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Abstract

In this thesis we consider several extremal problems for graphs and hypergraphs: packing,
domination, and coloring. Graph packing problems have many applications to areas such
as scheduling and partitioning. We consider a generalized version of the packing problem
for hypergraphs. There are many instances where one may wish to cover the vertices or
edges of a graph. A dominating set may be thought of as a covering of the vertex set
of a graph by stars. Similarly a proper coloring may be thought of as a covering of the
vertex set of a graph by independent sets. We consider special cases of domination and
coloring on graphs.

Two n-vertex hypergraphs G and H pack if there is a bijection f: V(G) — V(H)
such that for every edge e € E(G), the set {f(v): v € e} is not an edge in H. Sauer and
Spencer showed that any two n-vertex graphs G and H with |E(G)| + |E(H)| < 22
pack. Bollobas and Eldridge proved that, with 7 exceptions, if graphs G' and H contain
no spanning star and |E(G)| + |E(H)| < 2n — 3, then G and H pack. In Chapter 2 we
generalize the Bollobas — Eldridge result to hypergraphs containing no edges of size 0, 1,
n — 1, or n. As a corollary we get a hypergraph version of the Sauer — Spencer result.

In 1996 Reed proved that for every n-vertex graph G with minimum degree 3 the
domination number v(G) is at most %”. While this result is sharp for cubic graphs with
no connectivity restriction, better upper bounds exist for connected cubic graphs. In
Chapter 3, improving an upper bound of Kostochka and Stodolsky, we show that for
n > 8 the domination number of every n-vertex connected cubic graph is at most L?—Z .
This bound is sharp for 8 < n < 18 and nears the best known lower bound of ;—g.

An acyclic coloring is a proper coloring with the additional property that the union
of any two color classes induces a forest. In Chapter 4 we show that every graph with
maximum degree at most 5 has an acyclic 7-coloring. We also show that every graph

. . . (T+1)2 .
with maximum degree at most r has an acyclic (1 + [*==|)-coloring.
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Chapter 1
Introduction

Many mathematical and real-world problems have natural graph-theoretic models. In this
thesis we will discuss several extremal problems on graphs and hypergraphs. Although
we approach the subject primarily from a theoretical viewpoint, many of these problems
have applications to real-world problems.

In Chapter 2 we discuss packing problems on hypergraphs. Problems such as laying
out circuits, building networks, scheduling, and partitioning may be thought of in terms
of packing appropriate graphs or hypergraphs. Covering problems arise very naturally.
Given a set of train stations (vertices) we may consider two stations adjacent if the
distance between them is at most k. Consider the problem of guaranteeing that a station
with greater amenities be located at a reasonable distance from any given station, but
minimizing the number of such costly upgraded stations. This is a covering problem
which can be solved by considering the domination number of the resulting graph. In
Chapter 3 we study the domination number of a specific class of graphs, namely 3-regular
or cubic graphs.

Coloring problems are well studied and appear in many varieties. While domination
may be considered a covering of a graph by stars, the problem of properly coloring the
vertices of a graph may be thought of as covering a graph by independent sets. In
Chapter 4 we consider a further restriction of the standard chromatic number on graphs
with bounded degree.

Section 1.1 gives some of the basic definitions used. Sections 1.2 — 1.4 describe the
results appearing in this thesis.

The results of Chapter 2 are in preparation [13], the results of Chapter 3 have been
accepted and will appear in Ars Mathematica Contemporanea [18], and the results of
Chapter 4 have been published [17].



1.1 Basic Definitions

In this section we review some of the basic definitions, terms, and concepts used in this
thesis. In most cases we will follow the notation given in Introduction to Graph Theory
by West [33].

A graph G consists of two sets: a set V(G) of vertices and a set E(G) of edges, where
cach element of E(G) consists of exactly two members of V(G). We call the vertices
contained in an edge its endpoints. We specify an edge with endpoints u and v as wwv.
We say that two vertices u and v are adjacent or neighbors if uv is an edge in E(G). The
degree of a vertex v is the number of vertices adjacent to it. We generally denote the
degree of a vertex v as dg(v), or as d(v) when the graph is understood. We let A(G)
denote the maximum degree of G and 0(G) denote the minimum degree of G. A graph
is reqular if every vertex has the same degree. We say that a graph is r-reqular if every
vertex has degree r. We may say that a graph is cubic in the special case where it is
3-regular.

The neighborhood of a vertex v, denoted Ng(v), is the set of all vertices adjacent to
v; note that dg(v) = |Ng(v)|. The closed neighborhood of a vertex v, denoted Ng[v], is

Ng(v)Uv. The neighborhood of a set X C V(G), denoted Ng(X), is U Ng(v) | — X.

veX
The closed neighborhood of X, denoted Ng[X], is Ng(X) U X.

A graph H is a subgraph of a graph G if there exists an injection f: V(H) — V(Q)
such that for every edge wv € E(H), f(e)f(v) € E(G). Such a graph H is an induced
subgraph if it has the additional property that if wv ¢ E(H), then f(e)f(v) ¢ E(G). If
S C V(G), then the subgraph of G induced by S, denoted G[S], is the graph obtained
from G by deleting all vertices not in S and all edges incident to vertices not in S.

If G is a graph and F' C F(G), then G — F' is the subgraph of G with the vertex set
V(G) and the edge set F(G) — F. When F' consists of a single edge e, we write G — e
instead of G —{e}. If X C V(G), then G — X denotes the subgraph of G induced by the
vertices in V(G) — X. Again when X consists of a single vertex v we write G — v instead
of G — {v}.

A path is a graph whose vertices may be ordered so that two vertices are adjacent
if and only if they are consecutive in the list. The endpoints of a path are the vertices
having degree 1. The remaining vertices are internal vertices. The length of a path is the
number of edges contained in the path. The (unlabeled) path with n vertices is denoted
P,. A cycle is a graph whose vertices may be placed in a cycle so that two vertices are

adjacent if and only if they are consecutive in the cycle. The (unlabeled) cycle with n
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vertices is denoted C,. A cycle is even if it has an even number of vertices and odd if it
has an odd number of vertices. A graph is acyclic if it contains no cycles. We call an
acyclic graph a forest. An n-vertex graph is called hamiltonian if it contains a copy of
C, as a subgraph.

Given a graph G with vertices v and v, a u,v-path is a path with endpoints u and v.
We say that G is connected if for any two vertices u,v € V(G), there exists a u, v-path in
G. A graph that is not connected is disconnected. The components of G are the maximal
connected subgraphs. The distance between vertices u and v in G, denoted dg(u,v) or
simply d(u,v), is the length of the shortest u, v-path in G (if such a path exists).

A tree is a connected forest or, equivalently, an acyclic connected graph. A leafin a
tree is a vertex of degree 1. A staris an n-vertex tree with a vertex of degree n — 1. A
clique is a set of pairwise adjacent vertices. The complete graph is the n-vertex graph
whose vertices are pairwise adjacent. The (unlabeled) complete graph with n vertices is
denoted K,. A graph is bipartite if its vertices can be partitioned into two sets X and
Y such that each of X and Y induces a subgraph containing no edges. We denote the
(unlabeled) bipartite graph where | X| = m, |Y| = n, and all of X is adjacent to all of Y’
by Kpn. A set S C V(G) that induces no edges is an independent set. A matching in a
graph G is a set of edges with no shared endpoints. A perfect matching is a matching in
which every vertex of (G is an endpoint of some edge in the matching.

A proper coloring of a graph G is an assignment of labels to the vertices so that
adjacent vertices receive different colors. The chromatic number of a graph G, denoted
X(G), is the minimum number of colors in a proper coloring of G. The color classes in a
proper coloring of G are the sets of like colored vertices.

A hypergraph is a generalization of a graph where edges are not required to have size
2. We may call the edges of a hypergraph with size 2 graph edges and the edges with size
greater than 2 hyperedges.

1.2 Hypergraph Packing

Two n-vertex graphs G and H are said to pack if there exists a bijection f: G — H such
that every edge of G is mapped to a non-edge of H. An important equivalent statement
is that G and H pack if and only if H is a subgraph of the complement of G.

Graph packing has been well studied, and many of the results can be found in survey
papers by Yap [35] and Wozniak [34]. If the total number of edges in two graphs G

and H is small, a natural assumption is that G and H are more likely to pack. Sauer



and Spencer [31] showed that this intuition is, in fact, correct. They proved that if

|E(G)| + |E(H)| < 22, then G and H pack. To see that this result is sharp, we let G

be a spanning star and define H as follows: If n is even we let H = %K2 and if n is odd,

we let H = P3 + "T*?’Kg. In proving this result Sauer and Spencer also showed that if
|E(G)||E(H)| < (3), then G and H pack.

Bollobas and Eldridge [7] realized that the most important feature of the above ex-
ample was the vertex of degree n — 1 in G. They proved that with 7 exceptions, if G
and H are n-vertex graphs with maximum degree at most n — 2 and at most 2n — 3 total
edges, then G and H pack.

Similar questions can be asked for hypergraphs. As in the graph case, two n-vertex
hypergraphs G and H pack if and only if there exists a bijection from G to H that maps
every edge of G to a non-edge of H. Pil$niak and Wozniak [29] proved that if an n-
vertex hypergraph G has at most n/2 edges and V(G) is not an edge in G, then G packs
with itself. They also asked whether such a hypergraph G packs with every n-vertex
hypergraph H satisfying the same conditions. Recently, Naroski [26] proved the stronger
result that if the total number of edges in G and H is at most n and neither contains
the edge of size n, then G and H pack. Naroski also extended the second result of Sauer
and Spencer by proving that if G and H have no edges of size less than k or greater than
n—kand |E(G)||E(H)| < (}), then G and H pack.

We say that a universal vertex in a hypergraph GG is a vertex contained in a 2-edge
with every other vertex of G. We will then prove the following hypergraph generalization
of Bollobéas and Eldridge’s result:

Theorem 1.2.1. Let G and H be n-vertex hypergraphs with |E(G)| + |E(H)| < 2n —3
containing no 1-edges and no edges of size at least (n—1). With 14 exceptions, G and H
do not pack if and only if one of G or H has a universal vertexr and every vertex of the
other hypergraph is incident to a graph edge, or G and H or one of G or H has n — 1
edges of size n — 2 not containing a given vertex v, and for every vertex x of the other

hypergraph some edge of size n — 2 does not contain x.

As a corollary we get the following hypergraph generalization of the main result of

Sauer and Spencer:

Corollary 1.2.1. Let G and H be n-vertex hypergraphs containing no 1-edges and no

edges of size at least n — 1. If |E(G)| + |E(H)| < 252, then G and H pack.

These results are based on joint work with P. Hamburger and A. V. Kostochka [13].



1.3 Domination in Cubic Graphs

A set D of vertices in a graph G' dominates itself and its neighbors at distance 1. If a set
D dominates all vertices of GG, then it is a dominating set in G. The domination number,
7(G), of a graph G is the minimum size of a dominating set in G.

We may think of domination problems as covering problems. A number of covering
problems can be reduced to the problem of finding the domination number of an ap-
propriate graph. Recreational problems such as dominating the spaces of a n x n grid
with a specific chess piece as well as practical problems such as minimizing the number of
higher-level nodes in a computer network may easily be modeled as domination problems.

Naturally, graphs G with high minimum degree have small domination number.
Ore [27] proved that v(G) < n/2 for every n-vertex graph without isolated vertices
(i.e., with 6(G) > 1). Blank [6] and independently McCuaig and Shepherd [24] proved
that v(G) < 2n/5 for every n-vertex graph with §(G) > 2 when n > 8. Reed [30] proved
that v(G) < 3n/8 for every n-vertex graph with 6(G) > 3. Each of these bounds is sharp.
Reed [30] conjectured that the domination number of each connected 3-regular n-vertex
graph is at most [n/3]. Kostochka and Stodolsky [19] disproved this conjecture. They
gave a sequence {Gy}2, of connected cubic graphs such that for every k, |V (Gy)| = 46k
and v(G}) > 16k. This gives &((g’z))' > =245

Kelmans [15] gave a sequence {Gy}72; of cubic 2-connected graphs such that for every
k, |V(Gy)| = 60k and v(Gg) > 21k. This implies |‘7/((g’;))| > %—k 61—0, which is currently
the best lower bound. In particular, for infinitely many n there exists an n-vertex cubic

graph G with
1 1
>+ —)n
1(G) 2 (3 + 60) "

Kelmans also found a 54-vertex connected cubic graph L with (L) =19 = (5 + &) [V/(L)|.

Improving Reed’s upper bound of 3n/8, Kostochka and Stodolsky [20] proved that for

connected cubic n-vertex graphs G with n > 8,

4dn 1 1
<—=(-+—n
NG = 33 (3 * 33) "
A large portion of this thesis will be devoted to strengthening this upper bound. We will

prove the following theorem:



Theorem 1.3.1. Letn > 8. If G is a connected cubic n-vertex graph, then

on 1 1
<Z=(Z4+=)n
N&) =13 (3 * 42) "

The bound ﬁ—ZJ is sharp for 8 < n < 18. For example, a 3-connected cubic 14-vertex
hamiltonian graph G with v(G) = 5 is presented in [10].

Our proofs exploit the ideas and techniques of Reed’s seminal paper [30] and of [20].
We modify and elaborate the technique of [20] substantially.

These results are based on joint work with A. V. Kostochka [17].

1.4 Acyclic Coloring

A proper coloring of a graph G is acyclic if the union of any two color classes induces
a forest. The acyclic chromatic number, a(G), is the smallest integer k such that G is
acyclically k-colorable.

We may think of the traditional vertex coloring problem as a type of covering problem.
In particular, we seek to cover the vertices of a graph by some number of independent
sets. Under this model we are allowing a vertex to cover only itself. The chromatic
number is then the minimum number of independent sets needed to cover the vertices of
a graph. If we add the additional constraint that any two independent sets cannot induce
a cycle we then get the acyclic chromatic number.

The notion of acyclic coloring was introduced in 1973 by Griinbaum [12] and turned
out to be interesting and closely connected to a number of other ideas in graph coloring.

Griinbaum proved that every planar graph has an acyclic 9-coloring and conjectured
that, in general, 5 colors suffice. Mitchem [25], Albertson and Berman [2], and Kos-
tochka [21] improved this result by proving that every planar graph is acyclically 8, 7,
and 6-colorable, respectively. Borodin [8] showed that every planar graph is acyclically
5-colorable, thereby proving Griinbaum’s conjecture.

Griinbaum also studied a(r), which is the maximum value of the acyclic chromatic
number over all graphs G with maximum degree at most . He conjectured that always
a(r) = r + 1 and proved this for » < 3. In 1979, Burstein [9] proved the conjecture
for r = 4; this result was also proved independently by Kostochka [16]. It was also
proved in [16] that for £ > 3, the problem of deciding whether a graph is acyclically
k-colorable is NP-complete. It turned out that for large r, Griinbaum’s conjecture is

incorrect in a strong sense. Albertson and Berman mentioned in [1] that Erdés proved



that a(r) = Q(r*/3~¢) and conjectured that a(r) = o(r?). Alon, McDiarmid and Reed [4]
sharpened Erdés’ lower bound to a(r) > c¢r*?/(logr)'/? and proved that a(r) < 50742,
While we now have a reasonable understanding of the order of the magnitude of a(r) for
large r, the problem of estimating a(r) for small r is less well understood and has received
recent attention.

Fertin and Raspaud [11] showed among other results that a(5) < 9 and gave a linear-
time algorithm that acyclically 9-colors any graph with maximum degree 5. Furthermore,
for » > 3, they gave a fast algorithm that uses at most r(r — 1)/2 colors to acyclically
color any graph with maximum degree r. For large r this is much worse than the up-
per bound of Alon, McDiarmid, and Reed, but for » < 1000, it is better. Hocquard
and Montassier [14] showed that every 5-connected graph G with A(G) = 5 has an
acyclic 8-coloring. Kothapalli, Varagani, Venkaiah, and Yadav [23] showed that a(5) < 8.
Kothapalli, Satish, and Venkaiah [22] proved that every graph with maximum degree r
is acyclically colorable with at most 1+ r(3r+4)/8 colors. This is better than the bound
r(r—1)/2 in [11] for r > 8. In this thesis we will prove the following theorem:

Theorem 1.4.1. FEvery graph with maximum degree 5 has an acyclic 7-coloring, i.e.,
a(b) < 7.

The proof yields a linear-time algorithm to provides an acyclic coloring for any graph
with maximum degree 5 using at most 7 colors. We also show that for » > 6, there exists
a linear-time algorithm giving an acyclic coloring of any graph with maximum degree r
using at most 1 + [@J colors. This is better than the bounds in [11] and [22] cited
above for every r > 6 and better than the bounds in [4] for r < 2825.

These results are based on joint work with A. V. Kostochka [18].



Chapter 2

Hypergraph Packing

2.1 Introduction

Recall that a hypergraph is a pair (V, E') where V' is a finite set (elements of V" are called
vertices) and F is a family of nonempty subsets of V' (members of E are called edges).
An important instance of combinatorial packing problems is that of (hyper)graph packing.
Two n-vertex hypergraphs G and H pack, if there is a bijection f: V(G) — V(H) such
that for every edge e € E(G), the set {f(v) : v € e} is not an edge in H. For graphs, this
means that G is a subgraph of the complement H of H, or, equivalently, H is a subgraph
of the complement G of G. A wuniversal verter in a hypergraph G is a vertex v which is
contained in a 2-edge (graph edge) with every other vertex in G.

Many important results on extremal graph packing problems were obtained in the
seventies. At this time, fundamental papers by Bollobéds and Eldridge [7] and Sauer and
Spencer [31] appeared. In particular, Sauer and Spencer [31] proved the following.

Theorem 2.1.1. [31] Let G and H be n-vertex graphs with |E(G)| + |E(H)| < 2.
Then G and H pack.

The examples showing that Sauer and Spencer’s result is sharp rely upon the existence
of a universal vertex. Bollobds and Eldridge [7] obtained the following refinement of
Theorem 2.1.1.

Theorem 2.1.2. [7] Let G and H be n-vertex graphs with |E(G)|+ |E(H)| < 2n—3. If
neither of G and H has an universal vertex, and the pair {G, H} is not one of the seven

pairs in Figure 2.1, then G and H pack.

Corollary 1 in [7] gives that Theorem 2.1.2 can be restated as follows:
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Figure 2.1: Bad pairs in Theorem 2.1.2.



Theorem 2.1.3. [7] Let G and H be n-vertex graphs with |E(G)|+|E(H)| < 2n—3. Then
G and H do not pack if and only if either {G, H} is one of the seven pairs in Fig. 2.1,

or one of G and H has an universal vertex and the other has no isolated vertices.

If G and H are n-vertex non-uniform hypergraphs, packing may be more complicated.
In general we will use i-edge to denote edges of size i in a hypergraph. We will sometimes
distinguish edges of size 2 by calling them graph edges, and edges of size at least 3 by
calling them hyperedges.

Edges of size 0, 1, n — 1 or n make harder for hypergraphs to pack. For example, if
V(G) is an edge in G and V(H) is an edge in H, then G and H do not pack. Similarly,
if () is an edge in both G and H, then G and H do not pack. Also if the total number
of 1-edges or the total number of (n — 1)-edges in G and H is at least n + 1, then
G and H again do not pack. These examples indicate that edges of size i and n — ¢
behave similarly. Indeed, a bijection f : V(G) — V(H) maps edge e € E(G) onto edge
g € E(H) if and only if it maps set V(G) — e onto V(H) — g. This motivates the notion
of the orthogonal hypergraph: For a hypergraph F, the orthogonal hypergraph F+ has the
same set of vertices as F' and E(F*') := {V(F) —e : e € E(F)}. By definition, two
n-vertex hypergraphs G' and H pack if and only if G+ and H* pack.

Pilsniak and Wozniak [29] proved that if an n-vertex hypergraph G has at most n/2
edges and V(@) is not an edge in G, then G packs with itself. They also asked whether
such G packs with any n-vertex hypergraph H satisfying the same conditions. Recently,
Naroski [26] proved the following stronger result.

Theorem 2.1.4. Let G and H be n-vertex hypergraphs with no n-edges. If |E(G)| +
|E(H)| <n, then G and H pack.

By the above examples, the bound of n in Theorem 2.1.4 is sharp. We will prove
a refinement of this theorem to hypergraphs with no 1-, (n — 1)-, and n-edges. This
refinement also generalizes and extends to hypergraphs Theorem 2.1.3.

We define a bad pair of hypergraphs to be either one of the pairs (G(i),H (7)) in
Fig. 2.1, or one of the pairs (G(:)*,H (i)*).

Our main result is the following:

Theorem 2.1.5. Let G and H be n-vertex hypergraphs with |E(G)| + |E(H)| < 2n — 3
containing no 0-, 1-, (n —1)-, and n-edges. Let |E(G)| < |E(H)|. Then G and H do not
pack if and only if either

(i) (G,H) or (H,G) is a bad pair, or

10



(11)) H has a universal vertex and every vertez of G is incident to a graph edge, or
(iii) H*+ has a universal vertex and every vertex of G is incident to a graph edge.

Since each of the graphs in Fig. 2.1 has at most 9 vertices, for n > 10 the theorem says
that ... G and H do not pack if and only if either H has a universal vertex and every
vertex of G is incident to a graph edge or H- has a universal vertex and every vertex of G+
1s incident to a graph edge. Note that the theorem is sharp even for graphs: for infinitely
many n there are n-vertex graphs G,, and H,, such that |E(G)|+ |E(H)| = 2n—2, neither
of G,, and H,, has a universal vertex, and G,, and H,, do not pack (see, e.g., [7, 32]).

In the same way Theorem 2.1.3 yields Theorem 2.1.1, Theorem 2.1.5 yields the fol-

lowing extension of Theorem 2.1.1 to hypergraphs.

Corollary 2.1.1. Let G and H be n-vertex hypergraphs with |E(G)|+ |E(H)| <n—1+
[n/2] containing no 0-, 1-, (n — 1)-, and n-edges. Then G and H pack.

To prove Theorem 2.1.5, we consider a counter-example (G, H) with the fewest ver-
tices. In the next section we set up the proof and derive simple properties of (G, H). In
Section 3 we prove two more advanced properties of (G, H). In the last section we deliver
the proof of Theorem 2.1.5.

2.2 Preliminaries

Consider a counterexample (G, H) to Theorem 2.1.5 with the least number of vertices n.
This means that |E(G)|+ |E(H)| <2n—3, |E(G)| < |E(H)|, neither (G, H) nor (H, Q)
is a bad pair, G and H do not pack, and if H (respectively, H) has a universal vertex,
then G (respectively, G*) has a vertex not incident with graph edges. If at least one of
G, H, G+ and H* is an ordinary graph, then the statement holds by Theorem 2.1.3. So

we will assume that
each of G, H, G* and H* has at least one hyperedge. (2.1)

Naroski [26] used the following hypergraph operation: For an n-vertex hypergraph F,
the hypergraph F is obtained from F by replacing each edge e € E(F) of size at least
(n+1)/2 with V(F) — e and deleting multiple edges if they occur. This operation has
the following useful property.

11



Lemma 2.2.1 ([26]). Let Fy and Fy be n-vertex hypergraphs with no edge with size less
than k and no edge with size greater than n — k. Then

(o) |E(R)| < |E(R)| and | E(Fy)| < |E(Fy)],

(b) both E and E have no edges of size less than k and no edges of size greater than
L%J, and

(c) zfﬁ and /F\’; pack, then Fy and F, pack.

Lemma 2.2.2. ]fﬁ has a universal vertex and every vertex ofé 15 incident to a graph
edge, then G and H pack.

Proof. Let S be the set of 2-edges of G and H that are 2-edges in G and H. Let '
be the set of 2-edges of G and H whose complementary (n — 2)-edges exist in G and H.
Suppose that H contains a universal vertex v. Then G contains at most n — 2 edges and
hence some vertex of G is contained in at most one 2-edge. We consider two cases.

Case 1: All 2-edges in H that contain v are contained in S (respectively, S”). By the
symmetry between H and H*, we may assume that they all are in S. Then under the
conditions of the theorem, some vertex w € V(CNJ) is not contained in any edge in S. We
let H' be the hypergraph obtained from H by deleting v, and all 2-edges containing v, and
replacing each hyperedge e € E(H ) that contains v by e —v. We let G’ be the hypergraph
obtained from G by deleting w and replacing each edge e € E(G) containing w by the
edge e — w. Then since |E(G')| + |E(H')| < 2n —3 — (n — 1) = n — 2, Theorem 2.1.4
yields that G' and H' pack. We extend this packing to a packing of G and H by mapping
v to w.

Case 2: Vertex v is contained in a 2-edge of H that is not in S and in a 2-edge of H
that is not in S’. Let w; be a vertex of G which is contained in exactly one 2-edge (if
no such vertex exists, then some vertex w of G is not incident to 2-edges at all, and we
proceed as in Case 1 (deleting all 2-edges of H incident with v)). Let wjwy be the 2-edge
in G containing w;. By symmetry, we may assume that wywy € S. Let vov’ be an edge of
H which is not in S. We let H” be the hypergraph obtained from H+ by first deleting v,
v, and all 2-edges containing v and then removing v and v’ from each edge e that contains
any of them. We let G” be the hypergraph obtained from G* by first deleting w;, w,, and
the edge wiwy and then truncating all edges containing either of w; and wy. Then since
|E(G)|+|E(H')| <2n—3—(n—1)—1=n—3, Theorem 2.1.4 yields that G” and H”
pack. We extend this packing to a packing of G and H by mapping v to w; and v' to wy. O

In view of Lemmas 2.2.1 and 2.2.2, we will assume that G and H have no edges of
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size greater than §. We will study properties of the pair (G, H) and finally come to a
contradiction.

Throughout the proof, fori € {2,..., 5]}, G; (respectively, H;) denotes the subgraph
of G (respectively, of H) formed by all of its edges of size i, and d;(v, G) (respectively,
d;(v, H)) denotes the degree of vertex v in G; (respectively, in H;). In particular, G5 and
H, are formed by graph edges in G and H, respectively. Then we let [; := |E(G;)| and
m; = |E(H;)|. Also, for brevity, let m := 3" m;, [ :=3 " l;, m=m—my —my and
[ =1—1; —ly. In other words, [ is the number of hyperedges in G, and 7 is the number
of hyperedges in H. Recall that by the choice of G,

I<n—2 (2.2)

For n-vertex hypergraphs F; and Fj, let x(Fj, F3) denote the number of bijections
from V(F)) onto V(F;) that are not packings. Since we have chosen G and H that do

not pack,
(G, H) =nl. (2.3)

A nice observation of Naroski is:

Lemma 2.2.3 ([26]).
(G, H) < 2(n —2)! maly + 3!(n — 3)! ml. (2.4)

Proof. For edges e € G and f € H, let X s be the set of bijections in X that map the
edge e onto the edge f. Then

3]
2(G, H) = U X[ <D IXgl =D D> Xl
e?f

e B(G),feB(H) i=2 e file|=|f|=i

L3]

,_
w3

J

3

illn —d)! =
=2 e, f:le|=|f|=t i

(]

i=3 =3 =3

—
[SIEEE N
[,
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Lemma 2.2.4. n > 8.

Proof. If n <5, then | 7] <2, and G and H are graphs, a contradiction to (2.1). Suppose
now that n = 7. By (2.4), (G, H) < 2-5!myly + (3!)(4!)ml. By (2.1), m > 1 and [ > 1.
And the maximum of the expression 2 - 5!myly + (3!)(4!))ml under the conditions that
mo+lh+m+1<11,m>1and ! > 1is attained at I, =4, my =5, m =1 =1 and is
equal to

25045+ (31)(4]) = 4800 + 144 < 5040 = 7!,

a contradiction to (2.3).

Finally, suppose that n = 6. Similarly to the case for n =7, (G, H) < 2 - 4lmyly +
(3N2%ml, m > 1and [ > 1. Since 2-4! > (3!)2, for nonnegative integers ms, I and positive
integers 7, [, the maximum of the expression 2-4!myls + (3!)%ml under the condition that
ma + Iy + M + 1 < 9 is exactly 6! and is attained only if my =1, =0, [ = 4 and ™ = 5.
So, G and H are 3-uniform hypergraphs with 4 and 5 edges, respectively.

Now we show that even in this extremal case (G, H) < 6!. In the proof of Lemma 2.2.3,
for every pair of edges e € G and f € H, we considered the cardinality of the set of bi-
jections Xy from V(G) onto V(H) that map the edge e onto the edge f and estimated
Y= e 2ofenan | Xer|- We will show that some bijection F' : V(G) — V(H) maps
at least two edges of G onto two edges of H, thus this bijection counts at least twice in
Y. For this, it is enough to (and we will) find edges e, e; € E(G) and f1, fo € E(H) such
that |e; Nea| = | f1 N fa|, since in this case we can map e; onto f; and ey onto fs.

If G has two disjoint edges e and ¢, then any third edge of G shares one vertex with
one of e and €’ and two vertices with the other. So, we may assume that any two edges
in G intersect. Similarly, we may assume that any two edges in H intersect.

Now we show that
H has a pair of edges with intersection size 1 and a pair with intersection size 2. (2.5)

If the intersection of each two distinct edges in H contains exactly one vertex, then each
vertex belongs to at most two edges, which yields |E(H)| < 2-6/3 = 4, a contradiction
tom = 5. Finally, suppose that | fi N fo| = 2 for all distinct f1, fo € E(H). If two vertices
in H, say v; and vy, are in the intersection of at least three edges, then every other edge
also must contain both v; and v,. Since n = 6 and m = 5, this is impossible. Hence we
may assume that each pair of vertices is the intersection of at most two edges. Given the
edges {v1,v9,v3} and {vq,v9,v4}, every other edge must contain vs, vy, and one of v; or

ve. Hence each edge of H is contained in {vy, v, v3,v4}. Thus H has at most 4 edges, a
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contradiction. This proves (2.5). Hence the lemma holds. O

Lemma 2.2.5. myly > @

Proof. Suppose that msqly, = C < @ It suffices to show that z(G, H) < n!. So,
by Lemmas 2.2.3 and 2.2.4, it is enough to show that for n > 8 and any nonnegative
integers my, I and positive integers 7, [ such that mq—+1l+m+1 < 2n—3, the expression
Y = 2(n — 2)! myly + 3!(n — 3)! ml is less than n!. Since C' < (”_22)2, my + 1y > 2¢/C.
Therefore, 7 +1 < 2n — 3 — 2¢/C and so ml < (n — 1.5 — v/C)?. It follows that

V<2l (n— 3)!<(n —2)C +3(n— 15— \/5)2)
=2 (n— 3)!((n+ 1)C +3(n—1.5)*> — 6(n — 1.5)\@).

The second derivative w.r.t. C' of the last expression is positive, and so it is enough to
check C =0 and C = @ If C =0, then Y < 2! (n— 3)!3(n — 1.5)2, which is less
than n! for n > 8. Similarly, if C' = % and n > 8, then

Y 2(n -2 4310 — 3)!(n — 2)?

L V2
n! n!
(n—2)*+6(n— ”—\/_52)2
- n(n—1)(n —2)
n3 —6n? + 12n — 8 + 6n% — 6n(n — 2)v/2 + 3(n — 2)?
- n(n—1)(n—2)
n3 —6n(n —2)v2+3n* +4
- n(n—1)(n—2)
<1,
a contradiction to (2.3). O

Corollary 2.2.1. my > n/2.

