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Abstract

In this thesis, we first use a C*2-action on the Hilbert scheme of two points on a Hirzebruch surface to
compute all one-pointed and some two-pointed Gromov-Witten invariants via virtual localization,
then making intensive use of the associativity law satisfied by quantum product, calculate other
Gromov-Witten invariants sufficient for us to determine the structure of quantum cohomology ring
of the Hilbert scheme. The novel point of this work is that we manage to avoid families of invariant

curves with the freedom of choosing cycles to apply the virtual localization method.
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Chapter 1

Introduction

In 1990’s, enumerative geometry experienced a big impetus from the work by physicists, in which
they calculated the number of rational curves of an arbitrary degree in a quintic threefold. Their
work employed the idea of mirror symmetry in string theory to relate the counting of curves to a
different problem in a mirror model in terms of physical arguments. To explain the phenomenon
and verify their results, mathematicians made great efforts to establish a rigorous theory, the so-
called Gromov-Witten theory. Now this subject is an established field and finds its applications
in many areas of mathematics, for example, enumerative geometry, the theory of singularities,
integrable systems to name just a few.

One of the task Gromov-Witten theory poses since its inception is how to compute Gromov-
Witten invariants. Generally, this is a very hard problem. Some techniques have been developed to
attack the problem, for example, degeneration method, finding mirror model to reduce the problem
to period calculations, etc. When there is a torus action on the target space, computations can be
relatively easily carried out with the so-called virtual localization [10], which is a modification of
the usual topological localization.

Gromov-Witten invariants can be wrapped up as the quantum product on the cohomology ring
of the space[7, 9]. This quantum product is associative and super-commutative, so that it makes
the cohomology ring into a new ring called quantum cohomology ring. This new ring structure is
a deformation of the cohomology ring of the space. If unraveled properly, the associativity of the
quantum product exhibits very strong relations among Gromov-Witten invariants. These relations
can be efficiently utilized for the computations of the invariants.

Since it was introduced, quantum cohomology has been computed for smooth toric varieties by
Batyrev [1], for Grassmannian manifolds by Bertram, Daskalopoulos and Wenthworth[4], for Fano

manifolds by Siebert and Tian[19], for flag varieties by Ciocan-Fontanine[5]. There are other cases



where quantum cohomology is successfully decided. Recently, Okounkov and Pandharipande de-
termined the ring structure of the equivariant quantum cohomology of the Hilbert scheme of points
of a plane together with its relations to other areas of mathematics[15] and Pontoni established the
quantum cohomology of the Hilbert scheme of two points of P! x P! and studied its enumerative
applications[16].

In this thesis, we take the example of a Hilbert scheme of two points over a Hirzebruch surface
to compute its quantum cohomology ring. This work shows how the method of virtual localization
and the associativity of quantum product are effectively combined to produce new results. Since
Hirzebruch surfaces admit a C*2-action, the Hilbert scheme inherits this torus action. With this
torus action, we succeed in computing many Gromov-Witten invariants of the Hilbert scheme
using the virtual localization formula. These invariants suffice to determine the quantum products
of the generators of the cohomology ring. In turn, the associativity of the quantum products of
these generators provide us equations for the remaining Gromov-Witten invariants. Solving these
equations, we obtain all two-pointed invariants. With these, the quantum ring structure is decided.

The layout of this thesis is as follows. In the second chapter, we first introduce the necessary
background materials for Gromov-Witten theory with emphasis on the construction of virtual fun-
damental classes, then present the computational technique in terms of virtual localization. In the
third chapter, we give an overview of the construction of Hilbert schemes on a smooth variety. In
particular, Hilbert schemes of points on a smooth surface are smooth. We study the cohomology of
the Hilbert schemes of two points over Hirzebruch surfaces, analyze the isolated or one-dimensional
connected components of the C*?-action on the Hilbert schemes and determine the degrees of these
components to prepare for computations of Gromov-Witten invariants. In the fourth chapter, we
embark on the task of calculating Gromov-Witten invariants of one- or two-points. One type of
three-point invariants are also computed. We explain why this method of localization only suc-
ceeds partially. In the last chapter, we first compute the quantum products of generator elements
of the cohomology ring then, making heavy use of the associativity of the quantum product, es-
tablish equations for Gromov-Witten invariants, whose solutions provide necessary information to

determine the quantum ring structure.



Chapter 2

Gromov-Witten Invariants and
Localization

Gromov-Witten theory originated in both symplectic geometry and algebraic geometry almost in
parallel at the early stage. It concerns with counting of maps from Riemann surfaces or algebraic
curves to symplectic manifolds or smooth algebraic varieties under incidence conditions. Like many
other mathematical problems in mathematics, legitimate counting comprises two steps: the first
is compactification of the moduli problem; the second is the study of intersection theory on the
moduli space. For Gromov-Witten theory, the first step is done by introduction of stable maps
proposed by Kontsevich. The second step requires more effort to solve. It is quite a common
phenomenon that moduli spaces have higher dimensions than expected. In the early stage of the
development of the theory, Gromov-Witten invariants were successfully established by Ruan and
Tian[17, 18] for the class of symplectic manifolds called weakly monotone symplectic manifolds,
which include Fano and Calabi-Yau manifolds, using the fundamental class of the moduli space
of stable maps. At about the same time, for homogeneous varieties and convex varieties, moduli
spaces of stable maps of genus 0 are also proved to support a well-behaved intersection theory|9],
so the Gromov-Witten theory for these classes of varieties can be firmly constructed.

Using the fundamental class of the moduli space to construct Gromov-Witten theory beyond
the restrictive class of spaces is problematic when the moduli space has higher dimension than
expected since it does not vary continuously when the space deforms. To construct invariants
which are independent of deformations of a target space, the usual practice in differential category
is to perturb some parameters to achieve the transversality conditions. But this method applied
to moduli space of stable maps is more complicated in case it is possible and any perturbation
in smooth category will force us to leave the algebraic realm. In mid-1990’s, several groups came
up with the solution, which is the construction of the virtual fundamental class. It is of the

expected dimension in the moduli space, playing the role of fundamental class and realizing the



fundamental class of the moduli space in case various transversality conditions are satisfied. The
idea of the different constructions is using the excessive intersection theory to construct the class of
the expected dimension in the moduli space. In algebraic geometry, people make use of a natural
deformation-obstruction theory of the moduli problem to slice out the class via Fulton-McPherson’s

cone construction[8]. This is the approach we take in this work.

2.1 Moduli Spaces of Stable Maps

First we introduce the main objects of study.

Definition 2.1.1. [7, 9] Given a smooth variety X over complex numbers. A morphism f from a
prestable curve C' with n-marked points {x1,--- ,x,} to X is called stable if the following conditions
are satisfied:

(1) every irreducible component of genus 0 which is contracted to one point in X by f must
contain at least three special points (which means marked or nodal points);

(2) every irreducible component of genus 1 which is contracted to one point in X by f must

contain at least one special point.

When X is a point, this agrees with the canonical notion of stable curves. An automorphism
of the stable map f is defined to be an automorphism ¢ : C' — C such that f¢ = f and ¢(x;) = x;
for e = 1,--- ,n. It is easy to prove that the morphism f is stable if and only if it admits only
finitely many automorphisms.

Let 8 € Hy(X,Z) be a homological class of degree 2 and g, n be nonnegative integers. We define
the fibred category of stable maps over the category of schemes as follows: for any scheme S, the

objects of the fibred category over S, M, (X, 8)(S), is the set of all the diagrams

f
C—X
x( .
S,
where m : C' — S is a flat family of prestable curves, x;,i = 1,--- ,n are sections of it, and
Vs €S, fs: (Cs,x14,- -+ ,Tns) — X is a stable map of genus g with n-marked points in the class f3;



for any two such diagrams, the morphisms between them are commutative diagrams

f1

5 R

Ci——=0Cy——= X

xil) Zlﬂ’l 152) flﬂ?
\

\
Sl — 825
where the square is a fibred product.
Because stable maps only admit a finite number of automorphisms, this fibred category is a

Deligne-Mumford stack. We denote it as ﬂg,n(X ,3). Tt is called the moduli space of stable maps.

2.2 Virtual Fundamental Class

2.2.1 Cotangent Complex

The traditional deformation-obstruction theory assumes new appearance in the hands of Behrend
and Fantechi[3]. To present that, we need first to introduce the cotangent complex associated to a
morphism f : X — Y between two algebraic schemes or (Artin) stacks. The (relative) cotangent
complex of f or X over Y is an object LS Iy in D_ (X), which means the derived category over X
of complexes bounded above with coherent cohomology.

Cotangent complexes have very nice properties[3, 12]:

(1) hi(L;(/Y) =0 for ¢ > 0;

(2) KLY )y) = Qxyyi

(3) Morphisms f: X — Y and g : Y — Z induce a distinguished triangle f*L;,/Z — LY, —
L%y in Dg (X);

(4) Let

X —X

L,

Y/]*>

be a commutative square. Then there is a natural morphism

i Xy = Lk



obtained by composing the morphisms
3" Ly)y = LyryyandLy: y — Ly

If the square is Cartesian, then

W ("L yy) = B (LS yr)

is an isomorphism for ¢ = 0 and a surjection for i = —1.

(5) If f: X — X' is a closed embedding with the ideal sheaf Z and X’ — Y is a smooth

morphism, then LX/Yz—l

is isomorphic to [Z/Z* — f*Qx./y], which are terms at —1 and 0.
Let X be a Deligne-Mumford stack and 7" — T be a square-zero closed embedding with the
ideal sheaf J. A morphism ¢ : T'— X induces canonical homomorphisms by property (3) above:

gLy — Ly — L.T/T'

Since L°®

T/T> 1 = J[1] by (5), this homomorphism may be considered as an element w(g) €

Ext'(g*L%,J). This class has the following properties:
e the morphism g : T — X extends to a morphism g : T — X if and only if w(g) = 0;

e when w(g) = 0, the set of such extensions forms a torsor under Ext%(g*L%, J).

2.2.2 Perfect Obstruction Theory

Definition 2.2.1. [3] A perfect obstruction theory for X is a morphism ¢ : E®* — L% in D3 (X)
from a two-term complex of vector bundles E* = [E~!1 — EY] to the cotangent complex LS of X
such that

(1) hP(¢) is an isomorphism,

(2) h=1(¢) is a surjection.

E* dualizes to Fy — Ej, which gives rise to the quotient stack [E71/Fyp]. It is proved that for a
morphism ¢ : E®* — L%, the following statements are equivalent[3]:

(i) ¢ : E®* — L% is a perfect obstruction theory;



(i) ¢V : Nx — [E1/Ep] is a closed embedding, where Ay is the intrinsic normal sheaf of X;

(iii) If T — T is a square zero extension of schemes with the ideal sheaf J, and g : T — X is
a morphism, then ¢*w(g) € Ext!(g*E®,J) vanishes if and only if g can be extended to T; and if
#*w(g) = 0, then all the extensions form a torsor under Ext%g*E® J) = Hom(g*h°(E®), J).

Notice this last item (iii) is the bridge to the traditional deformation theory. Let C'(E®) be the

fibred product in the following Cartesian diagram:

C(E*) E
| l
Cx [E1/ Eq),

where Cx is the intrinsic normal cone of X, a closed substack in Nx. C(E®) is a closed cone in the
vector bundle E;. Under the Gysin map 0* : A,(E;) — A.(X), the image of the cycle class defined
by this cone is an element [X, E®] in A,,po_,pz—1(X,Q). It is called the virtual fundamental class
of the obstruction theory.

It is almost a verbatim generalization to construct the virtual fundamental class from a relative

obstruction theory.

Definition 2.2.2. [3] A perfect relative obstruction theory for X — 'Y between two algebraic stacks
of relative Deligne-Mumford type is a morphism ¢ : E® — LB(/Y in D2(X) from a two-term complex
of vector bundles E®* = [E~! — EY] to the relative cotangent complex Lk/y, such that

(1) hP(¢) is an isomorphism,

(2) h=1(¢) is a surjection.

The fibred product of E; and the relative intrinsic normal cone Cy/y of X — Y over the stack
[E1/Ey] is a closed cone inside E7, which gives rise to the desired class in A,,zo_,pp-1(X, Q) when
X is Deligne-Mumford. The reason to come up with the relative version of a perfect obstruction
theory is that for some moduli problems the relative deformation and obstruction theory is easier
and more natural to understand and has a neater formulation. Gromov-Witten theory is such an
example.

Recall for fixed schemes C and X, the first-order deformations of a morphism f: C — X are

identified as H°(C, f*TX), and the obstruction to deformations of f lives in H*(C, f*TX). In the
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moduli space of stable maps, the domain curve C' also varies, thus making the deformation and
obstruction spaces T%,i = 1,2, very complicated to express. In fact, there is an exact sequence

relating the various deformation and obstruction theories [3, 10]:

0 — Ext’(Qc(D),0¢) — HY(C, f*TX) — T —

— Ext!(Qc(D),0c¢) — HYC, f*'TX) - T? -0,

in which D is the divisor of marked points on the domain curve C. A natural relative obstruction
theory can be constructed as follows[2]. Let M,,, and C denote the Artin stack and the universal
family of prestable curves with arithmetic genus g and n-marked points and let Mor(C, X) be the
stack of morphisms from C to X. Then as a family version of the above picture, there exists a

natural perfect relative obstruction theory

(Z) : R’]T*(F*TX)V — L;WOT(C,X)/Mg,n’

where F' : C X, Mor(C,X) — X, is the universal morphism and  is the projection from the
product to the second factor. It can be proved that the moduli stack M, (X, 3) of stable maps
is an open substack of Mor(C, X), so it inherits a relative obstruction theory by restriction. The
virtual fundamental class [Mg (X, 3)]"" defined by this obstruction theory is the class to build

Gromov-Witten invariants. By Riemann-Roch theorem, its degree is

X(f*TX)+ dimMygyy,
= dimH°(C, f*TX) — dimH"(C, f*TX) + dimM,,

= X))+ (1—-g)dimX +3g—3+n.

This number is denoted as virdimﬂgm(X ,3), called the virtual dimension of the moduli space.
In reality the virtual fundamental class is built via a global resolution of the obstruction theory
on Mg, (X, 3), which means a two-term complex of vector bundles [E~! — E°] isomorphic to the

deformation-obstruction complex in the derived category.



2.3 Definition of Gromov-Witten Invariants

Once we have described the construction of the virtual fundamental classes of the moduli spaces of
stable maps, Gromov-Witten invariants and the quantum product over H*(X,Q) can be defined

as follows[9, 7]. Each marked point gives rise to an evaluation map ev; : Mgy, (X, ) — X,i =

1,---,n.

Definition 2.3.1. Gromouv-Witten invariants are

Ignp <ai,---,an >= / oevitap U Uevy an,
[M97n(X1ﬂ)]

fora; € H*(X,Q),i=1,--- ,n.

When there is no danger of confusion, we also write I, , 3 < a1, -+ ,a, >as < a1, -,y >gn3

or <ap,--- ,ap >g. Note that Gromov-Witten invariants are equal to zero unless

Z deg(a;) = virdimM, (X, B).

=1

The gravitational descendants can be defined analogously. Recall that = : My ,41(X,3) —
Mg (X, ) can be identified with the universal curve over M, (X, 3). So, for any 1 <i < n, we
have sections s; : My (X, 8) = Mgn+1(X, 8) of 7 mapping the stable map {f : (C,z1,- - ,2,) —

X} to the point ; on C. We now define the i-th cotangent line to be the line bundle
L; == s;wnx,

on Mg, (X, ), where w, denotes the relative dualizing sheaf of 7.

Definition 2.3.2. For any non-negative integers maq,--- ,my, gravitational descendants are the
numbers
< Ty Gy -+ 5 Ty Gy >= / Cevitay e (Ly)™ U Uevy ap - e (Ly)™.
Mg,n(X,8)]



Also, the gravitational descendants are equal to zero unless

n

Z(deg(ai) + m;) = virdimMg (X, ).

i=1
Given a basis Ty = 1,11, -+ , Ty, for H*(X, Q) of homogeneous elements.

Definition 2.3.3. The quantum product of two elements a,b € H*(X,Q)

axb= Z Z Io35(a,b,T;)¢°T",
i BEH(X,Z)
where TO,--- | T™ form the dual basis of To = 1,14, -+ , Ty in the sense that fX T UT; = d;5, and

¢ are formal variables satisfying ¢* ¢* = ¢% % for any B1, B2 € Hy(X,Z).

We impose the convention that the degree of ¢° is J 51 (TX) and the degrees of elements in
H*(X,Q) are inherited. Then it can be proved[9, 7] that with this product, H*(X,Q)®Q[[¢’ : 8 €
Hy(X,7Z)]] is an associative and super-commutative ring, called the (small) quantum cohomology

ring of X. The associativity wraps up strong relations among Gromov-Witten invariants.

2.4 Equivariant Cohomology and K-Theory

In this section, we collect some basic facts about equivariant topology and localization formulas

which are useful for our purpose.

2.4.1 Equivariant Cohomology

For a Lie group GG, we ask the question whether there exists a principal G-bundle EG — BG, with
EG contractible. Such a bundle is universal in the topological setting: if £ — B is any principal
G-bundle, then there is a map B — BG, unique up to homotopy, such that F is isomorphic to the
pullback of EG. It is called a classifying space of the group G. For any compact Lie group G, it is
well-known that its classifying space exists.

When the Lie group G acts on a topological space X, the equivariant cohomology is defined to be
H{(X) = H* (X xgEG). Note that if G acts on X freely, then the projection X x FG — X induces
amap X xg FG — X/G, with the contractible fibre EG. So in this case, Hj(X) = H*(X/G).

10



A map between topological spaces X — Y induces a map X xg FG — Y xg EG, so we have
a ring homomorphism H(Y) — HE(X). This means Hf () is a contravariant functor from the
category of topological spaces to the category of rings. Since pt x¢ EG = BG, H}.(pt) = H*(BG).
This is regarded as the coefficient ring of the equivariant cohomology, denoted as H¢,, namely
H{.(X) has a module structure over H,, induced by the map X — pt and hence X x¢ EG — BG.
It is well-known that for a torus T'= (S1)*", BT = (CP>®)*", so H} = Z[t1," - ,tp)].

When V is an equivariant vector bundle over X,i.e. a G-vector bundle, V xg EG is a vector
bundle over X xXo EG of the same rank. Any characteristic class ¢ of X xg EG is called an
equivariant characteristic class of X, denoted ¢“(V). The candidates we have in mind here for the
characteristic class ¢ are e.g. Euler class and Chern classes when V' is a complex vector bundle,
etc. All the relations of characteristic classes for ordinary vector bundles carry over to equivariant
characteristic classes.

The equivariant integral over X is a well-defined Hg-linear map:

/ L HE(X) — HE.
X

When a torus T acts on a manifold X, it is a fact that every connected component F' is a
smooth submanifold. Its normal bundle is denoted by Ng. This admits a T-action from the action

of T on X, which is trivial on the base. The celebrated Atiyah-Bott localization formula says:

for=3

for any u € RpH4(X), where Ry is the field of fractions of H. Note that when 7' = (S1)*", Ry =
Qtr, -+, tn).

Equivariant Chow groups A7 (X) can also be defined in nice situations in algebraic geometry
when an algebraic group G acts on a projective variety or a Deligne-Mumford stack X and the
localization formula for torus actions also holds. When 7" = (C*)*", we still have AT (pt) =
Z[ty,- -+ ,tn], so again its fraction field is Ry = Q(t1, -+ ,tn).

Let’s recall the relevant construction of topological Gysin maps in the usual and equivariant

situations.
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Suppose f: Y — X is a proper map between two smooth manifolds Y and X. The Gysin map

is a homomorphism of cohomology groups
for H'(Y) — HH(X),

where d = dimX — dimY . It has the following properties:

(i)(Functoriality) For proper maps g : Z — Y and f : Y — X, fg is also proper and (fg). =
J+Gs-

(ii) (Projection formula) For a € H*(X) and b € H*(Y), f«(f*a-b) = a - fib.

(iii) (Naturality) Given a fiber square of smooth manifolds and maps

Y/L)Y

L

X/4g>X,

with f and f’ proper, and dimY — dimX = dimY’ — dimX’, then
g fe = (f):(g)"

(iv)(Embedding) If f : Y < X is a closed embedding of codimension d with the normal bundle
N, then the composition f*f, : H{(Y) — H*(Y) is multiplication by the Euler class e(IV).

(VIf g: Y — X is amap, and g(Y')N f(Y) = O, then ¢g*f. = 0.

When a Lie group G acts on Y and X and f is an equivariant proper map from Y to X,
there is an equivariant version of Gysin maps, still denoted as f. : H5(Y) — H, grd(X ). It satisfies
the similar properties as listed above, but in the property(iv), e(N) needs to be replaced by the
equivariant Euler class e“(N) of the normal bundle. In particular, from property (iv), we have a

very useful

Corollary 2.4.1. If f : Y — X is a closed equivariant embedding of codimension d with normal
bundle N and i : p — Y is a fized point, then i*f.(Y) = e%(N|,), which can be written as the

product of weights of the restriction of N to p.

12



2.4.2 Equivariant K-Theory

We also need to recall the definition of equivariant K-theory. Let G act on a compact space X.
The set of isomorphism classes of G-vector bundles on X forms an abelian semigroup under direct
sum. Its abelianization is called equivariant K-group, denoted as Kg(X): its elements are formal
differences Fy— F; of G-vector bundles on X, modulo the equivalence relation By — E; = E'g— E'y
if and only if Eg ® E'1 ® F = E'y ® Ey ® F equivariantly for a G-bundle F on X.

The tensor product of G-vector bundles induces a structure of commutative ring in Kqg(X).
Because a G-equivariant map between two G-spaces pulls back a G-vector bundle to a G-vector
bundle, K¢ is a contravariant functor from compact G-spaces to commutative rings. If G = 1, we
write K(X) for Kg(X). This is the ordinary K-theory.

If X is a point, then K;(X) is denoted as R(G), the representation ring or the character ring
of G. When G is a torus T, R(T) = Z[t1,--- ,tn]. For any G-space X, Kg(X) is a module over
R(G), induced from the map X — pt.

Taking Chern character induces an isomorphism

ch: K(X)®Q— H*(X,Q)

between rings; also taking equivariant Chern character induces a homomorphism

chC : Ko(X)®Q — HH(X,Q)

between rings. But ch® is not necessarily an isomorphism.

2.4.3 Virtual Localization

One of the few computation tools for Gromov-Witten invariants is the virtual localization technique
when the variety X admits a group action.

Let’s get back to the general situation, where a torus group 7" acts on X and on the perfect
obstruction theory E*® equivariantly. Let X;,7 € Z be a connected component of the torus action
on X. It is a fact that every coherent sheaf F on X; decomposes into the direct sum of the fixed

part F/ and the moving part F™ under the group action. It can be proved that the fixed part

13



E; "/ of the restriction of E® to the component induces a perfect obstruction theory for X;, which
in turn produces the virtual fundamental class [X;, E;f] or [X;]Y". Let N = E* — ET" be the
virtual bundle of the moving part of the restriction to X; of F,, the dual to E*®, called the virtual

normal bundle. Then the virtual localization formula is[7]

Culx,
u =
/X]vz'r Z/ vir eT N’U/”‘)

i€l
: e’ (Ey')
for any u € RpAL(X), where T (NY") = I (EJ* — ET") = (B is the equivariant Euler class

of N on X;. When u € A,(X) has the same degree as [X]*" and invariant under the T-action,

we take an equivariant lifting u” of u in AT(X). Since

/ U= / u’ e Q,
[X]/uir [Xi]vir

this provides a way to compute the ordinary integrals over the virtual fundamental class via the
equivariant integrals over the connected components of fixed points using localization formula.
When a torus 71" acts on a smooth projective variety X, the moduli space of stable maps
Mg (X, ) automatically inherits a torus action by composing with the action on X. In some
cases, the connected components can be identified and recorded by graphs. With a resolution E*°
of the canonical obstruction theory, the tangent space T and the obstruction space T2 are built

into the exact sequence
0—-T!'—Ey— E —T?—0,

and T' and T? are related to other terms as in the exact sequence in §2.2. This provides us a
way to calculate the equivariant Euler class of the virtual normal bundle Ni””’ on each connected
component of the fixed loci in Mg,n(X ,3) and hence Gromov-Witten invariants of X in terms of

the virtual localization[10].
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Chapter 3

Hilbert Schemes of Points

Hilbert schemes parametrize the subschemes in a given scheme with some fixed numerical data.
They are rare and precious examples in which the moduli problems are finely represented. Because
of this, they work as the ground for many other moduli problems. We are here interested in
the Hilbert schemes of two points when the given scheme is an algebraic surface, especially a
Hirzebruch surface. We want to make use of a torus action on the Hirzebruch surface to compute

the Gromov-Witten invariants of the Hilbert scheme.

