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Abstract

This dissertation involves two topics. The first is on the theory of partitions, which is discussed in
Chapters 2 — 5. The second is on covering systems, which are considered in Chapters 6 — 8.

In 2000, Farkas and Kra used their theory of theta functions to establish a beautiful theorem on
colored partitions, and they asked for a bijective proof of it. In Chapter 2, we give a bijective proof
of a more general partition identity, with the Farkas and Kra partition theorem being a special case.
We then derive three further general partition identities and give bijective proofs of these as well.

The quintuple product identity is one of the most famous and useful identities in the theory
of theta functions and ¢-series, and dates back to 1916 or earlier. In his recent survey paper on
this identity, Shaun Cooper remarked that there does not exist a bijective proof of it. In Chapter
3, employing bijective proofs of Jacobi’s triple product identity and Euler’s pentagonal number
theorem, we provide the first bijective proof of the quintuple product identity.

In a recent paper, The parity in partition identities, George Andrews investigated parity ques-
tions in partition identities and listed 15 open problems at the end of his paper. In Chapter 4, we
provide solutions to the first two open problems suggested by Andrews. More precisely, we pro-
vide combinatorial proofs of two partition identities which were derived by comparing Andrews’
new identity with Gollnitz-Gordon identities or certain generalizations thereof.

In our last chapter on partitions, Chapter 5, we give a combinatorial proof of a companion
to Euler’s famous recurrence formula for the sum of divisors function o(n). Euler’s recurrence
formula had previously been combinatorially proved using a double counting argument, but its
equally famous companion has not heretofore been established combinatorially. We not only pro-

vide such a combinatorial proof, but we also give a combinatorial proof of a vast generalization as
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well.

M. Filaseta, K. Ford, S. Konyagin, C. Pomerance and G. Yu proved that if the least modulus
N of a covering system is sufficiently large, then the sum of reciprocals of the moduli is bounded
below by a function of N, tending to oo as N — oo, which confirms a conjecture of P. Erdés and
J. L. Selfridge. They also showed that, for /' > 1, the complement in Z of any union of residue
classes 7(n) (mod n) with distinct n € (N, K N| has density at least dx for N sufficiently large,
which implies a conjecture of P. Erdés and R. L. Graham. In Chapter 6, we first define covering
systems in number fields, and extend those results to arbitrary number fields.

In Chapter 7, we give an explicit version of their first theorem to provide a specific number for
the least modulus of a covering system, where the reciprocal sum is strictly bigger than 1.

In the last chapter, Chapter 8, we consider exact covering systems in number fields. Motivated
by the theorem of Davenport, Mirsky, Newman and Rado that there does not exist an exact covering
system with distinct moduli, we raise the question whether or not this is true for covering systems

in algebraic number fields. We provide affirmative answers for certain quadratic fields.
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Chapter 1

Introduction

The theory of partitions was initiated by L. Euler who proved many beautiful partition theorems,
most notably the pentagonal number theorem and "the number of partitions of 7 into distinct parts
is equal to that into odd parts’. The theory has been developed by many great mathematicians—
Gauss, Jacobi, Sylvester, Lebesque, MacMahon and Ramanujan for example— and has blossomed
in the past few decades. Most partition identities were derived from generating functions in terms
of g-series and hypergeometric series. Thus, they were first proved analytically, and some of them
were proved combinatorially many years later. It is not obvious that finding a direct bijective proof
of each partition identity is always a feasible task. We have few partition identities which have
such proofs, and many partition theorems remain whose bijections are still obscure. Constructive
partition theory is rich and powerful due to the ingenuity of bijective proofs, and also has the
benefit that more general results can be sometimes derived from those proofs.

The topics discussed in Chapters 2, 3,4 and 5 are on partitions, mainly bijective proofs of
certain partition identities. In Chapter 2, we establish four new partition identities and also give
bijective proofs of them. H. M. Farkas and I. Kra [19, 20] seem to be the first mathematicians who
related modular equations with partition theorems. The following theorem is the most elegant of
their partition theorems, which is equivalent to a modular equation of degree 7, and Farkas asked

for a bijective proof of it without the use of theta functions.

Theorem 1.1. Consider the positive integers such that multiples of 7 occur in two copies, say Tk

and Tk. Let A(N) be the number of partitions of the even integer 2N into distinct even parts, and



let B(N) be the number of partitions of the odd integers 2N + 1 into distinct odd parts. Then

For example, A(8) = 7 = B(8), with the representations of 16 and 17 being given respectively by

16=14+2=14+2=12+4=104+6=10+4+2=8+ 6+ 2,

17=134+3+1=11454+1=94+74+1=94+7+1=9+54+3=7+7+3.

In [61], S. O. Warnaar mentioned that establishing a bijection between the partitions counted by
A(N) and B(N) seems to be quite difficult. Although not finding a bijective proof of Theorem
2.1, he established a generalization of the modular equation of degree 7 which is the generating
function identity of Theorem 2.1, and also gave a combinatorial proof of his generalized identity.
Fortunately, we could establish a bijection for Theorem 2.1, which also works for the generalized
theorem, by using Warnaar’s aforementioned combinatorial proof. Besides, we derive a more
generalized partition identity from Warnaar’s generating function since his theorem is indeed a
special case of it.

The bijection for Theorem 2.1 is so adjustable and powerful that we could construct three
more generalized partition identities of similar kinds. We show one of them below, which will be

mentioned again in Chapter 2.

Theorem 1.2. Let m be a positive integer, and let o, 3 and v be odd positive integers < m with
a+ B+ v < 2m. Consider the positive integers in which multiples of 2m occur in two copies,
2m and 2m. Let A(N) denote the number of partitions of 2N into parts congruent to o, +3,
+v, H(a+ B+ ) (mod 2m), and let B(N) denote the number of partitions of 2N into parts
congruent t0 0, 0, +(a + ), (3 + ), £(a+7) (mod 2m). Then, A(N) = B(N).

We close Chapter 2 with some applications of the four partition identities. Some of them are

known from [8] and others are new.



In Chapter 3, we provide a combinatorial proof of the quintuple product identity

Z qn(3n+1)/2($3n . x—3n—1)

n=—oo
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The quintuple product identity is one of the most well known identities, and various applications
can be found. For instance, in [10] B.C. Berndt proved many of Ramanujan’s claims using the
identity, and it can be applied to prove other identities such as Winquist’s identity. The history
of the quintuple product identity dates back to 1916, when R. Fricke presented it in terms of
theta functions. It had been believed that Ramanujan also discovered the identity even though
any general form is not found in his notebooks. In 1988, K. G. Ramanathan confirmed this belief
by reporting that the identity appears in Ramanujan’s Lost Notebook in a different form.

The quintuple product identity is often referred to as Watson’s quintuple product identity, since
in 1929 and 1938 G. N. Watson [59, 60] gave two proofs of the identity in proving some of Ra-
manujan’s results. Among others, W. N. Bailey [7], D. B. Sears [51] and L. J. Slater [52] also
gave proofs of the identity. O. L. Atkin and P. Swinnerton-Dyer [6] established the identity with-
out knowing of its prior occurrence. Also, in 1961 B. Gordon [28] rediscovered the quintuple
product identity. Since then, various proofs of the identity have been published. Recently, in his
comprehensive survey paper on the quintuple product identity, S. Cooper [13] mentioned that it is
interesting that no direct combinatorial proof has yet to be published, while at least 29 proofs of
the identity are known. The key idea, in proving the quintuple product identity combinatorially in
Chapter 3 is combining three known bijections. We apply two bijections of Jacobi’s triple product
identity in different forms, and in order to complete the proof, we also employ a bijective proof of
Euler’s pentagonal number theorem.

Parity has played a role in partition identities from the beginning. Most likely, the first theorem
in the history of partitions is Euler’s aforementioned famous discovery that the number of parti-

tions of a positive integer n into distinct parts equals the number of partitions of n into odd parts.



Equivalently in terms of generating functions: for |¢| < 1, [3, p. 5, eq. (1.2.5)]

[e.9] o0
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In his recent paper [4], G. E. Andrews investigated a variety of parity questions in partition identi-
ties. At the end of the paper, he then listed 15 open problems. In Chapter 4, we provide answers to
the first three problems from his list, which are related to the Gollnitz-Gordon identities and their
generalizations. The famous first Rogers-Ramanujan identity (the number of partitions of n into
nonconsecutive parts is equal to the number of partitions of n into parts congruent to 1 or 4 mod 5
) does not involve parity. However, introducing a parity consideration to the identity yields a new
partition identity, which is called the first Gollnitz-Gordon Identity. There are several results of this
sort, especially related to Rogers-Ramanujan’s identities. This motivated the deeper examination
of parity in partition identities by Andrews.

Andrews derived a new partition identity by considering the parity restriction that even parts
appear an even number of times in the celebrated Rogers-Ramanujan-Gordon identity [1, 30],
which is a generalization of the Rogers-Ramanujan identities. He then compared two special cases
with the first and second Gollnitz-Gordon identities to deduce a pair of new identities. The first
and second questions from the list are to find bijective proofs of them. We provide answers to
those questions in the second section of Chapter 4. The third problem is to prove bijectively the
generalization of the first two problems, which was derived by comparing the aforementioned
Andrews theorem and a generalization of the Gollnitz-Gordon identities, also by Andrews [2]. In
the third section, we give an answer to the third question. This is joint work with Ae Ja Yee.

Next, we discuss Euler’s recurrence formula for the sum of divisors o(n).

Theorem 1.3. For every n > 0, we have

oo _1\k—-1 . — k(3k+1)
Z(_l)kg(n_k(?)kJrl)) (=) 'n, ifn="5= ke

0, otherwise.



Theorem 1.3 can be easily derived analytically from the pentagonal number theorem, and a
combinatorial proof was also given in [45] and [58], which is based on a double counting argument.

Now, we consider a companion of Theorem 1.3.

Theorem 1.4. Let n > 1. Then,

= k(3k +1) k(3k+1)
— — 1)k N b A
o(n) = 3 (1) pln — =)

An analytic proof of Theorem 1.4 is elementary. However, a combinatorial proof does not
seem to have been given. In Chapter 5, we generalize Theorem 1.4 and give a combinatorial proof
of it, which is also based on a double counting argument. We also employ the quintuple product
identity in a similar argument to derive another recurrence relation and its companion. We remark

that combinatorial proofs of them can be given in a similar fashion.

The second topic of this dissertation is covering systems, which are discussed throughout Chap-
ters 6, 7 and 8. A finite collection of congruence classes, {a; (mod my),...,a; (mod my)} with
m; > 1 1is called a covering system if each integer lies in at least one of them. The concept of
a covering system was first introduced by P. Erdos in 1950, who answered, in the negative, Ro-
manoff’s question: Can every sufficiently large odd integer be expressed as the sum of a power
of 2 and a prime? Erdds was particularly interested in covering systems with distinct moduli. We

remark that the following is a covering system with the least number of distinct moduli :
0 (mod2), 0 (mod3), 1 (mod4), 1 (mod6), 11 (mod 12). (1.1)
In his proof [15], he used (1.1) with the last two classes replaced by
3 (mod8), 7 (mod12), 23 (mod 24).

Here are some famous conjectures concerning covering systems.



Least Modulus Problem (Erdos’ conjecture): Can the least modulus in a covering system with
distinct moduli be arbitrarily large?

D. J. Gibson [24] found a covering system with distinct moduli where the least modulus is 25,
and a covering system with distinct moduli > 40 has been recently discovered by P. Nielson [44].
Odd Moduli Problem : Is there a covering system with distinct odd moduli?

Schinzel’s Conjecture : In every covering system, there is a modulus that divides one of the
others.

In [18], J. Fabrykowski and T. Smotzer gave a simple proof showing that if Schinzel’s Conjec-
ture is false, then there exists an odd covering.

Recently, some conjectures of P. Erdos, J. L. Selfridge and R. L. Graham were confirmed by M.
Filaseta, K. Ford, S. Konyagin, C. Pomerance and G. Yu [22]. Erdos and Selfridge [14] conjectured
the following.

Conjecture 1. For any number B, there is a number Np, such that in a covering system with

distinct moduli greater than Npg, the sum of reciprocals of these moduli is greater than B.

It’s also interesting to study systems of residue classes where the moduli are distinct and come
from an interval (N, K N|. Erdos and Graham [16] made the following conjecture.

Conjecture I1. For each number K > 1 there is a positive number dy such that if N is sufficiently
large, depending on K, and we choose arbitrary integers r(n) for each n € (N, KN|, then the
complement in 7, of the union of the residue classes r(n) (mod n) has density at least dy.

In [22], stronger forms of these conjectures were proved by the aforementioned authors. In
Chapter 6, we generalize the results from [22] to arbitrary number fields. We first define a covering
system in a number field to be a finite set of cosets of ideals, whose union is the ring of the
integers. Covering systems of groups by subgroups or cosets of subgroups, which is the most
natural generalization of covering systems of Z, have been investigated by B. H. Neumann [44] ,
M. M. Parmenter [46, 47] and Z. W. Sun [55, 56]. However, we restrict the moduli of covering
systems in a number field to ideals, instead of arbitrary subgroups, in order to take advantage of

various properties of ideals which are crucial in the proofs. We remark that the results in Chapter



6 are exactly as strong as those in [22]. Even though the methods are borrowed from [22], it is
not straightforward that the arguments of [22] can be generalized to arbitrary number fields. The
main difference and difficulty come from the function counting the number of ideals of norm 7,
which has irregular behavior. In particular, in [22], the authors applied the standard upper-bound
estimates for the distribution of smooth numbers (numbers without large prime factors). However,
in the number field setting, another method is required to understand the counting function, which
is described in Lemma 6.9.

If a covering system covers every integer exactly once, then it is said to be an exact covering

system. The following are two simple examples of exact covering systems:
{0 (mod 2),1 (mod 2)}, {0 (mod2), 1 (mod4), 3 (mod4)}.

It is obvious that the sum of the reciprocals of the moduli of a covering system is at least 1.
Furthermore, in an exact covering system, the reciprocal sum of the moduli is exactly 1, and by
a density argument the reverse is also true. Here, one might ask if there is any exact covering
system with distinct moduli. The Davenport-Mirsky-Newman-Rado result shows that there is no
such exact covering system and in fact, the largest modulus must be repeated. We present their

proof here.

Proposition 1.1. If {r; (mod n;)}._, is an exact covering systems with n; < --- < n,, then we

have n;_1 = n.

Proof. Suppose n;_; < n;. We can assume that 0 < r; < n; for each . Then,

l l .

=1 24 ... = i ritn; rit2ng ) — i
+2z4+ 2"+ ZZl(z +z +z +---) Z,le—z"i

11—z

Letting 2 tend to a primitive n;—th roof of unity, we have a pole on the right side of the equation,

but not on the left side. Hence, n;_; = n;. ]

Thus, in other words, in a covering system with distinct moduli, the reciprocal sum of the
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moduli is strictly bigger than 1 and so there must be some overlap between the congruence classes.
It is interesting to consider congruence classes that cover the set of integers with as little overlap as
possible. Covering systems with distinct moduli are known with least modulus 2, 3 and 4, where
the reciprocal sum of the moduli can be arbitrarily close to 1 (see [32], §F13 ). As we have seen
from the Conjecture I, which was confirmed in [22], this fails for all large enough choices of the
least modulus. This motivates us to find a specific value of the least modulus. In Chapter 7, we
prove an explicit version of the theorem from [22], which proves Conjecture I. This enables us to
specify a number /N such that if the least modulus of a covering system with distinct moduli is
larger than [V, then the reciprocal sum of the moduli is strictly larger than 1. We prove a slightly
weaker form than the one in [22], due to the difficulty of obtaining estimates for the distribution of
smooth numbers with explicit constants.

From Proposition 1.1, we have seen that there is no exact covering systems with distinct moduli

and in fact, the largest modulus should be repeated. This leads naturally to a question:
Can we find an exact covering system with distinct moduli in a number field?

To begin with, we consider quadratic number fields whose rings of integers are principal ideal

domains. In Chapter 8, we prove slightly stronger forms of the following result.

Theorem 1.5. Let S = {r; + I1,...,rx + Iy} be an exact covering system in a quadratic number
field Q(\/m), where the I/s are principal ideals and I}, has the largest norm. Then, I}, must be

repeated.

The approach is somewhat analogous to that of the integer case shown above, but the argument

is much more complex. We start with the two variable function

LR > 2w (1.2)

By identifying a + by/m with (a,b) € Z?, we find a corresponding set A; € Z?* for each r; + I;,

where each element in A; is represented using the generator of [;. After setting up an explicit



identity starting from (1.2), we devise a similar argument to that in Proposition 1.1 involving
double poles.

Ideally, one would like to prove the same results for all quadratic fields, or for all number fields.
Actually, we conjecture that there is no exact covering system with distinct moduli in any number
field. However, we could not even settle this conjecture for all quadratic number fields. In the rest
of Chapter 8, we present a partial result, which proves that the above is true for certain imaginary
quadratic fields with two ideal classes. Since ideals may not be principal in these settings, we
classify the ideals according to the ideal classes of the field, and also we use some elementary
algebraic facts. Furthermore, we need to take the coefficients of terms with double poles into
consideration to establish such a result. In considering more general cases, it seems that we need

to introduce new tools.



Chapter 2

Bijective Proofs of Partition Identities
Arising from Modular Equations

2.1 Introduction

H.M Farkas and I. Kra [19], [20] established certain theta constant identities and observed that
they are equivalent to partition identities. As we mentioned in Chapter 1, the following theorem is
the most elegant of their partition theorems, and Farkas asked for a bijective proof of it without the

use of theta functions.

Theorem 2.1. Consider the positive integers such that multiples of 7 occur in two copies, say Tk
and Tk. Let A(N) be the number of partitions of the even integer 2N into distinct even parts, and

let B(N) be the number of partitions of the odd integers 2N + 1 into distinct odd parts. Then

It is not hard to see that the generating function identity of Theorem 2.1 is

(=430 (=075 600 — (45 6%) 00 (075 6" 0 = 20(— 0% ) oo (—¢""; ¢") o0, (2.1)
where
(@;9)o = [ (1 — ag™).
n=0

The first term on the left-hand side of (2.1) is the generating function of partitions into distinct odd
parts with two copies of multiples of 7 allowed. Subtracting the same term with ¢ replaced by —¢q

and dividing by 2, we suppress all even powers of ¢ on the left-hand side. On the other hand, the
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right-hand side without the factor 2¢ gives the generating function of partitions into distinct even
parts with two copies of multiples of 7 allowed. Thus, equating the coefficients of ¢~ *! on both
sides of (2.1) leads to Theorem 2.1.

Farkas and Kra proved (2.1) using the theory of theta functions. In [35], M.D. Hirschhorn gave
a simple g-series proof of (2.1). The referee of [35] observed that (2.1) was equivalent to a modular
equation of degree 7 in Ramanujan’s notebooks [10, Chapter 19, Entry 19 ()], but actually due to
C. Guetzlaff [31] in 1834.

B.C. Berndt [9] observed that Ramanujan discovered five modular equations of this sort, and
he gave partition-theoretic interpretations for each of them.

In [61], S. O. Warnaar established an extensive generalization of Theorem 2.1, which is the

following.

Theorem 2.2. Let o and [3 be even positive integers such that o < (3, and let vy be an odd positive
integer. Fix an integer m > o + [ + 2v + 1. Consider the positive integers in which multiples
of 2m occur in two copies, 2m and 2m. Let A(N) be the number of partitions of 2N with parts
congruent to 0, 0, +«, £8, +(a + 8 + 2v) (mod 2m), and let B(N) be the number of partitions
of 2N + v with parts congruent to v, (a + ), £(8 + ), (o + 8 + ) (mod 2m). Then
A(N) = B(N).

Warnaar mentioned that the conditions o < $and m > «+ (8 + 27 + 1 can be replaced by the
conditions that the sequences o, 2m — a, 3, 2m — 3, a+ +27v,2m —a— (3 — 2y and v, 2m — 1,
at+v,2m—a—vy, 08+ 2m—0—v, a+ B+, 2m—a— 3 —are positive integers, and if
some of the above integers coincide, then we introduce different copies of those numbers. Setting
(a, B,7) = (2,4,1) and m = 7, we can see that Theorem 2.2 implies Theorem 2.1. Note that the
condition o + 3+ v =7 = 2m — a — 3 — ~y requires both of the numbers 7 and 7 (mod 14).

In order to prove Theorem 2.2, Warnaar considerably generalized (2.1) to obtain

(_Cv —ac, —bC, —abc, _Q/C7 —Q/CLC7 —Q/bC, _q/abc; Q)oo
- (Cv ac, bC, abc, Q/C7 Q/CLC, Q/bC, Q/abc; q)oo

11



= 20<—(l, _b) —CLbCQ, _Q/aa _Q/ba —Q/(lb027 —q, —4q; Q)ooa (22)

where

<a1, <oy Ap, Q>oo = (al;Q)oo T (an;Q)oov

and gave three different proofs of (2.2). Furthermore, N.D. Baruah and Berndt [8] observed that
an equivalent formulation of (2.2) can be found in Ramanujan’s notebooks.
However, one of the referees of our paper [37] observed that (2.2) is a special case of the

addition formula

(ux,u/z,vy,v/y, q/uzr, qx/u, q/vy, qy/v; @)
— (uy, u/y,vz,v/z, q/uy, qy/u, ¢/vr, g /V; @)oo

=v/z(uwv,u/v,zy, x/y, q/uv, qu/u, q/ Y, qY/T; q) o, (2.3)

which is given in [23, p. 52, Ex. 2. 16]. Setting = = \/a, y = —/a, u = —/abc and v = y/ac in
(2.3), we can derive (2.2).

