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Abstract

This thesis focuses on topics in extremal combinatorics.

Given an integer-valued function f defined on the vertices of a graph G, we say
G is f-choosable if for every collection of lists with list sizes specified by f there is a
proper coloring using the colors from the lists. The sum choice number, x..(G), is the
minimum of > f(v) such that G is f-choosable. We show that if ¢ > 4a?log a, then
there exist constants ¢; and ¢, such that

2q + crav/qloga < xso(Kayq) < 2q + c2a+/qloga.

As a consequence, that x..(G)/|V(G)| can be bounded while the minimum degree
Omin(G) — oo. This is not true for the list chromatic number, x,(G).

We further prove that, for fixed a, the limit lim, .. (xsc(Ka,q) — 29)/+/q €Xists, and
we give tight bounds for sum choice numbers of the graphs G, ,, which are obtained
from K, , by adding all possible edges in the part of size a.

A pair of ordered k-tuples (xy,...,zx), (y1,...,yx) is reverse-free if, for all i < j,
(x;, z;) does not equal (y;,y;). Let F'(n, k) be the maximum size of a pairwise reverse-
free set of k-tuples with k distinct entries taken from [n]. Allowing repetitions within
the k-tuples, we analogously define F(n, k).

We determine the asymptotics of F(n,3) and F(n, 3) as n approaches infinity, and
we obtain exact formulas if n is a power of 3. We present some bounds for F'(n, k) for
general k£ and for other related quantities. We also present upper and lower bounds
for the important special case F'(n,n) (i.e., reverse-free permutations).

We also determine the order of magnitude of F(n, k) for n fixed and k — oo.

Finally, the product dimension dim(G) of a graph G is the minimum £ such that
G is an induced subgraph of the tensor product of £ complete graphs. We focus on
bounding this parameter on the family of trees. We improve the known upper and
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lower bounds, and we determine the exact values of product dimension for infinitely
many trees. We extend some of the results to odd dimension 0,44(G), defined as the
minimum & such that we can assign subsets of [k] to the vertices of G in such a way
that two vertices are adjacent if and only if the corresponding sets have odd-sized

intersection.
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Chapter 1

Introduction

In this thesis, we present results in three areas of extremal combinatorics. Two of
these areas relate graphs and codes in two different ways.

A code is a family of lists of the same (finite) length, with entries taken from a
given underlying set. The elements of the family are called codewords. In Chapter 3
we define a graph F' on the vertex set of all k-tuples with entries in [n] by making
(x1,...,7,) and (yi,...,ys) adjacent if there are indices ¢, j such that x; # z;, and
(xi, ;) = (y;,y:); such a pair of indices is a reversed pair. Our aim is to determine the
maximum size of a reverse-free code, which is nothing more than an independent set
in F'. We also ask what the size of a maximum clique is in F'. We are especially con-
cerned with a special case of these problems that we get by considering the subgraph
of F' induced by k-tuples that have no repeated entries. These questions are similar
in spirit to questions about intersecting permutations, in particular the analogue of
the Erdés-Ko-Rado problem.

In Chapter 4, the interaction between graphs and codes is of a different kind.
Motivated by applications in computer science, we seek an efficient representation
of graphs in computers. One way to do that, inspired by the notion of dimension
in partially ordered sets, is to embed the graph in a product of complete graphs.
The resulting measure of “complexity” of the graph is called product dimension. It is
defined as the minimum k such that it is possible to assign k-tuples to the vertices of
the graph so that two vertices are adjacent if and only if their k-tuples differ in all &
coordinates. We improve the current bounds on product dimension of trees, and we
determine the exact values for trees that belong to certain classes.

Finally, the third area deals with a particular generalization of graph coloring. The
list chromatic number of a graph G is the minimum & such that whenever lists of
size k are assigned to the vertices of G, the graph can be properly colored with colors
chosen from these sets. We get a parameter called sum choice number by allowing



different list sizes k, ..., k,, but keeping the aim of minimizing the sum ) k; subject
to the condition that for any list assignment with list sizes k;, one can color the graph
using the colors from the lists. Among other results, we determine the sum choice
number for the complete bipartite graphs with one part much larger than the other.
As a consequence, we observe that, unlike list chromatic number, sum choice number
does not necessarily grow with average degree.

1.1 List colorings with unequal list sizes

Questions about graph coloring are among the most investigated in combinatorics,
in part because they naturally model many engineering problems. For example, we
need to assign frequencies to several transmitters in such a way that interfering trans-
mitters always get different frequencies. Depending on the specific problem and the
restrictions that we face, we get different variants of the coloring problem. If each
transmitter has a set of admissible frequencies assigned to it, the appropriate model
is a version of list coloring.

In the list coloring problem, each vertex v has a set L(v) of available colors assigned
to it (such L is called a list assignment), and the question is whether it is possible to
color the graph properly with colors chosen from the lists. If such coloring exists, we
call the list assignment sufficient, otherwise it is insufficient.

The list chromatic number x,(G), defined by Vizing in [73] and later independently
by Erdés, Rubin, and Taylor in [26], is the minimum £ such that every list assignment
with lists of sizes at least k for every vertex of G is sufficient. This natural extension
of graph coloring has been the subject of considerable attention in the last several
decades. For every graph G, the chromatic number is a lower bound for list chromatic
number. The complete bipartite graph K3 is a well-known example of a graph for
which the inequality is strict. The assignment of the sets {{1,2},{1,3}, {2,3}} to the
vertices of each part is insufficient, hence proving x,(K33) > 3 > 2 = x(K33). Using
similar insufficient list assignments for larger bipartite graphs, one can prove that
there is a constant ¢ such that x,(X,,,) > clogn. On the other hand, one of the first
proofs to use probability in combinatorics, inspiring the development of what came
to be known as probabilistic method, was the upper bound x,(K,,) < [log,n]| + 1,



which was proved in the seminal paper [26]. The exact value of x,(K,,) is still
unknown.

We consider a generalization of list chromatic number in which the vertices can
have different list sizes. If f is an integer-valued function defined on the vertices
of G, an f-assignment on G is a list assignment with list sizes specified by f. The
function f itself is sufficient if every f-assignment L is sufficient. The sum choice
number xs.(G) is the minimum of > . f(v) over all sufficient f.

Sum choice number was defined by Isaak in [39], and many results appear for
example in [10, 36, 37]. The origins of the idea can be traced back to [26], however,
where it was observed that a special [ is sufficient; this fact was used to prove the
analogue of Brooks’ Theorem for list coloring.

For every graph G, the upper bound x..(G) < |V(G)|- x¢(G) is trivial. For balanced
complete bipartite graphs, we have a lower bound of the same order of magnitude,
i.e., allowing different list sizes does not alter the problem significantly. The situation
is very different for unbalanced complete bipartite graphs. Our main result provides
good bounds for x,.(K,,). In particular, we prove that for some constants ¢; and c,
if ¢ > 4a”log a, then

2¢ + crav/qloga < xs(Kayq) < 2q + c2a+/qloga.

We prove the lower bound by construction and the upper bound using the probabilis-
tic method. It turns out that in both cases, the important functions f to consider are
those with f(v) = 2 for all vertices v that belong to the larger part of K,,. A con-
venient way to think about the f-assignments with such f is to define a hypergraph
with hyperedges corresponding to the lists of the vertices of the smaller part of K, ,
and a graph with edges corresponding to the lists of the larger part. The question
can then be rephrased as a question about hypergraph covering.

Alon proved in [4] that y, is bounded below by a function of the average degree
of the graph. This is in contrast to the behavior of chromatic number - the bal-
anced complete bipartite graphs provide a sequence of graphs with average degree
approaching infinity, while having fixed chromatic number (equal to 2). A natural
question is whether allowing different list sizes changes the behavior of the param-
eter in this respect. The most interesting consequence of our main result is that the
conclusion of Alon’s theorem is no longer true in this case. We have a sequence of



graphs whose average degree tends to infinity, and a sequence of corresponding suf-
ficient functions such that the average list sizes given by the functions do not exceed
the value 3. We have

[ E(Ka)]

SC K(l
lim — = =00, lim Xselag) ( ’q>

a—oo, g>>a%loga @ + @ a—o0, g>>a?loga A + @

=2 (1.1)

The average degree of K, , tends to 2a as ¢ — oo, but xs.(K,,)/(a + ¢) tends to 2.

In Section 2.7 we prove that for fixed a, the limit lim, Lﬁq)*zq exists. We do
this by again reducing the problem to considering only the functions f with f(v) = 2
for all v that belong to the larger part, and treating each such f as a point in a-
dimensional Euclidean space. Roughly speaking, f is insufficient if the point is under
some particular quadric surface. To find the limit, we slide a hyperplane until it
touches the boundary of the set.

We also ask what happens when one adds edges to the smaller part of K,,. Let
G, be the graph that we get by adding all (5) such edges. For this graph, we have
2¢ + c10/q(a — 1) < Xee(Gay) < 2q + c21/q(a — 1) for some constants ¢; and c,. The
upper bound is established by proving a generalization of Turdn’s Theorem.

The results of this section are joint work with Zoltan Fiiredi.

1.2 Reverse-free codes and permutations

In Chapter 3 we consider a problem inspired by coding theory. Let X be an n-element
underlying set. Two k-tuples (z1,...,xx), (1, ..., yx) of elements from X are reverse-
free if, for all pairs 4, j such that z; # z;, (z;,2;) does not equal (y;,y;). Let F(n, k)
be the maximum size of a (pairwise) reverse-free set of k-tuples in which each k-
tuple has k distinct entries. Allowing repetitions within the k-tuples, we analogously
define F(n, k). We also consider families of k-tuples such that no two of them are
reverse-free. We call such family flip-full and denote its maximum size G(n, k) if no
repetitions are allowed, and G(n, k) otherwise.

For a reverse-free family F, define a matrix M (F) by listing the elements of F as
its rows. The problem of determining the maximum size of a reverse-free family is
equivalent to determining the maximum number of rows of a k-column matrix that



b
has no submatrix Z with a # b. Many other coding theory problems can be
a

formulated in terms of matrices with forbidden submatrices, or with certain subma-
trices required. The most notable example of the former is the work of Sauer [64],
Shelah [65], and Vapnik and Chervonenkis [72] concerning VC-dimension. For an
example of the latter, see [44].

All problems in Chapter 3 can be formulated in terms of independence and clique
numbers of suitably defined graphs whose vertex set is either the set of k-tuples
with entries in [n], or permutations of [n]. Similar problems were considered in an
information theoretic setting, for example in [48].

Perhaps the best known graph on the set of permutations of [n| is the derangement
graph. In this graph, two permutations = and ¢ are adjacent if they are not inter-
secting, i.e., m(i) # o(i) holds for all i. We say that two permutations 7 and o are
t-intersecting if there are at least ¢ indices i such that (i) = o(¢). Extending the defi-
nition of derangement graph, we define a new graph by letting = and o be adjacent if
they are not ¢-intersecting. A clique in this graph is a family F of permutations such
that M (F) does not contain the submatrix

ay az ... Qg
a; az ... Q¢

for any choice of a4, ..., a; € [n]. The independence number of this graph was deter-
mined recently in [23] to be equal to (n—t)! whenever n is large enough with respect
to ¢, confirming a conjecture by Deza and Frankl [30] and proving a version of the
Erd6s-Ko-Rado Theorem for ¢-intersecting permutations.

In our case, two k-tuples are adjacent if they are not reverse-free. The indepen-
dence number and the clique number are equal to F(n, k) or F(n, k), and G(n, k) or
G(n, k), depending on the choice of the vertex set. We will focus mostly on reverse-
free families, but will prove some results about families that are flip-full as well.

The set of all increasing (or nondecreasing) k-tuples is reverse-free, and hence
F(n,k) > (1) and F(n, k) > ("*;7"). Itis still an open problem to determine whether
these inequalities are strict. We show however that the sequence F(n,k)/(}) has a
limit, if % is fixed and n — oc.

We determine the values of the parameter for small values of n and k. In particular,
in Section 3.4 we show an iterative construction of a reverse-free family of triples,



providing a lower bound for F'(n,3). In Section 3.5 we prove an upper bound with
the same order of magnitude as the lower bound, and equal to it whenever n is a
power of 3. We prove similar results for F'(n,3) in Section 3.6.

We provide bounds for G(n,n) and F'(n,n). In this case, the k-tuples are actually
permutations of n.

Finally, in Section 3.10 we consider the opposite problem: determining the behav-
ior of F(n, k) with n fixed and k¥ — oco. We use VC-dimension results to determine
the asymptotics in this case.

The results of this section are joint work with, Zoltan Fiiredi, Angelo Monti, and
Blerina Sinaimeri.

1.3 Product dimension of trees

Many applications in computer science require a memory-efficient way of storing
graphs and posets (viewed as directed acyclic graphs) that at the same time allows
for fast retrieval of the structure, such as the edges of the graph or the poset relation.
Dushnik and Miller defined the dimension of poset P in [19] as the minimum number
t such that P can be embedded into the product of ¢ chains. Using this embedding,
we obtain a vector ¢(z) = (¢1(2),. .., ¢:(z)) for every vertex z in a natural way, with
the property that x < y if and only if ;(z) < ¢;(y) holds for all i. The vectors contain
all information about the poset. If the dimension is small, then such a representation
is efficient. The dimension can be thought of as a measure of non-linearity of P.

For graphs, dimension can be defined analogously, using an embedding into a
product of cliques. Cliques are a natural analogue of chains, and are considered
“simple” objects in this context. The tensor product G, x G5 of two graphs, G; and G,
has V(G1) x V(G2) as its vertex set, and the edges are the pairs {(uy, v1), (ug, v2)} such
that uyu, € F(G1) and vivy € E(G,). The product dimension of a graph G, introduced
by Nesettil and Pultr in [56] and denoted dim((G), is the minimum ¢ such that G is
an induced subgraph of a direct product of ¢ cliques. In Chapter 4 we improve the
known upper and lower bounds on dimension of trees.

For many graphs, the best known lower bound on the dimension was given by
a powerful theorem that was proved by Lovasz, NeSettil and Pultr in [52]. They

proved that if we find distinct vertices x1,...,r; and some vertices v, ..., ¥y, such



that z,y; € E(G) for all 4, and z,;y; ¢ E(G) whenever i < j, then dim(G) > [log, k].
This lower bound was the best known so far for trees as well.

In Section 4.3 we improve this lower bound. We prove that if Py,..., P, are
vertex-disjoint paths of lengths si,.. ., s,, respectively in the tree 7', then dim(7") >
[log, (2 si)-

The best known upper bound constructions were given by Alles in [2]. We give a
construction that improves Alles’ bound in many cases, including all trees that have
no vertices of degree 2.

In Section 4.5 we determine the dimension exactly for some families of trees.

Finally, we prove analogous lower bound theorems for the odd dimension, 0,q4(G),
defined in [20] as the minimum k& such that we can assign subsets of [k] to the vertices
of G in such a way that wv € E(G) if and only if the intersection of the corresponding
sets has odd size.

1.4 Basic definitions

A graph G consists of two sets, an underlying set V(G) of vertices and a set E(G) of
unordered pairs of distinct elements of V() called edges. The order of a graph G
is the number of vertices of GG, while size is the number of edges. Throughout the
thesis, we will reserve the letter n to denote the order of a graph.

We denote the edge {u,v} simply by uv. The endpoints of an edge uv are the
vertices v and v. When u and v are endpoints of some edge, they are adjacent. Pairs
of vertices that do not belong to £(G) are called non-edges. The neighborhood N (v) of
a vertex v is the set of vertices adjacent to v. The degree of a vertex v, denoted d(v), is
the size of its neighborhood. The minimum degree §(G) of a graph G is the minimum
of d(v) over all vertices v € V(G). The maximum degree A(G) is defined analogously.
The average degree d,..(G) is equal to (D> _ d(v))/|V(G)|.

We say that a graph H is a subgraph of a graph G (or that G contains H) if there
is an injection ¢ : V(H) — V/(G) such that ¢(u)y(v) € E(G) whenever uv € E(H).
The subgraph is induced if ¢ satisfies the additional condition that wv ¢ E(H) im-
plies ¥ (u)(v) ¢ E(G), for all u,v € V(H). A bijection ¢ : V(G) — V(H) is an
isomorphism if uv € F(G) if and only if ¢ (u)y(v) € V(H).

Many isomorphism classes of graphs are important enough that they have names.



A complete graph K, has n vertices, every two of which are adjacent. The vertices of
a bipartite graph can be partitioned into two parts so that no edge has both endpoints
in the same part. A complete bipartite graph K, is a bipartite graph with parts of
sizes s and ¢, and st edges. A cycle C, is any graph isomorphic to the graph with
vertices vy, ..., v, and edges v vy, Vo3, . .., Uy_1U,, V1. A path P, is isomorphic to
the graph with vertices wy, ..., w, and edges w;w;; 1 € E(G) fori =1,...,n— 1. The
two vertices of degree 1 are its endpoints; the other vertices are internal. The length
of a path is its number of edges.