Proof. Suppose that my < n/2. By Lemma 2.2.5, lymsy > @ Therefore

(n—2)% 2
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Also, by (2.2) and (2.1),ls <n—3. So, I =n—3, and thus l =n -2 and m <n — 1.
Hence by Lemma 2.2.3, for n > 8

(G, H) <2(n—2)! my(n—3)+3(n—3)! (m—my)-1
<2 -(n— 3)!<(n— 2)(n—3)mo+3(n—1-— mg))

<2 (n- 3)!<(n —2)(n - 3)% +3(0.5n — 1))

= (n— 2)!((n—3)n+3>

< nl,

a contradiction to (2.3). O

2.3 Two more lemmas

We need some definitions.
Definition. For a hypergraph F without 1-edges and A C V (F'), the hypergraph F — A
has vertex set V(F) — A and E(F — A):={e— A : e € E(F) and |e — A| > 2}, where

multiple edges are replaced with a single edge.

An edge e of G belongs to a component C' of G if strictly more than |e|/2 vertices
of e are in V(C). By definition, each e belongs to at most one component of Gy. A
component C' of Gy is clean if no hyperedge belongs to C. A clean tree-component of G
is a clean component of GGy which is a tree. In particular, each single-vertex component
of G5 is a clean tree-component. By definition, for each component C of G5, at least

|[V(C)| — 1 graph edges belong to C'. Moreover,
if exactly |V (C)| — 1 edges belong to C, then C is a clean tree-component. (2.6)

Since ly < n—3, G has at least 3 tree-components. Since [ < n —2, by (2.6), at least
two components of GGy are clean tree-components. Since each non-clean component has

at least two vertices,

n—

the smallest clean tree-component of G, has at most max{%, 22} = =2 vertices.
(2.7)
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Lemma 2.3.1. Among the smallest clean tree-components of G, there exists a component

T such that G — T does not have a universal vertexz.

Proof. Let T be the vertex set of a smallest clean tree-component of G5 and let |V (T')| =
t.

Case 1: |[E(G)] <n —3. Since G — T is an n — ¢t vertex hypergraph containing only
n —t — 2 edges, G — T cannot have a universal vertex.

Case 2: |[E(G)| =n—2. Assume that G — T contains a universal vertex, say w. Since
G —T has at most n —t — 1 edges, each edge in G — T is a graph edge connecting w with
some other vertex. In particular, every hyperedge in GG has all but 2 of its vertices in T.
Hence for each hyperedge e in GG, the edge e — 1" connects an isolated vertex of G5 to w.
Since G5 contains at least 3 components, we get that (G5 contains at least one isolated
vertex. Then since any isolated vertex is a clean tree-component, ¢t = 1.

Assume that G5 contains k isolated vertices vy, vs, ..., v;. Each of these vertices then
forms a smallest clean tree-component. If G — v; does not contain a universal vertex for
some 7 < k, we are done. Hence we may assume that G —v; contains a universal vertex w;
for each ¢ < k. It follows that every edge of G has size at most 3 and contains w; for every
. In particular, G5 has at most one non-singleton component. Since [ <[ —1<n — 3,
G9 has at least 3 components. Hence k > 2. Furthermore, each of the v.s is contained
in each 3-edge, hence k < 3. If k£ = 3, then we have exactly one 3-edge viv9v3 in GG. But
then one the vertices of this edge is w; for some ¢ and hence is incident with n —3 graph
edges. Since n > 8, vertex of degree n — 2 is not isolated. So, k = 2.

Since G contains a 3-edge, we have an edge v,vow where w is necessarily the universal
vertex in G —v; and in G — vy. Thus vivew is the only 3-edge in G, and so wu is an edge
of Gy for every u € V(G) — vy — vy — w.

Case 2.1: Hy contains an isolated vertex y. Since m = n — 1 and n > 8, there exist
vertices y; and y such that {y, 1,2} is not a 3-edge in H. Then we may map w to y, v
to y; and vy to Yo, and the rest of V(G) arbitrarily to the rest of V(H) to get a packing
of G and H, a contradiction to their choice.

Case 2.2: H, has no isolated vertices. Since |E(Hy)| < n—2, Hy necessarily contains
a vertex y of degree 1. Suppose yy; € E(H;y). Since H contains at most n — 1 — n/2
3-edges, there exists some y, € V(H) which is not in a 3-edge with y and y;. Then we
may pack G and H as in Case 2.1. O

Lemma 2.3.2. Lett < (n—2)/2. Let T be a t-vertex clean tree in Gy and let S C V(H)
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with |S| =t be such that S intersects at least t + 1 graph edges. If G[T| and H[S] pack,
then either G' == G —T or H' := H — S has a universal vertes.

Proof. Assume that the lemma does not hold. Since the (graph) edges of T and the
graph edges in H incident with S do not correspond to any edge in G’ and H', we have

|E(G)| + [E(H)| < |EG)| + [E(H)| = (t=1) = (t+1) <2(n—1) = 3. (2.8)

We claim that if G’ and H' pack, then so do G and H. Indeed suppose that ¢’ is a
packing of G’ onto H' and ¢” is a packing of G[T'] onto H[S]. We will check that ¢’ U c”
is a packing of G onto H. Suppose the contrary: that an edge A of G is mapped onto
edge B of H. If A C T, this is impossible, since ¢” is a packing of G[T'] onto H[S]. So,
suppose A" := ANV(G') # 0 and B’ := BNV (H') # 0. Since T is a clean component of
G, |A’| > 2. So, |B'| is also at least 2. Then, by the definition of G —7 and H — S, A’ is
an edge of G' and B’ is an edge of H'. Hence ¢’ does not send A’ to B’, a contradiction
to the choice of A and B. Thus since G and H do not pack, neither do G’ and H'. So by
(2.8) and the minimality of n, either (G’, H') is a bad pair or the lemma holds. Hence
we may assume that (G, H') is a bad pair.

Let k = n —t. Note that for each bad pair (G(i), H(7)) in Fig. 1, the total number of
edges in G(i) and H (i) is 2|V (G(i))| —3 = 2|V (H(i))| — 3. Hence |E(H)|—|E(H —S)| =
t+ 1 and S covers exactly ¢t 4+ 1 graph edges. Then

|E(G())| + |E(H(i))| = 2k — 3 and |V(GQ)| = |[V(H)| < 2k — 2. (2.9)

By the definition of bad pairs, either all edges in G’ and H' are graph edges or all
of them are (k — 2)-edges. In the latter case, H has only ¢t + 1 < n/2 graph edges, a
contradiction to Corollary 2.2.1. Thus, we may assume that {G', H'} = {G(i), H(i)} in
Fig. 1 for some i € {1,...,8}.

Case 1: I+ > 2k — 3. Then I + my < (2n — 3) — (2k — 3) = 2n — 2k, and hence
lamy < (n — k). Since 4 <k <9 and k > (n+2)/2, we get

—2\° —2)?
lgng(n—k>2§<n2 ) <<n2>,

a contradiction to Lemma 2.2.5.

Since we proved that [+ < 2k — 3 at least one edge of G’ or H' is a graph edge in

G or H. Furthermore, since T" was a clean component, all the hyperedges of G' become
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graph edges of G'. Let eg be some such edge of G’. If none of the edges of H' was
obtained from a hyperedge of H, then it is enough to pack G' — e with H’, which is
possible by Theorem 2.1.3. So, there are e € E(G’) and f € E(H’) such that one of them
is a graph edge and the other is a hyperedge in (G, H).

Case 2: (G', H') is one of the unordered pairs {G(1), H(1)}, {G(3), H(3)},
{G(4),H4)}, {G(7), H(7)}. By symmetry, we may assume that e = z129 and f = yyys.
In all cases, we define mapping ¢(z;) = y; for j = 1,..., k. This mapping together with
the packing of G[T'| with H[S] yields a packing of G with H, a contradiction.

Case 3: (G', H') is one of the unordered pairs {G(2), H(2)}, {G(5), H(5)},

{G(6), H(6)}. By symmetry, we may assume that e = x;x5 and either f = y;y, or
f =1y If f = y190, then we let ¢(z;) = y; for j =1,...,k, and if f = yx_1yx, then
we let ¢(z;) = ypp1—; for j=1,... k.

0

Remark. Practically the same proof will verify the lemma with the roles of G and
H switched, that is, with T" being be a t-vertex clean tree in Hy and S being a subset
of V(G) with |S| = t such that S intersects at least ¢ 4+ 1 graph edges in G. The only
difference is that if all edges of G’ and H' are (k — 2)-edges, then H has only t —1 < n/2
graph edges (those that are the graph edges of T'), and we get the same contradiction to
Corollary 2.2.1.

2.4 Proof of Theorem 2.1.5

By Lemma 2.3.1, there is a smallest clean tree-component 1" of (G5 such that
G — T does not contain a universal vertex. (2.10)

We let t = |V(T)].

Case 1: t = 1. Let V(T') = {u}. By Corollary 2.2.1, A(Hs) > 2. Let w € V(H) with
do(w, H) = A(Hs). Let G = G —u and let H' = H —w. By Lemma 2.3.2 and (2.10),
H’ contains a universal vertex, say w'.

Let y = A(H3). Since H contains at least n — 2 edges forming the star in H’ plus y

graph edges incident to w, we get that [+ (n—2)+y <Il+m <2n—3. Since [, <[ —1,
(n—2)?
215

we get I +y < n —2. By Lemma 2.2.5, my > . Also, w’ is contained in at least
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n — 2 —y 3-edges, hence

(n—2)*

Ih+1
(lb+1)+ o,

+(n—2—y)<l+m<2n—3,

(n 2)

which gives that I, —y + < n — 2. Adding these expressions gives

(l2+y)+(l2—y+u)<2(n—2)

or Iy + (723)2 < n — 2. This can be rewritten as (2ly — (n — 2))* < 0 which is false. This
contradiction finishes Case 1, so below we assume that ¢ > 1.

Case 2: t = 2. Let V(T') = {vy,ve}. If H contains a vertex w with dy(w, H) > n/2,
let w’ be a non-neighbor of w in Hy. Then G’ = G —v; — vy, and H' = H —w — '
are (n — 2)-vertex graphs with |E(G")| + |E(H')| < %, so G' and H' pack by the
minimality of n (we simply apply Corollary 2.1.1). Mapping v; to w and vy to w’ will
complete the packing of G with H. So, A(Hs) < n/2.

Case 2.1: A(Hs) > 3. Given non-adjacent vertices w; and wq in Hy with do(wy, H) =
A(H,), welet G' = G —v; — vy and H' = H — wy — wy. By Lemma 2.3.2 and (2.10), H’
contains a universal vertex.

Let y = A(Hz) <n/2. Thenl+ (n—3)+y <1+ m < 2n— 3. Since H' contains a
universal vertex, m —mo >n—3—y,s0l+mys+ (n—3—y) <l+m < 2n— 3. Adding
these gives 2(2n — 3) > 2l 4+ mgy + 2(n — 3), or

2n > 21 + ms. (2.11)

(n—2)2
2ma

. And since my +

By Lemma 2.2.5, [ >
4+ my+ &2

Hence we may assume that [ — I, = 1 and that m — my < n — 2 — y. Furthermore, if

. Soifl—1ls >20orm—mg >n—1—y, then 2n >

= 2) > 2(n — 2), we get 2n > 2n, a contradiction.

lomg < (n_;)Q, Lemma 2.2.3 gives

z(G, H) <2(n —2)! W—F&(n—i’))! I(n—2-y)
< 2(n—2)! 7("_21)2 +3I(n—3)! 1(n — 5)
_ 6(n —5)
=(n—1)! (n—l)—i—m

< n! (since n > 8),
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a contradiction to (2.3). Thus lomg > @ which gives | = 1+ > 1+ % Applying
this to (2.11) we obtain 2n > 2 + my + % > 2+ 2(n — 1) = 2n, a contradiction.

Case 2.2: A(Hs) < 2. By Corollary 2.2.1, A(Hy) > 2. Thus A(H;) = 2. Let w,
be a vertex with do(wy, H) = 2. If there exists some wy in H with wywy ¢ E(H) and
dy(wq, H) > 1, then we proceed as in Case 2.1. Hence we may assume that every vertex
in H,y that is not adjacent to w; is an isolated vertex. We then have that my, < 3, and
maly < 3(n — 3). Lemma 2.2.5 then gives that 3(n — 3) > (n —2)?/2 or (n —5)? < 3, a
contradiction to n > 8.

Case 3: t > 3 and H, has an isolated vertex w. Let y be a leaf of T and let x be
the neighbor of y in Gy. Let G' = G — x and let H' = H — w. Since t > 3, ds(x,G) > 2
and hence |E(G’)| < n—4. Therefore, |E(G')|+ |E(H')| < 2(n—1)—3, and G’ does not
have a universal vertex. Thus by the remark to Lemma 2.3.2, H' has a universal vertex,

say w'. Let G" =G' —y and let H” = H' — w'. Since w’ was universal in H’,

|E(G")|+|E(H")| = |E(G)] + |E(H')] — (n —2)
<2(n—1)—3—-(n—2)
=n-—3
_ 3(n —22) - 2.

So by the minimality of n and Corollary 2.1.1, G” and H” pack. We may then extend
the packing of G” and H” to a packing of G and H by mapping x to w and y to w’. This
finishes Case 3.

If ny vertices of GG are in clean tree-components, then [ > M + (n—mny). Moreover,
if n = ny, then (since G has a hyperedge) | > 14 ml=l > 2—1—%. Since n—ny # 1,

t
we conclude that [ > n — [22]. So

n—2

m<2n—-3—-1<n-3+]| ;

. (2.12)

We consider two cases depending on the maximum degree of Hs.

Case 4: ¢ > 3 and A(Hy) > |[%2]. Let wy be a vertex of maximum degree in
H,. Let vy be a leaf in T and choose vy,v3, ..., v, in T so that for each 7 with 2 <
i <'t, the set {v1,vs,...,v;} induce a tree in Gy with v; as a leaf with neighbor v(;_y.
We map v; to wy and proceed by induction to pack V(T') into V(H) so that for every
i=1,...,t, the image, W;, of {vy,vs,...,v;} is incident to at least L”T_QJ + 14— 1 graph

edges. Assume that vy, vy, ..., v; have been mapped in this way to wq, ws, ..., w;, so that
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n—2
t

W; = {wy,ws, ..., w;}. In particular, W; is incident to at least | 2= | + ¢ — 1 graph edges
in H.

Case 4.1: W; is incident to at least |“72| + i graph edges. It suffices to map v; 11 to
a vertex w;;; in V(H) such that for each j < i, w; # w;;1 and wjw;11 is not an edge.
Since v;1; is adjacent only to vy in {vy,ve,...,v;}, if i + do(wy, H — W;) < n, then we
can choose as w;;1 any vertex in V(H) — W; not adjacent to wy in Hy. Hence we may
assume that dy(wy, H—W;) > n—i. Since G9 contains no isolated vertices, by the choice
of G and H, A(Hy) <n—2,s01# 1. Since vy is a leaf in 7" and i > 2, i’ # 1. So, by the

choice of wy,
mao Z dg(wi/,H - VVZ> -+ dz(wl,H — wi/) 2 2d2(wi/, H— Wl) Z Q(TL - Z)

Also, i < t—1. Hence m > 14+ my > 1+ 2(n —1) > 2n — 2t + 3. So, by (2.12),
2n—2t—|—3§n—3—|—"7_2. ThisgivesO§2752—(11—1—6)15—&—(71—2),bu‘cf0r2§t§"T_2

this expression is at most —6.

9

Case 4.2: W; is incident to exactly L"T*Qj + 4 — 1 graph edges. If there exists some
w1 € V(H)—W; not adjacent to W; in Hs, then we can map v; 41 onto this w; ;. Hence
we may assume that i + |22 | +4 — 1 > n. This yields 0 < 2¢* — (n + 3)t + (n — 2), but
for2<t< "T’Q, this expression is at most —3.

So, we can pack T into H in such a way that at least ["T*QJ +t —1 graph edges of H
are covered. Let G =G —vy — vy —...—v;and H = H —wy — wy — ... — w;. Since by
(2.7), [®2] > 2, Lemma 2.3.2 and (2.10) yield that H’ has a universal vertex. But

-2 n—2

\E(H’)!gn—;aﬂ”t J=l—==)—t+l=n—-t-2,

a contradiction.

Case 5: t > 3 and A(H,) < [%2] — 1. By Corollary 2.2.1, A(Hs) > 2. Hence
2 < |%2]| — 1, which yields t < (n — 2)/3. Define vy, vs,...,v; as in Case 4. We map v,
to a vertex wy of maximum degree in Hy. Since A(Hy) > 2, we may proceed as in Case 4,
to get a packing of T into H which covers at least A(Hs)+t—1 > t+1 graph edges in H.
Again by Lemma 2.3.2 and (2.10), H' has a universal vertex, say z. Then z is contained
in at least n—t—1—A(H,) hyperedges in H. Hence m—my > n—t—[232] > n—t— 22
We also have that m —my < 2n — 3 — (I3 + m2) — (I — l). These inequalities together
give

n—2

(l2+m2)+(l—lg)§n—3+t+ n . (213)
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By Lemma 2.2.5, Iy +my > v/2(n — 2).

We consider two cases.

Case 5.1: | — Iy > 2. Then by (2.13) and Lemma 2.2.5 we have v/2(n — 2) + 2 <
n—3+t+%. As n—3+t+% achieves its maximum for extremal values of ¢, we need only
to check the inequality for ¢ = 3 and ¢ = “32. For t = 3 we get v2(n —2) < (4/3)(n—2)
and for t = ”T_z we get V2 < 4 /3; both inequalities are false.

Case 5.2: 1 —ly = 1. By (2.13), we have lo + mo <n —2 41t + "T’Q For fixed n, the
expression n — 2 +t + ”7_2 achieves its maximum at extremal values of t. So, we check

t=3and t = ”T_Q In either case,

4(n —2)

lo +mg < 3

+1. (2.14)

Since [ — Iy = 1 and | + m < 2n — 3, by Lemma 2.2.3, the number x(G, H) of “bad”
bijections from V(G) onto V(H) satisfies

(G, H) < malp2(n—2)1431(n—3)(m—my) < maly2(n—2)!4-31(n—3)!(2n—3—Il—1—msy).
So, denoting y := (ly + m2)/2, we have
(G, H) < h(y) :==9°2- (n —2)! + 3!(n — 3)!(2n — 4 — 2y).

Since y > my/2 > n/4 > 2, we have b/ (y) =4-(n—2)ly —3!/(n—3)12=4-(n—3)!((n —
2)y — 3) > 0. Thus by (2.14),

z(G,H) < h(2(n—2)/3+1/2)
n! T n!
_ X1
~nl
1 2 1 2n -7
< —12(n =2)(Z(n—2)+ =)+ 3!(n — 3)!
< o= 21C -2+ 1P+ 3l - 32
_16n* —72n% 4+ 177n — 302
B 18n(n —1)(n —2)
As this is less than 1 for n > 8, (G, H) < n!, a contradiction to (2.3). O
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Chapter 3

Domination in Cubic Graphs

3.1 Introduction

Recall that the domination number, v(G), of a graph G is the minimum size of a domi-
nating set in G.

Given an n-vertex graph GG with no restrictions, the domination number can be as large
as n when G consists only of isolated vertices. Forbidding isolated vertices or equivalently
requiring that G have minimum degree at least one gives that every vertex cover is a
dominating set. It is natural to conclude that graphs with higher minimum degree should
in general have a smaller domination number. Arnautov [5] and Payan [28] independently

gave the following bound on the domination number in terms of the minimum degree:

Theorem 3.1.1. ( [5], [28]) Every n-vertex graph G with minimum degree k satisfies

(G) <n <M> :

kE+1

Since every vertex in a k-regular graph can dominate at most k + 1 vertices giving a
domination number of at least 5 this bound is relatively strong. For large k, Alon 3]
proved the following:

Theorem 3.1.2. [3] For all sufficiently large k and for infinitely many n there exist

k-regular n-vertex graphs G with

Ink

1(G) = (n+o(1)) =

As the two above bounds are asymptotically equal for large k, interest turned to
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Figure 3.1

establishing bounds on the domination number of graphs with small minimum degree.
Ore [27] proved that 7(G) < n/2 for every n-vertex graph with §(G) > 1. Blank [6]
proved that v(G) < 2n/5 for every n-vertex graph with §(G) > 2 if n > 8. Reed [30]
proved that v(G) < 3n/8 for every n-vertex graph with §(G) > 3. All these bounds are
sharp. Reed [30] conjectured that the domination number of each connected 3-regular
(cubic) n-vertex graph is at most [n/3]. Kostochka and Stodolsky [19] disproved this

conjecture. They proved:

Theorem 3.1.3. [19] There is a sequence {G\}32, of cubic connected graphs such that

for every k, |V(Gy)| = 46k and v(Gy) > 16k, and thus |3(<g’f€)>| >8 =1+

The current best lower bounds come from an example of Kelmans [15] which gives

the following:

Theorem 3.1.4. [15] There is a sequence {G}2, of cubic 2-connected graphs such that

for every k, |V(Gy)| = 60k and v(Gy) > 21k, and thus |‘7/((g’2))| > i+

These graphs are created by replacing each edges in a cycle by a copy of the graph in
Figure 3.1 where the endpoints of the original edge are replaced by v; and vs.

Kostochka and Stodolsky [20] improved Reed’s upper bound of 3n/8 for connected
cubic graphs to the following:

Theorem 3.1.5. [20] Let n > 8. If G is a connected cubic n-vertex graph, then

4dn 1 1
< —=(4-—)n
n& =4 (3 * 33) "

The main result of this chapter is the following improvement:

Theorem 3.1.6. Let n > 8. If G is a connected cubic n-vertex graph, then

on 1 1
<Z=(-+=)n
N < 45 (3 * 42) "
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The bound B—ZJ is sharp for 8 < n < 18. One 3-connected cubic 14-vertex hamiltonian
graph G with «(G) = 5 is presented in [10]. There are four such nonisomorphic graphs.

Our proofs exploit the ideas and techniques of Reed’s seminal paper [30] and of [20].
We modify and elaborate the technique of [20] substantially. In the next section, we
describe the setup of the Reed’s paper [30] with some small changes and the procedure
of constructing a dominating set. In the same section we state the basic lemmas that we
will prove later. In Section 3.3, we describe a discharging that proves the bound modulo
basic lemmas. In the next three sections we prove the basic lemmas.

This chapter is based on joint work with A. V. Kostochka.

3.2 The setup

We elaborate and extend the proof in [20]. A wdp-cover of a graph G is a covering of
V(G) by vertex- disjoint paths. The order, | P|, of a path P is the number of its vertices.
When describing a specific path with vertices vy, vs, ..., vy where v; is adjacent to v; if
and only if |i — j| = 1 we will write (vjvy...vx). Fori € {0,1,2}, a path P is an i-path, if
|P| =1 (mod 3). If P is a path, z € V(P) and P — z consists of an i-path and a j-path,
then x is called an (i, j)-vertex of P.

Let G be a connected cubic graph and S be a vdp-cover of G. An endpoint x of a path
P € S is an out-endpoint if x has a neighbor outside of P. An endpoint x of a 2-path
P e Sisa (2,2)-endpoint if x is not an out-endpoint and is adjacent to a (2, 2)-vertex of
P. By S; we denote the set of i-paths in S.

A vdp-cover S of G is optimal if
(R1) 2|S;| + |S2| is minimized,;
(R2) Subject to (R1), |S3| is minimized;
(R3) Subject to (R1) and (R2), > p.g, [P| is minimized;
(R4) Subject to (R1)-(R3), >_pcg, |P| is minimized;
(R5) Subject to (R1)—(R4), the total number of out-endpoints of all paths in S is maxi-
(R6) Subject to (R1)-(R5), the total number of (2,2)-endpoints of all 2-paths in S is
maximized.

It turns out that optimal vdp-covers possess several useful properties. The next lemma

is Lemma 1 in [20].

Lemma 3.2.1. Suppose that an out-endpoint x of a 1-path or a 2-path P; in an optimal
vdp-cover S is adjacent to a verter y € P;, where j # i. Let P; = PjyP!. Then
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(B1) P; is not a 1-path;
(B2) If P; is a O-path, then both P; and P} are 1-paths;

(B3) If P; is a 2-path, then both P} and Pj" are 2-paths;
(B4) If P; is a 2-path and z is the common endpoint of P; and Pj, then each neighbor of

z on P! should be a (2,2)-vertex.

Properties (B3), (R1), (R2) and (R3) yield the following fact.

Lemma 3.2.2. If a path (vy,...,vs) in an optimal vdp-cover S has chord vivy (see Fig.

la), or chord vivs, then none of its vertices is adjacent to an end vertex of another path

in S.
We also will use the following result.
Theorem 3.2.1. [10] If G is a hamiltonian cubic (3k + 1)-vertex graph, then v(G) < k.

A path P in a vdp-cover S is a special path of type 1 (respectively, of type 2), if P
has 35 vertices (respectively, 38 vertices) and none of the hamiltonian paths on V' (P) has
an out-endpoint or a (2,2)-endpoint. A special verter in a special path P is a vertex at
distance 17 in P from some of its end. By definition, each special path of type 1 has
exactly one special vertex (its center), and each special path of type 2 has two special
vertices (at distance 3 from each other). A special path P in a vdp-cover S will be called
very special if there exists a path P, in S whose end-vertex is adjacent to the special
vertices of at least two special paths one of which is P. The other special paths in the
definition of a very special path are, by definition, also very special.

Now we essentially repeat construction in [20] of a dominating set with some modifi-
cations. Let S be an optimal vdp-cover.

(C1) If a 1-path P € S has no dominating set of size at most (|P| — 1)/3, but has an
out-endpoint, choose a vertex y ¢ V(P) which is a neighbor of an out-endpoint z(P) of
P. Call this y ¢ V(P) an acceptor for P. If x(P) or the other endvertex of P has an
outneighbor that is not a special vertex of a special path, then let the acceptor of P be
not the special vertex of a special path. Furthermore, if there is a choice between special
paths of type 1 and type 2, then we choose the acceptor in a path of type 2. In particular,
if |P| =4 and G[V(P)] is a 4-cycle, then we choose, if possible, an outneighbor of V(P)
that is not a special vertex of a special path.

(C2) Say that a path P € S with |P| = 5 forms a d-subgraph, if for some hamiltonian
path on P, the center vertex, 2’ is adjacent to an endpoint of the path (see Fig 1.b) and

the other end of P has an outneighbor. For each P forming a d-subgraph, choose an
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x J:,/ 33/
Figure 3.2

outneighbor of z and call it an acceptor for P. If G[V(P)] is the 5-cycle, then choose
as acceptors the outneighbors of two adjacent vertices of G|V (P)]. If G[V(P)] is Kaz3,
then choose as acceptors the outneighbors of two vertices of degree two in G[V(P)]. In
all cases, if there is a choice, we try to minimize the number of acceptors that are special
vertices of special paths.

(C3) Let P € S be a 2-path not described in (C2). If either P has two out-endpoints,
or |P| <11 and P has one out-endpoint, then for each of the out-endpoints of P, choose
a neighbor outside P and designate it as an acceptor corresponding to that endpoint. If
possible, choose the acceptors that are not special vertices of special paths.

Call a path accepting if at least one of its vertices was designated as an acceptor.

(C4) Construct a family A C S of 2-paths as follows. Initially, let A be the set of
accepting 2-paths in S. While there is any out-endpoint x of a path in A for which
we have not already chosen an acceptor (because the path has only one out-endpoint),
choose a neighbor y of x in G — P and designate it as an acceptor for x. Moreover, if we
can choose an acceptor that is not a special vertex of a special path, we do not choose a
special vertex. If we have choice between special vertices of special paths of type 1 and
type 2, then we choose the vertex in a special path of type 2. If y is on a previously non-
accepting 2-path P’, then add P’ to A. Continue this process until there is an acceptor
for every out-endpoint in A. In addition, for each (2, 2)-endpoint x of each path P in A,
designate a (2, 2)-vertex y adjacent to = as an in-acceptor for z.

(C5) When we finish the procedure above, we look at special paths again. If a special
vertex y of a special path P € S was designated as the acceptor for a path P, with an
endvertex x; adjacent to y and some other vertex of P also is an acceptor, then we leave

the situation as it is. If y is the only acceptor in P and z; has an outneighbor 3" in a
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path that has other acceptors, then we redesignate the y' as the acceptor for x; (and
Py). Moreover, if P is a path with 4 vertices, and G[P}] is a 4-cycle, then we choose y
as an acceptor only if each other outneighbor of this 4-cycle also is a special vertex of a
special path and no other vertices on all these paths are acceptors. If P; is a path with
5 vertices, and G[P)] is a 5-cycle or K 3, then we also, if possible switch to an acceptor

in a path that contains another acceptor.

Each accepting 2-path P € S can be written in the form PP, P3;, where P, and P
are both 1-paths containing no acceptors (including in-acceptors) and are maximal with
this property. By (B3), the second and the penultimate vertices of P, are acceptors. The
paths P, and Pj5 are called tips of P, and P, is the central path of P. Now a dominating
set D is defined as follows.

(C6) For each 0-path P € S, every (1, 1)-vertex of P is included in D.

(CT) For each accepting 2-path P € S, every (2,2)-vertex of P that is in the central
path of P is included in D.

(C8) Let P € S be a 1-path. If G[P] has a dominating set D" with |D’| < ||P|/3],
then we include D’ into D. If no such set exists and P has an out-endpoint, then P
has an out-endpoint, say z(P), adjacent to the acceptor of P. In this case, choose some
||P|/3] vertices that dominate all vertices of P except for z(P), and include these ||P|/3|
vertices in D.

(C9) For each non-accepting 2-path in S on 5 vertices that forms a J-subgraph, include
vertex 2’ from the definition of §-subgraphs into D. If G[V(P)] is Ky 3, then include into
D the vertex of degree two in G[V(P)] that is not adjacent to the acceptors of P. If
G[V(P)] = Cs, then include into D the vertex not adjacent to the two vertices adjacent
with the acceptors of P.

(C10) For each other non-accepting 2-path P € S in which each of the ends is either
an out-endpoint or a (2, 2)-endpoint, include in D all (2, 2)-vertices of P. Note that there
are ||P|/3] of them and these (2,2)-vertices dominate all vertices of P except possibly
for the out-endpoints of P. If a non-accepting 2-path P € S has exactly one out-endpoint
x and |P| < 11, then include into D a smallest subset of V(P) that dominates V(P) — z.

(C11) Let P € S be a 1-path, or a non-accepting 2-path with no out-endpoints, or
a non-accepting 2-path with exactly one out-endpoint and |P| > 14. Choose a smallest
dominating set in G[V(P)] and include it in D. Note that in any case, this set has at
most [|P|/3] vertices.

(C12) Let P; be a tip of an accepting 2-path P € S and z be the common end of P

and P;. If = is an out-endpoint or a (2, 2)-endpoint, then include in D all (2, 2)-vertices
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of P that are in P;. There are [|P|/3] of them and these (2,2)-vertices dominate all
vertices of P; except for z (which is dominated by a vertex already included in D by
(C6) or (CT7)). If = is neither an out-endpoint nor a (2, 2)-endpoint, then include in D a
smallest dominating set in the subgraph of G induced by P;. Similarly to (C11), this set
has at most [|P;|/3] vertices.

(C13) An ezceptional path is a non-accepting 2-path P € S such that
(i) both ends of P are out-endpoints and P does not form a §-subgraph,
(ii) the acceptors of both ends are vertices of 2-paths P’ = P{P,P; and P" = PPy Py
with no outneighbors,
(iii) |P!] > 16, | Pl > 16, |P!| > 16, and |PY| > 16,
(iv) paths P’ and P” do not contain other acceptors, |Ps| = |Py| = 3, and
(v) according to (C12), |[IDNV(P')| = (|P'|+4)/3 and | DNV (P")| = (|P"| +4)/3.

The paths P’ and P” in the definition of an exceptional path P are called dependants
of P.

For every exceptional path, we replace the || P|/3] vertices of D in P (they dominated
P apart from the endpoints) by a set of size 1+ ||P|/3] dominating all vertices of P, but
replace the (|P'|+4)/3+ (|P”|+4)/3 vertices of D in P"UP” by (|P'|+1)/3+(|P"|+1)/3
vertices dominating V(P" U P”).

