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Abstract

Integer partitions play important roles in diverse areas of mathematics such as g-series, the theory of
modular forms, representation theory, symmetric functions and mathematical physics. Among these, we
study the arithmetic of partition functions and g-combinatorics via bijective methods, g-series and modular
forms. In particular, regarding arithmetic properties of partition functions, we examine partition
congruences of the overpartition function and cubic partition function and inequalities involving ¢-core
partitions. Concerning g-combinatorics, we establish various combinatorial proofs for g-series identities
appearing in Ramanujan’s lost notebook and give combinatorial interpretations for third and sixth order

mock theta functions.
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Chapter 1

Introduction

1.1 Overview

After L. Euler originated the study of integer partitions, many great mathematicians such as P.A.
McMahon, J.J. Sylvester, S. Ramanujan, and P. Erdés developed the theory of partitions. A partition of n
is a weakly decreasing sequence of positive integers for which the sum is n, and we define the partition
function p(n) as the number of partitions of n. Surprisingly, this simple combinatorial object plays
important roles in diverse areas of mathematics such as ¢-series, the theory of modular forms,
representation theory, symmetric functions and mathematical physics. Among these, this thesis concerns
the role of partitions in g-series and modular forms.

Since there was no prior reason to expect nice arithmetic properties of p(n), Ramanujan’s discovery of

his famous congruences,

p(bn+4)=0 (mod 5),

p(Tn+5) =0 (mod 7),
and

p(1ln+6)=0 (mod 11),

were ground-breaking results. Motivated by Ramanujan’s congruences, there have been many studies on
the arithmetic properties of the partition function or its variants. Since the generating function for p(n) is
essentially a modular form [6], the theory of partitions is naturally related to modular forms. Indeed, the
theory of modular forms is a very powerful tool to investigate the arithmetic of p(n) for the following
reasons: (1) the space of modular forms is a vector space, (2) there are nice combinatorial operators such

as Hecke operators, and (3) we know explicit bounds for the Fourier coefficients of certain types of modular



forms. For example, in [97], K. Ono showed that there are infinitely many congruences for the partition
function modulo every prime p > 5 by applying the theory of modular forms.

On the other hand, ever since Sylvester realized the importance of proving partition identities
bijectively, finding a bijective or combinatorial proof for a partition identity or a ¢-series identity has been
one of the main themes in the theory of partitions. By g-series, we mean a sum with summands containing
expressions of the type (a;q), := HZ;S(l — ag”), where we understand (a;q)o := 1 and
(a; @)oo := limy, o0 (a5 q)n, |g| <1 [27]. Since the building block of g-series, (a; q),, is a generating function
for restricted partitions, it is not surprising that there is a close relation between g-series and partitions.
Though there have been many improvements on combinatorial methods to prove g-series identities, it has
still lagged behind the development of analytic methods. Therefore, it is important to provide more
combinatorial arguments, since the combinatorial proofs are more illustrative and give more information on
the identities, which enable us to generalize the identities or to prove new identities. Moreover,

combinatorial proofs for g-series identities often lead to new information on partitions.

1.2 Arithmetic of partition functions

Even though there has been a dramatic improvement in our knowledge of p(n) modulo primes > 5, we still

do not know well the behavior of p(n) modulo 2 or 3. We even do not know whether, for any € > 0,

<zx: =0 d2
g WS ) =0 (mod D)) _
T—00 T €

[NIE

[{n<e:p(n)=0 (mod 2)}|

or not, though the conjecture is that lim,_, —

= 1 [100]. The best known result in this
direction is due to Serre [94, Appendix]. In this sense, finding partition congruences modulo 2 and 3 are
always interesting problems and systematic approaches are desired. For example, K. Mahlburg [90]
conjectured that p(n) =0 (mod 2%) for almost all integers n, where p(n) is the number of overpartitions of
n, and k is a fixed positive integer. An overpartition of n is a partition in which the first occurrence of a
number may be overlined. It is shown that this conjecture is true up to k& = 6 by Mahlburg [90]. In
Chapter 2, we will show this conjecture holds up to k = 7, and the proof given involves theta function
identities, Dirichlet L-functions, and the arithmetic of quadratic forms.

To explain the Ramanujan congruences combinatorially, F. Dyson introduced the rank of a partition,
which can explain the congruences modulo 5 and 7. Motivated by Dyson’s rank, G.E. Andrews and F.
Garvan defined the crank of a partition, which explains all three Ramanujan congruences [20], and F.

Garvan, D. Kim and D. Stanton also introduced a new crank, which also explains all three Ramanujan



congruences [53]. Therefore, it has been a natural and important question to seek rank or crank analogs
once we have Ramanujan-type congruences. In Chapter 3, we will define Andrews and Garvan type cranks
for certain types of partition functions, which explain the cubic partition congruences modulo 3.
Generating functions for Andrews and Garvan type cranks are often essentially modular forms. In light of
[91], we will also show that the crank for the cubic partition can explain infinitely many congruences of
cubic partitions by using the theory of modular forms. We also define Garvan, Kim and Stanton type
cranks to explain the congruences modulo 3 for linear combinations of mock theta functions in Chapter 7.
A partition is said to be a p-core if there are no hook numbers that are multiples of p. Due to its
connection to representation theory and its independent interest, the arithmetic of the p-core partition
function, ap(n), has been extensively investigated. Since the generating function for p-core partitions is
essentially a modular form of weight % on I'y(p), we can apply various techniques in the theory of
modular forms. In Chapter 4, by using the circle method, Petersson norm, Deligne’s bound for the Fourier
coefficients of cusp forms and automorphic L-functions, we give an explicit bound for a,(n). This answers
an open question in the paper of A. Granville and Ono [59]. This result has many applications, such as
establishing a lower bound for the number of p-blocks with defect zero in the symmetric group S,, and
proving inequalities involving p-core partitions, which extends my previous results [75] dramatically. This

also can be used to partly prove D. Stanton’s conjecture [112], a;(n) < ary1(n) for all n >t 4 1.

1.3 Combinatorics of ¢-series identities

In his lost notebook, Ramanujan recorded many identities involving partial theta functions. For example,

we can find the following two identities in [102, p. 10 and p. 28]

— " 1 i n n(nt1)/2
> = (—1)"q ; (1.3.1)
-2 T2
= (e0n (G903 =
%) ) 00 (—Q§ q)nilanqn(n—i-l)/2
Z a"q" = Z (—aq% @) ’ (1.3.2)
n=0 n=0 ’ n
where a partial theta function is a sum of the form
D o (=1)rg D2 gl < 1L
n=0

The appearance of partial theta function in g-series identities makes them quite interesting combinatorially,

since they indicate what remains after numerous cancellations of certain kinds of partitions. The above two



identities are very interesting, since the left side of (1.3.1) is a generating function for stacks with summits,
which were introduced by Andrews [13], and (1.3.2) can be used to evaluate certain Dirichlet L-function as
in [89]. In Chapter 5, we establish combinatorial proofs for g-series identities in [102] including (1.3.2).

In Chapter 6, we introduce the subpartition and give properties of subpartitions. In particular, we
establish combinatorial proofs for g-series identities including (1.3.1) and we find new g-series identities by
using the notion of a subpartition of which analytic proofs remain open.

In his famous last letter to Hardy, Ramanujan introduced 17 examples of mock theta functions without
giving an explicit definition. These functions have numerous partition theoretic implications. For example,

the coefficients of a third order mock theta function f(q) defined by

[e%e} n2

=2

qq?’

can be interpreted as rank differences. Even equipped with harmonic Maass forms [99], this huge area of
combinatorics of mock theta functions remains to be explored. In this direction, we give combinatorial
interpretations of mock theta functions as generating functions for certain types of partitions and study

their arithmetic properties in Chapter 7.



Chapter 2

Overpartition function mod 128

2.1 Introduction and statement of results

An overpartition of n is a weakly decreasing sequence of natural numbers whose sum is n in which the first
occurrence of a number may be overlined. Let 7(n) be the number of overpartitions of an integer n. For

convenience, define p(0) = 1. For example, p(3) = 8 because there are 8 overpartitions of 3:
3,3,2+1,2+1,24+1,2+1, 1 +1+1, T+1+1.

We observe that the overlined parts form a partition into distinct parts and that the unoverlined parts

form an ordinary partition. Thus, the generating function for overpartitions is

Plg) = Y pln)g" = LD,

= (43 @)oo

Here we use the following standard g¢-series notation:

(a;q)o =1,

(a;Q)n = (]— - (L)(l - G‘Q) e (1 - aqn—l), n > 11
and

(@; @)oo = lim (a;¢)n, [gf < 1.

The overpartition function was introduced in the work of S. Corteel and J. Lovejoy [49] and it has been
used to interpret identities arising from basic hypergeometric series.

S. Treneer [115] showed that the coefficients of a wide class of weakly holomorphic modular forms have

1The content of this chapter is largely taken from my paper [73].



infinitely many congruence relations for powers of every prime p except 2 and 3. For example, Treneer
showed that p(5/>n) = 0 (mod 5) for all n which are coprime to [, where [ is a prime such that [ = —1
(mod 5). However, much less is known modulo 2 and 3. For powers of 2, two different approaches have
been used. One method is to find the generating function for an arithmetic progression by using g¢-series
identities. For example, the identity

(4%, ¢%)%

(8 + 7)™ = 64
D_PlEn+ )" =645 s

n>0
implies that p(8n + 7) = 0 (mod 64). For more information, see J.-F. Fortin, P. Jacob and P. Mathieu [52]
and M.D. Hirschhorn and J. Sellers [63]. Another way is to use relations between p(n) and the number of
representations of n as a sum of squares. In this direction, K. Mahlburg [90] showed that p(n) =0
(mod 64) for a set of integers of arithmetic density 1. This approach uses the fact that the generating
function for the overpartition function can be represented by one of Ramanujan’s classical theta functions.

Here we will follow the method of Mahlburg [90] in order to prove the following.
Theorem 2.1.1. p(n) =0 (mod 128) for a set of integers of arithmetic density 1.

Mahlburg conjectured that for all positive integers k, p(n) = 0 (mod 2¥) for almost all integers n. The
method here, like Mahlburg’s method, relies on an ad-hoc argument, and therefore seems unlikely to
generalize to arbitrary powers of 2. In general, 2-adic properties of coefficients of modular form of
half-integral weight are somewhat mysterious. For example, it has long been conjectured that

Hn<z:p(n)=0 (mod 2)}|

1
9’

where p(n) is the number of ordinary partitions of n. This stands in contrast to the behavior exhibited by

p(n).

We will conclude this chapter with the following explicit example.

Proposition 2.1.2.

P(10672200n + 624855) =0 (mod 128).



2.2 Proofs of Theorem 2.1.1 and Proposition 2.1.2

Let
oo n2
> a
i 2
q) = ¢t
n=0
and

0= q¢"

n=1

Then, the coefficients 74 (n) of 6(q)* = > n>0Tk(n)g" are the number of representations of n as the sum
of k squares, where different orders and signs are counted as different. Similarly, the coefficients of
@(q)F =, 50 cr(n)g™ are the number of representations of n = nf + --- + ni where each n; is a positive
integer.

From Mahlburg’s paper [90, equation (5)], we have
=1+ Z ok Z D e (n)g™. (2.2.1)
n=1
Reducing this expression modulo 128 we obtain

q) El+2i(—l)"+1 +4Z +8Z " tie q"

n=1

+16 Z "4 32 Z 1) es(n)g" + 64 Z(—l)"c6(n)q" (mod 128).

We will show that in each of the six sums, the coefficient of ¢™ is zero modulo 128 for a set of
arithmetic density 1.

The following Lemma and its proof summarize results of Mahlburg [90].

Lemma 2.2.1. For almost all integers n, c1(n), ca(n), r1(n) and ro(n) are zero. If k is a fized positive

integer, then c3(n), ca(n), r3(n) and r4(n) are almost always divisible by 2% .

Sketch of proof. First, note that by a simple combinatorial argument, we have

k
re(n) = 28ep(n) + Z (f) (=1)tr_i(n). (2.2.2)
i=1

7



In [90], Mahlburg showed that ¢;(n), c2(n), r1(n) and ro(n) are almost always zero.
For ¢3(n) and r3(n), note that ¢3(n) = r3(n)/8 for almost all integers n by (2.2.2). By the famous

result of Gauss [60], we have

12H(—4n), ifn=1,2,56 (modS8),
r3(n) = 24H(—n), ifn=3 (modS8),

rs(n/4), ifn=0,4 (mod 8).

Here H(—n) is the Hurwitz class number of positive definite binary quadratic forms. If 2"||H(—n), then m
is at least or equal to the number of distinct odd primes dividing the squarefree part of n. Thus if n has at
least [ distinct odd primes in its squarefree part, then r3(n) is divisible by 2!. By (8) of [90], if o;(x) is the
number of integers n < x having at most [ distinct odd prime factors, then asymptotically

z(loglog )=

oy(x) ~ (—1)logs (2.2.3)

Since oy(z)/x tends to 0 as x tends to infinity, for a fixed positive integer k, r3(n) is divisible by 2* for
almost all n and so the same is true for c3(n), since c3(n) = r3(n)/8 for almost all integers n.

For c4(n) and rq(n), define o’(n) =3, 4qd. Then, by [28], r4(n) = 80’(n). Since r3(n) is almost
always divisible by 2%, by (2.2.2), c4(n) = 30’(n) (mod 2¥) for almost all integers n. By (11) of [90], we
have

o'(n)=C-Y pi- -~ipfn, (2.2.4)
=0 =0

where n = 2%p7* ... pm and C' =1 or 3 according to ap = 0 or not. Let w(n) = the number of distinct
prime factors of n with odd exponents. Then, by (2.2.4), we have 2(™)|¢’(n). Thus if there are at least
distinct odd primes with odd exponent in the factorization of n, then 2!|¢’(n). Since the complement of
this set is the set of integers whose squarefree parts have at most ! distinct odd prime factors, by (2.2.3),

for a fixed positive integer k, 2¥|c’(n) for almost all integers n. This completes the proof.

O
By Lemma 2.2.1, it remains to show that c¢5(n) =0 (mod 4) and cg(n) =0 (mod 2) for almost all
integers n. Let us show that ¢5(n) =0 (mod 4) for almost all integers n.
First, note that
©(@) = ¢*(a")p(a) (mod 4). (2:2.5)



Let »2(¢*)¢(q) = >_o2, R(n)g"™. Then R(n) is the number of representations of n of the form
n = 22 + 2y? + 222 where x,y and z are positive integers and different orders are counted as different. It
suffices to show that R(n) is divisible by 4 for almost all integers n.

Before going further, we need the following lemma.

Lemma 2.2.2. Let 11 2(n) be the number of representations of n = % 4 2y?, where x and y are integers.

Then, we have r12(n) =0 for almost all integers n.

Since the proof is very similar to a proof by E. Landau [84] that ra(n) is almost always 0, and we will
follow the idea of this proof as given in G.H. Hardy’s book Ramanugjan [61, Sect. 4.5 and Sect. 4.6], we
give only a very brief sketch here. (As G. Hardy indicated, the idea of the proof is very similar to the proof

of the prime number theorem.)

Sketch of proof. By [28, Theorem 3.7.3|, we have

r1,2(n) = 2(d1,8(n) +ds s(n) — ds s(n) — d7(n)),

where d; g(n), j = 1,3,5,7, is the number of positive divisors d of n such that d = j (mod 8).

Thus 71 2(n) > 0 if and only if n = 2°ur?, where p is a product of primes congruent to 1 or 3 (mod 8)
and v is a product of primes congruent to 5 or 7 (mod 8). We denote primes 8n + 1, 8n + 3, 8n + 5 and
8n + 7 by q, r, u, and v, respectively.

Define b(n) as 1 when 71 2(n) > 0 and 0 otherwise. Then consider the functions:

b 1 1 1 1 1
f<5>:Z ,r(g) = 1—2*51_[1—(]*51_‘[1*7‘75H17u725H171}7257

q r u v
1 1 1 1 1
C(s) = 1—2—81;[1—q—81:[1—7‘—51:[1—u—51:[1—11—5’
B x(n) 1 1 1 1
Lls,x) = ns _Ul—q—snl—r—sgl+u_31:[1—|—v_5’

where x(n) is a Dirichlet character of conductor 8. Thus we have

where £(s) = (1 —27%) "' [[,(1 —u=2)7 ], (1 —v728)~ L.

It is well known that neither {(s) nor L(s, x) vanishes in a region D, stretching to the left of o =1, of



type
>1 B
g T 1 4l e A
{log (|t +2)}4
where, as usual, s = o + it [85]. Finally, note that ((s) and L(s,x) are O((log |t|)), as |t| tends infinity in
D and that £(s) has no zeros for o > 3. It follows that f(s) = (s —1)!/2g(s), where g(s) is analytic in D
and g(1) = (L(1, x)€(1))Y/2. If B(x) = > <z 0(n), then B(z) is the number of representable numbers up to

x, and we can approximate B(z) by examining the integral

1 c+ico s

f(s)—ds

210 Jorioo s

for ¢ > 1. We can transform the path of integration into a path, stretching to the left of ¢ = 1 in the

zero-free region D. By approximating this integral, we can conclude that

x

Joga.

Therefore, b(n) = 0 for almost all n.

Let R(n,Q) be the number of essentially distinct representations of n by the quadratic form
Q = ax? + by? + c2? where a, b and ¢ are positive integers and x,y and z are integers. Let r(n, Q) be the
number of essentially distinct primitive representations of n by ). Recall that essentially distinct
representation means that different orders and signs are counted as the same and primitive representation
means that the greatest common divisor of z,y and z is 1.

Then, by [101], we have
n

R(n,Q) = (5 Q). (2.2.6)
a2|n
Note that in R(n,z? + 2y? + 222), x,y or z could be 0 and a change of order between y and z is
considered as the same. On the other hand, R(n) is the number of representations of n of the form
n = 22 + 2y? + 222, where z, y and z are positive integers and different orders are counted as different. By
Lemma 2.2.1 and Lemma 2.2.2, we know that R(n,2z? + 2y?), R(n,2?), R(n,2? + 2y?) and R(n,2z?) are
almost always 0. Therefore, we can conclude that R(n) = 2R(n, 2% + 2y* + 22%) — R(n, 2% + 4y?) for almost

all n. By Lemma 2.2.2 again, we have

R(n) = 2R(n,x* + 2y* + 22?) for almost all integers n, (2.2.7)

10



because x? + 4y? = 2% + (2y)2.

For future use, we recall Theorem 86 of W. Jones [71].

Lemma 2.2.3. Let Q be a ternary form in a genus consisting of a single class. Let d be the determinant
of Q and € be the greatest common divisor of the two-rowed minor determinants of Q. Then, for all

n # £1 which are coprime to 2d, we have
r(n,Q) = h(—4nd/§22)27t(d/92)p or 0,

where h(D) is the discriminant D class number, t(w) is the number of odd prime factors of w and p = 1/8,

1/6,1/4,1/3,1/2, 1 or 2.
Remark. For the criterion for the value of p, look at [71, Theorem 86].

Let @ be the ternary quadratic form z2 + 2y% + 222. Then Q is a ternary form in a genus consisting of
a single class. Thus, we can use Lemma 2.2.3 whenever n is an odd integer.

Therefore, for odd integer n, we have
r(n,Q) = h(—4n)p or 0.

Let t(n) be the number of odd primes dividing the squarefree part of n. Then, by simple genus theory,
recall that the exponent of 2 in h(—n) is greater than or equal to ¢(n) — 1. Thus if n has at least 5 distinct
odd primes in its squarefree part, then r(n, @) is divisible by 2. Thus, by (2.2.6) and (2.2.7), we see that
R(n) is divisible by 4 for such n. By (2.2.3), R(n) =0 (mod 4) for almost all n. Thus for odd integer n, we
are done.

Let us consider the case n =2 (mod 4). Since n = 22 + 2y? + 222 and n is divisible by 2,  must be an
even number. Thus, we can write n’ = 222 + y? + 22, where n = 2n’ and = = 22’. Set Q = 22 + y? + 222
Then Q is a ternary form in a genus consisting of a single class. Since n’ is odd, the result follows again
from Lemma 2.2.3.

For the case n =0 (mod 4), we need the following identities.

0(q) = 0(q*) + 2q(¢%), (2.2.8)

6°(q) = 6°(4°) + 4q9*(¢"). (2.2.9)

11



Define U by

U Z a(n)q" = Z a(4n)q".

n>0 n>0

Note that ¢(q) = (6(g) — 1). Thus we have

1 1

#*(¢*)ela) = (5(0(¢°) = 1))*5(0(a) = 1)

_ é(@z(qQ) ~26(¢%) +1))(0(g) — 1)

= L{P()0la) — 20()0(a) + 0(a) — *(a?) + 20(¢%) — 1},

Therefore, the coefficient of ¢™ in ¢?(¢?)p(q) is almost always the same as the coefficient of ¢™ in
£6%(¢)0(q) because the coefficients of the other terms are almost always 0 by Lemma 2.2.1 and Lemma
2.2.2.

Let 6%(¢*)0(q) = >, R'(n)q". Then, by (2.2.5), it suffices to show that R'(n) =0 (mod 32) for

almost all integers n. By (2.2.8) and (2.2.9), we have

U6%(¢*)0(q) = U((0°(¢*) + 4¢°¢*(¢*)) (0(¢*) + 2qv:(¢®))
=U(60°(q") + 2¢0°(¢")¥(¢®) + 44°0(¢")*(¢®) + 8¢° ¢ (¢®))
=6%(q),

U6*(q) = 6°(q).

From this, we have R'(4*n) = r3(4*~'n) = --- = r3(n), where n is not divisible by 4. Thus by Lemma
2.2.1, ¢5(n) =0 (mod 4) for almost all integers n =0 (mod 4). From the last three cases, we conclude that
¢5(n) =0 (mod 4) for almost all integers n.

Finally, we need to show that cg(n) is almost always even. To show this, note that

¢%(q) = ¢*(¢*) (mod 2).

Then,

0 (mod 2), if n is odd,
cs(n) = (2.2.10)

c3(n/2) (mod 2), if nis even.

Therefore, by Lemma 2.2.1 again, we conclude that cg(n) is almost always even. This completes the

proof of Theorem 2.1.1.
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Now we turn to the proof for Proposition 2.1.2.

Proof of Proposition 2.1.2. When n =7 (mod 8), ¢1(n), c2(n), cs(n) and cs(n) are zero. Moreover, cg(n) is
always even by (2.2.10). Thus, if ¢4(n) is divisible by 8, then p(n) =0 (mod 128) for such n. Recall the

proof of Lemma 2.2.1. We have ¢4(n) = $0’(n), where o’(n) = > djn,ara @- By (2.2.4), to guarantee that

%O’l (n) is divisible by 16, n must have at least four distinct odd prime factors with odd exponents.

We solve the following system of congruences:

n=7 (mod 8),

n=3 (mod 3?),
n=>5 (mod 5%),
n=7 (mod 7?%),

n=11 (mod 11?).

By a simple calculation, we find that n = 624855 (mod 10672200). Since 3||n, 5||n, 7||n, 11||n and n =7

(mod 8), the proof of Theorem 2.1.1 implies that p(10672200n + 624855) = 0 (mod 128). O

Remark. We can completely determine the residue class of p(n) modulo 8. The following classification is
given in [74], which answers an open question of Hirschhorn and Sellers [63]. Let n be a nonnegative

integer. Then

p(n) =2 (mod 8), ifn is a square of an odd number,
p(n) =4 (mod 8), ifn is a double of a square,
p(n) =6 (mod 8), ifn is a square of an even number,

p(n) =0 (mod 8), otherwise.