3.1 Definition of Hilbert Schemes

Let X be a projective scheme over C and O(1) be an ample line bundle over X. Hilbert schemes
describe the moduli of the closed subschemes in X with some numerical invariants.

Given a polynomial P(n), we consider the contravariant functor
Hilb" : (schemes/C) — (sets),
where, for any scheme S over C,

Hilb" (S) = {Y € X x S a closed subscheme : Y — S is flat

and for any s € S, Y; has Hilbert polynomial P(n)}.

Here the Hilbert polynomial of Y is that of its structure sheaf. Let’s recall that the Hilbert
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polynomial of a coherent sheaf F on X is defined by
P(n) = x(F ® O(n)),

for any non-negative integer n. Since Y — S is flat, the Hilbert polynomial of Y is independent of
s. So it’s reasonable to impose the condition that each fiber have the given Hilbert polynomial. A

celebrated theorem of Grothendieck is
Theorem 3.1.1. The functor Hilb" is represented by a projective scheme Hilb" /C.

This means that there exists a closed subscheme U C X x Hilb", for which U — Hilb" is flat
and every fiber has the Hilbert polynomial P(n), such that any family ¥ — S is induced from a
unique morphism S — Hilb" .

Let P be the constant polynomial n. We denote by X" the corresponding Hilbert scheme and
call it the Hilbert scheme of n-points. As the degree of the Hilbert polynomial is the dimension of

the subschemes, X[ parametrizes 0-dimensional subschemes of length n in X, i.e.

dimH*(2,07) = Y dim(Oz,) =n.
pEsupp(Z)

One type of points in this Hilbert scheme X" are all the pairwise distinct n-points in X. They
form a dense open subset in X[ Usually, Hilbert schemes are singular, non-reduced, reducible
and even not connected. But when X is a smooth algebraic surface, a result of Fogarty says X"
is also smooth and irreducible of dimension 2n.

For a smooth surface X, its n-fold symmetric product X ™ is defined to be

n

—_——
X x--x X /8"

where S™ is the symmetric group acting as shuffling the tuples. It is an orbifold. There is a natural

morphism
m: X x ()
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defined by
m(Z2)= ). dim(Ozp)p,

pEsupp(Z)

for any Z € X" This map can be regarded as the resolution of singularities of X (™.

3.2 Cohomology of Hilbert Schemes of Two Points of Surfaces

It is a fact that when a torus acts on a smooth projective variety with finitely many fixed points,
its Chow groups and homology groups of the same degrees agree and these groups don’t admit any
torsion. As we’ll see this is the case for a Hirzebruch surface F,,a > 1 and for FC[L2], the Hilbert
scheme of two points on F,. For this reason, when we study their cohomology groups, we can
work out their homology groups by Poincare duality whenever this is more convenient. In order to
determine the homology groups of the Hilbert scheme, let’s recall the blowup construction of the
Hilbert scheme of two points on a general algebraic surface S.

Let A : S — S xS be the diagonal morphism. The blowup BIa(S x S) of S x S along the

diagonal A, denoted as S x S, is a four-dimensional smooth variety with the exceptional divisor
P(TS), denoted as §, the projectivization of the tangent bundle of S. Zs acts on S x S by
exchanging the order of points, which fixes the diagonal. It automatically induces an involution on
the blowup, which fixes the exceptional divisor. This in turn induces an involution on the homology
groups. The Hilbert scheme S is the quotient of the blowup under the involution. We go back
and forth between the two points of view for the Hilbert scheme when necessary.

Let’s use ¢ : 5 x S — 52 to denote this quotient. By Example 1.7.6 in [8], there is a canonical

isomorphism

¢* : A (S = A, (S x )72,
where for a subvariety V in S,
V=Y ewlWl,

the sum over all irreducible components of ¢~1(V), and ey = #{g € Zs : g|lw = idw }, and where
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A*(S/>\<TS )22 is the fixed subgroup of A, (S x S) under the involution. We have identities
O P = 2id, ¢ Q" = 2id.

The intersection product operations in these two rings are related in the following formula. For

any z,y € A.(S?), we have (see Example 8.3.12 in [8])
1 * *
vy = 6.6 6).

The above blowup construction can be shown in the fibre square

J
=

@
»n — W

S xS
|7
_A L §x S,
where j is the inclusion of the exceptional divisor, and f, g are the projections.
Let T be the tautological bundle O(—1) on S , which is also the normal bundle of the exceptional
divisor in S x S , and E = g*(T'S)/T be the quotient bundle on S , in other words, we have the

exact sequence
0—-T—g"(TS)— E — 0.

Because f is a l.ci. morphism of relative dimension zero, the Gysin map f* : A.(S x S) —
A*(S/;TS’) is well-defined. The following proposition is copied from Proposition 6.7 and Example
8.3.9 in [8].

Proposition 3.2.1. There are split exact sequences

0= Ap(S) —2— A(S) P Ax(S x §) —2— AL(SxS) — 0,

with a(x) = (c1(F) N g*z, —Asx) and B(T,y) = j«& + f*y. A left inverse for « is given by
(z,y) — g«(z). The ring structure of A*(S/;/S) is determined by the following rules:
(i) f*y- £y =y y);
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(ii) jo% - jut! = ju(cr(T) - T - ');

(i41) f*y - j.T = j«((g*A%y) - ).

Taking the involution into account, we have split exact sequences

0= Ap(S) —2 Ap(S) D AR(S x S)%2 —2 s 4,(8 x §)% — 0,

thus deciding the homology groups of the Hilbert scheme S2. Obviously, the homology group

A(S2)) consists of two parts, one from Ay(S), one from A (S x §)%2, identified under a.

The homology classes in A (.S) are sent in Ak(5/>\</S )22 by the embedding j of the exceptional
divisor and the groups themselves are presented in terms of those of the base (see e.g. P.606

Griffiths&Harris: Principles of Algebraic Geometry).

Proposition 3.2.2. Let ( = ¢i(T). Then
A(8) = A*(S)[C/(¢* = (T S)C + ea(TS)),

as graded Tings.

The relation between the Gysin map f* and the proper transform is described in the following

proposition, which is modified from Theorem 6.7 in [8].

Proposition 3.2.3. Let V' be a k-dimensional subvariety in Sx.S, and let V be the proper transform

of Vin S x S. Then

FV] = VI + ide(B) N g"s(V (A V)

in Ak(S x S), where {-}; means taking the degree k part of the class.

Corollary 3.2.4. (Corollary 6.7.2[8]) With the assumption of the above proposition, when dimV (A <
k-2
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In order to apply the results above to our case of Hirzebruch surface F,, we need to review the
construction of its homology groups or Chow groups[11].

Let

7 F, = Proj(S*F) — P!

be the projection, where F = Op1 @ Opi(—a). The surjective projection F — Opi(—a) determines
a section of m. We call the image of this section the co-section, denoted as Sy. It is isomorphic to
P! and forms a divisor in F,. Note that over F,, the twisting sheaf O, (1) 2 £(Ss). We call (0, 1)
the 0-point and (1,0) the co-point in P!, and call the image points of the 0-point and the co-point
under the section A and C respectively. The projection F — Op1 — 0 also determines a section
of m, which is named as the 0-section. We refer to its image as Sy. We call the image points of the
0-point and the co-point in P! under this section B and D respectively. We denote the fibre over
the O-point by fo and the fibre over the co-point by fo. These special divisors and their geometric

configuration can be illustrated in the following picture:

Figure 3.1: Special Divisors in F,

B So D
A Soo C
fO foo

It is a fact that any two fibres of m are numerically equivalent. We also have the numerical

20



equivalence relation
So = Soc +af.
Then the homology groups of F, are given as follows:

AO(Fa) = Zpt;
Al(Fa) =ZS®Lf;

Aso(F,) =7 F,,

where pt, here and in the sequel when not designated, is any one of the fixed or arbitrary points
on the relevant spaces, which assumes transversality as much as possible when we do intersection
theory, S means either one of Sy and S, and f means either one of fy and fo,. We keep the freedom
as to choose which one of them when needed. The various intersection products are described as

follows:
S¢=a, S% =-a, So-Sx=0, f>=0, S-f=1.

Also, the canonical divisor K = —2S,, — (2 + a)f, with K? = 8. Notice that ¢;(TF,) = —K =
25« +(2+a)f =25y + (2 —a)f. Note that these cycles are smooth submanifolds. This nice
property gives rise to smoothness of representative cycles for the Hilbert schemes, which offers us
much convenience later in our computations.

When we think about applying Proposition 3.2.1 to F,, there are two different types of homology
classes. The classes in the first type are just the pullbacks under g of the homology classes of Fy,
from which we obtain P(T'Fy|p), P(TFuls), P(TF,|f), and F, itself, where here and in the following
when we don’t designate subscript for S or f, we mean either one of the choices. We need to take

the cap products of ( with the classes in the first type to get the classes in the second type.

Lemma 3.2.5. There are relations among the various cycles:
(DP(TFys,) = P(T'Fuls..) + aP(TFaly);
2)¢NP(TFuls,,) = (2= a)P(TFalpt) — c1(E) N P(T'Fals,,);

21



(3)CN P(T'Falsy) = (2 + a)P(T Falpt) — e1(E) N P(T'Fals, )
(DN P(TF|p) = 2P(TFalp) — e1(E) N P(TFal);
(5)C N P(TF,) = 2P(TF,|s..) + (2 + a)P(T'F,|y) — e1(E) N P(TE,).

Proof. (1) is easy because Sy = So + af. We get the relation by pulling this identity to S via g.

Since
(9" (TFa)) = ei(T) + 1 (E) = ¢+ e1(E),
we have
(N P(TFs,.) = ei(g”(TFa)) N P(TFa|s,) — c1(E) N P(TFls.,)-

On the right-hand side, ¢1(E)NP(TF,|s..) is identified with A, Sy in A;(F, X Fy), so we just need

to figure out the first term. Now since
c(g"(TF,)) = g*er(TFa),
and
a(TF,)=-K=25.+2+4+a)f =25+ (2—a)f,
we have

c1(g"(TFa)) N P(TFals,.) = g%(250 + (2 —a) f) N P(T'Fuls.,)
= (2—a)P(TFu|s) N P(TF,|s..)

= (2= a)P(TFolp),
because the intersection P(T'F,|f) N P(TFy|s..) is proper. So

CNP(TFs,.)=(2—a)P(TFy|pt) —c1(E)NP(TF,|s..).
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This is (2). For (4), in the same way,

(NP(TEf) = ci(g"(TF,)) N P(TF,|y) — ei(E) N P(TF,|y)
— g*(250 + (24 a) fo) N P(TF,|;.) — c1(E) N P(TF,)
=2P(TF,|s,.) N P(TF,ls,) — c1(E) N P(TF,|y)

=2P(TF,|pt) — c1(E) N P(TF,|¢).
If we plug (1) in (2) and make use of (4), we get (3). Finally,

¢n P(TFa) = Cl(g*(TFa)) N P(TFa) - Cl(E) N P(TFa)
= 9" (2500 + (24 a) fo) N P(T'F,) — c1(E) N P(TF,)
= (QP(TFa‘SOO) + (2 + a)P(TFa\f)) N P(TFQ) — Cl(E) N P(TFa)

=2P(TF,|s..) + (2+a)P(TF,|;) — c1(E) N P(TF,).

From this lemma, we can find a new set of generators for the homology groups as follows:

Ao(F,) = Zpt;
Ay(F,) = ZP(TF,|) & Zey (E) N P(TF,|s,.) & Zey (B) N P(TF,|);
Ay(Fu) = ZP(TF,|s) ® ZP(TF,|f) ® Zey (E) N P(TF,);

A4(F,) = 7F,.

The relation ¢? = ¢1(T'F,) —co(TF;,) can be modified to produce a relation for the new generators.

First, co(T'Fy,) = 4. On the other hand,

Cl(TFa)C - (2500 + (2 + a)f)C
=2(NP(TF,|s.)+ (2+a){NP(TF,|yf)

— 8P(TF,|) — 2¢1(E) N P(TF,s..) — (2+ a)e1 (B) N P(TF] ),
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S0,
¢? = AP(TFy|pt) — 2c1(E) N P(TF,|s,.) — (24 a)ci(E) N P(TFy|¢).
Applying ¢ = ¢1(¢*(TF,)) — c1(E), we get

¢? = (19" (TF,))* = 2c1(E)er(g"(TF)) + (ea(E))*
= K*P(TFylpt) — 2¢1(E) N ¢* (28 + (2 +a) f) + (e1(B))?

— 8P(TF,|) — 4e1(E) N P(TF,s..) — (44 2a)e1(E) N P(TE| ;) + (e1(E))?,

where ¢1(F) can be treated as a homological cycle by duality, or in other words, ¢;(FE) is identified

with ¢1(E) N P(TF,). So comparing the above two identities for (2, we obtain relation

(c1(E) N P(TF,))? = —AP(TF,|pt) +2c1(E) N P(TF,|s..)

+ 2+ a)c(E)NP(TFE,f).

Once the generators of homology groups of F, have been chosen, we can take a set of generators

for Ax(F, x F,)% as follows:

Ao(F, x F,)"2 = Zpt;

Ay (Fy x Fy)P2 = Z(Ss X pt + pt X Sao) @ Z(f X pt + pt x f);

Ag(Fy % Fo)™ = Z(So X Soo + Soo X S0) ® Z(fo X foo + foo X fo)
DZ(Soo X [+ f X Soo) ®L(F, X pt + pt X Fy);

A3(Fy X Fu)"2 = Z(F, X Soo + Soo X Fu) @ Z(Fy x f + f x F,);

Ay(F, x F)P2 = 7(F, x Fy).

Combining the analysis for the homology groups of two part A*(ﬁl) and A, (F, x F,)%2, we
can find a set of generators for A, (Fa/>\</Fa)Z2. Under the identification of & in Proposition 3.2.1,

c1(E) N P(TFy|s, is identified with A.(Sx), c1(E) N P(T'Fu|y) is identified with A.(f), and
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c1(E) N P(TF,) is identified with A,(F,). But in Agz(F, x F,)%,

A (Soo) = Soo X pt + pt X Soo,
Al(f)=fxpt+ptxf,

A*(Fa):Faxpt+ptha+Sooxf—|—f><Soo+%(f0xfoo—i—fooxfo),

so we can take the generators in A*(F:;/Fa)h either from A, (F;) via j, or from A,(F, x F,)%2

via f*:

ag = 2pt, Vpt € E;
a1 =2P(TFy|pt), ag = Seo X pt+ pt X Soo, a3z = f X pt+ pt X f;
ag =2P(TF,|s..), as=2P(TF,|f), os= S0 %X Se + Sec X S,
a7 = fo X foo + foo X fo,08 = Soo X [+ [ X Soc, a9 = Fy X pt + pt X Fy;
a9 =2P(TF,), a11 = Fy X Seo + S0 X Fuy 19 =Fy X [+ f X Fy;

a3 = Fy X Fy,

where we omit the symbols j, and f*. Define 3; = (¢*) oy = %qﬁ*ai for each i. Then the homology

groups of the Hilbert scheme F(?] can be expressed in terms of these generators:

Ao(F) = 2;

ALFY) = 26, © 26, © s,

Ay(FEP) = 7.8, © 785 © Z.5s & 737 & ZBs & Z.Bo;
A3(FP) = 2810 ® ZB11 © ZBro;

Ay(FY = 2813,

Notice that under the Gysin map f*, a9, a3, ag, ar,ag and ag are mapped to their proper
transformations by Corollary 3.2.4, so when followed by the inverse of ¢* are sent to smooth
submanifolds in F(?]. This means (2, 83, B¢, 87, Os and [y are smooth cycles in Fc?]. Of course, the
cycles 31, B4 and (5 are obviously smooth in F(?]. As we said this is a nice property of these cycles.

We'll refer these representatives of the classes as standard ones when we use them in computations

in Chapter 4 although we have some ambiguities in that some of them have uncertain f’s and pt’s,
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but we will designate them when necessary.
The intersection products of the cycles of complementary dimensions are listed in the following

tables:

Br | B2 | B3
Bio| 2|0 0
fr1i |0 | —a|l

Bz |0 |1 |0

Bas | Bs | Bs | Br| Bs | Bo
Bil| 2 | —21]0 0|0 |0
Bs| =210 |0 0|0 |0
Bs |0 |0 | —a®|2 | —alO
Br |0 |0 |2 00 |0
Bg|O |0 | —a |0 |1 |O
Bo|O |0 |0 0|0 |1
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Other intersection products are computed as follows:

Similarly,

51 o = 3ou(an - an) = 30.(CNAP(TEs..))

Ba- P2 = %%(044 - o2)

Bs -
Bs -
B = —afy — a*p,
By -
By -
Bs -
Bo -
Bo -

Be

= 26.((2 — a)P(TF,|p) — c1(E) N P(TF,|s..))

= 20.((2 — a) P(TFalpt) — AxSco)

=2(2—a)p1 — 40,

Ba- B = ybu(as - am)

= ¢u(P(TFuls..) - Fu X Seo + P(TFu|s.,) - Seo X Fa)

= ¢u(—2aP(TF,|pt)) = —2afh,

:¢*(P(TFa|Soo)'FaXf+P(TFa|SOO)'f><Fa)

= ¢*(2P(TFa|pt)) = 20.

Bro = 451 — 403,

Bi2 =0,

f1o =0,

fr2 =0,

P = B2 — afs,
Bro = 261,

fr2 = fs.

Bs - 1 = 201,

Bs - 1o =0,

Be - 12 = 202 + afs,
fr - 1 = 203,

Bs - ro = 201,

Bs - Pr2 = B3,

By - P11 = P2,
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Also,

B2y = 481+ 2(2 + a)B5 — 2aB7 — 485 — 4059,

Bio - B11 = 204, Bio - B2 = 205,
B = Bs — aBs — af, Br1 - B2 = Bs + Po,
By = Br.

From the last six lines of identities, we find that the Chow ring of F[? is generated by

0610, P11, 812, B9 and the other basis elements are expressed as

B = 359/310, B2 = BoB11, B3 = BoPi2,

Bs = %510&1, Bs = %ﬁmﬁm, Bs = B + P11z,

Br = By Bs = B11P12 — Po.

Plugging these expressions in the remaining identities including the above two product tables, we
get various equations on the generators. By ruling out the redundant ones, we conclude the Chow

ring is presented by the following relations:

Bobu iz = 53,

oSty =0,

Bty =0,

Bu1Bia — 209612 = 0,

Br083 + 2aBeBro = 0,
BroB11B12 — 280510 = 0,
11612 — 20911 + afofrz = 0,
i1 + 3aByfn = 0,

Bl — 2610611 — (2 + a)B10P12 + 2aB3, + 4311512 = 0.
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3.3 Torus Action on Hilbert Schemes

As a toric variety, Fy, can be constructed from the fan in the following picture(See Fulton, Intro-

duction to toric varieties):

04

g1

g3 > (170)

02

The four affine varieties are

U,, = SpecClz,y], Uy, = SpecClz,y™ ],

Uy, = SpecClz™ !, 7% Y, U,, = SpecClz™1, z%)].

Note that the origins of the four affine planes correspond to the points we named A, B, D and C

respectively, in Figure 3.1. Now C*? acts on F, by acting on the variables in the following way:

A ) (@, y) = (A, ty),
A,y ) = (A lepy ),
A ey = e Ay,

A\ ) (™ 2%) = (™ A aty).
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Dually, C*? acts on each coordinate piece with opposite weights. This action in turn induces an
action on the Hilbert scheme F(?]. A moment of thinking shows that the representative cycles
0B1,- -+, (13 are invariant under the torus action.

It is easy to see that around each fixed point in F,,, there are two fixed points, one corresponding
to the direction of the oco-section or the 0-section, one corresponding to the direction of the fibre
through it. We denote them using subscripts 71”7 or ”72”, respectively. So we have eight of them,
Ay, Ay, B1, By, Cy,Cs, Dy, Ds. For the computational purpose, we need to find the weights of the
torus action at these fixed points.

We start with Aj. In the first affine plane, A; is represented by the ideal (22,y). The full
deformation of (22,y) in F? is described by (22 + e12 + €2,y + €37 + &4). So there are four
curves passing through A; given by families of ideals in Clz,y]: I1i(e) = (2% + ex,9), [2(s) =

(2% +¢e,y),I3(e) = (2*,y + ex), and I4(e) = (z*,y + ).

Lemma 3.3.1. The weights of the C*2-action on the tangent space of F[?] at A1 are A\, 2 , u — A,

and .

Proof. We have

A\ i) = (\ p)(a? +ex,y) = (W22 +eXTla, 1 ly)

= (2% +edx,y) = I1(eN).

So the weight on the tangent direction of this curve is A.

Similarly,
A\ m)la(e) = (A 20?4 6,17 1y) = Io(eX?),
(N ) Is(e) = (A 22% pty + edla) = I(en'p),
A\ ) Ia(e) = (A 22%, w7ty + ) = Lu(ep).
So the weights on the tangent directions of these curves are 2\, u — A, p. O

In the same vein, there are four curves passing through As, which is represented by the ideal

(x,52). They are families of ideals I1(¢) = (z + ¢, 4?), Io(¢) = (2, 9% + ey), I3(e) = (z + ey, y?), and
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Ii(e) = (z,y> + ¢).

Lemma 3.3.2. The weights of the C*2-action on the tangent space of Fap] at Ag are A, u, A — p,

and 2.
Proof. Similar to that of Lemma 1. O

Four curves traverse By : I1(e) = (22 + e,y 1), Ia(e) = (2?2 +ex,y™ 1), I3(c) = (2%,y~ ' +¢), and

Ii(e) = (2%, y7 1 +ex).

Lemma 3.3.3. The weights of the C*2-action on the tangent space of FCEQ] at By are 2\, A\, —u and

—A— U

For By, four curves go through it: I1(e) = (x +¢,y72), 2(e) = (z,y 2 +¢),I3(¢) = (v, 2 +

ey~ 1), and Iy(e) = (z + ey Ly~ 2).

Lemma 3.3.4. The weights of the C*2-action on the tangent space of Fc?] at By are N\, —2u, —

and A + .

There are four curves traversing Cy : I1(e) = (x72 + €, 2%), Iz2(e) = (x72 + ez~ 1, 2%), I3(¢) =

(272, 2% +¢), and I4(e) = (272, 2% + ez~ 1).

Lemma 3.3.5. The weights of the C*2-action on the tangent space ofF(?} at C7 are =2\, =\, aA+p,

and (a + 1)\ + p.

At last for Cy, four curves go through it: I1(¢) = (271 4e, 22%9?), Ir(e) = (271, 22%>+¢), I3(¢) =

(271 220y? + ex%y), and I4(e) = (271 + exdy, 2%99?).

Lemma 3.3.6. The weights of the C*?-action on the tangent space of FC?] at Co are —\,2a\ +

2u,a\+ p, and —(a+ )X — p.

Four curves pass through Dy : I1(e) = (x 2 +ex Lo~ % ), I(e) = (72 +e,27 % 1), I3(e) =

(72 0 % L4 exh), and I4(e) = (272,27 %1 +¢).

Lemma 3.3.7. The weights of the C*2-action on the tangent space of F(?] at Dy are =\, =2\, (1—

a)\ — p, and —a\ — p.
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Four curves pass through Dy : I1(g) = (271 4e, 2720y 72), Ir(e) = (271, 27 2%y 24ex % 1), I3(¢) =

(x7t + ez 2729~ 2), and I4(e) = (z~ 1, 27202 +¢).

Lemma 3.3.8. The weights of the C*?-action on the tangent space of FL?} at Dy are —\, —aX —

i, (a— DA+ p, and —2a\ — 2.

These eight points form the so-called nonreduced fixed points under the torus action on the
Hilbert scheme F(?]. The other fixed points are composed of pairs of distinct fixed points un-
der the torus action on F itself, which we denote by juxtaposing points. As we know, these
fixed points on F, are A, B,C, and D, so we have six of this type of fixed points on F,?]:
(AB), (AC), (AD), (BC),(BD), and (CD). The weights of the C*?-action on the tangent spaces
of F, at fixed points are: \,u at A; A\, —p at B; —A,aX+ p at C; =\, —aX — p at D. The weights
of the C*-action on the tangent spaces of FC?] at this type of fixed points are just putting together

the weights at the different points. So we have

Lemma 3.3.9. The weights of the C*-action on the tangent spaces of F(P} at these siz fized points

are:

DAy Ay — 1

DA, — A G F
S, — A, —aA — g

)

BC) : A\, —p, =\ a\ + p;
) : )‘a —H, _)‘a —aX — s
)

TN N+, =, —a — .

