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ABSTRACT

In the first part of this thesis, the quasi-3D thin-stratifieedium fast-multipole algo-
rithm (TSM-FMA) will be introduced for the analysis of geaémicrostrip structures. It
is based on a newly developed matrix-friendly dyadic Gre&mction for layered media
(DGLM), which is represented in terms of only two Sommerfieligeggrals and is suitable
for developing fast algorithms. The path deformation téghe and the multipole-based
acceleration are used to expedite the matrix-vector migiéifion. Both the computation
time per iteration and the memory requirement @V log N) in the quasi-3D TSM-
FMA.

In the second part, an efficient and accurate way to evalbnat€asimir force between
arbitrarily-shaped conducting objects in both 2D and 3Dngeties will be presented. The
Casimir force is the dominant force between charge-neabjgcts when the separation
is less than a micron. It is important in the design of midecgomechanical systems
(MEMS) and nano-electromechanical systems (NEMS). Ouhatktasts the evaluation
of the force as a series of traditional 2D or 3D electromagrseiattering problems, which
are formulated with integral equations and then solvedguiie method of moments.
We demonstrate that this quantum electrodynamics phenammean be studied using the

knowledge of classical electrodynamics.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

A large class of electromagnetic applications, such asyepal prospecting and prob-
ing [1-3], remote sensing [4], and microwave circuits, antes [5—-7], and multilayer
printed circuit boards (PCB) [8] can be cast as layered nmegitoblems. For typical lay-
ered medium problems, the object is above or embedded ia tiedectric substrates or
half-space, sometimes with ground planes. In numericdysaisait is preferable to put
unknowns on the scatterers or radiating objects than toetize the entire background, as
the number of unknowns required is greatly reduced. Thesintegral equation method
is more efficient than other methods based on differentiahBgns in solving these prob-
lems. By the method of moments (MOM) [9], the integral equais then converted into
a matrix equation.

Instead of the free space dyadic Green’s function [9, 1@ ,dyadic Green’s function
of the layered medium (DGLM) needs to be derived to formutlageintegral equation in
layered media. Various forms of dyadic Green’s functionléyered medium (DGLM)
have been investigated in the literature [5, 11-22], baitragpic and anisotropic. Though

the exact forms are different, the dyadic Green’s functicars only be written as Fourier



integrals expressed in terms of Sommerfeld integrals. hegd, the Sommerfeld inte-
grals are difficult to evaluate efficiently, due to the higbgcillatory and slowly decaying
characteristics of the integrand. Thus, the dyadic Grefeimstion should be formulated
so that the integrand in Sommerfeld integral is least adoitiy.

Among the applications, microstrip structures have beenairthe most rapidly de-
veloping and intensely studied subjects since the 1970<crdslirip structures usually
include thin dielectric substrates and ground plane. Tin@irsverse dimensions are much
larger than their vertical dimensions. Due to the richnéstsaonfiguration, a full wave
solver designed specifically for these structures is deentforeover, since the major
advantages of microstrip antennas are realized in aplitathat require moderate size
arrays, a full-wave solver with a fast algorithm that candiatarge problems efficiently is
mostly desired. In summary, the full-wave surface integrplation solver for microstrip

structures should have the following characteristics:

¢ Ability to model arbitrarily shaped microstrip structures
e Matrix-friendly forms.
e Efficient evaluation of Sommerfeld integral.

e Fast algorithm acceleration.

In this dissertation, RWG basis [10] is used in the surfategral equation formulation
to characterize the surface current on the object. Thislasction is flexible enough to
model arbitrarily shaped structures. We introduce a newedegant way of deriving the

DGLM based on the pilot vector potential approach [23]. le thatrix representation of



this DGLM, the Sommerfeld integrals only involve zeroth erdessel function and are
less oscillatory than other forms.

The numerical evaluation of Sommerfeld integrals is usuatie-consuming, because
the integrand is both highly oscillatory and slowly decayahong the Sommerfeld integra-
tion path due to the closely located branch-point and polguarities. One way to speed
up the calculation of Sommerfeld integrals is to precomphése integrals on a grid of
points in the solution domain and to interpolate with theutated integrals [24—-26]. An-
other vastly popular approach is the discrete complex imaggod (DCIM) [17,27-32].
The third class of method is to deform the original integnajpath to the steepest descent
path (SDP), where the integrand converges exponentiaily,irclude the contributions
from any enclosed poles [18, 20, 21, 33, 34]. Specifically,ttiin-stratified medium fast-
multipole in reference [20] combines the path deformatiod &ast algorithm and is a
good candidate for microstrip patch problems. Howevemedarly work, the algorithm
is limited to planar microstrip structures only. In this ¢ie&e we inherit the path defor-
mation and fast-multipole algorithm techniques in refeee{20] and apply them to the
new form of DGLM. The new fast algorithm is called the quaBitBin-stratified medium
fast-multipole algorithm (TSM-FMA) and it can handle arhity microstrip structures.

The quasi-3D thin-stratified medium fast-multipole algfom is designed for but not
limited to microstrip structures. In circuit analysis, ihéerconnects are often placed over
conductive substrate and the substrate effect should Ised=yed [35,36]. The conductors
of the interconnects are similar to microstrip structurethe sense that they are mostly
planar. Thus the fast algorithm proposed in this thesisccbalapplied in circuit analysis

as well, if two more features could be included:



¢ Include the conductor loss of the object.
e Overcome the low-frequency breakdown.

These will be left to future research.

1.2 Outline

The outline of this thesis is as follows: In Chapter 2, a newd suaccinct way of deriv-
ing dyadic Green'’s function for layered media (DGLM) is oduced. The matrix repre-
sentation of the DGLM for both embedded basis and straddiasis is presented. It is
validated by comparing the numerical results with the ail/solutions in some cylin-
drically symmetric problems. In Chapter 3, when the obd@wgpoint and the source
point have relatively large horizontal separation (gretitan 0.1)\;), the Sommerfeld in-
tegrals are detoured from the Sommerfeld integration patR)(to the vertical steepest
descent path (SDP) to accelerate its convergence. Themfilementation of the quasi-
3D thin-stratified medium fast multipole algorithm (TSM-RAYis described in detail. It
speeds up the matrix-vector multiplication of the impedamatrix toO (N log N). Chap-
ter 4 is devoted to developing a numerical method to evalDasemir force in both 2D and
3D structures. This is our first successful attempt to appiygutational electromagnetic
techniques in multi-physics simulation. Finally, the pbkstopics for future research are

discussed.



CHAPTER 2

A NEWLY DEVELOPED
MATRIX-FRIENDLY FORMULATION OF
LAYERED MEDIUM GREEN’S FUNCTION

In this chapter, a new and succinct way of deriving the maapresentation of the dyadic
Green'’s function for layered media (DGLM) is introduced. eTdherivation is based on
the pilot vector potential approach, where two vector poédsin terms of TE and TM
fields are presented. Then the matrix representation ofdyaslic Green’s function is
given and it is validated for basis straddling across layensally, numerical results from
this formulation agree well with the analytical solutiorfssome cylindrically symmetric

problems and validate the new form of dyadic Green'’s fumctio layered medium.

2.1 Introduction

Sommerfeld first solved the problem of a vertical electripode on top of a half space
in 1909 using Hertzian potentials [37]. In 1972, Kong usee thcomponents of the
electromagnetic field instead of Hertzian potentials anéreded to layered media [38].
The dyadic Green'’s function for layered media has been éerirv various forms [5, 11—
22].

As we know, in free space case, if the fields are expressedistef vector and scalar

potentials, the kernel of the integral equation has a wesikgularity. The mixed-potential



integral equation (MPIE) is even more important for layeneedia, because the spectral
Sommerfeld integrals in the potential form converge mopdig, saving considerable
computation resources. In potential expressions, parh@fcbordinate-space differen-
tial operator is moved to the current. Since the differémgerators in coordinate-space
translate into higher spectral components in the Fouriacespthe Sommerfeld integrals
converge more rapidly with these operators being trareflerhmong the various forms of
MPIE which have been derived [5, 39-42], the Michalski-Zinéarmulation [5] is vastly
popular and has been adopted by many workers [17,32, 43-48].

Similar to the MPIE formulation, the dyadic Green’s functifor layered media de-
rived here is expressed in terms of two scalar potentialsh E@aalar potential is a Sommer-
feld integral involving only zeroth order Bessel functiarhich is convenient for designing
acceleration techniques in the next chapter. The matrbesgmtation of the DGLM is ma-
nipulated so that the coordinate-space singularitiesiritegrand are as weak as possible.
As a result, the associated Sommerfeld integrals have fhigarfrequency components

and converge more rapidly.

2.2 Dyadic Green'’s Function for Layered Media

We will start with a dyadic Green'’s function that is succlpaterived in [18], then gen-
eralize it for layered medium and arrive at a form that is mé&tiendly for evaluating
elements of its matrix representation.

For a homogeneous medium with wavenumbgrthe dyadic Green'’s function can be

decomposed into TEand TM., components. Using the-directed pilot vector potential

1This list is by no means complete.



approach [49], the dyadic Green’s function for a homogeasenedium can be derived in

terms of vector wave functions as [18, p. 411]

- < dk, ,
G(r,r') = 52 // kmsz M (k,, r)M(—k;, r’)
+N(ks, r)N(=kg, 1')] — k—25(r —r') (2.2)
where
M(k,, r)M(—k,, 1) = (k, x 2)(k, X )¢’ Fare) gikms|z=='| (2.2)

N(k,, r)N(—ky, 1) = —(Kpt X kg X 2)(Kpz X kg x 2) - ek (rar8) gihmel2=2"1 (9 3y

-

m

kot =k, £ 2k,.., ks = Xk, + yk,, and the upper sign is chosen when- 2’ and the
lower sign is chosen when< z/. Here,k,,. = \/k2, — k2 andk? = k; - k,. The above
integrals are ill-convergent when the source point and #ld fioint are coplanar, viz.,
z = 2. This is because this plane contains the source point singuivhose Fourier
transform is ill-convergent (see [44, 45, 48] for detaildpwever, numerical evaluation of
them can be avoided since they have closed form in coordapatee for the homogeneous

medium case, i.e.,

ikm |r—r’|
VV) e (2.4)

G(r,v')= (1
(r,r) ( * k2 ) Aw|r — /|

In the above, théM function corresponds to TE waves while thefunction corre-



sponds to TM waves. For a layered medium, we can replace theddy [18]

Mk, t)M(—k,, ') = (Vx2)(V' x 2)e* e, 2 ) (2.5)
7 ! / ~
N(ksvr)N(_ksar,) = — (v X V X Z) <V X AV Z)
IWep iWhim

e DM (2, ) (2.6)

where we have assumed that the source point is in regiomhile the field point is in
regionn. The functionF“(ks, z, ') above, wherex is either TE or TM, satisfies the

following ordinary differential equation [18, 50]:

d 1 d 1 2i

— —+ E2(2)| F(ks, 2,7) = ——k.(2)0(z, 2 2.7

T T | Fole s ) = k(2032 ) (2.7)
wherep = p for TE waves, ang = ¢ for TM waves. Moreoverk, = /k?(z) — k2.

Whenk(z) is piecewise constant denoted by, for different regions,F'“ can be found
in closed form using a recursive procedure [18, p. 76]. Furtiore, > describes the
propagation ofB, or D, fields for TE and TM fields respectively in an inhomogeneous
layer.

After using Equation (2.5) and (2.6) in Equation (2.1), arndhanging the order of

derivatives and integrals, we can rewrite the DGLM as

G(r,r') = (Vx2z)(V' x2)g™(r,r)

- (VxVxz) (V' xV xz)g™(r 1), z—2|>0 (2.8)

+k2

wherek?,, = w?e,u,. The above representation is valid only wHen- 2’| > 0, because



when the derivative operators act @y (ik,,.|z — 2

), a singularity is produced at= 2’
which is not the same as that in Equation (2.1). Hefe(r,r’) andg™ (r,r’) consist of
the primary (direct) field terms and the secondary (refl9dteldl terms. The primary field
term contains the source singularity, and hence, its reptason in the Fourier space is
inefficient. Since it is the same as the homogeneous medissfoawhich closed form
exists, it is more expedient to express it in closed form iordmate space (see (2.4)).

Another point to be noted is that in (2.8), the derivativerapars are taken out of the
spectral integrals. Henceg'® (r, r’) andg™ (r, r’) in their coordinate-space representations
are less singular than the dyadic Green'’s function itsediné¢, their spectral integrals are
more rapidly convergent compared to the spectral integrd®.1).

The explicit expressions for'® (r,r’) andg™ (r,r’) are

g (r,r) = o // h dk ke (et prE(f z)} (2.9)

o dk
g™ (r,r') = 52 // k:2 el T (2 2 )} (2.10)

The above Fourier integrals can be expressed in terms of ®of@lchintegrals involving a

single integral and Bessel function (whéfe= k) using the techniques described in [18],

namely
TE / 7’ > dk TE
) =1 [ k) PG ) (211)
/ Z * d /
g™ (r,r") = yym /0 : pk [Jo(kprs) F™ (ky, 2, 2)] (2.12)
mzlvp

Due to thel /£2 or thel/k, term in the integrands, these spectral integrals are mprelya



convergent compared to those in (2.1). Whe and F'™® are defined in (2.11)-(2.12),
the generalized reflection coefficien®& and R™ [18, Chap. 2] distinguish polarization

effects of the layered medium.

2.3 Propagation Factors

In the last section, we have given the ordinary differerg@lation that the propagation
factors satisfy (2.7). In a layered medium whg(e) andk(z) are piecewise constant, the
factor can be obtained through a recursive procedure [18TB0ugh the other references
already clearly present the generalized reflection coefftsi(,, ) and propagation fac-
tor, a direct implementation may lead to overflow. Thereftine expressions here have
been manipulated to get a form which is friendlier to nunaricplementation.

We will give the expression of%, (2, z’) used in this thesis. Here stands for either
TE or TM, m is the index of the layer containing the source pairdndn is the index of
the layer containing the testing pontR:  and7 are the Fresnel reflection coefficient

and transmission coefficients from mediunto mediumm. And G¢,, are the generalized

reflection coefficient:

Tn,n+1Gn+1,n+2Tn+1,n eXP[Qian,z(dnH - dn—i—l)]
1- Gn+1,n+2Rn+1,n eXp[Qian,z(dnH - dn—i—l)]
Tonm—1Gm—1m—2Tm—1.m €xp[2ikm—1..(dm — dp1)]

1 — Gm-1m—2Rm—1m exp[2ikym—1 . (dm — dim—1)]

Guns1 = Rnpppr+ (2.13)

Gm,m—l = Rm,m—l“‘ (214)

If m = n, i.e. source point and field point are in the same layer, thpamation factor

10



can be summarized as

. , ) . . o
}%,m(za Z/) = 6zkmz\z 2| + Cme7m—1ekaz(z+z 2dm) + C1777,6'1771,771-4-1elkmz(2dm7L1 2=7)
. . ) _
_I'CmG m,m—le,m-l—leZkMZ(z 2)+2ikms (dm-1—dm)

+CGrnin1 G g €7z G724 2k (dmpr =dim) (2.15)

1
where C. = |
" 1 - Gm,m+1Gm,m—1622ka(dm+1_dm)

The first term is the direct interaction. The other terms heereflected terms and their

physical meaning is clear through this rearrangement.