Warnaar’s proofs of (2.2) include a combinatorial one. However, he asked for a bijective proof
of Theorem 2.1 without resorting to theta functions.

In Theorem 2.3 in Section 2.2, we derive a generalization of Theorem 2.2 from (2.2) and give
a bijective proof of it, which naturally gives a bijective proof of Theorem 2.1. In order to establish
a bijection of the generalization, we use Warnaar’s bijection from [61]. The generalization of

Theorem 2.2 also implies, in particular, two further partition identities derived from

(—4; )% (% % — (46356 )% = da(—d% 6*)2 (—d5% 0%, (2.4)

(= ))% — (6 6))% = 169(—¢*: ¢°)%- (2.5)

We remark that the identity (2.4) is equivalent to a modular equation of degree 3 and the identity

(2.5) is called Jacobi’s quartic identity. In [61], Warnaar showed that the identities (2.4) and (2.5)

12



are specializations of the identity (2.2). However, he remarked that the partition theorems derived
from (2.4) and (2.5) are not special cases of Theorem 2.2.

In Section 2.3, we establish three further identities in Theorems 2.6, 2.8 and 2.10 and give their
partition theoretic consequences in Theorems 2.7, 2.9 and 2.11 together with bijective proofs. The
referee also pointed out that the identities in Theorems 2.6, 2.8 and 2.10 can be proved using (2.3).

In [8], Baruah and Berndt derived partition identities associated with modular equations of
degrees 3, 5 and 15. In Section 2.4, we show that some of them are special cases of the theorems

from Sections 2.2 and 2.3. We also give new examples that follow from these theorems.

2.2 Generalizations of the Farkas and Kra partition theorem

In this section, we prove a generalization of Theorem 2.2 which implies not only Theorem 2.1, but
the two partition theorems that can be derived from (2.4) and (2.5), respectively. We show that the
generalization is an immediate consequence of (2.2) after some changes of variables, and we also

give a bijective proof of the generalization.

Theorem 2.3. Let m be a positive integer, and let o, 3 and vy be odd positive integers < m such
that o < 3,. Consider the positive integers in which multiples of 2m occur in two copies, 2m
and 2m. Let A(N) denote the number of partitions of 2N + « into parts congruent to +a, %03,
+v, £(—a+ S+ ) (mod 2m), and let B(N) denote the number of partitions of 2N into parts
congruent 10 0,0, (8 —a), =(y—a), £(B+7) (mod 2m). Let x, 0 < r < 3, denote the number

of elements from the set {3 — a,, v — o, 2m — 3 — v} that are equal to 0. Then, A(N) = 2"B(N).

Here, if some of the integers above coincide in these congruences or are congruent to them-
selves with opposite sign (mod 2m), then we allow additional copies of those integers. For in-
stance, if (m, «, 5,7) = (5,1, 1,5), then (£, £5,+v, £(—a+ F+7)) = (£1,£1,£5,£5) and
(£(B—a), £(y—a),£(6+7)) = (£0,£4,+6). So, we consider the set consisting of two copies

of the positive integers and two additional copies of multiples of 5.
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Note that we obtain Theorem 2.2 by replacing «, 3,7 by v, + v, 5 + 7, respectively. In

particular, setting («, 3,7v) = (1,3,5) and m = 7 in Theorem 2.3 yields Theorem 2.1.
First proof of Theorem 2.3. Replacing ¢ by ¢*™, and then setting a = ¢°~®, b = ¢"~ and ¢ = ¢°
in (2.2), we find that

(—=¢*,—¢", —q", —¢" ", —*" O, —¢?" B g

2m+a—L0G—y. 2m
, ")

y —q

+(¢*, 4", q", ", P PR P P P (2.6)

= 2¢%(—¢" %, =", =", —*m O e Y g™ — g™ P

[ ohs

It is now easy to see that (2.6) has the partition-theoretic interpretation claimed in Theorem 2.3. [

Second proof of Theorem 2.3. Let 0 = —a + (3 + . Let 7 be a partition of 2N + « into parts

congruent to +«, £, v, £ (mod 2m). Then we can write

™= ((/\1, ,ul), ()\2, MQ), ()\37 M3)a ()‘4a M4))’

where A, ..., A, are partitions into parts that are congruent to «, 3,7, (mod 2m), respectively,
and pq, ..., ju4 are partitions with parts congruent to —a, —(3, —y, —0 (mod 2m), respectively.

We obtain a new partition 7’ from 7 such that

= (()‘Ibﬂll)?( /27//2)7( gvug)v( ?47“2)),

where \] = (A —a)/2m, ..., N = (A —0)/2mand p) = (1 +a)/2m, ..., 1y = (g +9)/2m.
Note that \; € Dy and p; € D, where Dy is the set of partitions with distinct non-negative parts
and D is the set of partitions with distinct positive parts.

Let d; = 0(\;) — (i) = (X)) — €(p) for 1 <4 < 4, where £()) is the number of parts of the
partition .

Note that |7| = 2m|7’| + ady + Bdy + yds + ddy = 2N + «, where |7| is the sum of the parts
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of a partition 7.

Since

Z?Zldi = 2s + 1 for some s € Z. So, if weletdy, = n,ds = k —n, d3 = [ — n, with n, k and
leZ,thend; =2s+1+n—k—1.

Now, we introduce the bijection that Warnaar established in [61].

Let (), ) be a partition pair such that A € Dy and o € D and such that /(\) — ¢(u) = d. Then
we can draw a diagram of )\, say G, as follows. The diagram G consists of () columns of nodes,
and the ith column contains the nodes of the ith part of \. Displace the (i + 1) th column one
unit to the right and one unit down relative to the ¢th column. Similarly, draw a diagram H of p,
consisting of ¢(1) rows of nodes where the ith row contains the nodes of the ith part of 1. Displace
the (7 + 1)th row one unit to the right and one unit down relative to the ith row. For example (in
examples, we may have subscripts on the aforementioned variables), if \; = (6,4,2,1,0) and p; =

(3,1), then

o o

e o o e o o
G1 : and H1 .

e O o o [ ]

o o

and if Ao = (4,1,0) and pus = (7,5,4,2,1), then

15



.
e o o o o
e o
Gy - and H, : e o o o
[ ]
o o
.

Now, if d > 0, concatenate the top row of H and the dth row of Gz, and if d < 0, concatenate
the first column of GG and the (1 — d) th column of y to form a diagram K. For the examples above,

the respective graphs K are

K1: and KQZ e o o

The graph K corresponds to an ordinary partition v and a triangle of (;l) nodes with |v| =
|A] + | —(g), and in the examples v; = (6,5,2,1) and v, = (5,4, 4,3, 3,1, 1), respectively.

Conversely, for an ordinary partition v and an integer d, add a triangle of (g) nodes to the
diagram v to form a diagram /. When d > 0, place the triangle on top of the diagram of v (so
it is left-aligned), and when d < 0, place it to the left of v (so it is top-aligned). Then K can be
dissected into two diagrams GG and H corresponding to a partition pair (A, p) such that A\, € D
and || + || = |v| + (3).

Note that /(\) — ¢(u) equals d or d — 1. When ¢(\) — ¢() = d — 1, add the part O to \. In
summary, we always have the equality /(\) — ¢(p) = d, where A € Dy and p € D.

This shows that there is a bijection between the set {(\, pt,d) : A € Do, € D, (X)) — {(p) =
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d} and the set {(v,d) : v is an ordinary partition and d €Z}, where |A| + |u| = |v| + (£).
Thus, ((a1, B1), (a2, B2), (as, B3), (@4, Ba)), with ; € Do, B € D, dy =25 +1+n—k —1,
dy =k —n,d3 =1 —mnanddy = n, corresponds to ((v1,dy), (v2,ds), (v3,ds), (v4,dy)), where the

v;s are ordinary partitions. Defining d; =2n+1+s—k—1,d, =k —s,d; =1 —sand dj = s,

>(4)-x(9)

S (ot () 5 (- ()

(2

we can check that

and so

Applying the inverse of the bijection with (v, d}), (va, dy), (vs,d}), (v4, d}) yields 7 = ((w1, 1),
(wa, T2), (w3, 73), (wy, T4)) With l(w;) — (7;) = d, and w; € Dy, 7; € D for 1 <i < 4.

Let us now use this bijection to set up a bijection between A(n) and B(n). We can apply it
with

= (A%, 1), (N, pn), (A5, p1), (X, 123))

to obtain the corresponding partition m; = (w1, 71), (w2, 72), (w3, 73), (W4, 74)) With £(w;) —£(7;) =
d..

Now, multiply each part of the wis and 7/s by 2m, and add § — o, — 3; v — a, @ — 7y; and
B+ v, —0 — v to each part of 2mws, 2mmy; 2mws, 2mTs; 2mw, and 2mr,, respectively. Then

remove all the parts 0 from 2mwy, 2mws + (0 — «), 2mws + v — o and 2m7y — (5 + 7). (Note

that they can have part 0 if 5 —a =0,y — a = 0 or § + v = 2m.) Then we obtain a new partition

m = (W, 71), (wh, 73), (wh, 73), (Wi, 7))

Since the sum of the numbers added to the 2mw.s and 2m7/s is

(B —a)dy+ (v — O‘)dé + (B +7)dy = ady + Bds + yds + 0dy — a,
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we have

[mi| = 2m|mi| + (B — a)dy + (v — a)d; + (B +7)d}
= 2m|n’| + ady + fdy + yds + ddy — @

= |m| —a =2N.

Thus, we can see that 7’ is a partition of 2V into parts congruent to 0,0, (8 — ), (v — ),
+(6 + ) (mod 2m).

However, consider two distinct partitions 7} and 7] that both have the same copies of positive
parts. If both of them have an even number of parts 0 or an odd number of parts 0, then they
correspond to the same partition of 2/V into parts congruent to 0, 0, +(3 — ), (v — ), =(3+7)
(mod 2m). Note that if 7] and 7} have an even (odd) number of parts 0, then they correspond to
partitions of 2NV with the number of parts odd (even) after removing parts 0. We can easily see
that there are exactly 27! /2 = 2% partitions that have the same copies of positive parts and the
same parity in the number of parts 0. Furthermore, the process above is reversible. Thus we can

conclude that A(N) = 2°B(N). O

From (2.4), Farkas and Kra [19], [20] infer the following theorem, which is an analogue of

Theorem 2.1 for modulus 3.

Theorem 2.4. Let S denote the set of positive integers in 4 distinct colors with two colors, say
orange and blue, each appearing at most once, and the remaining two colors, say red and green,
appearing at most once and only in multiples of 3. Let A(N) denote the number of partitions of
2N + 1 into odd elements of S. Let B(N ) denote the number of partitions of 2N into even elements
of S. Then,

A(N) =2B(N).

Proof. Letm =3, « =~ = 1 and § = 3 in Theorem 2.3. Then A(N) = 2B(N) since k = 1. [
Similarly, from (2.5), Farkas and Kra [19], [20] infer the following theorem.
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Theorem 2.5. Consider the positive integers such that each integer occurs in eight copies. Let
A(N) denote the number of partitions of 2N + 1 into distinct odd parts and B(N) the number of

partitions of 2N into distinct even parts. Then
A(N) =8B(N).

Proof. Letm = o = 3 = v = 1 in Theorem 2.3. Then A(/N) = 8B(N) since x = 3.

2.3 Further general partition theorems

In this section, we establish three further identities that imply partition theorems with forms similar
to that of Theorem 2.3.

First, we prove the following.
Theorem 2.6.
(_Ca _azca —bQC, _dQCv —Q/C, _Q/QQCv _q/bzcv _q/dQCa Q)oo
— (¢, a’c, V¢, d%c, q/c,q/a’c,q/b%c, ¢/ d*¢; 4)oe

= c{(~ab/d, —ad/b, —bd/a, —abdc*, —qd/ab, —qb/ad, —qa/bd, —q/abdc*; q)s

+ (ab/d, ad/b,bd/a, abdc?, qd/ab, gb/ad, qa/bd, q/abdc®; q) s }- (2.7)

We remark that taking d = ab, and then replacing a? and b by a and b, respectively, in Theorem
2.6 yields (2.2).
First Proof. Letx =ra,y = b/d, u = rbed, and v = ac in (2.3). Then we have
(r*abed, bed/a, abe/d, acd /b, q/r*abed, qa/bed, gd/abe, qb/acd; q) oo

— (rb*c,red?, ra’c, c/r, q/rb*c, q/red?, q/ra*c, qr/c; q) s
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= ¢/r(rab/d,rad/b,rabc*d, rbd/a, qd/rab, qb/rad, q/rabc*d, qa/rbd) . (2.8)
Subtracting (2.8) with » = —1 from (2.8) with r = 1 yields

— (c;a’c, b, d’c, q/c,q/a’c, q/Vc,q/d*c; q)oc
+ (—C, —CL2C, —b2C, _dzcv —Q/C, _Q/GQCv _q/bzcv _Q/d2ca q)oo
= c(ab/d, ad/b,bd/a, abdc?, qd/ab, qb/ad, qa/bd, q/abdc?; q)s

+ c{(—ab/d, —ad/b, —bd/a, —abdc®, —qd/ab, —qb/ad, —qa/bd, —q/abdc?; q) o,

which completes the proof. ]

Second Proof. We use the fact [3] that the coefficient of a*¢ in (—a, —q/a; q)~ is the number of
partition pairs (A, i), where A € Dy, pn € D, |A| + |u| = N and ¢(\) — ¢(u) = k. Thus, the co-
efficient of a>(F=p2(=7) 2541224 N on the left side of Theorem 2.6 divided by 2 is the cardinality
of the set I'y; s , (V) consisting of four partition pairs ((Aq, it1), (A2, p2), (A3, ie3), (A4, ta)), Where
Ni € Do, pii € D, S0 (N + i) = Nydy =25 +1—k —l+n,dy=k—n,ds =1 —nand
dy = nwithd; = 0(\;) — ().

Similarly, the coefficient of a?(*=™)p2(=") 25127 ¢N on the right-hand side of Theorem 2.6
divided by 2 is the cardinality of the set Q2 ,(/N) consisting of four partition pairs (wy,7),
(wa, T2), (w3, 73), (Wq, T4), Where w; € Dy, 7; € D, Zf_‘:l(|wi| +n|)=N,d; = -2n—s+1+k,
dy=k—s,dy=1—sand dj = s with d; = l(w;) — {(T;).

We can apply Warnaar’s bijection described in the proof of Theorem 2.3 with d,...,d, and

2 (2)-2()

=1

dy,...,d) defined above, since

Now, it follows that Iy ; ; ,(/V) corresponds to €2 (V) bijectively. Hence, these sets have the

same cardinality.
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We deduce the following partition identity from Theorem 2.6, and, with the use of Warnaar’s

bijection, we also give a bijective proof of Theorem 2.7.

Theorem 2.7. Let m be a positive integer, and let «, 3,7, and § be nonnegative integers such that
a+f+y+dd=1(mod2),a+F+v+d+2<2manda < min{f+~y—9,0—~v+9,
—0B+ v+ 0}. Let A(N) denote the number of partitions of 2N + 2« + 1 into parts congruent to
+(2a + 1), £(26+ 1), £(2y + 1), £(20 + 1) (mod 2m), and let B(N) denote the number of
partitions of 2N into parts congruent to +(—a+[+v—0), £(—a+—~v+6), £(—a—B+v+9),
+(a+ [+ v+ 0+ 2) (mod 2m). Then, A(N) = B(N).

Here, as before, if some of the integers above coincide, then we introduce additional copies of

those numbers, while we allow only one copy of the remaining integers.

First Proof. Replacing ¢ by ¢®™ and then replacing (a, b, ¢, d) by (¢°~, "=, ¢, ¢°~*) in The-

orem 2.6 yields
2a41 28+1 2v+1 25+1 2m—2a—1 2m—203—1 2m—2y—1 2m—20—1, 2m
(=™ =" = = =g ,—q ,—q ,—q 0™ ) oo
2a+1 2641  2v+1 20+1 2m—2a—1 2m—28-1 2m—2y—1 2m—26—1. 2m
— (@ g . q " g 107" ) oo

_ 2a+1 —a+B+y—6 —a+B—y+6 —a—B+y+6 a+B+y+0+2 2m+a—LB—y+6
=q¢ " {(~¢ ,—q ,—q , —q TS —q e,

. q2m+o¢7ﬁ+'yf§7 _q2m+a+ﬁ7776’ _q2mfa757'yf§72; (]2m>oO
+ <qfa+5'+'yf§ qfoz+ﬁ*’y+5 qfafﬂ+’y+§ qa+ﬁ+’y+6+2 q2m+a7ﬂf’y+§
q2m+a76+776’ q2m+a+ﬂ7'yf6’ q2mfa7ﬁf'yf§72; q2m)oo} (29)
It is now readily seen that Thoerem 2.7 follows from (2.9). ]
Second Proof. Let
(X/:—Oé‘i‘ﬁ‘i")/_(sy ﬁ/:—a‘i‘ﬁ_’}/_"(s,
Y =—-a—-0+v+59, V=a+0B+v+0+2.
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Similarly to the second proof of Theorem 2.3, for given a partition 7w of 2n + 2« + 1 into parts

congruent to +(2a + 1), =(26 + 1), (27 + 1), (26 4+ 1) (mod 2m), we obtain a new partition
= (A1 ), (A, 1), (Mg 1), (A4 1)
where \; € Dy, u; € D, and
|7| = 2m|7’| + 200+ 1)dy + (26 + 1)dy + (2v + 1)ds + (26 + 1)dy,
where d; = ((\]) — (). We can write
di=2s+14+n—k—=1, do=k—n, d3=1—n, dy=n,
since Z?Zl d; = 2s + 1 for some integer s. Define
di=-2n—s+k+1l, dy=k—s, dy=1—s, dj=s.
Note that 377, d’ is even, and ) )
. !
> (3)-%(5)

i=1 i=1

Using Warnaar’s bijection, we obtain the corresponding partition

m = (w1, 71), (W2, T2), (w3, 73), (Wi, T4)),

where w; € Dy, 7; € D, |7'| = |m| and d} = l(w;) — (7).

/

Now, multiplying all parts of 7r; by 2m and then adding o/, ... ¢, —d/,..., —d’ to each part

of wy,...,wy, T1,..., T4, respectively, yields a new partition, say 7;. Since

1| = 2m|mi| + o'dy + f'dy ++'dj + 6'd]
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=2m|r'| + 2a+ 1)dy + (26 + 1)ds + (2y + 1)ds + (20 + 1)dy — (2 + 1)

— 2N,

7} is a partition of 2N into parts congruent to o, 3',+/,¢’ (mod 2m).

Clearly, the process is reversible. Hence, A(N) = B(N). O
Next, we show that the following identity is true.

Theorem 2.8.

(_Cv —(1267 _bzca —d2C, —Q/C, _Q/a2c7 _Q/b207 _q/dQCv Q)oo
+ (c,d’c,bPc,dc,q/c,q/a’c, q/b%c, q/d*¢; )
= (—abe/d, —adc/b, —bdc/a, —abed, —qd /abe, —qb/ade, —qa/bdc, —q/abdc; q) s

+ (abc/d, ade/b, bde/a, abde, qd/abe, gb/ade, ga/bde, q/abdc; q) . (2.10)

We remark that the left-hand side of Theorem 2.8 has the opposite sign of the left-hand side of

Theorem 2.6.

First Proof. Setx = a,y = b/d, u = rac, and v = rbdc in (2.3) to deduce that

2¢c, re,rb%e, rde, q/ra2c, q/re, q/rb2c, q/’r’d2c; 7)o

(ra

— (rabe/d, racd/b, rabed, rbde/a, qd/rabe, gb/racd, q/rabed, ga/rbdc; q) s

= rbdc/a(ab/d, ad/b, r*abdc?, a/bd, qd/ab, qb/ad, q/r*abdc?, qbd/a; q) s . (2.11)

Adding (2.11) with r = —1 and (2.11) with » = 1, we obtain (2.10). L]

Second Proof. Repeating the same argument as in the second proof of Theorem 2.6, we see that the
coefficient of @?"a?(F—"p2(=m) 2(k+=n=5) 4N on the left side of (2.10) divided by 2 is the cardinality

of the set I'y; (V) consisting of four partition pairs ((Aq, i1), (A2, p2), (A3, it3), (A4, 1a)), Where
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X € Do, i € D, S0 (M| + i) = Nydo =k —n,ds =1 —n,dy =nandd, = 2(k+1—n —
§)—dy—ds—dy =—2s+k+1—n,withd; = £(N\;) — ().

Similarly, the coefficient of d?*a(k=—™)p2(=n)2(k+l=n=5)¢N on the right-hand side of (2.10)
divided by 2 is the cardinality of the set 2, ¢,(/N) consisting of four partition pairs ((wy,71),
(w2, T2), (w3, 73), (w4, 74)), where w; € Dy, 7; € D, Zle(]wi| +|1)) =N, d} = -2n+k+1—s,

dy=Fk—s,dy=10—sanddj = s, withd; = ¢(\;) — {(u;). (Note that (d, dj, df, d})) is a solution

of (2.13).)
Using Warnaar’s bijection with dy, ..., d4 and d/, . . ., d) above, we deduce that
‘ Fk,l,s,n(N) ‘ = ’ Qk,l,s,n(N) ‘7
which completes the proof. ]

The following partition theorem can be derived from Theorem 2.8.