13



Chapter 3

Crank for the cubic partition function

3.1 Introduction and statement of results

In a series of papers ([38], [39], [37]) H.-C. Chan studied congruence properties for the partition function
a(n), which is defined by

> a(n)g" = (; (3.1.1)
n=0

0 4)oo (¢ 6%) o
This partition function a(n) arises from Ramanujan’s cubic continued fraction. We can interpret a(n) as
the number of 2-color partitions of n with colors r and b subject to the restriction that the color b appears

only in even parts. For example, there are 3 such partitions of 2:
27“7 2b7 1r+1r'

Since a(n) is closely related with Ramanujan’s cubic continued fraction (see [38] for the relation ), we will
say that a(n) is the number of cubic partitions of n.
In particular, by using identities for the cubic continued fraction, Chan found a result analogous to

“Ramanujan’s most beautiful identity” (in the words of G.H. Hardy [103, p. xxxv]), namely,

o
(@°:4°)5
p(5n 4 4)¢" = 5=,
nz:% (@)%

where p(n) is the number of ordinary partitions of n. Chan’s identity is given by

= n __ (q3§q3)oo(q6;q6)oo
2 al3n+2)" =3 (6 0)% (% )

n=0

This implies immediately that
a(3n+2)=0 (mod 3). (3.1.2)
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To give a combinatorial explanation of the famous Ramanujan partition congruences

p(bn+4) =0 (mod 5),
p(Tn+5)=0 (mod 7),

p(1ln+6) =0 (mod 11),

G.E. Andrews and F.G. Garvan [20] introduced the crank of a partition. For a given partition A, the crank
¢(\) of a partition is defined as

LN, if r =0,

wA)—r, ifr>1,
where r is the number of 1’s in A, w(\) is the number of parts in A that are strictly larger than r and £(\)

is the largest part in .

Let M (m,n) be the number of ordinary partitions of n with crank m. Andrews and Garvan showed that

Z Z M(m,n)z™q" = (x — 1)qg + (4:0)oc (3.1.3)

(24 @)oo (T71¢: @)oo

n=0m=—o0

Let M(k,N,n) be the number of ordinary partitions of n with crank = &k (mod N). In [20] and [54],

Andrews and Garvan showed that for all n > 0,

M(i,5,5n+4) = M(4,5,5n+4), for all 0 < i < j < 4,
M(,7,Tn+5) = M(4,7,7n+5), for all 0 < i < j <6,

M(i,11,11n + 6) = M(j,11,11n +6), for all 0 < i < j < 10.

These identities clearly imply Ramanujan’s congruences.
As Chan mentioned in his paper [37], it is natural to seek an analog of the crank of the ordinary
partition to give a combinatorial explanation of (3.1.2). In light of (3.1.3), it is natural to conjecture that

(4 D)oo (0% %) o

F(z,q) =
(.4) (%45 @)oo (271G @) 00 (7625 ¢?) o (271425 ¢ oo

(3.1.4)

gives an analogous crank for cubic partitions. In Section 3.2, we will review the crank of Andrews and
Garvan of the ordinary partition function and after that, by giving a combinatorial interpretation of

(3.1.4), we will define a crank analog ¢, that is a weighted count of cubic partitions, which we will call a

15



cubic crank. By using basic g-series identities, we will prove our first theorem.

Theorem 3.1.1. Let M'(m, N,n) be the number of cubic partitions of n with cubic crank = m (mod N).
Then, we have

M'(0,3,3n+2) = M'(1,3,3n+2) = M'(2,3,3n+2) (mod 3),
for all nonnegative integers n.
This immediately implies the following corollary.
Corollary 3.1.2. For all nonnegative integers n, we have a(3n+2) =0 (mod 3).
Let us define ¢, as

%, if £ is even,
Ck = (3.1.5)

3L if ks odd.
In [39], Chan proved the following congruences for cubic partitions.
Theorem 3.1.3 (Theorem 1 in [39]). For all nonnegative n, a(3*n + ¢) = (mod 32L¥/21+1),

Surprisingly, our cubic crank can explain these congruences partially. To see this, we will prove the

following theorem.

Theorem 3.1.4. For all nonnegative n,
M'(0,3,3%n + ;) — M'(1,3,3"n 4 ¢;) =0 (mod 3LF/2)+1),
By (3.2.7), Theorem 3.1.4 implies that
M'(0,3,3%n 4+ ¢x) = M'(1,3,3"n + c) = M'(2,3,3*n 4+ ¢x)  (mod 3LF/21F1),
Moreover, from Theorem 3.1.3, we find that
M'(0,3,3n +¢p) = M'(1,3,3*n 4+ ¢) = M'(2,3,3*n +¢,) =0 (mod 3L%/21),
Therefore, we can see that the cubic crank gives a combinatorial explanation for the following congruences.

a(3*n+c¢) =0 (mod 3LE/2F1),

16



for all nonnegative integers n. Though this cubic crank does not give a full explanation for Theorem 3.1.3,
as far as the author’s knowledge, this is the first crank which explains infinitely many congruences for a
fixed arithmetic progression. In Section 3.3, we will review some basic properties of modular forms. With
this equipment, we will prove Theorem 3.1.4 in Section 3.4.

In [91], K. Mahlburg proved that there are infinitely many arithmetic progressions An + B such that
M(m,¢,An+ B)=0 (mod (")

simultaneously for every 0 < m < # — 1, where £ > 5 is a prime and 7, j are positive integers.
By using the theory of modular forms, in Section 3.4, we will prove our third theorem, which is

analogous to Mahlburg’s result.

Theorem 3.1.5. There are infinitely many arithmetic progression An + B such that
M'(m, 0/’ An+B) =0 (mod £7)

simultaneously for every 0 < m < #3 — 1, where £ > 5 is a prime and T, j are positive integers.

3.2 A cubic crank for a(n)

We need to introduce some notation and review the definition of the crank of ordinary partitions. After
Andrews and Garvan [20], we define that, for a partition A, #(A) is the number of parts in A and o()) is
the sum of the parts of A with the convention #(\) = o(A) = 0 for the empty partition A. Let P be the set

of all ordinary partitions and D be the set of all partitions into distinct parts. We define
V = {(A1, 22, A3)|\1 € D, and Ay, A3 € P}
For A = (A1, A2, A3), we define the sum of parts s, a weight w, and a crank ¢, by

s(A) = a(A\1) +o(A2) + a(A3),

W) = (~)FO,

17



We say A is a vector partition of n if s(A\) = n. Let Ny (m,n) denote the number of vector partitions of n

(counted according to the weight w) with crank m, so that

Ny (m,n) = Z w(N).
A€V
s(A)=n
t(A)=m

Then, we have

— mon _ (4390
Z Z Ny (m,n)z™q" = Do ) (3.2.1)

n=0m=—o00
By putting =1 in (3.2.1) we find

(oo}

S Ny(m,n) = p(n).

m=—0o0

Andrews and Garvan showed that this vector crank actually gives a crank for the ordinary partitions.
Theorem 3.2.1 (Theorem 1 in [20]). For alln > 1, M(m,n) = Ny (m,n).

Now, we are ready to define a cubic crank for cubic partitions. For a given cubic partition A, we define
A to be a partition that consists of parts with color r and A, to be a partition that is formed by dividing
each of the parts with color b by 2. The generating function (3.1.4) suggests that it is natural to define a

vector crank analog N{(m,n) as

Ny (m,n) = > ww).
Ar, A€V
s(Ar)+2s(Ap)=n
t(Ar)+t(Xp)=m

Then, we have

o0

Z i Ng(m,n)z™q" = (4:9)o0 (41 4) o (3.2.2)

(245 @)oo (2714 @) 0 (425 ¢) 0 (27142 4% ) o0

n=0m=—oo

By putting =1 in (3.2.2), we find

oo

Z Ny (m,n) = a(n).

From now on, if A = (1), then we will regard A as an element of V' with s(\) = 1, and let us define the

crank weight wt(\) for A € P as



and the crank size cs(\) as

c(A), i A# (1),
(), i A= ((1),0,0), (0,(1),0) or (9,0, (1)).

cs(A) =

For a given cubic partition A\, we define a cubic crank ¢, () as

ca(A) = (wt(Ar) - wt(Xp), es(Ar) + es(Ap)).

For example, here are some ¢, (), where A is a cubic partition:

ca((1py15,1,,2,)) = (1-1,=3+1), (1-1,-3—1), and (1-(—1), =3 +0),

ca((lrv 17“’27‘72177217)) = (1 -1,-2- 2)

Let M’(m,n) be the number of cubic partitions of n counted according to the weight, so that

M'(m,n) = > wt( A )wt(Np).
cs(Ar)t+es(Ap)=m
Since
1, if m=1or —1,
Nv(m,1)=4¢ -1, ifm=0,
0, otherwise,

by Theorem 3.2.1, we have
Theorem 3.2.2. For alln > 1, we have M'(m,n) = N&(m,n).

Therefore, we have

Z Z M'(m,n)z™q¢" = F(z,q). (3.2.3)

n=0m=—oo
By an abuse of notation, we will say that M’(m,n) is the number of cubic partitions of n with cubic crank
m. Let M'(m, N,n) be the number of cubic partitions of n with cubic crank = m (mod N). Now, we are

ready to give a proof for Theorem 3.1.1.
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Proof of Theorem 8.1.1. By a simple argument, we have

co 2

_ (4 @)oo (9% 4*) oo _ / kon
e = (€45 @)oo (€105 0) 0 (Ca% 4%) o (€167 62 7;,;)M (:3,n)¢°d",

where ( is a primitive third root of unity.
To find the coefficient of ¢3"*2 of F((,q), we multiply the numerator and the denominator by

(¢; @)oo (¢%; G*)so- Then, we have

Fe.a= (égizgﬁq;?qzsﬁ (3.2.4)
(60?26 %) so (%5 472,
T ()05 ¢%) (3.2.5)

(Zii_oo(fl)”q*) (3o (—=1)™(2m + 1)g™(m+D)

(@356%)00(4% ¢%) o

For the last equality, we used the Jacobi triple product identity and Jacobi’s identity. (See [28, pp. 12 — 14]
for the proof of these identities.) Since n? =0 or 1 (mod 3) and m(m + 1) =0 or 2 (mod 3), the

coefficient of ¢3"*2 of F((,q) is the same as the coefficient of ¢*"*2 of

0 n,9n? o0 m m24+9m
(0 (=)™ ) (Sosg (- 1P (6m + B)gom +om2)
(45 4%)o0 (45 %) o ' (3.26)
Note that the coefficients of (3.2.6) are multiples of 3. Thus, we have
2
> M'(k,3,3n+2)¢" = 3N,

k=0

for some integer N. Since 1+ ¢ + ¢? is a minimal polynomial in Z[¢], we must have
M'(0,3,3n+2)= M'(1,3,3n+2) = M'(2,3,3n+2) (mod 3).

This completes the proof of Theorem 3.1.1. O

Recall that
a(n) = Z M'(m,n).

m=—0o0

Therefore, Theorem 3.1.1 immediately implies Corollary 2.
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From (3.2.4), we see that

M'(1,3,n) = M'(2,3,n), foralln>1. (3.2.7)

Therefore, by (3.2.5), we arrive at

= / Y ) g = (45 9)3. (4% ¢%)3
;(M (0,3,n) = M'(1,3,n)) ¢" = E P el (3.2.8)

By (3.2.6) and the Jacobi triple product identity, we obtain that

— ’ / n_ (qg’qg)go(q Q)
g (M'(0,3,3n +2) — M'(1,3,3n+2)) ¢" = —3 TN (3.2.9)

Moreover, by using [51, (33.124)], we can see that

(oo}

/ Y n n (% 0°)3:(d% %)%
nz:%(M(o,:s,gnM) M'(1,3,9n +8)) ¢" = -9 GO P

These identities illuminate the possibility that there are further congruences modulo powers of 3 for cubic

crank differences.

3.3 Preliminary results

This section contains the basic definitions and properties of modular forms that we will use in Section 3.4.

For additional basic properties of modular forms, see [98, Chaps. 1, 2, and 3].

ab
Define I' = SLy(Z), T'o(N) = €l:¢=0 (mod N) », and
cd
a b
T'(N):= €l:a=d=1 (mod N) and ¢ =0 (mod N) ;. For a meromorphic function f on the
cd

complex upper half plane H, define the slash operator by

a b az+b
= dik
fe| | = e

).

Let My(T') (resp. Si(T')) denote the vector space of weakly holomorphic forms (resp. cusp forms) of
weight k. Let My(To(N), x) (resp. Sk(To(N), X)) denote the vector space of weakly holomorphic forms
(resp. cusp forms) on I'g(N) with character x. For a prime p and a positive integer m, we need to define

the Hecke operators T}, the Uy,-operator and the V,,-operator on My (T'o(N), x). If f(z) has a Fourier
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expansion f(z) =Y a(n)g™, then

AT, =" (a(pn) + x(p)p“a(n)> 7",

p
. el 1w
f1Um ::Za(mn)q":m%_l flk )
v=0 0m
flVm = Za(n)qm”.
Recall that the Dedekind eta function 7(z) is defined by
1(2) = 4% (¢ @)oo (3.3.1)

where ¢ = exp(27iz) and z € H, the upper complex half plane. For a fixed N and integers r;, a function of

the form

1) = [ nn)™.
n|N
n>0
is called an n-quotient. The following theorem in [93] shows when an 7-quotient becomes a modular form.

Theorem 3.3.1. The n-quotient is in Mo(To(N)) if and only if
(1) Sop 0 =0,
(2) >, nnra =0 (mod 24),
(3) >N Np, =0 (mod 24),
(4) Hn‘N n’™ is a square of a rational number.

The following theorem in [87] gives the order of the n-quotient f at the cusps ¢/d of T'o(N) provided
f € Mo(L'o(N)).

Theorem 3.3.2. If the n-quotient f € Mo(To(N)), then its order at the cusp ¢/d of To(N) is

1 N(d,n)?r,
T (d, n)

24 o (d, N/d)dn

Recall that if p| N and f € My(To(pN)), then f|U, € Mo(T'o(N)). Also, the following theorem in [57]

gives bounds on the order of f|U(p) at cusps of T'o(IV) in terms of the order of f at cusps of T'o(pN).
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Theorem 3.3.3. Let p be a prime and w(n) be the highest power of p dividing n. Suppose that
f e Mo(To(pN)), where p|N and o = ¢/d is a cusp of To(N). Then,

%orda/pf7 if m(d) > %Tr(N),
orda f|Up > ordy/pf, if 0 < w(d) < w,
ming<g<p—1 O/rd(a+ﬁ)/pf’ if m(d) = 0.

The following eta-quotient Ey.(z) will play an important role in our proof. Given a prime ¢ > 5 and a

positive integer ¢, we define

et
()
E[,t (Z) = .
n
The following lemma summarizes necessary and well-known properties of Ep ().
Lemma 3.3.4. The eta-quotient E; . satisfies the following:

(i) For a prime £ > 5,

Epe(z) € Me—1y2 (To(€), xert) 5
where xe4(-) = <(1)(/W) denotes the Legendre-Jacobi symbol,
(ii) Eey(2)? =1 (mod ¢#11) for j >0,
(iii) Ep+(z) vanishes at every cusp a/c with (' { c.
The following Theorem 3.3.5 is an integer weight version of Theorem 2.2 of [91].

Theorem 3.3.5. For 0 < i <, let N; and k; be positive integers and let g; € Sk, (T'1(N;)), where the
Fourier coefficients of g; are algebraic integers. If M > 1, then a positive proportion of primes p = —1

(mod Nj --- N,.M) have the property that for every i,
9:(2)|T, =0 (mod M).
If { = exp(27i/N), then for 1 < s < N — 1, we define the (0, s)-Klein form by

to.s(2) = —= (€ 9)oo (- q;q)“, for1<s<N—1, (3.3.2)

2mi (4;9)%

where w, 1= ¢%/2(1 - ¢~°).

The following proposition gives a transformation formula under T'o(N).
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a b
Proposition 3.3.6 (Proposition 3.2 in [91], eqn. K2 (p. 28) in [82] ). If € To(N), then
cd

cs+(ds—ds) cds?
2N 2N2

where B is given by exp (7 —
For certain congruence subgroups, a Klein form is a weakly holomorphic modular form.

Proposition 3.3.7 (Corollary 3.3 of [91]). If1 < s < N — 1, then tg s(z) € M_1(I'1(2N?)).

3.4 Proof of Theorem 3.1.4 and Theorem 3.1.5

Since we will follow the argument of B. Gordon and K. Hughes [57] for the proof of Theorem 3.1.4, we do

not give every detail. Let us define

()P (22)n(272)n(54z2)
Flz) = n(32)n(62)n%(92)n?(18z2) (3.4.1)
@)= n%zgff) (3.4.2)

Then, by Theorem 3.3.1, F(z) € My(T'0(54)), and G(z) € My(T'0(18)). By Theorem 3.3.2, their orders as

modular functions of level 54 at the cusps are as follows.

d 1 2 3 6 9 18 | 27 | 54
ord F' | 5 5 | -1 |-1|-2]|-2]1 1
ordG | -3 | -3 0 0 1 1 1 1

Table 3.1: Orders for F(z) and G(z) at the cusps for I'y(54)

Note that G!|Us, FG'|Us, and G(z) € M(I'¢(18)). By Theorem 3.3.3, their orders at the cusps are as

follows. By comparing the order at the cusps, we can see that % is a holomorphic modular function, i.e.
d 1 2 3 6 9 18
ord G -1 -1 0 0 1 1
ord G*|Uz > -3 —3i 1 1 1 1
ord FG'|Us > | min{5 —3i,—1} | min{5 -3¢, -1} | 2 [ 2 | ZL | &2

Table 3.2: Orders for G(z), G*|Us, and FG*|U3 at the cusps for T'y(18)
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a constant. Therefore, we can see that

Fly, = —3G.

Remark. This can be proved by an elementary argument by using (3.2.8) and (3.2.9).

By using a similar argument, we can see the following:

G|Us = 3G + 9G* + 27G?,
G?|Us = 2G + 33G? + 180G 4 729G* + 1458G° + 2187G",
G®|Us = G + 30G? + 414G® + 2916G* + 14580G” + 48114G°
+ 118098G" + 177147G® 4 177147G,
FG|U; = -G,
FG?|Us =G,

FG?|Us = 3G? +9G* + 27G*.

By using Newton’s formula, we obtain for i > 3, a recurrence formula for G*|Us,

Gi|U3 = UlGiil‘Ui’, + U2Gi72|US + USGiis‘Ui’n

where 01 = 9G + 27G? + 81G3, 05 = —3G = 9G? — 27G?, and 03 = G + 3G? + 9G3. Since FG'|U; satisfies

the same recurrence formula, for all i > 1, we can write G*|Us and FG*|Us as linear sums of G*’s, namely,

G'Us =) a;;G' and FG'|Us=>» b;;G,
j=1 j=1

where a; ; and b; ; are integers. We define a sequence of functions Ly (k > 0) inductively, by

LO = 1’ L2k+1 = FLQk‘U:;, and L2k+2 = L2k’+1|U3-

Be (3.4.3), each Ly, for k > 1 is a linear sum of G*. If L, = >_°7 , 1;(k)G7, we will denote

Jj=1
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Ly, = (li(k), la(k), l3(K),...). By setting A := (a;;) and B := (b; j), we obtain that

L =-3G=(-3,0,0,...),
Loky1 = (=3, 0, 0,...)(AB)*,

Lokio = (=3, 0,0,...)(AB)* A.
It is not hard to see that Theorem 3.1.4 is equivalent to the following for all k£ > 0:

rl;(2k+1) > k+1+ BJ ,

j+1J

(3.4.4)
W(ZJ(2k+2) Z k+1+ LQ

where 7(n) is the 3-adic order of n. By using recurrence formulas for G¢|Us and FG'|U; and induction, we

find that

7T(a,-7j) Z {&:))MJ and W(bi,j) Z \‘3‘731J .

From this, again by induction, we can derive (3.4.4), which completes the proof for Theorem 3.1.4.

Now we turn to the proof of Theorem 3.1.5. For the rest of this section, we define N := ¢/, where ¢ is a
fixed prime > 5, and j is a fixed positive integer. Since our proof follows the works of K. Ono and S.
Ahlgren ([7], [98]) and Mahlburg [91], we will not give every detail of each step.

Recall that

F(x,q) = Z ZM’(m,n)xmq”,

m=—o00 n=0

where ¢ = exp(27iz) and z € H. Then, by a simple argument,

[e) N-1
> M'(m,N,n)q" = % > P2, (3.4.5)
n=0 s=0

where ¢ = exp(27i/N).
By (3.3.1) and (3.3.2), we deduce that

—wiq'/® 1

F(¢%,2) = A2 n(z)n(QZ)to,s(Z)tO,s(2z) .

(3.4.6)
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Therefore, by (3.4.5) and (3.4.6),

e -1 N-1 2< ms 1/8
N-M'(m,N,n)q" = — +
nz:;) ( ) Ar? ; n(2)n(22)to,s(2)to,s(22) Z

Remark. We have multiplied (3.4.5) by N, so as to ensure that the Fourier coefficients of

-1 N-1 w?cfmsql/s

4n? = n(2)n(2z)to,s(2)to,s(22)

are algebraic integers with a view toward applying Theorem 3.3.5.

Define 6§, = 24 , and §; = 36,. We also define
oo —
gm(2) = (ZN - M'(m, N, n)t]"”‘) (¢ 45 (@ )% (3.4.7)
n=0
Then, we have
NZ n'(20z) w2 (e (2z)
T an? n(2z)  to,s(2)to,s(22) (2)n(2z)
1 N—
In [37], Chan proved that, for sufficiently large T,
<('Z)|U‘E/1> € Sk(To(128¢, x), (3.4.8)
nt(2)n(2z)

for some positive integer k and Dirichlet character y. Here, we prove a similar result.

Theorem 3.4.1. For sufficiently large T, there is a positive integer k' such that

Gn,s(2)|Ue )
Zms\Z)1TE oo /(1 (128N 1<s<N-1. N
(774(2)724(22) vi+1 ) Ive € S (L1 (128N7)), for all 1 < s < (3.4.9)

Throughout the proof, we will use the notation

Gm = e27riz/m _ ql/m7 and \ = e27ri/€.

2
Proof. First, note that .2 € M,_1)/5(To(€), (7). Thus, by Lemma 3.3.7, Gy, s(2) € Mey1 (T'1 (4N?)).

Since 1(82)n(162) € S1(I'1(128)), the left side of (3.4.9) transforms correctly on I'; (128 N?). By Lemma
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3.3.4, if 7 is sufficiently large, then we only need to show that % vanishes at each cusp ¢ with £N]|ec.

B
Since the Fourier expansion of n(z)n(2z) at such cusps is of the form ngg/ ® 4 ..., where By is a nonzero

constant, it suffices to show that the Fourier expansion of Gy, s|Us at such cusps is of the form Bigh+---,

a b
where Bj is a constant and h > ¢/8. Suppose that € I'y(¢N). Then,

cd
a b Lt 13 ab
Gm,s(z)|U€|€+1 = e(f—l)/Q Z Gm,s(z)‘f-l—l |€+1 . (3410)
cd =0 07 cd
a b
Note that, for any , we have
cd
13 a b a v 174
0/ cd d d 0/
where
a v |atc (—aj’ —cjj’ + b+ dj) /¢
cd d cl —cj’ +d
a b
By choosing j' € {0,1,...,j — 1} such that —aj’ + b+ dj =0 (mod ¢), we have € I'y(¢N). Note
d d
that as j runs over a complete residue system modulo ¢, ' does as well. Thus,
a b -1 a b 1 j/
Gm,s(z)lUZ‘ZJrl = g(é—l)/2 Z Gm,s(z)|€+l
cd §7=0 d d 0¢

From the fact that
20 a b 2a/ —adv+V 1w
= , (3.4.11)
01) \¢ & d(d—cv)2] \o2
where

0, if d' is even,

1,if d’ is odd.
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we deduce that, by setting u = (z + v)/2,

G (Z)|Z 1 a v _ (77((62)776(262) wECﬂm >Z . a b
e n(2)n(22) tos(2)tos(22)) | o

— (@)x(( — )2y T T () e
=X (@ = o)) e Bto ()0t a—arysa ()’

where 8 and 3 are the roots of unity defined in Proposition 3.3.6, and x(d) = (Z) Since ¢N|e, after some
calculation, we can check that 3, 3, x(d’') and x((d" — ¢'v)/2) do not depend on j'. In summary, we obtain
a v
Gins(2)le41 = Mgy (12 [ 14+ ea(n a5 | (3.4.12)
d d n>0
where A; is a nonzero constant not depending on j’.

