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Abstract

This thesis is composed of two parts. In the first part we introduce a higher rank analog of the
Pandharipande-Thomas theory of stable pairs [28] on a Calabi-Yau threefold X. More precisely, we
develop a moduli theory for frozen triples given by the data O?@T( —n) ?, F where F is a sheaf of pure
dimension 1. The moduli space of such objects does not naturally determine an enumerative theory:
that is, it does not naturally possess a perfect symmetric obstruction theory. Instead, we build a
zero-dimensional virtual fundamental class by hand, by truncating a deformation-obstruction theory
coming from the moduli of objects in the derived category of X. This yields the first deformation-
theoretic construction of a higher-rank enumerative theory for Calabi-Yau threefolds. We calculate
this enumerative theory for local P! using the Graber-Pandharipande [10] virtual localization tech-
nique.

In the second part of the thesis we compute the Donaldson-Thomas type invariants associated
to frozen triples using the wall-crossing formula of Joyce-Song [18] and Kontsevich-Soibelman

22].
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Chapter 1

Introduction

The work of algebraic geometers to understand the rigorous mathematical structure of Gromov-
Witten invariants has led to introduction of new theories such as Donaldson-Thomas [32] and
Pandharipande-Thomas theories [28]. The numerical invariants computed in each theory are con-
jecturally related to each other but the complete understanding of the connection between these
invariants and invariants in Gromov-Witten theory has not yet been achieved. During several
past years there has been a growth of interest in computing invariants associated to higher rank
analogue of these theories. Toda [33] and Nagao [23] have succeeded in computing a class of
higher rank Donaldson-Thomas type invariants using the the wall-crossing technology developed
by Kontsevich-Soibelman [22] and Joyce-Song [18]. In this thesis we introduce two different tech-
niques in computing the higher rank Donaldson-Thomas type invariants. The first involves the
deformation theoretic higher rank enumerative theory for Calabi-Yau threefolds. One of our main
results is the construction of a zero-dimensional virtual fundamental class for objects given as higher
rank analogue of stable pairs in [28]. We carry out calculations over toric Calabi-Yau threefolds
such as local P! to compute invariants associated to these objects using the method of virtual
localization [10]. In what follows we explain some of the required background in more detail:

In [27] and [28] the authors introduce stable pairs given by a tuple (F,s) where s € HY(X, F)) and
F' is a pure sheaf with fixed Hilbert polynomial and fixed second Chern character which has one
dimensional support. It is shown that there exists a virtual fundamental class of degree zero over
the moduli space of stable pairs and the invariants are defined by integration against this class. In
this thesis we define a higher rank analogue of stable pairs:

Let X be a nonsingular Calabi-Yau 3-fold over C with H!(Ox) = 0 and with a fixed polarization L.



A triple of type (P1, P») over X is given by a tuple (F1, E2, ¢) where E; and Es have fixed Hilbert
polynomials P, and P, respectively, Fs is a pure sheaf with one dimensional support over X and
¢ : Eh — FE»s is a holomorphic morphism.

We will introduce the notion of frozen triples of type (Ps,r) which means that in a given triple
(Er, B2, ¢), By 2 OF"(—n) and E» has fixed Hilbert polynomial P,. In other words we “freeze” Ej
to be isomorphic to OF"(—n) but the choice of this isomorphism is not fixed. We will also work
with closely related objects called highly frozen triples given as quadruples (E1, Eg, ¢, 1) where Fy,
FE5 and ¢ have the same definition as before but this time we have “highly” frozen the triple by
fixing a choice of isomorphism ¢ : By = OF"(—n).

We study the frozen and the highly frozen triples in families. The key strategy in construction of
the moduli space of triples is to view a triple (F1, E2, ¢) as an oriented tree with two vertices e % e
which is decorated with the data associated to E; and Ep (such as their Hilbert polynomials).
Schmitt in [30] has given a GIT construction of moduli space of oriented trees with n vertices com-
posed of torsion free sheaves. In addition, a more general treatment for similar GIT constructions
when the corresponding sheaves are pure is given by Malte wandel [35]. However, since the GIT
constructions normally give rise to coarse (rather than fine) moduli spaces we switch gears and
essentially give a stacky construction of our moduli spaces.

One obtains a numerical stability condition by considering stability of points in the underlying
(coarse GIT) moduli space using the Hilbert-Mumford criterion. In special case, for moduli space
of frozen triples, it is shown that via some rearrangements the stability condition for frozen triples
is written as the stability used by Le Potier for coherent systems. Schmitt’s and, more specifically,
Le Potier’s stability conditions depend on choice of a stability parameter ¢q. In the first part of
this thesis (where we compute the invariants using virtual localization tecchnique) we consider the
large limit stability which is equivalent to choosing ¢ — oo, hence our stability becomes compatible
with the stability used in [28] by Pandharipande and Thomas. Later, in the second part of the
thesis, we consider the ¢ — 0 limit stability and we compute similar higher rank invariants using
the wallcrossing technique developed by Kontsevich-Soibelman [22] and Joyce-Song [18].

The computation of invariants associated to frozen or highly frozen triples depends on construction



of the virtual fundamental class over their moduli spaces. The key ingredient in construction of the

virtual class is a well-behaved deformation-obstruction theory. The description of the deformation

obstruction theory differs from case to case depending on the geometric structure of the moduli

space under consideration, hence it is important to study the geometry of the moduli spaces of

frozen and highly frozen triples.

We show that, WIEPI?TT") (7'), the moduli space of stable frozen triples of type (P2, r) is an Artin
(P2,r,n)

stack. Moreover, M 11 (7'), the moduli space of stable highly frozen triples of type (P, 7), is a

Deligne-Mumford stack. It is crucial to find the relationship between aﬁ(”2”“’”)( ") and Sﬁ(ﬁjﬁ ) (7).

S,

It is shown that mtg’;_’i;; ) (7') is a principal GL,(C) bundle over Smi FZTT n)( ") and there exists a for-

getful map 7% : Dﬁg};ﬁ;{b)( ) — mg%{ n)( ).
It is important to note that throughout this thesis we work over the open substacks ﬁiI?IFT; )(7" ) C

Smi%lkrTn : (7') and 5581;3{ (') C imi’}?{") (') as follows:
1. 90200 (7)) = {(By, B ) (/) | HY (Ea(n)) = 0
Dsnrr (7)) ={(Er, B2, 0,%) € M ypp (7') | H (E2(n)) = 0}.
P ,rn P ,rn
2. VB (1) = {(By, By, 0) € MUEL™ () | HY (Ba(n)) = 0}.

We construct a well-behaved deformation obstruction theory for DM stack of highly frozen triples
ﬁg%;{f ) (7') and hence obtain a virtual fundamental class:
The first step is to understand the deformations of frozen and highly frozen triples. Take a

parametrizing scheme S of finite type over C. A family of frozen triples is given by a tuple (£, F, ¢)

where £ 2 O o(—n), F denotes a family of pure one dimensional sheaves flat over S and
p:&E—F.

Moreover, the fiber of this family over every point s € S is given by a stable frozen triple over
X. Take a family of stable pairs (stable frozen triples of rank 1) over S. Let I§ be the family of
complexes associated to this family. Consider a nilpotent thickening, S’ of S. Define the deformation
of I as a complex Ig, such that the derived restriction of I3, to S is quasi-isomorphic to Ig. In

Theorem 2.7 [28] the authors show that for such nilpotent thickenings to all orders, the complex



I3, is quasi-isomorphic to the complex
OXXS/(*TL) — F.

Here we follow a similar strategy. We show how the frozen triples of rank r > 1 deform in
families. Take any point p € ﬁgpﬁ’{ ")( "). Here p is given as a stable frozen triple represented by a
complex

I*:E— F

(27”

We compute the tangent space of S FT (7') at p. We show that there exists a map of groups
End(Ox(—n)®") L Hom(I°®, F)

and the tangent space is obtained as the quotient of Hom(I®, F') by the image of End(Ox(—n)®")

under g. The following theorem describes this statement.

Theorem (5.15): Use notation in Definition 2.10. Fiz a map f : S — f)sifr’lfn (1"). Let S" be
a square-zero extension of S with ideal I. Let Defg(S’,ﬁgf)ﬁ%’n) (77)) denote the deformation space
of the map f obtained by the set of possible deformations, f' : S" — Y)if{n (7). The following

statement s true:
Defs(S'. 52 (1) = Hom(13, F) & 7/ I ((End(Ms) — Hom(13, 7) &) (L1)

We show that the tangent space at p is isomorphic to deformations of the complex I* with fixed
determinant that represents p. The deformation theory of this complex is obtained by Ext!(I®,1*)o

and Ext?(I®, I*)o where sub-index 0 indicates the trace-free group:

Theorem (5.10): Let p € S’)SPFQZEH( ") be a point represented by a T'-limit-stable frozen triple
{(OX(_TL)@T?F) Qb)} Let



be a complex with trivial determinant. The following is true:
(P ~ o 1o
T ™ (7') 2 Bxt! (1%, 1°)o. (1.2)

More generally we prove that the deformation I3, of I for nilpotent thickenings of S to all orders

is quasi-isomorphic to the complex given by
oY Vg (—n) — F.

As mentioned above, the moduli stack of highly frozen triples has the structure of a DM stack. In

this case, the deformation obstruction theory is given by a morphism in the derived category:

ob : G.—>L P2'rn)

sHFT ( )

where G* is a perfect complex of amplitude [—1,0] and moreover, h(0ob) is an isomorphism and
h~'(ob) is an epimorphism. Here Lﬁg P}%FTTTL)( A denotes the 2 term truncated cotangent complex, in
degrees —1 and 0, associated to the moduli stack.

For the case of Artin stack of stable frozen triples, the truncated cotangent complex contains a
nonzero term in degree 1 and for deformation-obstruction theory, we require a morphism in the

derived category:

b:E® L o
O T g oy

where E® is a perfect complex of amplitude [—1,1] and moreover h'(ob) and h°(ob) are isomor-
phisms and h~!(ob) is an epimorphism [25].
We construct a deformation obstruction theory over $ s];Q’TT n)(T/ ) which has all the nice cohomolog-

ical properties however it is perfect of amplitude [—2, 1].

Theorem (6.7): There exists a map in the derived category,

Rrs,. (RHom(I*, 1°)o ® wywx) [2] > L2 (5, 1.
‘S:Js ,FT ( )



After suitable truncations, there exists a 4 term complex E® of locally free sheaves , such that E®V
is self-symmetric of amplitude [—2,1] and there exists a map in the derived category,

EO\/ i} L.

(P2 7””)(7_/)

such that h=1(ob?) is surjective, and h°(ob') and h'(obl) are isomorphisms. .

The computation of invariants over ﬁ(PM ) (') or SﬁglgFTTn ) (7') using the conventional methods is

not possible because of the following main reasons:

Key obstacles: The truncation of E*V in Theorem 6.7 from 4 terms to 3 terms is not possible

over ﬁgpﬁr’; ’n)( "), otherwise one may use Noseda’s conjectural construction in [25] to directly define

a virtual fundamental class for $ SI;Q’TT ) (7). On the other hand constructing a well-behaved defor-

mation obstruction theory over 53( é;g ) (7') using the techniques discussed in [28] is not possible
either, hence we propose the following strategy:

Strategy: Pullback E®Y in Theorem 6.7 to $ SFEI?TH (7') via the forgetful map mrw. Consider a
Deligne-Mumford affine cover of $ SIE’FTTTZ (7'). Then show that locally one may apply a suitable
truncation mechanism to the pulled-back complex so that it is ensured that the truncated complex

satisfies the conditions for the perfect deformation-obstruction theory of perfect amplitude [—1, 0]

over the DM stack of stable highly frozen triples:

Theorem (6.12) Consider the 4-term deformation obstruction theory E*Y of perfect amplitude

[—2,1] over .6(P2’rn ().
1. Locally in the étale topology over f)sl?lgr? (1') there exists a perfect two-term deformation ob-
struction theory of perfect amplitude [—1,0] which is obtained from the suitable local truncation of

the pullback (% )*E®Y.

2. This local theory defines a globally well-behaved virtual fundamental class over $ I;_Qli;}l) (7).

The construction mentioned above can be extended to the case where X is given as a toric Calabi



Yau threefold. There exists an action of G = T x Ty on the DM stack of highly frozen triples. The
action of T is induced by (C*)? action on X, and T denotes the action of (C*)" such that over a
point p € O ypr(7’) represented by Ox (—n)®" — F, each factor of C* in (C*)" scales each factor
in the fibers of Ox(—n)®" independently. We show that when X = Tot(Op1(—1) ® Op1(—1) — P*)
then ﬁ;?lng (') = 93?(5_21;;)( ") and ﬁsifirn (') = smg’;%{ ) (7'). Tt is shown that the action of
G on zmg’HFT(r’ ) induces a weight decomposition on the G-equivariant stable highly frozen triples

due to which the triples decompose as:

16 =P (0x(-n) — F). (1.4)
i=1

This decomposition, in particular, is due to the action of Ty on the highly frozen triples. The
consequence of identifying G-equivariant stable highly frozen triples as multiple copies of stable
pairs as in (1.4), is that the G-fixed components of the moduli stack of highly frozen triples is
obtained as an r-fold product of T-fixed components of the moduli stack of stable pairs which are
conjectured by Pandharipande and Thomas in [28] (Conjecture 2) to be nonsingular and compact.
Let Q denote a G-fixed component of M ypp(7'). Let (Go.q)® and (G1,qQ)¢ denote the G-
equivariant terms in degrees 0 and 1 of the restriction to Q of the dual of G®* in Theorem 6.12.
Given that Q is nonsingular and compact, by the virtual localization formula [10], the virtual

fundamental class of M ypr(7') is obtained as:
. vir Q(GL )

M) = T (G0 ranial). (15)

QCIY o (77)

The invariants associated to the highly frozen triples can be obtained by

HFT(r,n, 3) = /[ 1.

E)ﬁ:,HFT (T/)]UW

We generalize the method of box counting in [27] and compute the invariants associated to highly
frozen triples for r = 2 over total space of Opi(—1) ® Op1(—1) — P! (Example 11.2). We also

present an algorithm for similar computations when X is given as total space of Op2(—3) — P?



(Example 11.3).

In Chapter 12 we use a different approach to compute the invariants of objects with similar prop-
erties to frozen and highly frozen triples for when the stability parameter ¢ — 0. Here we use
the wall-crossing techniques. Assuming that the sheaf F' appearing in frozen triples is given as
a quotient sheaf with zero-dimensional support, using our calculations one obtains compatible re-
sults with computations in [23]. Our strategy here is to use both ideas of Joyce-Song [18] and
Kontsevich-Soibelman [22] in wall-crossings to compute the invariants, however our computations

and notations mainly follow the work of Joyce and Song [18].



Chapter 2

Definition of triples

Definition 2.1. Let X be a nonsingular projective Calabi-Yau 3-fold over C (i.e Kx = Ox and
71(X) = 0 which implies H!(Ox) = 0) with a fixed polarization L . A holomorphic triple supported
over X is given by (E1, E2, ¢) consisting of a torsion free coherent sheaf F; and a pure sheaf with

one dimensional support Fs, together with a holomorphic morphism ¢ : F; — FEs.

A homomorphism of triples from (El, Es, gb) to (E1, Fa, @) is a commutative diagram:

Ey E
Ey Ey

Remark 2.2. A triple (Eq, Fa, ¢) of type (P1, P», 3) is given by a triple such that P(F1(m)) = P,
and P(FE2(m)) = P> and [ = chy(Fs) as defined in Definition 2.8. During the discussion, for
simplicity, we omit § and write a triple of type (P, P,).

Remark 2.3. Since by assumption the sheaf Fy has one dimensional support, the Hilbert polyno-

mial of Fy in variable m satisfies:

P(Es(m)) = x(Ex(m)) = m /ﬁ ei(L) +d. (2.1)

Here ¢ (L) is the first Chern class of the fixed polarization L over X and d € Z and 3 as before is
cho(E2). Note that P» is a polynomial of degree= dim(Supp(F2)) = 1 and by rank of Es (denoted
by rk(E2)) we mean the leading coefficient of Ps.

Definition 2.4. A frozen triple of rank r is a special case of a holomorphic triple where F; =



Ox(—n)®" for some n € Z.

Remark 2.5. By freezing the triple we mean fixing E to be isomorphic with Ox (—n)®". We do not
make a choice of such an isomorphism here. Later we fix an isomorphism ) : E; =0 x(—n)® and
we call the triples highly-frozen triples.

Definition 2.6. Use the notation above. Let S be a C scheme of finite type and let 7x : X x5 — X
and g : X xS — S be the corresponding projections. An S-flat family of triples over X is a triple
(&1, &2, ¢) consisting of a morphism of Ox g modules & 2, &> such that £ and & are flat over S
and for every point s € S the fiber (&1, &, @) |5 is given by a holomorphic triple as in Definitions
2.1.

Two S-flat families of triples (&1, &2, ¢) and (&7, &S, ¢') are isomorphic if there exists a commutative

diagram of the form:

%qﬁ%

& — &

Definition 2.7. An S-flat family of frozen-triples is a triple (€1, &2, ¢) consisting of a morphism of
Ox«s modules ¢ : &1 — & such that £ and &; satisfy the condition of Definition 2.6 and moreover
& = 150x(—n) ® Mg where Mg is a vector bundle of rank 7 on S.

Two S-flat families of frozen-triples (£1, &2, ¢) and (&7, &5, ¢') are isomorphic if there exists a com-

mutative diagram:

51—>52

Definition 2.8. A frozen-triple of class # and of fixed Hilbert polynomial P» is a frozen-triple
(E1, E9, ¢) such that the Hilbert polynomial of Es is equal to P, and 3 = chy(Fs). Having fixed r

in By 2 OY"(—n), we denote these frozen triples as frozen triples of type (P, 7).

Now we define highly frozen triples.

10



Definition 2.9. A highly frozen triple is a quadruple (E1, E2, ¢,1) where (Eq, E, ¢) is a frozen
triple as in Definition 2.4 and ¢ : Eq =0 x(—n)®" is a fixed choice of isomorphism. A morphism
between highly frozen triples (Ef, EY, ¢',1') and (E1, E2, ¢, 1) is a morphism FE 2, B, such that

the following diagram is commutative.

—1 {
Ox(-me *— 5
a ]
OX(—?%)EBT E1 E2

Definition 2.10. An S-flat family of highly frozen-triples is a quadruple (&1, &2, ¢,1) consisting
of a morphism of Ox«g modules & 2, &y such that & and & satisfy the condition of Definition
2.6 and moreover 1 : £ — T Ox(—n) @ T5O0L" is a fixed choice of isomorphism.

Two S-flat families of highly frozen-triples (€1, &2, ¢, 1) and (€7, L, ¢',¢)") are isomorphic if there

exists a commutative diagram:

/—1 .
% Ox(—n) @ 1508 Ve e,
idl . l Jg
* * DT w ¢

Definition 2.11. Let ¢;(m) and g2(m) be positive rational polynomials of degree at most 2. A triple
T = (E1, Eq, ¢) of type (P1, P») is called 7-semistable (respectively, stable) if for any subsheaves
Fy of Ey and F; of Ey such that 0 # Fy @ Fy # E1 @ Eo and ¢(Fy) C Fy:

o 32)
+q1(m) <PF2 k(B (kazb) + Tq;((g;)» < 0/resp. < 0.

(2.2)

The construction of the parametrizing scheme of stable frozen and highly frozen triples is a spe-
cialization of Schmitt’s construction of moduli space of oriented trees with n vertices [30] to the

case where n = 2. Although it is straightforward to specialize Schmitt’s construction to our setup,

11



in order to keep completeness, we have included this construction in the later sections.

2.1 Stability for frozen triples and higher rank PT pairs

Comparison between 7-stability and Le Potier’s stability for coherent systems

Consider the special case in which the triples are given as coherent systems, i.e when 1 2 I'® Ox
such that T' ¢ HY(Es). For simplicity we denote this coherent system by (I', E»). Recall that by
a sub-coherent system we mean a pair (I, E3) C (T, E2) which is given by I' ® Ox — Es, ie a

sub-sheaf 0 — Ey 5 Fy and I' C HY(E5) such that i(I") c T.

Remark 2.12. We intend to work with one stability parameter. We use the rational function ¢(m)
instead of g;(m) and ga(m) by setting g2(m)/q1(m) := q(m).

Assume I' ® Ox — Ej is F-semistable, i.e for all (', Es) C (T, Es):

q(m) (dim(F') - Po, — dim(T") - (di%@f@x - d%?)))

= (P =it (s + iy )) <©

(2.3)
Hence one obtains:
o(m) ( dimdE2y P, — dimietypy + A ) )
(2.4)
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By carefully rewriting, one obtains:

Pp,  ao(m) dim(T) _ Pp,  qo(m) dim(F)
rk(Ez)  dim(T) rk(Ea) ~ rk(Ey) dim(T) rk(Es)

(2.5)

Which is similar to Le Potier’s criteria for stability of (T, E») if we require this inequality to hold for
every choice of sub-coherent systems (F, Eg) We explain this similarity in the remark below.

Remark 2.13. One may rescale the stability parameter with constant numbers. For example

g2(m)

choosing the stability parameter to be ¢(m) = GRS

gives the stability condition for coherent
systems. The coherent systems are naively a subset of frozen triples in Definition 2.8 and so far
we have shown that every 7-semistable triple, given as a coherent system, is stable in the sense of
Le Potier [29] and with more effort it can be shown that a stable coherent system (thought of as a

frozen triple) would also be stable with respect to stability condition for frozen triples. We leave

the proof of this fact to the interested reader.

2.1.1 Statement of 7-stability for frozen triples of type (P, )

Use notation of Definition 2.8 and Remark 2.3. We study stability for frozen triples of type (Pa, 7).
Fix a frozen triple (E1, E2, ¢) of type (P2, 7). The subtriples of this frozen triple are given by triples

of the form (G1,Ga, ) for which the following diagram commutes:

0 0
I

| o |

E1 = OX(—n)@"
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The stability assumption means that for (E1, Fa, ¢) the following condition is satisfied:
VG, C By and VG3 C Es such that 0 # G1 @ Gy # Ox(—n)®" @ Ey # 0 and ¢(G1) C Ga:

g2(m) (P(;l —rk(GY) <Pf _ W)) N

r

(2.7)

Taking the sub-triple to be Ox(—n)®" ¥, G5 such that Gy C Es then the stability condition is

written as:
a2(m) | Pox=m@r — 7 . +g2(m) - q1(m)
PEz q2 (m)
+ qi1(m) <PG2 —rk(G2) (rk(Eg) + () < 0.
(2.8)
As in Remark 2.12; since we are interested in the ratio ngzg, we assume gz2(m) = ¢(m) and
q1(m) = 1, so dividing by rk(G2) we obtain:

E(Ga) | FR(Ga) = Th(Bs) | h(Es)

Which is again somewhat similar to Le Potier’s condition for coherent systems [29]. We are now
ready to give a complete 7-stability condition for frozen triples of type (Pa,7):

Definition 2.14. Let ¢(m) be given by a polynomial with rational coefficients such that its leading
coefficient is positive. A frozen triple (F1, E2, ¢) of type (P,,r) is 7-stable with respect to g(m) if
and only if:

1. for all proper nonzero subsheaves G C Es for which ¢ does not factor through G we have:

Pq P, q(m)
TR(G) S TR(Ey) | h(Ea)

14



2. For all subsheaves, G C Fy which the map ¢ factors through:

q(m) + <PG —rk(G) <N§%2) + rg{g;)) < 0.

(2.10)

Remark 2.15. It is trivially seen that equations (2.9) and (2.10) are exactly equivalent to each

other.

2.1.2 ¢(m) — oo limit stability for frozen triples of type (P, )

As we discussed in the previous sections, whether we study a triple of type (P;, P») or a frozen
triple of type (P2,7) the stability condition depends on the parameter g(m). As a consequence,
the moduli of 7-(semi)stable objects depends on this parameter too. We consider moduli of frozen
triples when g(m) — oo. In [28] (Lemma 3.1) Pandharipande and Thomas study the stable pairs
¢ : Ox — F and show that asymptotically their notion of stability is equivalent to requiring the
sheaf F' to be given as a pure one dimensional sheaf and the map ¢ to be generically surjective.
We show below that the statement of asymptotic stability condition for frozen and highly frozen
triples is similar to stability of PT pairs [28].

Definition 2.16. Fix ¢(m) to be given as a polynomial of degree at least 2 with rational coefficients
such that its leading coefficient is positive. A frozen (respectively highly frozen) triple of type (Pa, )
is called to be g(m) — oo 7/-limit-stable if it is stable in the sense of Definition 2.14 with respect
to this fixed choice of g(m).

Lemma 2.17. Let g(m) be a polynomial as in Definition 2.16. A frozen triple (E1, Eo, ¢) of type

(Pa,r) is T-limit-stable if and only if the map F; 2, E5 has zero dimensional cokernel.

Proof. For simplicity, we use OF"(—n) instead of Fy. The exact sequence 0 — K — Ox(—n)®" 2,

FEy — @ — 0 induces a short exact sequence:

0—1Im(¢) = E2—Q —0

15



Therefore one obtains the following commutative diagram of the triples:

Ox(—n)®" L Im(9)

=| |

OX(—TL)EBT E2

r

Now we assume that Ox(—n)® 2, Es is a ¢(m) — ocor-limit-stable triple :

o+ (P =it (5 + 55 ) ) <0

(2.11)

In other words by rearrangement:

q(m) <1 — w> < rk(Im(qﬁ))sz%Z) — Pin(g)-

Consider the polynomials on both sides of inequality (2.11) with respect to the variable m. One
sees that the right hand side of (2.11) is a polynomial in m of degree at most 1. However by the
choice g(m) as in Definition 2.16 one sees that the left hand side of the inequality is given by a
polynomial of degree at least two with positive leading coefficient. Hence the left hand side becomes
larger than the right hand side and the only way for the inequality to make sense is to have the left
hand side to be equal to zero, i.e rk(Im(¢)) = rk(F3) and therefore (Q must be a zero dimensional
sheaf. For the other direction: Assume that () is not a zero dimensional sheaf and the triple is
7-limit-stable. Now by similar argument, since degree of g(m) is chosen to be sufficiently large
enough, rk(Im(¢)) = rk(F2) which contradicts the assumption of @ not being zero dimensional

sheaf and this finishes the proof. O

By Lemma 2.17 it is seen that g(m) — oo 7/-limit stable pairs are given as the higher rank analog
of PT stable pairs [28].
Remark 2.18. We proved in Lemma 2.17 that the notion of g(m) — oo coincides with the notion

of g(m)-stability for a suitable choice of g(m) given in Definition 2.16. The important outcome of
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this conclusion is that for a suitable choice of g(m) the notion of g(m) — oo 7/-limit-stability comes

from a GIT notion of stability.
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Chapter 3

Construction of moduli stacks

To construct a well-behaved moduli space of stable triples or frozen-triples the first step is to make

sure that the family of (semistable triples of a given type (P;, P») is bounded.

3.1 Boundedness

In this section we quote the results obtained by Malte Wandel in [35] which helps us to get a
well-behaved scheme that parametrizes the triples of a fixed given type. In [35] (Definition 1.1)
Wandel studies the construction of the moduli space of objects ¢ : D — &£ denoted as pairs. These
objects are defined similar to triples in Definition 2.1. The author introduces the notion of Hilbert
polynomial and reduced Hilbert polynomial for a pair [35] (Definition 1.3). Moreover, the author
defines a semistability condition denoted as J-semistability [35] (Definition 1.4) where ¢ is given
as stability parameter. Replacing 6 with g(m), it is easily seen that the Wandel’s notion of 4-
semistability is completely compatible with our notion of 7/-semistability in Definition 2.14. In
order to construct the underlying parameter scheme of triples one needs a boundedness criterion
for the family of triples of type (Pi, P2). Here we state some of the theorems in [35] without any
proofs which ensure one to obtain the required boundedness conditions for the family of triples.
The following statements can all be adapted to our case once one replaces the notion of pairs and
d-semistability in [35] with our notion of triples and 7/-smeistability respectively.

Proposition 3.1. [35/(Proposition 2.1) Given a pair ¢ : D — &, Let P and § be polynomials.
Then there is a constant C depending only on P and D such that for every Ox-module £ occurring

in a 6-semistable pair we have pmax(E) < C . In particular, the family of pairs which are semistable
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with respect to any stability parameter 6 having the fixed Hilbert polynomial P is bounded.

Following this proposition it is shown in [35] (Proposition 2.4) that a family of J-semistable pairs
with given fixed numerical data (such as fixed Hilbert polynomial) satisfy n-regularity condition.
Hence, it is shown that given a bounded family of d-semistable pairs, the sheaves D and £ appearing
in the family satisfy the condition that for some large enough integer n the sheaves D(n) and &£(n)

are globally generated [35] (look following Definition 3.2).

3.2 Definition of moduli stacks as categories fibered in

groupoids

Definition 3.2. Use Definition 2.9. Define miﬁj;{‘) (7') to be the fibered category p : mg%;;) (") —
Sch/C such that:

1. For all S € Sch/C the objects in mg%;; ) (7') are S-flat families of 7/-stable highly frozen triples
of type (P»,r) as in Definition 2.10.

2. Given a morphism of C-schemes g : S — K and two families of highly frozen triples Ty :=
(E1,&E1,0,0)g and Tk = (&1, &1, ¢, ")k as in Definition 2.10 (sub-index indicates the base param-
eter scheme over which the family is constructed), a morphism Ts — Tk in img%}f; ) (7') is defined

by an isomorphism:

Vs . Tg i) (g X 1X)*TK-

Definition 3.3. Use Definition 2.7. Define Z)ﬁgPFZ{n) (7') to be he fibered category p : i)ﬁgPFz{n) () —
Sch/C such that:

1. For all S € Sch/C the objects in szf;{ ) (7') are S-flat families of frozen triples of type (Po, 1)
as in Definition 2.7.

2. Given a morphism of C-schemes g : S — K and two families of frozen triples Ts := (£1,&1,¢)s

and T := (&],&],¢')k as in Definition 2.7 (sub-index indicates the base parameter scheme over

19



which the family is construced), a morphism Ts — T in i)ﬁi};z{ ) (7') is defined by an isomorphism:

Vg . TS = (g X lx)*TK.

Proposition 3.4. Use definitions 3.2 and 3.3. The fibered categories m! HFT)(T/) and Dﬁiﬁ?’{’n)(ﬂ)

are stacks.

Proof. This is immediate from faithfully flat descent of coherent sheaves and homomorphisms of

coherent sheaves [34] (Theorem 4.23). O

Remark 3.5. There exists a forgetful morphism ¢’ : mtg?:f’”’”) (") — BGL,(C) which is given by
(P2,r,n)

taking a frozen triple {(E1, B2, ¢)} € M py " (7') to {E1} € BGL,(C) by forgetting Ey and ¢.

Proposition 3.6. The natural diagram:

MU (') ———— pt = Spec(C)
W%jr} h )
(Pa,r,m) /g g —_ | Spec(C)
fD/zS,FT (T ) B GL (C> - |:GLT((C)i| , (31)

is a fibered diagram in the category of stacks. In particular Smil;i;;) (7') is a GL,(C)-torsor over

Dﬁgif’{’n) (7). It is true that locally in the flat topology E)ﬁg%if’n)( ") = mtfgg"{‘)( ) x [%pff((g”

This isomorphism does not hold true globally unless r = 1.

Proof. We show that there exists a forgetful map wi. : mg%;; ) () — EUILEI;QTT ) (") which induces

a map from fmg%’;’;’ ) (") x [%pfc((c)) } QJT(SPF%{ n)( ") and show that this map has an inverse locally

but not globally unless » = 1. First we prove the claim for r = 1.

By definition DﬁﬁiFT(T’ ) stands for the moduli stack of rank 1 7/-stable highly frozen triples.
Moreover smg FQZF)(T’ ) stands for the moduli stack of rank 1 7’-stable frozen triples. For r = 1,
GL1(C) = Gyy,. For a C-scheme S, an S-point of ﬂﬁg fIFl%( ") x [Spéicw(jc)] is identified with the data
(Oxxs(—n) — FE3,Lg) where Lg is a Gy, line bundle over S. Let g : X x S — S be the natural

projection onto the second factor. There exists a map that sends this point to an S-point a €
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L
(mgﬁ?i})(T/))(S) which is obtained by tensoring with Lg, i.e Ox(—n)X Lg &, E;X Lg. Note that
tensoring Ox x s(—n) with 75Lg does not change the fact that Oxxs(—n) [ses= Ox(—n)XLs |ses
fiber by fiber.

Moreover there exists a section map s : smiPFQTl )(T/ ) — Dﬁglfli;l%(v'/ ) X [Sp&sc)]. Simply take an S-

point [Ox (—n)KLs — Ea] € (M2 (+))(S) and send to an S-point in (I (7/) x [22LE) (5)

by the map
[Ox(—n) R Lg — Eo]  ([Oxxs(—n) — By @ m5L5"], Ls).

Note that since Lg is a line bundle over S then it is invertible and hence a section map is always
well defined and S)ﬁgpF?Tl )(T’ ) is a gerbe over Sﬁglpfl’Fl%(T’ ). To proceed further we state the following

definition.

Definition 3.7. Consider a stack (9),py : 2 — Sch/C). Given Two morphism of stacks p; : X —
2 and py : X' — 9), the fibered product of X and X’ over 2) is defined by the category whose objects
are defined by triples (z,2’,«) where z € X and 2/ € X’ respectively and « : p1(x) — pa(2’) is an
arrow in 9) such that pg(a) = id. Moreover the morphisms (z,z',a) — (y,y', ) are defined by the

tuple (¢ : x — y,1 : 2’ — y') such that
pa(P) o= Bopi(¢) : pi(x) — p2(y)-

Now let 7 > 1. There exists a forgetful map 7 : smg’flg{‘ ) (") — Sﬁg?g’n)(r’ ) which takes
(E1, B9, ¢,1) to (E1, E2,¢) by forgetting the choice of isomorphism, ¥. Moreover, there exists a

map ¢ : i)ﬁi?{n) (") — BGL,(C) by Remark 3.5. Finally there exists the natural projection

i : Spec(C) — {%pff((g } = BGL,(C). It follows directly from Definition 3.7 that the diagram:

n g
fmg%i:’T)(T’) —  pt = Spec(C)
WPS?% )
Parn g ec
M (7') —— BGL(C) = [H=G)]
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(Pz,r,n)(T/) _ i)ﬁ(Pz,r,n)

is a fibered diagram and 9 gpp orr (7)) XBaL,(c) pt. Here one cannot use the

same argument used for frozen triples of rank 1 to conclude that there exists a section map

5 Qﬁiﬁ?rf’n)(r’) — 93?&1;_21;1?) (") x [%pff((g} , since as we showed, the S-point of BGL,(C) is a GL,(C)

bundle of rank r over S and this vector bundle is trivializable locally but not globally. Therefore

locally in the flat topology one may think of smiPFQTT ) (') as isomorphic to smﬁi;; ) () x [SGPETC((E)) ]

but not globally. O

3.3 Moduli stacks as algebraic stacks

3.3.1 The Parameter Scheme of 7-stable highly frozen triples of type
<P2= T)

Replacing the pairs and §-semistability in [35] (Section 2) with triples and 7’-semistability and
adapting the results of propositions 2.1 and 2.4 in [35] to our case one finds that there exists an
integer n’ such that for all coherent sheaves F; and Fy appearing in a family of 7-(semi)stable
triples (F1, F2,¢), E1(n') and (in particular) Fs(n’) are globally generated. Now use notation
of Definition 2.6. One first constructs an S-flat family of coherent sheaves Fy with fixed Hilbert
polynomial P,. By construction the family of coherent sheaves Fy appearing in a 7’-stable triple
is bounded and moreover the large enough twist Fy(n’) is globally generated. Fix such n’ and
let V5 be a complex vector space of dimension do = P(n/) given as Vo = H(E; ® L”/). Let Oy
denote Quotp, (V2 ® Ox(—n’)). Now we fix a large enough integer n (not necessarily equal to n’).
We construct a scheme which parameterizes morphisms O?@T(—n) — F»: There exists a bundle P
over Qo whose fibers parametrize HY(Fy(n)). It is trivially seen that the fibers of the bundle P®"
parametrize H(Ey(n))®". In other words the fibers of P®" parametrize the maps E; — E such
that By = OY"(—n). Now let

Ggpzmn) () c PO (3.2)
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be given as an open subscheme of P®" whose fibers parametrize 7/-stable highly frozen triples

FEi — Es.
Vo @ Ox(—n')

Ox(—n) EQ

Remark 3.8. Given a C-scheme, S, a quasi-projective C-scheme A and a complex group G, the
quotient stack [é] consists of pairs (P, 7) such that P is a principal G-bundle over S and 7 : P — A
is a G-equivariant morphism.