Theorem 2.9. Let m be a positive integer and o, 3, ~y, and 0 be nonnegative integers satisfying the
condition that any of them is at most the sum of the other three, « + 3 + v+ d = 0 (mod 2), and
a+pf+v4+0+1<2m. Let A(N) denote the number of partitions of 2N into parts congruent to
+(2a+1), £(28+1), £(2v+1), £(20+1) ( mod 2m) and B(N) denote the number of partitions
of 2N into parts congruentto £(a+p+~v—90+1), £(a+F—v+d5+1), H(a—F+~v+d+1),
+(—a+ [ +v+0+1) (mod 2m). Then, A(N) = B(N).

First Proof. Replacing ¢ by ¢®™ and then letting (a,b,c,d) = (¢°~%, ¢7=%, ¢***1,¢°~?) in Theo-

rem 2.8 yields

2a+1 26+1 2y+1 26+1 2m—2a—1 2m—20—-1 2m—2y—1 2m—26—1, 2m
) ) y —q y —q T 9 y )oo

(—q —q —q q —q q 1 q

2a+1 26+1  2vy+1 2641  2m—2a—1 ,2m—25—-1 2m—2y—1 _2m—26—1. 2m
+ (@™ g 4T : : 4 )so

4 q q q 4

_ (_ a+f+vy—o+1 _ o+pB—vy+0+1 _ a—pB+v+0+1 _ —o+-f+y+o+1 _ 2m—a—LB—y+0—1
- q ) q ) q ) q ) q )

2m—a—L0B+y—95—1 2m—a+B—y—96—1 2m+a—0B—y—6—1, 2m
—q T =g T =g TN oo
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+( a+B+v—6+1 _a+B—y+6+1 a—B+y+5+1 , —a+B+y++1  2m—a—B—y+5—1
q 7q Y Y ’q )

q q

2m—a—pB+y—06—1  2m—a+f—y—6—1  2m+a—F—y—5—1.
) ) )

q q q ™) oo- (2.12)

It is now easy to see that (2.12) has the partition-theoretic interpretation given in the statement of

Theorem 2.9. O]

Second Proof. We repeat the same argument as in the proof of Theorem 2.7 with

o =a+f+y—0+1, f=a+tpf—y+d+1,

Y=a-F+y+0+1, =—-a+pf+y+0+1,

andd; = —2s —n+k+1(ds,...,ds,d,,...,d, remain unchanged). Using

2o+ 1)dy + (28 + 1)ds + (27 + 1)d3 + (20 + 1)dy = &/d} + 'd, +~'dy + d'd),

we complete the proof. [

Lastly, we make a specialization of Theorem 2.8 and give another proof of it. Also, we deduce

a partition identity from the specialization.

Theorem 2.10.

(_Cu —ac, —bC, _abcgu _Q/C7 —q/CLC, _q/bc7 _Q/abc?); Q>oo
+ (¢, ac, be,abc’, q/c, qfac, q/be, qfabc®; q)o (2.13)

= 2(—CL02, _b027 —(leQ, _Q/a’c27 _Q/bc2a —(]/(leQ, —q, —4q; q)oo

First Proof. Taking d = abc, then replacing (a?, b*) by (a, b) in Theorem 2.8, we obtain Theorem
2.10. ]

Second proof. We can view both sides of (2.13) as functions of a. Let the left-hand side be de-

noted by L(a) and the right-hand side by R(a). Define f(a) = L(a)/R(a). Then, we can eas-
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ily see that f(aq) = f(a), since L(aq) = L(a)/a’bc* and R(aq) = R(a)/a*bc'. The values
a=—q"/c* —q"/bc*, n € Z, are simple zeroes of R(a), provided that b # 1, and so are possible

poles of f(a). But, using

(" /e, cq" ™ @)oo = (=1)" " g3 (¢, q/¢; @),

(aq", 4" " fa; 9)oe = (—=1)"a"q~ ) (0, q/a; q) oo

we obtain

L(—q"/c®) = (—c,q"/c, —be, q"be, —q/c,cq* ™™, —q/be, ¢ " /bc; @) oo
+ (¢, —q" /e, be, —q"be, g/, —eq' " q/be, —q " /be; @)oc
= —b’”c’lq_2(g>(—c, ¢, —be,be, —q/e,q/c, —q/be, q/be; @)oo
+ b’"c’lq_z(g) (¢, —c,be, —be,q/c,—q/e, q/be, —q/be; @)oo

= 0.
Similarly, we have

L(=q"/bc*) = (=¢,q" [be, =be, eq”, —q/c,beq' ™", =q/be, ¢' " /5 4)oe
+ (e, —q" /be, be, —cq", /e, —beq " q/be, —q' " /€1 @)
= —b"_lc_lqd(g) (—c,be, —be, ¢, —q/c,q/bc, —q/bc, 4/ ¢; q) oo
+ b”_lc_lq%(g) (¢, =be,bc, —c,q/c, —q/be, q/bc, —q/¢; @)oo

=0.

Thus, under the assumption that b # 1, f is an entire bounded function. By Liouville’s theorem, f

is a constant. Take a = 1/¢; then
L(l/C) - 2(_07 —-q, —bC, —bC2, _Q/C7 —-q, —Q/bC7 —Q/bC2, q)007
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R(l/C) - 2(_67 —bC2, —bC, _Q/C - Q/b627 —Q/bC, —q, —4q, Q)oo

Hence f(a) = f(1/¢) = 1, which completes the proof when b # 1.
Since L(a) and R(a) can also be regarded as meromorphic functions of b, say, L(a) = L*(b)
and R(a) = R*(b), then

L(a) _ L*(b)

1= R = FO)

=: f*(b)

can also be considered as a meromorphic function of b, which is equal to 1 for b # 1. By analytic

continuation, f(a) = f*(b) = 1 atb = 1 as well. O

Theorem 2.11. Let m be a positive integer, and let o, 3 and v be odd positive integers < m with
a+ B+ v < 2m. Consider the positive integers in which multiples of 2m occur in two copies,
2m and 2m. Let A(N) denote the number of partitions of 2N into parts congruent to +a, +3,
+v, £(a+ B+ ) (mod 2m), and let B(N) denote the number of partitions of 2N into parts
congruent to 0, 0, =(a + 3), (B +7), £(a+7) (mod 2m). Then, A(N) = B(N).

First Proof. Replacing q by ¢®™ and then letting (a, b, ¢) = (¢%, ¢°~,¢"~%) in Theorem 2.10, we

obtain

(_qa7 _qﬁ’ —q, _qa+ﬁ+v’ _ 2m—a 2m—_

+ (qoa’ q/67 q'y’ qa—i-ﬁ—l—'y, qu—a7 q2m—ﬁ’ q2m—'y’ qu—a—ﬁ—'y; q2m)oo (214)

Y Y Y q

_ 2(_qa+ﬂ’ _qﬁ—I—'y qa—i—’y’ _qu—a—B7 _q2m—,6—’y’ _q2m—0¢—’y _q2m _qu. 2m)oo~

It is now easy to see that (2.14) has the partition-theoretic interpretation given in the statement of

Theorem 2.11. L]

Second Proof. Letd = a+[3+~. Let 7w be a partition of 2n into parts congruent to £, £3, £, +6
(mod 2m). Then, as in the proof of Theorem 2.3, we can obtain a new partition 7’ from 7 such

that
' = ((/\/17 N/1>7 ()‘/27 Ml2)7 ()‘éﬂ :ué)v ()‘217 :uil))v

27



with \; € Dy, i € D and |7| = 2m|7’| + ady + Bdy + vds + ddy, where d; = £(N\]) — ().

Since 37, d; = £(r) = 0 (mod 2), we can find corresponding (s,7, k, ) such that
di=-2s—n+k+Il, do=k—n, d3=I1l—n, dy=n.

Defining

di=-2n—s+k+1l, dy=k—s, dy=1—s, d,=s,

observing that 35, (%) = 31, (%)), and using Warnaar’s bijection with them, we obtain the
corresponding partition m; = ((wy, 71), (w2, 2), (w3, 73), (W4, 1)) With £(w;) — () = d}.

Now, multiply each part of the w.s and 7/s by 2m and add o + 5, —a — 3; 5+ v, —0 — 7;
and o« + 7, —a — 7y to each part of 2mwy, 2mTy; 2mws, 2mrs; and 2mw,, 2mTy, respectively.
Lastly, removing the part 0 from 2mw, (if present), we can view 7, as a partition of 2n into parts
congruent to 0,0, £(a+ ), £(B+7), £(a+7) (mod 2m), since the sum of the numbers added
to the 2mw;s and 2m7]s is (a + fB)dy + (B + v)ds + (o + 7)dy = ady + fds + yd3 + dds. We
remark that if 2mw, has a part 0, then 7; (without the part 0) is a partition with an odd number of
parts.

The converse is obvious, since we can add a part 0 to the first partition of 7y if it has an odd

number of parts. [

2.4 Applications

Baruah and Berndt [8] found new partition theorems associated with modular equations of degree
3, 5 and 15. In this section, we show that some of their partition theorems and their equivalent ¢-
series identities are consequences of the results from Section 2.2 and Section 2.3. Also, we derive
some new partition identities from our theorems.

From one of the modular equations of degree 3 [10, p. 230], Baruah and Berndt deduced that

28



8, Eq. (6.6)]

(=: )2 (=0, =% %) o + (: )2 (0, " %) oo = 2(—0% )2 (—0°, =" ¢¥) oo (2.15)

Replacing g by ¢° and then setting (a, b, c) = (1,1, ¢) in Theorem 2.10 gives (2.15).

From (2.15), Baruah and Berndt derive the following theorem [8, Theorem 6.1].

Theorem 2.12. Let S denote the set consisting of two copies of the positive integers and one
additional copy of positive integers that are not multiples of 3. Let A(N) and B(N) denote the

number of partitions of 2N into odd elements and even elements, respectively, of S. Then, for

n>1, A(N) = B(N).
Proof. Setm =3 and o = 3 =y = 1 in Theorem 2.11. [

Next, Baruah and Berndt show that another modular equation of degree 3 [10, Entry 5 (viii), p.

231] implies the identities [8, Egs. (6.18), (6.19)]

(=¢. — " ¢°)% — (0.4 ¢°)% = 8a(—¢*; — ") o (— 4% —¢%) s, (2.16)

a{(—q. — ") + (0.0°¢°)5} = (=0 6o (0% 4°)2 — (43 0%) (0% 4°)2s - (2.17)

Replacing g by ¢° and then setting a = b = 1, ¢ = ¢ in (2.2) yields (2.16), and replacing ¢ by
¢° and then letting a = b = ¢ = d = ¢ in Theorem 2.6 gives (2.17).
From (2.16) and (2.17), the following theorem [8, Theorem 6.4] is deduced.

Theorem 2.13. Let S denote the set consisting of one copy of positive integers and five additional
copies of positive integers that are multiples of 3. Let A(N) denote the number of partitions of
2N + 1 into odd elements of S, and let B(N) denote the number of partitions of 2N into even
elements of S. Furthermore, let T' denote the set consisting of four copies of odd positive integers
that are not multiples of 3 and let C(N) denote the number of partitions of N into elements of T.

Then, for N > 1,C(2N) = A(N) and C(2N + 1) = 4B(N).
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Proof. Lettingm = 3, = 0and § = 7 = 0 = 1 in Theorem 2.7, we obtain A(N) = C'(2N).
Set m = 3and « = § = v = 1 in Theorem 2.3. Then, we have C'(2N + 1) = 4B(N), since

K = 2. O]

Baruah and Berndt also derived the following two identities [8, Egs. (7.18), (7.19)] from a

modular equation of degree 5 [10, Entry 13 (vii), p. 281], namely,

(—¢-— ¢, —4", —¢"; 4"V — (¢.¢°, 4", ¢*; ¢'°)2 = 49(—¢*; —*) oo (—¢""; —¢'°)2,, (2.18)
(—4; ") oo(—0" 0")2 — (4:0%) (07 ¢"°)2,

=q{(—q.— ¢*, =", =" ¢")% + (¢.¢°, 4" . ¢"; ¢'")2 ). (2.19)

Replacing ¢ by ¢'° and then setting (a, b, ¢) = (¢%, ¢%, ¢) in (2.2) yields (2.18). Also, replacing
q by ¢'° and then letting (a, b, ¢, d) = (¢°, ¢, ¢, ¢*) in Theorem 2.6, we obtain (2.19).

Similarly, we deduce the following theorem [8, Theorem 7.4] from (2.18) and (2.19).

Theorem 2.14. Let S denote the set consisting of one copy of the positive integers and three
additional copies of the positive integers that are multiples of 5, and let T' denote the set consisting
of two copies of the odd positive integers that are not multiples of 5. Let A(N) be the number of
partitions of 2N + 1 into odd elements of S, and let B(N) be the number of partitions of 2N into
even elements of S. Furthermore, let C(N) be the number of partitions of N into elements of T

Then C(2N) = A(N) and C(2N + 1) = 2B(N) for N > 1.

Proof. Let (m,«, 3,v,d) = (5,0,2,1,2) in Theorem 2.7. Then we have A(N) = C(2N). Next,
setting (m, a, 3,7) = (5, 1,1, 3) in Theorem 2.3 implies C'(2N + 1) = 2B(N), since k = 1. [

The following two identities [8, Eqgs. (8.10), (8.11)] were deduced from one of Ramanujan’s

modular equations of degree 15 [10, p. 383] :

(0% ¢ oo(—0%; 0o + (6% %) 0 (0% 6" o

=(-¢,—¢",—¢"", =", —¢"", —¢", —¢®, —¢*; ¢*°)

[e.9]
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+(q, 4", ¢, 4,4, 4", 4%, 6% ¢%) o (2.20)

2¢(—¢% %) o ("% 0o = (=, =", —¢"", —¢"*, =", =", —¢**, —¢*; ¢*")

— (0,4, ¢" ¢, ¢, 4", ¢, 0% ¢*) . (2.21)

Replacing ¢ by ¢*° and then letting (a, b, c,d) = (¢, ¢%, ¢*,¢°) in Theorem 2.8 yields (2.20).
Also, replacing ¢ by ¢*° and then setting (a, b, c) = (¢%, ¢'°, ¢) in (2.2), we obtain (2.21).
Equations (2.20) and (2.21) give the following partition-theoretic interpretations [8, Theorem

8.2].

Theorem 2.15. Let S denote the set consisting of one copy of the positive integers that are multiples
of 3 and another copy of the positive integers that are multiples of 5. Let A(N) and B(N) denote
the number of partitions of 2N into, respectively, odd elements of S and even elements of S.
Furthermore, let C(N) denote the number of partitions of N into distinct odd parts that are not

multiples of 3 or 5. Then, for N > 6, C(2N) = A(N) and C(2N + 1) = B(N).

Proof. Take (m,«, 3,7,6) = (15,1,2,4,7) in Theorem 2.9. Then we have A(N) = C(2N).
Next, letting (m, «, 3,7) = (15,1,7,11) in Theorem 2.3, we obtain C'(2N + 1) = B(N). ]

Lastly, we show some new partition theorems.

Theorem 2.16. Let S denote the set consisting of one copy of the positive integers, another copy
of the positive integers that are either congruent to +2 or +3 (mod 10) or are multiples of 5.
Let A(N) be the number of partitions of 2N + 1 into odd parts, and let B(N) be the number of

partitions of 2N into even parts. Then A(N) = B(N).
Proof. Setm =5 and (a, 3,7) = (1, 3,3) in Theorem 2.3. O

For example, A(5) = 8 = B(5) with the representations

11=14+54+5=14347=14+34+7=14+3+7
=14+34+7=34+3+5=3+3+5,
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10=10=2+8=24+8=248=24+8=2+24+6=4+6.

Theorem 2.17. Let S denote the set consisting of the odd positive integers that are not multiples
of 17. Let A(N) be the number of partitions of 2N into parts congruent to +£3, £5, £9 or +15
(mod 34), and let B(N) be the number of partitions of 2N into parts congruent to +1, +7, +11
or £13 (mod 34). Then A(N) = B(N).

Proof. Take m = 17 and («, 3,7, d) = (1,2,4,7) in Theorem 2.9. O

For example, if N = 20, then A(N) = 3 = B(N) with the relevant representations being

3+37=9+31 =15+ 25,

T+33=134+27T=1+7+11+21.

Theorem 2.18. Let S denote the set consisting of one copy of the positive integers and another
copy of the integers that are either congruent to +£1 or =4 (mod 10) or are multiples of 5. Let
A(N) be the number of partitions of 2N into odd parts, and let B(N') be the number of partitions

of 2N into even parts. Then A(N) = B(N).
Proof. Letm =5 and (o, 3,7v) = (1,3,5) in Theorem 2.11. O

For example, A(4) = 4 = B(4), and we have the representations

1+7=14+7=3+5=3+05,

84+246=2+6=4+4.
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Chapter 3

A Bijective Proof of the Quintuple Product
Identity

3.1 Introduction

The quintuple product identity is stated in the form

Z qn(3n+1)/2(x3n o x73n71>

n=—oo

=[] —2¢") (@ —q")A =27 " (1 — 2’ (1 — 2. 3.1)
n=1

It can be presented in many different forms and various proofs have been given, but, (3.1) seems to
be the form that appears most frequently. S. Cooper [13] gave a comprehensive survey of the work
on the quintuple product identity, and classified and discussed all known proofs. For historical
notes and detailed proofs, the reader is directed to [13].

Although at least 29 proofs of the quintuple product identity have been given, no direct combi-
natorial proof has yet been shown. J. Lepowsky and S. Milne [39] set ¢ = uv?, 2 = v~ ' in (3.1) to

obtain

Z un(3n+1)/2vn(3n—2) _ Z un(3n+1)/27)(n+1)(3n+1)

n=—oo n=—oo

— H(l _ unUQn—l)(l _ un—lv2n—1)(1 _ UnUQn)(l _ u2n—1v4n—4)(1 _ UQn_l?JQTL),
n=1

and they gave the following combinatorial interpretation:

The excess of the number of partitions of (m, n) into an even number of distinct parts
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of the type (a, 2a), (b,2b—1), (c—1,2c—1), (2d —1,4d — 4), (2¢ — 1, 4e) over those
into an odd number of parts is 1 or —1 if (m, n) is of the type (r(3r +1)/2,r(3r — 2))

or (r(3r +1)/2,(r + 1)(3r + 1)), respectively, and 0 otherwise.

They remarked that a direct combinatorial proof of this interpretation can be given. However,
Cooper [13] states that "this proof was never published and the notes are most likely now lost.”
M. V. Subbaro and M. Vidyasagar [53] deduced the following identities from the quintuple

product identity:

TL2 n— n - —zn
1_|_Zq3 23 1($q2 —z 1q2)

L+ ) (=1)"a"q" (1 + q)(1+ ¢’x) - (1 + ¢*" ')

n=1

1)n$2nqn(n+1)

nz% 1+ qz) 1+qx) S(1+ g tia)’

(3.2)

and Subbarao [54] gave a combinatorial proof of (3.2). In [13], Cooper mentioned that this proof
is not a completely combinatorial proof of the quintuple product identity because a lot of algebraic
rearrangements are required to derive (3.2).

Thus, the goal of this chapter is to give a bijective proof of the quintuple product identity,
especially in the form (3.1). We remark that the right hand side of (3.1) can be viewed as a product

of two different forms of Jacobi’s triple product identity
Z ¢ " = H(l + 2z N1+ 27 (1 - ). (3.3)
n=-—00 n=1

This naturally suggests that we can apply two bijections of (3.3) in different forms. In order to

complete the proof, we also employ a bijective proof of Euler’s pentagonal number theorem in the

form
> - s n n(3n+1)
[[a-a) > D7 =1
n=1 n=—oo

In the next section, we first derive a combinatorial interpretation from (3.1), and present the afore-
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mentioned three bijective proofs. Lastly, we give a bijective proof of the quintuple product identity

using them.

3.2 A bijective proof of the quintuple product identity

Let D be the set of partitions into distinct positive parts, Dy be the set of partitions into distinct
nonnegative parts and O be the set of partitions into distinct odd parts. The weight |7| and the
length ¢(7) of a partition 7 denote the sum of the parts and the number of parts of 7, respectively.

We can easily see that (3.1) has the following combinatorial interpretation by comparing the

coefficients of 2™¢" on each side of (3.1) :

Theorem 3.1. The excess of the number of partitions of N into an even number of parts in the form
N =7 + my + 73 + 01 + 09,

where w1, m9 € D, 3 € Dy, 01,09 € O and {(m1)—{(73)+2((01)—2((02) = m, over those into an
odd number of parts is 1 or =1 if (m, N) = (3n,n(3n+1)/2) or (m, N) = (—3n—1,n(3n+1)/2),

respectively, and O otherwise.

Before proving Theorem 3.1, we first introduce two combinatorial proofs of Jacobi’s triple

product identity. J. Zolnowsky [62] made the substitutions ¢*> = uv, x = —(u/v)"/? in (3.3) to
obtain
H(l . unvn—1)<1 . u"_lv")(l . — 14+ Z "("+1) ”(ﬂ2 1 . un(n2—1)Un(n2-~-1))7
n=1

for which he gave a combinatorial proof. Using his bijection, we can also give a combinatorial

proof of Jacobi’s triple identity in the form

Z (—1)"x n<n+l) H (1—2¢")(1 —¢")(1 —atg" ). (3.4)
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Comparing the coefficient of 2™¢" on both sides of (3.4), we obtain the following combinatorial

interpretation.