If n > m, i.e. observation layer is above the source layer,

n—1

Fnam(z’ Z/) — [elknz (Z—dn) _'_ Gn’n+1€iknz(2dn+1—Z—dn)]Dn H Djeikj’z(dj+1_dj)
j=m+1
X Cm [eikmz (dm+1 _Zl) + Gm7m_1eikmz (dm+1 +Zl_2dm)] (2 16)
where
D — Tj1y 1 —=Rjja
;=

. = : 2.17
1 — G iRy j1€%ki=dii=di) 1 — G Rj j_jehiz(diri=d;) ( )
If n < m, i.e. observation layer is below the source layer,

n+1
. _ . _ ik (dir1—ds
F;S;n(z7 Z/) _ [elknz(d7l+1 z)_|_Gn,n_1ezknz(dn+1+z 2d”)]En H Ejel 2 (djp1—d;)
j=m—1,—-1

X Cm [eikmz (Zl_dm) _'_ Gm7m+1€ikmz (2dm+1 _Z/_dm)] (2' 18)

11



where

o Tjy1, _ 1 —Rjjn
i = o (do—d;) ki (dir1—d;
1= GjjaRjjpe?t=n=d) 1 — Gy, R jehs=(dis=d)

(2.19)

For the expressions above, if we choose the correct sign.ado that its real part is
positive, every exponential function is bounded and overfimuld be prevented.

From (2.7), the boundary conditions féi® (z,2’) across a discontinuity could be
derived [18, p. 47]. Assume the sourgas fixed in layerm, andz is right at the interface

of layern andn — 1,

Fo(z,2) = FE,.(27), whenz=d,, (2.20)
ﬁ%ﬂ%(w’) = MSZ)%F,IE_Lm(Z,z’) (2.21)
Fon(z,2) = FM.(2,7), (2.22)
?Z)%FJ%(W’) - %%Fﬂl,m(z,z’) (2.23)

Now, we perform an asymptotic analysis for the propagatmtofrs:

. _ 2 12
k})linoo Kz kilinoo ks, — k3 =ik, (2.24)
Gdoo = lim Gt = lim Ry = L=t —Pm (2.25)
kp—>oo kp—>00 Pm—1 +pm
1 BT o Pm+1 — Pm
Gruoo = 1Im Gy = lim Ry ) = ——— (2.26)
kp—o00 kp—o0 Pm+1 + Pm
: : 2pn
Thioco = lim D, =1— lim R, = —— (2.27)
k;p—m)o k‘p—>OO Pn-1 _I_ Pn
. : 2pn,
Tweo = lim E,=1—- lim R, 41 = ———— (2.28)
kp—00 kp—o00 Pn+1 + Pn

12



Herep stands for for TE waves and for TM waves. Usually, dielectric substrate has a
relative permeability of 1 and',,,,, .o = G0 = 0. Using these results, the propagation

factors could be approximated as follows whign— oo:

; I_9d . o
Fm,m(Z, Z/) ~ Gmd7ooelka(z+Z 2dm) + Gmu7ooelka(2dm+1 z z)

+Gmd7oonu,oo [6ik7nz (Z/_Z)"‘Zik'mz (dm+1_drn) + 6ik7nz (Z_Zl)"‘z'ik'mz (dm+1_dnb)] (229)
Fm-l—l,m(zv Z,) ~ T(m—i—l)d,ooe_kp(z_Z/) (230)
Fr1m(2,7) & Tin-tyuece” ™7 (2.31)

These approximations would be useful for the quasi-statiaetion that we perform later.

2.4 Matrix Representation

The primary field term is best expressed in coordinate spactosed form (see (2.4)).
Hence, the matrix representation of the primary field terthefDGLM is straightforward
and can be done following conventional methods. The refiifiteéd terms do not contain
singularities, and are regular.

In the following, the manipulation to obtain the matrix repentation of the Green’s
function operator is intended for the secondary fields whleeeimage source point and

the field point do not coincide.

13



Focussing on the TM wave term for the dyadic Green’s functiemhave

— ™M 1
G (r,v) = 7 (VxVxz)(V xV' xz)g™(r, 1)
1
= o (VV-2+E2)(VV -2+ k)" (1)
1
= 5 (VV'0.0, + KNV + 1, VV. + Kk, 22) - g™ (r.x') (2.32)

In the above, we have assumed tf¥t + £2)g™ (r,r’) = 0 and(V"? +£2,)g™ (r,r’) = 0,
since we assume that the field point and the image sourcegmirdt coincide. Likewise,

the TE wave term for the dyadic Green’s function for layereztiia is
G (r,r') = (V x 2)(V' x 2)g™ (r, 1) (2.33)

The electric field due to an electric current can be expressdthe dyadic Green’s

function for an inhomogeneous medium as [18, p. 411]

B(r) — iw / G\ () - I(r') (2.34)
14
Next, we evaluate the matrix element for the impedance rmasi

Ziyi = iwpm(Iri(r), G(r, '), J;(r'))

= iw,um/erT,-(r) : /dr’@(r,r')-.]j(r’) (2.35)

where we have assumed that the source basis fundtiar) is entirely in them-th re-

gion. When a source basis straddles two or more regions pibveaxpression has to be

14



modified accordingly.

In the above, the term associated with TM waves is

(J7i(r), G (x,1), () = ki (V- Jri(r), 0:0:g™ (x,x'), V' J;(x"))

—kn(I7i(x) - 2, 0™ (r,x), V' J;(r'))

—kp (V- Iri(r), Oog™ (r,x') 2 T;(x'))

+k2k2 (2 - Ipi(r), g™ (r,1), Z- Jj(r’))} (2.36)

In deriving the above, we have made use of integration bys@@atmuch as possible to
move theV operators away frong™. Notice thato,0,.¢g™ is the most singular func-
tion since derivatives enhance the order of the singulatityhe = derivative operators
are brought into the spectral integral @', the resultant integral will be slowly conver-
gent. The other integrals are more benign and are rapidlyetgant when numerically
integrated.

For the term associated with TE waves, using (2.33), we cpress it as
(i), G (r, 1), 3;(r')) = (Trulr), (Vs x 2)(V], x 2)g"™ (r,x)], I;(r))  (2.37)
We manipulate the expression by first showing that

(z2xV)(zxV) = KI,-V,V,

= Li2— (VV = V.V - VV.,+ V.V (2.38)

(The first equality above can be easily proved in the spedtmnaain.) Then we can rewrite

15



(2.37) as

TE

(Jri(r), G (r,x'), ;) = (Jrsi(r), g5 (r,1), Is;(x"))
—(V - JIri(r), g"(r,x), V" J5(r'))
—(Jri(r) - 2, 0-9™(r, x'), V- J;(r'))
—(V - Jpi(x), 9.9™(x,x'), 2- J;(x'))

—(J7i(r) -2, 0.0.¢™(r,x"),2-J;(r")) (2.39)

In the above,

[ dk,k
GE) = - [ S L F 0. ) (2.40)
m 0 mz

andJyg; is the part ofJ ; that is transverse t, and similarly forJ g;.
We can combine the integrals in (2.39) with those in (2.3@¥tve at five basic terms.
By combining the TM and the TE Green'’s functions togethed aollecting like terms,

we get

0,0y ™

(Jri(r), G(r,r'), J;(r)) = (V-JIp(r), 2z 9 (r,r') — g™(r,1"), V'- Jj(r’)>

- <JTZ<r> ’ 27 &aZ'gTM (I', I'/) + angE(ru I'/), V/ ' Jj(r/>>
<V Jri(r), Z—m g™ (v, v) + 0. g™ (v, 1), Z - Jj(r’)>

+ (2-Jpy(r), kg™ (r,r) — 0.0 9™ (r,r'), 2- J;(r'))

+ <JTSi<r>7 ggE (I‘, I‘l), JSj(r/)> (241)

16



Evaluating (2.41) involves the computation of two basic €r's functionsg™, ¢™ and
their z derivatives. Thegg Green’s function can be obtained frgjff by takingr, deriva-

tives. It can be shown by using the property of the Besseltemuthat

10 0

r
" Or,

s g +95 =0 (2.42)
These Green’s functiong,™, ¢™, can be computed and tabulated via Sommerfeld inte-
grals, and their derivatives can be approximated by finifer@¢ince on tabulated values in
order to evaluate the above five terms.

Alternatively, for higher accuracy, one may want to evatuhie > derivatives exactly
by bringing them inside the spectral integrals to avoid thedhfor finite difference. To
this end, the Green'’s functions sandwiched between thesdasis and the test basis can
be combined into one integral, and tabulated for efficieAd¢so, in the special case when
the source point and the field point are in the uppermost laydre lowermost layer, the
second and the third terms in (2.41) can be further combieasing only four integrals.

We consider the matrix representation when RWG basis fomstj10] are used for
expansion and testing. Using the vector notation showngari2.1, the matrix elements

for the impedance matrix can be explicitly expressed as

2

. Lily,
Zjk = Wwhtm Z 45%5;3 /sp dr /Sq dv' { 20 1+ Z2L g+ 20 + 28+ Z35,,1(2.43)
p,q J k
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where

Z0 o = (zxz2x &) (2xzxE&])gg (r,r)) (2.44)
2% = (2-€) (2 &) [kng™ — 0.0.9™] (2.45)
Zfﬁjk = _2611 (61; ) i) |:,:L_”02/9TM + angE} (246)
Zﬁ’;q,jk = _2617 (62 ' i) |i€€_mangM + az’gTE:| (247)
0,0
Zyy = A6y {]{;—gm - QTE] (2.48)
wheree,, = 1if p =qore,, = —1if p # ¢, ande; = 1if s = 1 ore; = —1 if

s = 2, s representp andq. The subscriptss, z1, 29, 2z, ® Of Z”;fk follow [5] for ease of

comparison.

j" basis function

h
k™ basis function

Figure 2.1: RWG basis and testing functions.
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2.5 Quasi-Static Field Extraction

As we have pointed out in that last section, the first Somreenfigegral converges slower
than others. And quasi-static extractions could be useddelerate the convergence rate
because the slowly converging part of the integrand coulohtagrated analytically. We

will discuss it for two different cases.

2.5.1 Source and field points in the same layer

In this case, we would make use of the Sommerfeld identity [18

6ik0r

/ dky2 2 Jo(kyp)e™ 1 = —i (2.49)
0 z r

The TM part of the first Sommerfeld integral would convergaen@pidly if we subtract
the four possible quasi-image terms and integrate thenyteelly using Sommerfeld

identity.

00 o _ 1.2
[ 006 1) = [y ) Y )

p
0 0 kpkmz

© k
— / dkp—k L Jo(kpp) [Fg" (Kp, 2, 2") — F™ (00, 2, 2')]
0 mz

4 eik'mrp

F oy — [ Mok g ) (2.50)
p,00\ kpkmz 0 Pp 0 Py .

—1

r
p=1 p 0
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where

_azaZ/ Y (kpv 2 Z,)

2 m,m
kmz

. o 4 o
= Cme,m—lelkmz(z—’_z 2dm) + Cme,m+l€kaz(2dm+1 z—2')

Fg (kp, 2,2") =

y /_ . _
_Cm Gm,m— 1 Gm7m+1elkmz (z'=2)+2ikmz (dm+1—dm)

_Cme m—le m—i—leikmz (2=2")+2ikms (dm-+1—dm) (251)

and the distances from the images to the source point are

M= VP A F =2l o= P —2) + 2t — AP,

ro=\p*+ 2y —2— )2, Ta= P2+ [(z—2) +2dpms1 — dn)]? (2.52)

The quasi-static reflection coefficients of each image are

™ __ M ™ __ TM
Fl,oo — Ymd,0 F2,oo - Gmu,oo’
™ _ ™M ™ ™
F3,oo - F4,oo - _Gmd,oo mu,00 (253)

. ’_ . Y
FSM(OO,Z,Z/) — FIT}goezkmz(z—i-z 2dm) +F2T7ngoezkmz(2dm+1 z—2")

+F3T,’\go€ikmz (2" —2)+2ikmz (dm+1—dm) + F‘irhgoeikmz (z—2")+2ikmz (dm+1—dm) (254)

2.5.2 Source and field points in different layers

We would only consider the case when the field and source beibng to continuous

layers because the Sommerfeld integrals are affected mastdsi-static extraction in this
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case. We use another identity for the following derivation:

e 1
/ dk,Jo(k,p)ero* = ——= (2.55)
0

There are three terms that decay/aék,p)e *»* whenk, becomes large: the TM part of
the first integral, the TE part of the fourth integral, and ldme integral. We would look at

them term by term. For the first term, we have

0.0 F" (2, 2')
k k.
i

P>+ (z—2)?

™M —kp|z—2|
i1, €

/ dk,0,0,,g™ (r,1’) :/ dk,Jo(k,p) {
0 0

(2.56)

For the second term,

azaz’F;L—?m(za Z,)
E ko
oo

P+ (2 —2')?

_ g TE —kp|z—7|
i1, €

/alk:,,@zazfgTE (r,r'):/ dkao(kpp){
0 0

(2.57)

For the last term,

o o k ,
/ dkygs (r,1') = / dky,Jo(ky,p) [k” Fs(z,2) =i e el
0 0 mz iTTE

P2+ (z— 2')?

(2.58)

HereT), o = Tha0o Whenn = m + 1, and7}, ., = 7,00 Whenn = m — 1.
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2.6 Straddling Basis

In this section, the new formulation of layered medium Gigéunction is extended to
handle straddling objects. Michalski has pointed out thatdcalar potential kernels have
different continuity properties in different mixed-poteh formulation [5]. Moreover,
contour integrals exist in some formulation (Formulationng5]), while not in others
(Formulation A and C). We have also noticed that some authave claimed [51] that
line integrals occur when the basis is bent at the interfabes is because the contribution
of horizontal and vertical sources is considered sepgrateheir formulation. Since the
scalar potentials for horizontal and vertical sources &ferdnt in layered medium, the
two line integrals do not cancel each other. For this fortoma we have been able to
prove that no line integral is needed in the final expressitam aareful derivation.

Recall for (2.36), we have used integration by parts to mbeét operator from the

kernel to the basis and testing function.

] o) awy = [[ a9 o)) - ow)e 36
= f dr'g(r')J(x') - h — / /A dr'g(r)\V'- J(r') (2.59)

As shown in Figure 2.2(a), the RWG basis is a class of vectsisfanction associated

with an edge [10]:

Ao (p—¢t), reT?
£,(r) = g (=T " (2.60)

dn (p= —1), rET;

2an,
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Whenr is along the common edge, we have the following identity:
fr.-at=1 f .-n=-1, (2.61)

If an RWG basis resides entirely in one layer, the line irdégon the positive and negative
patches have the same value but opposite sign, thus caugoedich other. But when a basis
straddles layers like in Figure 2.2(b), the expressionefkegrand of the contour integral
on each patch is different. And it is not self-evident thaytivill cancel each other. Before

ﬁ+

TS

(@) (b)

Figure 2.2: (a) RWG basis in free space. (b) RWG basis steadders.

starting the derivation, we first define the operafoas

. i[> dk ,
Bf<kp7 Zs Z/) = E/O k—pJO(kas)f(km Zy % ) (262)
P

So the Green'’s function can be simply written as

i[> dk,

_ b BFa(kp,z, 2')
Y O A

kmz

«

9

[Jo(kyrs) F*(kp, 2, 2)] (2.63)
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2.6.1 Case 1: only the testing basis straddles

Here, we assume the positive patch of testing basis liesyer la and negative one in
layern — 1. The source basis resides entirely in layerThere are two terms we need to
consider:

o (Jpi(r), VV' (—%gm — z'w,umgTE) ,J5(r)

o —iw(Ip(r),V (%a g™+ umaZ/gTE> 5 3,(r))

The contribution of the contour integral from the TM wave isgortional to

. ™ ! O3 o (kp, 2,2
IIM — B/ dr [az nm(kp7zvz)('];lﬂ+)_’_ 1, ( prZ Z)(J;Zﬂ_):|

€n kmz €n—1 kmz

n—1m

A 1 1 1
_ B / e [—azF;yn(kp,z,z')— 0. F™ (l{:p,z,z’)}

€n €n—1

= 0 (2.64)

i

The terme; is the common edge of thith basis and it lies on the interface between layer
n andn — 1. The integral vanishes when we substitute the boundaryittong2.23) into
it.

The TE part is proportional to

R FTE k‘ / FTE_ k7 , !
IlTE — B/dr[ nm(kpvzaz)<J}-j_ﬁ+>+ n 1,m]€< P < Z)(J;Jﬁ_)

i

A 1
_ 3 / e [F (b 2,2) = B (2 2)]

= 0 (2.65)
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From boundary condition (2.20), we kna#® , , is continuous across the interface and

thus the integral also vanishes.

