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periodic boundary condition case, we recover the same T — ) relations obtained via con-
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case, the eigenvalues are given in terms of inhomogeneous 7' — @ relations, which could
not be obtained by the conventional Bethe ansatz methods. The method developed in this
paper can be directly generalized to generic sp(2n) (i.e., Cy) integrable model.
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1 Introduction

Quantum integrable models play important roles in a variety of fields such as quantum
field theory, condensed matter physics and statistical physics, because they can provide
solid benchmarks for understanding the many-body effects and new physical concepts in
corresponding universal classes [1-5].

Solving integrable models without U(1) symmetry had been an interesting issue and
attracted a lot of attentions in the past several decades [6-17]. Recently, a generic method
(the off-diagonal Bethe ansatz (ODBA)) for solving the integrable models with or without
obvious reference states was proposed [18]. With the help of the proposed inhomogeneous
T — @ relations, several typical models without U(1) symmetry were solved exactly [19].
Based on the eigenvalues obtained via ODBA, the corresponding Bethe-type eigenstates
were also retrieved [20, 21]. The nested ODBA was first proposed to study the quantum spin
chain model related to A,, algebra [22]. However, its generalization to integrable models
associated with other high-rank Lie algebras such as B,, C,, and D, are still missing. In
this paper, we generalize the nested ODBA method to Cs spin chain model with both
periodic and off-diagonal open boundary conditions. This method can also be applied to
generic sp(2n) quantum integrable spin chains.

The paper is organized as follows. In section 2, we study the Cy model with periodic
boundary condition. The closed functional relations to determine the eigenvalues of the
transfer matrix are obtained by the fusion technique. The exact solutions we derived
coincide exactly with those obtained by the conventional Bethe Ansatz methods [23, 24].
The exact spectrum of the C'y; model with off-diagonal open boundary conditions, which



could not be solved via either algebraic or analytic Bethe Ansatz, is given in terms of
an inhomogeneous T — @ relation in section 3. Section 4 is attributed to the concluding
remarks.

2 Periodic sp(4)-invariant spin chain

2.1 The system

Let V denote a 4-dimensional linear space with an orthonormal basis {|i)|i = 1,---,4}
which endows the fundamental representation of the Cy algebra. The sp(4)-invariant R-
matrix R(u) € End(V ® V) is given by its matrix elements [24]

Ruis(w)) = u(u+3)6udj + (u+ 3)0a05n — u&ilrd 30, (2.1)

where the index i is defined by i +i =05, & = 1if i € {1,2} and & = —1if i € {3,4}. Let
us take the notations for simplicity

Ria(u)ff = a(u) = (u+1)(u+3),

R12(U)Z =b(u) =u(u+3), i#j7j,
) =

Ris(w)¥ = c(u) = 2u + 3,
& & Ria(u)ls = d(u) = i # 4.7,
Ris(u)ii = e(u) = u(u+2),
Ris(w)i = g(u) =u+3,  i#j,j. (2:2)

The R-matrix (2.1) enjoys the properties:
. 1
regularity :  Ri2(0) = p1(0)2 P12,
unitarity :  Ria(u)Ra1(—u) = p1(u),
crossing — unitarity :  Rya(u)™ Ro1(—u — 6)* = p1(u + 3),

where pi(u) = a(u)a(—u), P is the permutation operator with the elements 73,3 = 00k,
and t; denotes the transposition in i-th space, Roj(u) = P12Ri2(u)P12. Here and below we
adopt the standard notation: for any matrix A € End(V), A; is an embedding operator in
the tensor space V® V ® -- -, which acts as A on the j-th space and as an identity on the
other factor spaces; R;;(u) is an embedding operator of R-matrix in the tensor space, which
acts as an identity on the factor spaces except for the i-th and j-th ones. The R-matrix
satisfies the quantum Yang-Baxter equation (QYBE)

R12 (’LL - U)ng(u)RQ[J,(U) = R23(’U)R13(U)R12(u — ’U). (2.3)

Let us introduce the “row-to-row” (or one-row ) monodromy matrix 7'(u), which is a
4 x 4 matrix with operator-valued elements acting on V&V,