A graph G is connected if, for every u,v € V(G), there is a path in G with endpoints
u and v. A component of GG is a maximal connected subgraph of G.

A forest is a graph that contains no cycle. A tree is a connected forest. In particular,
forests and trees are examples of bipartite graphs, and paths are examples of trees.
A rooted tree is a tree with one distinguished vertex, called the root. A leaf in a tree is
a vertex of degree 1; every tree with at least two vertices has at least two leaves. An
n-vertex star is a tree with n — 1 leaves, all adjacent to a single vertex.

The vertices of the Kneser graph K (n, k) are the k-element subsets of [n]. The edges
are the pairs of disjoint sets. The graph K'(5,2) is also called the Petersen graph. The
hypercube () has all binary k-tuples of length £ as its vertices, with two of them
adjacent when they differ only in one coordinate. A matching in a graph G is a set
of disjoint edges. A matching is perfect if every vertex of G is contained in one of the
edges of the matching.

A subset W of V(@) is called an independent set if no two vertices in IV are adjacent.
A subset of pairwise adjacent vertices in a graph G is called a clique. The independence
number o(G) is the maximum size of an independent set in GG. Similarly, the clique
number w(G) is the maximum size of a clique in G. The distance d(u,v) between two
vertices u, v € V(@) is the length of a shortest path with endpoints u and v in G. The
eccentricity £(v) of a vertex v is the maximum of d(v, w) over all vertices w € V(G).
The minimum eccentricity over all vertices of G is called the radius of G. The center
of G is the set of vertices with the least eccentricity. If G is a tree, then its center
consists of one vertex or two adjacent vertices. The diameter of G, diam(G), is the
maximum of d(u,v) over all pairs u,v. For a tree 7" with radius r, we have either
diam(7T) = 2r or diam(7T") = 2r — 1, depending whether the center of 7" has one or
two vertices.

The Cartesian product of the sets A and B is defined as {(a,b) : a« € A, b € B}.



Besides the tensor product, we will also need the Cartesian product G;0G5 of two
graphs (G; and G5. The vertex set is again V(G ) x V(Gs), and the edges are the pairs
{(u1,v1), (ug,v9)} such that u; = us and vyvy € E(Gs), or ujus € E(G;) and vy = vs.

A proper coloring of a graph G is an assignment of a label ¢(v) to each vertex v
such that ¢(u) # c¢(v) whenever uv € E(G). The graph G is k-colorable if there is a
proper coloring of G with labels 1, ..., k. The chromatic number of GG, written x(G),
is the minimum & such that G is k-colorable. Given a graph G, we can form the line
graph of G, denoted L(G), with V(L(G)) = E(G), by making uv, xy € E(G) adjacent
if {u,v} N {x,y} # 0. A proper edge-coloring of G is a proper coloring of the line
graph of GG. The chromatic index is the minimum % for which there exists a proper
edge-coloring of G.

To emphasize that the edges are unordered pairs, a graph defined as we did in the
first paragraph is sometimes called undirected. This is in contrast to directed graphs
(or digraphs), whose edge sets consist of ordered pairs (u,v) of distinct vertices (di-
rected edges). The vertex u in a directed edge (u,v) is called the tail, and the vertex v
is the head. A cycle of length k in a directed graph G consists of k vertices vy, ..., vy
and the edges (vq, v2), (va,v3), ..., (Vk—_1, Vk), (Ug, v1). A directed graph G is acyclic if it
has no cycle. A tournament is a directed graph that has exactly one of the two edges
(u,v) and (v, u) for every pair {u, v} of distinct vertices. A tournament on three ver-
tices is called a triangle. A directed triangle is a cycle of length 3. A triangle that is not
directed is undirected; sometimes it is called a transitive triple. An out-neighbor of u
is a vertex v such that (u,v) is an edge. An in-neighbor of w is a vertex v such that
(v,u) is an edge. The out-degree of u, denoted d ™ (u), is the number of out-neighbors.
The in-degree d~ (u) is the number of in-neighbors.

In a multigraph (directed or undirected), E(G) is a multiset, that is, it can have
multiple copies of each pair of vertices.

A hypergraph ‘H consists of the vertex set V(H) and a family E(H) of subsets
of V(H), called hyperedges or just edges for simplicity. We sometimes adopt the con-
vention of identifying H with its set of edges. The size of H, denoted |H]|, is the
number of edges of H. A hypergraph is k-uniform if all its edges have size k. With
this terminology, a graph is just a 2-uniform hypergraph. A cover (or transversal)
of H is a set of vertices that intersects all edges. The covering number 7(H) of H is
the minimum size of a cover of H. A multihypergraph can have several copies of each
edge.



A partially ordered set or a poset is a set P together with a reflexive, antisymmetric,
and transitive binary relation < on P. The elements z,y € P are comparable if z <y
or y = x. We say that y covers z if v < z < y implies = y or y = z. The cover graph of
a poset (P, <) is the (undirected) graph G with V(G) = P and an edge xy whenever
y covers x. Another undirected graph based on the poset is its comparability graph.
It has the same vertex set, but the edges are pairs xy such that + < y. An embedding
of (P,=;) into (Q, <2) is an injective function ¢ : P — @ such that » <; y if and
only if ¥(z) =5 ¢(y). If there is an embedding of (P, <) into (Q, <;), we also say
that (P, =) is a subposet of (@), =<5). The product of (P, =) and (Q, <) is the poset
(P xY,=), with (z1,y1) =< (z2,y2) whenever x; <; 25 and y; < y». A chain is a poset
in which every two elements are comparable.

In several places, we use the “Big O notation” to describe the asymptotic behavior
of functions. Let f(x) and g(z) be two functions defined on (some subset of) real
numbers. We say that f(z) = O(g(z)) as * — oo if there is a constant ¢ such that
|f(x)| < c|g(x)| for = large enough. This is a common abuse of notation, since
technically O(g(z)) is a set of functions. If there are two constants ¢; and ¢, such that
clg(x)| < |f(z)| < ezlg(x)| for large enough z, we say that f(z) = O(g(z)) as z — oo.
We say that f(x) = o(g(x)) if lim, . f(z)/g(x) = 0.

In general, we write (z1, ..., x;) for a k-tuple, and {z1, ..., x;} for a set or a multi-
set. The exceptions are as follows: in Chapter 3 we drop the parentheses and commas
and use z, ...z} for a k-tuple in order to make the text easier to read. Also, as al-
ready mentioned, we adhere to the usual convention of writing uv for an edge of an
undirected graph. These never appear together in the text, so there is little danger of
confusion.

Let us finish with various miscellaneous pieces of notation. By deleting some rows
and columns of a matrix A, we get a submatrix of A. In the context of a probability
space, the probability measure will be denoted P, and E will be the expected value.
The letter N denotes the set of positive integers (in particular, N does not include 0),
and R is the set of real numbers. The characteristic vector of the subset A C [k] is the
k-tuple (z1,...,x;) with z; = 1if i € A and z; = 0 otherwise. The weight of such a
vector is the number of 1s in it. We will switch between sets and their characteristic
vectors as needed. The family of all subsets of X of size k is denoted (f ). The family
of all subsets of X is denoted 2*. For k € N, [k] denotes the set {1,...,k}. If x is a
real number, [2] denotes the least integer y such that y > z, and |z] is the greatest

10



integer y such that y < x. The natural logarithm of x is denoted Inz. Additional
notation will be defined as needed.

11



Chapter 2

List colorings with unequal list sizes

2.1 Choosability and balanced complete bipartite graphs

Many interesting real world problems can be modeled by some version of graph col-
oring. For example, in the most basic version of the frequency assignment problem,
we are given a set of transmitters and we want to assign a frequency to each of
them in such a way that if two transmitters interfere, they get different frequencies.
Asking whether this can be done with k frequencies is equivalent to solving the k-
colorability problem for a particular graph. If only some frequencies are available for
each transmitter, the problem corresponds to the list coloring problem for a certain
graph.

Definition 1. For a graph G, a list assignment is a function L : V(G) — 2% which
assigns a list of admissible colors to each vertex v. If L is a list assignment such that G
has a proper coloring ¢ with ¢(v) € L(v) for all vertices v, we say that G is L-colorable,
or that L is sufficient.

The list coloring problem is the following.
Given a graph G and a list assignment L on G, is G L-colorable?

For applications of graph coloring in frequency allocation, see for example [22, 62,
75].

The k-colorability problem with k& > 3 is a well-known NP-complete problem. It is
a simple special case of the list coloring problem, and hence the list coloring problem
is NP-complete even if all lists have size 3. Let us remark that this problem is NP-
complete even if various additional constraints are placed on the graph G and the list
assignment L (see [49]).

12



The following notion was defined by Vizing in [73], and later independently by
Erdés, Rubin and Taylor in [26].

Definition 2. A graph G is t-choosable if every list assignment L with |L(v)| > ¢ for
all vertices v € V(G) is sufficient. The list chromatic number x,(G) is the minimum ¢
such that G is t-choosable.

In the literature, the list chromatic number is sometimes called the choosability or
the choice number.

While the main focus of this section is the more general notion of sum choice
number, some techniques that have been developed while studying list chromatic
number will be useful to us in the sum choice setting as well. In this section we will
review the most important of these ideas.

The concept of choosability has been the focus of considerable attention and re-
search in the last thirty years. In the seminal paper [26] Erdés, Rubin and Taylor
characterized all 2-choosable graphs and provided good bounds for list chromatic
number of balanced bipartite graphs. Our results on sum choice numbers of bipartite
graphs use some of these ideas.

First, let us present a well-known example of an insufficient list assignment ([26]).
Figure 2.1 shows this construction for ¢ = 3.

Lemma 3 ([26]). Fix t € Nand let n = (*;'). If L is the assignment of t-element
subsets of [2t — 1] to the vertices of K, , satisfying the condition that any two vertices

that belong to the same part receive different sets, then K,, , is not L-colorable.

Proof. Suppose to the contrary that there exists a proper coloring ¢ with c¢(v) € L(v)
for all vertices v. Let H be the hypergraph with the vertex set V(H) = Uyev (k.. L(v)
and the edge set E(H) = {L(v) : v € V(K,,)}. The set {c(v) : v € V(K,,)} is a
cover of H. It is easy to check that 7(H) = ¢, so the coloring uses at least ¢ colors. But
then there is at least one color that was used for both parts of K, ,,, a contradiction.O

Corollary 4. x¢(K,,) > 1log,n + 1 log,logyn — 3.

Proof. Let ¢ be the largest integer such that (*;"

We have ¢ > 1logn + 1 loglogn — 2, because otherwise, using Stirling approximation

) < n. By Lemma 3, x¢(K,,) > t.

13
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Figure 2.1: An insufficient list assignment for K 1.

and the fact that 4'/+/¢ is increasing for ¢t > 1,

)=
and t was not the largest integer satisfying the inequality.

t+1

2t +1)

(

An upper bound for x, (X, ,) also appeared in [26].

Xe(Knm) < [logy(n +m)].

Theorem 5 ([26]).

Proof. Let X and Y be the two parts of the bipartite graph. Consider a list assign-

ment L with L(v)

k for all vertices v € V(K ,,). Construct a random subset 7'

L(v) by including each color independently with probability 1/2. Let C

Of UvEV(Kn,m)

be the event that it is not possible to color X with colors from 7" and Y with the

remaining colors. We have

(2.1)

If £ > logy(n + m), then the quantity in (2.1) is strictly less than 1, and hence

there exists a choice of T such that we can color X with colors in T and Y with

the remaining colors.
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The exact value of x,(X,,) is unknown for general n. It was already observed
by Erdés, Rubin and Taylor in [26] that this problem has a strong connection to
the problem of determining the least cardinality M of a k-uniform hypergraph H
that does not have property B. We say that a hypergraph has property B if it is 2-
colorable, i.e., there is a set 7" C V(H) that intersects all edges of H but does not
contain any edge of H. In particular, if Ny is the minimum number of vertices of a
complete bipartite graph that is not k-choosable, then

My, < Ny < 2M;,.

To prove the first inequality, consider the smallest complete bipartite graph G that
is not k-choosable, and a list assignment L with lists of size k£ such that GG is not
L-colorable. These lists form a k-uniform hypergraph that does not have property B.
To prove the upper bound, take a k-uniform hypergraph that does not have property
B, and assign the hyperedges as the lists to both parts of K, . The graph Ky,
is not L-colorable for this L.

The problem of determining M, is unsolved and is generally regarded as hard.

If G is L-colorable for every list assignment L with |L(v)| > ¢, then in particular
this is true for the list assignment L defined as L(v) = {1,...,t} for all v. In other

words,
X(G) < xe(G) (2.2)

holds for all graphs G.

Since x(K,,) = 2 for all n, Corollary 4 provides evidence that y,(G) and x(G)
can be arbitrarily far apart. Surprisingly, no such examples are known for edge-
colorings. We can define the edge chromatic number x'(G) and the list edge chromatic
number x;(G) analogously to ordinary chromatic number and list chromatic number,
as X'(G) = x(L(G)) and x;(G) = x«(L(G)), where L(G) is the line graph of GG. Let
us close this section by mentioning one of the most important conjectures concern-
ing choosability. This conjecture is of unclear origin; for a discussion of its history,
see [41].

Conjecture 6 (List coloring conjecture). For all G, x;(G) = X'(G).

15



2.2 Average list sizes and planar graphs

It is natural to consider a generalization of list coloring where the sizes of the lists

are prescribed by a non-constant function.

Definition 7. Consider a function f : V(G) — N. An f-assignment is a list as-
signment L with |L(v)| = f(v) for all v € V(G). The graph G is f-choosable if all
f-assignments are sufficient. If GG is f-choosable, we say that the function f is suffi-
cient.

A special case of this concept is already discussed in [26]. Let ¢(G, H) be the set of
all graphs that can be obtained by selecting a vertex from G and a vertex from H and
identifying them. Let D be the minimal family of graphs that contains all cliques, all
odd cycles, and with each pair GG, H it contains all members of ¢(G, H) as well.

Theorem 8 ([26]). For a graph G, define f(v) = deg(v) for all vertices v. This f is
sufficient if and only if G does not belong to D.

This characterization of f-choosable graphs for this special f yields the following
analogue of Brooks’ Theorem [13] for list chromatic number.

Theorem 9 ([26]). If G is a graph with maximum degree A, then x,(G) < A, unless
GG has a component Ka.1, or A = 2 and G has an odd cycle as a component.

For a fixed ordering o of the vertices of G, let d(v) be the number of vertices
adjacent to v and preceding v in o.

Proposition 10. Let o be an ordering of the vertices of G, and define f(v) = d(v) + 1
with respect to o. Such f is sufficient.

Proof. Let L be an f-assignment. We color the vertices successively in the order
specified by o. When the time comes to color v, it has d(v) neighbors that are already
colored. Since |L(v)| = d(v) + 1, we still have an available color to assign to v. O

Proof of Theorem 9. Without loss of generality, G is connected. If G is A-regular, then
either it is f-choosable and we are done, or it is in D. The only regular graphs in D
are cliques and odd cycles.
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If G has a vertex v with deg(v) < A, define A; for all i > 0 to be the set of
vertices in distance i from v (and in particular Ay = {v}). Fix an ordering o such that
o(u) < o(v) whenever u € A, and v € A; with 7 > j. Each vertex other than v has a
neighbor succeeding it in o. The result is then a consequence of Proposition 10. O

We will present two further examples of sufficient functions. As our first example,
consider the complete graph K, with vertices vy, . .., v,, and the function f(v;) = i for
all i. Consider an arbitrary f-assignment. Assign colors to vy, v, ..., v, successively.
At step i, i — 1 vertices already have colors, but since |L(v;)| = i, it is possible to
assign a color to v; as well. This f is therefore sufficient.

The second example concerns planar graphs. It is a well-known fact, proved by
Thomassen in [68], that

xe(P) <5 (2.3)

for every planar graph P, and this is best possible ([74]).
But in fact, Thomassen’s pretty argument for (2.3) proves a stronger statement.

Theorem 11 ([68]). Let P be an n-vertex planar graph with external vertices vy, . . . , v;.

If L is a list assignment with

1 forv=uwy,
1 forv =,
Lw={ i (2.4)
3 forv=uws,...,u,
5 otherwise
and L(vy) # L(v9), then L is sufficient.
It follows that the function f defined as
1 forov =y,
2 for v = vo,
flv) = ? (2.5)
3 forv=uws...,0,
5 otherwise
is sufficient, for a planar graph with external vertices vy, . .., v;.

17



2.3 Sum choice number, balanced complete bipartite
graphs

In view of previous section, the following definition is natural.

Definition 12 ([39]). The sum choice number of GG, denoted x..(G), is the least k for
which there exists a sufficient f with }° ) f(v) = k.

