therefore its leading monomial is
divisible by one of the monomials in the basis. Therefore r = 0 will remain true throughout
the algorithm as h will always be in the ideal.

A basis G = {g1,...,9:} of an ideal I fulfilling this property is called Grésbner

basis. In other words,
Vh € I:LM(g;) | LM(h) for some i € {1,...,t}
Theorem 9. If G is a Grobner basis, the remainder of the division algorithm
nf(f) := DIVIDE(f, G)

is unique (i.e. does not depend on the order of the emelents of G). It is called normal
form of f (with respect to G /with respect to <) and no term of nf(f) is divisible by an
element of LM(G). Furthermore nf : K[z1,...,x,] — Klz1,...,2,] is linear and for all
fi, fo e Klxy, ...,z

nf(f1) = nf(f2) < fi = f2€(G).

Finally, A = {nf(f): f € Klz1,...,z,]} with
+iAXA— A (f1,fo) = fi+ f2

tAxA— A (f1, f2) = of(fife)

is a ring generated by the monomials not contained in (LM(I)) and is isomorphic to

Klz1,...,z,)/1.

Proof. For the first part see [12] (Chapter 2, Proposition 6.1, Corollary 6.2 and Exercise
6.12).

For A 2 K[z1,...,2,]/I note that, by the first part of the theorem, every equiv-
alence class of K[x1,...,x,]|/I contains exactly one normal form. The addition and multi-

plication on A are defined to mimic the behaviour on K[z, ..., z,]/1. O
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In some places the notation nfs(f) will be used to emphasize the dependence on
G. Usually this will be clear from the context.

For the computation of a Grébner basis the Buchberger algorithm can be used.
It takes as input an arbitrary basis and outputs a Groébner basis. It works iteratively and
improves the basis in every round in the sense that strictly more leading monomials of the
ideal will be divisible by one of the basis monomials. The new polynomials are obtained by

eliminating the leading terms of two polynomials in the basis, the so-called S-polynomials:

LT(g) LT(f)

S$U9) = ). i) aed@(f), 1)

f

Algorithm 2 BUCHBERGER
Procedure BUCHBERGER(f1, ..., fs)

Input: Polynomials F' = {fi,..., fs}

Output: Grobner basis G = {g1,...,9:} of I = (f1,..., fs).
1: G« F
2: while 3f,g € G : nf(S(f,9) # 0 do
3 G—GU{nfg(S(f,9)}

4: end while

EndProcedure

Buchberger algorithm for the computation of a Grobner basis

Theorem 10. The Buchberger algorithm (algorithm @) always terminates and outputs a
Grébner basis G = {g1,...,9:} of the ideal I = (f1,..., fs).

Proof. See [12] (Chapter 2, Theorem 7.2). Note that neither the choice of the pair f,g € G
nor the order of the polynomials in G for the division affect finiteness and correctness of

the algorithm (but its efficiency might vary). O

Example 11. Returning to example [3| with the lexicographic ordering, one would need a

Grobner basis of the ideal I generated by

f1:2$)\+1
fa=2yA =3
fz3=x2XA+ 32X =\
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in order to properly use the division algorithm. First consider the S-polynomial of f; and
f3:

2y 2z

S(f1, f2) = Tfl - T)\fQ = 6x + 2y

Division of S(f1, f3) by G = (f1, f2, f3) doesn’t change the polynomial, so

fa :=nfq(S(f1, f2)) = 6z + 2y.

Now f; is added to G. Continue with
S(f1, f3) =T — 2y2)\ + 2.

This time the polynomial can be divided which results in

f5 = nfa(S(f1, f2)) = —% L2

After inserting f5 in G, the leading term of f5 can be eliminated again, this time combining

it with fs:

fo = nfe(S(f2, f5)) = —42* + 10

A final check yields that G = {fi,..., f¢} is a Grobner basis of I with respect to the
lexicographic ordering.

A closer look at these polynomials yield a nice surprise. fg depends only on A, such
that its solutions can be computed with an ordinary solver for one-variable polynomials.
Then one obtains the values of y and x by substituting into f5 and f; and crosschecking
whether the other polynomials also vanish. The generalization of this phenomenon is known

as the elimination theorem.

Theorem 12 (Elimination Theorem). Let I be an ideal in K[zi,...,z,] and G be its
Grobner basis with respect to the lexicographic monomial ordering with 1 = ... = xp.
Then

GNKzg, ..., )

is the Grébner basis of the ideal I N K|z, ..., x,] (with respect to the to Klzg, ..., z,]

restricted monomial ordering).
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Proof. See [12] (Chapter 3, Theorem 1.2). O

Even better suited for the calculation of the variety is given by the rational uni-
variate representation [I4] or the geometric resolution [15], although technical limitations

apply in both cases.

Grobner bases are by no means unique, even for a fixed monomial ordering. Given
a Grobner basis G, you can add polynomials which belong to the ideal I and again obtain
a Grobner basis. You may even replace a polynomial ¢ € G by f + g for some f € [ as
long as f 4 g and g have the same leading monomial. These two properties can be used to

calculate a normal form of Grobner bases.

Theorem 13. Every ideal I in Klz1,...,x,] has a unique reduced Grébner basis G, which

1s characterized by
1. I =(G).
2. LC(g) =1 for all g € G.
3. For all g € G, no term of g lies in (LM(G \ {g})).
Proof. See [12] (Chapter 2, Theorem 7.6). O

Luckily, the Buchberger algorithm or more advanced algorithms are implemented
in many computer algebra packages, for example in Singular and Maple. For the computa-

tions in this thesis, Singular [16] was used.

Example 14. As second example for the usefulness of Grobner bases consider example
again. Here the graded reverse lexicographic monomial ordering with u > x5 > xg = x3 >
X9 = x1 = x4 will be used. Usually, this yields to much smaller Grobner bases (especially
lower degree) than the lexicographic ordering. Rigorous differerences regarding the degree

of occurring polynomials will be established in the end of the chapter.
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A Grébner basis of I = (f1,..., fs) is G ={g1,...,9s} with

g1 := 216 — T2

g2 = u — 25 + 11
.— 9 _ 2

g3 ‘= 4571 r3xq Ty oIy
2 2

g4 = x5 — 22371 + 2] — 22224

gs ‘= 2.1‘5563 — 21’3%’1 — T4
=4z -4 2

g6 1= 4y — dxzz) — 27 — 4dwoxy

g7 = $3:c% — 2x52974 + 2x0x174

gs 1= x%xl — 2T5T9T4 + X3XT2T4 + Tox 124
The hypothesis to prove was formulated as
h = T3Xxg — T4T5.

So one first can check whether h € I. This would imply that A = 0 for all configurations
that fulfill the conditions f; =0,..., f¢ = 0. But

1
nf(h) = 5333.172 — T5T4.

Theorem [9] implies that h ¢ I. However it turns out that
nf (k%) = 0.

This means h® = 0 and therefore also h = 0 for all configurations in V(fi,..., fg). This
proves the claim that the cirumcirle center M lies on the median line AD.

In general the radical ideal membership (i.e. is h € v/I?) can be solved by the
so-called Rabinovic trick (consult [12], Chapter 4, Proposition 2.8).

2.3 Ideal Dimension

Example 15. In figure you see a circle which is the set V; := V(2% 4+ y? — 1). This
would clearly be called one-dimensional, whether as a subset of R? as it is drawed in the
figure or as subset of a higher space. One would also expect, that translations, isometric

mappings and many other functions preserve the dimension of a variety.
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Figure 2.1: Examples intuitively clear variety dimensions.

Figure is the cone defined by V5 := V(22 + y? — 2?) and intuitively two-
dimensional. As in the first example, the dimension equals the number of variables minus
the number of equations. But that’s not necessarily true for varieties generated by several
equations.

This is illustrated by figure 2.1d, which is V3 := V((z —y)(z — 1), (z —y)(y — 0.5)).
This variety is the union of the line y = x and the point (1,0.5). The line has clearly
dimension 1, the point dimension 0. Therefore one would define the dimension of V3 as the

maximum of both, namely 1.

For many varieties one can define a dimension quite intuitively when looking at
them. But it’s hard to draw higher dimensional varieties and furthermore a rigorous defi-
nition is desirable when one wishes to analyze related properties and maybe even compute
it automatically. Mathematicians have found many equivalent ways to do so. The most
intuitive notion is probably this.

For a variety V, let its dimension dim(V') be the largest dimension of a subspace
H C K™ such that the projection of V' onto H is contained in no proper subvariety of H.

Now turning to ideals, one defines the dimension dim(I) of an ideal I to be the
dimension of the corresponding variety dim(V(I)).

But this definition is not very useful for proofs and algorithms. Therefore alge-

braic equivalences were studied. The following notation will be used: Let F' be a set of
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polynomials. Then

Fes:={f € F:deg(f) < s}.

Theorem 16. Let K be algebraically closed and I be an ideal in K|z1,...,zy,]. Then dim(I)

can be calculated as follows.

1. dim(I) = deg(H Pr) where H Py is the Hilbert polynomial of I, defined as

HP(s) = dimg (Kz1, ..., 2n]<s/I<s) for sufficiently large s.

2. dim(I) equals the cardinality of the biggest set S C {x1,...,x,} such that
INK[S] = {0}.
Proof. See [12] (Chapter 9, Proposition 3.6, Definition 3.7, Theorem 3.8, Corollary 5.4 and

Proposition 5.5). O

Theorem 17. Let K be algebraically closed and I be an ideal in Klzy,...,z,]. If < is a

graded monomial ordering, then additionally
4. dim([I) is the mazimum dimension of a subspace H of V((LM(I))) of the form

H={(a1,...,ap) € K":a; =0Vi € S} for some S C{1,...,n}.

Proof. See [12] (Chapter 9, Theorem 3.8 and Proposition 5.5). O

These definitions of the dimension of a variety shall be illustrated in the following
example. There will be no rigorous proof but explanations of the diverse notions of the

dimension.

Example 18. This example studies the variety of figure This variety is corresponding
to the ideal I = ((x — y)(z — 1), (x — y)(y — 0.5)). In order to check the various formulas of
the dimension, a lexicographic monomial ordering (for 2.) and a graded monomial ordering
(for 3. and 4.) will be needed. The Grobner basis with respect to <jex respectively <greviex
(with = > y for both) are

Ghex ::{2acy—x—2y2+y,ac2—:vy—x—|—y}
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Goreviex = {2xy — 2y2 —x+y, 2 — 3zy + 2y2}

Please note, that the example must be considered over the algebraically closure of R, which

is C. Thus the variety under consideration is
V(I)={(a,a):ac C}U{(1,0.5)}.

The only subspace of C2? of dimension 2 is C2. But since V(I) itself is a proper subvariety
of C2, the dimension of the variety is not 2. However the projection of V(I) into the one-
dimensional subspace H = {(a,0) : a € C} is the whole subspace H and therefore no proper
subset. Thus the dimension of [ is 1. This will be checked with the various formulas given

in theorem [I6] and

1. In order to find the Hilbert polynomial, one has to determine the dimensions of
dimc(Clz, y]<s/I<s). One basis for Clz,y]<s is given by the monomials of degree
at most s. Thus the dimension of this linear space is (552). The basis for I« is
slightly more complicated. According to the division algorithm, the two monomials
of Ggreviex form a basis of I<3. For s > 2, the dimension of I<, is the dimension of
I<4—1 plus the dimension of the space generated by the parts of the generators with
degree 2 (2zy — 2y? and x? — 3xy + 2y?) multiplied with monomials of degree s — 2.