To(u) = Ro1(u — 61)Ro2(u — 62) - - - Ron (u — On), (2.4)



where {6;|j = 1,---, N} are arbitrary free complex parameters usually called as inhomoge-
neous parameters. The transfer matrix t,(u) of the associated spin chain with the periodic
boundary condition is given by [5]

tp(u) = troTo(u). (2.5)

The QYBE (2.3) of the R-matrix implies that one-row monodromy matrix 7'(u) satis-
fies the Yang-Baxter relation

R12(u — U)Tl (U)TQ(U) = Tg(U)Tl (U)R12(u — U). (2.6)

From the above relation, one can prove that the transfer matrices with different spectral
parameters commute with each other, [¢,(u), t,(v)] = 0. Then t,(u) serves as the generating
functional of the conserved quantities, which ensures the integrability of the sp(4)-invariant
spin chain with the periodic boundary condition described by the Hamiltonian

8lntp( )

H), = lu=0,{6,}=0 = ZHkk-H, (2.7)

k=1

where Hypi1 = Prry1Rpy 1 (u)|lu=0. The periodic boundary condition implies Hy n 1
= Hpy1.

2.2 Fusion
The R-matrix (2.1) may degenerate to projection operators at some special points of w,
which makes it possible for us to do fusion [25-31]. For example, if © = —3, we have
Ria(=3) = P x Sy. (2.8)
Here P1(21) is a one-dimensional projection operator with the form
1
Py = o) (%o, (2.9)
where [o) = 3(]14) 4 [23) — |32) — |41)) is a vector in the space V® V and S is a constant
matrix (we omit its expression because we do not need it). If u = —1, then
Ria(—1) = PY x S,. (2.10)
Here Pl(;’) is a five-dimensional projection operator with the form
5
5 5 5
P =Y 10w, (2.11)
i=1
where the corresponding vectors are
6)y — L 119y _ 191 <5)_713 31
(5), _ 1 (5)
[¥57) = 5 (114) — [41) + |32) — [23)), 0i7) = 7(!24> 142)),
5 1
) = —=(134) - |43)),

V2

and S is a constant matrix.



From the QYBE (2.3), the one-dimensional fusion associated with the projector (2.9)
leads to
Piy) Roa(u) Ria(u = 3) Py’ = a(u)e(u —3)Pyy),
Py Ras(u) Rar (u — 3)PY) = a(u)e(u — 3)PY). (2.12)

From the five-dimensional fusion associated with the projector (2.11), we obtain a new
fused R-matrix

_ 3\ _ 1\]17? 1 1

R<12>3(u) = [ (u -+ 2) £0o ('LL + 2) ] Pl(S)Rgg ('LL + 2) R13 (u — 2) Pl(g))v

_ 3\ _ 1\t 1 1

Rg 19y (u) = [ (u + 2) Po (u + 2) ] PQ(f)Rgz (u + 2) R31 (u — 2) Pg’), (2.13)

where po(u) = (u — 1)(u + 3). For simplicity, let us denote the resulting five-dimensional
fusion space by Vi which is spanned by {|@Z)Z(5))|z =1,...,5}. It is easy to check that the
matrix elements of the fused R-matrix Ryg(u) = Rpgys(u) (or R31(u) = Ry 19)(u)), as
functions of u, are degree-one polynomials of u. Moreover, we have

Rus((-) = = (w+ ) (u-3).

Rig(w)"* Ry (—u — 6)"* = — (u + 1) (u + 11) ;

2 2
Rya(u — v)Ryz(u)Ra3(v) = Ros(v)Rys(u) Rig(u — v). (2.14)
At the point of u = —g, the fused R-matrix reduces to a four-dimensional projector
Rip(-2)=PW x5 2.15
2|75 ) = X (2.15)

(4)

where S is a constant matrix and the four-dimensional projector Py, takes the form of

PO =3 Py, (2.16)

with the corresponding vectors as

w%—74fm>wwww9wm—%%wm,
) —T(VW@®Wﬂ@WMM+%%@M,
) -7(¢w@®w—ﬁ%%@wﬂwwm0,
57 —7(¢w@®mm@w%www®®m)