After we determine all the weights of the torus action on the Hilbert scheme, we can compute
the intersection numbers of the curve classes with its anticanonical bundle, which is needed to

decide the virtual dimension of the moduli space of stable maps.
Lemma 3.3.10. cl(TFa[Z]) <01 =0, cl(TFa[Q]) <Py =2 —a, cl(TF(?}) - B3 = 2.

Proof. Take the image of P(TFy|4) in the Hilbert scheme under (¢*)~! in §3.2 as the submanifold
representing 1. The two fixed points in this cycle are A; and As, around which C*? acts as it does

on I3(e) in Lemma 3.3.1 and on I3(¢) in Lemma 3.3.2, respectively. So the weights on the tangent
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spaces at the two points are A — p and u — A. By the localization formula,

cl(TF2) - By = / e(TFP)
61

A=—22A+A—p—p “A—pt+p—A—2u
_|_
A— W= A

=0.

We take the image of Soo X B+ B X S in FC?} as the representative of 33. The two fixed points
are AB and CB. From the discussion before Lemma 3.3.9, C*? acts on the tangent spaces at these

points with weights A and —A. So applying localization formula, we get

ct(TFP) - o = / el (TFP)
B2

Adpu+A—p A—p—A+ar+p
- ) * —A

=2—a.

We take the image of fo x C' 4+ C x fy as the representative of O3, which has two fixed points
AC and BC'. The weights of the torus action on the tangent spaces at these two points are p and

— . So by the localization formula again,

el (TEPY . gy = / e (TFP

3

_)\+u—)\+a)\+u+)\—u—)\+a)\+u
I —H

=2

O]

Notice that when a = 1, these intersection numbers are nonnegative. This is a precious property
for a variety. When a = 2, two generators of curve classes have a trivial intersection with the
anticanonical bundle; when a > 2, we begin to have negative intersections from one generator. In
general, computations of Gromov-witten invariants become more difficult if we have more negative

intersections because the formula for the virtual dimension places less restrictions on degrees of

33



cohomological classes with nonzero invariants. This is the reason why we’ll concentrate on the case

a =1 later.

3.4 Invariant Curves

For purpose of applying virtual localization to calculate Gromov-witten invariants, we have to
determine all the invariant curves of the torus action. In this section and in the following, when
there is no danger of confusion, we’ll use the terms ”line” and "P!” interchangeably when we talk
about curves of genus zero. To find them, we make use of the blowup construction of the Hilbert
scheme set up in section 3.2.

Let f: Fa/;/Fa — F, x F, be the blowup of the product F, x F, along its diagonal A, with
the exceptional divisor E, which is the projective bundle P(T'F,). Then FH is the Zs-quotient of

the blowup. Since this quotient map is equivariant, it suffices for us to find the invariant curves in

F, x F,.

First of all, an invariant curve either is completely contained in F, or intersects this exceptional
divisor in only finitely many points, where the word ”finitely many” could mean zero.

We first consider the case when the invariant curve is contained in ﬁa. Since the projection
P(TF,) — F, is equivariant, this invariant curve is mapped to either a fixed point or an invariant
curve in F,. When it is mapped to a fixed point, it must be the fibre curve of the projective bundle

]

over this fixed point. So in F(? , we get four invariant P's, corresponding to four fixed points A, B, C
and D. We assign names to these curves by listing their end points. For example, the curve over
A as [A1, Ag], connecting the fixed points A; and As in F(?}. Here we adopt the convention that
[P, Q] means either the invariant curve connecting two fixed points P and @, or the degree class of
this curve, depending on the context. Three other such curves are [By, Ba], [C1,C2] and [D1, Ds].
They are isolated invariant lines.

Now suppose this invariant curve is mapped to an invariant curve in F,. We only have four
invariant curves in Fj, which are S., So, fo and fs. Take the section S, through A and C in
F, as an example. Then this invariant curve must be contained in P(TF,|s. ), but TF,|s., =

TSw © Ng_|F,, Where Ng_|r, represents fibre directions of Sw in Fy, so P(T'Fy|s,,) is also a

rational ruled surface. With induced action on this surface, the two sections corresponding to the
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tangent directions and fibre directions of Sy, in Fj, respectively, are invariant lines. One is [4;, C1],
representing the tangent directions; the other is [Ay, Co], representing the fibre directions. Similarly,
we have the invariant lines [A1, B1], [A2, Bal, [B1, D1], [B2, D2, [C1, D1] and [Ca, D3], corresponding
to either tangent directions or fibre or normal directions of three other invariant lines in F,.

Assume an invariant curve only intersects the exceptional divisor in finitely many points. Then
the blow-down map f composed with the two projections from F, x Fy, to F, gives rise to two maps
to Fy, which are also equivariant. So as the images of the invariant curve under these two maps, we
get either fixed points or invariant lines in F,,. The two images cannot both be points since the curve
is not contained in the exceptional divisor. If we have a point and a line which does not pass through
the point, we get an isolated invariant line in F(?]. Considering the Zy- symmetry, we have eight of
them [AB, AD],[AC, AD],[AB, BC|,|BC, BD],[AC, BC],[BC,CD],[AD,BD] and [AD,CD]. If
the point is contained in the line, we get an invariant line with one non-reduced point on it, which
is also isolated. They are [A1, AC],[As, AB], B2, AB], [B1, BD], [Cy, AC],[C2,CD], D1, BD] and
[D2, CD].

Suppose both images are lines. First consider the case when they are disjoint. Then they are
either the pair S, and Sy or the pair fy and fuo. In the first case, the C*?-action near (A, B) €
Soo X Sp is described by (A, p)(z,y) = (Az, A\y), so we have a one-dimensional family of invariant P!’s
connecting AB to CD. Near (A,C) € fo X foo, the action is expressed as (A, p)(z,y) = (ux, A\*uy).
Since the two weights are independent, no invariant curve is brought up from this action. So in
total, this case makes a single one-dimensional family of invariant lines connecting AB to C'D.

Now take the case when the two image lines are distinct but intersect at one fixed point, e.g. Seo
and fo. Then C*2-action near (A4, A) € S X fo is expressed as (\, ) (z,y) = (A\z, py). This action
does not produce any invariant curve except the two coordinate lines, whose induced curves in

FY

have been discussed above. Other combinations of invariant lines in this case neither produce
anything new.

Finally, we are left with the case where the two lines are the same. To understand the situation,
we study a concrete example. Let C* act on C with the standard weight, i.e. A-x = Az. Then

it induces an action on C2' = C®, which is the symmetric product of C. We define a map

7:C? — C? by 7(z,y) = (z + y,zy). It is easy to see that this map is an isomorphism. With
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this map, C? inherits a C*-action by A(z, z) = (Az, A22) for (x, z) € C2. This means the weights of
the torus action at the origin is A, 2.

In fact, the map 7 extends to an isomorphism from the symmetric product of P! to P?, still
denoted as 7 : (P12 — P2 by 7((a,b), (x,y)) = (ay + bz, azx,by). It is not hard to see that the
image of the diagonal of (P!)() in P2 is a conic line but this conic is not isolated as an invariant
line. In fact, there is a one-dimensional family of invariant conic lines in P?, which breaks up to

two coordinate lines[16]. We summarize the conclusions in the following

Lemma 3.4.1. Let C* act on P! as \- (x,y) = (A\z,y). Then it induces an action on P? as
M- (z,y,2) = (\z, N2y, 2) via the isomorphism from the symmetric product (PY)?) to P2. Around
the fized point (0,0,1) € P2, this action has weights \,2)\; the three coordinate lines are isolated
invariant lines and there is a one-dimensional family of invariant lines defined by 2% = pyz with
p € C* =0, the generic curve of which has class twice the line class in P2. When u — 0, this family
approaches the double cover of the coordinate line {(0,y, 2) : (y,2) € P} with weight 2X at (0,0,1);
when (1 — 00, it degenerates to the nodal curve the union of two coordinate lines {(x,0,z) : (z,z) €

P} U {(z,y,0) : (z,y) € P} with weight A at (0,0,1) along {(x,0,2) : (z,z) € P'}.

Now we apply this picture to the four invariant lines S, So, fo and foo in F,. Taking S.
as an example, we get an embedding P? in FC[LQ] and the three coordinate lines in P? as the
lines [A1, AC],[AC, Cy] as before and [A1,Cy]) from A; to Cp, which is a different line from
[A1,C1] discussed before, and a one-dimensional family of invariant lines from A; to Ci, the
generic curve of which has the double of a line class. Similarly, we have the new isolated in-
variant lines [Ag, Ba)' from As to Ba, [B1, D1]’ from By to Dy and [Cy, D3] from Co to Do, and
the corresponding one-dimensional families of invariant lines. From the description before this
lemma, we realize that the invariant lines [A;, C1], [A2, Ba], [B1, D1] and [Ca, D] defined before
are obtained from diagonals and as such they are not isolated and their classes are double the
classes of [A1,C1]’, [A2, Ba)', [B1, D1]’ and [Ca, D] respectively. Also the C*-action on the ends of
[A1,C4), [A2, Bs]', [B1, D1 and [Ca, D" has twice the weights on the corresponding ends of the
non-isolated lines. This is the reason why a pair of a weight and its double always appear at each
fixed point exhibited in Lemma 3.3.1 through 3.3.8.

Up till this point, we have found all the isolated invariant curves and one-dimensional families
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(2]

of invariant curves in Fy~. For the purpose of computations for Gromov-Witten invariants, their

classes should be decided.

Lemma 3.4.2. (1)[A1, As] = [B1, Bs] = [C1,Cs] = [D1, D3] = (y;

(19)[A1, AC) = [Ch,AC] = P2 — (1, [B1,BD] = [D1,BD] = (2 + afs — p1, [A2,AB] =
[Ba2, AB] = [C3,CD] = [D2, CD] = 33 — B;

(1i1)[A1,C1] = 202 — 201, [A2,C3] = 2062 + af1, [A1,B1] = [Ch,D1] = 203, [Ag,Bs] =
[Ca, Do) = 2033 — 261, [B1,D1] =282+ 2a083 — 201, [B2,Ds] =202+ 2a83 — af;

(iv)[A1,C1)" = B2 — B, [A2, Ba]' = [Co, Do|' = B3 — 51, [B1,D1] = B2+ aBs — pi.

Proof. (i) Obvious.
(7i) A; is connected to AC' by the line which is obtained by blowing up the line Soo X A+ A X S

at A x Ain F, x F, and then projecting to A, (F(?]) by the inverse of ¢*. By Proposition 3.2.3,
[ (Seo x A+ A X So) = [A1, AC] + f1,

where (1 comes from the second term in the formula. But S, X A+ A X S is rationally equivalent
to Soo X pt + pt X S in F, X F,, where we take pt to be a point off So. So [A1, AC] = [ — 1.
Others are similar.

(#7i) [A1,Cq] is the line obtained from the projectivization of the tangent directions of the

section So. By Lemma 3.2.5(2),
(NP(TFs,) = (2= a)B1 = 20:.

Now T'F,|s,, = T'Sec ® N5, |F,, in which T'S,, = O(2) since Sy, = P! and Ng_p, is the line bundle

of fibre directions of S in Fy, implying Ng_|r, = O(—a). This means that

P(T'Fyls..) = P(O(2) ® O(=a)) = Proj(O(=2) ® O(a))

= Proj(O @ O(-2 —a))
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is another rational ruled surface, in which [A;, C}] is the oo-section. By Lemma 7.9, Ch.2[11],
(N P(TFals,) = —[A1,C1] —ap.
So, we get [A1, C1] = 202 — 2. Clearly, [A2, (5] is the O-section in the ruled surface, which means
[A2,Cs] = [A1, C1] + (2 + a)B1 = 262 + afh.
Similarly, by Lemma 3.2.5(4), we have
(N P(TFa|p) =261 — 20s.

Now P(T'F,|s,) = Tf @ Ny rF,, where again T'fy = TP! = O(2) and Ny rF, is the line bundle of

normal directions of fy in F,. This line bundle is trivial since
c1(Ngoirr,) = ct(TFuf) — c1(T fo) = fo - (250 + (2 +a) fo) =2 =0.
So we have
P(TF,|5) =P(O®0O(2)) = Proj(O e O(-2)),
which is another ruled surface. Thus we have
[A2, Bo] = —C N P(T'F,ly,) = 203 — 2641,

and [A1, By] = [Ag, Ba| + 261 = 2f3. It is obvious that [C1, D1] = [A1, B1] and [Cq, D3] = [Ag, Bs].
Finally, by Lemma 3.2.5(3) and (1), we have

C N P(TFQ‘SO) = (2 + a)ﬂl — Qﬁg — 2a63.
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Because

TFa‘SO = TSO @ NSO‘Fa = 0(2) @ O(a),

we get

P(TFals,) = P(O(2) ® O(a)) = Proj(O(=2) ® O(-a))

> Proj(O @ O(2 —a)),ifa > 2; Proj(O & O(—-1)),ifa =1

When a > 2, by Lemma 7.9, Ch.2[11], we have

(N P(TF,|s,) = —[B2, D2] + 2541,

so [Ba, Do) = 202 4 2af3 — af, and [By, D1] = [Ba, D] + (a — 2)81 = 262 + 2a33 — 2[3.

When a = 1, we get

CNP(TF,|s,) = —[B1,D1] + pi.

So [B1, D1] =202 + 283 — 201 and [Bs, Da| = [B1, D1] + 1 = 202 + 283 — B1.
(iv) We take [A1, Cq]" as an example. From the discussion after Lemma 3.4.1, the class [A1, C ]

is the same as a line class in P2, one of which is the line [A;, AC], resulting in the conclusion. [J

From this lemma, we know the generic line in the one-dimensional family connecting AB and
CD is of class 235 + (33 since as limits it breaks up into the nodal curves the line from AB to AD
intersecting the line from AD to C'D and the line from AB to BC intersecting the line from BC
to C'D.

All the isolated invariant lines and one-dimensional families of invariant lines are shown in the
following diagram. In this diagram, the isolated invariant lines are depicted by straight or curved
lines with their degrees on them, the one-dimensional families of invariant lines are described by

wavy lines with the degree of generic lines in the families attached.

39



Figure 3.2: Invariant Lines
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Finally, for the convenience of computational purpose, we make the following diagrams for FI[Q],
showing weights at each fixed point connected to four other fixed points along isolated invariant
lines drawn from Lemma 3.3.1 through Lemma 3.3.9. In each of the first eight diagrams, we can
see a pair of a weight and its double present. These double weights certainly go along the isolated

invariant lines connecting two ends.

Figure 3.3: Weights At Fixed Points
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Figure 3.3: Weights At Fixed Points(cont.)
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Chapter 4

Computation of Gromov-Witten
Invariants

When a smooth projective variety admits a torus action, the moduli space of stable maps automat-
ically inherits a torus action. The fixed points of the induced action correspond to invariant lines of
the action on the variety. When the torus action on the variety has finitely many fixed points and
the invariant lines connecting the fixed points are isolated, the connected components of fixed point
loci on the moduli space can be determined and recorded by graphs with additional data. The
edges of the graphs represent the non-contracted components of the nodal curves mapped to the
invariant lines, the vertices represent the contracted components mapped to the fixed points of the
torus action. Then the virtual localization technique is used to compute Gromov-Witten invariants.
There were various cases where people succeeded in applying this approach. See [10, 7, 20], etc.
Our example of Hilbert scheme F1[2] exhibits slightly different property as we realized before,
which is that there are one-dimensional families of invariant lines for some curve degrees. The point
of our strategy to overcome the problem is for some curve classes, the collection of the relevant
invariant lines may differ. If for some curve classes, all the relevant invariant lines are isolated, we
can obtain all the connected components of the moduli spaces in the usual way and then apply the

localization formula to compute Gromov-Witten invariants corresponding to these curve classes.

4.1 Connected Components Analysis

In this section we follow the presentation of [10, 7, 20|, etc. Suppose X is a smooth projective
variety with a torus T-action. Then the moduli space of stable maps Mo (X, 3) with 3 € Hy(X,Z)
admits a T-action by composing maps from nodal curves to X with torus action. A fixed point of
the moduli space under the torus action has the following properties:

(1) all marked points, nodes, contracted components and ramification points are mapped to
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fixed points in X;

(2) non-contracted components are mapped onto invariant lines, which are P'’s, and are ramified
only over two fixed points connecting the lines.

When we fix a curve degree 3, the sum degree of the images of the maps in the moduli space
on the irreducible components of the nodal curves has to be 3. This restricts the collection of
invariant lines appearing in the connected components of fixed point loci. If for some curve class 3,
all the invariant lines which may appear in the connected components are isolated, the connected
components of the fixed point loci can be described as follows: to each fixed stable map f: C — X,
we associate a marked graph I' in the following way: I’ has one vertex v for each connected
component in the inverse image under f of the fixed point set in X, which is labeled with the
name of that fixed point if the component is mapped to that point; I has one edge e for every non-
contracted component, whose two vertices are labeled with two different fixed points and which
is labeled with the degree d. of the map from the component to its image line. Also we label
each vertex v with a leg for each marked point which is mapped to its corresponding fixed point.
We usually use numerals to denote the legs in graphs. Then all the stable maps with the same
corresponding graph I' form a connected component and all connected components are described
by all such graphs.

Denote the valence val(v) of a vertex v as the number of edges and legs attached to it. For

each graph I', define
MF = HMO,Ual(v)’
vel
where we adopt the convention that
Mo = Mps = pt.
This is a DM-stack. There is a universal family of T-fixed stable maps to X,

7:C— Mp,
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which induces a morphism vy : Mp — Mo (X, 3).

The automorphism group A of this family is filtered by an exact sequence

1-[]2z/(de) = A— Aut(T) — 1,
ecl’

where Aut(I") denotes the automorphism group of I'. The induced morphism
v/A: Mr/A — Mo, (X, 3)

is a closed immersion of DM-stacks and is realized as a connected component of the moduli space

under the torus action.

4.2 The Virtual Normal Bundle

In this section, we recall the standard computations in [10, 7, 20].

Over each connected component Mr /A of fixed point loci, we describe the obstruction theory
of ﬂom(X , B) restricted to it. From the second chapter, we know there is a canonical perfect
obstruction theory on My ,(X,3) defined by a two-term complex Ey — FEj, whose kernel T is
the tangent space of the moduli space and whose cokernel T2 represents the obstruction theory for

stable maps. They are related in the exact sequence

0 — Ext’(Qc(D),0) — H(C, f*TX) — T' — Ext'(Qc(D), )

— HYC, f*X) - T? — 0,

in which D represents the divisor of marked points on C. When restricted to the connected
component Mr /A, the four terms other than the sheaves T and T2 form vector bundles as fibres.
We call them as Bj, Bs, B4 and Bj respectively. Each vector bundle B; decomposes as the direct

sum of the fixed part Blf and the moving part B;" under the torus action. The moving parts inherit
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a natural T-action. From the above exact sequence, we have

6@* (Nm'r) — e(C* (Bgn)e(C* (len)
: et (B")e™ (BY)’

where Nfi" stands for the virtual normal bundle of the connected component.
This is the denominator in the localization formula and has to be worked out to apply local-
ization formula. In order to do that, we have to work out each term one by one. But first we do

some preparatory work.

Lemma 4.2.1. For any invariant line P* connecting two fized points p1 and pa, there exist a weight

A1 at p1 and a weight Ao at pa such that they differ by a negative sign.

Proof. Without loss of generality, we can choose a coordinate system such that p; is the origin
and ps is the infinity. So the action T' x P! — P! takes the form tz = b(t)z for any t € T and
x € P! — co. Tt is obvious that b : T — T is a character, so it takes the form b(t) = ¢} for some
character A\. The induced action on T, P! has the weight A and since T},, P! is a subbundle in T}, X,
the T-action on T}, X has A as a weight. If we reverse the role of p; and pa, we get —\ as a weight

for T, X, which finishes the proof. ]

We need some notations. A flag F' is a pair (v, e), where v is a vertex and e is an edge to which
v is attached. We adopt the convention v(F') = v, e(F) = e and i(F') = i(v), the marking of the
nodal point in the vertex v. We denote j(F') to be the marking of the other vertex of the edge e.
The special weight at p; ) corresponding to e determined in the previous lemma is denoted as Ap.

Vs = the subset of vertices with s flags and ¢ legs;

Vs = the subset of vertices with s flags or legs;

Fs+ = the subset of flags whose vertices are in Vs ;

Fs = the subset of flags whose vertices are in Vs.
Lemma 4.2.2. For a flag F = (v,e), the T-action on T,P' induced by that on X has weight f‘i—f.

Proof. As we did in the proof of Lemma 1, we can choose a coordinate system for P! € X such that
pi(r) is the origin and pj(py is the infinity, and so the action 7' x P! — P! takes the form tx = t*rx

for any t € T, € P! — 0o and some character Ap. We can also choose a coordinate system for P!
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corresponding to e, so that the map f takes the form y = f(z) = 2% for any z € P! — co. Now

AR
under the T-action on X, ty = t*Fy, so tz = tde z, and hence the T-action on T,P' has weight

2. m
4.2.1 B
By = Ext°(Qc(D),0), also denoted Aut™, parameterizes infinitesimal automorphisms of the

pointed nodal curve. It decomposes into the direct sum of those on each irreducible component of
the nodal curve. Apparently, T acts on the contracted components trivially, so B" is the direct

sum of the moving parts on the non-contracted components, i.e.
BT = ®edges Aut (Ce).

Following [20], we divide the situation in two cases.
Case 1: F' € Fy, and the other vertex is in V>o. Treating this other vertex as oo in the non-
contracted component, we have the automorphism ¢ takes the form () = az +b, for z € P! — o0,

and 0 # a,b € C. We also know that tz = t*Fz, so

A A A A A
tot () = to(t ™ T 2) = t(at Az +b) =t (at” T x + b) = ax + ta b.
This means that the T-action on the infinitesimal automorphisms of this non-contracted component
. A
has weight -.
Case 2: Neither vertices is in V;. Then the automorphism ¢ takes the form ¢(z) = az, for

x € Pl —00,and 0 # a € C. As above,

A A AR

A
tot~H(z) = tgo(tidfix) = t(atidffx) = tf(atfix) = ax,

which means that the T-action on the infinitesimal automorphisms of this non-contracted compo-

nent has weight 0. Putting together, we get

eBM =[] z.



4.2.2 BP

By = Ext'(Qc(D),0), also denoted Def(C(D)), represents the space of deformations of the
pointed nodal curve. Again the torus action on the deformations within each contracted component
is trivial and since non-contracted components are projective lines without nontrivial deformations,
the moving part of By is the direct sum of moving parts of smoothing nodes between non-contracted
components and contracted components or between pairs of non-contracted components. A well-
known fact is that smoothing a node is identified as a bundle with fibres the tensor product of the
tangent spaces of the two components at the node.

Let £ be the universal cotangent line bundle over Mr at the nodal point corresponding to
F e .7:(270) U F>3, and write e = ¢;(Lp). When F' does not belong to this union, we set ep = 1.
We still need to consider two different cases.

Case 1: F € F>3. Then at the vertex of F', a non-contracted component intersects with a
contracted component. The weight of the T-action for this part is )C\TF —er.

€
Case 2: F € F(30)- Then at the vertex of F, two non-contracted components intersect. The

A A
weight of the T-action for this part is oF L 26

g . where (G, €') is the other flag.

So,

ewp)= 1 G-er) TI E+39.

FeF>3 € FE}—@’O)
4.2.3 By - Br

B> and By represents the spaces of deformations and obstructions of the maps. The normalization

sequence resolving all of the nodes of C' is

OHOCH@OCH@@OCEH@O”HO,

verts edges flags
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where in the middle term, the vertices that the sum is over have valence at least 3. After being

twisted by f*T'X, this sequence gives rise to an exact sequence of cohomology groups,

0— H(f'TX) = @ HCo, 'TX) & @ H(Co. [ TX) = P Ty X

verts edges flags

— HY(f*TX) - @ H' (Co, ' TX) & € H'(Ce, f*TX) — 0,

verts edges

in which we use the fact that H'(O,,., f*TX) = 0. Note that H°(C,, f*TX) = T, X, because

Pi(v)
C, is connected and f is constant on it. Also, since we only consider genus zero invariants, C, is a

genus zero stable curve for each vertex v. So H'(C,, f*TX) = 0. So, we have

HO - Hl = @ Tpi(v)X - @ Tpi(F)X

verts flags
+ @ HO(C., f*TX) - P H'(Ce, fTX)
edges edges

The weights on ., Tp,,,X and b flags Lpim X are given as the assumption. Also with the

i(F)
weights at the two fixed points 0 and oo of the T-action on P!, we can use localization formula in
equivariant K-theory to compute the weights on the virtual bundle H%(C., f*TX)—H!(C,, f*TX).