A basis for this linear space is given by

2

m(z® — zy) for m monomial, deg(m) = s — 2

n(zy — y?) for n monomial, deg(n) = 2,z { n.

The condition z t n is necessary since only so the system is linearly independent.
Otherwise one would obtain the same polynomial for m = £n. So the dimension of

I<g for s > 2 is
dimC(I<s):2+i((s—1)+1) — ot tis41)—3= (2 4s—2).
- 1=3 2 2

This yields the Hilbert polynomial

1
HP;(s) = dimc(Clz, y]<s) — dime(I<s) = (8 —; 2) — 5(32 +s5—2)=s5+2,

which has degree 1. So the ideal dimension dim(/) = 1.
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2. Obviously, I N C[z,y] # {0}. So the dimension cannot be 2. On the other hand, by
the elimination theorem [12] I N C[y| = {0} since Giex NCly] = 0. Thus the dimension
of I must be 1.

3. The leading monomials of I with respect to <greviex are the multiples of xy and x2.
Thus LM(I)<; is empty. There are (352) monomials in 2 variables of degree at most
s. So, for s > 2, there are (;) multiples of 2 of degree at most s. Additionally there

are all monomials of the form xy® with a =1,...,s —1. So for s > 2

dime(LM(I) <) = (;) bs—1= %(52 +s—2)

. . +2 1
H Py (s) = dime(Clz, y]<s) — dime (LM (1) <s) = (S 5 ) — 5(82 +s—2)=s+2

Finally, dim([) = deg(HP<LM(I)>(s)) = 1.
4. V(LM(I)) = V(zy,2%) = {(0,a) : a € C}. In this case, V(I) is a subspace of C? with

dimension 1. Therefore also dim (/) = 1.

The special focus of this thesis is on zero-dimensional ideals. Hence it is suggesting
to study in which cases an ideal has dimension 0. Of course one could use the definitions
of theorems (16| and [17] directly. But it turns out, that one can this special case allows even

more characterizations.

Theorem 19. Let K be algebraically closed, I an ideal in Klzy,...,x,] and < an admis-
sible monomial ordering. Then dim(I) = 0 if and only if one of the following equivalent

conditions holds:
1. V(I) is a finite set.

2. x]" € LM(I) for alli=1,...,n and some m; > 0. Thus, if G is a Grobner basis for

I, it contains elements g; with LM(I) = z".
3. Klzy,...,x,)/I is finite-dimensional.

Proof. See [12] (Chapter 5, Theorem 3.6). Note that the Hilbert polynomial has degree 0

if and only if K[xy,...,z,]/I is finite-dimensional. O



24

Example 20. The ideal I considered in example |3| is zero-dimensional. This shall be
checked using the conditions provided in [I9 For the sake of simplicity, the following,
smaller Grobner basis (but also with respect to the lexicographic monomial ordering for
T =y A)

G :={2)\? — 5,5y — 3\, 3z + y}

will be used instead of the Grobner basis calculated in example

1. The first polynomial in G has the roots A\; = \/g and Ay = —\/g . Plugging these

into the other polynomials immediately gives
(o ) o)
which is obviously finite.
2. The leading monomials of the Grobner basis G are
LM(2)\% — 5) = A?

LM(5y — 3A) =y
LM(3z 4+ y) = =

3. A basis of K[z1,...,x,]|/I is given by the factor classes of the monomials that are not
reducible, i.e. the monomials not divisible by the leading monomials of a Grébner

basis. In this case these are {1, \} such that dimc(Klz1,...,2z,]/I) =2 < cc.

Finally, one can give similar definitions for homogeneous ideals and projective
varieties and connect them to the affine case. In the following F_; denotes all homogeneous

elements of degree d contained in the set F' and the zero element, i.e.
S_q:={f€S:deg(f)=dor f =0}
Then the (projective) dimension dimp(J) can be defined as
dimp(.J) = deg(HPY)
where H P}ﬁ is the projective Hilbert polynomial of J

HP5(s) = dimg (K[zo, . . . , n)=s/J—s) for sufficiently large s.
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Theorem 21. Let K be algebraically closed, J a homogeneous ideal in K[z, ..., z,]. If J
is the homogenization of I, i.e. J = ("f: f € I), then dim(I) = dimp(J).

Proof. See [12] (Chapter 9, Definition 3.10, Theorem 3.12, Corollary 5.4 and Proposition
5.5). O

Note that speaking of homogeneous ideals, usually the projective dimension will

be meant unless something else is stated explicitely.
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Chapter 3

Degree Bounds

3.1 General

As powerful as Grobner bases are, their computation is usually very expensive. In
[5], Ernst Mayr and Albert Meyer were able to show that all algorithms which solve the
ideal membership problem for arbitrary bases require space exponential in the size of the
input in the worst case. Once a Grobner basis is computed, the division algorithm easily
solves the ideal membership problem. Therefore the Grébner basis computation must be
the hard part.

But why is it sufficient to worry about the degrees of the polynomials? Of course
these contribute to the size, but so do the coefficients and the number of Grébner basis
polynomials. Klaus Kiithnle and Ernst Mayr presented in [6] an algorithm that computes
Grobner bases using only exponential space. Their argument heavily relies on the upper

degree bound by Thomas Dubé:

Theorem 22 (Dubé, 1990). Let I = (f1,..., fs) in K[zy,...,z,] with mazimal degree of
the generators d = max{deg(f1),...,deg(fs)}. Then for any admissible monomial ordering,

there is a Grébner basis with polynomials that have degrees bounded by

d2
d<2+d)

Proof. See [17] (Corollary 8.3). O

277,71

With the same reasoning as in [6] one could derive a more efficient algorithm if one
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could prove a better upper degree bound. However, in general it is not possible to improve

the degree bound qualitatively. This was shown by Michael Méller and Fernando Mora:

Theorem 23 (Moller, Mora, 1984, Mayr, Meyer, 1982). There is a family of ideals K,, of
polynomials in 14(n + 1) variables with degrees bounded by d + 2 such that, with respect to
any degree compatible monomial ordering, every Grobner basis of J, contains a polynomial
of degree at least

d*"

5 + 4.
Proof. See [18] (Proposition 3.4) and note that for degree compatible orderings every
Grébner basis is also a H-basis. The construction relies on an example given by Ernst

Mayr and Albert Meyer in [5]. O

Therefore the best one can do is to search for certain classes of ideals that allow
better upper degree bounds. It will be shown that Grobner bases for zero-dimensional ideals
behave much better. Herefore different monomial orderings will be considered and matching

upper and lower degree bounds will be given.

3.2 Zero-dimensional Ideals, Lexicographic Ordering

Usually one desires to have good upper degree bounds. Those limit the complexity
of the studied object, in this case Grobner bases. As mentioned in section these can
determine the effort needed to compute Grobner bases even explicitely.

Additionally, lower bounds can be very useful as well. They can tell, whether it is
possible to further improve existing upper bounds. As soon as the upper and lower bounds
match, these are optimal for this class of ideals. Then, if even better upper bounds are
necessary, the only remaining possibility is to restrict the class of ideals further.

As in section bounds of the following type will be of interest: Given arbitrary
polynomials fi,...,fs € K[z1,...,2,] of degrees dy,...,ds, how can the degrees of the
polynomials in a Grobner basis for the ideal I = (f,..., fs) be bounded, in terms of the
number of variables n and the degrees of the generators dy, . .., ds? From now on throughout
the rest of the thesis, di < ... < d; will be assumed.

Usually bounds are already considered to be matching if their growth is similar,

e.g. exponential or polynomial of the same degree. For zero-dimensional ideals, however,
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the situation is especially beautiful because exactly matching upper and lower bounds are
known.

This section will provide and prove lower and upper bounds for the lexicographic
monomial ordering. Additionally the usual behaviour of randomly chosen polynomials will
be studied, a notion that will have to be formalized first. The graded reverse lexicographic

ordering will be treated in the next section.

3.2.1 Lower Bound

First consider an example for which the degrees in the Grobner basis are large

compared to the generators.

Example 24. This example is well-known. In a slightly different form it was stated in [18§]
(Proposition 2.2). For an arbitrary n > 1, let K,, C K[z1,...,z,] be the ideal generated by

d
fi =z + 5"

foi=x9 + :U§2

dp—
fn—1:=ap_1 + a7t

fn = "

So deg(fx) = di. Consider the lexicographic monomial ordering with z1 > ... > x,. Now

one can form the S-polynomial of f; and f,
S(f1, fn) = ai* " ag!
This polynomial is reducible with respect to fi:

S(fi, fn) — (xf”fogl — xf“fg’xgdl - = :Egdnfl)(h) fi= :l:xgld"

Similarily, reducing the result with respect to f gives j:a:glde". Inductively, one obtains a

new polynomial (the sign can be chosen arbitrarily)

g = :Egl"'d" € K,.
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The system of polynomials

d
fl :I'1+£L‘21

p) 21‘2-1-3332

dy—
fom1 = xp_1 ot
g =

still generates the same ideal and is a Grobner basis. This can be easily checked with the

following criterion.

Proposition 25. Let I be an ideal in K[xy,...,z,] and G a basis for I. If
ged(LM(g),LM(h)) =1 for all g,h € G,g # h

then G is a Grébner basis for I.

Proof. See [12] (Chapter 2, Theorem 9.3 and Proposition 9.4). O

On the other hand, by the elimination theorem G NK[z,] is a Grobner basis
of I NK|xz,]. Since this is also true for every other Grobner basis of I, every Grobner basis
of I must either contain the polynomial g or several multiples of ¢ whose greatest common
divisor is g.

Finally, it’s easy to see that the conditions of theorem [19| are satisfied (look at the
condition for Grobner bases in 2.) such that dim(K,) = 0.

The example can be summarized as follows.

Theorem 26 (Folklore). There is a family of ideals K, C K[zi,...,x,] generated by
polynomials f1,..., fn of degrees dy,...,d, such that every lexicographic Grébner basis for

K,, contains a polynomial of degree dy ---d,.

If all polynomials f1,..., f, have the same degree d, the maximal degree in the
Grébner basis of K, will be d” and therefore exponential in the number of variables. Here
the question arises, whether this is exceptional or the "usual case” and whether even worse

growth can occur. The rest of the section shall answer both questions.
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3.2.2 Upper Bound

Intuitively the lexicographic monomial ordering allows really large degrees in the
Grobner basis since there are monomials with high degree that are very small in this or-
dering. In fact, the upper bound that will be provided holds not only for the lexicographic
monomial ordering but for any admissible monomial ordering. Since it matches the lower
bound given by theorem one can say that the lexicographic monomial ordering consti-

tutes the worst case. For the proof the well-known Bézout theorem is needed.

Theorem 27 (Bézout’s Theorem). Let fi,..., fs be polynomials of degrees dy < ... < ds

in Klzy,...,xn] and I = (f1,..., fs). If I is zero-dimensional then
dimg (K[z1,...,z,]/]) < dj---dp.
The bound is exact for s =n if and only if the system

in(f1) =0

in(fn) =0

has no solutions. Here in(f;) is the sum of all terms of f; of degree d;, which is sometimes

called initial of f;.

Proof. A well-known version of Bézout’s theorem states that for n = s the number of
projective solutions (counting multiplicities) of a system of homogeneous polynomials over
an algebraically closed field is exactly the product of the degrees of the polynomials if it is
finite (see [19], Chapter IV, §2, Example 1).