The property (2.15) allow us to do fusion with Pi(;l) again. The results read

B _ 1
Ry 3(u) = (u+5)" P Ryg(u + 2) Ry (u - 2) Py,

Ry ig)(w) = (u+5)"" P Raa(u + 2) Ry <u - ;) P, (2.17)
After taking the correspondence
WOy i), =1, 4, (2.18)
we get the key relations
Rigys(u) = Ris(u), Rz (u) = R31(u), (2.19)
where the R-matrices R13(u) and Rs1(u) are given by (2.1).
2.3 T —Q relations
From the fused R-matrix, we can define the fused monodromy matrix
To(u) = Roy(u — 1) Rog(u — 02) -+ Ry (u — ), (2.20)

which is a 5 x 5 matrix with operator-valued elements acting on VEV. The fused R-matrix
and the fused monodromy matrix T'(u) satisfy the Yang-Baxter relation

Ryg(u — 0)T1(u)T3(v) = To(v)T1(u) Rya(u — v). (2.21)
The fused transfer matrix is given by
tp(u) = trgly(u). (2.22)

Using fusion relations (2.12), (2.13) and (2.17), we have

P(l) Ti(u)To(u—3 21 —Ha u—0;)e(u—6; —3)P. 2(1), (2.23)
al _ 1
=1
_ 5 A N
PYTy(u)T; <u - 2) P = T](u— 6 +3)Tps(u—2). (2.25)
1=1

Following the method developed in [22] and using the identity (2.19), we can show that
the following identities hold

T1(0;)Ta(0; — 3) = PS)T1(0;)Ta(6; — 3), 2.26)
T1(0,)Ta(0; — 1) = Py Ti(0;)Ta(0; — 1), (2.27)
T5(0;)1 <9j - Z) = P, Ta(0,)Ty <9j - ;) - (2.28)



Considering the relations (2.19) and (2.23)—(2.28), we obtain the operator identities among
the fused transfer matrices as

(0100 — 3) = [ a(6; — 0)e(0; — 6; - 3), (2.29)

—

.
Il
fa

tp(05)tp(0; — 1) =

OACERE

The commutativity of the transfer matrices ¢,(u) and ¢,(u) with different spectral

.:12

s
I
—

(0 — 6 + 1)7o(0; — 0,)i, <9j—;>, (2.30)

(9]' —0; + 3)tp(9j - 2). (2.31)

—

.
I
—

parameters implies that they have common eigenstates (namely, the common eigenstates
do not depend on the spectral parameter u). Let us denote the eigenvalues of the transfer
matrices t,(u) and £, (u) as A, (u) and Ay, (u), respectively. From the identities (2.29)—(2.31),
we have

Ay (8;)A,(0; —3) Ha —0; —3), (2.32)
N 1
A0, -1) = [T 0+ o —008, (0,-31). e
=1
N
Ay (6,)A, (ej — Z) = []0; — 6; + 3)A,(6; — 2). (2.34)
=1

The eigenvalue A, (u) of the transfer matrix ¢, (u) is a degree 2N polynomial of u, which can
be completely determined by 2N + 1 conditions. Besides the functional relations (2.32)-
(2.34), we still need one more condition which can be obtained by analyzing the asymptotic
behavior of ¢,(u). From the definition, the asymptotic behavior of ¢,(u) can be calculated as

tp(u)|u—>oo = 4u? xid + - - )
which leads to
Ap () fusoo = duN -0 (2.35)

The eigenvalue A, (u) of the fused transfer matrix #,(u) is a degree N polynomial of u, which
can be completely determined by the functional relations (2.32)—(2.34) and the asymptotic
behavior of ¢,(u) given by

Ep (1)l soo = 5™ X id -+ ,
or

Ap() fuyoo = BUN + -+ . (2.36)



Thus the 3N + 2 relations (2.32)-(2.36) completely determine the eigenvalues Ap(u) and
A, (u), which are given in terms of the homogeneous T — Q relations:

Ap(u) = 27 (u) + 2 (u) + 2§ (u) + 2 (w), (2.37)
o[- e D] o e )
+z® <u - ;) } + {Zé”) <u + ;) + 2z <u + ;) ]Zip) <u - ;) } : (2.38)

where
2" (w) = f:[w - %)éﬁ?@)”,
o = [y S d
SR
7 () = ﬁ(a ~ 6, >fm,
o = Tf (- + ). w12 (2.39)

Because the eigenvalues A,(u) and A,(u) must be polynomials of u, the residues of right
hand sides of equations (2.37)—(2.38) should be zero, which gives rise to the constraints of
the Bethe roots {u,(cm) }, namely, these parameters should satisfy the Bethe Ansatz equations