Thus the equivariant Euler class of the virtual bundle Bj* — Bf* is determined. Putting all these

together, we obtain the equivariant Euler class of the virtual normal bundle Nfli’”.

4.3 One-Point Gromov-Witten Invariants

Let’s first concentrate on the study of moduli space of stable maps of degree d3; for a positive
integer d. To get nontrivial Gromov-Witten invariants < o, oz, -+, 0 >0n,48,, for a; € A* (F(?}),

the cohomological degrees of «; should add up ton + 1, i.e.

Zdeg(ai) =n+1.

=1
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This happens only when one class has degree 2 and other classes all have degree 1. And by Divisor

Axiom of Gromov-Witten invariants, when deg(ay,) = 1,

<op,09,- - ,0p >o,n,d51:/ Qp < 1,02, ,0p—1 >0n—1,dB; -
1

So by induction, the computation of Gromov-Witten invariants for curve classes df; is reduced to
that corresponding to a single class of degree 2, i.e. < a >¢143,, for a € AQ(F(?}). From [13], we

have

Theorem 4.3.1. (i) < 3 >0,43,=0 for j =6,7,8,9;

(i) < Ba >0,d8.= —5:< B5 >0d8.= —3-

Proof. (i) is clear from [13].
(i) < 1 >0.a5,= 2(Kx - 50)/d = 2(~280 ~3f) - So/d = —3,
<5 >0am=2(Kx  f)/d =2(=28 = 3f)  f/d=—]. 0

From now on, we assume a = 1, and we write F' for F;. We know A;(F [2}) is freely generated
by (1,02 — B1 and (B3 — (1 and the invariant lines in Figure 3.2 can all be expressed as linear
combinations in these generators with nonnegative coefficients. With the point of view of the

virtual localization, GW-invariants of any number of points of any curve class 3 vanish except that

B =dpy + da(fB2 — B1) + d3(Bs — B1),

for some non-negative integers d, do, ds.
With the above theorem, we assume that do, d3 are not simultaneously zero. To compute the

one-pointed GW-invariants, first the virtual dimension of Mg 1 (F [2]’5) is
virdimMo 1 (F2, 8) = dy + 2d3 + 2.

For the dimensional reason, we only need to consider (dz,ds) = (1,0),(2,0) or (0,1) to get
nonzero 1l-point invariants. Our strategy for computations is that we choose a suitable cycle

to represent the cohomology class so that there are only finitely many connected components
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of a specific curve class intersecting the cycle. Only these connected components have non-trivial
contributions in the localization formula. Each connected component shows up as a tree of invariant
lines with markings described by a graph. In the localization formula, the equivariant Euler classes
of their virtual normal bundles have been worked out; the restriction of the cohomology class to
the connected components can be decided by applying Corollary 2.4.1. In particular, if no tree of
invariant lines of the required degree intersects the cycle, then the invariant vanishes. This prompts
the idea that we purposely choose some representative of a cohomological class so that either it
stays away from any such tree or intersects with as few such trees as possible. In this way, the
computation with the localization formula is simplified.

For the pairs (2,0) and (0,1), the virtual dimension of the moduli space is equal to 4, so the

insertion of nonzero Gromov-Witten invariants must be a point class.

Proposition 4.3.1. For all curve class (3,

< pt >0,1,8= 0,

except that < pt >¢.1,3,= 2.

Proof. We first remark, in this proof and in the proofs of propositions throughout this chapter, we
constantly refer to Figure 3.2 for configuration of fixed points and invariant lines and Figure 3.3
for relevant weights at fixed points.

For the first pair (2,0), we take the point BD for the point class. Then any tree of invariant
lines passing through BD has to contain 33 from Figure 3.2, which is not allowed in (2,0). So the
localization formula expansion does not have any nonzero term in it. So < pt >¢1 3= 0 in this
case.

For the second pair (0,1), we take the point AC for the point class. When d # 1, it is away
from any tree of invariant lines of sum degree 3. So < pt >¢ 1 3= 0 in this case.

Now assume d = 1, i.e. 8 = (33. Then there are two nonzero terms in the localization formula

from connected components described by the following graphs:

o1



Ag’ 1 BC f_lC 1 AD
T T
Fl F2

where here and in the following, the boldface points mean where the marked points are mapped to
and the numbers above line segments mean the degrees of the lines.

Now we determine the equivariant Fuler classes of their virtual normal bundles. For I'y,

S (BI") = =1, (BY) = 1.
" (By)

o (BE)’
K-theory. This technique has been used previously in a similar context by [6]. That is

To compute we use the localization formula to f*T'F2 in equivariant topological

A e e A A s e o A A
B 1—t=n 1—tr

X(f*TF?)

=14 ARt 4 M

then,

Therefore,

e (NE) =

< (By)e (BY)
= —N2u(\ + p).

For T'y, e (BT) = —X\ — p,e% (B7") = 1. Again by the localization formula in equivariant

topological K-theory,

*TF[Q} B A 4 tH 4 = + t—A—w A + tH 4 A + e
X(FTTER) = 1— i 1—tAn

=14t th T AR
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S0,

C*(pm 2 2
e~ (By") 2 2 C* ( pyvi AN+ p) 2
— 22,0\ NYTY = =—=Xu(A .
Putting these term in the localization formula, we get
~A2u(A —A2u(A
< pt >0,1,65 pA L) ATy +1=2,

= +
—NpA+ ) =Au(A+p)

where the numerators by Corollary 2.4.1 are equivariant point class restricted to the point AC,

which is the product of all the weights at AC. O

For the pair (1,0), the virtual dimension of the moduli space is equal to 3, so we need to feed

a cohomology class of degree 3 or homological class of degree 1 to get nonzero GW-invariants.

Proposition 4.3.2. For 3 =dp + (62 — 31),
(i) < B1 >0,1,5=0, for any d;
(i1) < P2 >018=0, for anyd #1; -1, ford=1;
(13i) < B3 >0,1,8=0, for any d#1; 1, ford=1.

Proof. (i) Let’s take the invariant line between B; and Bs to be the representative of 3. Since
any tree of invariant lines touching this representative has to contain (3, which is not allowed, we
have < 31 >¢,1,3= 0 for any d > 0.

(73) For (B2, we take the invariant line between AB and BC as a representative. When d # 1,
for the same reason, this invariant line does not intersect any tree of invariant lines of sum class (3,
so the GW-invariants are equal to zero. When d = 1, 8 = (3. We have two nonzero terms in the

localization formula from connected components described by the following graphs:

AB 1 BC AB 1
iy

—e 3
Q

Fl F2
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For I'y, e (B7") = -\, e (B]) = 1.

R s A s A A
W(prTEy = LR S e I &
-t 1—t

=20+t Rt
S0,
et (NF;T) ==\
For T'y, e© (B7") = \,e%" (B") = 1. Also, X(f*TFC[Lz]) is the same as for I';. So
e (NEF) = N p.

Using localization formula, we have

“A? = Au(A+ )

=—1.
—A\2 24

< P2 >01,8,=

(#43) Finally, we come to < (3 >¢13. We take the invariant line from BC to BD to be the
representative cycle of B3. Again, when d # 1, this invariant line does not intersect any tree of
invariant lines of sum class §, so the GW-invariants are equal to zero. When d = 1, only one

component contributes a nonzero term, which is described by the graph:

AB 1 BC
1
r

where the marked point is mapped to BC. Now e¢© (BJ?) = ), % (B7') = 1. X(f*TF(?}) is equal

to the corresponding term for I'y or I'y above. So,

e (NET) = N2 p.
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Using localization formula, we have

< B3 >01,8= 5 =

O]

Up to this point, we have computed all the 1-pointed Gromov-Witten invariants of F[2! for all

curve classes.

4.4 Two-Point Gromov-Witten Invariants

When n = 2,
virdimMoo(FU2, 8) = dy 4 2ds + 3,

for B = dB1 +da(B2— (1) +ds(B3 — B1). To get nonzero invariants, we must have ds +2ds < 5. The
complete list of these pairs of (dg, d3) are (5,0), (4,0), (3,0), (2,0), (1,0), (3,1),(2,1),(1,1),(0,1),(1,2)

and (0,2), in other word, we have

Proposition 4.4.1. For § = df; + di(f2 — (1) + d2(83 — B1), where (dg,ds) # (5,0), (4,0),(3,0),

(2,0),(1,0),(3,1),(2,1),(1,1),(0,1),(1,2),(0,2),
< Ol,,B >0,2,8= 0,

for any o, B € H*(F[z],(@).

In the following we shall treat different cases one by one. The strategy is almost the same as
for computing one-point invariants: if we can choose a cycle representing one cohomology class
which never intersects any tree of invariant lines of the required degree or if we can choose the
representative cycles for the two classes which do not intersect any tree of invariant lines of the
required degree simultaneously, the Gromov-Witten invariant in question must vanish. Generally,
we keep the freedom for choosing such representatives so that there are as small numbers of such

trees as possible with nonempty intersection with the chosen representatives.
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Especially, when one insertion is a point class, this can be treated more readily. We are in
such situation for the pairs (5,0),(3,1), (1,2),(4,0),(2,1) and (0,2). In the former three pairs, the
virtual dimension of the moduli space is equal to 8, so the degree decomposition of the two insertions
must be 4 + 4. In the latter three pairs, the virtual dimension is 7, so the degree decomposition of

the two insertions must be 3 + 4.

Proposition 4.4.2. For 3 = df + 5(82 — f1),dB1 + 3(B2 — B1) + (B3 — B1),

< pt,pt >0,2,3= 0

for any d.

Proof. For = df; + 5(62 — 1), we choose the point BD to represent one point class. Then BD
does not lie in any tree of invariant lines of sum degree 3, so < pt, pt >¢ 2 3= 0 in this case.

For 8 =df1 + 3(B2 — 1) + (B3 — 1), we choose the point BD to represent one point class and
the point AC' to represent another point class. Then any tree of invariant lines of sum degree 3

does not pass through both of the points simultaneously, so < pt,pt >g 2 3= 0 in this case. O

Note for 5 = dB1+ (B2 — 1) +2(83 — B1), < pt, pt >0,2,3 is not computable by this method since
no matter how we choose the representatives of the point class, the existence of one-dimensional
families of invariant lines makes it impossible for us to only have isolated trees of invariant lines of
the required curve class through these representatives.

Now for the latter three pairs, we have

Proposition 4.4.3. For = dB| +4(082 — f1),dB1 + 2(83 — 1) and dfy +2(B2 — B1) + (B3 — B1),

< pt, /81 >0,2,8= 07

fori=1,2,3 and any d.

Proof. First for 8 = df; + 4(82 — B1), if we take the point BD for the point class, then any tree
of invariant lines of the designated degree cannot pass through this point, so < pt, 3; >¢ 2 3= 0 for

i=1,2,3.
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Then for 8 = df +2(083 — 1), we choose the point D; for the representative of the point class,
the invariant line between A; and A, for fi, the invariant line between AB and BC for (35, the
invariant line between BC' and AC for 33. Then we see < pt, 3; >¢2,3= 0, for i = 1,2, 3.

Finally assume 3 = df1 + 2(82 — 1) + (B3 — f1). If we take the point BD for the point class
and keep the representative for 4, as above, then we see < pt, 81 >¢2,3= 0; if we take the point
D for the point class and keep the representative for 3» as above, then we see < pt, #2 >0 2 3= 0.

To consider < pt, 33 >0 2,3, we take Dy for the point class and the line between By and AB
for the representative of B3 — 31, then we see there isn’t any tree of invariant lines of this degree
connecting two cycles. So < pt, 83 — $1 >0,.2,5= 0. But < pt, 31 >¢23= 0 from above, so we have

< pt, B3 >0,2,3= 0. 0O

For the pairs (da,ds) = (3,0),(1,1), the virtual dimension of the moduli space is equal to 6.
Then the degree decomposition of the two insertions is either 244 or 3 + 3. The first type is dealt

with in the following

Proposition 4.4.4. (i) For 8 =dB; + 3(82 — (1),

< pt, B >0,25= 0,

fori=4,5,6,7,8,9 and any d;
(ii) For = dB1 + (B2 — B1) + (B3 — (1), we have

< pt, Bs >0,28=< pt, Bs >0,28=< pt, B >0,2,8=0,

for any d. Also, for d # 2,

< pt, By >02,3=0,

but for d =2, < pt, By >0,2,5= 2.

Proof. (i) We take the point BD for the representative for point class and the standard represen-

tatives for (; listed in §3.2, where fy is assigned to the undesignated f’s and the point A assigned
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to pt’s in those expressions. Then we see that any tree of invariant lines has to contain 3, which
is excluded by the given curve class, so < pt, 3; >023= 0 for : =4,---,9.

(73) For B = dfy + (B2 — B1) + (B3 — B1), if we take the point BD for the point class and the
standard representative for 84, then we see that < pt, 34 >¢ 2 3= 0 for any d.

Now we compute < pt, 35 >0 2 3. We choose the point BD to represent the point class and the
standard representative for 5. Then we see that < pt, Bs >025= 0 if d # 2. When d = 2, there

are nonzero terms from the fixed point loci described by the graphs:

BD 1 BC 1 AB BD 1 BC 1 AB
[, @ © @ © 9
1 2 1 2
Iy Ly
BD 1 {lD 1 CD BD 1 4D 1 CD
j 7 ° j ° %
Fg 1_‘4
) ) eC (B
For T'y, e (B") = X, e (BP) = —A(\ + u). To compute (B let’s use e; to denote
€ 5

the invariant line from BC to BD, ey to denote the invariant line from AB to BC. Then by

localization,

A A A e L e e A L A
* 2] _

=t A M AT
Also x(f*TF®|.,) = 2t* 4+ t~* 4 t=# 4 1 from before. Then applying normalization sequence,

X(FTFR) = x(FTFP.,) + x(fFTFP,) - TFP | o

=t ALt 42,

From this we have
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and hence

is the same as for I'y, so

For I's, e (BJ") = =\, eC (BJ*) = Au. We use e; to denote the invariant line from AD to BD,

e2 to denote the invariant line from AD to C'D. Then,

(FTFR), ) = e A A A A A L A
X e/ = 1—tH 1—tm

I ey N

- N o A S A
X(f TF |€2) = 1+ 1 — A

=t a4,

X(FTF) = x(FTFP ) + x(fTEP,) = TFPap

=t TPt AR A o 2,

So
< (By) o
:)\3 A C Nuir :_)\3 2 Y .
& (Br) p(A+p), e (NR) p (A + p)
C* m C* pm e(c*(Bén) :
For 'y, e~ (B") = 1,€e~ (B}") :/\—i—u,m is the same as for I's, so
5

S (NET) = Ap(A + ).
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Using localization formula, we have

MW+ wpA+p) | NpA+ p)p?

< pt, B6 >0,2,80+8:=

A (A + p)? =N\ + p)
Nu+ pp\+p) | N+ p) A+ p)?
=N (A + ) A (A + p)?

To compute < pt, 83 > 2 3, we take the point BD for point class and the standard representative
for 3, where f is taken to be fo. Then < pt, 33 >¢23= 0 when d # 2. When d = 2, there are two

nontrivial connected components contributing to localization described by the graphs:

BD 1 BC 1 AB BD 1 BC 1 AB
1 9 © T ° %
Fl FQ

The equivariant Euler classes of the normal bundles are the same as those of I'y and I'y for

< pt, B6 >0,2,8,+085+ OF
eSI(NETY = N3N+ )2, e (IVET) = N3P (N + p).

So

“NpA+ AN+ ) =N+ )
A3 (A + p)? =AM p(A + 1)

< pt, B8 >02,8:+8:=

=0.

If we take the point AD for point class and the point B in the standard representative for Gy,
then we see < pt, B9 >¢2,3= 0 when d # 2. When d = 2, there are nonzero terms in the localization

formula from the connected components described by the graphs:

BD 1 AD 1 CD AB 1 AD
g T ° 9 !
Fl FQ
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I’y is the same as for I's for < pt, B >02 43,43, and its equivariant normal bundle has been
worked out, i.e. ec*(Nf’i”) = -2\ +p).
For Ty, e©"(B") = 1,¢%" (BY") = 1. By equivariant K-theoretic localization formula,

A e e e L o s
B 1—t= 1—tA

x(f TF?)

=2 A TRt AR
From this we have
e“(NE) = =N (A + ).

So by localization formula,

N uA+ A | =Xp(A+ )
< pt, By >0,2,02+03= _)\3M2()‘ + ,U) —)\3u2()\ + M) -

O]

Here the invariants < pt, 85 >¢.2,3, < pt, 7 >0,2,8, when 3 = dB + (f2 — B1) + (B3 — $1) are not
treated because the method does not apply. We will take on these in the last chapter.
For the pairs (d2;ds) = (3;0);(1;1), the second type decomposition 3 + 3 is dealt with in the

following

Proposition 4.4.5. (i) For 3 =dB + 3(82 — (1),

< B, B >0,2,5= 0,

fori,j=1,2,3 and any d;
(i) For B = df1 + (B2 — B1) + (B3 — B1),

< B1, B2 >0,2,8= 0,
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for any d and

< B2, B2 >0,2,8=< P2,33 >0,2,3=0,

for any d # 2 but when d = 2, < (32,32 >025= —1,< (32,03 >02,3= 1.

Proof. (i) Let’s first consider the case 5 = df1 + 3(f2 — f1). If we take the invariant line between
By and Bs for the representative of (1, it stays away from any tree of invariant lines of sum degree
B. So < B1,Bj >0.2,8=0for j =1,2,3.

If we take the invariant line between AB and BC for one representative of 5 and the invariant
line between AD and C'D for another representative of 35, then the pair of representatives do not
touch any tree of invariant lines of sum degree 3 simultaneously. So we have < (32, B2 >0.2 3= 0.

If we still take the invariant line between AB and BC for the representative of (o and the
invariant line between AD and BD for the representative of (3, then for the same reason, we have
< 2,33 >0,2,3= 0.

If we take the invariant line between BC and BD for one representative of 33 and the invariant
line between AC and AD for another representative of 33, then the pair of representatives does not
intersect any tree of invariant lines of sum degree § simultaneously. So we have < 33, 83 >02,3= 0.

(7) Then we consider the case when 3 = dB; + (B2 — (1) + (083 — B1).

If we take the invariant line between B; and Bs for the representative of (1, the invariant line
between AD and CD for the representative of 32, then we see that < (31,32 >0.23= 0.

When d # 2, we take the invariant lines between AB and BC and between AD and CD for
two representatives of O and the invariant line between AD and BD for the representative of s,
then we see that < (32, B2 >0 2 3=< 32,3 >0,2,3= 0.

Let’s assume d = 2 in the following. We first compute < (32,32 >02 8,43, The nonzero terms

in the localization formula are contributed from the fixed components described by the graphs:

AB 1 AD BC 1 CD
1 9

l\D“
—

Fl FQ
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For I'y, e (B7") = 1,e*"(BJ") = 1, and

A e e s e s A S A

(2]
X(f TF ) 1—¢A 1—¢A

=2 A TR AR
So
S (NET) = =N 2 (A + ).

For T'y, again ¢© (B*) = 1,e% (BY) = 1.

T T A T A o e o IS

*p[2]y
X(fTTES) = 1

AR T LR L
From this we have
e (NET) = NN + ).

Using localization,

< B2, B2 > M O+ ) | A+ A + p)?
272 202543 = "33 50\ 1) A3 (X + p)?

=1

To compute < (32,83 >02 8,48, We take the invariant lines between AB and BC for 2, the
invariant lines between AD and BD for (33. Three nonzero terms appear in the localization formula

described by the graphs:

AB 1 AD BD 1 BC 1 AB
1 2 2 1
Fl FQ
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BD 1 BC 1 AB
9 1

The Euler classes of the virtual normal bundles of these components have been worked out

above:
€€ () = —\22(A + o),
e (NET) = Nu(A + )2,
€€ (NEIT) = =N 2 (A + ),
So

“MPNA ) AN+ NN ) | NP+ ) (N
=N (A + p) AS (A + p)? — N3 (A + p)

=1.

< B2, 3 >0,2,02+85 =

O]

For B =dB + (B2 — B1) + (B3 — B1), < P1, f1 >, < B1, 83 > and < 3, f3 > are not computable

by this method. We’ll take on this problem in the next chapter.
For the pairs (da,d3) = (2,0),(0,1), the virtual dimension of the moduli space is equal to 5,
which can be decomposed as either 1 4+ 4 or 2+ 3 . When the degree decomposition is 1 + 4, we

must have one insertion to be a point class.

Proposition 4.4.6. (i) For = dB + 2(62 — (1),

<pt,Bj >02,5=0,

for 7 =10,11,12 and any d;
(ii) For 3 = dp1 + (B3 — B1),

< pta /Bj >0,2,ﬂ: 07
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for 7 =10,11,12 and any d # 1; when d =1,

<pt, B0 >02,8,=0, <pt,B11 >028,=2, <pt,B12 >0248=0.

Proof. By Axiom of Divisors,

< pt,Bj >028= / Bj <pt>01,3 -
B

So when 8 = df;+2(B2— 1) for any d and when 8 = df1+(83—1) for any d # 1, < pt, B >025=0
since < pt >q,1 3= 0 by Proposition 4.3.1
When § = (33,

< pt, Bro >02,8,= / Bio < pt >0,1,8,= 0,

Bs

because the intersection product of g3 and (g is 0O,

< pt, B >0.2,8,= / P11 < pt >01,8,=1-2=2,
B3

< pt, 12 >02,8,= / Br2 < pt >0,1,8,= 0,
B3

because the intersection product of B3 with 811 and B12 are 1 and 0 respectively. O
The other degree decomposition is 2 + 3.

Proposition 4.4.7. (i) For = df; + 2(62 — (1),

< B, 85 >0,2,5= 0,

fori=1,23,=4,---,9 and any d;
(it) For 3 = df1 + (83 — 1),
< B1,B8; >0,2,=0 for j =5,7,8,9 and all d;
< B2,085 >025= 0 for j = 5,7 and all d; < B2,8; >024= 0 for j = 8,9 and d # 1, and

< 32,88 >0,2,8,=< 2,09 >0,2,8,= 1;
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< 33,8 >02p5= 0 for 5 = 4,5,7,8,9 and all d; < (3,06 >02p5= 0 for d # 1, and <

B3, B6 >0,2,8,= 2.

Proof. (i) If we take the invariant line between Bj and By as the representative for $; and the
standard representatives of 3;, where we make free choices for f’s and pt’s, then we see that
< B1,B5 >02,8=0for j=4,---,9 and any d.

If we take the invariant line between AB and BC as the representative for 32, then < (32, 8 >02 3=
0 for j = 4,5,8,9 and any d, where in the standard representatives of 5, g and (g, we take f to
be fo and pt to be the point D. Also < (32, 86 >0,2,3=< B2, B7 >0,2,3= 0, when d # 2.

So we need to consider the cases when d = 2. For < (33, 8 >0,2,23,, there are nonzero terms in

the localization formula from the fixed point loci described by the graphs:

AB 2 BC AB 2 BC
1 9 2 1
Fl FQ
AB 9 BC AB ) BC
T2 ° © *1.2
s Ty
AB 1 BC 1 AB AB 1 BC 1 AB
[ @ © [ @ ©
1 D) D) 1
Is Is
AB 1 BC 1 AB AB 1 BC AB
T © % T2 ° ©
I'7 I's
AB 1 BC 1 AB BC 1 AB 1 BC
© 12 © T ° >
Iy I'io
BC 1 AB 1 BC BC 1 AB 1 BC
[ L © [ @ ©
1 D) D) 1
'y '
BC 1 AB 1 BC BC 1 AB 1 BC
2 ° © ¢ T2 ©
F13 I114

Here we only work out the equivariant Euler classes of the normal bundles for I'y and I'g. The
Fuler classes of the normal bundles of all other components can be computed either similarly or as
before.