Note that for s < n either dim(/) > 0 or V(I) = 0, so there is nothing to prove.
For s > n and dim(I) = 0, one can pick n polynomials in I of degrees dy > ... > d,, that
induce a zero-dimensional variety (analogous to [20], Proof of Lemma to Proposition 5.4.1).
The number of solutions of fi, ..., fs is, of course, at most the number of solutions of these
n polynomials.

By dehomogenizing, i.e. setting one of the variables to 1 (usually xg), the solutions

at infinity disappear. Those solutions have a zero in the coordinate that is dehomogenized.
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In other words they are the common solutions of the initials

in(f1) =0

in(fs) =0

So the number of affine solutions may be less but not more than the number of projective
solutions. Finally, the number of solutions counting multiplicity equals the dimension of

the factor ring K[z1,...,z,]|/I (see [21], Chapter 4, Corollary 2.5). O
Example 28. Consider the affine system

fi=2"+y
fo=y*+a°

The system of initials is

This has the projective solution (x : y) = (0 : 1) with multiplicity 2.

The affine solutions of f; = fo = 0 are (z,y) = (0,0) with multiplicity 3 and
(—=1,—1) with multiplicity 1. Here the multiplicities can be explained by solving f; for y
and substituting in fs.

So the number of affine solutions counting multiplicities is 4, which is smaller than
deg(f1) deg(f2) = 6. However there are 2 solutions at infinity. Counting those, the number

of solutions equals the product of the degrees.

A strategy used to prove an upper degree bound for Grobner bases is to prove
an upper degree bound for normal forms. Then all polynomials in the reduced Groébner
basis have degrees bounded by the degrees of the normal forms. This approach was used
by Daniel Lazard in [7] (Theorem 2). It will be verified in the following proposition and

reused in the next section.

Proposition 29. Let I be an ideal in K[z1,...,x,]. For a fited monomial ordering, assume
that all normal forms have degrees bounded by d. Then the reduced Grébner basis G for I
contains only polynomials of degrees bounded by d + 1.
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Proof. By assumption, all monomials z® of degree at least d+ 1 have normal forms of lower
degree. Since z® > LM(nf(xz®)) by the division algorithm, one has x® € LM(I).

Let G be the reduced Grobner basis for I. By theorem all monomials of
polynomials in G except the leading monomials are not contained in LM(7) and therefore
their degrees are bounded by d.

Furthermore no leading monomial of a polynomial in G is divisible by another

monomial in LM(G) (which generates LM([I)) such that the degrees of the leading mono-

mials are bounded by d + 1. O
Theorem 30 (Folklore). Let I C Klx1,...,zy,] be an zero-dimensional ideal generated by
polynomials f1,..., fs of degree dy,...,ds. Then there is a lexicographic Grébner basis for

I which contains only polynomials of degrees bounded by dy - - - d,,.

Proof. Consider the ring of normal forms A := {nf(f) : f € Klz1,...,2z,]} as defined in
theorem @ By Bézout’s theorem ,

dimg (A) = dimg (K[z1, ..., 2,]/]) < dj---dp.

Let 2% be any monomial in A. Then neither 2® nor any of its divisors 2° | # are contained in
(LM(I)) and thus 2¥ € A. Since every monomial of degree d; - - - d,, has at least dy - - - d,, + 1
divisors (counting z%) and all monomials are linearly independent, deg(z®) < dj---d,.

Finally proposition [29| yields the desired upper degree bound. O

3.2.3 Generic Degree

For the further studies of the lexicographic monomial ordering, a rigorous definition
of the "usual case” is needed. This notion is supposed to capture what happens almost surely
for randomly chosen polynomials. One of the problems is the definition of random. Since the
degrees of polynomials are fixed, only the coefficients have to be chosen randomly, preferedly
uniformly distributed. But the field K is usually infinite. This challenges the quality of all
kinds of sample methods and disallows using this approach for a formal definition.

Since the objects of studies are polynomial equations, it turned out to be natural

to use themselves for this definition. Consider polynomials fi, ..., fs whose coefficients are
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coefficients, i.e.

fi = Z Ui 0™ € Rlz1,...,Tp)

aEZgo
|| <d;

where

R:=1Zluin:i=1,...,5,a € Z%),|a] < dj]

is the ring of the coefficients. The ideal generated by those polynomials will be called
Z={f1,...,fs). Choosing specific polynomials of degrees dj,...,ds with coefficients in K
is equivalent to choosing a homomorphism from R[z1, ..., x,] to K[z1,. .., z,] that preserves
Z1i,...,ZTn. These homomorphisms are called specializations.

A property is said to hold generically respectively to be generic if for any tuple of
degrees di,...,ds there is a polynomial 0 # h € R that fulfills:

For all specializations ¢ : R[x1,...,z,] — Klz1,...,z,], the property holds for
W(f1), -, (fs) whenever ¥(h) # 0.

This means, that only the solutions h are allowed to be exceptions. Since h is not

the zero-polynomial, i most likely won’t vanish on a randomly chosen point.

Example 31 ([2I] Chapter 3, Exercise 5.1). A polynomial in one variable of degree 2 has

generically two distinct solutions. To see this let
fi=az’+br+c

such a polynomial and ¥ be a specialization. It is well-known, that ¢ (f) has two solutions
over C if a # 0. They are distinct if the discriminant > — 4ac does not vanish. Together,

¥(f) has two distinct solutions if
h:= a(b® — 4ac) # 0.

Instead of only giving degree bounds for the generic case, it is possible to de-
scribe the form of the lexicographic Grébner basis in much greater detail (as usually,
x1 = ... = xp). This is accomplished by the so-called shape lemma. For the proof multi-

variate resultants are needed. This only applies to the situation s = n.
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Theorem 32. Let K be an algebraically closed field. For fixed degrees dy, . ..,d, consider

homogeneous polynomials

F; = E ui,axa € 8[1’0,...,33”]
a€Zy,,
lov|=d;

fori=0,...,n and
S =Zuin:1=0,...,n,a € Z),|a| = di].

Then there is a polynomial Res(Fy, ..., F,) € S, called resultant, such that for all special-

izations ¢ : S[xg, ..., x,] — K[zo, ..., x,] the following holds:
Y(Res(Fp, ..., Fp)) =0 <= (Fo)(p) =...=¢(F,)(p) =0 for some 0 #pecC"
Proof. See [22] (Chapter 3.1). O
For linear homogeneous polynomials, i.e. dg = ... = d,, = 1, this polynomial is the

determinant of the coefficient matrix of the linear system. In the case of two homogeneous

polynomials in two variables this resultant equals the well-known Sylverster resultant.

Theorem 33 (Shape Lemma). Let K be an algebraically closed field and fori =1,...,n
define
fi = Z Ui 0 € Rlx1,. .., 2]

a€Zy,
|o| <d;
where
R :=Zlujn i=1,...,n,a € L3, |a| < d;].
Let ¢ : Rlz1,...,xn] — Klz1,...,2,] denote a specialization and assume that I =

(W(f1),...,¥(fn)) is an zero-dimensional ideal in K[z1,...,x,]. Then the reduced Grébner

basis of I generically consists of n polynomials of the form

g1 =11+ g1(xp)

Gn—-1=Tp—1+ gn—l(xn)

gn = lemdn + gn(xn)

where g1, ...,gn are polynomials in x, of degree less than dy - - - d,.
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Proof. Tt is to show that there is a polynomial h € R such that whenever 1(h) # 0, the
Grobner basis of I has the stated form.
Bézout’s Theorem [27] and theorem [32] imply that

m = dim(K[zq,...,z,]/I) =dy---dy

whenever

Y(Res(in(f1),...,in(fn))) # 0.

Following the hints of [2I], Chapter 3, Exercise 5.6, the following fact from multiplicity
theory will be used. Since the projective extension theorem shall be used, all notions have
to be formulated for homogeneous polynomials.

If the affine tangent space to an affine variety V in a point p is of the same
dimension as the variety, then p is a nonsingular point, i.e. the multiplicity of p is 1
([19], Chapter 1.4, Theorem 3). This will be needed in the following context. The variety
V C K|zg,...,z,] is generated by homogeneous polynomials Fy,..., F, € Kzg,...,zy]
with only finitely many common roots in P, i.e. dimp(V) = 0 and the affine dimension
dim(V) = 1. So in order to show that some p € V has multiplicity 1, one has to show that
the affine tangent space in p has dimension 1. The tangent space T, at p is defined as the
set of lines through p that are tangent to V. This can be written as (see [19], beginning of
Chapter 1.3)

"~ OF;

T,=<qgeK":) —
P {(] 8.%'k
k=0

(p)(qk—pk):()forz':l,...,n}.

Obviously, this vector space has dimension 1 if and only if

oF; oF; .
VG = (550 G} =L

are linearly independent.
This will be applied to the homogenizations "fy,...,"f, € R[z1,...,z,]. Let M

be the number of coefficients u; o of fi,..., fn and define the variety

W= {(Cia>p,01,...,0,) € KM x P x Pt 3¢C<hf1)(p) =...= wC(hfn)(m =0 and
alvwc(hfl)(p) +...+ anv¢c(hfn)(p) = 0}'
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Here 1. stands for the specialization homomorphism defined by (u;q) = ¢iq for i =
L,...,n and a € ZY,, |a] < d;. W can be viewed as projective in p and (aj : ... : a,) since
all defining equations are homogeneous in p and homogeneous in (aj : ... : a,).

Consider the projection m : KM x P x P*~1 — KM applied to the variety
W. The element ¢ € 7(W) represents all polynomial systems v.("f1),...,vc("f,) that
have at least one common root p € P with multiplicity more than one. To see this,
note that ai,...,a, are chosen from P" ! and therefore form a nontrivial relation of
Vo ("f1)(p), - - ., Ve ("f2) (p). The Extension Theorem (see [12], Chapter 8, Theorem 5.6)
says that the a projection from Vi x V5 to V; of a variety is a variety, if the ground field is

algebraically closed and Vs is projective. One can view m as two projections
KM x P* x P! — KM x P* — KM,

Thus W is a variety. So it remains to show that W # KM . It is easy to see that

d;
FZ' = (CCZ — ]{?l‘o)
k=1
fori=1,...,n—1 and
dn n—1 l
Fo=]] | #n—kxo =D [ (dn+ D ]](d;+1) | 2
k=1 =1 j=1

has exactly d; - - - d,, distinct solutions, namely
(l:ar:...:ap) fora; € {1,...,d;} (i=1,...,n—1)

and a, = an + S0 ai(dy + 1) Hé‘:1(dj +1),a, €{1,...,d,}. By Bézout’s theorem all
these solutions must have multiplicity 1. This proves that (W) # KM,

Similarily one can define

W, = {(Ci,ompa qo, - -, anl) € KM x P x ]P)n_l :,¢C(hf1)(p) =...= ¢C(hfn)(p) =0 and
ve("f)p+9) = = ve("f)(p+ ) =0}

for ¢ := (go : ... : qu_1 : 0). Note that v.("f;)(p + ¢q) is homogeneous in ¢ since each

polynomial .("f;)(qo, ..., ¢n_1,0) only contains terms without z, coordinate of degree

deg(w("f;)). Then m(W’) just represents the systems which have at least two different
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roots with the same x,, coordinate. The same example F1,..., F, given above also shows
that 7(W’) # KM since the z,, coordinates of all dy - - - d,, solutions are different.