Theorem 3.9. Let 6§P2”"’”) (') be the stable locus of the parametrizing scheme of highly frozen

(P,r,n)

triple of type (Pa,r) as in (3.2). Let {W] be the stack-theoretic quotient of 69’”’”) () by

GL(V2) where Va is defined as in Section 3.3.1. There exists an isomorphism of groupoids

6(P2,T7n)(7_/)

m(PQ’rvn) / ~ S Z 3.3

s,HFT (T ) GL(‘/Q) ( )

Proof. Consider the scheme &{™""(+/). Fi hows that there exists a f &2
roof. Consider the scheme G (7). First one shows that there exists a functor q : —arLme)

Dﬁg%;; ) (7'). Then one shows that there exists a functor in the opposite direction and finally one

proves that the composition of the two functors is a natural isomorphism of categories fibered in
groupoids. Look at [8] for more general treatment. Diaconescu [6] uses a similar proof to construct
the moduli stack of ADHM sheaves supported over a curve as a quotient stack. Fix a parametrizing

(Pg,r,n)

scheme S over C. The fiber of the quotient stack [W] . over S consists of pairs (P, 7g)
as in Remark 3.8 (where A in Remark 3.8 is replaced by Gl (7). Let T := E4 2, E5 be the

universal 7/-stable frozen triple of type (Ps,r) over X X SIS (7). Given:

iy
P G GgPQ,T,n) (7_/)

p
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one obtains a diagram:

Te)X
PxX 4>( ) &) 1y x x
(p x1x)
Sx X
(Py,r,m),
Let K be a C-scheme and let g : S — K be a morphism of C-schemes. A morphism in [W]
between two objects:
m
P S GEPQ,T,n) (')
p
S
and
T P
P/ 6,(3 Q,T‘,n)( /)
p/
K
is given by a commutative diagram:
62132,7“7”) (7_/)
(3.5)
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such that v is an isomorphism of principal GL(V2)-bundles over S. Note that by the construction in
Section 3.3.1 the objects parametrized by 6§P2”“’”) (7') are given by a morphism Ox(—n)®" — Fy

such that Fs (itself) is given as a flat quotient Vo ® Ox(—n') = Es. Now define a morphism
¢+ &P (r') — ) ()

by forgetting the surjection Vo ® Ox(—n’) — Es. Note that by construction and since the map

g in diagram (3.4) is GL(V2)-equivariant then one obtains a map from S to sm%g{‘ ) (7') i.e one
obtains an induced diagram:

P ™S GgPQ,T,n) (7_/)

hq,

Po,rn
R o

p

Since g*m o v = e, it is guaranteed that (mg x 1x)*T = (g X 1)()*((71'/6) X 1x)*T and this
isomorphism descends to Ty =N (gx1 X)*T " where Ts and Tk are as in Definition 3.2. Hence the
map ¢’ in (3.6) factors through a map q : {W] — Dﬁgl;fn;lp) (7).

For the other direction one uses Lemma 4.3.1 in [14] and the methods described in [6]. Let g :
X xS —=Sandmx : X x5 — X. Let & denote the S-flat family of coherent shaves appearing
in 7/-stable family of triples of type (P2, 7). By Definition 3.3 img%}:%l )(T/ )(S) is given by an S-flat
family of frozen highly triples if type (P, r). Since the Hilbert polynomial of Es in the family is
fixed then there exists a large enough integer n such that Fy appearing in the family is n-regular and

Es(n) is globally generated. This ensures that the direct image sheaves of £3(n) viamg : X xS — §

is globally generated and the higher direct image vanishes. i.e.:
B:= (75)«(E2 @ 75 Ox(n')) (3.7)
is globally generated. Then there exists a surjective morphism:

TeB @xxes Tx (Ox(—n')) — E — 0. (3.8)
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Let the principal GL(V2)-bundle p : P — S be defined as:
P =Isom (Ve ® Og — B). (3.9)
Since P is given by a frame bundle over S then one has:
p'B=V2® Op.
Now pull back by (p x 1x) :— S x X and obtain:
(px 1x)" (6B @xxcs Tk (Ox(—n'))) — (p x 1x)*E — 0. (3.10)
On the other hand:
(p x Lx)"(5B ®xxcs T (Ox (1)) = V2 @ (p x 1x)" (7 (Ox (—n'))).
Let X = (p x 1x)*&2. One obtains an isomorphism:
PB (mp)s [EF @xxp (px 1x)* (7% Ox(n))] . (3.11)
Let {b} € P be a closed point. By evaluation at {b} one obtains:
P*B | xxp3= Vo ® Ox g1}

and

(7p)+ [€F @xxp (p % 1x) (Tx Ox ()] [xse 52 HO [€3° (1) gy ] - (3.12)

twisting the map:

Va ® Oxypy(—n) = &5 |xxn)
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by n and taking the zero cohomology one obtains an isomorphism:
H [Va @ Oxxepiy] — HO [€37(0) Ixxqy] - (3.13)

Hence for every closed point {b} € P one gets an isomorphism in the level of zero cohomologies. We
use this fact to construct a family of stable highly frozen triples parametrized by P. This family is

obtained by applying (7p). to the following morphism over P:
Va @xxp (p X 1x)* (m%Ox(—n')) — EF. (3.14)

This family is naturally GL(V2)-equivariant by construction and it gives rise to a classifying GL(V2)-
equivariant morphism P — &{>"") (7).

Now consider two objects in i)ﬁgflg# ) (7') and a morphism between them. This data by Definition
3.3 is a pair (g,vg) such that g : § — K and vg : Ts — (g x 1x)*Tk. However since these two

families determine principal GL(V2)-bundles over S and K respectively, we obtain a morphism of

principal GL(V3)-bundles:
P= (g X lx)*P

N

S K

(3.15)

Let h: P = (gx1 X)*P, it is verified that the family h*v*Tx and Tg are isomorphic. Therefore
(Pg,rm) s
there exists a functor j : zmg?IFTT" ) () — [GSGQL(VQ)T} and also it is verified that qoj and jo q are

natural isomorphisms. O

One may use the above results (i.e the natural isomorphism in Theorem 3.9) in order to obtain

an alternative definition of the moduli stack of 7/-stable highly frozen triples of type (P»,r) as the

6§P2 ,mn) (7_/) :|

quotient stack [ CLV)

Remark 3.10. By Definition 3.2 and construction of Gferm) (7') in Section 3.3.1 GL,.(C) acts
compatibly on both sides of the isomorphism (3.3). The next corollary gives the algebraic structure

of the moduli stack of frozen triples.
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GgPQ’T:") (7_/)

Corollary 3.11. Use Proposition 3.6, Theorem 3.9 and Remark 3.10. Let |:GL1"((C)><GL(VQ):| be the
stack-theoretic quotient of gfern) (7) by GL,.(C) x GL(V3) where Vs is defined as in Section 3.5.1.
There exists an isomorphism of groupoids:

Gng,r,n) (T/)
GL,(C) x GL(V2)

mpr () =

Theorem 3.12. Consider g(m) — oo 7/-limit stability as in Lemma 2.17. The moduli stack

E)th?l’;’T”) (") for such choice of stability parameter q(m) is a Deligne-Mumford (DM) stack.

Proof. Tt is enough to show that for every C-point p € i)ﬁil?l;rg ) (7")(Spec(C)) its’ stabilizer group

Stabmfg‘ﬁ")(f')(p) is finite. Since the point p is represented by a 7'-stable highly frozen triple
(E1, E9,¢,1), then Stabmzfg%}”)(rf)(p) is obtained by the automorphism group of (E1, Ea, ¢,v).
Hence it is enough to show that the automorphism group of any such (Ei, Ea2, ¢,1) is a finite
group. The following lemma shows that the automorphism group of a 7/-limit-stable highly frozen

triple has one element which is the identity.

Lemma 3.13. Given a 7'-limit-stable highly frozen triple (E1, B2, $,1) as in Definition 2.9 and a

commutative diagram

-1
Ox(—n)EBT w E1 ¢ E2
I B
Ox(—n)®" Ey Es

the map p is given by idg,.

Proof. Since 1 is a choice of isomorphism, for simplicity replace £ by Ox(—n)®" and consider the

diagram:
OX(—n)EBT E2
idl lp
© )
OX(—R) r E2

; (3.16)
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The diagram (3.16) induces:

Ox(-n)er — 2 Im(g) —— B,
idl i’ lp |1m(g) lp

Ox(—n)*" —— Im(¢) —— E)

By commutativity of (3.16) po ¢ = ¢ oid = ¢, then p(Im(¢)) = Im(¢). Hence p(Im(¢)) C

Im(¢). It follows that p |1m(s)= idim(g). Indeed if s € Im(¢)(U) where U C X is affine open with
5 € Ox(—n)®"(U) satisfying ¢(5) = s, then p(s) = p(¢(3)) = #(id(5)) = ¢(5) = s. Now apply

Hom(—, E3) to the short exact sequence

0—1Im(¢) = E2—Q —0

where ) denotes the corresponding cokernel. One obtains:

0 — Hom(Q, E2) — Hom(E>, Ey) — Hom(Im(¢), Es).

Since (E1, Ea2, ¢, 1) is ¢(m) — oo 7/-limit-stable then by Lemma 2.17 @ is a sheaf with 0-dimensional

support. Hence by purity of E2, Hom(Q, E2) = 0. Hence one obtains an injection

HOm(EQ, EQ) — Hom(lm(qﬁ), EQ).

Now
P ltm(¢)= 1dim(g) = (idE,) (o) -
So p =idg,.
This finishes the proof of Lemma 3.13 as well as Theorem 3.12. O

Remark 3.14. It is seen from work of Malte Wandel [35] (Section 3) that SDT‘(SIEFTTH ) (") more than
being a DM stack has the structure of a quasi-projective scheme. We will use this fact later in

discussing the construction of deformation obstruction theory over Sﬁglgg{f ) ().
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Now we compare the infinitesimal structure, i.e the deformations of objects in i)ﬁg%lFTTn ) (7') with
that of objects in mi};g{ ™ (7). Note that throughout the rest of this study by 7’-stability we mean

the g(m) — oo 7/-limit-stability.

Pyrn
mgI-ZIFT ) (T/)

Po,r,n
M ()
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Chapter 4

Further discussions on stability

The material in this chapter is included for completeness. Although we constructed the moduli of
stable frozen and highly frozen triples as stacks, one finds it interesting to study the GIT properties
of these moduli spaces. The motivation behind this attempt is to show that our notion of 7/-
stability comes from a GIT notion of stability. We state our observations in the most general
setting. In other words we study triples of type (Pi, P;). We consider the GIT stability for the
coarse moduli space which is underlying the moduli stack of triples of type (Pi, P»). To start,
consider Q; = Quot(V; ® Ox(—n), P;) as in Section 3.3.1 for i = 1, 2.

Lemma 4.1. [14] (Lemma 4.3.2). Let {a;} = [Vi ® Ox(—n) — E;] € Q; be a closed point such
that E;(n) are globally generated and H°(a;(n)) : HO(V; ® Ox) — H°(Ey(n)) is an isomorphism.
Then there exists a natural injective homomorphism Aut(E;) — GL(V;) such that the image is the

stabilizer of the point {a;} in Q;.

Proof. Given an element e; € Aut(E;) consider the map Aut(E;) — GL(V;) defined by
e; — H%a;(n)) ™! o HO(es(n)) o HO(a;(n)) (4.1)

Since n is chosen to be large enough, the above map automatically is injective. Now by definition of
isomorphism of quotients, an element g; € GL(V;) belongs to stabilizer of the point {a;} under the

action of GL(V;) if and only if there exists an automorphism of E;, e;, such that a;0g; = e¢;0a;. [
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There exists a left action of GL(V;) which, on the closed points of Q;, is defined by:

gi-lai: Vi® Ox(—n) — E;| =

9; ' ®id|oy (—n)
_

(4.2)

Since the center of the group Z; C GL(V;) lies in stabilizer of {a;}, for all {a;} € Q; one may take
the group acting on Q; to be the quotient of GL(V;) by Z;, i.e: PGL(V;). On the other hand,
since the composite map of groups SL(V;) — GL(V;) — PGL(V;) is surjective, then by choosing
the group to be SL(V;) one will not loose any information. Hence essentially we take the group
acting on Q; to be given by SL(V;) however for the moment we stick to GL(V;). Consider & as a
subscheme of A = Q1 x P x Qy where P is given by the projective Hom-bundle P(Hom(V1, V2)).

One can show that there exists an action of GL(V1) x GL(V2) on & that leaves & invariant.

4.1 Linearization over & and Hilbert-Mumford criterion

We state the main result of this section:
Theorem 4.2. Let G = GL(V1) x GL(Va). Then there exists a G-linearized ample line bundle
LELVIXGL(R) oper & such that for every closed point {u} € &, {u} is (semi)stable with respect to

the Hilbert-Mumgford criterion if and only if it is 7-(semi)stable.

Proof. Since & C Q; x P x Qs, to obtain a G-linearized line bundle over & we start from the
scheme A = Q1 X P x Qy. Here we explain how to choose a linearization over A which provides us
with a numerical stability condition which is compatible with the criterion of Definition 2.11.

Consider the universal quotient over Q; x X for i =1,2. Let g, : Q; x X — Q; be the projection.
Since the Hilbert polynomial of Ej is fixed and n > 0, 7g,.&(n) is globally generated. There
exists an embedding of Q; into the Grassmannian which parametrizes the locally free quotients of
70,+(Vi ® Og,xx) with rank Pj(n). To further embed the obtained Grassmannian into a projective

scheme one uses the Pliicker embedding of the Grassmannian. If [7g.(V; ® Og,xx) — 7g,+&i(n)]
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is the tautological quotient on Grass(7g,«(V; ® Og,xx ), Pi(n)), then the P;(n)'th exterior power

Pi(n)
h: /\ ﬁQi*(‘/i & OQiXX) - det(eri*gi(n))v

induces a closed immersion

) P;(n)
k;l
GraSS(ﬁ-Qi*(Vi ® OQiXX)7 ]Dl) — IP)( /\ ﬁ-Qi*(Vi ® OQ«;XX))?

hence one obtains the composite inclusion:

Kk kS
Q; — GraSS(ﬁ'Qi*(W ® OQiXX)7 B(n)) > P( /\ ﬁQi*(V;' ® OQiXX)) = Pi. (4'3)

Take the ample line bundle Og;, (1), pull back via Q; SN B, and obtain the following isomorphism

of coherent sheaves over Q;:
Lo, i= (ky o k) O, (1) = det(o,.&:(n)). (4.4)

Note that det(ﬁgi*éi(n)) are line bundles over Q; which are equivariant with respect to the action
of GL(V;) for i = 1,2. The linearized line bundle over & is given as

£(GL(V1)xGL(V2)) _ LCCSI X ch X Op(1)%, (4.5)

2

Remark 4.3. To define a linearized line bundle over & which satisfies the condition of Theorem
4.2, one needs to assign particular values to dy, d2 and d3 in (4.5) such that the stability (in the
sense of Hilbert-mumford criterion) of a point in & with respect to £ results in the 7-stability of
the triple represented by this point. We will see that what highly affects the stability of triples is

the values assigned to the ratios %, % and % rather than d;’s themselves.

We state the following theorem without proof which is the special case of a result obtained by

Schmitt in [30].
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Theorem 4.4. [30] (Theorem. 4.6). The categorical good quotient
©4s(7')//(GL(W1) x GL(V2))

exists as a projective scheme and moreover the stable locus Gs(7')//(GL(V1) x GL(V3)) is a geo-

metric quotient for &4(1") with respect to the action of GL(V1) x GL(Va).

By arguments in [14] (Lemma. 4.3.1) it is proved that the categorical quotient G4(7')//(GL(V1) x
)

GL(V2)) co-represents the moduli functor which induces the moduli functor DJT(TPI’PQ of 7-(semi)stable
triples of type (Py, P,). Next we briefly review the Hilbert-Mumford criterion for the linearized line
bundle over &. We pick a particular linearized line bundle over & by assigning suitable values to
%, Z—; and Z—g. Eventually we use the Hilbert-Mumford criterion to show that when closed points
in G are GIT-(semi)stable with respect to £(GL(V1)X(GL(V2)) then their corresponding triples are
7-(semi)stable and vice versa.

Let G be a reductive group acting on a scheme X equipped with a G-equivariant linearization £&.
Let A(t) : G,,, — G, be a nontrivial one-parameter subgroup of G. Given a point € X acted on

by G, the Hilbert-Mumford character of the linearized line bundle £ is defined as:
MEG (.’IJ, )‘) = (46)

where 7 is the weight of the action of G,, on the fibers of £& over the fixed point zg of the action
of G, on X induced by A. For more clarification, let ¢ : G — X be defined as it is shown in the

diagram below:

At
G ®) G
h”
Al J X

(4.7)

where o : G — X is defined as o(g) : ¢ — o(z,A(t)) and j : Al — X is the unique extension of

action of o o A(t) to action of A! on X. Since the ample line bundle £ is linearized with respect
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to the action of G, the restriction of the line bundle to any two points on X which are in the same

orbit of G produces isomorphic fibers.

~

L8y — L% |y, (4.8)
(0]

for all ¢ € G. Now let zg = lim;,go(x,\(t)) be a fixed point of this action. We conclude that
O (x0, (1)) = t* - idecy, - Now define pee (x,A(t)) = «a for every one parameter subgroup A of G

and define the weight r of the action of G as

We state the Hilbert-Mumford theorem.

Theorem 4.5. [14/(Theorem 4.2.11). Let G be a reductive group acting on a scheme X equipped
with a G-equivariant linearized line bundle £L&. A point {x} € X is semistable if and only if for all

nontrivial one-parameter subgroups A : G,, — G, one has
pE (2, 0) > 0,

and {x} is stable if and only if strict inequality holds for all non-trivial \.

Next we apply this criterion to our setup. We take the groups acting on Q; to be given by SL(V;).
Consider points {a;} : [V; ® Ox(—n) — E;] over Q;. In order to determine the limit point for
the action of any one-parameter subgroup A of GL(V;) we need to decompose V; in to their weight

spaces V; = 6@ ez Vi‘j . Let Ef be defined as the image of Vl-j under a;. It is seen that
limeoA(t) - [a;] = [V; ® Ox(—n) — @D EJ). (4.10)
J

For proof look at [14] (Lemma 4.4.3). The weight of the action of one parameter subgroup of SL(V;)
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via A(t) on the fiber of Lo, for i = 1,2 is given by
> j-P(E!n
JEZ

Let A1 : G, — SL(V1) and A2 : Gy, — SL(V2) be the one parameter sub-groups of SL(V;) and
SL(V3) respectively. The weight of the action of G,, X G, via A\ (t) X A2(s) on the fiber of Lcéll @LC&

over a point {a;} x {as} € Q1 x Qs is given as

Ppi=dy-Y j-P(E{,n)+dy- Y j- P(E}n), (4.11)
JEL JEL

Remark 4.6. V;’s decompose in to the weight spaces such that:

> i-dim(V7) =0

JEZ

Therefore we obtain the following identities for i = 1, 2:

> j-P(E],n)= dm}(V») > - (dim(V;) P(E7, n) — dim(V7 ) P(E;,n)).
Y jen

JEZ

Over Q1 x Qo this identity is written as:

P12_d d(V1 %j (dim(Vy)P (E17 n) — dim(V1j)P(E1,n))

dlm Zj (dim(Vo) P(E}, n) — dim(Vy) P(Ez,n)). (4.12)

The character of the action of G, x G, on the fiber of Op(1)% over a point ¢ € P is given by

J J
Pp = dlm Z] dim(V7) dlm Z] dim(V3)

Hence by adding the characters Py and Pp one obtains the character of the action of G,, x G,, via

A1 (t) x Aa(s) on the fiber of £SF(V1)xSL(V2) — Ldgl1 ® LdQQ2 ® Op(1)% over a point ({a1},{as},d) €
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Q1><Q2XP2

ds j J
T:PH*d m(V1) jze:] dim(V7) dlm Z] dim(V3)

di o - : -
= . - (dim(V4)P(E/ —dim(V{)P(E
iy 2o (VP ) — (1) P(Bin)
do o j : j
. - (dim(Vo) P(E, — dim(Vy )P (E
Gy 37 (MO P(EL) — (V)P B )
dim(V7) Zj dim(Vy) + dlm 2‘7 dlmV
JEZL
(4.13)
By rearranging the terms in identity (4.13) we obtain:
dy ds
J -P(E
Z] dim(V7) (dlm(Vl) (Er,n)+ dim(Vl)>
JEZL
. j do ds
~ %" dim(VY . P(E B
ZJ im( 1)<dim(Vg) ( l’n)+dim(Vg))
]GZ
J
dlm Z] dim(V1)P dlm Z] dim(V2)P(E3,n) (4.14)

Now assigning the right choice of weights to dy, d2, dg would enable one to obtain a stability condition
compatible with the numerical stability condition for triples as in Definition 2.11. Set 33 = ¢1(n) and
gg = ¢qa2(n) where ¢;(n) and g2(n) are defined as in Definition 2.11. To show the compatibility of the
two notions of stability the usual procedure is to pick a filtration with two terms 0 C V! c V2 =V,
which induces 0 C EZ1 C EZ2 = FE; for = 1,2. Then putting —r > 0 provides the required numerical

stability condition as an inequality. Given the commutative diagram:

V12®(9X(—n)o >0V22®(9X(—n)
e -

.V21 & OX(—n)

Ve © Ox(—n)e

> .E2 E2

/

By = E2e

E%o : 0E21 (4.15)
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The triple (F1, E2, ¢) is stable in the sense of Hilbert-Mumford criterion if and only if:

q2(n) <PE} —rk(E1) <7«/§%1) - T?fl((gf)» i

o) (P =) (s + iy )) <O

(4.16)

For which we have used the description of r mentioned above, we have used the fact that dim(V;) =

dim(H(E; ® Ox(n))) and finally we have used some rearrangements. The inequality (4.16) is

identical with the inequality in 2.11. This finishes the proof of Theorem 4.2.
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Chapter 5

Deformations of frozen triples

In this section, we describe the deformation theory of frozen and highly frozen triples.

5.1 Preliminaries

As we showed, the construction of the moduli stack of stable frozen triples depends on a choice of
two fixed large enough integers n > 0 and n’ > 0. The first integer appears in the description of
a stable highly frozen triple Ox(—n)®" — FE5 and the second integer is the one for which Es(n’)
becomes globally generated and hence there exists a surjective map Vo ® Ox(—n') — E5. We also
observed that according to Wandel [35] (Proposition 2.4) given a bounded family of stable triples
E; — E, there exists an integer n’ such that for every tuple (F1, Fy) appearing in the family F;(n')
and Fs(n') are globally generated over X. The fact that the sheaf Es(n') is globally generated for
large enough values of n’ does not a priori imply that H*(Fy(n)) = 0 for all i > 0 and our fixed
choice of n. Hence we introduce the following definition:

Definition 5.1. Consider Dﬁ(%gﬁ? ) (7") and Dﬁ(%’{’n) (7') in definitions 3.2 and 3.3 respectively.

Define the open substacks ' N I—2n~rTn (") C Sﬁgl?lgff )( ") and $ SFSTT (') C 93121;2{ ) (7') as follows:

1. 550 (1) = (B, Bz, 6,4) € M50 (/) | HY (Ez(n)) = 0}

2. 920 (1) = {(By, By, 0) € MUE™ () | HY (Ba(n)) = 0}.

s

(P (P
Remark 5.2. From now on all our calculations are carried out over £ . flbfl? ) (7') and fa . FQTT ) (7))

and the results in chapters 5, 6 and 7 hold true for $ PﬁIFTTn (7) and $ SPFQ’TT (1) only. Also we
assume that it is implicitly understood that in the following sections by the ” moduli stack of frozen

or highly frozen triples“ we mean the open substack of the corresponding moduli stacks as defined
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in Definition 5.1.

Remark 5.3. As we will see in Chapter 8 there exist situations such as when X is given as a toric
variety given by the total space of Opi(—1) @ Op1(—1) — P! where it is seen that one obtains the
vanishing of higher cohomologies of Fs(n) assuming that O(—n)®" — E, is 7/-stable. In other words

for such fixed choice of X one has $ fl?lg; () = D)Ti%;; )( ") and f)g?l;{} () = Smgsz{’n) (7).

Hence later for such specific situations we will not distinguish between smgi’i;T’"b )( ", QJTEPFZTT ) (")
and their corresponding open substacks in Definition 5.1.

Py,rn) (P2,r,n)

Lemma 5.4. Let [Ox(—n)®" 2, Es] correspond to a point of ﬁg,HF’i‘ (7") or gy (7). Then:
Ext?(F,Ox(—n)) = 0 = Ext!(F, Ox(—n)). (5.1)
Proof. Use Serre duality and obtain:

Exti(F, Ox(—n)) = (ExtS_i(OX(—n),F Qwx)”

>~ Ext® ™ (Ox(—n), F)Y = H>(F(n))". (5.2)
The statement follows from the definitions of ﬁ(%ng )( ") and 9 SPE’TT (. O

Let D°(X) be the bounded derived category of coherent sheaves on X. Let I® be an object of the

derived category given by the complex represented by a 7/-stable frozen triple
== OX(—TL)@T g E2

with Ox(—n)®" in degree 0 and Es in degree 1. Let K := Ker(¢) and @ := Coker(¢). There exist

the following exact triangles in the derived category:
Ey[—1] = I* — Ox(—n)®" — By — - -+ (5.3)

K—1I*—-Q[-1]—-K[1] —--- (5.4)
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Lemma 5.5. Suppose that O(—n)®" — Ey is 7/-stable. Then the following statement is true:
ExtS"Y(I°,1°) = 0. (5.5)

Proof. Note that Ext® (I°,1°) =0 for k < —2 by degree considerations. We now consider k = —1.

Apply Hom(I*,-) to (5.3) and obtain:

.- — BExt™2(I*, By) — Ext~1(I°,I°)

N Ext’l(I',(’)g'?T(—n)) — Extfl(f',EQ) —

(5.6)
Now apply Hom(-, E2) to (5.4) and obtain:
- — Bxt'(Q[—-1], Fy) — Ext(I°*, Ey) —
Ext'(K, B2) — Ext'™(Q[~1], B) - -
(5.7)
Combining the exact sequence (5.6) and exact sequences obtained from (5.7) for i = —2 and ¢ = —1
we obtain the following commutative diagram:
l l
Ext™(Q[-1], E2) Ext~(Q[~1], E2)
l l
-+ — Ext~%(I*, By) — Ext™}(I*,1°) » Ext *(I*, 09" (-n)) — Ext™}(I*, Ey) — - --
l l
Ext™2(K, Ey) Ext™(K, Ey)
l |
Ext ™ (Q[~1], E2) Hom(Q[—1], E»)
L L
' (5.8)

It is easy to see that Ext~2(Q[—1], Fa) = 0, Ext ?(K, Fy) = 0 and Ext™ (K, Ey) = 0 for degree
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reasons. Moreover, Ext™'(Q[~1], E2) = Hom(Q, E2) = 0 since Q is zero dimensional (by limit
stability) and Fj is of pure dimension one. Hence the above commutative diagram takes the

following form:

l l
0 0
l l
= Ext™2(I*, By) — Ext™!(I*,I*) — Ext~}(I*,0¥"(-n)) — Ext™!(I*, F3) —
l l
0 0
l l
0 0
! |
(5.9)
hence
Ext™2(I*, B2) =20 and Ext™'(I*, Fy) =0, (5.10)
and therefore
Ext™}(I°,I°) = Ext ' (I°, 09" (—n)).
Now apply Hom(-, O%"(—n)) to (5.3) and obtain:
-+ — Ext™!(Fy, oY (—n)) — Ext_l((’)_??(—n), 0% (—n))
— Ext™}(I*, 0 (—n)) — Hom(Ey, OF (—n)) — - - .
(5.11)

Now Ext™'(OF (—n), 0% (-n)) = 0 by degree reasons and Hom(E>, OF"(—n)) 2 0 by purity of

O%"(—n). Hence Ext™*(I*, 09" (-n)) 2 0 and

Ext™ (I, I°) 2 Ext ' (I°,0%"(—n)) 2 0.
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From now on for simplicity we change our notation and replace Fo with F.

5.1.1 Deformations of [Ox(—n) — F]

Throughout this section we consider a rank 1 7/-stable frozen triple. We also emphasize that for
the results of this section we do not require H!(Ox) to vanish.
Lemma 5.6. The complex I°® that represents a 7-limit-stable frozen triple Ox(—n) SR s simple

as an object in the derived category i.e:
Hom(I°,1°) = Ox. (5.12)

Proof. Look at the proof of Lemma 1.15 in [28]. The proof follows by replacing Ox appearing in
stable pairs by Ox(—n). O

Proposition 5.7. Let I® := Ox(—n) 2, F. Given a point p € 5581;2%’71) (1') represented by the

frozen triple {(Ox(—n), F,¢)}, the following is true:

T,9\ 5" (') = Ext! (I°, I*),, (5.13)

where Tpﬁg];f’Tl "™ (1) denotes the tangent space at p and the sub-index 0 denotes the trace-free group.

Proof. 1t is known that the first order deformation of a stable pair (a stable rank 1 frozen triple)

is governed by the group Ext’(I®, F') [28]. Hence we know that Tpﬁspg’Tl ”)( ") = Ext'(I°, F). On

the other hand by the work of Huybrechts and Thomas [15] the deformations of I*® with trivial
determinant is obtained by Ext!(I®, I*)o. Apply Hom(I*®,-) to the exact triangle I* — Ox(—n) —

F and obtain the following exact sequence:

-+ — Hom(I*,I*) — Hom(I*, Ox(—n)) — Hom(I®, F)
— Ext!(I°,I°) — Ext'(I°*, Ox(—n)) — Ext!(I*, F) —

(5.14)
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Apply Hom(-,Ox(—n)) to I* — Ox(—n) — F and obtain the following long exact sequence:

- — Ext!(Ox(—n),Ox(—n)) — Ext' (I*, Ox(—n))

— Ext*(F,Ox(-n)) — -

(5.15)
Now combine these two exact sequences and obtain:
Ext!(F,Ox(—n))
~ l
H'(Ox) — Ext!(Ox(—n), Ox(-n))
l l
-+ — Hom(I*, F) — Ext!(I°*,I*) —— Ext}(I*, Ox(—n)) — Ext!(I*, F)
Ext?(F,Ox(—n))
L
' (5.16)
Since p € S’JSD;’TL") (7'), we may apply Lemma 5.4 and the diagram 5.16 takes the form:
0
N !
H'(Ox) — Ext'(Ox(-n), Ox(-n))
-+ — Hom(I*, F) — Ext!(I*,I*) —%— Ext!(I*, Ox(—n)) —— Ext!(I*, F)
l
0
(5.17)

Because

Ext!(I®,I°) = Ext'(I*,I*)o ® Im[H (Ox) — Ext!(I*,1°)],

we conclude from the middle square of (5.17) that the canonical map Ker(a) — Ext!(I®,1*)g is an
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isomorphism. Hence one obtains the exact sequence:

Hom(I®, Ox(—n)) — Hom(I®, F) — Ext!(I*,I%)o

— 0 — Ext!(I°, F) — Ext?(I*,1°)o. (5.18)

Remark 5.8. Note that in obtaining the exact sequence (5.18) one could have assumed that the

condition H'(Ox) 2 0 holds true. Then one obtains

0
N !
0= HY (Ox) = Ext}(Ox(—n),0x(—n)) =0
l =
. — Hom(I*, F) — Ext!(I*,I*) —%— Ext!(I*, Ox(—n)) — Ext!(I*, F)
l
0
(5.19)
Hence it is easy to see that in this case:
Ext!(I°,1°) = Ext!(I®,I*) ® Im[H (Ox) — Ext!(I°,I°)] = Ext!(I°, I*)o.
Now consider the exact sequence:
- — Hom(F,Ox(—n)) — Hom(Ox(—n), Ox(—n))
— Hom(I®, Ox(—n)) — Ext!'(F,0x(-n)) — ---, (5.20)

where Hom(F, Ox(—n)) and Ext!(F,Ox(—n)) vanish by Lemma 5.4. Hence one concludes that
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Hom(I*,Ox(—n)) =2 Hom(Ox,Ox) = C. Therefore (5.18) is written as:

0 — Hom(I*,I*) — C — Hom(I°*, F)

— Ext!(I°,1%)g — 0 — BExt!(I*, F) — Ext*(I*, I*)o.

(5.21)
Now Hom(I*®,1®) = C by Lemma 5.6 and so (5.21) takes the form:
0—C = C— Hom(I*, F)
Ext!(I°,1%)y — 0 — Ext'(I*, F) — Ext*(I°,I*)o
(5.22)
and this finishes the proof of Proposition 5.7. 0

5.2 Deformations of Ox(—n)®" % F

Now return to a frozen triple of rank r. Let X be a Calabi-Yau threefold with H}(Ox) = 0.
Lemma 5.9. Let Ox(—n)®" 2, F be a 7-limit-stable frozen triple represented by the complex I°.

Then there exists an injective map:
Hom(I®,I*) — End(Ox(—n)®"). (5.23)
Proof. Apply Hom(I®,-) to F[—1] — I* — Ox(—n)®" and obtain the following exact sequence:

Ext™'(I*, F) — Hom(I*,I*) — Hom(I*,Ox(—n)®") — Hom(I*, F) — - -- (5.24)
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Now apply Hom(-, Ox(—n)®") to the same exact triangle and obtain:

Hom(F, Ox(*n)ear) — End(oX(*n)@T)
N Hom(I', OX(_n)Gar) N Eth(F, OX(_n)GBr) N

(5.25)
Using Lemma 5.4 one gets the following isomorphism:
End(Ox(—n)®") = Hom(I*, Ox(—n)®"). (5.26)

Now apply (5.10) to conclude via (5.24) that Hom(7®, I°®) — Hom(I®, Ox(—n)®") is injective. [

Now we state the main theorem in this section.
Theorem 5.10. Let p € ﬁipﬁ%’n)(T’) be a point represented by a T'-limit-stable frozen triple
{(OX(—TL)GBT,F, (b)} Let

I* := Ox(—n)®" 2 F
be a complex with trivial determinant. The following is true:

T,9\ 50" (') = Ext! (1, 1°). (5.27)

Proof. We repeat the same argument in Proposition 5.7. and obtain the diagram:

Ext'(F, 0% (—n))
!
HY(Ox) — Ext!(Ox,0x) ® gl,.(C)

l
- — Hom(I*, F) — Ext}(I*,I*) — Ext'(I*,Ox(—n)®") — - ..

Ext?(F, Of{(—n)@r)
: (5.28)

47



By Lemma 5.4 we get:

HY(Ox) — Ext!(Ox,0x) @ gl,.(C)

(S pa.

-« = Hom(I*, F) — Ext}(I*,I*) — Ext'(I*, Ox(—n)®") — ---

(5.29)

Now recall that H'(Ox) = 0 by assumption. As in Remark 5.8 we obtain:

0 — Hom(I*®,I*) — Hom(I*, Ox(—n)®") — Hom(I*, F)
— BExt!'(I°,1%)g — 0 — Ext!(I°*, F),

(5.30)

apply the functor Hom(-, Ox(—n)®") to F[—1] — I* — Ox(—n)®" and obtain:

Hom(F, Ox(—n)®") — gl.(C)

— Hom(I°®, Ox(—n)®") — Ext!(F,Ox(—n)®") — .- . (5.31)

By purity of Ox(—n)®" and Lemma 5.4, we have Hom(F, Ox(—n)®") = 0 = Ext!(F, Ox(—n)®")
hence

Hom(I°*, Ox(—n)®") = gl,.(C),
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and one obtains the following exact sequence:

0 — Hom(I*,I*) — gl,(C) — Hom(I*, F)
E Bxt (1°,1°)y — 0 — Ext!(I*, F).

