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Abstract

Quantile regression, as a supplement to the mean regression, is often used when a comprehensive
relationship between the response variable and the explanatory variables is desired. The traditional
frequentists’ approach to quantile regression was well developed with asymptotic theories and effi-
cient algorithms. However not much work has been done under the Bayesian framework. The most
challenging problem for Bayesian quantile regression is that the likelihood is usually not available
unless a certain distribution for the error is assumed. In this dissertation, we propose two Bayesian
quantile regression methods: the data generating process based method (DG) and the linearly in-
terpolated density based method (LID). Markov chain Monte Carlo algorithms are developed to
implement the proposed methods. We provide the convergence property of the algorithms and
numerically verify the theoretical results. We compare the proposed methods with some existing
methods through simulation studies, and apply our method to the birth weight data.

Unlike most of the existing methods which aim at tackling one quantile at a time, our proposed
methods aim at estimating the joint posterior distribution of multiple quantiles and achieving global
efficiency for all quantiles of interest and functions of those quantiles. From the simulation results,
we found that LID could produce more efficient estimates than some existing methods. In particu-
lar, for estimating the difference of quantiles, LID has a big advantage over other existing methods.
Keywords: Bayesian inference; Markov chain Monte Carlo (MCMC); Quantile regression; Linearly

interpolated density (LID);
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Chapter 1

Introduction

Regression, a term defined by Galton (1885) [5] to describe a biological phenomenon, is one of the
most widely used statistical tools. Most of the time it refers to the linear mean regression, which
takes the form of

Yi :xiﬁ—"eia 1= 1727"'7”’

where y; is the response variable, x; is a 1 X p vector consisting of p explanatory variables, 8 is a
p x 1 vector of coefficients for the explanatory variables, and ¢; is the error term which is usually
assumed to have mean zero.

The earliest regression, which used the method of least squares proposed by Legendre and Gauss,
however, was used for determining the orbits of the bodies around the sun. After about a century,
Yule and Pearson studied the theoretical property of the regression by assuming that the joint
distribution of y; and z; is normal. Later, Fisher found that only the conditional distribution of
yi|x; needs to be normal. This is one of the most commonly used assumptions in regression analysis.
It turns out that the mean regression could solve many problems under such simple assumptions.
However, for some data, the assumptions of the linear mean regression do not hold or the objective
of interests is no longer the mean. For example, people would like to study why some infants are
born with relatively low birth weights, that is, the lower quantiles of infant birth weights are of main
interests. Moreover, sometimes the error term does not even come from a distribution with finite
mean, e.g., the Cauchy distribution. In such cases, modeling other quantities, such as quantiles,
might be more appealing. For quantile regression, there are no specific assumptions about the error
term. In Sections 1.1, 1.2.1, and 1.2.2, we follow Chapters 1 and 3 of Koenker (2005) [10] to introduce

quntile regression.



1.1 Introduction of quantile regression

As early as 1755, Boscovich published his work about calculating the ellipticity of the earth. His
model is

yi = a+bsin?)\;, i=1,2,3,4,5,

where y is the arc-length of 1° of latitude and X is the latitude, and the ellipticity is computed as
3a/b. In his work, he estimated a and b by minimizing the sum of absolute residuals under the

constraint that the sum of residuals equals to 0, that is,

5

. L _ -2 .
n;zglz ly; — a — bsin\;|,
=1
5
subject to: Z yi —a — bsin?)\; = 0.
i=1

Edgeworth (1888) [3] revised Boscovich’s idea by throwing away the constraint on the sum of resid-
uals, and thereby developed the median regression.
In order to model quantiles other than the median, an asymmetric version of absolute errors is used

as the objective function. For the 7th quantile, the asymmetric function is defined as:

pr(w) = u(T = Itucoy), (L.1)

where Iy, o) is an indicator function taking value 1 if u < 0, and 0 otherwise. An example of the
p function with 7 = 0.25 is given in Figure 1.1. One motivation to use this function as the loss

function is that for a random variable X ~ F|

T )

Ep. (X —2%)=(1— 1)/ (x — 2)dF(z) +T/ (x — )dF(x).

—00 T

In order to minimize this loss function, we can take the derivative with respect to Z and set it to 0:

(T—1)/i dF(x)+T/OOdF(w)=0

— 00 x

T—F(z)=0.

One solution is the 7-th quantile, which is defined as & = F~1(7), where

F~ Y1) =inf{x: F(z) > 1}.
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Figure 1.1: Example of the p function when 7 = 0.25.
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For the linear regression case, we can specify the 7-th conditional quantile function as

Q- (yilxs) =z B(7), i=1,2,...,n.

The parameter 3(7) can be estimated by 3(7) which solves the objective function

Let Y = (y1,92, .-y Un), X = (2f,25,...,20), 1, = (1,1,...,1)’. The above quantile regression
——

n
problem is equivalent to a linear programming problem,

(B(m)in ){Tlilu +(1 -7 v XB(T)+u—v=Y} (1.2)

where u and v correspond to the positive and negative parts of the residual vector Y — X 3. One

can obtain B(7) through solving the linear programming problem.

1.2 Inference for quantile regression

1.2.1 Inference based on asymptotic distributions

Consider data from the linear model
Yi :xlﬂ—i—q, 1= 1,27...711, (13)

where ¢;’s are independent and identically distributed (iid) from a distribution F' with density f.

Koenker and Bassett (1978) [11] showed that the joint asymptotic distribution of the m quantile

regression estimators G, = (8 (1), ..., Bn(Tm)’) is

\/ﬁ((jn—C)gN(O,Q(@Qal), as n — oo, (1.4)



where ¢ = (8(m1)’, ..., B(7im)")’, the positive definite matrix Qo = lim,, 0o n ™' > 1| zix;, the symbol

® denotes Kronecker product and €2 is an m X m matrix with elements

max(Ti,Tj) — TiTj

FEHr) f(FH ()

wij = 1=1,2,...,.m,7=1,2,...,m.

If ¢;’s are not iid, then the asymptotic distribution of ﬁ(B(T]) — B(r;)) takes the following form.

\/ﬁ(B(TJ) — B(15)) b, N(0,7;(1 — Tj)Hrjl(Tj)Jn(Tj)Hrjl(Tj)), j=12..m, as n— oo, (1.5)

n
. —1 /
Jp = lim n E T;%4,

n—o0 ;
i=1

and

Hn(Tj) = lim n! ZZ‘;JZle(fZ(T]))

n—oo ;
=1

Here &(7) = Q- (yi|z;) and f; denotes the conditional density of y;|z;. The asymptotic covariance

matrix for 5(7;) and B(7;) is as follows.
Acov(vn(B(ri) = B(r:), vn(B(r5) — Blr3)) = [max(rs,75) — 7| H (r3) " T Ho (7)™, (1.6)

where ¢ = 1,2,...,mm and j = 1,2,...,m. Therefore, to test hypotheses or construct confidence
intervals, one has to estimate s(7;) = [f(F~!(7;))] 7! for iid errors and f;(&;(7)) for non-iid errors.

Because F(F~!(1;)) = 7;, if we take the derivative with respect to 7 on both sides, then

RN I -
f(F (T]))deF (TJ) - 13 J= 1723 cey

which leads to s(7;) = diTjF_l(Tj). Siddiqui (1960) [17] suggests that one could approximate s(7;)

by
Bt b)) oy

§n(Tj) =

where f?',j lis an estimate of F~! and h,, is the bandwidth which converges to 0 as n — co. Similarly,

for non-iid errors, Hendreicks and Koenker (1991) [7] suggests that one could estimate f;(&;(7)) by

. 2h,,
fz(gz(T)) - i‘l(B(T—‘r hn) _ B(T . hn))




However, there is no guarantee that
di = (B(T + ha) — B(T — hy)) > 0.

One could replace f; by max{0, %}, where § > 0 is a small quantity to avoid the denominator

being 0.

1.2.2 Inference based on bootstrap

When the variance of the estimate is difficult to calculate, the bootstrap method is usually one way
to circumvent the difficulty. For example, if the data come from Model (1.3), one can implement

the residual bootstrap to calculate confidence intervals for (7). Let

The bootstrap samples €7, €5, ..., € are drawn from €, éa, ..., €, with replacement. Letting
yi =xB(r)+e€, i=1,2,..,n, (1.8)

we can obtain the bootstrap estimate of 8(7), denoted as 5*(7), by

n

B*(r) = aTg;nianT(y;‘ —x;0).

=1

DeAngelis et al. (1993) [1] showed that the distribution of v/n(8*(7) — 3(7)) conditional on D,
where D = {(x;,:),i = 1,2,...,n}, converges to the limiting distribution of \/n(3(r) — B(7)). There
are two ways to calculate confidence intervals based on B bootstrap samples 57 (7), 85(7), ..., B5(7).

The first way is to estimate the covariance matrix of 5(r) by

B
% Z(ﬁf(f) = B(r))(B; (1) = B())',



and then calculate confidence intervals based on the asymptotical normal distribution of \/H(B (1) —

B(7)). The other method, discussed by Efron and Tibshirani (1993) [4], is based on quantiles of

6T,j(7—)35;,j(7—)3"'aﬂg,j(,r)a j = 1727"'7273

where 3/ ;(7) denotes the j-th component of the i-th bootstrap estimate §;(7). A 95% con-
fidence interval for §;(7), where §;(7) is the j-th component of 5(7), could be estimated by
(86.025.5(7): B5.075.; (1)), Where (3 o5 i(7) and (5 g75 ;(7) denote the 2.5% and 97.5% quantiles of
B1,(7), B3 ;(7), ... B ;(7) correspondingly.

When the errors are not iid, we have to switch to the (x,y)-paired bootstrap (Efron, 1982). In the
(x,y)-paired bootstrap, we will draw samples (zf,y7), i = 1,2,...,n, from {(z;,¥:),7 = 1,2,...,n}

with replacement and equal weights. The bootstrap estimate 5*(7) is computed by

B (r) = argmin > pe(yr — i B).

i=1

One could use the same methods as that for the residual bootstrap to calculate confidence intervals

after one has B bootstrap estimates.

1.2.3 Inference based on MCMB

He and Hu (2002) [6] proposed a Markov chain marginal bootstrap (MCMB) method based on
bootstrapping estimating equations.

Let Y7,Y5, ..., Y,, be n independent random variables and let 8 = (61,62, ..., 8,,) be the p-dimensional
parameter that relates to the distribution of Y;. Suppose that ¢;(Y;, ) is a p-dimensional function
with Fy(g;(Y:,6)) =0,i=1,2,...,n. Then

n

S(Y,0) =Y g:(¥i,0) =0

=1

is called an unbiased estimating equation. Assume that g;(Y;,0) = a;z;, i = 1,2, ...,n, where a;’s are

constant and z;’s are random. The MCMB algorithm, quoted from He and Hu (2002) [6], is as follows.

1. Initialize 8 =@ and k = 1.

2. Draw a bootstrap sample {zfj(k), cny zflgk)

} from {z1,...,2,} for each j =1, ..., p.

7



3. In the sequence of j = 1,2, ..., p, solve for éj(-k) from

A(k A(k Ak) flk—1 A(k— *(k
(V017,050,065 LGy = 55,

V1,05

where S} is the j-th component of S(Y, ), and S;(k) is the j-th component of > | aiz:j(k).

4. Increase k by 1 and go to step 2, or stop if k£ has reached a prespecified level.

MCMB is very computationally efficient since it only solves a one-dimensional equation every time.
The computational cost of MCMB is in the order of O(np) instead of O(np®/?) for traditional
bootstrap methods. Kocherginsky and He (2007) [8] modified the MCMB method by applying two
transformations in order to decrease the potential high autocorrelation of the MCMB sequence and
broaden the applicability of MCMB.

For the quantile regression case, the corresponding estimating equation for the 7-th quantile is
n
S(D,B(r)) = Z»Tﬂ/fr(yi —z; (7)),
i=1

where ¥, (y; — 2;8(7)) = 7 — I{y,<2,8(r)}- At the resampling step in the MCMB algorithm, one can
set a; = 1 and z; = z;¢,(y; — 2;8(7)) — Z, where Z = %22;1 x4 (yi — x;5(7)), as proposed by
Kocherginsky, He and Mu (2005) [9]. Alternatively, one can make use of the pivotal property of
S(D, B(r)), which is observed by Parzen, Wei and Ying (1994) [15]. They suggest that I, <4, s(-)}
can be generated from a Bernoulli distribution with success probability 7, so the distribution of
S(D, B(7)) is independent of 5(7), which makes S(D, 5(7)) pivotal. Therefore, Step 2 in the algo-
rithm could be modified as follows.

2.a) Sample T f;k<x B(r)} from a Bernoulli distribution with success probability equal to 7.

2.b) set 2 = 2 0r* (yi — 2iB(1)) = 2ij (1 = I{), 5iryy)-

1.3 Bayesian regression of quantiles

Similar to the linear mean regression, it is of interest to study regression of quantiles under the
Bayesian framework. A good property of the Bayesian method is that once we have the poste-
rior distribution or samples from the posterior distribution, it is relative easy to construct credible

intervals for the parameters. Generally, one can use the posterior quantiles or posterior sample



quantiles to construct credible intervals for the parameters. However, the most challenging problem
for Bayesian quantile regression is that the likelihood is usually not available unless a certain dis-
tribution for the error is assumed. Due to this difficulty, not much work has been done under the
Bayesian framework.

The following are some work in the literature that I am aware of. Yu and Moyeed (2001) [19] pro-
posed an idea of employing a likelihood function based on the asymmetric Laplace distribution. In
their work, Yu and Moyeed assumed that the error term follows an independent asymmetric Laplace
distribution

frw)=71—1)e W yeR,

where p;(u) is the loss function of quantile regression. The asymmetric Laplace distribution is
very closely related to quantile regression since the mode of f,(u) is the solution to the quantile
regression objective function. Kottas and Gelfand (2001) [12] implemented a Bayesian median
regression. They introduced two distribution families with median zero, and they also employed
the Dirichlet process prior. Dunson and Taylor (2005) [2] tried to use a substitution likelihood
proposed by Lavine (1995) [13], to make inferences based on the posterior distribution. Here is the
description of the substitution likelihood. If yq, o, ...,y are iid from a distribution F', then for m

quantiles 0 = (0,,,0,,...,0,, ) of F with 74 < 79 < ... < Tp,, the substitution likelihood is

n m+1
s(0) = H ATZ“(G),
u(0) - - ums1(0) | i=1

where u;(0) = >0, Iyie(gr;l’gr‘] and (A1, A7ay ooy ATppy1) = (11, 72 — 71, ..., 1 — 71 ). One property
of Dunson and Taylor’s method is that it allows regression on multiple quantiles simultaneously.
Taddy and Kottas (2009) [18] developed a fully nonparametric model-based quantile regression

based on Dirichlet process mixing.

1.4 Our contribution

In this dissertation, we introduce a Bayesian method based on linearly interpolated density (LID) or
a data-generating process (DG), which avoids calculating densities directly. The proposed methods
can estimate multiple quantiles simultaneously. In particular, we found that LID has a big advantage

for estimating the difference of quantiles.



The rest of the dissertation is organized as follow. Chapter 2 describes the algorithms of the two
methods. Chapter 3 shows theoretical results of the proposed methods. Chapter 4 gives numerical
results based on simulated and real data. Chapter 5 gives more numerical studies. Chapter 6 gives

the conclusion and discusses possible directions for future work.