Since 7(W) and 7(W') are proper subvarieties, one can choose nonzero polynomials

h1 € I(w(W)) and he € I(w(W')). Then hy,hy € R. Let
h:=Res(in(f1),...,in(fn)) - h1 - ho € R.

Then ¢ (h) # 0 implies, that ¥(f1),...,1¥(f,) have no common roots at infinity, all their
roots have multiplicity 1, and the roots have different x, coordinates. Again by Bézout’s
theorem, there must be exactly dj ---d, different common roots. Thus this is a generic
situation.

Assume now that ¥(h) # 0 and consider the ideal I = ((f1),...,%(fn)) and

the factor ring Kz1,...,z,]/I. For d := dim(K[z1,...,2,]/]) = di---d,, the equiva-

l’d_l

lence classes [1], [zp], ..., [z%

| must be linearly independent. Otherwise there would be a
polynomial
f= cd_laczfl +...4+cixy,+cg el

Let piy, . ..pdn be the d distinct x,-coordinates of the points in V(I). Then f(p;n) = 0 for
i=1,...,d. Viewed as equations for the d coefficients ¢;, these d linear equations constitute
a homogeneous system whose coefficient matrix is a Vandermonde matrix in the p;,, which

are pairwisely distinct. Since this matrix is non-singular, there is only the trivial solution

f = 0. Because dim(K[zy,...,x,]/I) = d, the classes [1], [xn],...,[z¢"!] form a basis of
Klz1,...,z5]/1.
So one can express [21], ..., [2n_1], [£%] in this basis yielding

[21] = g1([zn]) = O

[Zn-1] = gn-1([2s]) =0

[2n]™ = gn([zn]) = 0.
Replacing the equivalence classes [z;] by the variables x; one obtains polynomials g1, ..., gn
of the claimed form. Since they vanish on the equivalence classes, they are contained in I.
Thus V(I) C V(g1,...,9,). But g, has exactly d roots since K is algebraically closed and

g1y, 9n—1 give exactly one solution p € V(gi,...,g,) for every root of g,. Thus

Vg1, 9n)| = d = |V(I)]|
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and therefore V(I) = V(¢1,...,gn). By Hilbert’s Nullstellensatz (theorem

VI = VAL gn)-

Since both I and (gi,...,gn) have no multiple roots, they are radical (see [2I], Chapter 4,
Corollary 2.6) and thus

I={(g1,....9n)

Proposition 25| finally shows that {g1,...,gn} is a Grobner basis of I. O

So one can summarize the results for the lexicographic ordering of zero-dimensional
ideals as follows: for an ideal generated by f1,..., fs of degree di,...,ds, only polynomials
of degree at most d; - - - d,, are necessary for the lexicographic Grobner basis. On the other
hand, generically (i.e. usually) for n = s at least one polynomial of the same degree is
necessary. If all generators have the same degree d, the degree bound can be written as d".

Note that n = s is no real restriction for the statement in the generic case since

the dimension of (f,..., fs) is generically max(n — s,0), which is only zero if n = s.

3.3 Zero-dimensional Ideals, Graded Orderings

Graded monomial orderings and especially the graded reverse lexicographic mono-
mial ordering are known to be computationally more efficient. This highly correlates to the
results presented in this section. The last section showed that the degrees in lexicographic
Grobner bases grow exponentially in the number of variables, even for zero-dimensional
ideals. In the same setting, this exponential growth can be avoided by using a graded

monomial ordering.

3.3.1 Lower Bound

But the first look will be into a lower degree bound, again. As in the last chapter,

this will match the upper bound provided later.

Example 34. In order to establish a lower degree bound, consider the ideal L,, generated
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di—1 d
fii=z125" " + a2yt

do—1 d
fo = xowg® + 2’

- dn-1—1
fnfl L ‘/L‘nflxnn ! + xn
. d
frn ="

For an arbitrary graded monomial ordering < with z; < ... < x,, a Grobner basis of L,, is
given by
g1:=f1= $1$§i1_1 + xgl

do—1 d
g2 ‘= f2 = $25532 + 1532

o _ dn_1—1 dp—
On—1 = fn1 = Tp_1xy," 7 +a !
gn = fn =127"

dn—1 _d di+d,—1
gn+1 :=0f(S(gn, g1)) = nf (] 15521) = $21+

In+2 = nf(S(gn+1,92)) = nf(xg1+dn—2xgz) _ xg1+d2+d"_2

di+...+dp_o+dn—(n—1 _ oty — (n—
9201 = 1E(S(g2n—2, gn—1)) = nf (&t H =D by ()

The key that leads to this observation is that all occurring polynomials only depend on two
variables. Thus the relative order of their terms is the same for all considered monomial
orderings. {gi,...,g2n—1} obviously generates the ideal L,, since it contains the genera-
tors fi,..., fn and since ¢1,...,92n—1 € L,. Furthermore one can verify that the Buch-
berger algorithm [2| would not add any more polynomials to this set. By the correctness
of the algorithm (theorem it must therefore be a Grobner basis. Thus the monomial
gt dn=(n=2) ¢ LM(L,,) whereas some polynomial of at least degree d;+...+d,, —(n—1)
must be element of every Grobner basis of Ly,.

Finally, dim(L,) = 0 due to the leading monomials of g,,...g2,—1 and theorem

This example proves the following theorem.
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Theorem 35 (Folklore). There is a family of ideals L, C K[zy,...,x,] generated by poly-
nomials f1,..., fn of degrees dy, ..., d, such that every Grébner basis for L, with respect

to any fized graded monomial ordering contains a polynomial of degree y ;" | (d; — 1) + 1.

3.3.2 Upper Bound

This section closely follows the expositions of Daniel Lazard in [7] and [§]. The
citation won’t be included at each single lemma, although also proofs of lemmas are taken
from these sources.

The proof of the matching upper degree bound is much more involved. First a
short outline shall be given. The proof is of algebraic nature as it works with properties of
the factor ring K[z, ..., x,|/J of a homogeneous ideal J. In a first step it will be proved
that for any zero-dimensional homogeneous ideal J there is a zg € Klzg,...,z,]/J such

that every element of the factor ring with sufficiently large degree d is a multiple of zp.

An equivalence class y of K[z, ..., x,]/J is said to be homogeneous of degree d or
y € (K[zo,...,xn]/J)=q if y contains a polynomial that is homogeneous of the same degree.
Since all y € K[zo,...,z,]/J can be decomposed to
d
y= Zy:i
i=1
whereby y—; € (K[zo,...,xn]/J)=i for i = 1,...,n, one can call the minimal such d the

degree of y. [f] will denote the equivalence class that contains f.

In a second step, the smallest degree d is determined for which this statement
holds. Then one can dehomogenize the ideal and obtain a degree bound on the normal
forms. Finally, proposition [29 can be applied to establish the degree bound for the reduced
Grobner basis.

The first step requires a structure theorem for radical ideals. It proves that every
radical ideal is the intersection of prime ideals. An ideal I in a ring R is called prime if
{0} C T C R and

fgel=felorgel.

Example 36. The ideal I := (z122) C C[z1,z2] is not prime since z1z2 € I but neither

x1 € I not x5 € I. On the other hand it is radical since f € v/I implies f¢ = z 299 for
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some d € N and g € C[zy,x2]. But x129 | f¢ implies x129 | f and thus f € I. Now I can
be written as

I = <.’E1> N <CL‘2> .

(x1) is a prime ideal since fg € (x1) implies 1 | fg and therefore z; | f (i.e. f € (z1)) or
x1 | g (i.e. g € (x1)) because x; is not the product of two polynomials. The same reasoning

yields that (x2) is prime.

Of course this example was quite trivial. The generalization of this situation,

however, is not. It is summarized in the following theorem.

Theorem 37 (Prime Decomposition). Let K be algebraically closed and J be a radical ideal
in Klzo,...,x,]. Then

J=pN...N0p,
for some r > 0 and prime ideals p1,...,p, with p; £ p;j for 1 <i#j <.

Proof. See [12] (Chapter 4, Theorem 6.5). O

Now it will be proved that for some zy every element of K|z, ...,z,]/J of suf-

ficiently large degree is a multiple of zy. The precise statement is given by the following

lemma.

Lemma 38. Let K be algebraically closed and J C Klxg,...,z,] be a homogeneous zero-
dimensional ideal. Then there is an element zy of Klxo, ..., xy,]/J such that the multiplica-
tion map

My (Klzo, ..., z0]/T)=da-1 — Klzo,...,zn]/J)=a,y — ¥ - 20

is a bijection for sufficiently large degrees d.
Proof. The strategy is to choose zgp such that it is contained in only one prime ideal, namely
m = ([xo], ..., [zn]) C Klzo,...,xn]/J.

Let p # m be a prime ideal of K[zo,...,z,]|/J. Then J C p+ J C Klzg,...,x,]. Since m is
a maximal ideal, m  p = /p. Therefore Vp(p + J) # 0 by the projective Nullstellensatz
(theorem [6)). So one can choose p € Vp(p + J). Then p is contained in the ideal

L(p) = (pilz;] — pjlzi] : 0 < i < j < n) CKlzo, ..., zn]/J
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since Vp(p + J) D Vp(L(p) + J) = {p} and L(p) is prime. The latter is a consequence of
Kl[zo, ..., zn]/L(p) being isomorphic to K[z] and the theorem that .J is prime if and only if

K[xo,...,xn]/J is integral. The isomorphism can be constructed from the representation
L) = (Pfai] = ] s0< i <n) 3.1)

for pi, # 0 (since p € P™, at least one coordinate is nonzero).

Now it is time to choose zg € (K[zo,...,2,]/J)=1. By the above consideration,
2o ¢ p for any prime ideal p # m can be achieved by choosing zy ¢ L(p)N(K[zo,...,z,]/J)=1
for all p € Vp(J). For every p, at least one coordinate py, must be non-zero. But implies

n
L(p)=1 = aglzo] + ... + anlan] : s € K o = Zai%
i
Because J C p+J C L(p)+J € m+J, L(p)=1 is a proper subspace of (K[zo, ..., zy|/J)=1 =
m—; for every p € Vp(J). Now J being zero-dimensional implies that Vp(J) is finite by
theorem [19 such that

U L= € Klzo,. .. zal/T)=1

Here the fact that K is infinite (since algebraically closed) is used.
Thus it is possible to choose zg € (K[zo,...,x,]|/J)=1 such that zo ¢ L(p) for all
p € Vp(J). By the prime decomposition theorem

vV (20) =p1N...N0py

for some prime ideals p; of K[xzo, ..., xy]. So p;/J are prime ideals of K[z, ..., x,]/J. Since

€ (z0)+J/J Cpi/J

was chosen such that m is the only prime ideal that contains z,
Pi / J=m

for all 7 and thus
\/<Z()>+J/J=m

respectively

mé=m-.-m C (2) for some d > 0.
——

d times
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d

Since m® contains all homogeneous elements of K[z, ..., z,|/J of degree at least d, m, is

surjective for this sufficiently large d. Furthermore, by theorem
deg(HPy) = dim(J) =0

and therefore dimg (Kzo, ..., 2,]|/J)=q-1 = dimg(K[zo,...,2z,]/J)=q is constant for suffi-

ciently large d. This means m;, is bijective. O

Example 39. To reproduce this strategy in an example, consider the ring Clxg, x1, 23] with

the homogeneous ideal J generated by

2
fl ::l‘o
fo :=z011 — 2172

f3 ::xf — T1X9.