2.6.2 Case 2: only the source basis straddles

Next, we assume the positive patch of source basis lies &r layand negative one in
layerm — 1. The testing basis resides in layerTo study this case, we need to derive the
continuity condition of the propagation factor when wefiand vary:’.

First the symmetry relation of the propagation factor [5€¢ds to be proved.

! 1 ’ : : “ = 1 z Z — Z

{%m% + ﬁkz(Z')] F (/{33, Z, Zl) = p(Z) /{ZZ( )(5( 1) (266)
e : : “ = 1 Z)0(2 — 2

{%m% + ﬁkz(z>:| F (/{33, Z, ZQ) = p(Z) /{ZZ( )(5( 2) (267)

We multiply (2.66) byF*(ks, z, z), (2.67) byF*(k,, z, z1) and then integrate both equa-

tions with respect ta.

dz d _, d . k2(2) o o _ 2ik (1)
e ) e ¢ [ e e =S S 2
(2.68)
o d . kX(2) o  2ik.(2) o
/——F 2 Zl)sz (2, 22) +/dz o) FAz,21)FYz, z2) = () Fz2,21)
(2.69)

The first terms are obtained from the application of integraby parts. Subtracting the
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two equations above, we get the symmetry relation:

]{?Z(Zl)
p(21)

k.(z)
p(22)

Fa(Zl,ZQ) = Fa(ZQ,Zl)

Again, p(z) stands fok(z) for TM wave andu(z) for TE wave.

Use this relation, the boundary condition (2.20) becomes

P () = R ()
1 d 1 d
kmz @F1:|L—5n<z7 Z/) - km—Lz EFJI,Em_l(Z, Zl)
ToEm(E ) = P Ela(= )
1 d 1 d
() = ()

The two terms contain§’ operator are

o (Trin), VV' (= g™ — iwptng™) , J;(x")

® —iw(JTZ-(r) . ZAJ, V, (,unaz’gTM + :umangE) ) Jj(r/»

The contour integral from the TM wave is proportional to

o= B / i’ [@Z'Féwmz,z@(ﬁ,mﬂaﬂ%_l(kp,z,z')
J

’ kmz km—l,z
- 5[ O FD (ky 2, ) Db (Ky, 2, 7)

e k’mz km—l,z
= 0

This term goes to zero when we use boundary condition (2.74).
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The contribution from TE wave is proportional to

];'E _ B/ dr’ [ﬂmFga(kpv <, Z/) (JJ,- . fl+) + Mm—lFrz’,&m—l(km <, ZI) (J_ A _)
J

J kmz km—l,z ] o
— [ [l ) s 2
B €; kmz km—l,z
= 0 (2.76)

Similarly, this is obtained by using (2.71). So far, we halewn that the line integral

vanishes in this case too.

2.6.3 Case 3: both the testing basis and source basis straddl|

The interaction of two RWG basis functions can always be gyib the interactions of four

triangle pairs. From the previous derivation, we know tlabmatter which pair straddles,
there is no line integral. Thus, the expression of the matarments given by (2.41) is true
not only for the basis which resides in a single layer, butlerstraddling basis as well.
This is because of the continuity property of the propagefiéetor at the interface of the

layers.

2.6.4 Case 4: basis attached to the conducting ground

When we model microstrip structures, the coaxial feed isrofnodeled as a metallic
via connecting the patch and the ground place. A delta velsagirce on the via serves
as the excitation. In the layered medium Green’s functiopregch, we would model

it as a layered medium backed by a PEC plane and only the patttha via parts are
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discretized. The effect of the ground plane is included en@reen’s function. Since the
via is physically attached to the ground plane (Figure 2i#® continuity condition of the
current at the junction of the via and the ground plane shbeldatisfied. If we model
the via with full RWG only, then the normal current is forcedzero at the boundary edge
of the via and it would be an incorrect description of the peoh To establish a correct

model, we need to take into account the non-zero normalmuatehe edge of the via.

Figure 2.3: Current flow at the feed of a microstrip patch ange

The most intuitive solution is to include half-RWG basis de boundary of the via,
so that normal current is allowed to flow from the via to theugrd. Recall from (2.59),
if J(r') is a half-RWG basis, a line integral would appear after penfng integration by
parts. However, the vector basis functions of ful-RWG agéirced so that their normal
components are continuous across inner edges, and theatctegpeesentation is free of
line or point charges at subdomain boundaries accordinget@dntinuity equation [10].
In this case, the boundary of the via should be consideredres iedges, and it should
be free of line or point charges at the edge of half-RWG basiwell. Thus we should
discard the line integral that appeared in (2.59). As a amich, when the metallic objects
are attached to the conducting ground plane, half-RWG Isasisld be constructed at the

edges of the junction and the induced line integrals shoeldiscarded.
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2.7 Analytical Solution for Some Cylindrically
Symmetric Problem

In order to validate the layered medium problem, it is dés&do have the analytical
solution for some special cases. Here, we solve some cidaltyr symmetric problems

analytically. Later, the solutions can be used to verifyribenerical results.

2.7.1 Current loop inside a cylindrical waveguide

(a) (b)

Figure 2.4: (a) Current loop inside a cylindrical waveguig® Current loop in the vicinity
of an impenetrable cylinder.

Assuming the electric current loop is @f, 2’) inside a cylindrical waveguide as in
Figure 2.4(a), the field it generated inside the waveguide T&E to z field. Define a

potential as

V(p,z) = Z Ak ) Jo( pip)ett=il ==l (2.77)

The electric and magnetic field components of the TE field aeXpressed by this
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potential as

E, = E,=0
— 0¢ - Ak Nk T (ks thoi|z—2'| 2.78
E, = dp = E , ( m) szl( pzp)e (2.78)
1 0% 1 iz
= — =xr— E i )Kpik i ip)e A 2.79
H, iwp Opdz :l:w,u i A(kpi)kpikzi i (Kpip)e ( )

The unknown coefficientsl(k,;) and parameters,; could be solved from the boundary

conditions

Ed)‘p:b =0, = Jl(/{?plb) =0, :1=1,2,3... (280)

A + -\ a 2 o N wpd ﬂl Jl(kpipl)
z X (Hp Hp )p|z=z - ¢I(S<p p )7 = A(kpz) - kZkal bz [J{(k'pzb)P (281)

Thus the analytical expression of the electric field is

0 1 1

E, = —wpl=y ———
P TR TP

Ty (ki) Iy (ki) e (2.82)
If we letb — oo, the summation becomes an integral, and we could get thatealdi

field generated by a current loop in free space. For largenaegts, the asymptotic form
of the Bessel function is

3T

) (2.83)

Ji(kyib) =~ cos(kyib —

s pib

thus  Ju(kyib) = 0 = cos(kyb — %”) — 0= Aky = 71/b (2.84)
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In free space, the expression of the electric field then besom

I / o0 . ,
B, = —”“2’) / dl{:p%Jl(kpp')Jl(kpp)e’kz|Z_z| (2.85)
0 z

If the media inside the cylinder is a layered medium, then mfg need to replace’*:1*—~'l

with F™8(k,, z, 2').

2.7.2 Current loop in the vicinity of a cylindrical waveguide

The geometry is shown in Figure 2.4(b). First, we assumetieists another cylindrical
waveguide of radius. Later, we can leb go to infinity, and convert the summation into

an integration. Define the potentialas
¥ =" Alkp) [Jo(kpip) — NiYo(hpip)] €1 (2.86)
The associated TE tofield is

E. = E,=0

Ey = =Y Alkp)kp [Ji(kpip) = NiYa(kpp)] €177 (2.87)

1 kilz—2
H, = iw—uZA(km)kmkzi [J1(kpip) — N;Y (K ip)] €=l (2.88)
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N; andk,; can be solved from the boundary conditions tBgtp = a) = 0 andE,(p =

b) = 0,
Jl(k’pia)
i = 2.89
Va(hyea) (2.89)
Ti(kyb) — NiYi(kyb) =0,  i=1,2,3.. (2.90)

And from the boundary conditiot//; — H)|.=.. = I(p — p'), we can solve for

A(ky):

Alky) = —wpl 2 PE i)
pi) =

ot F2 (k) [(R0)? — 1] — Py (hpe) [(Rpa)® — 1

(2.91)

where Fy(kpp) = Ji(kpp) — Ni(kpa)Yi(kop),  Ni(kpa) = Ji(kpa)/Yi(kpa).
Whenb — oo, the termF¢(k,;b)(k,:b)* dominates in the denominator. Using asymp-

totic analysis, we can obtain that

o) (k) = 22204 N (ha) (2.92)

Moreover, the expression of the electric field becomes agrat,

wplp' [ kp Fi(kop' ) Fi(Kpp) g jaea
E, = — dk,—+— bialE—% 2.93
¢ 2 /0 % 1+ N2(kya) (2.93)

If we would like to generate a TM to field, we can replace the electric current loop with

a magnetic current loop. After similar derivation, the meiimfield component is given
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_ welp' [ k, Fi(k,p' ) Fi(k,p) ikz|z—2'|
H, = 5 /0 dkpk—z Ty N0k 0) e (2.94)

where N (k,a) = Jyo(k,a)/Yo(k,a) in this case. If the current loop and the cylindri-
cal waveguide are located in a layered medium, we only needpiacee™:1>=* with

F™(k,,z,2')or F™(k,, z,2").

2.8 Numerical Results

In this section, some numerical results are presented ampga@d with either analytical
results or results from other formulation. The good agregrbetween them shows the

validity of the new form of layered medium Green’s function.

2.8.1 Scattering of a sphere over layered medium

—— VV-pol Michalski-Zheng|
HH-pol Michalski-Zheng|
=+ VV-pol New Form
. HH-pol New Form

RCS

i £,=1.0 -10f
£, =2.56 sy .
ogm £r3 = 65+ 06 _ngO —1é0 —160 —5‘0 (;)) 5‘0 160 1é0 200
(a) Geometry. (b) RCS.

Figure 2.5: The radar cross section (RCS) of a sphere ovgesgd medium.
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The first example studied is the scattering of a perfect becdnductor sphere above
a two-layer medium, with the permittivity of the two layers @, = 2.56 ande, 3 =
6.5 + 0.6:. The thickness of the first dielectric layer is 0.3 m. The seclayer is a
lossy half space. The radius of the sphere is 1 m. The distaetveeen the sphere and
the interface is 10 m, as shown in Figure 2.5(a). The objedisisretized by 432 small
triangle patches at 300 MHz and the number of unknown is 64@.ificident plane wave
direction is#¢ = 60° and¢™ = 0°. The bistatic RCS is computed @t= 60° and¢ €
[—180°, 180°]. The results calculated by the new form are compared witbeticalculated

from the Michalski-Zheng formulation [5] and good agreeirteas been observed.

2.8.2 A cylinder straddles two half-spaces

In this part, two examples are constructed and comparedthétianalytical results from
Section 1.5.2. The first one (Figure 2.6(a)) is a conductyiigpder straddling two lossy
half-spaces, excited by an electric current loop. The sadfuhe cylinderis 0.1 m and its
height is 1.2 m. It is discretized by 256 small triangles. fHdlit is in the upper space
(6,1 = 1+ 6¢) and the other half is buried in the lower spaeg, (= 16 + 6¢). The radius
of the current loop is 0.2 m and it is 0.3 m above the interfddaetwo spaces.

In the analytical model, the cylindrical waveguide is int@hy long. Here we choose
two highly lossy half-spaces so that we can use a truncatitley to approximate the
infinitely long one. The near field distributions along bgtland z directions obtained
from numerical methods agree well with the analytical ress{ifigure 2.7). It validates the
matrix expression of this new form for straddling objects.

The second example is similar to the first one, except thatave k perfect electric
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Figure 2.7: Near field in the geometry shown in Figure 2.6{&) ¢ase).
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conductor (PEC) both as ground and ceiling in the structdege, the conducting cylinder
is terminated by both ground and ceiling, and the model usediimerical analysis is the
same as the one used in theoretical analysis in Section. ITh& medium between the
two PEC plates is an air substrate,(= 1) and a lossless dielectric substrate,(= 16).
The thickness of both substrates is 1 m. The cylinder hasiagadl 0.1 m, a height of 2
m and is discretized by 512 triangles. The radius of the atito®p is 0.2 m and itis 0.3
m above the interface of the two substrates. The near fietdlmitons from numerical
methods again agree well with the analytical results (F6du8). This example proves the
validity of treating the boundary basis as half RWG basisnmlgjects are connected to
the ground or the ceiling. As shown in Figure 2.8(c), the entrtis not terminated at the

top and bottom edge of the cylinder.

2.8.3 A cylindrical cavity in layered medium

In this example, the electric current loop is placed insidglandrical cavity (Figure 2.9).

It could be analyzed by the model of a current loop inside &ndyical waveguide with
PEC ground and ceiling. In our numerical model, only the tog the wall of the cavity
are discretized. The top part lies on top of the dielectrlusstate. The wall penetrates the
substrate and is attached to the ground plane. The thickri¢lss substrate is 0.5 m and
its relative permittivity is 2.6. The height of the cavitydss m and its radius is 2.5 m. The
radius of the current loop is 2.0 m and it is 0.25 m above themglglane. This structure
contains both horizontal and vertical structures whichdidte two layers; thus it serves as

a good test case. The near field results are given in Figuée 2.1
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CHAPTER 3

QUASI-3D THIN-STRATIFIED MEDIUM
FAST-MULTIPOLE ALGORITHM
(TSM-FMA)

In this chapter, the key points to implement an quasi-3D-#tiatified medium fast-
multipole algorithm are discussed. First, the evaluatib®@mmerfeld integrals is ex-
pedited by deforming the integration path from Sommerfatdgration path (SIP) to the
vertical steepest descent path. Then the deformed intisgapproximated using standard
Gaussian-Legendre quadratures. For each quadrature @dwad-dimensional multilevel
fast-multipole algorithm is applied to accelerate the matector multiplication process.
The direct interaction term is treated similarly after samanipulation. Memory require-
ment analysis is presented and memory reduction technaygediscussed. Finally, nu-
merical tests are performed and they confirm that both thepatetional complexity and

the memory cost are @b (N log NV).

3.1 Introduction

To accelerate the numerical integration of Sommerfeldgiratis, there are three popular
approaches. One is to pre-compute the integrals on a gridiofsain the solution domain
and to use interpolation techniques. For a strictly planarastrip structures, only 1D

interpolation orp is required. If the object is confined in a single layer, thellM>could
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be splitinto two parts, depending pnz — 2z’ andp, z+ 2’ respectively. So 2D interpolation
is needed. For an arbitrarily shaped object, the interfmplaghould be done with three
variables:p, z andz’ [2]. Another vastly popular approach is the discrete compteage
method (DCIM) [17,27-32]. The basic idea of the method isxaet the quasi-static
image and guided waves from the spectral kernel, and appgedgithe remaining term
by the sum of complex exponentials. Then the Sommerfeldjiateeould be evaluated
in closed form via Sommerfeld identity [18] for each term,igrhis known as a complex
image. This method is very efficient since it obviates nunaiintegration. The drawback
is that it has no built-in convergence measure, and its acguran only be checked against
conventional Sommerfeld integrations. In this dissestgtithe third approach, the path
deformation technique [18, 20, 21, 33, 34] has been adofted.integrand is converging
exponentially along the steepest descent path (SDP) andetioemed integral can be
evaluated efficiently. Mathematically, this techniqueigsd and the numerical error could
be controlled by the truncation point and the order of Gausguadratures used in the
numerical integration along the SDP. Usually it is diffictdtfind an SDP exactly, but a
convenient approximate path exists for thin-stratified imed

The conjugate gradient fast Fourier transform (CG-FFTBH, 52, 53] method and
the multilevel fast multipole algorithm based methods BAare two commonly used
methods for solving large microstrip problems. Both methoduld significantly speed
up the iterative solver by reducing the computational caxipy of the matrix-vector mul-
tiplication to O(N log N). CG-FFT is more efficient than MLFMA based method when
dealing with regular grid geometries (dense structure vathilinear meshes), which are

suitable for 2D-FFT, since the FFT algorithm has been stuftie several decades and it
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is highly mature. For irregular meshes or arbitrarily slthgeuctures, the meshes should
be projected onto a regular grid to apply CG-FFT. When thectire is sparse (e.g. much
empty space between microstrip lines), the efficiency of ’FG-will deteriorate because
the empty space has to be padded with zeros in 2D-FFT. On lilee loand, the MLFMA
based methods can handle triangle meshes and sparserstsieasily without additional
work or loss of efficiency. In this proposal, a fast algoritianfl be developed based on

path deformation technique and the principle of 2D MLFMA.