@ (. (
> (k, )Qp( _2) ﬁ,u,(cl-l-% 0 k=1,---,L, (2.40)
R e =

Q()(() )Q()<(2)—%)_ 1
QP - 323" (1w + )

We note that the Bethe ansatz equations obtained from the regularity of A,(u) are the

same as those obtained from the regularity of A,(u). It is easy to check that A,(u) and
A,(u) satisfy the functional relations (2.32)—(2.34) and the asymptotic behaviors (2.35)
and (2.36). Therefore, we conclude that A, (u) and A, (u) are the eigenvalues of the transfer
matrices t,(u) and ¢,(u), respectively. It is remarked that the T' — @ relation (2.37) and
the associated Bethe ansatz equations (2.40)—(2.41)(after taking the homogeneous limit
{0; =07 =1,2,---,N}) coincide with those obtained previously via conventional Bethe
ansatz methods [23, 24] .



The eigenvalues of the Hamiltonian (2.7) then can be expressed in terms of the Bethe
roots as

OlnA,(u
gy = 2 oo (242)

3 Off-diagonal integrable open boundary case

3.1 Open chain

Integrable open chain can be constructed as follows [3, 4]. Let us introduce a pair of
K-matrices K~ (u) and Kt (u). The former satisfies the reflection equation (RE)

Ris(u —v)K{ (u)Ra1(u+ v) Ky (v) = Ky (v)Ria(u + v) K| (u)Rai(u — v), (3.1)
and the latter satisfies the dual RE
Riso(—u+ v)Kf(u)Rzl(—u —v— G)K;(v)
= Ky (v)Ria(—u — v — 6)K{ (u)Ra1(—u + v). (3.2)

For open spin-chains, instead of the standard “row-to-row” monodromy matrix 7'(u) (2.4),
one needs to consider the “double-row” monodromy matrix as follows. Besides the mon-
odromy matrix Ty(u) given by (2.4), we also need a crossed monodromy matrix

To(u) = Ryo(u =+ 0n) - - - Roo(u + 02) Ryo(u + 61), (3.3)

which satisfies the Yang-Baxter relation
Rio(u — v)T1 (u)Ta(v) = To(v)T1 (u) Ria(u — v). (3.4)

The transfer matrix ¢(u) is defined as [4]
tu) = trof Kif () To(w) Ky (u)To(w)}. (3.5)

From the Yang-Baxter relation, reflection equation and dual reflection equation, one can
prove that the transfer matrices with different spectral parameters commute with each
other, [t(u),t(v)] = 0. Therefore, t(u) serves as the generating function of all the conserved
quantities of the system. The associated quantum spin chain with integrable boundary
interactions is given by the Hamiltonian

1 0lnt(u)
=3 T’uzo,{ej}:o

N—-1 _/
_ K (0) | tro{Ky (0)Hno}
= ; Hypq + % + t’l”ng_(O) . (36)

In this paper, we consider the open chain with off-diagonal K-matrix K~ (u) [32-34]

—10610
0 -10c
K (uy=C+Mu, M= , 3.7
(w)=¢ 010 (37)
06201



while the dual reflection matrix K (u) is

K" (u) =K (—u—3) (3.8)

|<7Ci*><767,' ’

Here (, c¢1, ¢ and C~ , C1, Co are some generic parameters describing the boundary fields
applied on the end sites. It is easily to check that [K~(u), KT (v)] # 0, which implies that
the K*(u) matrices cannot be diagonalized simultaneously. In this case, it is quite hard
to derive solutions via conventional Bethe Ansatz methods due to the absence of a proper
reference state. We will generalize the method developed in section 2 to get eigenvalues of
the transfer matrix ¢(u) (3.5) specified by the K-matrices (3.7) and (3.8) in the following
subsections.

3.2 Fusion of the reflection matrices

In order to obtain closed operator identities, we study first fusions of the reflection matrices.
The one-dimensional fusion for the reflection matrices gives

P KT (u)Rar (2u — 3)K; (u = 3)Ply) = (u—1)(u — 3)h(u) Py, (3.9)
POKS (u—3)Ria(—2u— 3)K; (u)PY = (u+1)(u+3)h(u) Py, (3.10)

where

h(u) = 4[(1 + crep)u® — (7],
h(u) = 4[(1 + &1é)u® — C?).

