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1 Introduction

The purpose of this study was to estimate the effect of measurement errors in the position and energy of the
observed interactions on the angular resolution of a Compton-ring imaging type detector.

In a Compton interaction, if one can measure the energy of the scattered photon and the energy of the
Compton electron, then one can determine the scattering angle between the incoming and outgoing photon
using the well-known Compton formula (see Appendix A.1 on page 6 for the derivation of this formula).

cos θ = 1 +
me

Eγ

− me

Eγ′

, (1)

whereEγ = Eγ′ + Ee − me.
If one assumes small Gaussian errors(δEe, δEγ) for the observed energies(Ee, Eγ′), then one can

derive an analytic expression for the error on the reconstruction angleθ

δθ2 =
me

2

sin2 θEγ
4

[

δEe
2 +

(

1 − Eγ
2

Eγ′

2

)2

δEγ′

2

]

. (2)

See Appendix A.2 (page 7) for the derivation of this result and a numerical cross-check. Note that this
error function approaches infinity ifθ is near zero orπ. A detailed discussion on how to avoid this is given
in Appendix A.2.1 (page 7) and the impact on the reconstruction of the simulated events is described in
Section 4 (page 2).

2 Error in the determination of the scattered photon direction

There is an additional error on the determined Compton ring due to the uncertainty in the scattered photon
direction. This is due to the finite precision on the two measured interaction points. In order to estimate this
contribution to the Compton angle error, we use the following empirical procedure.

For each measured coordinate, we displace the nominal value by the expected measurement error in that
coordinate and determine the change in the direction of the scattered photon, i.e., the opening angle between
the nominal direction and direction determined with one coordinate shifted. We repeat this procedure for
each of the six coordinates and add, in quadrature, the calculated angle shifts.

We have checked that this procedure agrees numerically with an analytic formulation of the error, see
Equation 7 in Appendix B on page 9. The analytic formulation has the advantage that it is statistically
meaningful. The input and output variables will have Gaussian distributions and thus one can calculate
confidence limits. On the other hand, the results are Gaussian only when the fractional errors are less than
about 50%.

We combine, in quadrature, the angular error derived from the position measurement uncertainty (using
the empirical method) with the error determined from Eq. 2 for the totaldθ of the Compton ring.

3 Simulation

Using this information, we have determined howdθ depends on the detector resolution. We use a detector
geometry consiting of a silicon slab that is 8 cm by 8 cm by 4 cm. We use a point source of photons
that is placed on an axi perpendicular to one of the 8 cm by 8 cm faces of this detector. We use Geant4
to determine the event sample, considering only events where the full energy of the incoming photon has
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Figure 1: The simulated detector energy resolution as a function of energy deposited.

been deposited. We assume that we know the correct order of the photon interactions, and consider both
photoelectric and Compton processes for the second interaction. We sum the total energy deposited in the
detector to determine the incoming photon energy.

The assumed energy resolution is 2 keV at 600 keV with a square root energy dependence. The mini-
mum energy resolution is 1 keV. This function is shown in Figure 1 and can be summarized as

δE = 1 keV (E < 150 keV)

δE =
√

E/150 keV (E ≥ 150 keV) (3)

This energy resolution is used to smear the energy deposited at each interaction site in the detector.
We then vary the position resolution from 0.1 mm to 10 mm, assumed to be the same in each dimension.

Given the kinematics of the generated event, the determineddθ varies considerably. For example, Figure 2
shows thedθ distribution for an input of 0.5 MeV photons and a spatial resolution of 1 mm. Figures 3 to 6
show the median value ofdθ for initial photon energies of 0.1 MeV, 0.5 MeV, 1.0 MeV, and 10.0 MeV.

We observe that for spatial resolutions of the order of 1 mm, the spatial resolution is the dominating
factor indθ for this detector configuration.

4 Effect of events near θ = 0 or π

The results reported in the previous section include all of the events, even those nearθ = 0 or π, where the
analytic expression may be overestimating the error in the Compton formula (see Appendix A.2 on page 7).