10



Chapter 2

Algorithms of the Two Proposed
Methods

Suppose that we have a linear model
yi=z8+e, i=1,2..n, (2.1)

where x; is a 1 X p vector consisting of p explanatory variables, £ is a p X 1 vector of coefficients for
the explanatory variables, and ¢; is the error term. The corresponding quantile model for the 7;-th
quantile is

Qr, (yilrs) = x:(75), i=1,2,...,n, j=1,2,...,m. (2.2)

Because our methods are under the Bayesian framework, we need to put priors on the parameters
and make posterior analysis. Let B, = (8(m1), 8(72), ..., 8(Tm)) and denote 7(B,|X) as the prior
for B,,|X. We are interested in the posterior distribution of B,,|X,Y, where X = (,...,2},)" and
Y = (Y1, Yn)-

As introduced in the first chapter, it is not an easy task to find the posterior distribution since the
likelihood is not available unless the error distribution is specified. Here we will introduce two ways
to deal with this problem. The first method approximates the density based on linear interpolation.

The second method employs a data-generating process to avoid the likelihood.

2.1 Interpretations of B,,|X,Y

Before we introduce the algorithms, it is important to know how to interpret B,,|X,Y. Let us
consider an ideal case first, where B, is infinite dimensional and covers all the quantiles. In this
case, Y|X, By is equivalent to Y|Fy, Fs, ..., F,,, where F; is the cumulative distribution function
(cdf) of y;|x;. Assuming that all these conditional distributions have probability density functions
(pdf), we can calculate the likelihood function L(Y | X, Bs,) through [;-, fi(v:), where f; is the pdf

of y;|z;. Denoting m(By) as the prior for B, we can define the posterior distribution of B |X,Y

11
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where p(Y|X) denotes the marginal density of Y| X.

Similarly, we can define the posterior distribution of B,,|X,Y as
P(Bun| X, Y) < 7(B) LY |X, By).

Now the interpretation of L(Y|X, B,,) is not straightforward. Our definition of L(Y|X, By,) is that
L(Y|X,By,) = [1i—, fi(yi), where f;(y;) is defined as an average over all the possible conditional
distributions of y;|z; with the same m quantiles (Qr, (yilz:), Qry (YilTi), ..., Qr,, (yilzs)) = x; By,
Denote 7 (f;|z;By,) as the prior on all the possible conditional distributions of y;|z; with the same

m quantiles (Qr, (yi|z:), Qr, (yil2i), .., Qr,, (vi|7i)), then
filys) = /fi(yi|xi)77(fi|$z‘3m)dfi-

We will revisit this concept in Chapter 3, where we will discuss more about the priors and the

interpretation.

2.2 The linearly interpolated density method

We illustrate the basic of the method through the following example. Suppose Z ~ F(z), where
F(z) is the cdf for Z. Let f(z) be the pdf of Z and z be an observed sample. Let 7, = F(z) and
71, T2 be two constants such that 0 < 71 < 7, < 75 < 1. Then F~1(r1) < z < F~1(7) if we assume
f(2) is continuous and non-zero. We can approximate f(z) by

T9 — T1
F1(r) — F(m)’

since
T2 —T1 T2 —T1

F ()~ F(m) R i m—m) 0

where 7 < 7% < 1 and 2* = F~1(7*) € (F~}(71), F~1(m2)). The last equation is because

12



Moreover, if we shrink (71, 72) towards 7., then (F~1(r), F~1(73)) will shrink towards z, given f(z)

is continuous and nonzero. Because z* € (F~1(m), F~!(72)), we have

im (=) = f(2).

T1—Tz,T2—Tz

We will discuss more about the convergence property of the linear interpolated density in Chapter 3.

Algorithm of the linearly interpolated density method

We want to run an MCMC algorithm on B,, and obtain samples from the posterior distribution.
Here we introduce the algorithm step by step.

1. Pick m quantiles, say, the 71-th, the 7-th,..., and the 7,,-th quantiles, which should include the
quantiles of interest. One possible choice is to make them equally spaced, that is, 7, = i

2. Put a prior 7(B,,) on B,,. One possible prior is a truncated normal N (u,X) satisfying

2 B(11) < 2:B(12) < ... < xif(Tm), 1=1,2,..,n. (2.3)

3. Choose an initial value BY, for B,,. A good choice is the quantile regression estimate, which could
be calculated by “quantreq” package in R. Since quantile regression estimates does not guarantee
that

2:37(1) < 287 (12) < ... < iU Tm), i=1,2,..,n,

we need to make some adjustments to the quantile regression estimates if necessary. If all the

covariates are positive, one possible modification is to use the order statistic of

(BL9(71), BrA(72)s s Bi (7)), ki =1,2,...,p,

denoted as

(B;?(l) (7—1)) BZ?(Q) (T2)7 8] B]:?(m) (Tm))v k= ]-7 27 -~ Dy

where 379(;) denotes the k-th element of 3,,(7;). Therefore, the k-th row of BY, is

(B;?(l)(Tl)a B;:?(g) (7—2)7 ) B;:?(m) (Tm))7 k=1,2,..,p.

13



If some covariates are not positive, we can shift them to a positive region.
4. Approximate the densities. With the initial values of the parameters, we can calculate the linear
interpolated densities by

m—1

£0
fi (ilzs) = [ZI{yie(l‘iﬂo(Tj)73775/80(7—]'+1))}xiﬁo(

Jj=1

Tjtl = T
+I . _ ;39 (71 T i
Tis1) — $i50(7j)] {yi€(—00,w:B0(r )} T1S1(¥3)

gy, (@80 (rm) o0t (1 = Tm) f2 (i), i=1,2,...,n,

where f; and fo are two densities for the tail, which could be chosen as truncated normal densities.
Let L° = ][}, .}2';0

5. Propose a move. Suppose we are at the k-th iteration. Randomly pick a number 7; from
T1, T2, .., Tm, and then randomly pick a component SF(7;) of 8(7;) to update. To make sure that
the proposed point 3;(7;) satisfying constraint (2.3), we can calculate a lower bound [b and an
upper bound ub for §;(7;) and generate a value for 5/ (7;) from Uniform(lb, ub), and we will use a
truncated normal as the proposal distribution in case [b = —oco or ub = co. For each observation
(yi,x;), 1 = 1,2,...,n we can calculate a lower bound lb; and an upper bound ub;, i = 1,2, ...,n, and
then Ib = mzazr(lbi) is taken as the maximum of all these lower bounds and ub = mlm(ubz) is taken
as the minimum of all these upper bounds. The formula to calculate ub; and [b; is given as follows.
If 1 <j<mandz;; >0, where x; ; denote the I-th element of x;, then

b, = 2B N Tm0) = Yoy xi,tﬁf_l(Tj)7

Li,l

and
@B () = Ca i ()
Ty '

If 1 <j<mandz;; <0, then

23N (Tj1) — )y i B (1))

lbl = )
T
and
2B (1) = Y i (1)
Ub,' = .
Ti,l
If j =1 and z;; > 0, then
lbz = —0Q,

14



and

If j =1 and z;; <0, then

1b;
and
If j =m and z;; > 0, then

lb;
and
If j =m and z;; <0, then
and

If z;; = 0, then

and

Ll

2B (i) — L vt (7))

2B (1) = Y i ()

Zi,l
ub; = 00
lb1 = —0Q,

X4,
b, =0,

15
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6. Once a move is proposed, let us set B, = (87 1(71), ..., 8571 (75-1), B5(7), B H(Tj51)s o, B HTm))-

We can calculate the linear interpolated density f(yi|z;), ¢ = 1,2, ..,n, through

- Tt+1 — Tt
fiyilz) = | Z I{yi€($i6k71(Tt)7$i6k71(71+1))} k—1 k—1 ]
t#jt#j—1,t<m 2PN (Tg1) — 2B (T)
T — Ti-1
Ly s BE=1 (s 1) s B* (1 i __J
{yi€(@iBr="(r-1),i 87 ( J))}xiﬂ*(,rj) — 28" 1(r;_1)

7 Ti+1 T
+ {yiE(riﬁ*(Tj),miﬁk*1(7j+1))}xiﬁk—1(7.j+1) _ Izﬂ*(Tj)

+I{yi€(foo,a:i,8k—1(T1))}Tlf1 (yl) + I{yiE(Iiﬁk_l(Tm)7OO)}(1 - Tm)fQ(yi)a i=1,2,...,n.
Let L* =[], f.
7. Calculate the Metropolis-Hastings ratio

_ w(B;)L*p(BEt — B;)
m(Br Y LE=1p(Bx, — BhY)’

where p(BE~1 — BZ) denotes the transition probability from B! to B and p(Bj, — Bt-1)
denotes the transition probability from B}, to BX~!. Notice that these two transition probabilities
can cancel out if we choose symmetric proposals for the tails. If 7 > 1 then BY = B ; otherwise, let

m?

BE = B}, with probability r, and BY, = BF~1) with probability 1 —r. If B¥, = B}, then L* = L*;
otherwise L* = LF~1.

8. Repeat Steps 5 - 7 until the desired number of iterations is reached.

2.3 The data generating method

Marjoram et. al. (2003) [14] proposed a Markov chain Monte Carlo (MCMC) without likelihoods
method to deal with the case that the likelihood is not available or very hard to compute while
generating data from the model is relative easy. Let us review their algorithm before we introduce

the alternative method for the Bayesian quantile regression problem.

2.3.1 MCMC without likelihoods

Suppose data D come from a discrete distribution f(D|6). If we want to draw samples from p(6|D)
w(0) f(D|0), where () is the prior of 6, we can take the following steps.

1. Generate 0 from m(0).
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2. Generate D' from f(D|6).

3. Accept 0 if D =D'.

If D follows a continuous distribution, we can change Step 3 to “accept 0 if p(D,D’) < €, where
p(D, D’) is a measure of distance between D and D’ and e is a small quantity to control the accuracy.
If S is the sufficient statistic for 6, then the acceptance rate may be improved by comparing the
sufficient statistics. Combining this accept-reject algorithm with the Metropolis-Hastings algorithm,
we can get the MCMC without likelihoods algorithm as follows.

1. Suppose the chain is at §. We can propose a move 6’ from a proposal distribution ¢(6,6").

2. Generate D’ from f(D|0).

Calculate S’ from D’.

- W

If S’ = S, then go to next step, and stay at 6 otherwise.
5. Calculate the Metropolis-Hastings ratio

(00 — 0)
NOICEYDE

T =

and accept 6’ with probability min(r, 1).

Again, if D is continuous, we will introduce a distance measure and a tolerance quantity.

2.3.2 Generating data based on quantiles

If we can generate data based on quantiles, then we can use the MCMC without likelihoods method.
Let us start from a simple case, where 7y, Zs, ..., Z,, are iid with cdf F(z). We know that if F(z)
is invertible, we can use the inverse cdf method to generate n samples from F(z) through following
steps.

1. Generate uj,ug, ..., u, from Uniform(0, 1).

2. Calculate 2} = F~Y(u;), i =1,2,...,n.

If we only know m quantiles instead of the cdf F, say, ¢r,,qry, -, qr,,, Where 0 < 71 < 72 < ... <
Tm < 1, then we can use linear interpolations to generate samples as follows.

1. Generate u1, us, ..., u, from Uniform(0,1).

2. If 7; <y < Tj41, then

qrj1 — 47y
P = qu + M(’Uq — Tj). (24)
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If u; < 7 or u; > Ty, then z; can be generated from a truncated normal where z need to be smaller
than g, or greater than ¢, _.

Now let us consider the linear regression case, where

Yi :Sciﬂ+€i, 1= 1,2,...,71.

For each point (x;,y;), we can calculate m quantiles Q- (y;|2:), Qr, (yilZs), ..., Qr,, (yi|z;) if we know
B,,. To generate samples in this case, we need to modify the interpolation step to the following.

Iij <U; < Tj41, then

Qr; 1 (Yilzi) — Qr, (yilTi)

T+l — T

Yi = Qr, (yilz:) + (ui — 7). (2.5)

If u; < 71 or u; > Ty, then y; can be generated from a truncated normal where y; need to be smaller

than Qr, (yi|z;) or greater than Qr,, (y;|;).

2.3.3 The algorithm of the data generating method

For the univariate case, where no covariates are involved, one can use order statistics as the sufficient
statistic and use the Euclidean distance as the measure if the data are continuous. Suppose that
the observed data is Z = (z1, 22, ..., 2,,) and continuous. In this case, the algorithm is as follows.

1. Pick m quantiles, say, the 71-th, the 75-th,..., and the 7,,,-th quantiles, which should include the
quantiles of interest.

2. Put a prior m(gry:r,,) ON Groir, = (Qrys Qras s G )-

3. Choose an initial value qgo:Tm for ¢r,.r,,. One can use the sample quantiles as the initial point.
4. Propose a move at the k-th iteration. One possible proposal can be chosen as follows. Randomly
choose a number 7; from 71, 79,..., 7. If 1 < j < m, then q;'ij ~ Uniform(qr,_,,qr,,). If j=1or
j = m, then qﬁj can be generated from a truncated normal, which should guarantee that q:j < qr
or q;, > qr,. Let ¢, = (qu,...,qu_l,qjj,quH, ey Gy )-

5. Generate ug, usg, ..., 4, from Uniform(0,1). Use the interpolation scheme (2.4) proposed in Section
2.3.2 and plug in ¢} .. . Denote the generated data as Z' = (21, ..., z,,).

6. Calculate the order statistic 5" = (z(;), ..., zzn)).
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7. Calculate the Euclidean distance between S and S’

Go to the next step if p(9,S’) < €, where € is a pre-specified tolerance quantity. Otherwise q’jl:Tm =

k—1
dryir,-

8. Calculate the Metropolis-Hastings ratio

Tr(q:l:T?n )t(qfl_;m — q;fl T )

T =

Let ¢¥ .. =q& ., with probability min(r,1).
9. Repeat Steps 4-8 until the desired number of iterations is reached.

For the linear model with one covariate case,
yi=a+z;0+e€, i=1,2,...,n,
we would like to introduce summary statistics dq, ds defined as

1 n
dizy = n Z(I(yiéqn (wilzo)) — 1)/ V7 (1 —71)
i=1

(2.6)
1 n
dir, = — Y Ttyi<an, wilen) = )/ VTm (L= 7m),
i=1
1 & .
d2;rl = ﬁ Z(I(yigqu (yilzi)) — Tl)xi/ Tl(l - Tl)
i=1
(2.7)
1 & .
da,r,, = n Z(I(yigq,-m (yilzi)) — Tm)Zi [V T (L = Tm),
i=1
where z} = m and ¢, (yi|w;)) = a(7j) + x:5(7;), where a(7;) and 3(7;) are the “quantreg”

(a package in R) estimates based on the originally observed data (X,Y).
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Let D' = {(z4,y}),i =1,2,...,n} be the generated data. We can calculate d,d; by

1 n
tr = = 2 <o ey — )/ (L= 11)
i=1

(2.8)
1 n
A r = =D T <ar ko) = Tm)/ VT (1= 7o),
i=1
1 n
2 = = > <o il — )27 /Y11= 7)
i=1
(2.9)
1< .
dr =~ > Ly <ar ile)) = )7 v/ T (1= Tom).
i=1

We calculate the Euclidean distance between dy,ds and d},d, to decide whether we will reject the
move or not.

The algorithm is as follows.

1. Pick m quantiles, say, the 71-th, the 7o-th,..., and the 7,,-th quantiles, which should include the
quantiles of interests.

2. Put a prior n(B,,) on By, = (a(r1),a(m2), ..., a(Tm), B(11), B(72), ..., B(Tm)). One can use a
truncated normal prior same as the one for the linear interpolated densities method.

3. Choose an initial value BY. One can choose the initial value discussed at Step 3 of the linearly
interpolated density method.

4. Calculate d; and dy through equations (2.6) and (2.7).

5. Propose a move. One can use the same strategy as Step 4 of the linearly interpolated density
method. Denote the new point as Bj,.