(5.32)

In order to continue the proof of Theorem 5.10 one needs to study the deformation space of frozen
triples. In order to carry this out first one obtains the deformation space of a highly frozen triple,
then one uses the result of Proposition 3.6 to obtain a comparison between deformation spaces of

frozen triples and highly frozen triples:

Proposition 5.11. Given a 7'-stable highly frozen triple (E1, F, $,1) represented by the complex

I* : [Ox(—n)®" — F] its space of infinitesimal deformations is given by Hom(I®, F').

Proof. A square zero embedding S — S’ is a closed immersion whose defining ideal Z satisfies
I? = 0. Given a square zero embedding and a family of highly frozen triples over S, a flat
deformation of this family over S is a completion of the following commutative diagram with the

missing arrows (and exact rows).

(5.33)

Following a method described by Illusie in [16] (Chapter IV) for deformation of graded modules
and graded morphisms of graded modules, one needs to think of Oxy.s as a graded algebra in
degree zero. Therefore one obtains from F the graded Oxyg-algebra, Fy, := Oxxg @ F such that

Oxxg sits in degree zero and the second summand sits in degree one. We similarly define f;r.
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Hence one obtains a commutative diagram of graded Ox xg-algebras.

0= (OXXS @ OXxS*(*n)@T) ®L = Oy, 5® Oy, 5(—n)*" — Oxxs ® Oxxs(—n)*" — 0

| | |

0 FoI > Far »Oxxs ®F 0
(5.34)
here the bottom row in degree zero is given by ([16], 3.1):
0—0—0Oxxs— Oxxg—0 (5.35)

and in degree one it is given by the bottom row in (5.33). We know that the obstruction to complete

this diagram is given by composition of morphisms:

LOXxs@f/OXstBOXxs(*”)@’" - LOXXSEBOXXS(*”')@T/OX ® F1]
—TI® (Oxxs(—n) ® Oxxs(—n)¥") @ (Oxxs ® F) — I ® F[2]

(5.36)

where L is the cotangent complex. Let k'(—) of a graded module denote the degree one component

of that module. Now we state Illusie’s result in [16] (Chapter IV 3.2.12):

Theorem 5.12. Given I*® := [Oxxs(—n)®" 2, F|, there exists an element
0b € ExtLy . ¢(Cone(¢),Z @ F)

whose vanishing is necessary and sufficient to complete Diagram (5.34). If ob = 0 then the set of

isomorphism classes of completions forms a torsor under Ext,lDb(XXs)(Cone(¢),I ® F).

Here, Cone(¢) = Ig[1]. Moreover, the obstructions ob : Cone(¢) — Z®F are given by the composite
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morphism [16] (3.2.14.3):

Cone(gb) — k! (LOXxsEBOXxs(—n)@’“/OX ® ‘7:[1])
— k' (T © (Oxxs(—n) ® Oxxs(—n)*") @ (Oxxs ® F)) = T @ F[2].

(5.37)
Another way of stating this theorem is to say that the obstructions are given by:
Cone(¢) — Loy,.s/0x @ F[1] - I ® F[2], (5.38)

the set of such composite homomorphisms is given by Hom(/3[1],Z ® F[2]) = Ext' (18,7 @ F) =
Extl(Igv,}" ) ® Z, similarly if ob = 0, then the set of isomorphism classes of deformations of highly
frozen triples makes a torsor under Ext'(13[1],Z ® F) = Hom(I/$,Z ® F) & Hom(I2, F) ® Z and

this finishes the proof of Proposition 5.11 O

Now we use the result of Proposition 5.11 and Proposition 3.6 to study the space of infinitesimal
deformations of a frozen triple.
Proposition 5.13. The tangent space of the moduli stack of 7-limit-stable frozen triples at a point

{p} : (E, F,®) represented by a complex I* := [E — F| (where E = OY"(—n)) is given by:

Ty 5™ (+') & Hom(I*, F)/ Tm(gl, (C) — Hom(I*, F)). (5.39)
FEquivalently
Ty MUE0™ (77) 22 Coker [Hom(I*, Ox (—n)®") — Hom(I*, F)] . (5.40)

Proof. Since our analysis is over a point in the moduli stack, we assume that S = Spec(C) and
S’ is a square-zero extension over S. Therefore via S < S’ one writes Og = Os ® Oy ® I as an
Og-module. Now use the result of Proposition 5.11. The tangent space of 5’_)2131?{ ) (7') at a stable

frozen triple of type (Pa,7) is given by the space of infinitesimal deformations of that triple. Use
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the notation in Definition 2.10. Suppose that Ox(—n) ® TEMgr Y, #is a flat deformation of the
family of frozen triples Ox(—n) @ TEMg 2, F over $. Similar to 5.33 to obtain the set of such flat

deformations one needs to consider the commutative diagram below:

0— (Ox(—n)@miMg) ®ZT — Ox(—n) @ TeMg — Ox(—n) @ TgMg — 0

| L l

FoI F F 0

(5.41)
The tangent space Ty, f)gpgif’n) (7'), i.e the set of extensions in (5.41) is given by:
Ext! <Ox(—n) ® TeMg 2, f/., (Ox(—n) @ TgMg )T <z, f®I> , (5.42)

we use the isomorphisms (OXXS(—n)@T> R7Z = (Oxxs(—n)®") ® T and the notation introduced
earlier. Now fix a trivialization ¥, : Mg = (’)gr. This induces a fixed choice of isomorphism
P Ox(—n) @ TEMg = 0%, s(—n). Now use the fact that S is a point hence S’ is split over S.

Therefore one obtains the following splitting of Ox xg-modules:
O (~1)%" 2 Oxis (~n)™ @ (O, g(-1)*" ) O T, (5.43)

Now replace Ox (—n)®7§Mg with the fixed choice of O, 4(—n) in the top row of (5.41). Moreover

use the splitting property in (5.43). The commutative diagram in 5.41 induces:

0—— 0 —— Oxxs(—n)® = Oxxs(—n)® —0

| | |

0—FoT F F 0

: (5.44)

where the Oxxs(—n)?" appearing in the upper row are given as a choice of trivialization of E

appearing in the frozen triple (E, F, ¢). The set of extensions in (5.44) is given by:

Ext (0¥ o(—n) & F(FRI)[-1]) 2 Ext(I$, F  T) = Hom(I$, F) ® T (5.45)
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where by Proposition 5.11 Hom(Ig, F) is the space of infinitesimal deformations of the highly frozen
triple represented by the complex I := Oxxs(—n)®" — F.
Hence it is seen that when S = Spec(C) one obtains the deformation space of a C-point in

(P2,r,n)

A qpr (') from the deformation space of a C-point in 53 2’T’n)( "

by making a choice of isomor-
phism ¢ : Ox(—n) ® 7TSM5 = 0% 5(—n). It is also seen that there exists a map Hom(I§, F) —
Ty 9 SPI?% ) (7') and the kernel of this map corresponds to the choices of trivialization of Ox (—n)®
7w M which were not fixed in obtaining the diagram in (5.44), i.e gl,.(C). In other words over a

C-point in the moduli stack one obtains a short exact sequence of C-vector spaces

Hom(I*, I*) — gl,(C) — Hom(I$, F) — Ty HUE0" (7)) — 0. (5.46)

Note that when S = Spec(C) then Ig = I® canonically. Also it is true that for large n one has
Hom(I°®, Ox(—n)®") 2 End(Ox(—n)®") = gl,(C). Now replace gl,(C) with Hom(I*, Ox(—n)®")
and conclude that the space of infinitesimal deformations of a frozen triple in $ PZ’T’n)( "), i.e the

tangent space of the moduli stack at a C-point, is obtained as
Ty, 550" () & Coker [Hom(I*, Ox (—n)®") — Hom(I*, F)] (5.47)

and this finishes the proof of Proposition 5.13 as well as Theorem 5.10 O

Remark 5.14. Another way of observing the result obtained in 5.13 is to compare the tangent
spaces of the moduli stacks of 7/-stable highly frozen triples and frozen triples. Since 521;_211:1? ) (")
is a GL,(C) torsor over $, (Far, n)( '), therefore at every point {p} one obtains the following exact

sequence of the corresponding tangent spaces:
9l (C) — T{p}ﬁs?[gl? (T ) - T{p} ﬁs%gn (7_,) —0, (5.48)

hence it is immediately seen that f)(Pz’T ") (7'} 2 Coker[gl, (C) — T{p}ﬁsﬁigg (7)]. But T{p}ﬁiﬁi’;#) (') =

Hom(I®, F) by Proposition 5.11 and this proves the result obtained in 5.13.
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Now we analyze the infinitesimal deformations of frozen triples in more generality, i.e we do not
assume that S is a point or S’ is an S-scheme. We assume that S is an affine scheme of finite type
over C and S — S’ is a square-zero embedding of C-schemes.

Theorem 5.15. Use notation in Definition 2.10. Fix a map f : S — 5331;3%” (7). Let S’ be a

square-zero extension of S with ideal Z. Let Defs(S’,ﬁgf;Z{’n) (7)) denote the deformation space

of the map f obtained by the set of possible deformations, f' : S" — ﬁgifir’n)(ﬂ). The following

statement is true:

Defs(S', 9E4™ (') = Hom(I$, F) © I/ Im ((End(Ms) — Hom(I2, F)) ® z) (5.49)

Proof. Let g : S — g)glilerTn (7') denote the map of C-stacks. Given the square-zero extension S’

one may ask if the map ¢ is extendable to a map ¢’ : S" — ﬁ(%ng )( ). If g is extendable, then

by Proposition 5.11 we know that the set of such extensions is given by Hom(Ig,F) ® Z. Let

TET ! 53&1;21;; )( N — ﬁg%g’") (') denote the forgetful map in Proposition 3.6. Via composition,

one obtains a map 7rFT ocg: 8 — SﬁspFZif ) (7). One may ask further if the map 711?1} o g can be

extended to a map v og’ 1 S — 9 SF;?’TT ) (7). We consider the following commutative diagram:

Y
Sier () s
m
T TFT ©
ﬁg%%’n)(#) . s

) (5.50)
by Theorem 5.10 we have shown that the following exact sequence exists over X x S.

al,(C) ® Og — Hom(I§, F) — Ext!(I2,I%) — 0.

Let Defs(S’ ,ﬁgﬁg{? ) (7')) denote the deformation space of the map 7% o g obtained by set of

possible extensions 77%’% o¢'. By Proposition 5.11 we have shown that

Defs(S, Sﬁ;g{‘) (') = Hom(I3, F) ® 7.
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Moreover, by Definition 2.10 and via evaluating the moduli functor associated to the moduli stack
of frozen triples on S’, one obtains a family of frozen triples represented by the complex O?@T(—n) X
Mg — F over X x S. By assumption both S and S’ are chosen to be affine schemes therefore it

is not hard to see that the flat deformation of the locally free sheaf Mg over S’ is trivial:

Lemma 5.16. Let Mg be a vector bundle of rank r over S such that Mg =2 Ogr. Given a square-
zero extension S — S" of affine C-schemes, the flat deformations of Mg over S’ is trivial, i.e the

flat extension of Mg over S’ is given by M’y a vector bundle of rank r over S’ such that My = O’

Proof. Replace Mg with Og?r. There exists an exact sequence
00T — My— 0F —0.
Since S’ is affine, we get an exact sequence:
0 — H(0F" ® T) — HO(MY) — HY(OF") — 0.

Let e1,e2, -+ , e, be the canonical generators of OF". Choose lifts €/, eh, - , el € H'(MY). These

! ! !
€1,E9,",€ .
- ~ M. Moreover the homomorphism ¢ becomes

sections define a homomorphism ¢ : (’)gf
an isomorphism upon restriction to S. Since S C S’ is a nilpotent thickening, by Nakyama’s lemma,
this implies that ¢ is an isomorphism. ]

Hence there exists a surjective map

Defs(S', 02 () — Defs(', 9 () — 0.

Moreover by construction, there exists a natural map Defg(S’,ﬁgsz’TT’n) (7)) — Ext'(1%,13) ® T,

therefore one obtains the following commutative diagram:

gl (0g) ® T ——— Hom(I%, F) © T i Ext'(I3,13) © T 0
|= / P K -
End(Ms) ® T ——— Defs(S", 5 () ——— Defs(S', 950 (7)) —— 0

. (5.51)
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by commutativity of the above diagram and surjectivity of the maps k and k', one concludes the

following isomorphisms:

Ext! (12, 18) ® T = Hom(I$, F) ® Z/Im(e)
~ Defs(S, 5 0m (+))/ Im(¢) = Defs(S', 9™ (),

(5.52)
therefore
DefS(S’,,‘Z)S;?ir’n) (7)) & Hom(I, F) ® Z/Im <(End(Mg) — Hom(Ig,F)) ®I>.

O]

Remark 5.17. There exists several ways to obtain the deformation space of a family of highly
frozen triples in Proposition 5.11 with respect to the complex g that represents this family. For
example in some special cases such as when F' is a locally free sheaf, one may deform the highly
frozen triple in Proposition 5.11 using a different method discussed in [3] and [9]. The S-flat family
F in this case parametrizes the locally free, S-flat sheaves over S. Given a family of highly frozen

Dr

triples represented by the complex Oxyxs(—n) 2, F one may consider the complex:

C*:0— End(Oxxs(—n)®" @ End(F))
2, Hom(Oxxs(—n)®", F) — 0,

(5.53)

where A(t1,12) = ¢ o1 — 1y 0 ¢. By the results in [3], there exists a long exact sequence of
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Hyper-cohomologies:

0 — HY(C®) — H%(X x S, End(Oxxs(—n)®") & End(F)))
— HY(X x S, Hom(Oxxs(—n)®", F)) — H'(C*)

— H' (X x 3, End(Ox xs(—n)®") & End(F)))

— HYX x S, Hom(Oxxs(—n)®", F)) — H3(C*) — -

(5.54)

the space of infinitesimal deformations of the highly frozen triple is given by H!'(C®) and the
obstructions are given by H2(C*), [3]. One proves that when H'(Ox) = 0, H}(C*®) & Hom(I2, F):
Using the local to global spectral sequence, the fact that H!(Ox) = 0, Serre duality and n > 0 one

simplifies (5.54) as follows:

0 — H°(C®) — gl,(Og) ® End(F) — H(F(n))®" — H(C®)
— Ext!(F,F) — 0 — H*(C*) — -

(5.55)

" — JF, one obtains

recall that by applying Hom(-, F) to the exact triangle g — Oxxs(—n)®
0 — End(F) — H°(F(n))®" — Hom(I, F) — Ext!(F,F) — 0. (5.56)

Now compare these two exact sequences and obtain a commutative diagram:

al,(0g) ® End(F) — H°(F(n))®" H'(C*) —— Ext}(F,F) — 0
{ =~| l =~| l
End(F) H°(F(n))®" — Hom(I%, F) — Ext'(F,F) — 0

(5.57)

The first and fifth vertical maps in (5.57) are surjective and injective respectively and the second and

fourth are isomorphisms, therefore by 5-Lemma the map H'(C*) — Hom(Ig, F) is an isomorphism
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as we expected. Before finishing this section, for completeness, we state two theorems which can
be proved as a corollary of Theorem 5.10.
Corollary 5.18. Let I be defined as in Theorem 5.10. The first order deformation I, over S’ of

I with trivial determinant is quasi-isomorphic to a complex:
{Oxxes (~n)™ & 77}

Proof. This is a direct consequence of Theorem 5.10. ]

Now we consider higher order deformations:
Corollary 5.19. Let Ig be defined as in Theorem 5.10. The higher order deformation I, over S

of I with trivial determinant is quasi-isomorphic to a complex:
-
(O sl —n)* & 7}

Proof. This is a direct consequence of Theorem 5.10. 0

Remark 5.20. In conclusion, by applying Illusie’s method to the deformation theory of highly
frozen triples, we concluded that the highly frozen triples do not deform in general as objects in
the derived category (which are associated to them), but the frozen triples satisfy this property.

The schematic picture below explains this conclusion pictorially.
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(PZ’TJL)

1o, i (1) := Hom(I*, F) Ext!(I°,1%)

(P2,r,n)
s AFT

HUE ()(S)

Ty 2™ (/) = Coker(gl, (C) — Hom(I*, F)) = Ext'(I*,I*)g
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Chapter 6

Deformation-obstruction theories

By Theorem 3.9 the moduli stack of stable frozen triples ﬁg%r’lf ) (') is an Artin stack.

Notation 1: By a perfect complex E® in D(X) of perfect amplitude [a,b] we mean a complex
satisfying the condition that for every point p € X there exists an open neighborhood U, over
which there exists a complex of vector bundles R® whose terms R’ vanish for i < a and i > b and
[E® |y, is quasi-isomorphic to R®.

Notation 2: By a perfect complex of strongly perfect amplitude [a,b] we mean a complex E® in
D(X) satisfying the condition that there exists globally a complex of vector bundles R® such that
R!=0for i < a or i > b and such that E* = R® in D(X).

Definition 6.1. Following [21] and [26]) by definition a perfect deformation-obstruction theory for

57J(P2,7",n)

opr (') is given by a perfect 3-term complex E*V of strongly perfect amplitude [—1,1] and a

map in the derived category:

]E.V z ]]-“. (Pg,r,n)
ﬁs,FT (™)

such that h'(¢) and h°(¢) are isomorphisms and h~!(¢) is an epimorphism.

Remark 6.2. Notation: The reason for having superscript V in E®V appearing in statement of
Definition 6.1 will be justified through our construction later.

Remark 6.3. Here L;i ﬁ? ) is the truncated cotangent complex of the Artin moduli stack of

7/-stable frozen triples concentrated in degrees —1, 0 and 1 whose pullback via the projection map

G 57)2%?%”) (") — 52{;2’{’71) (7') has the form:

m . 2 \%
(WFT)*L;]<P2,’V',7L)(T,) . I/I - QQ[ ’ﬁ(spl.%l’:‘r'fn)(T/)—) -R ® ij(Pg,r,n)

)
s,FT s, HF T (™)
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where &Y, by construction, is the dual of the Lie algebra of GL,(C). Here, 2 denotes the smooth
Artin stack that one needs to embed $ S}Egj? (7') into, in order to obtain the truncated cotangent

complex, LL® S (1)’ Finally 7 is the ideal corresponding to this embedding.
e ,FT
We will show later that there exists a complex E*V € Db(f_)g];fif’n) (7")) which satisfies the cohomo-

(P :
L n)( "). However as we will

logical properties of a perfect deformation-obstruction theory for 55
see, this complex is perfect of wrong amplitude. In other words it is perfect of amplitude [—2, 1]
(instead of being perfect of amplitude [—1, 1] as in Definition 6.1).

(1). By Theorem 3.12 $ s%if; (7") is a DM stack. In this situation the truncated cotangent complex
takes the form:

L® 5 m CT)T? = Qo | (Pyirm
yJL(qPI%FT )( / ‘ﬁs,l—%FT )(

T’
Here as Behrend and Fantechi define in [2], a perfect deformation-obstruction theory is given
by a perfect 2 term complex G* of strongly perfect amplitude [—1,0] and a map in the derived

category:

G. i>I[".(PQTTL)( )
sHFT

such that h%(¢) is an isomorphism and h~!(¢) is an epimorphism. Unfortunately, using usual direct
methods, the construction of such G* for our setup fails in general.

(2). To solve the issue in (1), first we show that there exists a 4-term perfect deformation obstruc-
tion theory of strongly perfect amplitude [—2, 1] over NeF PZ’M (/). Then we pullback this complex
via the projection map 7is : § s%gT" (7)) .S’)iPF?{ n)( ") and we apply a suitable local truncation to
the pulled-back complex and define a perfect deformation obstruction theory of perfect amplitude
[—1,0] over $ S%g; )( ’). Finally we show that locally we can construct virtual fundamental cycles
which (under Assumption 7.15) glue to each other to give rise to a globally well-defined virtual
fundamental class over § . I_QIFTTn ) (7).

Remark 6.4. From now on by a perfect complex of perfect amplitude [a,b] we mean a perfect

complex of strongly perfect amplitude [a, b].
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6.1 Discussion on perfect obstruction theory over ﬁipﬁg’n)(T’ )

Given X a smooth projective Calabi-Yau threefold over C and S a parametrizing scheme of finite
type over C, by Theorem 5.10, we showed that the tangent space at every point of the moduli stack
of 7-limit-stable frozen triples is isomorphic to the space of deformations of the complex with fixed

determinant which represents the stable frozen triple. In this section we use this result to construct

a deformation obstruction complex for f_)g%ﬁf ) (77).To save space let us temporarily introduce the
following notation:

1. 5= 9 ()

2. A:=0xx5® M ® Oxxg(—n) where M is a vector bundle of rank 7.

3. 7T5§ZX><,6—>S’:')

Consider the universal exact triangle determined by the universal complex representing a universal

stable frozen triple over X x $:
I* - M®Oxxs(—n) = F (6.1)

Now consider the following commutative diagram:

™
Xx§—— §
x| |
X C
(6.2)
Apply RHom(-,I°) ® m5wx[2] to this triangle and obtain the composition of morphisms:
RHom(I°,1°) ® wr, [2] — RHom(F,I°) ® wy [3] —
RHom(M ® Oxxg(—n),1%) @ wr, [3]
(6.3)
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There exists a map from the trace-free RHom to RHom so we get the following composition of

morphisms in D°(X x §):

RHom(I°,1%)0 ® wry, [2] = RHom(I°,1°) ® wx, [2]

— RHom(F,I°) ® wry, [3] = RHom(M ® Oxxs(—n),1°) ® wry [3]

Theorem 6.5. There exists a map in D*(H):

Rrrgy.(RHom(F, 1) ® wy, [3]) 2 LY, (6.5)

Proof. One needs to apply the result of Illusie [16] (Section 4.2) in Theorem 5.12 to the universal

complex I* : M ® Oxxu(—n) 2, F. Since we will not eventually use Rmg.(RHom(F,1°) ® wr [3])

as a suitable candidate for the deformation obstruction theory of § := ﬁgpﬁif’n) (7') and since

the proof follows directly from the proof of Joyce and Song in [18] (Theorem 14.7) applied to

I*: M ®Oxxg(—n) 2, F we omit providing a detailed proof here and leave this to the reader. [

Remark 6.6. Note that the complex RHom(F,I*) ® wy [3] is neither perfect of amplitude [—1, 1]

nor it defines a deformation theory for moduli stack of frozen triples. However by (6.4) one obtains:

RHom(I*,1°)o ® wny [2] — RHom(I*,1°) ® wxy [2]
— Rmg * (RHom(F,1°) ® wx, [3]) — L

(6.6)
Now consider the composite morphism in the derived category:

RHom(I*, 1) ® wy, [2] — LY. (6.7)

Note that for every point {p} € ﬁgpﬁg ) (7') represented by a complex I® the fiber of RHom/(I*,1*)y®

wry, [2] over I® is a complex which has 4 non-vanishing cohomologies (by taking cohomologies in
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degrees —2,--- ,1) equal to Ext?>T¢{(I*, I*)o.

6.2 Non-perfect deformation-obstruction theory of amplitude

(PQaTan) /
[—2,1] over 9, g1 (7')
Theorem 6.7. There exists a map in the derived category,

® e * ob °
Rrg. (RHom(I*,1%)p ® mxywx) [2] — L (P 1

f)s,FT

After suitable truncations, there exists a 4 term complex E® of locally free sheaves , such that E®Y

is self-symmetric of amplitude [—2,1] and there exists a map in the derived category,

t
]EO\/ ob LO (Pyirom)
Do pp (7))

such that h=1(ob') is surjective, and h°(ob?) and h'(ob) are isomorphisms.

Proof. In what follows we use the notation $) := fjgifif ’n)(r’ ).

Consider the universal complex:
I* = [M ® Oxxg(—n) — F] € D"(X x 9).

Since the composition of the maps id : Oxxgs — Hom(I%,1°) and tr : Hom(I*,1*) — Oxxg is
multiplication by rk(I°®), one obtains a splitting Hom(I°®,1°) = Hom(I*,1*)p & Oxxg. Recall that

(Py,r,m) ,
by discussions in Section 3.3.1 § = [W] where G = GL,(C) x GL(142).

For simplicity denote & = &™) (7). Let I denote the pullback of I* to X x &. We write
L® to mean the full, untruncated cotangent complex, and write L® = 727 1L® for the truncated

cotangent complex. Consider the Atiyah class Iy — L%, & ® I%[1] defined by Illusie [16] (Section
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IV2.3.6). The Atiyah class can be identified with a class in Ext'(Ig, L%, & ® I%). The composite
I5 — Ly xe @ I5[1] = 757 Lo ® I5[1] = Ly e ® I5[1]

is the truncated Atiyah class of [15], Section 2.2.

By [14] (Proposition 2.1.10) the complex I*® is perfect. It then follows from Corollaire IV.2.3.7.4 of
[16] that the composite I — L%, & ® I&[1] — Q% & ® I%[1], when identified with a 1-extension,

agrees with the canonical 1-extension
0— Qe @Iy = Pxye ®Is — 15— 0 (6.9)

defined by tensoring with the first-order principal parts 77)1(“5.

We want to show that the Atiyah class descends to X x § = X x [&] where G = GL,(C) x GL(V3)
(where this identification comes from discussions in Section 3.3). More precisely, this means the
following. Let g5 : X x & — X x $ denote the projection. Then we want a morphism I* —
L%« @ I°[1] on $, such that the natural composite ¢glI*® — ¢g L%, o ® ¢gI°[1] — L%, & @ I5[1]
agrees with the Atiyah class of Illusie. The complex I¥ is G-equivariant by construction (it comes
via pullback from X x §)), and the construction of the Atiyah class shows that it too is naturally
G-equivariant. The pulled back cotangent complex q5L% i has the following description. There
is a natural composite map L%, g — Q}MG — gV ® Oxxe, where the second map is dual to the
infinitesimal g-action (and g = Lie(G)). Then ¢§L%, o =~ Cone[L%, s — 8 ® Oxxe][—1]. Thus,
to prove that the Atiyah class descends to X x $) in the sense explained above, it suffices to show
that the composite Iy — L%, g ®I%[1] — Q% s ®1%s[1] — ¢ ®I%[1] represents an equivariantly
split extension. By the above discussion, this extension is obtained by pushing out the principal
parts extension (6.9) along the natural map Q}(xe @Iy — g¥ ® I%. Just as a splitting of the
principal parts extension corresponds to a choice of connection, however, a splitting of its pushout

corresponds to a choice of an L-connection [5] (Section 4) where L = g ® Oxxe is the action Lie

algebroid associated to the infinitesimal G-action. Since I*® is G-equivariant, it comes equipped
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with a g ® Ox «xs-connection, hence a G-equivariant splitting of the required 1-extension. It follows
that the Atiyah class descends to X x §.

We now have the truncated Atiyah class of the universal complex, given by a class in

Ext), o(I%I° ® L, ) & Extl, o (RHom(I*,I°), L% 5)

= Extl o (RHom(I°,I%)0 & Oxxs: Lk x5), (6.10)

where LY, o denotes the truncated cotangent complex of X x §. Note that over X x §, LY, o =
L L% @ Lrgly. Since the projection maps are flat the derived pullbacks are the same as the

usual pullbacks. One obtains the following map between the Ext groups:
ExtY o (RHom(I%,1%)9 & Oxxs, Ly« g) — Extl, o (RHom(I®,1%), T LY). (6.11)
On the other hand:

ExtX 5 (RHom(I*,1%), 5L%)

= Extyr o) T (e RHom(I%,I1%)0 © wyxg)

= Extg " TIO (Le Ry, (RHom(I*, 10 ® wxx )"

o Ry dIm() —[dim(X)+dim($)-1] <Rm§>k (RHom(I°,1%)0 ® wxxg),L§ ® w;))

P
Mgt

& Bt O (me (RHom(I*,I*)o ® wyxg) ® Rmg.Lrwy L%) , (6.12)

where the first isomorphism is obtained by Serre duality, the second isomorphism is induced by the
adjointness property of the left derived pullback and the right derived pushforward and the third
isomorphism is obtained by Serre duality. By projection formula and the definition of the relative

dualizing sheaf

-1 *
Wre = WX x6H ® We = TxWx

66



the last term in (6.12) is rewritten as:
Ext; " Ry, (RHom(I*,1%)0 ® mhwy) , L) - (6.13)
Since X is a three-fold, (6.13) is rewritten as:
Rrg. (RHom(I*,1%) ® mxwx) [2] — L. (6.14)

Therefore, it is seen that the truncated Atiyah class of the universal complex over the moduli stack
of 7’-stable frozen triples, induces a well defined map in the derived category as in (6.7). Next we
show that this morphism in the derived category defines a relative deformation-obstruction theory

for Y)SI;QZEn (7). O

Proposition 6.8. The morphism given by (6.14) defines a relative deformation-obstruction theory

forf_);;fTrn (7).

Proof. We follow the same strategy as in [15] , [28]. Given a morphism of C-stacks S % Ner (Far, n)( "
and a square zero embedding S — S , by the theory of cotangent complexes there exists a morphism
in D°(9): Ly — ]LS/S' > [Zgcs — Qg |s]. There exists a morphism: [Zgcgr — Qg |s] — Zscsr[1],
hence we obtain a morphism in D?(S):

— Ly — Ty g[1] (6.15)

X7 ®
e:qg L —n
MR RICD

where 7

Scs

is the ideal of S € $ and e € Extl(g*L;ﬁ<P§%T7n>(T/),ISCS). Now e is equal to zero if

and only if there exists a lift ¢ : S — ﬁSPFQ’TT "™ (7') and moreover if such ¢’ exists then the set of

isomorphism extensions forms a torsor under Hom(g* ]Lﬁ(P2 ) ),ISC ¢)- Consider the following
s,FT
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commutative diagram:

x x 9Py L x < s .
5 {TFSXXS

(PQ 5T n) 9

(7) &S

Uve——

(6.16)
Pullback the morphism in (6.14) by ¢ and obtain:
g Rrg. (RHom(1°,1%)0 @ mkwx) [2] — ¢ ]LﬁEPF2TT ™ () (6.17)
This induces a natural composite morphism in D°(S):
0:9"Rrg. (RHom(I*,1%)y ® nxwx) [2] — ¢"L® B (71 — Ly — Ty 4[1], (6.18)

where o € Ext™!(g* Rmg . (RHom(I°,1°)p ® miwx) ;Zgcg)- One shows that there exists an exten-
sion of g to ¢ if and only if o vanishes and moreover the set of such extensions forms a torsor

under

Ext™2(¢*Rmg, (RHom(I*,1%)o @ mhwx) +Lgcg)-

By (6.16) and the flatness of mg one obtains the following isomorphism:
9" Rrg. (RHom(I°,1%)p ® mxywx) [2] = Rrg« (RHom(g"I*,g"1%)0 @ mywx) [2]. (6.19)
Hence one obtains:

Rrg . (RHom(g*1%,3"1%)p ® mxwx) [2] — g*L' ps — Ly — T

MEs scgll] (6.20)
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therefore:
0 € Ext ™ (Rrg, (RHom(g*1*, 5" 1*)o ® Twx) Lgeg) & Ext%. ¢(7'1°,5°1° ® msZgg)o  (6.21)

by a similar argument to (6.12). By results of Thomas in [32] the trace of the obstruction class
is the obstruction to deform det(g*I®). So this is enough to conclude that o = 0 if and only if
there exist deformations of g*I°®* from X x S to X x S. Moreover the set of such deformations
forms a torsor under Extk. ¢(g*I*,g*I* ® TeZg-g)o- By definition of relative moduli stack, the
deformations of g*I® are in one to one correspondence with deformations of g to ¢ and this finishes

the proof of Proposition 6.8. 0

Now we show that the deformation-obstruction theory in Proposition 6.8 is globally quai-isomorphic

to a 4 term complex of vector bundles.

6.3 Truncation to a perfect 4 term complex of vector

bundles

Lemma 6.9. Given S a smooth scheme of finite type over C and X — S a smooth projective
morphism of relative dimensionn, If F' is a flat family of coherent sheaves on the fibers of f : X — C

then there exists a locally free resolution
0O—F,—F, 1— - —F—F

Such that R" f.F,, is locally free form =0,--- ,n, Rif*Fm =0fori#nandm=0,---,n.

Proof. Look at [14] (Proposition 2.1.10). O

Proposition 6.10. The complex Rmg, (RHom(I*,1%)y ® niwx) [2] in (6.14) is quasi-isomorphic

to a 4 term complex of locally free sheaves.
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Proof. Consider the universal complex I* over X x § ¢ (P, n)( ). By Lemma 6.9 there exists a finite

locally free resolution A® of I°. There exists an isomorphism (A4°)Y® A® & OXXfJ(pQ,M)( ,)@((A')VQQ
s, FT T

A®)o. Now define the quasi-isomorphism class of trace-free Homs by RHom (1°,1°) = ((A4°)Y®A®)o.

Each term in the complex ((A*)" ® A®)g is a coherent locally free sheaf over X x §_ ¢ (Parr, n)( ") flat

(P2, rn)(T,). Pg,rn)( ) _ 57)(P2,7‘,n)

over YJ Since the projection map mg : X X H_pp SFT (7) has relative

dimension 3, by Lemma 6.9 there exists a locally free resolution of length 4 associated to each term
n ((A°*)Y ® A®)g. From this point the proof follows Lemma 2.10 [28] . Let the complex B® be a
sufficiently negative locally free resolution of ((A')v ® A®)o trimmed to start at least 4 places earlier

than ((A°®)Y ® A®)p, then RSQWﬁ(PQ,T,n) =0 for all m and R3w T (P ron) B™ is locally free.
s, FT

(7'/)* s, BT (m7)*
Let E*Y be defined as the complex with

F/ =~ R3 o Py BIT3, (6.22)

s,FT ( )

The complex E® is a complex of locally free sheaves, and quasi-isomorphic to Rrg . RHom(I®,1°).

Restricting this complex to a point {b} € ﬁgif’TT n)( ") (i.e base change) one obtains a complex
whose cohomologies compute Ext!(I®,I*)y. By the property of I*® shown earlier, the negative
Ext groups vanish. Hence, one obtains a complex whose nonvanishing cohomologies are given by
Ext?(I®,1%)g, - - - Ext*(I*,I*)o, - - -. However since X is Calabi-Yau, by Serre duality Ext’(I®, I®) =
Ext?~¢(I*,I*). Hence for i > 3, Ext‘(I*,I*)y = 0 and the only non-vanishing cohomologies are
ExtO(1°,1%)o---Ext3(I*, I*)o. Note that, by Serre duality, Hom(I*, I*)y = Ext3(I*, I*)y. Now
apply Lemma 2.10 in [28] to E*Y in (6.22). The complex E®¥ is quasi-isomorphic to a 4 term
complex of locally free sheaves.

PQ,T"IL)( /)

The truncated cotangent complex of ) is concentrated in degrees —1,0 and 1:

(90r(C))" ® O ry.rimy

L (Fa.rm) T’)_) " eFT (')’

I I2 — Q Py, rn
S / Al grgrm

By Theorem 6.7 and Proposition 6.8 one obtains a morphism in the derived category

bt
E.\/ O_) L. n
S ()
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Restrict to a point b € § S%ng ) (7') and obtain:

=1 (ob! ) : Ext®(I°,1%)g — Ext!(I®, F)

which is surjective by the construction and the exact sequence in (5.22). Moreover, by Propositions

5.13 and 5.15, the cohomology map in degree zero
ho(ob! |,) : Ext!(I®,I*)g — Coker(gl,(C) — Hom(I®, F))

is an isomorphism. Finally, h!(ob® |;) is an isomorphism mapping the automorphisms of the object
in the derived category to the automorphisms of the associated frozen triple. This finishes the proof

of theorem 6.7. O]

To obtain a relative deformation obstruction theory over 57)(P2’r’n) (7') one needs to truncate the
complex E* so that it does not have any cohomology in degree -2. The cohomological truncation
of E*Y on degree -2 over $_ 2 P2’T’n) (7") can not solve this issue since the truncated complex may not
be perfect of amplitude [—1, 1]. We will show in the next section that the pull back of the complex
E*Y via the map

mh 9l () = 9l ()
and a suitable truncation over $ ?I;; ) (7') provide a candidate for deformation obstruction theory

over ﬁg%i:’Tn) (7).