This finishes the definition of D.

By construction (see [30, P. 283]), the set D is dominating. We will prove that
|D| < 5|V(G)|/14 if [V(G)| > 8 and G is connected. Note that a path P (or P;) can
contribute to D more than |P|/3 (or | Py|/3) vertices only in cases (C11), (C12) or (C13).
Thus the following lemmas will be helpful (and are extensions of Lemmas 2, 3, and 4
in [20]).

Lemma 3.2.3. If a 1-path P in an optimal vdp-cover is such that each of the hamiltonian
paths in G[V(P)] has no out-endpoints, then either some (|P|— 1)/3 vertices dominate

all vertices of P or P has at least 28 vertices.

Lemma 3.2.4. If a 2-path P in an optimal vdp-cover is such that each of the hamiltonian
paths in G[V(P)] has at most one out-endpoint, then either some (|P| — 2)/3 wvertices

dominate all vertices of P apart from an out-endpoint or P has at least 14 vertices.

Lemma 3.2.5. Let P, = (x1,...,x%) be a tip of an accepting 2-path P in an optimal
vdp-cover. Let X(Py) be the set of the hamiltonian paths in G[V (Py)] one of whose ends
is xx. If none of the other ends of any path in X(Pi) is an out-endpoint of P or a
(2,2)-endpoint, then either some (k — 1)/3 vertices dominate V(Py), or k > 16.
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In the next section, we will use discharging in order to prove our upper bound on |D|
provided that Lemmas 3.2.3, 3.2.4 and 3.2.5 hold. In the subsequent sections we prove

these lemmas.

3.3 Discharging

Consider the following discharging. Initially, every vertex in D has charge 1 and every
other vertex of G has charge 0, so the total sum of charges is |D|. We will change the
charges of vertices in such a way that

(a) the sum of charges does not decrease, and

(b) the charge of every vertex becomes at most 5/14.

The properties (a) and (b) together imply that |D| < 5|V(G)|/14. We do the dis-
charging in several steps and at every step check that the charge of each so far involved
vertex is not greater than 5/14.

Step 1: For each 0-path P, every (1, 1)-vertex of P gives 1/3 of its charge to either
of the two neighbors on P. After this step, each vertex of each 0-path P has charge 1/3.

Step 2: For each accepting 2-path P, every (2,2)-vertex of P that is in the central
path of P gives 1/3 of its charge to either of the two neighbors on P. After this step,
each vertex in the central path of each accepting 2-path P has charge 1/3.

Step 3: If P is a 1-path and DNV (P) dominates all vertices in P, then we distribute
the charges of vertices in DNV (P) evenly among vertices in P. If [DNV(P)| < ||P]|/3],
then each vertex of P will have charge less than 1/3. If |[D N'V(P)| > ||P|/3], then, by
(C8) and (C11), P has no out-endpoints and |D NV (P)| = (|P| +2)/3. Furthermore, by
Lemma 3.2.3, |[P| > 28 and hence the charge of each vertex will be at most % + 3‘2—P| <
bak=f

Step 4: If P is a 1-path and D N V(P) does not dominate all vertices in P, then
by (C8) and (C11), P has an out-endpoint, say z(P), adjacent to the acceptor of P.
Distribute the charges of the ||P|/3] vertices of D in V(P) evenly among the vertices in
V(P)— {x(P)}. After this step, the vertex x(P) has charge 0 and every other vertex of
P has charge 1/3.

Step 5: Let P be a non-accepting and non-exceptional 2-path that does not form a
d-subgraph and in which each of the ends is either an out-endpoint or a (2,2)-endpoint.
Distribute the charges of the ||P|/3] vertices of D in V(P) evenly among the internal
vertices of P. After this step, either of the ends of P has charge 0 and every other vertex
of P has charge 1/3.
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Step 6: For each 2-path P on 5 vertices forming a d-subgraph, the only vertex x’ of
P in D gives 1/4 to each of its neighbors. After this step, the out-endpoint x of P has
charge 0 and every other vertex of P has charge 1/4.

Step 7: Let P be a non-accepting 2-path with at most one out-endpoint that does
not form a d-subgraph. Since P has at most one out-endpoint, it is not exceptional. If
|V(P)| > 14 or P has no out-endpoints, then similarly to Step 3, distribute the charges
of the vertices in D NV (P) evenly among the vertices of P. In this case, if |V (P)| < 14,
then by Lemma 3.2.4, |DNV(P)| < |V(P)|/3, and each vertex of P will have charge less
than 1/3. If [V(P)| > 14, then

|DAV(P)| < (V(P)+1)/3 = (14+1/[V(P)DIV(P)|/3 < (1+1/14)[V(P)|/3 = 5[V (P)|/14,

and, hence, each vertex of P has charge at most 5/14. Suppose now that |V (P)| < 11 and
P has exactly one out-endpoint z(P). Distribute the charges of the vertices in DNV (P)
evenly among the vertices of P — z(P). By (C10) and Lemma 3.2.4, |D N V(P)| <
(JV(P)| —2)/3, and so each vertex of P — z(P) has the charge less than 1/3, and z(P)
has charge 0.

Step 8: Let P be an exceptional path and P’ and P” be its dependants. By the
definition of exceptional paths, P is non-accepting, and P’ and P” contain acceptors only
for P. Distribute the charges of the vertices in DN (V(P)UV (P )UV (P")) evenly among
vertices in V(P)UV (P )UV (P"). Recall that |V (P)UV (P )UV(P")| > 2435+35 = 72.
By (C13),

|+ V) + VP
3

DA E) v E)uvE) = VP r1

Hence, the charge of each vertex in V(P)U V(P")UV(P") is at most 1/3+1/72 =
25/72 < 5/14.

Step 9: Let P; be a tip of an accepting 2-path P such that the common end, z(P;),
of P and P is either an out-endpoint or a (2,2)-endpoint of P. Distribute the charges
of the ||P;|/3] vertices of D in V(P;) evenly among the vertices of P, apart from x(Fy).
After this step, x(P;) has charge 0 and each other vertex of P, has charge 1/3.

Step 10: Let P; be a tip of an accepting 2-path P such that the common end, z(P;),
of P and P; is neither an out-endpoint nor a (2, 2)-endpoint of P, and the central path of
P has more than 3 vertices. Since the central path of P has more than 3 vertices, P is not
a dependant of an exceptional path. Suppose that P, = (z1...2%), Po = (y1...Ym), and
Py=1(z1...2z),s0that P = (21...2kYy1 ... Ym21 - .. z1). Recall that, by definition, y, is an
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acceptor for an out-endpoint y’ of a path or for ¢ = z if 2, is a (2, 2)-endpoint. Recall also
that so far all out-endpoints and (2, 2)-endpoints of non-exceptional paths had charges
equal to 0. If |[V(P)| > 16, then we distribute the charges of at most (|V(P)|+ 2)/3
vertices of DN V(P;) as follows: each vertex of P, gets 5/14, then we add 1/42 to the
charge of each of y, 7, and y3 and give 3/14 to the vertex 3’ whose acceptor is y,. The
total charge that the vertices of PyU{y1, s, ys3,y'} get at this step is 5| P |/14+3/42+3/14
which is at least (|[V(Py)|+ 2)/3 when |P;| > 16. Each of y;,y2 and y3 had charge 1/3
after Step 2 and for each of them the charge changed to 5/14. Note that, since m > 3,
the vertices y1, 42, y3, and y’ will not get any charge from the tip Ps.

If |V(P)] < 16, then since z(P;) is not an out-endpoint, by Lemma 3.2.5, |D N
V(P)| < |[V(P)|/3, and after distributing the charges of vertices of D N V(P;) evenly
among vertices of P;, each vertex of P; will have charge less than 1/3.

Step 11: Let P be an accepting 2-path such that exactly one endpoint of P is an
out-endpoint or a (2,2)-endpoint, and the central path of P has exactly 3 vertices. By
definition, P is not a dependant of an exceptional path. Suppose that P, = (27 ...xy),
Py = (y1y2y3), and Py = (z1...2), so that P = (21 ... Zxt1Y2ys321 - . . 21). We may assume
that x; is neither an out-endpoint nor a (2,2)-endpoint of P. By definition, y, is an
acceptor for an out-endpoint ¢’ of a path P’ or for ¢ = z if z is a (2, 2)-endpoint. Since
2, is either a (2,2)-endpoint or an out-endpoint of P, the charges of vertices in Ps were
defined at Step 9 (if the acceptor of z; is on a 2-path, then the charge of z; could be
changed at Step 10 or Step 11). We define the charges of vertices in P;, P, and the
charge of y’ exactly as at Step 10.

Step 12: Let P be an accepting 2-path such that each of the endpoints of P is neither
an out-endpoint nor a (2,2)-endpoint, the central path of P has exactly 3 vertices, and
IDNV(P)| < (][V(P)|+1)/3. By Lemma 3.2.5, |P| > 16. Hence, after distributing the
charges of vertices of DNV (P) evenly among all vertices of P, each vertex of P will have
charge at most

MPl+1 1, 11,15
3|V (P)| 3 3|V(P) —3 48 14

Step 13: Let P be an accepting 2-path such that each of the endpoints of P is neither
an out-endpoint nor a (2,2)-endpoint, the central path of P has exactly 3 vertices, and
IDNV(P)| > (|[V(P)|+1)/3. If Pis a dependant of an exceptional path, then we
are done at Step 8. Suppose not. Let P, P, and P3 be defined as at Step 11. Then
|IDNV(P)| = (|[V(P)| +4)/3 and this may happen only if |D NV (P)| = (|P1| +2)/3
and |D NV (P;)| = (|Ps] +2)/3. In this case, by Lemma 3.2.5, k > 16 and | > 16. If
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k+3+1>38 then k+3+1>41 and |[DNV(P)| < [k/3]+1+[1/3] = (|V(P)|+4)/3.
Distributing the charge evenly among the vertices of V(P) U {y'}, where ¢ is the out-
endpoint of another path P’ whose acceptor is ys, we obtain that the charge of each
vertex in V(P)U{y'} is at most
|[V(P)|+ 4 1 3 1 1 5
VI 3 3V 3 2

This is the only case so far that the end-vertex of a tip of a non-exceptional path gets
charge greater than 3/14. Note that it happens only when each of the tips of P has at
least 16 vertices, P has no out-endpoints or (2, 2)-endpoints, | DNV (P)| = (|V(P)|+4)/3,
and P accepts only one vertex. Recall that the other possibility for an end-vertex y* of
a 1-path or of a tip of a 2-path to get a positive charge occurs only at Step 10 or 11. In
such a case, the following conditions hold:
(rl) y* receives at most 3/14 of charge;
(r2) the accepting vertex y is either the second or the penultimate vertex in the central
path, say P, of some 2-path P*;
(r3) if P; has more than 3 vertices (Case 10), then the closest to y tip of P* has at least
16 vertices and no out-endpoints;
(r4) if P} has exactly 3 vertices (Case 11), then one of the tips of P* has at least 16 vertices
and no out-endpoints and the other tip has either an out-endpoint or a (2,2)-endpoint.

The only case we have not yet considered is that |P| = 3, k,l > 16 and k+1+3 < 38.
In particular, this means that P is a special path. In this case, |[DNV(P)| = 13, when P
has type 1 and |D NV(P)| = 14, when P has type 2. In both cases, the only accepting
vertex is a special vertex. In both cases, ¢ has the current charge 0. We give to 3’ and to
every vertex of P charge 5/14, but (35+1)-5/14 = 13—1/7 and (38+41)-5/14 = 14—1/14;
so we need to distribute either 1/7 (when P has type 1) or 1/14 (when P has type 2)
among some other vertices. Consider the following cases for distributing this charge.

Case 1: Vertex 3 is the out-endpoint of a 1-path P’ of length at least 4. In this
case, we add 1/42 to the charge of each of the vertices of P’ —y’. At Step 3 or Step 4,
each of these vertices got charge 1/3, so now each of them has charge 5/14. If P is a
special path of type 2 or P’ has at least 7 vertices, then we are done; so suppose that
P has type 1 and |P'| = 4. Let P’ = (wjwowswy), where y' = wy. If wy has another
outneighbor v apart from its acceptor, then by (C1) and (C5), v is a special vertex of
a special path P” of type 1, and this path is non-accepting. In this case, every vertex

of P” has charge 12/35, and after distributing evenly our surplus charge of 1/14 among
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vertices of P”, each of these vertices will have charge 12/35 + 1/(14 - 35) < 5/14. So,
wy has no other outneighbors. By (C1), no vertex in P’ dominates all the others. If w;
has two neighbors in P’ and no vertex in P’ dominates all the others, then G(P’) is the
4-cycle (wy,ws, w3, wy). By (CH), the outneighbors of wsy, w3 and wy are special vertices
of special paths which are not accepting. So, we can distribute our surplus 1/14 among
these vertices, as above.

Case 2: Vertex 3/ is the out-endpoint of a tip of an accepting 2-path P’. Then P’
can be written as P|PjP;, where P| and P} are the tips, and P, is the center. Suppose
that Py = (vive...v;). Note that by the definition of a center, vy is the acceptor for a
vertex v" and the charge of v’ (maybe received because of P; at Step 10 or 11) is at most
3/14. We give 1/7 to v'.

Case 3: Vertex 3/ is the out-endpoint of a 2-path P’ that forms a d-subgraph. From
(B3) we get that the center vertex is the only possible accepting vertex, but it has degree
3 in P’. Hence P’ is non-accepting. We give 1/28 to each of the remaining vertices of F'.
Since each of them got the charge 1/4 at Step 6, now it will have 1/4 4+ 1/28 = 2/7.

Case 4: Vertex 3 is the out-endpoint of a non-accepting 2-path P’ that does not
form a d-subgraph. Let P’ = (w; ... w,), where ¢y = w;. Since P’ is not accepting and we
chose an acceptor for wy, according Rules (C2)-(C5), either w; also is an out-endpoint or
s < 11. Suppose first that s < 11 and w, has no outneighbors. Then s € {5,8,11} and
on Step 7 each of the vertices of P’ — w; got the charge -2=2.. We distribute 1/7 evenly

3(s—1)
among these vertices so that each of them will now have charge

5—2+ 1 7s—11
3(s—1) T(s—1) 21(s—1)

<1
3

Suppose now that w, is an out-endpoint. Since P’ is not an exceptional path, the path P”
accepting wy does not give charge to any vertex apart from w, and by (rl) w, has charge
at most 3/14. Adding the surplus to this vertex leaves it with charge 3/1441/7 = 5/14.

Case 5: The path P’ containing 3’ has no other vertices. Since P is special, by (C1)
this might happen only if P is very special and v’ is adjacent to special vertices in special
paths P, and P, that are non-accepting. We add 1/(14 - 35) to the charge of each vertex
in P, and P,. This finishes the discharging.

Thus, what is left to prove Theorem 3.1.5 is to prove Lemmas 3.2.3, 3.2.4 and 3.2.5.
We will do it in the next sections. In Section 3.4 we describe the approach we use
and prove a number of auxiliary statements. Applying these statements, we prove Lem-

mas 3.2.4 and 3.2.5 in Section 3.5. Lemma 3.2.3 has the longest proof. It will be proved
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in Section 3.6.

3.4 Structure of proofs and technical statements

We will need some notation. Let G’ be a subgraph of a graph G and u,v € V(G'), u # v.
Say that u is (G',v)-distant if G' contains a hamiltonian v, u-path. Sometimes, if it is
clear which G" we have in mind, we will simply say that u is v-distant.

A v-lasso is a graph consisting of a cycle, say C', and a path connecting v with C. In
this case, C' is the loop of this v-lasso, and H is the remaining path which we will call
the handle. If v € V(C'), then C itself is a v-lasso. A v-lasso with k vertices, [ of whose
belong to the loop, will be sometimes called a (v, k, [)-lasso.

A typical structure used in the proofs of Lemmas 3.2.3, 3.2.4, and 3.2.5 will be as
follows. We will consider a path P, = (v;...v) and let G; = G[V (P;)]. We will know
that k£ is not large, for example, £k < 11. For some reasons, we will know that v; has
no neighbors outside of P; and, moreover, that no (G, v;)-distant vertex has a neighbor
outside of P;. If k is 2 (mod 3), then we will want to prove that some (k — 2)/3 vertices
dominate V(P;) —vg. If kis 1 (mod 3), then we will want to prove that some (k —1)/3
vertices dominate V/(P;). We will show that we do not need to consider the case of k =0
(mod 3). Thus, we need that some |k/3] vertices dominate the first 3|k/3| + 1 vertices
of P;. For example, if P, = P = (v;...vs) and vg is the only out-endpoint of P, then we
will prove that some two vertices dominate V' (P;) — vg. We will do this as follows.

Since v; has no neighbors outside of P, it has two neighbors, v; and v; distinct from
ve on Pj. Path P; together with edge vyv; forms a vg-lasso. Among all vg-lassos on V (P))
choose a lasso L with the largest loop C'. By renumbering vertices, we may assume that
L consists of the cycle C'= (v; ...v,) and the path (v, ...vy). If r is divisible by 3, then
the set D = {vs3,vs,..., V353 } dominates what we need. So, we will need to consider
only r # 0 (mod 3). The problem of finding |k/3] vertices that dominate the first
3|k/3| + 1 vertices of P, reduces to the problem of finding |r/3| vertices that dominate
{v1,...,v3pr341}, since the remaining 3(|k/3] — |[r/3]) vertices of P, that we need to
dominate are easily dominated by the vertices vs(|»/3)+1), U3(|r/3]+2)s - - - » U3([k/3])-

Let G’ = G[V(C)]. By the above condition on P, no (G’,v,)-distant vertex has a
neighbor outside of P,. By the maximality of |C/|, no (G, v,)-distant vertex has a neighbor
in V(P)—V(C). Thus, no (G', v,)-distant vertex has a neighbor outside of C. In the rest
of this section we will prove that under these conditions, some |r/3] vertices dominate
{vi, ... vsppy3)4a ) for r =4,5,7,8,10,11,13 and 14. This will be heavily used later.
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Lemma 3.4.1. Let G’ be the subgraph of a cubic graph G induced by vertices vy, vq, vs,
and vy. If v1 has no neighbor outside of G', then v; dominates V (G').

Proof. This is because the only possible neighbors of v; are vy, v3, and wvy. O

Lemma 3.4.2. Let G’ be the subgraph of a cubic graph G induced by the vertices of a
path (vivavsvgvs). If no (G',vs)- distant vertex has a neighbor outside of V(G'), then

some vertex dominates V(G') — vs.

Proof. If vyu3 € E(G), then vs dominates V(G’) — vs. Suppose that vjvs ¢ E(G). Then
v1vg, 1105 € E(G). The paths (v3v9v1v4v5) and (vavzvgvyvs) show that each of vy and v
can play the role of v; and thus by the above argument should be adjacent to vs if no

vertex dominates V(G') — v5. But vs cannot be adjacent to all of vy, v, v3, 4. o

Lemma 3.4.3. If a graph G’ on 3k +1 vertices has a hamiltonian path P = (v; ... v341)
and an edge v;v;435_1, where i is not divisible by 3, then G’ has a dominating set of size

k.

Proof. If i = 3m + 1, then we let D = {vq,v5,...,U3m—1, U3m+3, Usm+6, - - - » U3k }. Note
that then v;;3;1 € D. Thus every v € D dominates its neighbors on P, and v;3;-1 also
dominates v;.

If i = 3m + 2, then we let D = {v2, 05, ..., U3m+3j—1, U3m+3j+3: Usm+3j+65 - - - » Usk }. 100
this case v; € D, every v € D dominates its neighbors on P, and v; = v3,,42 also domi-

nates viy3j—1 = U3m+3j+1- ]

An immediate corollary of this lemma is the following fact.

Lemma 3.4.4. If a graph G’ on 3k+ 1 vertices has a hamiltonian cycle (v; ... vs+1) and

an edge v;v; with j — i+ 1 divisible by 3, then G' has a dominating set of size k.

Lemma 3.4.5. Let graph G' on 3k + 1 vertices form a subdivision of K, with the set R
of the 4 branching vertices. Then either G' has a dominating set of size k or the lengths
(mod 3) of the paths between the vertices in R in this subdivision of G' are equivalent to

those in one of the three graphs in Figure 3.3 (graphs D, E, and F ).

Proof. A thread in a graph is a path connecting two vertices of degree at least 3 whose

all internal vertices have degree 2. Say that two subdivisions of K, are equivalent if
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Figure 3.3: Graphs D, E, and F

the lengths of their threads are the same (mod 3). Since every vertex of degree 2
dominates exactly three consecutive vertices in a thread, it is enough to prove the lemma
for subdivisions of K in which the length of each thread is in {1,2,3}. Since every edge
subdivision in a graph adds one vertex and one edge, each K, subdivision with 3k + 1
vertices has 3k + 3 edges.

Case 1: Two threads of length 2 share an endvertex v. Then v dominates all but a path
with 3k — 3 vertices. Taking the natural dominating set in this path yields a dominating
set of G’ with size k.

Case 2: (G’ contains two vertex disjoint threads of length 2, but Case 1 does not hold.
Since G’ has 3k + 3 edges, the other threads necessarily have the lengths 1, 1,3, and 3.
This yields two possible graphs. The graphs and their dominating sets are shown as
graphs G and H in Figure 3.4.

Case 3: Exactly one thread has length 2. The possible lengths of the remaining threads
are 1,1,1,1,3 or 1,3, 3, 3,3. This yields four possible graphs, the bad case shown as F’,
and the three graphs shown with their dominating sets of size k are shown as graphs I, J,
and K.

Case 4: All threads have the same length (mod 3). This yields the graphs L and M
each of which has a dominating set of size k.

Case 5: The lengths of the threads in our subdivision are 1,1,1,3,3,3. The three pos-
sible graphs with these thread lengths are graphs D, E in Figure 3.3, and graph N in
Figure 3.4. O

Sometimes, it will be simpler to check that Case 1 of Lemma 3.4.5 holds. We state

this case as a separate claim:

Lemma 3.4.6. Suppose that a graph G’ on 3k + 1 vertices has a spanning subgraph G"
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Figure 3.4: Graphs G, H,I,J, K, L, M, and N along with their dominating sets

consisting of 3 internally disjoint paths Py, Py and Ps connecting some vertices x and y.
Suppose that the distances on Py from an internal vertex z of P, to x and to y are 2
(mod 3). Then either G' has a dominating set of size k, or z has no third neighbor in
G’, or the third neighbor of z belongs to P;.

Lemma 3.4.7. Let G’ be the subgraph of a cubic graph G induced by vertices vy, vy, . .., V7.
If G’ contains a hamiltonian cycle (v1vy . .. v7) and vy has an outneighbor, then either some
two vertices dominate V(G'), or there are two (G',v;)-distant vertices such that each of

them has an outneighbor.

Proof. Suppose that the lemma does not hold for some choice of G and G’. For each
i =1,...,7, the third neighbor of v; is the in-neighbor different from v; ; and v;,; (if
it exists). Since both v; and vg are (G', v;)-distant, under conditions of the lemma, at
least one of them has no outneighbors. By symmetry, we may assume that v; has no
outneighbors. By Lemma 3.4.4, the only possible third neighbors of v; are vy and vs.
Case 1: v1v5 € F(G"). By Lemma 3.4.4, vy has no third neighbors in G’. Thus it has
an outneighbor. But the path (v4v3v2v1v5v6v7) is hamiltonian in G’. So if the lemma does
not hold, then vg has no outneighbors. Symmetrically to vy, the possible third neighbors
of vg are vy and v3. If vguz € E(G’), then {vy, v3} dominates V(G'). If vgvy € E(G'), then
symmetrically to vy, v3 must have an outneighbor, a contradiction to our assumptions.
Case 2: vjvy € E(G'). If {v1,v6} dominates V(G’), then we are done. Suppose
not. Then vgvy ¢ E(G). Thus by Lemma 3.4.4, v3 has an outneighbor. Since the path

(v3vaU1V4V5VeV7) is hamiltonian in G', vs is vs-distant. Hence if the lemma does not hold,
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then vg has the third neighbor in G’. By the symmetry with vy, it should be vy or vs.
But we assumed that vgvs ¢ E(G). Hence, vgvy € E(G) and we have Case 1 again. O

Lemma 3.4.8. Let G' be the subgraph of a cubic graph G induced by vertices vy, va, . . ., Us.
If G' contains a hamiltonian cycle (vivy...vs) and vs has an outneighbor, then either
some two vertices v; and v; dominate V(G') — vs, or some (G', vs)-distant vertex has an

outneighbor.

Proof. Suppose that the lemma does not hold for some choice of G and G'. In particular,
this implies that v; and v; have third neighbors in G'. If vjv; € E(G’), then Lemma 3.4.7
yields our lemma. Let viv; ¢ E(G’). By Lemma 3.4.3, vvs ¢ E(G') and viv3 € E(G').
Hence, the only possible third neighbors for v, are v, and vs, and by symmetry, the only
possible third neighbors for v; are vy and vs. If vy is not a neighbor of {vy,v;}, then
vrv3, 115 € FE(G') and hence {vs,v5} dominates V(G') — vg. Thus, (by symmetry) we
may assume that v,v4 € E(G’) and hence vyv3 € E(G').

The existence of the path (vgusv4v1v9v3v708) yields that vg has no outneighbors. The
only possible third in-neighbor for vg is v2. Then v must have an outneighbor, but this

contradicts the existence of the hamiltonian path (vsvsvzv7VgVaV1V8). O

Lemma 3.4.9. [20] Let G’ be the subgraph of a cubic graph G induced by vertices
V1, Vg, . .., V9. Suppose that G' contains a hamiltonian cycle (vivs...v10), and that vig
has an outneighbor. Then either some three vertices dominate V(G'), or some (G', v1g)-

distant vertex has an outneighbor.

Lemma 3.4.10. [20] Let G’ be the subgraph of a cubic graph G induced by vertices
V1, U2, ..., V10, V11. Suppose that G’ contains a hamiltonian cycle (v1vy...v11), and that
v11 has an outneighbor. Then either some three vertices dominate V(G') — vy, or some

(G',v11)-distant vertex has an outneighbor.

Lemma 3.4.11. Let G’ be the subgraph of a cubic graph G induced by vertices vy, v, . .., V13.
Suppose that G' contains a hamiltonian cycle (v1vs ... v13) and vi3 has an outneighbor.
Then either some four vertices dominate V(G'), or some (G', v13)-distant vertex has an

outneighbor.

Proof. Suppose that the lemma does not hold for some choice of G and G’. By
Lemma 3.4.4,

no edge of the form v;v;43;_; is present in G'. (3.1)
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Further, if the hamiltonian cycle is drawn as a planar graph, then any two crossing
edges along with the hamiltonian cycle determine a K, subdivision on 13 vertices. Hence
Lemma 3.4.5 may be applied whenever a potential edge crosses an edge already forced.
Since v is vyz-distant, it has a third neighbor in G.
Case 1: vjug € E(G'). The path (v13v12...v4v1v9v3) forces vs to have its third neighbor
in G’. Since any such neighbor forces an edge crossing vvy, Lemma 3.4.5 restricts this
neighbor to one of v; and vyg.
Case 1.1: vs3v; € E(G'). Then Lemmas 3.4.4 and 3.4.5 forbid edges vi2v9, v12v5, and
v12010. S0, the third neighbor of v5 is one of vg, vg, and vg. If visvg € E(G’), then
the set {vy,v6,07,010} dominates G’. Suppose that viovs € E(G’). Then the path
(V13V102...V8V12011V100g) forces vg to have its third neighbor in G’. By (3.1) and by Lemma
3.4.5 with R = {v,v9,v4,v9} and R = {vs, vs,v7,09}, we have vgvg € E(G’). So, the
set {v1, vg, v7, v11} dominates G'. Thus, viovg € E(G’), and by symmetry, vigvg € E(G').
Then {vy, vg, v7,v12} dominates G'.
Case 1.2: vsvyp € E(G'). Lemma 3.4.5 applied successively with R O {vy,v4,v12} and
R D {3, v10,v12} restricts the third neighbor of v13 to one of vg and vg. In either case,
the set {vy, vg, Vg, 19} dominates G'.

Hence vivy ¢ G', and symmetry gives viavg ¢ G'.
Case 2: v1v5 € F(G"). The path (vi3v12...05010903v4) forces vy to have its third neighbor
in G'. By (3.1), this neighbor is one of v7,vs,v19, Or v17.
Case 2.1: vquy; € E(G'). The path (v13v12 ... v7v4v3v20105v6) forces vg to have its third
neighbor in G'. By Lemma 3.4.5 with R D {vs, v4,v7} and R D {vs, v1, v5}, this neighbor
must be vyp. Then by Lemma 3.4.5 with R D {va,vs,v10} and R D {v12,v1,v5}, the
third neighbor of v12 must be v, and hence the set {vy, va, v7,v19} dominates G'.
Case 2.2: vyvg € E(G'). By Lemma 3.4.5 with R D {v12,v4,v8} and R D {va, vy, v5},
the third neighbor of v;5 must be vy. Then the path (vi3v;v9v19v17 . . . v3) forces vs to have
its third neighbor in G’, but Lemma 3.4.5 with R D {vs3,v1,v5} eliminates all possible
neighbors of v3.
Case 2.3: vyv19 € E(G'). By Lemma 3.4.5 with R D {v12,v4,v10} and R D {wa, vy, v5},
the third neighbor of v15 must be vo. But then the set {vy, vq, v7,v10} dominates G'.
Case 2.4: vyv1; € E(G'). By Lemma 3.4.5 with R D {v1s,v4,v11} and R D {va, v1, 05},
the third neighbor of vy5 is either vy or vs. If vi9v9 € E(G’), then the path
(V130120201 V5V . . . V110403) forces vy to have its third neighbor in G’; but Lemma 3.4.5
with R D {vs, v1,v5} eliminates all possible neighbors of v3. So, visvs € E(G’). The path

(V13V12011V4V3V2V1V5Vg - . . V1g) forces vyg to have its third neighbor in G, but Lemma 3.4.5
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with R D {vs, vs,v10} eliminates all possible neighbors of vy.

Hence vivs ¢ G’, and symmetry gives viavs ¢ G'.
Case 3: viv; € E(G'). Each allowable edge from vy crosses v1v7, and Lemma 3.4.5 gives
a dominating set of size 4.

Hence viv; ¢ G', and symmetry gives vyovs ¢ G'.
Case 4: vjvg € E(G'). Each allowable edge from vy crosses vjv19, and Lemma 3.4.5
gives a dominating set of size 4.

Hence v1v19 ¢ G', and symmetry gives viov3 ¢ G'.
Case 5: vjvg € E(G'). The two possible third neighbors of vi5 are vy, and vs.
Case 5.1: viovy € E(G'). The path (vi3v10807 . . . v2019011019V9) forces vy to have its third
neighbor in G’. By (3.1), this third neighbor is not in {vy, v7,v11}. Then Lemma 3.4.5 with
R = {v1, vy, vs,v; } for i € {4, 6} forces vgvs € E(G’). Now the path (vi3v12 ... vg010s . .. V7)
forces v; to have its third neighbor in G’. This contradicts Lemma 3.4.6 with = = vs,
Yy = vg and z = vy.
Case 5.2: viovs € E(G’). The path (vi3v1vs ... vsv12017 . . . vg) forces vg to have its third
neighbor in G'. Lemma 3.4.6 with x = vy, y = vg and z = vg forces this neighbor to be one
of vy and v3. If vev3 € E(G"), then the set {vy, vs, vg, v10} dominates G'. So, vgve € E(G').
By the symmetry between vg and vz, v;v11 € E(G). The path (vi3010906v7 . . . v12050403)
forces vz to have its third neighbor in G’, a contradiction to Lemma 3.4.6 with = = vy,
y = vg and z = vs.