6. Generate data. Generate ug, ug, ..., 4y from Uniform(0,1). Use the interpolation scheme (2.5)
discussed in the Section 2.3.2 and plug in B}, to generate D’.

7. Calculate d} and dj through equations (2.8) and (2.9). Go to the next step if p(dy,d}) < €1 and
p(da,dy) < ea, where p(-,-) is the Euclidean distance and €; and ez are two pre-specified tolerance
quantities. Otherwise BF, = BF~=1.

8. Calculate the Metropolis-Hastings ratio

_ w(BY)HB* = B¥ 1)
C on(BEYHBET = B’
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and accept B* with probability min(r, 1).
9. Repeat Steps 5 - 8 until the desired number of iterations is reached.
For the multi-covariates case, this method could be easily generalized, but more distances may be

needed to compare instead of only d; and ds.
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Chapter 3

Theoretical Results of the
Proposed Methods

In the previous chapter, we introduced two methods to solve the quantile regression problem. Both
methods used the Markov chain Monte Carlo (MCMC) method, so it is important to know the
stationary distribution of the Markov chain. The limiting property of the stationary distribution is
also of interest. In this chapter, we will show the limiting property of the stationary distribution as

m — 0o, where m is the number of quantiles we use.

3.1 Stationary distribution of the linearly interpolated
density method

Let us consider the linear model
Yi :xiﬁ—"eia 1=1,2,..,n, (31)

where x; is a 1 X p vector consisting of p explanatory variables, £ is a p X 1 vector of coefficients for
the explanatory variables, and ¢; is the error term. The corresponding quantile model for the 7;-th
quantile is

Qr, (yilws) = x:6(75), i=1,2,...,n, j=1,2,...,m. (3.2)

Let 7 (By) be the prior for By, = (B(71), B(72), - B(Tm)) and P (Y|X, Br) = T1i_y fim(yi)
denote the linear interpolated likelihood, where flm(yl) denotes the linear interpolated density for

the i-th observation and can be calculated by

m—1
o Tit1 — Tj
fi,m Yi | T4 = 1 i€(xiB(75),z:B(T; J +1 i €(—o0,x; B(T T f Yi
( | ) [;:1: {yi€(@:B(75),2:6(75+1))} $15(7j+1) — :Ezﬁ(T])] {yi€(—o0,z;B(11))}71 1(y:)

+I{y7‘€(wiﬂ(rm),oo)}(1 - Tm)f2(yi)a 1= 17 27 w12
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where f; and f; are two densities for the tail. Therefore, the posterior distribution of B,, based
on the linear interpolated likelihood is P, (Bm|X,Y) = Tm(Bm)Pm(Y|X, Bm)/Pm(Y|X), where
m(YX) = [ mn(B P (Y|X,By)dBy,.

Proposition 3.1.1. Pm(Bm|X,Y) is the stationary distribution of the Markov chain constructed

through the linearly interpolated density method.

Proof: We will verify the detailed balance condition to show the stationary distribution. Denote the
probability from B, to B, by K(B,, — BJ,) and the proposal distribution by ¢(B,, — Bj,). We

have

Pou(Bn| X, Y)K (B, — Bl,)
Pro(Bn| X, Y)q(By — B, )min(1, T (Bjn) P (V|X, By )a( By, — Bm))
T (Bm) P (Y X, Bpn)q(Bp, — B!)

)Am(Y‘X Bm) (B, —>Bm)

m( m) (Y|X, B)

= = (Bm - B;n)mzn( ( o )
( | ) 7rm(Bm) m(Y‘Xa Bm) (Bm — B;n)
B'P,.(Y|X, B! B,,)P,,(Y|X,B,,)q(B B!
— Tr’fﬂ( ) ( | )q(B,:n _) Bm)mln(ﬂ-’rn( 77L) A’m( | b ’ﬂl)q( m % m)’l)
P (Y|X) Tm(Br,) P (Y| X, By, )a(By, — Bm)

—  Pu(BL|X,Y)K(B}, — Bu).

3.2 Limiting distribution of the stationary distribution for
the linearly interpolated density method

In this section, we will first show that the stationary distribution will converge to some distribution
in terms of the total variation norm as m — oo, and then we will show that after we construct a
Markov chain with increasing m the distribution at each step of the Markov chain will converge to
some distribution as m — oo.

To study the limiting distribution as m — oo, we need to define a way to increase the number of

quantiles. Let us start from my = My — 1 quantiles: the ﬁ -th, 2 th 5 MO 1—th quantiles. We
can add new quantiles one by one in the following way: the 53— th, 2M -th,..., 2];[13[01—th7 5" -th,
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3 th, 4Mo—1

oW Tn -th quantiles and so on. Through this definition, we can see that

2
A7 = mag (Tin =) < = 06D, %)

where 79 = 0 and 7,,41 = 1. We need the following assumption to show the limiting distribution.

Assumption 3.2.1. Let & = {f| [ fdz =1,0 < f < My, |f'| < M, and f(z) < T Jorx <qa

and © > qm-1}, where m is any positive integer, the quantities ¢ and qm-1 are the %-th and

m—1
m

-th quantile of f and My, Ms and c are constants. We need to assume that all the densities of

yilx; we considered are in this set.

From the assumption, we can see that % is a set of probability density functions with bounded
value, bounded first derivative and not too heavy tails. We can show that the Cauchy distribu-

tion, which has fairly heavy tails, is in the set. For the Cauchy distribution, the %—th quantile is

= tan(r(L — 1)) = —ctan(Z), so flar) = %WM(%) =1sin?(Z)=0(1) < NG for some

a5
c.

Let us consider 8(7) as a function of 7, where 0 < 7 < 1. One possible prior for 5(7) is the Gaussian
process prior. The prior of f;(y;|z;) can be induced from the prior of 8(7) because x;3(7) can give
all the quantiles of f;(y;|z;), which will determine f;(y;|z;). We can also obtain the priors on B,,

from the prior of B(7) because B,, is a vector of m point on B(7). Denote the prior on f;(y;|x;) by

7(f;) and the prior on B,, by m,(Bn).

Definition 3.2.1. Let 8¢, be all the quantiles of f; and 0,, = x;B,, to be the m quantiles we are

USINg.

Proposition 3.2.1. Let Pm(yi\ﬁm) denote the linear interpolated density of y; given that the m
quantiles are O,,. Let P(y;|0,) = fi(y;) denote the true density given that the pdf of yi|z; is fi.
Then P, (yil6m) — P(yil6;,) as m — oo.

Proof:

We will prove this proposition in two different cases.

Case 1: If y; is between two quantiles we are using, in which case we can find two consecutive
quantiles g; -, and q; -, 11 such that y; € [¢; +;, i r;,,), where 1 < j < m—1, then by the mechanism

of linear interpolation, we have the following equation.
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pm(inM)
Ti+l Ty

qi,Tj+1 - qi,‘l‘]‘

_ T+l — T
FyH (mj41) = F ()

= — /TjH — 7 (By the mean value theorem)
(E) () (1 = 75)

_ Tj+1 =T
fi(lg,;ﬂ) (Tj+1 - Tj)

= [fily])

where 7% € [15,7j11), Y5 € [Qi,r;» Qiyryy0)s Fi denotes the cdf of y;|0y, Fi(y;) = 7%, and f; denotes the
pdf of y;|0;.

Now we want to show that

|fiy;) — filys)| < sup fily) — inf fily) < Maé, (3.4)

YE[Gi, ;i1 q) YE[Gi,rj i,y q)

where 0 = \/Q(T%};Tj). If iy — Gir, <0, then [fi(y;) — fi(yi)| = |F1 (") (yr — yi)| < Mas, where
yJr € [qmj , qm-_j“). Now let us consider the case that q; ., — i, > 6. We will show that

Qi,mj4q
/ fi(y)dy > 7j41 — 7,
qi,-rj
if

sup fily) — inf fily) > Mad.

YEGi, ;@i 1) YE[Gi 7y Tiryy)

Letting yiny = arg inny[qi,qui,THl) fi(W), Ysup = aryg SUPye[g; +\iry 1) fi(y), without loss of gener-
ality, we can assume that yinr < Ysup. It is obvious that ysup — ying > 0, because if ysup — Yiny < 0,

then

sup fl(y) - inf fz(y) = fi(ysup) - fi(yinf) = |fz/(yT)|(ysup - yinf) < M>6.

YE(Gi,rj Tisrjyq) YE(diir; diryq

We can find a line with slope My that goes through (Ysup, fi(Ysup)). This line would be below the

curve fi(y) in [Ying, Ysup), since fi(y) = fi(Ysup) = F' WY = Ysup) > Ma(y — Ysup) for ¥ < Ysup,
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which leads to fi(y) > fi(Ysup) + M2(y — Ysup)-
Now we can check the area .S formed by the line, y = yint, ¥ = Ysup, and f;(y) = 0. Figure 3.1
shows two possible cases. The shaded region is S.

If fi(Ysup) — M2(Ysup — Yins) > 0, the area is equal to

(QfZ(ysup) - MQ(ysup - yznf))(ysup - yznf) > fi(ysup)(ysup - yznf) > M252
2 - 2 2

:Tj+1 77_]"

If fi(Ysup) — Ma(Ysup — Yins) < 0, the area is equal to

fi(ysup)2 (M25)2 _
oM, oM, Ot

Therefore, in both cases, we show

Qi,Tj4q Ysup
/ fi(y)dyZ/ fily)dy > S > 141 — 75,

i, 7 Yinf

which contradicts with the fact that fq{ff“ f(y)dy = 7j41 — 7. Hence
)

Elly

[fiyi) = fily) < sup fily) — inf  fi(y) < Mad = \/2Ma(7j41 — 75) = O(
YE(Gi T qiryy )

ye(‘]i,rj i, )

given that 7j41 — 7; = O(L).
Now let us consider the second case.
Case2: If y; is a point in the tail, which means that y; < ¢; -, or y; > g¢;r,, then we can see

P(y;|05,) = fi(y:) < T from the Assumption 3.2.1. For the tail part, we can use a truncated normal

to do the interpolation so that P, (y;|0m) < —=. Therefore, we find | P, (;|0:m) —P(yilfy,)] < 2£ =

vm m
1
O(ﬁ)
In both cases, we showed \]f’m(yl-\tﬁ)m) — P(y;0y,)| = O(\/l—m) O

Definition 3.2.2. Let P(y;|0,,) = ffie.% P(y;|05,)7(fi0m)df:, where Fy,, denotes the subset of
F that contains all the pdfs with those m quantiles equal to 0, and 7w(f;|0,m) denotes the prior of
filOm which is induced by w(f;).

Under this definition of P(y;|0,,), we can show the following proposition.

Proposition 3.2.2. |P,,(Y|X,B,) — P(Y|X,B,,)| = O(—%).

3

Proof: Let us show | P, (4il0m) — P(yil0m)| = O( ) first.
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Figure 3.1: Example of the 2 possible cases of the area: trapezia or triangle. The solid curve stands
for f(y). The dotted line stands for the line we constructed. And the shaded area is S.
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|pm(yi|9m) — P(yil0m)]

feZo,, fe€ZFo,,
< / 7 (f10m)| B (9sl0m) — Pyi]07)]df
feZo,,
1
= O(ﬁ)'

Because P, (Y|X, By) = [11-, Pu(yilziBm) and P(Y|X,B,,) = 1[I, P(yi|ziBm), we can show
|P,,(Y|X,B,,) — P(Y|X,B,,)| = O(\/—lm) simply by induction. We will show the case that n = 2

here.

|Pon(Y|X, By) — P(Y|X, B)|
= |Pm(y1|X, Bm)Pm(y2|X7 Bm) - P(y1|X, Bm)P(y2|X7 Bm)l
= |Pm(y1|Xa Bm)ﬁ)m(yQIXv Bm) - [:)m(y1|X; Bm)P(y2|Xa Bm)

+ P (11X, Bu) P(y2| X, Bim) — P(y1|X, Bun) P(y2| X, Bn)|

< |Pm(y1|X, Bm)(Pm(y2‘Xa Bp) = P(y2| X, B))| + [(Prn(y1]X, Bin) — P(y1| X, Bim)) P(y2| X, By

= M1O(%) + Mlo(ﬁ)

= O(—=)

Ells

For the case that n > 2, the proof can be easily generalized. O

Proposition 3.2.3. Er, ([P (Y[X,Bn) = P(Y|X, By)|) = O(5)

The proof for this proposition is simply using the conclusion of Proposition 3.2.2. (]

Proposition 3.2.4. E. (|Py(Y|X,Bp) — Pr1(Y|Bp_1,X)|) = O(7)

The proof for this proposition is simply using the conclusion of Proposition 3.2.3 twice. O
In order to prove the convergence of one distribution to another, we need to introduce a norm to

measure the discrepancy. Here we will use the total variation norm, which will be denoted by || - ||7v

Definition 3.2.3. If u1 and ps are probability measures, ||p1 — pa||rv = supy |p1(A) — pa(4)],

where A denotes any measurable set.
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The following proposition, which appears as a homework problem of Robert and Casella (2004) [16]

p. 253, gives an equivalent definition.

Proposition 3.2.5. [|u1 — pal|lrv = §supjy <y | [ h(@)pi(de) — [ h(z)pa(dz)|.

Proof: Assuming that M is a measurable set such that sup 4 |p1(A4) — p2(A)| = p1 (M) — pe (M), we
can see that M~ = {ala € M, pj(a) — ph(a) < 0} has measure 0 on both py and pe. Otherwise,
pr(M~) — pe(M~) = [,,- ph(x) — ph(z)dz < 0, and in this case if we define M+ = {ala €

M, i} (a) — ph(a) > 0}, then

,Ul(M+) - H2(M+)
= (M) — pr(M7) = (p2(M) — p2(M7))
= (M) = pa(M) = (1 (M™) — p2(M7))

> ,LL1(M) 7M2(M)7

which contradicts with the definition of M. Without loss of generality, let us assume that p}(z) —
ph(x) >0 for all x € M, so py(x) — ph(z) < 0 for all z € M, where M is the complementary set of

M. Define ho(x) = 1if z € M, ho(z) = —1 if x € M. Then,

[ @y tdz) = [ ho()ua(ds)
= (M) = p2(M) + p2(M) — pr (M)
= (M) = pa(M) + (1 = p2(M)) = (1 = pa(M))

= 20 (M) — pa(M)).

Hence,

|\M1—M2||TV

= 5[ ho(nn(dz) = [ hofohea(ae)

< Sswp | [ n@)mn) — [ h@)us(ds).
Inl<1
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We can also show the other direction as follows.

5 50 | [ hlen(do) ~ [ hopais)

|R|<1

< 5 [ @) - sta)lis

— %(m(M) — pa(M) + po(M) — py (M)

= (M) — p2(M) = [|p1 — pallrv

Therefore, ||y — po|lrv = § suppy <1 | [ h(z)p (dz) — [ h(x)pe(da)]

. /Mm (@) ~ ix ))dx+/M(u/ (&) — ()

O

Now we would like to prove that P, (Bn|X,Y) = P(Bn|X,Y) as m — co. We need to show the

following proposition first.
Proposition 3.2.6. |P,,(Y|X) — P(Y|X)| = O(\/—%)

Proof:

P (Y]X) — P(Y]X)|

| / T (Bu) (P (Y1 X, B) — P(Y| X, By))dB|

IN

/7rm(Bm)|(Pm(Y|X7 B,,) — P(Y|X, By))|dBm,
1

= E. (|[Pn(Y|X,Bn)— P(Y|X,B,,)|) = O(—=) (By Proposition 3.2.3)

3

O

Now we can prove the following theorem which gives the limiting distribution of the stationary

distribution as m — oo.