Theorem 3.2. The excess of the number of partitions of N into an even number of parts in the form
N = 1 + 75 + 73, where 71,79 € D, 73 € Dy and {(11) — €(13) = m, over those into an odd

number of parts is (—1)" if (m, N) = (n,n(n + 1)/2), and 0 otherwise.

For convenience, we follow Zolnowsky’s notations and rules from [62]. We draw the Ferrars
diagram of a partition placing parts left to right in decreasing order. For instance, the partitions

m=(6,5,4,2,1) € Dand 0 = (5,4,3,2,1) € D are represented as the following.

e o
e o
e o o
™ . o e e
e o o

o
e O
e O
e o O
™ g e o O
e o o

Thus, the length of the slope is equal to the number of consecutive parts starting from the largest
one. We say that the slope of a partition in D is nondetachable if the largest part is the same as the

number of parts as in the graph of ¢ and otherwise, we say that he slope is detachable, as in the
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graph of 7. We define a slope of an empty partition to be nondetachable.

We can also define the slope of diagrams of partitions in Dy in a similar way. For example, the
length of slope of 7 = (5,4,3,1,0) is 3 and that of 0 = (4,3,2,1,0) is 5. Similarly, we say that
the slope of 7 is detachable and the slope of ¢ 1s nondetachable. Note that if the slope of a partition

€ Dy is nondetachable, then the largest part is the number of parts —1.

Proof of Theorem 3.2. First, we consider the case when m > 0, i.e., (1) > {(73).
Let LS denote the length of the slope of 7, HL designate the largest part of 7y (0 if 7; is empty)
and HM and HR denote the smallest parts of 75 and 73, respectively (infinite if they are empty).
Case 1 : LS > HM. (Note that 75 is not empty.)
Move the least part of 7, onto the slope of 7y to create a new slope. For instance, (5,4, 3,1) +

(4,2) + (3) corresponds to (6,5,3,1) + (4) + (3).

[ J [ ] o
o o [ ] o o [ J

=
[ J [ ] [ J [ ] [ J [ ] [ J [ J [ J [ J
e o o ® O [ ] e o o [ J [ ]
[} [ ] [} [} [ ] o [} [ ] [ J [} [ ] [ J [ J

Case 2 : LS < HM, and the slope is detachable.

Remove the slope of 7 to create a new smallest part 7». For instance, (6,5,3,1) + (4) + (3)
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corresponds to (5,4,3,1) + (4,2) + (3).

[ ] O [ ]
[ ] [ ] [ ] [ ] [ ] [ ]

=
e O o [ ] [ ] o o [ ] [} [ J
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] (o] [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] (o] [ ]

Note that Case 1 and Case 2 are inverses of each other.

Case 3 : LS < HM, the slope is nondetachable, and HM < HL+HR with nonempty 7.
In this case, HM > HL = LS. Remove the smallest part of 7, to create a new largest part
(=HL+1) and a new smallest part (since 0 < HM — (HL +1) < HR). For instance, (3,2,1) +

(6,5) + (3) corresponds to (4,3,2,1) + (6) + (3, 1).

[ [
[ J (@] [ ]
® O @) [ ]
=
[} [} (@] [ J o [} [ ] [ ]
[ J [ ] [ J (@] [ J O [ J [ J [ ] [ ]
e o o ® O [ J o e e o [ ] ® O

Case 4 : LS < HM, the slope is nondetachable, and HM > HL+HR with nonempty 73. (Note
that 71 is nonempty since m > 0.)

Add the largest part of 7; and the smallest part of 75 to form a new smallest part of 7. For
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instance, (4,3,2,1) + (6) 4 (3, 1) corresponds to (3,2,1) + (6,5) + (3).

[ ] [}
[ ] [ ] O
(@] [ ] [ ] O
=
o e [ ] [ ] [} [} o [ J
(@] [ ] [ ] [ ] [ ] [ ] [ ] [ ] O [ ]
(@] [ ] [ ] [ ] [ ] [ ] (@] [ ] [ ] [ ] [ ] O [ ]

Note that Case 3 and Case 4 correspond to each other. Also, note that all four operations change
the parity of partitions and none of the rules changes the condition /(1) — ¢(73) = m.
The bijection fails when the slope of 77 is nondetachable, and 7 and 73 are empty, i.e., for some

n >0,
n(n+1)

N = ,
2

m = L(m) — L(r3) = 4(11) = n,

and the excess of the number of partitions of N into an even number of parts over those into an
odd number parts is (—1)".

Now, consider the case when m < 0. In this case, we switch the roles of 7y and 73. In other
words, LS is the length of the slope of 75, HL denotes the largest part of 73 and HM and HR
designate the smallest parts of 75 and 71, respectively. Recall that if the slope of 73 is nondetachable,

then LS= HL +1 (so, in Case 3, HM-(HL+1)> 1). Similarly, the bijection fails when 7; and 7 are

empty and the slope of 73 is nondetachable, i.e., for some negative integer n,

m = Ll(m) — U(13) = —L(73) = n, N=0+14+--+(—n—-1)=—°—=,

and the excess of the number of partitions of N into an even number of parts over those into an

odd number parts is (—1)". Hence, we complete the proof. O
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Next, we introduce another combinatorial proof of Jacobi’s triple product identity in the form

[0 e = (5 ) (=)
- ( _i 5"”‘1”2> (ipe(%)q%), (3.5)

where p.(n) is the number of partitions of n into even parts. Comparing the coefficients of z¥¢"

on each side of (3.5), R. P. Lewis derived the following combinatorial interpretation and gave a

bijective proof of it. We also present his proof here.

Theorem 3.3. The number of partitions of N in the form N = w + o, where m,0 € O and

U(m) — L(o) =k, is equal to p.(N — k?)..

Remark : Lewis [40] proved Theorem 3.3 with p((N — k?)/2) instead of p.(N — k?). Theorem
3.3 implies that given a partition of N = 7 + ¢ with 7,0 € O and {(7) — {(c) = k, we can find a

partition 7 bijectively such that N = k% + 7 and 7 is a partition of N — k? into even parts.

Proof. Let us consider only the case when £ > 0 since we can exchange 7 and 0. Given N = n+0
with 7,0 € O and ¢(7) — {(0) = k, we draw the self-conjugate diagrams (G; and G+, respectively.

For example, if N = 38, 7 = (11,9,5,1) and o = (9, 3), then

0O O O O O

Now, superimpose (G2 on (&7 with the top left corner of GG, over the point k£ + 1 places down the
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diagonal of G;. Then, remove the top left square of size k2. For our example, since k = 2,

e o o o o o e o o o

e o o o o o e o o o

e ¢ O ®» (» o o e ¢ O O » o o
o o

e ¢ O ®» o = + e o O (® o
o o

e ¢ (O O e o O O

e o O e o O

o o

o o ®»® ® ®» o o
o o
+ o o ® O o
e o
O o (» e
o o e
°

The new diagram is composed of the graph, drawn with e, of a partition of (N — k?)/2 with the
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graph of its conjugate, drawn with o, superimposed.

oo ®® ®® ® o o T
o o o o ® (® o 5
+
o o o o (O e 3
o o e 2
°
7 5 3 2

Since we have the same two partitions of (N — k?)/2, by multiplying each part by 2, we obtain a
partition of N — k? into even parts. Thus, for our example, we obtain a partition 14 + 10 + 6 + 4

of N — k% = 38 — 4 = 34. This process is obviously reversible, so we complete the proof. [

Lastly, we introduce a bijective proof of Euler’s recurrence relation by D. M. Bressoud and D.

Zeilberger [11]. From Euler’s pentagonal number theorem in the form

= n\— > n n(3n+1) > n > n n(3n+1)
[Ta-a" > (vrg = => p)g* Y. (-1)"¢ = =1 (3.6)
n=1 n=—00 n=0 n=—00

we deduce the following theorem.
Theorem 3.4. Forn > 1,
D pn—i(Bi+1)/2) = pn—i(3i+1)/2),
i even i odd
where 1 € 7 is allowed to be negative.
For instance, if n = 7, then

> p(n—i(3i+1)/2) = p(7) +p(2) + p(0) = 15+ 2+ 1 = 18,

i even
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> p(n—i(3i+1)/2) = p(6) + p(5) = 11+ 7 = 18.

3 odd
Proof of Theorem 3.4. Let a(i) = i(3i + 1)/2. Define the map ~ by the following rule:

for a partition A : m — a(i) = A\ + Ao+ - + Ay,

¢

Nen—a(i—1)=0¢+3—-1)+N—-1)+---+N\—1) ift+3i> A,

v(A) =
Nen—a(i+1) =N+ 4+ +N+1)+1+---+1 ift+3i <A
———
A1 —t—3i—1
It is not hard to see that y is an involution, so we complete the proof. [

Now, let us use the three bijections that we showed above to prove Theorem 3.1.

Proof of Theorem 3.1. First, fix o1, 05 € O, and say |o1| + |02] = M. Now, consider all the
partitions 7y +mo+73 of N—M with 7wy, m0 € D, w3 € Dy and (1) —{(m3) = m—2({(o)—L(02)),
so that N = my 4+ 7o+ 73+ 01+ 0. By the bijective proof of Theorem 3.2, the excess of the number
of partitions of NV into an even number of parts in the form N = m; + w5 + 73 + 01 + 02 over those
into an odd number of parts (with fixed o, and 05) is nonzero only when 7y = 1+ ---+ ¢, > 0,
andmy =m3 =0, orm3=0+1++---+(—t—1),t <0,and 1, = mp = ().

Thus, we only have to consider the partitions of the form

N=1+4+---4+t+0,+0y1t>0, N=0+1+--+(-t—=1)4+0 +09,t <0,

where 01, 05 € O and 2({(0y) — ¢(03)) = m — t. By the bijection described in Theorem 3.3, each
pair (01, 09) corresponds to (¢(o1) —€(02))?+ 7, where 7 is a partition of N —¢(t+1)/2— (¢(c1) —

¢(03))? into even parts. Thus, each partition of N of the form

uIN:t(t+1)/2+Ul+02, t ez, 3.7
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is bijectively associated with
Wi N=tt+1)/2+ (o)) —lo2))?* +T.

We consider three different cases when m = 0,1 or —1 (mod 3).
Case I: m = 3n,n € 7.
Let {(o1) —¥€(02) = r. Then we have t +2r = 3nand {(u) = t+{(o1)+L(02) =t+r=n—r
(mod 2). Also,
tt+1) _n(Bn+1)

;/:N:T+r2+7—T+3(n—r)2—|—(n—r)+7'. (3.8)

So, if N = n(3n + 1)/2, then we have n = r = ¢ and |7| = 0. Thus, the only possibilities
for oy and oy for pare oy = 1 +3+---+2n—1and oy = Qif n > 0, and oy = O and
o9 =143+ -4+ (—2n—1)ifn < 0, since n = r = ¢(01) — ¢(02). Considering ¢(u) = 2n
(mod 2), we can see that the excess of the number of partitions of /V into an even number of parts
over those into an odd number of parts in the form satisfying the condition of our theorem is 1.

Now, suppose N # n(3n + 1)/2. Then, L := N —n(3n + 1)/2 > 1 by (3.8). By the
bijective relations between the solutions of p and p/, the excess of the number of solutions of
w with (1) even over those with ¢(x) odd is equal to the excess of the number of partitions of
L — (3(n —r)?>+ (n — r)) into even parts with n — r even over the number of partitions of
L — (3(n—7)*+ (n—r)) into even parts with n — r odd since /(1) = n —r (mod 2). Using the
fact that the number of partitions of a number a into even parts is equal to the number of partitions
of a/2 and the bijection described in Theorem 3.4, we complete the proof of Case 1, because the

previously described excess is equal to 0.

Case2: m=—-3n—1,n € Z.

If (o) — l(og) =r,thent+2r = =3n— 1, l(u) =t+r=n+r+1 (mod 2)and

t(t+1 1
(t+ )+7’2+T:n(3n+ )

/
N =
a 2 2

+3(n+7r)+(n+r)+T
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Similarly, if N = n(3n + 1)/2, then we have n = —r = —t — 1 and |7| = 0. Since |oy| + |o2| =
N—t{t+1)/2=(t+1)?by (3.7)and {(cy) — l(03) =t + 1, wehaveo; =1 +3+ -+ 2t + 1
and oo = ift > —1,and oy = Pand oy = 1 +3+--- + (=2t — 3) if t < —1. Considering
(u) =2t +1 (mod 2), we complete the proof when N = n(3n + 1)/2.

By the same argument as in Case 2, we can also prove the theorem when N # n(3n + 1)/2.

(The only difference is that ¢(x) has the opposite parity of n + 7.)

Case3:m=3n+1,n¢€Z.
Similarly, letting {(o1) — ¢(02) = r,wehave t +2r =3n+ 1, l(p) =t+r=n—r+1
(mod 2) and

tt+1 3n?+3n+2
,u':N:—(+)—1-7“2—1-7':—71%—njL

5 5 +3n—r)n—r+1)+r.

Let L = N —(3n*+43n+2)/2. Then, the excess of the number of solutions of x with £(x) even over
those with /() odd is equal to the excess of the number of partitions of L — (3(n —r)(n —r+1))
into even parts with n — r odd over those with n — r even, which is 0, since (n —7)(n —r + 1) =
{-(n—r)—1H{(=(n—r)—1+4+1)},and n — r and —(n — r) — 1 have opposite parity. Note that

L = 0is not an exceptional case since (n—r)(n—r+1) =0whenn—r =0orn—r+1=0. O
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Chapter 4

Gollnitz-Gordon Identities and Parity
Questions in Partitions

4.1 Introduction

Parity has played a role in additive number theory, in particular partition identities, from the begin-
ning.

B. Gordon [29, 30] and H. Gollnitz [25, 26] independently considered parity as follows:

Theorem 4.1 (First Gollnitz-Gordon Identity). The number of partitions of n into distinct non-
consecutive parts with no even parts differing by exactly 2 equals the number of partitions of n

into parts = 1,4, or 7 (mod 8).

The famous Rogers-Ramanujan identities do not immediately involve parity. However, several
results related to the Rogers-Ramanujan identities concern parity. In particular, many g-series
identities from Ramanujan’s Lost Notebook raise parity questions.

These examples initiated the thorough examination of parity in partition identities by Andrews
[4]. In a long recent paper [4], G. E. Andrews began a thorough study of parity questions arising
from partition identities. At the end of his paper [4], he listed fifteen open problems, most of which
ask for combinatorial and bijective proofs.

The purpose of this chapter is to provide answers to the first two problems of Andrews, which

involve the celebrated Rogers-Ramanujan-Gordon Theorem [1, 30].

Theorem 4.2 (Rogers-Ramanujan-Gordon Identities). For 1 < a < k, let By ,(n) be the number

of partitions of n of the form

bi+ba+ - +by,
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where b; > b; 11, b; — b x—1 > 2, and at most a — 1 of the b; are equal to 1. Let Ay, be the number

of partitions of n into parts Z 0,+a (mod 2k + 1). Then for all n > 0,

Ak,a(n) = Bkﬂ (n) .

We now add parity restrictions.

Theorem 4.3 (Andrews). Suppose k > a > 1 are integers with k = a (mod 2). Let Wy ,(n)
denote the number of those partitions enumerated by By, ,(n) with the added restriction that even
parts appear an even number of times. If k and a are both even, let Gy, ,(n) denote the number of
partitions of n in which no odd part is repeated and no even part is = 0, +a (mod 2k + 2). If k
and a are both odd, let Gy, ,(n) denote the number of partitions of n into parts that are neither = 2

(mod 4) nor =0, +a (mod 2k + 2). Then for all n > 0,

Wm(n) = Gk@(n) .

It follows from a comparison of Theorem 4.3 with the Gollnitz-Gordon identity in Theorem 4.1
that 13 5(n) is equal to the number of partitions of n into parts that differ by at least 2 and by more
than 2 if the parts are even. A bijective proof of this partition identity is the first problem in the
list of Andrews [4]. The second problem is to show bijectively that W3 ;(n) is equal to the number
of partitions of n into parts (each > 2) that differ by at least 2 and by more than 2 if the parts are
even.

A generalization of the Gollnitz-Gordon identities, the first of which is stated in Theorem 4.1,
has been accomplished by Andrews [2] in the same manner that the Rogers-Ramanujan-Gordon

identity stated in Theorem 4.2 generalizes the celebrated Rogers-Ramanujan identities.

Theorem 4.4 (Andrews). Let a and k be integers with 0 < a < k. Let Cy,(n) be the number of
partitions of n into parts that are neither = 2 (mod 4) nor = 0, £(2a—1) (mod 4k). Let Dy, ,(n)

denote the number of partitions of n of the form n = Zizl faowith fi + fo < a — 1 and for all
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Joici <1 and  fo; + foiz1 + foige <k —1,

where f; denotes the number of appearances of i in the partition. Then Cy, ,(n) = Dy, o(n).

By comparing Theorems 4.3 and 4.4, we see that

W2k—1,2a—1(n) = Dk,a(n)- (4.1)
In the third problem of Andrews, it is asked to prove (4.1) bijectively.
In Section 4.2, we prove combinatorially that

1. W3 3(n) is equal to the number of partitions of n into parts that differ by at least 2 and by

more than 2 if the parts are even, namely W 5(n) = Do o(n), and

2. W31(n) is equal to the number of partitions of n into parts (each > 2) that differ by at least

2 and by more than 2 if the parts are even, namely W3 ;(n) = Dy 1(n).

4.2 Problems 1 and 2

Theorem 4.5. For any positive integer n,

W3,3(n) = D2,2(”)

Proof. Letm = (my,...,m,) with m; < 7,44, be a partition counted by W3 5(n). By the definition
of W; 3(n), we see that each part can be repeated at most twice and all the even parts appear exactly
twice. We represent the partition 7 by an array with two rows (counted from bottom to top), where
the first and the second rows consist of the first and second copies of the parts, respectively and

each column has the same parts. For instance, if 7 = (2,2,4,4,7,9, 14,14, 23,23, 33) is counted
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by W35 3(135), then we write 7 as following.

2 4 14 23
2 4 7 9 14 23 33

We note that since m;;o — m; > 2 and even parts appear twice, the parts appearing only in the
first row are odd and the parts from the first row differ by at least 2. Let (74, ...,7;) be the parts
appearing in the first row. For each ¢ with 1 < ¢ < [, subtract 2¢ — 1 from 7; and add the parts in the

same column. In the above example, we have (71, ...,7) = (2,4,7,9, 14,23, 33), and we obtain

2 4 14 23
112 2 5 12 20

3 52 219 35 20

We note that the sums of two parts from the same column are odd and the parts appearing only
in the first row are even. Besides, since the parts from the second row differ by at least 2, all the
odd parts in the resulting partition are distinct. Lastly, we rearrange the parts in weakly increasing
order and add 2¢ — 1 to the i—th part for each 1 < ¢ < [. Then, the parts of the resulting partition
differ by at least two and even parts differ by more than 2. Hence, the resulting partition is counted

by Dj5(n). In the example, we obtain

2 2 3 5 19 20 35
135 7 9 11 13

3 5 8 12 28 31 48

and we see that (3, 5,8, 12,28, 31, 48) is counted by D, 5(135).
Now, we show that the process is reversible. Let 0 = (oy,...,0;) with o; < 0,41, be a
partition counted by D, 5(n). We first subtract 2i — 1 from o; to obtain ¢’. Since the even parts

of o differ by at least 4, ¢’ has distinct odd parts. For example, if o = (3,5,8,12,28,31,48),
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then o’ = (2,2,3,5,19, 20, 35). Now, we rearrange the parts of ¢’ to obtain w = (wy,...,w;) as
following. In order to select w; from the parts of ¢’, we consider the remaining parts of o’ after
removing wy, . .., w;_; from ¢’, and choose the smallest odd and even parts among them, say o/,
and o/, respectively. If (0! — (2 — 1))/2 < o, then let w; = o}, and otherwise, let w; = o/. We
continue this process until we determine all of wy, . . ., w; (if we use all of odd parts or even parts of
o', then just arrange the remaining parts in weakly increasing order). In the same example, we have
o/ =3 and o, = 2. Since (3 — 1)/2 < 2, we have w; = 3. For wy, we have ¢/, = 5 and 0/ = 2.
Since (5 — 3)/2 < 2, we have wy = 5. Similarly, since 0/, = 19, 0/, = 2 and (19 — 5)/2 > 2, we
have w3 = 2. By continuing this, we have w = (3,5, 2, 2, 19, 35, 20).

Now, if w; is odd, then we split it into two parts (w; + (2 — 1)) /2 and (w; — (2i —1))/2, whose
difference is 2¢ — 1. We write w by an array with two rows (counted from bottom to top), where
the first and second rows of i—th column are (w; — (2i — 1))/2 and (w; + (2 — 1))/2 if w; is odd,

and if w; is even, then place it in the first row of the —th column. Thus, in the example we have

2 4 14 23
112 2 5 12 20

Lastly, we add 2¢ — 1 to the ¢—th part in the first row. Then, the columns with two parts will have
the same parts. Since the parts in the first row differ by at least two and the parts appearing only
in the first row are odd, the resulting partition is counted by W3 3(n). From the example, we obtain

the following.