Hence vivg ¢ G', and symmetry gives vyovs ¢ G'.
Case 6: vvy; € E(G'), and vipvs € E(G’). The path (vi3v120001011010 - . . v3) forces vs
to have its third neighbor in G’. By (3.1), this neighbor is one of vg,v7,v9, and v1y. Note
that vyo is symmetric with vs.
Case 6.1: vsvg € E(G"). The path (v130190901011010 . . . VeU3V405) forces v to have its
third neighbor in G’. Lemma 3.4.5 with R D {vg, v3, v5} restricts this neighbor to vg. By
(3.1), viovg ¢ E(G). By Lemma 3.4.6 with x = vs, y = vg and z = vy, v1pv7 € E(G). So,
viovy € E(G). So, the path (v1301209v1011V10V4V3V6U5V9UsV7) forces v7 to have its third
neighbor in G’, but no possible third neighbor remains.
Case 0.2: vsv; € E(G'). By symmetry, we may assume that vy is adjacent to either
vy or vg. If vigvy € E(G'), then the path (vi3v1v11v120203040190g . . . v5) forces vy to have
its third neighbor in G’, a contradiction to Lemma 3.4.6 with x = wv3, y = v; and
z = vs. S0, v19vs € E(G’). The path (v13v101101202030708V9V10V6V5V4) forces vy to have
its third neighbor in G’. By (3.1), this neighbor must be wvg, but Lemma 3.4.5 with

R = {vy, vs,v6,v10} gives a dominating set of size 4.
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Case 6.3: v3vg € E(G'), and necessarily vigvy € E(G'). The path

(V130120901011 V10V4V3 V9V - . . V5) forces vy to have its third neighbor in G’ and (3.1) forces
it to be vg. Finally the path (v13v120201011V10V4V3V9VsV5V6V7) forces vy to have its third
neighbor in G’ which is impossible.

Case 6.4: vsv1g € E(G'). The path (v13v1v1101202030109 - . . v4) forces vy to have its third
neighbor in G'. By (3.1), this neighbor is one of v; and vs. Note that vg is symmetric
with vy. If v4v; € E(G’), then Lemma 3.4.5 with R D {vy, v7,v9} eliminates vs and vg as
possible third neighbors of vg. So, vyvs € E(G’), and by symmetry, vgvs € E(G’). The
path (v13v1011V120203V10V9UsV4UV7VG) forces vg to have its third neighbor in G' which is

impossible. This proves the lemma. o

Lemma 3.4.12. Let G’ be the subgraph of a cubic graph G induced by vertices vy, va, . . ., U14.
Suppose that G' contains a hamiltonian cycle (v1vs ... v14) and vi4 has an outneighbor.
Then either some four vertices dominate V(G') —vy14, or some (G',v14)-distant vertex has

an outneighbor.

Proof. Suppose that the lemma does not hold for some choice of G and G’. Then by

Lemma 3.4.3, for every hamiltonian path (u; ...u13) in G’ — vy,
if w31 € E(G'), theni =0 (mod 3). (3.2)

By (3.2) for the path P=(vyvy...v13), the only possible third neighbors of v, are
U4,Vs5,V7,U8,V10,V11, and v13. Note that vy3 is symmetric with v.

Case 1: vjvy € E(G’). The path (vi3v12 . .. v4v10903) forces vz to have its third neighbor
in G'. By (3.2) for this path, this neighbor is amongst vs,v7,vs,v10,v11, and v13.

Case 1.1: vsvs € E(G'). The path (vi3vis...vsv3v40109) forces vy to have its third
neighbor in G’. By (3.2) for this path and for P, this neighbor is either vg, or vy;. In
either case, the set {vs,vs,v11,014} dominates G’.

Case 1.2: vgv; € E(G’). The third neighbor of vy3 is amongst vg,vg, and wvy.

Case 1.2.1: vizvg € E(G'). The path (vjv40506v13012 . . . v703v2) forces ve to have its
third neighbor in G’. By (3.2) for P, this neighbor is among vs,vs,v9,011, and vyp. If
vovg € E(G'), then the set {vy,vs,v10,v13} dominates G'. If vyvg € E(G’), then the
set {vy, vg, Vg, v11} dominates G' — vy4. If vovyy € E(G’), then the set {vy,v6,v8,v11}
dominates G’ — v14. If vouiy € E(G'), then the set {v4,v6,09,v12} dominates G’ — vy4.
Thus, vvs € E(G'). The path (v13060509010403070s . . . v12) forces v1o to have its third
neighbor in G'. By (3.2) for P, this neighbor is either vg, or vg. If viovg € E(G’), then
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the path (v13v6V5V201V4V3V7V8V12011 - . . V) forces vg to have its third neighbor in G'. Then
(3.2) for this path disallows all possible third neighbors. If viovg € E(G’), then the
path (v13v6U5V2v1V4U3V7V8V9V12V1101g) forces vyg to have its third neighbor in G’. Thus
v1ovs € E(G"), and the set {vs, v3,v10,v13} dominates G.

Case 1.2.2: vi3vg € E(G"). The path P’ = (v1vg ... vgv13012 . . . v1g) forces vy to have its
third neighbor in G’, and (3.2) for P’ forces vigvs € E(G’). The path

(V1V4V5V6V10V11 V1201309V U7U3 V) forces vy to have its third neighbor in G'. If vovs € E(G),
then the path (v13v9vV8V7V3V9V1V4V5V6V10V11V12) fOTCEs v19 to have its third neighbor in G7,
and hence v1ov5 € E(G'). Then the set {vy, v3, v19, V12 } dominates G'—vyy. If vovg € E(G')
or vav12 € E(G'), then the set {vy, vg, vs, v12} dominates G'—wvy4. Finally, if vovq; € E(G'),
then the set {vy, vg, vg,v11} dominates G' — vyy.

Case 1.2.3: vi3v10 € E(G"). The path (vvy...v10v13v12011) forces vy; to have its third
neighbor in G'. By (3.2) for P and the symmetry between vy; and v, vj1v6 € E(G).
The path (v104V5V6V11012013V19V9VsV7V3V2) forces vy to have its third neighbor in G'. If
vovs € E(G’), then the path (vvau504V3V70V6v11V12V13V10V9Vs) forces vg to have the third
neighbor in G, hence vgvis € E(G'). Then the set {vy, vs, vs, v19} dominates G' — vy4.
If vovg € E(G’), then the set {v4,vs,v11,v14} dominates G'. If vovg € E(G’), then the
set {vy, Vg, Vg, v12} dominates G' — viy. If vov1a € E(G’), then the set {vy4,vg, vg, v12}
dominates G’ — vy4.

Case 1.3: vgvg € E(G'). The path (v13v1s . . . UgU30201V4v5 . . . v7) forces vy to have its third
neighbor in G’. By (3.2) for this path this neighbor must be amongst v1g, v11, and wv13.
Case 1.3.1: vyvyg € E(G'). Then (3.2) with the path (v13v12011010V7V6V5V4V1V2V3V8VY)
forces v13v6 ¢ G'. Hence by 3.2) for P vi3v9 € E(G’). Then the path

(V13V9Ug V3 VU V4 V5 VeUTVV11V12) forces vyo to have its third neighbor in G’. Using (3.2)
on this path forces viovs € E(G’). Then the set {vs, vg, v19, v14} dominates G'.

Case 1.3.2: viv; € E(G"). The path (v13019011 0706050401 02030809010 ) forces vyp to have
its third neighbor in G’. Then (3.2) for this path and P forces vigv13 € E(G’). This is
then symmetric with Case 1.2.

Case 1.3.3: vyui3 € E(G'). The path (v130706050401 02030809 . . . v12) forces vig to have its
third neighbor in G’. By (3.2) for this path, this neighbor is amongst vy, vs, v, and vy.
If vi9ve € E(G'), then the set {vs, vy, v7,v10} dominates G’ — viy. If vov5 € E(G'), then
the set {vq, v5, v7,v10} dominates G' — viy4. If vioug € E(G"), then the set {vs, vg, v10, V14}
dominates G'. If viovg € E(G'), then the path

(V13V7V6V5 V4V VU3 Vg VgU12V11 V1) forces vy to have its third neighbor in G’, and (3.2) for

P forces vigvg € E(G"). Then the set {vs, vg, v12,v14} dominates G.

44



Case 1.4: wvzvyg € E(G'). The path (vi3v120110100302010405 . . . vg) forces vy to have
its third neighbor in G’. By (3.2) for this path and for P, this neighbor is amongst
V9, Us, Vg, U11, and v3.

Case 1.4.1: vgvy € E(G"). The set {vy, vg, v, v12} dominates G’ — v14.

Case 1.4.2: vgvs € E(G"). The path (v13v19011 010030201 04U509V80706) forces vg to have its
third neighbor in G’. By (3.2) for this path, this neighbor is amongst vs, v11, and wvy3. If
vgUe € E(G'), then the set {v4, vg, vg, v12} dominates G' — vi4. If vgvy € E(G'), then by
(3.2) for P vi3vg ¢ E(G') and hence vizv; € E(G'). So, in this case {vq,vs,v7,v11}
dominates G’ — vyy. Thus, vgv13 € E(G’). The path (vivy...v6v13v12 ... v7) forces
v7 to have its third neighbor in G'. By (3.2) for P, v;vq; € E(G’). Then the path
(V1V4V5V9UgV7VEV13V12V11V10V3V2) forces vy to have the third neighbor in G’, and (3.2) for
this path yields vyv12 € E(G’). Thus the set {vy, vg, Vg, v12} dominates G’ — vy4.

Case 1.4.3: vgvg € E(G"). The path (v13v19011 010030201 04U5V6v9Vsv7) forces vy to have its
third neighbor in G’. By (3.2) for P, this neighbor is one of vy, and vy3. If v01; € E(G'),
then by (3.2) for P, no vertex in G’ can be adjacent to vys. If vyv13 € E(G’), then the
path (vivg ... V609010 . .. V130708) forces vg to have its third neighbor in G’. By (3.2) for
this path, this neighbor is one of vy, or vyy. If vgvy; € E(G’), then the set {vs, vg, v11, v14}
dominates G'. If vgviy € E(G’), then the set {vs, vg, v12,v14} dominates G'.

Case 1.4.4: vov1; € E(G'). The path (v13v1201109010030201045 . . . vg) forces vg to have its
third neighbor in G’. By (3.2) for this path and for P, this neighbor is one of vy, and vs.
If vgvy € E(G"), then the path (v13v12011V9V19V3V4V1V2V8V7V6V5) forces vs to have its third
neighbor in G’. Then by (3.2) for this path (3.2) for P eliminates the remaining possible
neighbors of vs. So, vgvs € E(G’). The path

(V13012011 VgU10V3 V2V V4V Vg7V ) forces vg to have its third neighbor in G'. By (3.2) for
this path this neighbor is one of vy and vy3. If vgvy € E(G’), then the set {vy, vg, vg, v12}
dominates G’ — vy4. If vgvi3 € E(G’), then the set {vq,vs, v10, v13} dominates G'.

Case 1.4.5: vgv13 € E(G"). The path (v13vgvs . .. v4010903019V11012) forces vy to have its
third neighbor in G'. By (3.2) for this path and for P, this neighbor is amongst vy, vs, and
vs. If vigvg € E(G"), then the set {vy, vg, vg, v12} dominates G’ — vyy. If vigvs € E(G'),
then the set {vy, v7, v19, v12} dominates G'. If viovg € E(G’), then the set {vy, vg, V19, V12}
dominates G'.

Case 1.5: vzvy; € E(G'). The path (v130120110302010405 . . . v19) forces vyg to have its third
neighbor in G’. By (3.2) for P, this neighbor is amongst vg, v7, and v;3.

Case 1.5.1: vigvg € E(G'). The path (v1301201103020104U5V6V10V9UsV7) forces vr to have
its third neighbor in G'. By (3.2) for P, this neighbor is v13. Now the path
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(v1vg ... v7U13V12 . . . vg) forces vg to have its third neighbor in G'. By (3.2) for this path,
vgv1o € E(G"). Then the set {vs, vg, vs, v14} dominates G'.

Case 1.5.2: vipv; € E(G'). The path (vi30120110302010405060U7V10V9vg) forces vg to have
its third neighbor in G’. By (3.2) for this path and for P, vgvg € E(G’). Then by (3.2)
for P vi3v9 € E(G'), and the set {vy, vg, v, v11} dominates G’.

Case 1.5.3: vigviz € E(G'). The path (viv4vs. .. v100130120110309) forces ve to have its
third neighbor in G'. By (3.2) for P, this neighbor is amongst vs, vg, vs, Vg, and vie. If
vovs € E(G') or voug € E(G"), then the set {vs, vs, v11,v14} dominates G'. If vovg € E(G")
or vvg € E(G'), then the set {vy, vg, Vo, v12} dominates G' — vy4. If vov19 € E(G’), then
the set {vq, v4,v7, 19} dominates G’ — v14.

Case 1.6: vsvig € E(G’). The path (v1v405 . . . v130309) forces vq to have its third neighbor
in G'. By (3.2) for this path and for the path (voviv4v3v13v12...v5) this neighbor is
amongst vs, vg, and vq7.

Case 1.6.1: vovs € E(G'). Identifying the vertices vi3, v14, v1, V9, V3, and vy as one vertex
v gives a new graph G” on 8 vertices. A hamiltonian path in G” starting at v has
a corresponding hamiltonian path in G’ which starts at vy4 by using either the path
(v14v13V3V20105) or the path (v14v104V5v2v3v13). A dominating set of G” — v not using v
can be extended to a dominating set of G'—wvy4 with size 2 greater by including the vertices
vz and vg. A dominating set of G” which contains v can be extended to a dominating set
of G’ with size 2 greater by replacing v by the vertices vy, v5, and v13. Hence Lemma 3.4.8
gives the desired result for G” which extends to G'.

Case 1.6.2: vvg € E(G'). The path (v13v309010405 . .. v19) forces vis to have its third
neighbor in G'. By (3.2) for this path and P, this neighbor is one of v5 or vg. Also the path
(V1V4V5 . . . VgUaVU3V13V12 - . . Vg) forces vy to have its third neighbor in G'. By (3.2) for this
path and P, this neighbor is one of vs or vi. This then forces the edge vgvis € E(G’).
Next the paths (v1v405. .. VgUU3V13V1209V10V 1) and (V1V9VUgV7 . . . U3U13V120V9V19V 1) forCe
v11 to have its third neighbor in G, and these paths along with (3.2) force this edge to be
to vs. Finally the path (v13v3v9010405 . . . VgU19V11v10) forces vyg to have its third neighbor
in G', and (3.2) on this path forces this edge to be to vg. Then the set {vy, vy, vg, v12}
dominates G’ — vy,.

Case 1.6.3: vov1; € E(G"). The path (viv4vs . . . v110903013012) forces vis to have its third
neighbor in G’. The set {vq, v3,v5,v9} is a dominating set if vy, is adjacent to either of
vg or vg. By (3.2) on the path P the third neighbor of v15 must be either vs or vg.

Case 1.6.3.1: viavs € E(G"). The path (v1vav110120130304 . . . v1g) forces vig to have its

third neighbor in G’. By (3.2) on P this vertex must be either vg or v7. The inclusion of the
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edge v1pvg gives the amended path (v1v9v11V19v1303 . . . VU1 - . . v7) forcing vrvg & E(G').
Then the path (vivav11v12013V3 . . . VgU10VeVU7Vs) gives the (G', viy4)-distant vertex vy with
an outneighbor. Hence the edge vigv; € E(G’). Then the path (viveviiv12v13v304 €
v7019Vgvg) forces vg to have its third neighbor in G’. Hence vgvg € E(G’). Then the set
D = {vy,vg,v10,v13} dominates G'.

Case 1.6.3.2: viavg € E(G"). The path (vivav11v120130304 . . . v1g) forces vyg to have its
third neighbor in G’. Since G" — {wv14, vg, V10, v11} has the hamiltonian cycle
(V1V9V3V13V12V8V7 . . . Vg ), V19 dominates all but a Py in G’ —v14 so G’ —vy4 has a dominating
set, of size 4.

Case 2: vjv; € E(G’). The path (v13v12 . . . v50109v304) forces vy to have its third neighbor
in G’. By (3.2) for P, this neighbor is amongst vr, vs, v19, V11, and vy3.

Case 2.1: vyv; € E(G"). Then by the symmetry with vy, the third neighbor of vy3 is in
{vs, vg, Vg }.

Case 2.1.1: vigvs € E(G’). The set {vy,v7, v19, v13} dominates G'.

Case 2.1.2: vi3vs € E(G'). The path (v1306v5010203040708 . . . V12) forces v1o to have its
third neighbor in G'. By (3.2) for this path and for P, this neighbor is amongst vs, vg,
and vg. If viovy € E(G’), then the set {vy,v7,v9,v12} dominates G'. If vigvg € E(G'),
then the path (v13v6v5v1V2V3V4V7V8V12011V19Vg) forces vy to have its third neighbor in G’,
and (3.2) for this path, forces vgvs € E(G’). Then the set {vy, vz, vg,v12} dominates G'.
If vigvg € E(G'), then the path (v13v6U501V2030V4V7V8V9V1201101g) forces v1g to have its
third neighbor in G’, and (3.2) for P forces vigvs € E(G’). Then the set {vy,vs3,v7, v12}
dominates G'.

Case 2.1.3: v13vg € E(G'). The path (vvs . .. v9v13v12011019) forces vy to have its third
neighbor in G'. If vigvs € E(G’), then the set {v, v, v1g, v12} dominates G’. So, vigvg €
E(G"). The path

(V1V5VV10V11V12V13V9UsU7U4U3V2 ) forces vy to have its third neighbor in G'. By (3.2) for
this path, this neighbor is one of vy and vq5. If vovg € E(G’), then the set {vs, vy, v19, V12}
dominates G’ — vyy4. If vavyy € E(G’), then the set {vq, vy, vg, 010} dominates G' — vyy.
Case 2.2: vgvg € E(G"). The path (v13v12 . . . V304030901 V5V607) forces v7 to have its third
neighbor in G’. By (3.2) for this path and for P, this neighbor is amongst vyg, v11, and
V1.

Case 2.2.1: v;v19 € E(G"). The path (vi3012 . . . 01907060501 U2U304V809) forces vg to have its
third neighbor in G’. By (3.2) for P, vgvy; ¢ E(G). If vgvis € E(G) or for some ¢ € {2, 3},
vov; € E(G), then the set {v;, vs,v7,v12} dominates G’ — vy4. Thus, vgvg € E(G). Now
by (3.2) for P, only vz can be the third neighbor of v13. Then the set {vs,vs, vs, v11}
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dominates G’ — v14.

Case 2.2.2: viv;; € E(G"). The path (v13v19011 07060501 0203040809019 ) forces v1p to have
its third neighbor in G'. By (3.2) for this path, this neighbor is one of v3, or v13. Symmetry
with Case 1 forces vigvs € E(G’). The set {vs, vs, vg, v12} dominates G' — vy4.

Case 2.2.3: vyuis € E(G’). The path (v13070605010203040809 . . . v12) forces vis to have its
third neighbor in G’. By (3.2) for this path, this neighbor is amongst vy, vs, v, and vg.
If vipvy € E(G'), then the set {vy, vy, v7,v10} dominates G' — vyy. If vigv3 € E(G'), then
the set {vy, v3,v7,v19} dominates G’. So, either vipvs € E(G’) or vigvg € E(G').

Case 2.2.53.1: viavg € E(G’). The path (v1v50607013012 . . . VsV4V3V9) forces vy to have its
third neighbor in G’. By (3.2) for the path P, this neighbor is one of vy and vyy. If
Vo9 € E(G’), then the set {vy, vy, v7,v11} dominates G’ — viy. If vav1; € E(G'), then the
set {vg, v5, Vg, 13} dominates G'.

Case 2.2.3.2: v1ov9 € E(G"). The path (v1307060501 v203040809012011019) forces vyg to have
the third neighbor in G'. By (3.2) for P, this neighbor is one of vs, or vg. If v19v3 € E(G'),
then the set {vq,vs, v7,v12} dominates G'. If vigvg € E(G'), then the set {vy, vy, vg, v12}
dominates G'.

Case 2.3: v4v19 € E(G"). The path (v13012011010040302010506 . . . Vg) forces vg to have its
third neighbor in G’. By (3.2) for this path, this neighbor is amongst vs, v3, vg, v11, and
v13.

Case 2.3.1: vgvy € E(G"). The set {vq, v4,v7,v19} dominates G’ — v14.

Case 2.3.2: vguz € E(G"). The path (v13v19011010040503090s . . . V50102) forces vy to have
its third neighbor in G’. By (3.2) for this path and for P, this neighbor is one of vg, or
v11. If vovg € E(G'), then the set {vy, vy, vs, v12} dominates G' — vi4. So, vevy € E(G').
The third neighbor of vy3 is one of vg, or v7. If vizvs € E(G'), then the set {vy, vy, vs, v13}
dominates G'. If vi3v; € E(G’), then the set {vy, v3,v7,v11} dominates G'.

Case 2.3.3: vgvg € E(G’). The path (v13012011010V403020105U6V9Ugv7) forces vy to have
its third neighbor in G'. By (3.2) for P, this neighbor is amongst vs,v11, and vy3. If
v7v3 € E(G'), then the set {v1,v3, v9, v12} dominates G'. If v;v1; € E(G'), then the path
(V13012011 V7VgV5 V1 VaU3V4 V10 VgV ) forces vg to have its third neighbor in G'. So (3.2) for this
path and for P forces vgvs € E(G’). Then the set {vs, vg, v11,v14} dominates G'. Thus,
vrvis € E(G'). The path (vivy. .. 07013019 ... vg) forces vg to have its third neighbor in
G'. By (3.2) for this path, this neighbor is amongst vs,v11, and vi. If vgv3 € E(G'), or
vgv1y € E(G"), then the set {vs, vg, v11, v14} dominates G'. If vgv1o € E(G'), then the set
{v1, v4, V6, v12} dominates G'.

Case 2.3.4: vouy; € E(G'). The path (v1301201109019040302010506v70g) forces vg to have
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its third neighbor in G’, and (3.2) for this path and for P, forces vgvg € E(G’). Then the
set {vs, vg, V11, v14} dominates G'.

Case 2.3.5: vov13 € E(G"). The path (010506 . . . Vgv13012011V19V4v302) forces vy to have its
third neighbor in G’. By (3.2) for this path and for P, this neighbor is one of vg, or vy;.
If vovg € E(G'), then the set {vq, vy, vs,v12} dominates G' — vy4. If vovy; € E(G'), then
the set {vy, v4, v7, v13} dominates G’.

Case 2.4: vyv1 € E(G'). The path (v13012011040302010506 . . . v19) forces vig to have its
third neighbor in G’. Then (3.2) for this path and for P limits this neighbor to one of
v, U7, and vy3. By the symmetry between vy and vi3, vigv13 € E(G).

Case 2.4.1: vigug € E(G'). The path (v13v1901104030201050601009vsv7) forces v7 to have
its third neighbor in G'. By (3.2) for P and this path, this neighbor is v;3. The path
(Vv . . . VgU10V11 V120137089 forCes vg to have its third neighbor in G'. By (3.2) for this
path, this neighbor is one of v3 and vyy. If vovs € E(G’), then the set {vy,vs, vy, v11}
dominates G'. If vgviy € E(G’), then the set {vy, v4, v7,v9} dominates G'.

Case 2.4.2: vipvy € E(G'). The path (vi301201104030201U50607V19V9vg) forces vg to have
its third neighbor in G’, and (3.2) for this path and for P, forces vgvy € E(G’). Then the
set {vg, vs, V19, v13} dominates G'.

Case 2.5: vqv13 € E(G'). The path (vivsvg...v13040302) forces vy to have its third
neighbor in G’. Then vy dominates vy, vy, v3 and one vertex of the cycle (vqvs...v13)
leaving only a Py (i.e., a path with 9 vertices) undominated. Hence G’ — v14 can be
dominated by 4 vertices.

Case 3: vyv; € E(G'). The path (vi3v12...070105...0) forces vg to have its third
neighbor in G’. By (3.2) for this path, this neighbor is amongst vs, v3, vs, V10, v11, and v;3.
Case 3.1: vgvy € FE(G'). By the symmetry between v; and v3 and by (3.2) for P,
the third neighbor of vy3 is either vy or vs. If viz3v4 € E(G), then as in Case 2.5, the set
{va, vy, vg, v11} dominates G'—v14. So, vi3v3 € E(G). The path (v13030405060201 0705 . . . V12)
forces v1o to have its third neighbor in G'. By (3.2) for P, this neighbor is amongst vs, vg,
and vg. If v1ov5 € E(G"), then the set {vs, vs, v7, v19} dominates G’ —vy4. If v1vs € E(G'),
then the path (v13v3V4V5V6V2V1V7V8V12011V19Vg) fOrces vy to have its third neighbor in G’,
and (3.2) for this path and P forces vgvs € E(G’). In this case, the set {vs, vs, vy, v11}
dominates G’ — vy4. Thus, viovg € E(G'). The path (v130304050602010708V9V12011V10)
forces vy to have the third neighbor in G’, and (3.2) for P forces vigvy € E(G’). Then
{v1, v4,v7,v12} dominates G'.

Case 3.2: vgvg € FE(G'). By the symmetry between v; and v3 and by (3.2) for P,

v1zvg € E(G"). The path (viv7vg ... v13040506U302) forces ve to have its third neighbor
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in G'. As in Case 2.5, v, dominates vy, v, v3 and one vertex of the cycle (vqvs...v13)
leaving only a path with 9 vertices undominated. Hence G’ — vy4 can be dominated by 4
vertices.

Case 3.3: vgug € E(G’). The path (vi3v1a ... vsv60701Vs . .. v5) forces vs to have its third
neighbor in G'. By (3.2) for this path and for P this neighbor is one of vy and vy;. If
vsv11 € E(G'), then the set {vs, vs,v11,v14} dominates G'. Thus, vsve € E(G’). By the
symmetry between v; and wv13, the third neighbor of v13 is either vy or vs. If vi3v4 € E(G),
then as in Case 2.5, the set {vy, vs, v11,v13} dominates G'. If vgvy3 € E(G’), then the set
{vq, v3,vs,v11} dominates G’ — v4.

Case 3.4: vguvyg € E(G’). The path (vi13012011010U605 . . . V1070809) forces vg to have its
third neighbor in G’. By (3.2) for this path and for P, and by the symmetry with
Case 2, this neighbor is in {ve,vs,v11}. If vove € E(G’), then the set {vy,v7,v9,v12}
dominates G' — vyy4. If vovs € E(G’), then the set {vs,v7,v9,v12} dominates G' — vy4.
Thus, vev; € E(G'). Then vy3 is adjacent to one of vz and vy. If vizv3 € E(G’), then the
set {vy, vs, Vg, v13} dominates G'. If vizvy € E(G'), then the set {vy, vy, v7,v11 } dominates
G’

Case 3.5: vgvyy € E(G'). The path (v13v120110605 . . . V10708V9V10) forces vig to have its
third neighbor in G’. By (3.2) for P and the symmetry with Case 2, this neighbor is one
of vg and vy. If vigvs € E(G'), then vizvy € E(G'), and the set {vq, vy, vs,v11} dominates
G'. So, vipvy € E(G'). Then v3v3 € E(G’). The path (v1v903013012011010V4V5 - . . Vg)
forces vy to have its third neighbor in G’, and (3.2) for this path forces vovs € E(G’).
Then the set {v1, v3, vg, v11 } dominates G'.

Case 3.6: vgv13 € E(G’). The path (vi3v6v5 . .. v1v70g . .. v12) forces vy to have its third
neighbor in G'. By (3.2) for this path and for P, this neighbor is in {vs, vs, vg,ve}. If
V1202 € E(G"), then the set {vy, v7, v, v12} dominates G’ —vyy. If vivs € E(G’), then the
set {vs3, v7,vg, v12} dominates G’ — vyy. If vipvg € E(G’), then the path

(U13V6V5 . . . V1V7VRVeV12V11 V1) TOrCes vyg to have its third neighbor in G’; and (3.2) for this
path and for P forces vigvy € E(G’). In this case, the set {vq, vy, v7,v12} dominates G'.
Thus, vipvs € E(G’). The path (vi30605 . . . v10708012011019V9) forces vg to have its third
neighbor in G'. By (3.2) for this path and for P, this neighbor is either vy or vs. If
vgvy € E(G'), then the set {vy, v7, vg, v12} dominates G’ — viy. If vovs € E(G'), then the
set {vs3, v7,vg, v12} dominates G’ — vyy.

Case 4: vivg € E(G'). The third neighbor of v13 is amongst vs, v4, and vg.

Case 4.1: vizv3 € E(G"). The set {vs, vs, vg, v11 } dominates G’ — vyy.

Case 4.2: vizvy € E(G'). The path (vigv1a...v3v10y ... v7) forces v; to have its third
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neighbor in G’. By (3.2) for this path, this neighbor is amongst vs, v19, and vy;.

Case 4.2.1: v;ug € E(G"). The path (vivgvg . . . v13040506070309) forces vy to have its third
neighbor in G’. Then vy dominates vy, vy, v3 and one vertex of the cycle (vqvs...v13)
leaving only a Py undominated. Hence G’ — v14 can be dominated by 4 vertices.

Case 4.2.2: v;vyg € E(G'). The path (vyv9v3v4v13012 ... v5) forces vy to have its third
neighbor in G'. By (3.2) for this path, this neighbor is in {vs, v, v11, v12}. If v5v3 € E(G'),
then the set {v1,vs, v19, v12} dominates G'. If vsvg € E(G’), then the set {vy, v, v7, v12}
dominates G' — vy4. If vsv12 € E(G’), then the set {vy, vy, vs5,v10} dominates G'. Thus,
vsv11 € E(G'). The path (v1v8v9v10v706V5V11012013040302) forces vy to have its third
neighbor in G’. Then vy dominates vy, vo, v3, and one vertex of the cycle (vqvs...v13)
leaving only a Py undominated. Hence G’ — v14 can be dominated by 4 vertices.

Case 4.2.3: v;v1; € E(G'). The path (vyv9v3v4v13012 ... v5) forces vs to have its third
neighbor in G’. By (3.2) for this path, this neighbor is amongst vs, v, and vys.

Case 4.2.3.1: vsvs € E(G"). The path (v1vau3v504v13012 . . . vg) forces vg to have its third
neighbor in G'. By (3.2) for this path, this neighbor is amongst vg, v1g, and wvis. If
vevg € E(G'), then the set {vs, vy, v11,v14} dominates G'. If vgv19 € E(G’), then the set
{vs3, vs, V19, v13} dominates G'. If vgv12 € E(G’), then the set {vy, vy, vs,v10} dominates
G’

Case 4.2.8.2: vsvg € E(G"). The set {vy, v4, vs,v11} dominates G'.

Case 4.2.8.3: wvsvis € E(G'). The path (v108090100110706U5012013040302) forces vy to
have its third neighbor in G’. Then v, dominates vy, vo, v3, and one vertex of the cycle
(v4vs5 ... v13) leaving only a Py undominated. Hence G’ — vy4 can be dominated by 4
vertices.

Case 4.3: vgv1z € E(G"). The set {vs, vg, vs, v11} dominates G’ — vy4.

Case 5: vjv9 € E(G’). Then vy3 is adjacent to one of vg and vy.

Case 5.1: vizv3 € E(G"). The path (vyvauzv13v12 . . . vg) forces vy to have its third neighbor
in G'. By (3.2) for this path, this neighbor is amongst v7, vs, and vy;.