Its graded reverse lexicographic Grobner basis is given by

2
g1 ‘=g

g2 ‘=TT1 — T1T2
2
g3 ‘=T — I1x2

2
g4 1=T17T5.

It is easy to see that the only point in the projective variety Vp(J) is p = (0 : 0 : 1).

According to the lemma one has to choose

20 ¢ L(p) = ([wo], [#1])

of degree 1, e.g. 2 := [z2] # 0 in Clzg,w1,22]/J. Since x3,x971,22 € LM(G), each
monomial of degree at least 2 is equivalent to a multiple of x9 modulo J. For d > 3,

dim(Clzg, x1, x2]/J)=q4 = 2 and thus the map mg, is bijective for d > 4.

The next step is to conclude that m,, is bijective for all degrees

n+1

d>> (di—1)+1
=1
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if the ideal J is generated by homogeneous polynomials f1, ..., fs of degrees d; < ... < d;
(if s<n+1,let di =1 for s <i<n+1). This part of the proof will be presented using
the Koszul complex.

The Koszul complex is a formalization of ideas going back to Cayley. It is a way
to describe and analyze dependencies among polynomials. As any complex, it is a sequence
of linear maps (or their representation matrices) such that the composition of two adjacent
matrices is the zero-map.

Start with generators fi, ..., fs of an ideal in R[x, ..., x,] for a noetherian integral
domain R, i.e. a notherian ring without zerodivisors and with 0 # 1 being distinct additively
and multiplicatively neutral elements. Remember that any field is noetherian since it has
only trivial ideals and, by Hilberts Basis Theorem [, any polynomial ring over a field is
noetherian, too. The first map expresses that these polynomials generate an ideal. It is

defined as i
01 : Rlxo,...,xn]" — Rlzo,...,zp], (a1,...,0) — Zaifi.
i=1

So the image of d; is exactly the ideal (fi,..., fs). But 0; is (for s > 1) not surjective. In
other words, there are relations

s

Zaifi =0, not all a; = 0.
i=1

Which are these relations, also called syzygies? Assume you do not know the polynomials
f1,--+, fs. Then it is still possible to come up with some syzygies, e.g. fafi — fifo = 0.

This corresponds to the choice

(alv"‘vas) = (f2a_f1707"')0)'

Obviously, there are more relations of the same kind. For ¢ < j, let a; = f;, a; = —f; and
ar = 0 for all k # i, j. Note, that for ¢ > j you would get the same relations, just multiplied
with —1. It turns out, that these (;) syzygies are basically all. Of course, polynomial
combinations of these syzygies are syzygies again. And for special choices of fi,..., fs there
might be more, as well. But beyond that, there are no more syzygies of fi,..., fs. Therefore

one can describe them by a linear map

K]

(52 : R[xo, . ,xn}(2) — R[ZC(), ce ,xn]s.
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Here it is convenient to introduce bases of Ay = Rz, ..., xn](g) and Ay = Rlzo,...,zy)°
and define 05 on the bases. The basis of A; will simply be eq,...,es where e; is the vector
of zeros with a 1 in the i-th row. So, letting Ag = R[xo, ..., x|, 61 can be described as the

linear map defined by
01: A — Ao, e — f;.

The basis of Ay will be denoted by e; A ej for @ < j. Then the dependencies of fi,..., fs
are described by

52 : A2 —>A1,6i/\€j — fiej —fjei for ¢ <j.

To further simplify the notation, it is common to define e; A e; := 0 and, for 7 < j,
ej N e; := —e; Nej. This is consistent with the definition of d2 (without the restriction

i < j), since
da(ej N ei) = fiei — fiej = —(fiej — fiei) = —02(ei Nej) = 02(—ei N ej)

and
52(61' N ei) = fie; — fie; =0= 52(0).

If s > 2, one would face the same problem again: the map Jo is never injective, since there

are relations between the syzygies, e.g.
52(f3€1 N ey — f261 Nes+ f1€2 A 63) =0.

So one can define another map that captures these relations. Since this process can go on
over s levels, a general definition of the maps shall be given now. In level r, each basis
relation involves r of the s polynomials where the order is unimportant. So there are (i)
basis elements which will be denoted by e;; A ... Ae;, with i3 < ... <i,. Again, for an

easier notation, one consideres vectors e;; A ... A e;, as basis vectors of
R[zg, ..., x,] - (Rlxo,...,20]°)".
This vector space is considered modulo the relations
c-(MiN...Av)=(c-v)Ava Ao Avp=... =01 A ... Ao A(C- o)

VA AV IA A= (0 A AN LAY+ (0 A AU A A )
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for all vy,..., v, 0,0 € R[xg,...,2,])%, ¢c € R and

viA...Av, =0 for all vy,..., v, € R[xyg,...,x,]° linearly dependent.

A structure with the first two relations is called tensor product, together with the third one

it is called wedge product and denoted by

(R[zo, .., 2n)5)" = Rlzo,...,20)° A... A Rlx0, ..., 20]°

r times

So let now A, := (R[xg,...,z,)5)"", r=1,...,s, and Ag := R[zo,...,x,]. Then the maps

of the Koszul complex are defined as the linear extensions of
T
Or i A — A1, e, \...Nej. — Z (—1)k+1fikeil Ao Neg_  Neg o Ao Nes .
k=1

It is easily checked that d, o §,4+1 = 0. Such a complex A is typically written as

A Ay Ay 27 A A, (3.2)
If the degree of h - e;, Ae;, is assigned to deg(h) +d;, + ...+ d;,, d, is degree-preserving in
the sense that
deg(d,(y)) < deg(y) for all y € A,.

If all polynomials fi,..., fs are homogeneous, one even gets
deg(d,(y)) = deg(y) or 6,(y) =0 for all y € A,.

In this case, one can consider the restriction of the complex to degree d. Remember that
(A,)—q is the subspace of the homogeneous elements of degree d. Then the Koszul complex

in degree d is

s S
Mgt (Ag)ed 25 (Ago)ma 220 20 (M) g 25 (Ag)—a.

As mentioned before, the maps d,41 only capture the syzygies of the basis vectors of A,
that are common to all polynomials fi,..., fs. So what about specific syzygies? These are
the syzygies of the basis vectors of A, that are not in the image of d,,;. Since many of

them only differ by syzygies in the image of d,+1, good representations are

H, :=ker(d,)/im(d,4+1),
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the so-called homologies of the complex. Here dg : Ag — 0 and 541 : 0 — A are assumed
to allow the definition for r = 0,...,s. Finally, a complex is called exact, if all its homologies

are zero.

Example 40. Let’s pick up example [39|and consider the Koszul complex of the generating
polynomials. Since there are three polynomials, Ay = C[xzg, z1, z2] and C[zg, 21, z2]-bases
of Ay, Ao and Az are {e1,e2,e3}, {e1 A ez, e1 A es,ea A es} respectively {e1 A ea A es}.
As mentioned above, §1(A1) = (f1, fo, f3). Therefore the homology Hj is the factor ring
Clxo, 1, 22]/ {f1, f2, f3) for which {[21], [x122], [5], [xozh] : k > 0} is a basis.

H, is defined as ker(d1)/im(d2). Here

im(ég) = <$862 — (Z‘oxl - .%'1.%2)61,
xies — (22 — x120)eq,

(IEO$1 — .Tlxg)eg — (l’% — $1$2)€2> C A1

which does not contain any elements with terms whose coefficients have degree 0 or 1.

However
(1'1 — $2)62 + (—l’o + 1'2)63 S kel"((sl) c A

So clearly H; # {0}, although no explicit representation shall be given here. Similarly Ho

turns out to be nonzero. Only H3 = 0 since 3, defined by
e1 Nea Aes — frea Aes — foer Aes+ faer Aeo
is injective.

A very important property in connection with the spaces A, is a generalization of

the Hilbert basis theorem.

Lemma 41. Every submodule M of A, is finitely generated if the ground ring R is noethe-

rian.

Proof. A module M is the analogon of vector spaces over a ring R. Formally, there is an

addition + : M x M — M and a scalar multiplication - : R x M — M such that (M, +,0)
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is an abelian group and

a-(f+g)=a-f+c-g foralla € R, f,ge M

(a+b)-f=a-f+0b-f foralla,be R, f e M

(ab) - f=a-(b-f) foralla,be R, fe M
1-f=f for all f € M

By Hilbert’s basis theorem [] and the assumption that R is notherian, ideals in
Rxg,...,xy,] are finitely generated. Then, by [21], Chapter 5, Exercise 1.32, modules in
(R[zo, ..., zn]°)" are finitely generated. Finally, Exercise 1.11 of [13] implies that modules
in A, = (R[xg,...,z,)%)"\" are finitely generated. O

For the proof of the upper degree bound, the Koszul complex in degree d of ho-
mogeneous polynomials fi,..., fs will be considered. The proof will be by induction on
the number of variables. This will be achieved by considerations modulo some homoge-
neous z € R[zo,...,x,] of degree 1 and comparing these to the situation in R[xzo,..., 2]

Therefore the complex
0 — Rlzo,...,Tn]=d—1 1z, Rlzo,...,xp)=q — (R[z0,...,2n]/(2))=a — 0 (3.3)

is introduced. m, denotes the multiplication with z which obviously increases the degree
by one, and R[xo,...,Tn]=g — (R[zo,..., 2]/ (2))=4 is the canonical homomorphism that
takes each element to its factor class. It is easily seen that this complex is always exact.
Here adding 0 — in front of the exact complex means that m, is injective since R is an
integral domain, the arrow — 0 in the end that the canonical homomorphism is surjective.
So this complex provides a mechanism to compare the rings R[xo,...,z,] and
Rz, ..., zy,]/ (z). But how to apply this to the Koszul complex? The key to this question
is to form the tensor product of each term of the sequence with the Koszul complex
A:
0 — (Rl2o,- - 2n] @A) g1 ™S (Rlzo, ..., 20 @ A) g —
— (R[zo,...,zn]/ (z) @ N)=g — 0 (3.4)
Note that each f ® y € R[xq,...,2,] ® A, can be written as

fey=1a(f y)
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and for f @y, f @7 € Rlag, ..., o0 ® Ay,
foy=foy = fy=[gna
such that R[xg,...,2,] ® A = A. Therefore
m; ®1id : (R[zg,...,Tn] @ N)=g—1 — (R[z0,...,2n] @ A=y
is injective. Now the following lemma implies that the sequence of complexes is exact.

Lemma 42. Consider an exact complex of modules over a ring
A: A3 — Ay — A1 — 0
and a module T over the same ring. Then
ART : A3 T — AT — A1 T — 0
15 also ezxact.
Proof. See [13] (Proposition A2.1). O

Since is an exact sequence of complexes, one can relate the homologies of
these complexes in an interesting way. As noted above, R[zg,...,z,] ® A = A such that the
first two complexes in the sequence are isomorphic to the Koszul complex in degree d — 1
respectively d. Their homologies shall be denoted by (H;)—=q—1 respectively (H¢)—q. The
third complex (R[zo,...,2n]/ (z) ® A)—4, however, is the Koszul complex in degree d over
the factor ring R[zo,...,x,]/ (z) of the factor classes [fi],...,[fi]. Its homologies will be
denoted by (Hy)—qg.