Here we show the effect of excluding these events from the analysis. Table 1 gives the fraction of events
for θ ∼ 0 where the electron kinetic energy is within oneσ of zero (Ee−me < δEe), the fraction forθ ∼ π
where the scattered photon energy is with oneσ of its minimum possible energy (Eγ′ < Eγ′(min)+δEγ′ ),
and the mediandθ with or without these events, for various incoming gammay-ray energies.

The contribution from events nearθ = π dominates over those nearθ = 0. Given the size of the
detector, and the requirement that the events be fully contained, then the events with low energy photons are
more likely to be detected. The total number of affected events is energy dependent and is approximately
5%, but grows to about 20% for 100keV incident gamma rays. Excluding these events shifts the mediandθ
by less than 8% and the effect is essentially negligible for energies above about 1MeV.
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Table 1: The effect of excluding events withθ ∼ 0 or π in the calculation ofdθ. Shown for discrete
generated energies are the fraction of events in each region and the mediandθ determined including or
excluding those events.

dθ dθ
Energy θ ∼ 0 θ ∼ π All Excluding θ ∼ 0, π
(MeV) (%) (%) (radians) (radians)

0.1 2.5 20.3 0.081 0.075
0.2 0.5 11.6 0.037 0.034
0.5 0.03 5.7 0.021 0.020
0.8 0.06 5.3 0.018 0.017
1.0 0 4.9 0.016 0.015
1.33 0 3.8 0.016 0.015
2.0 0 4.5 0.013 0.013
3.0 0 5.0 0.013 0.013
5.0 0 3.1 0.011 0.011
10.0 0 3.1 0.011 0.011
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Figure 2: Thedθ distribution from our simulation. The initial photon energy is 0.5 MeV and the detector
spatial resolution is simulated to be 1 mm in each dimension.
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Figure 3:dθ as a function of detector spatial resolution. Plotted are the contribution todθ due to energy
resolution (red), due to spatial resolution (green), and the totaldθ (blue). The input photon energy is
0.1 MeV.
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Figure 4:dθ as a function of detector spatial resolution. Plotted are the contribution todθ due to energy
resolution (red), due to spatial resolution (green), and the totaldθ (blue). The input photon energy is
0.5 MeV.
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Figure 5:dθ as a function of detector spatial resolution. Plotted are the contribution todθ due to energy
resolution (red), due to spatial resolution (green), and the totaldθ (blue). The input photon energy is 1. MeV.
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Figure 6:dθ as a function of detector spatial resolution. Plotted are the contribution todθ due to energy
resolution (red), due to spatial resolution (green), and the totaldθ (blue). The input photon energy is
10. MeV.
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Figure 7: Compton interaction.

A Appendix

A.1 Derivation of the Compton formula

Assume that the inital electron is at rest, then from conservation of momentum, the electron recoils from
the scattered photon (see Figure 7):

~pe = ~pγ − ~pγ′ .

Taking the square of the momentum and usingEγ= pγ andEγ′= pγ′ (since photons are massless and we
are using units where c=1), results in

pe
2 = Eγ

2 + Eγ′

2 − 2EγEγ′ cos θ.

Using the invariant mass relationpe
2 = Ee

2 −me
2 and conservation of energy(Eγ + me = Ee + Eγ′) to

eliminate the electron variablespe andEe results in

Eγ′ + 2meEγ + me
2 − 2EγEγ′ − 2mEγ′ + Eγ′

2 − me
2

= Eγ
2 + Eγ′

2 − 2EγEγ′ cos θ,

which reduces to

me(Eγ − Eγ′) = EγEγ′(1 − cos θ).

This is often rewritten as

cos θ = 1 +
me

Eγ

− me

Eγ′

. (4)

A.1.1 Compton formula implications

Note that the angleθ approaches zero as the electron kinetic energy(Ee −me) approaches zero. Obviously
at zero angle there is no scattering and the outgoing photon has the same energy as the incoming photon.