3.2 Path Deformation of Sommerfeld Integration

Recall from (2.41), a basic integral of this new dyadic Gie&mction for layered medium
is

o
o=, r) = - / Q2 ok s) (s 2, )] (3.1)
0

T ? Eme

By using the fact thatly(k,p) = 1/2[H(§1)(kpp) + Héz)(kpp)] and the reflection formula
that " (—2) = —H? (z), we get
)

o k
TE A AT
) = LM

[Hél)(k:prs)FTE(k:p, 2, z')] (3.2)

The evaluation of Sommerfeld-type integrals is very tino@suming because the in-
tegrands are both highly oscillatory and slowly decayireg(Bigure 3.1). By virtue of
Jordan’s lemma and Cauchy’s theorem, it is desirable tordefbe integration path from

the original Sommerfeld integration path (SIP) to the stsepescent path (SDP), where
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Figure 3.1: Integrand of (3.1) along the Sommerfeld integngpath.

the integrand is decaying rapidly so that numerical intéginas more efficient. However,
the analytical expression of the SDP is not always availabkk it changes with source
and observation points. It would be inefficient if we needpersd resources to find the
SDP for each pair of andr’. Thus, a simple and geometry-independent path where the
integrand also decays exponentially would be preferablareldver, in the region enclosed
by SIP and the new path, the integrand should be analytigp¢faethe pole singularities.

In other words, the new path should enclose no singulariiyt@xcept for the singularity

from poles.

3.2.1 Choose the path around the vertical branch cuts as thel#

For the thin-stratified medium problems, such as microstripctures, the horizontal di-

mension is usually much larger than the vertical dimensiorthis case the path around
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the vertical branch cut (Figure 3.2) would be an optimal ca¢20, 54,55]. We will take a

Im[k
A [ p] Vertical Branch Cut
| - / >
A 4
A A Y
Branch Point
R B3 . /Pole
- ~ » Relk,]
\ Sommerfeld
Integration Path

Figure 3.2: Deformation of the Sommerfeld integration gatthe vertical branch cut.

simple example to illustrate the reason. If both the soumet@nd the observation point
are above the layered medium and close to the surface, (8llfllsecome
) > k: : ! ~ : !
g(rr') = — / k2 HD (K p) [ 4 Rregihis (4= (3.3)

T

A large portion of the interacting elements have a greajgausetion in the direction than
in the z direction: |p — p/| > |z — 2/| and|p — p'| > |z + 2/ — 2d;|. An asymptotic

analysis of the expression is performed:

k,— o0 = ki = (/K2 — k2 — ik,, (3.4)

2 .
H(l)(k‘ ,0) _ _ez(kpp—w/zl)’
0 p 7Tk‘pp

eikizh _emkoh - h =2 — 2| or|z+ 2 — 2d4|
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Thus, the integrand decays@s"//k,. Whenh is small, the exponential decay would
be slow ast, grows large compared to the case witeis large. Now if we evaluate the
integrand along the vertical branch cut, the integratiomnveages exponentially fast (see

Figure 3.3) because of the factor’*. The path also bypasses the branch point singularity

by integrating around it.

k, =k +1is, s—o00= ki, = k%—kgﬁs, (3.5)

2 .
H(l) k i(k1p—m/4)—sp
Pk = [ ,

ezl eish = |z — 2| or|z+4 2 — 2d,|

Another change of variable = 2 is made to eliminate th&//s singularity appearing

25

p=0.1

z+27 - 2dl =0.0002

Figure 3.3: Integrand of (3.1) along one side of the verticzahch cut.
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in the integrand.

ky = ki +iu® = dk, = 2iudu, ki, = Tu\/u? — 2iky, (3.6)
2i
dk, [k, = £
/b =+ =

Now the evaluation of the integral in (3.3) is done in two pathe detoured path integral
around vertical branch cuy[;5) and the contribution from the polegf,) enclosed
by the new path and SIP. Once the poles are found, the combmbirom the poles is

expressed as

95 (1) = 95pR(r,v) + g (r, 1) 3.7)

We discuss each of them in the following sections.

3.2.2 Integration around the vertical branch cut

For a general planar layered media, there are at most twalbqamints associated with
the outermost layers on the top or bottom respectivgy7([18]). The physical reason is
that branch points are associated with lateral wave, wia@hpart of the spherical wave
that is propagating along the interface of a substrate. eSinspherical wave exists only
in unbounded regions, a lateral wave is always found withinr@bounded region 1 a¥.
Thus, there are two branch poiritsandky only when both the top and bottom layers are
unbounded. If a conducting ground plane is added to eitlggomethe associated branch

point vanishes. If the whole structure is inside infinitedyge parallel plates, then only
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guided modes exist. Neither the branch point nor the contmegral exists any more.

In the following section, we will discuss the most complazhtcase in which two
branch points exist. Sinck . and k. are multivalue functions associated with and
ky, itis very important to choose their signs correctly to eaghat the integrand is con-
tinuous along the integration path. In the complgxplane in Figure 3.4, there are two

branch points and each is associated with a vertical branchThe imaginary parts of

10} ! + H + i i
Relk, 12014 imik, 120 |E impk ) >0
8t + T .
Re[kNZ] >0 ; Re[sz] >0 ; Im[kNZ] >O
— o f
£ mr |
ar ¥ : 1
| Imk,_
"’% /Re[sz] 7o
k - kN
ot 1 \ ,
L L Re[le] :\ 0 L
0 5 10 15 20 25 30
Relk |

Figure 3.4: Sign choice fat;, andky, in complexk, space.

both k. andky. should be positive wheh, — oo or k, — —oo, so that the integrand
vanishes atk,| — oo. To satisfy the continuity condition, the sign of the imaayiy part

of k1. should change whenever the integration path goes acrosedhme representing
Im[k,,] = 0. Similarly, the sign of the real part d@f,, changes whenever the integration

path goes across the green line representirj§;Re= 0. The same thing is true fdry..
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Since region | is split by the Ifk,,] = 0 and Imky.] = 0 lines, it is not efficient to deter-
mine the sign ok, andk,. based on their imaginary part. But the sign of the real part of
k1. andky . should be consistent throughout region | and opposite tdrittae upper part
of region .

To find the sign of the real part @f., we can start from the upper part of region Ill. If
we assumé; = k] + ik, we havek| ki < k k7 in the upper part of region Ill (above the
green line). In additionf!, > 0. Thus, from (3.8) we conclude that, < 0 in this part.

This suggests that both Rg.| and Rek,.] are positive in region 1.

= (K? = K?) — (K? — k%) + 2i(k K — KK) (3.8)

Similarly, in region lll, Imk; .| and Imky ] are consistently positive. In region Il, [f.]
and Rék .| should be positive. Following this rule, we plot the integias a function of
u along the path around the vertical branch cut in Figure 3t iitegrand is continuous
and it validates the rules for sign choicefgf andky..

The contribution from the path integral can be expressed as

1 o0
Ipr(r,r) = —— / du(ky + iu?) Hi" ((ky + iu?)p) [— L F (k2,2
7 4m 0 klz |
U e ’ 1 > ) (1) .92
+ —F"(ky,2,2")| | —— [ du(ky+iu*)Hy ((ky +iu”)p)

+ iFTE(/’{;p, 2,2")

{— iFTE(/’fp, 2,2")
1 klz

klz

”J (3.9)

The deformed integral is smooth and decays fast, so thahibeaasily evaluated using
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Gaussian-Legendre quadrature. However, when poles @astine branch point, it would
cause the integrand to vary rapidly in the neighborhood@pitie. Hence, the integration
range is first divided into two ranges. Starting from the bhgpoint, the first range is short
and more points are used in this range. The second rangegattd adaptively depend-
ing on the value op. Recall (3.5), the oscillating factor of the integranckig:="++1e),
Sincep > h, the period of the oscillation is mainly determined AyThe larger the is,
the less the oscillation and the more rapid the decay. Thpti@daule would not divide
the second range further and choose fewer quadrature polm@s p is relatively large
compared to free space wavelength> 0.1\). Whenp < 0.1\, more subdivisions and
higher order Gaussian quadrature rule are needed to getagoodacy. The discretized

integral is expressed as:

N, -
1 «— 1 F™(k1pp, 2, 2") F™(k1pp, 2, 2)
g;EBR = _E Z wpupklpmH(g )(k1p7pp)[ - - -
1 I |

klz,p klz,p

1 (1) FTE(]{?N z Zl) FTE(]{?N z Z/) 1
_ k H k _ PP PPy~
. ;wp“p Nopto (N ppp) [ ki | ki |
klpvp = kl + ZUIQ), kNp,p = kN + ZU; (310)

whereN, is the number of quadrature points, are the quadrature points, ang are the

weights.

3.2.3 Pole singularity contribution

The factorF™(k,, z, 2') andF™(k,,,, 2z, ') might have poles in complé, plane. Those

poles correspond to the guided modes in the layered slakhairccbntribution should be

49



considered. Those modes are determined by the structuhee dhyered media and the
working frequency. We have adopted the root solver from,[@8lich is efficient as well
as accurate. The basic idea for this solver is that from thelBatheorem, the contour
integral of any analytical function is zero. We take the mntomplex plane as a rectangle
box and perform a contour integral of a generalized reflaatmefficient around it. If it is
non-zero, which suggests poles exist, the big box is dividemfour smaller boxes, and
contour integrals are performed again. Each time, we igth@®oxes containing no poles
and further divide the boxes which contain poles. In this nesthe locations of the poles
can be estimated after a few more subdivisions and they finedewithin the finest box.

N,
'k
22 1Y (k, ,0)RESF (K, p, 2, 2')] (3.11)

&1 ' klz,p

() = —
wherek, , are the poles and/, is the number of poles.
So far, the Sommerfeld integral has been transformed to asuiion at a discrete set

of k,,. Next, we will discuss how to realize the fast matrix-vectaritiplication with this

discrete form.

3.3 Application of 2D MLFMA to DGLM

In this section, we will review the two-dimensional multiéd fast multipole algorithm
first. Then the technique is incorporated with the disceetiform of the Sommerfeld
integral to accelerate the matrix-vector multiplication the impedance matrix generated

from the new dyadic Green’s function for layered media.
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3.3.1 Review of 2D MLFMA

Using the translational addition theorem [58, 59] and thegral representation of Bessel

functions, Hankel functions can be decomposed as:

1 2m 5 R N
HY (kpji) = %/ doBjv (ar)dun () B(ar) (3.12)
0
where l’l Z H( kpl’l zp(¢m—a+7r/2)’ (313)
le,(a) — e tkpju cos(a—¢;y) _ —ik Pl ﬁli(a) — e~ tkpuicos(a—du;) 6—ik'Pzi(3_14)

p; is the source pointp; is the field point,p; the box center which contains the source
point, andp; is the box center which contains the field point. This decositfm is true
as long asy > |p;r + pu|. If the elements of an impedance matrix are proportional to

Y (kp;;), then the product of this matrix with a vectas] can be expressed as

b; = ZHél)(k = —/ daﬁjl/ ap(o Zﬁlz

l;ﬁl’+NN i€Gy
+Near Interaction jeGl'=1,2, .. (3.15)

[ #1' + NN means thag, is not the self grouy,; or the near neighbor groups of it. The

integral again can be replaced byapoint summation.

1

II M@

B'l'(aq) Y anlag) ) Bulag)a; (3.16)

I£/+NN i€G,
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This can be expressed as the products of matrix and vectors.

/ 1 - = 2
bj = @ ;’l" Z al/l-Zﬁliai (317)

I£/+NN i€G,

wherea, is a diagonal matrix. This essentially illustrates a thstasgge information trans-
mission from source points to field points (see Figure 3.@reggate from each source
point to the center of the groups, translate the informadibeach group to other groups
who are not their near neighbors, and finally disaggregatéehd information from group

centers to each field point. It can be extended to a multildeebmposition:

27
HD (kpji) = %/0 o35, () B 1,3, (@) gy (@) By, () Bryi(v) (3.18)

wheref,, (o) = e~ P and

v, = % ~§-Jl -3;1]2' Z Oy, - Z éIQIl. Z Bria; (3.19)
Jo#I+NN Legy, i€,

When the matrix-vector multiplication process is done tigto aggregation, translation
and disaggregation, the computational complexity is reduoO(N log N), and so is the
memory requirement [59]. This would greatly accelerateitémative solver.

This technique is first applied in the two-dimensional sratg problem, since the

2D scalar Green’s function ifl-sHél)(k\p — p'|). Butitis not limited to that simple case.

Consider a Green'’s function of the following form:

9s(r5,10) = folk, 2)h(k,) HSY (Klpy — i) £ (K, 20) (3.20)
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Figure 3.6: Graph of two-dimensional fast multipole altjfum.

It can also be decomposed as

gu(rvm) = hlh) D [ulh )0 i) [0 (k2] (B:20)

- ~/
q

=1 ~

~
receiving pattern radiation pattern

The matrix-vector product could be calculated efficientyftllowing the same process
described earlier. Only the radiation pattern and recgipiattern have been changed.

In the next part, the dyadic Green’s function for layered medould be cast into
functions in the form of (3.20) and 2D multilevel fast mutilp algorithm technique is

used to accelerate the iterative solver.

3.3.2 Decomposition of DGLM

In the matrix representation of the DGLM (2.41), there are 8ommerfeld integrals, each
associated with a different basis and testing function.illthve inefficient to decompose

each of them. Instead, we start from (2.8), the dyadic Gselemction for layered media
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expressed in terms of two scalar potential integg&la, '), g™ (r, r'). Now there are only

two fundamental Sommerfeld integrals involved, much lessitin (2.41).

1
(V x V x 2)(V'x V'x 2)g™(r,1') (3.22)

Gle,r!) = (Y 2)(V' x D)y (1,1 + 1

The expressions faf™=(r,r’) andg™(r, ') are

v [ dk

« / . 14 PN « /
) = [ Ulkle - #F k2,7 (3.23)
or
a noo__ ( > dkp (1) o I /
g (I',I') - S - kmzkp [HO (kp‘p p |)F (]{Jp,Z,Z)] (324)

The poles ak, = 0 in (3.23) and (3.24) disappear when they are substituted(8122)
because physically they are fictitious poles.
Using path deformation and Gaussian quadrature glig;, r') andg™ (r, ') could be

expressed as a discrete summation.

N,
1 wyu, oF [Fo‘(k‘pp,z, 2') F(kpp, 2,2") ]
= — H R S - o — P St
9 m ; ’ pp) kmz,p VBt kmz,p VB~
LA

H (k,,p)Re$F* (k, ,, 2, 2')|(3.25)

8w =1 Kz pkp.p

VBT represents a segment of path on the right side of the velirealch cut, and VB
represents the path on the left side of the branch cut. Cangpé#re terms in (3.25)

with (3.21), we observe that the fast algorithm could be i@odpf the propagation factor
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F(k,p, 2, 2') can be decomposed into the product or summation of prodéitusictions

depending solely on or z'.