Thus, we finally arrive at

ab = S0 v N 1y
G, (2)|Utlesr =A@ (=D (14D an e | ||
cd §'=0 n>0 07
-1
= Aaggy D NP1 [ 14> ea(n, )b
3'=0 n>1
S50
= 42> es(n)azy),
n>1

since

Z )\5g] /2 6@1} _ O,

by a simple calculation. Since 1+ &, — ¢?/8 > 0, we are done.

Now, we are ready to prove our Theorem 3.1.5. To that end,

gm (2)|Ue = (ZN - M'(m, N, n)(J”*‘”) U4 9)5 (4% 4°)%
n=0

and so

|Uf ’ <\ n—%
N -M'(m,N,fn—0d;)q" " 5.
T Z )
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Thus, by Theorem 3.4.1, for sufficiently large ¢,

9m()|Ue_pe , In+1 w
(Fmragtion) o= 3 MM ot
fn=—1 (mod 8)

EH1+H2 (mod [r+j)’

where H; € Sy, (T'1(128N?)) and Hy € Si(T(128¢), x). Then, by Theorem 3.3.5, a positive proportion of

primes Q@ = —1 (mod 128N?) have the property that
Hilr, = Halr, =0 (mod ),

This implies that
nQ +1

N - M'(m, N,
8

)=0 (mod €T+j), whenever (n,Q) = 1.

This completes the proof of Theorem 3.1.5.

3.5 Remarks

In [72], the overpartition analog of the cubic partition, namely the overcubic partition is introduced. An
overcubic partition of n is a 2-color partition of n with colors r» and b subject to the restriction that the
color b appears only in even parts, and we may overline the first occurrence of a part. For example, there
are 6 such partitions of 2:

2r7 277“» 2177 2717; 1r+1rv K+ ]-r~

Define @(n) as the number of overcubic partitions of n. Then, we can easily see that

" o — (T4 Do (=67 0%
;::0 ()" = (60 (0*6%) e

In the same paper [72], the following Ramanujan type congruence is proven.

a(B3n+2)=0 (mod 3). (3.5.1)

One can also define an Andrews-Garvan type crank as follows. Let us define the crank for an overcubic

partition of n as the number of even parts with color 7 minus the number of even parts with color b. Let
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CA(m,n) be the number of overcubic partitions of n with crank m. Then, from the fact that

! > p(m,n)z"q"

(20 4=

, where p(m, n) denotes the number of partitions of n with the number of parts equaling m, we can easily

derive that

N (4 @)oo (=% ¢*)
CA(m,n)z"q¢" = .
m;w; (m, ) (4:0*) 0 (2673 4%) o (271675 4%) o

Let CA(m, N,n) be the number of overcubic partitions of n with crank = m (mod N). Then, we can

prove the following. For all nonnegative integers n,
M(0,3,3n+2) = M(1,3,3n+2) = M(2,3,3n+2) (mod 3).

Since M (0,3,3n+2) + M(1,3,3n+ 2) + M(2,3,3n + 2) = a(3n + 2), this immediately implies the

congruence (3.5.1) for overcubic partitions.
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Chapter 4

t-core partitions

4.1 Introduction and statement of results

A partition X is a non-increasing sequence of natural numbers whose sum is n. Partitions are represented
as Ferrers-Young diagrams, where the summands in the partition are arranged in rows. For example, the

Ferrers-Young diagram for 12 =544+ 2 + 1 is below.

Figure 4.1: a Ferrers-Young diagram for A = (5,4,2,1).

The hook number h; ; of a node (4, j) in the Ferrers-Young diagram is the number of nodes in the hook
containing that node. For example, the hook numbers of the nodes in the first row above are 8, 6, 4, 3, and
1, respectively. If ¢ is a positive integer, a partition is called t-core if none of the hook numbers are

multiples of ¢. For example, examine Figure 4.2.

816 (4|3 |1
6 |42 |1
311

Figure 4.2: a 5-core partition A\ = (5,4,2, 1) with hook numbers.

2The content of this chapter is based upon a joint paper with Jeremy Rouse [77]. I am grateful to Dr. Rouse for his
permission to include our joint work here.
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If pci(n) is the number of ¢-core partitions of n, then it is well-known [53] that

> vt =] %. (4.1.1)
n=0 n=1

One motivation for studying t-core partitions comes from the representation theory of the symmetric
group. Each partition « of n corresponds naturally to an irreducible representation p : S, — GL4(C). Here

the dimension d is given by the Frame-Robinson-Thrall hook formula (see [69], Theorem 2.3.21)

n!
d=—" (4.1.2)
I hi

where the denominator is the product of the hook numbers of the partition «. Alfred Young showed that a
basis can be chosen for the d-dimensional space on which S,, acts so that the image of p lies in GL4(Z) (see
[69], Section 3.4). As a consequence, one obtains for each partition « a representation S, — GLq4(F,), by
composing p with the natural map GLg4(Z) — GLq(F,). This resulting p-modular representation is
irreducible if and only if the power of p dividing d is equal to the power of p dividing n!. From (4.1.2), this
occurs if and only if the original partition is a p-core partition.

A number of papers (see [33], [53], [55]) have investigated the combinatorial properties of pct(n). Of
particular note is the paper [53] of Garvan, Kim and Stanton, in which ¢-core partitions are used to

produce cranks that combinatorially prove Ramanujan’s congruences

p(dbn+4)=0 (mod 5)
p(7Tn+5)=0 (mod 7)

p(11n+6) =0 (mod 11),

where p(n) is the number of partitions of n.
Because of the connections with representation theory, the positivity of and asymptotics for pei(n) have
been extensively studied (see the papers by Ono [95, 96], Granville and Ono [59], and by Anderson [10]).

In [112], Stanton stated (a slight variant) of the following conjecture.

Conjecture (Stanton’s Conjecture). Ift >4 and n #t+ 1, then

peiy1(n) > pe(n).

The restriction on n is necessary since pcg11 (t + 1) = peg(t + 1) — 1. Motivated by this conjecture,
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Anderson [10] uses the circle method to establish asymptotics for pei(n) and to verify that Stanton’s
conjecture is true for a fixed ¢ provided n is sufficiently large. In [59], Granville and Ono prove that if

t > 4, then pei(n) > 0 for all n > 0. When ¢t > 17, Granville and Ono use an expression (due to Garvan,
Kim, and Stanton) for pc;(n) as the number of representations of n by a particular quadratic form to prove
positivity. The previous papers [95, 96] of Ono established positivity in all other cases ¢ < 16 with the
exception of ¢ = 13. To describe Granville and Ono’s approach in this case, we need some notation.

Let p > 7 be prime. Let x,(n) = (%) The modular form

1= T 5 0y = 3 pey(m)g™ 57 € M (Talp). )
n=0 n=0

is essentially the generating function for pc,(n). Let

n p=3
Cor ) =Y (5)d"
d|n

and

(o)
Bona(2) = ) ons1, (n)g
n=1

be one of the Eisenstein series of weight % and level p. If e, is the constant defined by

1 (52t ~1
1 (5 )p_fL(P ,Xp>, (4.1.3)

then f(z) can be decomposed as

where ¢(z) is a cusp form in Sp—1 (To(p), xp). The form g(z) can be expressed as a linear combination
2

9(z) = Zﬁ'gi(z), (4.1.4)
i=1

of normalized Hecke eigenforms, where s = dim S et (To(p), xp)- As a consequence of the Weil conjectures,
Deligne proved that the nth Fourier coefficient of g;(z) is bounded by d(n)n% To compute an explicit

bound on pec,(n), the problem is therefore to bound the “cusp constant”

R(p) =il (4.1.5)
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In [108], J. Rouse found asymptotics for the cusp constants of powers of A(z) = ¢[[°—, (1 — ¢™)**. The
problem of bounding R(p) is significantly more challenging for two reasons: (i) the levels of the forms in
question are tending to infinity, and (ii) the form f(z) is not a cusp form, and so we must understand the
“size” of the difference between f(z) and e, E b1 (2). In [59], Granville and Ono explicitly calculate R(p)
for p = 13 by working in the 6-dimensional vector space Sg(I'9(13), x13), and leave the remaining cases as
an unsolved problem. We are able to determine an explicit upper bound on R(p) valid for all primes p. As

a consequence, we obtain the following explicit upper and lower bounds on pcy(n).

Theorem 4.1.1. Ifp > 7 is an odd prime, a,(n) = pc, (n - %), and e, is defined by (4.1.3), then

p—1

98304¢e5™p* log(p) (681: ) o d(n)nPTﬂ, ifp=1 (mod 4),

ap(n) = ey, ()] <

388535657 p3 log(p) /4 (

87

)% d(n)n¥, ifp=3 (mod 4).

Noting that e!® ~ 4.48 < 25.13 ~ 87, we immediately see the following.

Corollary 4.1.2. Under the same assumptions as Theorem 4.1.1, R(p) = > :_, |ri| tends to zero as p

tends to infinity.

Remark. The bound in Theorem 4.1.1 is far from optimal. Numerical evidence suggests that R(p) is not

too far from the lower bound of about
(272 /3)(p=3)/4

—3
(55°)!
We briefly describe our approach to the problem. First, we derive bounds on pc,(n) using the circle

method. From these bounds, we derive an upper bound A on the Petersson inner product (f, g;), defined by

3 p=1 dxdy
(.9 = [ et S
7[SL2(Z) : To(p)] Ja/ro(p) y?
It is known that the forms {F 21,15 gs} are pairwise orthogonal, and so we have

(f,9i) = 1i(9i, 9i)-

Hence if B is a lower bound for (g;, ¢g;), then r; < A/B.

To derive a lower bound on (g;, g;), we use the fact that this quantity is essentially the special value at
s = 1 of the adjoint square L-function associated to g;. Goldfeld, Hoffstein, and Lieman showed in the
appendix to [65] that this L-function has no Siegel zeroes, and we make their argument effective. An

argument of Hoffstein [64] translates this zero-free region into a lower bound for the special value. In order
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to do this, we need to compute the local factors at p of the adjoint square and symmetric fourth powers of
the g;. This is done using the local Langlands correspondence.
As a consequence of Theorem 4.1.1, we obtain the following more precise version of [59, Theorem 4].

Recall that there is a bijection between the defect zero p-blocks of S,, and the p-core partitions of n.

Corollary 4.1.3. Let p > 7 be an odd prime and let e, and R(p) be the constants defined by (4.1.3) and

(4.1.5). Then there are more than Q%npz;d p-blocks with defect zero provided n > (%@)ﬁ.

p—

4
10R(p) 5 4 .
Remark. Note that ( epp ) < p* for large primes p.

As a second application, we will prove an inequality involving pcp(n). Recently, many interesting
inequalities for the number of p-core partitions have been investigated using either modular equations or

modular forms (see [26], [25], and [75]). The following inequality gives an explicit version of [75, Theorem

4].
Corollary 4.1.4. Suppose that p > 7 is prime, t is a positive integer > 2, and k > 1. Let 6, = ”22—;1, and
let e, and R(p) be the constants defined by (4.1.3) and (4.1.5). Then for all
(25%) 4
20 (52 k(p—3) p=o
n > (e;R(p) ((k + ].)t 4 + JPT_lxXp (tk) — 1))
with (n,t) = 1, we have
pe,(tin + 5,(t% — 1)) > (ap%l’xp (th) — 1) pey(n). (4.1.6)

Remark. For large primes p, the bound on n in Corollary 4.1.4 is less than or equal to p*+F.

Finally, the bounds we obtain on pc;(n) using the circle method allow us to derive an explicit bound on

possible counterexamples to Stanton’s conjecture.

Theorem 4.1.5. For all integers t > 7, if

4
-1\ t—2
<45503t“z“ (732) ° > . ift>36,
n > 4

- =1\ t—4
(28830515“4” (ﬁ) ! ) . ifT<t<35,

and n > (t +1)%, then pciy1(n) > pey(n).

Applying this theorem when ¢ > 12, as well as more specialized arguments when 4 < ¢ < 11, we can

verify Stanton’s conjecture.
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Corollary 4.1.6. For 4 <t <198, Stanton’s conjecture holds.

This chapter is organized as follows. In Section 4.2, we will review basic facts on the circle method and
modular forms. In Sections 4.3 the circle method is used to derive explicit bounds on pei(n) and also on
(f,9i). In Section 4.4, the result of Goldfeld, Hoffstein and Lieman is made effective and a lower bound on
(gi, g;) is computed. In Section 4.5, we will prove Theorem 4.1.1 and its corollaries. In Section 4.6, we will

prove Theorem 4.1.5 and Corollary 4.1.6.

4.2 Preliminaries

In this section, we give a brief background on modular forms and basic tools for the circle method. For
additional properties of modular forms, see [98, Chaps. 1, 2, and 3].
As usual, let n(z) be Dedekind’s eta function defined by

»&-\""

n(z) = q2

[Ta-am.
n=1

where ¢ = exp(2miz) and z is in the complex upper half plane H.

a b
We define I' = SLy(Z), and T'o(N) := €Tl :¢=0 (mod N) p. For a meromorphic function f

cd
on H, we define the slash operator by

[NIE

(fler)(2) = (det7)? (cz +d) " f(v2),

a b
where v = € GL;r (R). Suppose that f is a holomorphic function on H and x is a Dirichlet character

cd
modulo N. We say f is a holomorphic modular (resp. cusp) form of weight k£ on T'o(N) with character y if

f is holomorphic (resp. vanishing) at the cusps of I'o(N) and f|xv(2) = x(d) f(z) for all v € T'x(NV). Let
M (To(N), x) (resp. Sp(T'o(N),x)) denote the vector space of holomorphic forms (resp. cusp forms) on

I'o(N) with character x. It is well-known that for primes p > 5, we have n;gf) € Mp—1y2(Lo(p), xp)-

For each prime p, recall that the Hecke operator T}, is a linear operator on Si(I'g(IN), x). If

f(2) € Sk(L'o(N), x) has the Fourier expansion f(z) =3_ 5, a(n)q", then

fITy = ; (a(pn) +x(p)p*ta (Z)) q".

We say that f(z) is an eigenform of T}, if there is a A, € C such that f|T, = \,f. We call
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f(z) € Mp(To(N), x) a Hecke eigenform if f(z) is an eigenform of T}, for all primes p. It is well-known that
Sk (To(p), xp) has basis of Hecke eigenforms (since in this case the old space is trivial), and these can be

normalized so that the leading Fourier coefficient is 1. With this normalization, these forms are referred to

as newforms. The Atkin-Lehner involution on M (T'o(p), xp) is defined by f|
p 0
Now, we turn to the basic facts about the circle method. If f(z) := .~ a(n)q"™, then the residue

a(n) = i/ 1) 4, (4.2.1)

= i gl =r qn+1 .

theorem implies that

=27
2

We choose r = e~

= e~ 2™ for a positive N to be determined later. By following the dissection given in

[15, Chap. 5] or [41, pp. 115-117] and setting z = k(p — ip) and T = 242 we arrive at

a(n) = Z Z e (T)e2™Pe=2TINe (4.2.2)

1<k<N 0<h<k En,k
(h,k)=1

where &, 1, = [—927k,9;:7k], and

;) _h hoth

METE T kot k

"o hl + h - ﬁ

MET ke +h ok
Here Z—g, %, Z—i are three consecutive terms of the Farey sequence of order N. Note that each 6 satisfies

v <0<i%

The following transformation formulas for the Dedekind 7 function will play an important role in the

next section. For a proof of the transformation formulas, see [24, pp. 52-61].

a b
Theorem 4.2.1. For y = eI, we have
c d
n(yz) = eI BE /ilez + D (2),

where s(d, c) is the Dedekind sum defined by s(d,c) = S ¢} (Z—[2]-3) (& —[4] -

r=1 \¢

).

N[ =

We prove the following two lemmas by using Theorem 4.2.1. We omit the proofs.

Lemma 4.2.2. Let h, k be integers such that k > 0 and (h,k) = 1. Let hh/ = —1 (mod k) and z € H.
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Then
(h’ +iz7t

- > — e—ﬂ'is(—h,k))eﬂ'ihl/Q;kh \/277 (7_) )

Lemma 4.2.3. Let h, k be integers such that k > 0 and (h,k) = 1. Let hh/ = —1 (mod k) and
thh' = —(t,k) (mod k). Then

h e
Lk (k) o miet [t
n <( ’ k;) +i(l;tz) > = e TR 2En " (t1).

We obtain the following lemma by modifying the argument in [41, Lemma 3.2].

Lemma 4.2.4. Let

_p—1 Y,
I = / - > 627rnpe 27rtm,od(p.
&n

Then we have

p—1 27rnp

where |E(I)] < 25 N

27rn .

The following estimate will play an important role in Sections 3 and 6. Let

F(q) = ﬁl—q Zp

n=0 n=0

Then from the upper bound

p(n) < 671'\/277,/3

(see Theorem 14.5 of [24, p. 316]), we have
Flg)| <Y p(n)lg|" < eV e,
n=0 n=0

It is easy to see that m1/2n/3 — 27ny < —mny if n > 3% It follows that

F@l< >, e®+ ), o<y e+1i7

2
O§n<3 n> 5,2

We will use this estimate with y = i When ¢ is small, we will use the estimate

e ) e—2my
> p(n)e ™" < exp ((1_62@)2>

n=0
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given by Chan [41, Equation (3.19)].

4.3 An upper bound for |(f,g)]

Recall that p > 7 is prime, f(z) = nzggf), and g(z) € SpT—l (To(p), xp) is a normalized Hecke eigenform. In

this section, we will get an upper bound for

3 ([:To (p)]

1 ——F— p-1
(f,9) = ;m ; /Ff|a_7,—1(z)9|aj—1(z)y

dx dy
R (4.3.1)

Here I' := SLy(Z) is the union of right cosets I' = |J; a;T'¢(p) and F' is the usual fundamental domain for
SLo(Z). Note that

flom 1 (2) = (=)= p = (—0)" 7 p 2 Y by(n)ql. (4.3.2)
n=0

Recall that a,(n) is the n-th Fourier coeflicient of f(z). Before calculating |(f, g)|, we need to obtain an

upper bound for |a,(n)| and |b,(n)].

Lemma 4.3.1. For all integers n > 1 and odd primes p > 7, we have

p—1

lap(n)] < A (p)n"T + Boo(p)n'T (4.3.3)

1

[bp(n)] < Ao(p)n"T + Bo(p)n" T, (4.3.4)

where Ao (p), Ao(p), Boo(p), and Bo(p) are constants (depending only on p) defined by

As(p)=p~2 (QW)F(ZP_I(:;), (4.3.5)

Boo(p) = 6T <2€P (C];(gp) —1) (p(l;ﬂ——el)> KD o1 (ew(p:g—‘rl)> K. —|—p7§ 2;) ’ (4.3.6)

Ao(p) = (%)F:pl(;; )7 (4.3.7)

Bo(p) = ¢ | 2C(p)y/p («jr((];_—ll))> +21 <p8;el) Ty 2? : (4.3.8)
and C(p) := %e? + f:%;
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We will prove this lemma at the end of the section.
Let g(z) = > 7 c(n)q" € SPT_l (To(p), xp). If d(n) is the number of divisors of n, then Deligne’s bound
is
p—3

e(n)] < d(n)n"7".

Note that g is an eigenform of the Atkin-Lehner involution with eigenvalue A, where |A,| = 1. Thus,

0 -1 -
g|1%1 Lo (2) =App~ *© Zc(n)q;’.
n=1

Now we are ready to calculate an upper bound for |(f, g)|. It is well known that a; = I or T~*S, where

k=0,1,...,p— 1. When we set o; = I in (4.3.1), we have

(4.3.9)

[ e dxfy\
F Yy

/Oo (Zlap = n)lfe( )I) ~2mkuy 2 dy
=2

E
2 n=1
1 k—1
e — (Z |ap<kn>|c<n>|> .
k<u k 2 n=1
By using the summation by parts formula and Lemma 4.3.1, we obtain
k-1 2 L , Lo
> lay(k = mllen)] < Awe(p) Y- d(m)(k =) 0" + Boc(p) Y~ d(n)(k —n) T n*T
n=1 n=1 n=1

< Aoo(p)p%k/l DT (k — t) "7 dt
p— 1 k p—7 p—5
4 Boo(p)Tk/l DT (k — 1) dt,

where D(t) := >, ., d(n). Therefore, by using the Beta integral
1
I'(x)I"
/ tI71(1 _ t)yfl dt = (:17) (y)7
O F

and D(t) < 1.8t%/* + 3.6t'/*, we arrive at

k— — _ _
9p—3) [ sa I (E2)T (52 sps T (252)T (2
§j|ap k()] < Anr) )<k 2 LED)TET) | g (>>>

P r ()
9 —1 2p+1F&I‘L1 2p3I‘L*21"L*1
R R
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Note that for all real numbers z > 1, >, _ k% < il u®1 + 4. Applying this to (4.3.9), we arrive at

‘/ PErers 1dx;iy
. ii’i;&ilpf (222)(25) 2 () (e52)

= 00(17)-

(4.3.10)

Similarly, for other oy,

— p—1 d
IR erra]
' J J

y
1 1\ k
=< =) () / e_uUpT_S Z (k —n)|le(n)| | du.
(2m)7= \P =/ k

By using a similar argument, we arrive at

(4.3.11)

By using Lemma 4.3.1, (4.3.10) and (4.3.11), we obtain the following theorem.

Theorem 4.3.2. Let f(z) = Ep)z) € Moy (To(p), Xp), and let g(2) be a normalized newform in
SpTﬂ (To(p), xp)- Then,

wll: T -2 -1\ =z L5\ T
gl coe o (222 (P20) o (55

Now we will prove Lemma 4.3.1 by using the circle method. This is very similar to the argument of

Anderson in [10].

Proof of Lemma 4.3.1. By (4.2.2), we have

— =2ninh np(pT) 2wnp ,—2ming
ap(n) = E + E E ek /5 We e dy
1<k<N 1<k<N | 0<n<k hok
(k,p)=1 plk (h,k)=1

= Sl(A) + SQ(A),
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where A is the integrand.