It is easy to see that induces maps from (Hy)—4—1 to (H¢)—q and from (Hy)—q
to (ﬁt):d. Surprisingly there is also an induced map from (ﬁt):d to (Hy—1)=q—1, whose
construction is given by the so-called Snake lemma (see [13], Appendix A3.7). This yields

a sequence
el T (ﬁt—l-l):d — (Ht):dfl — (Ht):d — (ﬁt):d I (Ht—l):dfl —_— ... (35)

which is exact by [13], Proposition A3.15.
Remember, that z is a homogeneous polynomial of degree 1. Therefore the factor

ring R[zo, ..., %n|/ (z) is isomorphic to a polynomial ring in n variables which is easiest seen
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for the choice z := z,,. The general case follows from a coordinate transformation. This will
be the key to the induction on the number of variables. Also note, that Koszul complexes
in different degrees are involved. So once (Hyy1)—q = 0 and (H;)—q = 0 are known, one can
conclude (H;)—q—1 = 0.

The proof strategy from here is as follows. The first step is to conclude from
lemma that modulo 2 (as in that lemma) the Koszul complex is exact in large degrees,
ie. (ﬁt):d = 0 for z := zp and sufficiently large d. Then one uses the complex (3.5
and induction on the number of variables to show that (.FNIt):d = 0 for all d larger than a
constant (which will depend on the number of variables and the number of polynomials.
After dehomogenization, proposition [29| can be applied to establish the degree bound.

For this conclusion the context is an algebraically closed field R = K as in lemma
First remember that in the Koszul complex im(d;) = (f1,..., fs) = J. Therefore the

last homology of the complex is
H() = ker(Ao — 0)/1m((51) = Ao/J = K[xo, e ,IIZn]/J

which is the factor ring. zp was chosen such that the multiplication m,, in Kxo,...,z,]/J
is bijective in large degrees. So for large d, all elements of (K[zo,...,zy]/J)=q are multiples
of zg. Hence

(K[Z’Q, “. ,a:n]/ <J, ZO)):d =0

which is just the homology (Hg)—q of the Koszul complex in K[zo, ..., #n]/ (z0) (so here
z = zp in the above notation).
Since Klzo, ..., xn]/ (20) is isomorphic to a polynomial ring in n variables, the

following lemma shows that (H,)—4, the homologies of the Koszul complex of fi,..., fs in

K[z, ...,zn]/ (20), are zero for all r > 0:

Lemma 43. Let A be the Koszul complex of homogeneous polynomials f1, ..., fs in the ring
Rlzo,...,xy] and H, = ker(d,)/im(d,4+1) its homologies for r =0,...,s. Then (Hp)=q =0
for sufficiently large d implies that (H,)—q = 0 for sufficiently large d.

Proof. The strategy for this proof is to localize the ring at a prime ideal and find local
inverses for the mappings d,. From the fact that the localized homologies are zero, one can

conclude the same for large degrees for (H,)—q.
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The assumption (Hp)—q = Rlzo,...,zy])/J = 0 for sufficiently large d implies
VJ = (zg,...,x,). For convenience define m := (zp,...,x,) (note that this is the same
ideal as in lemma but in another ring). Now m is maximal, such that it is the only

prime ideal containing J.

Consider the localization Ry, of R[zo, ..., zy] with respect to a prime ideal p # m,
i.e.
Ry = {ch : f € R[xo,...,xn],9 € R[xo, ..., T,] \p}
Since R and therefore R[zo, ..., zy] are integral domains, also Ry, is a ring. In this extension

all elements except those contained in p are units. This means p is the only maximal ideal.
Then A ® Ry is the Koszul complex of the polynomials f1,..., fs in the ring R,.
Since v/J = m, J is not completely contained in p, i.e. there is a unit of R, contained in

J ® Ry. This implies J ® R, = Ry. Furthermore

It follows that the map
(51®id:A1®Rp —>A0®Rp

is surjective since im(6; ® id) = J ® Ryp. Therefore one can choose € € Ay ® R, such that
(01 ®id)(e) = 1.
The homomorphisms defined by
et Ny — Apqi 6, Ao Ne —eNey, N Ne;,

will provide an inverse of §,1 ®id, restricted to the kernel of d, ®1id. This will clearly imply
that ker(d, ® id)/im(d,+1 ® id), the homologies of A ® Ry, are zero.

To see that §,+1 ® id can be inverted, the following will be proved:
gr—10 (0p ®1d) + (0y41 ®id) o &, = id (3.6)

Then z € ker(d, ® id) yields (d,4+1 ® id) o e,(z) = x and thus x € im(d,41) as wished. So

it remains to verify (3.6). Since only homomorphisms are involved, a check on the basis
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elements suffices. Have a look at the first term first.

r
gr—10 (0, ®id)(esy A...N€j,.) =€r1 (Z (—1)k+1fik6i1 Ao Nej g Nejg Ao A 6@,)
k=1
r

=) (1) fieNeg A Aey  ANei o, Al A,
k=1

Now compare with the second term.

(6r+1 ® ld) o 67«(62‘1 VANPIAN eir) = (5r+1 ® id)(E AT ANAN eir)

.
=e A...Ne;, +Z(—1)k+2fiks/\eil AciNeig Neigy Aee N,
k=1

So all terms on the left hand side of equation (3.6)) except for e;; A...Ae;, cancel out, which
yields exactly the identity map.
It was proved that for all prime ideals p # m, the homologies H, of A fulfill

H, ® Ry = ker(6, ®1id)/im(d,4+1 ®id) = 0.
Hence one can conclude that
Yy € ker(0,)3f € Rlxo,...,xzp) \ p: fy € im(py1).

Choose now the prime ideal p = (zg,..., -1, Tf41,.-.,2n). Consider a finite basis F' of
the ideal ker(d,) which exists by lemma . Then for each y € F there is an integer ¢ > 0
such that yxf € im(d,41). With C being the maximum of the values of ¢ for all basis

elements y € F' and for all Kk =0,...,n, one obtains

kaer(dr) =m---m-ker(d,) Cim(d,41)

C times
and therefore

(Hr)zd = ker(é,,):d = im(ér)_d

for all d > C' 4+ max{deg(y) : y € F'}. O

Applying this lemma one obtains (ﬁr):d = 0 whereby H, are the homologies of
the Koszul complex of f1,..., fs in Klzo, ..., z,]/ (20).
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Example 44. To verify this in example one has to calculate the homologies H, modulo
20 = 2 (20 as in[40). For this exercise, Clzq, 21, 2]/ (z2) will be identified with C[zo, z1].

Then the polynomials have the form

f1=x§
f2 =TTy
7 2
f3 =7

Clearly J = <J?17 f;, fg,> C Clzg, x1] contains all monomials of degree > 2. Therefore
Ho = Clwo, 1]/ J = {[1], [0, [1]}

and (ﬁo):d =0 for d > 2. Now consider H; which is the factor module of
ker(d1) = (zoe2 — x1€1, x0€3 — T1€2)

and

. 2 2 2 2
im(dg) = <x062 — ToT1€1,THes — Ti€1, ToT1e3 — x162> .

Then a homogeneous element y of ker(d;), i.e.
y = hy(zoe2 — x1e1) + ha(xpes — z1e2) for homogeneous hy, hy € Clzg, z1].

If deg(y) > 5, h1 and hy have degree at least 2 (eq, ez, e3 have degree 2). Since hy, ho are
homogeneous, it suffices to check m(zpea —x1e1), m(xpes —x1ez) € im(dy) for all monomials

m € Clxg, x1] of degree 2. E.g.

22 (zoen — x1e1) = x1(xdez — 2%e) — xo(Tozie3 — 23€0).

All other checks are trivial or analogous. Therefore (I;T 1)=q = 0 for d > 5. Similar results

can be obtained for Hy and f‘j3.

Since the homologies fIr of the Koszul complex of f1,..., fs in K[zo,...,x,]/ (20)
are zero in high degrees, this Koszul complex fulfills the precondition for the following

lemma.

Lemma 45. If the homologies of the Koszul complex A in a ring R[x, ..., x,] with n + 1
variables fulfill (H,)=q = 0 for sufficiently large d, then
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(a) (Hy)=q =0 foralld ifr>s—n
(b) (Hy)=q =0 foralld> D(r,n):=di+ ... +dpint1 —n+1ifr<s—n.

Proof. This proof is by induction on the number of variables. First assume n = 0. For part
(a) one only has to show that (Hs)—4 = 0 for all d. But Hs = ker(ds) = 0 since A, has only
one basis element, namely e; A ... A es and its image is not zero. To prove part (b) take
y € ker(é,). Then afy € ker(d,) for all ¢ > 0 and, by assumtion, z{y € im(d,11) for some
c>0,ie.

xGYy = 0r41(z) for some z € Ayqq.

The basis elements of A,;1 have the form e;, A...Ae;, ., and have degree at most dy +...+

dr4+1. Remember that dy > ... > ds was assumed. So if deg(y) > dy + ...+ dy41,
deg(z) = deg(dr11(2)) = deg(z(y) = c+deg(y) = c+di + ... +drpa

implies that the coefficients of z are of degree at least ¢. Since n = 0 and the coefficients
are homogeneous, they are powers of zy and therefore divisible by z§. Thus y € im(d,41).

Now consider the case n > 0. By assumption the homologies (H,)—4 of A in
R[zg,...,x,] are zero for large degrees d. Choose an arbitrary homogeneous 0 # z €
Rlzg,...,xy,) of degree 1 and let A denote the Koszul complex of the same polynomials
in R[zo,...,2]/(z). Then its homologies (H,)—q = 0 for large degrees d, too. Since
Rlzo,...,xs)/ (2) = R[xo,...,Tn_1], one can apply the induction hypothesis and conclude
that

aldifr+1>s—(n—1)<=r>s—n

(Hyy1)—q = 0 for ‘ (3.7)
d>D(r+1,n—1)=di+...+dpgnt1 —n+2ifr<s—n

The following part of the exact sequence (3.5)) is the key.

(Hyy1)=a — (Hy)=q—1 — (H;)=a

Whenever

(Hy11)=a = (Hy)=q =0,

also (Hy)—q—1 = 0. Since (H,)—q = 0 for large d by assumption, equation (3.7) implies the

claim. O
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The rest of the proof is very easy. It remains to dehomogenize, which will be done

in this theorem. As convenience, the whole strategy will be recapitulated.

Theorem 46 (Lazard, 1983). Let K be an algebraically closed field and I C K[z, ..., xy)
be a zero-dimensional ideal generated by polynomials fi1,..., fs of degrees di < ... < ds.
Then for every graded monomial ordering there is a Grébner basis for I which contains only

polynomials of degrees bounded by
D:=(d—1)+...+(dpt1—1)+1
(with d; :=1 for s <i < n+1 if necessary).

Proof. Consider the homogenizations "f1, ..., "fs € K[zo,...,2,] of f1,..., fs (which have
the same degrees) and their ideal J := ("f1,...,"f;). Since dim(J) = dim(I) = 0, lemma
provides zy € K[xg,...,x,]/J homogeneous of degree 1 such that the multiplication
my, is a bijection in large degrees. Therefore the homology ffo of the Koszul complex of
"f1], ..., ['fs] € K[zo, ..., 2s]/ {20) is zero in large degrees. Then lemmaimplies the same
for all H, (0<r<s)and lemma gives an explicit degree from which the homologies are
Zero.