Case 5.1.1: vgv; € E(G'). The path (vivouzvigvis ... vrvgvsvg) forces vg to have its
third neighbor in G’. By (3.2) for this path, this neighbor is one of vg and vy;. If
vevs € FE(G'), then the set {vy, vy, v, v12} dominates G'. So, vgv1; € E(G’). The path
(V13V3V2V1 V19V UsV7V4V5V6V11V12) forces 1o to have the third neighbor in G’. Then vqy
dominates vy, v12, v13 and one vertex of the cycle (v1vs ... v1) leaving only a Py undom-
inated. Hence G’ — v14 can be dominated by 4 vertices.

Case 5.1.2: vyvg € FE(G"). The path (v1v9v3013012 . . . Vs04V5V6vV7) forces vy to have its
third neighbor in G’, and (3.2) for the path P forces v;vy; € E(G’). Now the path
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(V13V3V201 V19VeVUs V4V UgUTV11 V12) forces vig to have its third neighbor in G’. So v domi-
nates v11, v12, v13, and one vertex of the cycle (v1vs . . . v19) leaving only a Py undominated.
Hence G’ — v14 can be dominated by 4 vertices.

Case 5.1.3: vgv1 € E(G'). The path (v130300010100 . . . V4011019) forces vip to have
its third neighbor in G’. Then v, dominates vy, v12, v13, and one vertex of the cycle
(v1vy...v10) leaving only a Py undominated. Hence G’ — vy4 can be dominated by 4
vertices.

Case 5.2: vizvg € E(G'). The path (vivauzvgvi3v12...v5) forces vy to have its third
neighbor in G’. By (3.2) for this path and for the path (vsvg . . . V191 V2V3V4V13V12011 ), this
neighbor is amongst vg, v9, and v1;. Note that a similar argument works for vy.

Case 5.2.1: vsvg € E(G'). The path (vivav3v4v13v12 . . . vsv5V6v7) forces vy to have its
third neighbor in G'. By (3.2) for the path P, this neighbor is one of v3 and wvy;. If
vrvg € E(G'), then the set {vs, vs, v10, v12} dominates G' — vi4. So, vyv1; € E(G'). The
path (v13v403V201V19V9UsV5VEUTVI1V12) Torces vio to have its third neighbor in G’. Then
v1o dominates vy, v12,v13, and one vertex of the cycle (vivy...v10) leaving only a Py
undominated. Hence G’ — v14 can be dominated by 4 vertices.

Case 5.2.2: vsvg € E(G"). The path (v130120110100102 . . . U509Us070g) forces vg to have its
third neighbor in G’ and (3.2) for this path and for the path

(UgU7Ug V9 U5 V4V13V120V11 V10U VU3 ) forces vgvg € E(G'). Similarly, vgvy; € E(G’), and then
the set {vy, vg, vs, v13} dominates G'.

Case 5.2.3: vsvy; € E(G'). The path (v130403090101909 . . . V5011012) forces vis to have
its third neighbor in G’. Then v, dominates vy, v12, v13, and one vertex of the cycle
(v1vy ... v10) leaving only a Py undominated. Hence G’ — vy4 can be dominated by 4
vertices.

Case 6: vv1; € E(G'). By the symmetry between vy and vy3, vi3v3 € E(G'), and the
set {vs3, v, g, v11} dominates G’ — vyy.

Case T: vjvi3 € E(G'). As in the proof of Lemma 3.4.11, for the cycle C' = (v1vs ... v13)
(3.1) holds. The path (v1v13v12 . .. v2) forces vy to have its third neighbor in G’. By (3.1),
this neighbor is amongst vs, vg, vg, V9, V11, and vi3. Note that a similar argument works
for vys.

Case 7.1: vovs € E(G'). The path (viv13v12. .. v5090304) forces vy to have the third
neighbor in G’. By (3.2) for this path and (3.1) for C, this neighbor is one of vg and v1;.
Case 7.1.1: vyvg € FE(G"). The path (viv13v12 . . . Vg04030205V6V7) forces vy to have its
third neighbor in G’. By (3.2) for this path and (3.1) for C, this neighbor is one of v
and vy;. If v;u3 € E(G'), then the set {vs, vy, v10,v13} dominates G'. So, v;v1; € E(G').
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The path (v;v13012011V706V5V20U3V4U8V9V) forces vyg to have its third neighbor in G'. By
(3.2) for this path and (3.1) for C, this neighbor is one of v3 and vg. If viovs € E(G'),
then the set {vs, v7, v10, v13} dominates G'. If vigvg € E(G"), then the set {vq, vy, v1g, 11}
dominates G'.

Case 7.1.2: vyv1; € E(G"). The path (vv13019011 0403020505 . . . v1g) forces vy to have its
third neighbor in G’. By (3.2) for this path and (3.1) for C| this neighbor is amongst vs, v,
and v;. If viguz € E(G’), then the set {vs,v7,v19,v13} dominates G'. If vigv; € E(G'),
then the path (v1v130V12011V4V3V2V5V6V7V19VeVs) forces vg to have its third neighbor in G'.
So (3.2) for this path and (3.1) for C force vgviy € E(G’). Then the set {va, vs, v19, V12 }
dominates G’ — viy. Thus, vigvg € E(G’). The path (v1v1301201104V30205V6019V9V8V7)
forces v; to have its third neighbor in G’. So (3.2) for this path and (3.1) for C force
vrvg € E(G'). Then the set {vs, vz, v10, v13} dominates G'.

Case 7.2: vovg € E(G'). The path (viv13v12 ... vgUavzv4v5) forces vs to have its third
neighbor in G’. By (3.1) for C, this neighbor is amongst vg, vg, v11, and vys.

Case 7.2.1: vsvg € F(G"). The path (vjv13v12 . . . Vs0504030906vV7) forces vy to have its
third neighbor in G’. By (3.2) for this path, and the path (v;vgvov1v13V12 . . . UgUsV4V3),
this neighbor is one of v3 and vyy.

If v;vg € E(G'), then the set {vs, vs, v19, v13} dominates G’. Thus, v;v1; € E(G’). Then
the path

(V1013012011 V7VgV2V3V4 V5 Vg9V ) forces v1g to have its third neighbor in G'. So, (3.2) for
this path and (3.1) for C force vigvy € E(G’). Then the set {vy, vy, vs,v12} dominates
G — 4.

Case 7.2.2: vsvg € E(G'). The path (v1v13012 . . . VgUsV4V3V206V70g) forces vy to have its
third neighbor in G'. By (3.2) for this path and (3.1) for C, this neighbor is either vy; or
v1g. If vguys € E(G"), then the path (v13v1v206v7V8V12011 V10V UsV4V3) forces vz to have its
third neighbor in G’, and (3.2) for this path forces vzvig € E(G’). In this case, the set
{v1, v5,vs,v10} dominates G'. So, vgv1; € E(G’). By (3.1) for C, we need vyov3 € E(G).
Then the path (v;v13019011V8V7V6V2V3V4V5V9V10) fOrces vyg to have its third neighbor in G'.
If vipvy € E(G'), then the set {vy, vy, vs, v12} dominates G' — viy. If vigv; € E(G'), then
the set {vq, vs,v7,v12} dominates G.

Case 7.2.3: vsv;; € E(G"). The path (v1013012011050403020607 . . . V19) forces vyg to have its
third neighbor in G’. By (3.2) for the path (vigvg . .. vgU2v1 V13012011 V5V4v3) this neighbor
is either vs or vy. If vigvs € E(G’), then the set {vs,vs,vs,v13} dominates G'. So,
viov; € E(G’). The path (v1v130120110504V3V206V7V10V9g) forces vg to have its third

neighbor in G’. Then (3.1) for C' and (3.2) for the path (vsvgv19v7V6V2V1V13V12011V5V4V3)
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eliminate all possible third neighbors of vg.

Case 7.2.4: vsvis € E(G’). The path P = (v13v1020607 . . . V1205v4v3) forces vs to have
its third neighbor in G’, and (3.2) for P’ and (3.1) for C force vsvg € E(G'). Now
path (v1v13V1205V4V3V20607 . . . v11) forces vy; to have its third neighbor in G'. By (3.2)
for the path (v19v11v12013V1V2V3V9Vs . . . vy), V1108 € E(G'). Hence, the set {vs, vg, v11, V14 }
dominates G'.

Case 7.3: voug € E(G'). By the symmetry between vy and vz and by (3.1) for C, vys is
adjacent to one of vz, v5 and vg.

Case 7.3.1: vipvs € E(G’). The path (vi3v1v3... 05012011 ... vg) forces vg to have its
third neighbor in G'. By (3.1) for C, this neighbor is amongst vs, v9, and v1g. The case
vev1p € F(G) contradicts Lemma 3.4.6 with x = vg, y = v19 and z = vg.

Case 7.3.1.1: vgvs € E(G’). The path (vi3v1v90809 . .. V120V5v4v3v6v7) forces vy to have
its third neighbor in G'. By (3.1) for C, this neighbor is amongst vy4, v19, and vy;. If
v7vy € E(G'), then the set {vy, v7, vg, v12} dominates G’ — vyy. If v;v10 € E(G'), then the
set {vg, v5, 19, v14} dominates G’. Thus, v;vy; € E(G’). The path

(V1301 V2V VTUEU3 V4V V12011 V10Vg ) forces vg to have its third neighbor in G’, and (3.1) for
C eliminates all possible third neighbors of vg.

Case 7.3.1.2: vgug € E(G"). The path (v1v13v1205040302080706U9v19v11) forces vq; to have
its third neighbor in G’, and (3.2) for this path and (3.1) for C' force v1;v; € E(G’). Then
the set {vy, v4, Vg, v11 } dominates G'.

Case 7.8.2: viovg € E(G"). The path (v1v13v12 ... v309v3 . . . v7) forces v7 to have its third
neighbor in G’. By (3.2) for this path and the symmetric path, this neighbor is one of v3
and vy;. W.lo.g. assume that v;v3 € E(G’). Then the path (v1v13v13 . . . UgU2v3V7V6U5V,)
forces vy to have its third neighbor in G’, and (3.2) for this path and (3.1) for C' force
vav11 € E(G'). So, the set {v1, vy, g, 09} dominates G'.

Case 7.3.3: vigvs € E(G'). The path (vi3v1090807 . . . v3012011010V9) forces vy to have its
third neighbor in G’. By (3.1) for C, this neighbor is in {vs,vs}. The path

(v13V1V2U8Vyg . . . V12U5V4V3VgV7) forces vy to have its third neighbor in G'. If vsvg € E(G),
this contradicts Lemma 3.4.6 with = = v;, y = v9 and z = v;. Thus vgvg € E(G). Then
the path (v1v13v12 . . . VeUgUTUgVaV3V4V5) forces vy to have its third neighbor in G’. By (3.1)
for C, it is v1;. Now the path (v1v13019011V504V3V2V8V7V6V9V10) fOTCES V19 tO have its third
neighbor in G’. This contradicts Lemma 3.4.6 with x = vg, y = vo and z = vyy.

Case 7.4: vovg € E(G'). The path (vivi3v1a ... vovgus ... vg) forces vg to have its third
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neighbor in G’; so by Lemma 3.4.6 with = vg, y = v19 and z = vy,
VeU10 g_f E(G) (33)

By the symmetry between vy and v and by (3.1) for C', v15 is adjacent to either vs or
V5.

Case 7.4.1: vigus € E(G'). The path (v130109090s . . . 3012011V19) forces vig to have its
third neighbor in G’. By (3.1) for C, this neighbor is in {v4,vg,v7}. By (3.3), it is in
{v4,v7}, and the set {vy, vy, v7,v12} dominates G' — vy4.

Case 7.4.2: vipvs € E(G'). The path (vi301vy. .. 05012017 ... vg) forces vg to have its
third neighbor in G’. By (3.1) for C' and (3.3), this neighbor is v3. Symmetrically,
vgv11 € E(G"). The path (v1v13v190110807 . . . V209v1g) forces vig to have its third neighbor
in G', and similarly v, has its third neighbor in G’. Thus vyv190 € E(G’), and the set
{vg, v4,v7,v12} dominates G’ — vy4.

Case 7.5: vovy; € E(G') and symmetrically vipvs € E(G'). Let G” be obtained from
G’ — {v1,v9,v13,v12} by identifying vs and vy; into a new vertex v*. Graph G” with
8-cycle C" = (v4v5 ... v19v") satisfies the conditions of Lemma 3.4.8. So by this lemma,
either (a) some v*-distant vertex z € G” has an outneighbor in G, or (b) a set {y, z}
of two vertices dominates G” — v*. Suppose (a) holds. By symmetry, we may assume
that a hamiltonian path P in G” from v* to z starts from the edge v*v,. Then adding
to P — v* the path v1401301090110120304 We produce a hamiltonian in G’ path from vy to
the vertex x having an outneighbor, a contradiction. Thus (b) holds. Since v* has only
two neighbors in G” — v*, v* ¢ {y, z}. Hence the set {y, z, v, v12} dominates G’ — v1y4.
Case 7.0: vov1y € E(G'). The path (vi30109010011 ... v3) forces vs to have its third
neighbor in G’. By (3.1) for C, this neighbor is amongst vg, v7, vg, and vyg.

Case 7.6.1: v3vg € E(G"). The path (vi3v109012011 . . . vgU3v4v5) forces vs to have its third
neighbor in G’; and (3.2) for this path and (3.1) for C force vsvy € E(G’). The path
(V130102019011 V10V U5 V4U3Ug U7V ) forces vg to have its third neighbor in G’, and (3.2) for
this path and (3.1) for C force vgvy € E(G"), a contradiction to Lemma 3.4.6 with = vy,
y = vg and z = vg.

Case 7.6.2: vzv; € E(G'). Symmetry forces v1; to be adjacent to one of vy and vs. By
Lemma 3.4.6 with © = v3, y = v7 and z = vy, vi1v5 ¢ E(G’). Thus, v1v4 € E(G’). The
path (v1013V1209V3V7V6U5V4V11 V19V9Vs) forces vg to have its third neighbor in G’, and (3.1)
for C forces vgvs € E(G"). Then the set {vy, v7, vs, v11 } dominates G'.

Case 7.6.3: vsvg € E(G"). Then vy; is adjacent to one of vy, and vs. Both cases are

95



forbidden by Lemma 3.4.6 with z = vy, y = v3 and z = vy;.

Case 7.6.4: vsvyg € E(G’). This forces vi;vy € E(G’). Then the path

(V13V1V9V19011 V43V - . . V5) forces vs to have its third neighbor in G'. By (3.1) for C,
this neighbor is one of vg and vg. If vsvg € E(G’), then vovg € F(G'). Now the path
(V130102019011 V4V3V10V9UgUs Vg V7 ) forces vy to have its third neighbor in G’ but no possible
neighbor exists. Thus, vsve € E(G’). The path (v13v1020120110403010V9V5vV6070s) forces

vg to have its third neighbor in G’, but (3.1) for C' eliminates all possible neighbors of vg. O

3.5 Proofs of Lemmas 3.2.4 and 3.2.5

For convenience, we restate Lemma 3.2.4 here.

Lemma 3.2.4 If a 2-path P in an optimal vdp-cover is such that each of the hamiltonian
paths in G[V(P)] has at most one out-endpoint, then either some (|P| — 2)/3 wvertices

dominate all vertices of P apart from an out-endpoint or P has at least 14 vertices.

Proof. If a 2-path P = (vvy...v;) has at most 11 vertices, then k € {2,5,8,11}. If
k = 2, then clearly both vertices of P are out-endpoints. The case k = 5 was considered
in Reed’s paper [30], and the case k = 8 is proved in [20]. Hence we may assume that
k = 11. If one of v; and vy; is an out-endpoint, then we may assume that it is vy;.
Consider a vy1-lasso on V(P) with a largest loop. As described in Section 3.4, we may
assume that this loop is the cycle C'= (v;...v,.). Let G' = G[V(P)] and G" = G[V (C)].
Case 1: Vertex vy is an out-endpoint of P. By Lemma 3.4.3, if r € {3,6,9}, then there
exists a dominating set of G’ —vy; of size 3. If r = 11, then by Lemma 3.4.10, some three
vertices dominate V' (P) — vy;. Consider the remaining cases.

Case 1.1: r = 10. Since vy; is an out-endpoint of P, it has at most two neighbors in
V(G") (one of which is v1g), and we are done by Lemma 3.4.9.

Case 1.2: r = 8. By Lemma 3.4.8 either there exists a dominating set of G"” — vg of size
two, and this set together with vy dominates V(P) — vy, or a (G”, vs)-distant vertex is
adjacent to a vertex in {vg, v10,v11}, a contradiction to the maximality of .

Case 1.3: r = 7. By Lemma 3.4.7, either there exists a dominating set of G” with size
two, or a (G”, v;)-distant vertex is adjacent to a vertex in {vg, vg, v19, v11 }, a contradiction
to the maximality of r.

Case 1.4: r < 5. Since dgr(v;) = 3 and by Lemma 3.4.3 vivg ¢ E(G), r = 5 and
v1vg, 1105 € E(G”). Then the path P, = (vou3v4v1v506...v11) shows that vy is (G, v11)-
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distant. Hence, v, has a neighbor in G’ distinct from v; and v3. This neighbor is not in
{vy, v5}, since vyvy, v1v5 € E(G). This contradicts the maximality of r.

Case 2: P has no out-endpoints. We consider a lasso on G’ with the largest loop. Since
a cubic graph must have an even number of vertices, some vertex of G must have an
outneighbor. In particular, some vertex in G’ is not the end of a hamiltonian path in G’.
This then gives that r # 11. Consider the remaining cases.

Case 2.1: r = 10. Since G’ has no out-endpoints, vy; has all three of its neighbors in G’.
Viewing G’ as the 10-cycle C' together with the extra vertex vi;, we conclude that each
vertex v; adjacent along C' to a neighbor of vq; is the end of a hamiltonian path on G’

connecting v; with vyy. It follows that
each v; adjacent along C' to a neighbor of v1; has no outneighbors. (3.4)

If two neighbors of vy; are adjacent along C', then G’ is hamiltonian contradicting the
maximality of r. If the shortest distance along C' between two neighbors of vy; is at
least 3, then we may assume that v;yv3 € E(G’) and vy;07 € E(G'). Then by (3.4), only
vs has an outneighbor. Then any choice of neighbors for v, gives a hamiltonian path
starting at vs. Hence every vertex of G’ is the end of a hamiltonian path in G’ which is
a contradiction. Thus, the shortest distance along C' between two neighbors of vy is 2.
We may assume that v09 € E(G).

Case 2.1.1: vgvy; € E(G"). By (3.4), v1 has its third neighbor in G’. Each of the edges
v1v3, V1V7, OF V1V9 then forces a hamiltonian cycle in G'. Hence this third neighbor is
amongst vy, vs, and vg. If vjvs € E(G’), then every vertex of G’ is the end of some
hamiltonian path, a contradiction. Hence vy is adjacent to one of vy or vg. Symmetry
forces vg to be adjacent to the other of these vertices, and again every vertex in G’ is the
end of some hamiltonian path. Hence vsvyy ¢ E(G’) and vyv1; ¢ E(G') by symmetry.
Case 2.1.2: vyvy; € E(G'). Then adding an edge from v; to wvs,vg,vs, Or vy gives
the hamiltonian cycles (v1v3vy . .. V1102), (V1V6Vs - . . VaU11V7U8VV1), (VgV9U1V11 V7V - - - V1),
and (v1v19v110203 . . . V) respectively. Thus v; must be adjacent to one of vy or vs. How-
ever, if v is adjacent to either vy, or vs, the other is the start of a hamiltonian path in G’,
so G’ has an out-endpoint for some hamiltonian path which contradicts the assumption
of Case 2. Hence vy; is not adjacent to v; or vs.

Case 2.1.3: vgvy; € E(G’). Then by the symmetry between vy; and vy, in order to avoid
Cases 2.1.1 and 2.1.2, we need vgv; € E(G"). But vg cannot have 4 neighbors.

Case 2.2: r = 9. The maximality of r restricts the neighbors of vy, to vs, v4, vs, or vg. If
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vy is adjacent to either of vs, or vg, then the set {vs, vg, v9} dominates G'. Hence vy; is ad-
jacent to both of vy, and vs. This then gives the lasso having the loop (vy ... v4v1105 . .. v9)
which contradicts the maximality of r.

Case 2.3: r = 8. The maximality of r restricts the neighbors of v1; to v, and vyg. Then
v1p has a third neighbor in G’, but any possible neighbor contradicts the maximality of
T.

Case 2.4: r = 7. The only possible neighbors of v1; not contradicting the maximality of
r are vg and vg. Then the path (vy...vev11v10) is also hamiltonian in G’, and similarly
we have vigvg € E(G). Then d(vs) > 3, a contradiction.

Case 2.5: r = 6. Since G’ has maximum degree 3, the lowest indexed neighbor of v;; is
at least v7. So, by Lemmas 3.4.1 and 3.4.2, a single vertex dominates {vi1,vig, vy, vs},

and this vertex along with v3 and vg gives a dominating set of G’ with size 3. O

Case 2.6: r < 5. The highest indexed neighbor of v; is smaller than the lowest indexed
neighbor of vy;. So, by Lemmas 3.4.1 and 3.4.2, a vertex dominates {vy,vs,v3,v4}, a

vertex dominates {vi1, v19, V9, v3}, and a vg dominates vs and v7. O

For convenience, we also restate Lemma 3.2.5.

Lemma 3.2.5 Let P, = (x1,...,2zx) be a tip of an accepting 2-path P in an optimal
vdp-cover. Let X(Py) be the set of the hamiltonian paths in G[V (Py)] one of whose ends
is x. If none of the other ends of any path in X(Py) is an out-endpoint of P or a
(2,2)-endpoint, then either some (k — 1)/3 vertices dominate V(Py), or k > 16.

Proof. For k < 7, it was proved in [30][Fact 11], for k£ = 10 it was proved in [20][Lemma
14]. Both cases will also be clear from the proof for k& = 13 below. So, suppose that a tip
P; = (v1vy ... v13) of an accepting 2-path P has no out-endpoint and no (2, 2)-endpoint.
Let vy4 be the second (i.e. the other than v;5) neighbor of vi3 in the path P. Let G’
be the subgraph of G induced by V(P;) + v14. Since our system of paths was chosen to
maximize the number of out-endpoints and (2, 2)-endpoints and taking into account (B4)
of Lemma 3.2.1,

no (G’, vy4)-distant vertex in G’ has an outneighbor (with respect to V(G’)).  (3.5)

We choose a (G', v14)-distant vertex in G’ and an edge incident to this vertex so that to
maximize the length of the loop of a vy4-lasso in G. We renumber the vertices in G’ so

that this vertex is v; and this loop is (vivy...v,). Then let G” be the graph induced by
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the set {vy, v, ...,v,.}. By the maximality of r and (3.5),
no (G”,v,)-distant vertex in G” has an outneighbor with respect to G”. (3.6)

If » = 14, then we are done by Lemma 3.4.12.
Let r < 14. Then v; has two neighbors in G” — vy. By Lemma 3.4.3,

vvs; ¢ E(G) for j =1,2,3,4, (3.7)

and hence r ¢ {3,6,9,12}.

Case 1: r = 13. By Lemma 3.4.11, either some 4 vertices dominate V(P;) (in which
case we are done), or some (G”, v13)-distant vertex v; has an outneighbor with respect to
G”, a contradiction to (3.6).

Case 2: r € {10,11}. By Lemma 3.4.10 (if » = 11) or Lemma 3.4.9 (if r = 10), either
some 3 vertices dominate vy, v, . .., v1o (then this set along with v15 dominates G’ — v14),
or some (G"”,v,)-distant vertex v; has an outneighbor, a contradiction to (3.6).

Case 3: r € {7,8}. By Lemma 3.4.8 (if r = 8) or Lemma 3.4.7 (if » = 7), either some
2 vertices dominate vy, vg, ..., v; (then this set along with vy and v;2 dominates G'), or
some (G”,v,)-distant vertex v; has an outneighbor, a contradiction to (3.6).

Case 4: r < 5. By (3.7) r = 5 and the three neighbors of v; are vy, vy, and vs. Since
there is the path (vsvevivgvs...v13), by (3.6), v3 has no neighbors outside of G”. So
by (3.7), vsus € E(G), but vs already has 3 other neighbors. O

3.6 Proof of Lemma 3.2.3

Recall that Lemma 3.2.3 states that each 1-path P in an optimal vdp-cover S that
does not have an out-endpoint and does not contain a dominating set of size at most
(|P| —1)/3, has at least 28 vertices. Fact 9 in [30] states that such a path must have at
least 16 vertices. Lemma 2 in [20] extends this by proving that such a path has at least
22 vertices. Hence we need to prove that such path cannot have 25 vertices and cannot
have 22 vertices. We will prove this in two big lemmas. But first we introduce the notion
of (H,v)-distant vertices for v ¢ V(H). If H is a subgraph of G and = € V(G) — V(H),
then a vertex y € V(H) is (H, z)-distant, if H contains a hamiltonian path connecting y

with a neighbor of x.
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Lemma 3.6.1. If a 1-path P in an optimal vdp-cover S does not have an out-endpoint
and does not contain a dominating set of size at most (|P| — 1)/3, then P cannot have

22 wvertices.

Proof. Let P = (v1vs...v9) be a counter-example to the lemma, and let G’ = G[V (P)].
Consider a vgy-lasso on V(P) with a largest loop C' = (v;...v,). Let H = G' = C. If
r = 22, then by the definition of P, no vertex of P has an outneighbor. So in this case
G’ is a cubic hamiltonian graph and by Theorem 3.2.1 is dominated by 7 vertices. Thus
r < 21. Also by Lemma 3.4.3, r is not divisible by 3. If » < 14, then since each end
of every hamiltonian path in G’ has no outneighbors, Lemmas 6, 7 and 12-17 imply
that for some ¢, some set D of i vertices dominates the set {vy,...,v3;11}. Then the set
D U {v3(i41), V3(i42)s - - - » V21 dominates G” and has 7 vertices. Thus r € {16,17,19,20}.

Case 1: r = 16. By the maximality of r, for each (H, vq6)-distant vertex of H, only v, vg,
and vg are possible neighbors on C. By Lemma 3.4.3, vyovg ¢ E(G). So N(vg2) — vg1 C
{U77U97U187U19}-

Case 1.1: |N(vgo) N{vr,v9}| = 1. By symmetry, we may assume that vev; € E(G').
Case 1.1.1: vyuis € E(G’). Because of the path (vi16v17018092021020019), Vertex vyg is
(H,vi6)-distant. By Lemma 3.4.3 for P, v has only two neighbors in H. Since vy
already has 3 neighbors, v is adjacent to vy. If v17 has two neighbors in C, then since it
is (H,vr)-distant, the second (apart from v16) neighbor in C' should be vy4. On the other
hand, since vy7 is (H,vg)-distant, this neighbor should be vq, a contradiction. So v;7 has
two neighbors in H. If v17v09 € E(G), then the path (v16v17090019018V22021) shows that vgy
is (H,vi6)-distant. Hence the third neighbor of vey is in H U {v7,ve}. But all vertices in
this set already have degree 3. Thus v17v9; € E(G). Then the path (vigv17021v22018019020)
shows that vqq is (H, v16)-distant, and all possible neighbors of vy already have degree 3.
Case 1.1.2: voou1g € E(G'). If vi7v99 € E(G), then the set {vi7,v90, V2, U5, Us, V11, V14 }
dominates G'. If vjyv9; € E(G), then we have Case 1.1.1 with vy7 in place of vsg.
So v17v14 € E(G). The path (v17018019022021020) shows that vqg is (H, v16)-distant and
(H, v14)-distant. So if its third neighbor is in C', then it should be vy because of v15 and
vs because of v14, a contradiction. So vyv1s € E(G’), a contradiction to Lemma 3.4.3 for
the path (vi7v1g ... VoU7US . . . V16V . . . Vg).

Case 1.2: vyou1g € E(G') and vev19 € E(G'). Because of the path

H' = (v16017018V22019V20V21 ), Vertex vop can play the role of vys. By Lemma 3.4.3, vov17 ¢
E(G"). So we have Case 1.1 for C' and H'.

Case 1.3: vug € E(G') and vyvy € E(G'). Consider G’ as a lasso with the cycle

C" = (vvg ... v99) and handle H' = (vigv10s ... vg). As above, only v; and vg can be the
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neighbors of vg on C’. Since vy already has 3 neighbors, we are in Case 1.1 for ¢’ and

H', which is proved.

Case 2: r = 17. By the maximality of r and Lemma 3.4.3, only v;, and vy can be
the neighbors on C' of any (H,v;7)-distant vertex. So as in Case 1, by Lemma 3.4.3,
N (va2) — va1 C {vr,v10, V18, V19}-

Case 2.1: Exactly one of v; and vy is a neighbor of vyy. Again, we may assume that
vov7 € E(G'). If vgou1g € E(G), then vy is (H,vr)-distant and vy9 is (H, vy7)-distant.
They are not adjacent by Lemma 3.4.3 for P, and so vyv14 € E(G') and vigv19 € E(G').
Now the set {v19, Vo1, U9, Us, Us, V12, V16 } dominates G'. Thus vyv19 € E(G). Then vy is
(H,vi7)-distant. If veovig € E(G’), then the set {vig, vag, U9, s, Vg, V12, V15 } dominates G.
So, vyv1g € E(G'). If v1gv9; € E(G'), then the set {vig, va, vs, U7, V10, V12, V15 } dominates
G'. Otherwise, since vig is (H, v7)-distant it is adjacent to vi4, but since it also is (H, v1)-
distant it is adjacent to v3, a contradiction.

Case 2.2: vy € E(G') and vyav1g € E(G'). We just repeat the proof of Case 1.2.
Case 2.3: vypv; € E(G') and vypvyg € E(G’). Then by symmetry vig has its third
neighbor, say v;. Since Case 2.1 is proved, 7 < 17, and v; is at distance 7 along C' from

both v7, and vyg, an impossibility.

Case 3: r = 19. First note that if vy; has its third neighbor in G’, then vy, dominates
all but a Pz, which can be dominated by 6 vertices. Thus vy;’s third neighbor is outside
of G'. Also if vyvee € FE(G’), then vyy dominates all but a Pg. Thus we may assume
that each of vy and wvyy has two neighbors on C. Furthermore, each vertex in G’ that is
adjacent to a neighbor of vyy or v9s is an endpoint of a hamiltonian path in G’, and hence
has its third neighbor in G.

Case 3.1: The neighbors of vog and v9s on C' do not alternate. Let d be the maximum of
the distance between the neighbors of v9y on C' and the distance between the neighbors
of v on C'. We can assume that vy is adjacent to vi9 and vy on C. We can further
assume that the neighbors of vey on C' are vy, and vgyqre. Let b =19 —d —a — ¢ (See
the left graph in Figure 3.5). By symmetry, we may assume that a < b. Maximality of
r forces the neighbors of vy to be at least distance 4 apart on C' from the neighbors of
Vg2, in particular, b > a > 4. It also forces ¢,d > 2. Lemma 3.4.3 for P and symmetry
eliminate all cases where neighbors of vy, are distance 5, 8,11, or 14 apart on C' from the

neighbors of vyy. Summarizing, we have

b>a>4, aba+c,b+ca+db+de¢{58,11,14}, and 2 <c¢ <d. (3.8)
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Figure 3.5

Case 3.1.1: d>9. Then c=19— (a+b+d) < 19— (44 4+ 10) = 1, a contradiction to
(3.8).

Case 3.1.2: d=19. Thena+b=19—-c—-9=10—¢c < 8. So by (3.8),a=b=4. By
Lemma 3.4.4, the third neighbor of vy4 is one of vy, vg, vy, v5, v7, Vg, V10, V11, V17, and vyg.
The path (v14v15 ... v22v13012 . .. v1) along with Lemma 3.4.3 restricts this set of possible
neighbors to {vy, vy, v7, V19, V17, v15}. Then Lemma 3.4.3 with the path

(V1413 -« . . Vgl Va1 Voo U15V16 - - - V19V Vs . . . Ug) Testricts the set of possible neighbors of vq4
to {v1p, v18}. Since either of these edges forms a 4-arc in G’ and since vy, and v15 both
have third neighbors in G’, by Lemma 3.4.6, no good third neighbor exists for vy4.