2 4 14 23
2 4 7 9 14 23 33

Note that the resulting partitionis (2,2, 4, 4,7,9, 14, 14, 23, 23, 33), which is counted by W3 3(135).
O
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Theorem 4.6. For any positive integer n,

W371 (n) = D271 (TL)

Proof. By the definitions, 1 is not allowed in any partitions counted by W3 ;(n), and none of 1
and 2 are allowed in partitions counted by D ;(n). Thus, in the proof of Theorem 4.5, we add the
constraints that the parts are greater than 1 and 2, respectively. Then, the rest of the proof is the

same. We omit the details. L]
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Chapter 5

A Combinatorial Proof of a Recurrence
Relation for the Partition Function due to
Euler

5.1 Introduction

One of Euler’s famous identities is a recurrence formula for the sum of divisors o(n).

Theorem 5.1. For every n > 0, we have

x (n_k(3k+1)> ) e = ez,
2 0 otherwise.

Euler [17, p. 234] derived the above result using logarithmic differentiation of Euler’s pentag-

onal number theorem
o0

Flz) =1 -a" = 3 (-1 (5.1)

k=—0oc0
The proof is elementary. We begin with
F/ oo o0 ]
o) = Flo) s = = 3 (ks > ot

k=—o0

On the other hand,

o0

, E(3k +1) kekty
oF'(z) = Z(-WT:U ol

k=—00
By equating coefficients of 2", we obtain Theorem 5.1.

From (8.8), we can easily derive Euler’s recurrence formula for p(n),

i (—=1)*p <n — @) =0.

n=—0oo
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Thus, Theorem 5.1 indicates that a similar formula is also valid for o(n).
Considering 2 F'(z)/ F(x) instead of z F’(z), we can deduce an identity, which is a companion

of the identity from Theorem 5.1. From

= R . k(3k+1
_ ZU(])ZLJ _ H(l _ xk)—l Z (_1)k%xk(31§+1>

7=1 k=1 k=—o0
we obtain a formula for o(n) in terms of p(n).
Theorem 5.2. Let n > 1. Then,

= k(3k +1) k(3k+1)
_ k
—o(n) = k:ZOO<—1> B T pn - ST,

Even though Theorems 5.1 and 5.2 are easily derived analytically, it is interesting to find com-
binatorial proofs. A combinatorial proof for Theorem 5.1, that is based on a double counting
argument, can be found in [58, pp. 182-183] and [45, p. 53]. However, no such argument is
known for Theorem 5.2.

In this chapter, we generalize Theorem 5.2 and give a combinatorial proof of this generaliza-
tion, which is also based on a double counting argument. We can easily obtain the generalization

by applying the previous argument to the general theta function, defined by

f(a,b) = Z R e R (—a; ab) oo (—b; ab) o (ab; ab) &, (5.2)

n=—oo

where |ab| < 1. The latter equality is called Jacobi’s triple product identity.

A generalization of Theorem 5.1 can also be found in a natural way. Moreover, the com-
binatorial argument from [58, pp. 182-183] used to prove Theorem 5.1 can be applied to the
generalization of Theorem 5.1 with a little modification. Because the combinatorial proof of the
more general theorem is similar to that for Theorem 5.1, we do not give it here.

Lastly, we show that the quintuple product identity can be employed to yield similar sorts of

identities, and we remark that their combinatorial proofs can be given in a similar fashion.
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5.2 A generalization of Theorem 5.2 and its combinatorial
proof
Theorem 5.3. Let n and m be positive integers, and put n + m = L. Then, for N > 1, we have

—onm(N) = Z (‘Ukk (n+m);—k(n—m)pn7m(N_ k (n—l—m);k(n—m))7 (53)

where p,, ., (N) is the number of partitions of N into parts congruent to n,m or L (mod L) and

Un,m<k) = Z d.

d|k
d=n,m,L (mod L)

Note that Theorem 5.3 with n = 1, m = 2 reduces to Theorem 5.2.
We can easily deduce Theorem 5.3 by taking the logarithmic derivative of f(—g¢", —¢™). By
(5.2), we have

F(=q",—q™) = J[(@ = ") (1 = g ) (1 — g*FDE)
k=0
> k2(n+m)+k(n k% (n+m)+k(n—m) > k:2(n+m) k(n—m)
=1+ (-1)q +Y (=g (5.4)
k=1 k=1

Consider

d o) [e9) )
o f(=a",—qm) (n+ kL)g"t+r (m + kL)gm™t*t (k + 1) Lg+HL
e -y Py Ty Bk

q —an _am _ n+kL _ om+kL _ q(k+1)L
fl=q*,=qm) = 1-q ~ 1-gq —~ 1 q<
k=
On the other hand, we also have
d ( _.m o0 2
q",—q™) -1 E°(n+m)+k(n —m) rEotmktmn-m
T Ly ) J e,
f@—q,—q ) f(=qm—qm) 2
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Thus, we obtain

> 1 > k2 (n + m) j: k(n — m) k‘2(n+7n):ﬁ:k(n7'm)
=D Oum(k)d" = sy (1) q 2 ,
,; f(=a",—q™) ,; 2

which implies Theorem 5.3.

A combinatorial proof of Theorem 5.3. Define the set
Amm(N) = {(ﬂ-a )‘) : |7T| _I— |)\| = Naﬂ- 6 Dn,ma >‘ 6 Pn,m}a

where D, ,,, is the set of partitions into distinct parts congruent to n, m or L (mod L) and P, ,, is

the set of partitions into parts congruent to n,m or L (mod L). Now let

Bym(N) = Z (_1)Z(W)’7T|'

(m,A)EAR,m(N)

We show that B, ,,,(IV) is equal to both sides of (5.3). The involution of the Jacobi triple product

identity [62] implies a bijective proof of (5.4). Thus, bijectively, we have

N
Bum(N) = > (1) =Y (N =b)pam(d) D> (D)
(T N)EAn.m(N) b=0 7€Dn.m (N—b)
> E(n+m)+k(n—m E2(n+m) +k(n—m
k=—0o0

where D, ,,(N — b) is the set of partitions of N — b into distinct parts congruent to n,m or L
(mod L).

Next, we first show that the number of pairs (7, \) € A,, ,,(N) with /(7) even is equal to the
number of those with /(7) odd. Let s(7) be the smallest part of a partition 7 and define s(7) = oo
if 7 = 0. If s(7) < s(\), then move s(7) to the partition A, and if s(7) > s()), then move s(\)

to the partition 7. Obviously, this map is an involution, so we complete the proof of our claim. By
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this involution, we have

BumN) = > ()@al= Y () @al+ Y (=1l

(m,AN)€An,m(N) s(m)<s(A) s(m)>s(A)

=" > (=1 (x| - (7| — a))

a=1 s(m)=a

s(m)<s(A)

=>a > (1)

a=1 s(m)=a

s(m)<s()

It suffices to show that
-1, ifa| N,

POV

s(m)=a 0, otherwise.
s(m)<s(A)

Let L(r) be the largest part of a partition 7 and define L(7) = 0 if 7 = (). Consider a pair (7, \) €
Ay (N) with s(m) = a < s(\). Let m = a+ p. If L(p) > L(X\) and p # (), then move the largest
part of 4 to the partition A, and if L(u) < L()), except in the case when L(u) = 0 < L(\) = q,
then move the largest part of A to the partition x. We thus obtain a new partition (7, \'). Then
s(m') = a < s(\) and (—1)“™ = —(—=1)“""). But, the above map fails when © = a (i.e., u = )

and \=0orr=aand A\ =a+ ---+ a. So, we have a | N. Thus

~1, ifa| N,

s(m)=a O, Otherwise,

whence

Bum(N)= > (=1)P|a| = - > 0= —0pm(N).

a=n,m,L (mod L)
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5.3 Further results

Let k, [ be positive integers. By the quintuple product identity [13],

F(q) = H(l _ q%-i-kn)(l . q%-i-kn)(l . q%-&-kn)(l . ql+2kn)(1 . q2k—l+2kn)

o0
o %n2+ 2k;3ln %n2+ 4k73ln+ k-1
= q —q2" :

n=—oo

Repeating the same argument as in Section 5.2, we have

LR &
dq n
—q = eri(n)q”, (5.5)
F(q) ;
where
eri(n) = > d+ > d. (5.6)
dln dln
dzﬁ7%!0 (mod k) d=1,2k—1 | (mod 2k)
Also,

d =, /3k 2k — 31 sk 2, 2k-3l
iy n — L2 SFni+=5=n
9 (9) Z<2n+ 5 n)q2 2

G R Vi s S

Equating the two expressions for ¢(dF(q))/dq from (5.5) and (5.7) we conclude that

o0 oo
3k, 2, 4k—3l k-1 3k, 2, 2k—3l

n=—oo n=1
=, /3k 2k — 31 2k
=\ 2 2
- (%M L& 5 3k 5 l) g (5.9)
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The identity (5.8) has the following arithmetic interpretation.

Theorem 5.4. For N > 1,

N7 lfN - %Tﬂ + @na
> era(J) — > cri(J) =9 —N, if N =3n? 4 8y 4 kL

o Shp2y dhoSly kol j+3En24 2k 8l N )
0, otherwise,

where €y () are defined in (5.6).

Next, from the two different representations of ¢(dF(q))/dqF(q) given in (5.5) and (5.7), we

obtain the following identity.

Theorem 5.5. For N > 1,

[e.o]

3k 4k — 31 k—1 3k 4k — 31 k—1
o 5 (B B ) (B e,y

= (3k , 2k-—3l 3k o, 2k—3l

where pj ;(n) is the number of partitions of n into parts congruent to £ 2L 0 (mod k) orl, 2k—1

(mod 2k).
Using the bijective proof of the quintuple product identity from Chapter 3, we can give com-

binatorial proofs of Theorems 5.4 and 5.5 that are very similar to those for Theorems 5.1 and

5.3.
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Chapter 6

Covering Systems in Number Fields

6.1 Introduction

As we mentioned earlier in the Introduction, Conjectures I and IT were confirmed by M. Filaseta,
K. Ford, S. Konyagin, C. Pomerance and G. Yu [22]. Their principal results are the following.

Let

log1 log N
L(N,s) = exp (logN o log(s log )>

log(slog N)

Theorem 6.1. Suppose 0 < b < 1 0<c< %(1 — 4b?) and let N be sufficiently large, depending

on the choice of b and c. Suppose C'is a finite set of congruence classes with moduli > N, each

modulus appearing at most s times, where s < exp (b\/ log N'loglog N), and such that

1
Z — < clog L(N,s).
n

(r mod n)eC

Then C' is not a covering system.

Theorem 6.2. Suppose 0 < ¢ < 1/2,0 < b < % e and N > 100. Suppose that C' is a finite

set of congruence classes with moduli from (N, K N|, each modulus appearing at most s times,

where s < exp (by/log Nloglog N) and K = L(N,s)/?7)/%. Then the density of the integers

(0 (), IL(0)

(r mod n

not covered by C'is

where \ is a positive constant depending only on € and b.
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It is not hard to see that Theorems 6.1 and 6.2 imply Conjectures I and II, respectively, by setting
s = 1.

In this chapter, we generalize Theorems 6.1 and 6.2 to arbitrary number fields. We take advan-
tage of the facts that all the ideals in the ring of integers of a number field have unique factorization
into prime ideals, the greatest common divisor and the least common multiple of ideals are defined,
and the Chinese Remainder Theorem holds. These properties are necessary in the proofs of the
results from [22].

Now, we introduce a concept of covering systems in number fields. For example, consider the
field of Gaussian rationals Q(7) with ring of integers Z[i] = {a + bi : a,b € Z}, which is the
set of Gaussian integers. Let / = (1 + ¢), which is the ideal in Z[i] generated by 1 + 7. Then we
can see that Z[i] = I'|J{1 + I}. In other words, {0 (mod I), 1 (mod I)} covers Z[i]. We say
that {0 (mod I), 1 (mod I)} is a covering system of Z[i] (or in Q(¢)). More generally, let F//Q
be a number field of degree d with ring of integers Op. We call {ry (mod Iy),...,r; (mod I})}
a covering system in F' (or of Op) if for each ¢« < k, r; € Op, [; is an ideal in Op, and Op
= Ule{m + I;}. Furthermore, if a covering system covers every element of O exactly once,
then it is said to be an exact covering system. Thus, in fact, {0 (mod /), 1 (mod I)} is an exact
covering system of Z[i].

We remark that a covering system in a number field can be identified with a covering system of
Z% by cosets of subgroups, where d is the degree of the number field, since the ring of integers of
a number field with degree d is isomorphic to Z? as an additive group. However, the moduli from
a covering system in a number field are ideals in the ring of integers. Thus, the covering systems
in a number field are more restrictive than those of Z" by cosets of any subgroups.

Here, note that if {r; (mod I),...,7; (mod /)} is an exact covering system, then we must
have k = |Og/I| = ||I||, which is the norm of /. Analogous to the notion of density for sets of
integers, we say that the density of each r; (mod 1) is 1/||1]|.

In order to handle ideals in the ring of integers, we introduce the functions f(n) and g(n), which

denote the number of ideals of norm n and the number of prime ideals of norm 7, respectively. In
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particular, we use the following key propositions.

Proposition 6.1 ([41], Corollary of Theorem 39). Let F'/Q be a number field of degree d. Then,

> fn) = cpa + O(z'74),

n<x

where cr is a constant depending on F.

Proposition 6.2 ([38], page 670). Let F'/Q be a number field of degree d. Then,

Todt

> g(n) = Li(z) + O (zexp (—(logz)'/*)) ,  where Li(x) = , logt’

n<x

Here and throughout this chapter, constants implied by the O—symbol may depend on the field
F. Dependence on any other quantity will be indicated by a subscript. We remark that a stronger
version of Proposition 6.2 is possible using Theorem 5.33 of [36] (the term involving a possible
exceptional zero is absorbed into the error estimate at the cost of the O—constant, which thus
depends on the field F in an inexplicit way). We can easily see that g(p™) < d and g(p") = 0 if
n > d, where p is a prime.

We adopt the following notation which is analogous to that in [22]. We call a finite collection
of congruence classes C' = {r; (mod Iy),...,r, (mod Ix)} in a number field F'/Q a residue
system. We let S(C') be the multiset {/y,...,I;} and we say that the multiplicity of I; is the
number of times that I; appears in S(C'). By §(C') we denote the density of the elements of the

ring of integers not covered by C, and we also set

a@) =TI (1-@).

IeS(C)

The goal of this chapter is to derive analogues of all the lemmas and theorems of [22], including
Theorems 6.1 and 6.2, in the number field setting. In Section 6.2, we present analogues of many
preparatory lemmas from [22]. Most of the proofs are very similar to those of [22]. A notable

exception is Lemma 6.11 below. In Section 6.3, we prove our main theorems, which are analogues
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of Theorems 2, 3 and 4 of [22]. Let us state three of our results, the first and the third being

analogues of Theorems 6.1 and 6.2, respectively.

Theorem 6.3. Suppose 0 < b < 3, 0 < ¢ < 3(1 — 4b%). Let F/Q be a number field of degree
d > 1. Let N be sufficiently large, depending on the choice of b, ¢ and F. Suppose C' is a residue

system in F'/Q with S(C') consisting of ideals ||I|| > N, each having multiplicity at most s, where

s < exp (by/log Nloglog N), and such that
1
Z —— < clog L(N, s). (6.1)

Then 6(C') > 0.

Theorem 6.4. Suppose that C' is a residue system of a number field F//Q of degree d. Suppose

0<e< (1—log2)™h b < 3+/(1 —log2)e, N is sufficiently large, depending on the choice of

g, band F, and S(C') consists of ideals whose norms are in (N, K N| with multiplicity at most s,

where s < exp (by/log Nloglog N) and K = L(N, s)((1-loe2)™ o) ers Thepn 5(C) > 0.

As in [22], the following theorem shows that if K is a bit smaller than in Theorem 6.4, then we

have

5(C) = (1+0(1))a(C).

Theorem 6.5. Suppose 0 < ¢ < 1/2,0 < b < % € and N > 100. Suppose that C'is a residue

system of F/Q with S(C) consisting of ideals whose norms are in (N, K N| with multiplicity at

most s, where s < exp (by/log Nloglog N) and K = L(N, s)(}/279)/¢rs_Then

5(C) > (1 + 0.y (W)) a(0),

where )\ is a positive constant depending only on € and b.

We remark that we obtain our main theorems under the same conditions on b, ¢ and ¢ as in

Theorems 2, 3 and 4 of [22]. Additional theorems which are analogues of those from [22] will be
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given later in Section 6.4 and Section 6.5. In Section 6.4, we construct an exact covering system

in a number field with the multiplicity of each modulus < exp(1/log N loglog N) and we also
show that the density §(C') can be considerably smaller than that of Theorem 6.5 provided K is
sufficiently large. In Section 6.5, we study normal behaviors of §(C') over random residue systems

C with fixed S(C).

6.2 Preliminary Lemmas

In this section, we present lemmas that are analogues of all the lemmas in [22]. Throughout this
chapter, n denotes a positive integer and p represents a prime. We use the Vinogradov notation
A < B, which is the same as A = O(B), and constants implied by the notation <, as with the
notation O, may depend on the field F.

Let '/Q be a number field of degree d and let O be the ring of integers of F. Let C' be a finite
set of ordered pairs (/,r), which is a set of residue classes » (mod I), where [ is an ideal of Op
and r € Op . We say such a set is a residue system of F'. Let S = S(C') denote the multiset of the
moduli / appearing in C, and we call the number of times an ideal I appears in S the multiplicity of
I. By R(C) we denote the set of elements of O not congruent to r (mod I) for any (I,r) € C,

and we denote the asymptotic density of R(C') by §(C). For C' = {(I1,71),...,(I;,m)}, we let

- I ()i

IeS(C) j=1

1
)’ M= 2 T

1<J
| ged(Z:,15)[1>1

1
1451

where ||/|| is the norm of the ideal /. We also let f(n) and g(n) denote the number of ideals of

norm 7 and the number of prime ideals of norm n, respectively, as in Introduction.

Lemma 6.6. For an arbitrary residue system C of a number field F//Q, we have §(C) > «o(C') —
B(C).
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Proof. Leta = (C) and 5 = ((C). We set

C'= {(]1,7’1), ceey (Il_th—l)}’ C" = {(Ijvrj) : ] < l7 H ng(]ja ]l)H = 1}’

—1
/ I 1
o =@ =]1 (1 T

J=1

/ AN 1
)andﬁ_ﬂ(c)_ 2 T

i<j<l—1,
| ged(Z;,1;)[|>1

Now, follow the proof of Lemma 2.1 of [22] replacing (n;, 7;), 1/n; and ged(n;, n;) by (1;,75),
1/||1;|| and || ged (1}, 1;)|], respectively. O

We can factor each modulus [ as I [, where I is the smallest ideal dividing / composed

solely of prime ideals that lie over prime numbers in [1, Q] with Q > 1, and I = I /1.

Lemma 6.7. Let C' be a residue system of a number field F/Q. Let () > 2 be arbitrary, and set
M =lem{lq : I € S(C)}.
Let {(M,h;) : 1 <i < ||M||} be a covering system of Op. For each h;, let C},, be the set
Ch, = {(I@,T) :(I,r) e C, r = h; (mod ]Q)}.

Then
(1]

5(C) = m > 3

Proof. Using the Chinese Remainder Theorem, we can follow the same argument as in the proof

of Lemma 3.1 of [22] (replacing M, ng and ng by || M|, I and I, respectively). O

Now, we use the fact that || [5|| has no prime factors < @ to get an upper bound for the sum of

B(Cp,) as in the proof of Lemma 3.2 of [22].

Lemma 6.8. Let K > 1, and suppose C' is a residue system of a number field F'/Q of degree d

with S(C) consisting of ideals whose norms are in the interval (N, K N|, each with multiplicity at
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most s. Let () > 2, and define M and C},; as in Lemma 6.7. Then

(| M]] 2 27002
1 s*(1 + log K)*log” @
— Ch, . 6.2
oz 2 PG < Q (02)

Proof. For J | M, let S; be the set of distinct ideals I5 = I/ ged (I, M), where I € S(C) and
I =ged(I,M) = J. For J, J' | M, let

G(r, J,r', J) =#{1 <i < |M] : hy = r (mod J), h; =r' (mod J')}.

Then
[l M]]

1 1 1
- )< —— I G(r, J, /,J/ .
o 2O Spm 2 2 g 2 Gl

JIM IeS; (IJr)ec
J|\M  I'eSy (I'J' recC
| ged(Z,1")[[>1

We can see that G(r, J, ', J') is either 0 or || M ||/||lcm[.J, J']||, so the inner sum is at most

2 IM]
[[fem[.J, )|

Next, let P denote a prime ideal, and let P(n) and P~ (n) denote the largest prime factor and the

least prime factor of n > 1, respectively. Then

1 1
2 HIER 2 2 I

IeSy P(IPIN>Q 1€S5;
I/ESJ/ I’ESJ/
| ged(Z,1")[I>1 PII, P|I'

1 1 1

- 2 HP\P( 2 HIH>< »> ,HI’H>'

P(IPID>Q N/IPIN<ILISKEN/|PJ| N/PI < ISKEN/|PJI]
P=(IlIIh>Q P=(II'Hh>Q

Using Proposition 6.1 and partial summation, we obtain

SIS s [ Y

y<n<z n<x n<y n<t
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(6.3)

x x
= cplog—+ O(y‘é) <L log—+ 1.
Y Y
Thus,
1
> s Y Mk
n
N/IPI|<T|<KN/|PJ N/|PJ|<n<KN/||PJ]|
P=(IIN>Q
and similarly with J', I’ replacing .J, I. We have the estimate
d
Z P | Z p2n <dz +_+ <<Q10gQ’
P(IPIh>Q n>1 p>Q
P>Q
which follows from the prime number theorem and partial summation.
Thus,
1 1+ log K)?
> i< qea
Ies &
['ESJ/
Il ged(Z,1)]|>1
so that
HMH QlogQ chmJ S| QlogQ Ml

u|M lem[J,J']|=
J/|M

Let 7(I) denote the number of divisors of an ideal /. Then

2 2 ||1|| ZnuuS H (“ﬁ+ﬁ+”')

u|M lem[J,J'|=u
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< exp (Zg(p) (gjt]%%—)) < exp (32%)

p<Q p<Q

< exp (3 Z @) < log® @,

n<Q

since D p<o 1/IIPI = X2,.<@ 9(n)/n = loglog @ + O(1) by Proposition 6.2 and partial sum-

mation. This completes the proof. [

We can also obtain a lower bound for the sum of «(Cj},) using those I’s in S(C') for which

P(H) < Q-

Lemma 6.9. Let C be an arbitrary residue system of F'/Q. For QQ > 2, define M and Cy, as in
Lemma 6.7. Let C" = {(I,r) € C : I|IM} = {(I,r) € C: P(||I||) < Q} and suppose 6(C") > 0.
Then

LS 0(6h) 2 (a(0)) /0.