Sum choice number was introduced in [39] by Isaak, who proved that if G is the
line-graph of K, ,, then x..(G) = ¢* + [5q/3]. Berliner, Bostelmann, Brualdi, and
Deaett [10] determined the sum choice number of any graph that can be obtained as
a union of two graphs sharing a single vertex, in terms of the sum choice numbers
of the two graphs. They also found the value of the parameter for K,,. Heinold
in [36] and [37] determined the sum choice number of Petersen graph, of 2,0P,, and
of Kj,. Isaak in [40] concentrated on graphs whose every block is a complete graph
and proved that the sum choice number equals |V (G)| + |E(G)| for these graphs.

We will first provide several examples and observations.

Thomassen’s Theorem, and in particular the observation that the function (2.5) is
sufficient, implies that for planar graphs P, we have

Xse(P) < 5n —9. (2.6)

Our second example is the clique K,, with V(K,) = {vi,...,v,}. We already
showed that the function f defined as f(v;) = ¢ is sufficient, providing an upper
bound on the sum choice number. We will prove a matching lower bound, showing

(n—l—l)'

To prove that x..(G) > k for a given k, we need to show that no integer-valued
function f with ZveV(G) < k is sufficient. Consider an arbitrary integer-valued func-
tion f with 37 ) f(v) < @ Assume without loss of generality that we have
f(v1) < f(v2) < -+ < f(v,) for the vertices of K,,. Now construct a list assignment L
by letting L(v) = {1,2,..., f(v)} for every vertex v. Let i be the least index such
that f(v;) < i. We have then ¢ — 1 colors available to color vy, ..., v;, so K, is not

L-colorable.
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Next, let us mention two upper bounds for y,.. The first one is an obvious conse-
quence of the definition of sum choice number.

Proposition 13. x..(G) < |V(G)] - xe(G).

As seen in (2.6) and (2.7), planar graphs and cliques provide examples of graphs
for which this bound is far from the truth, and provide motivation for our interest
in this parameter. The average list size 1 " f(v) of a sufficient function f can drop

n

significantly if the function is allowed to be non-constant.
Proposition 14 ([40, 26]). x.«(G) < |V(G)|+ |E(G)|.

Proof. We have already shown in Proposition 10 that the function f(v) = d(v) + 1 is
sufficient, for any ordering of the vertices. For this f, we have > f(v) = |[V(G)| +
|E(GQ)]. O

The papers [10] and [40] investigated graphs for which this bound holds with
equality.

As an easy consequence, we get xs.(P) < 4n — 6 for every planar graph. But in
fact, we can get a slight improvement.

Theorem 15. For every n-vertex planar graph P, there exists a sufficient function f :
V(P) — N such that ) f(v) = 4n — 6 and max f(v) < 6. O

Proof. Using Proposition 10, every ordering of V' ( P) yields an upper bound on x..(P).
Since every planar graph has a vertex of degree at most 5, it is possible to order the
vertices so that d(v) < 5 for all v. O

Problem 16. Determine x.. for planar graphs.

In particular, Thomassen’s Theorem shows that for every planar graph there exists
a sufficient function f with f(v) <5 for all v, with average list size slightly less than 5.
On the other hand, in Theorem 15 we show that there exists a sufficient function with
average list size less than 4, but this improvement comes at the expense of raising
the maximum list size to 6. Is it possible to combine the two? An affirmative answer
to the following problem would be a strengthening of Thomassen’s Theorem.
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Problem 17. Does there exist a sufficient function f for every planar graph P, such that
f(v) <5forallveV(P)and ) f(v) < 4n?

It seems that we cannot hope for any result better than this. There are planar
graphs with list chromatic number 5, so the first condition cannot be improved. As
for the second condition, chromatic number of planar graphs can be as high as 4, so
it might be too much to require a smaller average list size.

We will state here explicitly, for future reference, two observations about mono-
tonicity of sufficient functions and of ...

Lemma 18. Let G, H be graphs, and let f, g be integer-valued functions on V (G).
() If G is a subgraph of H, then xs.(G) < xsc(H).
(i) If f(v) < g(v) for all v, and g is insufficient, then so is f.

Now, let us anticipate the next section and turn our attention to complete bipartite
graphs. Intuitively, the additional freedom of allowing a non-constant f should not
help too much if the parts have the same size, i.e., xs.(K,) is likely close to the
upper bound from Proposition 13. The following result supports our intuition.

1 2
Theorem 19. énlogn + 3" < Xse(Knn) < 2n([logyn] + 1).

Proof. The upper bound is a direct consequence of Proposition 13 together with The-
orem 5.

To prove the lower bound, for every integer-valued function f with > f(v) <
%nlogn + %n we present an f-assignment L such that K, , is not L-colorable. Fix
such function f. Let ky = [log, n| + 1. Let X and Y be the two parts of K, ,,, and let
ay and by, respectively be the number of vertices in X and Y with list sizes at most k.

Note that (*7') < 4¥1. If, for some k < ko, X and Y each have at least 4"~
vertices v with f(v) < k, then we can construct a list assignment as in Lemma 3, with

the help of Lemma 18. If f is sufficient, then
min{ag, by} < g1 2.8)

for every k < ko. We have ) f(v) =n+(n—a)+ (n—az) +---+ (n —ag,) +n+
(n—0b1)+ (n—0bg) + -+ 4 (n — by,). Under the conditions (2.8), this is minimized if
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a = 4*~' — 1 and b, = n holds for all &, i.e., if f(v) = 1 for v € Y. We then have

Zf(v)Zn—i-n—l—(n—4o—|—1)+(n—42—|—1)+...+(n_4ko—1+1)
ko—1
> ot ho(n+1)— 3 4
k=0

1 2
> §nlog2 n+ §n

This is a contradiction. O

On the other hand, x/(K, ) = O(logn).
Theorem 20 ([26]). |[log,n — 2log,logan| —1 < xo(K,n) < [logyn] + 1.

Proof. Let Cj, be the minimum n such that x,(X,,) > k. Recalling that A}, is the mini-
mum size of a k-uniform hypergraph without property B, we have M, < 2C} < 2M,.
Also, it is known (see [26]) that 2F-! < M, < Kk?2F+1. Hence if n > k?2F*! then
Xe(K,) > k and the lower bound follows easily. O

The sum choice number of a balanced complete bipartite graph divided by 2n is
therefore within a constant multiple of the list chromatic number of the same graph.
Theorem 19 shows that this constant is at most 4. It is obvious from the proof that
this is not best possible, but even this rough estimate suffices to demonstrate that
Xsc Normalized by the number of vertices does not differ significantly from y, for
balanced complete bipartite graphs.

As we will see in the next sections, the situation is radically different for unbal-
anced complete bipartite graphs. If ¢ is sufficiently large with respect to a, then
xe(K,q) > a. To see that, assign disjoint a-element sets to the part of size a. The
Cartesian product of these sets has a* members. Let these be the lists assigned to
the g-element part. No matter what labels we choose for the a-element part, there
will always be a vertex in the larger part that we cannot color. On the other hand,
Theorem 21 in Section 2.4 shows that for ¢ — oo and a fixed, xs(Koq)/|V (Kayg)| ~ 2.
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2.4 Unlike v/, xs. does not grow with average degree

As we already mentioned, Erdés, Rubin and Taylor showed in [26] that

Xe(Kq,q) = O(log q). (2.9)

If one of the parts is substantially smaller than the other one, then allowing dif-
ferent list sizes again results in smaller average lists. Theorem 21 is one of the main
theorems that we prove in this chapter.

Theorem 21. There exist constants ¢, and c, such that for all a > 2 and q > 4a®log q,

2q + crav/qloga < xso(Kayg) < 2q + c2a+/qloga.

We have seen that in some cases, the list chromatic number behaves very similarly
to chromatic number (Brooks’ Theorem), or is at least conjectured to (list coloring
conjecture). In some other contexts, however, the two parameters behave very dif-
ferently. An example of this is the behavior of the two parameters with respect to the
average degree. It is easy to construct a sequence of graphs G; for which the average
degree deg, . (G;) approaches infinity, but x(G;) is bounded by a constant — just take
the complete bipartite graphs K, ,,. On the other hand, Alon has shown in [5] that
x¢ depends heavily on the average degree.

Theorem 22 ([5]). If G has average degree d, then x((G) > (5 — o(1)) log, d.

When we relax the definition of choosability to allow different list sizes, a natural
question that immediately arises in the light of the above is, how does this relaxation
affect the behavior of the parameter with respect to the average degree? Does an
analogue of Alon’s theorem still hold? Or can we construct a sequence of graphs
with average degree growing and y,. bounded by a constant?

One of the most interesting consequences of our Theorem 21 is that it answers this
question. If different list sizes are allowed, the conclusion of Theorem 22 is no longer
true. The sum choice number depends on the structure of the graph much more than
the list chromatic number, whose value can be estimated solely based on the value
of a global parameter such as average degree. In this respect, sum choice number

resembles chromatic number more than list chromatic number.
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With ¢ tending to infinity, the average degree of K, , approaches 2a. We obtain

[E(Ka)|

SC Ka
lim — = 0, lim XsclTag) ( ’q)

a—o0, g>>a2loga @ + @ a—o0, g>>a2loga A + @

= 2. (2.10)

Using Theorem 21, we can therefore provide an infinite sequence of graphs with
average degree approaching infinity and sum choice number bounded by a constant,
in complete analogy with the situation concerning chromatic number.

For @ = 2 and a = 3, the value of K, , was determined by Berliner, Bostelmann,
Brualdi, and Deaett in [10], and by Heinold in [37].

Theorem 23 ([10]). xu(K2y) =2¢+ 1+ |VAqg+1].
Theorem 24 ([37]). xs(Ks4) =2¢+ 1+ [V/12¢ +4].

Our main result (Theorem 21) extends Theorems 23 and 24 to K, , with arbi-
trary a. Let us remark here that we need the full generality of Theorem 21 to draw
the conclusions about the behavior of y..(G) with respect to average degree; Theo-
rems 23 and 24 do not suffice.

FOSERON
W ORK W

Throughout this chapter, the two parts of the complete bipartite graph i, , will be
called A and @, with |A| = a and |Q| = ¢.

2.5 Upper bound, there are sufficient short lists

A variation of the proof of Theorem 5 yields a good upper bound on ys.(K,)-

Theorem 25. For every constant ¢ > 1, there is an aq such that if ¢ > a > aq, then

Xsc(Ka,q) < 2q+ CCL\/ahl a.

Proof. We present a function f with > _, , f(v) > 2¢ + ca,/glna such that every
f-assignment is sufficient.
Define f as

r forv e A;
f(v)—{ 2 forveq@
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where r will be defined later.

Fix a list assignment L with L(v) = f(v) for all v. Construct a random subset T’
of UyeaugL(v) by including each color independently with probability p. We will
attempt to color the vertices of A with the colors in 7" and the vertices of () with the
remaining colors. Let C' be the event that this is not possible. We have

P(C) < a(l —p)" + qp°. (2.11)

If the quantity on the right side of (2.11) is less than 1, then in particular p < 1/,/3.
Let a(q) be a sequence with a(g) < 1 for all ¢, and set

_ )
S

Using that 1 — 2 < exp(—=z) for all z, we get

Pvaaem(—?§?)+«umﬂ

For this to be less than 1, we need

Ina  In(l— a(q)?)
i) 1

For a large enough, we can find «a(q) (sufficiently close to 1) so that the right side
of (2.12) is bounded from above by c,/qloga. Therefore, if a is large enough and
r > c¢\/qIna, then P(C) < 1 and there exists a choice of 7" such that we can color A
with colors in 7" and () with the remaining colors. a

However, it is clear that to improve this bound further, additional ideas are needed.
Using a more complicated argument, we can improve the Ina in the second term to

Vina.

Theorem 26. If a,q € N with ¢ > a > 3, then

Xsc(Kag) < 2q+al+/32¢(1 +1na)].
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{1,3,4y  {2.3,4}  {1,2,4}
A

Q

{12} {23p {34} {1,5}

Figure 2.2: An example of a bipartite graph with a list assignment (left) and the
corresponding graph G and hypergraph H (right). The circled vertices in the right
part of the picture show a possible choice of the set T" of colors used for coloring part
A of the bipartite graph.

Proof. We again present a sufficient function f

r forv e A;
fv) =
2 forv e Q,

where r will be defined later in (2.15), such that 3>, _, o f(v) > 2¢+a+/32¢(1 + Ina).

Let L be an arbitrary f-assignment, i.e., |L(v)| = f(v) for all v. Let S be the union
of all the lists, S = |, ¢4, L(v). The list assignment L yields a (multi)hypergraph
and a multigraph with the same vertex set S and with edge sets £, = {L(u) : v € A}
and Ly = {L(v) : v € Q}, respectively. The sufficiency of L means that one can find
a set T C S intersecting all hyperedges of £, such that S\ T intersects all edges of
Ly, so T is an independent set in the graph L. (See Figure 2.2 for an example.) We
can color each vertex u with a color ¢(u) such that

cluye LluyNnT forue A and c(v) € Lw)N(S\T) forv € Q.

We are going to construct such 7" by a two-step random process.

Let us pick, randomly and independently, each element of S with probability p. Let
B be the random set of all elements picked. Define a random variable X, for each
u € Aby X, =|L(u) N B|, and the random variable Y by

Y=|{veQ: L(v) C B},
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so Y is the number of edges of L, spanned by B. If we remove an element /(v) € L(v)

for each edge of L spanned by B, the remaining set 7" C B is certainly independent

in Lg. IfY < X, for each u € A, then T intersects all L(u) € £4 and we are done.
The expected value of Y is p?q, so the Markov inequality gives

P(Y < 2p%q) > % (2.13)
The expected value of X, is pr, so the Chernoff inequality gives
P(X, < EX, —t) < e ©/%P,
for any ¢ > 0. Hence
P(X,>pr—tforallue A) >1—ae t'/??, (2.14)

and this again exceeds 1/2 for t> > 2rpIn(2a). The sum of the probabilities in (2.13)
and (2.14) is larger than 1, so there is an appropriate choice of B (and then 7)) if
t? = 2rp(1 +Ina) and pr — t > 2p?q. This is true for

2(1+1
pe JALERD > dpg = V30 T ha)g. (2.15)
g

2.6 Lower bound, much shorter lists are not sufficient

To prove that x..(G) > k for a particular k, we need to show that for every f with
Y vec [ (v) = k, there exists an insufficient f-assignment.

We will first show how to construct such a list assignment for a very special f.
Then we will consider a general f and show that we can apply this construction to a
subgraph of K, ,, provided that > f(v) is sufficiently small.

Lemma 27. Lett > 2 and | > 1. For a = 2! and q = t/?, there exists a list assignment L
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Figure 2.3: An example of a hypergraph H and a graph G that correspond to an
insufficient list assignment for K, , with a = 2% and ¢ = 3 - 5%. This list assignment
uses 6 - 5 colors. Only two hyperedges out of 8 are shown in the picture.

with
L(v) = 2 forve Q;
tl forv € A.

such that K, , is not L-colorable.

Proof. Take the complete ¢-partite ¢-uniform hypergraph with parts of size 2, i.e., the
family of all sets A C {uy, vy, ug,v,...,u;, v} that contain exactly one of {u;,v;} for
all i. Replace the vertices u;, v; with disjoint vertex sets U;, V; of size ¢. Let H be
the resulting ¢/-uniform hypergraph. That is, V(H) = J'_,(U; UV;) and E(H) =
{Uicr U) U (U Vi) = I € {1,...,t}}. The covering number of this hypergraph is
T(H)=t+ 1.

Define a graph G on the vertex set | J/_, (U; U V;) by setting E(G) = U,_,(U; x Vi).
Every minimum cover of H contains at most one vertex from each U; and each V. It
has ¢ + 1 vertices, so by the pigeonhole principle, it contains both endpoints of some
edge in (. See Figure 2.3 for an example of H and G.

Define the lists of the vertices v € A to be the sets in F(H) and the two element sets
in E(G) to be the lists of the vertices v € (). The number of edges of G is ¢t - ¢* = ¢, so
this can be done. We have shown in the previous paragraph that this list assignment
is not sufficient. O
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Note that with this choice of a and ¢, we have |L(v)| > /qlog, a for v € A.

Theorem 28. If a > 2 and q > 4a®Ina, then

Xse(Kaq) > 2q +0.061av/qlna.

Proof. Let s be such that > _, , f(v) = 2¢ + as. We will prove that, as long as
s < 0.061v/qIn a, the function f is not sufficient. Suppose to the contrary that every
f-assignment is sufficient.

Let ¢1, ¢2, and g3 be the numbers of vertices v € @ with f(v) = 1, f(v) = 2, and
f(v) > 3 respectively. Since f(u) > ¢, for each u € A (otherwise f is not sufficient),

2q +as = Z f(v) > aq + (@1 +2¢2 + 3¢3) > 29+ ¢1 + gs.
veEAUQ

It follows that ¢; + ¢3 < as and @ has at least ¢ — as vertices with lists of size 2.

Let ¢* = ¢, and let a* be a power of 2 as large as possible such that a* < £.

If there are at least a* vertices u € Awith f(u) < /¢ log, a*, we can use Lemma 27
together with both parts of Lemma 18 to construct an insufficient list assignment.