Case 3.1.3: d = 8. If a = 6, then a + d = 14, a contradiction to (3.8). Simi-
larly, b # 6. Hence a = b = 4. By Lemma 3.4.4, the third neighbor of vy, is one
of vy, vg, v, V5, V7, V10, V11, V17, and vig. The path (vi3v14...0v90012011 ... v1) along with
Lemma 3.4.3 restricts this set of possible neighbors to {vg, vs,v11,v17,v18}. The symme-
try of the role of H with the role of the set {vs,v17,v16} eliminates v17 as a possible
neighbor of vy4. If v14v18 € E(G’), then Lemma 3.4.6 with x = v14, y = v1g and z = vyg
yields that v16 has no third neighbor in G, a contradiction to the fact it is adjacent to
a neighbor of vyy. Thus vyyv1s ¢ E(G'). Now Lemma 3.4.6 with x = vy9, y = vy4 and
z = V19 eliminates all remaining potential neighbors of vy4.

Case 3.1.4: d ="7.1If a = 4, then a + d = 11, a contradiction to (3.8). Similarly, b # 4.
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Then a,b >6,and a+b+c+d>6+6+2+7 =21, a contradiction.
Case 8.1.5: d=6. Thena+b<19—-2—6=11.
Case 3.1.5.1: a = b = 4. Let v; be the third neighbor of vy4. By Lemma 3.4.4,
i€{1,2,4,5,7,8,11,17,18}. The path (vi4v13. .. VgVU20V21 V22015016 - . . V19V V2 . . . U5) With
Lemma 3.4.3 restricts this set to {2,5,7,8,11,18}. The path (vi1v12. .. vV . .. V1)
with Lemma 3.4.3 shrinks this set to {7,11,18}. If i = 18, then by Lemma 3.4.6 with
T = vy, y = vg and z = vig, graph G” = G’ — {vyg, va1, U2} has a dominating set of
size 6. If i = 7, then the path (vsvg ... v140706 . . . V1V19V1s . . . V15U2091Vng) forces the third
neighbor of vg to be in G’, which contradicts the fact that the role of H can be switched
with {v7,vs,v9}. Thus i = 11. Then the path (viov130140110V10 . . . V1V19V18 - . . V15V22V21 V)
forces v to have its third neighbor in G'. By Lemma 3.4.3 for this path and Lemma 3.4.4
for C, this neighbor is in {vq,vs,vs,v18}. For j € {2,5,8}, Lemma 3.4.5 with R =
{v;,v10, V12, V19} eliminates v; from the list. Thus v12v15 € E(G’). Then the hamiltonian
cycle (V11010 . . . V1V19V20V21 V2 V15V16V17018V12013V14) contradicts the maximality of r.
Case 3.1.5.2: a = 4,b = 6. Let v; be the third neighbor of v;;. By Lemma 3.4.4,
i€ {1,2,4,5,7,8,14,15,/17,18}. The path (v11v12...va2v19vg...v1) and Lemma 3.4.3
further reduces this set to {1,4,7,14,15,17,18}. The path
(V12011 - . . UgU20V21 Vo2 U13V14 - - . U1V Vs . . . U5) and Lemma 3.4.3 eliminate 15 and 18 from
this list. If ¢ € {1,4,14,17}, then Lemma 3.4.5 with R = {vg, v11, v13,v;} gives a dom-
inating set of size 7. Thus ¢ = 7. Then Lemma 3.4.6 with x = v7, ¥y = v1; and 2z = vy
gives a dominating set of size 7 in G'.
Case 3.1.5.3: a = 4,b = 7. Lemma 3.4.4 limits the third neighbor of v;; to one of
V1, Vg, U4, Us, U7, Vg, V14, V15, V17, and vig. The path
(V11010 - - - VgU20V21 Va2 U12013 - - . V19V Vs . . . U15) and Lemma 3.4.3 limit this neighbor to one
of vg, v5, v7, v, v15 and v15. The path (vi1v12 ... VUV ... v1) and Lemma 3.4.3 further
limit this neighbor to one of v7, v15 and v1g. Now Lemma 3.4.6 with z = vy, y = vg and
z = vyp (respectively, with © = v11, y = vi3 and z = v15) yields a dominating set of size 7
if v1;v7 € E(G) (respectively, if v11v15 € E(G)). So v11v15 € E(G). Then the hamiltonian
cycle (V19013 . .. V1811V - - . U1 V19U20Va1 Va2 ) contradicts the maximality of r.

Thus a,b > 6, and hence a + b+ ¢+ d > 20, a contradiction.
Case 3.1.6: d = 5. By (3.8), a,b # 11 —d =6. If a,b > 7, thena+b+c+5 >
19, a contradiction. So one of a and b, say a, is 4. Then by the maximality of d,
b > 5, and so b € {5,6,7,8}. Hence by (3.8), b = 7. Then Lemma 3.4.4 lim-
its the third neighbor of vy, to one of vy, vy, vy, v7, Vg, V14, V15, V17, and vig. The path

(V11010 - - - V1V19U20 V1 U2aV120V13 - . . V1) and Lemma 3.4.3 eliminate vy4 and vy7 from the
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list of possible neighbors. The path (vigvy ... vavgvs ... v1) and Lemma 3.4.3 limit this
neighbor to one of vy, vs,v15, and v;g. By Lemma 3.4.6 with = vy, y = v15, and
z = w3, v15v11 ¢ F(G). Lemma 3.4.5 with R = {vg, v11, v19, 2} and R = {vg, v11, v19, Vs }
eliminates vq, and vg as neighbors of vy;. Thus vy3v18 € E(G’). Then the hamiltonian
cycle (V18017 . . . V1aV22U21V20V19V1 Vs . . . ¥11) contradicts the maximality of r.

Case 3.1.7: d =4. By (3.8), a,b ¢ {4,5,7,8}. Then if max{a,b} > 9, then a+b+c+d >
6+9+2+4 = 21, hence a,b = 6. By Lemma 3.4.4, the third neighbor of vy; is in
{v1, v, s, V7, Vg, V14, U15, U17, V18 }. The path (vi1v1a. .. V9001009 ... v1) and Lemma 3.4.4
shrink this set to {vy, v7, v14, V15, V17, V18 }. The path (vi9v17 . . . V1V19V2 V21 Va2 V13V14 - . . V1g)
and Lemma 3.4.4 yield that this neighbor is in {vy, v, v14,v17}. By Lemma 3.4.6 with
T =wvi1, Yy =vr, and z = vy, v;011 ¢ E(G). If vi3v; € E(G'), then the hamiltonian cycle
(v1V2 . .. V1gURV9 . . . v11) contradicts the maximality of r. If vi;v17 € E(G’), then the set
{vg, U5, Vs, V11, V15, V19, V22 } dominates G'. Finally, if v11v14 € E(G’), then symmetry gives
v12v9 € E(G"), and hence the set {vy, vs, vg, Vg, V14, V17, U21) } dominates G'.

Case 3.1.8: d = 3. In this case, 2 < ¢ < 3. Ifa = 4, then b € {19—4—-3-3,19—4—2-3} =
{9,10}. If a = 6, then similarly, 7 < b < 8, but by (3.8), b # 8. Finally, if a > 7, then
b<19—-7—-2—4=7, and hence in this case a = b ="7.

Case 3.1.8.1: a = 4,0 = 9. Lemma 3.4.4 limits the third neighbor of vg to one of
V1, Vg, Vg, Vs, U11, V12, V14, V15, V17, and v1g. The path (vgvg . .. v9ov7v6 . .. v1) and

Lemma 3.4.3 limit this neighbor to one of vy, vy, v11, V12, V14, V15, V17, and v1z. The path
(VgUg . . . V321 UaV1gV11 - - - V19U Vo) and Lemma 3.4.3 limit this neighbor to one of vy, vy,
v11, V14 O v17. By Lemma 3.4.6 with © = vy, y = vg, and z = vg, vsvy ¢ E(G). For
i € {1,11,14,17}, Lemma 3.4.6 with * = vg, y = v;, and z = v3 eliminates v; as a
neighbor of vg.

Case 3.1.8.2: a = 4,b = 10. By Lemma 3.4.5 with R D {v19, v, v7}, the third neighbor
of vy is in {v4,vs,v6}. Lemma 3.4.3 for P yields vevy ¢ E(G). By Lemma 3.4.6 with
T = vy, y = vg, and z = vy, vovg & E(G). Thus vevs € E(G’). Then the 21-cycle
(U3V4U5VaV1 V19U - . . U7U2V91 Ve ) contradicts the maximality of r.

Case 3.1.8.3: a = 6,b = 7. Lemma 3.4.4 for C limits the third neighbor of v{; to one of
V1, Vg, Vg, Us, Uz, Us, V14, V15, U17, and v1g. The path (v11019 . . . V3090021 V90012013 - . . V19U1V3)
limits this neighbor to one of vy, vy, vs, v7, v, V15, and vig. The path

(V10V11 - - . UgUgUs . .. v1) limits the neighbor to one of vy, vs,vs, v15, and vyg. For i €
{2,5,8}, Lemma 3.4.6 with x = v;, y = vy1, and z = vy9 eliminates v; as a neighbor of
vs. By Lemma 3.4.6 with © = vy1, y = vi5, and z = v13, v11015 € E(G). Thus vijvig €

E(G"). Then the Hamiltionian cycle (019090021 V22012013 - . . V18011010 - - - ¥1) contradicts the
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maximality of .

Case 3.1.8.4: a = 7,b = 7. Lemma 3.4.6 with = v15, y = v3, and z = v; yields that
the third neighbor of v; is in {v13,v14,...,v18}. Lemma 3.4.4 for C' shortens the list to
{v13, V14, V16, v17}. For i = 14,17, Lemma 3.4.5 with R = {vy, vs, v19,v;} gives vyv; ¢
E(G"). If vju13 € E(G), then the cycle (v1vs . .. v12029091 V20U19V1s - - . U13) contradicts the
maximality of 7. So vjv1g € E(G). By symmetry, vvg € E(G). Again by symmetry and
by Lemma 3.4.4 for C', we may assume that the third neighbor of vy is in {v7,vs}. Edge
v7v1; contradicts Lemma 3.4.6 with x = vy, y = vy, and z = vg. So vgvy; € E(G). Then
the set {vq, v3, Vs, Vs, V14, V18, Vo2) } dominates G'.

Case 3.1.9: d = 2. By (3.8), a,b ¢ {5,6,8,9,11,12}. Since ¢ = 2, we have d + ¢ = 4 and
hence a,b ¢ {4,7,10}. This proves the case.

Case 3.2: The neighbors of vyy and w9 alternate on C'. Let v9ovy, VogUgia, Voot19_p €
E(G'). Define ¢ = 19 —a — b — d (see the graph on the right in Figure 3.5). By
symmetry, we may assume that d = max{a,b,c,d}. By Lemma 3.4.3, 5 ¢ {a,b,c,d}.
By the maximality of r, min{a,b,c,d} > 4, and so d < 7. Furthermore, if d = 7, then
a,b,c =4, and the set {vy, vs, vg, V13, V17, Vo, Vo } dominates G'. If d =6, a + b+ ¢ = 13,
a contradiction to 5 ¢ {a,b,c,d}. Finally, if d =4, then a+ b+ c+d =16 < 19.

Case 4: r = 20. Lemma 3.4.3 for the paths P and {vov91v20010s ... 019} gives the
possible neighbors of vey as v, i € {1,4,7,10,13,16,19}. By the maximality of r, i €
{4,7,10,13,16}. It follows that the distance on C' from a neighbor of vs3 to both neighbors
of vy is the same modulo 3 (and vice versa). Thus the distance on C' between the two
neighbors of v € {va1,v90} is 0 (mod 3). Since r = 2 (mod 3) and the neighbors of
v91 and wvye are distance 1 (mod 3) apart on C, these neighbors cannot alternate. Let
V92Ug, Vo2Udta, U21V20—p € FE(G'). Define ¢ = 20 — a — b — d. We may assume that d < ¢
and a < b. Therefore,

d<c,a<bd+a<10, ¢,d=1 (mod3),and a,b=0 (mod 3). (3.9)

Case 4.1: d = 4. By (3.9), d 4+ a € {7,10}. Then vs has its third neighbor. By
Lemma 3.4.3 for the paths (vsvg . . . Vagv1 V2U3V4V22V9;1 ) and

(Vdta—1Vdra—2 - - - V1020019 - - . VgiqU22V21 ), for either choice of d + a, the possible neighbors
of vs are in {vy, vs, vg, V12, V15, V18}. If V501 € E(G’), then the hamiltonian cycle

(U5Ug - . . Vagugu3vv1 ) contradicts the maximality of r. By Lemma 3.4.6 with z = v,
Y = Vgtra, and z = vs, the third neighbor of vs must be in the set {vy,va, ..., v410-1}

This contradicts the above statement when d+a = 7 and leaves vg and and vy as possible
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neighbors of vs when d + a = 10. In this case by (3.9), ¢ = 4. Note that now v; is
symmetric with vg, v15, and vyg.

Case 4.1.1: vsvg € E(G). The path (vsv7vv5v9v10 . . . U4V ) yields that vg has its
third neighbor in G’. By Lemma 3.4.6 with x = wvy, ¥ = w9, and 2z = wvg, this
neighbor is in {vy,ve,v3}. By Lemma 3.4.3 for paths (vgvs . .. 01020019 . . . V1gV22v21) and
(UgU7UgUS VU - . . Vap - . . V4221 ) eliminates vs and vy from this list. So wgv; € E(G).
Then the cycle (vgv7v6V5VgV1 . . . VagU21 V92U V30901 ) contradicts the minimality of r.

Case 4.1.2: vyvg ¢ E(G). Then vsvg € E(G). Since v is symmetric with vg, v15, and vy,
we conclude that vgvg, V1518, V19v1s € E(G). The path (v;v5v9v504 . .. V1V . . . V1gUa2V21)
yields that v; has its third neighbor, say v;, in G'. If ¢ € {3,12,13,17}, then for j €
{12, 13} the set {vs,vs, v1g, v, V14, V17, V20 } dominates G’. Since vertices vy, vy and vy;
with respect to vg are symmetric to vy3, v12 and vs, respectively, no possible neighbors for
vg left.

Case 4.2: d =7. By (3.9), d+a = 10 and so ¢ = 7. By Lemma 3.4.6 with z = vy,
y = v7, and z = w9, the third neighbor of vig is in {vy,va,...,v6}. Lemma 3.4.3 for
P and the 16-vertex path (v19v180170210220100 - . . V1V2) Teduces this list to {vs, vg}. If
v19vs € E(G), then the cycle (v19v1g . . . V7U220V91 V2001 - . . V) contradicts the maximality of
r. So vgvs € E(G). Symmetrically, vsvg € E(G). Now the hamiltonian cycle

(U19V1s - - . UgU4U5UgUT U2 V91 Va1 VU3 ) contradicts the maximality of r. O

Lemma 3.6.2. If a 1-path P in an optimal vdp-cover S does not have an out-endpoint

and does not contain a dominating set of size at most (|P| —1)/3, then |P| # 25.

Proof. Let P = (v1v2...v95) be a counter-example to the lemma, and let G' = G[V (P)].
Consider a v9s-lasso on V(P) with the largest loop. Call the loop C, and the remaining
handle H. We may assume that it is a (ves, 25, r)-lasso. If r = 25, then no vertex of
G’ has an outneighbor, and hence G = G’. But a cubic graph cannot have 25 vertices.
Thus » < 24. Also r is not divisible by 3 by Lemma 3.4.3. If r < 17, then by the
maximality of r each neighbor of an (H,v,)-distant vertex must lie in H. Thus again by
the maximality of r, considering the largest lasso L in H with v,,; as the endpoint of the
handle, we know that the loop in L has at most 12 vertices. So, we may apply one of the
Lemmas 3.4.1, 3.4.2, 3.4.7, 3.4.8, 3.4.9, and 3.4.10 to L. This then gives a contradiction
to the maximality of the loop in L or a dominating set extendable to a dominating set
of size 8 of G'. Thus r € {19, 20, 22, 23}.

Case 1: r = 19. By the maximality of r, and Lemma 3.4.3, each (H, vjg)-distant vertex
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of H has only v7,vg, v19, and v15 as possible neighbors in C'. Also by the maximality of r,
if a vertex z of C'is adjacent to the end of a handle H, then a vertex adjacent to z along
C' cannot have neighbors in H.

Case 1.1: Vertex vo5 has two neighbors on C'. By symmetry and the maximality of r, we
have the following three cases:

Case 1.1.1: vysv7 € E(G') and vo5v9 € E(G'). By Lemma 3.4.3 for the paths

(U20Va1 . . . Vg7V . . . V1gU1 Vg . . . Vg) and (VggVaq . . . UgsUgU1q - . . V19V Vs . . . Vg ), the third neigh-
bor of vy is in {vy6, Va3, Vas}.

Case 1.1.1.1: vyouig € E(G'). In this case, vg has its third neighbor in G’, and by
Lemma 3.4.3 for the paths

(VgUg . .. VgV Vs . . . U7U25Vay . . . Ung), (Vg . .. V16U20V21 - - . UosVrlg - . . V1V19V18V17 ), and

(Vg7 ... V1V19U - . . VasUgU1g - - . V13 ), this neighbor is in {vy, vy, v12,v15}. If vgv1 € E(G")
(which is symmetric with the case vgv5 € E(G')), then the cycle (v1vy . .. V7095094 . . . Vs)
contradicts the maximality of r. If vgvy € E(G’) (which is symmetric with the case vgvys €
E(G")), then the cycle (vgvg . .. vasv706v5v4) gives r > 22 contradicting the maximality of
r.

Case 1.1.1.2: vyveg € E(G'). The path (vgvg ... 0190105 . . . UzU25024V93V20U21V90) forces
U9 to have its third neighbor in G’. By Lemma 3.4.3 for this path,

(UgV7 . . . V1V19U1g - . . VgUa5U24 V23V V21U22), and P, and by the maximality of r, vyvig €
E(G"). Then by Lemma 3.4.3 for the paths

(Vg . . . V19UV . . . V7Va5Vay . . . Vg ), (Vg . . . V1gUa2Va1 UagUa3Uoq U5 U7 g - . . V1 V19V18V17 ), and
(Vg7 ... V1V19UY - . . VasUgU1g - - - U1g), the third neighbor of vg is in {vy, vy, v12, v15}. Just
as in Case 1.1.1.1, each of these possibilities forces r > 19.

Case 1.1.1.3: vyvey € E(G’). The path (vgvr... 01019018 . . . VgUa5U24 U201 Vaaag) forces
v9g to have its third neighbor in G’. Since the path (vesvoqvagv91v92v23) covers H,
Lemma 3.4.3 forces vy3v16 € E(G’). Then just as in Case 1.1.1.1, we eliminate all neigh-
bors of vg.

Case 1.1.2: vysv7 € E(G') and vesv19 € E(G'). The maximality of r and Lemma 3.4.3
for the path

(U0U21 - . . Vo5U7Vg . . . U1U19U1s - - . Ug) force the third neighbor of vey to be in {wvy7, Va3, Voy }.
Note that equivalent paths restrict the third neighbor of each (H, vo5)-distant vertex to be
in H or to be vy7. If an (H, vy5)-distant vertex v; is adjacent to vq7, then v;g has its third
neighbor in G’; and by Lemma 3.4.3 for the paths (v1gv17 . . . V10U25V24 - . - V19V1 V2 . . . Vg) and
(U18V19V1 -..... U7V05 . . . ViV17V16 - - - Vg ), this neighbor is either in H or in {vs, vg, v11,v14}. In

any case, as in Case 1.1.1, any such neighbor contradicts the maximality of . If vygveg €
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E(G"), then vqy is (H,vys)-distant and hence its third neighbor is in H. In this case,
V9oVoy € F(G), a contradiction to Lemma 3.4.3 for P. Thus, vygvy € E(G'). Similarly
vog is an (H, vgs)-distant vertex; hence its third neighbor is in H, but Lemma 3.4.3 for
the path (v3v92v21V20V24V25V10Vg . . . V1V19V1s . . . V11 ) eliminates all possible neighbors.
Case 1.1.3: vosv7 € E(G"), and vesv12 € E(G'). In this case, no (H,ve5)-distant vertex
can have a neighbor in C' other than v19. Hence the third neighbor of vy lies in H. By
Lemma 3.4.3 for the path (vggva; ... V250706 . . . UV1V19V13 - - . Ug), this neighbor is one of wvy3
and vyy. If vogveg € E(G'), then the path (vagve;Uaga3U24V950706 . . . V1V19V1g . . . Ug) forces
U9 to have its third neighbor in G’. But then Lemma 3.4.3 for P forces this neighbor to
be in C, a contradiction. If vyyvey € E(G’), then the path
(UgUg . . . VgV V3 . . . U7U25V94U20 Va1 UaUs3) forces vq3 to have its third neighbor in G'. But
then Lemma 3.4.3 for this path forces this neighbor to be in C', a contradiction.
Hence vy (and by symmetry vqg) has at most one neighbor in C.
Case 1.2: Each of vyg and vy has exactly one neighbor in C'. Lemma 3.4.3 for P re-
stricts the second neighbor of ves in H to one of vg; and wvee. Similarly, the second
neighbor of vy in H is in {ves, va4}. If voques € E(G') and wvysve; € E(G’), then the
path (v1vs . .. VygU23V22V91U25V94) foOTCes vyy to have its third neighbor in G’. There is no
room for this neighbor in H, so it is in C. Hence the set {vy, v24} dominates all G’ but
a Pig. If vyouoz € E(G'), and vgsv9 € E(G'), then the set {vqg, v25} dominates the set
{v19, V20,...,095 } leaving only a Pjg undominated. If vyvey € E(G’) and vesva; € E(G),
then the path (vivs . .. VygU4Ve5V21U2293) forces vag to have its third neighbor in G’. By
Lemma 3.4.3 for P, this neighbor is in C'. Hence the set {vy1, v93} dominates all but a Ps.
Finally, suppose that vogvay € E(G’) and vasv99 € E(G'). In our case, vgs has a neighbor
v; in C. Then the path (v 1040 ... V1gV1Vs . . . ViU25V92U23U24V9V21 ) fOrCes vo1 to have its
third neighbor in G’. Lemma 3.4.3 for the path (v;11vi42...V19V1Vs . .. VU5V . . . Vo)
forces this neighbor to be in C'. Then the set {vg;, v94} dominates all but a Pys.
Case 1.3: Vertex vys has no neighbors in C'. By Lemma 3.4.3, N(vo5) = {va4, V22, U21 }.
Then both, vog and vey are (H, vqg)-distant, and hence at least one of them has a neighbor
in C. Thus we have Case 1.2.
Case 2: r = 20. Let dist¢(z,y) denote the distance on C' between the vertices = and .
Suppose that i, j > 21 and that v; is an (H, v;)-distant vertex. If vy is a neighbor of v;
in C, and vy is a neighbor of v; in C, then the maximality of  and Lemma 3.4.3 imply
that

diste(vir, vy) € {7,10}. (3.10)
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Case 2.1: Some (H, vy )-distant vertex, say vo5, has two neighbors in C'. We claim that
an (H,vys)-distant vertex has a neighbor in C' distinct from vsy. (3.11)

Indeed, otherwise vy has a neighbor in H distinct from wvss. It could be only vey. Then
Va3 is (H, vg5)-distant and cannot have 3 neighbors in H. This proves (3.11).

By (3.11) and (3.10), vos cannot be adjacent to both of v7, and v13. So we may assume
that vesvr, vosv19 € E(G'). By (3.10), a neighbor of H — vg5 in C' distinct from vy can be
only v17. Then the path (va1v9s ... V250706 . . . V1V0V1g . . . V) forces vg to have the third
neighbor in G'. By Lemma 3.4.6 with 2 = vy, y = v19, and z = vg, this third neighbor
is in {vy,ve,...,v6}. By Lemma 3.4.3 for the paths
(Vg . . . V1VaU1g - . . V10U25V24 - - - U21) and (vgvg ... v17 H v7v6 . . . v1099019018), this third
neighbor is either vy or vy. If vgv; € E(G’), then the hamiltonian cycle
(V1Vg . .. V7V95V94 . . . vg) contradicts the maximality of r. If vgvy € E(G’), then the cycle
(V4V5VgUTVU5 VY . . . Ug) forces r > 22.

Case 2.2: No (H, vy )-distant vertex has two neighbors in C. We claim that

an (H, vy )-distant vertex, say ves, has a neighbor in C. (3.12)

Indeed, otherwise vgs has 3 neighbors in H, which implies vo5v99, V5091 € E(G). Then
voy is (H,v9q)-distant and has no room in H for the third neighbor. This proves (3.12).
Suppose that v; is the neighbor of vys in C. By Lemma 3.4.3 for P, the neighbor of v
in H — vgy is either vy or vge. Similarly, the neighbor of vy, in H — wvyy is either vyy or
Vgs.

Case 2.2.1: vysv99 € E(G'). Then vgsv9; ¢ E(G’) and hence vojvyy € E(G’). The path
(V95092021 V24V93) shows that ves is (H, vg5)-distant. Also, veg is (H,vq1)-distant. Since
vo3 cannot have the third neighbor in H, it has a neighbor, v;, in C. Since r = 20,
min{diste(v;, vap), diste(vj, vag), diste(v;, v5)} < 6, a contradiction to (3.10).

Case 2.2.2: vysv91 € E(G'). In this case, vgy is (H,ve)-distant and by Lemma 3.4.3
has no third neighbor in H. Therefore, v9y has a neighbor, vy, in C. Similarly, vy is
(H, vg)-distant and hence has a neighbor, vy, in C' and vq4 is (H, vg5)-distant and hence
has a neighbor, v,, in C. By (3.10) for v, and vy, and for vy and v;, diste (v, ve) = 1
(mod 3) and diste(va,v;) = 1 (mod 3). Vertices vy, v99 and v; partition C' into three

paths that we will call P;, Pj20, and Py p, where F;, ;, connects v;, with v;, and does

1,52

not contain vy, for distinct iy, is,i3 € {4, h,20}. Since 20 = 2 (mod 3), the number of
edges in Pjj, is 0 (mod 3). If v, ¢ V(P;), then disto(ve, v;) = 1 (mod 3) and hence v,
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cannot have distc(ve, v,) = 1 (mod 3) and diste (v, v;) = 1 (mod 3) at the same time.
So, vg € V(P;p). But then by the maximality of r, P;; has at least 7 edges. Since each
of Pjo and Py also has at least 7 edges, this is impossible for the 20-cycle C'.
Case 3: r = 22. If vy, has its third neighbor in G’, then v9, dominates all G’ but a Py
which can be dominated by 7 vertices. Thus va4’s third neighbor is outside of G'. Also if
Vo3Vos € F(G'), then ve3 dominates all but a Py;. Thus we may assume that each of vy
and v95 has exactly two neighbors in C. These four neighbors of vy3 and v partition C'
into four paths. Suppose that the lengths of these paths are a, b, ¢, and d.
Case 3.1: The two neighbors of vo3 in C' and the two neighbors of vgs in C' alternate
on C' for each representation of G’ as a lasso with r = 22. We may assume that
Vo5Ud, Vo3Udta, U2sVa2—p € E(G'), ¢ =22 —a — b — d and that d = max{a,b,c,d}. By the
maximality of r, min{a, b, ¢,d} > 4 and hence d = max{a,b,c,d} <22 —a—b—c < 10.
So, by Lemma 3.4.3,

each of a,b,¢,d is in {4,6,7,9,10}. (3.13)

Case 3.1.1: d > 8. If d = 10, then by (3.13), a = b = ¢ = 4 and the set

{va, V5, Vg, V12, V16, Voo, Va3, V25 } dominates G'. If d = 9, then a + b + ¢ = 13, which
contradicts (3.13). By (3.13), d # 8.

Case 3.1.2: d =17. By (3.13), {a,b,c} = {4,4,7}. By symmetry, there are two subcases:
either (d,a,c,b) = (7,4,4,7) or (d,a,c,b) = (7,4,7,4). If (d,a,c,b) = (7,4,4,7), then the
set {vg, vs, Vg, V13, V17, Uag, Va3, Vo5 } dominates G'. If (d, a,c,b) = (7,4,7,4), then the set
{va, U5, Vg, V13, V16, V20, V23, Vo5 } dominates G'.

Case 3.1.3: d < 6. If d < 5 then by the maximality of d, we have a + b+ ¢+ d <
20 < 22. So, d = 6. By (3.13), {a,b,c} = {4,6,6}. So by symmetry we may assume
that (d,a,c,b) = (6,6,6,4). Then the cycle (v1vy...V18095V2402309) With the handle
V19, U9, Vo1 1S @ new lasso L with r = 22. By our assumption, the neighbors of vy; and
the neighbors of vy also alternate along the cycle in L. Since d = 6, each such adjacent
pair of such neighbors along the cycle in L must be at distance 4 or 6. Since only one
such distance can be 4, vy9 is adjacent to vg, but vg already has 3 neighbors.

Case 3.2: There exists a representation of G’ as a lasso with r = 22 such that the
neighbors of vy3 along €', and the neighbors of vy5 along C' do not alternate. We may
assume that vo3vg, VosVgia, Vasvas—p € E(G'), and ¢ = 22 —a — b — d. We may assume
further that d > ¢ and a < b. By the maximality of r, a,b >4 and ¢,d > 2. Similarly
to (3.8) in the proof of Lemma 3.6.1, we have

b>a>4, aba+c,btc,a+db+dé¢{58,11,14,17}, and 2 < ¢ < d. (3.14)
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By (3.14),d <22 —-4—-4—-2=12.
Case 3.2.1: d = 12. By (3.14), a = b = 4, and ¢ = 2. By Lemma 3.4.4 for C' and
Lemma 3.4.3 for the paths (vi7v1g . . . U25v16015 - . . v1) and
(V17016 - . . V19V93U24V5V18V19 - - . UpgV Vg . .. V11 ), the third neighbor of vi7 is either vy3 or
v91. Assume by symmetry that vi;v;3 € E(G’). Since vy5 has its third neighbor in G,
by Lemma 3.4.6 with x = v13, y = v17, and z = vy5, G'[C] has a dominating set of size 7
and hence G’ has a dominating set of size 8.
Case 8.2.2: d = 11. By (3.14), a = b = 4, and ¢ = 3. Then Lemma 3.4.4 for C' and
Lemma 3.4.3 for the path (vigv17 ... V95015014 . . . v1) forces the third neighbor of vy7 to be
amongst v, Vs, Vs, V14, Uz, and var. If vi7v91 € E(G), then since vig has its third neighbor
in G', Lemma 3.4.6 with © = v17, y = v91, and z = vyg yields a dominating set in G'[C] of
size 7. If vi7v; € E(G') for i € {2,5,8,14}, then the set {vi7,v19, V22, v25} dominates 13
vertices and leaves only a collection of paths whose lengths are divisible by 3. So, in this
case G’ can be dominated by 8 vertices. If vi7v90 € E(G’), then vy dominates all but a
Py in G, and hence G’ has a dominating set of size 8.
Case 3.2.3: d = 10. In this case, a + b + ¢ = 12, and no combination of values for a, b,
and c satisfies (3.14): if a = 4, then b 4 ¢ = 8, a contradiction; otherwise 6 < a < b, and
a+b+c>14.
Case 3.2.4: d =9. By (3.14), (a,b,c) € {(4,4,5),(4,6,3), (4,7,2)}.
Case 3.2.4.1: a = b =4, and ¢ = 5. Let v; be the third neighbor of v17. By Lemma 3.4.4
for C' and Lemma 3.4.3 for the paths (vi14015 . . . V513012 . .. v1) and
(V17016 - . . Vg3V UasV18V1g - . . UoaU1 s . .. Ug), & € {10,14,21}. Since wvig has its third
neighbor in G, if vi7v9; € E(G’), then Lemma 3.4.6 with © = vy7, y = v9, and z = vyg
yields a dominating set of G’[C] of size 7. Suppose that vi7v;9 € E(G’). Since vio has
a common neighbor with vss, it has a third neighbor v;. By Lemma 3.4.6 with x = vy7,
y = vip, and z = vy, j € {14,15,16}. By Lemma 3.4.4 for C, j # 14. Then the cycle
(V103 . . . UgUa3U24V25V13V14 - . . UjU12011V10V17V18 - - - Ua2) contradicts the maximality of r. So
vi7v14 € E(G'). The path (v93v24095013012 . . . V122091 . . . U17014015016) forces vig to have
its third neighbor in G’. By Lemma 3.4.3 for this path and Lemma 3.4.4 for C, this
third neighbor is in {vy, vy, v7, V10, v20}. If the neighbor is in {vq,v4, v7,v90}, then the
set {vy, vy, V7, Vg, V11, V14, Va0, Va5 } dominates G'. Hence vigv19 € E(G’). Symmetry then
forces visvy; € E(G'), and the set {v1, v4, v7, V10, V13, V18, Va1, Va3 } dominates G'.
Case 3.2.4.2: a = 4,b = 6,c = 3. Then vy has its third neighbor in G’, and by
Lemma 3.4.4 for C' and Lemma 3.4.3 for the paths (v14v15 ... V25013012 . .. v1) and

(V15014 - - . Vg3V Va5V 6V 7 - . . VoU1 Vg . . . Ug), this neighbor is in {vy, vy, v7, V19, V17, V20 }-
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Since v19 has its third neighbor in G/, Lemma 3.4.6 with 2 = v1g, y = v14, and 2z = vy, elim-
inates v1g as the third neighbor. Now for each of the remaining vertices v;, Lemma 3.4.6
with = v;, y = v14, and z = vg yields a dominating set of G'[C] of size 7.