(k2,2 ngk (K, 2) (3.26)

Given (3.26)g*(r,r’) could be expressed as

ga(I'»r/) = Zh pp uk pp> )H()(kppp)f (kp,paz)azl)/kmz,p

- Zzh o) fo(Kpps 2)e” Hepalo= pll)]al’l(kp,maq)

pk ¢
ra(kop: 2) e knar(p=p) | (3.27)
mz,p
wherek, , = [k, cos(ay,), k,psin(a,)]. The factor inside the first bracket depends on
r only, and the factor in the second bracket depends’amly. The factorl/k,,. , is
included in the second bracket, becauses the index of the layer where the source point

resides. Substituting (3.27) into the TE part of the DGLM

—~TE

G (r,r) = (VX%)(V'Xé)gTE(r r')
= Zh o) (VX 2) [ (g, 2)e Mo 0P Gy (K, )

ra(Fous )

mz,u

(V' x 2) e~k (P=F)] (3,28)

whereu is the ensemble ofp, ¢, k}, kpu = kppy kmew = £1/K2, — k2,

andk,, =k, .

Now the dyadic Green'’s function’s dependence arig, ) andr’ (p’, z’) are completely
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decomposed, and this is the prerequisite for the implertientaf the fast multipole algo-
rithm. If we take the inner product of (3.28) with a basis fiioie and a testing function,

the following expression is obtained.

3, ) 1 Zh » [/ Ay (x)- (V% 2) (kpuyz)e_ikp,u.(,,_pm]

TE k w !
Qi (Kpupur) [/ dr'J;(x")- (V' x 2)M

Ay mz,u

e—ikp,u-(pz—p’)}(:g_zg)

For the TM part of the dyadic Green’s function, the inner prtdcould be expressed

similarly,

G"(x,r) = k;2 (V x V x 2)(V' x V' x 2)g™(r, 1) (3.30)
™

<JTj7G (r,1'), J;)
™ (f o _
Qk,Q Zh X" [/ erTj(I‘) . (VXVXQ)Me—ka,u'(p—pl/)]
Aj

67“77,

ru (Ko 2')

e Mowlemf) | (3.31
,urmkmz,u :| ( )

'&l’l(kp,p7 Oéq,p”/) |i/ dr/JZ-(r’) . (V/XV/X,%)
A

%

In (3.29) and (3.31), the surface integrals inside the letchkre the radiation patterns
and receiving patterns for thin-stratified medium fast4mpole algorithm (TSM-FMA). In
the following section, we will give the explicit expressitor the radiation and receiving

patterns for each different case.

3.4 Radiation and Receiving Patterns

In this section, we will discuss the radiation and receiypagtern for four different cases.
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3.4.1 Patterns for transmitted field

When the source point and field point are located in diffetapeérs, the received field
is a transmitted field from the source in layerto layern. The propagation factor for
the transmitted field, (2.16) and (2.18), is naturally deposed into the product of a
dependent factor and-A dependent factor. As a result, there is only one set of riadiat
pattern and receiving pattern needed for each mode. FoiEmedde, when the field point

is above the source point (> m), the detailed expressions of radiation and receiving

patterns are given below.

Imd,m = / dr’Ji(r/) ) (V/ X 2)]{;76_Z pu(P1—p")
Ai mz,u
= [ ) 3 o
A

kmz,u

i

Cm |:6ik7nz,u(dm+1_zl) + Gmﬂn_16iknbz,’u(dm+1+zl_2dnb)] (332)

Liewy = / dr J;(r) - (V x 2) 15, (z)e~ Ko (Prr)
A

J

= ) /A. dr [(Kpy X 2) - Jpj(x)] e~ Ko (emp0)

J

Dmn |:6iknz,u(z_dn) + Gn7n+167;knz,u(2dn+1_Z_dn):| (333)

HereI”2"! s the first radiation pattern of a TE wave associated withuacsoin layeredn,

rad,m

and it represents the upgoing wave generated by the soutisim Wiis layer. And/ZE™

rev,n

is the receiving pattern of an observation point in layexhen the source radiates from
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layerm. When the field point is below the source point{ m), the patterns become:

]TEZ _ ¢ / dr’ [(kp,u % 2) . JZ(I',)] e—ikp,u.(Pl—P,)
A

rad,m kmz,u

_Cm |:6ikmz,u(zl—dm) + Gm7m+1eikmz,u(2dm+1_Z,_dm) (334)

]7?;5771 = (_Z)/ dI‘ [(kp7u X 2,/\’) . JT](I')] e_ikp,u‘(p_Pl/)
A

J

'Emn |: Zk?nz u(dn+1 Z + Gn n_ anz’u(dn+1+z_2dn):| (335)

TE,2
’Iradm

Similarly. is the second TE radiation pattern associated with a sonregeredn,
and it represents the downgoing wave in this layer.

For TM mode, théV x V x operator makes the expression of the patterns more com-
plicated. Note tha¥ekT = (ik)e’*T, the V operator becomes a vectdk for a plane

wave. The radiation and receiving patterns for TM waves ammsarized below. When

n >m,
| ) ,
Ladm = / dr'Ji(x') - (V! x V' x ) 72— E) i tr=r)
Horm i mz,u
Cm ~ : / ; /
= - —" / dr’ { (K X kpu X 2) - Ji(x)] e~ ko (P=p') gikmz u(dmi1 =)
ﬂrmkmzu A; ’
[< X Ky X 2) - Ji(r)] e‘ikpv“'“’l—"’)Gm,m_leikmzww“+Z’—2dm>} (3.36)
ot = — / dr J;(r) - (V x V x 2)f]5, (2)e" Ko lpmpr)
Dmn — 2 —ikp - (p—pyr) ik (z—dn)
= — dr { [(knu Xk, X 2)- JTj(r)] e~ Kpu (PP otz u(Z=dn
€rn Aj

+ [k, X Ky % 2) - Ipj(x)] e Rew PG, L ethne i =z=dn) ) (3.37)
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wherek? =k, , & 2k;. . Whenn < m,

Cm ; / ; !
]Z;](‘i/jgn = —-—— / dI‘, { [(k:);m X kpu X 2) . J,‘(I‘/)] e_lkp"u.(pl_p)€kaz’u(z —dm)
’ Mrmkmz,u A; 7
(K X K X 2) - Ti()] € R0 G el Bl =<0 L (3.38)
Emn A —i — ; -
gt = =2 [ X K x 2) - Ty (r)] o 0l s
’ €rn A

J

+ [(kpy % kpu X 2) - Ipj(x)] e "o lPmo) G, eihnenldnantz=2d) 1 (3 30)

3.4.2 Patterns for reflected field

When the observation point and the source point belong tedhee layer, the received
field has two parts: the direct field which propagates diydiatim the source to field point
and the reflected field, which reaches the field point aftendpegflected by other layers.
The first term of the propagation factor in (2.15) repres#rgglirect field. The remaining
four terms represent the reflected field and they could beittewras the summation of

decomposed functions efandz’.

. ) . I_og . _
Fﬁ;:§1<zu Z/) — Cm|:61k7rzz(dm+1 z )+Gm’m_lelknbz(dm+1+z de)] Gm’m_‘rlelkmz(dm+1 Z)

4C,, [eikmz(z/_dm) LG, m+1€ikmz(2dm+l_zf_dm)] G, ehms(z=dm) (3.40)

Since the factors containing are the same as the propagation factors of the transmitted

field case, there is no need to calculate new radiation patt€nly a new receiving pattern
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is needed.

JTEml _ (—z)/ dr [(kp,u x 2) - Jr;(r)] e—ikpyw(p_pl/)Gm7m+1eik7nz,u(dm+1—Z) (3.41)
A

rev,m
J

JTEmIl _ (_i)/ dr [(Kyu % 2) - Ip;(r)] e—ikp,u-(p—pu)Gmm_leikmz,u(z—dm) (3.42)
A

rev,m
J

17F-mlis the receiving pattern in layer associated with the radiation patteffy;!  from

rev,m

layerm. I].2-m! is associated with the radiation pattdfy;? .

rev,m

Similarly, the receiving pattern for the reflected field of Tivbde is given by

Gm m 2 —i ‘\p— ' -
JTMml _ T, +1/dr (k1 X Ky X 2) - Ty (r)] e o (pmpr)gikmedmi1=2) (3 43)
A.

rev,m
€Ern y

Gmm— _ . —iKpu-(p—pyr) ikims (2—
JTMmil _ _771/611“ (K X Kpu % 2) - Ipj(x)] e o (p=pi) gikm=(=dm) (3 44)
A

rev,m
€rn j

3.4.3 Patterns for direct field

The propagation factor for the direct field é8~+1=%' and the modulus sign makes it
impossible to be decomposed as two independent functionsod 2’ respectively. The
Sommerfeld integral needs to be changed to remove the modigin over: — 2. The TE

part of a dyadic Green'’s function in homogenous space isdiye

—TE.d R T 1 ika|z—2'
G "= (Vx23)(V x Z)E/O dkp%Jo(mp—pq)e“ | (3.45)
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By deforming the integration path and using Gaussian qiadraule, the term could be

expressed as a discrete summation:

N . !
—TE.d 1 = wpu . s etherle]
S T D {W X AV 2 () = ——
~ ko z,p VB+
ikz plz—2'
z,p VB

wherek., = \/k* — k3 ,, k, = k is the branch point. Herg, , on the right side of the
vertical branch cut (VB) and thek. , on the left side of the vertical branch cut (Vare

of opposite signs.

Ng ; o . o
—TEd 1 Wyl R b (1) eikzplz—2'|  gikzplz—7|
G T T in Z koo (Ve x 2)(V, x 2)H, (kpvpp) It R
p=1 ’ z,p z,p
1 Nq U)pup ~ / " (1) eikz’p(z—z’) eikZ’P(Z_Z,)
=0 Z:; T (Ve X )V X ) H () { R }(3.47)

p

Here,V, = a%i + a%gj, k;fp is the value oft, on VB™. From the factor in the brackets
containingz and?’, it is obvious thaiG' ~* is an even function ofz — 2/|, so we can
remove the modulus sign over— 2z’ and get the same result. The radiation and receiving

patterns for the TE part of the direct field in theh layer are

?

Lim = 7— /A dr' [(Kyu  5) - Jy(x')] e~ o (P10 =ik’
Lo = (=) /A dr [(Kp % 2) - Jpy(x)] e Howpmpleihnens(3.48)

J

Now we move on to study the TM part of the dyadic Green'’s fuorctn homogenous
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media. Its discrete form is

N, .
—TMd 1 L wyu gikzplz—2|
G =— pp[VXVXA V' x V' x 2NV HY (k,.,p)
477-]@%"”; kp,p ( Z)( Z)) 0 ( Pvpp) kz7p VBt
ikz plz—2/|
— (VX VXAV )V % 2)H (e pp) }
k., VB
(3.49)
We expand the operato¥ x )(V'x) as
(Vx)(V'x) =[(Vs + gé)x][(V’ + i:2)><]
n S0z 50
= (Vax)(Vx) + (Ta) (2 55) + (L 2x)(Vx) + (L %) %) (3.50)
N ® s N0 0z s 822 0z '

Substituting (3.50) into (3.49), we found the first and lastits are even functions of
|z — 2’| while the second and third terms are not. However, the firsh tdominates
becausek,| > |k.,.| for the significant quadrature points. Thus, the modulus bigre
could be removed as well.

Similarly, the radiation and receiving patterns of the TMtud the direct field are

1 4 4 ,
1208 = o [ [ X T 2 0] o
1 ) )
) S —— / dr [(Kp, X Ky X 2) - T (r)] e Ko (ompr) gibme.uz (3.51)
’ Ern A

J

The physical meanings of the radiation and receiving padtare summarized in Fig-

ure 3.7.
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Figure 3.7: Physical meanings of radiation and receivirttgpas.
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3.4.4 Assembling of radiation and receiving patterns

For every source, there are three sets of radiation patieahexist for each mode for each
koo TR TR0 i = 1,2,3, wherem is the index of the layer where the source point
resides. For each observation point, it nedds 2 sets of receiving patterns to receive the
sources radiated from layer 1 16: IZMm py = 1,2, ... N,m # n, [EMmi TMmi

rev,n rev,m 1 ‘rev,m !

ITMmill The assembly process is summarized in Figure 3.8.

rev,m

3.5 Numerical Results

In this section, some numerical examples are calculatedccangbared with their refer-
ences. The quasi-3D TSM-FMA has a better modeling capgbihile it retains the

O(N log N) computational complexity.

3.5.1 Scattering from patch antennas

To start with, two two-dimensional scattering problemsaaralyzed and validated against
the results from two-dimensional TSM-FMA.

The first one is the scattering from a circular patch on top ofierostrip structure.
The radius of the patch is 0.65 cm. The thickness of the drétesubstrate is 0.07874
cm and its relative permittivity is 2.33. A plane wave is ot at(¢’, ¢') = (60°, 180°)
with 6 polarization. The patch is discretized into 1,198 smadirtgles at 15 GHz. The
monostatic RCS shown in Figure 3.9 agrees well with the tegiiven in [20, 60].

The second example is the scattering from ax3B0 microstrip array with rectangular

patch elements. The size of the rectangular patch is 3.66 26 cm. The separation
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Figure 3.8: Diagram of TSM-FMA assembling process.
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Figure 3.9: Monostatic RCS versus frequency of a circul&cipa

of the patches is 2.34 cm in thedirection and 3.4 cm in the direction. The dielectric
substrate of the microstrip has a thickness of 0.158 cm aethéve permittivity of 2.17.
The incident plane wave is at 2.2 GHz, with incident angléfofe’) = (60°, 45°) andé
polarization. The total number of unknowns is 117,000 anchorg usage is 234 MB. The
matrix solving time is 70 minutes and time used per iteraigorb seconds on an Intel 3.0
GHz processor. Again, the bistatic RCS agrees with the trésuh 2D TSM-FMA [20]

as shown in Figure 3.10.

3.5.2 Input impedance of probe-fed microstrip patches

The new fast algorithm is designed to handle microstripcstmes that have vertical vari-
ations, for example, patch antennas fed by probes. A probwdeled by a vertical via
connecting the patch and the ground with a delta-gap sourde ®he input impedances

of several different probe-fed microstrip patches areudated and presented.
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Figure 3.10: Bistatic RCS for a 3@ 30 microstrip antenna array. = 6 cm, b = 6 cm,
L =366cm,W =2.6cm.

The first example is a probe-fed circular patch as shown inr€i@.11. The radius
of the patch is 1.88 cm. The vertical probe is 0.94 cm away filoecenter of the patch.
The substrate has a thickness of 0.16 cm and a relative piertyiof 2.6. The current
distribution at 2.7 GHz is shown in Figure 3.12(a). The inpnpedance at the probe
versus frequency is presented in Figure 3.12(b). The aionl shows that the resonance
frequency of the patch antenna is 2.8 GHz. It agrees withhberetical analysis given
in [61].

The second example is a patch antenna that straddles ryeitdabstrates. Its con-
figuration is given in Figure 3.13(a). All the dimensions aremillimeters. The input
impedance is shown on a Smith chart in Figure 3.13(b) and@emgwith reference [62].
This example demonstrates the modeling capability of thefast algorithm: it can han-

dle more complicated patch antennas compared to the eatigion of TSM-FMA.
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Figure 3.11: Geometrical configurations of the circulacpat = 1.88 cm,b = 0.94 cmd
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Figure 3.12: Input impedance of a circular patch.

68



T-r——===a

y__
\

[
‘!‘fl

30 30
(a) Patch antenna configuration. (b) Input impedance.

Figure 3.13: The two-layer microstrip patch antenna anihjigt impedance.

3.5.3 Radiation pattern of microstrip patch arrays

In this part, several types of microstrip patch arrays wéltical probe feed are simulated.