For T'y, e©"(B7) = 1,e% (BJ*) = 1. Since the induced action on the invariant line from AB to
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BC has weights %)\, —%)\ at the two end by Lemma 4.2.2, using equivariant K-theoretic localization,

we have

From this we have

For T'y, & (B) =

x(f*TF)

A A T e e o T
= _ 1y + 1y
11—t 2 1 —t2
A N L, R N )

1 M

2N +2u

C* (Nm'r) —

e r;

A2 (BT = (=X —e3)(— A —es) = (A + e3)(A + eq), where e3, eq are the

Euler classes of the respective cotangent line bundles over My 4, which correspond to the nodal

points of the component represented by the vertex BC' with the components represented by two

edges from AB to BC. By equivariant K-theoretic localization and using normalization sequence

as before we have

So

X(FFTFE) = 32 47 70 — M1 9,

N uX+e3) (A + eq)
A1

e“ (NEy) =
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All the equivariant Euler classes of the normal bundles are listed as follows:

O = A v = L
e(C*(legf‘) ;)\)—fgu’ o £ ;)\)—fgu’

g = L =
SN =S = -2
&YN%UzA%“Aif%A+“X e (V) = =23,

CNET) =A%, E(NEG) = N

eSI(NETY = =205, eET(INET) = —A(A —e3) (A — ea).
Using localization formula, we have

MEN+ )N +20) At +20) AP+ )2 (A +2
< 2,86 >0,1,28,= — 2 wA+ ,u)+ e ( M)_’_ p= (A + p)*( 1)

Aou Aop Aou
MEA+ NP+ ) At ) M )
Ao Aou -2\ —2X\%
+1/ P A+ p)? MM+ ) A+ p)
2 JRagu NN+ e3) (A + eq) —2X5 A5
N AP (A + ) N MPA+p)* 1/ At
AP —2)\° 2 J7ags N2(A —e3) (A — ea)

:0,

where the factor 2 in front of the first term in the sum takes care of terms from I'; and I's. Here
we used the fact that fﬂo L6 = fﬂo L 64 = 1.
Let’s turn to < (32, 87 >0,2,23,- We still take the invariant line between AB and BC for (3. The

nonzero terms in the localization formula from the fixed point loci are described by the graphs:

AB 1 BC 1 AB AB 1 BC 1 AB
T ) © © 2 ©
Fl FQ
BC 1 AB 1 BC BC 1 AB 1 BC
2 ° ° T © >
Fg 1_‘4
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) & ©
2 1
I's I's
AB 2 BC
G '
1,2
I';

The equivariant Euler classes of their virtual normal bundles have all been worked out before,

so we just list them below:

5 2
C* (Nvir) _ A (C*(Nvir) _ AN+ e3)(A + eq)

e e

I - )\+H7 I's )\—",LL 9
C* vir Cc* vir 5 Cc* vir 1 )‘Slu’
€ (NF,?,):e (NF4):_2>\ ’ € (NF5):_§)\+2’LL’
. , . , 1 Apu
C ry _ D C _
T NE) = X V) = G

where e3, es are the Euler classes of the respective cotangent line bundles over ﬂoA explained

above. So by localization formula,

CMEEN) A4 A+ ) (=) (A + p)
N A TSN BIFE™
LM WEN) M (A A A (A 20
9N EYE s
A=) A+ ) (A (A +2p)
ey a7
=0.

If we take the invariant line between BC and BD for 83 and the standard representatives for
Ba, Bs and (Bg, where we take f to be foo, then < 33,8; >025= 0, for j = 4,5,8 and any d; if we
take the invariant line between AC and BC for 83 and the standard representative for B9 where
we assign D to pt, then we see < (33,39 >0.23= 0. Now we keep the invariant line between BC
and BD for 33. It’s not hard to see < 33,86 >0,2,3=< 33,87 >0,2,3= 0, when d # 2.

When d = 2, for < 33,36 >0,2,3, the nonzero terms in the localization formula from the fixed
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point loci are described by the graphs:

AB 1 BC 1 AB AB 1 BC 1 AB
© 2 © 9 T ©
Fl FQ
BC 1 AB 1 BC BC 1 AB 1 BC
2 ° © T ° >
I's 'y
BC 1 AB 1 BC AB 2 BC
r 9 © © *1.2
I's I's
AB 9 BC
2 1
I'7

Again the equivariant Euler classes of their virtual normal bundles have all been worked out
before.

* vir )‘QM()‘ + 63)()‘ + 64)
e* (Nn )=

" , A
C vir
, e (IV, = ,
A (NF,) A1
e (NEIr) = e (NPT) = —2X%, €& (NEr) = A,
. 1 Mp o 1 Mu
C _ C _
e~ (NEY) = ST e~ (NP = —2

where e3, eq4 are the Euler classes of the respective cotangent line bundles over MOA. So by local-
ization formula,

1 NP+ p)?
< B3, 56 >0,2,252=§ / e )

N —N (A + )
Moa NN+ e3)(N + eq) Ao

_)\2 2 A

LA+ )

LN ) A
“9N5 —2)\5 A5
N NP+ )M+ 20) =Nt (A 4 2p)
Ao Aop
=0.

For < f33, 87 >0.2,28,, We keep the representative for #3. Then the connected components with
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nonzero terms in the localization formula are described by the graphs:

AB 1 BC 1 AB BC 1 AB 1 BC
° 12 © T ° >
Fl FQ
BC 1 AB 1 BC AB 2 BC
2 ° ° ° 1,2
Fg 1_‘4

Their equivariant Euler classes are listed above.

S AN+ e3) (A + eq) R
C vir C vir 5
N, = N, = -2\
e ( Iy ) Xt g ;e ( Ty ) )
« , - » 1 \u
C _ 5 C _
T (NE) = =2X, (V) = 5575

where e3, eq4 are the Euler classes of the respective cotangent line bundles over MOA. Substituting

them in the localization formula, we get

1 M\ + p) —Mu
< Ps, r >0226=5 //Vlo,4 NuA+e3)(A+eq)  —2M°

“Mp = Mp(\ +2p)
+—o5 + on = 0.

(i7i) When 8 = dfy + (B3 — (1), we take the invariant line between Cy and Cjy for 57 and
the standard representatives for (;, where we take f to be fo and pt to be A, then we see <
B1,Bj >0,2,8=0for j =5,7,8,9 and any d.

Also, if we take the invariant line between AD and C'D for B2 and the standard representative
for 35, where f is taken to be fy, then < 32, 85 >¢2,3= 0 for any d.

Now we take the invariant line from AB to BC for the representative for 3. Then < 32, 87 >02 3=
0 if d # 1. When d = 1, the nonzero terms appearing in the localization formula are given by the

connected components described by the following graphs:

BC 1 AC BC 1 AC
T P T2 °
I Iy
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BC 1 BD BC 1 BD

N ® e ©
1 2 172
Ty L'y
We have
O (NE) = NP (A ) € (N = =WP (A + p),
¥ (NE) = =Np(A+ )%, €S (NED)) = NMu(A + ).
So
A+ 1) (=A2) = Ap(A + ) (—2)
< B2, p7 > =
B2, 1 >0,2,8 A202 (N + ) =N p (A + )
A+ ) (=A%) = Au(A A+ ) (—A2)
—X2p(A + p)? A2p(A + p)?
=0.

To compute < B2, B3 >0 2,3, we still take the invariant line from AB to BC for the representative

for B and the standard representative for (g, where f is taken to be fi. Then we see that

< 2,088 >02,8= 01if d # 1. When d = 1, there is only one nonzero term in the localization from

the component described by the graph

It’s equivariant normal bundle is
¢ (NET) = N (A + ).

So

=X+ p)(—=A
< B2, 08 >0,2,8= iz(uz()\ﬂj-(u) 2 =1.
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To compute < 2, B9 >0 2 3, we still take the invariant line from AB to BC for the representative
for B> and the standard representative for By, where pt is taken to be D. Then we see that
< B2,09 >0,2,3= 0if d # 1. When d = 1, there is only one nonzero term in the localization formula

given by the connected component described the graph:

—
l\)"

eCT(NET) = —N2u(\ + p)?, so

—Ap(A + ) A + 1)

~ 1.
—A2p(A + p)?

< B2, B9 >0,2,8=

If we take the invariant line between BC and BD for 33, we see < 33, 3; >02,3=0, for j = 4,5
and all d, where we can take either fy or f. for f in the representative of Gs.

Now we fix the representative for (33 to be the invariant line between BC and BD. Then
< 33,86 >0,2,3= 0 for all d # 1. For d = 1, there are nonzero terms in the localization from the

connected components described by the graphs:

BC 1 BD BC 1 BD
9 °l T2 °
Fl FQ
AD 1 BD BC 1 AC
P ° T2 °
F3 1—‘4

We have

e (NET) = =N+ 1), e (NET) = Nu(A + p)?,

¢ (NE) = =N (A4 ), €S (NEY) = =N PN+ ),
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So

“NPA+p) | NP+ p)

< B3, 06 >0,2,6= 2N+ )2 N2p(A 4 p)?
NP+ ) =N (A + )
22N+ ) N2\ +p)

=2.

To compute < 33, 3; >0.2,3 for j = 7,8,9, we take the invariant line from C'D to D; for 33 — 31
and the standard representatives for §;, where f is taken to be fp and pt to be B. Then we see

that

< B3 = B1, 55 >0,2,8=0
for any d. But < 81, 8; >023= 0, so < 33,8 >02,3= 0 for j =7,8,9. ]

In this proposition, four sequences of invariants are not treated, which are < (1,84 >023, <
B2, Ba >02.8,< B1, 06 >0,2,p and < fa, Bs >0.2,8 for = dB1+ (83— (1), because they involve higher
degrees on 1. They will be determined in the next chapter.

For the last pair (dz2,d3) = (1,0), the virtual dimension of the moduli space is equal to 4. The

degree decomposition of the two insertions has to be 1+ 3, or 2 + 2. For the first type, we have

Proposition 4.4.8. For = df; + (B2 — (1),
(i) < b1, Bj >0.2,8=0, for j =10,11,12 and all d;
(1) < Bi, Bj >02,=0, fori=2,3,7 =10,11,12 and d # 1; when d =1,
< B2,610 >02,8,=0, < B2,011 >028=1 < B2, 012>028=—1

< B3, 510 >02,8,=0, <PB3,011 >028=—1, <pB3,012>0248=1

Proof. By Axiom of Divisors and recalling Proposition 3.3.2, we only need to consider the cases

when d = 1. First,

< B2, 510 >0,2,8,= / Bio < B2 >0,1,8,= 0,
B2
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because the intersection product of f2 and (19 is 0. Similarly,

< B2, 611 >0,2,8,= / B < B2 >01,8,= (—1)(-1) =1,
B2

< B2, P12 >0,2,8,= / B2 < B2 >01,8,= 1(—=1) = -1,
B2

< 3,510 >0,2,8,= / B1o < B3 >0,1,8,= 0,
B2

because the intersection product of B and (1 is 0. Similarly,

< B3, 611 >02,8= | Bi1 <B3>018=(—1)1=-1,
B2

< B3, 512 >0,2,8,= / P12 < B3 >01,8,=1-1=1.
B2

Here we make use the intersection product table in §3.2. O

When (dz,d3) = (1,0), we have the second type of degree decomposition of the two insertions

2+2.

Proposition 4.4.9. For 3 = df + (82 — $1), we have

(1) < Bay Bs >0.2,8=< Bs, 6 >0.2,6= 0 for any d;

(i1) < Be, Bk >025= 0 for k =6,7,8 and d # 1, but < B6,06 >02,8= 1,< B, 07 >02,8=
—2,< B6, 08 >0,2,8,= 1;

(13i) < Bi, By >02,8=0 fork=4,---,9 and any d.
Proof. (i) If we take the standard representatives for (4, 35 and (3, where f is taken to be fy for
B5, then we see that < B4, 86 >0,2,5=< 85,86 >0,2,3= 0.

(i1) Also we can see when d # 1, < (¢, >02,5= 0. Now we compute < [s, 36 >0,2,3 when

d = 1. There are eight nonzero terms in the localization formula from fixed point loci described by

the graphs:
AB 1 BC AD 1 CD
1 9 2 1
I Iy
AB 1 BC AD 1 CD
9 1 1 P
Fg 1—\4



2 O =172 ©
F5 FG
AB 1 BC AD 1 CD
° *1,2 © *1.2
I'7 I's

Their equivariant Euler classes are

e (NET) = €5 (NEY) = M, € (NE)) = € (NE)) = =N (A + p),

e (NE) = €5 (NE) = =Nu, e (NE)) = e (NE) = X (A + p).

Applying localization formula, we get

—p?(—p) (A + 1) LA A w? | (=p?)?

< Be, B6 >0,2,8,=2 e B+ ) —N3u
L Q) A 0)” (A )
A (A + p) —Nu (A +p)
=1.

Using the standard representative for 37, we see when d # 1, < g, 87 >0,2,3= 0. When d = 1,

nonzero terms in the localization formula are given by the fixed point locus described by the graphs:

AB 1 BC AD 1 CD
1 2 2 1
I'y Iy
AB 1 BC AD 1 CD
° T2 2 °
F5 1_‘4
We have

e () = N, ¢S (NE) = =N\ + ),

€O (NEM) = =X, e (V") = N3\ + ).
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So

—12(=N?) | —(A+ ) (=A%)

< B6, 87 >0,2,8,=

A — N (A4 p)
LX) XA )
N B+ )
=2

We take fo for f in the representative for 8s. Then when d # 1,< (6,83 >02,3= 0. When

d = 1, there are nonzero terms in the localization formula from fixed point loci given by the graphs:

AB 1 BC AB 1 BC
1 2 2 1
Fl FQ
AB 1 BC AB 1 BC
1,2 1,2
F3 1—‘4
We have
e (NPIT) = e (NBI) = NPy, BT (INEIr) = & (IVEr) = —\3p.
So
2
A+ ) A+ p) A
< B, B8 >0,2,6= N o
—p(A A — 112\
N 1( +u)(+u)+ PR
—)\3,“ _)\3Iu
=1.

(7i7) If we use the above representative for g and the standard representative for By, where pt
is taken to be D, then we see < (g, 39 >02 3= 0 for any d. If we take a different representative for
B, where pt is taken to be B, then we see < 9, B9 >0.23= 0 for any d. Also, < B4, By >02,3=<

B5, 89 >0,2,3= 0 for any d, where we use f,, for f and B for pt in the standard representatives for

/357ﬁ9~
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We keep the representative for [y, where pt is taken to B. Then we see when d # 1,
< B6,P9 >025=< Br,89 >028= 0. When d = 1, for < (36,89 >0,2,3, the connected compo-
nents appearing as nonzero terms in the localization formula are the same as for < s, 83 >¢,2,3-
Everything has been worked out.

—2 (=) | =N+ ) (=)

A3 A3

—nA+ (=) ()
—/\3,u —/\3,u,

< B6, B9 >0,2,3=

+

=0.

For < (37, B9 >0,2,3, we have connected components

BC 1 AB AB 1 BC
® o . °
1,2 2 1
Fl F2

The virtual normal bundles have been decided before, i.e.
€O (NE) = —Nop, " (NEIT) = Nop,

SO

AR GoV0) B S GAY)

=0.
_)\3M )\3M

< B, B9 >0,2,8=

O]

In the proof of this proposition, if we use the cycle P(TF?|g,) to define a new class in Ay(F?),
denoted as v, then we see < 35,7 >023=< 7,7 >0,2,3= 0. But it’s east to see v = 34 + 5, so we
get < B4, B84 >028= — < B1,05 >02,3=< B5,05 >0,2,3- Also we have relations < v, 87 >g23=<
7,88 >0.2,5= 0, so < B4,087 >028= — < 85,07 >02,4 and < f4,08 >025= — < 55,08 >023 -
We'll come back to these invariants together with < 84,84 >023,< B4,85 >02,3, < B5,05 >0.2,3

and < B7, 87 >0,2,8, < B7, 88 >0,2,3, < 8,8 >0,2,3 in the next chapter.
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We could extend this method to compute three-pointed GW-invariants, but because of the
existence of higher dimensional families of invariant lines, we only succeed in calculating a small
number of them. In stead of carrying on this method for partial results, we are especially interested
in the three-pointed GW-invariants with 3y as two insertions for their usefulness in the computation

of quantum products.

4.5 Computations of Some Three-Point Gromov-Witten

Invariants

Since the virtual dimension of Mg 3(F 21, B) is do + 2d3 + 4 for any curve class § = di 31 + da(02 —
B1) + d3(PBs — 1), when two insertions are 9, we must have the third insertion to be of degree
4 — (dg 4 2d3) as a Chow class. When (da2,ds) = (4,0), (2,1),(0,2), this insertion must be a point
class; when (dg,ds) = (3,0),(1,1), it is of degree 1; when (da,ds) = (2,0),(0, 1), it is of degree 2;
finally, when (da,d3) = (1,0), it is of degree 3. We study them case by case in this section.

First the case when (dg,d3) = (4,0),(2,1),(0,2) is treated in the following

Proposition 4.5.1. For = dB + 4(082 — (1), dB1 + 2(B2 — 1) + (B3 — B1), and dfy +2(B3 — 1)

for any d,

< pt? ﬁgv /39 >,3: 0.

Proof. For By in the second and third insertions, we take the standard representative, where pt is
taken to be B and D respectively.
For 3 = dfi + 4(B2 — 1), if we take the point BD for the point class, then < pt, 8y, B9 >3= 0.

If we take the point D; for the point class, then we see that < pt, 3y, B9 >3= 0, for f =

dBr +2(B2 — B1) + (B3 — B1), dB1 + 2(B3 — Br)- O
For the pair (ds,d3) = (3,0), we have
Proposition 4.5.2. For 3 = df + 3(02 — 1),
< Bi, By, By >p=0,
fori=1,2,3 and any d.
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Proof. We keep the two representatives for 39 and choose the line from A; to Ay for 31, the line

from AB to BC for 33, the line from AC to BC for 3. Then the result follows. O

For the pair (dq,d3) = (1,1), we have

Proposition 4.5.3. For 3 =dp + (82 — 1) + (B3 — (1),

< b1, By, Bg >p=< 32,59, B9 >5=0 for any d,
< ﬁ37/69769 >,6: O} when d 7& 2; < 637697ﬁ9 >ﬁ2+/33: 1.

Proof. If we choose the invariant line from A; to Ay for 31, then < (31, B9, B9 >5= 0.

If we choose the invariant line from A; to AC for the representative of B2 — 31, then we see

< B2 — 1, B9, By >5= 0, so < (2, By, By >p= 0 from above.

To compute < (33, f9, B9 >3, we take the line from BC to AC for 33. Then < 33,3y, 39 >g=

0 when d # 2. When d = 2, there are nonzero terms in the localization from the connected

components represented by the graphs:

BC 1 CD
1,2 3
I
BD 1 BC 1 folB
2,3 1
I's

Their equivariant Euler classes are

e (NEIT) = (A + )2,

e (NE) = =NPu(h + p)?,

e (NED) = Mp(h+ ),

e (NET) = XA+ ) (A + i — e3)(A + ea).

where e3, e4 are the Euler classes of the respective cotangent line bundles over Mg 4 corresponding to

the nodal points of the component represented by the vertex BC with the components represented
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by edges from BC' to BD and from BC to AB. So

N+ 1) (M)A + )

< 33,39, 89 >py48; =

AMp(A + p)?
L NOEWEAAA ) =N F ) CAAA A )
AMp(A + p)? =N (A + p)?
o SR+ @) (MDA )
Mo.a )\Q,u()\ + /J)()\ +pu— 63)()\ + 64)
=1.
Here we used the fact that fﬂo L, 63 = fﬂo 64 = 1. O

The case when (dz,d3) = (2,0) is studied in the following

Proposition 4.5.4. For § = df + 2(f2 — (1),

< Bk, B9, Bo >5= 0,

fork=4,---.9 and any d.

Proof. We still use the two representatives for B9 as above and take the standard representatives
for the classes (4, - - - , B9, where we take f to be fy and pt to be B. Then there is no nodal curve

connecting the three cycles of the class 5. So the GW-invariants are trivial. O
The case when (d2,d3) = (0,1) is studied in the following

Proposition 4.5.5. For § =df; + (83 — 1),

< ﬂka/@Q)ﬁQ >ﬂ: O)

fork=4,---,9 and any d.

Proof. We keep the standard representatives for the classes (4, - - - , B9 as in the proof of the previous
proposition. Then it is easy to see that < B4, 89, By >3=< f5, B9, B9 >p= 0 for any d.

When d # 1, < B¢, 89,89 >p= 0. For < 3, B9, B9 >3,, there are four connected components
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represented by the graphs:

BC 1 BD AD 1 BD
T 2,3 1 2,3
Fl FQ
BC 1 BD AD 1 BD
1,2 3 1,3 2
Fg 1_‘4

Their equivariant Euler classes are

eC (N = XA+ ), €€ (NEIT) = X2+ ),

e (NET) = =N (A + 1), e (NEIT) = =X\2i3 (A + ).

So

—pA+ ) (AWAA + ) | =N+ ) (A + )

< B6, B9, By >p,=

A2p(A + )3 A2p3(A + )
L AWMt ) | = ) (M)A + )
=A2u(A + p)? =N AN+ p)
=0.

Again when d # 1, < 7,089,089 >p= 0. When d = 1, there are eight connected components

represented by the graphs in the localization:

BC 1 BD BC 1 BD
T 2,3 1,2 3
Fl FQ
BC 1 BD BC 1 BD
> 13 ° 123
Fg 1_‘4
AD 1 BD AD 1 BD
3 1,2 1 2,3
F5 1—\6
AD 1 BD AD 1 BD
[ 4 g (c] g
1,3 2 1,2,3
I'7 I's
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Their equivariant Euler classes are

(V) = Nph ), € (VET) = XA+ o),
(V) = N+ 0, S (VET) = A2+ )\ + g+ )
eC(NEN) = NN+ ), eT(NE) = NP (A + p),

€U (NE) = =N PN+ ), €S (NRD) = N+ 1) (i + ea),

where e4 in e* (Nﬁzf“) is the Euler class of the cotangent line bundle over Mg 4 corresponding to
the nodal point of the component represented by the vertex BD with the component represented
by the edge from BD to BC and where e4 in e© (Nfig") is that corresponding to the nodal point
of the component represented by the vertex BD with the component represented by the edge from

BD to AD. So

N (AAN+p) | =N (AAN + p)

< /877 597 ﬁg >53:

A2p(A + p)? —A2p(A + p)?
AN (=AAN + p) / A=A+ p)
A2p(A + p)? Mos MR+ )N+ p+ es)
N (AAN A+ ) | =N (AN + p)
A2 pS(A + ) A2 pS(A + )
N AN+ ) / N (=AAN + p)
—Np3 (A + p) Mo AH(A+ p) (1 + €a)

When d # 1, < 33, 89, B9 >3= 0. When d = 1, there are two connected components represented

by the graphs in the localization:

Bp 1 BD BC 1 @D
1 P ] 3
I Iy

Their equivariant Euler classes are

eC(NET) = A+ p)®, BN = =X2u(A + ).
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So

AA+ ) (M)A + 1) A+ @) (AAA + p)
A2p(A + p)? =N (A + p)?

< 38, B9, Bg >p,=

=0.

We recall that we take pt to be B for the representatives of the first two B9 and D for the
representative of the third B9. When d # 1, < (9, B9, B9 >3= 0. When d = 1, there are nonzero

terms in the localization from the connected components represented by the graphs:

BC 1 BD BC 1 BD
1 2.3 1,2 3
Fl F2
BC 1 BD BC 1 BD
> 13 ° 12,3
I's 'y
AD 1 BD zélD 1 BD
3 1,2 1,2,3
F5 1—‘6

Their equivariant Euler classes are

eC(NETY = A+ p)®, €SV = =X\ + p)?,
e“(NE) = Nu(h+ )%, eC (NET) = Nu(A+ p) (A + i+ ea),

e (NE) = NN+ ), €5 (NE) = Nu(A + ) (1 + ea),

where ey in e© (Nfij:") is the Euler class of the cotangent line bundle over Mg 4 corresponding to
the nodal point of the component represented by the vertex BD with the component represented
by the edge from BD to BC and where e4 in e® (Nll’ér) is that corresponding to the nodal point

of the component represented by the vertex BD with the component represented by the edge from
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BD to AD. So

(A2 AN+ 1) | (A AN+ p)

< P9, Bo, By >p;=

A2p(A + p)? = A2 (A + p)?
(=2A)*A(A + p) / (=A)* A\ + p)
A2 p(A + p)? Mo A2(A+ )N+ 1+ €4)
(=) A\ + p) / (=) A\ + p)
A3 (A + p) Mos AMHA+ p) (1 + eq)

Finally, when (dz2,d3) = (1,0), we have the following

Proposition 4.5.6. For 3 =dp3; + (62 — $1),

< Bj)ﬂguﬂg >B: 07

for 5 =10,11,12 and any d.