Theorem 3.2.1. | P,,(By|X,Y) — P(Bp|X,Y)|lry — 0 as m — co.
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Proof:

1P (Bin| X,Y) = P(Bu| X,Y)|lrv
T (Bim) P (V| X, Bp) 7t (Bm) P(Y|X, By

= 1sup| h(Bm)(

2 |h<1 P (Y|X) P(Y]X) J4Br|
1 (Y\X Bn) P(Y|X,Bp)
= 2/ m(Br) (Y|X) PYIx) P
2 Pn(YIX)P(Y]X)
_ }/ n(Y1X, By) — P(Y|X, B ))P(YIX)+P(Y|X,Bm)(P(Y|X)—Pm(Y\X))|dB
2 P (Y|X)P(Y]X) "
< 1/ m(Y1X, Bn) — P(Y|X, B {IP(YIX)+P(Y|X,Bm)IP(Y\X)fﬁm(YlX)\dBm
2 P (Y|X)P(Y|X)
_ 1(E (1P (YIXB ) — (YIX,Bm)D+ IPm(YlX)fP(YlX)I)
2 Pn(Y1X) o (Y[X)

As we already know that P,,(Y|X) — P(Y|X) as m — oo by Proposition 3.2.6, we can choose any
e* > 0 such that e* < P(Y|X). Given this e*, there exists an m* such that |P,, (Y| X)—P(Y|X)| < e*
for m > m*. We can see that LB = min(P,,,(Y|X), Prys1(Y|X), ..., Pm-_1(Y|X), P(Y|X) — €*) is

a lower bound for P,,(Y|X), where mq is the minimum number of quantiles we use.

Therefore, || Py, (Bm|X,Y)=P(Bu| X, Y)|lrv < 525 (Er,. (1P (Y|X, By)—P(Y|X, By)|)+| P (Y] X)—
P(Y|X)|):O(\/1—R) — 0 as m — oo. O

Definition 3.2.4. Let i denote the parameters of quantiles on which we want to make inference.
They should be included in By,. Let w(n) denote the prior distribution of n, which is induced by

T (Bm)-

Definition 3.2.5. Let fin(By) denotes the density of the t-th step of the chain that uses m

quantiles and g¢m(n) denotes the marginal density of n by integrating out other variables of By,

from fim(Bp).

Proposition 3.2.7. Suppose that f1(B,,) and fo(By,) are two pdfs of By, and g1(n) and g2(n) are
the marginal pdfs by integrating out other variables of By, from f1(Bp,) and fo(By,) respectively. If

I1f1 = follrv < e, then ||g1 — gollrv < ||f1 — follry < e

31



Proof: Denote 77 = B,, \ 77, then we will have:

llg1(n) — g2(n)||7v

= 2w | [ mm)ar(m) — g2(m))dn)

|hl<1

_ i‘illipJ [ 1) [(1(B0) = aB))dnas

= L sw | [ 1B i(Bw) ~ 2(Bu))dBu|  (where h*(Bu) = h(n))

|h*|<1
S 2;1|,1<pl|/h TTL) f2( T}'L))dB’N'L|
= A1) = f20)llrv

< €

O

Definition 3.2.6. Denote P,,(n|X,Y) and P, (n|X,Y) as the distributions of n|X,Y by integrating

out other variables of By, from Pm(Bm|X, Y) and P, (Bn|X,Y), respectively.
From the result of Proposition 3.2.7, we can obtain the following corollary.

Corollary 3.2.1. If||Py(Bm|X,Y) = P(Bu|X,Y)||rv <, then ||Pn(n|X,Y)=P0|X,Y)||ry <e.

Proposition 3.2.8. If a sequence {a,} converges to 0, which is to say that |a,| — 0 as n — oo,

then we can find a strictly decreasing sequence {€,} such that €, — 0 as n — oo and |a,| < €,.

Proof: Because |a,| — 0 as n — oo, we can find a strictly decreasing sequence {d,,} such that
O0m — 0 as m — oo and 1 > |ay|. For any m, there exists some N,,, where N, is increasing with

respect to m and Ny = 1, such that |a,| < 0., for n > Ny,.

= 6m—1, where 0y = 01 + 1. Let € = en,, — vo2m—(en,, — €n,,q) if

we can choose €y m Nong1—Nom

m

Ny < k < Npy1. We want to check that this sequence {e;} satisfies all the conditions. First, it is

obvious that this sequence is strictly decreasing because €y,

m

is strictly decreasing with respect to
m. Second, we need to check that |a,| < €,. We can see that ey, = d—1 > |an| for n > N,,_; and

Np > Np—1, 80 €n,, > lan,, . If Ny, <k < Nyup1, then € > ey = 0m > |ay| for n > N,,, which

m—41
implies €; > |ag|. Therefore, for any k € N, we have |ag| < €. O.

Now let us construct a chain with increasing number of quantiles as follows. First, choose a strictly
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decreasing sequence {e, }55_,,, such that [P (Bp| X, Y) — P(Bp| X, Y)||7v < em. Second, assume
that the chain is Harris positive and aperiodic. Start the chain with mg quantiles, which should
include 7. After generating T, samples such that [|fz,, mo(Bm,) — Py (Buno | X, V) |7v < €
we can add one more quantile, using the strategy discussed at the beginning of the section. Let us
denote the prior of this new quantile conditionally on other quantiles to be m(Bj,cw|Bim). Then after
generating T,,,+1 samples such that ||me0+1,m0+1(Bmo+1) — Pm0+1(BmO+1|X, Y)llrv < emo+1, we

can add another quantile, and so on.

Theorem 3.2.2. | g.m(n) — P X,Y)||lrv — 0 as m — oo.

Proof: By Propositions 3.2.4 and 3.2.8, we can find a decreasing sequence 6, such that E, (|I:’m (Y|X,Bnm)—
Pm_l(Y|X, B-1)|) € 0y, and 6, — 0 as m — 0.

We will divide the proof into two parts.

Partl: we will show that ||g1,m(n) — P(|X,Y)||rv — 0 as m — oo.

Suppose that m > mog, then f1,,(Bm) = [7(Bhew!Bim_1)fT 1.m—1(Bpm_1)Km (B, By)dBy,,
B

’I’LEU})

where B!, = (B,

1 and K, is the transition kernel for the m-th step.

Let’s check the following equation first.

Hflm m - m( m|X Y)HTV
= 5 5w | [ BB 7Bl B ) o (B ) KB Bu)dB,
2\h|<1
—Pm( m|X,Y))dB,|
1
= 5 50 | [ BB [ 7Bl B ) 1 mos (B KBl BB,
—/I:’m(B;n|X, Y)K.(B),, Bm)dB.,)dB,,| (Property of the stationary distribution)

= 5;1|13| J15Brl Bru )1, ont By ) = PaBu X Y] [ (B KBl Bu)dBd B,

Let h*(By,) = [h(B ! s Bm)dBy,. Tt is not difficult to see that h*(BJ,) < 1, so we can
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rewrite the above equation as follows.

| f1,m(Bm) = P (B) || 7v
1

- ,|21|1<p| (Bl (Bl B 1)1, m1 (Bin) = BBl X, V), |
1

< 5 5w | [ BB (Bl B oo (B ) = Pl Bl XY, |
|h<1

- ||7T( new|Bm71)me,1,m71(Bm71) - pm(Bm|Xa Y)HTV
S |‘W(Bnew|Bm—l)me,l,m—l(BnL—l) - 7T(Bnew|B7n—1)p'm—1(Bm—l|X7 Y)HTV

+||7T(Bnew|Bmfl)p ( m— 1|X Y) m( m|X Y)HTV

Now we want to show that

a) ||7T(Bnew|Bm—1)me_1,m,—1(Bm—l) - 7I_(Bnew|B7n—1)157n—1(Bm,—1|)(7YV)HTV S €m—1-
b) |7 (Buew|Bm-1)Pm—1(Bm-1|1X,Y) = Pp(Bn|X,Y)||rv < Cd,, where C is some constant.

Let us show a) first,

||7T(Bnew|Bm—1)me,1,m—1(Bm—1) - 7T(Bnew|B'rn—1)1—:)m—l(Bm—1|)(; Y)”TV

1 .
= 5 sup | [ A(Bun)(7(Bnew|Bm-1)f1,_1.m—1(Bm-1) = 7(Bnew|Bm-1)Prn—1(Bm-1|X,Y))dB,, |

\h|<1
= 5 \Sl|1p |/h new|Bm—1)(me,1,m—1(Bm—l) - Pm—l(Bm—1|X7Y))dBm|
h|<1
= §‘ST-p |/ me 1,m— 1 m 1) mel(Bmfl|X;Y))(/h<Bm)7T(BnewIBmfl)dBnequBmfl|-
h|<1
Let h*(B = [h(B (Bnew|Bm—1)dBnew, It is easy to see that h*(B,,—1) < 1, so we can

rewrite the above equation as follows.

Hﬂ(Bnew'Bm—l)me 1 m—l(Bm—l) - ’/T(Bnew|Bm—1)pm—1(Bm—l‘X7 Y)HTV

= *|81‘1P |/ Bon1)(f1y 1 m—1(Bm—1) = Pu—1(Bim—1|X,Y))dBym_1
h|<1

S 5 sup |/ m 1 me 1,m— 1( m— 1) Pm 1(Bm71|X7Y))dBm71
|h|<1

< Nfrmrm—1(Bm=1) = Pre1(Bm-1| X, Y)||7v

< €m—1-
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Now let us prove b),

||7T(Bnew|Bmfl)me ( m— 1|X Y) m( m|X Y)HTV
1 N .
= — sup | h(Bm)(7(Bnew|Bm-1)Pm-1(Bm-11X,Y) — Py (Bm|X,Y))dBp|

Tm—1(Bm-1)Pm—1Y|X,Bmn-1) 7m(Bm)Pn(Y|X,B
= 3 [ Bt P B T S
1/7Tm(Bm)|Pm,}(Y|X, Bn-1) PmA(Y|X7 Bm)|dBm
P 1 (Y]X) <Y|X>
1 /W (8, Pt VX B ) P (Y 1X) = Pon(Y|X, Bin) P (Y1X)
e Pt (Y1X) B (Y]X)
_ ;/W (8,)| Pt V1K B ) P (V1X) = Pruca (VIX, Bru) P (V1X)
2/ P 1 (Y]X) P (Y] X)

IN

|dB,,

PTYL—l(Y|X7Bm—1) 1 (Y] X) = P,
P 1 (Y|X)P(Y]X)
/wm(Bm)(P’” L(V1X, B )| P (V1X) = P a(V1X)] | Prn(YIX, Bn) = P 1 (V] X, Bon )|
P 1 (Y[X) P (Y[X) P, (Y|X)
[P (Y]X) = P 1(Y|X)|dB
P (Y]X)

(Y|X B7n)Pm—1(Y|X)

+

\dBy

IN

)dB,

N = N

( / 7 (Buew| Bont) Bt (Bt X, Y)

Er, (|Pn(Y|X, Bi) = Pu 1 (Y[X, Bm—l)\)
P (Y]X)
}(lp (YlX) P (VX Er, (|Pn(Y X, B’T”) - mel(Y|X7Bmf1)|))
2 P (YX) Pn(Y]X)
| [ Tm—1(Bim—1)Prn—1(Y|X, Bi—1)dBm—1 — [ Tm(Bm) P (Y| X, Bin)d B L Om
2P, (Y|X) 2P (Y|X)
(The second term is by Proposition 3.2.4)
| [ 7 (Bm)Pm—1(Y]X, Bm 1) dB — [T (B (Y\X,Bm)dBm| n Om
Pn(Y]X) 2P, (Y]X)
J (B |Pm 1(Y‘X B 1) m(Y|XaBm)‘dBm + Om
2P, (Y]X) 2P (Y|X)
Ewm(‘Pm(YlXaBm)_mel(Y|X>Bmfl)|) 5m
2P, (Y|X) 2P, (Y|X)
< - Om + — Om (The first term is by Proposition 3.2.4)
P,Y|X) 2P,(Y|X)
Om
P (Y]X)
Om

< 1B (LB is defined in the proof of Theorem 3.2.1)

= Con

+

IN

IN

Hence, || f1.m(Bm) = P (Bm| X, Y)||7v < €m_1 + Cdp.

35



Now, by the convexity of the norm, we can show the following.

llg1,m(n) — P(n| X, Y)||lrv

= |lg1m®) = P X,Y) + Po(n|X,Y) = P X,Y)||7v

IA

g1,m (1) = P X, Y)||7v + [P (X, Y) = P|X,Y)||7v

IN

¢m—1+ COm + €m, (by Theorem 3.2.1 and Corollary 3.2.1)

Since e, — 0 and d,,, = 0 as m — oo, we have ||g1,m(n) — P|X,Y)||rv — 0 as m — oo.
Part2: We need to show that for any point on the chain with ¢ > 1 and m* > m, we have
ge,m= () = P X, Y)|lrv < em—1+ Cdm + €ny.

By Proposition 6.52 in Robert and Casella (2004) [16], we have, || f;.m(Bm) — P (Bm| X, Y)||7v

A\

[ f1.m(Bm) — Pr(Bm|X,Y)||rv. Using corollalry 3.2.1, we obtain ||gs.m(n) — P (0 X, Y)||rv <
Hfl,m(Bm) - pm(Bm|X»Y)HTV~

Still by the convexity of norm, we have the following.

llg¢,m () — P(n| X, Y)||rv

IN

9t,m () = Pu(n|X,Y) + Pr(n|X,Y) — P(n|X,Y)||7v

< Ngem(®) = P X, Y)||2v + [P (0] X,Y) — P X, Y)||rv

IN

1 f1,m(Bm) — Pm(Bm|X7Y)||TV + ||pm(77|X7Y) - P(n|X,Y)||lrv

IN

em—1+Cbop +em

By the same argument, for m* > m, we can obtain,
gt.m=(n) — Pl X, Y)|lrv < eme—1 4+ Com + e
By the monotonic property of e,, and d,,, we have, ep«_1 + Copmx + e < €m—1 + Copy + €m-
Therefore, combining these two parts, we show ||g¢ (1) — P(n| X, Y)|l7v < em—1 + Cp, +€m — 0

as m — oQ. |

3.3 Stationary distribution of the data-generating method

First, let us consider the method that accepts data Y’ in a neighborhood of Y. According to the

algorithm, we will reject any proposed point B/, if Y is not in the neighborhood of Y, A#(Y, €), where
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N (Y€)= {Y'|p(Y',Y) = /Sor_ (¥} — 4:)? < €}. Let Py (A (Y,€)|X, B,,) denote the probability
that the generated data Y is in A4 (Y,€). The posterior distribution of B,,|X, 4 (Y,¢) is

7Tm(Bm) m( (Y 6)‘XvBm)

Pr(Bm| X, N (Y, €)) = P (AN (Y, €)|X)

Proposition 3.3.1. P,,(B,,|X, ./ (Y,€)) is the stationary distribution of the Markov chain con-

structed through the data generating method.

Proof: We will verify the detailed balance condition to show the stationary distribution. Denote

the probability from B, to B], by K(B,, — B.,) and the proposal distribution by ¢(B,, — B.,).