6.4 A perfect Deformation-obstruction theory of amplitude

[~1,0] over !5 (1)

In this section we propose a strategy to find a suitable deformation-obstruction theory over the
smooth components of the moduli stack of highly frozen triples. First we prove a statement about

the self duality of the complex E® obtained in Proposition 6.10.
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Lemma 6.11. The complex E® in Proposition 6.10 is self-dual in the sense of [1]. In other words

there exists a quasi-isomorphism of complexes:

Proof. Use the notation in Section 6.1. The derived dual of E® over $) S];QIEZF ) (7') is given by

E*Y := RHom(E®, Og).

By Proposition 6.10 E*® is quasi-isomorphic to Rmg . (RHom(I*,1%)y ® 75 wx) [2]. Now use Grothendieck

duality and obtain the following isomorphisms:

RHom(E®, Og) = Rrg.(RHomy x5 (RHom(I*,1%)o @ mkwyx) [2], 7' Og))
> Rrg«(RHomx o (RHom(I*,1%)y ® mxwx) [2], Txwx[3])

> Rmg«RHom(Ox x o, RHom(1°,1%)0[1]) = E*[—1]. (6.23)

Hence we conclude that E*V[1] = E®. Note that the second isomorphism in (6.23) is obtained using

the fact that X is a Calabi-Yau threefold and hence wx = Ox. ]

An alternative obstruction bundle for HFT

(P2,r,n)

Consider the forgetful map 7% : 6 srpr (7)) — 9 P”” (7). We pullback the four-term de-

2,7‘7'L

formation obstruction theory of perfect amplitude [—2, 1] over ! orr (7)) via %, After suitably

truncating the pulled-back complex we define a perfect two-term deformation obstruction theory

of amplitude [—1, 0] over ﬁ(};ing )( ).

Theorem 6.12. Consider the j-term deformation obstruction theory E®V of perfect amplitude

[—2,1] over 5581;2{ ) (7).

1. Locally in the Zariski topology over ﬁsiZIng (') there exists a perfect two-term deformation
obstruction theory of perfect amplitude [—1,0] which is obtained from the suitable local truncation

of the pullback (mF%)*E*V.
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2. This local theory (under Assumption 7.15) defines a globally well-behaved virtual fundamental

class over $ éFTT") ().

Proof: Here we prove the first part of the theorem. For notational simplicity, denote m = 71'%]%. As

P2 ,r,n) (7_/)

we showed before, since 5’) is an Artin stack, the cotangent complex of § SPFQ’TT ) (7') has a

term in degree 1. By the canonical exact triangle of relative cotangent complexes in the derived

category, we have:

TLe 1], (6.24)

_)L(PQ'rn) _>Q _)WIL’(PQTn)

ﬁ(P2rn)( ) sHFT (,) s, FT ( )

s, FT

By Theorem 6.7, E*V b, L;j(PQ ) () is a perfect deformation obstruction theory of amplitude
s,FT

[—2,1] for 51;“2% "™ ("), such that h%(ob), h'(ob) are isomorphisms and h~!(0b) is an epimorphism.

Proposition 6.13. Let U = [ [, U; be an atlas of affine schemes for ﬁi%girn) (7). Fiz one the maps

q:U; — 521;—21151? (7). The following isomorphism holds true in D°(U;):

Hom(q*Qyr, ¢* (7" E® P2 [1])) =2 Hom(q*Qyr, ¢" (7*L* P2 [1])). (6.25)
s FT ( ) s FT ( )
Proof. Consider the exact triangle
* * [ ] bt
¢ (m*E v) — g (" Lﬁ(?TT ) )) — Cone(obg) (6.26)

induced by the pulling back (via moq : U; — ﬁ(PQ’T n)( ")) the deformation obstruction theory in

Theorem 6.7. By Proposition 3.6, and the exact triangle in (6.24):
Qﬂ' = R\/ ® Of)(PQ rn)

s,HFT ( )

where £ by construction is the dual of the Lie algebra of GL,(C). Hence ¢*Q, = 8 ® Oy,. Now
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apply Hom®(¢*Q,, ) to the exact triangle (6.26) and obtain

Homo(q*Qﬂ, Cone(obg)) — Homo(q*Q7r7 q* (W*E.V) [1])

— Hom®(¢*Qr, ¢* (7*1L*)[1]) — Hom®(¢*Q,r, Cone(ob!)[1]). (6.27)
We prove the statement of the theorem by showing that
Hom(¢*Q;, Cone(obl)) = 0 = Hom’(¢*Q, Cone(ob!)[1]). (6.28)

Now consider the long exact sequence of cohomology induced by the exact triangle in 6.26:

0 — h=3grE"]) — h-3g5rL")) — b~ (Cone(ob})) = h2(¢" (x"E""))

— 12 P E]) — b~ (Cone(0b))) — b~ (¢" (x"E™)) — b~ (¢" (x"L*))

—h! ab%)) — h0(q" (7*E*Y)) = h°(g* (n*L*)) — h%(Cenetalt])

— h2(g 4 E)) — hi (g ) — 0 (6.29)

where we have used the fact that ¢*(7*L°®) and ¢*(7*E®Y) are perfect complexes of amplitudes
[~1,1] and [~2,1] respectively and h’(ob}) is an isomorphism for i = 0,1 and a surjection for
i = —1. Hence we conclude that Cone(ob!)) has cohomologies on degrees —2 and —3 only. Now use
the fact that one can replace the complex Cone(ob!)) with a representative complex A® such that

A¥ =0 for k > —1. Now we use the following lemma.

Lemma 6.14. If U is an affine scheme and A® is a complex with A¥ = 0 for k > —1, then

Hom®(Oy, A®[l]) = 0 for all 1 > 0.

Proof. We use the general fact that given complexes G and F', in order to compute the Grothendieck
hypercohomolgy Hom'(G, F), one replaces F with its injective resolution F — K®. Moreover
replacing F with K*® is equivalent with replacing G with P® such that P®* — G is a projective

resolution. Now use the fact that locally over U, O is given as a free and in particular projective
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module hence its projective resolution consists of one term and one can use Oy itself instead of the
complex P*® in order to compute Hom® (O, A®[l]) which is isomorphic to zero since Oy is a flasque
sheaf sitting in degree zero. 0
Now use the fact that by construction ¢*Q,; = & ® Oy and apply the result of Lemma 6.14 by
replacing Oy with ¢*Q; and obtain the vanishings in (6.28). This finishes the proof of Proposition
6.13. O
Lemma 6.15. Let ¢ : U — Sﬁslggg (") and ¢’ : U' — ﬁg%gﬁ?)(ﬂ) be given as fixed affine charts
2.7

over $ HFT)(T') such that the isomorphism in Proposition 6.13 holds true over U and U'. Let

p1iUXgg U — U and pa : U Xgug U' — U be the corresponding projections. Then

Hom® (p3(¢*Qr, ¢ (n"E*Y)[1])) = Hom® (p5(¢" 2w, ¢* (7" L) [1]))

Proof. Because $) 1;—21%:1“ (7') is a quasi-projective scheme (Remark 3.14) then an intersection of affine
subschemes of $) S};_QI;TH ) (7') is affine. Now apply Proposition 6.13 to U X gxqy U'. ]

In what follows in order to save space we denote by Hpr := ﬁg%{ ) (7') and Hppr = ﬁi?ﬁ )(T/ ).

Now fix U;, by the local existence of the map ¢; in Proposition 6.13 there exists a commutative

diagram over U;:

T E*Y |y, —— Cone(gi)[~1] —— QO |y, ——— 7*E*V[1] |y, ——— Cone(g;)

|m b o | ol |

- 51

* [ ]
L HHFT ’Z/l,-

HFT ‘Uz‘ U — W*L%FT[I] ‘U@' - ]L;JHFTU] ’Ui

(6.30)

Lemma 6.16. The map ob’' : Cone(g;)[—1] — L*® LS lu, defines a perfect 3-term deformation

sHFT ( ,)

obstruction theory of amplitude [—2,0] for f)siﬁ:f’}l (7") over U;.

Proof. : We show that Cone(g)[—1] is concentrated in degrees —2, —1 and 0, moreover h"(ob’)
is an isomorphism and h~!(ob’) is an epimorphism. The proof uses the long exact sequence of

cohomologies. For h~!(ob’) one obtains:
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~Y

0 ——— W (T E*Y ly) = 7*h L (E*Y |y,) —— h~}(Cone(gi)[~1]) —— 0

7*(h~1(ob)) hh_l(ob’) ‘

>~

0 —— AN (" LY, ) = 7 h (LY ) ——— hH(LE

HHFT ’Z/l,- )

: (6.31)

the top horizontal isomorphism is due to the fact that
Cone(g;)[-1]: E™2 - E' - E'2Q, — F!,

where E° correspond to the terms of the complex E*V |;,.. The vanishings on the left and right of
the top and bottom rows of (6.31) are due to the fact that €2, is a sheaf concentrated in degree
zero. By Theorem 6.7, the second vertical map (from left) is a surjection and by commutativity of

the diagram (6.31) the map h~!(ob’) is surjective. In degrees 0 and 1 one obtains:

0 — 7* h%(E*Y |y,) — h%(Cone(g)[~1]) » O [y, — 7* h'(E*Y Jyy,) — h'(Cone(g)[~1]) - 0

h hw* h%(ob) |y, hho(ob’) hid

0 - 7*hO(L2

s, FT

7 h'(0b) |, hhl ob')

|Ui) —h’ ( L$ |Z/{z) — |Ui -7t hl(L.ﬁF | z) - hl(L.

HHFT HHFT

;) — 0

(6.32)

P27T7n)

In this diagram, h'(L® L l,) = 0 since over f)i aer (7') the truncated cotangent complex

SHFT ( /)
does not have cohomology in degree 1. Moreover 7*h!(ob) |y, is an isomorphism by Theorem
6.7. Hence h'(ob’) = 0. Moreover by Theorem 6.7, 7*h%(ob) is an isomorphism, hence by the

commutativity of the diagram (6.32), h%(ob) is an isomorphism. This finishes the proof of Lemma

6.16. O

In order to obtain a perfect deformation obstruction theory of amplitude [—1,0], one needs to

truncate the complex Cone(g;)[—1] so that it does not have any cohomology in degree —2.
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The self-duality of E® gives a diagram of morphisms in the derived category:

~

E* ———— E*V[1] —— Cone(g;)

g-isom
9
T, | [1
o, [1] (6.33)
Lemma 6.17. The natural map
Hom, .y (E®, Tr [y, [1]) — Homip .y (Cone(g;), Tr [us; [1]) (6.34)

is an isomorphism.

Proof. Note that U; is affine and Ty |y, [1] = Ogiim(ﬁ)[l], so the statement reduces to knowing
that HY(E*Y) — H!(Cone(g;)V) is an isomorphism. This follows since E*V[1] — Cone(g;) is an

isomorphism on H™! as shown in diagram (6.31). O

By Lemma 6.17 g factors through a map
Cone(g;) — Tr |u; [1]

which is unique up to homotopy. We make such a choice of lift and denote it again by g’. Now

consider the exact triangle
Cone(g))[~1] — Cone(g;)[-1] L= Ty |y, — Cone(gy). (6.35)

Denote G* |y,:= Cone(g;”)[—1]. In order to finish the proof of Theorem 6.12, we need one more
lemma.
Lemma 6.18. The complex G*® |y, defines a perfect deformation obstruction theory of amplitude

[—1,0] for U;.
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Proof. : By construction

G* |Z/{i:: T E? - B! & Tr |Z/Ii*> T E° & Qr ‘Uz‘" B

This complex has no cohomology in degree 1 and —2, i.e in the following commutative diagram,

the top row is quasi-isomorphic to the bottom row:

!
B2 d TE e T, T EY® Qr |, T Bl

J J J |

0 ———  Coker(d') Ker(d)

: (6.36)

moreover there exists a morphism

G. U_>]L’. Po,rn U;
| 7 ﬁ;}%%"i‘)(T/) ‘ 1

which is given by the composition of
G* [o,— Cone(g)[—1]

and

Cone(g)[—1] = L® (5, ..y lu, -

N, 1HET (™)
By Lemma 6.16, this map satisfies the condition of being a deformation obstruction theory. This

finishes the first part of the proof of Theorem 6.12. O

To prove that the local deformation obstruction theory in Theorem 6.12 under Assumption 7.15
defines a globally well-behaved virtual fundamental class, we need some preparation in the next
section.

Remark 6.19. The difference between the construction in Theorem 6.12 and the construction in
[28] (2.3) for rank 1 triples (stable pairs) is that, for theory of stable pairs, the terms Hom(I®, I®)o

and Ext3(I®, I*)g are equal to zero by stability, however in higher rank, the stability condition does
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not ensure that the stable objects, I®, in the derived category are simple objects. Hence applying
Theorem 6.12 is necessary to obtain a perfect deformation obstruction theory of amplitude [—1, 0]

for U;.
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Chapter 7

Virtual fundamental class for HFT

In Proposition 6.13 we proved the local existence of a map in the derived category
Qr |Uzi> W*E.v[l] |U¢v

where U; were open subsets given as elements of a smooth cover U = [, U; of .6521;; ) (1) (Noseda
in [25] refers to charts in Proposition 6.13 as charts with lifting property). We locally constructed
the perfect deformation obstruction theory in the first part of Theorem 6.12. To prove the second
part of Theorem 6.12 we need to check that the virtual fundamental cycles obtained from this
construction are independent of choice of local charts. In other words, we need to prove that the
local virtual cycles obtained from Theorem 6.12 glue to each other and define a well-behaved global
virtual fundamental cycle. We also emphasize here that in gluing the local virtual fundamental
cycles we will require an addition assumption (Assumption 7.15) which we will discuss later. First,

we need some background.

7.1 Background

Definition 7.1. [2](Section 1). Let 9 be a DM stack and S = €, S’ be a quasi- coherent sheaf
of Ogp-algebras such that S° = Ogy, S! is coherent and S is locally generated by S!. Then the
affine M-scheme, C' = Spec(S) is called the cone over M if the following additional conditions are
satisfied:

There exists a zero section:



and a multiplication map

AlxC—C

induced by (), ¢) — A-c. Moreover the multiplication map satisfies the axiom that for any \, u € A!
andce C, A\ (u-¢)=Au)-¢,1-c=cand 0-c=0.

Definition 7.2. [2](Section 1). Given a coherent sheaf F' over 9 we get an associated cone (a
linear space):

C(F) : Spec(Sym*(F)) — M

such that for any 9-stack T" we get
C(F)(T) = Hom(Fr, Or).

Any cone C' = Spec(@P, S%) is a closed subcone of the associated cone A(C) = Spce(Sym®(S1)),
called the Abelian Hull of C.
Definition 7.3. [2](Section 1). If E is a vector bundle and d : E — C'is a morphism of cones, we

say that C' is an E-cone if C is invariant under the action of E on A(C):
ExC—C,

induced by (v,7) +— dv + 7.

Here we include some statements proved by Seibert in [31] without proof.

Lemma 7.4. [31](Lemma 2.1). Let o : Eq — Fy be a commutative square between the complezxes
of linear spaces Eo : Eg — E1 and Fy : Fy — I} and let C — FEy be an Ey-cone, then <I>1_1(C) — Fi
is an Fy-cone.

Definition 7.5. [31](Definition 2.2). Let ®, : E4, — Fo be a commutative square in Lin(9%) and

C C Eq an Ey-cone. Then the Fy-cone

o,C = ,(0)
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in F} is called the pullback of C' under ®,

Lemma 7.6. [31/(Lemma 2.5). Given @, : Eq — F,, a commutative square in Lin(9M) and Fy a
vector bundle such that ® induces an isomorphism on h° and a closed embedding of linear spaces
on h', then

(q>07_d/)
-5

0— Fjy Eo@FliEl

s exact. In this case we say that going down is applicable to P,.
Definition 7.7. Let ®, : F, — F, be a commutative square in Lin(9t) such that going down is
applicable to ®,. Let C C Fy be an Fy-cone. The unique cone C' C Im(q) C E; with ¢~!(C) =

Ey & C is called pushforward of C' by ®,, denoted by

(P )i(C).

Lemma 7.8. [25](Lemma 24). Given a square diagram of linear spaces over I

Ao

>,
O—— W
@

Ce

(7.1)

which commutes up to homotopy. Assume that going down is applicable to § and 3 and h'(Cs) —
h'(D,) is injective. Then
o' ="'

7.2 Gluing the local cone stacks

Followed by constructions in [2], we choose a local embedding over 521;21;1? ) (7') over which we

construct the normal cone. Then we prove that the normal cone is independent of this local
embedding, i.e it remains invariant under base change. Then we glue the local normal cones

constructed over each local embedding and obtain a global cone stack. Eeventually a global virtual
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fundamental class is constructible from a global normal cone stack [2].
Definition 7.9. [2](Definition 3.7). A local embedding of ﬁslﬁg{? (') is given a by a tuple (U, M)

fitting in a diagram:

U
it (7'
where
1. U is an affine C-scheme of finite type.
2. M is an affine C-scheme of finite type.
3. my is an étale morphism.
4. f is a local immersion.

Given a local embedding (U, M), let Z be the ideal corresponding to embedding of ¢/ in M. By

restricting the cotangent complex to ¢/ we obtain a map
¢: f LYy — [Z/T* — Qu ]

such that ¢ induces an isomorphism in A~! and h°. Moreover, by [2] (Proposition 2.6), we obtain

a morphism of cone stacks
Vo, *

where Ny p = Spec(Sym®(Z/Z?)) is the normal sheaf of & in M. The normal cone of U in M is

obtained by C(Uea, M) = Spec(@®, Z*/Z"**) which is a Ty,,-cone inside Nyy/ps. In what will follow

N $UTZ () denotes the intrinsic normal sheaf over ﬁg%;; ) (7).

(P2,r,n)

Fix the open smooth chart U —% Honrr (T "), a local embedding with the lifting property [25] as
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in Theorem 6.12. Consider the perfect deformation obstruction theory

G. u— TF*L. Po,r,n
= L o)

in Lemma 6.18. To continue we need some background about semi-perfect obstruction theories
from [12]. First we state the definition of the numerical equivalence . Let M be an artin stack and
X — M a representable morphism of a DM stack to an Artin stack. Now let U =[] Uqen be a
DM cover of X by affine schemes. Consider U4, — M for some o € A.

Definition 7.10. [12] (Definition 2.5) Let ¢ : T'— T” be a closed subscheme with 7" local Artinian.
Let Z be the ideal sheaf of T in 77 and let m be the ideal sheaf of the closed point of T7. We call

¢ a small extension if Z-m = 0. Given a small extension (7,7”,Z, m) that fits into a commutative

square
r—9 . u,
! |
T M

, (7.3)

so that the image of g contains a closed point p € U,, finding a morphism ¢’ : T — U, that

commutes with the arrows in (7.3) is called ”infinitesimal lifting problem of U, /M at p*.

Given a perfect relative deformation obstruction theory G* — LS /M denote by G*® |y, the restric-
tion of G* to Uy Let ¢ : G* Jo,— Ly, /5 and ¢ G |y,— L3, /m Pe given as two perfect relative
deformation obstruction theories over U, — M.

Definition 7.11. Given a U, — M let ¢ : G* — L&a /M be a perfect obstruction theory. For the

infinitesimal lifting problem in Definition 7.10 we call the image
ob(¢,9,T,T') := H'(¢")(w(g, T, T")) € Ext'(¢"G*,Z) = Ob(¢,p) ® T (7.4)

the obstruction class (of ¢) to the lifting problem

Definition 7.12. [12] (Definition 2.9) We call ¢ and ¢’ v-equivalent if there exists an isomorphism
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of sheaves:

¢ : HY(G*) — HY(G™) (7.5)

so that for every closed point p € U, and any infinitesimal lifting problem of U, /M at p as in

Definition 7.10 we have

¥ |p (0b(¢,9, T, T')) = 0b(¢', 9, T, T") € Ob(¢', p) @i I.

Now let U, and Ug be given as two charts with the lifting property as in Theorem 6.12. More-
over let U, = Uy NUg. Let Uyp ELN Uy and Uyp f—6> Uz be the corresponding maps. By our
construction, one locally obtains perfect deformation obstruction theories of amplitude[—1, 0] given
by ¢a @ G* |y,— L&a /M and ¢g : G* ’Z//g—> LZ[B /M For the notational convenience denote
G® |u,— L3, jm and G® |uy— LZ:[g/M by G, — Lg and Gj — L} respectively.

Proposition 7.13. Let fX¢, and fggi)g denote the pullback of ¢ and ¢g to Usg. Then fropo and

fgqﬁg are v-equivalent over Uqg.

Proof. We have to show that given a diagram

Jo
T 7 Unp
1
T’ M

, (7.6)

there exists a map 1 : H(f*G2)V =, Hl(fEG;j)V such that given a class ob(fi¢a,gas, T,T") €
HY(f3 (L2

HHFT

lu,)Y) (Look at diagram (7.6)) and for every point p € Uap we have

(0 ’p Ob(f;¢aa 9o T, T/) = Ob(f5¢ﬁa 9ap T, T/)'

Apply the result of Proposition 6.13 to U, and Uz and obtain unique isomorphisms as in (6.25)

over U, and Ug. Now use the fact that U,s is affine and pull back the obtained isomorphisms via
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fa and fg to U,p and obtain a unique isomorphism
Hom(Qx |15, Enp) = Hom(Qr [1r, 4, Lo g)-

Now apply Lemma 6.18 and conclude that by the uniqueness property there exists an isomorphism
in D°(U,g) given by

Kap © fale — f3ES

By assumption U, and Ug are given as charts with lifting property (Theorem 6.12), hence there
exists lifts Hom(Qr [y, ES[1]) and Hom(Q2r |y, E3[1]) given by go : Qr [, — EZ[1] and gg :
Qr [u,— E[1] over Uy and Up respectively. Now consider the pullbacks foQr [u, [—1] — fIES,
and fXQq |, [-1] — fXE? and note that by Proposition 6.13 frg, and f39s are homotopic to

each other over U,3 and satisfy the equation:

faga — f398 = dohap +hapod

where hqg is given as a choice of homotopy. Now take the cone of f3g, and fggg and obtain the

following commutative diagram:

Jaga
Cone(f3ga)[~1] O e Cone(f3ga)
Ja [_1] hld id ‘Jaﬁ
Cone(F305) (1) ——— [0 b, ——— SB[ —— Conelfja),
id  hag
where J,5 = . Since the first and the second rows in diagram (7.7) are given by
0 id

exact triangles one computes the long exact sequence of cohomologies and obtains the following
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commutative diagram:

- —— H(fa9x u, [-1]) — H'(fZE2) — H'(Cone(f3ga))[~1] — -

L

e H(f30 gy [-1]) —— HE(f5ES) — Hi(Cone(fga)[~1) — -~

H' (Jag)[~1]

(7.8)

Now use [7] (Proposition 4.10) and conclude that the left, middle and right squares in (7.8) are
commutative square diagrams for all . By computing the cohomologies in the level of ¢ = —1 one

obtains:

0

H™'(fAE)

H~!(Cone(f3ga)[~1]) —— 0
id H_l(Ja [_1])

H(f3E3)

I

0

H~"(Cone(f39s)) —— 0,

S
N

(7.9)

where the vanishings on the ends are due to the fact that H(f2Qy |1, [~1]) =0 and Hi(]‘"ﬂ*Q7r [T
[—1]) = 0 fori = —1,0. Hence we conclude that by commutativity of the middle square H™(J,5[—1])

is an isomorphism of cohomologies and moreover, given any v € H™!(Cone(fgq)[—1]):
idop; (1) = py "0 H™ (Jug [~ 1)) (v). (7.10)
Note that given a choice of homotopy hXﬁ satisfying
fage — f595 =dohys+hizod

and via restriction of the exact triangle in (6.35) to U,p and similar to the above procedure we
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obtain a commutative diagram:

* oV * f;g;‘/ * * oV
Cone( agoc)[_l] I Cone(focga)[_l] fa T7F |Ua - Cone( agoc)
5[] Jas[—1] o id Mﬁ
39
Cone(f594)[—1] ——— Cone(f595)[~1] ——— f5Tx |u Cone(f59Y).

(7.11)

Similarly obtain a commutative diagram induced by the long exact sequences of cohomologies:

-+« — H'(Cone(f;g¥)[—1]) — H'(Cone(f3ga)[—1]) — H'(f Tr |u,) — H'(Cone(f5gy) —
H' (Jup[-1]) hid

-+ — H'(Cone(f39)[~1]) — H'(Cone(f395)[-1]) — H'(f; Tx lu,) — H'(Cone(f395) — -+,

H' (Jo5[=1]) H'(J35)

(7.12)
Now use [7] (Proposition 4.10) and conclude that the left, middle and right squares in (7.8) are

commutative square diagrams for all 7 and in particular for i = —1:

0 — H~1(Cone(f2gY)[~1]) L H~}(Cone(frga)[~1]) — 0 — H~1(Cone(fzg¥) — - -

H™! (Jap[—1]) ‘ id

0 — H~1(Cone(f59%)[~1]) > Hi(Cone( f595)[~1]) — 0 — H(Cone(f3g) —

HH(J)50-10) H™(JY5)

(7.13)

Hence by commutativity of the left square and the fact that H™1(J,3[—1]) is an isomorphism, then

H_l(JOYB[—l]) is an isomorphism and moreover, for any p € H™(Cone(f*gY)[—1]) we have:

H™ (Jag[=1]) © q1(1) = a2 0 H (Sl -1]) (1) (7.14)

Now take an element € H™!(Cone(fgY)[—1]) and note that by (7.10) and (7.14) we have:

idopy o H™' (Jag[=1]) 0 q1(n) = p3 ' o B! (Jap[—1]) 0 g2 0 H™ (Jys[~1]) () (7.15)
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Moreover L$ and L%  satisfy the condition that H~1(IL®
HDHFT OFT

Suer) = HTU(LY ) hence one can

easily see that there exist maps A\; : H™1(fE®) — H_l(fgj(L}jHFT lu,)) and Ag : H_l(fEIEB) —

X f3(L% ey ls)) such that the following diagram commutes:

“H(fAE?) ALY )
1dl idJ
“(f5E)

(fﬂ( HHFT |Z/l@))- (7.16)

Now by (7.16) and (7.15) it is seen that given u € H™*(Cone(fgY)[—1]) we obtain an identity
idod 0idopy o H " (Jas[—1]) 0 a1(k) = Az oid oy oH 1 (Jusl—1)) 02 o H (Y[ 1])(s). (7.17)

Let ¢V := idopyt o H 1 (Jup[—1]) 0 g2 0 H™'(Jy5[—1]). So far we have seen that in the level of
H~! cohomology there exists a map " : H™!(Cone(f gY)[—1]) = H (Cone(fﬂga)[ 1]) such

that Ay o Im(¢)") = Im()\1). Recall that by our notation G* |y,:= Cone(g")[—1]. Now dualize

~

the construction and conclude that there exists a map ¢ : H(fG%)Y — HY( f5G%)Y such that
given a class ob(fda, gug, T, T") € H (£ (LY, pr lta)") (Look at diagram (7.6)) and for every point

p € Uyp we have

Q;Z) ’p Ob(f;qSQ, 9o Ta T/) = Ob(fg¢[3a 9ap, T7 T/)
This finishes the proof of Proposition 7.13. 0

Definition 7.14. [12](Definition 3.1). A semi perfect obstruction theory over X — M consists
of an étale covering U = [], ., U of X by schemes, and a truncated perfect relative obstruction

theory

Pa : G, _’Lu /M

for each o € A such that
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1. for each a, 3 in A there is an isomorphism
¢a5 : HI(G; |Ua,@) — H' (Gé |Z/la@)

so that the collection (H'(GS,),%as) forms a descent datum of sheaves.
2. For any pair a, 3 € A the obstruction theories ¢q |1,, and ¢g i, , are v-equivalent.

The condition (1) above, that the v-equivalences we have constructed induce a descent datum of
sheaves on H', seems hard to guarantee in our setting. Namely, it requires that we carefully choose
homotopies h,3 and h?x/ﬁ on Uqp so that the induced composite quasi-isomorphisms 4 0%g 01ag
induce the identity maps on H'. For now, we do not see how to make such choices. Thus, we
assume:

Assumption 7.15. The homotopies 45 and ) 5 can be chosen so that the collection (HY(G?),%ap)
forms a descent datum of sheaves.

Theorem 7.16. Suppose that Assumption 7.15 holds. Then the local deformation obstruction

theory obtained in Proposition 6.18 defines a semi-perfect obstruction theory over ﬁg?l’;f) (7))

Proof. For part (2) apply Proposition 7.13 and conclude that ¢q |1, ,= fada and és |y, ;= f508

are v-equivalent. Now we prove part (1). First apply Proposition 7.13 and obtain the map

By Assumption 7.15, (H'(G&"), 1qp3) forms a descent datum. This completes the proof. O

Remark 7.17. The assumption that the descent condition holds should, morally speaking, be
unnecessary. The local models G?, can always be glued up to higher homotopies, and thus should
always give an co-stack in which the virtual normal cone lives. We expect that in the future a good
intersection theory for oco-stacks would allow one to construct a virtual cycle using this oco-stack.
Such a construction is beyond the scope of the present thesis, however.

. . . : P.
Since we proved the existence of a semi-perfect obstruction theory over fJg R )(T/ ) now we can
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apply the result of [12] (Theorem 3.3) and obtain a virtual fundamental class [ﬁgf[;j? )(T, )]V over

P
oy ()
Given
qba . G; — LZ{Q/M
apply Spec(Sym®) to both sides of this morphism and obtain a map between the complexes of linear

spaces over Uy, i.e:
L3 := Spec(Sym®)(Ly; s o) — Spec(Sym®)(G,) := GF.

which induces an isomorphism in A% and a closed embedding in h!. Let G¢ : Gy — Gy. It is easily
seen that C'(Uy,, M) is a Go-cone inside G7.

Now choose another local embedding (Ug, Mp) with the lifting property and obtain a commutative

diagram:
Us , Mg
P
o)y, L, a1s)
Consider the following notation:
Ly = [TM% — NL{Q/M}
L= [TMﬁlu@ - Nuﬁ/M,B]
¢ : L§ — G
¢’ L8 — GY.
(7.19)

By construction we have seen that there exists a commutative square diagram in the derived
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category of complexes of linear spaces over Ug:

Ll —%— prLe
(bﬁ p* ¢o¢
G PGe,

(7.20)

Note that by the definition of perfect deformation obstruction theory, the vertical maps in (7.20)
induce isomorphisms in H? and closed embedding in H'.
Lemma 7.18. Given the local normal cone C(Un, M) C Ny, /n, as a 75Go-cone inside 73,G1.

Consider the diagram in (7.20). Then
0a' (5" O (Un, Mp)) = (" 6") (C(Un, Ma)).

Proof. By Proposition 7.13 H!(b) is given by 13 Which is isomorphism and in particular injective.
Moreover by Lemma 6.18 the two vertical maps in (7.20) induce isomorphisms in H° and closed
embeddings in H!, i.e going down is applicable to both vertical maps in (7.20). Now apply Lemma
7.8. O

Lemma 7.19. Consider the commutative diagram (7.20). It is true that
@' (p"C(Ua, Ma)) = CUs, Mp),

where C(Ug, M) is a m3Go-cone inside 3G

Proof. Apply Lemma 46 in [25] to charts (U, M) and (Us, Mg). O

Proposition 7.20. Given the commutative diagram in (7.20), it is true that

& (C(Us, Mp)) = b (p*¢°)1(C(Ua, M)).
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Proof. By Lemma 7.18,
6} a (9" C(Ua, M) = b (p*¢*)1(C (Ua, M)).
On the other hand, by Lemma 7.19,
a'(p*C(Ua, M)) = C(Us, Mp),
hence one obtains
6(C(Us, Mp)) = ¢ (a' (" C(Ua, M))) = b (p"6°)(C (Un, M)).

Now use the compatibility obtained in Proposition 7.20 and obtain a compatibility statement for

the virtual fundamental classes as in Proposition 3.4 in [12] and conclude that the local virtual

fundamental classes obtained from local virtual normal cones over U, glue to each other and give
Pa,rym)

rise to a global virtual moduli cycle over ﬁi apr (7). This finishes the proof of the second part of

Theorem 6.12. O
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Chapter 8

Classification of torus-fixed HFT

In this section we classify the torus equivariant stable highly frozen triples. We assume that the
base threefold X is given by the total space of Op1 (—1)®Op1(—1) — P! (local P!) or Opa(—3) — P?
(local P?). For now, to explain our strategy, we stick to local P!, the constructions and results can
all be extended to local P?. In order to have a well-defined definition of stability for triples over a
quasi-projective variety X, as we explain below, we use the geometric analogue of 7/-limit stability

to define the stable frozen triples.

8.0.1 Torus actions on the moduli stack of highly frozen triples supported on

local P!

Let X be given as total space of Op1(—1) @ Op1(—1) — PL. Consider the ample line bundle over
X given by Ox(1). By our earlier notation, S)ﬁg%l;%l ) (7") denotes the moduli stack of stable rank
r highly frozen triples Ox(—n)®" — F in which F' has Hilbert polynomial P,. However in the
setting of this section X is given as a toric non-compact variety and the Hilbert polynomial of F
is not well-defined. Therefore in order to define stability, we use the geometric stability criteria for
triples which is equivalent to 7/-limit stability.

Definition 8.1. Given X as total space of Opi(—1) @ Opi1(—1) — P!, the highly frozen triples

(E, F,¢,v) and frozen triples (E, F, ¢) are called stable if Coker(¢) has zero-dimensional support.

Let SJJT;HFT(T’ ) denote the stack of 7/-stable highly frozen triples over X. The reason to change

our notation is that from now on we use a geometric criterion for stability of triples and we omit
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the superscript P, in the notation. Since X is a toric threefold, there exists a canonical T= (C*)3
action on X. Now fix an equivariant structure for Ox(—n)®". We will show that having fixed
this equivariant structure the action of T on X induces an action of T on M yp(7') by pullback.
Moreover there exists an extra Ty = (C*)" action on M ypp(7') for which the points in To-fixed
loci corresponding to this action take the form of direct sums of Pandharipande-Thomas stable

pairs. In the following section we describe each induced action more carefully.

8.1 The geometric action of T = (C*)* on M ypp(7') over local

Pl
Background (the T action on X)

We study the natural induced action of T = (C*)? on the moduli stack of highly frozen triples sup-
ported over a local Calabi-Yau threefold X given by the total space of N = Op1(—1)®Op1(—1) — C
where C = P!

X = Spec(Sym*(Op1 (1) ® Op1(1))).

Let Ly and Lo denote the first and second copy of Opi(—1) in N. Let U, be given as the local
patch around 0 € C. By fixing equivariant structures on L; and Le we can see that there exists an

action of (C*)? on X which is given locally over U, by
(A1; A2, A3) * (I1, I, 8) = (Aila, Aala, Ass),

where [; and ls denote any local non-vanishing sections of L and Lo respectively and s denotes
the local coordinate along C . Later in Example 11.2 we carry out computations with a two
dimensional sub-torus of T which fixes the Calabi-Yau form of X, however for now we stick to this
notation.

Definition 8.2. Define the divisor D1 C X as the fiber of X over 0 € C. Moreover, define Dy C X

and D3 C X as Tot(L; — C) and Tot(Le — C) respectively.
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Let lf and I3 denote any local sections of LY and Ly in U,. Here we give a local description of the
modules associated to the structure sheaves of D1, Do, D3 in U,. It follows by the usual arguments

that there exists an equivalence of categories
F: Coh(X) = Modgyme (V) -

Locally over U, the module over C[lY, 13, s] associated to the structure sheaf of X is given by the
polynomial ring itself:

F(Ou,) = ClIy, 13, 5.