Case 3.2.4.3: a = 4,b=T7,c = 2. Then vy, has its third neighbor in G’. By Lemma 3.4.4
for C' and Lemma 3.4.3 for the paths (vi4v13 . .. VgUa3V24U25V15V16 - - . Vao¥1 Vg . . . Ug) and
(V14015 . . . V2513012 . . . V1), this neighbor is in {vyg, v18,v91}. Since both of vy, and vy
have third neighbors in G’, Lemma 3.4.6 with x = vy, y = v14, and z = v and with
T = v, Yy = Vs, and z = vy forces vi4ve; € E(G’). This then forces the hamiltonian
cycle (V14013 . . . V1V9V93U24 V25015016 - - - Ua1) contradicting the maximality of .

Case 3.2.5: d = 8. By (3.14), (a,b,c) € {(4,4,6), (4,7,3)}.

Case 8.2.5.1: a = b=4,c = 6. Since vy5v15 € E(G"), v13 has its third neighbor in G’. By
Lemma 3.4.4 for C' and Lemma 3.4.3 for the paths

(V17016 - - . UgU23V24V25V18V1g - - . VooV Vg . . . U7) and

(Vg1 - . . V18U25V24 V23V VT - . . V1 U2Ua1 U2 V19 ), this neighbor is in {wvg, v1g,v16,v17}. Since
vy has its third neighbor in C, by Lemma 3.4.6 with o = vy, y = wv13, and z = vy,
vouis & E(G'). If vizvyg € E(G'), then the set {vq,vs, vg, V10, V15, V18, Va1, Vo5 } domi-
nates G'. If vigvig € E(G'), then symmetry gives vi7v14 € F(G’). Thus Lemma 3.4.4
for C' and Lemma 3.4.3 for the paths (v15014017016V13V12 - . . U1U22021 . . . V1gUa5V4U23) and
(V15V16V13V14V17018 - - . VooV Vg . . . U12Ua5U24U23) eliminates all possible neighbors of vy5. The
last possibility is that visv17 € E(G’). The path

P’ = (033U24095018019 - . . Vo1 V3 . . . V13V17V16V15014) forces viy to have its third neigh-
bor, say v;, in G'. By Lemma 3.4.3 for the path (vi3v14...v5v12011 ... v1) and for P’
i € {2,5,11,20,21}. By Lemma 3.4.6 with x = v14, y = v;, and z = vy, @ ¢ {2,5,11}.
So, i € {20,21}. If i = 20, then the set {vs, vg, vg, V12, V16, V20, Va2, V25 } dominates G'. If
i = 21, then the cycle (v1g019U20V21V14V15V16V17V13 V12 - . . V1VagV3U24V05) contradicts the
maximality of .

Case 8.2.5.2: a =4,b="T,c = 3. Since vo5v12 € E(G"), v13 has its third neighbor in G'.
Lemma 3.4.4 for C' and Lemma 3.4.3 for the paths

(’014013 -+ - UgU23V24U25U15V16 - - - U22V1V2 .« ~U7)7

and (V13014 - . . VoaU1 Vg . . . Vgla3Uaq V519011 V10V ) forces this neighbor to be in {vs, vg, vg}.
Since vy; has its third neighbor in G’, by Lemma 3.4.6 with = vg, y = v13, and 2z = vy,
vouis ¢ E(G'). Finally, for ¢ = 3,6, Lemma 3.4.6 with 2 = v13, y = v;, and z = vg
eliminates the remaining possible neighbors for vy3.

Case 3.2.6: d = 7. In this case, by (3.14), a = b = 6, and ¢ = 3. So, vy4 has its third
neighbor in G’. Lemma 3.4.4 for C' and Lemma 3.4.3 for the paths
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(V15014 - - . V1 U20V93V24V25V16V17 - . - U21) and (V14015 . . . UasV13012 . .. V1), forces this neighbor
to be in {vy, vy, V19, V17, Ve }. Since vyo has its third neighbor in C, by Lemma 3.4.6 with
T = V19, Y = V14, and z = vy, V14010 ¢ E(G’). Furthermore, for i = 17,20, Lemma 3.4.6
with * = vy4, y = v;, and 2z = vy yields that the possible neighbor of vy4 is either vy
or vy. If viyv; € E(G’), then the hamiltonian cycle (vosvay ... v14v10 ... v13) contradicts
the maximality of r. If vi4vy € E(G’), then by symmetry visv3 € E(G) and the 23-cycle
(V1V9V3V15U14V4V5 . . . V13V25V16V15 - - - Vg2) contradicts the maximality of .

Case 3.2.7: d = 6. By (3.14), (a,b,c) € {(4,6,6), (4,7,5), (4,9, 3), (4,10, 2), (6,6, 4),
(6,7,3),(7,7,2)}.

Case 8.2.7.1: a = 4,b = ¢ = 6. Since vjpvy; € E(G’), vyy has its third neighbor
in G'. Lemma 3.4.4 for C and Lemma 3.4.3 for the paths (v11v12 ... V250100V . . . V1)
and (V15014 . . . V1V9V3U24 V25016017 - - - U271 ), this neighbor is in {vq, vy, v7, V14, V15, V17, V20 }
Since vg has its third neighbor in G’, by Lemma 3.4.6 with = vy, y = vy, and z = vy,
vy € E(G'). Also for i € {4,1,20,17}, Lemma 3.4.6 with 2 = vy;, y = v;, and z = vg
eliminates v; as a neighbor of v1;. Thus vy; is adjacent to either vi4 or vy5.

Case 3.2.7.1.1: vyjv15 € E(G'). Then vy4 has its third neighbor in G’. By Lemma 3.4.4
for C' and Lemma 3.4.3 for and the paths (v15v14 . . . VgU23024V25V16 - . . V2oV Vs . . . v5) and
(V14V13V120V11015V16V17 - - - Va5U10Vg - - . V1), this neighbor is in {vq, vy, v7, V17, v90}. By
Lemma 3.4.6 with x = vg, y = v, and 2z = w4, v14 is not adjacent to v; for ¢ €
{1,4,17,20}. Thus v14v7 € E(G’), and the hamiltonian cycle

(V1V3 . . . Vga3U24U25V10VgUgU7V14V13V12V11 V1516 - - - Up2) contradicts the maximality of r.
Case 3.2.7.1.2: vy1v14 € E(G') and by symmetry vsvs € E(G'). Then vy5 has a neighbor
in G', and by Lemma 3.4.4 for C' and Lemma 3.4.3 for the path

(V15014 - - - V1gUa5U24U23V20V1 Vs . . . Vg), this neighbor is in {vs, vg, V12, V18, V19, V21 }. Since vy7
has its third neighbor in G’, by Lemma 3.4.6 with x = vy, y = vi9, and z = vy,
visv19 € E(G'). If vi5v3 € E(G'), then the 23-cycle

(V1VU3V15V14 - . . UgU23V24Va5U16V1T - - - Ugo) contradicts the maximality of r. If vizv9 € E(G'),
then the 23-cycle (v1vy ... VoU15V14 . . . V10U25V16V17 - - - Vag) contradicts the maximality of r.
If vi5v12 € E(G'), then the path (v93v24025V10V9 . . . V1V20Va1 . . . V15012011V14013) forces vyg
to have the third neighbor in . Then Lemma 3.4.3 for this path, C', and the path
(U23V24V950160U17 - . . UgaU1 Vs . . . U11V14V15V12013) eliminates all possible neighbors of vy3. If
v15v21 € E(G'), then the cycle (vivg ... 015021V . . . V16U25V24V23022) contradicts the max-
imality of r. Thus, visv1s € E(G') and, by symmetry, vivy € E(G’). Then the set
{v9, U5, V7, V10, V13, V16, U20, Vo3 } dominates G'.

Case 3.2.7.2: a = 4,b = 7,¢ = 5. Since vgve3 € E(G’), vs has its third neighbor in G'.
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By Lemma 3.4.3 for C' and Lemma 3.4.6 with = vy, ¥y = v19, and z = vs, this neighbor
is in {vy, vg, Vs, Ve }. Since v7 has its third neighbor in G’, by Lemma 3.4.6 with z = vj,
Yy = vy, and z = vy, v5v9 & F(G'). If vgvs € E(G’), then vg dominates all but a Py, hence
vs is adjacent to either vy or wvs.

Case 3.2.7.2.1: vsv; € E(G"). Then vy has its third neighbor in G’, and by Lemma 3.4.4
for C' and Lemma 3.4.6 with x = vyy, y = v19, and z = vy, this neighbor is either vg or
vg. If vovg € E(G"), then vg dominates all but a P,; and hence vyvg € E(G’). Then the
hamiltonian cycle (v1vv91 . . . V10V25V24V23V6U7UsUgU2V304v5) contradicts the maximality
of r.

Case 3.2.7.2.2: vsvg € E(G'). The path (v950240230607 . . . Vagv1 Uav504v3) forces vs to have
its third neighbor in G’. By Lemma 3.4.4 for C and Lemma 3.4.3 for this path, this third
neighbor is one of vy, v1a, V15, and vg. If this neighbor is in {v19, v15,v91 }, then the set
{vg, v3,v7, V10, Vo3} dominates all but a Py or but a Py and a Ps. In both cases, G’ can
be dominated by 8 vertices. Hence vsvg € E(G’). In this case, the hamiltonian cycle
(V1 V2U5V4V3V9 Vg V7 Vg3 U4 Va5 V10 V1 1 - - - Uo2) contradicts the maximality of r.

Case 3.2.7.3: a = 4,b =9,c = 3. Since vigvgs € E(G'), vy has its third neighbor in G.
By Lemma 3.4.4 for C' and Lemma 3.4.3 for the paths

(V12011 - . . UgU23V24V25V13V14 - . . VgV Vg . . . U5) and

(U7Ug . . . V13V5U24Va3V6 Vs . . . U1 U091 - . . U14), this neighbor is either v; or vs. Since vy has
its third neighbor in G’, by Lemma 3.4.6 with = vy, y = vy, and z = vy, vi107 & E(G').
Hence vi1vs € E(G’), and so vg dominates all but a Py in G.

Case 3.2.7.4: a = 4,b = 10,c¢ = 2. Since v; is a neighbor of vy, it has its third neigh-
bor, say v;, in G’. By Lemma 3.4.3 for P, i € {1,2,8,9,11,14,15,17,18,20,21}. By
Lemma 3.4.6 with = v19,y = va2,2 = v3, @ € {1,2,8,9}. If vyu9 € E(G’), the hamil-
tonian cycle (v1vg . . . UsU9UgU7VaV23V24Va5V10V1 ] - - - U2) contradicts the maximality of r. If
vg has its third neighbor in G’ then vg dominates all but a Py; in G’. Hence i € {1, 2}.
Case 3.2.7.4.1: vsv; € E(G"). The path (0950240230607 . . . V201 U50403V) forces v to have
its third neighbor, say v;, in G'. By Lemma 3.4.3 for this path

j € {8,9,11,14,15,17,18,20,21}. By Lemma 3.4.6 with x = vy, y = va, 2 = s,
j € {8,9}. Since vg does not have its third neighbor in G', vovg € E(G’). Then the
hamiltonian cycle (v1050403V2V9U8V7VaV23V24V25V10V11 - - - Ua2) contradicts the maximality
of r.

Case 3.2.7.4.2: vsvy € E(G'). The path (vo5v240230607 . . . UaaU1020504v3) forces vz to
have its third neighbor, say v;, in G’. By Lemma 3.4.3 for this path and P, j €
{8,9,11,14,15,17,18,20,21}. By Lemma 3.4.6 with z = vi9,y = v,z = v;, j €
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{8,9,11, 15,18, 21}. Since vg does not have its third neighbor in G’, j € {9,11,15,18,21}.
If v3vg € E(G"), the hamiltonian cycle (v1v20504V3V9U8V7UgU23V24V25V10V11 - - - Ugg) CONtra-
dicts the maximality of . If vsv1; € E(G’), the cycle

(V1V9V5V4V3V11 V] - - . VgU23V24V25V12V13 - - . Vag) contradicts the maximality of r. If vgvy; €
E(G"), the 23-cycle (0109050403091 V90 - . . VgUa3V22) contradicts the maximality of 7. Hence
j € {15,18}. Since w7 is a neighbor of vy, it has its third neighbor, say v, in G'. By
Lemma 3.4.3 for P and the path (v7vs . .. v12025V24023V6V5 - . . UogVa1 - . . V13),

h € {11,13,16,19}. Since vy has its third neighbor in G’, by Lemma 3.4.6 with x =
v, ¥y = v7, and z = vy, vy ¢ E(G). If vigu; € E(G') the hamiltonian path
(V19011 . . . V7UI3V14 - . . U1 . . . VgUa3U24V5) contradicts the maximality of r. So h € {16,19}.
If h = j + 1, then the 23-cycle (v1V2U5V4V3V;V;_1 . . . V1gV25V24V23U6V7 VR V41 - - - V22) coOntra-
dicts the maximality of r. If j = 15 and h = 19, the set {vy, v, v7, V19, V13, V17, V21, V24 }
dominates G'. Hence j = 18, h = 16, and the set {vs, v7, v10, V14, V18, V20, Va2, Va5 } domi-
nates G'.

Case 3.2.7.5: a = b = 6,c = 4. Since vy has its third neighbor in G’, by Lemma 3.4.4
for C' and Lemma 3.4.3 for the paths (v11v10 . . . VgU23024U25V12V13 - . . Vo071 V3 . .. Ug), and
(V15014 - - . UgU23V4V25V16U17 - - . VoU1 Vs . . . V) this neighbor is in {v7, vs, v15}. Since vy has
its third neighbor in G’, by Lemma 3.4.6 with x = vy, y = vy5, and z = wvi3, V1015 ¢
E(G).

Case 3.2.7.5.1: vyv; € E(G'). The path (3024095012013 . . . Vo103 . . . V7011 V10VgVg)
forces vg to have its third neighbor in G'. By Lemma 3.4.3 for this path and the paths
(U7Ug . . . V16V25V24 Va3V Vs . . . V1VU22Va1 - . . V17), (V15V14 - . . VgU23U24Va5V16UIT - - . U2aU1 Vg . . . Us),
and (vgvgU19V11V7VaV23V24Va5V12V13 - - - UgaU1 Vs . . . U5), this neighbor is vys. Then the 23-
cycle (v1vy . .. V7V11V10VeUV15V14V13V12Va5V16V1T - - - U2) contradicts the maximality of r.
Case 3.2.7.5.2: vjyvg € E(G'). The path (v93v24095012013 . . . Vo1 V3 . . . Vg1 V1009 ) forces
vg to have its third neighbor in G’. By Lemma 3.4.3 for this path and Lemma 3.4.4
for C', this neighbor is in S = {wvy,vs,v15, V18, v21}. For each v; € S except vys, the
set {wvg, vs, Vg, V11, V14, U1s, V21, V25 } dominates G'. So, vguis € E(G’). Then the 23-cycle
(Vv . . . Vg1 V10V U15V14V13V12V25V16V17 - - - Va2) contradicts the maximality of r.

Case 3.2.7.6: a = 6,b =7,c = 3. Let v; be the third neighbor of v14. By Lemma 3.4.4
for C' and Lemma 3.4.3 for the paths (vg1v9q . . . V12025024 V230V9201 V3 . . . V11 ),

(V14013 . . . UgU23V4U25V15V16 - - - VoaU1 Vg . . . U5), and (V13014 . . . UasV1201y ... 1), @ € {18,21}.
Since now w16 has its third neighbor in G’, by Lemma 3.4.6 with x = vy4, ¥ = vig, and
z = w6, V14018 ¢ E(G'). Hence v14v9; € E(G') and the hamiltonian cycle

(V1V9 . . . V14V1 Vg . . . V15V25V24 V23002 ) contradicts the maximality of r.
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Case 3.2.7.7: a = b =T7,c = 2. Then vy has its third neighbor in G’. By Lemma 3.4.4
for C' and Lemma 3.4.3 for the paths (v14v13 ... UgU30U24Va5V15V16 - - - UgaU1Vs . . . U5), and
(V14015 . . . U5V13V12 . . . 1), this neighbor is in {v7,vi0, V18, v21}. By symmetry, we may
assume that it is in {v7,v19}. Since vy5 has its third neighbor in G’, Lemma 3.4.6 with
r = vy, Yy = Vs, and z = wvio eliminates vy as a possible neighbor of vy4. Thus
v14v; € E(G'), and the hamiltonian cycle (vivs. .. Vg093024V25V13V12 - . . V7VU14V15 - . - V22)
contradicts the maximality of r.

Case 3.2.8: d =5. By (3.14), (a,b,c) € {(4,10,3),(7,7,3)}.

Case 3.2.8.1: a = 4,b = 10,¢ = 3. Then v has its third neighbor in G’. If this
neighbor lies on the 19-cycle (vsvy . .. V12091 . . . V12V95V24003), the set {v7, v19} dominates
all but a Pjg, hence this neighbor is in {vs, v7,vs}. By Lemma 3.4.4 for C, vg cannot be
this neighbor. Since vg has its third neighbor in C, if vigvg € F(G’), Lemma 3.4.6 with
T = v19, Y = Vg, and z = vg gives a dominating set of G'[C] of size 7. Hence vigv; € E(G').
Then the set {vq, vs, v7, V12, V15, V18, Va1, V95 } dominates G'.

Case 3.2.8.2: a =b="T,c = 3. Since vysv15 € F(G"), v13 has its third neighbor in G’. By
Lemma 3.4.4 for C' and Lemma 3.4.3 for the paths

(V14013 - . . V5U23U24 Vo5V 15V 6 - - - VooV Vs . . . Uy) and

(V13014 - . . UV Vg . . . UsU23Ua4 V25012011 - - - Ug), this neighbor is in {vs, vs, Vg, V16, V1g }-
Lemma 3.4.6 with z = v, y = v15, and 2z = vz shrinks the list to {vg, ve}. Since vy
has its third neighbor in G’, by Lemma 3.4.6 with x = vy, y = v13, and z = vy yields
vou1s ¢ E(G"). Hence v13v6 € E(G'). Now the hamiltonian cycle

(V1V2 . . . V593U U25V12V1] - - . VgV13V14 - - - Ug2) contradicts the maximality of r.

Case 3.2.9: d = 4. By (3.14), (a,b,c) = (6,9,3). Let v; be the third neighbor of
vs. By Lemma 3.4.6 with £ = wve, y = v19, and 2z = vs, ¢ < 9. Then Lemma 3.4.3
for the path (vsvs . .. vV10V25V24V23V4V3V2V 1 U22V01 . .. V11 ), and Lemma 3.4.4 for C' further
yield that ¢ € {1,8,9}. Since vz has its third neighbor in G’, by Lemma 3.4.6 with
r = v,y = vs, and z = vz, vsv; ¢ E(G'). If vsug € E(G’), then by the same
argument, vg is adjacent to one of v; and vs. So wgv; € E(G’). Then the 23-cycle
(V1V2U3V4V3Vg . . . VgUsUgU7Ug) contradicts the maximality of 7. Thus, vsvg € E(G’). The
path (v9509402304U3V2V1U2aV91 . . . UgUsUU7) forces vy to have its third neighbor, say v;, in
G’. By Lemma 3.4.3 for this path and Lemma 3.4.4 for C, i € {1,11,14,17,20}. If
vrv; € E(G'), then the 23-cycle (v1vav304093099 . . . UgUsVgv7) contradicts the maximality
of r. If i € {11,14, 17,20}, then the set {vq, v5, V19, V11, V14, V17, U2g, U23} dominates G'.
Case 8.2.10: d = 3. Since a < band ¢ > 2, a < (22 -3 —2)/2 = 8.5. So by (3.14),
a€{4,6,7}.
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Case 3.2.10.1: a € {4,7}. Since vy shares a neighbor with vy, it has its third neighbor,
say v; in G'. By Lemma 3.4.6 with & = vog, Yy = Vgrq, and z =15, 4 <i < d+a—1<
9. By Lemma 3.4.3 for P, i # 4,7. If d+a—2 < i < d+ a — 1, then the cycle
(V23V94V25Vd 1 qVdtat1 - - - VaaU1U20;0;—1 . . . U3) contradicts the maximality of r. This means
that a = 7 and 5 <7 < 6. The edge vyvs contradicts Lemma 3.4.6 with x = v3, y = vy,
and z = vs. So v € E(G), a contradiction to Lemma 3.4.6 with z = vy, y = vg, and
Z = y.

Case 8.2.10.2: a = 6. Then by (3.14), ¢ = 3. Since v; shares a neighbor with vg3, it
has its third neighbor, say v; in G’. By Lemma 3.4.6 with © = v2, y = v3, and 2z = vy,
13 < i < 21. By Lemma 3.4.3 for P, i # 15,18,21. If 13 < ¢ < 14, then the cycle
(V19011 . . . VIV 11 . . . Ve5) contradicts the maximality of r. Lemma 3.4.6 with z = vy,
Y = Vg, and z = v;, shows that i # 20,17. So i € {16,19}. The same lemma with = = v;,
y = vy, and 2 = vy1, shows that the third neighbor of vy, is some v; with i +1 < j < 19.
It follows that ¢ = 16 and 17 < 57 < 19. By Lemma 3.4.3 for P, j # 19. By the symmetry
between vy and vy, v11v1s € F(G) and hence j = 17. But then symmetrically vy3 also is
adjacent to vy7, a contradiction.

Case 3.2.11: d = 2. Since ¢ < d, ¢ = 2, and again no triple (a, b, c) satisfies (3.14).
Case 4: r = 23. Since vy5 is the endpoint of a hamiltonian path in P, it has two neighbors
in C. This forces vo4 to be the endpoint of another hamiltonian path, and so v, also has
two neighbors in C. By the maximality of r, the distance on C between any neighbor
of voy and any neighbor of ve5 is at least 3. Then Lemma 3.4.3 for P and the path
(V95040930113 . . . Ug9) forces the neighbors of vys in C' to be in {vy, v7, v1g, V13, V16, V1g }-

By symmetry, we conclude that

the distance on C' between any neighbor of ve4 and any neighbor of vy is in {4,7,10}.

(3.15)
In particular, since each of these values is 1 modulo 3, the neighbors of vyy, and wvss
cannot alternate around C. So, we may assume that vg5v4, U2sVUgra, V2ata3—p € E(G'),
and ¢ = 23 —a — b — d. We may assume further that d < ¢ and a < b. In particular,
d+ a < 11 and hence d € {4,7}. Furthermore, since a is divisible by 3, d + a < 10.
As a neighbor of vy, v441 has its third neighbor, say v;, in C. By Lemma 3.4.6 with
T = V3, Y = VUgia, and 2 = vg41, ¢ < d+a—1. If © = 1, then the hamiltonian cycle
(VgUg—1 - - . V1Ug11V442 - - - Vos) contradicts the maximality of r. By Lemma 3.4.3 for the
path (Vg41Vg42 ... U2g010g . .. VgUasU24), © & {2,5,d + 3,d + 6}. By Lemma 3.4.3 for the

path (Vgra—1Vdia—2 - - - V1023U22 . . . UgiqU2sVa4), © 7# 3, d—1. Summarizing and remembering
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that d € {4,7} and d + a < 10, we have
ifd=4,then8<i<d+a—1<9;ifd=7, then i =4. (3.16)

Case 4.1: d = 4. By above, d+ a € {7,10}. So, by (3.16), i € {8,9}.

Case 4.1.1: © = 9. The path (v940950V4V3V201V93V93 . . . VgU5VEU7vs) forces vg to have its
third neighbor, say v;, in G'. By Lemma 3.4.3 for this path, j # 2,6. By Lemma 3.4.6
with & = va3, ¥y = v19, and z = vg, j < 9. Thus, j € {1,3}. If j = 1, then the hamiltonian
cycle (vgv7V6V5VeVg - . . UsV43V1 ) contradicts the maximality of r. Thus, vgvg € E(G').
Then the set {vs, vg, V10, V11, V14, V17, V20, V23 } dominates G’

Case 4.1.2: i = 8. By (3.15), ¢ € {4, 7}. The path P’ = (v;06050s0g . . . Ua504030907 ) forces
v7 to have its third neighbor, say v;, in G'.

Case 4.1.2.1: ¢ = 4. By the symmetry between vs and vy, vgvg € E(G’). By Lemma 3.4.3
for P’ and the symmetric path (v;v8V9VgVs . . . V1U23V0s . . . V14V24U25V10V11 V12013), We have
j € {3,11,17,20}. By symmetry, we may assume that either j = 11 or j = 17. Then the
set {vy, vy, Vg, V11, V14, V17, V18, V21 } dominates G’

Case 4.1.2.2: ¢ = 7. Recall that v; is the third neighbor of v;. By Lemma 3.4.3 for P, P’,
and the path (v;v6V5V8V9V10V25V24V17V18 - - - Va3 V20304 ), we have j € {1,11,14}. If j = 1,
then the hamiltonian cycle (v1vav304V95v24 . . . VsU5VgV7) contradicts the maximality of .
If j = 11, then the 24-cycle

(V1 V2U3V4V25V10VeUs V5 VU7V V12 - - - Va3) contradicts the maximality of 7. Finally, if j = 14,
then the set {vq, v7, Vs, V12, V16, V19, V22, Vo5 } dominates G'.

Case 4.2: d ="7. By above, d 4+ a = 10. By (3.16), i = 4. The path

P" = (010203040809 . . . Ua5v706Vs5) forces vs to have its third neighbor, say v;, in G'. By
Lemma 3.4.6 with x = vy, y = v7, and z = vs, j < 6. Thus, 5 € {1,2,3}. Lemma 3.4.3
for P’ and for the path (vovs ... V10309 . .. V1gU25v24) yields j # 2 and j # 3, respectively.
So, vsv; € E(G'). Now the cycle (v1vau304080g . . . Va5v706v5) contradicts the maximality
of r. O
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Chapter 4

Acyclic Coloring

4.1 Introduction

Remember that a proper coloring of the vertices of a graph G is an assignment of colors
to the vertices of the graph such that no two adjacent vertices receive the same color. A
proper coloring of a graph G is acyclic if the union of any two color classes induces a forest.
The acyclic chromatic number, a(G), is the smallest integer k£ such that G is acyclically
k-colorable. The notion of acyclic coloring was introduced in 1973 by Griinbaum [12]
and turned out to be interesting and closely connected to a number of other notions in
graph coloring. Several researchers felt the beauty of the subject and started working on
problems and conjectures posed by Griinbaum.

In particular, Griinbaum studied a(r) — the maximum value of the acyclic chromatic
number over all graphs G with maximum degree at most r. He conjectured that always
a(r) = r + 1 and proved this for < 3. In 1979, Burstein [9] proved the conjecture for
r = 4. This result was proved independently by Kostochka [16]. It was also proved in [16]
that for £ > 3, the problem of deciding whether a graph is acyclically k-colorable is NP-
complete. It turned out that for large r, Griinbaum’s conjecture is incorrect in a strong
sense. Albertson and Berman mentioned in [1] that Erdds proved that a(r) = Q(r%/3~°)
and conjectured that a(r) = o(r?). Alon, McDiarmid and Reed [4] sharpened Erdés’
lower bound to a(r) > c¢r*/?/(logr)*/® and proved that

a(r) < 50743, (4.1)

This established almost the order of the magnitude of a(r) for large r. Recently, the

problem of estimating a(r) for small  was considered again.
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Fertin and Raspaud [11] showed among other results that a(5) < 9 and gave a linear-
time algorithm that acycliclically 9-colors any graph with maximum degree 5. Further-
more, for r > 3, they gave a fast algorithm that uses at most r(r — 1) /2 colors for acyclic
coloring of any graph with maximum degree r. Of course, for large r this is much worse
than the upper bound (4.1), but for r < 1000, it is better. Hocquard and Montassier [14]
showed that every 5-connected graph G with A(G) = 5 has an acyclic 8-coloring. Kotha-
palli, Varagani, Venkaiah, and Yadav [23] showed that a(5) < 8. Kothapalli, Satish, and
Venkaiah [22] proved that every graph with maximum degree 7 is acyclically colorable
with at most 1+ r(3r +4)/8 colors. This is better than the bound r(r — 1)/2 in [11] for
r > 8. The main result of this chapter is

Theorem 4.1.1. FEvery graph with mazimum degree 5 has an acyclic T-coloring, i.e.,
a(b) < 7.

We do not know whether a(5) is 7 or 6, and do not have a strong opinion about it.

Our proof is different from that in [11, 14, 23] and heavily uses the ideas of Burstein [9].
He started from an uncolored graph G with maximum degree 4 and colored step by step
more and more vertices (with some recolorings) so that each of the partial acyclic 5-
colorings of GG had additional good properties that enabled him to extend the coloring
further. The proof yields a linear-time algorithm which gives an acyclic coloring using at
most 7 colors of any graph with maximum degree 5. Using this approach we also show
that for every fixed r > 6, there exists a linear-time algorithm giving an acyclic coloring
of any graph with maximum degree r using at most 1 + L%J colors. This is better
than the bounds in [11] and [22] cited above for every r > 6.

In the next section we introduce notation, prove two small lemmas and state the main
lemma. In Section 4.3 we prove Theorem 4.1.1 modulo the main lemma. In Section 4.4
we derive linear-time algorithms for acyclic coloring of graphs with bounded maximum
degree. In the last section we give the proof of the main lemma.

This chapter is based on joint work with A. V. Kostochka.

4.2 Preliminaries

Let G be a graph. A partial coloring of G is a coloring of some subset of the vertices of G.
A partial acyclic coloring is then a proper partial coloring of G' containing no bicolored

cycles.

80



Given a partial coloring f of G, a vertex v is
(a) rainbow if all colored neighbors of v have distinct colors;

(b) almost rainbow if there is a color ¢ such that exactly two neighbors of v are colored
with ¢ and all other colored neighbors of v have distinct colors;

(c) admissible if it is either rainbow or almost rainbows;

(d) defective if v is an uncolored almost rainbow vertex such that at least one of the two
of its neighbors receiving the same color is admissible.