Assume ::Eg:’zggggijg:; < 1. We have

Po(Bu|X, ¥ (Y, ) K (B — By,)
5 T (BL)a(Bl, = Bi)
7T7n(B’m) (QTTL _> B’in)

m(Bm| X, A (Y, €))q(Bm — B;n)fDm(JV(Y’ )| X, B, )

T (Bin) P (A (Y, €)| X, B ) N s\ Tm(B)a(By, = Bm)
= — Bm B Pm N Y7 X7 Bm
P (AN (Y, €)|X) 2B = B) B A (Y- )l )wm(Bm)q(Bm — B})
T (BL, Y,e)| X, B, .
- BBl PO B) 5, s i) P (VX B
= Pu(BL|X, A (Y,€)K(B;, = Bp).
The proof is analogous when ::Eg;’zggggijgzg > 1. O

If we consider the linear model with one covariate,

yi=a+zf+e€, i=1,2,...n

then we will consider the following neighborhood,

Mi(di,dz,e1,e2) = {D' = (X,Y')|p(dr,dy) < er&ep(dz,dy) < ea}.

If we assume 7(B,,) is the prior for By, = (a(11), a(72), ..., a(Tm), B(ﬁ),ﬂ(m), ..ty B(7mm)) and denote
the probability that the generated data is in A1 (dy, d2, €1,€2) as P, (JVl (d1,da,e1,€2)| By, ), then the

posterior distribution of B,, |41 (d1,ds, e1,e2) is

T (Bim) P (N (dy, do, €1, €2)| By
Pm(c/‘/l(dh d27 €1, 62))

P (Bmle/‘/l(dla d2a 61762)) =

)
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where

PN (dy, da, e, e9)) = /wm(Bm>Pm(m(d1,dz,ehezﬂBm)dBm.

Proposition 3.3.2. P7,L(Bm|,/1/1(d1,dg,el,ez)) is the stationary distribution of the Markov chain

constructed through the data generating method.

The proof is similar to the previous one. O

Using similar arguments as we presented in Section 3.2, we can show the following theorems.
Theorem 3.3.1. ||P, (B |X, A (Y,€)) — P(Bn|X,Y)||lrv — 0 as m — oo and € — 0.
Theorem 3.3.2. ||g;,m (1) — P(Bn|X,Y)|lry — 0 as m — oo and € — 0.

Theorem 3.3.3. ||Pp, (B | (d1,da,e1,e3)) — P(Bm|X,Y)|l7y — 0 as m — oo, e; — 0 and

es — 0.

Theorem 3.3.4. ||g:m (1) — P(Bp| X, Y)|lry — 0 as m — 00, e — 0 and ez — 0.
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Chapter 4

Simulation Studies and a Real
Data Example

In this chapter, we will check the performance of the algorithms proposed in Chapter 2. We will
also compare our methods with some other methods including Regression of Quantiles (RQ) and
Markov Chain Marginal bootstrap (MCMB). For all the simulation and real data studies in this

chapter, we will focus on the inferences on the first quartile, the median, and the third quartile.

4.1 Performance of proposed methods

In this section, we will check the performance of the two proposed algorithms: the linearly interpo-
lated density algorithm and the data-generating algorithm. We will compare the posterior estimates
of the parameters with the true value and the RQ estimates. For all the simulations in this chapter,
we always center the covariates before running our proposed algorithms and the RQ and MCMB

algorithms. When calculating the estimates, we transform the parameters back to original ones.

4.1.1 Performance of the linearly interpolated density method (LID)

Consider the following two models:
yi=a+br;+e, i=12 ..,n, (4.1)

and

yi=a+bx; + e, 1=1,2,...,n, (4.2)

where ¢;’s are iid from N(0,1), i = 1,2,...,n. The quantile model associated with these models is

Q- (yilz;) = a(r) + b(1)x;, 1=1,2,..,n. (4.3)
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It is not difficult to see that a"¢(7) = a + ®~!(7) and b!"*¢(7) = b for Model (4.1), where ®~1(7)
denotes the 7-th quantile of the standard normal distribution. For Model (4.2), we have a'"¢(7) = a
and b'r¢(1) = b+ &~ 1(7).

In the simulations, we set a = 5, b = 5, and generated n = 200 obervations from Models (4.1)
and (4.2). The covariate x; was generated from Uniform(1,5). To get the posterior distribution of
(a(r;),b(m))IX, Y, j =1,2,...,m, we used m = 7,11, and 15 quantiles and put truncated normal
priors on a(11), a(72), ..., a(7m) and b(11),b(72), ..., b(7y,). The truncated normal priors are N (0, ;)
and N(0,3,) with the order constraint that (1) +b(m1)z; < a(12) +b(m2)x; < ... < a(Tm) +b(Tm) i,
i =1,2,...,n. The covariance matrices ¥, = ¥, = diag(1/100,...,1/100) are both m x m diagonal
matrices. Welet 7, = j/(m+1),j=1,2,...,m.

We also provided the posterior estimates of the parameters based on the true densities (TD),
where we used the same normal prior as that for the LID method but ignored the order con-
straint to simplify the computation. For Model (4.1), we used Gibbs sampler to draw samples from
Pirye((a(75),b(75))|X,Y), which denotes the posterior distribution of the parameters based on the

true densities, through the following conditional distributions:

i ] -1 T;) — T;)T;
a(rj)|X,Y,b(t;) ~ N(Zi:l yi + D71 (1;) — b(5) 1

), (4.4)

n + 1/100 "n+1/100
and
iy (s = alry) + &7 (7)) !
b(;)|X,Y, i)~ N(== . 4.
R VTS 3/ S VAT (R S )

For Model (4.2), we used the following conditional distributions:

En yi—(b(Tj)—g’fl(Tj))xi

i=1 z? 1
and
Py yit® )z —a(ry) 1
)X, Y ()~ N(Ze i ) (47)

For the model with iid errors, the RQ standard errors are calculated by the “iid” method of the
“quantreg” package in R, and for models with non-iid errors, the RQ standard errors are calculated
by the “nid” method of the “quantreg” package. The LID estimates are based on 200,000 samples
(we ran the Markov chain for 400,000 steps and used the first half as burn-in). The TD estimates
are based on 10,000 samples.

From the results in Table 4.1, we can see that the RQ estimates and the standard errors are very
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Table 4.1: Comparison of the LID method with the RQ method for model (4.1)

Methods a(0.25) b(0.25) a(0.5) b(0.5) a(0.75) b(0.75)
RQ 4.47 (0.23) | 4.95 (0.07) | 4.94 (0.22) | 5.03 (0.07) | 5.74 (0.19) | 4.93 (0.06)
LIDm=7 4.15 (0.15) | 5.03 (0.05) | 4.53 (0.20) | 5.14 (0.06) | 5.57 (0.18) | 5.01 (0.06)
LID m =11 | 4.33 (0.17) | 4.99 (0.05) | 4.80 (0.25) | 5.06 (0.07) | 5.71 (0.23) | 4.97 (0.07)
LID m =15 | 4.29 (0.20) | 4.98 (0.07) | 4.80 (0.29) | 5.05 (0.09) | 5.72 (0.23) | 4.96 (0.08)
TD 4.43 (0.18) | 4.97 (0.06) | 5.10 (0.18) | 4.97 (0.06) | 5.78 (0.18) | 4.97 (0.06)
True value 4.33 5 5 5 5.67 5

Note: For the LID and TD estimates, the values in each cell are the posterior mean and standard
deviation. For the RQ estimates, the values in each cell are the estimate and standard error.

Table 4.2: Comparison of the LID method with the RQ method for model (4.2)

Methods a(0.25) b(0.25) a(0.5) b(0.5) a(0.75) b(0.75)
RQ 5.48 (0.37) | 4.15 (0.21) | 4.74 (0.43) | 5.11 (0.20) | 5.30 (0.49) | 5.41 (0.23)
LIDm="7 5.02 (0.37) | 4.28 (0.19) | 4.89 (0.53) | 4.99 (0.25) | 5.32 (0.37) | 5.41 (0.18)
LID m =11 | 5.29 (0.31) | 4.22 (0.11) | 5.28 (0.40) | 4.90 (0.20) | 5.76 (0.45) | 5.26 (0.18)
LID m =15 | 5.27 (0.28) | 4.20 (0.11) | 5.50 (0.33) | 4.75 (0.15) | 5.96 (0.41) | 5.16 (0.14)
TD 5.28 (0.34) | 4.21 (0.16) | 5.28 (0.34) | 4.89 (0.16) | 5.28 (0.34) | 5.56 (0.16)
True value 5 4.33 5 5 5 5.67

Note: For the LID and TD estimates, the values in each cell are the posterior mean and standard
deviation. For the RQ estimates, the values in each cell are the estimate and standard error.

close to the estimates and standard deviations based on the true densities, though the estimates for
the median are a little different. The posterior mean of the LID method is closer to the TD posterior
mean when m is increased from 7 to 11, and the posterior means are similar for m = 11 and m = 15.
From the results in Table 4.2, we can see that the RQ estimates are still close to the estimates based
on the true densities, but the standard errors are a little larger than the TD standard deviation.
The posterior means of the LID method for are closer to the TD posterior means when m increases
from 7 to 11. It is a little strange that the posterior standard deviations in Table reft1 increase when
m increases and in Table reft2 the posterior means of the LID method with m = 11 are closer to the
TD posterior means than the posterior means of the LID method with m = 15. This may be due to
the following reasons. First, when m is large the Markov chain may need a longer time to converge.
Second, the prior distribution of the TD method is not the same as the LID method, which may
result in a different posterior distribution from the limiting distribution of the LID method. Notice
that the standard deviations of the LID posterior distribution when m = 11 and 15 are smaller than
the standard errors of the RQ estimate for Model (4.2). This may suggest that the LID estimates

sometimes are more efficient than the RQ estimates.
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4.1.2 Performance of the data-generating method (DG)

In Chapter 2, we introduced two scenarios for the data-generating method under two different cases,
the univariate case and the regression case. Here we will check the performances of the method for
both cases.

First, let us consider the univariate case with the following model,
2z~ N(0,6%), i=12,..n. (4.8)

The corresponding quantile model is

Q-(z;) = a(7). (4.9)

In the simulation, we set § = 10, 0 = 4, and generated n = 200 observations from Model (4.8).
To get the posterior distribution of a(7;)|Z, j = 1,2,...,m, we used m = 7, 11, and 15 quantiles
and put truncated normal priors on a(7),a(72),...,a(7,). The truncated normal distribution is
N(0,%,) with the order constraint that a(m) < a(m2) < ... < a(7y). The covariance matrix
Yo = diag(1/100,...,1/100) is m x m and diagonal. Let 7; = j/(m + 1), j = 1,2,...,m. For this
algorithm, we need to specify a tolerance quantity € which defines the neighborhood of the observed
data. In this example, we set ¢ = 0.8 and 0.6. The LID estimates are based on 50,000 samples (we
ran the Markov chain for 100,000 steps and used the first half as burn-in). The TD posterior mean

and standard deviation are calculated directly from the the following distribution:

Zn zi+® ! (1) 1

i=1 o2

n/o?+1/100 "n/o?+1/100

a(T)|Z ~ N( ) (4.10)

From the results in Table 4.3, we can see that the DG estimates give a bigger standard deviation
than that of RQ estimates and the estimates based on the true density. We can also see that the
standard deviations of the DG method are smaller when we increase number of quantiles or decrease
the tolerance quantity. This is consistent with the theoretical results.

Now, let us consider the regression model 4.1 and 4.2, and this time we apply the data-generating
method. As introduced in Chapter 2, in this case we need to calculate the d; and ds distances and
set corresponding tolerance quantities €; and ey for them. In the simulations, we used the same

settings as the ones in Section 4.1.1 and set e = 0.2¢/m and ez = 0.1y/m or ¢ = 0.1y/m and
€2 = 0.05,/m.
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Table 4.3: Comparison of the DG method with the RQ method for Model (4.8)

Methods a(0.25) a(0.5) a(0.75)

RQ 7.45 (0.33) | 10.28 (0.33) | 12.88 (0.37)
DG m=7¢=0.8 7.20 (0.83) | 10.09 (0.64) | 12.96 (0.95)
DG m=7 ¢ = 0.6 7.23 (0.71) | 10.08 (0.57) | 12.84 (0.83)
DG m=11¢=0.8 | 7.23 (0.80) | 10.08 (0.61) | 13.02 (0.86)
DG m=11 e = 0.6 | 7.20 (0.62) | 10.09 (0.48) | 12.91 (0.75)
DG m=15¢=0.8 | 7.26 (0.72) | 10.12 (0.63) | 13.08 (0.80)
DG m=15 ¢ = 0.6 | 7.18 (0.59) | 10.10 (0.48) | 12.88 (0.72)
DG m=19¢=0.8 | 7.17 (0.65) | 10.16 (0.58) | 13.22 (0.78)
DG m=19 ¢ = 0.6 | 7.13 (0.67) | 10.12 (0.52) | 13.00 (0.72)
DG m=23 ¢ =0.8 | 7.08 (0.65) | 10.04 (0.66) | 13.18 (0.77)
DG m=23 ¢ = 0.6 | 7.04 (0.59) | 10.13 (0.49) | 13.02 (0.68)
TD 7.50 (0.28) | 10.20 (0.28) | 12.90 (0.28)
True value 7.30 10 12.70

Table 4.4: Comparison of the DG method with the RQ method for Model (4.1)

Methods a(0.25) b(0.25) a(0.5) b(0.5) a(0.75) b(0.75)
RQ 4.47 (0.23) | 4.95 (0.07) | 4.94 (0.22) | 5.03 (0.07) | 5.74 (0.19) | 4.93 (0.06)
DG m = 7% 3.99 (1.15) | 4.98 (0.33) | 5.01 (0.44) | 4.98 (0.14) | 5.82 (0.83) | 4.99 (0.25)
DG m="Txx+ | 4.44 (0.31) | 4.97 (0.10) | 4.98 (0.29) | 5.00 (0.09) | 5.59 (0.35) | 5.00 (0.11)
DG m = 11x 4.04 (0.89) | 4.90 (0.22) | 4.87 (0.45) | 4.98 (0.12) | 5.46 (0.60) | 5.05 (0.17)
DG m =11xx | 4.39 (0.30) | 4.96 (0.10) | 4.95 (0.26) | 5.00 (0.08) | 5.59 (0.36) | 5.00 (0.13)
DG m = 15% 4.69 (0.45) | 4.81 (0.16) | 5.41 (0.43) | 4.85 (0.14) | 6.09 (0.53) | 4.84 (0.16)
DG m =15 | 4.45 (0.20) | 4.94 (0.06) | 4.83 (0.11) | 5.03 (0.04) | 5.59 (0.30) | 5.00 (0.08)
TD 4.43 (0.18) | 4.97 (0.06) | 5.10 (0.18) | 4.97 (0.06) | 5.78 (0.18) | 4.97 (0.06)
True value 4.33 5 5 5 5.67 5

NOTE: Here * denotes that ¢; = 0.2y/m and e; = 0.1y/m, and ** denote ¢; = 0.1y/m and ¢; =

0.05,/m.