First, we consider S1(A). By (4.2.2) and (4.2.3), we have

. _— nt (exp (2771'% — 2#@))
A =p 2wppz 2 -
n (exp (27m'% — pr—lz))

where wy, i, is a constant depending on h and k with |wp x| = 1. Then,

, (4.3.12)

Sl (A) = p7% Z Z 8_271‘:;”’1 / wh7kz7p77162wnp€727rin<pd§0

1<k<N 0<h<k Ehk
(k,p)=1 (h,k)=1

By Lemma 4.2.4, we have

) <t E G

by setting N = [y/n], because ﬁ <3 for all n > 1.
For Ty, note that we can set b/ = th”. Thus, if we set a = % + 2772‘@, then we have, by (4.2.4) and

(4.2.5),

nP (exp (277@'%” — 27r$))
n (eXp (27m'% — 277%))

-1/ <

=y
n=1 1- qP"

< gl Y p(n)lg" ™t < e FR=eF (Clp) — 1).

n=1

)
<> aa(n)q"
n=1

Here, ¢ = exp 2mia and aa(n) is the number of partitions of n such that parts which are not multiples of p

can be repeated up to p times and parts which are a multiple of p can be repeated at most p — 1 times.
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Therefore, we have

-h'’ 1

’17p (eXp <27TZT B 27(@)) —e2=1l omn

Wh.k ¥y 1 -1z 2 e pdgﬁ
Eni i (exp (2m? — QWE))

<eF () - 1) [ el e E Ry
En,k
b\ mp N\ o

—ef (- | () () exp() e

() —1) €nr \27TP Pk2(p? + ¢?) Pk2(p? + %)

p—1

= pP—D\ T pmt ooy, 2
< -1 r\r =) ™p_“
e -1 (MED) T ame 2

where for the last inequality, we used the fact that the maximum of 2”5 e~ on [0, 00) is (Z) * and the

length of path is at most klN Thus, by setting N = [/n], we arrive at

25497 (C(p) — 1) (p(p = 1>>”41 e

Ty < 1,
ITo] < P 8me

[SI§S)

Similarly, we obtain the following upper bound for |S2(A4)|:

3 4 p—1
A) <215 [ ——— T
Sa0) <2167 (—2s) T

In summary, we have deduced that

_p (27 (%)
Ass(p) =p~> Wy
and
= p=1 p=1 p1
Boo(p) = € (2” (Cp(,f) —1) (p(gml)) T2 (ew(pi 1)) ' +p§27:> :
as desired. The calculation of Ay(p) and By(p) is analogous, so we omit it. O

4.4 A lower bound for (g, g)

In this section, we will derive a lower bound for (g, g), where g € Sp—1(To(p), xp) is a normalized Hecke

eigenform. Our approach is to use that the number (g, g) arises in a formula for the special value at s =1
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of the adjoint square L-function L(s, Ad?(g)). In the appendix to [65], Goldfeld, Hoffstein and Lieman
proved that this L-function has no zeroes close to s = 1. We make their argument effective, and use this to
derive a lower bound on the special value at s = 1. In this section, we state all of our results at the

beginning and provide proofs later in the section.

Write
9(2) =Y aln)q",

n=1

and for primes g, define o, 3, € C by

Qg+ By = a@)/a" T, agBy = xp(q).

Define the adjoint square L-function by

L(s,Ad*(9)) = [ [(1 = agxp(@)a™*) (1 =)' (1= Bixp(@)a )"

q

and define the completed L-function by

A(s, Ad%(g)) = p*r—3/2T (T) r <S k= 1) r (S ; k) L(s, Ad%(g)).

2

In [56], Gelbart and Jacquet show that L(s, Ad®(g)) is the L-function of an automorphic form on GL(3),
and hence that it has an analytic continuation and functional equation of the usual type. However, it is
not immediately clear that the local factors at p and co of Gelbart and Jacquet match the definition given
above. The content of the next theorem is a computation of these local factors using the local Langlands

correspondence.
Theorem 4.4.1. Assume the notation above. Then, L(s, Ad*(g)) has an analytic continuation to all of C
and satisfies the functional equation

A(s, Ad*(g)) = A(1 — s, Ad*(g)).

The fact that L(s, g ® g) = ((s)L(s, Ad?(g)) and the classical Rankin-Selberg theory (see Chapter 13 of

[67]) imply the following special value formula. Recall that

3

97927/ gz +iy)lPy = =5
{9.9) 7l : To(p)] H/Fo(;ﬂ)| ( ! i
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Then
(4m) et

We say that a modular form g(z) = >_ 7, a(n)q" of weight k > 2 has complex multiplication (or CM) if

L(1,Ad*(9)) = 3 (1 + 1)

» (9.9). (4.4.1)

there is a Hecke character £ associated to a quadratic field K so that

g(z)= > &a)gV.

agOK

Equivalently, g(z) has CM if and only if there is a discriminant D so that a(p) = 0 whenever (%) =—1.

In order to apply Goldfeld, Hoffstein, and Lieman’s argument, we need information about the

symmetric fourth power L-function attached to g. It is defined by

L(s,Sym*(g)) = [J(1 — ajq™) 7" (1 = a2xp(@)g*) ' (1 = ) 7 (1 — ag *xp(a)g*) 'L —ag g ™),

and the completed L-function is given by

p=3
A(s, Sym*(g)) :==pn /21 (2)T (S +2 2 ) r

In [78], H. Kim established the connection between this L-function and an automorphic form on GL(5). As
a consequence, the symmetric fourth power L-function has the desired analytic properties. Again, we must

compute the local factors at p and oo using the local Langlands correspondence.

Theorem 4.4.2. Assume the notation above. Then L(s,Sym*(g)) has a meromorphic continuation to all

of C and satisfies the functional equation

A(s,Sym*(g)) = A(1 — s,Sym*(g)).

Moreover, if g does not have CM, then L(s,Sym*(g)) is entire.

Remark. When g does have CM and corresponds to a Hecke character &, we have

L(s,Sym*(g)) = ¢(s)L(s, &%) L(s,£*).
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Consequently, L(s,Sym*(g)) has a pole at s = 1.
The next result is an explicit version of the result of Goldfeld, Hoffstein, and Lieman.

Theorem 4.4.3. Assume the notation above. If g does not have CM, then

L(s, Ad*(g)) # 0

for s real with

—4
s>1-— 77\/3
9log(p)

We next translate this zero-free region into a lower bound on L(1, Ad?(g)).

Theorem 4.4.4. Suppose that g € Sprl (To(p), xp) is a normalized newform. If g has CM, then

1
L(1,Ad? > .
(1,Ad"(g)) > 332, /plog(p) /3

If g does not have CM, then

2 1
L(1,Ad%(g)) = Wg(p)'

Remark. There are CM forms in Sp%l (To(p), xp) if and only if p=3 (mod 4).

Proof of Theorem 4.4.1. The newform ¢ in the statement of the theorem corresponds to an irreducible
cuspidal automorphic representation m of GLa(Ag), where Ag is the adele ring of Q (for details about this

correspondence, see [36], Chapter 7). The representation 7 admits a factorization
T = Dg<ooTygs

where each 7, is a representation of the group GL2(Q,). In [56], Gelbart and Jacquet prove that there is

an automorphic representation Ad*(7) of GLz(Ag) so that
Ad* (1) = By<oAd®(my).

The L-function L(s, Ad®*(r)) is defined by [T <o L(s, Ad*(m,)). Let ¥ : Ag/Q — C* be a global additive

character. The e-factor is given by

e(s, Ad*(m), ) = [ e(s, Ad*(my), 1bg).

g<oo
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The above definition does not depend on the choice of . Finally, the functional equation takes the form
L(s,Ad*(7)) = e(s, m)L(1 — s, Ad*(m)),

since Ad?(7) is self-contragredient.

The definition of Ad®(r,) is given by the local Langlands correspondence. If F' is a local field, the local
Langlands correspondence gives a bijection between the set of smooth, irreducible representations of
GL,,(F), and the set of admissible degree n complex representations of W, the Weil-Deligne group of F.
For an introduction to the local Langlands correspondence, see [83], and Section 10.3 of [36]. The
representations of W}, that we consider will all be representations of the Weil group W, which is a
quotient of Wr.

The representation 7, corresponds to a representation p, : Wi — GL2(C). Using the embedding
Ad? : GLy(C) — GL3(C), one constructs Ad*(p,) : W — GL3(C). The local Langlands correspondence
for GL3 associates to Ad? (pg) a representation Adz(wq). We shall now compute this in the cases ¢ = oo
and ¢ = p.

When ¢ = oo, 7, is the discrete series of weight k = 25+ (we follow the normalization of Cogdell [47]).
This corresponds by the local Langlands correspondence to a representation of the Weil group of R. This is

1

the group C* U jC* with j2 = —1 and jzj~! = Z for z in C*. The representation in question is

. ei(k—l)G 0 0 (_1)k—1
pr(ret?) = , o oee(d) =
0 et k=1)0 1 0
The adjoint square lift of p is
1 0 0 -1 0 0
A(p)(re®) = [0 20 o | ARG =|0 0 (c1)p
0 0 671.(2]672)0 0 (_l)kfl 0

One can see that Ad2(pq) = py @ pak—1. Here p; is the 1-dimensional representation given by py (z) =1
and py (j) = —1. We have L(s,Dy) = =%/ (2£1), and L(s, Doj—1) = n~°T (£t£=1) " (£2%). The L and
¢ factors are defined so that they are inductive. In particular, L(s, p1 @ p2) = L(s, p1)L(s, p2), and

(s, p1 @ p2,Yq) = €(s, p1,1q)e(s, p2,1q). It follows that
L(s,Ad*(po)) = L(s, Dy ) L(s, Dap—1)-
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The local root number is €(3, Dy ,¥)e(5, Dag—1,%) =i - i**~1 = (=1). Here, ¢(z) = €*™ is the standard
additive character.
When ¢ = p, the local representation m, has central character x, (the usual Dirichlet character thought

$/2 that occurs in the functional equation

of as a character of Q). The conductor of m, is the power of p
for L(s, ), and since the newform g has level p, the conductor of 7, is one. This can be determined from
€(s, mp, ¥p), and also from more intrinsic representation-theoretic data. For any representation o, we will
denote its conductor by c(o).

In Schmidt [110], a list of possibilities for local representations 7 together with their conductors is
given. A simple calculation shows that the only possibility for a representation with conductor one and
central character X, is a principal series (1, x2), where x1 is unramified, and xo = X1_1Xp'

The Weil group Wy, can be taken to be the subgroup of Gal(Q,/Q,) consisting of all elements
restricting to some power of the Frobenius on F,, (see [114]). Under the local Langlands correspondence,

7(X1, x2) corresponds to a two-dimensional representation of Wg, which is a direct sum of two characters.

These characters p; and ps of Wg, are constructed so that

pi(a) = xi(r(o)),

where 7 : Gal((@gb /Qp) — Q) is the reciprocity law isomorphism of local class field theory, normalized so
that r(Froby,) € p~'Z,.

One can easily compute that Ad2(p1 Dp2) =1 plpgl ® pflpg (here 1 denotes the trivial character).
Since p1py * and p; ' ps both have conductor 1, it follows that ¢(Ad*(m,)) = 2. From the usual definition of

the L-factors, and the compatibility with the local Langlands correspondence, we see that
L(s,Ad*(mp)) = L(s,Ad*(p1 ® p2)) = (1 = p~*)~".

Moreover, we have

1 1 1 1
€ (2aAd2(ﬂ-p),,¢)p) =€ (27 1)¢p) € (2,X1X21awp> € (QﬂX11X27w;D> .

Equation 4 on page 117 of [110] states that if x and ¢, are unramified, then e (%, X, ¢p) = 1. Equation 7
on page 118 of [110] implies that for any character Y,

we have € (%7 X, wp) € (%, x L, 1/1,,) = x(—=1). It follows that the local root number of Ad? (mp) is
x1X2 ' (—1). Since y; is unramified, y1(—1) = 1, while ;' (1) = (=2).

p
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The global conductor of Ad?(p) is therefore p? and the global root number is (—1)* - (_71) Since

_ p—1

5 the global root number is 1. These facts, combined with the meromorphic continuation and

functional equation for L-functions of automorphic representations yield the desired result. If g does not
have CM, then 7 ® x % 7 for any character x of Ag/Q*, and then Theorem 9.3 of [56] implies that Ad?(7)
is cuspidal, which implies that L(s, Ad*(7)) is entire. If g does have CM, then g corresponds to a Hecke

character £, and one can check that
L(s,Ad*(n)) = L(S,XP)L(S,ﬁz),

which is again entire. O

Proof of Theorem 4.4.2. This is entirely analogous to the case of the adjoint square lifting, thanks to the

deep result of Henry Kim on the functoriality of the symmetric fourth power lifting [78]. The local factor

at infinity is worked out in [47], with the desired result, and with the local root number equal to (—1)*.
At g = p, Sym®*(p1 @ p2) is pf @ pipe © pp3 @ p1p3 © p3. Note that py is ramified, but p3 is not. Thus,

the local L-factor has degree 3 and is given by
(1—agp ) (1—p ) (1=, *p®) ",

where oy, = a(p) /p%. Similar to the above case, the conductor of Sym*(p; @& po) is 2, and the local root
number is () = (=1)%2" = (—=1)*. Thus, the global conductor is p? and the global root number is 1.
Finally, we must show that under the stated hypotheses, Sym*(7) is cuspidal. The main result of [79] is
that Sym*(7) is cuspidal unless 7 is monomial (equivalently g has CM), or 7 is of tetrahedral or octahedral
type. This means that 7 arises from a representation of the global Weil group Wy, but this cannot be the
case if the weight of g is greater than 1. The only case when the weight can be one is when p = 3. However

in this case, any nonzero g € S1(I'o(3), x3) has f2 € S2(I'9(3)), but since dim S5(I'g(3)) = 0, no such g

exists. Thus, Sym*(7) is cuspidal and L(s,Sym®* (7)) = L(s, Sym*(g)) is entire. O

Proof of Theorem 4.4.3. Let

Let k = % and

G(s) = p*x T (5)" T (551)7T (=541 I (s55) " 1 (25222 p (4281
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If A(s) = s%(1 — 5)2G(s)L(s), then A(s) is entire and A(s) = A(1 — s). One may verify from Theorems 4.4.1

and 4.4.2 that if L(s) = > ° by(:;), then b(n) > 0 for all n. For the remainder of the proof, we will take s

n=1

real and greater than 1. In this region, one has L(s) > 0 and L'(s) = > - W < 0. The function

n=2

A(s) is an entire function of order 1, and so admits a product expansion

Taking the real part of both sides and using the relation Re (B) = — Zp Re (%) (see Theorem 5.6, part 3

of [68]), we obtain

S ()2 20

s—p

Suppose that £ is a real zero of L(s, Ad*(g)). Then we get

3 2 @'(s)
s— 03 = s—1+2+ G(s)”
We have
G = t1og(y) — tog(m) + 3/20(5/2) + (3/2)0((s + 1/2) + 20(s + k= 1)/2

+2¢((s+k)/2) + %w((s +2k—2)/2) + %w((s +2k —1)/2),

where 9¥(s) = 1;/((;)). The formula (s) = log(s) — 5= — [y~ % (see for example [16], Exercise

1.43(b)) implies that v (s) is increasing as a function of s, and that ¢(s) < log(s) — o. It follows that for

G'(s
1<s<1.1, G((S)> < 9log(p) — 2.

Now, set s = 1+ «, where 0 < o < 0.1. We obtain < % + 9log(p). Solving for § and making the

_3
1+a—p3 —

optimal choice of a gives o = g\l/fg_(iy which is always less than 0.1. This yields
-2
g1 372/6
9log(p)
Note that 5 — 2v/6 > 7 — 4\/3, and so the desired result holds. O
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Proof of Theorem 4.4.4. First, assume that g is a CM form corresponding to the Hecke character £. In this
case, L(s, Ad*(g)) = L(s, xp)L(s,£%). We derive a lower bound on L(1,£2) and apply the Dirichlet class

number formula to bound L(1, x,). We wish to bound

log L(1,€?) /IOOL(”Q)

We have the trivial bound

S0

R (4.4.2)

‘L’(S’ﬁr")
L(s, &%)

Also, a virtually identical argument to that in the proof of Theorem 4.4.3 establishes a zero-free region for

L(s,£?) and gives that

ZRe( ! ) < S_il + 91og(p) (4.4.3)

provided 1 < s < 1.1, where the sum is over non-trivial zeroes of ((s)3L(s,£2)*L(s,&*). Tt follows from

this, and the equation

=200, 50 (1.4.40)
where G(s) = p*/2(2m)~*T (s+ ﬁ), that

< 3
~4(s—1)

+ % log(p) (4.4.5)

for 1 < s < 1.1. Finally, we must derive a bound on L’/L near s = 1.

To do this, we use (4.4.4) with s = 2 to derive the bound

Zp:Rc <2ip) < glog(p)-

By pairing p with 1 — p, we see that

The equation (4.4.3) also implies that L(s,£?) has no zeroes in the region {o + it : 0 > fo, |t| < s0 — Bo},

where s =1+ Sl\i&; and Gy =1— gg&g. Plugging this into (4.4.4) and using the bounds on sums over
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zeroes derived above, we obtain

L'(s,€2)| _ 19 30 )
< —lo + ——=1Io . 4.4.6
‘L(S’gg) & los(p) a3 % (p) (4.4.6)
We apply (4.4.6) for 1 <s <1+ ﬁg&, (4.4.5) for s up to 1+ 310g(p) and (4.4.2) for the remaining s to
derive a bound on L(1,£?). Combining this bound with the bound L(1, x,) > 3—\/7;7 when p > 163, we obtain
2 1
L(1,Ad%(g)) =

~ 332,/plog(p)t1/*

One can verify that this bound is satisfied with p < 163 as well.
Now, we assume that g does not have CM. We mimic the argument of Lemma 3 of [108], which is in

turn based on Hoffstein’s argument for Dirichlet L-functions from [64]. Assume that p > 17 and set

L(s,g® g) = ((s)L(s,Ad*(g)) = > bT(Z:) .

A careful inspection of the Euler factors given in Theorem 4.4.1 shows that b(n) > 0 for all n, and also that

b(n?) >1foralln. Let B =1— 9710‘;2{) and note that 3/4 < 3 < 1. We set = = p* and choose A at the end

of the proof (we will choose it to be equal to 16/5). Consider

_ 1 [® L(s+B,g®g)z’ds
27 ) oo SHiO:Q(S‘FT) .

We use the fact that

9
1 [2riee % ds (x+190)!(;1;1) ifz>1

2mi foioe sT[L,(s+7) 0 o<1

This gives

:g x/n+9)($/n—1)9.

10!nA (z/n)1o

We consider only those terms where x/n > 44. This gives

1 (44+9)(44 — 1)9
1> 10! 4410 Z
ng\/m

1> 154354
n

for p > 17. We move the contour in I to Re(s) = a := —3/2 — 8 and pick up poles at s=1— 3, s =0 and
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s = —2. This gives

1

1 /aﬂoo L(s+ 3,9 ® g)x®ds + L(1, AdQ(g))x:FB
T omi

acico  SIo(s+7) 1= —B+7)
L(B,gog) L(-2+p,9® 9)95*2’

+ 10! - 2.8l

Since g does not have CM, Theorem 4.4.3 implies that L(s, Ad*(g)) has no real zeroes to the right of 3.
Therefore, we have L(3, Ad*(g)) > 0 and since ¢(8) < 0, L(3,g ® g) < 0. Since 3 < 1, we have
—2+ (3 < —1 and so L(s,Ad?(g)) < 0. Since ¢((—2+ ) < 0, it follows that L(—2+ 3,9 ® g) > 0. This gives

L(1, Ad2(g))x1_5
(1-B L1 —B+7r)

— 42 =

where

L1 /““'OC L(s+B,9®g)x*ds
2= 5 .
a—1i00 S HiOZQ(S + ’I’)

It suffices to bound I in the above inequality. Using the functional equation for L(s, g ® g), we have

|L(=3/2 +it,g @ g)| =p*n8|1/4 +it/2|?|3/4 +it/2]*|k/2 — 1/4 — it/2||k/2 — 5/4 — it/2]
k/2+1/4 —it/2||k/2 — 3/4 — it/2||L(5/2 — it,g ® g)|.
We have L(5/2 —it,g ® g)| < ¢(5/2)*, and |z*| = pA(=3/2-0)_ Note that

1 1
< i
| —3/2— B+ at| T2, |r —3/2 — B+it|] — |9/4+at|[1/4 + it| [[2g |r — 5/2 + it|

Putting these estimates together, we get

D) < ((5/2)1p3tA(=3/2=5) ./°° 11/2 + it|2[3/2 + it[2[1 + it|*
= 21379 oo |1/4 4+ it]|9/4 + it| TT24 |r — 5/2 + it|
8+A(—3/2—0)
_ 0.011322p '
- 10!

Thus, we have

L(1,Ad*(g)) = (1 - ) (1.54354p‘4<ﬁ*1> - 0.011322p8*5A/2) .

Setting A = 16/5, we obtain
1

L(l,AdQ(g)) > m;
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Numerically, we evaluate L(1, Ad?(g)) for all newforms in S 2 (To(p), xp) for p < 17 and check that the

same relation holds. This completes the proof. O

4.5 Proof of Theorem 4.1.1 and its corollaries

Recall that

72) = ) = 5 pey (5

n=0

We decompose

f(z) = eplip1 () + Zrigi(z)

where g;(z) are the normalized Hecke eigenforms in SpT—l (To(p), xp)- To bound R(p) = >"7_, |ri|, we use

that

<gz‘7gi>'

r, =

We derived an upper bound on the numerator in Section 4.3 and a lower bound on the denominator in

Section 4.4. Now we prove Theorem 4.1.1.

Proof of Theorem 4.1.1. Define

-1 (p=3Y)
2<1+l> (2711)1; if p=1 (mod 4)
™ p—1 8410 ’ - ’
L(p) := 7 <‘(*”)3; 5 (4.5.1)
2 1) (&) 1 e
2 (1 + 5) (M;p%l T o)A ifp=3 (mod 4).

Then, Theorem 4.4.4 states that (g;, g;) > L(p) for all i. Sturm’s theorem [113] states that a modular form
f € My(To(N), x) is determined by its first #5[I" : To(V)] Fourier coefficients. It follows that the dimension

of Sp%l (To(p), x) < %[F : To(p)]. In summary, we have

S Il < B Tolw)l s

where A is an upper bound on |{f, g)|.
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Therefore, by Theorem 4.3.2 and (4.5.1) , we arrive at

i i < @= 7 Usc(p) +pT0(p)
—~ 8 L(p)
98304 - 57 ptlog p (881: ) = , ifp=1 (mod 4),
< 1

388535 - €67p$ (log p) * (Sw ) T ifp=3 (mod 4),

x— z—1
. L2 from [86], and v is the Euler constant.

where we have used the inequality &= < I'(z) < %=
Before we prove our corollaries, note that for p > 5, we have

s (p—3 -1
o2 (25"

where ((s) is the Riemann zeta function.

Proof of Corollary 4.1.3. By Theorem 4.1.1,

mmﬂzﬁggﬁ?—R@amﬁf
2
ps 1 2R(p)>
>epn 2 — — |,
’ (Wf’) et

where we have used the fact that d(n) < 2v/n. Since ((2) — £ > 2,
n > (%@)ﬁ, as desired.

Proof of Corollary 4.1.4. Since op—1 ~ is multiplicative and n is coprime to ¢, we have
7

ap(t*n) — (ooor \ (8°) = Day(n)

2 ozt () = RO (64007 0w (9 -1)

-1
> nt (epc (H) T = 2R(p) (b + DET £ ou () - 1)> |

Thus, for
p=3 o 5
n > <<(2)2R(p) ((k FEEE aprlyXp(t’“) - 1)) ,

we have
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we arrive at a,(n) > =£n 2
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4.6 Proof of Theorem 4.1.5

Recall that F(q) = % and that the generating function F;(q) for the number of ¢-core partitions is

Fi(q) := %. By using the transformation formula for the Dedekind eta function (Theorem 4.2.1) we

can easily derive the transformation formula for F'(q):
F(€27ri'r) — eﬂ'i(‘rf'y'r)/uefﬂ'is(d,c)ewi(a+d)/12c —i(CT + d)F(eQﬂi’YT), for v e T.