Let t; and t5 and t3 denote the weights of the action of (A1, A2, A3) on (0,1},0), (0,0,13) and (s,0,0)
respectively. One observes that the action of T on the localized structure module obtained above

gives it a decomposition into torus weight spaces, i.e locally:

F(Ou,) = € Ciiy,13,sl(m,n,1). (8.1)

(m,n,l)

Remark 8.3. Locally over U, the divisor D; is understood by the vanishing locus of s, therefore

inorder to obtain the module associated to Oy, (kD7) we consider the C[lY, 13, s]-module generated

F(Ou, (kD) = (2)°Cs, 1] (32)

In this case this module is generated by (%)k which lies in % weight space. Similarly one may

consider divisors Dy and D3 in X. For completeness we describe the module structure associated

to Oy, (kD2) and Oy, (kD3):

F(Ou, (kD)) = <lllv>k<C[s,zlv,z2V1,

1

F(Ou,(kDs) = (5

) C[s, 1Y, 15,

(8.3)
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8.1.1 The induced action of T on M 1 (7')

We show that the T-action on X induces an action on S)JI;HFT(T’ ). Given a 7'-stable highly frozen
triple (E, F, ¢,1) represented by the complex Ox(—n)®" ?, F and t € T we obtain a new highly
frozen triple as follows: Let &4 C X be an open subset. Given t € T. Identify Ox(—1) with
Ox(—D;) where D; is defined in Definition 8.2. Hence locally over U sections of Ox(—n) are
identified with sections of Ox(—nD;). Now given a section s € I'(OF"(—n) |;-1), the composition
sot~! defines a map:

0 (=n) |2 O (—n) |u,

which is an isomorphism. In other words we have chosen an equivariant structure for O%"(—n).

-1
Therefore the induced inverse isomorphism ¢~ defines a map OF"(—n) v, t*O%"(—n). Now

compose with sections of F' and obtain a highly frozen triple:

O (—n)
1/}—1
t*
t* O (—n) ¢ t*F,

(8.4)

Hence we are able to obtain a new 7/-stable highly frozen triple (F,t*F, ¢, 1) represented by the
complex OF"(—n) ¥, *F such that ¢ =t*¢o1p~! in (8.4). One needs to show that the composite
morphism in (8.4) induces a well-behaved pointwise action of T on 9 ypp(7'). We prove this fact in
several steps. First we show in more generality that there exists an action of T on the moduli stack
of triples of type (P, Py) (i.e MM172)5(77)). Then we specialize to frozen triples and show that
there exists a well-behaved action of T on 91(;‘7FT(T’) induced by the pullback. Then by Definition
8.4 and since the pointwise action of T on highly frozen triples is induced by the composition of
the isomorphism 9 ~! and pulling back by the torus (t*¢), the existence of a well-behaved action of
T on M ypr(7') follows as a corollary.

Proposition 8.4. Let X be given as the total space of Opi(—1) @ Op1(—1). Let T be the (C*)3

action on X. Having fized an equivariant structure on Ox (1), there exists an induced action of T
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on moduli stack of stable highly frozen triples given by:

mT T x M ypr(7') — MM ppr(7')
WT(t, (E, F, (b, ¢)) - mt*(E7 F7 ¢7 1/])

(8.5)

where My «(E, F, ¢,1) is defined by the composite morphism in 8.4.

Proof. The proof of this statement is completely borrowed from arguments in [20] (Proposition
4.1). Since Pic(T) = 0 any line bundle on X acquires an equivariant structure. Moreover, a fixed
equivariant structure on Ox (1) induces an equivariant structure on any twist of Ox (1). Let n3 be a
suitable integer as in Section 3.3.1. We know that for any n > n3 the sheaves F and F' appearing in
the family of triples are globally generated. Consider the Quot schemes Q; and Q5 that parametrize
the flat quotients E; and FEs of sheaves Vi @ Ox(—n) and V5 ® Ox(—n) respectively with Hilbert
polynomial P; and Ps.

The moduli stack of triples 1 — Ej5 is obtained as the quotient stack of a scheme & by the action
of the group GL(V1) x GL(V2). Note that & is defined as a closed subscheme of A = Q; x Qg X P
where P is the projective Hom bundle given as P = P(Hom(V1, V2)Y). Let H; = V1 ® Ox(—n) and
Ho =Vo®Ox(—n). Let 0 : T x X — X denote the action of T on X and ps : T'x X — X denote
the projection onto the second factor. The T-equivariant structure on X induces the isomorphisms
on, 1 0FH; = pyH; for i = 1,2 (where T acts trivially on V; and V3). It is easy to see that the
action of T on X lifts to Q1 x Qa:

Let Quot(Hi, P;) x Quot(H1, P1) be the functor which is representable by the product of Quot

schemes Q1 x Qo. In other words there exists an isomorphism of functors:
© : Quot(Hy, P1) x Quot(Hy, P1) — Q1 x Qo, (8.6)

where Q1 x Qo = Hom(—, Q1 x Q2). Our goal is to define a regular action of T on Q1 x Qo given

by the map mT : T x Q1 x Qy — Q1 x Qa. Let p&*%2 : T x X x Q) x Qy — T x X be the
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projection onto the first two factors and m<1*<92 = ¢ x 19,0, be the lift of the action of T on
X x Q1 x Qo. Let (Ho, = &1, Hg, —+ &) be the universal family over Q; x Qy. It is seen that

pre-composing (M2 *22)*(uy, up) with (p%xQQ)*(%_&, (b?_é) gives an element of

Quot(Hy, P1) x Quot(Hy, P1)(T x Q1 x Q2) = Hom(T x Q1 x Q, Q1 X Q2),

which defines the regular action of T on Q1 x Qa. Let t = (A1, A2, A3) € T be a closed point. Let

it : X — T x X denote the injection. Let

Oy xHont = 05 D4y, O12) = (1711, i d205) 1 (Ha, Ha) — (M, Ha).

Let g € Q1 x Qy: ([H4 , Eq], [Ha L2, E5]) be a closed point. It is easy to see that there exists a

lift of the action of t € T on Q1 x Qy which is obtained by m ™ (,q) = q - t and it corresponds to

(ifdrey) (i o1ey) "

t*uq

t*H1

(M £ Ey], [Ma Hy 2 ¥ By]). (8.7)

The composite morphisms in (8.7) define the lifted action of T on Q; x Qs. Since the action of
T on points of P is trivial one lifts the action of T to Q1 x Qg X P where T acts on Q1 X Qs as
described above and it acts trivially on the points p = Hom(Vy, V)Y € P. Let & be the scheme
parametrizing triples of type (P, P). Let 4 C & be the open subscheme of 7/-limit stable triples

of type (Py, P,). The regular action of T on Q1 x Qg X P restricts to the action of T on il

T x U U
idp X Wl lﬂ'
T x m{ ) () ") (7).

(8.8)

Note that the action of G = GL(V;) x GL(V2) is trivial on T and the maps m?T, 7 and 7 om?T
are G-equivariant. By the property of quotient stacks, this induces a G-equivariant map T X

DﬁgPI’P2)(T’ ) — i)ﬁgpl’PQ)(T’ ) which defines the induced action of T on mtﬁphp?)(f’ ). This proof
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restricts easily to the case where smﬁPl’P?)(r’ ) is replaced by SJJ?E,P;!FT’”) (7") and one obtains the

action of T in Proposition 8.4 over moduli stack of stable frozen triples. Now we use the fact
that given any ¢ € T the action of T on highly frozen triples is obtained by pre-composition of
the the map t* and the map defined by fixed choice of 1~! which we denoted by the choice of
equivariant structure on Ox(—n)®". This by construction will automatically define an action of T

on Dﬁgfn;“;) (7') (and hence on EITI;HFT(T’)). O

For more detailed discussion look at [20] (Proposition 4.1).
Proposition 8.5. Let S be a parametrizing scheme of finite type over C. Let (€,F, ¢,1)s denote

a family of stable highly frozen triples over S. Suppose that for all t = (A1, A2, \3) € T

t*((57~7:7 ¢7¢)5) = (57]:3 ¢a ¢)S (89)

then (E,F, ¢,1)s admits a T-equivariant structure.

Proof. We give an adaptation of the proof given in [24] (Lemma 3.3) to our case. By assumption

for any t € T one has

t*((gufv ¢,¢>S = (57‘7:7 ¢7¢)S-

Let 0 : T x X — X denote the torus action on X and ps : T x X — X be the projection onto the
second factor. Let ¢ : X x S — S be the projection onto S. One needs to show that there exists a
map:

p: Extiy o ((p2 x idg)*(E, F,d,1)s, (0 x idg)* (€, F, ¢, ¥)s) — Oxxs, (8.10)

which is an isomorphism of line bundles over T x S. Here

Extdy . ((p2 x idg)* (£, F, ¢, ¥)s, (0 x idg)* (£, F, 6, %)s)

= Ro(q X idT)*(Hom((pg X ids)*(g,f, ¢,¢)S, (0’ X ids)*(g,f, (25, 1/1)5)) (8.11)

By definition of M ypy (77), choosing a family of stable highly frozen triples over S is equivalent to

choosing a unique map S — WQHFT(T/). Since (o x idg)*(E, F, ¢,v)s and (p2 x idg)*(E, F, p,1)s
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are two families over MM ypr(7'), they both define maps f: T x S — M gpp(7) and g: T x S —
Dﬁ;HFT(T’ ) respectively. By the uniqueness property, both maps are uniquely isomorphic to each
other. On the other hand by Lemma 3.13 the complexes representing 7/-stable highly frozen triples

are simple objects hence:

EXt?dTXq((pZ X idS)*(‘Sv]:a ¢7Q;Z))Sv (U X idS)*(ga]'—v ¢7¢)S)

= EXt?dTXq((57F7 ¢7¢)TXS? (E’f’ ¢7¢)TXS) = Orxs. (812)

Now the inverse image of 1 € Orxg via the map p in (8.10) gives a section of

EXtiOdTXq((ga fv ¢a 77/))T><S7 (57'?7 ¢a w)TXS)

which induces a section of

Exty o ((p2 x idg)* (€, F, ¢,9)s, (o x ids)* (£, F, ¢, 4)s)

which induces a morphism (p2 x idg)*(E, F, ¢,v)s — (o x idg)* (€, F, ¢,1)s. Moreover, it can be
checked that this morphism is an isomorphism (pointwise) for every point in the moduli stack of

stable highly frozen triples hence it is an isomorphism and this finishes the proof. ]

8.2 The non-geometric action of Ty = (C*)" on M ypr(7') and the

splitting property of stable highly frozen triples

Let p € ng%g; )(7" ) be represented by a highly frozen triple (E, F,¢,1). We introduce a non-
geometric action of Tp = (C*)" on QJT;’,HFT(T’). By definition ¢ = (s1,$2, - ,S,) where s; €
HO(F(n)).

Definition 8.6. Define the action o of To = (C*)" on a point p € MM ypp(7') given by a stable

highly frozen triple (E, F, ¢,) via rescaling each copy of Ox(—n) independently by an element of
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C*, i.e multiplication of each section of F'(n) independently by an element of C*:

[Ox(—n)® _ Ox(—n)® & 7, (8.13)

Equivalently the action og is obtained via the morphism v from a 7/-stable highly frozen triple

(E,F,¢,¢) to (E,F,¢ov,1)) as given in (8.13).

Lemma 8.7. The action of Ty satisfies the axioms of an action of Tg on ZUIEPP?IFTTH) (7))

Proof. One needs to prove that:

1. There exists an identity element e € T such that e x p = p for all p € img]?l;g ) (7))

2. For all g,h € T one has (gh) *p=g* (hxp) for all p € S)ﬁg];flg;) (")

Let the identity element of Ty be given by e = (1,1,---,1). It is easily seen that e x p = p for all

rer

pE mg’ﬁg‘#)(r'). Now let g = (21, ,2) and h = (2],--- ,2..) be two elements of Ty. Note that

g*h= (212}, , z2.). Therefore g * (h % p) is obtained by the following composite map

o0(h, 30(g, [Ox (—n)®" L FI)) =

[Ox (=n)® L Ox(=n)® L Ox(—n)®" 2 P, (8.14)
zl_lzi_l R 0
where 1/ ov = : : . Therefore, Ty obviously satisfies the second axiom. [
0 P Z_lzl_]-

Proposition 8.8. Let S be a parametrizing scheme of finite type over C. Let (€, F, ¢,1)s denote

a family of stable highly frozen triples over S. Suppose that for all to = (21, ,2r) € Top:

UO(t()a (gafv ¢a 17/))5) = (87_7:’ ¢7¢)S (815)
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then (€, F, ¢,1)s admits a To-equivariant structure:

O'S(g,]:,d),ﬂ))s gﬁ;(gafagé?w)fv'a

where Pz : To XM gy (7') — ML ypp(7') is the projection onto the second factor.

Proof. The action of Ty is directly defined over Sﬁ;HFT(T, ) hence one may directly apply the proof
of Proposition 8.5 to Ty instead of T and the universal family (E,F, ¢,1) instead of (€, F, ¢,v)s

and use the simpleness property of 7/-limit stable highly frozen triples. ]

Remark 8.9. Since the stable highly frozen triples are Tg-equivariant, by Proposition 8.8 it is
easily seen that the action of T on a point p € EDT;HFT(T’ ) (represented by a stable highly frozen
triple (E, F, ¢,1)) given by the morphism v in (8.13) induces a Ty-weight decomposition on E =
O%Y"(—n). Let (w1, -+ ,w,) denote the r-tuple of weights. In fact the only nontrivial weights due

to action of Ty are

Now consider the module M associated to the sheaf OF"(—n) and denote by M° the module
associated to the sheaf Ox(—n). The graded piece of M0 which sits in (1,0,---,0) wight space
is given by the module M° @0 --- @ 0 which we denote by MY and so on. On the other hand the
T-weight decomposition of (M)T is given by (8.1). Therefore the T x To-weight decomposition of

(M)T*To is given by

oz (@ Mmmam) (1.0 0

(m1,m2,m3)

EB< @ Mo(m17m27m3>(07"' 7071)5

(m1,m2,m3)

T

12

B M (mi,ma,ms)

=1\ (m1,m2,m3)

(8.16)
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According to Propositions 8.5 and 8.8 the T x Ty-fixed points of EDT';HFT(T’ ) are represented by
highly frozen triples which admit T x Tg-equivariant structure. Now let N denote the module
associated to F. Given a T x Tg-equivariant highly frozen triple (M)T*To — NTxTo Ly the
property of morphism between two graded sheaves of modules, the sheaf NT*To admits a weight
decomposition compatible to that of MT*To. Hence it is seen that a torus equivariant highly frozen

triple admits a T x Ty-weight decomposition of the following form:

[MTXTQ N NTXTQ] [
r
~ 0 / / /
= @ @ M; (ma,ma, m3) — @ N;(m7,ms, ms3)
=1 | (m1,m2,m3) (mf,mb,m%)

(8.17)

Remark 8.10. The weight decomposition in (8.17) clarifies the fact that a T x Ty-equivariant
7/-limit stable highly frozen triple is decomposable into r copies of T-equivariant 7/-limit stable

highly frozen triples of the form Ox(—n) — F;:
0% (—n) — FI™T0 = (B [Ox(—n) — F]". (8.18)
i=1

Hence the T x Ty-equivariant highly frozen triples are given as a direct sum of r copies of T-
equivariant stable pairs in [28]. The important point to note is that what makes it possible to
think of stable highly frozen triples in this setup as r copies of stable pairs is that our notion of

7/-limit-stability is compatible with the notion of stability in [28].

The following picture schematically shows the corresponding tori acting on M ypp(7') and MY pp(77).

104



gﬁg,HFT (7)(S)
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Chapter 9

Equivariant obstruction theory on
HFT

The discussions in this section, except for some computational parts, are similar in nature to
discussions in [27] (4.2). As we have showed in the last chapter there exists an action of T on
M pr(7') while MY ypr(7') is acted on by G = T x To. Using the deformation obstruction theory
obtained by Theorem 6.12, we compute a G-invariant obstruction theory for the G-fixed locus of
M e (1)

Remark 9.1. Note that since the construction of the virtual fundamental class in the second
part of Theorem 6.12 depends on Assumption 7.15, we emphasize that all our virtual localization
computations in this chapter and the following two chapters similarly hold true if Assumption 7.15

holds true.

Strategy

We assume that the G-fixed components of DJT;HFT(T’ ) are compact and nonsingular: a conse-
quence of identifying the highly frozen triple as multiple copies of PT pairs (Remark 8.10) is that
the G-fixed components of the moduli stack of highly frozen triples are obtained as r-fold products
of T-fixed components of the moduli stack of stable pairs which are conjectured by Pandharipande
and Thomas in [28] (Conjecture 2) to be nonsingular and compact.

Let Q denote the G-fixed locus of zm;“,HFT(r' ). We assume that Q is nonsingular, connected and
compact. Let tq : Q <= I ypp(7’) denote the natural embedding.

Let Gg = (t@)*G*® where G* is the deformation obstruction theory obtained in Theorem 6.12. Let
G:Q’G and G:Q’m denote the sub-bundles of Gg, with zero and nonzero characters respectively. By

Theorem 6.12 and the G-fixed deformation obstruction theory restricted to Q is given by a map of
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perfect complexes:

Gyt 2 LY. (9.1)

Here GE&G is represented by a two term complex of vector bundles Gél’G — G%’G. By the virtual

localization formula:

vir e(G™, :
m’g’HFT T = LQx L N [Q]’U’LT . (92)

Gm
QC s,HFT(T/) 6( O’Q)

Where G and GTq denote the dual of G(éim and Gél’m respectively. Now we rewrite (9.2) with
respect to the Euler classes e(G1,q) and e(Go q) where Gy q and G1,q denote the dual of G% and
Gél respectively. In order to do this ones needs to have the description of the virtual tangent space
with respect to the G-fixed deformation obstruction theory. If Q is assumed to be nonsingular,
then

EQ::O—>QQ.

The G-fixed deformation obstruction theory (9.1) induces a composite morphism
Gat® — G%¢ % aq.
The kernel of this composite morphism is the obstruction bundle K and by definition:
[Q"" = e(K¥) N [Q].
One computes the K-theory class of K as follows:
K] = [GTql — [Giql + [Tq), (9.3)
where GS’Q and Glc’:’Q denote the dual of G%’G and GéLG respectively. Therefore one has:

G
(G

~—

e(KY) =  e(Tq). (9.4)



By (9.2) and (9.4) the virtual fundamental class of M ypp(7') is obtained as

[gﬁ;HFT(T’)} " = Z LQx (e(GlQ) e(Tq) N [Q])- (9.5)

G
Qc s,HFT(T/) 6( O,Q)

Now we compute the difference |Gy q] — [G1,q] in the G-equivariant K-theory of Q. Now consider

a point p € Q represented by the complex
1°¢ .= [0Y (—n) — F]°.

The difference [Go,q] — [G1,q] over this point is the virtual tangent space at this point. We use the

quasi isomorphism in diagram (6.36) to compute the virtual tangent space:

7,3 = [Coker(d')] — [Ker(d)] =
(7B~ v B+ [ B~ [ B) + (18— 19A1)

(9.6)

where E? for i = —1,---,2 are the corresponding terms of E*¥ in Lemma 6.10 and the cancellation

in the second row is due to isomorphism of €2, and T, which is seen from their triviality.

By the construction of E*V in Proposition 6.10 and since the point p € Q is represented by I*€

the following identities hold true:

[W*El] o [W*EO} + [W*E_l] o [TI'*E_Q] —

= —[Hom(I*®,I*)o] + [Ext!(I®,I*)o] — [Ext?(I®, I*)o] + [Ext®(I°, I*)o].
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Hence the virtual tangent space in (9.6) is written as:

7,2 = —[Hom(I*, I*)o] + [Ext! (I*, I*)o] — [Ext?(I*, I*)o]

+[Ext®(1°,I*)o] = [x(Ox, Ox)] = [x(I*,I°)].

9.1 Computation of x(Ox,Ox) — x(I°,I°)

By definition

3
XTI I%) = (=) H (Ext (I°,1°))
1,j=0
and ,
X(0x,0x) = > (-1)"H'(Ext! (Ox, Ox)),
4,j=0

here one may replace the cohomology terms with the Cech complex obtained with respect to an

affine open cover |J, Ua:
3

X(I®I%) = > (1) (Ext! (I°,1°))
1,j=0
and ,
X(0x,0x) = > (-1)™&(Ext! (Ox, Ox)).
i,j=0

By definition the sheaf F' appearing in the stable highly frozen triples is pure of dimension 1
therefore the restriction of F' over the triple and quadruple intersections of U,’s vanishes and over

such intersections I® 2 O (—n).
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Definition 9.2. Define:

Tir =D (H%ua, Ox) = > (-1) HO(ume:ctja'J'))))

o J

T7 =P (HO(Uag,Ox) -y (=1 HO(Uaﬁagwtj(I°,I'))))

a,f J

T[?‘} - @ ((1 - TZ)HO(UaﬁwOX))

o,By
Tiy = P (1 - r*)H Uapys, Ox).
a,B,7,0
(9.9)
By Definition 9.9 and (9.8) the virtual tangent space is obtained as:
_ 71 2 3 4
Tirey = Tigey = Tigoy + Tipey = Ti1ey (9.10)
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Chapter 10

Virtual localization-vertex and edge
calculation

Let T and Ty be defined as before and G = T x Ty. Let (t1,%2,t3) be defined as the weights of
T. Moreover let (wy,--- ,w,) be defined as weight of the action of Ty. Here w; is given by tuples
(0,---,1,---,0) where 1 is positioned in the i’th position in the tuple. In this section we compute

the G-character of 7/

(7] fori =1,---4in (9.10). We compute the vertex for G-equivariant stable

highly frozen triples which are identified with

r

&P (0% (—n) - F)|. (10.1)

i=1
Recall that super-index T indicates equivariance with respect to the action of T.

Choose a Cech cover U = |J, Uy of X. The restriction of each copy of OL(—n) — FF in (10.1) to

the underlying supporting curve C, of FiT induces an exact sequence of the form:
0— OF, (=n) = (F)a — (QF)a — 0, (10.2)

By 7/-stability the sheaf (F.¥), may be zero and if it is nonzero then the cokernel (QF ), has to
be zero dimensional. Moreover by the splitting property of G-equivariant highly frozen triples it is

easily seen that
,

roj = @(Q}‘)av

i=1

,
such that each (QF), has zero dimensional support: one has Supp(QS’) = U Supp(QF), and if
i=1

there exists (Q;r)a for some ¢ with one dimensional support then it contradicts with stability of

T

the original highly frozen triple. Given FS = @D._,(FY)a, we use the procedure similar to [27]

7
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(Section 4.4) and [4] (Section 4.7) to compute the T character of each summand, (F'),. Let
Ch(FY), denote the T-character of each summand. Let (P;)a(t1,t2,t3) denote the associated
Poincaré polynomial of (I?), := ((’))T((—n) — FZ.T> |- The Poincaré polynomial of (I?), is related

to T character of Fj as:
Bi + (Pi)a

Ch(ET)a = (1 _ tl)(l — t2)(1 — t3)’

(10.3)

where the correction term BY is the T-character of Ox(—n) with the chosen equivariant structure.

Now the G-character of Fj is given by:

Bl - w; +w; - (Py)a

Ch(F®)s = w; - Ch(FT), = (1 —t1)(1 —ta)(1 —t3)’

)

(10.4)

where w; is the weight corresponding to the action of Tg on the i’th copy of Ox(—n) and on FZ.
The description of B} depends on one’s choice of equivariant structure. The T-character of each

try((I?)a, (I?)a) as computed in [4] (Section 4.7) is given as follows:

—1 Z= =
w; -w; = - (Pi)a(Pi)a (Pi)a(Pi)a
tr (1), (1)) = i - . 10.5
(e (I)o) (I—t)(X—t2)(1—t3) (L—t1)(1—t2)(1 —t3) (10.5)
The dual bar operation is negation on (Q [y, ) and
. . . . .G r o T 0. G 710G\ .
on the equivariant variables t;. Since 137 = @,_;(I]"")a the G-character of (I3, 157) is

obtained as:

oo wwy ! (PP
trX(]IaG,]IaG) _ 1<;T q —tl)(l 0 —t3) (10.6)

155<r

Moreover the G-character of F,, appearing in H;;G is given by :

_ Y Wi By 4+ 3 wit (Pi)a

Ch(FC), (I—t)(1—to)(1—t5)

(10.7)
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since the G-character of the a-summand of ’T[}.] in (9.9) is given by:

1= Y 1cicr wiw; ' - (Pi)a(Py),
1<j<r

, 10.8
(- 00— &)1~ 1s) Hes
one computes the of the a-summand of the G-character of ’T[}.] as a function of Ch(F%):
", — Ch(ES)->I_,w;) - B"
— Gy . ; . /Bn _ e =1 "7 a
trR_x«H‘*G)a,(H'vG)a) = Ch(Fa) (z:l i ) B t1tats
J:
—__(1-t)(1—t)(1—t3) 1—(CF_wmw; ") BiBE
+ Ch(FO({;)Ch(FOC{;)( 1)( 2)( 3) (Z J=1 j )
titats (1 —t1)(1 —t2)(1 —t3)
(10.9)

10.0.1 Edge calculation

In this section we compute the G-character of ’T[?.}, ’Tﬁ’.] and T[‘}.}. Assume that U, is the affine
patch over which the equivariant parameter ¢; is invertible. Given F' = @._, F}, Let (F})p denote

the restriction of F; to Uy,g. Let
Ch(Fly)i= > tht,
k2,k3€pas

denote the T-character associated to this restriction (Look at [4] (4.10)). The G-character of Fi,3

is obtained as

Ch(FS) = > Ch(F5); - w;.
=1
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By the same argument as above and similar to computations in [4] (4.10) one relates the G-character

of af’th summand of the virtual tangent space ’T[%.] in (9.9) to Ch(Ffb):

 C(FS) - (X1, w)- B
_ af i=1 " af
tTR_X“H.)aBa(H.)aB) - I:Ch F Z’UJ tots +
G—G<1—t2><1—t3> L= (i wiw;”) - BieBas)
Ch{Foy) Ch(Fo) tats (1 - t2)(1 —t3) o)

(10.10)

here B is a function of n and the correction term that needs to be inserted into Poincaré polyno-
mial of Ox |y,, in order to obtain the Poincaré polynomial of Ox(—n) [y,, also we have used the
notation 6(t1) = > ez tk. Now assume Uapy is the affine patch over which the equivariant param-

eters ¢; and t9 are invertible. The «, 3,v’th summand of T[I‘] in (9.9) is obtained as follows:

(1- Z;j:l wiwj_l)

M) 0y (Dagy) (0 —t3) 6(t1)(t2).

trp—

(10.11)

Finally the T-character of ’]'[4.] in (9.9) is obtained as:

trp—

Z wiw )O(t2)d(t3). (10.12)

4,j=1

X((H.)aﬁ’y(;!(]l.)aﬁ’yé)

Based on above discussion the G-character of the virtual tangent space over a point is obtained as

follows:

T R—x(1%) Ztm (1), (1)a) Z”R*x((n‘)w,w')w)
a?ﬁ

+ Z I R (1) 0y %)) T Z T R (19) 0 55:0%) a5)
a,B,y a,B,7,0

(10.13)
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10.1 PT Redistribution

As Tt is seen the G-character of the virtual tangent space in (10.13) is equal to the addition of
vertex contributions (the first summand on right hand side of (10.13)) and the remaining edge
contributions. Similar to discussions in [27] (Section 4.6) one may redistribute the terms in (10.9),

(10.10), (10.11) and (10.12) so that they become Laurent polynomials in the variables ¢;:

Define
o Ch(FS) - (31— ws) - Bl
Go = Ch(ES)(Xuy ) - By — o
j=1
s —1 n nn
(1 —t)(1 —t3) 1= (i,—ywmw; ) - BygBly
L(FG)Ch(FC) (L~ P2 :J J . 10.14
C ( aﬁ)c ( aﬁ) tots (1—t2)(1—t3) ( 0 )

In that case one can rewrite the edge character (10.10) similar to [27] (Equation 4.11). Similarly
define

(1- Z;’:j:l wiwj_l)

Gapy = 1 —t3) (10.15)
Hence (10.11) is rewritten as
Gapy (t3) -1 Gaﬁv(ti%) ) 1 -1 (Gaﬁv(tB) -1 Gaﬁv(tu?)) 1
+1 +t +t . 10.16
< 1—t Vgt ) 1—ty 1—t Ry (10.16)
Note that here we expand the first term of the edge character in M + t_lG“LEtf’) in as-
g 1-t; N

cending powers of ¢; and the second term in descending powers of ¢;. We follow the same rule
and expand the first term in (10.16) in ascending powers of to and the second term in descending

powers of t5. Finally define

Gagys = (1= > wiw;"). (10.17)
ij=1
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Hence (10.12) is rewritten as

(Gams L Gaﬁvﬁ) 1 +t1<GOéﬁ’Y5 L Gaﬁvé) 1 1

I—t; P 1—t )1ty 2 \1—tp ' 1—et)1—t5t ) 1—t3
_ Gagys -1 Gapys 1 1 (Gagys 1 Gagys 1 1

+ 7! a0 4t g +i [ 2 gt 7 ., (10.18
3 ((1—t1 Yot 11—t 2 \1-tr 0 P -t 11—t 1 -5t (10-18)

where we expand the first term in (10.18) in ascending powers of t3 and the second term in de-

scending powers of t3. Now for each U, define a new vertex character similar to [27] (Equation

4.12):
3
Gog, (tr, b
+3° Gap(ti, tr) (10.19)

Vo =trr_
o 1t

x((1%G) o, (1%G) )

where 31, B2, O3 are the three neighboring vertices and

(tisti tir) = (1, 12, t3).
Moreover redefine the edge character E, s as in [27] (Section 4.6):

1Gaglta ts)  Gapltat, " tst, ")
-t -t

(10.20)

Here the integers mqg and m;ﬁ are determined by the normal bundle N 5/x to the supporting
curve Cop := Supp(Fyp):
Nes/x = O(map) ® O(myg).

Similarly redefine E,g, and E,g.5 respectively as:

Eagy =

m’ —m/
-1 ,-1 Gaﬁv(ti%) Gaﬂv(t3t1 aﬁ) 1 -1 Gaﬂ(ti%) Gaﬂv(t3t1 aﬂ) 1
2% B2 1 ) — — |t - = — (10.21)
11—t 11—t 1—15 1—1¢; 1—1¢; 11,
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and

Eozﬁ'y(s =

t_l t_l t_l Ga,@wd . Ga575 1 _ t_l Gaﬁ'y& _ Ga,@wd 1 1
3 2 1 —1 —1 —1 1 —1 -1 -1 -1
1—t7" 11—t 1-1 1—t7 1-4)1-61) 113

B <t51 <t1—1 Gagys Gaw) L (tl—l Gaprs Gaﬁvé) 1 > L (10.22)

-ty 11—t ) 15! I I A I Pl B

According to the above redistributions the G-character of the virtual tangent space in (10.13) can

be rewritten as:

trp(i) = Y Vat+ Y Bap+ Y Bagys+ Y Eapys (10.23)
@ af afy afByd

Remark 10.1. Given a torus fixed component Q of the moduli stack of highly frozen triples denote
Vq =, Vo where V, are defined as in (10.19). By discussions in [27] (Section 4.7) on can define

the integral of the evaluation of the contribution of (10.9) on Q, i.e:

w(Q):/Qe(Tq)e(—Vq). (10.24)

Hence by substituting w(Q) in (10.24) in Equation 4.14 of [27] one obtains a definition for the

equivariant vertex of the moduli stack of highly frozen triples.
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Chapter 11

Calculation of examples

In this section for computational purposes we restrict to the case where r = 2.

Proposition 11.1. Use result obtained in Lemma 2.17. and Remark 8.9. Given a 7-limit stable
G-equivariant highly frozen triple Ox(—n)®>C ﬂ FG of type (Py,2) with supporting curve C for
F consider the finite length G-equivariant cokernel Q€ given by Coker(¢)&. Then Q¢ = QT ¢ QT

such that each QZT fori=1,2 is given as a subsheaf of

Hzli_r)n(Hom(mT,(’)c)/(’)c). (11.1)

T

In other words a T'-limit stable G-equivariant highly frozen triple of rank 2 with support C is
equivalent to a subsheaf of H in (11.1) for r > 0. Look at similar statement for rank 1 highly

frozen triples in [28] (Proposition 1.8).

Proof. Since
2

Ox(—n)#C — F¢ .= P(OX (—n) — F),
i=1
each O%(—n) — FiT restricted to the supporting curve of Fj, is identified with Q;r appearing in
0— OL(-n) = F' = Qf —0,

and by Proposition 1.8 of [28] Q; is identified with a subsheaf of the quasi-coherent sheaf

lim Hom(m", O¢)/Oc.

r
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It is easily seen that the cokernel of the original G-equivariant highly frozen triple , restricted to C
and identified with @?:1 Q;F, is a subsheaf of direct sum of two copies of the same quasi-coherent

sheaf. =

The above proposition enables one to use the method of melting crystals as described in Section 2.2
in [27]. Here we omit discussion about monomial ideals since they are discussed in the literature and
instead we directly apply the method of PT in [27] to our setup. We solve two examples over two
specific partitions. First we do a calculation for X given by total space of Op1(—1)®Op1(—1) — P
We will also give a computational recipe for the case where X is given by total space of Opz2(—3) —

P2.

11.0.1 Examples

Example 11.2. (Local P!). Assume that X is given as the total space of Opi(—1) @ Opi(—1)
over P!. There exists two affine patches U, and Ug covering X. The partitions associated to
the Newton polyhedron of X on each patch are given as three dimensional partitions with p; =
(1), p2 = (0), uz = (0) [27] (Example 4.9). We compute the vertex associated to the moduli stack
of highly frozen triples of rank=2. The following picture describes the fibers of X over 0 and oo on

the base P!. The hyperplane H is given as a fixed choice of equivariant structure.

Let Uy, Up denote affine open patches over the divisors 0,00 on the base P! respectively. In order

to obtain the Poincaré polynomial of F' one needs a fixed choice of equivariant structure. Let C*
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act on C* by

t(ﬂj‘o, X1, T2, :E3) = (tZL‘O, txl? t_1$27 t_1x3)'

We identify X as a quotient X = (C*\Z)/C* where Z C C* is obtained by setting 2o = z; = 0. Let
([xo : 1], 22, x3) denote the coordiantes in X where [z : 1] denote the homogeneous coordinates
along the base P! and x9, 23 denote the fiber coordinates. Locally in the U, and Ug patches the
defining coordinates are given as (%,:Ezl’o,l‘gl‘o) and (%(1),1121'1,1'31‘1) respectively. Consider the
U, patch. Let us denote the local coordinates in this patch by (Z1,Z9,Z3) where 1 = %,i’g =
Tog, &3 = w3x9. Let H C X denote the hyperplane obtained as the fiber of X over 0 € P!, i.e
locally in U, by setting #; = 0. Now consider the action of T = C? on X where locally over U, is
given by
(A1, A2, A3) - Ty = A - .

We identify an action of (C*)? on X which preserves the Calabi-Yau form by considering a subtorus
T’ C T such that
T' = {(A1; A2, A3) € T| Midods = 1} (11.2)

Let f1,- - - ,t3 denote the characters corresponding to the action of \;. Identify Ox(—1) = Ox(—H).

Locally over U, the Poincaré polynomial of Ox(—n) |y, is obtained as,

t
(1—t2)(1 —t2)(1 —t3)

Restriction to the affine open patch 3 is equivalent to the change of local variables,
t~1 — 1?1_1
ty > taty
t3 — 131,

(11.3)
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hence the Poincaré polynomial of Ox(—n) |y, is obtained by:

(1= &)1 = (f2f1)) (1 — (f3t1))

Note that in this case the terms B and Bj in (10.9) are t? and 1 respectively. Finally the

T-character of the Poincaré polynomial of Ox(—n) |y,, is obtained as,

((1 - {2)1<1 - 53)> 3(f),

here the term By ; in (10.10) is equal to 1. The vertex in (10.9) over the two patches a and 3 is

obtained as follows:

(wit 4+ wyt)  Ch(FT) - (wy + w) - £}

t?“R_ ° . = Ch Fg . = — — ==
x((I®)a,(I%)a) ( ) trlL t1t2t3
g g g (w1+w2)2
—— (1 —t1)(1 —t2)(1 — ¢ 1 ———=
+Ch(Fg)Ch(F(;I‘)( 1>(~ _ ~2)( 3) - wiws _
titats (1 —t)(1 —t2)(1 —t3)
Ch(F7) - (w1 + wy)
T —1 -1 B
FrR— (a9 0000 = Ch(Fj) - (wy” +wy") — =

T (fahh) (f3t1)

e (1 = 7)) (1 = (£211))(1 = (3t1))
+ Ch(Fj )Ch(Fg) : t (fat) (311)

1— (w1tws)?
wiws

TR - ()1 ()

(11.4)
Similarly the edge character in (10.10) is obtained as follows:
Ch(FT) - (wy + wo)
— T -1 -1 af
tTR_X((H.)a,B’(H.)aB) - (Ch(Faﬁ) . (wl _|_ w2 ) _ 5253
g g (w1tws)?
ey (L —12)(1 —t3) L= = -

Ch(FX,)Ch(FT ( 21 —wwe (7).