Especially (K[zo, ..., zn]/J)—d = (Ho)—g=0ford>di +... 4+ dps1 —n+1=D.
Since the sequence (part of ([3.5))

(Ho)=a—1 — (Ho)=q — (Ho)=a

is exact, the map (Hp)=g—1 — (Ho)=q, which is the multiplication m,,, is surjective for
all d > D. It is time to dehomogenize. This can be done before or after the multiplication

with zg. Since the order doesn’t matter, the diagramm

myz,

(K[.’Eo, v ,:pn]/J):D_l — (K[l’o, cee ,{I,‘n]/J):D
! !

mz

(K[xhn-ywn]/I)SD—l - (K[xl,...,xn]/f)gp

is commutative (with "Zy = ;). Thus also myz, is surjective for degrees D and larger. Since
(K[ml, . ,xn]/I)SD—l C (K[ﬂ:‘l, R ,xn]/f)gd ford > D
and there is a surjection from the first to the second space,

(K[i{}l,. . 'axn]/I)gD—l = (K[xl, e ,:En]/I)Sd fOI‘ d Z D.
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So all normal forms have degree at most D — 1. Finally the claims follows by proposition

O

3.3.3 Generic Degree

The rest of this chapter will be dedicated to the generic degree of Grobner bases
with respect to a graded monomial ordering. It relies heavily on the multivariate subresul-
tant as introduced by Marc Chardin in [I0]. Therefore this result will be explained first,
though not in its full generality.

To introduce subresultants, Chardin consideres the Koszul complex as introduced
in , but applied to n homogeneous polynomials with indeterminate coefficients in n + 1

coordinate intederminates

F;, = E ui o € Slzo,. .., Ty
1
aGZ’gg
|or|=d;
fori=1,...,n and

S:=Zuiq:i=1,....,n,a € Zgorl, la| = d;].

Note that § is an noetherian integral domain. Since in some places it is convenient to talk
about dimensions, one has to consider the field of fractions
K:= I S
T E . fag € » g 7& 0p.

First two basic facts about specializations are needed.

Lemma 47. LetV C S[xo, ..., zy] be an S-vector space, 1 : S[zo, ..., xn] — Klzo, ..., 24)

a specialization and ¢ : V — V a linear map. Then
dimg (im(p) ® K) = dimg (¢ (im(y)))
and, if dimg (V) = dimg(V),

dimg (ker(¢) ® K) < dimg (¢ (ker(p))).
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Proof. Consider a basis {1(¢(b1)),...,¥(¢(br))} of ¥(im(¢))=4 for any fixed d. Of course
©(b1),...,¢(b;) € im(¢) ® K. So all one has to prove is that these vectors are lin-
early independent over K. Assume {p(b1),...,9(br)} dependent over K. Then there are

ai,...,ar € K, not all of them zero, such that
arp(by) + ...+ arp(by) = 0.

By multiplying with the common denominator of a4, ..., a,, one can assume ai,...,a, € S.
Assume the coefficients a1, . .., a, have no common factor in S. Now specialize one variable
after the other. If, on specialization of a variable u; o to c;q, all coefficients aq,...,a,
vanish, they must be divisible by u; o — ¢; . Divide all coefficients by the highest common

power of u; o — ¢; o and call the new coefficients af, ..., a;.. Then
ajp(by) + ... +a.p(b.) =0

and on specialization of u; o not all coefficients af, ..., a]. vanish. Inductively one obtains a
relation

arp(b) + ...+ ayp(by) = 0 for some ay,...a, € K, not all zero.
This contradicts the assumption that {¢(b1),...,¢(b,)} is a basis. Therefore
dimyc (im(¢) @ K)=q > dimg (¢ (im(p))=a) (3.8)

Then the second inequality simply follow from
dimg (ker(¢) @ K) + dimy (im(¢) ® K) = dimg (V)

and
dimg (¢ (ker(¢))) 4 dimg (¢ (im(p))) = dimg (V)

O

Actually the theory works as long as the number of polynomials is not larger than
the number of variables, but only the case of n polynomials in n+ 1 variables will be needed
in this thesis. The ideal of these polynomials will be denoted by J := (F1,..., F,). This
ideal is well-studied. The following property will be needed:

Lemma 48. With definitions as above, J is a prime ideal.
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Proof. See [10], Proposition 3 and [23]. O

The goal is to derive an exact sequence from the Koszul complex and then decom-
pose it in order to define the subresultant using an alternating product of determinants.
First note that the homologies H, of the Koszul complex of Fy,..., F, are zero for r > 0,

where the complex looks like

on On— 1 1)
ANy 25 A 252 A 25 A,

Lemma 49. Let A = (A,) be the Koszul complex of F1,...,Fy, inS (as defined above) and
Hy, ..., H, its homologies. Then H, =0 for all 0 < r < n.

Proof. See [10], Proposition 2 and [23]. O

So only Hy = S[zo,...,xs)/J is nonzero. Choose now a set S of monomials of
degree d that is a vector space basis of (Hp ® K)—4. This is an important step. For every
degree d and set S (and of course for every tuple of degrees dy, . ..,d, of F,..., F},) one will
obtain a different subresultant. The dependence on the degrees will be implicit since they
are considered to be constant. So the subresultant polynomial will be denoted by Ag € S.

Note that the dimension of (Hy ® K)—4 can only increase on specialization. To see

this, remember Hy = S[zo,...,2,|/im(d1). On the one hand
dimK(K[xO’ s 7xn]:d) = dimK(K[$07 cee ’xn]:d)'
On the other hand
dimg (im(d1) @ K)=g > dimg (im(d1)=a)

by lemma
In order to obtain an exact complex, replace 1 : (A1)=qg — (Ag)=q in the Koszul

complex by the induced

07 1 (A1)=qg — (Mo/spang(S))=a,y — [01(y)]-

Here

spang(S) == {a1s1 +...aksp : k€ Nya; € R,s; € Sfori=1,...,k}.

Writing the matrix of §; in the monomials basis of (Ag/spang(S))—4, one column being the

coeflicients of the image of one basis vector, 0] is represented by the submatrix corresponding
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to the rows of the monomials not contained in S. Since S is by definition a basis of the
homology Hy ® K = (Ao ® K)/(im(d1) ® K) in degree d, §7 ®id is surjective. It was already
noted before that d,, is injective, so the complex

677,71

0 — (A @ K) g 2 (At @ K)mg 22 22 (M) g 2 (Ao ® K)—g/ S — 0

is exact.

In order to define the subresultant, this complex will be decomposed. Fix bases B;
for (A;)=q for i =1,...,n and By for (Ao ® K)—g/spani(S). Consider first 7 ® id which is
surjective. So By can be decomposed into Bj and BY (i.e. By = B{UB{ and B{N B} =)
such that (0] ® id)(Bj) is a basis for (Ag ® K)=4/spany(S). Therefore # B = #By. This
decomposition is usually not unique. Define B{, = () and B{j = By for the recursion following,.

The same can be done recursively for 0, ®id (r = 2,...,n). To obtain a surjective

mapping that agrees with 67 ; ® id, define
oy (Ar)=d — (Ar—1)=a/span(By),y — [6,(y)]-

Again there is a decomposition of B, into B, and B such that 6}(B]) is a basis of the
linear space in (A,_1 ® K)_q/spany(B]) generated by the factor classes of B/ ;. This
implies #B. = #B/'_,. Since 6,, ® id is injective, B), = B,, and Bjl = ().

The restricitons ¢, := 0;|spang(p) are injective linear maps since they are also
restrictions of the bijective maps

d; ® id|span (By) spany(B;.) — spang(B,_;)

to spang(By.) C spany(B.). So their determinants det(p,) are well-defined and non-zero.
If the dependence on S has to be underlined, ¢7 := o1 will be written. So one can define
n
i+1
Ag = Hdet(cpi)(_l) o
i=1
If S does not generate (Hy®K)—g4, one defines Ag := 0. This is the multivariate subresultant
as defined by Chardin up to the sign which is not important for this proof. Its first important
property is

Lemma 50. With all definitions as above,
A = :l_[det(goi)(il)iHC €S
i=k

fork=1,....,n and Ag = A1 is independent of the chosen decomposition.
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Proof. See [24], Proposition 2 and Remark 2 following the theorem. O

So the subresultant is a polynomial in the coefficients of the polynomials Fy,..., F,
and therefore can be used as criterion for a generic situation as introduced in section [3.2.3
As already pointed out, it depends on the degrees of the polynomials F1, ..., F,, the degree
d to which the Koszul complex is restricted and the set S which has to be a basis of
(Ho ® K) =g

There are two important properties of the subresultant. First it is possible to ex-
plicitely state polynomials of arbitrary degrees that are contained in the ideal J generated
by Fi,...,F, and therefore also in any specialization (7) (although they might specialize
to the zero-polynomial). Second will be an equivalence of the non-vanishing of the sub-
resultant and 1 (J) + S generating all polynomials of degree d for any specialization .
Both together will be used for the analysis of the generic Grobner basis degree for graded

monomial orderings.

Theorem 51 (Chardin, 1995). Let F1,...,F,, S, K and J be as defined above and d; =
deg(F;). If T is a set of

dimc((S[zo, - -+, 2n]/T)=a @ K) + 1

monomials of degree d then

Z EQ,TAT\{xa}xO‘ eJ

zeeT

for some eq 1 € {—1,1}.

Proof. 1f T' doesn’t contain a basis of (Hy ® K)—g4, the claim is trivial since all subresultants
are zero-polynomials.

\{z}

For this lemma the determinant of go{ will be developed using the Laplace

expansion. Let
N_y:= {xaei fa € Z;”gl, 1 <i<n,deg(x%;) =d,a; < d;Vj < z}
and W_, := spang(N_g4) C (A1)=4. Consider the matrix M of the linear map

o1 Wy — (Ao /spang(T\ {2°}))=a,y — [61(y)]
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with respect to the bases N_; of W_; and
By = {[xa] ¢T: el deg(a®) = d}

of (Ag/spang(T))—4. To see that Lp?\xa ®id is bijective, it suffices to consider a specialization,
namely ¥ (F;) := xfl For d > max{d; : i = 1,...,n} this is obvious from the construction
of N_4. Therefore N_g is a possible choice for Bj in the decomposition of the complex.
Since golT\{xa} ® id is bijective, its matrix is square and one can develop its deter-
]

minant along the row corresponding to [z%] using the Laplace expansion. This yields

det (67" ) = D oipacimadet(Mip)
zBe;eN_q
for appropriate signs 0; 3, € {—1,+1} and submatrices M, 3 of M, in which the row
corresponding to [2®] and the column corresponding to z’e; are deleted. C(i,3),a 18 the
coefficient of [z%] in (blT\{za}(xﬁei). Note that, for fixed T, M; g does not depend on the
choice of 2 € T', since M; g can also be viewed as the submatrix of the matrix of d; :
W_4 — (Ao)=q in which all rows corresponding to monomials not contained in 7" and the
column corresponding to z°e; are deleted. Furthermore, the signs 0i8,a and 0; 3o, in the
developments of gbip\{xa} and qﬁipHx&O} only differ by a constant sign depending on 7', o and

ap (depending on whether the difference of their row indices is odd or even), which shall be

called e 7 € {—1,1}. Then

Z Ea,T det ((ﬁ{\{xa}) % = Z Z €a,794,8,aC(i.8),a det(Mi,ﬁ)$a

zeeT x2€T gBe;eN_y

=Y D Gipactis.adet(M;p)z”

zo€T xPe;EN_y
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Now one can extend the sum over a to all monomials of degree d. The additional terms
vanish since they correspond to expansions of determinants of matrices that contain one

row twice.