Using this, we can derive a similar transformation formula for F}(q). By using this transformation formula

and [10, Proposition 6], we can prove the following lemma.
Lemma 4.6.1. Let A(t) and B(t) be the constants (depending only on t) defined by

t—1

0.05-(27) 2

A(t) = W ift =6,
%(2_4(%)), ift>1,

and

Define e~ 270+ H0-%) B(1) by

t—1 t

2% (ct(;) —1) (t(;;))‘l s <d21—1)4d§ 2-1§(f) (3(1567—T 1>>4 +i

2<d|t

Then for all integers n > t2 and t > 6, we have

2 -1
24

2 -1
24

A(t) <n + ) . E(t)n ™ < pey(n) < B(¢) (n +

Since the proof of this lemma is identical to Lemma 4.3.1 (except for the estimate of S3), we omit it.

Now we are ready to prove Theorem 4.1.5.
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Proof of Theorem 4.1.5. By Lemma 4.6.1, for all n > (t + 1), we have

pee+1(n) — pe(n)

t—2 t—3

2 2 2 _ 2 B _
>A(t+1)(n+t2+42t> —B(t)<n+t241) —E(t+ nt — B(t)n'T

>n'7 (A(t+1)yn — B(t)) —nf (E(t +1)+ E}?) .

Take ny such that if n > nq, then A(t + 1)\/n > 2B(t). We note that

2B(t) ¢(52) 1\*
A<t+1><ﬁ<2—c(t;>)t<”t> ‘

Therefore, we can choose ny = 0.3 - t2. Since n > (¢ + 1)2, we always have

pevia(n) = pe(n) > B(tn'T — (E(t Tt b}?) |

We estimate F(t) as follows

t—1
6t3e* (61‘5) Tif > 36,

e—2w(1+%)—%(1—%2)E(t) < swf_l =
el K

ot3 (4

) AT <t < 36

tm

Therefore, we have deduced that if

4
-1\ 727
(45503t2‘z“ (ﬁgﬁ) : ) Cift > 36,
n >

t—1 I—4

. t—1\ 7—4
(288305#‘17( 1 ) ! ) L if7<t<35,

4m3\/e
and n > (t + 1)2, then pc,11(n) > pey(n), as desired. O

Now we will prove Stanton’s conjecture in the cases where ¢t < 198. Since the bound in Theorem 4.1.5 is
quite big for ¢ < 12, we need to get sharper estimates for pei(n) for 4 < ¢t < 13. We will achieve this goal by
using various arguments. For ¢t = 4, we will use the result of Ono and Sze [101], which relates pcs(n) to the
class number of an imaginary quadratic field. For ¢ = 5 and ¢t = 7 we use that R(5) = 0 and R(7) = 1/8.
For t = 6, we use that the generating function for pcg(n) is a weight 5/2 modular form. For 8 < ¢ < 13, we
will use the circle method as in Lemma 4.6.1, but we will set N = [v/27n] and estimate C(t) by (4.2.6)
instead of (4.2.5) if t < 11.
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For the t = 4 case, we first need to find an upper bound for class numbers.

Proposition 4.6.2. For any discriminant —D < 0, we have
h(-D) < “=2/Dlog(D).
0

Here w_p is half the number of units in the imaginary quadratic order of discriminant —D. (Note that

w_p=1if—D>4).

Proof. One can use the Dirichlet class number formula together with the elementary bound on the sum of

a Dirichlet character mod ¢

Z x(n)| < min(z mod ¢,q — x mod q)

n<lz

to prove this result. O

Now, from Ono and Sze [101], we have

pc4(n)=% 3 h<_32§2_20)

d?|8n+5

Note that (—32n — 20)/d? cannot be equal to —3 or —4, since it is always greater than or equal to 4, and
d? # 8n + 5 since d*> = 0,1,4 (mod 8). Thus, we have

pea(n) < 2i > V(320 +20)/d2log((32n + 20) /d?)

d?|8n+5

—\/3271 + 20log(32n + 20) Z

2|8n

I/\
Q.M—‘

If sq(8n + 5) is the largest positive integer so that sq(8n + 5)2|8n + 5, then we have

d?|8n+5 d d|sq(8n+5) d Sq(8’l’b + 5)

Combining this with the result of Ivi¢ [66] that o(n) < 2.59nlog(log(n)) for n > 7, we see that

2.59
pea(n) < ——+/8n + 5log(32n + 20) log(log(8n + 5)).
T
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Now, we have pcs(n) = o2, (n+1) 2 n][,, (1 - %) = ¢(n). Since 5% < W, we have

6 n+1
2.5972 log(log(n + 1))

pes(n) >

for n > 6. It follows from these inequalities that pey(n) < pes(n) provided n > 1750513. A computation
verifies that the desired inequality holds if n < 1750513.

Now, we turn to the t = 5 case. Arguing as above, we have that

< —o(n) < ?ﬁ(n + 1) log(log(n + 1))

provided n > 7.

Now we will estimate pcg(n). Let

oo

F(z) = n(2)*n(22)*n(32 Z n)q" € Sa4(L'o(6))

be the unique weight 4 newform of level 6. If D is a fundamental discriminant, define

o0

n)xp(n)

Proposition 4.6.3. Let n be a positive integer, and write 72n + 105 = D f?, where D is a fundamental

discriminant and f > 1. Then,

3/2
peo(n) = 2 U2 XD) QPR

24072
(D/33)** |L(F ®xp,1/2)
+ )d d
10 L(F ® x33,1/2) dz”:“ xp(d)a(f/d)-
Proof. This follows from writing
n(1442)° et g+t
24Z Z pC6 ;

a modular form of weight 5/2 on I'g(576) with character yi2, as the sum of an Eisenstein series and a cusp
form. Cohen[48] has shown that the coefficients of the Eisenstein series involve the values at 2 of Dirichlet
L-functions, and Waldspurger[116] has shown that the cusp form coefficients are essentially the square root

of the twisted L-value L(F ® xp,1/2). Combining these two results, we get the stated formula. O
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A simple estimate shows that the first term above is bounded below by ﬁ(??n 4 105)3/2, and that

1

S aydolaiats/a) < T (1+).
dlf plf

Next, we need an upper bound on L(F ® xp,1/2). A variant of the standard convexity bound (see [62],

Theorem F.4.1.9 for example) gives the following result.

Lemma 4.6.4. Assume the notation above. Suppose that g is a newform in Si(To(N)). Then

N\ (5 5 )
v ,

L(g,1/2) < e'/? (2

where a = log (%)

Specializing to the case at hand, we have that k = 4 and the conductor of F ® xp is bounded by 2D?2.
From this we get

|L(F ® xp,1/2)| < 5.9(2D*)"/*1og?(2D?).

Combining this bound with the elementary bound d(n) < (%)1/3 n'/3, we obtain an upper bound on the

second term in Proposition 4.6.3 of
0.744(72n + 105) log(72n + 105).

We see from these bounds that pcg(n) > pes(n) provided n > 58000548. We refine this estimate by using
the bounds L(2,xp) > &, L(F ® xp,1/2) < 5.9(2D?)!/4 log?(2D?), and computing the rest of the terms
in Proposition 4.6.3 exactly. This requires knowing the first 12000 coefficients of F'(z), and shows that
pee(n) > pes(n) for n > 110868. Tt is easy to check up to this bound and verify Stanton’s conjecture in this

case.

For ¢t = 7, one can compute that

7 z
T L) — (a7

The latter form is a Hecke eigenform and from this it follows that

2

aln+2? — Ld(mn < per(n) <

1
2 —
s (n+2)°+ Sd(n)n.

&)
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This bound makes it easy to check Stanton’s conjecture.
For 8 <t <13, as we mentioned above, we can get sharper estimates than Lemma 4.6.1 by setting

N =+/2mn. For n > 2,

t—3 t—3

2 -1
24

t—1

S )"+ B,

A(t) <n + ) — E'()[V2rn]7 < pey(n) < B(t) (n +

where the A(t) and B(t) are the constants defined in Lemma 4.6.1 and

E'(t) = edie 20+ D-H0-E)p(y).

By using the bounds mentioned above together with MAGMA, we can verify Stanton’s conjecture for

t < 198.
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Chapter 5

Combinatorial proofs for g-series
identities in Ramanujan’s lost
notebook

5.1 Introduction

In [32], B. C. Berndt and A. J. Yee provided bijective proofs for several entries found in Ramanujan’s lost
notebook [102]. The entries for which combinatorial proofs were given arise from the Rogers—Fine identity
and false theta functions, and are found in Chapter 9 of [17]. Although G. E. Andrews [12] had previously
devised a combinatorial proof of the Rogers—Fine identity, the combinatorics of each of the identities
proved in [32] is substantially different from that in Andrews’s proof, so that even what might be
considered small or subtle changes in an identity markedly alter the combinatorics. This chapter is a sequel
to [32] in that we combinatorially prove further entries from Ramanujan’s lost notebook. The entries to be
examined in this chapter are connected with either Heine’s transformation or partial theta functions.
Readers may have difficulty discerning the connections of some of the entries with either Heine’s
transformation or partial theta functions. To see these relationships, consult the book [18] by Andrews and
Berndt, where all of the identities established in this chapter are proved analytically.

Algorithm Z of D. Zeilberger plays an important role. Euler’s partition identity and Sylvester’s
bijective proof of it also play leading roles. We will recall these and other bijections in Section 5.2. In
Section 5.3, we present combinatorial proofs of some identities arising from Euler’s identity. The next goal
is to provide combinatorial proofs of entries that are related to Heine’s o¢; transformation formula. Some
of the proofs follow along the lines of Andrews’s proof of Heine’s 3¢; transformation formula [11], but
others do not. In Section 5.5, we introduce a new class of partitions, namely partitions with the parity
sequence. We obtain the generating function of these partitions analytically and bijectively. Using this

generating function, we give a combinatorial proof of an identity that is related to partial theta functions.

3This chapter is based on the joint paper with Bruce Berndt and Ae Ja Yee [30]. T am grateful to my coauthors, Berndt
and Yee, for their permission to include our joint work here.
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5.2 Preliminary results

A partition of a positive integer n is a weakly decreasing sequence of positive integers (A1, ..., ;) such
that Ay + -+ + A, = n, and we shall write A - n (see [15].) We relax our definition of a partition by
including 0 as a part, if necessary. We denote the number of parts of a partition A by ¢(A\). As a
convention, we denote the partition of 0 by (.

We recall some familiar bijections that are used in the sequel.

Sylvester’s bijection. Sylvester’s map for Euler’s identity

1

o (=€ 1) (5.2.1)

and many further contributions of Sylvester have been discussed by Andrews in [14]. We note here that

Sylvester’s bijection preserves the following statistic [50, 51, 109]:

where )\ is a partition into odd parts and p is the partition into distinct parts associated with A under
Sylvester’s bijection.
Franklin’s involution. Recall that Franklin’s involution provides a bijective proof of Euler’s pentagonal

number theorem [15, pp. 10-11]

o

(@000 = D, (=1)ng B0/, (5.2.3)

n=—oo

Wright’s bijection. Recall that Wright’s bijection [119] gives a bijective proof for the Jacobi triple

product identity

1 o0
(=24 Q)oo(—2 "1 @)oo = o) > g, (5.2.4)

Algorithm Z and its application. The following bijection is an application of Algorithm Z discovered
by D. Zeilberger [19, 35]. It was first observed by J. T. Joichi and D. Stanton [70] that Algorithm Z can
apply in this way to the g-binomial theorem and used by Yee in [120] to establish a combinatorial proof for

Ramanujan’s 191 summation formula.
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5.3 Bijective proofs of identities arising from the Euler identity

A combinatorial proof of the following theorem was given by Berndt and Yee in the process of
combinatorially proving another entry from Ramanujan’s lost notebook [32, p. 413]. We now provide a

shorter proof.

Theorem 5.3.1. [102, p. 38|, [18, Entry 1.6.4] For each complex number a,

> n n(n+1)/2

;( o Z : (5.3.1)

—aq; q)n

Proof. Replace a by —a in (5.3.1). Then the left-hand side generates partitions A into odd parts, and the
exponent of a equals £(A) + (A1 — 1)/2. The right-hand side of (5.3.1) generates partitions into distinct
parts, and the exponent of a is the largest part. The identity now follows by Sylvester’s bijection and its

preserved statistic (5.2.2). O

Theorem 5.3.2. [102, p. 31], [18, Entry 6.5.1] We have

Z Z 12n2 (] g2l qz q12n (] g10n+5) (5.3.2)

n—O n=0
and
o) Sl 5 i 2
Z Z q12n +5n(1 _ q14n+7) + qz quzn +11n(1 _ q2"+1). (5_3.3)
_ 2n+1 n=0 n=0

Proof. We prove the first identity. The second one can be proved in a similar way and we omit its proof.

Replacing ¢ by ¢? in (5.3.2), we obtain the identity

o0

s 2
Z qun (] gMna22y o2 Z g2 (] _ 20n+10) (5.3.4)

— n=0
The left-hand side generates partitions A into an even number of odd parts with weight (—1)()‘1’1)/ 2,
Clearly, A is a partition of an even number 2N. Thus, we obtain

o0

Z Z > ()T hReN, (5.3.5)

= N=0AeO(2N)

where O(2N) is the set of partitions of 2N into odd parts. Let D(2N) be the set of partitions of 2N into

distinct parts. It follows from Euler’s identity (5.2.1) that O(2N) and D(2N) are equinumerous. Let u be
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the image of A under Sylvester’s bijection, which is a partition in D(2N). Since A is a partition of 2N into

odd parts, £()) is even. Thus we see from (5.2.2) that

(~1)X /2 — (1,
It then follows that

Z T (cnnnzgN Z S~ (5.3.6)

N=0XcO(2N) N=0peD(2N)

We now apply Franklin’s involution for Euler’s pentagonal number theorem (5.2.3), in which we compare
the smallest part and the number of consecutive parts including the largest part. Note that in the
pentagonal number theorem, partitions m have weight (71)4(”). However, the involutive proof still works in
our setting, since we move the smallest part to the right of the consecutive parts or subtract 1 from each of
the consecutive parts in order to add the number of consecutive parts as a new part. Thus only the
partitions of the even pentagonal numbers survive under the involution in our setting, too. Under the
involution, only partitions A of the form (2n,2n —1,...,n 4+ 1) or (2n — 1,2n — 2,...,n) survive. That is,

A n(3n+1)/2. It is easy to see that

n(Bn+1)/2=0 (mod2), ifn=0,1 (mod4),

n(3n—1)/2=0 (mod2), ifn=0,3 (mod4).

When n = 0,1 (mod 4), the surviving partition of n(3n + 1)/2 has parts 2n,2n — 1,...,n + 1. The largest

part of the partition is even. When n = 0,3 (mod 4), the largest part of the partition of n(3n —1)/2 is

odd. Then
Z Z ,ul 2N _ Z qn(3n+1)/2 _ Z qn(3n—1)/2
N=0ueD(2N) n=0
n(3n+1)/2=0 (mod 2) n(Snfl)/QEO (mod 2)
> 2 b 2
— Zq24n +2n(1 _ q44n+22) + q2 Zq24n +14n(1 _ q20n+10). (537)

n=0

Hence, by (5.3.5), (5.3.6) and (5.3.7), we complete the proof of (5.3.4) and therefore also of Theorem
5.3.2. O

In the formulation of Ramanujan’s next two identities, it will be convenient to use the notation for
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Ramanujan’s theta functions, namely,
o0

fla,b)s= Y ant2pnn=h/2 0 gp) < 1.

n=—oo

Theorem 5.3.3. [102, p. 31], [18, Entry 6.5.2] We have

i [ (5.3.8)

— (G D2n (G0

n

and

i ¢ _Jdha) (5.3.9)

2n+1 (qa q)oo

Proof. We prove the first identity. The second one can be proved in a similar way. In (5.3.8), replace g by

¢%. Then we obtain

0 2n 10 6
q f(q", %)
Z P = ) (5.3.10)

The left-hand side generates partitions into an even number of odd parts. Equivalently, it generates

partitions of an even number into odd parts. Thus, we obtain

o0

I D D DAL IS

= N=0X€O(2N) N=0peD(2N)

where the second equality follows from Sylvester’s bijection. By decomposing the parts of u into even parts

and odd parts, we obtain

oo o0

> Y N=Cx), > a

N=0pueD(2N) n=01€DO(2n)
where DO(2n) is the set of partitions on 2n into distinct odd parts. Let ! and v be the partitions
consisting of parts of v congruent to 1 and 3 modulo 4, respectively. Note that since v is a partition of 2n,
the number of parts of v is even. Thus £(v!) = £(v3) (mod 2). We now use staircase 4-modular Ferrers
diagrams for the partitions ! and ©3, in which the triangles on the main diagonal have the residue 1 or 3
and the remaining boxes have 4. We then apply Wright’s bijection to the pair (v!,v3). Since £(v!) = £(v?)

(mod 2), we collect only even powers of z from the summation on the right-hand side of the Jacobi triple
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1

product identity (5.2.4). By substituting ¢~ and ¢* for z and ¢, respectively, we obtain

- " 1 > 2
Z Z ¢ = (@% %) Z g e,
n=0v€DO(2n) 7E 0 =0

Thus it follows that

- 2612)002 Z q2n—((q 14 e Z B = (2.12 f(q"%,¢%).

n=01eDO(2n) k=—00 7% 9%)o0
This completes our bijective proof of (5.3.10). O
Corollary 5.3.4. [102, p. 35], [18, Entry 1.7.7] We have

e q("+1)(”+2)/2

Z T = qf(g,4").

Proof. By Theorem 5.3.3, it suffices to show that

n (n+1)(n+2)/2

— — g
g n(l — @) ) 2 (9)

Let A be a partition arising from (¢?™+2),.. Then the parts of A are distinct and larger than 2m + 1. Let
n = £()\). Detach 2m from each of the n parts. By combining this with m from ¢™*!, we have (2n + 1)m
which is generated by 1/(1 — ¢?"*1). The resulting parts of A form a partition into distinct parts that are

larger than 1 with weight (—1)™. Such partitions are generated by

(71)nq2+3+---+(n+1)

(@)n

Combining them with ¢ that was left from ¢™*!, we arrive at

(_1)nq(n+1)(n+2)/2

(@Dn

This completes the proof. O

The following corollary can be proved by a similar argument, and so we omit the proof.
Corollary 5.3.5. [102, p. 35], [18, Entry 1.7.9] We have

q" (n+1)/2

Z %qznﬂ) = f(qg,q5)-
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5.4 Bijective proofs of identities arising from Heine’s
transformation

The identities in this section are proved in [18, Chapter 1] by appealing to Heine’s transformation or some

variant or generalization thereof.

Theorem 5.4.1. [102, p. 16], [18, Entry 1.4.8] For arbitrary complex numbers a, b,

1 X (ag; q)nb"g™ N (ag)*"
= (=0¢;¢") o

(aq)oong) (% ¢*)n ( ) ;(q;q)zn(—bq;qQ)n

o 2n+1
F(=bg% D) (aq) : 5.4.1
(b ) ;(Q;q)%ﬁ-l(_qu;qQ)n (541)

Proof. Rewrite the left-hand side of (5.4.1) as
LN (ag:9)nb"q"” & brg™”

L - . 5.4.2
(GQ)oog (4% ¢*)n Z(aq”””;q)oo(qg;612)71 (5.4.2)

n=0 n=0

The right-hand side is a generating function for vector partitions (,v) such that 7 is a partition into parts
that are strictly larger than n, and v is a partition into n distinct odd parts. We examine these partitions
in two cases.

Case 1: 7 has an even number of parts. Let 2k be the number of parts in 7. Detach n from each part of m
and attach 2k to each part of v. Denote the resulting partitions by ¢ and A, respectively. It is clear that o
is a partition into 2k parts, and ) is a partition into distinct odd parts that are greater than or equal to

2k + 1. These are generated by

o0 2k
aq

Z (( )) (=bg** 1 ) e (5.4.3)

k=0 q;4)2k

Case 2: 7 has an odd number of parts. Let 2k + 1 be the number of parts in w. Detach 2k + 1 from each

part of m and attach 2k + 1 to each part of v. By reasoning similar to that above, we can see that the

resulting partition pairs are generated by

2k+1
(—b¢°""%; ¢%) o (5.4.4)

Z (ag)

k=0 (4 @)2k+1

Combining the two generating functions (5.4.3) and (5.4.4) together with (5.4.2), we complete the

proof. O
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Theorem 5.4.2. [102, p. 10], [18, Entry 1.4.9] We have

n(n+1)/ n n(n+1)/

Z g = : ZO . (5.4.5)

Proof. Multiplying both sides of (5.4.5) by (¢)eo, We obtain the equivalent identity

®  _n(n+1)/2 n, n(n+1)/2

( © (-
QT(QHH; Doo = Y U)((;)(—q"“; q)oos (5.4.6)
n=0 n n=0 n

since (¢%:¢%) o0 = (—¢; @)oo (¢; @) so- The left side of (5.4.6) is a generating function for the pair of partitions
(m,v), such that 7 is a partition into n distinct parts and v is a partition into distinct parts that are
strictly larger than n, and where the exponent of (—1) is the number of parts in v. For a given partition
pair (7, v) generated by the left side of (5.4.6), let k be the number of parts in v. Detach n from each part
of v and attach k to each part of 7. Then we obtain partition pairs (o, A), such that o is a partition into k
distinct parts and A is a partition into distinct parts that are strictly larger than k, and the exponent of
(—1) is the number of parts in o. These partitions are generated by the right side of (5.4.6). Since this

process is easily reversible, our proof is complete. O
The identity in Theorem 5.4.2 is connected with the theory of gradual stacks with summits [13].

Theorem 5.4.3. [102, p. 10], [18, Entry 1.4.12] For each n > 0,

x© m,m(m+1)/2 0 pm nm(m+1)/2
aq +n. n q nm—+1
> (b0 = Y e (—ag" )
m=0 (q)m 7 - m=0 (q”7 q”)m T
m_m(m+1)/ L. . .. :
Proof. First observe that % generates partitions into m distinct parts, where the exponent of a is

the number of parts. Second, (—bg"™*™; ¢"). generates partitions into distinct parts, where each part is

at least nm + n, each part is a multiple of n, and the exponent of b equals the number of parts. Let (7, v)

mgm(m+1)/ .
be the partition pair generated by Tﬂz and (—bg"™T"; q") s, Tespectively. Detach nm from each

bk gk (et /2

BN Cr T Attach mk to each part of 7. Then the

part of v. The remaining partition is generated by
resulting partition is a partition into distinct parts that are greater than or equal to nk + 1. Since this

process is reversible, we are finished with the proof. O

Theorem 5.4.4. [102, p. 30|, [18, Entry 1.4.17] For each n > 0,

io: pm m(m+1)/2 > amg™ (m+1)/2

m=0

(5.4.7)

OO

(@)m aq) nm 0 (—bq )nm

3
Il
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Proof. Rewrite the left-hand side of (5.4.7) in the form

o0 o0
bmqm(m+1)/2 bmqm(m+1)/2 )
(—ag)es S e = S T T (agmt) (5.4.8)
> 7;) (q)m(_aq)nm HLZ:O (q)m >
First, W generates partitions into m distinct parts with the exponent of b keeping track of the

number of parts. Second, (—ag™" 1), generates partitions into distinct parts, each strictly larger than
mn. Let (o,v) denote a pair of partitions generated by W and (—ag™" 1), respectively. Let k
denote the number of parts in v. Detach mn from each part of v and denote the resulting partition by /.
Attach kn to each part of o0 and denote the resulting partition by ¢’. Then ¢/ is a partition into %k distinct

parts, and ¢’ is a partition into distinct parts, each strictly larger than kn. Such partitions are generated

by the right side of (5.4.8). Since the process is reversible, the proof is complete. O

Theorem 5.4.4 provides a generalization of a certain Duality that was utilized by D. M. Bressoud [34] in

connecting the well-known identities

[e'e] qn2 B 1
— (%40 (—0%6%) 0o (456°) 00 (4 6°) o
n=0
and
0 qn2+2n 1

a5 a)n (%03 (@?6°) o0 (0% 67 )
of L. J. Rogers [107] with the Rogers—Ramanujan identities. In particular, if we consider the case n =1 in

Theorem 5.4.4,

o bmqm(m+1)/2(7aqm+1) amqm(m+1)/2(7qu+1)oo

x - : (5.4.9)
P> @ P> @
and replace q by ¢ and a by a/q in (5.4.9) we obtain the identity
[e'e] 2 o0 2
m ,m —b 2m—+2. 2 bm m+m(__ 2m—+1. 2
Flab)im 3 ot ey D TS pg o). (34.0)

m=0 m=0

Note that the transformation 7' defined by

T(F(a,b)) = F(bg,aqg™")

is an involution. Thus (5.4.10) is a fixed point under this involution.
Bressoud [34] does not state this Duality explicitly but uses the underlying combinatorics in his paper

[34]. K. Alladi [8] observed the involution (5.4.10) as Bressoud’s Duality and used it to connect six
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identities of Rogers [107] with the Rogers—Ramanujan identities via the modified convergence of a certain
continued fraction of Ramanujan, A. Selberg, and B. Gordon.