A partial acyclic coloring f of a graph G is rainbow if f is a partial acyclic coloring
of G such that every uncolored vertex is rainbow.

A partial acyclic coloring f of a graph G is admissible if either f is rainbow or one
vertex is defective and all other uncolored vertices are rainbow. In these terms, a coloring
is rainbow if it is admissible and has no defective vertices. Note that both, rainbow and
admissible colorings are partial acyclic colorings where additional restrictions are put
only on uncolored vertices. The advantage of using admissible colorings is that they
provide a stronger induction condition that places additional restrictions only on coloring
of neighbors of uncolored vertices. So, the fewer uncolored vertices remaining, the weaker
these additional restrictions.

All colorings in this section will be from the set {1,2,...,7}.

Lemma 4.2.1. Let v be a vertex of degree 4 in a graph G with A(G) < 5. Let f be an
admissible (respectively, rainbow) coloring in which v is colored with color ¢y, each of the
netghbors of v is colored, and exactly 3 colors appear on the neighbors of v. If at least
one of the two neighbors of v receiving the same color and one of the other two neighbors
of v each have a second (i.e., distinct from v) neighbor with color ¢y, then we can recolor
v and at most one of its neighbors so that the coloring remains admissible (respectively,
rainbow). In particular, the new partial acyclic coloring has no new defective vertices.
Moreover, if we need to recolor a vertex other than v, then we may choose a vertex with

5 colored neighbors and recolor it with a color incident to v in f.

Proof. Let N(v) = {21, 29, 23, 21}, f(21) = f(22) = c2, f(23) = ¢3, f(24) = 4. Let 25 and
z3 be the neighbors of v with colors cs, and c3 that are also adjacent to another vertex
of color ¢;. We may assume that 25 is adjacent to a vertex of color cs, since otherwise
when we recolor v with c¢5, no bicolored cycles appear and the coloring remains admissible
(respectively, rainbow). Similarly, we may assume that z, is adjacent to vertices of colors
c¢ and c7. Then we may recolor 2z, with c3 and repeat the above argument to get that

z3 also is adjacent to vertices with colors c¢s, cg, and c¢;. In this case, we may change the
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original coloring by recoloring z3 with ¢, and v with ¢3. So, in this case only v and z3
change colors. Note that either only v changes its color, or z, receives color c3, or z3

receives color cs. O

For partial colorings f and f’ of a graph G, we say that f’ is larger than f if it colors

more vertices.

Lemma 4.2.2. Let v be a vertex of degree 4 in a graph G with A(G) < 5. Let f be
a rainbow coloring in which v s colored with color ¢y, the neighbors z1, zo, and z3 of
v receive the distinct colors cq, c3, and cy, the neighbor zy of v is an uncolored rainbow
vertex. Then either G has a rainbow coloring fi that colors the same vertices and differs
from f only at v, or G has a rainbow coloring f' larger than f. Moreover, if the former
does not hold, then zy has degree 5 and exactly one uncolored neighbor, say z44, and we

can choose the larger coloring [’ so that all the following are true:
1. Fvery vertex colored in f is still colored.
2. Vertex z4 is colored.

3. The only uncolored vertex apart from z, that may get colored is zy4, and it does

only if it has neighbors of colors ¢y, co,c3, and cy.

4. Apart from v, only one vertex w may change its color, and if it does, then (a)w is a
neighbor of z4, (b) w has four colored neighbors, (c) it changes a color in {cs, cg, 7}
to another color in {cs, cg,c7}, and (d) z4 gets the former color of w. In particular,

v is admissible in f'.

Proof. Let v, 21, 23, 23, and vy be as in the hypothesis. We may assume that z, is
adjacent to a vertex z,; of color c;: otherwise, since vy is rainbow, when we recolor v
with ¢5, the new coloring will be rainbow. Similarly, we may assume that z, is adjacent to
vertices 2492, and zy 3 of colors cg and c7. If z4 has no other neighbors, then we can recolor
v with ¢; and color 24 with ¢;. So, assume that 2z, has the fifth neighbor, z44. If 244 is
colored, then f(z44) € {c2,c3, ¢4}, since z4 is rainbow. In this case, we let f'(z4) = ¢; and
f'(v) = ¢5. So, we may assume that z44 is not colored. If z4 4 has no neighbor of color ¢s,
then coloring z4, with ¢y leaves the coloring rainbow and makes it larger than f. Thus,
we may assume that z, 4 has a neighbor of color ¢, and similarly neighbors of colors c3
and cq. If z44 has no neighbor of color ¢, then we let f'(z4) = ¢; and f'(v) = ¢5. So, let

244 have such a neighbor.
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If 241 has no neighbor of color ¢y, then by coloring z; with ¢, and z44 with ¢z, we
get a rainbow coloring larger than f. So, we may assume (by symmetry) that z;; has
neighbors of colors ¢o, ¢3,¢4. If 241 has no neighbor of color ¢y, then we let f'(z4) = ¢,
f'(z44) = ¢5, and f'(v) = ¢. Finally, if 24, also has a neighbor of color ¢;, then we let
['(241) = 6 and f'(24) = cs. O

The next lemma is our main lemma. We will use it in the next section and prove in

Section 5.

Lemma 4.2.3. Let f be an admissible partial coloring of a 5-reqular graph G. Then G

has a rainbow coloring f’ that colors at least as many vertices as f.

4.3 Proof of the Theorem

For convenience, we restate Theorem 4.1.1.

Theorem 4.1.1. Every graph with maximum degree 5 has an acyclic 7-coloring.
Proof. Let G be such a graph. If G is not 5-regular, form G’ from two disjoint copies
of G by adding for each v € V(G) of degree less than 5 an edge between the copies of v.
Repeating this process at most five times gives a 5-regular graph G* containing G as a
subgraph. Since an acyclic 7-coloring of G* yields an acyclic 7-coloring of its subgraph
G, we may assume that G is 5-regular.

Let f be an admissible coloring of G from the set {1,2,...,7} with the most colored
vertices. By Lemma 4.2.3, we may assume that f is rainbow.

Let H be the subgraph of GG induced by the vertices left uncolored by f. Let x be a
vertex of minimum degree in H. We consider several cases according to the degree dy(z).

Case 1: dy(z) = 0. Since f is rainbow, any color in {1,2,...,7} — f(Ng(z)) can be
used to color x contradicting the maximality of f.

Case 2: dy(x) = 1. Since f is rainbow, we may assume that x is adjacent to vertices
of colors 1,2, 3, and 4. Let y be the uncolored neighbor of z. Since y is rainbow, coloring x
with 5 gives either a rainbow coloring or an admissible coloring with the defective vertex
y having the admissible neighbor x, a contradiction to the maximality of f.

Case 3: dy(x) = 2. We may assume that x is adjacent to vertices with colors 1,2, 3,
and two uncolored vertices y; and . Since in our case y; is adjacent to at most 3 colored
vertices, some color ¢ € {4,5,6,7} does not appear on the neighbors of y;. Coloring z
with ¢ then yields either a rainbow coloring, or an admissible coloring with defective

vertex ys and its admissible neighbor x, a contradiction to the maximality of f.
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Case 4: dy(z) = 3. We may assume that x is adjacent to vertices of colors 1 and 2.
By the choice of x, each uncolored vertex of G has at most 2 colored neighbors. Since
the three uncolored neighbors of z have at most 6 colored neighbors in total, some color
c € {3,4,5,6,7} is present at most once among these 6 neighbors. Then coloring = with
c again yields an admissible coloring, a contradiction to the maximality of f.

Case 5: dy(x) > 4. Since each vertex of G has at most one colored neighbor, at
most 5 colors are used in the second neighborhood of . Hence x may be colored to give
a rainbow coloring with more colored vertices.

We conclude that H is empty and that f is an acyclic 5-coloring of G. O

4.4 Algorithms

Theorem 4.4.1. There exists a linear time algorithm for finding an acyclic 7-coloring

of a graph with maximum degree 5.

Proof. The proof of the Theorem 4.1.1, along with Lemmas 4.2.1-4.2.3 gives an algo-
rithm. In order to control the efficiency of the algorithm we make the following modifi-
cation: whenever the proof checks whether a vertex v is in a two-colored cycle, we check
only for such a cycle of length at most 12, and if we do not find such a short cycle,
then check whether two bicolored paths of length 6 leave v. This is enough, since the
existence of such paths already makes the proofs of Theorem 4.1.1 and all the lemmas
work. So, we need only to consider a bounded (at most 5°) number of vertices around
our vertex. It then suffices to compute the running time of this algorithm. Let n be
the number of vertices in GG. The process of creating a 5-regular graph takes O(n) time
since we apply this process at most 5 times, each time on at most 2°n vertices, each of
degree at most 5. We may now assume that G is a 5-regular graph. We then create
and maintain 6 databases D;, j = 0,1,...,5 (say doubly linked lists), each for the set
of vertices with degree j in the current H. At the beginning, all vertices are in Dj, and
it is possible to update the databases in a constant amount of time each time a vertex
gains or loses a colored neighbor. Since there are at most 2°n possible searches for a
vertex with the minimum number of uncolored neighbors, all the searches and updates
will take O(n) time. Note that the processes of Lemma 4.2.1 and Lemma 4.2.2 also take
a constant amount of time to complete. Observe that each of the cases in Lemma 4.2.3
either finds a rainbow coloring, or finds an admissible coloring with more colored vertices,

or reduces to a previous case in an amount of time bounded by a constant. Also when
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Lemma 4.2.3 processes a defective vertex, it yields either a rainbow coloring, or a larger
admissible coloring and the next defective vertex in a constant time. Finally, since we
start from an uncolored graph and color each additional vertex in a constant time, the

implied algorithm colors all vertices in O(n) time. O

For a partial coloring f of a graph G and a vertex v € V(G), we say that u € V(G)

is f-visible from v, if either vu € E(G) or v and u have a common uncolored neighbor.

Theorem 4.4.2. For every fized r there exists a linear (in n) algorithm finding an acyclic

coloring for any n-vertex graph G with maximum degree r using at most 1+ L%J colors.

Proof. We start from the partial coloring f, that has no colored vertices, and for ¢ =
1,...,n at Step ¢ obtain a rainbow partial acyclic coloring f; from f;_; by coloring one
more vertex (without recoloring). The algorithm proceeds as follows: at Step i choose an
uncolored vertex v; with the most colored neighbors. Greedily color v; with a color «; in
C:={1,...,1+ L%J} that is distinct from the colors of all vertices f;_j-visible from
v;. We claim that we always can find such «; in C.

Suppose that at Step i, v; has exactly k& colored neighbors. Then it has at most
r — k uncolored neighbors, and each of these uncolored neighbors has at most k colored

neighbors. So, the total number of vertices f;_;-visible from v; is at most

k+(r—kk=k(r+1—k) < L%J =|C| -1,
and we can find a suitable color «; for v;.

It now suffices to show that for each 4, the coloring f; is rainbow and acyclic. For fy,
this is obvious. Assume now that f; ; is rainbow and acyclic. Since v; is rainbow in f; 1,
coloring it with «a; does not create bicolored cycles. Thus, f; is acyclic. Also since «; is
distinct from the colors of all vertices f;_;-visible from v;, f; is rainbow.

For the runtime, note that at Step i the algorithm considers only v; and vertices at
distance at most 2 from v;. As in the proof of Theorem 4.4.1, it is sufficient to maintain
r+1 databases each containing all vertices with a given number of colored neighbors. This
allows a constant time search for a vertex with the greatest number of colored neighbors.
Moving a vertex as its number of colored neighbors changes takes a constant amount of
time. Choosing and coloring v; together with updating the databases then takes O(r?)

time. Hence the running time of the algorithm is at most c¢,.n, where ¢, depends on r. O
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4.5 Proof of Lemma 4.2.3

We will prove that under the conditions of the lemma, either its conclusion holds or there
is an admissible coloring f” larger than f. Since G is finite, repeating the argument
eventually yields either an acyclic coloring of the whole G or a rainbow coloring. In both
cases we do not have defective vertices.

Let H be the subgraph of G induced by the uncolored vertices. Let x be the sole
defective vertex under f and let yi,¥s9,...,ys be its neighbors. By the definition of a
defective vertex, x has two neighbors of the same color. We will assume that f(y;) =
f(y2) = 1 and that y; is admissible. When more then two neighbors of z are colored, we
assume for ¢ = 3,4,5 that if y; is colored, then f(y;) =¢— 1. Also for i = 1,...,5, the
four neighbors of y; distinct from x will be denoted by w;1,...,y;4 (some vertices will
have more than one name, since they may be adjacent to more than one ;). We consider
several cases depending on dy(z).

Case 1: dy(x) = 0. First we try to color x with colors 5,6, and 7. If this is not
allowed, then for j = 5,6,7, G has a 1, j-colored y;, yo-path. This forces that both of g
and y, have neighbors with colors 5,6, and 7, each of which is adjacent to another vertex
of color 1. In particular, both y; and y, are admissible. For ¢ = 1,2 and j = 1,2, 3, we
suppose that f(y; ;) = j + 4 and y; ; is adjacent to another vertex of color 1.

Case 1.1: For some ¢ € {1,2}, y; 4 is colored and f(y;4) ¢ {5,6,7}. By symmetry, we
may assume that ¢ = 1 and f(y;4) = 2. Recolor y; with 3 and call the new admissible
coloring f’. If we can now recolor y, so that the resulting coloring f” is rainbow on
G — xys — xyy or the only defective vertex in f” on G — xys — xy; is Y24, then we do
this recoloring and color x with 1. Since y; and ys have no neighbors of color 1 apart
from x, we obtained an admissible coloring of G larger than f. If we cannot recolor ys
to get such a coloring, then ys4 is colored with a color ¢ € {5,6,7}. Moreover, in this
case by Lemma 4.2.1 applied to gy, in coloring f’ of G — xy, — xy;, we can change the
colors of only yo and some y € {y21,Y22, Y23, Y24} to get an admissible coloring f; of
G — zyy — xy;. Moreover, by Lemma 4.2.1, fi(y) € {5,6,7}. Then by coloring x with 1
we obtain a rainbow coloring of GG, as above.

Case 1.2: y; 4 is not colored. By Lemma 4.2.2 for vertex y; in G — zy;, either G — zy,
has a rainbow coloring f’ that differs from f only at y; (in which case by symmetry, we
may assume that f'(y;) = 3 and proceed further exactly as in Case 1.1), or G —zy; has a
larger rainbow coloring f’ satisfying statements 1)—4) of Lemma 4.2.2. In particular, by

4), none of ys,ys3, Y4, ys changes its color and y; remains admissible. This finishes Case
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1.2.

By the symmetry between y; and ¥, the remaining subcase is the following.

Case 1.3: f(y14) = 5 and f(y24) = ¢ € {5,6,7}. By Lemma 4.2.1 applied to y; in
G — xy1, we can recolor y; and at most one other vertex (a neighbor of y;) to obtain
another admissible coloring f’'. If f'(y;) € {5,6,7}, then f’ is a rainbow coloring, as
claimed. So, we may assume that f'(y;) = ¢; € {2,3,4}. If all the colors 5,6,7 are
present on neighbors of ys, then again by Lemma 4.2.1 (applied now to y» in coloring f’
of G — xy5), G has an admissible coloring f” that differs from f’ only at y» and maybe
at one neighbor of y,. Then coloring x with 1 we get a rainbow coloring. So, some color
in {5,6,7} is not present in f'(N(y2)). By Lemma 4.2.1, this may happen only if y; ; is
a common neighbor of y; and yo, and ¢ = f(y24) # 5. In particular, in this case, yi1
has neighbors of colors 1 (they are y; and ys), 2,3, and 4. Since ¢ # 5, we may assume
that ¢ = 6. By the symmetry between y; and y2, we conclude that, in f, vertex ys 2 also
is a common neighbor of y; and ys and has neighbors of colors 1 (they are y; and ys),
2,3, and 4. Returning to coloring f’, we see that y, has no neighbors of color 5, and
its neighbors y; 1 (formerly of color 5) and y22 (by the previous sentence) also have no
neighbors of color 5. So, recoloring y, with 5 yields an admissible coloring of G. Now
coloring z with 1 creates a larger rainbow coloring.

Case 2: dy(z) = 1. We first try to color x with 4. If no bicolored cycle is formed,
then either we have a rainbow coloring or an admissible coloring with defective vertex
ys and an admissible neighbor z. Hence we may assume that coloring x with 4 creates
a bicolored cycle. This then gives each of y; and y, a neighbor of color 4. A similar
argument gives each of y; and gy, a neighbor of color 5,6, and 7, i.e., both y; and s
are rainbow. Recoloring y; with color 2 allows us to repeat the argument at y3. Then
y3 also has neighbors of each of the colors 4,5,6, and 7. If y5 has no neighbor of color
2, then recoloring (in the original coloring f) y3 with 1, and coloring x with 2 yields a
rainbow coloring. So, by the symmetry between colors 1,2, and 3, we may assume that
for i € {1,2,3}, f(ys:) = i. Since ys is rainbow, by the symmetry between colors 4,5, 6,
and 7, we may assume that either f(ys4) = 4, or ys 4 is not colored. In both cases, recolor
(in the original coloring f) y3 with 1, color z with 2 and y5 with 5. We get an admissible
coloring larger than f, where only y54 may be defective.

Case 3: dy(z) = 3. If one of the uncolored neighbors ys, y4, y5 (say, y3) of x has 4
colored neighbors, then we may color y3 with some ¢ ¢ f(N(y3)) U {1} and thus create
an admissible coloring larger than f. Hence we may assume that each of ys3,y4, and ys

has at most 3 colored neighbors.
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Case 3.1: One of y; and ¥y, has three neighbors of different colors such that each of
these neighbors has another neighbor of color 1. Suppose for example that for j = 1,2, 3,
f(y1;) = 1+ j and y; ; has another neighbor of color 1. If y; has a fourth color, say c,
in its neighborhood, then we recolor y; with a color ¢ ¢ {1,¢,5,6,7} and get a rainbow
coloring of G. Suppose now that color ¢ € {5,6,7} appears twice on N(y;). Then by
Lemma 4.2.1 applied to y; in G — xy;, we can change the color of y; and at most one
other vertex that is a neighbor of y; not adjacent to uncolored vertices to get another
rainbow coloring of G — zy;. Then this coloring will also be a rainbow coloring of G.
Finally, suppose that y; has an uncolored neighbor y; 4. Applying Lemma 4.2.2 to y; in
G — xy; we either recolor only y; and get a rainbow coloring of G (finishing the case),
or obtain a rainbow coloring f’ of G — xy; larger than f satisfying the conclusions of
the lemma. Since each of y3,y, and ys has at least two neighbors left uncolored by f,
none of them may play role of z4 or 244 in Lemma 4.2.2 when they get colored. Then f’
is an admissible coloring of G where only x could be a defective vertex with admissible

neighbor v. This proves Case 3.1.

Let T be the set of colors ¢ such that more than one of the vertices ys3, y4 and y5 has a
neighbor of color ¢. Since ys3, ¥4 and y5 have in total at most 9 colored neighbors, |T| < 4.

Case 3.2: |T| < 3. By symmetry, we may assume that 7" C {2,3,4}. If coloring
x with ¢ € {5,6,7} does not create a bicolored cycle, then it will yield an admissible
coloring larger than f. So, we may assume that each of y; and y» has in its neighborhood
vertices of colors 5,6, and 7, each of which is adjacent to another vertex of color 1. So,
we have Case 3.1.

Case 3.3: |T| =4. Let T ={2,3,4,5}. As in Case 3.1, we may assume that each of
y; and ys is adjacent to vertices of colors 6 and 7, each of which have another neighbor
of color 1.

Let y3 have exactly 3 colored neighbors labeled ys1,ys2,y33 with colors 2,3,4. Let
y3.4 be the uncolored neighbor of y5. Then if y3 4 has no neighbor of color 5, we may color
ys with 5 to get a new admissible coloring. Hence y34 is adjacent to a vertex of color
5. Similarly, ys4 has neighbors of color 6 and 7. By symmetry, we may assume that a
vertex of color 2 is adjacent to at most one of y4 and ys.

Case 3.53.1: y3 4 has no neighbor of color 1. We try to color y3 with 1 and x with 2.
If this does not produce a new admissible coloring, then one of y; or y,, say y;, has a
neighbor of color 2 that is adjacent to another vertex of color 1. So, we again get Case
3.1

Case 3.53.2: ys 4 has a neighbor of color 1. If y3; has no neighbor of color 1, then we
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again try to color ys with 1 and z with 2, but also color ys34 with 2. Then we simply
repeat the argument of Case 3.3.1. So, suppose that ys;; has a neighbor of color 1. If
Y31 has no neighbor of some color o € {5,6, 7}, then we color ys 4 with 2 and y3 with a.
Thus ys; has neighbors of colors 1,5,6,7. Then we recolor y3; with 3 and color y3 with
2.

Case 4: dy(x) = 2. As at the beginning of Case 3, we conclude that each of the
uncolored vertices y4 and y; has at least one uncolored neighbor besides x.

Let B be the set of colors appearing in the neighborhoods of both, 34 and y5. By the
previous paragraph, |B| < 3.

Case 4.1: |B] < 1. We may assume that {4,5,6,7} N B = (). Try to color x with 4.
By the definition of B, either a two-colored cycle appears, or we get a new admissible
coloring larger than f. Hence we may assume that coloring x with 4 creates a bicolored
cycle. Since this cycle necessarily goes through vy, y; is adjacent to a vertex with color
4. Similarly, y; is adjacent to vertices with colors 5,6, and 7. Then recoloring y; with 3
yields a rainbow coloring of G.

Case 4.2: |B| =2. If 1 € B or 2 € B, then the argument of Case 4.1 holds. Assume
that B = {3,4}. Similarly to Case 4.1, we may assume that for : = 1,2 and j = 1,2, 3,
y; is adjacent to a vertex y; ; of color j 4 4 that is adjacent to another vertex of color 1
(in particular, y; and y, may have a common neighbor of color j + 4).

If y; is rainbow, then uncoloring y; and coloring x with 7 gives Case 1 or Case 2.
Thus we may assume that y; and (by symmetry) y, are not rainbow. So, we may assume
that for ¢ = 1, 2, the fourth neighbor y; 4 of y; distinct from z has color ¢; € {5,6,7}. By
symmetry, we may assume that ¢; = 5. Similarly to Case 1.3, by Lemma 4.2.1 applied to
y1 in G — zyp, we can recolor y; and at most one other vertex (a neighbor of y;) to obtain
another rainbow coloring f’ of G — xy;. If f'(y1) € {3,4,5,6,7}, then f’is a rainbow
coloring of G, as claimed. So, we may assume that f’(y;) = 2. Now practically repeating
the argument of Case 1.3, we find a promised coloring.

Case 4.3: |B| = 3 (see Figure 4.1 on the left). If 2 € B, then we can repeat the
argument of Case 4.2 for B = B — {2}. Hence we may assume that B C {1,3,4,5,6,7}.

Case 4.3.0: 1 € B. Let B = {1,3,4}. Then some color in {5,6,7}, say 7, is not
present on N(ys) U N(ys). Again, we may assume that for i = 1,2 and j = 1,2, 3, y; is
adjacent to a vertex y; ; of color j 4 4 that is adjacent to another vertex of color 1. If y;
is rainbow, then we may uncolor y; and color x with 7 to get Case 1 or Case 2. Suppose
now that y; and y, are not rainbow. By Lemma 4.2.1 applied to y; in G — zy;, we can

recolor y; and at most one other vertex (a neighbor of ;) to obtain another admissible
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Ya1 Ya2 Ya3 Y44 Y51 Y52 Y53 Ys,4

Case 4.3. Case 4.3.4.3.
Figure 4.1

coloring f'. If f'(y1) € {3,4,5,6,7}, then f’ is a rainbow coloring, as claimed. So, we
may assume that f’(y;) = 2. But then we can use the argument of Case 4.2 with the
roles of y3 and ¥y, switched. This proves Case 4.3.0.

So, from now on, B = {3,4,5}. For i = 4,5 and j = 1,2,3, let y;; be the neighbor
of y; of color j + 2. We write the neighbor, since 3y, and ys are rainbow. As observed
at the beginning of Case 4, y4 and y5; each have another uncolored neighbor, call them
ya4 and ys4. In particular, y, and ys have no neighbors colored with 6 or 7. If z can
be colored with either of 6 or 7 without creating a two-colored cycle, then we obtain a
rainbow coloring. Hence we assume that for i = 1,2 and j = 1,2, f(y;;) =7+ 5 and v, ;
has a neighbor of color 1 distinct from y;.

Case 4.3.1: One of y; or ys, say vy, is rainbow. If y,4 has no neighbor of color
c € {6, 7}, then we can color y, with ¢, a contradiction to the maximality of f. If y, 4 has
no neighbor of color ¢ € {1,2}, then by uncoloring y; and coloring y4 with ¢ and x with
6, we obtain an admissible coloring larger than f. So, f(N(ys4)) = {1,2,6,7}. Then we
may color y4 4 with 3 and uncolor y; to get a new admissible coloring as large as f with
one defective vertex vy, for which Case 2 holds. This finishes Case 4.3.1.

So, below y; and y» are not rainbow and hence each of them is adjacent to at least
three colored vertices.

Case 4.3.2: One of y; or ys, say ¥, is adjacent to an uncolored vertex y; 4 # =. We

may assume that f(y11) = f(y12) = 6 and f(y13) = 7. First, we try to color z with 7
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and y; with 3. Since the new coloring has at most one defective vertex, we may assume
that a two-colored cycle is created. Hence each of y; ; and y; 2 is adjacent to a vertex of
color 3. The same argument gives these vertices neighbors of colors 4 and 5. Recall that
one of y; 1 and y; 2, say y;.1, has another neighbor of color 1. Then recoloring y; ; with 2
gives an admissible coloring in which y; is rainbow. Hence Case 4.3.1 applies to this new
coloring.

So, from now on each of y; and y, has 4 colored neighbors. Since y; is admissible we
may assume w.l.o.g. that y; is adjacent either to the colors 5, 6,6, 7 or the colors 5, 5,6, 7.

Case 4.53.3: y; has one neighbor of color 5 and three neighbors with colors 6 or 7. We
may assume that f(y11) =5, f(y1,2) = f(y13) = 6, and f(y14) = 7. If coloring y; with 3
or 4 yields an admissible coloring, then we are done; so we may assume that a two-colored
cycle is formed in each case. It follows that each of y; o and y; 3 has neighbors colored
with 3 and 4. By the symmetry between y; 2 and y; 3, we may assume that y; 3 has a
neighbor of color 1 other than y;. If y; 3 is almost rainbow, then we can uncolor it, recolor
y; with 3, and color x with 7: this will give an admissible coloring with the same number
of colored vertices as in f, and the only defective vertex v 3. Then either Case 1 or Case
2 applies to this new coloring. Hence we may assume that y; 3 has two neighbors other
than y; that receive the same color. Then since y; 3 has no neighbor of color 2, y; may
now be recolored with color 2 without creating a bicolored cycle. Repeating the above
argument we derive that ¥ o has neighbors of colors 2,3, and 4, and one of these colors
appears twice on N(y12) —y1. By Lemma 4.2.1 applied to y; 3 in the graph G —y; 3y; for
the original coloring, we can change its color and the color of at most one other vertex
(that is a neighbor of y; 3, all of whose neighbors are colored) to get an admissible coloring
of G —y1,3y:1. Since y, and y3 are adjacent to the uncolored vertex x, their colors are not
changed. If y; 3 receives color 1, then we recolor y; with 3 and get a rainbow coloring of
G. If y; 3 receives a color other than 1, then we color x with 6 and again get a rainbow
coloring of G.

Case 4.3.4: y; has two neighbors of color 5 (see Figure 4.1 on the right). We may
assume that f(y11) = f(y12) =5, f(y13) = 6, and f(y14) = 7. If y; can be recolored
with either 3 or 4, this would give a rainbow coloring f’. Hence we assume that both of
y1,1 and y; o are adjacent to vertices with colors 3 and 4.

Case 4.5.4.1: One of y; 1 or y; 2, say y1,1, is rainbow. Then uncoloring y; ; and coloring
y; with 3 and = with 7 yields either a rainbow coloring f’ or a new admissible coloring
(with the same number of colored vertices) with the defective vertex y;; and admissible

colored neighbor ;. In the former case, we are done. In the latter, if one of the previous
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cases occurs, then we are done again. So, we may assume that Case 4.3.4 occurs. By
the symmetry between colors 3 and 4, we may assume that apart from v, vertex y; ;
has a neighbor of color 3, a neighbor of color 4, and two uncolored neighbors, say z; and
29, each of whose has another uncolored neighbor and 3 colored neighbors. Moreover,
the same 3 colors appear on the neighborhoods of z; and z;, and since Case 4.3.4 holds,
by the symmetry between colors 6 and 7, both of them are among these 3 colors. Then
either coloring y;; with 1 yields a rainbow coloring or coloring y; ; with 2 does.

Case 4.3.4.2: Each of y; 1 and y; 2 has a neighbor of color 2 that has another neighbor
of color 5. Since y;; is not rainbow, the fourth neighbor of y;; has color ¢ € {2,3,4}.
Since y; cannot be recolored with 3 or 4, some neighbor, say r, of y;; of color ¢ has
another neighbor of color 5. If in the graph G — y191.1, ¥1,1 can be recolored with 1, then
we may recolor y; with 3 and get a rainbow coloring of G. If y;; can be recolored with
either of 6 or 7, then we have Case 4.3.3. To disallow coloring y; ; with 1,6, and 7, » must
be adjacent to vertices with each of these colors. By the symmetry between colors 3 and
4, we assume that f(r) # 4. If the neighbor 7’ of y; ; with f(r') = 4 has no neighbor of
color ¢ € {6,7}, then we recolor r with 4 and y;; with ¢ thus getting Case 4.3.3. If r/
has no neighbor of color 1, then we recolor r with 4, y; ; with 1, and y; with 3 obtaining
a rainbow coloring. Finally if f(N(r") —y11) = {1,5,6, 7}, then we recolor v’ with 3, y 1
with 4, and y; with 3.

The last subcase is:

Case 4.5.4.3: y1,1 has no neighbor of color 2 that has another neighbor of color 5.
Then recoloring y; with 2 creates another admissible coloring f’. We may then repeat
our previous argument with y3 playing the role of ¢, to conclude that ys has neighbors of
color 6 and 7. If y3 is admissible, then repeating the above argument we conclude that
y3 may be recolored with color 1 in the original coloring f. Then after this recoloring,
by coloring x with 2 we get a rainbow coloring. Also, if y, is admissible in f, then we
may recolor both of y; and ys with 2 and color x with 1 to get a rainbow coloring. Hence
we may assume that all the neighbors of ¥ and y3 apart from x are colored with 6 or 7.
Recall that for i = 4,5 and j = 1,2,3, f(v;;) = j + 2 and y, 4 is uncolored. If for some
i € {4,5}, y;4 has no neighbor of color ¢ € {6, 7}, then we can color y; with ¢ and get a
better admissible coloring. Since none of yi, y2, or ys has a neighbor with color 3, if y44
has no neighbor of color 1 or y5 4 has no neighbor of color 2, then by coloring y, with 1,
ys with 2 and z with 3 creates an admissible coloring with more colored vertices. By the
symmetry between colors 1 and 2, each of y44 and ys 4 has neighbors of colors 1,2, 6, and

7.
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If y41 does not have a neighbor of color ¢ € {1,2,6, 7}, then coloring y, 4 with 3, y4
with ¢ and x with 4 yields an admissible coloring. Otherwise, we recolor y,; with 4 and

color y, with 3. This proves the lemma. O
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