- Z Z Ti,8,00C(i,8),0 €t (M )z

a€Z{t theieN_q

|la|=d
= Z T 8,00 det(Mi”g) Z C(z’ﬂ),axa
zPe;EN_q aczZi?

|a=d

= > Gigapdet(Mig) Y uqa®t’

zhe;eN_q aEZT;"(;I
|a|=d;
= Z 04.68,a0 det(Mi”g):LﬁFi eJ
mﬁeiEde

On the other hand, one can rewrite
J > Z €a,T det <¢?\{$a}) AN Z Ea’TAT\{xa}.ra
zeeT zeeT
By lemma Ay and Aq\ (e} are polynomials. But since their degree in the variables
Zo, ..., Ty is zero and the ideal J is homogeneous, Ay ¢ J. According to lemma J is

prime. Thus

Z z’:‘a,TAT\{xa}l'a eJ.

zeeT

Corollary 52. Let Fi,...,F,, S, K and J be as defined above. If S is a set of
dimg ((S[zo, - . -, Tn]=a/T=a) ® K)

monomials of degree d then for all monomials 2° of degree d that are not contained in S

gp = Aga’ + Z €a,5U{af} AsU{zA )\ (e} 2" € T
€S
for some eq,7 € {—1,1}.
The second important property provides a tool to check whether ¢ () + spang (.S)

contains all polynomials of degree d.
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Theorem 53 (Chardin, 1995). Let Fy,...,F,, S, K and J be as defined above. If S is a
set of
dim/C((S[xm R :En]/j):d ® IC)

monomials of degree d, then the following holds for any specialization ¢ : S[xo, ..., zn] —

K[zg, ..., zn].
Y(Ag) # 0 <= (T )=q + spang(S) = K|zo, ..., Tn]=q

Proof. First assume 1)(Ag) # 0. Then for all monomials 2 ¢ S of degree d the polynomial
g defined in corollary |52|specializes to a monomial 1)(gg) that has a non-zero 2P coefficient.
Therefore all such z° are equivalent to polynomials that only contain the monomials in S
modulo (7). So S generates (K[z1,...,zy,]/1¥(T))=q which implies ¢ (J)=q + spang(S) =
Klzo, ..., Tn|=q-.

On the other hand assume ¥(Ag) = 0. Recall that Ag is independent of the

decomposition by lemma [50} Now consider the linear map
01 (A1)=qg — (Ap)=qg-

Choosing a minor M, i.e. the determinant of a submatrix of the matrix representation of
1, is equivalent to choosing an set S’ of monomials of degree d and considering the induced
map (A1)—q — (Ao)=q/spang(S’). If the minor is non-zero and of size dimy(J @ K)—g4, S’
generates (Hy ® K)—4. Thus one can extend this minor to a decomposition of the complex
as seen before. This decomposition can be used to define Ag. Therefore Agr = M - Ay
with Ag € J (lemma and Ag divides the minor M.

Now 9(Ag) = 0 implies that all minors M of §; that induce the same set S

specialize to zero. Thus ¥(J7) is not surjective, i.e.
P(im(67)=q) # (Klzo, ..., 2n]/S5)=a

= ¢(J):d + SpanK(S) 7é K[:UO? cee 7$n]:d-

O]

This finishes the summary of Chardin’s paper. Now the multivariate subresultant

Ag will be used to study the generic degree of Grobner bases for graded monomial orderings.
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Theorem 54. Let K be an algebraically closed field and for i =1,...,n define

fi = Z Ui 0" € Rlx1,. .., 20)

€7,
la|<d;
where
R i=2Zujn:i=1,...,n,a € L3, |a| < d;].
Let ¢ : Rlx1,...,zn] — K[z1,...,2,] denote a specialization and assume that the ideal

I={(f1),...,(fn)) is zero-dimensional in K[z1, ..., x,]. Then the reduced Grébner basis
G of I generically fulfills

max{deg(g) :g€eG}=(d1—1)+...+(d,— 1)+ 1.

Proof. To apply the multivariate subresultant theory, it is necessary to consider the homog-

enizations F; = "f; for i = 1,...,n. This homogenization shows that the rings R an S are
essentially the same, so one can view F; as elements of S[x, ..., x,] and ¢ as specialization
Slzo, ..., xn] — Klzo, ...,z

First consider the specialization defined by

Y(Fy) = xlxgl_l + xgl

Y(Fy) i= zox ™ 4 2P

Y(Fp_1) := e xi"*l

Y(Fy) = xiln

Remember that this is the ideal from example but over the ring K[zo,...,z,]. These
polynomials ¢ (F}), ..., ¥ (F,) generate an homogeneous zero-dimensional ideal ¥ (7). Let
D:=(d—1)+...4+ (dy — 1) and S be the set of all with respect to ¢(J) irreducible
monomials of degree D. First the cardinality of S has to be checked. Since S is a basis of

(Klzo, ..., zn]/(T))=D, it suffices to show
dimg (S ® K)/(J ® K))=p = dimg(Klzo, ..., z,]/9(T))=D

or equivalently
dimy (J @ K)=p = dimg (¢(J)=p)-
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Lemma [7] implies
dimie(T © K)—a > dimge($(T)—a) (39)

for any specialization since J is the image of d;. For the opposite inequality, let J; := (F},)

and, for k =2,...,n, Ji := (Fy, F1,..., Fx_1). The idea is to prove by induction on k that
dimp (Jx ® K)=q = dimg (¢ (Tk)=a)-

The claim is obvious for k& = 1. So assume k > 1 and use J; = Jr—1 + (Fx—1) and
W(Tk) = ©(Tk—1) + ¥((Fr—1)). The dimensions of these vector spaces can be calculated

using
dimic (T ® K)=q = dimg ((Tr—1 @ K)=q + ((Fr—1) ® K)=a)
= dimg(Jp—1 @ K)=q + dim ((Fp—1) ® K)=q (3.10)
— dimg (Jr—1 @ K)=a N ({(Fr—1) @ K)=a
respectively

dimg (¢ (Jr)=a) = dimg (P(Tx—1)=a + V((Fr-1))=a)
= dimg (Y(Tp—1)=q) + dimg (Y ((Fr—1))=a) (3.11)
— dimg (Y(Tr—1)=a NP ((Fr—1))=d)-

All terms on the right-hand sides of (3.10) and (3.11) but the dimensions of the ideal
intersections are equal by induction hypothesis. For all ideals I,J, I -J C I N J is true.

Now
V(Fr—1) - Y(Tk-1) = P(Tk—1) N (Y (Fr-1))
is clear since Fj,_1 contains the variable x; which is not contained in F;,, Fi,..., Fr_s. Thus
dimg (¢ (Fi—1) - ¥(Tk—1))=d = dim (Y (Tx—1)=a 0 (P (Fr-1))—g)-
On the other hand,

dimg (Y (Fr—1) - ¥(Tk—1))=q = dimg (Fp—1 - Tp—1 @ K)=q

and

dimg (Fi—1 - Jr—1 ® K)=q < dimg(Jp—1 @ K)=a N ((Fr—1) ® K)=a
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which imply, together with the former proved inequality ([3.9)),
dim;c(jk &® ’C):d = dimK(l/J(jk):d).

So S has by definition the right cardinality and theorem [53] can be applied. Ac-

cording to example where an explicit Grobner basis was given, the only monomial

D—k
n

(k=0,...,D). Now thoerem [53| implies that the specialization of the corresponding sub-

in S that is not divisible by z¢, is 2. Furthermore S contains all monomials x5z

resultant ¢)(Ag) # 0. Thus Ag is not the zero-polynomial.

Assume ¢(Ag) # 0. This is obviously a generic situation. The polynomials ¥(g3)
defined in corollary [52| are contained in ¥ (7). Consider their dehomogenizations by xg = 1
and denote them by gj3. Then gj; € I and LM(gj) = 2P since this is the only monomial in S
whose degree doesn’t decrease on dehomogenization. Since specialization of J—p to ¥(J)

only could decrease the dimension as seen before,
dimg (S[zo, ..., z,]/T) @ K > dimg (Kzo, . .., z,]/Y(T)).

Now theorem 53| implies that S generates K[z, ..., z,|/¥(J) which implies the opposite

inequality and therefore
#S = dimg(S[zo, . . ., 2a]/T) @ K = dimg (Klzo, . . ., 2] /P(T))-

So the monomials in S are independent modulo (), i.e. (S)U(J) = {0}. If zF was
reducible with respect to ¢ (J) for some k € {0,..., D}, there would be a polynomial

R Z cox® € Y(J) for some ¢, € K
zk£zeeS
since all not in this polynomial appearing monomials can be expressed in terms of monomials
in S modulo ¥ (7). But the existence of this monomial contradicts the independence of the
monomials in S. Thus xf , the smallest monomial of degree D, is irreducible with respect
to I. But [ is zero-dimensional, so by theorem [19| any Grobner basis contains a polynomial
with leading term x¢ for some d > D. Together with theorem one obtains d = D + 1

and the claim

max{deg(g9) : g€ G} =D+1=(d1—1)+...+(d, — 1)+ 1.
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Example 55. Lastly an explicit example will be given, where S can easily be computed.
Consider the case of three polynomials in the degrees di = 3,ds = 2,ds = 2. Then the
specialization given in the theorem is

Y(F)) = z123 + 23

(Fy) := woxs + ;1:%

and a Grobner basis is

- 2 3
g1 = 2175 + Th

L 2
g2 = T3 + T3
gg = 1‘1

- 3 4
g4 ‘= T1T3 — T3

.4
g5 := Tg
D

So the irreducible monomials in degree D = 4 are
{43 3 3 2 2.2 2 22 3 2 3 4
S = {xy, ryr1, XX, THT3, THL1T2, LGLS, THT1T3, THLS, LoLh, TOT1T3, TOLs, L3}

Those monomials generate (K[zo,...,2,]/1¥(J))=4 and thus, as seen in the last theorem,

(Klzo, ..., 20) /(T @ K))=4.

3.4 Summary

First general upper and lower degree bounds due to Dubé and Moller, Mora (build-
ing on an example by Mayr, Meyer) were presented. Both upper and lower bounds were
essentially doubly exponentially with the degree of the generators in the base and the num-
ber of variables in the second exponent. This growth is immense and perhibits explicit
computations in the worst cases already for quite low numbers of variables even with fast
computers.

Henceforth a special case arising from applications was studied, namely if the poly-
nomial systems have only finitely many solutions, i.e. the generated ideals are of dimension

zero. Here two groups of monomial orderings were studied.
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For the lexicographic ordering upper and lower bound were proved to be singly
exponentially, again with the generator degree in the base and the number of variables in
the exponent. Moreover, upper and lower bound exactly match and are obtained in the
generic case. These results are folklore, the last one is commonly known as Shape Lemma.

Finally, graded monomial orderings were studies. Again matching upper and lower
bounds were proved, this time polynomially (roughly the product of number of variables
and the degree of the generators). As for the lexicographic ordering, the generic degree of
the Grobner basis coincides with the upper bound. The upper bound was due to Lazard,
the lower bound folklore and the generic degree was not known to the author before.

So Grobner bases for zero-dimensional ideals are much more well behaved than for
arbitrary dimensions. Since the ideals considered by Moller and Mora for the lower bound
are of very high dimension, the author ask whether there is an gradual transition. This

demands upper and lower degree bounds that depend on the ideal dimension as parameter.
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