From the five-dimensional fusion, we obtain a new fused reflection matrices K as

Ky () = [(2u—1)(2u+3)] 7 P KT (u + ;) Ro (2u) Ky ( - ;) PY. @)

_ 1 1
Ky (u) = [(2u+3)(2u+ 7)) P K <u - 2) Rip(—2u — 6)K; (u + 2> PP (3.12)

where the projector Pl(g’)

is given by (2.11). Due to the dimension of the projected space
V is 5, the corresponding K. % (u) are both 5 x 5 matrices and their elements are all degree
two polynomials of u. The fused R-matrix and the fused reflection matrix K (u) satisfy

the reflection equations

Rip(u = V) KT (u) Ryt (u + v) Ky (v) = Ky (v)Rip(u + 0) K7 (u) Ryi(u — v), (3.13)

= Ky (v)Rig(—u—v — 6)K{r(u)R21(—u +v). (3.14)

Now let us turn to the fusion between the reflection matrices K*(u) and K*(u) by

) given by (2.16), which gives

the four-dimensional projector Pi(;1
_ ) o ~ 3\
K ) (u) = 4[(2u — 1)h(u +2)] PO Ky (u+2) Ry <2u + 2> e (u - ) Py,

. B _ 1 5
K&y () = =2[(u+5)h(u +2)] o es (u - 2) R (—2u - 2) K (u+2)P3).



Both K <3§Q> (u) are 4 x 4 matrices, whose matrix elements are degree one polynomials of w.
Moreover, keeping the correspondence (2.18) in mind, we have

K<ﬂ;2>(u) = K*(u), (3.15)

where the K-matrices K*(u) are given by (3.7) and (3.8).

3.3 Operator product identities

For the open boundary case, besides the fused monodromy matrix Ty(u) given by (2.20),
we also need the reflecting fused monodromy matrix 7'(u) given by

1>

o(u) = RNG(U+‘9N)"'RQG(U+92)R16(U+01), (3.16)

where the dimension of auxiliary space V is 5 and the quantum space keeps unchanged.
The matrix Tj satisfies the Yang-Baxter relation

2o A~ ~ 2o

Ryy(u — v) Ty (w)Ta(v) = To(v)Ty (u) Ryg(u — v). (3.17)

The fused transfer matrix ¢(u) is
) = trot K2 () To(w) Ky (u) o)} (3.18)

From the definitions (3.5) and (3.18), the transfer matrix ¢(u) (resp. t(u)), as a function of
u, is a polynomial of degree 4N 42 (resp. a polynomial with degree of 2N +4). In order to
determine the eigenvalues of the transfer matrices ¢(u) and ¢(u), one needs at least 6N + 8
conditions.

With the fusion relations (2.12), (2.13) and (2.17), we have

N
Py T (u)Ta(u — 3) Py = [[alu+6;)e(u+6; — 3)Py), (3.19)
=1
. . . 1
POy (u)Ty(u—1)PS) = H(u +0; + 1)po(u + 0;) Taa <u — 2> , (3.20)
=1
47\ 2\ al o
PO Ty(u)T; <u - 2) PP = T](u+6; +3)T s (u—2). (3.21)
=1

We can show that Yang-Baxter relations (3.4) and (3.17) at certain points also give

T1(—0;)T <—9j - 2) — PYT(~0,)Ty <_0j - ;) ; (3.22)
Ty (=0,)Ta(—0; — 1) = P Ta(—0;)Ta(—0; — 1), (3.23)
To(—~0,)Ty <—9j - g) = POTy(-0)) I (—9j - Z) : (3.24)

~10 -



Keeping the identity (2.19) in mind and using the relations (2.23)—(2.28), (3.15)

and (3.19)-(3.24), we obtain

1 (46; — 1) (£, — 3) (£6; + 1) (£6; + 3)
TR T 51 e, =) (20, = D) (20,4 8) (205 + 1)
N
xh( H ) (19 +9) ( 9j-01—3)€(i0j+9i—
=1
o (E0; — 1) (£0; + 1) (£0; 4+ 1) (£0; + 3)
O )= ) (0, 1) (5, + D) (20, D)

1

3), (3.25)

N
xH +0; — 0, + 1) (£0; +0; + 1) po (£0; — 6;) p (iej+9i)t<i0j—2>, (3.26)
=1

(L, 5\ 1 (£6;—3)(£6;+3) N
(20-2) =i, gy 040

X (i@j—ei—i—?)) (ﬂ:@j+9i+3)t(i9j—2).