Table 4.5: Comparison of the DG method with the RQ method for Model (4.2)

Methods a(0.25) b(0.25) a(0.5) b(0.5) a(0.75) b(0.75)
RQ 5.48 (0.37) | 4.15 (0.21) | 4.74 (0.43) | 5.11 (0.20) | 5.30 (0.49) | 5.41 (0.23)
DG m = Tx 3.82 (1.86) | 4.50 (0.59) | 5.18 (0.83) | 4.85 (0.37) | 6.19 (1.38) | 5.18 (0.46)
DG m =7xx 4.82 (1.08) | 4.33 (0.40) | 5.10 (0.52) | 4.89 (0.25) | 5.37 (0.77) | 5.38 (0.31)
DG m = 11x 3.59 (1.81) | 4.55 (0.50) | 5.19 (0.84) | 4.79 (0.32) | 6.32 (1.48) | 5.16 (0.47)
DG m = 11xx | 4.96 (0.50) | 4.37 (0.30) | 5.06 (0.37) | 4.96 (0.16) | 5.72 (0.71) | 5.31 (0.23)
DG m = 15% 4.06 (1.29) | 4.16 (0.47) | 5.56 (0.47) | 4.57 (0.22) | 6.95 (0.93) | 4.89 (0.29)
DG m=15xx | 4.91 (0.62) | 4.37 (0.26) | 5.17 (0.53) | 4.90 (0.22) | 5.92 (0.55) | 5.19 (0.18)
TD 5.28 (0.34) | 4.21 (0.16) | 5.28 (0.34) | 4.89 (0.16) | 5.28 (0.34) | 5.56 (0.16)
True value 5 4.33 5 5 5 5.67

NOTE: Here * denotes that ¢; = 0.2y/m and ez = 0.1y/m, and ** denote ¢; = 0.1y/m and ¢y =

0.05/m.
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From the results in Tables 4.4 and 4.5, we can see that the DG standard deviations tend to be
smaller with larger m and smaller €; and e3. Also, the DG posterior means tend to be closer to the

TD posterior means as €; and €5 decrease. These are all consistent with the theoretical results.

4.2 Comparison of several methods under models with
multiple covariates

In this section we will compare the performance of the LID, RQ, and MCMB estimates. Let us

consider the following model,

yi=a+bry;+exe; + 1+ +22:)e, 1=1,2,..,n, (4.11)

where ¢; ~ N(0,1). The corresponding quantile model is
QT (yi\xl)i, 1‘271‘) = CL(T) + b(T)xLi + C(T)l‘27i. (4.12)

It is not difficult to see that the true values of a(7), b(7), and c(7) are a + ®~1(7), b+ ®~1(7), and
c+d71(7).

In the simulations, we set a = 5, b = 1, ¢ = 1 and generated n = 200 obervations. The covariates
x1, and x2; were generated from lognormal(0,1) and N (0, 1), respectively. For the LID algorithm,
we used m = 11 quantiles and put the truncated normal prior on the parameters similar as those
introduced in Section 4.1.1 with the constraint changed to a(7) + b(7)x1: + c(7%)z2: < a(m) +
b(m)x1,; + c(m)xe,:, where 1 <k <l <m andi=1,2,...,n. For the TD method, we used the same
normal prior as for the LID method but ignored the order constraint for the prior setting to simplify
the computation. For Model (4.11) The TD samples were drawn through the following conditional

distributions:

Zn yi+‘1>_1(Tj)(1+?1,i+$2,i)*b();j)11,1‘*0(7]')902,1' 1

i=1 1+x1 i+T2,;

a<Tj)|X7Y7b<Tj)7c(Tj)NN( T T ) n 1 )a

1/100 + Zi:l (I4zy,i+x2,5)2 1/100 + Zi:l (I+z1,i+x2,:)?
(4.13)
Zn 11,i(yi+q>71(Tj)(1+w1,i+w22,i)_c(7'j)w2,i) 1
i=1 P
b(r) X, Y. a(ry). e(r;) ~ N( etz : —):
1/100 + Zi:l (1+11,i1+12,i)2 1/100 + Zi:l (1+x1,i4"x2(,i)2 )

4.14
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Table 4.6: Simulation results for Model (4.11)

Methods a(0.25) | b(0.25) | ¢(0.25) | a(0.5) | b(0.5) | ¢(0.5) | a(0.75) | b(0.75) | ¢(0.75)
RQ 4.35 0.16 0.38 5.50 1.48 1.38 5.50 1.48 1.38
(0.41) (0.56) (0.15) (0.27) | (0.34) | (0.09) | (0.27) (0.34) (0.09)
MCMB 4.22 0.34 0.40 4.93 0.91 0.90 5.61 1.48 1.38
(0.24) (0.40) (0.10) (0.22) | (0.29) | (0.12) | (0.22) (0.26) (0.11)
LID 4.81 -0.21 0.33 5.53 0.51 0.87 6.37 1.33 1.41
(0.30) (0.27) (0.47) (0.27) | (0.15) | (0.54) | (0.35) (0.20) (0.58)
True density | 4.62 -0.01 0.45 5.29 0.66 1.12 5.96 1.33 1.79
(0.25) (0.21) (0.35) (0.25) | (0.21) | (0.35) | (0.25) (0.21) (0.35)
True value 4.33 0.33 0.33 5 1 1 5.57 1.67 1.67
and

ZTL 2o (yi+® (1) (4 i+xa,)—b(1;)21,:)

i=1 1+xy i +2,:)2 1
()X, Y, a(7;), b(r;) ~ N( — : —),
V1004 2 ics ot L7100+ 2 iy ﬁ |
4.15

For the LID method, the estimates are based on 500,000 samples, which are the second half of the
1,000,000 samples generated. For the MCMB method, we used 200 bootstrap samples and set the
length of the MCMB sequence equal to 100. For the TD method, the estimates are based on 10,000
samples.

From the results in Table 4.6, we can see that the RQ estimates and the MCMB estimates are similar,
but the MCMB estimates tend to give smaller standard errors. Compared with the estimates
based on the true densities, the RQ and MCMB estimates underestimate a(7) and overestimate
b(7), whereas the LID estimates performs in the opposite direction. All these three algorithm
underestimate ¢(7). The overall view is that the RQ and MCMB estimates are closer to the true
value while the LID estimates are closer to the estimates based on the true densities.

Let us consider the following model with iid errors.

yi=a+bry;+cxe+e, i=1,2,..n, (4.16)

The corresponding quantile model is the same as (4.12). We can see that the true values for a(7),

b(7) and c(7) are a + ®71(7), b and c. For Model (4.16), the TD samples were drawn through the
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Table 4.7: Simulation results for Model (4.16)

Methods a(0.25) [ 5(0.25) | «(0.25) | a(0.5) | b(0.5) | ¢(0.5) | a(0.75) | 6(0.75) | ¢(0.75)
RQ 4.36 0.91 1.09 |513 |09 0.86 | 5.67 1.01 0.89
(0.15) | (0.037) | (0.20) | (0.11) | (0.027) | (0.14) | (0.17) | (0.040) | (0.21)
MCMB 4.46 0.90 1.03 | 5.11 094 092 |579 0.96 0.95
(0.21) | (0.090) | (0.22) | (0.12) | (0.041) | (0.16) | (0.17) | (0.082) | (0.25)
LID 452 0.82 094 | 517 | 0093 087 | 5.71 1.06 1.00

(0.11) | (0.079) | (0.19) | (0.072) | (0.035) | (0.13) | (0.13) | (0.079) | (0.22)

True density | 4.36 0.98 1.01 5.03 0.98 101 | 5.70 0.93 1.01
(0.11) | (0.027) | (0.14) | (0.11) | (0.027) | (0.14) | (0.11) | (0.027) | (0.14)

True value 4.33 1 1 5 1 1 5.67 1 1

following conditional distributions:

D1 Yi + @) (L + 2 + 94) = b7j)w1,s — 7)) T2, 1
NX,Y, b(r; N~ N (&= ’ ’ i i
7)1 X, Y, b)) ~ N Dt ta o)
(4.17)
" a7 (1) (14 2+ @) — o(7;) T 1
b(Tj)|XaY,a(Tj),c(7—j)NN(Zzzlxl,z(yz+ (m5)( “V‘gl,z‘;xlz) 6(7-3)1‘2,1)7 s ),
1/100+ 3277 @1 ; 1/100 + 25 21,
(4.18)
and
Z’Lll‘gi(yi—‘r‘I)_l(Tj)(l-‘rl‘li-i-in)—b(Tj)fL'li) 1
X, Y, a(r)), b(r;) ~ N(==L22 AT 72, :
(I Tralm) o) ~ 1100+ 3 43, RVIIES S
(4.19)

In the simulations, we used the same settings as that for Model (4.11) except that we generated
x;1’s from lognormal(0,1) and x; o’s from Bernoulli(0.5).

From the results in Tables 4.7, we can see that all these three methods performs similarly, especially
for the median. All these three methods have smaller standard errors for the median and larger
standard errors for the first and third quartiles. However, there are still some minor differences.
Unlike the results for Model (4.11), the MCMB algorithm tends to give larger standard errors than
the RQ estimates, while the LID standard deviations are in-between except the standard deviations

for a(7)’s, which are always smaller than the other two.

4.3 Real data study

In this section, our study is based on the June 1997 Detailed Natality Data, which is published by
the National Center for Health Statistics. It is also analyzed in Koenker (2005) [10]. The following

background information is quoted from Pg. 20 of Koenker (2005) [10].
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Table 4.8: Results for the birth weight data with 7 = 0.25

Methods | Intercept mom.age smoke m.wtgain

RQ 2.35 (0.042)* | 0.013* (0.0043) | -0.11 (0.084) 0.011 (0.0019)*
MCMB 2.42 (0.034)* | 0.012* (0.0055) | -0.15 (0.065)* | 0.010 (0.0020)*
LID 2.26 (0.034)* | 0.016* (0.0035) | -0.16 (0.069)* | 0.011 (0.0016)*

NOTE: The symbol * denotes statistical significance.

“[T]he sample is restricted to singleton births, with mothers recorded as either black or
white, between the age of 18 and 45, resident in the United States. Observations with
missing data for any of the variables described in the following were also dropped from
the analysis. This process yielded a sample of 198,377 babies. Education of the mother is
divided into four categories: less than high school, high school, some college, and college
graduate.” “The prenatal medical care of the mother is also divided into four categories:
those with no prenatal visit, those whose first prenatal visit was the first trimester of
the pregnancy, those with the first visit in the second trimester, and those with the first

visit in the last trimester.”

With the infant birth weight being the response variable, we are interested in the following explana-
tory variables: mom.age, smoke, and m.wtgain, where the variable mom.age denotes the age of
the mother, the variable smoke is a dummy variable indicates whether the mother smokes during
pregnancy, and the variable m.wtgain denotes mother’s weight gain during pregnancy. The quantile
model is

Qr(yz|x1) = Q(T) + b(T)ZL’i’l + C(T)xLQ + d(T)l’i’g, 1= ]., 2, sy (420)

where y; denotes the infant birth weight for the i-th observation, the value z; ; is the i-th observation
of mom.age, the value z; 5 is the i-th observation of smoke, and the value z; 3 is the i-th observation
of m.wtgain. Because the original data set is quite large and our algorithm is quite computationally
intensive, we will analyze a portion of the original data set, which are the first 1000 observations.

We centered the covariates before we implement the algorithms. For the two continuous variables,
mom.age and m.wtgain, we subtract the mean from them, while for the dummy variable smoke we
subtract 0.5 from it. The reason to center the covariates is that this helps reducing the standard
error of the intercept. For the LID method, the estimates are based on 5,000,000 samples, which
are the second half of the 10,000,000 samples generated. For the MCMB algorithm, we used 200
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Table 4.9: Results for the birth weight data with 7 = 0.5

Methods | Intercept mom.age smoke m.wtgain

RQ 2.79 (0.017)* | 0.010 (0.0027)* | -0.17 (0.033)* | 0.010 (0.0012)*
MCMB 2.78 (0.019)* | 0.010 (0.0036)* | -0.18 (0.037)* | 0.010 (0.0016)*
LID 2.61 (0.011)* | 0.015 (0.0018)* | -0.15 (0.027)* | 0.012 (0.0009)*

NOTE: The symbol * denotes statistical significance.

Table 4.10: Results for the birth weight data with 7 = 0.75

Methods | Intercept mom.age smoke m.wtgain

RQ 3.15 (0.035)* | 0.0050 (0.0035) | -0.11 (0.068) 0.0123 (0.0017)*
MCMB | 3.14 (0.037)* | 0.0056 (0.0039) | -0.088 (0.068) | 0.0124 (0.0017)*
LID 3.05 (0.030)* | 0.011 (0.0035)* | -0.078 (0.064) | 0.013 (0.0015)*

Note: The symbol * denotes statistical significance.

bootstrap samples and set the length of the MCMB sequence equal to 100.

From the results in Tables 4.8, 4.9, and 4.10, we notice the following things. First, these three
methods agree on the effects of the covariates. Mother’s age and the weight gain during pregnancy
have positive effects, while smoking during pregnancy have negative effects. Second, we used a sim-
ple Z-test (|estimate/se| compared with 2) to decide the significance and find that these methods
agree on the significance of almost all the parameters. For the relative low birth weight and the
normal birth weight, all parameters seem significant, except for the RQ estimate of smoke for the
relative low birth weight. For the relative high birth weight, only m.wtgain seems to be significant,
although the LID estimate suggests that mom.age is also significant. Third, the standard deviations
by the LID algorithm are almost always the smallest, which again suggest that the LID estimates

sometimes are more efficient.

4.4 Some conclusions

From the results based on the simulation data and the real data. We find the followings. First, both
the LID and DG algorithms can give comparable results with those from RQ or MCMB. Second,
the numerical results show that the DG algorithm will have better performance with large m and
small tolerance quantities, which is consistent with the theoretical results. Third, the numerical
results suggest that with larger m the LID algorithm may need a longer time to converge. Last, the

numerical results also suggest that the LID algorithm sometimes produces more efficient estimates
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than the RQ estimates or the MCMB estimates.
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Chapter 5

More Numerical Explorations for
LID

In this chapter, we compare our proposed method with other methods for several different models.
We compare the mean squared error, level, and power based on simulation studies. We also compare

the estimation accuracy based on a real data example.

5.1 Comparison of mean squared errors

In this section, we compare the mean squared errors (MSEs) among different methods for several

different models.

5.1.1 The MSE for single quantiles

Let us consider the following non-i.i.d-error model:
yi=a+bx; +(1+x,)e, i=1,2,...,n, (5.1)

where ¢;’s are i.i.d. from N(0,1)

In the simulation, we choose a = 5 and b = 1. The covariate z; is generated from lognormal(0,1).
We compared the MSEs of different methods based on 400 data sets generated from Model (5.1).
We also considered the following parametric model for the MLE calculation and the Bayesian method

that uses the true underlying density.
Yi :a—i_bxl—’—(’}/l +'72.fi)€7;, i = 1527"'7’”" (52)

We used the following abbreviation for different methods. RQ denotes the estimates by the “quantreg”
package in R. EWRQ denotes the weighted RQ with estimated weights [10], and OWRQ denotes the
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weighted RQ with optimal weights [10]. LID* denotes the method using modified likelihood esti-

Tkt 7Ticl a9 the estimates of the densities instead of Z2=", LID* nc denotes the

mates, i.e., using -* - : i
it1—Gi1 qi+1—4qq

modified method LID* applying to the original data, which is not centered. TD denotes the Bayesian
method using the true densities based on Model 5.1. TD (5.2) denotes the Bayesian method using
the true densities based on Model (5.2). MLE denotes the maximum likelihood estimates based
on Model (5.1), and MLE (5.2) denotes the maximum likelihood estimates based on Model (5.2).
TQ (5.2) denotes the Bayesian method using the linear interpolated densities with normal quantiles
based on Model (5.2).

First consider the case with data size n = 100 for each of the 400 data sets generated from Model
(5.1). We used m = 15 quantiles for LID based methods. For all the Bayesian methods, we con-
structed a Markov chain with length 1,000,000, used the first half as the burn-in period, and took
every 1,000-th samples.

The results are given in Tables 5.1 and 5.2. We can see that LID behaved similarly to two weighted
RQ methods, and all of them are better than RQ. The Bayesian methods based on the true densities
performed very similar as MLE, which is not surprising, because we used a very flat prior N(0, 100)
for each parameter. TQ (4.2) seems to be the limiting case of LID, that is, the best performance

that LID can achieve as m — oo.

Table 5.1: Comparison of the MSEs of the median from different methods (n = 100 and m = 15).