If this is not true, then A has more than § vertices with lists of sizes greater than
V/ (g — as)log, a*. If q satisfies the hypothesis of the theorem and s < 0.061y/¢Ina,
then

1
Z f(v) > 54" V(g — as)log, a* + 2(q — as) > 2q + as. (2.16)
veAUQ

To get the last inequality for a > 5, we observe that a* > The cases ¢ = 2 and

7
a = 3 follow from Theorems 23 and 24, and the case a = 4 is not difficult to handle
separately.

Equation (2.16) contradicts the assumptions. a

The proof of Theorem 28 is fairly intuitive and it provides a lower bound which
differs from our upper bound only in the value of the multiplicative constant appear-
ing in the second term. The value 0.061 works for all a > 2, even if ¢ is relatively
not too large. But even for ¢ very large with respect to a, and « itself approaching
infinity, the constant that we obtain in the above proof does not exceed 1/2. This

value can be improved significantly by the use of a randomized construction in place
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of Theorem 27. This proof is interesting in its own right and substantially different
from the proof of Theorem 28, so we will present it here as well, albeit with less
detail.

First let us make two technical observations. They can be proved easily by algebraic
manipulation; the proof is omitted here. We follow the convention that (}) is defined
to equal O for n < k.

If 24+ ¢ <d <2t then

t
-+ () : (2.17)

Also, if ¢ < d < t, then

o _ ()

e > i (2.18)
(2~ ()

Theorem 29. For every sufficiently large a there exists a constant qy(a) such that if

q > qo(a), then xs(Kaq) > 2q + 0.849a+/qIn a.

Proof. Let f(v) be the given list sizes for v € A U @ and suppose first that f(v) = 2
for all v € Q. We seek an insufficient list assignment L with the appropriate list sizes.
We will use 2t colors, where ¢ will be determined later. For the sake of readability,
we henceforth omit most floors and ceilings. If a and ¢ are very large, taking floors
or ceilings changes the quantities very little in all of these cases. Omitting them will
greatly simplify our computations, while not making any difference in the results.

First, let us remove the influence of ¢ by setting s; = f(v;) - 1/t/q. Using random
choice, we construct a family A = {A4; : ¢ = 1,...,a} of subsets of the vertex set
{z1,y1, 22,92, ..., 2z, y: } With |A;| = s;, such that 7(A4) > t holds for the covering
number of A. Replace the vertices z;,y; by disjoint sets X;,Y; of size \/q_/t The
resulting sets of size s; - \/q/t = f(v;) will be the color sets assigned to the vertices
of A. Place complete bipartite graphs between X; and Y; for all i. Altogether, these
have ¢ - (1/q/t)* = q edges. Use the two-element sets corresponding to these edges as
the lists for the vertices of (). Since the covering number of the hypergraph is more
than ¢, this list assignment is not sufficient.

Lets=1% _,
integer ¢ such that the family .4 with properties described above exists. Let B C A

s;. We need to prove that if s is small enough, then there exists an
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be the set of vertices with s; < 2t, and let b = |B|. For every v; € B, let A; be a
2]

set chosen randomly, uniformly from ([ ) (the collection of subsets of [2t] of size s;).
Let A be the resulting family. Assign lists arbitrarily to the vertices of A \ B; these

vertices do not play any role in our construction.

P(r(A) <t) < Z P(for all i, A; N T # )

B TC[2t),|T|=t

() I
()2 8).

In the last line, we used the fact that (1 — z) < exp(—=z) for all z. If some s, are not
equal to (Y, cpsi)/b] or [(D2, cpsi)/b], then find s; and s; such that s; > s; + 2.
Replace s; with s; + 1 and s; with s; — 1. By (2.17), the sum in (2.19) decreases.

Repeat until s; € {| (>, cp5i)/b), [(D2,,ep 5i)/b]} for all 4.
For the next step, we want ¢ to satisfy ¢t > s. For this, it is sufficient for ¢ to satisfy

.. (i ¥ f(vl-)> . (2.20)

Note that also s > > 5 f(v;). We can use (2.18) with ¢ = [(3_, .5 s:)/b] or
c=[(>_,epsi)/b] and d =t to get

We have

P(1(A) <t) <exp (t -2In2 — %) . (2.21)

This is less than 1 if £ - 2In2 < Inb — Inlnb. It is easy to observe that b > a/2. Hence,
in order for (2.21) to be less than 1, it suffices to have

Ina
< — — . .
t < 53 o(Ina) (2.22)
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Combining (2.20) with (2.22), if a is large enough, we get

1
3 fo) <4222 < 0.849/gIna.

= 21n2

Whenever this is true (and « is large enough), there is a ¢ such that the random choice
described above results in an insufficient list assignment, with nonzero probability.
With ¢ vertices in () that all have list sizes equal to 2, there exists the desired list
assignment with list sizes f(v;) for v; € A, aslongas _, _, f(vi) < 0.849\/gIna.

Now let us consider a general list size function f, where we do not necessarily have
f(v) = 2 for all v € ). The above proof shows that, as long as there are at least ¢,
vertices in () with list sizes equal to 2, then whenever the average list size on A is at
most 0.849+/¢- In a, we can find an insufficient list assignment.

For an arbitrary list assignment f, we have proved in the proof of Theorem 28 that
the number ¢, of vertices v € Q with f(v) = 2 is at least ¢ — o(¢q). A short computation
suffices to show that, by making a and ¢ large enough, we can get arbitrarily close to
the constant 0.849 in this general case as well. O

Let us remark that if we choose the constants in the proof of Theorem 26 more
carefully, we can improve the constant v/32 in the upper bound to approximately 3.67.

2.7 For fixed a, the limit as ¢ — oo exists

We have proved that (xs(/a4) — 2¢)/+/q is bounded from above and below by con-
stants. Now we show that in fact the limit exists, as ¢ tends to co.

Theorem 30. For fixed a, the limit lim,_ Lﬁj)”q exists.

First we consider a simpler problem and define y..2(K,,) to be the least k for
which there exists a a sufficient f with }_, , f(v) = k and with f(v) = 2 for all
v € ). Obviously xs2(Kaq) > Xse(Kay). We will identify functions f with f(v) = 2
for v € Q with vectors f = (fy,..., fa).

Theorem 31. For fixed a, the limit lim,_ ., Lj;)_zq exists.
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If f is not sufficient and f(v) = 2 for all v € @, then there exists an insufficient
f-assignment L such that K, , is not L-colorable. We will identify such L with the
pair (£, ), where £ is a multihypergraph £ with edges L; satisfying |L;| = f; for
1 < i < a, and a G is a multigraph on V(L) with at most ¢ edges, such that no
transversal of £ is an independent set in G.

For I C [a], define X; = Nc;L;. An insufficient list assignment is symmetric if,
for all pairs I # J, the bipartite subgraph of G induced by X; and X is either
empty or complete, and for each 7/, X; induces the empty graph. Using the following
lemma, we can without loss of generality assume that an insufficient list assignment
is symmetric.

Lemma 32. Fix a, f and ¢q. A function f is insufficient if and only if there exists a

symmetric insufficient list assignment.

Proof. Suppose that L is an insufficient list assignment, and let £ and G be the corre-
sponding hypergraph and graph. If « and v belong to the same X, then no minimal
transversal of £ contains both of them. We can therefore delete all edges induced
by X;.

Now suppose that u,v € X;and |N(u)| < |N(v)|. Replace the neighborhood of v by
the neighborhood of w. It is still true that every transversal of £ induces an edge of G.
Repeated application of this procedure eventually produces a symmetric insufficient
f-assignment L such that K, , is not L-colorable. O

Proof of Theorem 31. Consider a symmetric f-assignment L. Let £,G and X; (for
I C [a]) be as before. Let z; = | X;| and let X = (g, 213, .. . ) be the vector of the /s,
ordered in some way. Replace each X; with a vertex v;. Let R be the reduced graph
of the symmetric list assignment, i.e., the graph with V(R) = {v; : x; # 0} and
whose edges correspond to the complete bipartite subgraphs of . Similarly, the
hypergraph £ turns into the reduced hypergraph on the same vertex set, V' (R). Note
that every cover of the reduced hypergraph induces an edge of R. We will call such
graphs R persistent. The vector x satisfies ;. pp) zrz; < ¢, and moreover z; = 0
whenever v; ¢ V(R). The set A% of all such x is the body bounded by a quadric
surface which depends on R and gq.

Define the linear map ¢ : R?” — R* by ¢(x) = (f1,. .., f.) = f where f; = 3., z1.
The function f is insufficient for this ¢ if and only if f is the image of some integer
point x that is in A% for some persistent R.
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If there exists an insufficient f-assignment L for every integer vector f such that
> fi = k, then we have x..2(K,,) — 2¢ > k. We are therefore looking for the maxi-
mum k such that every integer point on the hyperplane > f; = k is the image (under
¢) of some integer point in | J A%, where the union is taken over all persistent R.

Let us normalize everything by ,/q. For every persistent R, define

Ar ={x: Z rrry <1l,and z; =0forv; ¢ V(R)} and Bg = ¢(Ag).
LJEE(R)

For every R we now have only one quadric surface, independent of ¢q. We say that a
vector Vv is a ¢-grid point if \/q - v is an integer point.

For every ¢, define &, to be the maximum k such that \/g - k € N and every ¢-grid
point on the hyperplane ) f; = k is the image of some ¢-grid point in | J Ag. If this
is true, then the same is true for ¢-grid points with > f; < k, as well, by the second
part of Lemma 18. Hence k, is equal to the maximum £ with /g - £ € N such that
every ¢-grid point f with }_ f; < k is the image of some ¢-grid point in | Ag.

Also, define b to be the maximum k£ such that the simplex Cy, = {f: >  f; <k} isa
subset of | J Bg.

We want to prove that the limit lim &, exists and equals b. That is, we want to prove
that for every ¢, if ¢ is large enough,

e every ¢-grid point in C}_. is the image under ¢ of some ¢-grid point in |J Ag
(then b < liminf k,), and

e there is a ¢-grid point in . which is not the image of any ¢-grid point in | J Ag
(then b > limsup k).

To prove the first claim, fix ¢ and let f be a point on the hyperplane > f; = b. The
point f is in | J Bg, so it is the image of some x € | J Ag. Each set Ay is a downset in
the sense that with every x it also contains all points z such that z; < x; for all 4. It
follows that y defined as @ is a g-grid point in | J Ag. Each entry of y differs by

v
at most - from the corresponding entry of x, and a simple computation suffices to

Va
show that the distance of ¢(y) and f is at most 7, where ¢ < Vva-2%1is a constant
dependent only on «. That is, for each point f on the hyperplane > f; = b we have
found, in distance at most ¢,, where ¢, = Lq, an image of a ¢-grid point from (J Ag.

Call this point f.
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Note that, by definition of x,. (and x..2), whenever a ¢-grid point f is the image of
a ¢-grid point in  J Ag, the same is true for all ¢-grid points in the box Dy, defined as
{g: g; < f; for all i}. This is the second part of Lemma 18.

Let h be a ¢-grid point such that > | h; < b—ag,. Let f be its perpendicular projection
on the hyperplane " f; = b and find the corresponding f'. Since the distance of f
and f' is at most ¢,, the point h belongs to Dy, and hence it is the image of a ¢-grid
point in | Agr. Choosing ¢ large enough so that as, < ¢ for our given ¢ concludes the
proof.

To prove the second claim, let f be a point outside UBp, but within the distance ¢
from Cj. Take a bounded cube ) C R® that contains f. Now take a bounded cube S
in R*" which contains all points x such that ¢(x) € Q. The set T defined as T'= S N
(U Ag) is compact, so ¢ maps it to a compact set. The complement of ¢(7") in ¢(5)
is open, and contains f. Note that (| J Bg) N Q C ¢(T).

Therefore, for some small ¢, the §-ball around f is outside | J Bg. If ¢ is large
enough, the ball contains some ¢-grid point. This point not only has no ¢-grid preim-

ages in UAg, it has no preimages in | J Ar whatsoever, and the claim is proven. O

Let Q = Q1 U(Q», with ¢; denoting the cardinality of ();. Let f be an integer-valued
function defined on A U @, such that f(v) > ¢; forv € A, f(v) > 2 for v € @)y, and
f(v)=1forv e Q.

Given this f, define a function f on A U Q, by

) flv)=q forve A;
flo) = { F(v) for v € Q.

Lemma 33. The function f is sufficient for K, , if and only if f is sufficient for Ko q—q-

Proof. Consider an f-assignment L such that K, is not L-colorable. Let 1,..., ¢
be labels that do not appear in any of the sets of L. Assign these labels as lists to
the vertices of (), and add all of them to each list L(v) for v € A. The result is an
f-assignment L' such that K, , is not L'-colorable.

Now consider an f-assignment L’ such that K, , is not L’-colorable. Delete the
labels of the vertices in (); from all the lists L'(v) for v € A. Delete additional colors
from the lists of the vertices v € A, until each has list of size f(v). The restriction
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of the resulting list assignment to A U (), is an f-assignment such that K, 4, is not
L-colorable. O

Proof of Theorem 30. Define sequences {a,}:2, and {b,}22, by

_ Xsel@,9) — 2¢

Vi

It was already mentioned that a, < b, for all q.

_ Xse2(a,9) — 29

and b,
V4

Qq

Let f be a sufficient function on K,, with }_ _ avo f (v) = Xsc(Kayq). Again, let ¢,
be the number of vertices v € ) such that f(v) = 1. We have f(v) > ¢, for all v € A.
Let d(q) be the number of vertices v € @) for which f(v) # 2. Delete these vertices.
The restriction of f to the resulting graph K, , 4, is sufficient, by Lemma 33, so we

have Xueo (Kag-atg) < 2(q = d(q)) + X ,c4 f(v). We get

ag\/q = Xse(Kaq) — 29 > Xse(Kayg) — @1 — Zf(v) > Xse(Kaq) —aqr — Z flv) =

vEQR veEQR
= Z f(’U) — aq Z Xsc2(Ka,q7d(fI)) - 2<q - d(Q)) = b(I*d(q) V4 — d(q)

vEA

We get the following relationship between a, and b,:

q—d(q)
V]

We have proved that ) _, , f(v) < 2¢ + cay/qIna for some constant c. If any
f(v) decreases by 1, the function becomes insufficient. The argument in the proof of
Theorem 28 shows that for all but at most ca+/qIn a vertices in @, we have f(v) = 2.
In other words, d(q) < O(,/q). The limit lim,_. b, exits by Theorem 31. We have

V

by > ay bg—d(q)-

—d .
c (Q)bqfd(q) = by,

q—o0 V4 q

which proves the claim. O
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2.8 Graphs with large independent sets

It is natural to consider adding edges to the set A of K, ,. If we add all () possible
edges, all vertices of A have to receive distinct colors in any proper coloring of the
resulting graph. How restrictive is really this additional requirement? Theorem 34
shows that it significantly alters the problem.

Let G, , be the graph that we get from K, , by inserting the edge uv for every pair
of distinct u,v € A.

Theorem 34. There exist constants ¢; and ¢y, independent of q, such that

2(] + V Q(a - 1) S XSC(Ga,q> S 2q + 2 V q<a - 1)

We first prove a generalization of Turdn’s Theorem.
For fixed s and t, let ¢(s,k) = min > 1, (%), where the minimum is taken over all
(x1,...,2x) such that Y x; = s.

Theorem 35. Let s,a > 2 be integers. Let Ly, ..., L, be sets of size s and G a graph with
less than t(s,a — 1) edges. There exists a system of distinct representatives {uy, ..., u,}
of Ly, ..., L, such that {us, ..., u,} is an independent set in G.

If L, =---= L,, this is indeed equivalent to Turan’s Theorem.

Let us also remark that the result is sharp: if G is allowed to have #(s,a — 1) edges,
then taking L, = --- = L, provides a family that violates the claim, with G being the
disjoint union of a — 1 cliques of almost equal sizes.

Proof. We want a set {uy,...,u,} of distinct vertices, such that v, € L;, where
{i1,...,1,} is some permutation of {1, ..., a}.

Define the vertices u,,...,u, one by one. Let V}, = L; U---U L, and G; = G[V}]
(the restriction of G to V;). Let u; be the vertex of minimum degree in G, D; the
closed neighborhood of u; in G4, and d; = |D;|. Let L;, be one of the hyperedges
containing u;.

Suppose that u;, D;, and L;, are already defined for j = 1,..., k. We define V., =
(Uiggir,.ipy L)\ (D1U- - -UDy), Gyp1 = G[Vjya], and let ugyq be a vertex of minimum
degree in Gy1, Dy its closed neighborhood in Gy, dit1 = |Dyy1|, and L, 1 one

of the hyperedges containing u;, different from L;,, ..., L;,.
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If we cannot define w4, then Vi is empty, and |D;| + -+ + |Dg| > |Lis1| = s.
We have k < a and Dy, ..., Dy are non-empty, disjoint sets, so

2|E(G)| > Z deg(u) > dy(dy — 1)+ -+ dp(dp — 1) > 2t(s, k) > 2t(s,a — 1).

u€D1U--UDy,

|

Proof of Theorem 34. Again, we will prove the upper bound by presenting a sufficient

f(v):{ 2 forv e Q;

s forwv e A.

function f. Let

The result is the essence of Theorem 35 and some algebraic manipulation.