In contrast, the minimum outgoing photon energy can not be zero, but is instead

Eγ′(min) =
me

2 + me/Eγ

, (5)

which corresponds toθ = π, i.e., the case where the photon scatters back in the direction opposite to that
of the incoming photon(Eγ′ = Eγ).

Using consevation of energy(Eγ = Eγ′ +Ee−me), one can rewrite Equation 5 in terms of the electron
kinetic energy(Ke = Ee − me)

Eγ′(min) =
1

2

(

√

2meKe + K2
e − Ke

)

.
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A.2 Analytic expression for the error in the Compton angle

The Compton angleθ in Equation 4 depends only on the energy of the incoming(Eγ = Eγ′ + Ee − me)
and outgoing (Eγ′) gamma rays. If one considers only small Gaussian errors for the observables (Ee and
Eγ′), then one can derive an analytic expression for the error onθ as follows.
Taking the differential of Equation 4 yields:

d(cos θ) = − sin θdθ = − me

Eγ
2
dEγ +

me

Eγ′

2
dEγ′ ,

which can be rewritten as

dθ =
me

sin θEγ
2

[

dEγ − Eγ
2

Eγ′

2
dEγ′

]

.

SinceEγ = Ee + Eγ′ − me, we havedEγ = dEe + dEγ′ , and so

dθ =
me

sin θEγ
2

[

dEe + dEγ′ − Eγ
2

Eγ′

2
dEγ′

]

=
me

sin θEγ
2

[

dEe +

(

1 − Eγ
2

Eγ′

2

)

dEγ′

]

.

This equation defines the partial derivatives∂θ/∂Ee and∂θ/∂Eγ′. So for Gaussian errorsδEe andδEγ′ ,
the error estimate forθ is

δθ2 =
me

2

sin2 θEγ
4

[

δEe
2 +

(

1 − Eγ
2

Eγ′

2

)2

δEγ′

2

]

. (6)

This equation is valid as long as the fractional errors(δEe/Ee andδEγ′/Eγ′) are not too large. Further-
more, one must be careful when applying this equation in situations nearθ = 0 or π.

A.2.1 Error in Compton Angle near θ = 0 or π

The case whereθ is exactly zero occurs only when the electron kinetic energy(Ke = Ee − me) is zero.
Thus there is no detected first interaction and the formula would not be applied. Arbitrarily small values of
Ke do not cause a problem for Equation 6 until they approach the magnitude of the energy resolution itself.

For arbitrarily small values of the kinetic energy, whenKe/Eγ′ � 1 Equation 6 can be approximated
as

δθ2 ∼ meEγ′

2

2Eγ
4Ke

[

δK2

e +
4K2

e

Eγ′

4
δEγ′

2

]

.

From this one can see thatδθ2 begins to blow up when the the kinetic energy becomes smaller than the
energy resolutionδKe, but is well behaved otherwise. Note that the second term (δEγ′) is suppressed for
smallKe. WhenKe is smaller than about twice the energy resolution, the Gaussian approximation itself
breaks down and Equation 6 will begin to overestimate the error inθ. To apply this formula, one should
impose a lower cutoff on the electron energy based on the energy resolution.

For the case whereθ is nearπ, the scattered photon energy is near its minimum (but can not be zero,
see Appendix A.1.1). Because of finite measurement resolution, the observed photon energy can fluctuate
downward and even be lower than the minimumally allowed energy. These kinematically unallowed events
will be explicitly rejected since the Compton formula itself fails. However, the case where the photon energy
reaches its minimum is kinematically allowed and can also occur when events near the minimum fluctuate
downard due to the detector resolution. For these events at or very near the minimum, the error formula,
Equation 6, approaches infinity. To highlight the behavior near the minimum energy, we can rewrite the
equation usingEγ′ = Eγ′(min)(1 + δ), whereδ � 1.