=1
From the definition, the asymptotic behavior of t(u) can be calculated as
t(u)|u—>oo — —trMM x u*Vt2 x id+---,

where M = M| e Direct calculation gives

c2—(,C1,C2"

trMM = 4 + 2¢169 + 20571 .

Besides, we also know the values of ¢(u) at the points of 0 and —3,

N

t(0) = tr{K*(0) H ) x id,
1N

t( ) tT’{K H i Xid.

The asymptotic behavior of ¢(u) reads
() |usoo = tr1a P (MM (MM)a P x w4 x id + - -

Direct calculation shows

tT‘lgpl(S) (MM)l(MM)Qpl(S) = (2 + 6152 + 6251)2 + (1 + Clcg)(l + 5162).

- 11 -

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)



Using the method developed in [22], we can evaluate the values of #(u) at some special

(2 _ 9i> (g + 9i> wid,  (3.33)

points as follows:

—

£(0) = 234 (1+ciea — 4¢%) (1 + 8y — 452)

=1
F(—3) = 25 (14 c1es = 4¢) (14 215 — 482) lj‘ll <; - 9i> (; + 0¢> xid,  (3.34)
t<_;> - iH (1 Cf)(l +0,) 1=, (3.35)
t(;) - ZH = Ccm oY) (3.36)

3.4 Inhomogeneous T — (@) relations

So far we have obtained the 6N + 8 conditions (3.25)—(3.36), which allow us to determine
the eigenvalues of the transfer matrices ¢(u) and #(u). It is easy to show that the transfer
matrix ¢(u) and its fused one t(u) satisfy the commutation relations

[t(w), t(v)] = [t(w), {(v)] = [t(w), {(v)] = 0.

Let |¥) be a common eigenstate of the transfer matrices with the eigenvalues A(u) and A(u)
t(w)¥) = Aw)|¥),  {(w)|¥) = A(u)| D).

From the identities (3.25)—(3.27), we obtain the following closed functional relations

1 (&0 — 1) (£6; —3) (£, + 1) (£6; + 3)

MR T s D e - D G e DGy O
N
xh(£0;)h(£0;) [ [ a(£6; — 6:)a(£6; + 6;)e(£0; — 0; — 3)e(£0; + 0; — 3),
=1
(40, — 1) (46, + 1) (£6; + 1) (6, + 3)
A(£0;) A (46, — 1) = 3.38
SR T g T 0 D) (0 D) (20 ) )
N
x T (05 — 0:41)(20; + 0; + 1)jo(6; — 0:)o(£8; + )R <i9j - ;) ,
=1
A(26, )A< 6, - ;) _ 214&23 ))(f; :3§h<iej>ﬁ<ﬂ:9j>
N
x [ (65 — 6: + 3) (05 + 6; + 3) A (+6; — 2), (3.39)
=1
A (1) |usoo = — (4 + 2¢18 + 2c061) u*N T2 4 (3.40)
N
0) =4¢C [ o1 (=0, (3.41)
=1
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N
A(=3)=4¢¢ [ o1 (—62), (3.42)
i=1

A () Jusoo = {2+ 182+ 0281)> + (1 cre2) (14 &1) pu N (3.43)
A(0) = 25—4 (1+er2 = 4¢?) (1+ @16 — 432) ﬂ <2 - 0i> <; + ei) L (3.44)

. - > 5 5
R(-3) = 257 (1+cie — 1¢2) (14 @16 - 40 I1 <2 - ei) <2 + ei) . (345)
A (_D B infil (1 —C;) ey Y (3.468)
A (—Z) = ZH% a _Cgi) i Hi)A (-2). (3.47)

The 6N + 8 relations (3.37)—(3.47) enable us completely to determine the eigenvalues
A(u) and A(u) which are given in terms of some inhomogeneous T — @ relations. For
simplicity, we first define some functions:

N
Z (u)=212((5:§)) ((Zi?) [Lete—onaturo) =

Zs (u) = % (ufg; U”i 5 j:b(u 8,)b (u+ 0;)
X gi; EZ i ;; gg; EZ i 3 ha (u+ 3) hia (u+ 3),