For the lower bound, we imitate the method of Section 2.6. Let {vy,...,v,} be the
vertices of A and let
2 forv e Q;
-]
S; for (VS
Without loss of generality, suppose s; < s9 < --- < s,. We claim that if f is

sufficient, then ¢ < #(s;,i — 1) foralli > 2, and ¢ < (%) - (s2 — s1).

Suppose that ¢ > t(s;,7 — 1) for some i > 2. Let L(v),..., L(v;) be nested sets of
the appropriate sizes. Let GG be the graph on the vertex set L(v;), consisting of i — 1
disjoint cliques with sizes as equal as possible. Assign the pairs corresponding to the
edges of G as the lists for the vertices of (). This list assignment is not sufficient.
Likewise, if ¢ > (%) - (s2 — s1), let G be the graph that we get by taking a clique of
order s, and deleting edges of a clique of order s, — s;. Assign its edges as the lists
of @, and let L(vy) = V(G).

We use arguments analogous to the proof of Theorem 28 to conclude the proof for
general lists. O

We did not try to achieve the best constants possible with this method, since the
method does not give a tight result. We conjecture that the lower bound holds with
equality, at least when the lists of the vertices of ) have size 2.
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Conjecture 36. Let

s; for wv;.

f(v)—{ 2 forv e Q;

If g <t(s;,i—1) foralliand q < (%) - (s2 — s1), then G, is f-choosable.
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Chapter 3

Reverse-free codes and permutations

3.1 Motivation and main concepts

Let k£ and n be natural numbers and X an n-element underlying set. The set of k-
tuples with entries in X is denoted by X*, its cardinality is n*. The set of k-tuples
with distinct entries is denoted by X(;), with cardinality | X )| = n(n —1)...(n —
k+1) = k!(}). We have X(;) C X*. The set X is often identified with [n]. In this
chapter we omit the parentheses when speaking about k-tuples, e.g., x; ...z} is the
shorthand for (zy,...,z).

A code C is simply a subset of X*, k is called its length, |C| is its size. Its elements
are called the codewords, and X is sometimes called the alphabet. A typical problem
in coding theory is to determine the maximum size of a code satisfying some local
condition. For example, define the Hamming distance of two codewords to be the
number of coordinates where they differ. The following problem is fundamental in
the theory of error-correcting codes:

Given n, q and d, what is the maximum size of a code C C [q]" such that every two
codewords have Hamming distance at least d?

If the codewords from such a code are sent over a noisy channel and less than d/2
entries are changed in each of them during the transmission, we can still recover the
original codewords at the end, correcting the error.

In this chapter we consider a similar problem, with a different local condition.

Definition 37. Let a and b be two distinct integers. The pair {a, b} is a reversed pair
for a pair of sequences X = x;...x; and y = vy, ...y if there are two coordinates
i,j € [k] such that (z;,z;) = (y;,v:) = (a,b). If x and y have no reversed pair, they

are reverse-free.
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A code F is called (pairwise) reverse-free if any two of its members are reverse-free.

Let F(n, k) be the maximum cardinality of a reverse-free code F C [n]*, and F(n, k)
the maximum cardinality of a reverse-free code F C [n)«). That is, in the former we
allow repetitions of symbols, while in the latter we do not.

A natural companion notion is that of a flip-full code, where every two codewords
are required to have a reversed pair.

Given a family F, we can define a |F| x k matrix M (F) in a natural way, by
listing the the sequences in F as its rows. The family F is then reverse-free if M (F)

. . . a b )
has distinct rows and does not contain a submatrix of type ; ) with a # b.
a

Similarly, F is full of flips if every two rows contain such submatrix.

Many coding theory problems can be formulated in this way, as extremal prob-
lems with forbidden submatrices, or with certain submatrices required for every pair
(triple, quadruple...) of rows. For example, if A is a family of sets of ordered triples,
Korner in [44] defines N (A, k) as the maximum number of rows in a k-column ma-
trix such that whenever w, X, y are three rows and A € A, there exists an index i such
that the triple (w;,z;,y;) belongs to A. He reformulates a number of well-known
coding theory problems as special cases of this problem.

A substantial body of work has been also developed for the problem of maximizing
the number of rows of a matrix with a forbidden submatrix, most notable being the
results of Sauer [64], Shelah [65], and Vapnik and Chervonenkis [72]. For a survey
of further results, see [7].

Similar problems have also been investigated in an information-theoretic setting.
The notion of robust capacity was introduced by Korner and Simonyi ([48]) in an
attempt to solve Renyi’s problem of qualitatively independent partitions. Let G be an
undirected graph. We say that two sequences x,y € V(G)* are robustly G-different if
they have a reversed pair {z;,z,} such that {z;,z;} € E(G). The largest cardinality
of a pairwise robustly G-different subset of V(G)* is denoted R(G, k).

The authors of [12] derived bounds for R(L, k) for the semi-infinite path L and
used them to obtain results concerning graph-different permutations.

For G = K,,, R(G, k) is equal to the maximum size G(n, k) of a flip-full code. This
problem is considered in section 3.7.

It is not hard to see that R(G, k) is the clique number of a suitably defined graph.
Within the framework of information theory, one is not interested in determining the
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behavior of R(G, k) precisely, but only in a somewhat rough estimate, captured in
the notion of robust capacity, defined as

1
Iclggo % log R(G, k).

By substituting the independence number for the clique number in this problem, we
get a similar notion of forbiddance.

All problems considered in this chapter can be interpreted as the problem of deter-
mining the independence number (or the clique number) of suitably defined graphs
whose vertices correspond to permutations of n or to k-tuples with entries in [n] (see
Section 3.8 for more detail). However, unlike the information-theoretic setting, we
are interested in precise values of these parameters.

Similar problems, namely clique and independence numbers of other graphs de-
fined on the set of permutations of [n], have also been considered outside informa-
tion theory. We say that two permutations are ¢-intersecting if there exist at least ¢
indices ¢ such that 7 (i) = p(i). The derangement graph has permutations of [n] as its
vertices, and two of them are adjacent if and only if they are not 1-intersecting. It is
easy to see that the independence number of the derangement graph is (n — 1)!. For
every i,j € [n], the set of permutations 7 such that 7(i) = 7 is a trivial example of a
maximum independent set. It is nontrivial to prove that all maximum independent
sets are of this form. This was done in [16] and independently in [51], thus proving
a version of the Erd6s-Ko-Rado theorem for permutations.

Similarly, for every pair of ¢t-tuples (i1, ...,4;) and (ji,...,J:) with distinct entries
in [n], the set of permutations 7 such that «(i,,) = j,, forallm = 1,...,t is a t-
intersecting set of permutations of size (n — t)!. Extending the definition of derange-
ment graph, we define a new graph by letting = and ¢ be adjacent if they are not
t-intersecting. Using the terminology that we introduced for reverse-free families, we
can characterize the cliques of this graph in terms of forbidden submatrices. Namely,
a clique in this graph is a family F of permutations such that M (F) does not contain

a as ... Q
ay Qaz ... Q

for any choice of a;...a; € [n]. Deza and Frankl conjectured in [30] that if n is

the submatrix

sufficiently large with respect to ¢, then (n—t)! is the maximum size of a ¢-intersecting
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set of permutations, and they proved a number of special cases. This well-known
conjecture was very recently verified in its full generality in [23].

We will focus mostly on reverse-free codes in this chapter, but we will present
some results about flip-full codes as well. It seems to be difficult to determine the
exact value of F(n, k) and F(n, k), so we concentrate on estimating their asymptotic
behavior with £ fixed and n — oo. We also solve the first non-trivial cases and
determine the asymptotic behavior of F(n, 3) and F(n, 3). Moreover we establish the
order of magnitude of F(3, k).

3.2 Recurrences

The set of all increasing k-tuples from [n| forms a set of pairwise reverse-free k-tuples
with distinct entries. We obtain a lower bound for F(n, k)

(Z) < F(n, k). (3.1)

There are k! permutations of & elements, so we have the upper bound

F(n, k) < k! (Z)

Easy as both of these bounds are, they nevertheless show that F(n, k) = ©(n*) if k is
fixed and n — oc.
One can easily see that in (3.1) equality holds for £k = 1 and k£ = 2

F(n,1)=n, F(n,2)= (Z) (3.2)

Let us define the asymptotic density

(3.3)

We first show that the sequence F(n,k)/(k!(})) is monotonically non-increasing
in n and hence the quantity f(k) is well-defined.
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Lemma 38. Fix k. If ny < no, then

F(ne, k) _ F(ny, k:).
o(3) ()

Proof. Let F be a pairwise reverse-free set of k-tuples with distinct entries from [n,]

< (3.4)

attaining the maximum cardinality |F| = F'(ng, k). The restriction of F to A C [ns],
defined as F[A] = {x € F : all z; € A}, is again a reverse-free family. Counting all
pairs (x, A) where A is an n;-subset of [n,] and x is a k-tuple of elements of A that
belongs to F, we obtain

the number of (x, A) pairs = Z {A: x € F[A]} = F(ng, k) (nz — k)

ny — k
xXeF

= 3 lxsxe FAY = LAl < (77) Pl b

4e ()

Noting that (Zf:’;) ("2) = (") ("), the conclusion follows. 0

ni

Consider the matrix M of a reverse-free code F C [n]() and restrict its columns to
a subset I C [k] of size |I| = i. After removing the repeated rows we obtain a smaller
reverse-free code. Thus M| contains at most F'(n,4) distinct rows. Let y be a row
of M|I and consider the family 7" C F of k-tuples x such that the restriction of y to /
is equal to y. The restrictions of these x to [k] \ I form a reverse-free family of length
k — i, with alphabet [n] \ {y1,...,y;}. We obtain the following lemma.

Lemma 39. F(n,k) < F(n,i)F(n—i,k —1). O
Using Lemma 39 and the observations in (3.2), we have

F(n,k) < F(n,2)F(n—2k—2)<F(n,2)F(n—2,2)...F(n—2i,k— 2i)

<< 11 (nQQi))F(nQLk/QJ,k2Lk/2j)k!(;’j).

0<i<|k/2]—1

(3.5)
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And finally, putting together the inequalities (3.1) and (3.5),

1 1
— < f(k) < :
a =W <o
If £ = 2, these bounds are tight and we have f(2) = 1/2. We determine f(3) in
Sections 3.4 and 3.5.
We will list one more useful lower bound formula for F(n, k). Take two reverse-

(3.6)

[SIES

free codes, 1 C X(,) and 7, C Yj,). If X and Y are disjoint, then we can make
a product code F with alphabet X U Y by concatenating every x € F; with every
y € F,. Then F is reverse-free, and we obtain

F(ny, k1) F(ng, ko) < F(ny 4 na, k1 + k2). (3.7)

Let us turn our attention briefly to codes with repetitions allowed. All nondecreas-
ing sequences of k elements from [n] form a reverse-free set in this case as well. We
have

(” * Z - 1) <Fm k), Fm1)=n and F(n2)— (” . 1). (3.8)

Let F be a reverse-free code and for each x € F, define its i-support to be the set
supp;(x) = {¢ : x, = i}. If the alphabet only consists of two symbols, say 1 and 2,
then the sets supp, (x) form a chain, thus

F(l1,k)=1 and F(2,k)=Fk+1. (3.9)

3.3 Small constructions

In this section we collect a few small optimal constructions. The ideas of the con-
structions and the proofs here are used again later. We have

F(3,3) =3, F(4,3)=6, F(5,3) =15,
and

F(4,4) =5, F(5,5) =13, F(3,3) = 11. (3.10)
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For n = k = 3 it is hard not to see that two ordered triples on three elements are
reverse-free if and only if one is a cyclic shift of the other. We have F'(3,3) = 3, and
the optimal constructions are {abc, cab, bca} and {cba, ach, bac}.

Lower bounds.

The lower bounds for F'(4,3) and F'(5,3) can be obtained by considering the set
of directed triangles of particular directed graphs on n = 4 and n = 5 vertices,
respectively. Namely, one can consider the directed graph with edges (1,2), (2,3),
(3,1), (1,4) and (4, 3) (then the directed triangles are 123, 231, 312 and 143, 431,
314). For n = 5 we take the directed triangles of the tournament with the edge-set
{(i,i+4 1), (4,7 + 2)} where all numbers are taken modulo 5.

The lower bound constructions for F(4,4), F(5,5) and F(3,3) are given in Fig-
ure 3.1.

Upper bounds.

The case F'(4,3) is easy, and F'(5,3) < (5/2) - F'(4,3) = 15 follows from Lemma 38.

Concerning a reverse-free code F C [4]w), suppose that there exists an element
appearing at least twice in the same position. Without loss of generality, the element
1 is in the first position twice, say 1234 € F and 1423 € F. If another shift 1342
belongs to F, then there are no more triples that we can add, |F| = 3 and we are
done. Otherwise, the only other possible members of F are 2341 and 2431, 3124 and
3142, and 4213 and 4312. However, each of these three pairs has a reversed pair, so
only one of each pair can belong to F. This implies |F| < 5.

The case F'(5,5) = 13 was proved by a computer search.

Suppose L is a reverse-free code of length 3, on three symbols A, B and C. We can
have 3 sequences using one symbol (AAA, BBB and CC(C), and 2 sequences using
both A and B and not using C, so altogether L can have 3+ 3 x 2 = 9 members using
at most two symbols and three sequences using all three symbols. These are 9+3=12
sequences, but if L contains ABC and two cyclic shifts, then it has no member with
exactly two symbols. This implies F'(3,3) < 9 + 3.
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Figure 3.1: Constructions for F'(3,3), F(4,4), F(5,5) and F(3, 3).

3.4 An iterated construction of reverse-free triple
systems

We have shown already in (3.6) that % < f(3) < % In fact, both of these bounds are
far from the truth. In this section and the next one we show that the exact value is
f(3) = 5/24. In other words, we show that

F(n,3) = (Z + 0(1)) (7;)

Theorem 40. For any n € N, we have

Proof. Our aim is to build a large reverse-free family F of triples with entries in [n].
Let A, B, C be disjoint sets of sizes a,b, and c respectively, such that [n] = AU BUC.
Take three reverse-free families, 74, 5, and F¢, on the sets A, B, C, of sizes F'(a, 3),

46



F(b,3), and F(c,3). The underlying sets of these families are disjoint, so the union
FaUFpU Fe is also reverse-free. We include all these triples in F.

We will add more triples to F. To this end, let us introduce the type of the triple x =
r12973 to be the triple X X, X3, where X; € {A, B, C'} is such that z; € X;. All triples
that we will add will be of one of the 11 types specified by L in Figure 3.1. The family
L is reverse-free, so adding triples in this way generates only a few conflicts. The only
way a triple can have a pair that is reversed in another triple is if both elements of
the pair belong to the same set in the decomposition A, B, C'. For example, there can
be a triple zz523 € ABB whose last two elements are reversed in another triple of
type ABB, in a triple of type C BB, or in a triple in F5 (i.e., type BBB).

Define a directed graph G4 on the vertex set A by putting

E(Ga) ={(z,y) : xyz € F, for some z € A}.

If G4 is not a tournament, add some edges with arbitrary orientations to turn it into
one. Take all triples of type AAB that are consistent with G4, that is, all triples
713223 such that (zq,25) € E(G4) and 23 € B, and add them to F. There are ()b
such triples. Similarly, add all (g)c triples of type AAC consistent with G 4.

In an analogous way, define a tournament G with V(Gp) = B and E(Gg) =
{(z,y) : zzy € Fpforsome z € B}, and add all triples of types ABB and CBB
consistent with G5 to . There are (})(a + ¢) of those.

And finally, add all (5)(a + b) triples of types CAC and C'BC, consistent with the
tournament G¢ on C, with E(G¢) = {(x,y) : yzx € F¢ for some z € C'}.

This leaves only the types ABC,CAB. Include all the 2abc triples of these types
in F.

The family F that we constructed is reverse-free. Altogether, we get

Fla+b+c,3) > |F| =F(a,3) + F(b,3) + Fc,3)+

n (;)(b—i—c)—i— (;)(CH—C)—I— (;)(a—i—b)—l—Qabc

47



or equivalently, by rearranging the above formula,

(F(a+b+c,3)—(a+§+0)>2 (3.11)

(- () (00~ () (- () o

In particular, if n is a power of 3, we can split the underlying set in three equal parts
in each step, and the recurrence (3.11) together with the starting value F'(3,3) = 3
yields

F(n,3) > —n° — =n" + -n, (3.12)

proving the second part of our theorem.
For general n, in order to give a lower bound for F'(n, 3), we seek an upper bound
on the remainder term r(n) defined by

1 7
F(n,3) = (g) + ﬁn?’ ton r(n).