δθ2 ∼ meEγ′(min)

2Eγ
4δ



δEe
2 +

(

1 − Eγ
2

Eγ′(min)
2
(1 − 2δ)

)2

δEγ′

2



 .

Neither term(δEe, δEγ′) is suppressed, so in order to avoid this infinity, one should apply a cut to eliminate
events that are less than at least one standard deviation (in terms of the energy resolution) away from the
minimum photon energy.
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Figure 8: Reconstructed Compton angleθ from a simulation of the same physical state
sampled 100,000 times with Gaussian errors for the observed energies. The fit result is
superimposed on the distribution.

Table 2: Compton angle and error comparison between fit to simulation and analytic calculation. Sample
of 100,000 events where the Electron kinetic energy is 100keVwith an RMS error of 1keV, and scattered
gamma ray energy of 400keV with and RMS error of 2keV.

Variable Fit Result Analytic Result
θ (mrad) 731.03± 0.02 731.01
δθ (mrad) 4.61 ± 0.01 4.61

A.2.2 Numerical cross-check of Equation 6

To check the validity of Equation 6 we performed a simple Monte Carlo analysis by generating Gaussian
distributions for the input variablesEe andEγ′ and then compared the resulting distribution ofθ with the
analytic expression. We generated 100,000 events where the Compton electron kinetic energy(Ee − me)
was sampled from a Gaussian distribution with a mean of 100keV and RMS of 1keV, and the scattered
gamma ray energy distribution had a mean of 400keV with an RMS of 2keV.

Using Equation 4 we reconstruct the Compton angleθ from the simulated observables. Figure 8 shows
the reconstructedθ distribution. The result of a Gaussian fit to this distribution is given in Table 2 along
with the results from the analytic expressions 4 and 6. The agreement between the fit and the analytic
expression is excellent. Be aware that theθ distribution is no longer Gaussian if the error on the energy
measurement is too large, and thus Equation 6 would no longer apply.
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B Angular error from position resolution

The direction of the outgoing photon is determined from the measured positions of the two interaction
points. The measurement uncertainty of these positions creates an associated uncertainty in the direction of
the photon. One can derive an analytic expression that relates these uncertainties as follows.

If the unit vectorn̂ defines the direction of the incoming photon, and the two pointsv1 = (x1, y1, z1),
v2 = (x2, y2, z2) define the direction of the outgoing photon~v = v2 − v1, then the angle between the
incoming and outgoing photons is

n̂ · ~v = v cos θ = v‖,

wherev‖ is the component of~v parallel ton̂. Taking the differential of the above equation gives

dv cos θ − sin θvdθ = dv‖.

Taking the differential ofv2 = v‖
2 + v⊥

2 and substituting in the above, results in

v2 tan θdθ = v⊥dv⊥ + v‖dv‖ −
vdv‖

cos θ
= v⊥dv⊥ +

(v‖ cos θ − v)dv‖

cos θ
. = v⊥dv⊥ − v sin2 θdv‖

cos θ
.

The error inθ is then

δθ2 =
1

v2 tan2 θ

[

v⊥
2dv⊥

2 +
v2 sin4 θ

cos2 θ
dv‖

2

]

.

If the position resolution for each dimension isδd, then

dv⊥ = dv‖ =
√

2δd.

Soδθ becomes

δθ2 =
1

v2 tan2 θ

(v⊥
2 cos2 θ + v2 sin4 θ)

cos2 θ
δd,

which reduces to

δθ =

√
2|v⊥|

v|v‖| tan θ
δd, (7)

wherev⊥ (v‖) is the component of scattered photon direction,~v, perpendicular (parallel) tôn, andδd is
the position error in each measured dimension. For the special case where the incoming photon is in theẑ
direction(n̂ = (0, 0, 1)), then

δθ =

√
2
√

v2
x + v2

y

v|vz | tan θ
δd.

This relation holds, meaning that the resulting distribution ofθ is approximately Gaussian, as long asδd/pi,
wherepi is the distance between the two points in each dimension, is less than about 50%.
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