Similarly Theorem 5.4.3 is also a generalization of Bressoud’s Duality.

Theorem 5.4.5. [102, p. 42], [18, Entry 1.5.1] We have

i g _ —aq®; ?) i T (5.4.11)
= (@ vt —aq* ¢*)n
0 am n 24n
—aq; ¢°) Z Cag (5.4.12)

Proof. We prove (5.4.11). Moving (—ag?; ¢?)s inside the summation sign and using a corollary of the

g-binomial theorem [15, p. 19, Eq. (2.2.6)], namely,

> m, m*“+m+2mn
aq
(—aq® 21 ¢%)oe = ,
~ mz::O (a%6)m
we find that it suffices to show that
k k2 s am+nqn2+m2+m+2mn

(5.4.13)

o0
a’q
,;) (@) WZLZO (42:4*)m(a% ¢*)n

Let us interpret the right side of (5.4.13). Consider a Durfee square of side m + n. Attach 1 to each of
the first m rows. Append the 2-modular diagram of a partition generated by T 2) to the first m rows.
Finally append the 2-modular diagram of a partition generated by W to the next n rows. Then, it is
clear that the resulting partition is generated by the sum on the left side of (5.4.13). For the reverse
process, let m be a partition generated by the left side of (5.4.13). Then 7 has a Durfee square of side k,
and below the Durfee square there are no parts. Let 7, be a partition to the right of the Durfee square in
m. Let m be the number of odd parts in 7,.. Rearrange the order of 7, so that the first m parts are odd.
Detach 1 from each part of the first m parts of 7. Then the first m parts are generated by m, and
the remaining parts are generated by m. Setting n = k — m, we are done.

Since the proof of (5.4.12) is similar, we omit it. O

5.5 Partitions with a parity sequence

Let D,, be the set of partitions into n distinct parts less than 2n such that the smallest part of each

partition is 1, and if 2k — 1 is the largest odd part, then all odd positive integers less than 2k — 1 occur as
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parts. For a partition A € D,,, we define the parity sequence as the longest sequence of decreasing
consecutive numbers containing the largest odd part and denote its length by ¢(A). Thus, the largest part

of the parity sequence might be even. For instance, when n = 5,

C((57 4,3,2, 1)) =5,
c((8,6,5,4,3,1)) =4,

c((9,7,6,5,3,1)) = 1.
Let
A= (Ala'-w)\sa)‘s-i-l?"'a)‘s-‘rca)‘s-‘rC-‘rh"'vAn) € Dn7

where its parity sequence is underlined. By the definition of a parity sequence, we see that
(P1) Aq,..., A\ are even;

(P2) all the positive odd integers less than or equal to A\s41 occur in A;

(P3) Asacisodd and Agie = Agperr + 2.

We now compute the generating function of D,,. For a partition A € D, let k be the number of odd
parts of A. Then it follows from the definition of D,, that the odd integers 1,3,...,2k — 1 occur in A and
the other n — k parts are distinct even numbers. Note that the generating function of partitions into m

distinct even parts less than 2n is [15, pp. 33-35]

a
as the g-binomial coefficient generates partitions into at most b parts < (a — b) for 0 < b < a, where

(¢;9)a

— e if0<b<a,
— ) (©9)(¢Dab - -

a

)

b 0, otherwise.
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Therefore,

n! 2 5.2 n—1
Z Pt = Zq(n—k) +k2 4k _ (5.5.1)
XED,, k=0 k
q2
Lemma 5.5.1. For any positive integer n,

n—1 5 o n—1
Zq(nfk) R4k = (=q;q)p_1q""TD/2, (5.5.2)
k=0 k

Proof. Let fu(q) = (=¢; q)n_1¢"™"Y/2. Then, for n > 1,

fn+1(q) = (qn+1 + q2n+1)fn(q)~

We prove the lemma by showing that the left-hand side of (5.5.2) satisfies the same recurrence as f,(q).

n
First of all, when n = 1, (5.5.2) holds true. For n > 1, using a familiar recurrence for [15,
k P
Eq. (3.3.4)], we find that
n
Zq(n+l—k)2+k2+k
k=0 k
q2
2 nol 2,2 n 2
_ q(n+1) + Z q(n+17k) +k2+k 4 gt
k=1 k
L q2
n—1
n—1 n—1
_ q(n+1)2 + Z q(n+1—k)2+k2+k q2k + + qn2+n+1
k=1 k k—1
q? q?
(n+1)2 = (n—k)? k% +kt2n+1 |07 1 = B2+ (k)2 k41 |V T 1 2 nt1
k=1 k k=0 k
q?2 q?
= k)2 4+k2+k+2n+1 n—1 = k)2 +k2+3k+2 1
:Zq(nf)Jr +k+2n+ +Zq(n7)+++
k=0 k k=0 k
L 4 g2 q?
= 2k ktantr |01 n71k12 k1) 43(n—k—1)+2 | P 1
:Zq(n—)-‘r +k+2n+ +Zq(+)+(n——)+(n——)+
k=0 k k=0 k
L d¢? q?
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nod 2 2 n — n_l 2 2 n — 1
— Zq(n—k) +k2+k+2n+1 + Z q(n—k) +k2+k+n+1
k=0 k k=0 k
q2 q2
n—1
_ (q2n+1 + qn+1) Z q(n_k)2+k2+k n—1
k=0 k

which completes the proof.
The following proof is due to S.O. Warnaar [117].

Proof. Write

Then Lemma 6.1 is fo(n) = (—q; q)ng~""*Y/2. Change k to n — k. Then f,(n) = ¢(*= D" fy_,(n).

Therefore
fy = oW o) | 15~ (4 ) (DM (g v
0 2 2 &~ (@)r(=9)x

- 2q lim ¢Ws(—g ";b,c,q7 " —q/bc) = (—q;q)ng """/,

b,c—o0

where for the last identity we have used Rogers’ identity,

1 1 — n+l
a,qaz,—qaz,b,c,q""; q, “G— _ (aq,aq/bc; q)n

605 (ag/b,aq/c;q)y’

a’% ) _a% ) aq/ba GQ/C, aqn+1

We can prove the following theorem using (5.5.1) and (5.5.2). However, we provide a combinatorial

proof.

Theorem 5.5.2. For any positive integer n, the generating function of D,, is

(= @)n—1g" "D/,
Proof. For a positive integer n, let 7= (n,n—1,...,2,1) and p = (u1, 2, - .., te) be a partition into
distinct parts less than n. We insert the parts p; in decreasing order into 7 as follows.

Insertion: Let 7 be 7 and begin with ¢ = 1.

(0]
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[¢] [¢] [¢] [¢]

Figure 5.1: Insertion of u = (4,2,1) into 7 = (5,4, 3,2, 1).

(1) If m; 4+ w1 is even, then add p; to m;, ie., add p; horizontally to 7, and add 1 to 4; if 7; 4+ w1 is odd,
then add 1 to each of the m;,..., ™y, —1, i.e., add p; vertically down starting from m;, and the ¢

remains the same.
(2) By an abuse of notation, let us denote the resulting partition by 7.
(3) Repeat the process with pa, ..., fig, i.e., until the parts of p are depleted.

Figure 5.1 illustrates our insertion with an example.
Throughout the proof, we assume that mg = co. We first show that the final 7 is a partition in D,, with

parity sequence (mg41,...,mTstc) such that if uy was inserted horizontally, then

c>pe and g — a1 — 1 = py; (5.5.3)

and if pp was inserted vertically, then

c=pe and w5 —mer1 — 1> py. (5.5.4)

We use induction on ¢. If £ = 1, then

(n+pu,m—1,n—-2...,21), if n 4 py is even,

(n+1,n,...,n—pu +2,n—pq,...,2,1), if n+p; is odd,

where in each case the parity sequence is underlined. Since p; < n, we see that m € D,, and the conditions
in (5.5.3) and (5.5.4) are satisfied. Given 7 = (n,n—1,...,1) and p = (@1, ..., tte), suppose that the

partition 7 resulting from the insertion of 4, ..., pe—1 satisfies either (5.5.3) or (5.5.4). We denote

T = (T Mgy Tshly e v Tste, Tstetls - - Tn) € Dy,

where its parity sequence is underlined. By (P1), we see that 7, is even. Since p; > 1 for any j < ¢, it
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follows from the definition of insertion that the last horizontal insertion happened at the s-th part. Thus,
in order to insert pg, we need to examine the parity of w541 + pe by (P1). If me41 + pe is even, then we

make a horizontal insertion; namely, the resulting partition is

/
T = (Wla---aW577Ts+1 +,Ufi,7rs+27"~a7rs+077rs+c+1>-'~77rn)~

Since m € D,,, all odd positive integers < w541 occur in 7, from which it follows that all odd positive

integers < my1o occur in 7. Also, since 75 — ws11 > pe—1 by (5.5.3) and (5.5.4), we see that

Ty — Mo = Ts — (Tsr1 + pe) > po—1 — pe > 1.

Thus 7’ € D,,. We now show that " satisfies (5.5.3). Since ¢ > ps—1 by (5.5.3) and (5.5.4), and pe—1 > i,
we see that the parity sequence of 7’ is (7s42,. .., Tstc), which has length ¢ — 1 > uy. Also, since

Ts+1 = Tg42 + ]-7

/ !
o1 = Toyo = Tyt + fe — Topo = pre + 1.

Therefore, 7’ is a partition in D,, satisfying (5.5.3). If w511 + pe is odd, then we make a vertical insertion;

namely, the resulting partition is

/
™ = (7T1,...77T5,7TS+1 + 13"'77rs+[u + 17778+ll«e+17"'a7rn)-

Since ¢ > py—1 by (5.5.3) and (5.5.4), and pg—1 > pe, we see that the parity sequence of 7’ is

(7T5+1+1""77TS+MZ+1 +1),

whose length is py. Also, since s — g1 > fo—1 > pe,

Ty — Mgy = Ts — (M1 + 1) > o1 — 1> pug.

Thus 7 satisfies (5.5.4). We now show that 7’ € D,,. Since w511 + pe is odd, we see that sty IS €Ven, so
Tstp, +1 and me1,,41 are consecutive odd integers. Since m € D, all odd positive integers < w411 occur
in 7, from which it follows that all odd positive integers < w11 + 1 occur in «’. Therefore, 7’ is a partition

in D,, satisfying (5.5.4).

7



We now show that the map is bijective by defining its inverse. Let
A= ()\17 SERE) >\sa )‘s+1a R /\s+ca )\s+c+1v ceey )\n) € Dn7
where its parity sequence is underlined.

Deletion: We now compare ¢ and (A; — As41 — 1).

(1) If there is no As or ¢ < (As — As41 — 1), then we let 07 = ¢ and subtract 1 from each of
Ast1y - -+ Aste, 1.6, subtract o vertically from A; if ¢ > (A — A1 — 1), then we let

01 = As — Ast1 — 1 and subtract (As — A1 — 1) from A;_q, i.e., subtract o horizontally from .
(2) By an abuse of notation, let us denote the resulting partition by .

(3) Repeat the process until we arrive at A = (n,n —1,...,1); we record the amount we subtract in the

i-th step as o;.

We now show that this process is well-defined, i.e., the resulting partition in each step is still in D,, and the
sequence o1, 09, . .. is strictly increasing with each part less than n. If o1 was subtracted vertically, then

the resulting partition is

A A Asit — Lo Asge = 1, Asgetds - -5 An). (5.5.5)

It follows from (P1), (P2), and (P3) that all the positive odd integers less than the largest odd part occur.

If o1 was subtracted horizontally, then the resulting partition is

(A A At F L A1, Asgey Asget 1 -5 An)- (5.5.6)

The largest odd part of the resulting partition is either As11 + 1 or Ag11. Again, by (P1), (P2), and (P3),

the resulting partition is in D,,.

We now show that the sequence o1, 09, ... is strictly increasing with each part less than n. First of all,
note that if A # (n,n —1,...,1), then ¢ < n. Thus we can easily see that o1 < n since o1 < ¢. It now
suffices to show that o; > 0,41 for i = 1,2,.... Suppose that o; was subtracted vertically from A. Then, in

(5.5.5), the length ¢* of the parity sequence of the resulting partition is larger than c. Also,

A= Aag1 — 1) =1 =Xy — Aep1 > c.
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Since o9 is the minimum of ¢* and Ay — (A;11 — 1) — 1, we see that o2 > o1. Suppose that o was
subtracted horizontally from A. Then, in (5.5.6), the length ¢* of the parity sequence of the resulting

partition is larger than ¢, which is larger than or equal to (As — As41 — 1). Also,
)\s—lf()\s+l+1)*1:)\3—1*)\54-1*22)\s+2*)\s+1*2>)\s*>\s+1*1:01;

where the first inequality follows from (P1). Since o is the minimum of ¢* and A\s_1 — (A\s41 + 1) — 1, we
see that o9 > o7.
We now show that the deletion map defined above is the inverse process of our insertion map. Let m be

the partition resulting from the insertion of u = (p1, p2, - - -, p¢) into 7, namely
T = (T, Mgy Tstly -y Tstes Tstetly s Tn) € D
If pe was inserted horizontally, then we see that
¢> =Ty — o1 — 1,

by (5.5.3). Thus, by the map, we have to subtract p, horizontally. If p, was inserted vertically, then we see

that
c=p T —TMeq1 — 1,

by (5.5.4). Thus, by the map, we have to subtract u, vertically. O

Theorem 5.5.3. [102, p. 28|, [18, Entry 1.6.2] For any complex number a,

n n(n+1)/2

ianqm _ i (—¢;@)n—10a"q (5.5.7)
- _ 2. 42 : o
— (—aq* ¢*)n

n=0

Proof. Let E, be the set of partitions into even parts less than or equal to 2n. By Theorem 5.5.2, the
right-hand side of (5.5.7) generates pairs of partitions (7,c) with 7 € D,, and o € E,,, where the exponent
of a denotes the number of parts of m plus the number of parts of o, with the sign (—1)(?). Let .

(resp. o.) be the largest even part in 7 (resp. o). For convenience, we define m, = 0 (resp. o, = 0) if there

is no even part in 7 (resp. o). Note that by the definition of D,,, the following are equivalent:

() r=(2n—1,2n—3,...,3,1);

79



(ii) 7 = 0;
(iii) 7 = 2n — 1.

We now compare 7, and o,.

Case 1: If 7, > 0 and 7, > 0, then move 7, to . We denote by (7', 0’) the resulting partition pair.
Since m € D,, and m, > 0, 7 has n parts < 2n — 2. Thus, 7’ has n — 1 parts < 2n — 2 and o/, is still less
than or equal to 2n — 2, from which it follows that 7’ € D,,_; and ¢’ € E,,_;. The pair (7, ¢’) is generated
by the right-hand side of (5.5.7), and it has the opposite sign.

Case 2: If 0. > 0 and o, > 7, then move o, to m. We denote by (7', o’) the resulting partition pair.
Since m € D,,, ™ has n parts < 2n. Also, since ¢ € E,,, 0. < 2n. Thus, 7’ has n + 1 parts < 2n, from which
it follows that 7’ € D, 41 and o’ € E,,+1. The pair (7/,0’) is generated by the right-hand side of (5.5.7),
and it has the opposite sign.

Therefore, the partition pairs (7, ) with 7. > 0 or . > 0 are canceled, and there remain only

m=(2n—-1,2n—3,...,1) and o = (}, which are generated by the left-hand side of (5.5.7). O

Alladi [9] has devised a completely different proof of Theorem 5.5.3 and has also provided a
number-theoretic interpretation of Theorem 5.5.3 as a weighted partition theorem. Although we have given
a bijective proof of Theorem 5.5.3, we do not interpret Theorem 5.5.3 number-theoretically. On the other
hand, even though Alladi interpreted Theorem 5.5.3 number-theoretically, his proof of Theorem 5.5.3 is
g-theoretic. It would be worthwhile to see how our bijective proof of Theorem 5.5.3 translates into a
combinatorial proof of Alladi’s weighted partition theorem. This is explored by W. Y. C. Chen and E. H.
Liu [43].

Recently, Yee [122] found another combinatorial proof of Theorem 5.5.3.
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Chapter 6

Subpartitions

6.1 Introduction

Let a; > ag > -+ > ay be an ordinary partition. In a recent paper [81], L. Kolitsch introduced the
Rogers-Ramanujan subpartitions and established their connection to other partitions. The
Rogers-Ramanujan subpartition is the longest sequence satisfying ay > as > -+ > a5 and as > as41, where
a; —aj > 2 for all i < j < s. In this chapter, we will generalize his result with an arbitrary gap condition
and will study connections between subpartitions and other partitions. Let us fix a positive integer d.
Then, for a given partition, a subpartition with gap d is defined as the longest sequence satisfying

ay > az > --- > as and as > ag41, where a; —a; > d for all ¢ < j < s. Note that Kolitsch’s
Rogers-Ramanujan subpartition is the case d = 2. For convenience, we will define the subpartition of the
empty partition as the empty partition. We define the length of the subpartition with gap d as the number
of parts in the subpartition. When the gap d is clear from context, we will say the subpartition instead of
the subpartition with gap d. In the next section, we will give a generating function of the ordinary
partition that keeps track of the length of the subpartition with gap d. We also study their connection to

the partial theta function, which is of the form

oo

Z(_l)nqn(n—l)ﬂxn’

n=0

by attaching a proper weight to the generating function. In Section 4, we will focus on the subpartition

with gap 1. By using the properties of subpartitions, we will give combinatorial proofs of the identities:

o0

1 2
o

n

q
Q)3

(6.1.1)

NE

n=0

n

n=0
L - _1\n (n?4n)/2 _ - q2
oL <1+2nz=:1( 1)"q ) n;](q)%, (6.1.2)

4This chapter is largely taken from my paper [76].
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which are entries in Ramanujan’s lost notebook [102] [18, p. 19, Entry 1.4.10 and Entry 1.4.11].

6.2 Generating function for subpartitions

For a given partition A\, we always write it in the form a; > as > --- > ay. Before finding a generating
function, we need to define some notation. Let us fix a positive integer d and define, for each nonnegative

integer k,

T4 (14d)+ (1 +2d) + - (k—1)d+1=L=UW=2Dk ¢ g
Sar =
0, if k = 0.

Then for a given partition A, there are three cases:
(I) There is no subpartition in A.

(IT) The subpartition of A is A. In this case, we will say the partition A is a complete partition after

Kolitsch.
(III) X is not complete and it has a subpartition with length /.

For the case (I), i.e. to have no subpartition in A, we should have a; = a2. By using a standard

argument [15, chap. 1], we can easily see that

21

q
R (6.2.1)

e}
i=1

generates such partitions.
For the case (IT), i.e. A is a complete partition, the gaps between successive parts of A should be at

least d. Such partitions are generated by

X Sa

q
> @ (6.2.2)

£=0
Note that the length of the subpartition in the above is .
For the case (III), suppose that a given partition A has the subpartition with length ¢ and a;, = j. Note
that since A is not a complete partition, there are at least £ + 1 parts in A and, by definition, ay > apy1.

Then, there are two possibilities:
(i) a¢ — ag+1 is less than d.

(ii) a¢ — apy1 > d, but ag41 = apqa.
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For the case (i), we have the generating function

Sl R G | LU-D+G—d+1)
DOF DO et +Zq

(=1 q)[—l j:2 g 1 ] d+1
_ i qS“ i q(5+1)n - Z(d 2) i q (t+1)n
—1 (q)ffl ne1 (q)n

(d=1)) & g(t+Dn

=1 (q)f Z ( )n

n—=

B i qu l [(d 1) < )
o 1)

=1
_ i qsﬂ(l —q <d—1>) = g% (1= gfiY) (6.2.3)
et (@)oo it (a)e ’

where in the penultimate line we used the g-binomial theorem [28, p. 8]. For the case (ii), we have the

generating function

Sa,e+0(d—1) X q(€+2)i

= @ I (0

B 0o qu7g+€(d71) 1 B
=2 W <<q€+2>oo 1)’ (6.2.4)

M

by the g-binomial theorem.

Since all partitions fall into one of the above three cases, the sum of the above generating functions

((6.2.1), (6.2.2), (6.2.3), and (6.2.4)) should be r7—. Thus, we have

1 e q2i o qu,z
— = +
(9)oo ; (@) ; (@)
o0 Sd,g 1— e(dfl) o0 deg 1— Z(d*l) o0 del{ﬁ»f(dfl) 1
Jrzq (1—-¢q )72‘1 (1-¢q )+ q ( L 1)
=1 (q>oo /=1 (Q)Z /=1 (q)[ (q )OO
S S g )
B 0+2
= (De(d) = (@)oo
since
oo 21 1
Z = b



by the g-binomial theorem. Thus, we have proved our first theorem.

Theorem 6.2.1. Let £ be the length of the subpartition with gap d. Then we have

; = Z (¢%n¢ — gSur+1) (6.2.5)
Remark. An analytic proof of Theorem 6.2.1 is very simple; thus we will omit it. Note that, by setting

d =2, we can recover Kolitsch’s Theorem 1.

Define p(n, ¢, d) to be the number of partitions of n having a subpartition of length ¢ with gap d. Then,

by observing coefficients of ¢" in (6.2.5), we can easily deduce that

Corollary 6.2.2. For all nonnegative integers n and £ and a positive integer d, we have

p(n7€a d) = p(n - Sd,e) _p(n - Sd,€+1)-

6.3 Subpartitions with parity condition

Let us define pc(n,d) to be the sum >, . .. p(n, £, d), i.e. the number of partitions of n that have

subpartitions with even lengths, and similarly for p,(n,d). Then, we have

ad 1 1

> (pe(n,d) — po(n,d))q" =

n=0
b (1 42 i(_l)qud»£> (6.3.1)

Note that when d =2, 142377, (—1)*¢%* becomes a theta function that recovers Kolitsch’s

Theorem 4. For other d’s, Y32 ,(—1)¥¢¢* is a partial theta function of the form,

i dk2—(d 2)k

k=0

Since, pe(n,d) + po(n,d) = p(n), we have

S peln, d)g" = —— 3 (=1)g5e, (6.3.2)
n=0 )os k=0
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By replacing a and ¢ by ¢ and ¢?, respectively, in the identity [23, eqn (2.1b)],

2
n ,n
a

(—1)Fa*q® P = ()0 3

0 ne0 ((])n(a')n7

[M]8

=~
I

we obtain
dm +m

nz:%pe(n,d)q” z:o P (6.3.3)

We have the following partition theoretic interpretation of (6.3.3).