Note that the quantity in (3.12) equals (}) 4 5;7° + 5;n. Theoretically, the remainder
r(n) might be negative, but that would only improve the lower bound. Substituting
in (3.11), we obtain

(a+b+c) a’+ b+ 3

5i —r(a+b+c)> 2 + abc —r(a) — r(b) — r(c).

Letting a, b and ¢ be the appropriate numbers with pairwise differences not exceed-
ing 1, we have
r(3n) < 3r(n)
n

r(3n—1) <2r(n)+r(n—1)+

rBn+1) <2r(n)+r(n+1)+ -n.

B | s |

It easily follows by induction that, for some constant C,

r(n) < Cnlogn,
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completing the proof of Theorem 40. g

3.5 An upper bound on reverse-free triple systems

Theorem 41. . ) .
ﬂrﬁ — EnQ + 3" for n odd,
F(n,3) <
) 1 1
ﬂn3 — §n2 +5n for n even.

In order to give an upper bound on the number of triples in a reverse-free set, we
group them according to their underlying 3-element sets. We define the underlying
set of an ordered triple to be the set of its three elements. We say that that the set
{u,v,w} has i occurrences in F if F contains i ordered triples with this underlying set.
The family of three-element sets having exactly i occurrences in F will be denoted
by 7;. In this section, we refer to a fixed reverse-free family F whenever we talk
about T;.

Lemma 42. |Ty| + |11+ |To| + |T3| = ().

Proof. The sets T; form a partition of ([g}). Two ordered triples with the same un-
derlying set are reverse-free if and only if one is a cyclic shift of the other, so any
three-element set has at most three occurrences in F. O

Lemma 43. If0 < d; < dy <--- <d, <n — 1are integers such that

“  n(n-—1)
2 ==

then

if n is odd,

o3 3
P /_\:
[\Dwﬁ MM‘L
_  —
+

|3

A~

B 1ol3

) if n is even.



d;
2

given by the hypothesis. The average of the d;’s is equal to “5*. It follows that if n is

Proof. Let di,...,d, be a sequence that minimizes . , ( ) under the conditions

even and d; € {3, ”T*Q} for all ¢, then d; = % for exactly half of the d;’s, and we are
done. If n is odd and d; = 23 for all ¢, then the situation is even simpler; there is
nothing to prove.

If, on the other hand, d; < ”T‘Q, then d,, > d; + 1. A simple computation shows that

() () <)+ (5)

while preserving the sum of the d,’s, which is a contradiction. ad

in this case we have

For a directed graph G, let ¢(G) be the number of directed triangles in G.

Corollary 44. If D is a tournament on n vertices, then

TL3—

. @ ¥ <d+2(v)) J)

n3 —4n
24

for n odd,

for n even.

Proof. In a tournament, each triangle is either directed or undirected. The undirected
triangles of D are in one-to-one correspondence with pairs of edges sharing a tail.
There are .y q) (*"{*)) such pairs. The out-degree sequence of D satisfies the

hypotheses of Lemma 43. O

Given the code F, we create a directed graph G, on the vertex set [n] by putting
uv € E(G1) whenever there exists a vertex x such that uvz € F. Note that uv € F(G1)
implies vu ¢ FE(Gy). If the resulting graph is not a tournament, we add edges arbi-
trarily to turn it into one. Similarly, let G, be a tournament that contains all edges uv
such that, for some vertex x, we have xuv € F, and G3 a tournament containing all
edges uv such that vxu € F for some z.

Define two additional directed graphs, D and M, by putting

E(M) ={uw : w € E(G;) N E(G,) for some pair ¢, j € {1,2,3}}
E(D) ={uv: w € E(G1) N E(Gs) N E(G3)}. (3.13)
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Figure 3.2: The graphs G, Gs, G35, M and D for the family F = {123,124, 312,
412,413,423}. The directions of the dotted edges were chosen arbitrarily. The graphs
M and D reflect this choice.

Figure 3.2 shows what these graphs might look like for a particular family F.

Lemma 45.

nd—n

24

if n is odd,
|| + | T3] <
n® —4n
24
Proof. If wvw and vwu both belong to F, then wv € E(G;) and wv € E(Gj;), so
w € E(M). Similarly, vw, wu € E(M). We therefore have |T5| + |T3| = |12 U T3] <
¢(M), and the result follows. O

if n is even.

Lemma 46. |T3| — |Tp| < %

Proof. For any vertex u of the graph D, define the family
Su = {{u,v,w}: wv € E(D) and uw € E(D)}.

It is easy to see that Uue[n] Su C Ty. The family S, consists of all three-element sets
containing v and two of its out-neighbors in D, hence |S,| = (d+2(“)) (the out- and
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in-degree of the vertex u refer to the directed graph D). For u # v the families S,
and S, are disjoint, so |Tp| > 3" (*'"). Similarly, |Tp| > 3 (* ). It follows that

ITy| > %;} [(d+2(“)) + (d;“))] . (3.14)

Each three-element set from 73 induces a directed triangle in D. A vertex u in
D(F) is in at most d*(u) - d~(u) directed triangles and hence

Ty < (D) < % S A (w) - d(u). (3.15)

u€[n]

Subtract (3.14) from (3.15). Use the fact that for non-negative integers p, ¢ we have
spq — 1 (P* —p) — 1(¢* — q) < 5. We obtain

T3] — | Ty < %;] Ecﬁ(u) A (u) — %(d+2(“)) - %(d_z(“))} < g

This concludes the proof of the claim. O

Proof of Theorem 41. We add the three inequalities that we obtained in Lemmas 42,45
and 46.

[F| = [Ta| + 2|T2| + 3|75

- (g) + (| To| +1T5]) + (T3] — |To|)

5) 1 5)
—n3—Zn?+ =n forn odd
24 2 8

<
5) 1 1
ﬂn?’ — §n2 +5n for n even.
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3.6 Reverse-free triple systems: The case of repetitions

In this section we determine the asymptotics of F(n, 3). We already know that (}) <
F(n,k) < k!(}) and ("77") < F(n, k) < n*. It follows that if k is fixed and n — oo,
the two quantities have the same order, namely ©(n").

For k = 3 we again have an exact result.

Theorem 47. For any n € N, we have

) 1 — ) 1 7
ﬁnB + §n2 — O(nlogn) < F(n,3) < ﬂn?’ + §n2 + 21"

and when n is a power of 3, equality holds in the upper bound.

Proof of the lower bound. The proof follows the outline of the proof of Theorem 40.
We want to build a large reverse-free family ' C [n]?. Partition [n] into three non-
empty sets A, B, and C of sizes a, b, and c. Again, all the ordered triples in F’
will have a type from the set L defined in Figure 3.1. As for the types AAA, BBB,
and C'CC, we have three reverse-free families on A, B, and C respectively, of sizes
F(a,3), F(b,3), and F(c,3). Put all these triples into F’. The three families define
graphs G4, G, and G¢. As in the proof of Theorem 40, take all the triples in [n]s,
(i.e., without repetition) of types AAB and AAC that are consistent with G4, and
include them in #’. Furthermore, put into ' all triples xxy and zxz forx € A,y € B,
and z € C. Altogether, we added (3)(b+ ¢) + ab+ ac = (“}") (b + ¢) triples. Proceed
analogously with G and the types CBB, ABB, and with G and the types CAC,
C'BC'. Conclude with adding the 2abc triples of types ABC and C'AB. The resulting
set is reverse-free. We have

F(a+b+e,3) > |F| = F(a,3) + F(b,3) + F(c,3)+
+ (a—;— 1)(b+c) + (b; 1>(a+c) + (C—; 1)(a+b) + 2abe.  (3.16)

If n is a power of 3, the inequality (3.16) together with the base case F(3,3) = 11

yield the lower bound
— 5 1 7
> 23 2 Lo -
F(n,3)_24n —|—2n —1—24n (3.17)
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For a general n we proceed as in the proof of Theorem 40 to prove that (3.17) is at
most O(nlog n) far from F(n, 3). O

Proof of the upper bound. Let F C [n]® be a reverse-free code of the maximum size,
F(n,3). As in the proof of Theorem 41, each triple in F has an underlying set asso-
ciated with it, i.e., the set of its symbols. Let F; be the set of all ordered triples of F
whose underlying set has cardinality i. Clearly, | F| = |F| + | F2| + | F3], and |Fi| < n.
Moreover, the triples with underlying sets of size 3 do not have repeated elements,
so |F3| < F(n,3). It remains to bound |F;|. Given any two distinct elements x,y
from [n], at most one triple from each of the sets {zzy, xyx, yzrx} and {yyzx, yzy, xyy}
belongs to F>, so at most two triples with underlying set {z, y} appear in >, and we
have | 7| < 2(;) Define the graph D with respect to F3 in the same way as in (3.13).
If zy € E(D), then none of the six triples with underlying set {z,y} can be in F;.

Hence |7, < 2(}) — 2E(D). As in the proof of Theorem 41, we get

[F| = [F] + [F| + | F5

<n+ 2(2) —2E(D) + <§) + (|Ts] + |T5]) + (T3] — |To)). (3.18)
Using (3.14) and (3.15) we have

T3] — |To| — 2E(D) <
> [%CH(U) () — 1(d+(“)> _ l(d(“)> At —d ()] <0 (3.19)

2 2 2 2
u€n]

where in the last inequality we use the fact that we have 3pq — 1(p*> —p) — 1(¢* —q) —
p —q < 0 for any p, q. From (3.18) using Lemma 45 and (3.19) we have

5, 1., T

ﬂn + §n + ﬂn for n odd

17| <

O + L2 + L for n even
—MN —Nn —N mn .
24 2 6

This concludes the proof. O

The argument for the upper bound sheds some additional light on the lower bound
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as well. Notice that the value in (3.17) equals F(n,3) + n + 2(}) — 2. Indeed,
the lower bound construction may be obtained from the construction for F'(n,3) by
adding triples zzx for all x, two triples with support {z,y} for each pair z,y (one
from {zzy,zyx,yxx} and one from {yyz,yxy,ryy}), and removing a triple zyz of
three distinct elements if {z, y, 2} was an underlying set for three triples (there were
n/3 of those). Notice that the induction step does not introduce any edges of D, so

the lastly mentioned operation removed all of them.

3.7 A related problem: Codes with many flips

A code G C [n]* is flip-full if there is a reversed pair of distinct symbols for every pair

of its members. Let G(n, k) be the maximum size of a flip-full code G C [n](x), and let

G(n, k) be the analogous quantity for [n]*.
Obviously G(2,2) = G(3,3) = 2. We have

G(4,4)=4 and G(5,5) =8. (3.20)

The lower bounds are given by the following constructions

51 2 3 4
5 21 4 3
1 2 3 4 5 3 41 2
1 2 4 3 54321’ (3.21)
21 3 4 41 2 3 5
214 3 4 21 5 3
4 3 5 1 2
4 5 3 21

and computer searches show that these lower bounds are tight.
Lemma 48. G(nl, /ﬁ)G(ng, kz) < G(Tll + nao, kl + ]{72)

Proof. Take two flip-full codes, G, C X,y and G, C X4,), for disjoint sets X and Y.
Let G be the product code on the alphabet X U Y obtained by concatenating each
X € G; and each y € G,. Such G is flip-full. O

55



Corollary 49. $(1.515...)" < G(n,n).

Proof. G(n,n) > G(5,5)-G(n—5,n—5) > --- > G(5,5)"*G(n—5|n/5],n—5|n/5]) >
gln/sl > é(1.515...)". m

3.8 Long permutations
Define a graph P, by setting

V(P,) = {n: 7 is a permutation of [n]} (3.22)
E(P,) = {{m,p}: 7 and p have a reversed pair}. (3.23)

The quantities F'(n,n) and G(n,n) correspond to the independence number and
the clique number of G,, respectively. The graph P, is vertex-transitive, so we can
use the clique-coclique bound

G(n,n)F(n,n) < nl

It is easy to prove this bound directly for this particular graph. In the next section we
prove a stronger version of the inequality, so we omit the proof here.

Let us also remark here that, if we define the graph P, ; on the set of ordered
k-tuples out of [n] in an analogous way, the clique-coclique bound becomes

G(n, k)F(n,k) < k! <Z> (3.24)

Lower bounds on G(n,n) obtained in Section 3.7 translate into upper bounds on
F(n,n).

n! < 8- n!
G(n,n) — (1.515...)"

Corollary 50. F'(n,n) <

For G(6,6), the lower bound from Lemma 48 reduces to the rather trivial G(6,6) >
G(5,5) = 8. With this value, the upper bound from Corollary 50 is

F(6,6) <

| R

= 90. (3.25)
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Since the graphs P, are vertex transitive, it seems natural to try to use eigenvalue
techniques to estimate the independence number. This approach worked for other
graphs defined on the set of permutations. For example, Renteln in [61] completely
determined the eigenvalues of the derangement graph (),, (where two permutations
7 and p are adjacent if there is no i such that 7(i) = p(¢)). And Godsil and Meagher
in [34] used methods of representation theory to give a new proof of the Erdds-
Ko-Rado Theorem for permutations. They used group characters to characterize
the extremal cases, i.e., to show that every clique of order (n — 1)! in @, is triv-
ial. Their work was extended in [23] by Ellis, Friedgut and Pilpel, who used spectral
methods and representations of the symmetric group to prove the analogue of the
Erd6s-Ko-Rado Theorem for ¢-intersecting permutations — they proved that pairwise
t-interesting family of permutations of [n] has no more than (n — t)! members, if n is
sufficiently large.

Using computer, we determined the eigenvalues of P, forn = 1,...,6. In particu-
lar, the distinct eigenvalues of Ps are —27, —21, —15,-3,0, 3, 5,9, 25, 285, with multi-
plicities 25, 100, 26, 25, 256, 100, 81, 25, 81, 1 respectively.

A well-known result due to Hoffman ([38]) is that if G is a d-regular graph and r

its least eigenvalue, then
V(G

1+

~—

| (3.26)

a(G) <

|~

|7

Proposition 51. F'(6,6) < 62.

Proof of Proposition 51. The graph F; is 285-regular with 6! vertices, and the smallest
eigenvalue is 7 = —27. Substituting these values in the Hoffman bound (3.26), we

have F(6,6) < # < 62.31. m
—27

This is an improvement over 3.25. However, it seems hard to derive a formula for
the least eigenvalue of P, for general n (or even just a lower estimate).
To obtain a lower bound for F'(n,n), we introduce one more recurrence.

Lemma 52. F(n,a)°F(b,b) < F(nb,ba).

Proof. Take the reverse-free codes F' C X fa) where X1, ..., X? are disjoint n-sets and
|F'| = F(n,a), and consider a reverse-free code G C [b](; of size F(b,b). One can
create a reverse-free code F of size ([]|F?|)|G| with underlying set UX" and of length
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ab by taking a codeword x; from each F* and a member o € G and creating all the
ab-tuples of the form (X,(1), ..., Xo@))- O

Corollary 53. F(n,n) > -5(1.898...)"

Proof. Starting with F'(5,5) = 13, induction gives F(5",5") > 1351,
Write n as n = ZUOg5" ¢;5" with 0 < ¢; < 4. Note that 2}555 n ¢; < 4logs n. Using
(3.7) we obtain

Ltogs ] 1 x~llogs n] 1 1
F(nn) > [[ F(5',5) > 135 520" > ﬁ13"/4 > —(1.898...)".
=0

3.9 Better upper bounds for F(n, k), F(n, k)

The following lemma generalizes the clique-coclique bound from section 3.8.
Lemma 54. G(k,k)F(n, k) < k!(}).

Proof. Consider a reverse-free code F C [n]( and a flip-full code G C [k](). Consider
all k-tuples of the form (2,(1),...,2,x)) where x € F and ¢ € G. We claim these
are all distinct. Indeed, suppose that (2,01, .., Zotk) = Yr(1)s---:Yr(k))> X, ¥ € F,
o,7 € G, and (x,0) # (y,7). Since x has no repeated symbols, x # y. But then also
o # 7. By the definition of G there are i # j with o(i) = 7(j) and o(j) = 7(i) # a.
Let o = o(i) and 3 = o(j). We have x,4) = y-a), To(j) = Y-(j)> and a # (3, implying
that (z,,z3) and (ya..,ys) are reversed pairs, a contradiction. O

Using Lemma 54 together with Corollary 49, we can improve the bounds (3.5)
and (3.6).

k() 1 8

Fin.k) < and f(h) < Gy S Wais. F

However, this upper bound would be more useful if we had stronger lower bound
on G(n,n). As it is, we get better results using Theorem 41 and Lemma 39.
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o, k! k
Proposition 55. F(n, k) < ﬁ

Proof. In Theorem 41 we proved that F(n,3) = (5 + o(1)(})). We also know that

F(n—3k/3],1) = n —3[k/3] and F<n—3u<;/3j,2>:(”_32%/%).