7

Proof. Note that O, € S(C},) if and only if there is a pair (I,r) € C’ with h; = r (mod ). Let
M ={1<i<|[|M]|: Op ¢ S(Cy,)}, M’ =[M].

Then

M/
=§(C"). 6.4

Now, follow the same argument as in the proof of Lemma 3.3 of [22] replacing M, 1/n, 1/n/,

1/ng and 1/ng by (M|, 1/]1Z]1. 1/117]l. 1/|1Iq]l and 1/]| 5], respectively.
Now, combining the above two lemmas yields the following.

Lemma 6.10. Suppose K > 1, N is a positive integer, and C' is a residue system of F'/Q with S(C')

consisting of ideals whose norms are in (N, K N|, each with multiplicity at most s. Let Q > 2, and
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as in Lemma 6.9, let C' = {(I,r) € C: P(||I||) < Q}. If §(C") > 0, then

2
5(C) > a(C)1HYR/E) 1 o (32(1 + 10gQK)210g Q) |

where the implied constant depends on F' only.

Proof. Using the same definition of M and C},, as in Lemma 6.7 and by Lemmas 6.6, 6.7, 6.8, and

6.9, we have

1 Ml M| M|
i(C) = I(Ch,) > hi) B(C
17 2 A Z -2 2
> o(C)1H/Q/C 4 O( s%(1 + log K)? log® Q)
- Q
Thus, we complete the proof of the lemma. 0

Next, we show an analogue of Lemma 4.1 of [22] which is about smooth numbers.
Our result is more complicated to prove because we need to understand f(n) at smooth argu-

ments n.

Lemma 6.11. Let F'/Q be a number field of degree d with the ring of integers Op Suppose () > 2

and Q < N < exp(exp(log?® Q)). If f(n) is the number of ideals of norm n in O, then

log N

Z f < (log Q)e "l whereu:logQ.

(n)SQ

Proof. We use Corollary 2.3 of [57] with k = 1, and Ly 5(z) = exp{(log z)*/°}.

Using Proposition 6.2, we have

> f@)logp= Y log|[P|— > log||P|

p<= IPlI<> IPl<=
IPl|=q!
1>2
z
= 1 0) —z+0(—2 ).
7;; eIl Otve) ==+ (exp(logZ)m?’)
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Thus, for some constant C', if z > 1, then

| Zf(p) logp — 2| < Cz/Ly5(2),

p<z

which is (2.1) of [57]. Since (1.8) of [57] also holds for some A > 0 and n € (0,1/2), f €
M0 (A,C,n, Lys). By Corollary 2.3 of [57],

> fn)

n<t

P(n)<Q

where u, = logt/log Q, provided Q < t <ty = Q*1/5@) since p;(u) = p(u) < u™" (Corollary
2.3 of [34]).

Let Q;(t) = exp{(loglogt)>?}. Note that if t > t,, then Q;(¢) > Q. Thus, for t > ¢,

logt

; f(n) < ; fln) < tjo", where v =o(t) = 150y

P(n)<Q P(n)<Q1(t)

since 1 < v(t) < Ly5(Q1). Let ig be the largest integer such that NQ™ < ¢,. Then

LS e

n>N N<n<t
P(n)<Q P(n)<Q
NQH—I
<z/ 5 X fas [T LS gwa [T Y )
n<t NQ'o n<t n<t
P(n)<@ n)<Q P(n)<@
<<Z log @ /to 1 t+/°° 1 lothdt
= (u49)u+  ygio tu  tlog?t Y
< log @ N NQoTh log tg log @
u Ngio  tug? v(t,)vto) ut
which implies the lemma. ]

Lastly, we present a lemma that will be needed in the proof of Theorem 6.4 in Section 6.3.
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Lemma 6.12. Suppose s is a positive integer and C' is a residue system of a number field F'/Q

with S(C) consisting of ideals whose norms are in (1, B] with multiplicity at most s. Let
Co={(,r) e C:P|I= ||P| < VsvB},

where v is a constant depending on F' such that anx f(n) < wvax forall x. (Note that Proposition

6.1 guarantees that such a constant v exists, and v > cp). If §(Cy) > 0, then §(C') > 0.

Proof. Suppose 6(Cj) > 0. Let Pbe the set of prime ideals whose norms are in (v/svB, B] and let
[ be the least common multiple of all I € S(Cj). Let P € P. Since the number of ideals I € S(C)
such that P| I'is < s> _pp f(n) < svB/||P|| < [|P]|, there are at most || P|| — 1 ideals I
such that P| I. Call them I, ..., [;, and let rq, ..., 7, be the corresponding residue classes. Then
there is a choice for b = b(P) such that if + = b (mod P), then x is not covered by any of the
congruences = r; (mod [;) with 1 < j <.

By assumption, there is a residue class @ mod [ in R(Cj). Let A be a solution to the system
A = a (modl) and A = b(P) (mod P) for each prime ideal P € P. Such A exists via the
Chinese Remainder Theorem. Then we have A # r (mod [) for each (I, r) € Cj. Furthermore,
for each prime P € Pand (/,r) € C with P| I, A # r (mod ). Since this exhausts the pairs
(I,r) € C, wehave A € R(C), and this completes the proof. O

6.3 Proof of Theorems 6.1, 6.2 and 6.3

Proof of Theorem 6.1. We can repeat the proof of Theorem 2 of [22] using Lemmas 6.11 and 6.10
(instead of Lemma 4.1 and Lemma 3.4 of [22]). []

Proof of Theorem 6. 2. We can suppose that € > 0 is sufficiently small and K > 2. Let

Co=1{(I.r)eC:P|I= ||P|| < VsvKN},
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with v as in Lemma 6.12. Then, by (6.3),

1 1 1
ZWSSZW—S > 0

IeS(Co) N<||I|I<KN N<||I|I<KN
3 P|I: |P|>VsvB
_ f(n) 1 1
SR D D DR 2 I7]
N<n<KN VsUKN<|P|<KN N/IPI<IIII<SEN/|P|
s 1 f(n)
VsuEN<|P|<KN N/||P|l<n<KN/|P|
Now,
3 f(n)y Jerlog K+O(([PlI/N)<), [Pl <N
N/|IP||<n<KN/||P| " crlog(KN/||P|) + O(1), N <||P| < KN.
Thus,

1 )
2 gl 2 n

VsvKN<|P|<KN N/IPI<n<KN/|P|

crlog K 1 log K
= ——— 4+ 0| —/——— +c
2 < il (Nd||73||1‘d>> Fo 2

VsvKN<|P|<N N<|PII<KN
log N —log ||P|| + O(1
. Z g glIP| (1)
N<|[PII<KN 171
1 log N log ||P
=cplog K Z —— 4+ cp Z g —ep Z M
o . & &
suKN<|P|<KN <|IPI<KN N<|[PIISKN
1 1
A WP - et R WP R
VsuKN<||P||<N N<|PISKN
By Proposition 6.2 and partial summation,
1 g(n) 1
— = —zloglogx—loglogy+0< ),
2 1P| 2 n log y

y<|Pll<z y<n<z
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log || P|] g(n)logn x ( 1 )
—_— = = =log—+0 ,
2 1Pl 2 n y logy

y<||P|I<z y<n<z
Z 1 - g(n) _ O( i )
1-1/d 1-1/d — :
y<ipi<e P oL log y

So,

s )
2 1Pl 2 n

VsuKN<|P|<KN N/|IP|l<n<KN/|P|
=crlog K <log10gKN— loglog\/syKN> + crlog N (loglog KN — loglog N)

—cplog K 4+ O(loglog KN —loglog N) + O(1)

1 log K
=cplog K <log2—10g (1—|— 08 5b )) + crlog N log (1—|— logN) —crlog K
og

log KN
log K
| 1+ ——— 1
—i—O(og( +logN>) +0O(1)
log K log sv
= cplog2log K _— 1) = log 2 1)) log K.
crlog 2log —i—O( log KN )—1—0( ) = (crlog2+ o(1)) log
Thus,
1
> o < ser((1=10g2) + o(1)) log K.
resen I
Since
1 f(n) 1 s
—1 < — CAASAVA _ 2
oga(Cp) < Z ||]||+O(SZ n2> Z HI||+O(N)’
I1€S(Co) n>N I1€S(Co)
we have

—log a(Cp) < scp(1 —log2+0(1))log K < (1 — (1 —log2)e + o(1)) log L(N, s).

Let Q = L(N,s)'*, where A = 1((1 — log2)e — 4b%), and let C’' = {(n,r) € Cy : P(n) < Q}.
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Using Lemma 6.11 yields

5(C") _1+0< > f(n ) +o(l) (N — o0).
Pm=a

Thus,

a(co)(1+1/Q)/5(C’) > L(N, §)~1+(1-log2)e=2,
On the other hand,

s(1 + log K)?log? @
Q@

< L(N,s)""s*(log L(N, 5))" < L(N, 5)" 472,

By Lemma 6.10, we have 6(Cy) > 0 for N sufficiently large. Hence §(C') > 0 by Lemma 6.12. [

Proof of Theorem 6.3. By (6.3), we have

“loga(C) < s Z (@Jr%) <s <CF10gK+O (Nll/d>)

N<n<KN

So,
a(C) > K57 = (N, s)~ /"=,

Let A = 4(e — 4b?) and Q = L(N, s)"/*7*. Let u = log N/ log @, and let C" be as in Lemma 6.10.

By Lemma 6.11, we have

slog @ slog N 1
1—4(C =
(@) < v S (slog N)2t*  (slog N)1HA’

so that 1/6(C") =1+ O ((slog N)~*7*). Using | log (C)| < log N, we have

a(C)(HH/Q/HC) _ (1 +0 (W)) a(C).
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By Lemma 6.10 it suffices to show that

s?2(1+1og K)? log”@Q a(C)
Q =0 (i)

But, for large N we have s log? L(N, s) < L(N, s)*"+*. Thus,

s*(14+log K)?log? @  s%log* L(N, s) 1
Q@ L(N, s)1/2=A L(N, 5)l/2-22—4b?
1 a(C)
<

LN, ) 7o S TN, s

6.4 Exact coverings and near coverings in number fields

In this section, we prove analogues of Theorem 5 and Theorem 6 of [22]. As in [22], they imply
that there is an exact covering system of an arbitrary number field, where each modulus / has norm
> N and multiplicity near the upper bound given in Theorems 1, 2 and 3, and the density 6(C)

can be considerably smaller than that given in Theorem 6.5 if we allow K to be sufficiently large.

Theorem 6.13. Let F'/Q be a number field with the ring of integers Op. For sufficiently large N

and s = exp(y/log N loglog N), there exists an exact covering system of F with squarefree moduli

whose norm is greater than N, such that the multiplicity of each modulus does not exceed s.

Proof. We follow the key idea from the proof of Theorem 5 of [22] to construct the desired cover-
ing system, and we also use the method from an older preprint version of [22] based on the Remark
4 of [22] to complete the proof.

Let P denote a prime ideal of OF, and define a sequence { X} by

Xo=1 and Xj+1:min{x: 3 [Hx—H}ZXJ} with j >0,

X;<|[Pl<=z
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where [z| denotes the greatest integer which is < z. Let
Py ={P: X1 <|IPll < X;}.

First, for J > 1 and s = X ;, we construct an exact covering system C'; with squarefree moduli of
the form P, - - - P; with P; € P; with the multiplicity of each modulus < s. Note that such moduli

have norms greater than
J—1
Ny=1]%
§=0

We construct C'; through induction on J. Choose any prime ideal P in P;. Then, we can find
r;’s from Op such that C = {(P,ry),...,(P,rp|)} is an exact covering system of . We can
see that ('] satisfies the above conditions with J = 1.

Now, suppose that we have C'; as above for some J > 1. Fix a modulus I = P; ---P;, and
let (I,71),...,(I,r;) be all the pairs in C; corresponding to /. Note that ¢ < X ;. Let Py, =
{Q1,...,9n}. Replace each (I,r;), i < [X;41/]|Q1|], by the || Q|| pairs (/Qy,7; + ax), where
I= ”QlH 1" (ar+1Qy). Note that the multiplicity of the modulus 7 Q; is [ X ;11/]| Q]| Q1] < X1
and r; + I = U2 (ri + ar + 1Q).

Next, replace each (1,7;), [Xy41/[|Qil]] <@ < [Xysa/[|Qull] 4 [Xs1/[1Q2]], with the [| Qs

pairs (/Qy,7; + by), where I = ”QQH(b + 1Q,). Similarly, the multiplicity of the modulus
1Qis < Xj yandr; +1 = ”Q"’”(r, + by, + 1Q,). Continuing this construction, all the pairs
(I,71),...,(I,7;) can be replaced with sets of residue classes with moduli of the form 7Q;, since

t<X; < Z [ X741/ [|P]] .

Xi<|PI£X 541

Applying this procedure for each I € S(C) completes the inductive construction of C'j ;.
In order to complete the proof, it suffices to show that for sufficiently large N, we can take .J
such that

N < N; and log®s=log?X; < log Nloglog N.
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We begin by showing that if ¢ € (0, 1) and j is sufficiently large, say 7 > j(¢), then

(1+¢) long.

X < X
= loglog X

J J

(6.5)

Set

. X-(l +¢)log X;
Y loglogX; |

By Proposition 6.2, we have

> Pz Y S )

X;<|IP|<=z X;j<n<z X;<n<z

= z(loglogz —loglog X; + O(1/log X;)) + O(z/ log x)

loglog X; + O(logloglog X)
= xlog (1—|— ! log X, ) + O(z/ log X)
(1 —¢/3)(loglog X)
> log X,
_a:( og X, + O(z/log X;)

(A2 0omlos X))
log X

This completes the proof of (6.5).
Next, we show that for every € € (0, 1), J sufficiently large (depending on ¢), and j < J, we
have

log X; > log X; — (J — j)(loglog X; — logloglog X + ¢). (6.6)

We consider first the case that j > j(e), where we choose j(¢) such that X;) > e°. It follows

from (6.5) that in the case that j € [j(¢), J) we have

log X1 <log X; + loglog X; — logloglog X; + log(1 + ¢)

<log X; + loglog X ; — logloglog X ; + ¢.

Therefore, (6.6) holds for all j € [j(g), ). On the other hand, if .J is large, the left side of (6.6)

decreases by a smaller amount as j changes from j(¢) to 1 by comparison to the amount of decrease

76



on the right side of (6.6). Hence, (6.6) in fact holds for all j < .J provided .J is sufficiently large.

Now, we complete the proof of the theorem. Fix € € (0, 1). Let N be large, and take .J so that

J—2 J—1
Noa=]]xX;<N<N =[]
i=1 j=1

Let s = X, and set

A =loglog X; — logloglog X; + ¢ = loglog s — logloglog s + €.

From (6.6), we have

. log? s
log Nj_1 > Z (logs —iA) > )
= 2A + ¢

1A<log s

Let Y denote the expression on the right side above. Then
logY = 2loglogs — logloglogs + O(1) > 2A + e.

Thus,
log? s log? s

log N > log N;_1 >
08 =108 1= logY ~ loglog N’

and this completes the proof of the theorem. [

Let C be a residue system of a number field F'/Q, where S(C') consists of distinct ideals whose

norms are in (N, K N|]. Then, using (6.3), we have

@)= ] (1—”—;')2 I1 (1_%)%)

1€S(C) N<n<KN

> exp <_ > (1. ffg)))

N<n<KN

= exp (—cplog K + O(N_l/d)) :
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Thus, if K is not too large, then Theorem 6.5 implies that §(C') has a lower bound approximately
1/KeF.
The following theorem shows that, when we allow K to be much larger than N, C' can be

chosen so that §(C) is considerably smaller than 1/K°F.

Theorem 6.14. Suppose N and K are integers sufficiently large depending on F'/Q. Then there is

some residue system C' consisting of distinct moduli whose norms are from (N, K N| such that

1 5 log K
5(0) < o o (-5 )

Before proving Theorem 6.14, we present a lemma about the expected value of §(C'). Let T be

a set of ideals and let C(T") be the set of residue systems C' with S(C) = T'. Define

=17 and W@ =#e@ =TI = WD)

IeT IeT

Lemma 6.15. Let T be a set of distinct ideals. Then the expected value of 6(C') over C' € C(T),
denoted by E6(C), is [[ ;e (1 — 1/{|1]]).

Proof. Put W = W(T) and W, = Wy(T). Let (Wo,m1), ..., (Wo, mjuwy,|) be an exact covering

system. Since the number of systems C' € C(T") with m; € R(C) is [, (||| — 1), we have

ceCc(T ceC(T) C(T) =1 IeT IeT
(C)

> 0= 3 fﬁ iz D S O (L ) ()

Dividing the equations above by W, we complete the proof. [

Proof of Theorem 6.14. We follow the construction of covering systems described in the proof of
Theorem 6 of [22] : We will randomly choose the values of (/) for I with N < ||I|| < 2N so
that each residue class modulo 7 is taken with the same probability 1/|||| and the variables ()

are independent. We then select the remaining values of (/) for I with 2N < ||/|| < KN viaa
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greedy algorithm. It suffices to show that, under our construction, the expected value of §(C') over

all randomly chosen values of r([) for I with N < ||| < 2N is

< 1 , log K
e — —_— .
= Ker TP\ TSN

Let Coy = {(I,r(I)) : N < ||I|| < 2N}, where each r(I) is selected randomly. Using Lemma

6.15 and (6.3), we have

BS(Co) = [T~ 1/I1]) < exp (— > @)

IeT N<n<2N

= exp (—cplog2 + O(N~Y4).
Thus, by the arithmetic mean—geometric mean inequality, it follows that
Elogd(Con) < —cplog2 + O(NY4), (6.7)

Now, we describe how to choose r(.J), where 2N < ||.J|| < KN. First, let C; = {(I,r(I)) : N <
|1]| < j}andlet I;,,...,1; s be the ideals whose norm is j. Here, if f(j) = 0, then C; = C;_;.
Note that the residue class (/) (mod .J) contains r (mod /;;) when J|I;; and r = r(J) (mod J).
Thus, if 7;; has a divisor J with N < ||J|| < 2N, then there are residue classes modulo J not

intersecting R(C,_1). Let
D(j,i) ={J: J|L;;,N < ||J| <2N}, Cj;={(J.r(J)):J e D(ji)}.

Let h(j,7) be the number of residue classes r (mod I;;) for which  # r(J) (mod J) for each
J € D(j,1). Note that if h(j,7) = 0 or 1 for some 7, then we have R(C;_;) = () or R(C};) = 0.

Thus, we assume that i(j, i) > 1 for all 7. Then, we can select r(.J) from the h(j,7) choices so that

f@)
3(C5) <] (1 _ ﬁ) 5(Cy 1), 6.8)



Using linearity of expectation, we obtain

f@) 1 1) 1
Elogé(C;) —Elogd(C,_1) < E 1 1— < — E ) 6.9
og3(C;) ~ Blogd(Cy-1) SED Og( h(j,zd) > (h(j,w) ©2)

i=1

Also, Lemma 6.15 implies

ES(Cii) = ][] (1 N ﬁ) '

JED (i)
We can see that (5(5“) = h(j,1)/j, since I;; is a common multiple of the members of D(j, ).

Thus,

Eh(j,i) = jES(Cis) =5[] ( IJH)

JED(4,1)

and using the arithmetic mean-harmonic mean inequality, we also have

1 1\t 1 1
B(is) = T () =t 5 o
h(j,1) Jel,;[(j’i) /1] J L,ggﬂ.) (BAl;

From (6.9), we obtain

Elogé(C;) — Elogd(Cj_q) < —fT -

||M&“

5T

Thus, by (6.3),

f KN  f(j)
J=2N+1 Jj=2N+1 i=1 jeD(j ]
Z f Z Z 1
=N+ wetarean anpa<iissn 11
j=2N+1 e Y e e T
= —cplog(K/2) + O(1/NY") = (cplog K + O(1))  } fﬁ?.