(Fap)Ch(F,5) PP AT (i)
(11.5)

Now we compute Ch(F.T), Ch(Fg)7 Ch(FO%). Let us for the moment assume that the G-fixed locus
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of the moduli stack is composed of only one component. Later we extend our computation to the
more general case. Let Q© denote the cokernel Coker(¢%) associated to Ox (—n)®%C L2 FG. Let
L(Q%) = k be the length of Q<. Suppose L(QF |y, ) = k1 and L(QS |yy;) = k2 hence ki + kg = k.
Now use the fact that by construction Q¢ = QT @ QT. Let L(QT |i,) = n1 and L(QT |i,) = no.
Moreover assume L(QT |y,) = 1 and L(QF [y,) = c2. So this means that we have the constraint
that

ni+no =%k and ¢+ co = ko.

It is seen that the box contribution associated to Q€ is obtained by considering the box contribu-

tions associated to QT and QF as follows:

Ch(FS) = fl_ni gl_ni
E =0 T a—m
N 7
R e A ()
(11.6)
QT lua: 4 7o QF lua: 4 o
ni n2
[T TTTTTT] [T TTT1
QT luy: Q7 luy:
Cc1 Cc2
IIIIIIIwII IIIIIIx
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Now we consider the case that the G-fixed locus of the moduli stack contains more than one
component. In this case to compute the contribution of box configurations one needs to consider
all possible tuples of six integers (ki, k2, n1, 12, c1,c2) such that for a fixed value of k the following

three relations are satisfied:

ni+ng==ky, c1+co=ko and ki + ko =k.

Hence we obtain the following identities:

o g
Ch(F) = 2 <015>+0150

ni1+na=ky
Ch(F§) = ) < by )
3)= = =
e Na-ah) Ta-aY
for all ki, ko such that ki +ko =k. (11.7)

Moreover over the G-character of F'G restricted to U, is given by Ch(F fb) =2-4(t1). Hence the

vertex character over U, is obtained as:

1 t”—nl—n f—ng—n
trr—yas1e) = (w1 +wy ) - Z (1 + >

ni+nao=ky (1 o tl) (1 - tl)
1 gn+n1 i’n+n2
— (w1 +wg) - === < 1 1 )
w2 oo T aoq
B Z |:£71”1"1+1 N fanzfnﬁrl N 571711*”24’1 N ET2n2+1:|
ni1+n2=kq (1 o tl)g (1 - t1)2 (1 - ZL/1)2 (1 - t1)2
mi+mo=k1

ni+na=k1

~ ~ ~ w w 2
(A=) (1 —t2)(1 - t3) 1! ﬂwj)
t1tots (1 — tl)(l — tz)(l — t3)

(11.8)
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The vertex character over Ug is obtained as:

I ' e
i =i ) (e )
c1+ca=ka 1 1

i (ft)(Esh) S, \(A—1)  (1=H)

— (w1 + wo)

7c1—mi+1 7c1—meo+1 Teco—mi+1 Feo—ma+1
tl tl tl tl :|

- [(1—@2 TO—hE T U—he (- h)

c1+ca=ka
mi1+ma=ko
- JU JO +ws)?2
(=50 = (BR)(1 - (sh) T
i (o) (E51) (1= = (B20)(1 = (301))
(11.9)
The edge character over U,g is obtained as:
~ ~ (w1+ws)?
_ _ 2. (w1+w2) (1—t2)(1—t3) 1-— ~
trp_vae 1oy = | 2wt +wyt) — — +2- =LA + 2 N ().
R X(Haﬁ’ﬂa,@) ( 1 2 ) t2t3 t2t3 (1 — t2)(1 - t3) ( 1)
(11.10)
The G-character of the virtual tangent space in (10.13) is obtained by the following equation:
trR—y(19,1%) = tTR—y(18.13) T tTR_X(]Ib’HE) - trR—X(H;g,H;B) (11.11)

The computation of the right hand side of (11.11) would immediately become complicated for large
values of k, hence we only do the calculations for k = 1. Let Q' denote the G-fixed component of the
moduli stack of rank 2 highly frozen triples over which the highly frozen triples Ox (—n)®%G 2, pG
satisfy the condition that L(Coker(¢)®) = 1. By definition of the equivariant vertex in Remark
10.1 the coefficient of the degree 1 term in the vertex is obtained by the integral of the evaluation
of the contribution of V51 on Q! ie:

(s1)(—nsy + sz +53) (51 + n851)

w(Ql) = / Ce(Tqu)e(—Vig) = e , (11.12)

where s; denote the equivariant characters corresponding to #;, for similar discussions look at [27]
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(Section 4.7) as well as the calculation in [27] (Lemma 5). Here we omit the calculations required
for obtaining the right hand side of (11.12) however, we point out that the right hand side of (11.12)
contains no contribution of w; characters firstly because of so many cancelations involving the terms
whose coefficients are given by polynomials in characters w; and secondly because some of such
terms are coupled with non-homogeneous polynomials of degree 1 in ¢; (for example wywg+1+t¢; for
i = 1,2, 3) whose G-equivariant Euler class vanishes since e(wjwa+1+t;) = (d1+d2)-e(1)-e(t;) =0
(here d; = ¢1(Lw,) € Ag where L., are the line bundles associated to the characters w;). By the
definition of the Calabi-Yau torus T’ in (11.2), s; satisfy the property that s; + so + s3 = 0.
Hence:

w(Q) = (n+ 1) (11.13)

Example 11.3. (Local P?). This means that X is given as the total space of Op2(—3) — P2, In
this case there exists 3 torus fixed curves in the base P? each of which are isomorphic to P! and
they intersect over the 3 torus fixed points [1:0:0], [0:1:0] and [0: 0 : 1]. Let Uy,Us, U, denote
the affine open patches respectively. The outgoing partitions associated to the Newton polyhedron
of X on each patch are given as three dimensional partitions with p; = (1), u2 = (1), u3 = (0), look

t [27] (Section 2.3) for more detail about partitions. To avoid unnecessary repetitions, we only
provide the formula to compute the vertex, the interested reader can pursue the computations on

his/her own.

U,
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Let C* acts on C* by

t(l‘(Ja T1,T2, $3) = (tm()) tIlJl, t$2, t_3$3)'

We identify X as a quotient X = (C*\Z)/C* where Z C C* is defined by setting xg = x; = 9 = 0.
Let ([xo : 1 : z2],23) denote the coordiantes in X where [z : 21 : x2] denote the homogeneous
coordinates over the base P? and z3 denotes the fiber coordinate. Locally in the U,, Uz and
Zo 21 3

r373) and (32, 2L, z315)

1 T2
xo? xo’

To T2

U, patches the defining coordinates are given as ( r373) and (E’ 2,

respectively. Consider the U, patch. Let us denote the local coordinates in this patch by (21, Z2, Z3)
X

where 1 = %,fég = ﬁ, T3 = SUgl‘%. Let H C X denote the hyperplane obtained by z; = 0. Now

consider the action of T = C? on X where locally over U,, is given by
(A1, A2, Az) - Ti = Ai - T

Here again we identify an action of (C*)? on X which preserves the Calabi-Yau form as in (11.2).
Let f1,- - - ,f3 denote the characters corresponding to the action of \;. Identify Ox(—1) = Ox(—H).
Locally over U, the Poincaré polynomial of Ox(—n) |y, is obtained as,

i
(1—12)(1 —t2)(1 —t3)

Restriction to the affine open patch 3 is equivalent to change of local variables,

(11.14)




Restriction over the affine patch U, is equivalent to the change of local variables:

(11.15)

Note that unlike the case for local P!, Ox(—H) has nontrivial module structure over U, and U,

hence the Poincaré polynomial of Ox(—n) |y, is obtained by:

(B
D)1 =81 - (Es8))

ﬂ*x‘ﬁ-z
=

(1—(

The terms By, B and BY in (10.9) are o1 and respectlvely The T-character of the Poincaré

polynomial of Ox(—n) |u,;, Ox(-n) |u,, and OX(—n) lu45., are obtained respectively as:

(1—t2 1—753))5({1)
(1—?51 1—?53))6({2)

to
( (1-t" (1—t3t3)>5(t1)‘

(11.16)

The terms Bgﬂ, B

avy: Bjg, In (10.10) are equal to 1, £ and 1 respectively.

127



The vertex in (10.9) over the two patches a and (3 is obtained as follows:

(wi'+w;")  Ch(ET) - (wy + wo)t}

_ T
PR (goeimay = OB ) - & - titots
. - ~ (w1+ws)?
—— (1—-t)(1—t)(1 -1 = =
+ Ch(FE)Ch(Fg‘) ) ( 1)(~ ~ ~2)( 3) + - wiws _
titatls (1 — tl)(l — tg)(l — t3)
Ch(FT) - (w1 + wo)
- - 3
trr— (1%)5.0% ) Ch(F,(;r) +(wy t+ Wy 1) - i~
S i B @E)
7— t s w1 +wsz)?
+ Rl YOy [ () (] TR (B)(1 - ()
1 (F)(tsty) (=)@ = (F)A = (tsty))
(11.17)
Moreover:
-1 -1\ . n COh(FT) in—1
_ T (wl + Wy ) : t2 Ch(F'y ) : (wl + w2)t1
R (o). a0, = Ch(Fa) - 7n - iy
1 2 '3
(1— 0y -5 (1 —58) 1 — (witwa)?
+ Ch(FT)Ch(FT) - —2 5525 e T NN
10213 (1_t1t2 )(1_t2 )(1—t3t2)
(11.18)
Similarly the edge characters over U,gz,U,~, U, are obtained as follows:
Ch(FT ) . (w1 + wQ)
_ T -1 -1 ap
t"ﬂR—x((ﬂ')ng(H')w) = (Ch(Faﬂ) : (w1 + Wy ) — 5253
~ ~ (w1+w2)2
. (1 —12)(1 —13) 1- 7
ChF;fChFT.( =25 2 ) 5(t).
(FE)OR(ER) - 20 =0 i ot
(11.19)
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Ch(FT) . (w1 + wg) 0
trr— () an, (%) an) — L 3 +
X ays ay t1t3

(Ch(FJ;%) S(wit w8 -

- - _ (witwy)?
Ch(FgV)iCh(FC};)-(1_t1~)(~1_t3)+ L= = ))5(52).

tits (1—t1)(1 — 13
(11.20)
Ch(FT) . (w1 + ZUQ)
_ T -1 —1 By
BT R (195 19)5) = <Ch(F/37) (w7 Fwy ) = 21, +
2
1= 1) (1 — i3 1 - (witwz)” 7
Ch(F,)Ch(F},) - S )2( 3t) R )5 2).
21 1—i YA —1s83)) 6
(11.21)

Given the characters corresponding to F'T over each patch, by substitution in equation (10.13),
one computes the vertex for arbitrary length k contributions. Note the difference in the box

configurations in this case, in each patch the box configuration is given by the Young diagrams

below.
2 2
xo o
err |u&: — M QrQI‘ |Z/{a: — 12
HEREEEN HERN
» | Z2 » T3
1 xr1
Q’i[‘ |U5: | ll QQT |U5: | l2
HEREEEN HERN
)



T2 €2
QT u,: QF lu:
— S1 — S2
HERRERN HEEN
) ’ d1 % ’,” d2 %
’B '@
x2 T2

Here the condition for L(Q) = k (for fixed k) is given by:

mi+mo+ni+ns—2==%ky, li+lo+ci+ca—2=ky ,s1+ss+di+ds—2=ks and ki+ko+ks==%k.
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Chapter 12

Background on Wallcrossing

Joyce and Song in [18] compute the invariants of rank 1 frozen triples using the method of wall cross-
ing. The general philosophy is to exploit the existence of an auxiliary category B, whose objects
consist of frozen triples (E, F, ¢) but this time F, instead of only being pure and one dimensional,
needs to be semistable with fixed reduced Hilbert polynomial equal to p. In this analysis, the
authors classify the objects in B, based on their numerical class (3, ), where 3 denotes the Chern

character of F' and r denotes the rank of E.
Strategy:

The key strategy is to define two suitable weak stability conditions 7* and 7 for the objects of
the category B,. The 7-stable objects in B, are given by objects closely related to the stable frozen
triples and naively, (on the other side of the wall), the 7°-stable objects in B, are given by simpler
objects such as Giseker semistable sheaves. Changing the weak stability condition, from 7° to 7
and using the machinery of the Ringel-Hall algebra of stack functions discussed in [18], provides
one with a wall-crossing identity in B,. Eventually one relates the weighted Euler characteristic of
the moduli stack of 7-(semi)stable objects to the weighted Euler characteristic of the moduli stack
of T°-stable objects, which contains the Giseker (semi)stable sheaves. In the remaining chapters
we discuss the computation of invariants of 7-semistable objects in B, with numerical class (3, 2),

following the Kontsevich-Soibelman [22] and Joyce-Song [18] wallcrossing machinery.
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12.1 Preliminary Definitions

Definition 12.1. (Joyce and Song) [18] (Definition 13.1). Let X be a Calabi-Yau threefold
equipped with ample line bundle Ox (1). Let 7 denote the Giseker stability on the abelian category
of coherent sheaves supported over X. Define A, to be the sub-category of coherent sheaves whose
objects are zero sheaves and non-zero 7-semistable sheaves with reduced Hilbert polynomial p.

Definition 12.2. (Joyce and Song) [18]. Define category B, to be the category whose ob-
jects are triples (F,V,¢), where F' € Obj(A,), V is a finite dimensional C-vector space, and
¢:V — Hom(Ox(—n), F) is a C-linear map. Given (F,V, ¢) and (F7 Vv, (b) in B, define morphisms
(F,V,9) — (F, v, qb) in B, to be pairs of morphisms (f,g) where f: F — F' is a morphism in A,

and g : V — V is a C-linear map, such that the following diagram commutes:

Vv Hom(Ox(—n), F)

g‘/ q; ‘f

1% Hom(Ox (—n), F)

(12.1)

Now we define the numerical class of objects in By:

Definition 12.3. Let A denote any abelian category. Let Ko(A) denote the Grothendieck group
of A generated by isomorphism classes [E]| of objects E in A which satisfy the relation [F] =
[F] + [G] if there exists a short exact sequence 0 — F — E — G — 0 in A. The Euler form
X : Ko(A) x Ko(A) — Z is defined as:

X([E],[F]) = (~1)'dim Ext'(E, F).
>0

Definition 12.4. Let I = {a € Ko(A) | x(o,8) = x(B,) = 0,V8 € Ko(A)}. Define the

numerical Grothendieck group of A to be the quotient of Ky(.A) by the two sided kernel of Y, i.e
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Krem(A) = Ko(A)/I. Define the positive cone of A , C(A) C K(A) = K"™(A) to be
C(A)={[E]e K(A) | E20,F € A}. (12.2)

The above definitions extend to the case where the abelian category is Ay:

Definition 12.5. Define K(B,) = K(Ap) ® Z where for (F,V,¢) € By, [(F,V, ¢)] = ([F],dim(V)).

We state following results by Joyce and Song without proof.

Lemma 12.6. (Joyce and Song) [18] (Lemma 13.2). The category B, is abelian and B, satisfies
the condition that for the underlying sheaves F' the following is true:

If [F] =0 € K™™(A,) then F = 0, moreover B, is noetherian and artinian and the moduli stacks
S)JT(Bi’d) are of finite type ¥(B,d) € C(B,).

Remark 12.7. The category A, embeds as a full and faithful sub-category in B, by F' — (F,0,0),
moreover it is shown by Joyce and Song in [18] that every object (F,V,¢) sits in a short exact
sequence.

0— (F,0,0) — (F,V,¢) — (0,V,0) = 0 (12.3)

Definition 12.8. (Joyce and Song) [18]. Define 57 : K™ (B,) x K™™(B,) — Z by:

X% ((8,d), (v,¢)) = X(8 — d[Ox(—n)], v — e[Ox (—n)))
= X(8,7) = dx([Ox(=n)],7) + ex([Ox (=n)], 5)

(12.4)

Definition 12.9. (Joyce and Song) [18] (Definition. 13.5). Define the positive cone of B, by:
C(B,) ={(B,d) | B€C(Ay) and d >0 or =0 and d > 0}.

Next we recall the definition of weak (semi)stability from [18] for a general abelian category .A.
Definition 12.10. (Joyce and Song)[18](Definition. 3.5). Let A be an abelian category, (.A) be
the quotient of Ky(.A) by some fixed subgroup, and C(A) the positive cone of A. Suppose (T, <)

is a totally ordered set and 7 : C(A) — T a map. We call (7,7, <) a stability condition on A if
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whenever «, 3,7 € C(A) with § = o + v then either 7(a) < 7(8) < 7(v) or 7(a) > 7(5) > 7(7y) or
T(a) = 7(8) = 7(7). We call (1,T, <) a weak stability condition on A if if whenever «, 3,7 € C(A)
with 8 = a + v then either 7(a) < 7(8) < 7(7) or () > 7(B) > 7(7).

For such (7,7, <), we say that a nonzero object E in A is

1. 7-semistable if VS C E where S 2 0, we have 7([S]) < 7([F/S])

2. 7-stable if VS C E where S 2 0, we have 7([S]) < 7([E/S])

3. 7-unstable if it is not semistable.

In our analysis we apply the Definition 12.10 to objects in A,,.
Remark 12.11. Note that the crucial point in understanding the weak stability of an object in
an abelian category is that the criterion for stability is given by a comparison between sub-objects

of this given object and its quotients which is different from the usual notion of stability.

Next we define the notion of permissible stability condition from [18] for the moduli stack of objects
in a general abelian category A. Here we assume that the moduli stack of 7-(semi)stable objects
in A exists.

Definition 12.12. (Joyce and Song) [18] (Definition. 3.7). Let (7,7, <) be a weak stability con-
dition on A. For a € K(A) let M2, and MS, denote the moduli stacks of 7-(semi)stable objects
E € A with class [E] = a in K£(A). We call (7,7, <) permissible if

1. A is 7-Artinian (There exists no infinite chains of sub-objects with reducing slope of the subse-
quent quotients).

2. MG (7) is a finite type sub-stack of MY Va € C(A).

One example of an abelian category for which there exists a moduli stack of (semi)stable objects
which satisfy the condition in Definition 12.12 is the category of coherent sheaves, Coh(X). In that
case T is the Giseker stability condition and from usual arguments, it is clear that there exist finite
type open substacks 9% (7) and M, (7) of 7 stable and 7-semistable sheaves F' € A with numerical
class a € K™™(Coh(X)).

Definition 12.13. (Joyce and Song) [18] (Definition. 13.5). Define the weak stability conditions

7%, 7 and 7" in B, by:
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. 7*(8,d)=0if d =0 and 7*(8,d) = —1 if d > 0.
. #(3,d)=0ifd=0and 7(8,d) =1 if d > 0.
. T(B,d) =0 Y(B,d).
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Chapter 13

Moduli stack of objects in B,

In this chapter we describe the moduli stack of semistable objects in B,. We construct this moduli
stack of for the 7-(weak)semistability condition. The constructions are similar for the case of the
7°-(weak)semistability condition. In order to construct the moduli stack we give the definition of

a new set of objects called the rigidified objects in B,,.

Remark 13.1. By [18] (Page 185) there exists a natural embedding functor § : B, — D(X) which
takes (F,V, ¢v) € By, to an object in the derived category given by --- - 0 = V®Ox(—n) — F —
0 — .- where V® Ox(—n) and F sit in degree —1 and 0. Assume that dim(V') = r. In that case
V ® Ox(—n) = Ox(—n)®". Hence one may view an object (F,V,¢y) € B, as a triple (E, F, ¢)
represented by a complex ¢ : E — F such that E = Ox(—n)®" (note the similarity between the
objects in B, and frozen triples in Definition 2.4).

Definition 13.2. Fix a parametrizing scheme of finite type S. Let mx : X x § — X and ng :
X xS — S denote the natural projections. Use the natural embedding functor § : B, — D(X)

[18] (Page 185). Define the S-flat family of objects in B, of type (3, r) as a complex
* * wS
TeM @ 13 Ox(—n) — F

sitting in degree —1 and 0 such that F is given by an S-flat family of semistable sheaves with
fixed reduced Hilbert polynomial p with Ch(F) = § and M is a vector bundle of rank r over
S. A morphism between two such S-flat families is given by a morphism between the complexes

M © 75 Ox (—n) 25 F and wM' @ 75, Ox (—n) 25 F.
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TEM @ 5 Ox (—n) Ys | r

]

TEM' @ w5 Ox (—n) F'.

Moreover an isomorphism between two such S-flat families in B, is given by an isomorphism between
!

the associated complexes T¢M ® 75 Ox (—n) ¥s, F and mEM' @ 75 Ox (—n) w_5> F

TeM ® 15 Ox(—n) ¥s F

:h . hg

TeM' @ 75 Ox(—n) F'.

Note the similarity between definition of isomorphism between S-flat families of objects of type
(8,7) in By, and the isomorphism between two S-flat families of frozen triples of type (P2, r) in

Definition 2.7.

From now on whenever we mention objects in B, we mean the objects which lie in the image of
the natural embedding functor § : B, — D(X) [18] (Page 185). Moreover by the S-flat family
of objects in B, their morphisms (or isomorphisms) we mean the corresponding definitions as in
Definition 13.2. Now we define the rigidified objects in B,. We give the category of these objects
a new name BII}. However, we emphasize that it is implicitly understood that for us the category
BIE{ is the same as B, together with an additional structure:

Definition 13.3. Define the category B}} to be the category of rigidified objects in B}, whose objects
are defined by tuples (F,C®", p) where F is a coherent sheaf with reduced Hilbert polynomial p
and Ch(F) = 3 and p: C" — Hom(Ox(—n), F) (for some r). Given two rigidified objects of fixed

given type (3,7) as (F,C®", p) and (F',C®" p/) in B};‘ define morphisms (F,C%", p) — (F',C®" p')
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to be given by a morphism f : ' — F’ in A}, such that the following diagram commutes:

cer Hom(Ox(—n), F)

idh , hf

cer Hom(Ox (—n), F).

(13.1)

Remark 13.4. There exists a natural embedding functor & : Bff — D(X) which takes (F,C®", p) €
B;‘ to an object in the derived category given by - -+ — 0 — C®*" @ Ox(-n) — F — 0 — - -+ where
C%" @ Ox(—n) sits in degree —1 and F sits in degree 0. One may view an object in Bg as a
quadruple (E, F, ¢, 1)) represented by a complex ¢ : E — F such that ¢ : E = Ox(—n)®" is a fixed
choice of isomorphism (note the similarity between the objects in B};‘ and highly frozen triples in
Definition 2.9).

Definition 13.5. Fix a parametrizing scheme of finite type S. Let mx : X x § — X and ng :
X x S — S denote the natural projections. Use the natural embedding functor ¥ : B};‘ — D(X)

in Remark 13.4. An S-flat family of objects of type (3,7) in BZP,‘ is given by a complex
7508 @ 1 Ox (—n) 25 F

sitting in degree —1 and 0 such that F is given by an S-flat family of semistable sheaves with
fixed reduced Hilbert polynomial p with Ch(F') = 5. A morphism between two such S-flat families
in Bg is given by a morphism between the complexes W%O?T @ 1% Ox(—n) Y, F and WEO?T ®

T3 Ox(—n) 25 7.

s
W%O?T ®@ 5% Ox(—n) F
idOXxS
* )Or * w‘lg /

Moreover an isomorphism between two such S-flat families in B;‘ is given by an isomorphism

between the associated complexes 1505 @ 74 Ox(—n) Y5, F and 08 @ T Ox(—n) s, F'
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s

508 @ T4 Ox(—n) F
idOXxS =
* Or * d}‘/g !

Note the similarity between definition of isomorphism between S-flat families of objects of type
(B,r) in B;‘ and the isomorphism between two S-flat families of highly frozen triples of type (Pa, )

in definitions 2.9 and 2.10.

Similar to the way that we treated objects in B, from now on whenever we mention objects in Bf,l
we mean the objects which lie in the image of the natural embedding functor F& : B;{ — D(X) in
Remark 13.4. Moreover by the S-flat family of objects in 6’;{, their morphisms (or isomorphisms)
we mean the corresponding definitions as in Definition 13.5.

One associates the notion of weak 7-semistability (or 7°-stability) to objects in B, and Blf{. Now

we show that there exists a moduli functor Sﬁgﬁp ’725

(7) : Sch/C — Sets which sends a C-scheme S to
an S-flat family of 7-semsistable objects of type (8,7) in B,. Moreover we show that this moduli
functor (as a functor with groupoid sections) is equivalent to a quotient stack. Finaly we show that
the moduli stack sm,‘fp Z)S (7) is given by a stacky quotient of 9)?}%25(%) (which itself is defined as
the moduli stack of 7-semistable objects of type (53,r) in BIE{).

According to Definition 12.2 an object in the category A, consists of semistable sheaves with fixed
Hilbert polynomial p. As discussed in [13] (Theorem 3.37), the family of 7-semistable (i.e Giseker
semistable) sheaves F' on X such that F' has a fixed Hilbert polynomial is bounded. Hence the
family of 7-semistable sheaves F' on X with Hilbert polynomial P = % -p(t) for any k =0,1,--- | N
is also bounded. We consider a rigidified object [0 (—n) — F] of type (3,7). Moreover, we use
the fact that by the Grothendieck-Riemann-Roch theorem fixing the Chern character (and hence
the second Chern character) of a pure sheaf with one dimensional support is equivalent to fixing

its Hilbert polynomial. Hence we start our construction with the assumption that the sheaf F

appearing in the corresponding rigidified objects has a fixed Hilbert polynomial.
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13.1 The underlying parameter scheme

Given a bounded family of 7-semistable sheaves F' with fixed Hilbert polynomial P there exists an
integer m such that for every sheaf F' in the family, F'(m) is globally generated. First we construct
an S-flat family of coherent sheaves F' with fixed Hilbert polynomial P. To avoid confusion, here
we slightly change our notation. We denote by F the family as a coherent Oxyg-module and by
F we mean the fiber of this family over a geometric point of S. By construction, the family of
coherent sheaves F' appearing in a 7-semistable rigidified object is bounded and moreover F'(n) is
globally generated for all n > m.

Fix such n and let V be a complex vector space of dimension d = P(n) given as V = H°(F ® L").
The line bundle L, as defined before, is the fixed polarization over X. Twisting the sheaf F
by the fixed large enough n would ensure one to get a surjective morphism of coherent sheaves
V ® Ox(—n) — F. One can construct a scheme parametrizing the flat quotients of V® Ox(—n)
with fixed given Hilbert polynomial. This by usual arguments provides us with Grothendieck’s
Quot-scheme. Here to shorten the notation we use Q to denote Quotp(V ® Ox(—n)).

Now consider a sub-locus Q%% C Q which parametrizes the Giseker semistable sheaves F' with fixed
Hilbert polynomial P.

Definition 13.6. Define P over Q% to be the bundle whose fibers parametrize H(F(n)). The

fibers of the bundle P®" parametrize H°(F(n))®".

In other words the fibers of P®" parametrize the maps OF"(—n) — F (which define the complexes
representing the objects in B;{). Now let 655’7"(7:) C P be given as an open subscheme of P®"

whose fibers parametrize 7-semistable objects in B]f{.
(ﬁ,?‘) = (,6,7“) =
13.2  Stacky structure of My’ (7) and M (7).
,88 D,S8

By definitions 13.2 and 13.5 it is easily seen that we have already given the strategy to construct
the moduli stack of objects of type (5,r) in B, and Bllf” in Chapter 3:

Theorem 13.7. Let 6&@”‘) (T) be the underlying scheme in Section 13.1 parametrizing T-semistable
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rigidified objects of type (B,r). Let G := GL,(C) x GL(V) where V is as in Section 13.1. Let
(Byr) (1

[GSSG(T)] be the stack theoretic quotient of 6&5”")(%) by G. There exists an isomorphism of

groupoids

&)

In particular mgi’?s(%) is an Artin stack.

Proof. Use the fact that (for F' € Coh(X)) fixing [ is equivalent to fixing the Hilbert polynomial
P. Now replace 7/-stability and cler (7) in Theorem 3.9 with 7-stability and &l (T) respectively.

The rest of the proof follows directly from proof of Theorem 3.9 and Corollary 3.11. O

Corollary 13.8. Apply the proof of Theorem 13.7 to e )(7') and G = GL(V) and obtain a

: : B.r) (= SG)
natural isomorphism between M ' (T) and Cron” |-
p)

One may use this natural isomorphism in order to obtain an alternative definition of the moduli

B,7)
stack of 7-semistable rigidified objects of type (3, r) as the quotient stack [GGL(V())]

Corollary 13.9. By Theorem 13.7 and Corollary 13.8 it is true that:

937(6’ )(~)
P (7) = | e (13.2)
By GL,(C) '

Proposition 13.10. The moduli stack, zm(‘”) ,(7), is a GL,(C)-torsor over 93?(85 7;)3( ). 1t is true
that locally in the flat topology, Dﬁgy;)s(j mé";ﬁsv) X [%p%gg))] This isomorphism does not

hold true globally unless r = 1.

Proof. Replace -stability and &52"(7) in Proposition 3.6 with 7-stability and &2 (7) respec-

tively. The rest of the proof follows directly from proof of Proposition 3.6. 0
Via replacing 7 with 7* stability one constructs ?Jﬁgf’B) (7°) similarly. We state a proposition which

we need later for our computations.
Proposition 13.11. (a). V(5,d) € C(B,) we have natural stack isomorphisms Wifg) (1°) =

fmgs(T) (1 stands for Giseker semistability condition and ?mss(T) stands for moduli stack of Giseker
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semistable coherent sheaves with IC-theory class B.) which is obtained by identifying (F,0,0) with
F, moreover Dﬁggigp (1*) = [Spec(C) /Gy, with the unique point given by (0,C,0). Furthermore,
MY (%) =@ for B#0.

(b). smggzé)p (7*) = [Spec(C)/ GLa(C)] with the unique point given by (0,C2,0).

Proof. The first two parts of part (a) of Proposition 13.11 are proved in [18] (Prop. 15.6). We start
by proving the last part of (a). We know that every object [(F,V, ¢)] = (3, 2) fits in a short exact

sequence

0— (£,0,0) = (F,V,¢) — (0,V,0) — 0,

here [(F,0,0)] = (4,0) and [(0,V,0)] = (0,2). By Definition 12.13 7*(F,0,0) =0 > 7°(0,V,0) = —1
therefore (F,0,0) 7°-destabilizes (F,V, ¢) V[(F,V, ¢)] = (5, 2) and this finishes the proof of last part

of (a).

(0,2)
55,8p

(b). Note that (0,C2,0) is a unique point in 9% (7°*) which is made of two copies of (0,C,0)

(0,1)

555, (7*). Moreover, the only nonzero sub-object that can destabilize

which is the unique object in 91

(0,C2,0) is (0,C,0). There exists a short exact sequence:
0 — (0,C,0) — (0,C?0) — (0,C,0) — 0. (13.3)

It is easily seen that 7°(0,C,0) = 7°(0,C2,0) = —1 and therefore the sub-object (0,C,0) does not
destabilize (0,C2,0) and (0,C2,0) is weak 7°-semistable. Since the automorphisms of (0,C?,0) are

given by GL2(C) then m®2) (7*) = [Spec(C)/ GL2(C)]. O

55,8p
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Chapter 14

Stack function identities in Ringel
Hall algebra

14.1 Stack functions for moduli stack of semistable sheaves

Definition 14.1. (Joyce and Song) [18] (Definition 2.5). Let & be a C-stack with affine geometric
stabilizers. Consider pairs (R, p) where R is a finite type algebraic C-stack with affine geometric
stabilizers and p : ®® — & is a 1-morphism. Two pairs (R, p) and (R, §) are called to be equivalent

if there exists a 1-morphism ¢ : R — R such that in the diagram below:

m— " R
G— 6

(14.1)

the two vertical maps are 2-isomorphic with each other. Write [(R, p)] for the equivalence class
of (R, p). If (B,p |s) represents a sub-pair of (R, p) where & is closed in R, then (&,p |g) and
(R/G,p |w/e) are pairs of the same kind. Define SF(&) to be the Q-vector space generated by

equivalence classes of [fR, p] subject to the relations

(R, )] = [(&,p |e)] + [(R/E, p |3/)] (14.2)

for each subpair (8, p |g) of (R, p). Elements of SE(&) are called stack functions on &.
Definition 14.2. (Joyce and song) [18] (Definition 2.16.). Define the space of stack functions
SF(S,x,Q) to be the Q-vector space generated by equivalence classes [(R, p)] with the following

relations imposed:
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1. Given a sub-pair (8, p |s) C (R, p) we have [(R, p)] = [(&, p |6)] + [(R/S, p |n/e)] as above.

2. Let R be a C-stack of finite type with affine geometric stabilizers and let &/ denote a quasi-
projective C-variety and sz : R X U — R the natural projection and p : R — & a l-morphism.
Then [(R x U, p o o0)] = x(UD[(R, p)]-

3. Assume R = [X/G] where X is a quasiprojective C-variety and G a very special algebraic

C-group acting on X with maximal torus T¢, we have

(R.p)l= > FGTQUX/QLpo ), (14.3)
QeQ(G,TY)

where the rational coefficients F'(G, T, Q) have a complicated definition explained in [17] (Section
6.2). Here Q(G,T%) is the set of closed C-subgroups @ of T¢ such that Q@ = 79 N C(G) and (9 :
[X/Q] — R = [X/{] is the natural projection 1-morphism, where C(G) denotes the center of the
group G. Similarly we can define SF(&, x, Q) by restricting the 1-morphisms p to be representable.
Remark 14.3. There exist notions of multiplication, pullback, pushforward of stack functions
in SF(S,x,Q) and SF(&,x,Q) and to save space we do not construct them here. For further
discussions look at (Joyce and Song) [18] (Definitions. 2.6, 2.7) and (Theorem. 2.9).

Now we restrict to the moduli stack of semistable sheaves and define Ringel-Hall identities for
moduli stack of semistable sheaves as in [18].

Definition 14.4. (Joyce and Song) [18] (Definition 3.3). For o € C'(A) write 9% for the substack
of objects F' € A in class a € K(A). Let €ract 4 denote the moduli stack of short exact sequences
0> Fy — FEy — F3 —0in A. Fori=1,2,3 let m; : Eract — 94 denote the 1-morphism of
Artin stacks projecting the short exact sequence 0 — Fy — Fo — FE3 — 0 to E;. Define bilinear

operations * on the stack function spaces SF, SF(IM4), SE and SF(M4, x, Q) by

[ g = (m2)((m x m3)*(f © g))- (14.4)

Definition 14.5. Let (7,7, <) be a permissible stability condition on 4. Define the stack functions
oo.(1) = Sgngs (1) in SF4 (M 4) (for definition of SF,; look at [18] (Definition 3.3) for a € C(A).

One thinks of ggﬂgs (1) as the characteristic stack function of the component of the moduli stack of
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T-semistable objects in .4 whose class in K(A) is a. Define elements €*(7) in SF; (M 4)

_1 nil*@é e —qQ
ORI S P T PR ] (145)
nZLala“'vanEC(A)
ar+-tap=a
T(a)=7(a)Vi

where * is the Ringel-Hall multiplication defined in 14.4. Here each 3?; (1) denotes the characteristic
stack function associated to the moduli stack of objects F' € A in class oy C C(A) as defined in

[18] (Definition 3.3).

Next we briefly review the wall crossings in moduli stack of semistable sheaves under change of

stability condition from (say) 7 to 7.