The first example is a planar Yagi-Uda patch array [63, 64inilar to the Yagi-Uda
dipole array [65, 66], the array is fed at the driven elemant there is a reflector patch
on its left, and two director patches on its right. The stuuedirects the main beam of the
radiation pattern a@0° away from the broadside direction. The geometrical conditjon
and dimensions of a single row Yagi-Uda patch array are givéigure 3.14. To increase
the gain of the array, four rows of Yagi-Uda antennas couldllmged on the microstrip
substrate. The voltage source at the two probes of the deleznent has the same magni-
tude but a phase difference of“9@o that a circularly polarized field could be generated.
The working frequency is 1.552 GHz. The number of unknowmgke four-row case is
6,332. If we use the full impedance matrix of MOM, it needseatst 320 MB of memory.
However, with TSM-FMA, the total memory usage is reduced@dviB.

The radiation pattern of one row and four rows of Yagi-Udagsrare shown and
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compared in Figure 3.15. In the elevation plane, the maimbleas been tilted by about
30 for both cases. By deploying a four-row array, the gain hanbecreased by almost
10 dB. In the azimuth plane, the radiation pattern of the-fowr array is better focused

because of mutual coupling.

Vertical probe 013"*! }« 0'09"»! !« Vo
feed point E L o o
\ %l FOA” P 0.09"»@ e

\\ '
| M
2.5" SQUARE
ot | LA i
e N
0.6" "
22" SQUARE 2.1" SQUARE
Reflector Driven Director
Patch Element Patches
7 X 2

d = 0.25”, permittivity = 2.5

Figure 3.14: Geometrical configurations of a single row afiYdda patch array.

A circularly polarized field can be generated by a singleteécrostrip patch antenna
as well [67]. For example, a nearly square diagonal fed arstean produce a circularly
polarized field if it is excited at a frequency in between tbsonant frequencies of its two
resonance modes, which correspond to the adjacent sides @&dtangle. The dimensions
of the patch and the position of the feed are given in Figuté @iith a unit of centimeter.
The microstrip substrate has a thickness of 0.3175 cm anldtavespermittivity of 2.52.
The feeding voltage source is working at 3.15 GHz.

A 12 x 12 patch array made up of this type of patch is simulated aedatliation

patterns are given in Figure 3.17. In the broadside diractioe field is almost circular
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Figure 3.15: The radiation pattern of planar Yagi-Uda patchys.
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Figure 3.16: Nearly square diagonal fed antennas.
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(|E9| = |Ey4|). The sidelobes are due to the mutual coupling of the patches
In this example, the total number of unknowns is 80,316. Thewry used for setup
is 358 MB and the additional memory needed for one matrixeremultiplication is 33

MB. Time per iteration is 61 seconds on an Intel 3.0 GHz CPU.

90  gg

— 5,

|E|(dB)
|E|(dB)

90-6 90-6
(a) Radiation pattern ip = 0° plane. (b) Radiation pattern igh = 90° plane.

Figure 3.17: The radiation pattern of ¥212 microstrip patch array of nearly square patch
elements.

3.5.4 Computational complexity and memory usage

We increase the number of elements in a patch array, anddrdo®ememory usage and
time usage versus the number of unknowns. They have a néaelyr Irelationship as
shown in Figure 3.18(a) and 3.18(b). It confirms that the @tlgm has aO (N log N)

computational complexity in both time and memory.
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CHAPTER 4

EFFICIENT NUMERICAL EVALUATION OF
CASIMIR FORCE BY INTEGRAL
EQUATION METHOD

In this chapter, Casimir force is introduced and expresseéerims of dyadic Green’s func-
tions and their derivatives. Those quantities could beutaled numerically by solving

integral equations, with a given set of sources and fieldnigsiperators.

4.1 Introduction

Casimir force is a tiny force which exists among charge#adttodies due to the quan-
tum fluctuation of the elecromagnetic fields in vacuum [68}isTforce exists even when
there is zero field in the classical sense between the bodlesclassical zero field case
corresponds to the ground state of a quantum electromadiedti. The ground state of a
quantum electromagnetic field has zero mean field, but nomaean square field. In infi-
nite free space, the fluctuating waves can have any frequleatlgetween two conducting
plates, their frequencies become a set of discretized satgch form the eigenmodes of
the parallel plate waveguide. Thus, the energy of the fluctgdield between the plates is
less than that outside. Each side of the plates would experia different pressure from
the fluctuating field and this induces an attractive forceveen the two plates. Casimir

first predicted the strength of the force between two infipitarge, perfect conducting

74



plates. Evgeny Lifshitz and colleagues have generalizesin@es work to real materials:

nonperfect conductors and dielectrics [69]. They also iclamed the situation that the
plates were separated by a fluid, not a vacuum. The forceaskalewn as the Casimir-
Lifshitz (CCL) force.

The Casimir force is a close cousin of the van der Waals foetevden non-polar
molecules or large objects. The van der Waals force is tleenmlecular attractive force
generated by two dipoles, when the ever-moving charginghearaolecule creates a mo-
mentary electric dipole and they induce a dipole in a nearbjeoule. In the van der
Waals limit, when the distance between molecules is so gimatlthe electric field prop-
agates between them much faster than the charges can tesc¢hia interaction between
two dipoles happens almost instantaneously. But when tlexsbare farther apart and
the propagation time becomes important, the dependenbe dbitce on the object’s sep-
aration is modified. This is known as the retardation effecth® van der Waals force due
to the finite speed of light [70]. For example, Casimir hasmihthat for large separation
R, the interacting energy between a neutral atom and a canduetll is proportional to
R~ rather than ta? 3. The interacting energy between two neutral atoms is ptap
to R~5 at short distances, whereas for large distances the ereepggportional ta?~".

For two perfectly conducting parallel plates, the attrgctorce between the plates has

the magnitude (per unit surface area)

72 heg 1 4

Usually it is too small to be observed. For example, two glatéth an area of 1 cin

separated by a distance ofutn have an attractive force of 10 N. However, when the
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distance is further reduced, the Casimir force becomesahernt force between neutral
objects. For example, at the separation of 10 nm, the pressoduced by the Casimir
force is about 1 atmosphere. As a result, the Casimir foneseg#igible above micron scale
since it decreases rapidly with separation between theaictiag bodies. It dominates the
interaction between neutral objects at submicron distance

This quantum electrodynamical phenomenon has been sttatieeécades in physics
for theoretical interests. But accurate measurement exdgust a decade ago. The first
modern measurement of the Casimir force was reported in bg97amoreaux using a
torsional pendulum and sphere-plate configuration [71].edhamoreaux brought the
sphere and the plate together to within several micronsCtdsemir force pulled the two
objects together and caused the pendulum to twist. His erpatal measurement agrees
with theoretical values to an accuracy ©@%. Inspired by this work, Mohideen and his
group [72] attached a sphere coated with gold to the tip oftami force microscope
(AFM). When the sphere is brought close to a large flat diskezbaith gold or aluminum,
the attractive force between them causes the cantilevegrid,kand this was detected by
the reflection of a laser beam. This improves the accuracyittitrwl % of the expected
theoretical value. These two experiments are carried oeinvthe size of the sphere is
much greater than the distance from sphere to plate, anti¢loedtical value is obtained
from proximity force approximation (PFA). When the sep@nais comparable to the size
of the sphere, the result from PFA is no longer accurate. $&aund his co-workers have
conducted experiments to explore the correction to PFA tiberfv 3].

Since then, Casimir force has been measured in a wide vafiegperimental geome-

tries. For example, Ederth has also used an atomic forceosuiope to measure two gold-
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coated crossed cylinders and the results agreed to withiwith theoretical value [74].
Later, Chan and his group measured the Casimir force betageld sphere and a silicon
surface with an array of nanoscale, rectangular corrugsitising a micromechanical tor-
sional oscillator [75]. This experiment demonstrates theng) dependence of the Casimir
force on the shape of the interacting bodies. Although a wateety of geometries have
been used, very few experiments measured the original ewafign of two parallel mir-
ror planes. The reason is that it is difficult to keep two ptaperfectly parallel in the
experiment. It is much easier to bring a sphere close to @.pl@nhe recent experiment
on two parallel plates was carried out by Bressi’s group, thedaccuracy is within5%
compared to theoretical values. This relatively poor fiteet# the technical difficulty in
this kind of setup. In 2007, the most precise measuremetteo€asimir force between
parallel plates by using a micromachined torsional devias meported [76].

As recent advances in miniaturization lead to the developrogmicro- and nano-
electromechanical systems (MEMS and NEMS), it is also emirggly of practical inter-
est to study the role and influence of Casimir force in thesallsdevices now. Micro-
electromechanical systems (MEMS) are micron-sized devitevhich mechanical ele-
ments and moving parts, such as tiny sensors and actuat®isaraed into a silicon sub-
strate. As further miniaturization takes place, the deviteyy reduce to nano-scale and
become nanoelectromechanical systems (NEMS). They haideachass of applications.
For example, the release of the airbag in cars is controlfeaMEMS-based accelerome-
ter. One of the principal causes of malfunctioning in MEMSitistion, i.e., the collapse of
movable elements into nearby surfaces, resulting in tlegmpanent adhesion. The Casimir

effect is often an important underlying mechanism caugigghenomenon [77]. On the
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other hand, it could be put to good use. Capasso and his ghmwyesl that the force can
be used to control the actuation of a micromachined torsubaace [78]. This group also
showed that the Casimir attraction can be used to make aneamlpscillator. The force
influences the dynamical properties of a micromachinedoggwhanging its resonance
frequency, hysteretic behavior, and bistability in itgjinency response to an ac excitation.
They proposed that this device could serve as a nanomesitgosensor [79, 80].

The general attractive behavior of the Casimir force has lzegrawback rather than
advantage for MEMS systems. If the Casimir force becomeslsee, it could allow
quantum levitation of objects in a fluid and lead to a new ctdszano-scale device with
ultra-low friction. Lifshitz has predicted in theory thagpulsive force exists when the
permittivity of the fluid mediumdy) satisfies the relationship; > ¢; > €3, wheree; and
€3 are the permittivities of the two solid objects [69]. An inrfant breakthrough on this
subject was made by Capasso’s group in early 2009 [81]. Thew £xperimentally that
the sign of the force can be changed from attractive to remulsy a suitable choice of
interacting materials immersed in a fluid in accordance widoretical prediction. The
measured repulsive interaction is found to be weaker thaattinactive.

From the fluctuation dissipation theorem, any vacuum systetimermal equilibrium
with another system will be filled with electromagnetic fieldt zero temperature, the
fluctuating field is at the ground state and the Casimir foiae loe predicted precisely
without any ambiguity. When the objects are not ideal methks calculation of the ther-
mal correction to the Casimir force at non-zero temperasirgot uniquely formulated
and has been hotly debated since 2000 [82]. For ideal met&®dhe thermal correction

can be neglected whéhn < hey/kpd, wherec, is the speed of light;; is the Boltzmann
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constant and! is the smallest separation between the interacting obj88{s For real
metal bodies described by the Drude model, the thermal citsreat room temperature
is rather large even below/im [84]. All the calculations performed in this paper assume
zero temperature and ideal metals.

There are different ways to quantitatively predict the @asiforce. For relatively
simple geometries, approximate methods such as the prigX{once approximation (PFA)
[85], and optical approach in terms of virtual photons mgvatong ray optical paths
[86] are quite intuitive and efficient. But when the geomdiecomes complicated as in
future MEMS devices, an exact and geometry-independenericat method would be
preferable. There are two popular general methods: theipi@tyral method (also known
as EGJK method) and the Maxwell stress-tensor method.

The path integral method was proposed by Buscher [87]. dinseby expressing the
Casimir energy as the logarithm of a functional integralroa# field fluctuations con-
strained by the boundary conditions on a set of surfacesn Theefunctional integral is
performed over the field. It has been generalized in [88] tGdr compact objects of
arbitrary shape and separation and has been applied tepiteelforce between a cylinder
and a plate [89], and between two spheres [88]. EGJK’s dguri efficient to predict the
Casimir energy between compact 3D objects of spheroida¢ariy spheroidal shape, or
even leads to analytically tractable series solution. Bigtnot of practical use for general
geometries due to poor convergence rate for objects withecsror cusps. This limitation
occurs since they used spherical basis functions to expanclirent distribution. It could
be overcome by expanding the curent with basis functionsefon a pair of adjacent

triangles, which is known as RWG basis [90]. The RWG basisitely used in surface
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integral method in computational electromagtics. Aftensananipulation, the evaluation
of Casimir energy depends only on solving for all the eigamesof the impedance matrix
obtained from integral equation by method of moments.

The theoretical foundation for the Maxwell stress tensos Wailt by Lifshitz and his
coworkers [69]: the net Casimir force on a body can be exprkas an integral over any
closed surface around the body of the mean electromagnetgsgtensor, integrated over
all frequencies. And the fluctuation-dissipation theoré¢ates that the mean fluctuating
field, which forms the Maxwell stress tensor, is related withaginary part of the dyadic
Green’s function of the same geometry. The dyadic Greemistfon can be evaluated
by existing numerical methods in computational electronetigs (electrodynamics) [91].
Rodriguez has demonstrated the applicability of this methy using a simple finite-
difference frequency-domain (FDTD) method to calculatediadic Green'’s function in
z-invariant structure [92,93]. This approach relates thentum electrodynamic phenom-
ena with classical electromagnetics and it motivates oeicgpof work: to evaluate the
Casimir force among arbitrary objects using integral eiguatnethod. With the surface
integral equation method, the number of unknowns can belgrealuced. Moreover, fast
algorithms [59] are available to further improve the effimig of the method. The compu-
tational complexity of both the stress tensor approach bhegath integral approach can
be reduced t@) (N log N) at best,N being the number of surface unknowns. Thus their
efficiencies are comparable. The main difference betweem tis the physical quantity
being calculated directly: the path integral method caltad the energy while the stress
tensor approach calculates the force distribution (pre$su

In this thesis, we propose to use the integral equation rdethocalculate the dyadic
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Green'’s function of a general geometry and its derivatinesder to get the Casimir force.
The dyadic Green'’s function is obtained by solving the etentgnetic problem with a

monopole point source placed very close to the surface abltfect, and then evaluating
the scattered field at the same location. Compared to firffexeince methods, the integral
equation method involves a discretization only at the serfaf the coupled objects, thus
leading to fewer unknowns.

First, geometries that areinvariant are studied. In this case, the field can be com-
pletely decomposed into TE (transverse electric} land TM (transverse magnetic) to
z modes, and the problem can be cast into two separate twadioral (2D) scattering
problems. Then, arbitrary 3D geometries are studied. Tiegial equation method signif-
icantly reduces the computational complexity of the probléJsing dipole point sources
in different directions, the derivatives of the dyadic Gredunction could be calculated
from the integral equation with the same kernel. In otherdspwhen the integral equation
is transformed into a matrix equation, different composemtd derivatives of the dyadic
Green’s function are obtained from the same matrix equatiibh different right-hand
sides. This would further simplify the numerical procedure

Now, we review the fundamental theory and key steps of calitg Casimir force

from the Maxwell stress tensor and dyadic Green’s functidrich has been given in [91].
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4.2 Casimir Force Represented by 3D Dyadic Green’s
Function

The net Casimir force acting on the surfagef an object is given by [94]

F = ﬁ(T(r’)) -ds’ 4.2)

whereT is the Maxwell stress tensor defined as [95]:

3 3
1 1 1

,Tz'j = EoEiEj -+ —BZBJ — = €0 E Elz + — E Bz (SZ (43)
Ho 2 — fo

The average of the fluctuating electric and magnetic fieldtained from fluctuation-

dissipation theorem [96]:

(0| E;(r, ) E,(r',1)|0) = Elm/ w?Gij(r, v, w)dw (4.4)
0

<O\El(r,t)EJ(r',t)|0) = Elm/M(Vx)il(V’x)ijlm(r,r',w)dw (45)
0

™

where the dyadic Green’s functi€(r, r’, w) satisfies the following equation:
V xVxG(r,r,w) — EG(r,rw) = pld(r,r) (4.6)

For an arbitrary 3D object, we defireandv be the tangent vector at the surface, and
n be the normal direction of the surface. They satisfy thetimiahipu x © = n. The

stress tensor and dyadic Green'’s function at ppiratre conveniently expressed in terms
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of @, v andn at this point as

F(r;) = (Ton(ri)) i + (Tun(r:)) s + (Ton(rs)) 0 (4.7)

If the object is a perfect conductor, the tangential eledigld E£,, E, and the normal
magnetic fieldB,, vanish at the surface of the object. The stress tensor cewtiplified

as follows:

Ton(r) = ieoEi(r)—TmBir 2—MOBg(r) (4.8)

Tpn(r) = eOEu<r>En<r>+iBu<r>Bn<r>=o (4.9)

Tp(r) = eOEu<r>En<r>+uiBu<r>Bn<r>=o (4.10)
0

Thus Casimir force is nonzero only in the normal direction.