Proof. By Axiom of Divisors,

< 5j759a59 >B= /ﬁﬂ] < By, By >4 .

These invariants all vanish since < 39, 89 >3 vanishes by Proposition 4.4.9.
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Chapter 5

Quantum Cohomology Ring

In this chapter, we come to the last step toward our goal, which is the determination of quantum
cohomology ring structure of the Hilbert scheme. For this purpose, sufficiently many products of
basis elements have to be calculated. From the results in the previous chapter, quantum products

of generators can be decided, which is the topic of the first section.

5.1 Some Quantum Products

We have determined a presentation of the Chow ring H*(F) generated by 89, 810, f11, S12 with

the relations:

P1: 37y — 2610611 — 3810612 + 2675 + 4611612 = 0,
P2: BBy =0,

P3: [y =0,

P4 B Sty — 2612 = 0,

P5: BioB + 2890 = 0,

P6: Brof11612 — 209510 = 0,

PT7: 831612 — 2B9B11 + Borz = 0,

P8 (3 +3Pf11 =0,

P9 : Byfr1Brz — B3 = 0.
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The dual basis of our standard basis Gy, 81, - , 812, 813 is

1 1 1

555, *5/34 —5

%56+%ﬂ7+%ﬂ87 %ﬂﬁ-ﬁs, o, —%51, B3, B2+ 53, Bo.

1 1
B13, *55107 B2, B+ B2, — Bs, §ﬁ7,

With the computational results in §4.3 and §4.4, quantum products from f3ig, 811, 812 can be

computed. First, by definition,

Bro* Bro =B+ Y Y < 10,610, Ti > ¢°T’
B£0 i

=63 + Z < 10, 8105 Pt >ap, +(85—51) dlas
d

+ Z < B10, £10, Pt >ap, +2(8—p1) qug
d

1
+ Z < B10, 510, B1 > dB, +(B2—51) foh(—iﬁlo)
d

+ Z < 510, 8105 B2 >ap, +(B2—51) ¢lq2512
d

+ Z < 10, 510, 3 >ap, +(Bs—p) 41a2(P11 + Br2)
d

+ Z < B0, B10, B1 >ap, qil(—%&)

d+0

1 1
+) < Bios Bro, B5 >ag q?(—im — 505)
40

+ Z < 510, 510, B >dp, q‘f(%&)

d£0

1 1 1
d
+ ;) < B0, P10, Br >ap, ql(§ﬁﬁ' + §ﬁ7 + QﬂS)

+ Z < B10, £10, 8- >ap; q‘f(%& + B3g)

d#0

+ ) < Bio, Bro, Bo >as, i Bo

d0
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:/B%O + Z < ﬁl()a/Banpt >d,@1+(ﬂ3—51) qtlick’)
d

+ Z < 510, 8105 B2 > a1 +(B—p1) dia2ra
d

+ Z < B0, B10, 33 >ap, +(a—pn) 4La2(Br1 + Br2)
d

1
+ ) < B0, Bro, Ba >ap, Qf(—iﬁs)
A0

+ Z < 510, 810, B5 >ap, q‘f(—%@; — %ﬁ5)

d0

=6% +/ Bio | Biro <pt>p q193
3 B3

+/ Bio | Biro < P2 >, 192512

B2 B2

+/ 510/ Bro < B3 >p, q1q2(B11 + Bi2)
B2 B2

1
+ Z/ B1o Bro < Bi>ap ¢ (—=065)
440 dpy dpy 2

1 1
+ Z/ Bo | Bro < Bs >ap ¢ (=581 — 555)
azo/as Jdg 2 2

-2 1 -4 1 1
_ 2 2 d 2 d
=P + Z(_2d) 7(11(—555) + Z(_Qd) 7%(—554 - 555)
d#0 d#0
=63 + 8> dqips+12 dgips.
d#0 d#0

Here above, many terms vanish because either the invariants involved are trivial or the integrals
f,32 B1o = fﬁg B10 = 0. We also used the fact that fﬁ1 B0 = —2.
Similarly, if we substitute (11 for the second B1¢ in the expression of (19 * B19 and omit trivial

terms for the same reasons stated above, we have

B1o * f11 =F10611 + Z < 10, B11, Pt >ap, +(85—51) 4103
d

+ Z < 510, 8115 B2 >ap, +(B2—51) @212
d

+ Z < 510, 8115 B3 >ap, +(B2—51) ¢lq2(B11 + Bra)
d
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1
+ ) < Buo, i1, Ba >ap, Qf(—§ﬁ5)
40

+ Z < B0, 11, B5 >ap, qf(—%@; — %&)

d+#0

=510611 +/ Bio | B <pt>p, q1q3
3 B3
+/ Bio | Biu1 < B2 >p, (12512
2 B2

+/ Bro | B < B3 >p, q1q2(P11 + Pi2)
B2 B2

>

d#0 7 4P

>

d£0 7 4B

B1o /dﬂ B11 < Ba >ap Q‘f(—%ﬂs)
B1o /dﬁl B11 < Bs5 >ap Qf(—%@ - %55)

:510ﬁ117

where we used the fact that f51 B11 = 0.

Also by analogy,

B1o * P12 =F10P12 + / Bro | Bz <pt>p, q1q3
B3 B3

+/ Bro | Biz2 < B2 >p, (142512
2 B2

+ /2 Bio /,82 B2 < B3 >p, q1a2(B1 + Pi2)

)

d40 dpy

>

d#0 /4B
:/BIOﬁlQ?

B1o /dﬁ Br2 < Ba >ap, @ﬁl(—%@%)

Bro /dﬁ B2 < B5 >ap, qii(—%@; - é@%)
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where we used the fact that f61 B2 = 0;

B * B =B, +/ B | Bu <pt>p qq3
B3 B3

+/ 511/ Bi1 < B2 >p, 142512
+ /[:?2 Bi1 /ﬁz Bi1 < B3 >p, q1q2(Pi1 + Pi2)

+ Z/dﬂl B " Bu1 < Ba >ap, qf(—%ﬁ@

d£0

>

1 1
ﬁu/ B11 < Bs >ap, Qf(—§ﬁ4 - §ﬁ5)
d;éO dﬁl dﬁl

=03 + 20143 — 192512 + 1¢2(B11 + Bi2)

=631 + q1q2811 + 2q143,

where we used the fact that fﬁz b1 = —1, fﬂg B =1;

Bt * B2 =511 512 + / Bir | Bz <pt>p a3
B3 B3

+/ Br1 | B2 < B2 >p, (192512

2 B2

+/ 511/ B2 < B3 >p, q192(B11 + Pi2)
B2 B2

>

d40 ap

>

d;ﬁO dﬁl

1
B /dﬁl Bz < B1 >dp, Qf(_iﬁE:)
1, 1
T I T

=011 512 + 11926812 — ¢1¢2(B11 + Pr2)

=F11812 — 192011,
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where we used the fact that f62 B2 = —1, fﬁa B12 = 0; and finally,

Bra * Pra =03y +/ Bz | Bz <pt>p, q1q3
B3 B3

+/ Br2 | Br2 < B2 >p, q1q2512

2 B2

+/ 512/ B2 < B3 >p, q1q2(P11 + Pi2)
B2 B2

+ Z/dﬂl B2 " B2 < Ba >ap, qf(—%ﬁ@

d£0

1 1
+ Z/ ﬁ12/ B2 < Bs5 >ap, Qf(—§ﬁ4 - 555)
d;éO dﬁl dﬁl
=6% — 102512 + q1¢2(B11 + Bi2)

=B + (142011
Now we summarize what we got above:

Bro* Bro =Pl + 8> _dgifs+ 12 dgips,

d#0 d#0
Bro * B11 =F10b1,
Bro * P12 =F10b12, (5.1)
B * B =B + q1a2b11 + 2q1g3,
P11 * B2 =P11612 — q1q2/1,

B2 * Bi2 :ﬁfg + qq2511-

For later use, we express the basis elements in terms of quantum products of generators in view of

the list of intersection products at page 29:

1 1
Ba = 5510 * 11, Bs = 5510 * B2,
Be = P11 * Bi1 + Bi1 * Bi2 — 2q1g3,
(5.2)
B7 = B2 * B2 — 192511,

Bs = P11 * P12 + q1q2511 — Do.
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Furthermore,

Bo * Bro =BoBro + Y < Bo, P10, Pt >ap,+3(8,—61) 115
d

d
+ Z < B, B10s Pt >ap, +(Ba—p1)+(Bs—51) 119243
d

1
+ Z < B9, 8105 B1 >ap,+2(8.—81) qug(—§ﬂ1o)
d

T Z < B9, 510, B2 > apy +2(6,-p1) 4105512
d

+ Z < B9, 810, B3 >ap, +2(8—61) €105 (P11 + Biz)
d

+ Zd: < B9, 610, 51 >ag, +(83-1) Qil%(—%ﬁlo)

+ Z < B, b10, B2 >dp,+(8s—p1) a3 o
d

+ Z < Bo, 810, 83 >ap, +(83—51) a3 (B11 + Pra)
d

1

+ Z < B9, 5105 B4 >dp,+(82—p1) qfqg(—§ﬁ5)
d

1 1
+ ; < /397ﬂ10765 >d131+(52,ﬁ1) q(liQQ(—i/CM — §ﬂ5)

1
d
+ Ed: < B9, 410, B6 >dp1+(B2—p1) €192 - 557

11, 1
+ D < B9: 510, B1 >y +(,-1) 412(586 + 507 + 5 )
d

1
+ Z < Bo, 8105 B8 >ap, +(82—61) chm(i& + 0g)
d

+ Z < Bo, 310, B >ap,+(8s—pn) 110250
d

1
+ ) < Bo, Bro, Bro >as, Qf(—§ﬁ1)
40

+ ) < Bo, Bro, Bu1 >ag, i B3
40

+ Z < B9, 10, P12 >ap q1 (B2 + B3)
d£0
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:ﬁ9B10 + Z/ Blo < ﬁvat >d,@1+(,32—,@1)+(,@3—,@1) q(IiQQQS
dp1+(B2—F1)+(Bs—p1)

+ Z/ ﬁ1o < B9, B2 > ap, +(Bs—pr) 1143512
dp1+(B3—

=09 10-

Here we used the fact that < B9, pt >4, +(8,—81)+(85—61) and < Bo, B2 >48,+(3;—p,) are nontrivial
only when d = 2 and d = 1 respectively, but fﬁ2+53 B0 = fﬁs B0 = 0.
Similarly, we substitute 811 and (12 for B1g in the expression of By * G19 respectively, and omit

trivial terms to get

By * f11 =P9f11 + Z /d,B ﬁ )ﬁn < B9, Pt >ap, +(By—p1)+(Bs— 1) 119203
1+ 1
+ Z/ 511 < Bo, B2 >ap,+(8s—pn) TLa3512
dp1+(B3—

=091 + q1g3512,

Bo * B2 =P9B12 + Z

d
/ Bra < B9, Pt >dp, +(8,—1)+(Bs—p1) 119243
4 Y adB1+(B2—P1)+(B3—061)

+ Z/ B2 < B9; B2 >ap, +(83—61) ¢lqs Pz
dB1+(83—P1)

=BoS12 + 2¢5 42q3-

We list these results as follows:

Bo * B10 =B9510,
Bo * B11 =Paf11 + q193512, (5.3)

Bo * Br2 =PoSra + 2¢% 23

The basis elements (1, (2, O3 are expressed as

B = %59 * (10,
B2 = B * B11 — q193512, (5.4)

Bs = Bo * 12 — 243 q23.
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With all the computational results in §4.5, we can compute

Bo * By =53 + Z < B, Bo, Pt > a8, +-4(8—p1) e
d

d
+ > < B9, B9, Pt >ap,12(80— 50+ (33— 119343
d

+ Y < Bo, B0, Pt >ap+2(85— 1) 4195
d

1
+ ) < Bo, B0, B1 >as+3(8a-pn) qug’(—iﬁw)
d

+ Z < B9, B9, B2 > a8, +3(8:—p1) ¢las Bz
d
+ Z < B9, B9, B3 >ap, +3(6,—p1) €103 (P11 + B12)
d 1
+ Y < B9, 89, B1 >dpy (o) + (35— 50) 414293(—5 B1o)
+ Z < B9, Boy B2 >ap+(8s—B1)+(Bs—pr) 14203512
d

+ Z < B9, B9, B3 >ap, +(82—B1)+(83—51) ¢lq2q3(B11 + Pi2)

1
+ Z < P9, B9, B1 >ap,+2(8.—1) Q?qg(—§ﬂ5)
d

1

1
+ Z < B9, B, B5 >ap, +2(6:-51) q?q%(—§ﬂ4 - 555)
d

+ > < 09,89, 06 >ap 1208 -31) 4195 (5 57)
d
E d 2,1 1 1
+ y < B9, B9, B >dp\+2(82-1) q1q2(556 + 557 + 5188)

+Z < B9, B9, B3 >apy+2(8:—p1) €53 (5 57+58)
d

94



+ Z < B, Ba, B9 >ap,+2(82—51) ¢q3 B9
d

1

+ Z < B, B9, Ba >ap,+(85—51) fﬁl%(—i@a)
d

1 1
+ Zd: < B9, B9, B5 >ap,+(8s—61) ‘ﬁl%(_iﬁ“ ~ 5%

1
d
+ zd: < B, Ba, B6 >ap,+(8s—51) q1f]3(§ﬁ7)

1, 1, 1
+ 2 < oy 0, 07 > +(85-51) a1g5(50 + 507 + 55)
d

1
+ Z < B9, B9, Bs >ap,+(8:—51) QfQS(§ﬂ7 + B8)
d

+ Z < B9, Bo, By >ap+(8s—p1) 419350

d

+ Zd: < B9, B9, P10 >dp,+(5>-1) quZ(_%ﬁl)

+ Z < Bo, B9, P11 >dp, +(B2—p1) Ry
d

+ Y < B9, 89, B2 >y 18- 4192(B2 + B3)
d

=05 + D < B9, 89,83 >, 4 (82— 1)+ (85— n) €19243(B11 + Brz)
d

=063 + q1q2q3(B11 + Bi2)

=83 + 203611 + 19203512

We rewrite the result of this computation as

Bo * By = B3 + 41923511 + 419243 12- (5.5)

5.2 Associativity of Quantum Product

Gromov-Witten invariants enjoy strong relations arising from the associativity of the quantum
product. In this section, we make use of the associativity of the quantum product to derive
some relations of Gromov-Witten invariants and then simplify these relations to compute the

invariants. This finishes the project we initiated in the previous chapter to compute all the two-
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pointed invariants. In the next section, we’ll apply these invariants to the computations of quantum

products, thus determining the quantum product ring in the last section.

First, we study the associativity identity
B1o * (Bro * B12) = (B1o * B1o) * Biz-
From the equalities in (5.1,5.2) in §5.1, the left-hand side is equal to

Bro * (BroBi12) = Pro * (265) = 2065 * B1o,

the right-hand side is equal to

(8% +8> " dgiB + 12" dgiBs) * i

d#0 d#0

=(4B1 + 685 — 207 — 4Bs — 480 + 8> _ dq B + 12 _ dq{B5) * Bua

d£0 d40
=434 * P12 + 605 x B12 — 207 x B12 — 408 * B12 — 4059 * (12
+8> dgiax fra+12 " dgiBs * o,

d£0 d£0

recalling that

B = 484 + 605 — 287 — 485 — 4f0.
Then equating the two sides, we obtain the first identity

2084 * B2 + 305 * B12 — Br * P12 — 208 * P12 — 289 * B2
+4 Z dg Py * Pra + 6 Z dqBs * Bra = B5 * Pro

d£0 d#0

Then we look at the associativity identity

Bio * (Bi2 * B12) = (Bio * Pr12) * Pia.
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The left-hand side is equal to

Bio * (Bfs + q1g2611) = B0 * Br + 102810 * B

=07 * B1o + q1q2810811 = Br * B1o + 2q1¢254,

the right-hand side is equal to

(B1012) * Bia = 205 * Pia.

Then we get the second identity

B7 x B10 + 2q1q281 = 205 * P12 (5.7)

Finally, we look at the associativity identity

Bro * (Bi1 * B12) = (Bio * PBr11) * Pia.

The left-hand side is equal to

Bio * (B11612 — q1g2511) = Pro * (s + B9) — q1g2510 * P11

=10 * (B8 + Bo) — 192810811 = B3 * Bro + Bo * B0 — 219254

the right-hand side is equal to

(B1011) * Bi2 = 2084 * P12,

so we get the third identity

Bs * B1o + Bo * Bro — 2q1G21 = 2B4 * P12 (5.8)
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Also

(B0 * B11) * Bi2 = Bi1 * (Bio * Pr2),

and the right-hand side is equal to
Bi1 * (BroP12) = Bu1 * (205) = 265 * Pu1,
and thus we get the fourth equation
Ba* P12 = P5 * B (5.9)

For each identity, as we compute the quantum products, we can compare and equate the terms
at the two sides corresponding to the same cohomology class and the same degrees of powers of
the parameters. We first consider the terms corresponding to the cohomology class 1 and q‘ling;),.

Beginning with the second identity (5.7), we get the equation

< Br, B0t >q ¢lqaqz = 2 < Bs, P12, pt >a qiq2gs,

where < f35, (12, pt >4, etc. means the invariants at the curve class 8 = df3; + (82 — B1) + (83 — f1).
But

< B, Bro, pt >aq= / Bro < Br,pt >q= —2(d — 2) < B7,pt >4,
I}

< B5, B12,pt >q= / P12 < Bs,pt >q=< b5, pt >q,
B

so we know for any d,

(d—2) < Br,pt >q= — < B5,pt >4 .
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From this when d # 2,

1
< B7,pt >q= ~i_2 < Bs,pt >4 .

From the first identity (5.6) above, we get

23 " < B, P12, pt >q qlaaas + 3 < B5, B2, ot >a i g3

d d
=) < B, Bi2,pt >a qilaags — 2 < Bs, Bz, pt >4 423
d d
—2) < By, P12, pt >a qfqaqs +4) 1gh Y < Ba, Bra, pt >k 41 q2q3
d I£0  k
+6> 1gi Y < Bs, P12, pt >k 41 g2
£0 k
= Z < ﬁ57ﬁ10>pt >d q?q2q37
d

But

< B4, P12, pt >q= / Bi2 < Ba,pt >4=1-0=0,
B

< /88751271’)1: >q= / 512 < ﬁSvpt >q= 1-0= Oa
B

for any d and for any d # 2,

< Bo, B2, pt >q= / P12 < Bo, pt >q=< Po, pt >¢= 0,
B8

but when d = 2, < By, B12, pt >4= 2. With these in place, the above equation simplifies to

32 < Bs,pt >a qfq2q3 — Z < Br,pt >4 qiq203
d d

+6 1gi > < B, pt >k q203 — 447 q203
10 %

=—2) (d—2) < Bs5,pt >q qiq203,
d
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or

> (2d—1) < B5,pt >a qlapas — > < Br.pt >4 dia2a3
d d

+6 1g} > < B5,pt >k 47 q203 — 4g7gaq3 = 0.
10k

Let aqg =< G5, pt >4, then

D Ugi> < Bt >k qigaqs = (a1 + 2aq-2 + - - + dao)qigags.
1£0 2 d

Substituting this in the above equation and equating the terms in front of the power qilngg,, with

d > 2, we obtain

(2d — 1+ Jag + 6(ag—1 + 2a4—92 + - - -+ dag) =0

1
d—2
or

6(d — 2)

A e A ORI VA
ag (2d—3)(d—1)<ad 1+ 2aq—2 + + ao)

The initial data can be determined directly using localization, by which we get
< /85)pt >0= 07 < ﬁ5apt >1= 17 < ﬂf})pt >o= 0.

Note that < 5, pt >9= 0 is compatible with the formula < (5, pt >4= —(d — 2) < (7, pt >4 if we

plug in d = 2. Then putting these initial values back into the recursive relation above, we get

6(d — 2)
(2d—3)(d - 1)

6(d — 2)

(adfl + 2ad72 + -+ (d - 3)@3) — T—3

< /857pt >d= —

100



and hence < (7, pt >4 can also be determined as

< Br,pt >4= -2
—L(a +2a4-2+ -+ (d—3)az) + 0
T @2d—=3)(d—1) TN Y24 -3

for all d > 2. But the initial values of < (7, pt >4 are evaluated as
< ﬂ77pt >0= 07 < ﬁ7apt >1= 17 < 577pt >o= 2.

Next we consider the terms corresponding to the second degree cohomology classes and powers
qilqg from the associative identities. First we equate the two sides of the identity (5.6) with the

class fBy:

2> < B, Br2, Ba >a qlga +3) | < 5,512, B4 >a a2
d d
=Y < B, B2, B >adiar — 2 < B, B2, Ba >a dias
d d
—2) < B9, B12, B >aqiaz +4) 1g Y < Ba, Bz, Ba >k dfae
d

140 k

+6Y 1t > < Bs, 12, 81 >k dfa

140 k

ZZ < Bs, 10, 51 >a 2.
d

With 8 =dB1 + (B2 — 1),

/ﬁﬂu = 1,/ﬁﬂ10 = —2(d - 1),

and

< B9, 12, Ba >a=< B9, b1 >q= 0,
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so we can simplify the expression above as

2> < BuBa>adiez+ D> (2d+1) < B5, B4 >q ¢l
d d

=Y <BnBi>adiee—2) < Bs, B >adie
d d

FAY UG <P Pi>ediga+6) lgi > < P, B>k dige = 0.

1£0 k 1£0 k

From the identity (5.9), we get

D < BBz Ba>aqler =D < B5. P11, B >a ¢l
d d

so for any d,

< B5,04 >a= — < B4, 1 >4 -

This relation coincides with the one we derived after Proposition 4.4.9.

From the equation (5.7), noting that
1 1 1
=2(—=0) —2(—zfs— =
Pa = 2(=505) = 2(= 5061 — 505)
we have

> < B Bro, Ba >a qlga +Aq1g0 =2 < P, Bia, Ba >a i
d d

or

=Y (d=1) < Br,Ba >a qiaz + 20102 = Y < B5, 81 >a o,
d d

from which we learn that when d > 1,

(d—=1) < Br,01 >a= — < B5,04 >a=< B4, Bs >q
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or

1
<Br.fs>a= 77 <Ps P >a

From the equation (5.8), we get

> < Bs, 10,61 >a dlaa + Y < Bo, o, Ba > dige — dq1qe
d d

= 22 < Ba, Pra, B >a ¢lgo
d

or

D (d=1) < B, 81 >a qlaa +2q1q2 = = Y, < B, Ba >a dilgo.
d d

From this we know that when d > 1,

(d—1) < B3,ps >a= — < Bu, s >a,

or

1
< B 04 >a=—o—7 <Pl >a

Substituting all these in the equation (5.10), we obtain an equation for < [y, 34 >4. Let

bg =< B4, B4 >q. When d > 1, it is simplified as

1
(1—2d+ ﬁ)bd = 2(bg—1 + 2bg_9 + - - - + dby)

or

2(d — 1)

2 (bg—1 +2bg_9 + - - - +dbp).
d<2d_3)(d1+ d—2 + -+ + dbo)

< B4, Bs >q=bg = —
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The initial values are computed by localization as

< ﬁ4vﬂ4 >0= ]-a < ﬂ47/64 >1= —2.

So we obtain the expressions of the invariants

< B4, Bs >q= —bq

for any d and

1
d—1

< Ba, Br >q= ba, < Ba, B8 >a= — bq,

1
d—1
for d > 1. Their initial values by localization are

< B, B7 >0=—1, < 4,08 >0=1,

< B4,B7>1=0, < B4,B>1=0.

In the same vain from the associativity identity (5.9), we get for any d,

< Ba, P12, Bs >a=< B5, b11,B5 >as
< Ba, P12, Br >a=< B5, b1, Br >as

< Ba, P12, Bz >a=< B5, F11, B8 >as
or

< Ba, Bs >q= — < B5, B35 >4, < Ba, Br >q= — < b5, 87 >a,

< B, B >q= — < B5, 08 >4,

104



and hence for any d,

< B5,05 >q= bq

and when d > 1,

1
————} = bg-
<Ps, 01 >a=—o—7bs, <50 >a= 5 b
Their initial values are
< Bs5, 07 >0=1, < B,08 >0=—1,
<65757 >1= 07 </65768 >1= 0.
Now making use of the associativity identity (5.7), we get, for any d,
< B7, 10, Br >a= 2 < B5, B12, B7 >as
< b7, 510, Bs >a= 2 < 35, P12, B3 >,
or
—(d—=1) < Br, 87 >a=< b5, b1 >a,
—(d—1) < Br,88 >a=< B5, 08 >a,
so when d > 1,
1 1
< B, Br >q= mbm < Br, 88 >q= —mbw

Their initial values are

< /67aﬁ7 >0= 1; < /877ﬂ8 >0= _1a

< Br,Br>1=2, < pBr,Bs>1=0.
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From the associativity identity (5.8), we get

< B8, B10, B8 >a + < B9, B10, B8 >a= 2 < Ba, f12, B >as

or for any d,

—(d—1) < B8, 88 >a=< Ba, Bs >,
so for d > 1,

< B8, B8 >q= by.