N<n<2N
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For sufficiently large N, we have

f(n) Cr 141/d Cr
D, T =gy POWNTYY 2 oo
N<n<2N ’

Hence, by (6.7),

Elogd(C) < —cplog K + O(1/N'/*) — Cglogf;g;NO(U

5 log K

S —CF IOgK — CFB—N7

for sufficiently large N and K. [

6.5 Normal value of /(C)

In this section, we estimate the variance of §(C') over C' € C(T'), where C(T') is the set of residue
systems C' in a number field F'/Q with S(C) = T. As in the case of the integers, we can expect
d(C) = a(C) for almost all C' € C(T). In fact, we can establish the same result for the variance of

§(C) as in [22].

Theorem 6.16. Let T' be a set of distinct ideals with minimum norm N > 3. Let « be the common

value of o(C') for C' € C(T'). Then,

2
o o’ logN
—W(T)CE 16(C) — af <<—N2 .

eC(T)

Proof. Leta = o(C), W = W(T) and W, = Wy(T'). By Lemma 6.15,

= SO P = 3 (50 - o). (610
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Putu =3, ., 1/[/1||*, and also define

-t
) = =2
IeT
m;—mjel

where (Wy, my),...,(Wy, my) is an exact covering system in F//Q. By an argument similar to

that in the proof of Theorem 7 of [22], we obtain

(e (1—u+0<2

CeC(T) n>N

) 5w

1<ij<W

o () o2 ¢ 6.11
W< —u+ <N2>) Z (mi, m;). (6.11)

1<i,j<W

Let M(S) = [[,cs(|[1]] = 2), where S is a finite set of ideals whose norms are > 3,and let

L(S) denote the least common multiple of the members of S. Then

1 1
l(my,my) = H (1—1-”1.”—_2): Z M(S)’

IET scT
mifmjel mi—ijL(S)

and thus

1 2
Z e(mi,mj):zm dooo1=w ZM HL (6.12)

1<ij<W SCT
mi—ijL(S)

First, considering the case when #S < 1, we have

1 1
— e =1+ Y =14 u+ 0 (1/N?). (6.13)
#%é ML) ; (IH1F=2) 1]

On the other hand, if S C T and #S > 2, let J;, J, be two members of S such that for I € S,
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[Jull = |[J2]] > [[1]|. Then |[L(S)[| > [[lem[J1, Jo]|| = [|J1][||.)2]|/[| ged(J1, J2)|], so that
1
T Sy
o M(S)||L(S)]
#5>2
| ged(J1, Jo) || 1
< > > T
[J1]|>]|J2lI>N (HJl” B 2)<||J2|| N 2>||J1||”J2” UC{I:NL| ||| J2|I} M(U)

Since the inner sum is equal to

1T (HHIH;—Q): Hb”<1+n12)ﬂn>

NN 2l N<n<||
= exp ( Z f(n)log (1 + —1 )
n—2
N<n<||J2|
f(n) | J2||
< —_
exp ( — < N

N<n<|| Ja||

by Proposition 6.1, we have

1 [gedCllAll, LD _ 1 I17]]
F < — <= TR
S 121212 PP (PRI P

AR 1121 > 2 >N
J|J1, J|J2
1 1 1 1 1
> Z VIVl N 2 Z IVl Z Vi
WL IVIZIVI2 N/ 1711 [V/I2N/)1] VIV

1 1 1 1 1
<§y 2 2 VETE SN 22 IIV’IPHJ|!2+ZW

[I=L IV =N/ ITlI<N [V IZN/I1T]] I71>N

1 1
<wm | X gt <o (6.14)
Combining (6.13) and (6.14), and using (6.12), we obtain

> l(mi,my) =W (1+u+ O((log N)/N?)) .

1<i,j<W
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Hence, from (6.11) and u < 1/N, we have

> 6(C) = a’W (1+ O((log N)/N?)) .

Cec(T)

By (6.10), we complete the proof.
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Chapter 7

On the Efficiency of Covering Systems

7.1 Introduction

A famous problem of Erdos from 1950, the least modulus problem, is to determine whether the
least modulus in a covering system with distinct moduli can be arbitrarily large. As mentioned in
the Introduction, P. Nielson has recently constructed a covering system with distinct moduli > 40,
which stands as the largest known least modulus. It is widely believed that the least modulus in
Erdos’ problem can be arbitrary large. If we assume that this is true, then we can consider the
“efficiency” of covering systems with distinct moduli and a given least modulus. Let
IS T DI
n

¢) (r mod n)eC(N)

where C'(N) is the set of covering systems of the set of integers with distinct moduli and least
modulus N. That is, we are given the least modulus /N, and we select congruence classes with little
overlap. Thus, g(/N) measures the maximum efficiency of covering systems in C'(IV). It is known
that g(2) = ¢g(3) = ¢g(4) = 1, and we note that Theorem 6.1 from Chapter 6 implies that g(N) > 1

if N is sufficiently large. We can restate Theorem I with s = 1, using the function g(N).

Theorem 7.1. Suppose 0 < ¢ < % and let N be sufficiently large, depending on the choice of c.

Then

log N logloglog N

N) >
9N) 2 loglog N

It is natural to try to find the least N for which g(/N) > 1. Motivated by this question, in this

chapter, we prove an explicit version of Theorem 7.1 (but without the factor log log log N).
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Theorem 7.2. Let N > 3. Then,

log N

N) > 0.056413 :
9(N) loglog N

We remark that this bound implies

g(N)>1

if N > 2.759 x 103, For the proof of Theorem 7.2, we follow the key ideas from [22] and use some
approximate formulas for prime numbers from [50]. In Section 7.2, we prove explicit versions of

some Lemmas from [22]. In Section 7.3, we give a proof of Theorem 7.2.

7.2 Preliminary results

Throughout this chapter, n is a positive integer and p represents a prime. We let P(n) and P~ (n)
denote the largest prime factor and the least prime factor of n > 1, respectively. We use the
notations from Chapter 6 below, but now restricted to the case of the set of integers. If C' =
{(n1,71), ..., (ng, 1)} is a set of congruence classes, then we call such a set a residue system. Let
S(C) = {ny,...,n;} be a multiset of the moduli of C. By §(C') we denote the density of integers

not covered by congruence classes from C'. We also set

o I (-)-00-2) 2o T

1<j
ged(ni,n;)>1

Proposition 7.1 ([22], Lemma 2.1). For any residue system C, we have 6(C) > a(C) — (C).

‘We can factor each modulus n = nQngs where () > 1, nQ is the largest divisor of n composed
solely of primes < @), and nz = n/ng. A positive integer n is called Q—smooth if P(n) < Q. So,

ng is the largest divisor of n that is ()—smooth.

Proposition 7.2 ([22], Lemma 3.1). Let C be an arbitrary residue system. Let () > 2 be arbitrary,
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and set
M =lem{ng : n € S(C)}.
For0 < h < M — 1, let C}, be the set
Cy = {(né,r) : (n,r) € C, r =h (mod ng)}

Then

M—

5(C) = - 3 5(Ch).

h=0

—

Proposition 7.3. Suppose that C' is a residue system, () > 2, and define M and C', as in Proposi-
tion 7.2. Also let C' = {(n,r) € C :n|]M} = {(n,r) € C : P(n) < Q} and suppose 6(C") > 0.

Then

=

1 y
M a(Ch) > (a(c))(1+1/Q)/5(C ) _
0

i

We present some approximate formulas for some functions of prime numbers from [50].

Proposition 7.4 ([50], (3.5), (3.6) and (3.7)). For xz > 17,

X

. 7.1
m(@) > log x 7.1
Forx > 1,
7(z) < 1.25506— (7.2)
log x

Forl <x <113 and z > 113.6,

m(z) < 1.25—— (7.3)
log x
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Proposition 7.5 ([50], (3.18)). For x > 286,

1 1
Z—<10glogw+B+ 5
o 2log” x
where B = 0.2614972....
Proposition 7.6 ([50], (3.21) and (3.22)). For x > 1,
log p
Z — >logx + E + ,
2logx
p<w
and for x > 319,
1
Z 08P logx + E + ,
2logx

p<z

where /. = —1.3325822....

Proposition 7.7 ([50], (3.30)). Forx > 1,

P 1
—— < ellogz | 1+ )
Hp—l & ( 10@;293)

p<w

We now give an explicit upper bound for the average of 3(C},) (this is an explicit version of

Lemma 3.2 with s = 1 in [22]).

Lemma 7.3. Let K > 17 and () > 17. Suppose C' is a residue system with distinct moduli in

[N, KN]. If we define M and C}, as in Proposition 7.2, then

<

1 (log K + 44.5)%1og” Q 1 \3
— Cp) < 0.1725 1+ ——) .
a7 2= A0 = 19) ( log2Q>

0

T

Proof. As in [22], for each m|M, we let S,, be the set of distinct numbers ng =n / ged(n, M),

where n € S(C) and ng = ged(n, M) = m. For m,m’ | M, we define

F(rom, ', my=#{0<h< M —1:h=r(modm), h =7 (mod m')}.
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Then, we have

M—-1
1 1 ;.
ﬁch <_ § E / E F(T,m,r,m)
nn
h=0 m|M nGSm n T ryeC
m'|M €S, (n'm/ r"eC
ged(n,n’)>1
1 1
<D w2
lem[m, m/] nn’'
|M neSm
m’|M n/ESm/
ged(n,n’)>1
< Zl 122w
Cm m, m nn’
p>Q nESH
’|M n'es,
pln. pln’

N/m<n<KN/m N/m/<n/<KN/m'
pln, P7(n)>Q pln’, P~ (n")>Q

S T

Next,

n
N/m<n<KN/m N <y KN t< KN t<
[n, P~ (n)>Q >0 -~ ()

pin, t)>Q P=(t)>17 P=(t)>17

In order to find an estimate of the above, we consider

Ya-at) e
:1—{i—}+/x%dt— w%}dt

>t
—logx+'y—%+/ %dt,

so that

1 1 1
logx—i—fy—;<zﬁglogx+’y+; (7.4)

n<x
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Let P = Hpgnp- Then, by (7.4)

> 3

DI I

-y 2

t<zx t<z  d|(¢t,P) <z/d
P—(t)>17
d 1
SZ#(logaz—logd—i—’y ;Z
dP d|p
3072 w(d 128
= Tro17 087+ %}; ‘
Similarly, we also have
1
t 17017
t<z d|P

Thus, if N/pm > 17, then

1

="pm

P~ (t)>17

1 3072
- S P g K4 1282 1902
D T A o s
t< 2
P~ (t)>17

3072
<
— 17017

log K + 8.032 < 0.18053(log K + 44.5).

If N/pm < 17, then

1 1 1 128
- — - < — < 0.18053(log 17K 047 + ——
2 7T 2 7S 2L S 018053(og I T +o) + 04T+
tSPT t<p7m E§17K
P ()>17 P~ (t)>17 Pm(®)>17
< 0.18053(log K + 8.5).
So, we have

1
o > - < 0.18053(log K + 44.5).
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Thus,

Z( > %) ( > %) < 0.180532(logK—|—44.5)222%.

p>Q \N/m<n<KN/m N/m/<n/<KN/m’ p>Q
pln, P~ (n)>Q pln’, P~ (n')>Q

Using partial summation, (7.1) and (7.2), we obtain

SEREIPY SECT NP SR X
=P Q 0 log @) o z*logw QlogQ

Also, in [22], it was shown that

p<Q

1 1+1/p
mzm; lem[m, m/] =11 (1-1/p)*

m'|M

Thus,

g

log K + 44.5)? 1

B(Cy) < 0.04954 108 £+ 445) S
QlogQ lem[m, m/]

0 m|M
m/|M

(log K + 44.5)? H 1+1/p
Qlog@ - (1—1/p)?

(log K + 44.5)? 1 » 1\’
= 0.04954 [He-511(—) -
@logQ p<Q p p<Q p—1

1
M

>
Il

< 0.04954

Since, by Proposition 7.7,

and
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we have

=

1 (log K + 44.5)%log” Q 1 3
— Ch) <0.1725 S
M Oﬁ( V= Q ( +1og2Q>’

i

which completes the proof. 0

Lemma 7.4. Suppose K > 17, N is a positive integer, and C' is a residue system with distinct

moduli from the interval [N, KN]. Let Q > 17 and C' = {(n,r) € C : P(n) < Q}. If §(C") > 0,

then
: log K + 44.5)*log” 1
5(C) > a(C)H/QAE) 0.1725 108 & + 44.5)7log Q( +—5=)",
Q log” @
Proof. By combining Propositions 7.1, 7.2, 7.3 and Lemma 7.3, we complete the proof. U

Next, we give an explicit estimate for sums of reciprocals of smooth numbers.

Lemma A ([22], Lemma 4.1). Suppose Q > 2 and Q < N < exp(1/Q). Then

1 log N
E — < (logQ)e 8" where u = o8
n log @
n>N
P(n)<Q

For the proof of Lemma A, the authors of [22] applied standard upper-bound estimates for the
distribution of smooth numbers: The number of ()-smooth numbers at most ¢ is < t/u;"*, where
u; = logt/log @, provided Q < t < exp (Q'~) ([34], Theorem 1.2 and Corollary 2.3). We use
a technique called ”Rankin’s Method” ( see [34, p. 414] or [49]) to derive an explicit version of a

slightly weaker form of Lemma A.

Lemma 7.5. If ) > 319, then

5-8THA(0) log @
e2-5u

IA

)

1
n

(]

n>
n

P(n)

INZ

Q

where u = log N/log Q, A(o) = 372, > o 1/(kp*?) and 0 = 1 - 2.5/log Q.
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Proof. We begin with

1 1 1 1 1\
Y tep= Y o (o5)
n>N P(n)<Q p<Q
P(n)<Q
1 1
= Uexp{Z—log (1—2?) }
p<Q
1 I — 1
- 25uep{ ]?JFZZ pka}
p<Q k=2 p<Q
Next,
2.5 log p

If x < 2.5, then we obtain

0,
<14y % 43149 x 108311,
n=1 ’

Also, by partial summation and Proposition 7.6, we have

S sy e [Ty ey

p<@Q p<Q p p<t p

1 @logt E 1
§10g2Q+ElogQ+§—/ T—F?—mt
2
2

1 1 1 log“2 log log 2
§§10g2Q+§loglogQ+§+ ng + Flog2 — ogzog

1 1
<5 log? Q + 3 loglog @ — 0.00019.

Similarly, we can derive

log" 1 2n — 3 -1
Z %6 P < —log" @ + n log" 2 Q + n log" 2
= P n 2n —4 n

-1
+ Elog" 2 — 27;_4

log" %2, for n>3
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-3
1 log" ?Q +T(n), for n>3. (7.7)

1 2n
= —log" @ +
n 2
Thus, by (7.5), (7.6), (7.7) and Proposition 7.5, we have

10

2.5" log"p | 3.149 x 1075 x 2.5'" ~ log'! p
Z Z Zn'log QE;) P " log'' @ Z

p<Q p<Q p<Q p
1
< logl +B+ ———
< loglog 210220
i 2.5m Z log"p 3149 x 2.511 3 log' p
n!log" Q P 108 x log!' QpSQ 4

25" | 3149 x 251 25E+4+125 2.5%loglogQ

<logl B
oglog @+ +Z 108 x 11 i log @ 41og”® Q
1 —2.5% x 0.00019 Z 2.5™ 2n —3 + T(n)
21og? Q — nin \ (2n —4) log”@Q  log" @

2.5"  3.149 x 2.5

E 10g10g@+3+2 nln + 108 x 11

< loglog () + 5.84177.

Corollary 7.6. If Q > 108, then

1 log @
n>N
P(n)<Q

where u = log N/ log Q.

Proof. Usingo =1 —2.5/log@ > 0.86428, we have by (7.3),

1
Z Z kpo S6428k 1 Z m

p<200 k=2 p>211

1 1 1.01 1

< Z (—log( 086428) - p0.86428) + 9 Z IE
p<200 p>211
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25-10l0 [~ 1
< 0.443298 + 2 200/
2

11 r%7logx

< 0.443228 + 0.005394

< 0.448622.

Since 584 7+0-448622 < 530 365, we complete the proof.

7.3 Proof of Theorem 7.2

Proof of Theorem 7.2. Let C be a covering system with S(C') consisting of distinct integers n >

N. Define
0.05416 log N
FN) = o B
0.96 log log N
We shall show that for N > 7,
1
> > f).
n
nes(C)
Since 0.05416,/0.96 > 0.056413 and
0.056413i <1,
log 77
(7.8) implies Theorem 7.2. Suppose
1
— < f(N)
n
nes(C)

Then, we have
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Set a = 0.216035, b = 0.461 and d = 0.076885. Define, for 7 > 1,

log N )

0.961og log N Q;=exp(Q_y),  K;=exp(Q_,/logQ;_1).

2 =

Let
C;={(n,r) € C: P(n) < Q;},

and define

do = 0.70443,  §; = e IF/NAF/Q0)/05-1

‘We will show that

First, by Corollary 7.6,

log Qo 539.365
1 —6(Cy) < 539.365 = < 0.29557.
(Co) exp{2.5;%5°}  0.96loglog N(log V)

Thus, we have

§(Cp) > 0.70443 = 6.

Next, suppose j > 1, and §(C;_1) > d;_;. Let
C}:{(n,T)ECj:nSKj}, C'J/»’:{(n,r)EC'j:n>Kj}.

Then, by Lemma 7.4, we have

log K;/N + 44.5)%log” Q; 1
5(03{) > a(C]’-)(lﬂ/QO)/&j‘l — 0,1725( og K/ +Q* ) J'log @i (1 + log? Q )3
J= Jj—1

_ . 1 3 _
> o f(NA+L/N)(A+1/Q0)/6—1 _ ) 1725(1 + —— -14+2b
B ( log? Qj—l) Qi

1 3

> 5. — 0.1725 (1 + —) QL+,

’ 108"2@]‘4 7
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Also, by Corollary 7.6,

If N > e, then Q;_1 > Qo > 10%. So, we have

1 3 .
0.1725(1+ —5 —) Q;}f?b+539.365J—Q1 0.9999Q7,
log™ Q1 eXp{logQ 11}

so that

5(Cy) > 8(C)) — (1= 8(CY)) > 6; — 0.9999Q; %,

Thus, it suffices to prove that
Q4 <4, (7.9)
or equivalently,

dlogQj—1 > f(N)(1+1/N)(1+1/Qj-1)/dj—

= 0.0541610g Qo(1 4+ 1/N)(1 4 1/Q;_1)/8;1. (7.10)

We have

dlog Qo > 0.054161og Qo(1 + 1/N)(1 + 1/Qo) /60,

since 0.05416(1 + 1/N)(1 + 1/Qo)/do < d. This proves (7.10) when j = 1. Now suppose that
(7.9) and (7.10) hold for some ;5 > 1. We show that

dlog Q; > 0.054161og Qo(1 + 1/N)(1 +1/Q;)/6;
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By (7.9), it suffices to show that
dlog Q; > 0.054161og Qo(1 + 1/N)(1 +1/Q;)Q4_,
or equivalently,
dQ4={ > 0.054161og Qo(1 + 1/N)(1 +1/Q;). (7.11)
Since (7.11) holds for Q > 108, we deduce
Qj_d < dj41

By induction, (7.9) holds for all j > 1. This completes the proof that for N > 7,

> % > f(N).

nes(C)
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Chapter 8

Exact Covering Systems in Quadratic
Number Fields

8.1 Introduction

In this chapter, we consider exact covering systems in quadratic number fields. As mentioned

earlier in the Introduction, we give a partial answer to the question:
Does there exist an exact covering system with distinct moduli in a number field?

Let Q(y/m) be a quadratic field. Then, the ring of integers is ([41])

Zl/m] ifm=23 (mod4), and Z[1+2m] itm=1 (mod 4).

For each ideal I, we write I = [«, 3] where {«, 3} is an integral basis of 1. We first present the

results for imaginary quadratic fields. In the proof, we use the following result.

Proposition 8.1 ([42], page 300). In an imaginary quadratic field with discriminant —/A, every
ideal is equivalent to one and only one of the ideals |a, (b+/—A) /2] such that b* + A is divisible

by 4a, and either —a < b < a,b®> + A > 4a?,0r 0 < b < a, b*> + A = 4a®.

Theorem 8.1. Let S = {r; + I, ..., + I} be an exact covering system of the ring of integers
of an imaginary quadratic field Q(v/—m) with || I1|| < --- < ||Ix||. If Iy is principal, then it must

be repeated.

We next consider imaginary quadratic number fields with two ideal classes. The complete list

of imaginary quadratic fields Q(1/—m) with class number two is the following [12].

m = 5,6, 10,13, 15,22, 35,37,51, 58,91, 115, 123, 187, 235, 267, 403, 427
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By straightforward calculation, we can see that Q(y/—m) has an reduced ideal [a, (b + v/ —A) /2]

with b2 + A = 4a? precisely when m = 15, 35,91, 187 and 403.

Theorem 8.2. Let Q(\/—m) be an imaginary quadratic fields with class number two and m +#
15,35,91,187,403. If S = {r1 + L1, ..., + I} is an exact covering system of the of ring of the

integers, then the moduli can not be distinct.

The key idea of the proofs is analogous to that of Proposition 1.1. We first express each element

in a coset r; + I; using the basis of I;, in order to find an explicit identity for

1 1

l—21—w - U;OZUMU
After some manipulation, we consider the terms with double poles when z and w tend to some
|| Zx||—th roots of 1, where || 1| is the largest norm. Since there is no pole at these points on the
left-hand side, we must have at least two terms with double poles from the other side. If all the
ideals are principal, then any ideal I; that produces a term with a double pole must be equal to
Ij;, which proves Theorem 8.1. On the other hand, if some of the moduli are not principal as in
Theorem 8.2, then we need to classify the ideals according to the ideal classes of the field and also,

we should consider the coefficients of terms with double poles.
It turns out that the case of real quadratic fields is more difficult. We could succeed only when

we assume all the ideals are principal.