Theorem 6.3.1. In the case of d > 2, the number of partitions of n with an even length subpartition with
gap d is the same as the number of partitions of n such that the parts which are congruent to 1 modulo d

have the following property: Consider the d-modular diagram of the partition, which consists of such parts.
If it has the Durfee square of a side k, then the largest part of the partition below the Durfee square should
be less than or equal to d(k — 1) + 1. In the case of d = 1, the number of partitions of n with subpartitions
of even length is the same as the number of partitions of n that have the following property: If it has the

Durfee square of a side k, then the number of parts in the partition on the right side of the Durfee square is

k.

6.4 Subpartitions with gap 1

In this section, we will investigate the subpartitions with gap 1. By (6.3.1) and (6.3.2) in the previous

section, we have

S (e, 1) — pofm, V)" = (Hzi ’**’“)/2) ,

n=0 q)oo k=
1

= k2+k
Zpe (n,1)q ) Z

* k=0

—

Thus, Entry 1.4.10 and 1.4.11 of [18, p. 19] are equivalent to the following identities:

Zpe (n,1)¢" = Z (q; (") oo, (6.4.1)
n>0 n=0 n
e 2n

> @e(n,1) = po(n, 1))q" = (qq) (@)oo (6.4.2)
n>0 n=0 n

Now we will give a combinatorial proof for the above identities. Throughout the proofs, t(\) denotes

the number of parts in .
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Proof of (6.4.1). Note that

generates partition pairs (m(n), o(n)), where m(n) is a partition with the largest part n, and o(n) is a
partition into distinct parts such that the smallest part is larger than n, and the exponent of (—1) is
t(o(n)). For a given partition A, suppose that A has the subpartition of length £. Then, A is of the form

A1 > Ao > > N> Mgy > Aggo > -+ Thus, in the right hand side of (6.4.1), A is generated £ + 1 times
as (m(M\1), 0), (m(A2), (A2)), .., and (m(Ag+1),0(Aet1)). Note that, in fact, Apr1 = Aeyo. If not, the length
of the subpartition should be bigger than ¢. Thus, A is not of the form ( 7(A¢12), 0(Aet2) ). Note also that
the exponent of (—1) in the previous partition pairs is (—1)%, (=1)!, ..., (=1)*, respectively. Thus, their
sum is 1 if £ is even and is 0 if £ is odd. Thus, in the right side of (6.4.1), after cancellation, we are left

with the partitions that have subpartitions with even length. O

Proof of (6.4.2). Note that

generates partition pairs (m(n), o(n)), where m(n) is a partition with 71 (n) = m2(n) = n, o(n) is a partition
into distinct parts such that the smallest part is larger than n, and the exponent of (—1) is t(o(n)). For a
given partition A, suppose that A has the subpartition with length ¢. Then, as before, A is of the form

AL > A > o> A > A1 > Agg2 > - -+ Recall that Apyq = Agqo. Thus, in the right side, A is generated

as (m(Agg1), 0(Aes1)). Since the exponent of (—1) is £ in this partition pair, we are done. O

Note that the right side of (6.1.1) is a generating function of the number of stacks with summit. For the
definition of the stack of summit and its proof, consult the paper of Andrews [13]. For other combinatorial
proofs of Entry 1.4.10 and Entry 1.4.11, examine the work of A.J. Yee [121] or the previous chapter.

Next, we will obtain another generating function for p.(n,1) — p,(n, 1) by using a simple Durfee square
argument. For a given partition A, let A" be the conjugate of the partition in the right side of the Durfee
square and A’ be the partition below the Durfee square. Let s()\) be the side of the Durfee square of \.

Then, the coefficient of ¢ of

k2 4k T

q P N L A
2 - 2y o8 kz:o(q) (6.4.3)

Eal V]

is (the number of partitions of n such that A} = s(\) ) plus (the number of partitions of n such that

A7 = s(\) ) minus p(n), by symmetry. Since A with A} < s()) is not generated by Y ;- % and we
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count \ twice if A] = A% = s5(\), we have

In summary, we have

D (pe(n, 1) = po(n, 1))g" = . (1 + 22(—1)%(’“2*’“)/2) :

n>0 7)o k=1
iqk2+2k i qu
:1—|— —_ y
~ (07 = (@i
o k?4+2k
q
=(1-q
,;) (@7

Therefore, we have proved the following theorem.

Theorem 6.4.1. The difference between the number of partitions of n with subpartition (with gap 1) of
even length and those of odd length is the number of partitions \ of n satisfying N} = A\t = s(\) and 1 is

not a part of \°.

As an immediate corollary, we have

pe(n, 1) > po(n, 1), for all n > 2. (6.4.4)

Note that equality holds if and only if n = 2.

Next, we will investigate the parity of p.(n,1). We see that

1
Zpe(m " = —— Z g™ tM/2 (mod 2)

n>0 (@)oo n>0
3
= Eg)z (mod 2)
= (%¢Y)e (mod 2)

Z qm(Bmfl) (mod 2)7

m=—0o0

where for the second congruence, we used Jacobi’s identity [28, p. 14], and for the last congruence, we used
the pentagonal number theorem [28, p. 12]. Thus, we can conclude that p.(n,1) is almost always even.

Hence, we have proved the following theorem.
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Theorem 6.4.2. For all nonnegative integers n, we have

1 (mod 2), if n is of the form m(3m %+ 1) for some nonnegative integer m,

pe(n,1) =
0 (mod 2), otherwise.

6.5 Remark

We define the subpartition of a partition into distinct parts as the longest sequence where the gap between
successive parts is 1. Then, by a similar argument that we used to prove Theorem 1, we can easily prove

that

[e’e] ) o] 5 o0 )
@)oo = > g0 L 3T DS gt g, (6.5.1)
£=0 {=1 i=1

and

00 (£2410)/2 oo

OoflJqu +Zq(42+£/2zqw 1), (6.5.2)

where £ is the length of the subpartition. It appears that (6.5.1) and (6.5.2) do not appear in the literature

of g-series. Therefore, it is natural to ask whether we can prove (6.5.1) or (6.5.2) analytically.
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Chapter 7

Mock theta functions via n-color
partitions

7.1 Introduction

In his famous last letter to G. H. Hardy [31], S. Ramanujan introduced mock theta functions without
giving an explicit definition. Ramanujan introduced 17 examples of mock theta functions in his letter.

Among them, the third order mock theta functions are

'ﬂ

=
-
I
(]
Q
[\v]
o

— (—x o7 Z:
o, = (7.1.1)
B qn
¢(q) - E:l: (q7q )” ::: m 1 1 _ qrn + q2m>

Later, G. N. Watson [118] added three functions to the list of Ramanujan’s third order mock theta

functions. These are

an(’rH-l) el qn(n—i-l) e Qn(n-l-l)

w@) =) o v@=) ——— pla) = — 7.1.2
= (6a%)5 4 RZ:O (=4 ¢*)n+ HZO [T (1 + 2m=t 4 gim=2)’ (7.12)

These three third order mock theta functions are actually in Ramanujan’s Lost Notebook [102]. In

Ramanujan’s Lost Notebook [102], we are also able to find Ramanujan’s sixth and tenth order mock theta

functions. Among them, Ramanujan’s sixth order mock theta functions are

2n n—0 q)2n+1
e q(n-‘rl)(n—i-Z)/Z( q,q)n

i 7% i q("+1 (¢; q2)n’

n(n-‘rl)/2( ¢ q)

pla) = —= (G olo)= — (q,q Jn+1 ’ (7-18)
v CD)"(g 6P v D@6 " qq
)\(q)i,; (—=¢; Dn — (G HZ:O (4% ¢%)

G. E. Andrews and D. Hickerson [22] established the results for sixth order mock theta functions that

5This chapter is based upon a joint paper with Youn-Seo Choi [46]. T thank Y.S. Choi for his permission to include our joint
work here.
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are similar to the mock theta conjectures. Recently, B. C. Berndt and S. H. Chan [29], and R. J. McIntosh

[92] independently discovered two new sixth order mock theta functions ¢_(g) and _(gq) which are

o_(q) = ZW and U_(q) = ZW. (7.1.4)

n=1 n=1

To see the history of mock theta functions and their modern and classical developments, we recommend the
survey papers [58] and [99]. Mock theta functions have numerous nontrivial connections to combinatorics,
especially the theory of partitions [1], [21] and [51]. For example, a third order mock theta function f(q) is
a generating function for the number of partitions of n with even rank minus the number of partitions of n
with odd rank, where the rank of a partition is defined to be its largest part minus the number of its parts.
The n-color partition and its overpartition analogue have been employed to understand g¢-series
identities combinatorially. The n-color partition was introduced by A. K. Agarwal and G. E. Andrews [4],
and its overpartition analogue was introduced by J. Lovejoy and O. Mallet [88]. The n-color partition and
its overpartition analogue arise naturally, and have a connection to many other combinatorial objects [3],
[2], [4] and [5]. An n-color partition of a positive integer v is a partition in which each part of size n may
appear up to n different colors denoted by subscripts from 1 to n, and parts are ordered first by the size of
part and then according to the color. Since we have n different copies of part n, we also call it a partition

with “n copies of n”. For example, there are 6 n-color partitions of 3;
33, 32, ,31, 2211, 2115, 111114,

We define the weighted difference of two parts m;, n; denoted by ((m; —n;)), as m —n — i — j provided
that m > n. An n-color overpartition of a positive integer v is an n-color partition of v in which we may

overline the final occurrence of each part n;. For example, the n-color overpartitions of 2 are
2, 22, 21, 21, Lily, 111y,

We also define the weighted difference of two parts m;, k; in an n-color overpartition denoted also by
((m; — kj)) asm —k —i—j —x(m;) — x(k;) provided that m > k, where x(k;) = 1 if k; is an overlined
part, and 0 otherwise. We note that this definition coincides with the definition of a weighted difference of
n-color partition if there is no overlined part.

In [1], Agarwal interpreted a third order mock theta function ¢ (gq) and three fifth order mock theta

functions Fy(q), ®o(q), ®1(g) as generating functions of certain kinds of n-color partitions by using
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g-difference equations. His interpretation for 1(q) is as follows.
Theorem 7.1.1. ¥(q) generates n-color partitions satisfying
(1) the weighted difference between two consecutive parts is always 0,
(2) the smallest part is of the form kg,
(8) even parts have even colors and odd parts have odd colors.

In [45], Y. S. Choi showed a connection between bilateral basic hypergeometric series and mock theta
functions, which leads to many new identities involving mock theta functions. This work is a sequel to [45],
and the purpose of this chapter is to provide partition theoretic properties of third order mock theta
functions ¢(q), ¥(q), v(¢) and sixth order mock theta functions ¥(q), ¥_(q), p(q), A(g). Our first goal of
this chapter is to derive partition-theoretic interpretations for the mock theta functions above as
generating functions of n-color partitions or n-color overpartitions. In particular, we will give a bijective
proof of Theorem 7.1.1 in a constructive way, and describe similar partition-theoretic interpretation for the

others. For example, the sixth order mock theta function ¥(q) can be interpreted as follows.

Theorem 7.1.2. Let us define A\ to be the largest part in the partition \, and let ¢(\*) denote the color of

AL, Then, W(q) generates n-color overpartitions satisfying
(1) the smallest part is of the form ki and not overlined,

(2) the weighted differences between two consecutive parts are even and > 0, where the exponent of (—1)

is given by w

From Theorem 7.1.1, we easily conclude the following corollary.

Corollary 7.1.3. There is a bijection between n-color partitions described in Theorem 7.1.1 and partitions
into odd parts without gaps. Moreover, if X is an n-color partition corresponding to o, a partition into odd
parts without gaps, then Zf(:)‘l) c(\) = £(a), where £(\) is the number of parts in the partition \. In other

words, the sum of the subscripts (the colors) of each part of A is the same as the number of parts in o.

Even though the first part of Corollary 7.1.3 was first observed by Agarwal [1], a bijective proof had
been unknown.

The second goal of this chapter is to derive arithmetic properties from mock theta function identities.
Every identity we examine is of the following form: a linear combination of two mock theta functions is

equal to a theta function. These identities yield interesting combinatorial facts about the coefficients of
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mock theta functions. In [51, Chapters 2 and 3], N.J. Fine gave a partition theoretic interpretation for
mock theta functions, and derived many interesting properties from various identities involving mock theta

functions. In particular, Fine showed that

f(Q) - Z (p(n7072) 7p(n7 132)) qn’

é(g) = > (p(n,0,4) — p(n,2,4)) ¢",

and

oo

X(Q) = Z (p(n7076) +p(n, 1’6) —p(n,2,6) —p(n,3,6))qn7

n=0

where f(q), ¢(q), and x(q) are third order mock theta functions defined by (7.1.1), and p(n,d, N) denotes
the number of partitions of n with rank = d (mod N). By using a linear relation between third order mock
theta functions, he proved that

o(2n) = p(2n,1,4) — p(2n,2,4) (7.1.5)

where o(n) denotes the number of partitions of n into distinct odd parts without gaps. Our theorems in
this paper are inspired by Fine’s work in [51, Chapters 2 and 3] even though we have to rely on the theory

of modular forms to prove Theorems 7.3.5 and 7.6.1.

Theorem 7.1.4. We define 3(n) :=3_,,, (—1)), where the sum runs over partitions into distinct odd
parts < 20(N\) — 1 except that 1 can be repeated, and £(N\) denotes the number of parts in a partition \.

Then, for all positive integers n, we have

26(2n) = p(2n,1,2) — 2p(2n,2,4),

268(2n—1) =p(2n —1,1,2) — 2p(2n — 1,0, 4).

We also discuss Ramanujan type congruences and cranks by analyzing theta functions which are linear
sums of mock theta functions. If we say that Af(n) is the number of partitions of n with the generating

function f, then we have the following congruences.

Theorem 7.1.5. For all n > 0, we have

Ag(B3n+3)+24¢_(3n+3)=0 (mod9)
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and

24,3n+2) + A\x(3n+2) =0 (mod9).

This chapter is organized as follows. In Section 7.2, we introduce necessary definitions and theorems. In
Section 7.3, we provide combinatorial interpretations for the third order mock theta functions ¢(q), ¥ (q),
v(q), and study their arithmetic properties. In Section 7.4, we study the combinatorial properties of two
sixth order mock theta function identities which are proved in Section 7.6, and give combinatorial
interpretations for the sixth order mock theta functions ¥(q), ¥_(q), p(q) and A(q) by using n-color
overpartitions. In Section 7.5, we introduce Garvan-Kim-Stanton type crank functions for the congruences

given in Section 7.4. In Section 7.6, we prove two identities involving sixth order mock theta functions.

7.2 Preliminaries

In this section, we summarize the basic definitions and theorems for partitions, g-series and modular forms.
Partitions. A partition of a positive integer n is a weakly decreasing sequence of positive integers

(AL, ..., A7) such that A +--- 4+ X" = n. We denote the number being partitioned by |\|. If A is a partition
of n, then we write A - n. Throughout this paper, we denote Af(n) be the coefficient of ¢" in the
g-expansion of f. If f is a generating function for certain partitions, then we regard A;(n) as the number
of such partitions of n counted by f.

p-modular Ferrers diagram. We introduce a p-modular Ferrers diagram. For a partition ) into parts \*
congruent to 7 modulo p where 0 < r < p, its p-modular Ferrers diagram is the diagram in which the i-th
row has [A?/p] boxes, we denote r in the boxes in the last column, and denote p for the other boxes. It can
easily be seen that the sum of the numbers in the boxes equals |A|. We define the M),-rank of the partition
A as [%1 - {(N\). In other words, the M,-rank of the partition A is the number of boxes in the largest part

in the p-modular diagram minus the number of parts of A\. For example, examine Figure 7.1.

21212 |1
212
1

Figure 7.1: 2-modular diagram of a partition A = (9,7,4,1) with Ms-rank = 1.
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t-residue diagram. In the Ferrers diagram of a partition A, we color the box at row r and column ¢ by
¢ —r (mod t). Thus, we have t different colors, denoted by 0, 1, ..., t — 1. We denote 7;(A) as the number

of boxes with color j in the Ferrers diagram of a partition A. For example, examine Figure 7.2.

210112
1|2
0

Figure 7.2: 3-residue diagram of a partition A = (9,7,4,1) with [ro(A), 1 (), 72(N)] = [4, 4, 4].

t-core partition. A partition A is said to be a t-core if there are no hook numbers that are multiples of ¢.

For example, in Figure 7.3, A is a 5-core partition. Let a¢(n) be the number of ¢-core partitions of n. Then,

w | & | oo
S
[N}
—

Figure 7.3: a 5-core partition A = (5,4,2,1) with hook numbers.

it is well-known [53] that

oo

Z o= 0 (7.2.1)

(¢ 9) o

g-series. We define Ramanujan’s general theta function f(a,b) as
f(a,b) = Z @D/ 2pn(n=D/2 5 p) < 1,

n=—oo

Then, Jacobi’s triple product identity [28, p. 10] asserts that
f(a,b) = (—a; ab) oo (—b; ab) oo (ab; ab) o - (7.2.2)

We also need Jacobi’s identity [28, p. 14]

oo

=> (1) (2n+1)g""TH2, (7.2.3)

n=0
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We also introduce the following space saving notations:

(alv Az, ..., Am; q)n = (al; Q)n(a@; Q)n T (am; Q)nv

(ala a2, ..., Qm; Q)oo = (a1§ Q)oo(a% q)oo T (am; Q)oo-

Modular forms. Now we give the basic properties of modular forms. For more details on this subject,

consult [98], [104] and [106].

Definition 7.2.1. For z € H and any positive integers n, m, define

S

n(nz) =, = q2(¢":¢" ) (7.2.4)

and

py(zmyn f(=¢™ —¢"™)

e (7.2.5)

nn,m(z) =Mn,m = (4

where Py(t) = {t}* — {t} + ¢ is the second Bernoulli function, and {t} :=t — [t] is the fractional part of t.

Here we only consider the cases when m # 0 (mod n) for 9y, .

Recall that the modular group I' = SLy(Z) and its congruence subgroups

a b ab
To(N) := €l:¢c=0 (mod N), and I'y(N):= €lo(N):a=b=1 (mod N)
cd cd

For a fixed real number r, a function F(z), defined and meromorphic in H, is said to be a modular form of
weight r with respect to I', with multiplier system v, if (a) F(z) satisfies F(Mz) = v(M)(cz + d)"F(z) for
any z € Hand M €T, (b) there exists a standard fundamental region R such that F(z) has at most
finitely many poles in RN H, and (c) F(z) is meromorphic at g;, for each cusp ¢; in R.

Let {T',r,v} denote the space of modular forms of weight r and multiplier system v on T', where T is a
subgroup of I'(1) of finite index. When a multiplier system v is trivial, we denote {T',r, v} by M, (T'). Let
ord(f;z) denote the invariant order of a modular form f at z. If z € H, then Ordr(f;z) := %ord(f; z),
where £ (¢ = 1,2, 0r 3) is the order of z as a fixed point of I'. If z is a cusp with respect to T,

Ordr(f;z) := N(T; 2) ord(f; z), where N(T';z) is the width of T" at z.

Theorem 7.2.2. The Dedekind eta-function n(z) is a modular form of weight % with multiplier system vy,

on I'(1), where the multiplier system v, is given by the following formula: for each
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M= eI'(1),
d(1—c*)te(atd)— BC if ¢ is odd
‘ b

(1
(1

- ( ac(=d)+db=+3d=1) i g is odd, ¢ < 0, d < 0
| d | ) ) )

Q

¢ |) ac(1—d?)+d(b—c)+3(d— 1) if d is odd and either ¢ > 0 or d > 0,
c

and Coq is a primitive 24th root of unity.
Proof. See Theorem 2 of [80].

Theorem 7.2.3 (the valence formula). If f € {T',r,v} and f #0, then

Y Ordr(f;z) = pr,

zER

1
where R is any fundamental region for T, and pn:= —[T'(1) : T.

12
Proof. See Theorem 4.1.4 in [104].
Lemma 7.2.4. If m1,mo, ..., mo, are positive integers, n is a positive integer, N 1is a positive even
integer, and the least common multiple of my,ms, ..., Mo, divides N, then, for z € H,

n(maz)n(msz) - --n(manz) € {1(N),n, v},

a b
, where the multiplier system v is defined as follows: If A = € T'1(N), Coq is a primitive 24th

root of unity, and

2n

_ /M \ ac(1—d?)/mi+d(mib—c/m:)+3(d— iy

U(A)_H(|d|) 24
=1

Proof. See Lemma 2.7 in [44].

Theorem 7.2.5. For z € H, let f(z) := 11 Nl (2), where 1, m are integers. If
n|N, 0<m<n

Z nP2<n)rnm_0 (mod 2)

n|N, 0<m<n
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and

Z EPQ(O)Tn’m =0 (mod 2),

n|N, 0<m<n
a b
then f(z) € {T'1(N),0,I}, where for M = eIy(N), I(M) = 1.

Proof. See Theorem 3 in [106, p. 126]. O

Lemma 7.2.6. Let £, m and n be positive integers. Then, for a cusp k = % of T1(N), where ¢ | N and

m
AN) =\ p) = N)=1,
ord(Nn,m; k) + ord(nn; k) >0, ord(Men,m; k) + £ ord(n,; k) > 0,

and

ord(Mn,m; k) + £ ord(nen; k) > 0.

Proof. See Lemma 2.10 in [44]. O

7.3 Third order mock theta function identities

The first identity we examine is

o)+ 2(g) = TV (o S (7.3.1)
(0)3 (g% q*)3, e o

n=—oo

where ¢(q) and 9 (q) are third order mock theta functions. We are able to find the equations above in [51,
p. 60].

In [1], Agarwal showed that 1(q) is a generating function for certain n-color partitions by using
g-difference equations. Here, we obtain the same results in a constructive way. This will give a bijective

proof for Theorem 7.1.1.

Proof of Theorem 7.1.1. In this proof, we always use 2-modular Ferrers diagrams. Recall that q"2 generates

the partition 7 = (1,3,...,2n — 1). We assign to each part color 1. Note that the weight difference between

two consecutive parts is 0. Recall that m generates partitions A into odd parts < 2n — 1. From the

largest part of \, we attach each part A% as follows. We first attach 2 from the first row to the %—th row
A4l

and attach 1 to the %—th part. Then, we increase the color by 1 for the “5=-th part of the resulting

partition. For example, examine Figure 7.4. Note that during this process the weight difference between
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two consecutive parts remains the same. The second condition is clear from this construction. Since the

color is increased by 1 when the parity of part is changed, the third condition holds. O
21211211 ) 21212121 ) 212121221 ) 212121222 X
2121 212121 21212121 212112121

1 1 1 1
2 |1 2 |2 2121 2121
1 2
1 1 1 1
1 1 1 1

Figure 7.4: 7=(7,5,3,1) with A = (5,5,1).

Remark. Actually, the last condition in Theorem 7.1.1 is not necessary. Since the weighted differences
between two parts are always 0 and the smallest part is ki, we can conclude that the parity of parts and

their color should be the same.
By using the bijection above, we are now ready to prove Corollary 7.1.3.

Proof of Corollary 7.1.3. For a given n-color partition o enumerated by ¥(q), we can easily recover the
partitions 7 and A\ by reading the color of each part. By inserting parts in A to 7 in weakly decreasing
order, we arrive at p, a partition into odd parts without gaps. Since Zf(;l) c(o?) = £(1) + () = £(u), this
completes the proof. O
Example. An n-color partition (122,91, 53,11) corresponds to the partition (7,5,5,5,3,1,1).