1
(d—1)?

Its initial values are

< ﬁ87/88 >0= 17 < 68768 >1= _17

Till this point, the two-pointed Gromov-Witten invariants with two insertions degree 2 partially
computed in Proposition 4.4.9 are completely determined.
In order to finish the computation in part (i) in Proposition 4.4.5, we continue to work on the

associativity law of quantum product, making use of the equalities in (5.3, 5.4). First, we look at

Bo * (B10 * Bi1) = (Bo * Bio) * P11 = (B * B11) * Pio-

By the computational results before, these sides are, respectively,

Bo * (B10 * B11) = By * (B10611) = Bo * (204) = 264 * B,
(B9 * Br0) * P11 = (Bof10) * P11 = 261 * P,
(Bo * B11) * B1o = (Bofr1 + q1q3512) * Bro = B2 * Bio + q143P810512

= B2 * B1o + 2q1¢305,
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so we have the identity

2034 * Bg = 231 * B11 = B2 * Bro + 2q1930s.

Now we look at

Bo * (B10 * F12) = Bio * (Bo * B12) = (B1o * Bg) * Bi2-

The three sides are equal to

Bo * (Bro * Bi2) = Po * (f10612) = 205 * Po,
Bio * (8o * B12) = Bio * (BoBra + 245 q2q3) = B3 * Bio + 2419293510,

(Bro * B) * Br2 = (BoBro) * Br2 = 261 * P12,

respectively, so we have the identity

205 * Bg = 201 * B2 = (3 * Bro + 2¢1q2q3 510

Then we look at

Bo * (511 * 512) = f11 * (59 * 512) = (511 * 59) * [12.

The three sides are respectively equal to

Bo * (P11 * f12) = Bo * (B11f12 — q1q2011) = Bo * (Bs + Bo) — q19200 * P11

= P9 * (B3 + Bo) — q1q2(BoB11 + q143512)
= By * (Bs + Bo) — q1q252 — 4123512,

Bt * (B * Br2) = P11 * (BoSBiz + 2431 q2q3) = Bs * B11 + 241 q243511,

(Br1 * Bo) * P12 = (B2 + q1g3512) * P12 = B2 * P12 + 103 (B2 + 1g2511)

= B x Bra + 1367 + 410293511,

107

(5.11)

(5.12)



so we have the identities

By * (Bs + Bo)—q1202 — q1q2q3512 = B3 * 11 + 2419293511

=02 * P12 + 14367 + 419243511

Now we consider

Bo * (P12 * B12) = (Bg * B12) * P12.

The two sides are equal to

By * (B2 * Bra) = Bo * (Bl + q1g2511) = Br * By + q1g259 * P11
= B * By + q1q2(Bof11 + q193512)
= B * By + 10252 + 414203512,

(Bo * Bra) * Bi2 = (BoPr2 + 207 q2q3) * P12 = Bs * Bz + 2437243512,

so we have the identity

Bz * Bo + 14252 = B3 * P12 + ¢1q2q3 P12

Next we consider

Bo * (511 * 511) = (59 * 511) * f11-

The two sides are equal to

Bo + (P11 * Bi1) = Bo * (Bh + q1g2611 + 2q143)
= B9 * (Bs — Bs — Bo) + q19200 * B11 + 2919359
= 6 * B9 — Po * (B3 + Bo) + q1q2(F2 + q1q3512) + 2¢19309

= B * Bo — Bo * (Bs + Bo) + 11¢252 + 29243512 + 2q143 0,
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(Bo * B11) * B11 = (B2 + q1q3512) * P11
= B2 * B11 + q1q3P12 * P11
= B2 * f11 + q1¢3(B11512 — q142511)

= B2 % B11 + q1q3(Bs + Bo) — 14203511
So we have the identity

Be * Bo — Bo * (Bs + Bo) + q1q262 + ¢ 9205512
(5.15)

= Ba* P11 + 14305 — 14389 — 414203511

Finally we look at

Bo * (B10 * B10) = (B9 * B10) * Bro-

The right-hand side is equal to

(BofB10) * Bro = 261 * Bio,

the left-hand side is equal to

(8% +8> " dgip+ 12" dgifs) B

d£0 d#0

=(4B1+ 605 — 2087 — 485 — 4Po + 8> _dqifs+ 12 dgiBs) * Bo

40 d#0
=48y * By + 605 * Bg — 207 * By — 439 * (Bs + Po)

+8) dgiBax B+ 12> dgiBs * Bo,
40 40
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thus we obtain the identity

B * Bro =284 * By + 305 * Bg — Br * By — 29 * (B + Bo)

(5.16)
+4) " dgiBix B+ 6 dai s Po.
d£0 d#£0
From these identities, we collect the following:

Pax Py = P1* P, Psx Py = P *Pia,

B % By = B3 * B2 — 14202 + 41 q2q3P12,

Bo * (Bs + Bo) = Bs * Br1 + 14252 + 263 4243511 + ¢} 4243512

Substituting all these in the right-hand side of identity (5.16) and simplifying, we have
201 * By + 361 * Bz — B x Brz — 265 * i1 — 14282 — 4¢3 4243511

(5.17)

— 3¢7qaq3Bia + 4 dgipy Bii + 6 dgi By * Bra = By * Bro.

d#0 d#0

Now in this equation, we equate the corresponding terms at the two sides in front of the same

cohomology class —%ﬁm and the same power q{lngg to get

23 < B, 81, B >a qlgeas +3) | < Br, Brz, B >a dfqaas
d d
=) < B3, 812,81 >a digags — 2> < B3, 11, B > ¢iaa3
d d

F4AD I Y < BB B Sk aTqeas + 6D lgL > < B, Bia, Bi >k qiaags

1£0 k 1£0 k

= < B1,B10, B > ¢l g2,
d

in which g =dp1+ (82— 1)+ (83— 51). Let < 1, 51 >4 be denoted as ¢4. Then from this equation

by integrating out (311, 812, we get

(2d—1) < B1, 01 >0 — < 33,51 >4
(5.18)

+6(cqg_1+2cq9+ -+ (d—1)e1 +deg) = 0.
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Carrying out the same process for the identity 281 * 12 = B3 * B10 + 2¢°q2q3 510 in (5.12), we obtain

23 < BBz B >a qlaegs =Y < B3, 510, 1 >a 4 a2q3 — 447243
d d

From this, we know that for any d,

(d—2) < (3,01 >q= — < B1,01 >4

so when d # 2,

1
< B33, 01 >q= —7 -5 < B1, 01 >q -

Putting this back into the equation (5.18), we get

1
(2d —1) < 31,81 >q +m < B1,61 >4

+ G(Cd—l +2¢cqg_ o+ -+ (d — 1)01 + dCo) =0

SO

6(d — 2)

m(cd—l +2¢cqg_o+ -+ (d _ 1)61 + dCO).

< B1, 01 >q= —
Its initial values are by localization
< PB1,B1>0=0, <pBi,01>1=1, <pB1,B1 >2= —2.

Obviously, when d # 2,

<63)ﬂ1 >q= —

111



Its initial values are by localization
<Ps,01 >0=0, <pP350 >1=1, <f3, 0 >2=0.
Again from the identity 203; * B12 = 33 * B10 + 2¢2q2q3 /10, We get

2 < B, P12, B3 >a=< B3, 410, B3 >q

so for any d,

< B1,B83 >q= —(d—2) < (33,03 >q -

Thus when d > 2, we obtain

< 33,03 >d:mcd
- (d—1)(d _62)(2d —3) (a—1 +2¢4—2+ -+ (d = 1)c1 + dcp).

Its initial values are

< B3,03>0=0, <fB3,03>1=1, <[f3,03>2=2.

These are the complements to the results of Proposition 4.4.5.
Finally, we equate the terms at two sides in front of classes —%55 and %57 respectively and

power ¢fgz in (5.17) to get

2> < B, B, Ba>aqlas +3) < B, Bz, Br > dilgs
d d
= < Bs, B2, B >aqias — 2 < B3, 811, 81 >a dilgs
d d
+4) 1gE > < BB B >k dias + 6 1ah > < B, Bia, Ba >k afas

140 k 140 k

= < B1,610, 81 > digs,
d
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and

2> < B, B, Bs >a qlas +3) < B, Bz, Bs > digs
d d
— > < Bs, P12, B >a qias — 2 < B3, P11, B >a digs
d d
+4) 11> < BB, B >k dias + 6 1ah > < B, Bz, Be >k afas

140 k 140 k

= < B1,610, B >a dias,
d

in which the curve class 8 = df + (83 — (1).

Simplified, these give

Y < BB >aqlas +2> 10 < Br.Ba >k digs
d 120k
== (d—1) < B, b1 >q g,
d
D < BB >adles +2) 1t > < B, Bs >k dias — 20143
d

140 k

== (d—1) < B1,8 >q qlas,
d
noting that

/ fro = —2(d — 1), / pr1 =1, / B2 =0
dB1+(83—P1) dB1+(B3—P1) dp1+(B3—p1)

and < (3, 84 >4= 0 for all d, < B3, B >4= 0 for d 75 1, 2 for d = 1.

Let fg =< B1, 84 >4, 94 =< B1, B >4. Then solving these equations, we get for any d,
2
< B1, B4 >a= _g(fdfl +2fg—2+ -+ (d—1)f1 + dfo)

and for d > 1,

2
< b1, B >a= —=(9a—1 +2g9a—2 + - + (d — 1)g1 + dgo).
d
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Their initial values by localization are

< B, 81 >0=1, < B, By >1= -2,

< 51,86 >o0=1, < Bi1,Ps >1=0.

From the identity 251 * 811 = f2 * B10 + 2¢1g335 in (5.11), we again equate the terms at two

sides in front of class —% 0B5 and %ﬂ7 respectively to get

23 < BB B >adlas = < Ba,Bro, Ba >q dilas — dqrgs,
d

d

23 < BB, Bs >adlas =Y < Ba,Bro, B >a dias,
d d

or

Y <BuBr>adias ==Y (d—1) < B2, b1 >a 4las — 2103,
d 4

D < B Bs>adias=—Y (d—1) < P, B >a dias.
d

d

So for any d > 1,

< B, B >a= —(d—1) < B2, B4 >a,

< B, 86 >q= —(d—1) < B2, B6 >a,

and hence

< B2,04 >q=— (fa—1+2fa—2+ -+ (d—1)f1 + dfy),

2
d—1"% d(d-1)
12
d—1%7 dd—1)

< B2,06 >a = — (9a—1 +294—2+ -+ (d—1)g1 + dgo).
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Their initial values are

< B2, B4 >0=1, < B2,B4 >1=0,

< 32,86 >0=1, < o, B >1=1.

Thus the computation in Proposition 4.4.7 is completed.

5.3 Quantum Products Continued

We aim at deciding the quantum product ring structure of the Hilbert scheme FI[2l. For this
purpose, results of quantum products of basis elements are needed. We have worked out some
products in the first section of this chapter, but in order to carry this project through, quantum
products of more elements should be put into play. In this section, we solve this problem, making
use of the results in the previous section.

We start with §7 * 819. By definition,

B7 * B0 =B7B10 + Z < B7, 10, Pt >ap, +3(8—51) dla
d

+ Z < B7, 810 Pt >ap,+(8s—B1)+(B5—51) ¢a2qs

d
+ Z < 01,810, B1 >dp,+2(82—p1) ngg(—%ﬁw)
+ Y < B1.510. B2 >apras-s) G301
+ Z < B, B10; B3 >dp, +2(8.—p1) diq3 (B11 + Bi2)
+ Y < 81,510, 81 >api+ (55— 4193~ ﬁlo)

d
+ )< B, B10, B2 >apy+(Bs—py) T35z

d

+ Z < B, 510, B3 >ap, +(85—51) ¢lq3(B11 + Bra)
d

1
+ ; < B7, 510, B4 > dB1+(B2—B1) qu2(_§ﬁ5)
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1 1
+ Z < B1: B0, B5 >dpy+(5>-61) qilQZ(_§ﬁ4 - §ﬁ5)

+ Z < B, 510, B6 >ap,+(82—B51) g - 57
d

§ : 1 1 1
d
" - B, 610, B1 >apy+(2-p1) 092(50 + 507+ 55)

1
+ Z < B7, 10, B8 >, +(B2—51) QfQ2(§ﬁ7 + B8)
d

1
+ D < 81,10, B0 >, (sa-pn) 419200 + 3 < Br, Bro, Bro >y ai (=5 5)

d d£0

+ ) < B Buos i1 >ap, 4183+ Y < Br. Bro, Brz >as, i (B2 + Bs)
A0 0

=710 + Z /ﬁ ) s )510 < B1, 9t >ap, 4 (8o pr)+(Bs ) 419203
1 2—pM1 3—P1

2 : 1
+ / /6 < /67’ 64 > B qdq _7/3
B (Brpr) dor+(Ba—pr) 4142(=55)

Z 1 1
+ / /810 < B7,ﬁ5 >d _ qdq2(_*/84 . 755)
dB1+(B2—51) B1+(B2—01) 41 5 5

1
+ / Bro < Br,B6 >api+(a—p) 402 =57
Z dB1+(B2—51) R 2

+ Z/ ﬂw < B, 87 >dp,+(82—p1) Q1QQ( Be + ﬁ? + 58)
dB1+(B2—
+ Z/ 510 < 07,08 >ap,+(B2—51) Q1Q2( B7 + Bg)
dB1+(B2—
=B7610 — 2 Z(d —2) < B, Pt > a4 (Bo—B1)+ (85— 1) T 4203
d
1
- 22 — 1) < B7, Bt >apy+(5a—py) dha2(— 255)
d
1
- 22 — 1) < B, 85 >apy+(5s—p1) Traz(— 2ﬁ4 — *ﬁs)

d

—22 —1) < B7, 86 >dp1+(B2—p1) Q1Q2 ﬁ?
d

1 1 1
=2 (d—1) < B, 51 >ap+(52—61) ‘J?Q2(§ﬂ6 5P+ ok)
d

1
—2% (d—1) < Br, B8 >dp+(30-1) Q?qu(gﬁ? + Bs)
d
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=07B10 + 2 Z aqqiqaqs — 2 bagiaa( —*55)

d#1
bq
+2) " bagaal —*ﬁ4— 55 Zd Q1Q2( B + 57+ ﬁs)
1
2
- Zd qi g2 ﬂ7+58)
1
=P7510 + 2 Z aqqiqaqs — > bagigaBa — Z d 10 P42 + Z d 10 g2 s
d7£1 d#1 d#1
=P7510 + 2 Z aqqia2qs — Z baqiqaBro * Bu1
A
- Z d Q1(J2 (Br1 * P14 Bia * Brz — 2q1q3)
d#1
+ Z d Q1Q2 (B11 * P12 + qrgzPi1 — o)
d#1
g2
=B7610 — 5 Z baqigaBro * P11 — Z d [N {q2B11 * Bu1 + Z d 4
d;él 1 1
bq d+1
- Z d 10 T2 +2 Z aqqiqaas +2 T R
A1 A1

Here as always, we dropped the trivial terms resulted from either the triviality of the invariants
or the integrals being zero and in the penultimate equality, we replaced the basis elements by
expressions involving quantum products.

We introduce power series

=> awq’,  dilg) =) da_d2qd,
d

d#2
b b
= bad”, ¢n(q Zd gt a(q) ZZﬁqd'
d#1 d#1 d#1

Then we have the expression

B7 * Bro =P7510 — %”tbo((h)(pﬂm * B11 — ¥1(q1)q2B11 * B1 + 1 (q1) g3 B

— 1(q1)q289 + 260(q1)q2q3 + 291 (q1)q1G293-
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Similarly, ignoring vanishing terms, we have

1
B * ﬁll :57511 - Z < ﬂ?,ﬁ4 >d51+(,32—,@1) QfQQ(*§B5)
d

- Z < 51,55 >ap+(8—p1) G2~ 64 - 755)

d
— Z < B, 86 >apy+(8s—pn) €2 - ﬁ?
d
L1 1.1
- Z < 07,87 >+ (B2-51) Q1Q2(§ﬁ6 + 557 + §ﬁ8)
d
1
- Z < B7, B8 > dB1+(Ba—B1) qilQ2(§ﬁ7 + B8)
d
bd d 1 bd d 1 1
=0B7011 — Z mQ1QQ(—§55) + Z q_ 1(]1(12(—554 - §ﬂ5)
d;él d;él
+2q192 - 57 — (2q1g2 + Z 34 @)(156 + 157 + 1ﬁs)
d# )2 1H27%9 2 2
+Z 2(11(12 ﬁ7+58)
d;él
1 1 1
=0B7611 — §¢1(Q1)Q2ﬁ4 —(q192 + 5#)2((]1)@/2)/36 + (—q1q2 + §¢2(Q1)Q2)58

=031 — %?/)1((11)612&0 * 11 — (qrq2 + 11/12(f11)(12)ﬂ11 * B11
— 2q1¢2511 * B2 + (—qigs + 1¢2(Q1)Q1Q2)ﬂ11

1
+ (192 — §¢2(Q1)Q2)59 + 262243 + ¥2(q1)q1G243;

B7 * P12 =B7512 + Z < B7, Pt > a8, +(82—B1)+(B3—B1) ¢l q2qs
d

1
+Z<57’ﬂ4 > dBy+(B2—B1) ai g2 (— 255)

d

1
+ Z < B, 85 > a1+ (Ba—p) B2 (— 254 — *55)

d

+Z<57756 > 481 +(Ba—B1) Q1€I2 57

1 1
d
+ zd: < B, 087 >ap,+(B2—51) Q1Q2(556 + §ﬁ7 + 568)

1
+ ; < 07,08 >dp,+(B2—51) QfQQ<§ﬁ7 + 0g)
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=0B7B12 + 241 q2q3 — Z d ql 4293 + Z ql a(— 55)
2 il
be 4 1. 1 1

-> - 1(11Q2(—§54 = 505) = 2quaz - 5 fr

A1

2 1 1

(2192 + Z 2(11612 /86 +50r+ 558)
d;él

- Z W%QQ(iﬁ? + Bs)

A1

=Prb12 + 247 2q3 — ¢1(q1) 243 + %wl(fh)qz& + (a2 + %w(m)qz)ﬂa
+ (g2 - %qu(p)ﬂg

—nfha + (1) @b B + (@ + 5va(ar)a) B * B
2010081 % iz + (2 — (@) 0B + (~ara2 + S va(an)ae)o

—2(q1)q19293 — $1(q1)q243;

Be * Bro =86 510 — 2 Z(d —2) < B6,Pt >aB,+(B2—B1)+(Bs—B1) ¢l qaqs
d

1
=2 (d—1) < Bs, 51 >ap,+(Bs—1) Q‘fq?s(—iﬂlo)
d

-2 Z(d — 1) < B6, B2 >ap+(5s—p1) G1a3512
d

—2 Z(d — 1) < B6, B3 >ap,+(8s—p1) @ a3(B11 + Pr2)
d

—2) (d—1) < B6, 86 >ag+(5a—p1) €42 57
d

-2 Z(d —1) < B6; B7 >, +(8.—p1) digo(
d

1
-2 Z(d — 1) < B, 88 >dp,+(Ba—51) qug(§ﬂ7 + Bs)
d

1 1 1
556 + 537 + 558)

=Bsfro + Y _(d—1)gaqiasBio — 2 _ gadiasPra.
d d
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If we introduce

¢1(g) =D (d—Dgaq®, Golg ngq ., Gilg gd q,

d d;él

then we have

Be * B10 =PsB10 + (—1(q1)q3510 — 2¢0(q1)q3512-

Continuing the computations, we get

1
Be * B11 =B611 + Z < B, 81 >ap,+(Bs—51) QfQ3(—§ﬁ1o)
d

+ ) < B, Ba >apy+(8s-p1) 13512
d

+ Z < B6, B3 >dp+(Bs—pr) @as(Bi1 + Br2)

d

1
— Z < B, B6 >ap,+(B2—51) g - 557
d

1 1 1
- Z < B, B7 >ap,+(B2—51) Qf(h(iﬂe + §ﬁ7 + 568)

d
1
— Z < B6, 08 >dp,+(B2—51) QfQQ(i& + 0g)
d
=B611 — 5 ng% a3B10 + (q193 + Z d R T43)B12 + 2q193(B11 + Br2)

d#1

1
- 5(1161257 + q1q2(B6 + B7 + Bs) — Q1Q2(§ﬁ7 + B8)
=B611 — %Co(fh)%ﬁlo + (3q193 + €1(q1)q3) P12 + 2q193611 + 914206
=011 + q1q2611 * B11 + q1q2511 * B2 — %Co(m)%ﬂw

+ (3q1g3 + C1(q1)q3) P12 + 24143811 — 2¢3q243;
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Bs * B1o =010 — QZ(d — 1) < B8, 82 >4p,+(8:-51) g3 512
d

1

-2 Z(d —1) < B8, 81 >4, +(8.—p1) qtliQQ(_iﬂS)
d
1
- 2; —1) < Bs, 55 >ap,+(po—pr) 412(— 31— */35)
1
-2 g(d —1) < Bs, 86 >ap,+(5a—p) 4102 - 557

1 1 1
—2) (d—1) < B, 87 >ag,+(32-51) QiiQQ(§56 +afrt ot
d

1
-2 Z(d — 1) < B8, 08 >dp,+(Ba—51) Qf(h(§57 + Bs)
d

1 1 1
=00 +2 ; baaaa(—5 ) — 2 ; badiaz(—581 — 55)

+2Zd 4} g 56+ 57+ /88 —QZd a2 57+58)
A1

=B8510 + Yo(q1)q281 + ¥1(q1)q28 — ¥1(q1)q208
=0Bs310 + %wo(m)@ﬁm * 11+ 1(q1)g2811 * B

—P1(q) a3 Bi1 + Y1 (q1) @280 — 2¢1(q1) 410203

Bs * f11 =Ps511 + Z < Bs, B2 >ap, +(s—p) 4103512
d

1
- Z < B8, 54 > dp1+(B2—Pr) qilQZ(_§55)
d

1 1
— Z < B8, B5 >dB1+(Ba—51) Q?(D(—i@x — §ﬂ5)

d

1
o Z < Ps 6 > dB1+(B2—B) qil@ : 567
d

1 1 1
- Z < B8, B7 >ap,+(B2—51) QleQ(iﬁﬁ + 557 + 5@3)
d

1
- Z < Bs, 08 >ap,+(B2—51) QfQ2(§ﬁ7 + 0s)
d
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bq

1 1
:58511+Q1QS/312+Zd_dquq2(—§ﬁ5)_Zd 1q1q2( 54_555)
d#l d#1
1 1
A 57+Z 2<h<12 ﬁ6+§ﬁ7+§ﬁs)
d;él

+ —Zb—d {02) (25 + )

4192 < (d_l)th@ o7 3

=011 + q1q3512 + %%(t]l)(nm + %%(m)%&a + (q192 — %1/12((]1)(]2)58
=0B11 + i%(cn)qzﬂlo * P11 + %wz(m)(&ﬂn * B11 + 12511 * P2

1 1
+ (¢1d5 — §¢2(Q1)Q1qg)ﬁn + q1q3012 + (§¢2(Q1)Q2 — q192) P9 — ¥2(q1)q19243-

By definition,

B3 * Br1 =F3511 + Z < B3, B11, Pt >ap, +4(6,—51) @
d

d 2
+ Z < f33, B11, pt > dB1+2(B2—B81)+(Bs—61) 4192493
d

+ Z < B3, 811, Pt >ap,+2(85—51) diq3
d

1
+ Z < B3, 811, B1 >ap,+3(82—81) Qilqg’(—iﬁlo)
d

+ Z < B3, B11, B2 >ap, +3(62—61) 1103512
d

+ ) < B3, 811, 85 >ag 4 3(8a-p) 6B (Br1 + PBiz)
d

1
+ D < 83011, B1 >ag,+(Ba—)+ (35— 1) q§q2q3(—§510)
d

+ Z < B3, B11, B2 > dpy 1 (Ba—B1)+(Ba—51) 419243512
d

+ Z < B3, B11, B3 >ap,+(8s—p1)+ (5s—p1) 410203(B11 + Pi2)
d
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1
+ )< B3, 811, Ba >apy+2(8— ) ngg(—iﬁs)
d