Using Lemma 39 repeatedly together with the above, we get

F(n,k) < F(n,3)F(n—3,3)F(n—6,3)...
BB = 1) (n—k+1)

< (2eom)
(

% * 0(1))k/3 M (Z) = (1.686 k‘ (22 o(1))*

IN

The proof of the following inequality is the same as the proof of Lemma 39
F(n,k) < F(n,i)F(n,k —1). (3.27)
Combine Theorem 47 and (3.27) to obtain

Proposition 56. F(n, k) < F(n,3)lF/3nt-316/3) < (5 + 0(1))"" nb = .

3.10 Small alphabets

When n is fixed and the length of the codewords & tends to oo, then the order of
magnitude of the maximum size code is polynomial in k.

Theorem 57. If n > 2, k > 2, then

(3)
(%) < F(n,k) < (S nk_ 1) <§ nk_ 2) (;1) —0 (k(3)> ,

where (gkz) stands for 3 _,, (1)
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Proof of the upper bound. We fix k and use induction on n, with F(1,k) = 1 and
F(2,k) = k + 1 as the base cases.

Let F C [n]* be a reverse-free code, n, k > 3. Let x € [n]* be an arbitrary codeword.
Define its i-support, supp,;(x), as the subset of the coordinates where x takes the
value ¢,

supp;(x) = {¢: xy =i}.

Let F; be the family of the 1-supports and for each A € F; let

Fa={y e F:supp(y) = A}

Our first observation is that A cannot appear as a 1-support too many times,

\Fal < F(n—1,k— |A|). (3.28)

Indeed, the projection F,|([k] \ A) is a reverse-free code of length &k — | A| using n — 1
symbols (namely {2,3,...,n}), so (3.28) follows.
Hence by induction hypothesis

— k k
Fal <Fln—1.k) < (Sn_z) (S 1).
We claim that

(L)L) () () e

The upper bound then follows.

Our main tool for the proof of (3.29) is the following theorem which was discov-
ered independently and about the same time by Sauer [64], Shelah [65] and Vapnik
and Chervonenkis [72], and became an important result in different contexts. Let M
be a m x k matrix of 0’s and 1’s with distinct rows. We say that the VC-dimension
of M is at least s if one can find s columns S such that M|S, the matrix restricted to
these columns, contains all the 2° possible 0-1 rows. It is known ([64, 65, 72]) that
if the VC-dimension is at most s, then

m< >y (f) (3.30)

0<:i<s
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We claim that the VC-dimension of F; is at most n — 1. Thus (3.30) implies (3.29).
Suppose to the contrary that there exists an n-set S C [k], S = {s™V),... 5™}, such
that F induces all possible traces, F|S = 2°. Then there are members F() € F
such that F®) N S = S\ {s¥}, 1 <i < n. This means that there exist x®) € F with
coordinates

o )1 forseS, s+ s,
X, = ,
a; fors= s,
where «; € {2,3,...,n}, i € [n]. By the pigeonhole principle we obtain indices

i,j € [n] such that i # j but o; = ;. Then x¥ and x") contain a reversed pair (at
coordinates s} and s()). This final contradiction completes the proof of the upper
bound. O

Proof of the lower bound. We explicitly construct a reverse-free code F C [n]* of the
desired size.

Split [k] into n(n—1)/2 almost equal parts, [k] = Ui<;<j<,V;;. Here |V, ;| > [k/(3)].
Take a reverse-free family F; ; of |V; ;| + 1 vectors with coordinates V; ; such that each
x € F; ; takes values 7 and j only. Define F as the product of all of these families

f:{ye[n]k:y]%7j€]37jfora111§i<j§n}.

This F is reverse-free. Suppose to the contrary that there exist X,y € F such that
{Za, 23} = {Ya,yp} is a reversed pair. If i denotes z,, = yz and j denotes x5 = y,, with
j > 1, then z,, x5 € V; ;, but F; ; has no reversed pairs, a contradiction. O

3.11 Hypergraph problems

Throughout this chapter we have dealt with a problem concerning k-tuples from a
set of n elements. However, it is worthwhile to look at this problem also from some
different perspectives.

We can consider it in the spirit of Turdn type problems. Turan problems [71] deal
with questions of the following type: Given a family of graphs H, what is the max-
imum number of edges that an n-vertex graph may have if it does not contain any
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of the graphs in H as a subgraph? This type of problems has been studied exten-
sively and has been generalized to different types of combinatorial structures. As
we move from ordinary graphs to directed graphs, these problems become much
more complicated, and for hypergraphs they are notoriously difficult. In this case,
exact results are rare and even the asymptotic behavior is poorly understood (see,
e.g., [31]). In particular the case of uniform hypergraphs has drawn considerable
attention [18, 33, 43, 42]. The problem of pairwise reverse-free k-tuples is a Turan
type problem for a particular generalization of this structure, directed uniform hyper-
graphs. For the sake of completeness we state the definition of a directed k-uniform
hypergraph according to [14].

Definition 58. A k-uniform directed hypergraph H is a pair (V, E), where V is a
finite set of vertices and F is a family of ordered k-tuples of vertices (all vertices in
each k-tuple must be distinct, i.e., we do not allow loops).

Therefore in the light of this reformulation it would be interesting to determine at
least the asymptotic behavior of this non-trivial problem.

3.12 Traces

We can consider our problem from another point of view. Note that the pairwise
reverse-free property of a set of k-tuples trivially implies that any projection of such
a set on two coordinates contains at most (}) different pairs. Thus, loosely speak-
ing, we ask how large a set of k-tuples can be if its projections (in this case on
two coordinates) are somehow “small”. This question is very much in the spirit of
Vapnik-Chervonenkis dimension type problems. The result (3.30) was generalized
by Frankl [29] and Alon [3] as follows.

Let F C [n]* be a set of sequences. We say that F — (s,r), or that F is (s, r)-dense,
if there exists an s-set S C [k] such that it induces at least r traces, i.e., |F|S| > r,
where F|S is the projection of F to the coordinates from S, F|S = {x|S : x € F}.
The family F is monotone if x € F,x = (z1,...,2),y € [n]5, 1 <y <aw;for1 <i <k
imply y € F. The theorem by Frankl and Alon says that if 7 /4 (s,r), then one can
find a monotone family 7' C [n]* of the same size |F'| = | F|, such that 7' /4 (s, 7).

Further information on matrices with forbidden configurations can be found in the
papers of Anstee and Sali, see [7, 6].
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If we restrict ourselves to the quantitative version of the pairwise reverse-free prop-
erty, it is not difficult to see that the exact asymptotics can be determined. Indeed,
a pairwise reverse-free family induces at most (’;) pairs on a projection on any two
coordinates, in other words F /4 (2, (3) + 1).

Let ' be the monotone family such that |F| = |#/| and F’' /4 (2, (}) + 1) whose
existence is guaranteed by the Alon-Frankl result, and let y; = max{z; : x € F}
for all i. Suppose that |F'| > (;‘)k/ ?, and let i, j be indices such that y; > y; > y
for all ¢ ¢ {i,j}. Since |F'| = [I"_,v;, we have F'|{i,j} = yiy; > (%), which is a
contradiction.

It follows that the maximum size of such a family of ordered k-tuples is

max | F| = (E) +O0(n* ).

Another proof for this upper bound can be given by applying Shearer’s lemma [17].

k with m =

It is trivial to find a construction achieving it, namely the family [m)]
n/v2] - 1.

This result suggests that the difficulty of the problem of the pairwise reverse-free
sets stems from the fact that this property settles some kind of qualitative require-
ment regarding the structure of the projections. Several papers [8, 9, 57, 58] dealt
with this kind of requirements regarding set families (or equivalently binary strings
representing their characteristic vectors), and it would be interesting to consider this

type of problems on families of ordered sets, too.

3.13 Conclusion, more problems

We determined the asymptotic behavior for F(n,3) as n — oo, and even an exact
formula whenever n is a power of 3. The order of F(n, k) for k fixed and n — oo is
trivially n*. We proved some upper and lower bounds for F'(n, k), but the asymptotic,
let alone the exact formula, is still unknown.

Problem 59. Determine the asymptotic behavior of F'(n, k) for fixed k and n — oc.

Similarly, we can use Lemma 48 with G(n,2) = 2 for a lower bound, and (3.24)
together with the trivial estimate F(n,k) > (}) for an upper bound on G(n, k), the
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maximum size of a flip-full code,

R ()

(%)

but the exact asymptotic behavior is again unknown.

2k/2 < G(n, k) < =

Even more interesting open problems concern permutations. We have proved the
following bounds, which we believe are far from the truth.

1 n!
~(1.898...)"< F <

L 's Fun) s Gase o
1 n’n!
S(1515..)" < G <

5 J's Glnn) S Gges

Problem 60. Determine the asymptotic behavior of F(n,n) and G(n,n) as n — oc.

Open problems also remain in the area of codes with repetitions allowed. We
established the order of magnitude of F(n, k) for n fixed and k — oo, but it would be
interesting to investigate this quantity further.

Problem 61. Determine the asymptotic behavior of F(n, k) for n fixed and k — oo.

Finally, we would like to mention two further seemingly related open problems.

Two permutations o and 7 of [n] are colliding if there is an ¢ with |0 (i) — 7(i)| = 1.
Let p(n) be the maximum cardinality of a set of pairwise colliding permutations.
Korner and Malvenuto [46] proved the lower bound p(n) > ¢" for ¢ = 1.661 ... and
also the upper bound p(n) < (U:/L? J), and showed that equality holds in the upper
bound for n = 1,2,...,7. They conjecture that equality holds for all n. The lower
bound was improved in [12], where it is proved that p(n) > ¢" with ¢ = 1.8155. ..

Sperner’s theorem states that G(2,n) = ( Korner conjectures [45] that

_ > 2y
G(3,n) = G(2,n), i.e., the maximum number of n-tuples such that any two have
a reversed pair is the same for the ternary and the binary cases. Using Sperner ca-
pacities, an upper bound 2" is known (by Blokhuis [11] and by Calderbank, Frankl,

Graham, Li, and Shepp [15]).
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Chapter 4

Product dimension of trees

4.1 Motivation and definition of product dimension

Efficient encoding (representation) of partially ordered sets is important in many
areas of computer science, particularly in object-oriented languages, databases, ma-
chine learning and knowledge representation ([54, 66, 1]). We need to represent
a poset (P, <) in a way that is both space efficient and makes it possible to quickly
answer queries such as “is © < y?”

A popular method of storing a poset is to view it as a directed acyclic graph and
store its adjacency matrix, or adjacency lists ([55]). However, depending on the class
of posets in question, one can often find an encoding function  that makes it possible
to answer queries more efficiently than if the poset is stored in the straightforward
way described above.

As an example of such encoding, we can assign a vector (¢1(z), ..., ¢x(z)) to each
x € P in such a way that ¢;(z) < ¢;(y) holds for all 7 if and only if + < y. In other
words, we embed (P, <) into a product of k£ chains. The well-known (Dushnik-Miller)
dimension of the partially ordered set (P, <), defined in [19], is the minimum £ for
which this is possible.

Similar notions of dimension arise naturally in other categories as well. Often
we have a class C of objects (e.g., posets, digraphs, graphs, or some subfamilies of
these), a product-like operation ® (for example, the usual categorical product), and
a subclass B C C of objects that we regard as “simple”, such that every object C' € C
can be embedded in a product ® of elements of 5. The number of elements of 5 that
are needed for this embedding can be regarded as a measure of complexity of C'. For
examples of situations of this kind, and the different notions of dimension that arise
following this general recipe, see [56, 35, 69, 70].
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In this chapter, we deal with the same scenario in the context of undirected graphs.
The following definition was first introduced by Nesettil and Pultr in [56].

Definition 62. [56] The product dimension (or Prague dimension) of a graph G, de-
noted dim(G), is the minimum number % such that G is an induced subgraph of a
tensor product of k£ complete graphs.

Equivalently, it is the minimum number of proper colorings ¢1, ¢s,. .., @ such
that for every non-edge wv there is an index ¢ with ¢;(u) = ¢;(v), and the colorings
distinguish the vertices in the sense that for every pair u, v there exists an index i
such that ¢;(u) # ¢;(u). And yet another way to define the same parameter is as the
minimum ¢ such that we can assign distinct vectors 7(u) of length ¢ to the vertices
u € V(@) in such a way that wv € E(G) if and only if 7(u) and 7(v) differ in all
coordinates. We will switch between these as needed. Figure 4.1 shows two examples
of such encoding.

This definition is not isolated, but rather a part of an active field of graph repre-
sentations (see [67] for a monograph on graph representations written from both
the mathematical and the computer science perspective). Especially various ver-
sions of intersection representation received a great deal of attention (see, for exam-
ple, [53, 25, 63]). Generally speaking, the aim is to assign sets of a specified kind
(such as intervals, boxes, or spheres in Euclidean space, etc.) to the vertices of the
graph in such a way that two vertices are adjacent if and only if the corresponding
sets intersect.

A concept of a different kind that is especially relevant in our context is that of
modular representation [24]. A representation modulo £ is an assignment of a label
7(v) € {0,1,...,k — 1} to each vertex v so that uv € E(G) if and only if ged(7(u) —
7(v), k) = 1. The representation number rep(G) of a graph G is the minimum % such
that G has a representation modulo k. If G is reduced (i.e., no two vertices have
the same neighborhood), then rep(G) is a product of distinct primes ([27]). If these
are py,...,p;, then G can be embedded as an induced subgraph in K, x --- x K,,,
so dim(G) < t. On the other hand, if we know a product representation, we can
construct a modular representation using the Chinese remainder theorem. For many
reduced graphs, dim(G) is equal to the number of prime divisors of rep(G), but it is
not known whether this is always true. For details, see [28].

And finally, several natural generalizations of the concept of product dimension
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were introduced in [47] by Korner and Monti, who also proved many results about
them.

4.2 Some previously known results

Each coloring ¢; in a product representation of a graph G forms an equivalence
relation F; on the vertices of G, and UE; equals the set of non-edges of GG. In addition,
since the mapping into the product of complete graphs is injective, the relations
satisfy the additional requirement that for every pair (u,v), there is an ¢ such that
(u,v) ¢ E;. The product dimension is the minimum ¢ such that there is a set of ¢
equivalences with these properties. An easy example of such a set of equivalences
on a graph G with V(G) = {wy, ..., w,} is obtained by introducing a proper coloring
¢y for each pair {u,v} ¢ E(G) by

0 ifw, =wvorw;,=v,
(;Duv(wi) - . .
1 otherwise.

This proves that the dimension is well defined for every graph, although the upper
bound obtained here, dim(G) < () — |E(G)|, is generally not very good. For every
one of these equivalences, only one class has more than one element. One would
expect to be able to do better by using equivalences with more than one non-trivial
class, and with non-trivial classes that contain more than two elements. In fact,
Lovasz, NeSetftil, and Pultr [52] showed that

dim(G) < |V(G)| — 1.

Graphs with dimension equal to 1 are precisely the complete graphs. Nesettil
and Pultr in [56] provided a polynomial-time characterization of graphs with dimen-
sion 2. However, for £ > 3 they provided a polynomial reduction of the problem
“Is dim(G) < k?” to the k-colorability problem, proving the N P-completeness of the
former.

Let us note for future reference that the dimension of any star is equal to 2 (see
Figure 4.1 for an example of an encoding).

There are only very few classes of graphs for which the dimension is either known

67



(1,1)(2,1)(3,1) (0,1)(1,1) (2,1)
® ®

[ ] [ ]
(0,0) (0,0) (1,0)

w. 0107.

Figure 4.1: Examples of product representation: an embedding of the star with 3
leaves into the product K, x K, and an embedding of path of length 4 into K3 x K.

exactly or we at least have good estimates. In [52], Lovdsz, NeSettil, and Pultr
used ingenious linear algebraic reasoning to prove the exact values for matchings,
paths, and some cycles. Our proof in Section 4.3 is modeled on their approach.
Ktivka in [50] determined the dimension of the cycles C, for some more values of /,
and of the hypercubes ). And finally, Poljak, Pultr, and Rodl in [60] showed that
dim(K (n, k)) ~ loglogn holds for the Kneser graphs K (n, k) for k fixed and n — oo.

The connection to the dimension of posets not only provides motivation for the
concept, but is of a practical use as well. Fiiredi exploits it in [32] to give a short
proof of a result that originally appeared in [60] — an upper bound on the product
dimension of Kneser graphs. He provides a construction of the colorings ¢, ...,
using previously known bound on the dimension of the poset whose vertices are the
1- and (2k — 2)-subsets of [n], and the relation is inclusion.

Studying some simple graphs, such as trees, is a natural starting point in inves-
tigating the behavior of any graph parameter. It is a well-known fact that if P is a
tree-like poset, i.e., its covering graph is a tree, then dim(P) = 2 [76]. The situation
is more complicated in our case.

The dimension of trees was first investigated by Poljak, and Pultr in [59] and later
by Alles in [2]. In both papers, the lower bounds use Theorem 63, proved by Lovasz,
Nesetril, and Pultr in [52].