14.2 'Wall crossings over moduli of semistable sheaves under

change of stability condition

Definition 14.6. (Joyce and Song)[18] (Definition. 3.12.). Let (7,7, <) and (7, T, <) be two weak
stability conditions on A. Let n > 1 and ay, -+ ,ap, € C(A). If for alli =1,--- ,;n — 1 we have

either

(a). 7(a;) < 7(a41) and T(ag + -+ + ;) > T(iq1 + -+ - + ay) or

(b). () > 1(iy1) and T(ag + -+ ;) < T(ip1 + -+ ay)

then define S(ay, - ,an;7,7) = (—1)" where r is the number of times that for some i = 1,--- |n
condition (a) is satisfied. Otherwise define S(aq,---,an;7,7) = 0.

The function S(aq,- - ,an;7,7) is a combinatorial ingredient that we need in order to compute

the wall-crossing identities. We need another ingredient that we review here from [18] (Definition.
3.12.). Givenn > 1 and ay, -+ , o, € C(A), choose two numbers [ and m such that 1 <1 <m < n.
Now for this choice choose numbers 0 = ag < a1 < -+ < @y and 0 = by < by < -+ < by = m.
Given m and aq,- - , am, define elements Gy, -, G, € C(A) by 8 = ag, 41 + - 0q,. Also given
l and by,- - , b define elements v1,--- ,v € C(A) by v = Bp,_,+1+ - Bp;. Let A denote the set of

choices (I, m, a1, - ,am,b1, - ,b;) for which the elements 7; and 3; that we defined above satisfy
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the condition that 7(8;) = 7(a;) fori =1,--- ;mand a;—1 < j < a; and 7(y;) = 7() fori =1,---1

(here a = Zai). Given such (I,m, a1, ,am,b1, - ,b) € A define:

) 1 1—1 ! . m 1
U(Oéh'“ 704n§7-77-) = Z ( l) Hs(ﬂbi71+laﬂb¢,1+27”' 76@‘;7—77—) Hm (146)
A i=1 i=1 """ L

Joyce and Song give a formula to compute €*(7) that uses the function U in (14.6). To state the
theorem they define the notion of a stability condition dominating another stability condition as
follows.

Definition 14.7. The triple (7,7, <) is said to dominate (7,7, <) if 7(a) < 7(8) implies 7(a) <

7(8), Va, B € C(A).

With this notion we state the following theorem from [18].
Theorem 14.8. (Joyce and Song) [18] (Theorem 3.13.). Let (1,T,<), (T’,T,S), (7,T,<) be
permissible weak stability conditions on A such that (#,T,<) dominates (1,T,<) and (7,T,<).

Then Yo € C(A) we have

Ea(%) = Z Z U(a17 T, Qns T, %)Eal (T) * €72 (T) o k€N (T) (147)
n>1(ag, - ,an)EC(A)™:
a1+t an=a

There are only finitely many nonzero terms in this equation.

Our introduction to background material on stack functions and Ringel Hall identities over the
moduli stack of semistable sheaves ends here. We go back to the moduli stack of semistable objects

in B), and obtain similar identities.

14.2.1 Stack functions and similar identities over moduli stack of objects in

B,

Consider the weak stability conditions on B, given in 12.13. Note that (7°,7° = {-1,0}, <)

and (7,7 = {0,1},<) are permissible stability conditions on B,, so similar to the above there

exist elements ¢, s

(7°) in the stack function space SF;(?Mp,). Moreover, we can define
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e (7) and €P9(7*). Also similar to (14.6) we can define the combinatorial ingredients S and
U as follows. Consider the weak permissible stability conditions (7®,7*,<) and (7,T,<) and the
dominating stability condition (7", 7™ = {0},0) in 12.13:

Definition 14.9. Let n > 1 and

(Br,di), -+, (Bn,ydn) € C(By).

We define a number, S((81,d1), -, (Bn,dy); 7%, T), associated to the function U in (14.6) as follows.

If for all ¢ = 1,--- ,n we have either:

(a)' T.(Bia dz) < T.(ﬂi+17 di+1) and

T((Br,dy) + -+ + (Biydi) > T((Biv1, dig1) + - - + (Bn, dn)).

or

(b). 7*(Bi,di) > 7°(Bit1,dit1) and

T((Brydr) + -+ (Biydi)) < T((Bit1, div1) + - + (Bn, dn)),

then define S((B1,d1), -, (Bn,dn);7%,7) = (—1)", where r is the number of times that for all
i=1,---,n—1 condition (a) is satisfied and otherwise if for some ¢ = 1,--- ,n — 1 neither (a) nor

(b) is true, then set S = 0.

Given n > 1 and (f1,d1), -+ ,(Bn,dn) as above, choose two numbers [ and m such that 1 <
[ < m < n. Now for this choice choose numbers 0 = a9 < a1 < -+ < a, and 0 = by <
by < --- < by = m. Given such m and ai,--- ,an, define elements 60y,---,0,, € C(B,) by 6, =

(Bas_1+1:da;_1+1) + -+ (Ba;» da;) (To add two pairs just add them coordinate-wise in C'(B,)). Also
given such [, by, - ,b; define elements ~,--- ,v € C(Bp) by vi = 0p,_,+1 + ---0p,. Let A denote
the set of choices (I, m,a1, -+ ,am,b1,--- ,b;) for which the two following conditions are satisfied:

(1). 7°(6;) = m°(Bj,d;) fori=1,--- ;m and a;—1 < j < a;.
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(2). 7(v;) =7(8,d) fori=1,---1 (here § = Zi@- and d = Zidi). Now define:

o -~ —1 -1 4 o -~ = 1
U((ﬁlad1)7 te 7(ﬁn7dn);7_ 77_) = Z ( l) Hs(ebi71+l79bi71+27 te 79171';7_ 77_) . H -\
A

i=1 o (@i —aig)t

(14.8)

By applying Theorem 3.13 in [18] we obtain a wall crossing identity over the moduli stack of objects
in By,.

Proposition 14.10. (Joyce and Song) [18] (Proposition 13.7). For all (3,d) in C(B,), the following
identity holds in the Ringel Hall algebra of B,.

1. There are only finitely many choices of n > 1 and (B;,d;) € C(Bp) for which the function U
defined in (14.8) is nonzero.

2. For these nonzero terms the following identity holds in the Ringel Hall algebra of By:

ONF =2 > U((B1s ), (Bayd)s 7%, 7) - €040 (72) s ) (9),
n21 ((B1,d1),,(Bn,dn))EC(Bp)":
(617d1)+"'+(ﬁn7dn):(ﬁvd)

(14.9)

Our introduction to stack functions and identities in Ringel Hall algebra of B, ends here. For
further discussions look at [18] (Propositions 15.6, 15.7). Now we apply this machinery to the case

where the numerical class of objects is fixed to be (f,2).
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Chapter 15

Lie algebra identities related to
wallcrossing in rank 2

Our main goal is to compute the wall-crossing identity for the invariants of objects of type (3, 2)
in B, by changing the stability condition from 7° to 7. Based on above discussions one needs to
take into account all possible decompositions of 3 and d = 2 into smaller pieces and compute their
contributions. At first, keeping track of all possible decompositions may seem harder than it really
is. However based on results obtained in Proposition 13.11 there exist restrictions that one exploits
in favor of computational simplification. For example, zmgfgl (7°) and imgfél (7°) are both empty
by [18] (Proposition 15.6) and the second part of (a) in 13.11 respectively. One needs to first break
d = 2 into smaller dimensions and then decompose 3. The only two possible ways to break d = 2 is
to write 2 =240 and 2 = 1+ 1. Now for each choice of decomposition of d one decomposes 3 into
smaller classes ;. For example for the case 2 = 2 + 0, the decomposition of 3 into smaller classes
produces elements in C(B),) of type (81, d1), - - (Bn, dn) where 81+ - -+, = fand di+---+d,, = 2,
hence there exists a tuple in this sequence which is of type (f;,2) and the remaining objects are of
type (5;,0). Now use Proposition 13.11 and note that miz-?) (7°) = @ unless f; = 0. Hence the set
of numerical classes is given as (31,0),---,(0,2),- -+, (8s,0). Similarly for the decomposition of type
2 = 1+ 1 one obtains elements of type (31,0),--- ,(8r-1,0),(0,1),- -+, (Bm-1,0),(0,1),---,(Bn,0)
for 1 < k # m < n. In order to ease the bookkeeping we use a re-parameterization of (3;, d;) which
is consistent with work of Joyce and Song. For a decomposition 2 = 2 + 0 define (¢;,d;) = (5;,0)
for i < k—1, and (¢4,d;) = (Bi+1,0) for @ > k. For decomposition of type 2 = 1 + 1 define
(Vi di) = (5;,0) for i < k—1, (¢i,d;) = (Bi+1,0) for £ < i < m —1 and (¢;,d;) = (Bi+2,0) for
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i > m. Equation 14.10 for the case of (3,2) is written as:

E(ﬂg)(%) = Z U((¢170)7"'(¢k—1a0)a(072)7(¢ka0)v"' ’(¢n71,0);7—.77~—)

1<k<n

. E(wlvo) (7—.) Kk ooee ok E(wk:—lvo) (7—.) * €(072) (7—.) * E(wkvo) (7—.) K ooee ok g(¢n—1,0) (7—.)

+ Z U((¢170)7 7(1[%—1)0)’(07 1)7(¢ka0)7 ,(1/Jm,1,0),(0, 1)a(wm70)a 7(10%7270);7—.’7:)
]fgf;émgn
CEPLO) (7Y e @10 (79 @O (70 s gWr0) (7#)

Kk ooe. ok g("pmflyo) (7—.) * g(ovl) (7—.) * E("ZJM:O) (7—.) Kk ooe .k g(d)nf&o) (7..).

(15.1)

Let A and B denote the first and second sums respectively on the right hand side of (15.1). Next

we simplify A.

Remark 15.1. Here we calculate the function U’s for our case. In doing so and to avoid notational
confusion, we denote the function U appearing in A by Ua and the one in B by Ug, moreover for

the function S defined in 14.9 we use Sa and Sp if it appears in A or B respectively.

Simplification of A

We recall the definition of Ux appearing in A,

Ua = U((¢170)7 T (¢k—170)7 (O>2>a (W’O), B (wn—lao);'f.ﬂ:) =

m

5 (-1)"~! HZ S |
l : SA(ebi_l—‘rl)Hbi_l—l-Q) T 'ebi;T 77—) : s 1)|'
i=1 Ll

A i1 (@

(15.2)

Before we simplify this identity (to have a pictorial perspective of this calculation) we work out
some examples. First we work out an example showing a configuration which is not allowed in our

analysis, i.e a set of choices (I,m,a1, - ,am,b1, -+ ,b;) ¢ A (the values for a; and b; in the next
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example do not contribute to the wall crossing formula).

Example 15.2. Let n in (15.2) be equal to 13. Choose | = 2 and m = 4. The sequence for case A
is shown pictorially in the picture below in which each e; represents the element (;,d;) € C(B,).
Assume that the term (0,2) appears in between positions 7 and 8 . Now we compute Ua for this
choice of [ and m . Choose the configuration 0 = aqp < --- < ag =13 and 0 = by < b1 < by =4 to
be given respectively as: ag =0, a1 =3, a2 =6,a3 =9 a4 = 13

and boZO,bl :2,62:4

(0,2)
a1 az as Qa4
1 2 3 4 5 6 7 8 9 10 11 12
th ) 03 04

Using the formula 6; = (¢q, ;+1,da; 1+1)+ -+ (¥a;,dq;) for i =1,--- 4, one computes the values
of §; fori=1,---,4 as follows:

01 = (Yag+1;dag+1) + - + (Yay, day) = (Y1,d1) + (Y2, d2) + (¥3,d3) = (B1 + B2 + B3,0).

02 = (Yay+1, day+1) + -+ (Yay, day) = (4, da) + (¥5.d5) + (6, de) = (Ba + B5 + Bs, 0).

03 = (B7 + Bs,2).

01 = (Yag,day) + - (Yay—1,day—1) = (¥s,ds) + (Yo, dy) + (Y10, d10) + (Y11,d11) + (Y12, d12) =
(By + Bro + P11 + iz + S13,0)

Next step is to use the results obtained above and to compute «;’s using the formula v; = 0y, 41+
-+ 40y, for i = 1,2. We obtain the following: 71 = Opy41+ -+ 60y, =01 + 62 = (61 +---+ 56,0).
Yo =0Op 414+ 0p, =03+ 04 = (B + -+ 13,2).

From this computation, it is obvious that the condition 7(v;) = 7(3,2) for i = 1,2 is not satisfied
since in this case, 7(y1) = 0 # 7(72) = 7(5,2) = 1. Therefore we need to have [ = 1 in order
to satisfy this condition. Moreover the second condition 7°(6;) = 7°(8;,d;) Vi = 1,---4 and
Vj,ai—1 < j < a; is not satisfied since for i = 3 there exists ap = 6 < j =7 < 9 = a3 (a3 corresponds

to (g, dy) or eg = (1)g,ds) which corresponds to (9, dg) because of re-parameterization) for which
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7%(03) = (67 + Ps,2) = —1 # 7°(87,0) = 0. So we need to choose a configuration in which (0, 2)
is the only term appearing in between a;_1 and a;. (i.e the should exist some p =1,--- ;4 so that
ap—1 =7 and a, = 8).

Example 15.3. Fix m = 4 and n = 13. Let us compute the value of Sa for the configuration

shown in the figure below:

as
(0,2)
al az a4
1 2 3 4 5 6 7 8 9 10 11 12
v \/ 05 v
91 02 94
!
Similar to Example 15.2 first we compute the values of 6;’s for i = 1,--- , 4.

Vag+1dag+1) + - + (Yay, day ) = (1 + 2 +93,d1 + d2 + d3) = (51 + B2 + 33,0)
¢a1+1da1+1) <¢a2, a2) (¢4 + -+ ¢77 d4 + - ) (/84 +---+ 677 0)

2)
01 = (Vazday) + -+ (Yay—1,day—1) = (g + - +12,dg + - - + di2) = (Bo + - - + B13,0)

Next step is to compute v, using the formula v = 01 + - - - + 04.

= (
= (
= (0,
(

m = (61 + -+ Pi13,2). Consider Definition 14.9. If neither condition (a) nor (b) are satisfied, for
any i, we set Sa = 0, otherwise, Sa (61, ,04;7°,7) = (—1)" where r is equal to number of times
that for i = 1,--- ,4 — 1 = 3, condition (a) is satisfied, i.e:

(a). 7°(6;) < 7°(Oiy1) and T(01 + -+ 0;) > T(Oip1 + -+ - + b4).

Fori=1,0=7%01) <7°(f2) =0 and 0= 7(0;) # 7(fa +---+011) =1

Fori=2,0=7%02) >7%°3) =—1land 0 =7(01 +62) < 7(03+04) =1
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Fori =3, -1=7°%63) <7°(0s) =0and 1 =7(61 +602+63) > 7(0s) =0
As it is seen, for ¢ = 1 neither condition (a) nor (b) are satisfied therefore So = 0. Considering
the particular choice of m = 4 and n = 13 as in Example 15.3 the pictures below show the only

allowable configurations for which one obtains nonzero values for Sa:

a2

(0,2)

ai as a4

NS U S

(Br—1,0) (8;,0) (B12,0)

01 0o 03 04

aw
(0,2)

71 05
a2 as a4

S U B

(8;,0) (B12,0)

01 \// \/

92 94

\/

il

Here we summarize the above observations and apply them to the general case:

1. In order to have 7(v;) = 7(5,2) for all ¢ = 1,--- 1 one should set [ = 1, [18] (Proposition

15.8). Therefore the set A reduces to the set of choices of m where 1 < m < n.

2. It is clear that the only way that 7°(0;) = 7°(8;,d;) for i =1,--- ;m and a;—1 < j < a; is

that there exists some p = 1,--- ,m where a,—1 = k — 1 and a, = k (k =location of (0, 2)).

153



In (15.2) 7°(¢;) = 0 for i < p and 7°(6p) = —1 and 7°(¢;) = 0 for i > p, therefore the following

hold true:

1. 7°(6;) = 7°(0i+1) =0 and 7(61 + -+ 0;) # 7(0ig1+---+0,) fori <p—1

2.0=7%;) >7*(liy1) =—1and 0=7(01 +---+6;) <71 +---+0,) =1fori=p—1

3. T.(Qi)ST.(ei_H) and%(91+~--+9i)>7~'(9i+1+~--+9n) fori>p

From this analysis one conclude that in (15.2) for i < p—1 neither condition (a) nor (b) are satisfied
for i = p — 1 condition (b) is satisfied and for ¢ > p condition (a) is satisfied (this implies p =1 or
p = 2). Finally similar to the above example, p =1 when £k =1 and p > 1 when & > 1 and Sa =0

for p > 2. Now we can simplify Ua as follows:

m
1
As| Y a0t b A [ | D 20 e0)
p=1, m it (@i —ai)!
O=ap<ai=1<asg
<<am

m

B 1
+ ) > > " Salbr,02,- ,Om; 7", 7). =)
1<k<n =2, m =1\ Sl
O=ap<ai1=k—1<az=k<
L am

. g(who) K.k g(wkflyo) * g(O:Q) * g(wlwo) ) g(d’n—ho)

= Z (_1)m_1 . H (1>' . 5(072) % E(lvaO) koooee %k E("L’nfl,o)
A; — A;—1)-:

1<m<n, 1=2
l=a1<as < <am

1 e 1
- . —1ym-2. - -
+ Z (kfl)l Z ( ) H (ai*aifl)!
1<k<n 1<m<n,k=a2<a3<-<am =3

. g(d)luo) koo ek E(wkflvo) * E(072) * E(d]kuo) k o0k E(w’nflyo)

(15.3)

Simplification of B
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Recall the definition of Ug which appears in B,

UB:U((wlaO)a"' a(¢k7170)7(071)7(wk70)7 ( k'—1, )7(071) (wk’ ) : 7(¢n—2>0)37—.a7~—)

G
= Z l 'HSB(ebi—l+1’ebi—1+2a Qb,T T Hﬁ

1<i<m<n i=1 i=1

(15.4)

To compute S we divide our analysis into three combinatorial cases based on how the (0,1)

elements are located in the diagrams:

15.1 Case 1

Definition 15.4. Case 1 represents the configurations where, the two (0, 1) elements occur adjacent

to each other.
(0,1) (0,1)

(0,1) (0,1)

Now choose and distribute a; in order to obtain equation (14.8). The following diagrams describe
the two possible distribution types for a;, we call them by Type 1 and Type 2. As shown in both
Type 1 and Type 2 we assume that the first occurrence of a (0,1) element is at k’th location. First

assume k£ > 1. In that case a; = k — 1. Now for Type 1 we set as = k and a3 = kK + 1. One
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may freely choose any value for a4 as far as a4 > k 4+ 2. The diagram below depicts what the
configuration would look like if one chooses as = k + 2. The remaining possible configurations (for
aqs > k + 2) can be drawn similarly. The second diagram in Type 1 explains a situation where

k=1.

Type 1

ar=k—-1 as=k+2 Am,

p
4
————
———

®

[ ]

®

[ ]

[ ]

[ ]
———

th O O3 04 O,

(0,1) (0,1) 2

®
®
®
®
[ ]
®
®
[ ]
®
[ ]
————

91 92 93 em
a2

After setting a; = k — 1 what distinguishes Type 2 from Type 1 is the choice of as. In Type 2
(diagram below) we set aa = k+1 and a3 can be chosen freely (similar to a4 in Type 1) to have any
value as long as ag > k + 2. The first diagram in Type 2 depicts what the configuration would look
like if £ > 1 and one chooses a3 = k + 2. The remaining possible configurations (for as > k + 2)

can be drawn similarly. The second diagram in Type 2 explains a situation where k =1
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Type 2

(0,1) (0,1)

(0,1) (0,1)

am

v~ .

S~ 0 O

th

In this section, to avoid confusion we denote by Sgi the contribution to Sg of Case 1. First, we
clarify the calculations for Case 1, via two simplified examples:
Example 15.5. Consider the case where (3,2) = (0,2). The stack function identity obtained from

the change of weak stability condition in category B, is given by:

é0D(F) = a- éOD (%) + b OV (7%) £ V(7). (15.5)

Here, a and b are combinatorial coefficients. Note that the second term on the right hand side
of Equation (15.5) is the simplest possible example of the Case 1 which is described pictorially

as:
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We will show that b = 0. Similar to the general case discussed above, there exists two distrubution

types for a;’s.

(0,1) (0,1)
Type 1 l J
all 6;2
91 92
(0,1) (0,1)
Type 2 J J
ay
v
01

The function U for configuration in Type 1 is given as:

-1 1 -1 1 1 -1
= (—)S(61)S(0 = (—)(-1)%(=1)° =(— 15.
U ( 9 )S( 1)3( Q)E (ai — aifl)! ( 9 )( ) ( ) (al — aO)! (a2 — al)! ( 9 ) ( b 6)
Similarly the function U for configuration in Type 2 is given as:
1 1 1
U=86)———=(-1)0——n— = _. 15.7
O = ~ Y o —a ~ 2 (15.7)

The second term on the right hand side of Equation (15.5) is obtained by adding the values of the
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function U obtained from configurations in Type 1 and Type 2:

(G0N () # €00 (7%) 1 ZeOD(r*) 4 D7) = 0. (15.8)

Hence in Equation (15.5) b = 0.
To clarify how this calculation can be generalized to the computation in Equation (15.20), we

consider a more complicated example where our diagrams have 4 vertices.

Example 15.6.

(0,1) (0,1)
Type 1 . l l °
a1 a2z a3 a4
91 92 (93 94

(0,1) (0,1)
Type 2 . l J .
al as
01 \/GQ 93

)

Let us compute the function U for Type 1. First we set [ = 1. In this case one needs to compute
S(61,02,605,04). However note that 7°(03) = —1 = 7°(03) and 1 = 7(61 4+ 62) # 7(03+04) = 1 hence
neither condition (a) nor condition (b) in Definition 14.9 are satisfied and hence S(61, 62, 03,64) = 0.
Now set [ = 2 since for [ > 2 one may always obtain a configuration in which 7(y;) =0 # 7(5,2) = 1

for some 7 and so Sg = 0 in that case. Therefore set | = 2 and obtain :

_(=n! 1 1 I | 1
U= 92 5(91702)5(93704)};[1 m - (I)(_l)o ’ (_1)1m - (7)(_1)0(_1)1 - 5
(15.9)

For Type 2, [ needs to be set equal to 1 since similarly for [ > 1 one may always obtain a config-

uration in which 7(y;) = 0 # 7(3,2) = 1 for some i and so Sp = 0 in that case. Therefore, one
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obtains:

_ (= 1)0 ’ 1 1 B !
U2 =" S(61,02,03) }_[1 — (I)(*l)lm = (-1D)°(-1'; = g (15.10)

We emphasize that the presence of the term % in Equation (15.10) is because here, ag — a; = 2.

Therefore we obtain:
U((0,1),(0,1)) = U1((0,1),(0,1)) + U((0,1),(0,1)) = —% + % =0 (15.11)

i.e, the contributions associated to Case 1 are obtained as:

(GOERO(7%) « €OV (%) £ O (7 4 910r)
+ %E(ﬁl’o) (%) % €OV (72) 5 0D (72) 5 P20 (79) = 0 (15.12)

Here we compute Sg1 coming from the fixed distributions of a;’s as shown in Type 1. Consider the
first diagram in Type 1. We set for the variable [ in (14.8),l =1or ! =2, (for { > 2, Sg; =0). If
[ = 1 then according to formula (14.8) we need to compute Sg1 (61, - ,6m). Note that 7°(0y) = —
and 7°(03) = —1 then 7°(03) < 7°(63) however 7(61+62) % 7(65+- - -+6,,), hence neither condition
(a) nor (b) in Definition 14.9 are satisfied and Sg1(61,- - ,0m) = 0.

Now set [ = 2. Setting [ = 2 means that we need to choose 0 = by < by < bp = m so that b;,
i = 0,1,2, satisfy the conditions in Definition (14.8). Note that one can choose by = 1,--- ,m.
However the only allowed choice for b; is to set by = 2. We explain this fact further.

Set by = 1, in that case v = 01 and 72 = 65 + - - - + 0,,. This configuration is not allowed, since for

1, T(71) = 0 # 7(5,2) = 1. One easily observes that using similar arguments, the only allowable
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choice is to set b; = 2. Define:

Ul((/ﬁla O)a T (Oa 1)7 (0 1)’ T (an% 0)' T* 7-) =
Z%lsm(@l,@z) Spi1(fs, - .0 H

N 11 z_azl

where by similar arguments Sg;(61,62) = (—1)° = 1 and Sg1 (63, - - - ,0m) = (—1)(™~3). Hence

U(B1,0), (0,1, 0, 1), (Ba2,0):7%,7) = (<1)- 0 g (-1 T

A i=1 (al - ai_l)'
Z} 1 1 1 ﬁ 1
N 2 (az —ag)! (az —a1)! (a1 — ag)! = (ai — a;—1)!"

(15.14)

By looking at first diagram in Type 1, it is easy to see that ag = 0,a1 = k—1, a0 = kand az = k+1.
Hence (a2 —a1) =1 and a1 —ap = k — 1. Now we use the result of Lemma 13.9 of [18] and rewrite

this equation as follows:

Ul((6170)7 t 7(07 1)? (07 1)a t 7(6717270);7—.’7:) =
1 1 1 1 me3) T 1
(_5) (az — az)! . (ag —ay)! ‘ (a1 — ap)! Z <_1)( 3)'H a1

T 1<m<lI i=4

1 1 (—1)(=(1+k)
2 (k=1 (n—(1+Kk)

(15.15)

A similar analysis is carried out for the second diagram in Type 1. The result would be equal to
the one obtained in equation (15.15) for k = 1.

Now consider the first diagram in Type 2. Note that in this case 2 = (0,1) + (0,1) = (0,2). We
can set [ = 1 or I = 2. Setting [ = 2 would result in obtaining a disallowed configuration, since

there would always exist at least one ~; for i = 1,2 so that 7(v;) = 0 # 7(5,2) = 1. Hence we set
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U2((Bla0)7"' 7(07 1)7(071)7 7(ﬁn—270);7—.77:) = ZSB1(91a027937“' 79m) : H !
A "

i1 (CLi — ai_l)!’
(15.16)
where by similar arguments, Sgi(61,--- ,6,,) = (—1)™~2). Hence
UQ((ﬁlaO)a"' a(071)7(071)>"' 7(67172’0);7_.77:)22 m 2) H i — a; 1
A 11—
1 m
_ (m=2) .
Z (a2 —aq)! al—ao'}_[ a; — a;—1)!

(15.17)

By looking at first diagram in Type 2, it is easy to see that ag = 0,a1 = k — 1 and ay = k + 1,
hence (az —aj) =2 and a1 —ag = k — 1. Now we use the result of Lemma 13.9 of [18] and rewrite

this equation as follows:

UQ((ﬁlvo)W" 7(07 1)7(07 1)7"' 7(571—270);7—.77:) =

Lot e 7L 11 (=t
(a1 — CL())! (CLQ — al)! lgzm:gl( 1) g (ai — ai_l)! - 2 (k — 1)! (n — (1 + k))'
(15.18)
By Equation (14.8):

U((ﬁl,O), B (07 1)a (07 1)7 T a(ﬁanaO);T.ﬂ:) =

Ul((ﬁlv 0)7 ) (07 1)’ (07 1)a Ty (ﬁnf% O); 7—.77:)

+ UQ((Bl’O)a U ’(07 1)7 (07 1)7 U 7(671—2)0);7—.7%)
(15.19)
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adding the values of the function U;, i = 1,2 obtained from the two distributions in Type 1 and

Type 2, we obtain:

U((ﬁlao)v (0 1) (0 1) 7(ﬁn—2a0);7—.77~—) =
1 1 ( )” 1-k) 1 1 (_1)(n—1—k)

TR VAl y 3T e

2 k—1! (n—1-k) 2 =0

(15.20)

15.2 Case 2

Definition 15.7. Case 2 represents the configurations where there exists some 1 < k£ < n for

which there exists only one element of type (0g,0) between the two elements of type (0,1) such

that G # 0.

(0,1) (0,1)

(B, 0)

(0,1) (0,1)

(B1,0)

The set of allowable distributions for a;’s is given as:
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p
p
————
———

[ ]

®

®

®

®

®
———

01 0 04 05 Om
as
(0,1) (0,1)
B2
ao A,

————

®

[ ]

[ ]

[ ]

[ ]

®

®

®

®
————

01 03 04 Om

Consider the first diagram in Case 2. Similar to Type 1 in Case 1, we can argue that the only
possible value for [ in both diagrams is [ = 2. For [ = 1, for example, consider #2 and 63 in the first
diagram. Note that 7°(62) < 7°(63) but 7(01 + 02) # 7(03 + - - - + 0,,,) hence Spa(01,--- ,0,,) = 0.
Setting | = 2 means that we need to choose 0 = bg < by < by = m so that b;, i = 0, 1,2, satisfy the

conditions in Definition (14.8). Note that one can choose by = 2 or by = 3. Set b; = 2. Define:

Ul((ﬁlyo)a T ’(Oa 1)7 (ﬁk’ao)a (Oa 1)’ T a(ﬁn7270);7_.>7~_) =
1

(ai — ai,l)!’

m

-1
> 9B1(01,02) - Sp1 (05, 0m) - [ |

A i=1

(15.21)
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where Spa(01,609) = (—1)° =1 and Spa (63, - ,0,m) = (—1)"%. Hence

UL((51,0),++,(0,1), (55,0, (0,1, (Bu2,07%,7) = (=1) - S0 5 (-0 ] (1
A i=1

Similar to before, we use the result of Lemma 13.9 of [18] and rewrite this equation as follows:

Ur((81,0),--+,(0,1), (B, 0), (0, 1), -+, (Bn—2,0); 7°,7) =

Sy v+ vt 1 IENCEINS ¢ SRS
( 2) (a4—a3)! (ag—ag)! (ag—al)! (al—ao)‘ Z< 1) H(ai—ai_l)!

" 1<m<l i=5
1 1 1 1 1 (—n)e-G2)
(=) k+2—(k+1) (k+1—F&) (k-—>(k-1) k-1 (n—(k+2)
1 1 (_1)(n*(k+2))
(=3) (k—1)! (n—(k+2))
(15.23)
Now Set b; = 3. Define:
U2((ﬁ17 0)’ Tty (O’ 1)7 (ﬁka 0)7 (Oa 1)7 Ty (/BTL—2,O);T.77:) =
> ;SB1(91792763) - Sp1 (01, ,0m) - || (A_lA,,
A i (@i — ai-1)!
(15.24)
where 532(91,92,03) = (—1)1 = —1 and 532(94, cee ,9m) = (_1)(m—4). Hence
UQ((ﬁla 0)7 Ty (07 1)a (/Bka 0)7 (07 1)7 R (/Bn—%o); 7_.7 %) = Z %( 1)(m_4) . H (CL 1@ 1)‘
A i=1 " L
(15.25)
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similar to before, we use the result of Lemma 13.9 of [18] and rewrite this equation as follows:

Uz((61,0), -+ ,(0,1), (Bk, 0), (0,1),- -+, (Bn—2,0);7°,7) =

L Lo e Tt
2 (a3 —a2)! (ag —a1)! (a1 —ap)! 1§Zm:§l( b £[5 (a; —a;—1)!
1 1 . 1 1 1 ()
2 (k+2—(k+1)) k+1—-GFNE-(-1) k-1 (n—(k+2))!
1 (_1)(n—(k+2))
2 (k=1 (n—(k+2)
(15.26)
By adding the contributions due to the two choices of by = 2 and b; = 3, we obtain
U((ﬁla 0)’ Tty (07 1)5 (/Bka 0)7 (Oa ]-)7 R (ﬁn,Q,O);T.,%) =
U1((,61,0), ) (0’ 1)7 (ﬂkv 0)’ (07 1)7 T (ﬁn—% 0);7—.77:)"_
Ua((81,0),- -+, (0,1), (Bk, 0),(0,1), -+, (Bp—2,0); 7°,7) =
1 1 (_1)(n—(/€+2)) 1 1 (_1)(n—(k+2))
(=3) G-l - kt2) 2 oDl -kt "
(15.27)

A similar analysis is carried out for the second diagram in Case 2. The result would be equal to

the one obtained in equation (15.26) for £ = 1. However, setting k¥ = 1 in Equation (15.26), will

still make Equation (15.27) equal to zero.

15.3 Case 3

Definition 15.8. Case 3 represents the configurations where for some 1 < k < k/ < n, there exists

at least 2 elements (5, 0) and (S, 0) between the two elements of type (0,1) such that G # 0 and

B # 0.
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The possible set of distributions for a;’s is given as:
(0,1) (0,1)

ap=k—1 ag-1 =k —1 am,

®
[ S
[ ]
®
®
.
[
°
[
[ ]
b

61 03 041 Og+1 Om,

®
®
®
[ ]
®
————
®
®
[ ]
®
———

02 0q-1 Oq+1 Om
aj Hq

We compute the function U for the general case shown in the first diagram in Case 3. Using an
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argument similar to before, to get a nonzero value for Sgs we set [ = 2.

U((Bla 0)7 T (07 1)7 (ﬁka 0)’ T (ﬁk’—% O)v (Oa 1)? T (ﬁn7270);7.a7~—) =

l m
-1
Z 7 ) H SB3(6bi,1+17 ebi,1+27 ' ebﬂ 7_ 7_ H — a
A i=1 i i-1)
-1 MK
= Z Z 7 : H SB3(9bi,1+17 Hbi,1+27 : Hbza T° T H I
0=ag<-<am 0=by<bi <ba=m i=1 z:l i-1)

(15.28)
where a; and b; satisfy the conditions in Definition (14.8). Note that one can choose by = 2,--- ,¢—1,
hence the function U can be computed as follows:

U((ﬁla 0)7 ) <O7 l)a (/Bka 0)7 R (/Bk/,Q,O), (07 l)a ) (ﬁn—27 0)7 T.a 7:) =
1
Z 5 SB3(01,02) - SB3(03,--- ,0m)
O=ap<-<am
a“ 1

Sp3(01,02,03) - Sp3 (04, ,0m) + -+ Sg3(01,- - .00_1) - Sz (04, ,0m)| - - -

+ SB3(01,02,03) - Sp3(04, -+ ,0m) + -+ + Sps(61 ¢—1) - SB3(bq ) E(az—ai—l)'
(15.29)

One sees that Sg3(01,602) = (—1)° and S3(63,--- ,0,) =0 (0 = 7°(A3) < 7°(A,4) and 0 = 7(63) #
7(04+ - - -+ 6p,) = 1 hence nor (a) neither (b) in Definition 14.9 are satisfied ). Following the same
argument the terms Sg3z(6s4, -+ ,0m), - - SB3(0g—2, - - ,0p) vanish. The non-vanishing of the term
SB3(0g—1,- - ,0m) can be proved by observing that for 6,1 and 6,, 0 = 7°(0,-1) > 7°(0,) = —1
and 0 = (0q 1) < 7(0g+ -+ + 6p) = 1 hence condition (b) in Definition 14.9 is satisfied and

Sp3(0g-1, -+ ,0m) = (—1)m=a=D=1) = (_1)(m=9) Finally Sg3(0,,- - ,0m) = (—1)""9. Now
we use the fact that Sp3(f1,---,0,-2) = (=1)¢3) and Sg3(f1,---,0,-1) = (—1)(972) hence the
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Equation (15.29) can be rewritten as follows:

UB = U((,ﬁl,O), e 7(07 1)a (51%0)7 e v(ﬂk’—%o)v (Oa 1)7 T a(ﬂn7270);7—.a7~—) =

Z (—21) ) (_1)((173) ) (_1>(m—q) + (_1)(1172) ) (_1)(qu) ﬁ (a‘l' =0.

0<ap<-<am i=1

We conclude that the contributions in Cases 1, 2 and 3 are all equal to zero i.e in Equation
(15.1):
B=0.