Theorem 8.3. Let m be a positive integer. If S = {ry + I1,...,r + I} is an exact covering
system of the ring of integers of Q(v/m) and all the moduli are principal, then any modulus of the

largest norm must be repeated.

We remark that Theorems 8.1 and 8.3 imply that if the ring of integers of a quadratic field is a
PID, then there is no exact covering systems with distinct moduli in this number field. We also note
that there are only finitely many imaginary quadratic fields with class number one (for precisely

following values m = —1, -2, -3, -7, —11, —19, —43, —67, —163), while Gauss’ conjecture that
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there are infinitely many real quadratic fields with class number one remains open. More precisely,
H. Cohen and H. Lenstra [12] predict that about 75.446% of real quadratic fields will have class
number one.

In Section 8.2, we provide proofs of Theorems 8.1, 8.2 and 8.3. Since the arguments in Theo-
rems 8.2 and 8.3 are similar to that of Theorem 8.1, we skip some details in their proofs.

The methods described above also work for some higher degree fields. For example, we also
examined the number field Q(+/2), whose ring of integers is a PID, and confirmed that any ideal
with the largest norm in an exact covering system must be repeated. We conjecture that there is
no exact covering system with distinct moduli in any number field. This is the subject of ongoing

investigations.

8.2 Proofs of Theorems 8.1, 8.2 and 8.3

Proof of Theorem 8.1. We first consider the case —m = 2,3 (mod 4). Note that b is even in
Proposition 8.1. Thus, for each i, I; is equivalent to [n;, 7; + +/—m]. Since n? < 72 + m <
n? /44+m, we have n; < \/4m/3. Also, if an ideal I is principal, then I is equivalent to [1, /—m] =
Zv=m).

For each i, there exist x;, y; and z; with ged(x;, y;, 2;) = 1 such that

iz —m
I; = y+[n¢,7i + v —m|

(2

iTi — M2y 4T+ Ys
— | Ly, + zv/=m), + Y

X X X

= [ai + Biv—m, Xi + Yiv/—m] ,

where Q,; = nzyz/l'“ 61 = nzzz/xu Xz = (OziTi — mﬁz)/m and Y; = (ai + Tzﬁz)/nz Note that

= | | et ma
Xi Y i
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Letting r; = v; + d;+/—m, we have
T —f-]z = {CLO@ —f—b_XrZ —I—’yl + (aﬁl —f—bY; +5i)\/ —m . Cl,b - Z}
We define

Dlz{lgzgka220,ﬁl>0}, Dgz{lﬁlgk‘al>0,@:0},

D3:{1§z§ka,>0,ﬁz>0}, D4:{1§z§k‘az>0,ﬁl<0}

Then, note that for each 1 < ¢ < k, there exists 7 with 1 < 5 < 4, such thati € D;.
For convenience, we assume

0 < Bivi — 0,0 < || 1]

fori € D;, j =1,3,4, and if i € Dy, we assume
—[|1]| < Bivi — i = —a;d; < 0.

Note that the above is possible since we can replace v;+3;/—m by v; +d;v/—m+n(X; +Y;/—m)

forn € Z and

Bi(vi +nXi) — ai(6; + nY;) = Bivi — cidi + nl| L]

Define
A1) = {(a,b) € Z : ac; + bX; +; > 0,a8; + bY; + 6; > 0},

Since S is an exact covering system of Z[\/—m/|, we have

1 1 w v
1_21_w:Zzw
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Z Zaai+sz’+'Yiwa,3i+in+5i.

k
i=1 (a,b)EA(i)

We define foreach 1 < ¢ < k and oy, §; # 0,

wt) = [T = [T e = | TR0

Q5

If i € Dy, then

E Qi TOX i+ afiHOYi+di _ vig 00 § (ZXtii>b § (wﬁi)a

(a,b)€A(1) b< :igz :’Hyf‘l > —blg;%
SViqpdi . bY;—5;
= s e
b<0

0
Yiqdi
_ 2w Z Z Xt Xty tYi+Bipa(t)

— whi
T-w t=1—0; cB;+t<0
iqpdi B
= : 5 Z(ZXiﬁi)C Z(inwﬁ‘)twﬁim(t)
w0 =1
= o Z(Z_Xi/gi>c Z(ZXtii)twﬁim(t)
W= t=1
_ Ziw® < X, YiNt, Bipi(t)
= (1= wh) (1 — LIl > (),
t=1

Similarly, for ¢ € D5, we have

Z Zaoéi+bX¢+’Yiwaﬂi+b3/¢+5i — Z’Yiw5i Z (ZXtii)b Z (Zai)a

(a,b)eA(7) p>0i% a> X
= 1 =

- Xigy Yoyt yeidi()
(1= z2)(1 — wtl) t:0<2 )z,

Now, let i € D5. Observe that

—bX; —
ac; +bX; +v >0 & az—7
Q;

Y
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_bY. — &,
Gﬁi—i*inﬂLfsiZO@aZb#&,

and

—bX;, —v  —bY;—9; Y — Qi
i > = b > M—Oé
a; ﬁz’ ||[z||

Thus, we have

Z a0 +bXi 4+, ,afi+bYi+d;

(a,b)EA()
— Vil Z (ZXtii)b Z (zaz‘wﬁi)a + 2iqdi Z (inin)b Z (Zoéiwﬁi)a
b> ﬁivﬁl—jﬁi a> —b)iii—%' b< ﬂ”ﬁl_jiéi a> —M;z‘i—%

— WZ(Zsz}/z)b(zazwﬁz)’V a; _‘ + WZ(ZszYz)b(Zouwﬁz)’V B _‘
b>1 b<0
2ViqpO ( Y; ﬁX) S ( X, Y)t( ﬁ)/\ (®)
a;Y; =B Xi\c ignYi iy Bi\Ai
—1_ iqBi Z w Z ©w zw
1 W c20 t=1
+ o Z(Zﬂixi_aiyi)c Z (ZXtii)t(Zaiwﬁi)Mi(t)
1 — 2w <0 t=1-5;
i9710i @i
_ 2w Z(ZXtii)t(zociwﬁi)Ai(t)

Ve 7} . _ I;

Vi 0 Xio YiNt (o, Bi\ ()
- (1 — ziBi) (1 — 2I50) t;@).(Z w') (2% w™) .

Lastly, let ¢ € D,. Then,

—bX; — 7

ac; +bX; +v >0 & az—y,
Q;

—bY; — 4,
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Thus, we have

Z Zaai+bX¢+7iwaﬁi+b3’i+5i — Z%'LU(S" Z (ZXle)b Z (Za wﬁi)a
(a,b)EA(i) b< ﬂz"/z‘ ﬂ‘ 104 *in.f'yi <a< 7in.—6,Lv
Viqpy0i L bX—ms
D AR (Cal) Ll ITECTE) et by
_ Z Zw 7
b<0
_Z%wéi a;Yi—Bi Xi\c - X, Yi a; ), Bi\Ai(t)
ah DD AU DI CRUDN ORI
c<0 t=1—q;
zai+%‘wﬁi+5i PR Bi—1 v v B0
a e DG MR ACRD A
c>0 t=0
. Z’Yiw& 0 Yy, Bon(t)
= 1= 20wy (1 = wltl) Y Ny )N
t=1—a;
Zai+’Yz‘wﬂi+5i Bi—1 X v )
(1 — Zaiwﬂi)(l — ZH[zH) (Z w ) ( )
t=0
Therefore, we obtain
i’ & Xio Y\t Bipi(t)
_ i il
1— Z (1 —wh) 1—21”)2_;('2 W) w
Z i’ 042:1 Xigp¥i)t ikt
+ - (1 — z2)(1 — wlkl) (7w
1€D9 =
S Viqpdi i Y v N ﬁi w
2 T sy T =l Z<z w2 w)
i€D3 t=
+ Z ZPYZ i Bz)ﬂz( )
(1 — zwBi) (1 — zILI
1€D3 t 1-3;
S : w0
+ Z (1 — zoswf) (1 — wlkl) Z )
1€Dy t:l —a;
Zoéi-i-%wﬁri-& Bi—1 Xy )
_ i i Bl l(t)
2 (1 — zoiwP) (1 — 2Tl (27w ™) (2w ).
1€Dy t=0
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Now, we show that [, must repeated. First, we find some p > 0 such that
ay £ pBe # 0.
Next, in (8.1) we let
=(1—-¢ee 27””%“ w = (1—pee LT and e — 0,

Then we can see that the terms with ¢ = k tend to

27r7,

16 9
‘( KVl — Ok Ok ) ﬁk

el (673 + }
( )ak(l _ pe)ﬁk 1 — (1 — pg)||1k|| 1— (1 — €)||Ik||
N e ”217;“ (Brvk—ou0k) { ap N B }
1—(1—are)(1 = Brpe) L1 — (1 —pel[I]]) 1 —(1—ellLx])
‘27:“ (Bevi—ardk) 3
k

22

o ann)
(ox +pBr)e \pe|l |l — €|l ||

eﬁ;ﬁ(ﬁmk akék)(&kipﬁk) 0
B Pl k|| (e + pBk) €?

Thus, we can see that the above has a pole of order 2 as ¢ — 0. Since the left-hand side of (8.1)
cannot have a pole of order 2, there must be more terms on the right -hand side that also have a
pole of order 2, say i = j. In other words, both of z®w”% and w!’ tend to 1 and the corresponding
inner sum on ¢ does not tend to 0 or both of 2% w? and 2%/l tend to 1 and the corresponding inner

sum on t does not tend to 0 as ¢ — 0. We first assume the first case. Then we have

12l | i = B, and 1Ll | a1

Note that

Z(ZXtii) (z wﬂz) HONEN Zeﬁl—ﬁ(ﬁkxj—aki/j)t’

t t
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2mi(Br X —o Yj)

and e /Mkll §s an a;—th root of unity since

(B X — arYj)ay = Xj( B — Bjaun) + aul| L]

Thus we have

154l | BX; = en;

so that

Z(inwny(zaiwﬁi))\i(t) _ Z 1 =aq,.
t

t

In a very similar way, we can show that the second case also implies || I || | xX; — @Y using

12l | 6 = Bicue and 1] | Bl ;1.

Now, let A and B be integers such that
Ora; — oufy = AllL||  and  5pX; — a,Y) = Bl
Solving (8.2), we obtain

a + By = SOV (14— - AV =)

k

= (Oék + ﬁkﬁ) (TjA - njB - AM) .

Note that ), = 1 since [} is principal. Taking norms, we derive

(1;A —n;B)? + mA?

J

1511 = M| < [Mll;

(8.2)

(8.3)

and so (1;A —n;B)* +mA? < n; < \/4m/3 by the remark below Proposition 8.1. If m = 1, then

Z[\/—m| = Z[v/—1] is a PID and n; = 1. Then, since ;4 — n; B — Ay/—m is aunit, [; = Ij.

Suppose m > 2. Then A = 0 and we have 0 < n;B* < 1, and son; = |B| = 1. Hence I; = I},

which completes the proof of the case —m = 2,3 (mod 4).
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Now, consider the case —m = 1 (mod 4). We note that b is odd in Proposition 8.1. Let
M = om ¥—". Then, each ideal I;, 1 < i < k, is equivalent to [;, 7; + M], and we can show
that ; < /m/3 from the conditions of Proposition 8.1. Also, any principal ideal is equivalent to

[1, M]. Similarly, we have, for each i,

i+ 2/ —m
]z‘:yT[m,Ti‘i‘M]
iTi 14+m)z z(1+7) + v
S NP VO L O 0 P Ch R 159

= [a; + M, X; + Y; M]

where a; = 03y /T4, Bi = iz /v, Xi = (T — HTmﬁi)/Ui and Y; = (o; + Bi(1 + 7)) /mi.
Also,

a; B 1 14+m
15| = = —(a® + il +

. vl TR,

By repeating the same argument, we can show that for some j, we have

M
CV]+6]M: %((1—{—7])14—77]3—/1]\4) (84)

= (ap + B M)((1 +7;)A —n;B — AM).
Since || ;|| < ||x]|, we obtain
1
(1+7)A =B = 5A) + %A? <y < «/%-

If m = 3, then (1 + 7;)A — n; B — AM is a unit and I; is also principal. Thus, we have I}, = I;.
And, if m > 7, then A = 0, so n; = |B| = 1. Hence, we have [;, = I;, which completes the

proof. [

Proof of Theorem 8.2. We suppose that S is an exact covering system with distinct moduli and 7,

is an ideal of the largest norm. In this proof, we follow the notations and the proof of Theorem 8.1
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except for the choice of p. We first consider the case when —m = 2,3 (mod 4). We choose p > 0

such that for all the pairs (e, e5) = (1,0),(0,1) and (1, 1),

o £ pB| # 2leran £ eapBil. (8.5)
Repeating the argument from Theorem 8.1, by (8.3), we have

oy + B/ = NI B AV, (8.6)

Nk

for some j # k, and some integers A and B. Since

17|

175 = ((;A = n;B)* + mA?) < ||I,]|,

k5

we have

(1;A — njB)2 +mA? < N1

It is easy to see that the ideals [2,y/—m] and [2,1 4 \/—m)] satisfy the condition described in
Proposition 8.1 when m is even and odd, respectively. Thus, n; = 1 or 2 foreach 1 < ¢ < k. By
Theorem 8.1, we can assume that [ is not principal, i.e., n; = 2.

We first assume that n; = 7, = 2. Since m > 5 and
(1;A —2B)* + mA® < 4,

we see that A = 0 and |B| = 1, whence I; = I, by (8.6). Thus, we can assume that 7, = 2 and
n; = 1. Then we have

(1;A — B)* + mA? < 2,

which implies that A = 0 and |B| = 1. Thus,

o + BV —m = %(Qk + Brv/—m), 8.7)
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and so

1 1
a; = §Oék, and 5,7 = §ﬁk

Also,
ak2 + mﬁkQ

1
= —||1g]|-
P —

1]l = a;® + mp;* =

If there exists t # 7, k such that the term with ¢ = ¢ has a pole of order 2 as ¢ — 0, then by
repeating the same argument, we have [, = I, or I, = I;. Therefore the terms can have a pole
of order 2 only when ¢ = j and © = k. Now we consider the coefficients of the poles of order 2.
Since (1 — 2z)7'(1 — w)~! has no such pole, the sum of the coefficients of €2 of the terms when
1 = j and @ = k should be 0 as ¢ — 0. However, from the proof of Theorem 8.1, the sum of the

coefficients is

6%@%71@*0%51@)(0% ipﬁk) 6%(&%7%%)(61&]' iegpﬁj)
Pl k|| (e + pBir) pllL; (e + pB;)

1 2mi_ —a 2mi_ s
B pH[ ”(Oé —|—pﬁ ) {(ak ipﬁk>€‘|1k” By k) + 2(610% 4 erBk)e‘uk“ (Bri kéj)}
k k k

£0

by (8.5), which is a contradiction. Hence, we complete the proof of the case when —m = 2,3
(mod 4).

Next, if —m =1 (mod 4), then by (8.4), we have

oy + B M

CYJ' + ﬁJM = "

((1 +71;)A—n,B — AM)

for some j # k, and some integers A and B. Similarly, we can assume that 7, > 1 by Theorem
8.1. By Proposition 8.1, we can see that n, = 3 if m = 51,123,267, n, = 5if m = 115,235 and
N = 71fm = 427.
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Using ||Z;|| < ||Zx||, we obtain

1 \2 m

We first assume that 7; = 7. Since m/4 > 73, we have A = 0 and |B| = 1, whence [; = I.

If we assume that ; = 1, then since ny < \/m/3, we see that A = 0, B> < 1, and

B
Q; + ﬁjM = —n—(ak + 6kM)
k

If m = 51, 123 or 267, then since |B| = 1,

1 1
a; = S0, and ﬂj = —ﬁk.

3 3

We choose p > 0 such that for all the pairs (e, e2) = (1,0), (0,1) and (1, 1),

|\ &+ pBi| # 3leray £ eapfBil.

Then, similarly, the sum of the coefficients of €2 in (8.1) is

1
Pl k|| (s + PO

27 271

) {(a’“ + pBi) el Rk 43010 + eyp By )e Tl (ﬂmiakm} # 0,

which is a contradiction.
Now, if m = 115,235 or 427, then since | B| = 1 or 2, we have two possibilities for I, say I;;

and I;,. And, we have

1 2
ajp=—ag, Pp=—0F and ajp=—ax PBjp=—[h
Tk Mk Mk Mk

Let ; withi = 1,2 and e¢; with 1 < i < 4 to be 0 or 1. Then the sum of the coefficients of €2 in
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8.1)1s

1 27i o i S
T L@k = PO IO gy £ eapfe R O
k k k

1 g as
+ Zlﬂnk(ez’,ak + e4p5k)e\\2fk\l (B2 “572)}

1 27 (B v — O ) 2T (B —agd1) 1 2T (3o —adjo)
= . | @Rl \PRTE™ kK + Kie e Tl PRI = AR O41 + Zkoe e Tl PR32~ X052 )
Ikl (a +p6k){ k< 1617k 172637k

1 B (eﬁ(ﬁk’)’k_akék) + Kle2nkeﬁ(ﬁk"/jl_ak(s]‘1) + %1526477k€”2;’;i(5mj2_%5j2)) }

(8.8)
Since for (s,t) = (1,3) and (2,4),
2mi —as 2mi b 1 2mi (56
eHIkH (ﬂk?’k (€77 k) + /116577143 1751 (/Bk’le Qf 31) + Z"QQQtT]kewku (ﬁk’Y]Q (677 ]2) # O,
we can take p so that both sides of (8.8) are nonzero, which completes the proof. [

Proof of Theorem 8.3. We adopt the same notation and use a similar argument from Theorem 8.1.
We can assume that || [1]| < -+ < ||/]|. We first consider the case : m = 2,3 (mod 4). Since all
the ideals are principal, we put 77; = 1 and 7; = 0 for all 1 < ¢ < k in the proof of Theorem 8.1,

and also replace —m by m. Then, we have

I = [ai + Biv/m, mp; + az/m|,
with a; > 0. Also, we set r; = 7; + 0;4/m. Now, we define

D ={1<i<k:a;=0,0; >0},
Dy={1<i<k:a;>0,0 =0},
Dy={1<i<k:q;>0,06 >00a°—m3*>0},
Dy={1<i<k:a;>0,08 >0 0>—mp><0},

Ds={1<i<k:q;>0,06 <0,a°—m3* >0},
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Dg={1<i<k:a;>0,06 <0,a°—mB*<0}.

Then, for each 1 < ¢ < k, we have exactly one [, 1 <[ < 6, such that ¢ € D;. Also, for each ¢, we

have the redefined functions

Ai(t) = [——mﬁ(i — %—‘7 palt) = [_O‘iti_ 6i-" it) = {_ai;z’_ 6iJ

Using the argument from Theorem 8.1, we obtain

Z'yz 5 +,61 L B; J Z'Yi""ai L;zlj wdz
= +
1—zl—w Z — 2mB) (1 — whi) Z (1 —2z%)(1 — w™)
1€Do
2w 1 i
mpBit+a;Ai(t), toi+BiNi(t)
T EZD: R { 1 ol ; z w
X —
] 1
mpBitt+oipi(t), to+Bipi(t)
T Z o w }
t=—0;
2w 1 - Bit+aihi(t), to+Bixi(t)
mpo;t+o; A (677 i N\G
T GZD: 1 — s { 1 — Il t;(l i w
1€Dy S
1 Bi
mBit+oupi(t) tar*-ﬁim(t)}
T ;Z w
2V 1 i
mBit+a;Xi(t), toi+BiAi(t)
T EXD: 1 — s { 1 — Il Z & w
1€ D5 =
a“"ﬁl Bit+ ot B (1)
mBit-taqpl(t), to+Bi,
T—2IAT Z & }
2w 1 " mBit+aidi(t), tos+Biki(t)
+ EZD 1= Zoih {1 RN VA tlza z w
(A 6 =1l—a;
2B giml

_ Bt () o+ B (1) } _
— T 2
1—2 —
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Here, we note that

3i+0i [_B?J Z'yﬂrai L_Q?J wd

2w

_I_

iez,; (1 —2m8)(1 — wh) iez,; (1 —2z%)(1 — w)
Bi—1

a;—1
Z’YZ(,U ' mﬁzt Bz,u»z Z’Y'Lw ' ai)\i(t) tag
Z1—0(1@1—2”[”Z +Zl_za11_wllhllgz w

i€D1 i€D3

Now, we repeat the same argument regarding poles of order 2 by letting
z=(1-¢)e 2T ”fk“ w= (1 —pe)e_m”(% and € — 0,
where p is a nonzero number such that oy, £ p # 0. Then, for some j # k, we have
05 + B/ = (a, + B/ (— B — Av/m),
where A, B are integers. Since
111 = 11l B* = mA®| <|| Lll,

|B? — mA?| = 1, which implies that — B — A/m is a unit. Hence, we have [; = I}

Now, consider the case m = 1 (mod 4). Similarly, we can let, for each i,

14++m

—1
I = i+ BM, =6+ (o + B)M], where M = ——

Repeating the same argument again, we obtain

a; + Bjv/m = (ay, + Bv/m)(A — B — AM),

for some j and integers A, B. Similarly, since the norm of A — B — AM is 1, it is a unit. Hence,

I}, = I;, which completes the proof.
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