The closed form solution of dyadic Green'’s function is natitable for an arbitrary
geometry. UsuallyG(r,r’) could only be obtained numerically through calculating the
scattered field generated by the objects due to the delta source at Their deriva-
tives could be calculated by applying another set of souncefeeld operators. In the
next two sections, the expression of Casimir force in 2D andBuctures will be given

respectively, followed by the integral equation formuwatto evaluate it.
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4.3 Integral Equation Formulation for Casimir Force in
2D Structures

In the last section, the general expression of Casimir foréerms of 3D dyadic Green’s
function was given. If the geometry iszainvariant 2D structure, the expression could be
further simplified.

Now it is convenient to define the stress tensor in anotheofsleical coordinates as

in Figure 4.1. Heret is the tangent of the contour of the object’s cross sectind jais

® z L
t

Figure 4.1: Local coordinate farinvariant objects.

the normal direction of the contour. Correspondingly, hiere ¢ ando = 2. The relation

n x t = 2 still holds for every segment as in the general local coaidisystem.

4.3.1 3D dyadic Green’s function and its Fourier transform

In a three-dimensional geometry, the electric field is esped by the 3D dyadic Green’s

function as

E,(r) = iw/oo dz'/sdp'Gag(k:,r,r’)Jg(r') (4.11)

— 00
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In z-invariant structures, the inhomogeneity is two-dimenalo The fields are three-
dimensional because of the point nature of the source. Asuwltyehe fields and the

source can be represented in terms of their Fourier tramsfor thez direction:

Lo~ - :
Ja(r) = o dk.Js(k., p)e™* (4.12)
Eulr) = o [ dkBalk ) (4.13)
ﬂ- —00
o[~ = (o
Gop(k,r,v') = > dk.Gop(k, k., p, p/)e*===%) (4.14)
T J -

Their Fourier transforms satisfy the following relatioish

E,(k.,p) = iw / dp'Gag(k, k=, p, p')J5(k=, p') (4.15)
S

_ 1 9 ~ 0~ .
H.(k =— [ dp | = k, k N — = k, k ! 4.1
ko) = o [ |Gt ) = 5 Gunll )] otk ) (220

In the above,(% and% are normal and tangential derivatives respectively. Frém5)
and (4.16), it is evident that the Fourier transform of thadlg Green'’s function and its
derivatives could be obtained by calculating the electrienagnetic field excited by a
delta point source.

In a z-invariant structure, only two components of the electrgnsic field are in-
dependent and the field can be represented completely irs teirdi, and H.. In other
words, the field in such a geometry can be decomposed intoFLM40, H, = 0) and TE

(H, # 0, FE, = 0) fields [18,§8.1.4]. Therefore, the average Maxwell stress tensor (4.3)
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for each mode could be expressed as

he 0? ~
™ _ 0 2
(L' (P)) = 2772,“0 / dk/ dk, {(k 0207 ) G

02
—ik: - Gm+zk: o /G _8n8nG ] (4.17)
he 52 ~
TE _ 0 2
Lunlp)) = 27wo / dk/ b Kk 8z02>G
— Gy — ——0G o — G o — G (4.18)
on 8’ e 8t8n " onor T T gror U '

If we substitute (4.15) and (4.16) into (4.17) and (4.18¢ mhean stress tensor could be

further simplified as

(T (p)) = 20, /

27r2 k2 on

2 ~
/dk Mg E.(p,s1) (4.19)

Wt

(TTE(p)) = @mfodk/_dkz LwZOEn(p, s2) — H.(p, s3) + H.(p, s4) | (4.20)

272

WhereEk(p, S;) andf[k(p, s;) are Fourier transforms of the electric/magnetic field gener
ated by the source of typan the geometry. They could be solved from two independent
integral equations [18] using the standard method of mosn@jt The evaluation of the
mean stress tensor has been converted to a scatteringmprolitle a set of specific delta
point sources. The required field components and their gporading excitations are sum-

marized in Table 4.1.
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Table 4.1: Source and field operators for each term in (4.49)4.20).

Wave Mode| Field Component Source (p; = p)
™ 2E.(p, 1) (1) 2:26(p" — p;)
TE E,(p, s2) )7 d6(p" — pi)
TE H.(p, s3) @3)f 26(p" — pi)
TE H.(p, 51) @n 25(p' — p;)

4.3.2 2D integral equations forz-invariant structures

In a z-invariant structure, only two components of the electrgnaic field are indepen-
dent and the field can be represented completely in terrhs ahd /... In other words, the
field in such a geometry can be decomposed into ENland TE(.) fields [18,58.1.4].

They satisfy the following two independent equations:

Bp) = Bi(p) = [ 5" [a(p. p)VLE(S) = E-(0)Vialo )] (420

H.(p) = H.(p) —/

S

as'i' - [g(p. p\VLHL(p) — H.(p)Vig(p. )| (4.22)

whereg(p, p') is the two-dimensional homogeneous-medium Green'’s fancti

i

g(p,p') = 4H51)(7€p|p —p'l) (4.23)

On the surface of the perfectly conducting objéct satisfies the Dirichlet boundary con-

dition and H, satisfies the Neumann boundary condition. Enforcing (4&1) (4.22)
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on the surface with the boundary conditions, they could b®bfied to two 2D integral

equations, one for the TM case, the other for the TE case.

0= i)~ [ dS's(p.p)il - VE.(p) (4.22)

() = i(p) + [ 4S5 Viglp.p) (4 (4.25)

In the following sections, the tilde symbol would be dropdesn £/ (p) and H: (p).
Since their argument i instead ofr, they would not be confused with the 3D field

notations.

4.3.3 Matrix equation for TM wave

In this part, we will formulate the matrix equation to fiig at any point in space. Assum-
ing the surface contour' is divided into/N segments\C),, the pulse function is defined

as [9]:

1 onAC,
falp) = (4.26)
0 on all otherAC,,, m #n

We Iet%Ez(p) = > a,fa, pon C and use Galerkin's method on each segmiefit,; a

matrix equation is then obtained from Eqn. (4.24):

(L] an] = [gm] (4.27)
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where

am = [ By (4.28)
Crm
_ ¢ (1) :
b = 5 [t [ ol o) (4.29)
e, Je,
Whenm = n, the Hankel function has an integrable singularity whichstrhe evaluated

analytically:

1 Y
ln = —(AC,)? [1+¢31n ACuke
4 s

(4.30)

(&

4.3.4 Matrix equation for TE wave

In the integral equation for TE waves, the integral on thatrigand side of (4.25) should
be evaluated as a sum of the principal value integral ancegglue. And the integral

equation becomes

3 1 I~ !/ / /
—H(p) = —5H(p) +p~v~/sd5n -Vig(p,p)H.(p'), poOnS (4.31)

If the magnetic field on the surface is discretizéfl, = > b, f,,, the resulting matrix

equation should bg,,,.|[b,,] = [h.n], where

hy = — / dLH! (p) (4.32)

I T / dl / il -V H (ko - ) (4.33)
Cm n
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The diagonal elements,, are equal to—%(]n.

4.3.5 Evaluating the incident field generated by different surces

From Table 4.1, itis clear that four kinds of source shouldiogloyed in order to calculate
the stress tensor. In this section, we will study the expoess the incident field generated
by each of them, which are the right-hand-side vectors ofrtaix equations.

The general formula for the incident field from a specific seus

| ¥ , L0 :
Ei(ks,p) = 4,‘;0 dr (kéazamz@—a) H (klp = P1)Ja(p))  (4.34)
Hilkp) = 5 [ a0H oo = 1)V, % 3.0 -

o (1) 0 g /

= 4/de (kplp —P']) [a () = 5 Tu(P) (4.35)

We have assumed that the delta source is located near ther césegment;, and

po = p; + n;6 (n; is the normal direction ab;).

First kind of source (TM modeXd’ (p, — pno)d(pr — pro)

; wpok? o
o = [ Epa ==t [ a e~ ml) (430
m 0 m 7

e Second kind of source (TE mode)d(p — po)

| i ) ,
b = = [ ditie) = -5 / o g1 o= o)) @37)
m P'=po

e Third kind of source (TE modey;(p,, — pno)d' (pr — pro)
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_ ; 92
b = = [ anie) - [ St e —p) @39

e Fourth kind of sourcetd’ (p,, — pno)d(pr — pro)

: i 0?
b = = [ o)== [ d L H e - pl) (3439
C”VL C”VL nZ

4.3.6 Evaluating the field testing operators

The z components of the electric and magnetic field are given by

E.(p) = —/SdS’g(p,p’)ﬁ’-V;Ez(p’) = —EZam/ dl'H" (k,|p — p']) (4.40)

H0) = [ 4S5 Vialo. o) 0 = S b | 5 H o= o) (441

Cm

The transverse electric field is given by [18]

)
E, = ﬁ[kZVSEZ +wpVs x H, | (4.42)

p

Now we will study the detailed form of the four field testingavptors. Similarly, the

observation point should be near the center of segifignwhere the source is located.

e First Field Testing Operator (TM mode))/on;)z-

Hklp—p1)  p=pi+iud (4.43)

ai :——Zam/ dl/

n

e Second Field Testing Operator (TE modg):
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Twp 8 ,
E,(p)=—5—H.= /dl - kplp—p])  (4.44)
k2 o, 4k22 ot

e Third Field Testing Operatog-

H" (k,lp — p']) (4.45)

Zb / '

The integrals involved in the incident field and testing fiel@luation can be cast into

two general integrals:

9 L / > Lo
il _ —HV (k,|p —
g wlo = e [t o~ po)

As the order of the derivative operators becomes higheintegrand becomes more sin-
gular. One needs to be careful if an accurate evaluationgseatk The details of the

numerical integration of Hankel functions are discussefippendix.

4.4 Integral Equation Formulation for Casimir Force in
3D Structures

First, we would like to cast the evaluation of dyadic Greduaisction and its derivatives

into solving a set of scattering problems as we did in the 20csdres.
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4.4.1 Casimir force represented by field components

In 3D structures, the field components and the dyadic Gréen&ion satisfy the follow-

ing relationship:

Ear) = iw / dr' Gl (e, 1, 1) J5 (1) (4.46)
S

) = [ a | LGty Lapker)| @) @a7)

ul\T = 10 /s r 8’(} nf ,r,r 8n B ,r,r 51‘ .

Substituting (4.46) and (4.47) into (4.4) and (4.5), theage of each term in the stress

tensor could be represented by

1 o Do [T / _ e / < kg
260<En(r)En(r ) = 27Tlm/o W G (1,1, w)dw = 27w0|m i Z,wEn(k;O,sl)dko
1 ’ . hCO o 82 ’ 62 ’
2—IUO<BU(I')BU(I' )) = 271-#0 Im/ov dko {me)(r, T ) — me}(r, r )
0 ) o8 )
_van(r, r') 4+ me(r, r )}
— %m / d(ko) [~ Ho (Ko, T, 55) + Hy(ko, T, 53)] (4.48)
0
1 I >
2—<Bv(r)Bv(r’)) = ﬁlm/ d(ko) [—Hy,(ko,r, s4) + Hy(ko, 1, s5)] (4.49)
Ho 2m 0

Here, E(ko, r, s;) andH(ko, r, s;) are the electric/magnetic field at locatioin the geom-
etry under the excitation of soursg Their corresponding relationship is summarized in

Table 4.2.

Substituting (4.8) and (4.10) into (4.7), the normal comgarof the Casimir force can
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Table 4.2: Source and field operators for each term in thesstemsor for 3D geometry.

Field Component Source (r; =r)
1) E,(r,s1) As(r — ;)
(2) H,(r,s2) b 2500 — ;)
3) H,(r,s3) i 25 — ;)
@ | Hes) | il -
(5) H,(r, s5) Q a?ué(r, — 1)

be expressed as:

P(r) =T,,(r) = @Im /Ooodk: [k E,(r,s1) + H,(r,s2) — Hy(r, s3)

2T W o

+HU(I', 84) — HU(I', 85)]1,,: (450)

r

4.4.2 Matrix equation for arbitrary 3D objects

If the object is made of perfect conducting material, thererily electric currend on the
surface. The electric field and magnetic field in the free spagion could be obtained

from the electric current by andXC operators respectively.

E(r) = E'(r)+LJ(r) (4.51)

H(r) = H'(r) - KJ(r) (4.52)
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whereE andH are the total field in the space aRdandH' are the incident field generated

by an external source. The operators are defined as

LX(r) = iw,uo/ [T—i— V]{;_QV] g(r,r) - X(r')dr' (4.53)
s 0
KX(r) = /X(r’) x Vg(r,r")dr' (4.54)
where
, eik’o‘r—r/‘ 4 55
g(r,r') = m (4.55)

The total tangential electric field vanishes on the surfdcthn@® PEC object. Enforcing

Eqgn. (4.53) on the surface we obtain the electric field irstbgguation (EFIE):

—n x E'(r) =n x LI(r) (4.56)

By expanding the unknown current with RWG basis [1Q(x() = >, a,J,(r')) and
using Galerkin’s method, the integral equation (4.56) ddug cast into the following

matrix equation:

[Zmnllan] = [gm] (4.57)
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where

Im = /Tm drJ,,(r) - E'(r) (4.58)

Zon = fiw,uo/ dr/ dr'J,, - F%— Vk—zv] g(r,r’) - J,(r") (4.59)
m n 0

4.4.3 Evaluating the incident field generated by different surces

The field components in Table 4.2 could be readily obtainedsigg (4.53) and (4.54).

Meanwhile, the incident field generated by those five difiesources should be derived
carefully. In this subsection, we will study the expressidnhe incident field generated
by each of them, which form the right-hand-side vectors efrtiatrix equations.

The general formula for the incident field from a specific seus

i ZU),U a 67;]60‘1'—1‘/‘ ,
E! (ko,r) = 471_]{:2 /Sdr/ <k§(5aﬁ + 0@86) 1 Jﬁ(I‘ ) (4.60)
0

Assume that the delta source is located near the centerdf patandr, = r.; + n;0 (n;

is the directional vector normal to pat@th).

e First kind of sourcend(r — ry)

Gm = / J(r) - Ef(r,ro)dr R=r—rg (4.61)
d J ) L e g [,
= [ e T g [ e [P a]
2 ikoR 2 ikoR
€qlm R N €qlm / etfofr
= .. —_— —_— d . .
2 AT /TglalrnZ (r—r? ) 7 ; A0H2 S r |V 7



e Second kind of source; ai; (r' — 1)
. eiko\r—r’\ X
Gm = / (T (r) - 0;) {V Py nl] dr +
1 o3 o v/eiko|r—r/| A ;
g 3o [ (V=g )] o
2 .
€qlm X gkl
= q; 22% /Tﬂl drv; - (r—rl ) {V I nl] +
lm ikoR
3 23 - /T dr { : vveR u] (4.62)
q:1 mo ’gl
e Third kind of source®; 32;5(1"/ —10)
2 . .
€qlm . gthoR 9 R iR
" ; 241, {/:r,adrni'(r Trn) Vol k_S/Tgflr {” VYR ”H
e Fourth kind of source; 52,6(r' — o)
2 . .
€ lm ) ezkoR A 2 R eszR )
" ; 2[114%1 {/Tgldmi'(r ~ TV R T k3 /T,zadr [n WV R u} }
e Fifth kind of source:i; a%é(r’ — 1)
2 . .
€ lm ) ezkoR X 2 R e’kOR A
Im :;22% {L%drui-(r—r%m)v = -ni+k—8/mdr {ui-vv = nz}}
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In summary, there are three typical integrals to handle:

I, = / drVg-n = / dr%(ikR — 1)e*t
T T

I, = / dr [t - (r —ry,)] (Vg-n)
T

6ikoR
I. = / [mvv 7 az] dr

The first integral is similar to th& operator and can be handled similarly. The second in-
tegral is not as singular as the first whérs close tar and could be evaluated numerically.
The third type of integral is super-hyper singular and isitiwest difficult one. Fortunately,

its treatment has been discussed in detail in [97].