Z4(u>_212(“f(§l;?u21 . ﬁe(u 0,) e (u+06;) SEBE )h2 (u+3) ho (u+3),

Q" (w) =] (u—)\,(j”) +%) (u+)\,(€m) +%) m=1,2,

i

fi (u)—212“(“(ﬁ%”)jf_v[lb(u—aj)b(u+9j)(u—9j+1)(u+oj+1)
R Iy

f (u):212“(“(21)%”)ﬁb(u—aj)b(u+9j)(u_ej+2) (u+0; +2)

~13 -



where z is a constant related to the boundary parameters (see below (3.55)) and
{hi(u), h(u)|i = 1,2} are some functions given by

hi(u) = 2(v/1+ cicou+ (), ha(u) = 2(v/1 + ci1cou — (),
hi(u) = —2(\/1 + é1éau — C), ho(u) = —2(\/1 + é1é2u + C). (3.49)

The eigenvalues A(u) and A(u) can be expressed as

A(u) = Z1(u) + Za(u) + Zs(u) + Za(u) + f1(u) + fa(u), (3.50)
N

/_\(u):il_ll[(u—@'-i—g) <u+9i+2>ﬁo (u—@i-l—;)ﬁo (u+9i+;>]_l
At (-2) " (w5 2) *(ur D)
<{z (ut3) [22 (v-g)+ 20 (u-g) 421 (u3) + 7 (u_m
[l ealeeg) ol g)[alog) s alo) 23)
i ss ) (o)D)

where the non-negative integers L and Ly satisfy the constraint!

L1 =2Ly+ N +1. (3.52)

Because the eigenvalues A(u) and A(u) are both polynomials of u, the regularity of these
functions gives the constraints of Bethe roots

(A1) 1 QW (A" - 3)
ML (-0 1) (A 10, 1) @@ (A —2)
(M -13) . QW (AY + 1)
j1 ()\l(el) — 0+ %) (A,(f) +0; + %) Q® (A,‘ﬁ)

[I
1 1
Tz <A,E}) 1 2) A 2) Q® (A,(j) - 1) -0, k=1,2--,Li, (3.53)

+1 3\ - 3
+ o) . ) 1> ho <)\l(2) + 2) ho ()\Z(Q) + 2) =0, [=1,2,---,Ly. (3.54)
()\l + 1) QW ()\l + §)

1t is remarked that the number of Bethe roots for non-diagonal boundary case is different from (actually
more than) that of diagonal boundary case [35]. In the non-diagonal case, there exists a constraint (3.52)
between L; and L2 because one of the two U(1) symmetry is broken. This leads to the eigenvalue should
be given by an inhomogeneous T-Q relation (3.50). But for the diagonal case, the boundaries still preserve
the two U(1) symmetries and the eigenvalue can be expressed in terms of a homogeneous T-Q relation [35].

— 14 —



We note that the Bethe ansatz equations obtained from the regularity of A(u) are the
same as those obtained from the regularity of A(u). The function Q™ (u) has two zero
points, namely, )\,(Cm) — % and —/\;m) — . We have checked that the Bethe ansatz equations

obtained from these two points are the same. z is fixed by the asymptotic behaviors of
A(u) and A(u) as

5 _ _
= —taeten (3.55)
\/(1 + 0162)(1 + 0162)

If ¢y = co = ¢ = ¢ = 0, the boundary reflection matrices reduce to diagonal ones. In

this case, = 0 and our solution of A(u) (after taking the homogeneous limit {§; — 0|j =
1,2,---, N}) naturally reduces to that obtained via algebraic Bethe method [35]. Finally,
the eigenvalue E of Hamiltonian (3.6) can be expressed in terms of the Bethe roots as

_ 10InA(u)

E=3 T|u:0,{9j}:0-

(3.56)

4 Discussion

In this paper, we generalize the nested ODBA method to the integrable models related to
the sp(4) Lie algebra. By using the fusion technique, we obtain the closed operator product
identities of the fused transfer matrices. Based on them and the asymptotic behaviors as
well as the values of transfer matrices at some special points of u, we obtain the exact
solution of the system with the periodic and off-diagonal open boundary conditions. The
method developed in this paper can be generalized to the high rank C,, (i.e., the sp(2n))
case directly.?
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