Analogously, we also can obtain an n-color partition theoretic interpretation for ¢(q).

Theorem 7.3.1. ¢(q) generates n-color partitions \ satisfying

(1) the smallest part is of the form (2k — 1),

(2) the color of \; is given by % except the smallest part, and the exponent of (—1) is given by

Ms-rank of \.
Remark. Since the color of each part is an integer, the conditions above imply that all parts are odd.

Proof. The constructive proof is very similar to the proof of Theorem 7.1.1, so we omit it. Alternatively,
by splitting the partition counted by Ag(m,v) into two classes: partitions having 1, as a part and the

partitions without 11, we can see that

Ag(m,v) = Ag(m —1,v—2m+1) — Ag(m,v — 2m), (7.3.2)
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where Ag(m,v) is the number of n-color partitions of v with m parts. If we define

f(zaq) = Z A¢(m’v)zmqv7

v,m=0

then, by using (7.3.2), we can deduce that

By setting z = 1, we complete the proof. O

By (7.3.1), it is clear that Ay(v) + 24, (v) > 0 for all v > 1. Now we show that
Ap(v) + Ay(v) 20,

for all v > 1. To this end, we introduce a new function ¢*(gq), which is defined by

n2

foy N~ 4
¥la = RZ:% (4% ¢%)n

Note that ¢*(g) generates n-color partitions described in Theorem 7.3.1 except that the weight is always 1.
Let A be a partition enumerated by ¢*(q). We subtract c(\?) — 1 from A¢ if ¢(\?) > 1, and denote the

resulting partition as p. Let r be the sum
Sy =1) = D ()] —eW.
e(Ai)>1 1<i<e(N)

We attach r to the largest part of u, and also increase the color by r. Then, we observe that the resulting
partition o is an n-color partition counted by 1(q). Since each A corresponds to a different o, we have
proven that

Ag(v) + Ay(v) 2 0.

Example. An n-color partition A = (139,91, 73,11) corresponds to p = (122,91, 53,11) with r = 3. Then,

the resulting partition o = (155,91, b3, 11) satisfies the conditions in Theorem 7.1.1 as desired.

The second identity we investigate is
(¢*:¢%)%
v(q) +vs(g. ¢,:9) = QW (7.3.3)
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where v(q) is defined by (7.1.2) and

1 =,
U3(Q»Q%Q):mzq (—¢ %)

n=1

is the function defined by Choi [45]. We easily obtain (7.3.3) by replacing o and z by ¢ and ¢ respectively
in Theorem 1 of [45].

Recall that the generating function of ¢-core partitions is (7.2.1). Note also that

Thus, the product on the right side of (7.3.3) generates partition pairs (A, o) where A is a 2-core partition

of even parts and o is a partition into distinct even parts.

Remark. By Gauss identity [51, p. 6],
(g% q")2% _ i g+
2. 2 :
(%) =

Therefore, every 2-core partition consisting of even parts is of the form (2k,2k —2,...,2).
Let b(n) be the number of such partition pairs. Then, we can prove the following congruence.

Theorem 7.3.2. For all nonnegative integers n,
b(5n+3) =0 (mod 5). (7.3.4)

Proof. By using Jacobi’s identity, we arrive at

(¢a")3 (%43 (% )3,

(@ ¢2)2 (4% ¢2)5,
_ (=)™ (@m 4 1)) (3522 (= 1)k (2K + 1)gF )
B (4% ¢'%) 0

(mod 5).

Since 2m(m + 1) + k(k+ 1) = 3 (mod 5) holds only if m =2 (mod 5) and k£ = 2 (mod 5), the coefficient of

¢®" 3 is divisible by 5 as desired. O

We can also find an exact formula for the generating function of b(5n + 3) by using modular functions.
Theorem 7.3.3.

(g% )% (6% ¢"9)2% (0% ¢*°)
(@ 4?)%

Z b(5n + 3)q" = 5q (7.3.5)
n=0
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We will follow the argument in [57] to prove (7.3.5).

Proof. Define F(z) as
73(42)n?(102)n(1002)

P& = @202

By Theorem 3.3.1, we have F(z) € My(T'0(100)). Note that f(2)|Us € Mo([x(20)). Let us define G(z) as

_ rP10972(202)
= e

Then, by Theorem 3.3.1, we have G(z) € My(I'¢(20)). From the order at each cusp by employing
Theorems 3.3.2 and 3.3.3, we see that
F|Us
G

is a holomorphic modular function, namely, a constant. From this, we can easily deduce that

F(2)|Us = 5G(z). Recall that (f(pz)g(2))|U, = f(2)g(2)|U,. Thus, we arrive at

(72 ¢2°) oo ( Z g s (@2 %) (¢2°; ¢%°)%,
(¢*;q%) (6% ¢%)% (a* 4")%
or
— (6% 4%)% ’
as desired.
Remark. Theorem 7.3.3 and (7.3.3) imply that
o0 4. 4\2 (,10. 102 (,20. 20
ot (@ 4?4

Now, we will show that the left side of (7.3.3) generates a certain type of n-color partitions.

First, we note that

where
n(n 1)q2n 1

oo n( oo
vy(q) == Z 272 and v_ Z )

n=1
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We see that v (q) generates n-color partitions satisfying the following properties:
(1) the smallest part is of the form (k4 1),

(2) the weighted difference between any two consecutive parts is 0, where the exponent of (—1) is k — 1,

namely the color of the smallest part minus 1.

Remark. From the condition above, we observe that odd parts have even colors, and even parts have odd

colors.
Similarly, we observe that v_(q) generates n-color partitions satisfying the following properties:
(1) the smallest part is of the form ky,

(2) the weighted difference between any two consecutive parts not containing the smallest part is 0, and

1 otherwise, where the exponent of (—1) is k, namely the color of the smallest part.

Remark. We can see that odd parts have even colors and even parts have odd colors, except for the

smallest part.
In summary, v(q) generates n-color partitions satisfying the following conditions.
(1) the smallest part is of the form (k + 1) or k.

(2) the weighted difference between any two consecutive parts is 0 except that the weighted difference

involving the smallest part of the form ky, is 1,

where the exponent of (—1) is ¢(\“») — 1 if the smallest part is (k + 1) or ¢(A\‘®) if the smallest part is ky.
Now we turn to vs(q, q; ). Let us define v*(q) = (1 + q)vs(q,q; q). If we allow Oy as a part, then v*(q)

generates n-color partitions satisfying the following properties;
(1) the smallest part is of the form 1; or Op,

(2) the weighted difference for two consecutive parts is —2 except that the weight difference involving the

part Og is 0.

Let A,«(v) denote the number of such n-color partitions of v. Then, we have

v3(q,¢;9) = —— > Ap-(v)q"

I
NE
—
M3 I
=
3
=
>
=
~
QS



Since it is clear that b(2n + 1) = 0, we have

2u+1 2v+1
Apv+1) == Y (1R A (k) = D (=)  Ape (R),
k=0 k=0

where A, (v) is the number of n-color partitions of v generated by v(g). We easily see that A,,(v) > 0, for
all v > 1. Thus, by (7.3.3), A,(2v 4+ 1) < 0 for all nonnegative integers v.

We turn to prove Theorem 7.1.4.

Proof of Theorem 7.1.4. Replacing ¢ by —q and setting « = —q and z = ¢ in the first identity of Theorem

1 in [45], we arrive at

() (g = (<1 f(=q.—q)
2;( Q)" (=¢* ¢*)n—1 +; i o (7.3.6)

Note that the first sum generates partitions into n odd parts < 2n — 1 such that
(1) the only repeatable part is 1,
(2) the exponent of (—1) is the number of parts.

Let @1 be the set of partitions A into distinct odd parts < 2£(\) — 1 except that 1 can be repeated. Recall

that

Note that the second sum is ¢(—¢q). Thus, from the equation (26.66) in [51], we have
20(=q) = f(9) = f(@) + 49(—=q) = ¢(—q) + 2 i Bn)q". (7.3.7)
Recall that ¢(q) = >~ ,(p(n,0,4) — p(n,2,4))q". Therefore, we arrive at
26(n) = (=1)"p(n,0,4) = (=1)"p(n,2,4) — p(n,0,2) + p(n, 1,2).
Using the fact that p(n,0,2) = p(n,0,4) + p(n,2,4), we deduce that
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and
26(2n—1)=p(2n—1,1,2) — 2p(2n — 1,0, 4),

which completes the proof of Theorem 7.1.4. O

Let O be the set of partitions into odd parts without gaps. Then, ¥(—¢q) = >~ ,v(n)¢"™ where

A(n) = 30 (1),

AFn
A€0

Therefore, by (7.3.7), we are able to derive the following theorem.
Theorem 7.3.4. For all positive integers n, y(n) = B(n).
We provide a bijective proof.

Proof. Let X\ be a partition in O. Let o be a partition consisting of parts A\* — 1 for all 1 <i < ¢()\). Let o’
be the partition obtained by conjugating the 2-modular diagram of 0. We attach 1 from the first part to
£(N\)-th part of o’. Then, the resulting partition p is in @;. Since the number of parts of A and that of u

are the same, this completes the proof. O

7.4 Sixth order mock theta function identities
In this section, we discuss the following two identities involving sixth order mock theta functions

q(q% ¢%)%,

o) +20-(g) = 3(Q)oo(q2; 7%) o

(7.4.1)

and

(¢®¢%)3,

2p(q) + Ag) = SW- (7.4.2)

We will prove these identities in Section 6.
First, note that the right sides of (7.4.1) and (7.4.2) generate partitions analogous to the partitions

defined by
1

(@)oo (4% ¢%) 00
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which have been studied by H.-C. Chan [38], [39], [37]. This partition function satisfies many congruences
[40], [42], but there is only one simple congruence [111]. A crank function for this partition was studied in
Chapter 3.

Here, we study two analogous partition functions defined by

o0

S e(n)g" = (q(q(jqﬁ)i; (7.4.3)

4 0) (6% %) o

n=1

and
3 no (@5
nz_%d(n)q (490 (0%¢?) (7.4.4)

Remark. From the generating function for t-core partition (7.2.1), we can regard these partitions as

3-core partition analogues of H.-C. Chan’s partitions.
We can easily prove that these two partition functions satisfy the following congruences.

Theorem 7.4.1.

¢(3n) =0 (mod 3), (7.4.5)

d(3n+2)=0 (mod 3). (7.4.6)

3 3
Now we obtain exact generating functions for these arithmetic progressions. Since % is a

Hecke eigenform in M(To(6)), we see that

1’ (32)1° (62)

1’ (32)n°(62)
n(2)n(2z) '

() 22) (7.47)

|Us =

Remark. A proof of (7.4.7) without using the theory of modular forms can be found in Fine’s book [51,
(85.124)].

Proof of Theorem 7.4.1. By (7.4.3), (7.4.4) and (7.4.7), we see that

(@)oo (6% 4%) o

(i c<3n>q"> (@)%, = 3¢ L D010 )

n=1
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and

6.

d(3n - 1>q”) (), = 3g T T )la 2

*)

oo

(9o (g% q

which implies that

iC(?m)q":Bq(q 10%)3(¢% ¢%)%

ot (2)5 (4% 4*) oo
and
> (4% 6°)3.(¢% ¢°)3
d(3n +2)¢" =3 S %
,; ( ) (9)o0 (9% ¢%)5

O

Now, we will give combinatorial interpretations for the sixth order mock theta functions ¥(q), ¥_(q),

p(q) and A(q) by using n-color overpartitions.

Proof of Theorem 7.1.2. We rewrite ¥(q) as

Z q(”“) (4;4%)n
— In+1(=a% ¢)n
Recall that (n + 1)? generates partition into odd parts from 1 to 2n + 1. We assign the color 1 to each part.
Then, the weight difference of two consecutive parts is 0. We attach each part A\’ in A generated by m
as follows. We attach 2 from the first row to the %i—th row. Then, we can see that the weighted difference
between the %i—th part and the % + 1-th part of the resulting partition increases by 2. We also attach each

part o7 in o generated by m as follows. We attach 2 from the first row to the %—th row and attach

1 to the "j; L_th row. Then, we increase the color of the 01'2+ L_th part of the resulting partition by 1. We
can observe that this does not affect the weight difference. Finally, we attach each part of ¥ in j generated
by (q;¢%). as we did for 07, and overline the ——th part of the resulting partition. We see that this also

does not affect the weight difference. By tracking the exponent of (—1), we complete the proof. O
By employing a similar argument, we can prove the following theorem.
Theorem 7.4.2. V_(q) generates n-color overpartitions satisfying

(1) the smallest part is of the form ki, which cannot be overlined,
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(2) the weighted difference between two consecutive parts is 0 or —2.

p(q) generates n-color overpartitions satisfying that

(1) the smallest part is of the form ki or (k+ 1),

(2) the weighted difference of two consecutive part is —2 if the smaller part is overlined and 0 or —1 if it
involves the unoverlined smallest part and —1, otherwise.
And A\(q) generates n-color overpartitions A satisfying

(1) the smallest part is of the form ki or (k+ 1),

(2) the weighted difference of two consecutive parts forms a non-decreasing sequence of which sum equals

—2(L(X\) — 1), where the exponent of (—1) is the sum of colors plus the number of overlined parts.

Now we are ready to prove Theorem 7.1.5.

Proof of Theorem 7.1.5. Combining Theorems 7.1.2, 7.4.1, and 7.4.2, we can derive the following

congruences. For all n > 0, we have

Ag(B3n+3)+24¢ (3n+3)=0 (mod9),

24,3n+2)+A\(3n+2)=0 (mod9).

We have completed the proof of Theorem 7.1.5. O

7.5 Crank analogues for c¢(n) and d(n)

Recall that ¢(n) and d(n) are partition functions defined by (7.4.3) and (7.4.4), respectively. We find a
Garvan-Kim-Stanton type crank [53] for ¢(n) and d(n) by modifying a crank given in Z. Reti’s thesis [105].
Since Reti’s result has not been published and is not well-known, we give details from his thesis, and show
how this crank can be extended to ¢(n) and d(n). Interested readers should consult [53] and [105]. The
following lemma enables us to extend a crank for t-core partitions to a crank for ordinary partitions. Here

and in the sequel, P denotes the set of ordinary partitions and P; is the set of ¢-core partitions.

Lemma 7.5.1 (Bijection 1 of [53]). There is a bijection between m € P and

[0+ M1, 7] € P X -+ x P X Py, which salisfies

t—1
| =t |mj] + 7.
=0
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Let us define the set

S*(n) :={[x(1),7(2)] € Py x P3 : |w(1)| + 2|m(2)| = n}.

Recall that r;(m) is the number of dots colored j in the 3-residue diagram of 7. We define a coordinate

system a by

where [7(1),7(2)] € S*(n). We understand #S5*(n, A) as the number of elements in the set S* satisfying

the property A. Now we are ready to give cranks for S*(3n + 2).

Lemma 7.5.2 (Theorem 5 of [105]). The following two vectors are cranks for S*(3n + 2):

f(1):=[-1,1,-1,1} and f(2) :=[-1,1,1,-1],

in the sense of

#S*(3n+2,f-a=k (mod3)) = w,

for all 0 < k < 2, where #(S) is the number of element in the set S.

Even though the two cranks above are defined only on the set of S*(n), we can extend these cranks to
S1(n) (resp. Sa(n)) by using Lemma 7.5.1, where S1(n) (resp. Sa(n)) is the set of partitions enumerated

by ¢(n) (resp. d(n)). In the next proposition, we give such an extension in the spirit of [53, Proposition 1].

Proposition 7.5.3. Let [7(1),7(2)] be a partition in Si(n) or Sa(n) and rj(mw) be the number of j-colored

bozes in the 3-residue diagram of w. Then, the following two linear combinations

ri(m(1)) = ra(m(1)) + r1(7(2)) — r2(n(2)) and ri(m(1)) = ro(w(1)) — r1(7(2)) + r2(7(2)),

are crank statistics for Si(n) and Sa(n).

The proof of the above proposition is analogous to that of Proposition 1 in [53]. The key idea is that the
above statistics are invariant under the removal of 3-rim hooks. By using Proposition 7.5.3, we can deduce

the crank statistics, which can be calculated from the Ferrers diagram in the spirit of Theorem 3 in [53].
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Theorem 7.5.4. For all partitions [n(1), 7(2)] € S1(n) (or Sa(n)), we can define a crank from f(1) by

(0(m(5)i =) = 0(=1)),

2 £(n(j5))

j=1 i=1

where §(x) =1 for x =1 (mod 3) and 0, otherwise, and {(r) is the number of parts in w. We can also

define a crank from f(2) by

2(w(1)) 4(m(2))
> (1) —i) = 6(=i) = > (8(m(2)i — i) — (1))

i=1 =1

The proof of Theorem 7.5.4 is easily obtained by calculating the contribution of each row to the crank

from Proposition 7.5.3, so we omit it.

7.6 Proof of two sixth order mock theta function identities

In this section, we prove the following two identities which played an important role in Section 4.

Theorem 7.6.1. For |q| < 1,

U(q) +2V_(q) = 3%, (7.6.1)

7 (7.6.2)

where ¥(q), Y_(q), p(q), and A(q) are the sizth order mock theta functions defined by (7.1.3).

Before proving these identities, we need to prove the following two eta function identities. Throughout
the proof, we let En be a complete set of inequivalent cusps for I'1 (V) and 7, and 7; ; are functions

defined by (7.2.4) and (7.2.5).

Theorem 7.6.2. For z € H,
— A TON 23 2N 22,2 + AN IENEMETE A G = BN NANENT2- (7.6.3)

Proof. For 1 <i < 3, let f! be the product of eta-functions in each of the 3 products in (7.6.3), and for
1 <i <2, g} be the product of the generalized eta-functions in each of the 2 products in (7.6.3). Each f}

is the product of 14 eta-functions, and by Lemma 7.2.4 and a straightforward calculation, each f} is a
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a b
modular form of weight 7 on I';(72) with the multiplier system v, where for A = e I'1(72),
c d

v1(A) = (344, By Theorem 7.2.5 and a straightforward calculation, each g} is a modular form of weight 0
on I'1(72) with the multiplier system I. Therefore, figi, figi, and fi are modular forms of weight 7 on
I'1(72) with multiplier system v;.

Recall that [T'(1) : I'1(72)] = 3456. Let F} denote the difference of the left and right sides of (7.6.3). By
applying the three equations in Lemma 7.2.6 to F; and a straightforward calculation, we find that for each

ke E727 k 7£ 00,
ord(Fy; k) > 0. (7.6.4)

Applying Theorem 7.2.3 for a fundamental region R for I'1(72), and using (7.6.4), we deduce that, for
F17

7 - 3456
> Ordr, (72)(F1;2) = —5 = 2016 > ord(Fy; %), (7.6.5)

zER
since both sides of (7.6.3) are analytic on R. Using Maple, we calculated the Taylor series of F; about
q = 0 (or about the cusp z = 00) and found that F; = O(¢?°'7). Unless F} is a constant, we have a

contradiction to (7.6.5). We have thus completed the proof of Theorem 7.6.2. O

Theorem 7.6.3. For z € H,

— i ningniz + mtnintans 1 ntae = 1201 "n3n3ningnt,. (7.6.6)

Proof. For 1 <i < 3, let f? be the product of eta-functions in each of the 3 products in (7.6.6), and
9% := 13 1135 » be the product of the generalized eta-functions in the second term in (7.6.6). Each f? is the

product of 28 eta-functions, and by Lemma 7.2.4 and a straightforward calculation, each f? is a modular

a b
form of weight 14 on I'; (24) with the multiplier system vq, where for A = eI'1(24),
c d

vy (A) = ¢844, By Theorem 7.2.5 and a straightforward calculation, g2 is a modular form of weight 0 on
I';(24) with the multiplier system I. Therefore, f, f2g%, f3 are modular forms of weight 14 on I';(24)
with multiplier system vs.

Recall that [I'(1) : T'1(24)] = 384. Let F» denote the difference of the left and right sides of (7.6.6). By

applying the three equations in Lemma 7.2.6 to F5 and a straightforward calculation, we find that for each

110



ke E247 k # o0,

ord(Fy; k) > 0. (7.6.7)
By using an argument similar to that in the proof of Theorem 7.6.2, we can see that F» = 0 by checking
the first 449 terms, which was done by Maple. O

We now derive two theta function identities from the previous eta function identities.

Theorem 7.6.4. For|q|<1,

(4:0)% ()% (¢ ¢5)5,

= 10 @) 1@+ At 00 =

Proof. By the Jacobi triple product identity,

(0% 4") (0" %) o

F(4,6°) = (=46 00 (=0%4%) 0 (4% ¢°) o0 = P (0% %) oo, (7.6.8)
6. ,12\2

P ) = (%l oo = S (i) (769)

FL ) = 2—a% O (%) = 2L 20 ) (7.6.10)

(4% 4%) oo
and by Euler’s identity,

(0% 4") (0% ¢")
(q2§q6)00(q4§q6)oo

F(@?,0") = (=% 6) oo (0" 00 (% ¢%) e = (0% ¢%) oo (7.6.11)

4 2 2 6 6 2
Dividing both sides of (7.6.3) by qQW, using ngunge = 77% and 73g ¢3¢ = ¢ frequently, and

employing (7.6.8)—(7.6.11), we get the identity in Theorem 7.6.4. O

Theorem 7.6.5. For|q|<1,

(4% 4%) o (q s

(¢%a®)% f(—a?, —q'9)%

(. 2\6 3 3 L 2\6 e 3 3\ _ 12?‘112)
(407 ) 0 f(0°,q°) + (=07 )o f(—q°, —¢°) = 12¢
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Proof. By Jacobi triple product identity, we can derive that

6. 12
f(@®d*) = (4% ¢°)% (% ¢%) 0 = W(qﬁ;qﬁ)m (7.6.12)
and
(—¢:¢*) o0 = ((qq_;qqz)):. (7.6.13)

Now, dividing both sides of (7.6.6) by q_%n%néongngnfzng”l776,377?2’2, using ngg,mgz = ng and 73¢,¢M3e = Ne
frequently, and employing (7.6.12) and (7.6.13), we derive the identity in Theorem 7.6.5. O

Finally, we are ready to prove Theorem 7.6.1.

Proof of Theorem 7.6.1. First, we prove (7.6.1). Replacing z by ¢ in Theorem 4 [45] and using Theorem

7.6.4, we deduce that

L9 (g) + 20— (a:9))

I G i B A —q;qz)oof(l )+ 1(-L-1,-¢*—¢* -1;¢*) Hd )
2 (,—4% 4,4, ¢:9*) ’ 2 (4,-¢%4.4,¢:4%) ’
(14 q)(=1;9)2,

= (B (1,¢°) = (~La%)% f (e, 67)

_1-4)\3 _ 3. 43)\2
— O OER e U (0,100 — L2160
(1) (0% %) oo

=3

Multiplying both sides of the above equation by -, we conclude

6. 6)\3
_ g ald% %)%

Y(q) +2¢9-(q;9) G D)
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Now we turn to (7.6.2). Using Theorem 7.6.5 with ¢ replaced by q'/?, we obtain

20(@) - M) (g7;q2)8 f (q%,q%> —(—q%;—q%)5, (*q%,*q%)
p(q) + Ag;q) = —
4q% (¢;9)3, (4% ¢2)%,
_ (¢%59)% f(a%,4%) — (—¢%;9)% f(—4%, —¢?)
- 1
4q2 (—q; q)3,

(¢; D)oo (4% ¢*) 00 (4% ¢°) 5
(% ¢®)3 f(—a,—¢°)?
(¢ ¢°)3,
(¢50)00 (6% 0%
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