Now, we will discuss the challenges we face in this project e possible solutions.
First, the dyadic Green’s functia#,,,, (k, r,r’) on the surface of a perfect electric conduc-
tor is singular when’ = r. Part of the singularity is due to the free-space dyadic Bsee
function and part of it is because of the contribution frora grimary image. The stress
tensor related to the free space dyadic Green’s functiomifenumly distributed on the

surface and the net Casimir source from it is zero.

2 dx
Fy = (T 7{1ds/: T 7{\/1+y’2 Y it =0 (4.63)
0 < > o < > s 1+y/2 1_|_y/2

Thus, we will use only the scattered field in dyadic Greenfgcfions calculation. When
the source is placed on the surface of the conductor, itsgpyitmage coincides with the
source itself, giving rise to a singularity as well. Thisgitarity could be removed by

lifting the source from the surface in the normal directiond small distancé. Then the
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source and its image has a separatiodéodnd the singularity is replaced by a finite large
number. However, there is a compromise between accuracyraadthness. If the source
is too far away from the surface, the accuracy of the dyadee@s function suffers. But
if it is too close, the dyadic Green'’s function is nearly sitag and overflow might occur.
The second challenge is the numerical integration of (4 8@ would study the prop-
erty of this integral in the case of parallel plates, sincalyical solution is available for
this example. For parallel plates separated by a distanaetbe analytic expression of

the stress tensor is

P o / ko F (ko) —
0

heom?

272 240at

e}

ok diky 4,
where F(kg) =Y (0 — =20 Dyt g =2(m+1)a (4.64)

Ty 72 r3

m=0

The integrand of the equation above is plotted in Figure 4t2s both oscillatory and
growing withk,. So itis impossible to evaluate this integral numericalbng this integral
path. From causality, we know that the Green’s function lapaies in the upper-half
plane. So we can perform\vdick rotation[91] to transform the integral path from the real
axis to the imaginary axis. The value of the integrand altvegrmaginary axis is shown in
Figure 4.3. After the Wick rotation, the integral convergagidly and it can be calculated

accurately with only a few quadrature points.

poo ho dk:of iko) = hCOZwZ F(iko:) (4.65)

272 J, 27?2
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Figure 4.2: The functiotF (k).

4.5 Numerical Results

Now we give the numerical results obtained from this method \walidate them against
analytical results or other calculations. The perfect catidg parallel plate case is rela-

tively simple and has been used as a basic test.

4.5.1 Casimir force between 2D objects

A more complicated geometry is an infinitely large plate n@arinfinitely long circu-
lar cylinder. The exact Casimir force between the two olsjéas been derived in [89]
and used to validate the numerical calculation in [91]. Themalization factorFpgs =
= heoL/R/247 is the force calculated by proximity-foce approximationréference

384
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Im(FGik,)) | |
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Figure 4.3: The functiotF (iky).

[98]. Notice that reference [98] also gives the asymptotialgtical results of this ge-
ometry at small separations. Compared with the exact soluthe relative error of the
asymptotic results at/ R = 0.2 is well below one percent for TM mode, but it is about six
percent for the TE mode. By using the integral equation nektiieen in this paper, the
relative error is always below one percent for differentegapon (Figure 4.4). The reason
why the Casimir force from the TM polarization increaseswegigéparation /R is because
the normalization factofprs decreases more rapidly with separation.

The second geometry includes two square cylinders sanddilcatween two parallel
plates. We calculate the attractive force between the tviodsrs while changing the
separation between the cylinders and the parallel platesrdsults are compared with the

data given in [91] obtained using finite difference methodFe 4.5).

101



1.8

TM (analytical)

1.6 —+— TM (numerical) ]
»
—— TE (analytical) B
14+ | ) 7
—— TE (numerical) o
E 1 SN |
& R
- —
0.8 -
06 | h o ~ a B
04+ . |
\x\x
0.2
0.5 1 5 |
a/lR

Figure 4.4: Casimir force between a cylinder of raditiand a large plate of distanedo
the cylinder, relative to the proximity-force approxintati

102



0.8

——TM (ref)
0.7 o ™™ .

— —TE (ref)
0.6 TE |
05 I~ j

<
w 0.4 : 4
T N P
0.3} N .
0.2+ T —— |
01l |
0 | | | |

0 0.2 0.4 0.6 0.8 1

h/a

Figure 4.5: Casimir force between two square cylinders zd silocated between two
large parallel plates, relative to the proximity-force eppmation Fpra = ficom2a/480a.

4.5.2 Casimir force between 3D objects

As in the 2D case, first the force between two parallel plates/aluated and compared
with the well-established analytical solution. Then wetsia evaluate the Casimir force
between two spheres, since they are the simplest 3D objedthe analytical expression
of the Casimir energy is available in [88]. We assume that#ukéus of both spheres is
R and their minimum distance i8; the product of the force and the square of the radius
(F * R?/hcy) is a dimensionless and scale-invariant quantity. So tkeltrés given by
their product ¢ * R?/hc) versus the normalized separatiofi/z). In the numerical
process, first the Casimir force per unit area (pressuredlzutated at different points

on the surface, and then the total force is obtained by iategy the pressure over the
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entire surface. Each sphere is discretized into 286 treanghd each data point can be
obtained within 3 to 4 minutes on a 3.0 GHz computer. The marimelative error is
about5% percent. The average relative erroBfis. In Figure 4.6, the numerical results

are compared with the analytical result obtained by intetpwy the data given in [88].

0

10 ‘ ]
=— analytical |]
& numerical |
1005 E
LN R
£ 10 + B — 3
@ ]
Q0 2N ]
<
T |
@ 10 ]
* - ]
s
-4
10 :
10_5 1 1 1 1
0.5 1 1.5 2 2.5 3

ZIR

Figure 4.6: Casimir force between two spheres of radiasd a separation df.

Compared to the method presented in [88] and [90], our mektasdthe advantage
that we can obtain the pressure distribution on the surfd¢beoobject. The pressure
distribution on one of the spheres in this example is showkigare 4.7.

The geometry of the second example contains two identigeudas. A capsule is a
cylinder of radiusR with hemispherical end caps. Its total length is denoted.byrhe
force between two capsules is evaluated for two cases: thgyaaallel or they are perpen-

dicular. Each capsule is discretized into 852 trianglese fference data is obtained by
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Force Distribution on the Surface of a Sphere (dB scale)

-0.4

-0.84

Figure 4.7: Casimir pressure distribution on the surfacens of the sphere&Z = R).
The force is shown in log scale.
interpolating the numerical results given in [90]. The camgon is presented in Figure

4.8.

4.6 Conclusion

Compared to the finite difference method, the integral eqnahethod has reduced the
computation cost significantly. First, the discretizatddthe computational domain occurs
only at the surface, so we need many fewer unknowns. Secomndthe Casimir force is a
smooth function along the smooth surface of the geometryeWtthis force is integrated
to obtain the total force, a few quadrature points on theaserfire sufficient. The number

of unknowns can be increased to enhance the accuracy oftdggrahequation method.
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Figure 4.8: Casimir force for two pairs of perfectly condngtobjects: identical capsules
with parallel axes, and identical capsules with perperdrcaxes. Herd. = 6R. SIE
refers to the surface integral equation method derivedigthiesis.
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But both the coordinate space integration (4.2) and thetsplespace integration (4.17)
and (4.18) are independent of the number of unknowns. Faingplhe integral equation
with iterative methods, the computational complexity cbiog reduced t& (N log N) per
iteration by using the multilevel fast multipole algoritHB9]. Thus the overall efficiency
of this numerical method could be 6f(V log N) per iteration at best, wher® is the
number of surface unknowns.

So far, the calculation has assumed an ideal condition:eperéflectors, perfectly
smooth surfaces, zero-temperature. For a more realidtalation, one needs to account
for imperfect reflection of the object and its frequency-elegent reflection coefficients.
The measurement is usually carried out at room temperatutéheere exist thermal fluc-
tuations superimposed on vacuum fluctuations. Thermakction must be included in
calculations of the force at separations greater tham1Finally, real mirrors are not per-
fectly smooth. The roughness affects measurements of thien@dorce, which is very

sensitive to small changes in distance.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

Layered media Green’s function along with surface integgalation is a powerful method
to model the full wave behavior of metallic structures residn layered media, for exam-
ple, microstrip structures.

In this thesis, a new and elegant approach to derive the dgrgien’s function for lay-
ered medium (DGLM) has been proposed. This new form of DGLMabe expressed
in term of two Sommerfeld integrals involving zeroth ordexsBel function, one for TE
waves and the other for TM waves. This form would be amenatledsigning acceler-
ation techniques. The matrix representation of the DGLNigi$lOM is manipulated so
that the coordinate-space singularities in the integraa@sweak as possible. As a result,
the associated Sommerfeld integrals have fewer high fre;jueomponents and converge
rapidly. We also call it a matrix-friendly formulation.

In order to accelerate the solution of the MOM equation, asg8® thin-stratified
medium fast-multipole algorithm (quasi-3D TSM-FMA) is pased. It is designed for 3D
structures whose horizontal dimension is much greater ttheuhickness of the layered
medium, which is true for all microstrip and circuit applicas. The quasi-3D TSM-FMA
is able to handle objects which straddle the layers of theiumedMemory requirement

analysis is presented and memory reduction techniquesissesded. Finally, numeri-
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cal tests are performed and they confirm that both the cortipogh complexity and the
memory cost are o (N log V).

So far, this algorithm still suffers low-frequency breailudoas a conventional integral
equation method. When the size of the element is less th&0Q/af wavelength, the
algorithm fails to produce the correct result. In many dirguoblems, for example, the
interconnects on chip or package, fall into the domain ofitefrequency problem. In
order to overcome this drawback, a loop-tree decompositietihod or augmented surface
integral equation method should be incorporated with tmeectialgorithm. Then it would
be useful in a larger scope.

In the second part of this thesis, an efficient numerical wetb evaluate the Casimir
force between perfect conductors has been proposed. TheiCawce is important in
MEMS and NEMS devices and a general numerical method to @reedifficiently is de-
sired. The force can be expressed in terms of the average ok#&llestress tensor, which
is related to the dyadic Green’s function and its derivatifrem fluctuation-dissipation
theorem. The dyadic Green’s function and its derivativeannarbitrary geometry are
evaluated numerically by applying a specific set of pointrsesl and then solving a con-
ventional scattering problem. The formulations for 2D almds3ructures have both been
derived and validated against analytical results. The edatnal cost of this algorithm
depends only on the complexity of the matrix-equation solNenultilevel fast-multipole
algorithm (MLFMA) is used to solve the integral equatiore tomputational complexity
could be reduced tO (N log N) per iteration. Thus the overall efficiency of this numerical
method could be 0O (N log N) per iteration at best, whe® is the number of surface

unknowns.
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The current integral equation method for Casimir force i&dvanly for interactions
between perfect conductors in zero-temperature. The tegé svould be to extend it to
dielectric objects. In the future, the method also needstount for the effect caused by

finite conductivities of metals, thermal fluctuation pressand roughness of the surface.
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APPENDIX A

NUMERICAL INTEGRALS OF HANKEL

FUNCTION AND ITS DERIVATIVES

A.1 Coordinate Transform

Assume that there are two sets of coordinate system as sindwgtire A.1:

Figure A.1: Coordinate transform.

From the graph, the relationship between the two set of ¢oatek is

>
Il

>
Il

cos o + sin ay
—sin aZ + cos ay
T + yy = ut + vo

(ucosa —vsina)z + (usina + vcosa)y
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Thus, we have the following relationship:

ox ox , oy . oy 0*x 0%y
—— =cosq, — = —sinq, — =sina, —— = cosa =

ou Ov ou T Ov T Oudv  Oudv

—0 (A2)

The first order directional derivative can be obtained frbmtivo basic derivatives,

of _0fox ofdy _ Of of

Ou Oz du  Oyou 8at(x @) 8y( @) (A-3)

The general second order directional derivative is given by

O*f -2 <8f8x+8f8y) :82f8x8x+8f Oz n O*f Oz Oy

Oudv Jdxdv Oy dv 0x20v Ou Oz Oudv | Hzdy Ov du
O*f Ox 0 of 0 0*f Oy O

f rdy (O 07y | Of0ydy (A.4)
0xdy Oudv ~ Oy Qudv  Oy? du v

Substituting the derivatives afandy, we have

92f 02 I
a2f - . PR ox2 oxdy r-u A5
=20 ¢-0 , ) (A.5)
oudv ’?f  9*f )
Oz0y  0Oy? y-u

and

2 2 2 2
o f 0f(8x>+20f0x0y+0f(0y
ou? 0x? " Ou 0xdy Oudu ~ Oy? " du
0 f 02 f Oz, 02 f 8x8y+82f Y 5

s - 24 2
ov? 8x2(8v) * Jxdy dv dv ~ Oy? (811)

)2

(A.6)
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A.2 Integration of the First Order Derivative of Hankel
Function

The first general integral is the integration of the grad@dribe Bessel function,
[ avH lo = o) = guin + 1k (A7)
C’HL

When thep and p, are not close to each other, this integral could be accyratelluated
numerically. When they are close, we need to extract theutangerm in the gradient and

integrate it analytically. Now,

. (1) . P — Po
gn = —l{;/ dlH; (k,\p — pol)m -
o ), W (Kol o) 0= pol
v (g e 2 1 5 )
= —/fp/ dy | - — ——sgn((p — po)  Tim)
Y1 2 ko \Jy2+02 ) Jy2+6
- _ _ 2i 192 1 _ A
= =y b2 = 2t 2 o ) s = po) ) (A8)
and
- —k / dLHY (k)| p — po|)im - L 20
gt p - 1 ( p|p p0|) |p_p0|
/@/2 ko202 2 1 y
= —k, dy —
. R ¥ NS ) N
ks i ys+ o’
- __r 2 .2 _1 Ys Ag
1 2 y1)+ﬁny%+52 (A.9)
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A.3 Integration of the Second Order Derivative of

Hankel Function

Now we are going to evaluate the second important integral,

.
I, = dl Hy (k
c= [ B e o)
0 0

1) 1
= 5o Hy (kalp = pol) o = 52— HG (o — p])l e,

= —k,H (k0% = pol) (o = po) - fom + Kk, HLY (Kol — pol) (05

Next,

*
Iy = o2 Ho (kp|P_P0|)

A, 9
8tAm 0 (kp|p - p0|)|p:pﬁ1 - %

1
HE (kylp — pol)| pe e

=~k H (k,|pf = pol) (P}, = po) - T + ko H " (K, o7, = pol) (7, —

Finally,

Irm = /

(1)

k \P P0|)

0 0 0
- [ b— — e + 21 byl — i

:/ {k (_ )H(l)(k) B H(l)(k‘pp)}

where p=|p—pol, == (p—po)- iim
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Whenk,p is small, we can use the small argument approximation arid&esthe integral

analytically.

k, (2x* k,p 201 x? 2t k,pe?
I, = dl |2 = —1) [ - ) k5 1+ = In -2
1% {p (p2 )( 2 ﬂ%p> pp2<'+ﬂ o >}
2

4ixz? 1 2 21k x? 20 k,pe?
_ B L I LU (P I A13
Lﬂ{ TRRTT R p2(+ﬂn2 ﬂ )
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