Methods |MSE of a(0.5)|SE of MSE|MSE of 5(0.5)|SE of MSE
RQ 0.18 0.013 0.18 0.013
EWRQ [0.11 0.008 0.11 0.007
OWRQ |0.11 0.008 0.10 0.007
LID 0.11 0.008 0.11 0.008
LID* 0.11 0.008 0.10 0.007
LID* nc |0.10 0.008 0.10 0.006
TD 0.07 0.005 0.06 0.005
MLE 0.07 0.005 0.07 0.005
TD (5.2) (0.07 0.005 0.07 0.005
MLE (5.2)(0.07 0.005 0.07 0.005
TQ (5.2) |0.09 0.006 0.08 0.006
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Table 5.2: Comparison of the MSEs of the third quartile from different methods (n = 100 and

m = 15).
Methods |MSE of a(0.75)|SE of MSE|MSE of b(0.75)|SE of MSE
RQ 0.22 0.015 0.21 0.013
EWRQ |0.15 0.010 0.14 0.009
OWRQ |0.14 0.010 0.13 0.009
LID 0.16 0.012 0.12 0.009
LID* 0.16 0.012 0.12 0.009
LID* nc |0.14 0.011 0.14 0.010
TD 0.07 0.005 0.06 0.005
MLE 0.07 0.005 0.07 0.005
TD (5.2) |0.09 0.006 0.08 0.006
MLE (5.2)(0.09 0.006 0.08 0.006
TQ (5.2) |0.12 0.008 0.12 0.011

We did more simulations with different values of n and m. We changed the size for each data
set from n = 100 to 200. We checked the performance of LID for m = 15,19, and 23. The results
are in Tables 5.3 and 5.4. From the results, we can see that with n = 200 and different values of m,
the MSE of LID and it variations behaved similarly. It seems m = 15 is enough to give a reasonable
approximation to the limiting distribution, and increasing m does not help much. In this example,
the MSE of LID seems to be a little worse than the MSE of weighted RQ, but still a little better
than that of RQ.
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Table 5.3: Comparison of the MSEs of the median from different methods (n = 200).

Methods |MSE of a(0.5)|SE of MSE|MSE of (0.5)|SE of MSE
RQ 0.09 0.006 0.10 0.007
EWRQ ]0.06 0.004 0.06 0.004
OWRQ |0.06 0.004 0.06 0.004
LID 15 0.07 0.005 0.07 0.005
LID 19 0.07 0.005 0.08 0.005
LID 23 0.08 0.005 0.08 0.006
LID* 15 |0.07 0.005 0.07 0.005
LID* 19 |0.07 0.005 0.07 0.005
LID* 23 |0.07 0.005 0.07 0.006
TD (5.2) |0.03 0.002 0.04 0.003
MLE (5.2)[0.03 0.002 0.04 0.003
TQ (5.2) 0.04 0.003 0.05 0.004

Table 5.4: Comparison of the MSEs of the third quartile from different methods (n = 200).

Methods |MSE of a(0.75)|SE of MSE|MSE of b(0.75)|SE of MSE
RQ 0.11 0.008 0.10 0.007
EWRQ ]0.07 0.005 0.07 0.004
OWRQ |0.07 0.005 0.07 0.004
LID 15 0.10 0.007 0.08 0.006
LID 19 0.10 0.008 0.08 0.006
LID 23 0.10 0.008 0.08 0.006
LID* 15 |0.11 0.010 0.09 0.010
LID* 19 |0.10 0.007 0.08 0.006
LID* 23 |0.10 0.008 0.08 0.006
TD (5.2) |0.04 0.003 0.04 0.003
MLE (5.2)(0.04 0.003 0.04 0.003
TQ (5.2) |0.06 0.004 0.06 0.006
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Next, we consider the following model:

yi=a+br;+(1+z)e, i=1,2,...,n, (5.3)

where €;’s are i.i.d. from F. The distribution F' has a piecewise linear CDF between the 1/m-th and
the (m — 1)/m-th quantile, where the 1/m,2/m, ..., (m — 1) /m-th quantiles are the same as those of
N(0,1). Between the i/m-th and (i + 1)/m-th quantiles, : = 1,2,...,m — 2, the CDF is linear. The
left tail of F between —oo and the 1/m-th quantile is proportional to a truncated normal, the left
half of N(®~1(1/m),2?), and the right tail between the (m —1)/m-th quantile and oo is proportional
to the right half of N(®~1((m — 1)/m),2?). The only difference between Model (5.1) and Model
(5.3) is the error term. All other settings are the same.

Correspondingly, we have the following parametric model for the Bayesian method that uses the
true density:

Yi = a + bxl + (’YI + 72371')6% 1= 1) 27 e n, (54)

where ¢;’s are i.i.d. from F'.

We use TQ (5.3) to denote the Bayesian method based on Model (5.3), assuming the underlying
distribution of ¢; is unknown. For TQ (5.3) there are m + 1 parameters: a, b, and m — 2 quantiles of
€;. TD (5.4) denotes the Bayesian method using the true densities based on Model (5.4). For this

example, we added Yu and Moyeed’s (2005) method, denoted by YM, in the comparison.

Table 5.5: Comparison of the MSEs of the median from different methods (n = 100 and m = 15).

Methods|MSE of a(0.5)|SE of MSE|MSE of b(0.5)|SE of MSE
RQ 0.19 0.015 0.19 0.014
EWRQ [0.12 0.008 0.11 0.008
OWRQ [0.12 0.008 0.11 0.007
LID 0.12 0.008 0.12 0.008
LID* 0.10 0.007 0.10 0.007
YM 0.16 0.013 0.17 0.013
TQ (5.3)[0.15 0.011 0.14 0.009
TD (5.4)(0.07 0.005 0.06 0.005
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Table 5.6: Comparison of the MSEs of the third quartile from different methods (n = 100 and

m = 15).
Methods|MSE of a(0.75)|SE of MSE|MSE of 5(0.75)|SE of MSE
RQ 0.23 0.015 0.21 0.014
EWRQ 1(0.19 0.036 0.17 0.020
OWRQ 0.15 0.010 0.14 0.010
LID 0.17 0.013 0.13 0.010
LID* 0.14 0.011 0.11 0.009
YM 0.20 0.014 0.18 0.012
TQ (5.3)|0.15 0.011 0.14 0.011
TD (5.4)|0.08 0.006 0.08 0.006

From Tables 5.5 and 5.6, we can see that LID and LID* work well. Their performance is similar
to that of weighted RQ for 7 = 0.5. For 7 = 0.75, LID and LID* are better than EWRQ, and LID*
seems to be the best among all the methods except TD (5.4), which should be the optimal result
that the Bayesian method could achieve. Other than these, we can see that the performance of Yu
and Moyeed’s method is only slightly better than R(Q), which is not surprising because there are
some similarities between these two methods.
We also increased the size of each data set from 100 to 200, and the results are in Tables 5.7 and

5.8. We can see that in this case EWRQ, OWRQ, LID, LID* and TQ (5.3) perform very similarly.

Table 5.7: Comparison of the MSEs of the median from different methods (n = 200 and m = 15).

Methods|MSE of a(0.5)|SE of MSE|MSE of b(0.5)|SE of MSE
RQ 0.09 0.007 0.10 0.007
EWRQ 1(0.05 0.004 0.06 0.004
OWRQ [0.05 0.004 0.06 0.004
LID 0.06 0.004 0.05 0.004
LID* 0.06 0.004 0.06 0.005
YM 0.08 0.006 0.09 0.006
TQ (5.3)|0.06 0.005 0.06 0.004
TD (5.4)[0.03 0.002 0.03 0.002
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Table 5.8: Comparison of the MSEs of the third quartile from different methods (n = 200 and

m = 15).
Methods|MSE of a(0.75)|SE of MSE|MSE of 5(0.75)|SE of MSE
RQ 0.11 0.008 0.11 0.008
EWRQ (0.06 0.004 0.07 0.005
OWRQ [0.06 0.004 0.06 0.004
LID 0.06 0.004 0.06 0.005
LID* 0.07 0.006 0.08 0.008
YM 0.10 0.007 0.10 0.007
TQ (5.3)|0.06 0.004 0.06 0.004
TD (5.4)[0.03 0.002 0.04 0.003

5.1.2 The MSE for difference of quantiles

Because our proposed method estimates many quantiles simultaneously and RQ only tackles one
quantile at a time, it is possible that our method may produce better estimates for some functions of
multiple quantiles. Here we consider the estimation of the difference of quantiles on three examples.
In the first example, We used m = 15 quantiles and each data set contains 100 or 200 observations
generated from Model (5.3). We compared the MSE of the difference of the parameters of the 0.75
quantile and the 0.5 quantile for the following five methods: RQ, EWRQ, OWRQ, LID and YM.
For all the Bayesian methods, we constructed a Markov chain with length 1,000,000, used the first

half as the burn-in period, and took every 1,000-th samples. The results are in Tables 5.9 and 5.10.

Table 5.9: The MSE and its standard error of the difference between the median and the third

quartile with n = 100 for Model (5.3)

Methods|MSE of a(0.75) — a(0.5)|SE of MSE|MSE of 5(0.75) — b(0.5)|SE of MSE
RQ 0.16 0.011 0.15 0.010
EWRQ (0.12 0.008 0.11 0.007
OWRQ (0.11 0.007 0.09 0.006
LID 0.07 0.005 0.03 0.002
YM 0.10 0.007 0.10 0.007
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Table 5.10: The MSE and its standard error of the difference between the median and the third

quartile with n = 200 for Model (5.3)

Methods|MSE of a(0.75) — a(0.5)|SE of MSE|MSE of 5(0.75) — b(0.5)|SE of MSE
RQ 0.09 0.006 0.09 0.007
EWRQ 1(0.05 0.004 0.06 0.004
OWRQ [0.05 0.003 0.05 0.004
LID 0.03 0.002 0.02 0.002
YM 0.07 0.004 0.07 0.005

We can see that the MSE of LID is the smallest among all the methods. When n = 100, the
MSE of LID is about half of that of EWRQ and OWRQ for «(0.75) — a(0.5), and the MSE of LID
is about one fourth of that of EWRQ and OWRQ for 5(0.75) — 5(0.5). When n = 200, the MSE of
LID for both a(0.75) — a(0.5) and b(0.75) — b(0.5) are about half of that of EWRQ and OWRQ.
In the second example, We used m = 15 quantiles and each data set contains 100 or 200 observations
generated from Model (5.1). We compared the MSE of the difference of the parameters of the 0.75
quantile and the 0.5 quantile for the following five methods: RQ, EWRQ, OWRQ, LID and YM.
For all the Bayesian methods, we constructed a Markov chain with length 1,000,000, used the first

half as the burn-in period, and took every 1,000-th samples. The results are in Tables 5.11 and 5.12.

Table 5.11: The MSE and its standard error of the difference between the median and the third

quartile with n = 100 for Model (5.1)

Methods|MSE of a(0.75) — a(0.5)|SE of MSE|MSE of b(0.75) — b(0.5)|SE of MSE
RQ 0.17 0.013 0.16 0.012
EWRQ |0.11 0.008 0.12 0.009
OWRQ [0.11 0.008 0.11 0.007
LID 0.06 0.004 0.03 0.003
YM 0.11 0.008 0.11 0.008)
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Table 5.12: The MSE and its standard error of the difference between the median and the third

quartile with n = 200 for Model (5.1)

Methods|MSE of a(0.75) — a(0.5)|SE of MSE|MSE of 5(0.75) — b(0.5)|SE of MSE
RQ 0.085 0.006 0.08 0.005
EWRQ [0.051 0.004 0.05 0.004
OWRQ (0.048 0.004 0.05 0.003
LID 0.038 0.004 0.03 0.002
YM 0.063 0.005 0.06 0.004

From Tables 5.11 and 5.12, we can see that LID outperforms other methods for estimating the

difference of quantiles for this model.

In the third example, the data are generated from the following model:

Yi = a+ mei + cxo; + (1 + 1+ .’L'Q’Z‘)ei, 1=1,2,...,n, (55)

where ¢;’s are i.i.d. from N(0,1). The corresponding quantile model is

Q- (yilxi) = a(T) + b(T)x1,; + c(T) 22,4,

i=1,2,..,n,

In the simulations, we chose a = 5, b = 1, and ¢ = 1. The covariate x;; was generated from

lognormal(0,1) and x2; was generated from Bernoulli(0.5). We set m = 15 and n = 100 or 200.

We compared the MSE of the difference of the parameters of the 0.75 quantile and the 0.5 quantile

for the following five methods: RQ, EWRQ, OWRQ, LID and YM. For all the Bayesian methods,

we constructed a Markov chain with length 1,000,000, used the first half as the burn-in period, and

took every 1,000-th samples. The results are in Tables 5.13 and 5.14.
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Table 5.13: The MSE and its standard error (in parenthesis) of the difference between the median

and the third quartile with n = 100 for Model (5.5)

Methods|MSE of a(0.75) — a(0.5)|MSE of b(0.75) — b(0.5)|MSE of ¢(0.75) — ¢(0.5)
RQ 0.28 (0.021) 0.20 (0.014) 0.42 (0.031)
EWRQ [0.19 (0.014) 0.16 (0.011) 0.40 (0.028)
OWRQ [0.19 (0.014) 0.14 (0.009) 0.39 (0.028)
LID  0.28 (0.012) 0.03 (0.002) 0.18 (0.012)
YM  [0.18 (0.014) 0.13 (0.010) 0.28 (0.023)

Table 5.14: The MSE and its standard error (in parenthesis) of the difference between the median

and the third quartile with n = 200 for Model (5.5)

Methods|MSE of a(0.75) — a(0.5)[MSE of 5(0.75) — b(0.5)|MSE of ¢(0.75) — ¢(0.5)
RQ  |0.13 (0.008) 0.10 (0.006) 0.22 (0.016)
EWRQ [0.09 (0.006) 0.07 (0.005) 0.20 (0.013)
OWRQ [0.09 (0.006) 0.07 (0.005) 0.20 (0.013)
LID  |0.07 (0.005) 0.03 (0.002) 0.12 (0.008)
YM  |0.09 (0.006) 0.07 (0.005) 0.17 (0.012)

From Tables 5.13 and 5.14, we can see that for estimating the difference between quantiles, LID
outperforms all other methods except for a(0.75) — a(0.5) with n = 100.
Therefore, when the main interest is the difference of the parameters for different quantiles, LID

showed a big advantage over all the other methods.

5.2 Level and Power studies

In this section, we study the level and power for our proposed method in hypotheses testing. We are
interested in knowing whether our method can achieve the claimed level and whether our method

could be more powerful than RQ. First we consider the following model:

Yi = a—I—bxl,i +C!E2’i+(1+0.21‘1’i +332,i)€i7 1=1,2,...,n, (57)
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where ¢;’s are i.i.d. from N(0,1). Model (5.7) has non-i.i.d. errors.

In the simulations, we chose a = 5, b = 1, and ¢ = 1. The covariate x;,; was generated from
lognormal(0,1) and z3; was generated from Bernoulli(0.5). We set m = 15 and n = 1000. We sim-
ulated 100 data sets from the model and applied LID and RQ to each data set. We know the true
value of the differences between the parameters for different quantiles, so we can subtract this value
from the parameter and test whether this parameter is 0. To determine whether the parameter is
significant or not, we checked whether the 95% confidence/credible interval contains 0. We recorded

the number of times that the parameter is significant under the claimed level 0.05. The results are

in Tables 5.15 to 5.17.