1

1
+) < B3, B11: 85 >ap+2(6—p1) Qilqg(—§ﬁ4 — 505)
d

+ Z < B3, P11, Bs >ap,+2(0,—51) 605 (5 ﬂ?)
d

1 1 1
d 2
+ ; < B3, 811, B7 >dp,+2(8:— 1) ‘J1‘J2(§ﬁﬁ +ghrt §ﬁ8)

+Z < B3, 511, B8 >ap,+2(8—p1) Q1C]2( 57+58)
d

+ Z < 33,511, Bo >ap,+2(6,—p1) 419550

1
+ Z < B3, 511, Ba >, +(85—p1) Qf%(—iﬂs)

d

1 1
+ Z < B3, b11, 05 >dB1+(Bs—PB1) qilq3(_§ﬁ4 _ 565)

+ Z < B3, P11, B6 >ap,+(8s—pn) 11035 ﬁ?)
d

3 1 1 1
d
+ y < P, 11, P1 >, +(8:-p1) Q1Q3(§66 +ohr+ 5&;)

+ Z < B3, 511, B8 >ap, +(83—51) CI1(J3( B7 + )
d
+ Z < B3, P11, B >ap,+(8s—pr) 410350

1
+ Z < ﬁ37611)ﬁ10 >dﬁ1+(ﬂ2—51) qilq2(_§ﬁl>
d

+ ) < B3, 811, Bi1 >apt(sa-pn) 44255
d

+ Z < B3, 511, B12 > +(Bo—p1) ¢q2(B2 + B3)
d

=301 + 19367 + 14283 — q1q2(B2 + 3) = 53511 + q14367 — q19252

=63611 + q143512 * P12 — 1q289 * P11 — €2 9243511 + 414203512
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Similarly, with 311 replaced by (12,

B3 * Br2 =Bs3B12+ < B3, B1 >ds,+(B2—51)+(Bs—51) fo&q;s(*%ﬂm)
+ < 53,82 >48, 4 (Bs—B1)+(Bs—B1) ¢lq2q3512
+ < B3, 583 >+ (Ba—B1)+(Bs—51) @ a2a3(B11 + Pr2)
+ < 83,410 >ap,+(82—p1) quQ(—%ﬂﬂ
+ < B3, B11 >apy+(5o—p1) G025
+ < B3, 812 >ap,+(82—51) ¢lq2(B2 + B3)

]. Cd d 2
=632+ 5 D, o 5 a1 050 + 67243512

d#2
c
+ (2070203 + Y ﬁ(ﬁlfm%)(ﬂn + B12) + q1¢22.
d#2
We define
cq Cd
gO(q) = chqda fl(Q) = Z d— quv 62((]) = Z qu7
d d£2 d#2
then

1
B3 * P12 =P3012 + 551(%)(12(13510 + 63 23512
+ (2¢3q2q3 + &2(q1)q23) (Br1 + Bi2) + 4122
1
=033512 + q1q29 * P11 + 551(Q1)Q2Q3ﬁ10

+ (2¢2q2q3 + &2(q1)q2q3) P11 + (2¢32q3 + E2(q1)q2q3) Bra-

5.4 Presentation of Quantum Product

Suppose for a smooth variety X, Ho(X,Z) is freely generated by effective classes g1, - , ¢k, Qk+1, - - -
Qk+1, Where degg; = 0, for i = 1,--- ,k, and degqy4; > 1, for j = 1,---, 1, where here degq; means
fq* c1(X). Then quantum product of X is closed when restricted to the subring H*(X,Q) ®

Q[q]f-i-l’ T aq]c-‘rl][[(ha to ,Qk]] in the quantum Cohomology ring H* (Xv Q) ® @[[qla T an-‘rl]] and
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it is obvious that to determine the ring structure of the latter, it is sufficient to determine the

structure of the former. But first we give a name to it.

Definition 5.4.1. Let QH*(X) = H*(X,Q)®Qqr+1, -, qe+il[ar, - - -, qx]]. We still call this ring

the (small) quantum cohomology ring.

Suppose
H*(Xa Q) = @[Zla T aZn]/(flv U afs)a
is a presentation of the cohomology ring of X, where 7y, --- , Z, are liftings of some basis elements
with respective degrees and form a set of generators in H*(X,Q) and f1,---, fs are homogeneous

generators for the ideal of relations.

Let

Q(q) = Qlgr+1, - » qe+i)llars - - -, arll,

Q(qu) = Q[Qk-i-l?"' 7qk+17Z17"' 7Zn”[q17 an”'

Then we have the following proposition, which is a modification of a result from [16].

Proposition 5.4.2. Let f{,---, fI be homogeneous elements in Q(q, Z) such that
(Z)fz/(ov e aoa Zla e ,ZTL) = fi(Zla e 7Zn) m @(Q7 Z)’
(”)fz,((ha te 7qk+l7Z17 e >Zn) =01 QH*(X)

Then the canonical map

is surjective. If, in addition, Q(q, Z)/(f1,--- , fL) is finitely generated over Q(q), then this map is
an isomorphism.
Before we prove the proposition, we first state

Lemma 5.4.3. Assume that M is a non-negatively graded module over a graded ring R, I is an

ideal in R generated by elements of positive degrees. Then we have
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(i) If IM = M, then M = 0.
(ii) If N C M is a graded submodule and M = N + IM, then M = N.

Proof. (i) Suppose otherwise M # 0. Then we can take a nontrivial homogeneous element, say a, in
M of the lowest degree. From IM = M, a can be written as a linear combination of elements with
coefficients in I. But these coefficients have positive degrees by the assumption on I so the elements
of M appearing in this combination must have lower degrees. This constitutes a contradiction, thus
finishing the proof.

(13) follows from (i) applied to M/N. O

Now we begin the proof of the proposition.

Proof. First we note if ¢ : M — N is a graded homomorphism between two finitely generated

non-negatively graded Q(q, Z)-modules such that the induced map

M/(Ql) 7Qk) _ N/(Qla 7Qk)
(@rt1> s @hr1)  (Qt1s - Qett)

is surjective, then

M/(q,-+ ax) — N/(q1, - 5 qx),

is also surjective by (ii) of the above lemma since (gg11, - ,qx+1) is an ideal in Q(q, Z) generated
by elements of positive degrees . By Nakayama’s lemma, ¢ : M — N is surjective since (g1, - , qk)
is contained in the Jacobson radical of Q(gq,Z). This observation combined with hypothesis ()
gives rise to the surjectivity of the map ¢ in the proposition.

Now assume that Q(q, Z)/(f1,- -+, f1) is finitely generated over Q(g). Suppose W;,i=1,--- ,m
are lifted elements to Q(q, Z)/(f{, -+ , fi) from basis elements of H*(X,Q), where m = dimH*(X, Q).
Then the analogous argument as above shows that they generate Q(q,Z)/(f1, -+, f.) as a Q(q)-
module. In other words, this module is generated by at most m elements. On the other hand, it is
obvious that QH*(X) is of rank m as a free Q(¢g)-module. Then that ¢ is an isomorphism results

from the following lemma. O
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Lemma 5.4.4. For a ring R, if M 1is generated by r elements as an R-module and there is a

surjective map M — R", then M is free of rank r.

Proof. We use f to denote the map M — R". That M is generated by r elements as an R-module
means there is a surjective map g : R™ — M. Then the composition fg: R™ — R" is also surjective.
Now theorem 2.4 in [14] tells us that this composition must be injective, which forces g to be an

injection hence an isomorphism, which in turn implies that f is an isomorphism. O

Now we apply this result to the computation of quantum cohomology ring of F2. First we note
degqr = 0,degqa = 1,degqs = 2, so here Q(q) = Q[q2, ¢3][[q1]]. We have derived a set of generators
of the ideal of relations for H*(F!?,Q), which are listed at the beginning of §5.1. What we need to
do in this section is to find the set f/ satisfying the conditions in the proposition using the results
we have obtained so far, thus completely determining the ring structure of QH*(F2!).

We start with the relation P1 : 5%0 — 2610611 — 310812 + 2875 + 4511412 = 0. In the expression

(5.1)

Bro* Bro = Bio + 8 dgify+12 " dqips,

d#0 d#0

we plug in
1 1
Pa= 50w+ Pu, Bs5 = 5P * bz,
from (5.2) to get

B0 = Bro * Bio — 4 Z diqi Bro * 11 — 6 Z d1q Bro * Pra.

d17#0 d17#0

Also,

Brob11 = Bro * P11, Brob12 = Bro * 12,

B3y = Bia * P12 — q1q2B11, Bi1fiz = Bi1 * Bz + q1qefui,
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Substituting all these into the equation P1, we obtain one relation

R1: Bio* Bio — 2B10 * Bi1 — 3P0 * Bi2 + 2B12 * Bi2 + 4B11 * P12

+2q1g2611 — 4D dig{ Bro* Bir — 6 Y digi Bro * Bra = 0.
d17#0 d17#0

Then working with P2 : 3193%, = 0, we see

Bro * Bi2 * B2 = Bio * (Bi2 * f12)
=010 * (8% + q1q2511) = Br * Bro + 102510 * Pt

=07610 — %%(%)%ﬁw * P11 — 1(q1)q2B1 * i1 + 1 (@) q1d3 B

— P1(q1)q209 + 2¢0(q1)9293 + 2¢1(q1)q19243 + 12510 * B

=B106% + (q1q2 — %%(fh)%)ﬁlo * f11 — ¥1(q1)g2811 * B

+ U1(q1) 183511 — ¥1(q1)q2B8 + 260(q1)g2g3 + 291 (q1) 91923,

then we get the relation

R2 : Broxf12 * P12 — (q1q2 — %wo(m)%)ﬂlo * G114+ 1(q1)g2P11 * B

— 1(q1) @165 811 + V1(q1)q289 — 260(q1)q2g3 — 2¢1(q1)q1g293 = 0.

For P3: 33, =0,

P12 * P12 * B2 = P12 * (5%2 + q19211)
=07 * B12 + Q12511 * B2

=07B12 + %1#1((]1)(]2510 * 11+ (q1g2 + %1&2((11)(12)511 * G114 2q1g26811 * P12
1 1
+ (¢13 — 51/12((11)%(1%)&1 + (—q1q2 + 51/12(611)@)59 — 2(q1)q19293

— 01(q1)q293 + 12511 * P2

1 1
=03 + 11/)1(611)(12&0 x f11 + (q1q2 + §¢2(Q1)Q2)511 * f11 + 3q1g2011 * P12
1

+ (g5 — %¢2(Q1)Q1qg)ﬂl1 + (—q1q2 + 51#2((]1)!]2)59 — ¥2(q1)q19293 — 01(q1)q243,
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then we get the relation

R3 : Bro*B12 * B12 — i%((ﬂ)%ﬂlo * 11 — (qu1q2 + %%(m)%)ﬁn * B11
1
— 3q1q2511 * B2 — (415 — §¢2(Q1)Q1qg)ﬁ11

1
+ (q192 — §¢2(Q1)Q2)59 + 12(q1)q192q3 + ¢1(q1)g2q3 = 0.
For P4 : ,Bllﬂ%Q - 2ﬂ9,312 = O,

P11 * B2 * P12 — 2089 * P12
=011 * (B + q1q2811) — 2(BoSr2 + 243 243)
=67 * B11 + q1q2P11 * P11 — 20012 — 443243

1 1
=0B7611 — 1¢1(QI)Q2610 * f1 — (q1q2 + 51/)2(%)612)511 * 11 — 2q1q2511 * P12
99 1 2 1 9
+ (=i + 5¥2(0)062) 00 + (@192 — 92(a1)a2) B9 + 2419243

4+ 2(q1)q192q3 + 12511 * Br1 — 200612 — 443 q2q3

=187y — 260512 — %wl(QI)QQﬂlo * B11 — %1#2((11)612&1 * B11 — 2q1q2511 * P12

1 1
+ (—qig3 + 5%(611)(11(13)&1 + (0192 — S¥a(q1)a2)Bo — 247G2q3 + ¥2(q1)q19243,

so we get the relation

1 1
R4 2 Br1#B12 * Br2 — 2089 * fr2 + 11/)1((11)(12510 * B11 + 51/)2((11)(12511 * 11
1
+ 2q1q2511 * Pi2 + (3¢5 — §¢2(Q1)q1qg)ﬁn

1
+ (—q1q2 + §¢2(Q1)Q2)59 +2¢7q293 — ¥2(q1)q1g2g3 = 0.
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For P5: ,@10ﬁ%1 + 2089310 = 0,

Bro * P11 * P11 + 209 * Bro
=610 * (811 + Q1420811 + 2q143) + 269 P10
=10 * (Bs — B3 — Bo + 192511 + 2q143) + 289510
=06 * B10 — B3 * B10 — Bo * B0 + 1925010 * f11 + 2193510 + 289510
=550 + C1(an)asBro — 2o(an)asBz — BsBio — 5volarazbro *
— 1@ @B * B +¥1(a1)a1g3 611 — ¥1(a1)a20 + 2¢1(q1)q14243
— Bof1o + q1q2510 * 11 + 24143510 + 2589510
=B10611 + 209610 + (-1(a1)as P10 — 2Co(q1)g3512
— S0l B — da(a)abun * B+ v (o) anadn

— P1(q1) @289 + 2¢1(q1) 916293 + q192510 * P11 + 2q193510,

so we get the relation

R5 : Bro*fr1 * P11 + 209 * B0 — (2q1q3 + ¢-1(q1)q3) B0 + 2¢0(q1)a3612

+ (%¢0(Q1)Q2 — q162) 510 * fr1 + V1(q1)g2fB11 * P

—Y1(q) @163 511 + ¥1(q1) @28 — 2¢1(q1)q12g3 = O.
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For P6 : 310611812 — 2B9B10 = 0,

Bio % B * Buz — 20 *
=10 * (Buufra — q1@211) — 209610
=B10 * (Bs + Bo) — 192610 * P11 — 2P0
=G % fro + o * 1o — 102610 * Bt — 2o
=S50 + o(a)aabro * Bur + r(a)aabin *
— ¥1(q) @351 + 1 (@1)a2B0 — 241 (1) q1243
+ B0 — aax60 * B — 26fhro
=B10611re — 269510 + 5 Yo(a)aaro * B + 1 (a)aaBis # Bus

—P1(q1) @165 811 + ¥1(q1)a2B80 — 291 (q1) 919293 — 9192810 * Bu1,

so we get the relation

R6 : Bioxf11 * B2 — 209 * B0 + (12 — %1/10((]1)(]2)&0 * B11

— 1(q1)g2B11 * Bu1 + ¥1(q1) @163 811 — ¥1(q1)q2B0 + 201 (q1)q1g2q3 = 0.
For P7: 3312 — 20911 + BoSrz = 0,

Bi1 * Bi1 * Bi2 — 2By * Bi1 + Po * Pi2
=611 * (B11512 — (12511) — 2(BoB11 + q1g3B12) + BoBrz + 243423
=08 * B11 + Bo * B11 — q1q2611 * Bi1 — 2q143512 + 2¢3q2q3 — 280011 + Pofi12
1 1
=061 + Z¢1(Q1)Q2510 * 11 + §¢2(Q1)Q2ﬁ11 * 11 + q192511 * Bi2
29 1 2 1
+(gig5 — 51112((11)(]1@12)&1 —q1q3512 + (§¢2(Q1)QQ - q192) 09

—a(q1)q1q2q3 + BoBr1 — q1q2B11 * Bu1 + 243 q2q3 — 280511 + BoSi2
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=011 512 — 2680511 + o2 + %1!11(611)(12510 * 11+ (—q1q2 + %1/)2((11)(]2)511 * B11
1
+ 12811 * Pz + (6705 — §¢2(Q1)Q1qg)511 — 193512

1
+ (§¢2(q1)Q2 — q192)B0 + 2434203 — Va2 (q1) Q1423

so we get the relation

R7 2 Br1#B11 * B12 — 289 * B11 + Bo * P12 — %%((Il)%ﬂm * 11
+ (q1q2 — %1/12((11)(12)&1 * B11 — qrq2P1 * Bz — (qig5 — %1#2((11)(11(1%)511

1
+ q1q3f12 + (g2 — §¢2(Q1)Q2)59 +2(q1) 41243 — 2¢3q2q3 = 0.

For P8 : 33, + 35911 = 0,

B * Bu1 * Br1 + 30y * S
=01 * (B + @1q2P11 + 2q13) + 3(BoSBu1 + q1a3P12)
=06 * P11 — Bs * b1 — B * B11 + q1q2f11 * B
+ 2¢1g3611 + 389S11 + 3q1g3012
=B6f11 + q1q2011 * f11 + q1q2511 * P12 — %Co(m)%ﬁm
+ (3q13 + C1(q1)a3) b1z + 2q1g3511 — 2070243
— [BsBu1 + %1#1(611)(]2&0 * B11 + %wz(ch)lhﬂu * B11 + q1geBin * iz
+ (415 — %%(m)qmg)ﬁn + q1q3fh2 + (%%(m)% — q192) By — V2(q1)q1923]
— (Bofr1 + q1g3Pi2) + q1q2011 * Bu1 + 2q1g3511 + 3Pof11 + 3q1g3 512
=3} + 360B11 + (2012 — %%(91)(]2)511 * 1 — %CO(Ql)QS/BIO
+ (4q193 + Ci(q1)g3) Bz — i%(ql)%ﬁlo * B+ (dq1g3 — qigs + %1#2(611)611(15)&1

1
- (§¢2(Q1)Q2 — q142)Bo + V2 (q1) 010293 — 241243,
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so we get the relation

R8: B11%P11 * B11 + 389 * B + %111((]1)%510 * P11 + (%1#2(611)612 —2q192) P11 * P11
+ %CO(Ql)QSﬂlo + (6705 — 4q1q3 — %1#2((11)(11(15)511 — (49193 + C1(q1)q3) P12

1
+ (51/12(611)(]2 — 192)B0 + 2639203 — Va(q1)q1q2q3 = 0.
For P9 : 895311512 — 53 =0,

Bo * P11 * Bz — By * Bo = (Bo * S12) * Br1 — Bo * By
=P * B11 + 261 92q3511 — (B3 + ¢142q3511 + 41 9203512)
=B3011 + q1q3B12 * B2 — @128 * Br1 — 41 q2q3P11

+ 41203512 + 2654203511 — (B3 + a1a2a3611 + 4192a3512)

=6oB11512 — B3 + q1a3512 * 12 — q1q2B0 * B,

so we get the relation

R9 : Box[11 * Br2 — Bo * Po — q1q3SB12 * B2 + q1g2P9 * P11 = 0.

We use f1, f5,-- -, f to denote the polynomials on the left-hand sides of the equations Ry, Ra, - - - ,
Ry, respectively. Then by the above proposition we have the surjective map from the ring

Q[B9, B0, P11, Br2s a2, @3][[qu]]/ (f1, f5: - -+ » [§) to the quantum cohomology ring. To prove this map

is an isomorphism from the above proposition, we need

Lemma 5.4.5. Q[fo, f10, B11, B12, a2, g3]l[a1]]/ (f1, fo. -+, fy) is finitely generated over Q|qz, q3][[q1]]-

Proof. From fi, f5,---, f§, we see that any power of 10, 511, 312 of degree 3 in the quotient ring
can be reduced to a linear combination over Q[q2, g3][[q1]] of 1, B9, B10, 511, P12 and products among
B9, B10, P11, B12 of the second degree excluding ﬁg and ﬁ%o, in which the highest degree terms with
B9 are Bg3;, 1 = 10,11, 12. If continued, for any power of B1q, 811, B12 of degree 4, the highest degree

terms with (9 are B93;3;, 1,7 = 10,11,12. By iteration, any degree n monomial in B19, 311, f12 in
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the quotient ring can be expressed as a linear combination of elements of the forms

(L1) 5%, BYBro, BE P11, BE B, 55 Broin, BE BroBiz, 55 811512, BE B, B Bl

where k > 0 and when n > 3, the degree of (B9 appearing in this combination is at most the
integer part of "T_l, or [”T_l] Here the word ”degree” means that as polynomials. Obviously, any
monomial in By, B10, 511, P12 in the quotient ring can also be expressed by these elements.

On the other hand from fg, we see

B2 = Bof11P12 — 11038% + q19289 511,

so recursively,

B35 = B3 B11P12 — 014350572 + q142053 P11
= Bof3t1 B2 — q1a3P11 572 + q1q2B0 811 P12 — q1a3Bo BTz + 0102035 1,
B = B3B8 Bra — 143505118y + 410285 811 B12 — q1a383 Bt + q1a2085 B
= Bof3}1 3%y — q1asBhi Bl + q1a2B0 871 B2 — a1a3BeB1153,

+ q19283 811 12 — 14383 B + 019255 B

From f4, we know

1
By = %%(m)%ﬂwﬂn + (q1q2 + 5%(6]1)(12)5%1
1
+3q102011 512 + (¢33 — 5¢2(Q1)Q1qg)ﬂ11

— (192 — %7/)2((11)(12)/39 — 2(q1)q19293 — 01(q1)q243-
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Plugging this in the equation for ﬂé, we get

B = (@) axboBroBly + (@ + Sia(a)a) B
+ 3010a o0 Pro + (G — gva(a)nad)Bolh
~ (@02~ 5ea(a)a) B0 — (a(a)araoas + 61 () aaas) o
— 301181z + 019280671 572 — 410389511 512 + 010205 811 Bz

— 19383 BLs + 010285 B11.-

All the monomials appearing in the right-hand side of this equation have nontrivial coefficients in
q2, q3, which implies their degrees as in quantum cohomology ring are at least 1. When their parts
of products of Big, B11, f12 are reduced by f1, f5,-- -, f§ described at the beginning of this proof,

we realize 33 as a linear combination over Q[gz, g3][[q1]] of elements of the following forms

(L) B3, 83 B:. B3, B3 35 B3 BrB1, Bo, Bo B BoBrbBus 1, B, Bl

where 4, j,k,l = 10,11,12. Notice we don’t need the term ﬂg’ﬂiﬁj in this list. If we continue
the iterations as above and whenever necessary we replace ﬁg by the above expression but without
reduction on the parts of various products of B1g, 811, 812, then we get ﬁg+3 as a linear combination

of monomials of the form

I al1 pla ol
B9 10511513,

for 0 <I<3and 0 <!+ 1+ I3 <2n. By the reduction at the beginning of this proof, ﬁilo ﬁ i32

can be reduced to a combination of elements in the list of (L;) with the degree of (39 not bigger

than [ll+l2;l3’_1] <[ZA]=n-1,s0 3573 is reduced to a linear combination of monomials of the

form
By 1601 Bths
for0<i<n+2and0<l]+1ly+13<2.
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Now we suppose powers of Gy of degrees lower than n 4+ 3 can be represented as linear combi-

nations of elements

(Ls) B, 858, 858i35, B3 B3 Bj B3 BrBus Bos 8935, BoBilBis L, Bss BB,

where i, 5, k,1 = 10,11,12. Then to show ﬂg+3 can be represented by these elements, since ﬂg can
be expressed by elements in (Lg) hence in (L3), we are left with two terms (33 3;, B3 3:3; to consider.
In turn, if we look back at the list (Lg), this is reduced to Bgﬁi,ﬁgﬁjﬁk,ﬁgﬁjﬂkﬁl among other
terms already in (Ls). The first two terms are good in (L3). Since (;0i0; can be expressed by

elements

ﬁgv B9ﬁi7 17 ﬁ]) ﬁ]ﬁka

where 4,7,k = 10,11,12, 333,83 is reduced to terms B3, 345 among others, which are good as
reasoned above. All together by induction, [5‘g+3 can be written as a linear combination of elements

in (L3). Combined with the list (L), the quotient ring is generated by elements
1 al1 ala 4l
Bo 10511513,

where 0 <[ <3 and 0 <[y + 1y + 13 < 4. O
Summarizing these results, we conclude with the following

Theorem 5.4.6. The quantum cohomology ring QH*(F[Q}) is isomorphic to the quotient rTing
Q[ﬁf)? 6107 ﬁlla ﬁ12a q2, Q3] [[QIH/(f{a fé? Ty fé)

]

For Hirzebruch surfaces F,, it is known that Hilbert schemes FC[L2 are symplectically isomorphic
according to whether a is even or odd. Since Fy is the same as P! x P!, together with the result
of Pontoni[16], the quantum cohomology of the Hilbert schemes of two points for all Hirzebruch

surfaces are determined.
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