Theorem 63 ([52]). If x1,...,z, are distinct elements of V(G) such that for some
Y1,y € V(Q), {z;,y;} € E(G) for all i, and {xz;,y;} ¢ E(G) for i < j, then
dim G > log, k.
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When applied to trees, this yields dim(7") > log,(n — [ + 1), where n is the number
of vertices and [ is the number of leaves. In Section 4.3 we will improve this bound
by proving a stronger version of Theorem 63.

The best upper bounds were proved in [2]. For a fixed tree 7', let x be one of
the vertices in its center. Define S; = {y : d(x,y) = i} for i > 0, and put d; =
max{deg(y) : y € S;} if S; # 0, and d; = 1 otherwise. That is, d; is the maximum
degree in the ball of radius 7 around one of the vertices in the center of 7.

Theorem 64 ([2]). If T is a tree, then

dim(7T) < [log,diam T'] — 1 + [log, do| + Zﬂogz(di - 1.

i>1

Instead of the balls S; around the center, one can use “generalized balls”, and get a
better upper bound. Define S| (x) = {x}. If S{(z),...,S}_;(x) are already defined, let
S).(x) be the set of y € V(T') such that deg(y) > 2, and if there is a vertex z € V(7))
with d(z, z) < d(z,y), then either deg(z) = 2, or z € S}(z) for some j < k. Fori > 0,
let d; = max{deg(y) : y € S}(z)} if S} # (), and 1 otherwise.

Theorem 65 ([2]). If T is a tree, then
dim(T) < [log, diam(T)] — 1+ [logy dy] + > [logy(d; — 1)].

i>1

In Section 4.4 we will provide another upper bound which is significantly better
for some trees.

4.3 Lower bound for trees, using linear algebra

For trees, we can somewhat relax the condition {x;,y;} ¢ E(G) for i < j. In particu-
lar, we prove the following improvement of Theorem 63.

Theorem 66. Let P, ..., P, be vertex disjoint paths in a tree T. If I; is the length of P;
and k = ", I;, then dim T > [log, k.

The proof is similar to the proof of Theorem 63 found in [52]. The matrix M is
constructed in the same way, but in this case we need more work to show that it is
nonsingular.
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Proof. Assign the labels x; and y; for 1 < ¢ < k to the vertices of the paths in the
following way. Let P, = z;...2,.1 and let x; = z; and y; = 24y for 1 < i < [5.
Continue with labeling P,. If P, = z;,40... 2, 11,42, let ; = 27 and y; = z;, for
I1+1 < i <l +Iy+ 1. Proceed analogously for P;, etc. See Figure 4.2 for an example
of such labeling.

Let dim(7') = d. Consider a representation ¢, ...,y and for a vertex u, put
o(u) = (¢p1(u),...,pa(u)). Let S(d) be the family of all subsets of [d]. For a vec-
tor v = (vy,...,vq) € N? define vectors v,v € N°? whose entries are indexed by
elements of S(d) by putting

v(A) = [Jv: and ¥(A4) = [](-v).

icA igA

—_~—

Let M be a matrix whose (¢, j)-th entry M;; is equal to p(z;) - ¢(y;), where the dot
indicates the inner product. We have

o@) - oly) =Y (H w(asi)Hw(yn) = (el — eely;)),

AC[d] \teA igA =1

so M;; # 0 if and only if z; and y; are adjacent.
Let «; be coefficients such that Zle a;p(x;) = 0. Then, for a fixed 7,

Zoa‘(%p(xi) . 90/@7)) = (Z aim> . S;(\?/g/) — 0.

That is, the linear combination of the rows of M with the coefficients «; equals 0. If M
is nonsingular, then «; = 0 for all 7 and thus ¢(z), ..., ¢(zx) are linearly independent
in N°(@ and hence

k<24,

To prove that M is nonsingular, it suffices to prove the following claim. The biad-
jacency matrix of a bipartite graph with parts X and Y is a the (0, 1)-matrix with the
rows indexed by the elements of X and the columns indexed by the elements of Y,
whose (7, j)-th entry equals 1 if and only if the corresponding vertices are adjacent.
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Ys
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P P, )

Figure 4.2: An example illustrating the proof of Theorem 66. The zigzag edges
highlight the paths P, and P,. Nonzero entries in the matrix M are denoted by stars.

Claim. There is exactly one way to pick & nonzero entries of M so that each row and
each column contains exactly one of them.

To prove this claim, replace the nonzero entries of M by 1’s. The new matrix is the
biadjacency matrix of a bipartite graph 7", with V/(7") = X UY for X = {z},...,z}}
and Y = {y;,...,4,}, and with E(T") = {zjy; : xy; € E(T)}. The edges of T"
are in one-to-one correspondence with the nonzero positions of M. The problem is
equivalent to proving that 7" has exactly one perfect matching.

Suppose that 7" has a cycle D’ = vyvy...v,, where v, = v;. We may choose the
labels so that v; € X for odd 7, and v; € Y for even i. Every vertex in 7" corresponds
to at most two vertices of 7”, one in each part. Let D be the subgraph of 7" that we
obtain by identifying the pairs of vertices of D’ that correspond to a single vertex
in 7. Since ¢ and j must have different parity whenever we identify v; and v;, D
cannot be a tree, a contradiction.

It follows that 7" is a forest. It has at least one perfect matching — take the edges
that correspond to the elements on the diagonal of M. On the other hand, if a forest
has a perfect matching, it is unique. O
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Example 67. Consider the tree 7" depicted in Figure 4.2. By Theorem 66, dim(7") >
[log, 5] = 3, but Theorem 63 only tells us that dim(7") > log, 4 = 2.

4.4 Upper bound for trees, using reflections

Let GG, be a subgraph of H, and let G, be the graph induced by V(H) \ V(G). Let
v1, ..., v be the vertices of GG,. Create a new graph H’ by taking another copy of
G+ and attaching it to (G; the same way as the original G, is attached. Formally,
V(H") =V(H)UW, where W = {wy,...,w} is a set of vertices disjoint from V' (H),
and the edges of H' are given by the following:

e [ is an induced subgraph of H’,
e w;w; € E(H') whenever v;,v; € V(G3) and v;v; € E(H), and
e w;u € V(H') whenever v; € V(Gs), v € V(Gy), and v;u € E(H).

We will call the resulting graph H’ the reflection of H around G.

The following lemma is a generalization of the construction used in [52] to provide
an upper bound for the dimension of paths. The upper bound from [52] is obtained
by repeateded reflections with GG; being an endpoint of the path.

Lemma 68. Let GG be a subgraph of H such that the graph (V(H), E(H) \ E(G;)) isa
forest. If H' is the reflection of H around G, then dim(H') < dim(H) + 1.

Proof. We use the notation introduced in the first paragraph of this section. Find an
encoding of H. Assign the code of the corresponding v; to each w;, and add an extra
coordinate to all codes: for w;, append the code by 0 if the distance of w; from G, is
even, and by 1 otherwise. For v;, add 1 if the distance is even, and O otherwise. For
the vertices u;, put distinct numbers other than 0 and 1 at the end of each code. This
is a valid encoding of H'. O

Theorem 69 ([52]). If P is a path of length k, then dim(P) = [log, k].

Proof. The encoding of the path of length 4 by vectors with two coordinates is given
in Figure 4.1. Reflect it around its endpoints and use Lemma 68 repeatedly until we
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T2 Ty Zo

T(1,4,3) T(1,4,3,1,1)

Figure 4.3: An example of the process described in the proof of Lemma 71. To
obtain an encoding of 7'(1,4, 3, 3), start with an encoding of 7'(1,4,3) and use two
reflections around the path z;x, to obtain an encoding of 7'(1,4, 3,5, 1). This graph
has 7'(1,4, 3,3) as an induced subgraph.

have a path of the required length. This proves the upper bound. The lower bound
is an easy consequence of Theorem 66. O

For a tree T, let « be one of the vertices in its center. Let r be the radius of 7. For
0 <i <r,letd; be the maximum degree among all vertices u such that d(u, z) = r—i.
That is, for d; defined in Section 4.2, 6; = d,_;. Also, let S = {2" : i € N}.

Theorem 70. dim(T) < 2+ [log,(5,)] + Y [logy(di)]+ Y [logy(di — 1)].

i€S2<i<r igS,3<i<r

If G is an induced subgraph of a graph H, then dim(G) < dim(H). We will use this
trivial but useful fact multiple times, sometimes without referring to it explicitly.

In particular, it suffices to prove Lemma 71 in order to prove Theorem 70. In
the following paragraphs, 7(dg, 01, ..., 9,) is a rooted tree with the root z, all other
vertices in distance at most r from z, and with all vertices in distance r — 7 from z
having degree ¢; (hence in particular, §; = 1).

Lemma 71. If r € N, and 9y, 61,...,0, is a list of positive integers with é, = 1 and
51, R 757’—1 7é 1, then

dim(T (8o, 61, ... 6,)) < 2+ [logy(,)]+ > [logy(d)T+ D> [logy(d — 1)1,

i€8,2<i<r i€S,3<i<r
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Proof. We will use induction on r. For r» = 1, the tree in question is isomorphic to the
star K 5,. We can encode it with two colorings.

Let s be the largest power of 2 such that s < r. By induction hypothesis, we have
an encoding of T'(do, 01, - .., 0s) With > g o [1085(0:)] + D063 <, [1082(0i — 1)] + 2
coordinates. The center of T'(d,d;,...,0s) consists of one vertex; call it z,. Let
zo...xs a path from z, to one of the leaves. Delete all the vertices y & {z1,...,xs}
for which the path from y to xzy goes through the vertex x;. Now we have a tree 7’
with center {z,}, one path of length s starting at z,, and ¢, — 1 pairwise isomorphic
subtrees incident to zy. Using our notation and designating z, as the root, we have
T"=T(b,...,0s,1,1,...,1), where the number of the 1’s following d; is s.

We will successively reflect the tree around portions of the fixed path z, ...z, to
encode first T'(do, ..., 05,0511, 1,1,...,1), then T'(dg, ..., 05,0511, 0542, 1,...,1), etc.

First reflect 77 around the subpath z; ... xz,. This increases the degree of x; to 3.
A total number of [log,(ds+1 — 1)] reflections suffices to make the degree of
greater than or equal to d,,;, and the same number of additional colorings suf-
fices to color the resulting tree, by Lemma 68. Let 7" be the resulting tree, 7" =
T(dg,...,0s,0s11,1,...,1), where the number of 1’s at the end is s—1. Use [logy (52—
1)] reflections to get an encoding of T'(do, . ..,0s,0s+1,d549,1,...,1). Continue in a
similar fashion until we have an encoding of T'(dg, ..., d,-1,1,...,1).

In the last step, we again reflect the graph sufficiently many times to increase the
degree of the appropriate vertex (in this case, it is the vertex x defined above), and
then delete the remaining vertices of the path ...z, that still have degrees 1 or 2
(if there are any left). This might decrease the degree of = by 1, so in this step we
need [log,(d,)] reflections. O

This bound is at least as good as the one given by Theorem 64 whenever 6; > 2,
or for some i € S, §; & {2 + 1 : j € N}. The bounds in Theorems 64 and 65 are the
same whenever 7 has no vertices of degree 2. So in particular, if 7' has no vertices
of degree 2, the bound from Theorem 70 is at least as good as both aforementioned
bounds.

In many cases, the improvement is as large as [log, r| (where r is again the radius
of T), e.g., for the balanced 4-regular tree 7'(4,4,...,4).
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4.5 Exact values

In [52], Theorem 63 was used together with the upper bound obtained by multiple
reflections around endpoints to determine the dimension of paths (see Theorem 69).
These methods can be used to determine the dimension of many other graphs as
well.

As an example of a family where we can successfully apply the same ideas, let
Ry, = {Ps}, where P; is the path of length 4. For k£ > 2, the set R, will be defined
inductively as the set of all trees T that are not stars and that can be produced by
reflecting some 7" € R;_; around one of its vertices.

Theorem 72. If T € Ry, then dim(T) = k.

Proof. Let n(G) and ¢(G) be the number of vertices and the number of leaves of G
respectively. Let ¢, = min{n(G) — ¢(G) +1: G € Ry}. We have ¢, > 2¢;_1 — 2 =
2k=1 + 2. By Theorem 63, dim(G) > [logcy] = k. The upper bound follows from
Lemma 68. O

For other trees, Theorem 63 is not powerful enough to determine the exact values
of product dimension, but Theorem 66 is. For an example of such family, fix a £ > 2
and take two vertex-disjoint paths P, and P; of lengths s; and s, respectively, so that
sy > 2 and s, > 2, and s; + s2 = 2¥ + 1. Select internal vertices v € P, and v € P,
and connect them with an edge. Let D, be the family of all the graphs that we can

obtain in this way.
Proposition 73. If T € Dy, then dim(7T) = k + 1.

Proof. The vertex u divides P; in two portions. Let ujus...u be the longer one.
Similarly, let vivy ... v be the longer portion of P,. The path ujus...uv...vev; has
length at most 2*, so we can encode it with k colorings, by Theorem 69. If we reflect
it around the edge uwv, the resulting graph has dimension at most £+ 1, by Lemma 68,
and has 7" as an induced subgraph.

The lower bound follows from Theorem 66. O
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4.6 0Odd dimension

Let us finish the chapter with a slight detour to another related parameter, the odd

dimension.

Definition 74. An odd representation is an assignment of sets to the vertices of G
such that uv € E(G) for u # v if and only if the corresponding sets have an odd-sized
intersection. The odd dimension 6,qq(G) of a graph G is the minimum ¢ such that
there exists an odd representation of G with subsets of [t].

It is convenient to consider the characteristic vectors of the sets instead of the sets
themselves. An odd representation is then an assignment of binary vectors ¢(z) to
the vertices = in such a way that p(x) - ¢(y) = 1 if and only if xy € E(G). Here the
dot denotes the dot product taken modulo 2. Unlike product representation, we do
not require that the vectors be unique.

This parameter was defined in [21] by Eaton and Grable, who proved that

n—v2n — [logn] < foqa(G) <n—1

holds for almost all graphs, while the upper bound holds for all graphs.
Both Theorem 63 and 66 can be adapted for odd dimension as well.

Theorem 75. If xy, ...,z are distinct vertices of G and y, ...,y are some vertices
such that z;y; € E(G) for all i, z;y; ¢ E(G) for i < j, and moreover z; # y; for i < j,
then Godd(G) > k.

Proof. Suppose that 0,q44(G) = t, and for every vertex z, let p(z) = (p1(z), ..., p(z))
be the characteristic vector of the odd representation. Let M be the matrix defined
by M;; = ¢(x;) - ¢(y;), where the dot denotes the dot product modulo 2. We have
M; ; = 1if and only if either z;y; € E(G), or z; = y; and ¢(x;) has an odd number
of 1’s.

We will show that the vectors (z;) are linearly independent. As a consequence,
we will get k& < t. Let «; be coefficients such that > «a;¢(x;) = 0. For any fixed j, we

0= <Z mgo(m)) - o(y;) = Zai(so(xi) - (y;))-

have
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That is, >, a; M, ; = 0 for any fixed j. But M is lower diagonal, and hence its rows
are linearly independent. It follows that «; = 0 for all . O

Corollary 76. For every k, 0,qqa(Pyt1) = k. For the matching kK, of size k, we have
Ooqa(kK3) = k.

Proof. The statement about paths follows from Theorem 75 together with the fact
that 0,qq(G) < n — 1 for all graphs.

The lower bound for the matchings follows from Theorem 75 by labeling one end-
point of the i-th edge of the matching z; and the other endpoint y;. For the upper
bound, assign the set {i} to both endpoints of the i-th edge, for all 7. a

Theorem 77. If T is a tree and Py, ..., P, are vertex disjoint paths in T of lengths
S1,. .., Sk respectively, then Ooqq(T) > > s;.

Proof. Let s = ) s;. Label the paths with the labels z;,...,z, and v, ...y, like in
the proof of Theorem 66. Define a matrix M by M, ; = ¢(z;) - ¢(y;) (again, the dot
product is modulo 2). Like in the proof of Theorem 66, we consider the bipartite
graph 7" defined by the biadjacency matrix M, and wish to prove that 7’ has only
one perfect matching. We have to be a little more careful here, since it is well possible
that z; and y; are two labels for the same vertex z, and ¢(z) has an odd weight. In
that case the corresponding vertices z; and y’ of the bipartite graph are adjacent. It
is therefore no longer true that 7” is a forest. We will prove that there is only one
perfect matching, nevertheless.

We will proceed by induction on s. The subgraph of 7" induced by all vertices that
have been labeled (by some z;, or y;, or both) is a forest. Find a leaf « in this forest.
Because of the way we assigned the labels, v has only one label assigned to it, say z;
(the situation is completely analogous if it is y; for some j). Any perfect matching
then contains the edge x;y;, and it does not contain any other edge incident with y;.
We can therefore delete the i-th row and column of M. By induction hypothesis,
there is only one perfect matching on the rest of 7". a
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