Table 5.15: The number of times of significance of the difference between the median and the first

quartile for Model (5.7)

Methods|b(0.5) — b(0.25) — 0.1348980|c(0.5) — ¢(0.25) — 0.6744898
RQ 3 4
LID 2 7

Table 5.16: The number of times of significance of the difference between the median and the 0.125

quantile for Model (5.7)

Methods|b(0.5) — b(0.125) — 0.2300698|c(0.5) — ¢(0.125) — 1.150349
RQ 2 5
LID 2 15

Table 5.17: The number of times of significance of the difference between the first quartile and the

0.125 quantile for Model (5.7)

Methods|b(0.25) — b(0.125) — 0.09517192|¢(0.25) — ¢(0.125) — 0.4758596
RQ 4 4
LID 1 6

We can see that RQ gives roughly the correct level. LID works reasonably well for this example,
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with the level a little low for b and a little high for c.

We also compared the power of the test for Model (5.7). Because we know that the true value of
b(0.5) — b(0.25) and ¢(0.5) — ¢(0.25) are not 0, we tested whether these parameters are significant or
not for each data set and we recorded the number of times that the parameter is significant under
the claimed level 0.05. The results are in Tables 5.18 to 5.20. We can see that the power of LID
is better than that of RQ for the differences of b(7). For the differences of ¢(7), RQ seems to be

slightly better than LID.

Table 5.18: The number of times of significance of the difference between the median and the first

quartile for Model (5.7)

Methods|b(0.5) — b(0.25)|c(0.5) — ¢(0.25)

RQ 60 100

LID 94 96

Table 5.19: The number of times of significance of the difference between the median and the 0.125
quantile for Model (5.7)

Methods|b(0.5) — 5(0.125)|¢(0.5) — ¢(0.125)

RQ 86 100

LID 99 100

Table 5.20: The number of times of significance of the difference between the first quartile and the

0.125 quantile for Model (5.7)

Methods|b(0.25) — b(0.125)|¢(0.25) — ¢(0.125)

RQ 29 89

LID 43 78

We also tested the following model:

Y = a+b$17i+6$2’i + (1+0~2x1,i+0~5x2,i)6i; 1= 1,2,...,71, (58)

where the covariate 1 ; was generated from lognormal(0,1) and x2 ; was generated from Gamma(1,1/2).
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For this model, we can see that the differences of ¢(7) is only half of that for Model (5.7), and we
should be able to see better whether RQ is truly better at detecting the differences of ¢(7). The
results are in Tables 5.21 to 5.23. We can see that LID has a better power for the difference of both

b(7) and ¢(7) in this case.

Table 5.21: The number of times of significance of the difference between the median and the first

quartile for Model (5.8)

Methods|b(0.5) — b(0.25)|c(0.5) — ¢(0.25)

RQ 66 58

LID 99 72

Table 5.22: The number of times of significance of the difference between the median and the 0.125

quantile for Model (5.8)

Methods|b(0.5) — b(0.125)|¢(0.5) — ¢(0.125)

RQ 85 76

LID 99 89

Table 5.23: The number of times of significance of the difference between the first quartile and the

0.125 quantile for Model (5.8)

Methods|b(0.25) — b(0.125)|¢(0.25) — ¢(0.125)

RQ 38 30

LID 53 33

5.3 Bootstrap testing

In this section we used the bootstrap idea to study the level and power of hypotheses testing. We
bootstrapped the data and used LID and RQ to give the estimates for each bootstrapped data set,

and then used the standard deviation of the estimates as the standard error.
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Consider the following model:

Yi :a+b$1’i+6i7 1= ].,2,...,TL7 (59)

where ¢;’s are 1.i.d. from N(0,1). In the simulations, we chose a = 5, and b = 1. The covariates z1 ;
was generated from Normal(0,1). We set m = 15 and n = 200. The corresponding quantile model
is

1 m

~(yilxi) = i =12 ...n, = — ., —. 1
Q- (i) = a(r) + blr)ors, i BT (5.10)

We simulated 100 data sets from this model and compared the number of times of significance of
LID and RQ. Here we focus on the following parameters: a(0.5) —a(0.25) and b(0.5) — 5(0.25). We
can see that the true value of a(0.5) — a(0.25) is not 0 and the true value of 5(0.5) — b(0.25) should
be 0. For each data set, we used 40 bootstrap samples to give the standard error. Based on this
standard error, we constructed the 95% confidence/credible interval and checked whether 0 is in the
interval. We recorded the number of times that the parameter is significant under the claimed level
0.05.

For this model, we treat the number of times that a(0.5) —a(0.25) is significant as a measurement of
the power and the number of times that b(0.5) — b(0.25) is significant as a measurement of the level.
The results are in Table 5.24. The expected number of times of significance for b(0.5) — b(0.25) is 5.
LID gives the right level and the level for RQ is a little high.

Table 5.24: The number of times of significance of the difference between the median and the first

quartile

Methods|a(0.5) — a(0.25)[b(0.5) — b(0.25)

RQ 100 12

LID 100 6

We did more simulations to confirm the findings. We simulated 500 data sets from Model
(5.9). The results are in Table 5.25. We can see that for the 500 data sets, the estimated level of

b(0.5) — b(0.25) is very close to 25 for LID, but it is a little high for RQ.
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Table 5.25: The number of times of significance of the difference between the median and the first

quartile for 500 data sets

Methods|a(0.5) — a(0.25)[b(0.5) — b(0.25)

RQ 500 47

LID 496 22

Because in the simulation RQ is not giving the right level, we used the asymptotic standard
error instead of the bootstrap variance to determine the significance of the parameters for RQ. The
results are in Table 5.26. We can see that RQ now also gives roughly the right level. In Figures 5.5
and 5.6, we have the plots of the bootstrap variance versus the asymptotic variance. We can clearly

see that the bootstrap variance is usually larger.

Table 5.26: The number of times of significance of the difference between the median and the first

quartile for 500 data sets (corrected for RQ)

Methods|a(0.5) — a(0.25)[b(0.5) — b(0.25)

RQ 500 15

LID 496 22
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Figure 5.1: The plot of the bootstrap variance versus the asymptotic variance for a(0.5) — a(0.25)

65



Bootstrap variance of b
0.000 0.005 0.010 0.015 0.020 0.025 0.030
1

I [ [ [ [ [ I
0.000 0.005 0.010 0.015 0.020 0.025 0.030

Asymptotic variance of b

Figure 5.2: The plot of the bootstrap variance versus the asymptotic variance for 5(0.5) — b(0.25)

5.4 Birth weight data

In this section, we revisit the birth weight data. We consider the following quantile model for the

birth weight data:

Qr(yilzi) = a(r) + b(T)zix + c(T)xiz +d(T)zis, i=1,2,...,n, (5.11)
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where z; ; is the indicator function that indicates whether the mother went to prenatal care for
more than or equal to two times, z; 2 is the indicator function that indicates whether the mother
smoked or not, and z; 3 is mother’s weight gain during pregnancy. We compared the results from
RQ and LID for the full data set. Here we focus on the 0.25, 0.5 and 0.75 quantiles and the difference

between the 0.25 and 0.5 quantiles. The results are in Tables 5.27 to 5.29.

Table 5.27: Estimates of the parameters and their standard errors (in parentheses) for the birth

weight data with 7 = 0.25.

Methods|a(0.25) b(0.25) ¢(0.25) d(0.25)

RQ 2.94 (0.0045)|—0.048 (0.0069)|—0.22 (0.0081)[0.0091 (0.00020)

LID  [2.94 (0.0032)|—0.036 (0.0058)|—0.21 (0.0020)0.0085 (0.00003)

Table 5.28: Estimates of the parameters and their standard errors (in parentheses) for the birth

weight data with 7 = 0.5.

Methods|a(0.5) b(0.5) ¢(0.5) d(0.5)

RQ 3.26 (0.0040)|—0.064 (0.0063)|—0.23 (0.0070)[0.0084 (0.00018)

LID 3.27 (0.0038)|—0.057 (0.0048)|—0.23 (0.0046)|0.0084 (0.00013)

Table 5.29: Estimates of the parameters and their standard errors (in parentheses) for the birth

weight data with 7 = 0.75.

Methods|a(0.75) b(0.75) ¢(0.75) d(0.75)

RQ 3.59 (0.0044)|—0.058 (0.0071)|—0.22 (0.0076)|0.0078 (0.00019)

LID  [3.61 (0.0023)|—0.062 (0.0061)|—0.26 (0.0041)[0.0083 (0.00024)

From the results, we can see that the estimates from both methods are close for most parameters
with a few exceptions, such as d(0.25) and ¢(0.75). The standard error from LID seems to be smaller
than that from RQ. For d(0.25), the standard error is extremely small, so we checked the histogram
and the trace plot, which are in Figures 5.3 and 5.4. The trace plot of the chain looks fine and the

Markov chain does not get stuck in a local mode.
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Figure 5.3: The histogram of d(0.25)
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Trace plot of d(0.25)
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Figure 5.4: The trace plot of d(0.25)

To see how well the estimates are, we compared the estimated conditional quantile with the
local quantile estimated nonparametrically. We considered two subsets of the full data. For the
first subset of the data, we selected x; 1 = 1, ;2 = 1, and 24.5 < z; 3 < 25.5, within which range
there are 96 observations. For the second subset of the data, we selected z; 1 = 1, z;2 = 0, and
44.5 < z; 5 < 45.5, within which range there are 1318 observations. Then we calculated the quantile

of y; in each subset of the data as the local quantile, and compared it with the predicted quantiles
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from RQ and LID. The results are presented in Tables 5.30 and 5.31. From the results, we can see

that all the estimated quantiles are very close to the local quantile estimates.

Table 5.30: Estimates of the local quantile at x; 1 =1, z;2 = 1, and x; 3 = 25.

Quantile | Local quantile | RQ estimate | LID estimate
0.25 2.81 2.76 2.77
0.5 3.02 3.07 3.08
0.75 3.41 3.40 3.40

Table 5.31: Estimates of the local quantile at ;1 =1, z;2 = 0, and z; 3 = 45.

Quantile | Local quantile | RQ estimate | LID estimate
0.25 3.18 3.21 3.19
0.5 3.54 3.53 3.53
0.75 3.86 3.84 3.88

Then, we compared the performance of both methods for randomly selected subsets to check
the variability of the methods. We randomly sampled 50 data sets from the full data set, with
1000 observations in each data set. For each data set, we sampled from the full data set without
replacement. Then, based on each data set, we computed the estimates for the parameters, and
compared them with the estimates from the full data set, which we treated as the “truth”. In this
way, we can calculate the MSE for all the parameters. The results are in Tables 5.32 to 5.35. From
the results, we can see that for single quantile estimation, RQ has slightly smaller MSEs than LID.
In Table 5.35, we looked at the MSE of the difference of the quantiles. The results show that LID
has smaller MSEs except for the intercept. In particular, for d(0.5) —d(0.25), which is the parameter
for mother’s weight gain, LID has a much smaller MSE than that of RQ.
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Table 5.32: MSE of the parameters and their standard errors (in parentheses) for the birth weight

data with 7 = 0.25.

Methods|a(0.25) b(0.25) ¢(0.25) d(0.25)
RQ  |0.10 (0.003)[0.0031 (0.0005)[0.0047 (0.0009)[3.30 x 106 (6 x 10~7)
LID  |0.14 (0.004)[0.0048 (0.0009)[0.0066 (0.0014)[6.25 x 10~ (1.2 x 10~°)

Table 5.33: MSE of the parameters and their standard errors (in parentheses) for the birth weight

data with 7 = 0.5.

Methods|a(0.5) b(0.5) ¢(0.5) d(0.5)
RQ  [0.10 (0.003)[0.0031 (0.0006)[0.0026 (0.0006)[3.55 x 1075 (6 x 10~7)
LID  |0.11 (0.003)[0.0042 (0.0008)[0.0049 (0.0011)[4.91 x 10~® (9 x 10~7)

Table 5.34: MSE of the parameters and their standard errors (in parentheses) for the birth weight
data with 7 = 0.75.

Methods

RQ
LID

a(0.75) b(0.75) c(0.75) d(0.75)

0.0014 (0.0003)|0.0037 (0.0008)[0.0037 (0.0007) [2.84 x 10~¢ (5 x 10~7)

0.0031 (0.0009)|0.0045 (0.0010)|0.0084 (0.0021 )[4.56 x 10~ (6 x 10~7)

Table 5.35: MSE of the difference between the 0.5 and the 0.25 quantile and their standard errors

(in parentheses) for the birth weight data.

Methods

a(0.5) — a(0.25)

b(0.5) — b(0.25)

¢(0.5) — ¢(0.25)

d(0.5) — d(0.25)

RQ

0.40 (0.006)

0.0036 (0.0006)

0.0030 (0.0006)

5.16 x 107° (1.0 x 1079)

LID

0.49 (0.007)

0.0029 (0.0006)

0.0028 (0.0006)

1.23 x 107 (2 x 1077)

To provide an explanation of the different performance between the estimates of single quantiles
and the difference of quantiles, we looked at the correlation between d(0.5) and d(0.25) estimated
from both methods. Figures 5.5 and 5.6 are the plots of d(0.5) versus d(0.25) from both methods.

From the two plots, we can see that the correlation between d(0.5) and d(0.25) is much stronger for
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LID than that for RQ. The correlation between d(0.5) and d(0.25) for LID is 0.89 and the correla-
tion for RQ is 0.57. The reason that the correlation between d(0.5) and d(0.25) is larger for LID is
because LID assumes more about the global likelihood than individual RQ. This strong correlation

decreased the variability of the estimate of d(0.5) — d(0.25) for LID.

plot of d(0.5) vs d(0.25) from LID
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Figure 5.5: The plot of d(0.5) versus d(0.25) from LID over the 50 data sets. The correlation is

about 0.89.
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Figure 5.6: The plot of d(0.5) versus d(0.25) from RQ over the 50 data sets. The correlation is

about 0.57

5.5 Conclusions

From the simulation results, we can see that for estimating single quantiles, LID performs similarly

as weighted RQ. For differences of quantiles, LID performs better than other methods. For a non-

i.i.d. error model, LID has a reasonable level and good power. In bootstrap testing, LID gives the

73




correct level.

For the birth weight data, both LID and RQ give good estimates of the quantiles. RQ has slightly
smaller MSEs for estimating single quantiles and LID has smaller MSEs for estimating the difference
of quantiles. The large correlation between the parameters estimated by LID may explain why LID

performs better for estimating the difference of quantiles.
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Chapter 6

Conclusions and Future Work

In this thesis, we introduced two Bayesian methods, DG and LID, for the quantile regression problem.
We proved the convergence of these two methods under some mild conditions and numerically verified
the theoretical results. From the simulation results, we found that LID could produce more efficient
estimates than some existing methods. In particular, for estimating the difference of quantiles, LID
has a big advantage over other existing methods. Besides, we tried two ways to do hypotheses
testing based on LID estimates: one is to use the posterior distribution, and the other is to use the
bootstrap idea. We found that for a non-i.i.d. error model, LID is more powerful than RQ with the
first testing method. With the bootstrap testing, LID can provide the right level.

The followings are some possible future directions. First, we would like to generalize our methods
for censored data. One challenging issue is how to interpolate the densities for the censored parts.
Second, we would like to generalize our algorithms to some non-linear models. As long as it is
possible to find some proposal distribution satisfying the order constraint, our algorithms should
be able to be generalized in this direction. Third, we only implemented linear interpolation up to
now, so it is of our interest to see whether other interpolations could enhance the algorithm. For
example, we can try some smooth interpolations so that the interpolated densities will be continuous
or even differentiable. Then, the assumptions in Chapter 3 will be easier to check. Fourth, LID
is a computationally intensive algorithm. If we can find some way to reduce the computational

complexity, it will make the method more widely applicable in practice.
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