Recall that for A in Equation (15.3), the (n — 1)’th K-theory class, (,-1 was placed in the n’th

spot, hence by change of variable [ — 1, the equation for A is given as:

(0!
(-
+ Z m . E<’61’0)(7'.) %% E(ﬁk,O)(TO) % g(O,Q)(TO) % g(/@k+1,0)(7_0) - E(ﬁl,O)(To)
1<k<l R
(—1)1—1: =(81,0) (o _(Br,0) 0\ o =(0,2) &\ . —(Brt1,0)/ o (51.0) /o
— m.e D7) s @00 (72) 5 €02) (79) 5 ePer10) (79 o 5 @P00) (79)
0<k<l :

(15.31)

As we showed B = 0. On the other hand the coefficients in (15.31) are precisely equal to those
appearing on the right hand side of Equation (292) in [18]. By rewriting the product of stack
functions in terms of a nested bracket we obtain an equation analogous to the computation of
Joyce and Song in [18] (Proposition 15.10). Simply replace é%1)(7*) in Equation (292) in [18] with

é92)(7*) and obtain:

@ = Y C o) e, @m0, ), 00
1<l,B1++3=03
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Chapter 16

Calculation via Wallcrossing

(8,0)

Proposition 16.1. (a). Let Vony ond I/gn denote Behrend’s constructible functions on the moduli
P

stack of objects in B, with fized class (3,0) and the moduli stack of sheaves with second Chern

character B respectively. The following identity holds true:
70 —
Vg,ggg = (V) (16.1)

where m is the map mo : mgi’o) — IMP which sends (F,0,0) with [(F,0,0)] = (3,0) to F with

second Chern character (3.

Proof. This is proven in [18] (Proposition 13.12). O

Now we are ready to apply the Lie algebra morphism ¥53» defined in [18] (Section 13.4) to (15.32)
and obtain the wall-crossing equation. First we study the image of €2 (7), €02 (r*), &B:.0)(r*)
and €1 (7*) under the morphism ¥P:

Definition 16.2. Define the invariant B;’(X,3,2,7) associated to 7-semistable objects of type

(8,2) in B, by
WO (PD(7) = B (X, 8,2,7) - AP,

where U5 is given by the Lie algebra morphism defined in [18] (Section 13.4).

Moreover, according to result of part (b) of Proposition 13.11 and the fact that [Spec(C)/ GL2(C)]
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has dimension —4 we obtain the following:
U8 (502 (7)) = A(02) (16.2)
The next two identities that we list here are proved by Joyce and Song in [18] (13.5):
G (eOD (72)) = —NOD, (16.3)

Now suppose that G = Zﬂi and f3; is indecomposable or (equivalently) there exist no strictly
(]

semistable sheaves with class (;, then by [18] (13.5):
FBr (¢5:0) (£2)) = — DT (7)AB:0) (16.4)

where DT (7) is the generalized Donaldson-Thomas invariant defined by Joyce and Song in Defi-
nition (5.15) in [18]. To derive the wall crossing equation one writes the identity in (15.32) as an
identity involving nested brackets of é5i:0) (7*). Now apply the Lie algebra morphism U5 to both
sides of this equation and use the results obtained in (16.2), (16.3) and (16.4). One obtains the

following equation:

Ss ~ Y (68,2)
Bp (X76>27T)')\( ) =

—1)! - _ - _ - . -
> S 8 @02 ), -DT (A, DT ()AR0),..|, -DT* ()34
11,61+ +B1=08

(16.5)

16.1 Computation of U5 (02)(r*))

By part (b) of Proposition 13.11 the characteristic stack function of moduli stack of strictly 7°-

semistable objects in class (0, 2) is given by:

5(0’2)(7.) _ 5(93221;2),5(7-)) = [m] .
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Joyce in [17] (6.2) has shown that given a stack function [([ﬁ«c)] ,V)}, where U is a quasi-

projective variety, one has the following identity of stack functions:

(el )] -
F(GLs(C), G2, G2,) [([é’%n] ,uoh)] + F(GLy(C), G, Gyn) K[é’n] ,Moigﬂ ,

(16.6)

where

1
F(GLy(C), Gy, Gp) = 5
F(GLa(C), G2, Gm) = —,

(16.7)

and poiy and poig are the obvious embeddings. Substitute the values in (16.7) and obtain:

1[5 o)) (B )] e

In order to compute WP (&%2)(7*)) one uses the definition of &%2)(7*):

E(O,Q) (7_0) _ 5(0,2) (7_0) _ 1

= 5O (72 5 5O (7). (16.9)

Substitute the right hand side of (16.8) in (16.9) and obtain:

(= P 1 (e S R e

(16.10)

Next we compute 601 (7%) x 5O (7%) (which is equal to e (7*) x %1 (7*) since there exist no

strictly 7°-semistable objects in B, with class (0,1)).
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16.2 Computation of €(Ov1)(7') * g(Oal)(T-)

We know that é%1(7*) € SFp, is the stack function corresponding to the object (0,C), in C(B,).
Consider objects (Fj, Vi, ¢;) in B, of type (8;,d;) for i = 1,---,3. In order to compute é*(7*) x
€01 (7*) as in Definition 14.4 consider the moduli stack of exact sequences of objects in B, of the

form:

0 — (F1,V1,¢1) — (F2, V2, ¢2) — (F3, V3, 63) — 0 (16.11)

and call it €ractg . Let m; : €ractg — Mp, (7°) for i = 1,2, 3 be the projection map that sends the
exact sequence to the first, second and third objects respectively over the moduli stack of objects
in By. We also have the map m x w3 : €ractg — Mp, (7°) x Mp, (7°). By Joyce’s definition in [18]
(Definition 3.3):

E(O’l)(T.) % g(O,l)(T.) = Ty % ((7_[_1 % ﬂg)*(g(o’l)(’r.) Q E(O,l)(TQ))) (1612)

We also know that é%Y(7*) = [Spec(C)/Gyn, p1] where p1 : [Spec(C)/Gy,] — Mg, (7°) where
M, (7°) denotes the moduli stack of 7°-semistable objects in B, with any given numerical class in

C(Bp). To make things more clear note that mox : SF(&ractg ) — SF(Mp,(7°)). Moreover
(m1 x m3)" : SE(Mp, (7°) x Mp,(7°)) — SF(Cracty,). (16.13)

and

mo* ((m1 x m3)%) : SF(Mp, (1°) x Mg, (7°)) — SF (Mg, (7°)) (16.14)

Moreover by [18] (Definition 2.7):

®: SF(Mp, (7°)) x SF(Mg, (r*)) — SF(Mp, (r°) x Mg, (°)). (16.15)
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The first step is to compute &%V (7*) ® é%1)(7*). By definition:

0D (%) & d®D(7*) = [Spec(C)/Cpn, 1] ® [Spec(C)/Cun, pa] = [Spec(C) /G x Spec(C)/ G, p1 X pal.

(16.16)

Therefore

(m1 x 73)*([Spec(C) /Gy, x Spec(C) /G, p1 X p2])
= [(SpeC(C)/Gm X SPGC(C)/Gm) Xpl ng,mgp(r')xzmgp(f-),m XT3 exadl’j’p’ (I)]

(16.17)

where @ is the map that embeds the resulting stack in Cracts,. By pushing forward along mo we

obtain:

7o * ((m1 X 73)")([Spec(C) /Gy, x Spec(C) /G, p1 X p2])

= [(Spec(C) /G, x Spec(C)/G,) X 1 % po, Mg, (1) x Mg, (7#),m1 xms EXACts,, T © D] (16.18)
Let us denote by Z the fibered product
([Spec(C)/Gm] x [Spec(C)/Gml) X py x o, 2, (r4) x M, (7#) 11 x5 EXACL5,
simply put, the above formulation is described by the following diagram:

T
Z ® Cracty, 2

T X T3

[Spec(C)/Gon] x [Spec(C)/Gyn] 2L

M, (7*) X M, () 619
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Let Sﬁgl’l)(T‘) denote the moduli stack of objects in B, with class (0,1). Note that the embedding

of [Spec(C)/Gy,] in My, is obtained by the following composite morphism.
[Spec(C)/Gpn] — MgV (7*) — Mg, (7°) (16.20)

Lemma 16.3. The product €%V (1*) « €91 (%) is given as

00) (7o) 4 01) (70 = [(m, L)] (16.21)

where ¢ is defined to be the corresponding embedding.

Proof. Let E; € Dﬁgl’l)(T’) for i = 1,3 and Ey € zmgf) (7®). Consider the exact sequence in
Cractp, :
0—F — Fy— FE3—0 (16.22)

By definition this exact sequence can be written as a commutative diagram:

0 C®Ox(—n) —— C?2® Ox(—n)

C®Ox(—n) —— 0

(16.23)

Hence the set of extensions and the automorphism of diagram (16.23) can be equivalently studied

by considering the simplified diagram:

0 C Cc®? C 0.
(16.24)
As pointed out in [18] (page 155), given an exact sequence of vector spaces
0-U—-UV -V =0 (16.25)

the automorphism group of this exact sequence is given by the algebraic group (GL(U) x GL(V)) x
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Hom(V, U) with multiplication defined by:
J0,6).(7, 8, €)=(yor, 608,70 +€0d).
Y v Yo

for elements v, € GL(U), 6,6’ € GL(V) and €, ¢’ € Hom(V, U). Alternatively (GL(U) x GL(V)) x

€
Hom(V, U) is isomorphic to the subgroup of GL(U & V') given by elements of the form

0 ¢
Now replace U and V in (16.25) by C and find that the automorphism group of the exact sequence

in (16.24) is given by (G, x G,;,) x Hom(C, C) which is canonically isomorphic to G2, x Al. The set
of exact sequences in (16.22) up to isomorphism is given by Ext!(Es3, E1). Consider the action of
G2, x A' on Ext!(Es, Ey) induced by the identification of Ext!(Es3, E1) with isomorphism classes of

le where 7,6 € G,y

exact sequences of the form in (16.24). This action is given by (v, d,€) : e — yu~
and e € Ext!(E3, F1). On the other hand, since (0,C) = E; = F3 = (0,C) then Ext!(F3, E1) =0
and the quasi projective variety parametrizing the split extensions in the exact sequence (16.22) is

given by Spec(C). Hence one obtains:

e ) - ()] - [ ()

(16.26)

This finishes the proof of 16.3. O

Consider the notation in Definition 14.2. Let G = GL2(C). The maximal torus of G is given by
G2, =2 TY C GLy(C). The set Q(G,TY) in Definition 14.2 consists of T¢ and G,,, given by elements

of the form

G = (16.27)

where g € C*. Given G = Al x G2, for T = {0} x G2, and G,, C T given as (16.27) by a

computation of Joyce and Song in [18] (page 158):

F(G,TY 1% =1 (16.28)
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and

F(G,TY G,) = —1. (16.29)

Therefore by Definition 14.4 and Lemma 16.3:

5(071)(7.) *5(071)(7.) _ [(M’Lﬂ = — [(Spgjjc),@ﬂ + {(Sp(g;(@)’elﬂ )

where e; = poi; and es = p o iy denote the corresponding embedding maps. Since E(O’l)(T’) *
0 (%) = 5O (72) % 5OV (7*), by substituting the right hand side of (16.30) in (16.10) one

obtains:

Now apply the Lie algebra morphism U5 to &©2) (7°). By definition and Equation (16.31):
_ -1 -
BN ) =3 (| T | o) g 2) 302
(16.32)

Note that by Proposition 13.11 m

0,2)
ss,

B, (T°) = [Spec(C)/ GL2(C)] and hence [Spéii(bc)] has rela-
tive dimension 3 over i)ﬁgg:?p (7*). Moreover, [&)57‘:75@] is given by a single point with Behrend’s

multiplicity —1 and

(o i2)*Vmgl2>)5\(0’2) = (—1)3 : V[Specm]v

P Gm
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therefore:

B . na [ —1 [Spec(C) N -1+ -1«
l1,1319(6(0,2)(7 )) = x (4 [Gm] L (—1) - V[S"éf,fm]) 30.2) — (—1)' - (=1)3- T)\(0,2) _ TA(M)'
(16.33)
The wall-crossing identity for 7-semistable objects in B, is simplified as follows:
!
ss ~\ 3 -1 (1) i 1 Y 1 1
Bp (X7ﬁ7277-) : A(ﬁz) = Z T : THDT (T) : H [[)‘(072)7)‘(ﬁ1’0)]7)‘(ﬂ270)]7'”]7A([8h0)]‘
1<l,B1++61=0 Ti=1
(16.34)
Now we use the fact that by definition the generators A% satisfy the following property:
DA = (1) (BD 0Dy, (8, ), (v, €) A7) (16.35)
this enables us to simplify (16.34) as follows:
ss ~ Y (8,2)
Bp (X767277-) ’ )‘(ﬁ ) =
—1 (1) b _
> T IO 0 s, (B4 + Bi1,2). (5, 0))
1<, B1++81=03 =1
_ (_1)>zsp((o,2>,(ﬁl,0))+zi:1xsp((m---mflz),(ﬁi,o» . 3(8.2)
(16.36)

by canceling M52 from both sides we obtain the wallcrossing equation and this finishes our com-
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putation:

B (X, 8,2,7) =
> —41.[<lll>.H(DT%)-m((m+---+@-_1,2>,<m,o>>

1<L,B14++B=p =1

. (_1)><sp((0,2),<51,o>>+zi_1xzap<<ﬁl+-~-ﬁi172%(@»0)))] .

(16.37)
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Chapter 17

Partial progress on direct
calculations

In this chapter we introduce a direct approach to calculation of invariants of objects in B, in some
specific examples without using any wallcrossing computation. As a result it will be seen that
our results in this chapter verify the results obtained in identity (16.37) through an example.

Example 17.1. Computation of B5*(X, [P'],2,7) where X is given by total space of (’);912(—1) —

Pl

We compute the invariant of 7-semistable objects (F, C?, ¢¢2) of type ([P!],2) in B,. Note that In
this case F' has rank 1 and p(n) = n + x(F). Assume yx(F') = r. In this case by computations in

[19] and [11] the only semistable sheaf, F, with chy(F) = [P!] is given by Opi(r — 1) which is a

(2,[P1])
55,Bp

stable sheaf. First we give description of 9t (7). By definition an object of type ([P!,2]) in B,
is identified by a complex Ox (—n)%? — 1,Op1(r — 1) where ¢ : P! < X (from now on we suppress
L« in our notation). By the constructions in Section 13.1 the parameter scheme of 7-semistable
objects is obtained by choosing two sections (s, s2) such that s; € HY((Op1(n+1r — 1)) for i = 1,2.
More over since Op1(r — 1) is a stable sheaf, its stabilizer is given by G,.

An important point to note is that given a 7-semistable object (F,C2 ¢¢2) one is always able to

obtain a an exact sequence of the form
0— (F7C7¢C) - (F7C2)¢C2) - (O,C,O) —0

for every object in the moduli stack and since 7(F,C?, ¢¢c) = 1 < 7(0,C,0) = 1 then one concludes
that all the objects parametrized by the moduli stack are given by extensions of rank 1 7-stable

objects and hence all objects are 7-strictly-semistable. Moreover, note that giving a 7-semistable
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51,8
@2(1 2)

object of the form Ox(—n) F is equivalent to requiring the condition that (s, s2) # (0,0),

since other wise one may be able to obtain a an exact sequence:

0 — (C?,0,0) — (C% F,0) — (0,F,0) — 0

such that 7(C?,0,0) = 1 > 7(0, F,0) = 0, hence (C2,0,0) weakly destabilizes (C2, F,0) and one

obtains a contradiction. Now use Theorem 13.7 and obtain

D (7) = (H((Opr(n + 7 — 1)))@2\{0}/Gm] ~ [P(HO((OIEH (n+r—1))%) (17.1)

ss,Bp GLo ((C) GL ((C)

Now we need to compute the element of the Hall algebra e(®2) (7). By applying Definition 14.5 to

(P'],2)
s5,8p

(7) we obtain:
) =5 FINH 5 S TIE) ) (17.2)
Br+B1=[P']

1
Now we use a stratification strategy in order to decompose mgf"gf) (7) into a disjoint union of strata

as follows: Given the fact that the objects in the moduli stack under study are of type ([P!],2)
one would immediately see that the only possible decomposition for a 7-semistable object of type
([P],2) is given by decomposition of its class as ([P!],2) = ([P!],1) + (0,1). This means that a
strictly 7-semistable object of type ([P!],2) is either given by (split or non-split) extensions of object
of type ([P'],1) by objects of type (0,1) or it is given by the extensions with reversed order, i.e the
extensions of objects of type (0,1) by objects of type ([P!],1). Our stratification technique involves

a study of the parametrizing moduli stacks for these objects depending on what extensions are used

([P1),2)

ss.By (7) into a disjoint union of split and non-split strata.

to produce the objects. We decompose 971

([P],2)
s5,Bp

Definition 17.2. Define Dﬁggpjgf) (r)ycm (7) to be the locally closed stratum over which an

object of type ([P'],2) is given by split extensions involving objects of type ([P'],1) and (0, 1).

(P'],2)
55,Bp

Define Sﬁ([Pl]’Q)

nsp,B, (1) cm (7) to be a locally closed stratum over which an object of type ([P'],2)

is given by non-split extensions involving objects of type ([P!],1) and (0, 1).
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Now we study the structure of each stratum separately.

1
17.1 Stacky structure of smgg”gf)(%)
It is easy to see that any 7-semistable objects of type ([P'],2) given as
Ox(—n)*? = Opi(r —1) = (Ox(—n)** = Opi (r — 1)) & (Ox(—n) — 0)

has the property that the sections si, so for this object are linearly dependent on one another.
Hence by discussion in Section 13.1 the underlying parameter scheme of 7-semistable objects of
this given form is given by chooing a nonzero section of Opi(n + r — 1) in other words we obtain
HO(Op1 (n+r —1))\{0}. Now we need to take the quotient of this space by the stabilizer group of
points. We know that the condition required for a 7-semistable object Oy (—n)®? AGEN F to be
given by split extensions of rank 1 objects is that s; and so are linearly dependent on one another.

n)@Q (51 70)

Now pick such an object given by Ox (— F. The automorphisms of this object are given

by the group which makes the following diagram commutative:

Ox(—n)®? M Opi(r—1)

_h . \_

x(=1)®? —— Opi(r — 1)

Hence it is seen that the left vertical map needs to be given by a subgroup of GL2(C) which

preserves si, i.e the Borel subgroup of GL2(C) whose elements are given by 2 x 2 upper triangular

ki ko
matrices where ki,k3 € G,, and ky € A!. Having fixed one of the automorphisms

0 ks
via fixing ki, ko, k3, it is seen that by the commutativity of the square diagram the right vertical

map needs to be given by multiplication by k1 which is an element of G,,. Note that one needs
to take the quotient of the parameter scheme by all isomorphisms between any two objects in the
split stratum, not just the automorphisms of one fixed representative. In general for an object to

live in the split stratum one requires the sections (s, s2) to be given by (s1,a - s1). We observed
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that fixing a representative for a split object of rank 2 (such as fixing (s1,s2) = (s1,0) as above)
would tell us that its automorphisms are given by G2, x A!. Hence taking into account all possible
representatives implies that the stabilizer group of objects in spit stratum is given by G2, x Al x G,,,.

Hence we obtain

0 0
(P1,2) = _ [H (Opi(n+r—1))N\{0}]  [PH(Opi(n+7r—1)))
17.2 Stacky structure of Dﬁ([Pl]’Q)(%)
: nsp,By
In this case all the objects in Sﬁgg}é)(%) are given by non-split extensions of the form:
0 Ox(—n) 0% (—n) Ox(—n) —— 0
hsl h(slv 52) h
0 @ —1 - F 0 0,
Pl (17.4)

Note that switching the place of Opi(r — 1) and 0 in the bottom row of diagram (17.4) would
produce a split extension. Now in order to obtain non-split extensions one needs to choose two
sections si, s9 such that s; and so are linearly independent. The set of all linearly independent
choices of s1 and sy spans a two dimensional subspace of H?(Op:1 (n + r — 1)) which is given by the
Grassmanian:

G(2,n+r).

Now we need to take the quotient of this scheme by the stabilizer group of points in the stratum.

We know that the condition required for a 7-semistable object Ox (—n)®? B2) B to be given by

nonsplit extensions of rank 1 objects is that s; and s are linearly independent. Now pick such an

(s1,52)
—_—

object given by Ox(—n)®? F. The automorphisms of this object are given by the group

which makes the following diagram commutative:
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O (e E1 o

ok

Ox(—n)®2 ——= Op1(r — 1)

Hence it is seen that the left vertical map needs to be given by a subgroup of GL2(C) whose elements
k1

are given by 2 x 2 diagonal matrices of the form where k1 € G,,,. Having fixed one of
0 ki

the automorphisms via fixing kq, it is seen that by the commutativity of the square diagram the

right vertical map needs to be given by multiplication by k; which is an element of G,,.

Hence we obtain

(®1.2),~ _ [G(2,n+7)
i):nnsp,B]D (T) - |: Gm . (175)

Now we compute 5 . 5 p1] Sgﬁk’”(%) * Sgﬂ“”(%) appearing on the right hand side of (17.2). We

use the fact that

> D@« 3PN (7) = I (7) # 60D (7) + 510D (7) # 5T (7) (17.6)
Br+51=[P1]
and compute each term on the right hand side of (17.6) separately.
Remark 17.3. As we described above there exists an action of GL2(C) on S := P(H*(Op1 (n +1 —
1))®2)). This action induces an action of the corresponding Lie algebra on the tangent space given

by the map:
Os ® R — Tg, (17.7)

where 8 denotes the Lie algebra associated to the group GL2(C). The dimension of the automor-
phism group of objects representing the elements of S is given by the dimension of the stabilizer
(in GL2(C)) group of these elements, which itself is given by the dimension of the kernel of the
map in (17.7). On the other hand, the dimension of the kernel of the map in (17.7) is an upper-

semicontinious function. Therefore by the usual arguments, we obtain a stratification of S which
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induces a stratification of [%«C)} into locally closed strata such that over each stratum the di-
mension of the stabilizer group is constant as we vary over points inside that stratum. Hence in

Definition 17.2 we stated without proof that the defined strata are locally closed in Dﬁg[f;f) (7).

17.3 Computation of 5@’“’”(%) * Sgﬁ“l)(%) in general cases

Background:

In this section we describe the computation of the Ringel hall product of the stack functions
5Pk )( ) * 5P )(~) for O and (; in general cases and later we specialize to our specific example.
Similar to discussions in section 16.2, let ; : Cracty, — Np, () for © = 1,2,3 be the projection
map that sends the exact sequence to the first,second and third objects respectively over moduli
stack of objects in B,. We also have the map m x 73 : €racty — Mp, (7) x Mp, (7). By Joyce’s

definition in [18]:
3 (7) 5 600D (F) = o x ((my x w3)* (81 (7) @ 61 (7))) (17.8)

Suppose that 6% = [M1)(7)/G,,, p1] and 6B = [MBeD)(7)/G,,, p3] where MBe:D (7) and

M(ﬁk’l)(%) denote some underlying parameter schemes and
pr [ MO (F) (G| — M, (7).

and

p: [MOD(E) /G| — M, (7).

Remark 17.4. To have a clear picture of our computation one may choose 3; = [P!] and 3 = 0
and see that M(P'1LD(F) := P(HY(Opi(n + r — 1))) and MOD(F) := Spec(C). However as we
explained above, in this section we choose to carry out the computation in more generality and

later substitute for M%) (7) and MG (7).
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Let us denote by Z’ the fibered product

([M(ﬁ’“’l)(f')/(@m} X [M(ﬁl’l)(%)/Gm]) X p1 x p3. Mg, (7) x Mg, (7)1 x5, EXACt,

the identity in (17.8) is described by the following diagram:

T
Z' ¢ Cractg, 2

hﬂ'l X T3
pP1 X pP1

Mg, (7) x Mg, (7)

[M(/@kvl)(%)/(gm] % [M(ﬁlvl)(%)/Gm]

(17.9)

We compute the product of stack functions in (17.8) by computing it over the C-points of 6(%1)(7)
and §(%:1)(7) (these are induced from C-points of M1 (7) and M#1D (7)) and then integrating

over all points in M Bk (7) x MO (7).

- ([#5) men)

Consider the stack function

with

Moreover let

with

. [Spec(@)] -

Gm Gm

M(ﬁul)(f—)]

Note that &; and &3 are the stack functions associated to C-points of M1 (7) and M1 (7)
respectively. Let E; € mgik’” (7) and E5 € mtgi“”(%) and Fy € 93?%’%2) (7). Consider the exact
sequence in (‘Epactlgp:

0— E; — By — E3— 0 (17.10)

Similar to computations in Section 16.2, the automorphism group of the extension 17.10 is given
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by Hom(FEs, F1) x G2,. The element (g1, g2) € G2, acts on Ext!(Fs, Fy) by multiplication by g5 ‘g1
and the action of Hom(F3, E1) on Ext!(Fj3, Ey) is trivial. If the extensions in (17.10) are non-split,
then the parametrizing scheme of such extensions is obtained by P(Eth(Eg,El)) and for split
extensions, it is obtained by Spec(C). In case of nonsplit extensions, the stabilizer group of the
action of G2, is given by G, and for split extensions, the stabilizer group of the action of G2, is

G2, itself, hence:

i (ieg] ) + (B2 )

(17.11)

Definition 17.5. Let R be a C-scheme. Consider BG given as a quotient stack [SPQTC(C)] Define

motivic integration over R as an identity in the motivic ring of stack functions:

[ [0 e [2]. -

Moreover assume that P — R is a vector bundle over R. Then define:

/m {g] dpim = /mX(P)' [SPGGC(Q] dpim = x(P) - Fg] , (17.13)

where y(P) denotes the topological Euler characteristic of P. Here The measure p,, is the map
sending constructible sets on R to the their corresponding elements in the Grothendieck group of

schemes.
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Now integrate Equation (17.11) over M @1 (7) x M B (7):

P (F) € 50 (7) = [ 5y % 6y =
(BE1,E3)eMPrD) (7) x MB1:D) (7)

Spec(C)
/(El,Eg)eka ) () x MBLD (7) [Hom(E&El) X G?n] "
+/ [ P(Ext!(Es, F1)) ]d
(B1,B3)eMBre) (7)x D7) [Hom(Eg, Br) 3 G |

(17.14)

Remark 17.6. At this stage It is important to point out that in what follows we intend to
compute the product of characteristic stack functions of M(F'1:D(7) := P(H*(Op1(n+r —1))) and
MOD(7) := Spec(C) however we will not use the motivic integration in Definition 17.5. We rather
do the computations directly by computing the corresponding base parameter schemes and taking

their quotients by the stabilizer group of their points.

17.4 Computation of SQPW’”(%) * Sg‘”)(%)

Given 59]?”’1)(%) =( P(HO(OH”&E:H_I)))] 1) and 5 1)( ) = ([Spéc((c)} p2) consider the diagram:

m

) 2 P(HO((Op1 (n+r—1))®2
Z{Q exactBP [ ( (( gl]fz((c) )) )

‘7‘(‘1 X T3

P(H®(Op1 (ntr—1 ec p1 X P2 - -
(H( ]P((l}( + ))} x [Sp (C)} i)ﬁBp(T) « me(T)

m

m

(17.15)
Here Z], is given by the scheme parametrizing the set of commutative diagrams:
0 Ox(—n) 0% (—n) Ox(—n) ——0
0 Opi(r—1 = F 0 0,
plr—1) (17.16)
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Note that the extensions in (17.16) have the possibility of being split or non-split. Hence we con-

sider each case separately and introduce a new notation:

Definition 17.7. Let [5§[P1]’1)(%) * Sgo’l)(%)]sp denote the stratum of (mg o @), 2], over which the
points are represented by split extensions given by coomutative diagram in (17.16).

Definition 17.8. Let [59“””’1)(%) * Séo’”(%)]nsp denote the stratum of (mg o @), 2], over which the
points are represented by non-split extensions given by coomutative diagram in (17.16).

— 1 —
Now we compute [59]? ]’1)(%) * (5§0’1)(%)]sp. This amounts to choosing sections s1,ss so that s;

and so are linearly depending on one another. The scheme parametrizing the nonzero sections
s1 is given by P(H?(Opi(n +r — 1))). Now we take the quotient of this scheme by the stabilizer
group of points. Similar to arguments in Lemma 16.3 given any point in P(H(Op1(n + r — 1)))
represented by the extension in diagram (17.16) its stabilizer group is given by the semi-direct
product G2, x Hom(E3, E1) where each factor of G,, amounts to the stabilizer group of objects
given as F3 := Ox(—n) — 0 and E; := Ox(—n) — Opi(r — 1) respectively. Note that the extra
factor of A' will not appear as a part of the stabilizer group since by the given description of
Ey and E3 we know that Hom(F3, E1) = 0 for every such F; and F3. We obtain the following
conclusion:

H(Op1(n +r — 1))
Gz,

FPI @)« 5Oy = |5 (7a7)

— 1 —
Now we compute [6§“P ]’1)(%) * 5§°71)(%)]mp. This amounts to choosing si, s2 so that s; and sy are

linearly independent and the extension in diagram (17.16) becomes non-split . Note that for any
fixed value of s; one has P! worth of choices for so. Now we need to consider all possible choices
of s1 and in doing so we require the pair s, so to remain linearly independent. This gives the flag

variety F(1,2,n + r). Hence we obtain:

(17.18)

(B ID (7) 5 510D () sy = [FOMH} |

Gm
Note that the factor of G, in the denominator of (17.18) is due to the fact that we have used one
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of the G,, factors in projectivising the bundle of s3-choices over the Grassmanian. We finish this

section by summarizing our computation. By (17.17) and (17.18) one obtains:

S(PY,1) /=) o 5(0,1) /=y _ P(HO(OW("“‘T —1))) F(1,2,n+r)
SIPID(7) % 501 (7) = ) + G (17.19)
. <(0,1)  ~\ . s([P',1)/~
17.5 Computation of 5\ )(7') x O )(7')
Now change the order of Sgo’”(%) and SQPI]’”(%) and obtain a diagram
P 2 P(HO((Op1 (n+r—1))®2
zZl Cracty, [ L é‘?fL(z(@) )
l ‘7‘(1 X 3
_ X
[Spéir(l@} % [IF’( O(O]P,é;(err )T P2 X P1 M, (7) x Mg, (7)
(17.20)
Here Z), is given by the scheme parametrizing the set of commutative diagrams:
0 Ox(—n) 0% (—n) Ox(—n) — 0
BO (07 82) h
0 0 = F Opi(r — 1) ——— 0,
plr—=1) (17.21)

Note that the computation in this case is easier since the only possible extensions of the form given
in (17.21) are the split extensions. The computation in this case is similar to computation in (17.17)
except that one needs to take into account that over any point represented by an extension (as in
diagram (17.21)) of £} := Ox(—n) — 0 and E3 := Ox(—n) — Op1(r — 1) we have Hom(E3, Ey) =
A'. Hence by similar discussions we obtain :

P(HY(Op1(n +r — 1))

S([P,1) /1~y o 5(0,1) /=)

(17.22)
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17.6 Computation of é%2)(7)

By (17.2), (17.3), (17.5), (17.6), (17.19) and (17.22) we obtain:

G2, x Al

6(/3,2)(%):[( 0(Op(n 471 —1)) ]+[G2n+r]
1
2

1 [PH 2(Opi(n+7r—1))) F(1,2,n+r)
2 G2, Gm
1 [PH(Op(n+r—1))
L [ s _ (17.23)
Now use the decomposition used by Joyce and Song in [18] (page 158) and write
PH(Opi(n+7r—1)))]
G2, x Al B
0 _ 0 _
F(G,G2,G2). FP’(H (OPI(((}T;+T 1)))} L F(G.G2Gy) {]P’(H (OP1(((}n+r 1)))} (7.24)
where F(G,G2,,G2,) =1 and F(G,G2,,G,,) = —1. Equation (17.23) simplifies as follows:
62 (7) = { (H(Op: (n £2—1)]]] [P Opl n+4r— 1)))]
Gh,
+[ 2n—|—7“] 21/{ HOOPM
1 F(1, 2 n—H" b P(H
2 G%L
1 ]P’( ((’)P1(n+7’— 1))
- 17.2
+ 5 [ G (17.25)
Now use Definition 17.5 and write:
2
[G(G?”)] = x(G(2,n + 1)) - [Spg((c)] (17.26)
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and

FL2n+m)]
{ Grm ]_
= X(F(1,2,n +7))- [S%i(:)]

—(®) XG4 ) | TS

=2 x(G(2,n+7))- [Spéii@} (17.27)

where the equality in the third line is due the fact that the topological Euler characteristic of a
vector bundle over a base variety is equal to the Euler characteristic of its fibers times the Euler

characteristic of the base. By (17.23) and (17.27) we obtain:

~2- 2 X(G2 1) [Spgf)]
R e e B U A I
= o) [20), (1729

17.7 Computation of the invariant

Now apply the Lie algebra morphism ¥%» to e(F']2) (7). By definition:

- 1 Spec(C 5
WE (P12 (7)) = X" (—5 (n+7) - [ﬁ(})] (p0i2) o) XL
(17.29)
Note that by Equation (17.1) mii:gj])(?) = [P(HO((OEL(:(H_I))@Q)} and hence [Sljéif;f[:)] has relative

dimension —1 — (2n + 2r — 5) = 4 — 2n — 2r over Sﬁgi’g:])(%). Moreover, [Spéi(m} is given by a

m
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single point with Behrend’s multiplicity —1 and

[P',2) _ (71)4—271—27‘

(1t 0 i2) V0.2 )AL

o : V[Spec(C)] = V[Spec(@)]?

Gm, Gm

therefore:

B 12(07) =5 (=54 | T | s ) AT = (1) G ) A2,
m Gm

(17.30)
Finally by Definition 16.2 we obtain:
88 ~ 1
B’ (X,8,2,7) = i(n +7). (17.31)

Note that it is easily seen that substituting ([P'],2) for (3,2) in identity (16.37) would give the

same answer as in (17.31).

193



Chapter 18

Objects in B, versus highly frozen
triples

As we showed in chapters 16 and 17, exploiting the nice properties of the auxiliary category B, and
the wall-crossing machinery of Kontsevich-Soibelman [22] and Joyce-Song [18] enables one to obtain
a relationship between invariants of 7-semistable objects of type (3,2) in B, and the generalized
Donaldson-Thomas invariants. In this chapter we investigate the relationship between 7-semistable
objects in B, and highly frozen triples with a given stability condition. The outcome is to claim
that the invariants of the highly frozen triples with this given stability condition are related to
generalized Donaldson-Thomas invariants. For the choice of stability condition we use the stability
condition associated to Joyce-Song pairs [18] (Definition 5.18):

Definition 18.1. Consider a highly frozen triple (E, F, ¢, 1) of rank r as in Definition 2.9. Let pp
denote the reduced Hilbert polynomial of F' with respect to the ample line bundle Ox(1). This

triple is said to be 7-limit stable if:
1. pp < pr for all proper subsheaves F’ C F such that I #0.

2. If ¢ factors through F (F a proper subsheaf of F'), then p, < pp.

Remark 18.2. It is obviously seen that the 7-limit-stable highly frozen triples behave differently
than g(m) — oo 7/-limit-stable highly frozen triples in Section 2.1. The 7/-limit-stable highly frozen
triples are higher rank analog of PT stable pairs in [28] and 7-limit-stable highly frozen triples are
higher rank analog of Joyce-Song stable pairs [18] (Chapter 5).

Remark 18.3. The construction of the moduli stack of 7-limit-stable highly frozen triples is
followed by replacing 7/-stability with 7-limit-stability in Chapter 3.

Definition 18.4. Given a highly frozen triple (E, F, ¢, 1) as in Definition 2.9 fix the Chern char-

acter of F' to be equal to 3. Let fo = Chy(F') denote the second Chern character of F' (fixing
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results in fixing (2). Let Pg = x(F =m / (F') denote the Hilber polynomial of F'
(L is a fixed polarization over X). Define ! ngf( 7) to be the moduli stack of 7-limit-stable highly
frozen triples of type (P, r).

Theorem 18.5. The moduli stack mgﬁ&’l’;} (7) is a principal GL,(C) bundle over U5|Pﬁ:P i) (7).

Bp,ss

Proof. First prove that there exists a map 7% SJTSE*FTT( ) — U Blry—r (i ;)8(7')

Let p € Dﬁi IQ’F%( )(Spec(C)) be represented by (E, F, ¢,1) as in Definition 2.9. Now forget the
choice of isomorphism v : E =N 0% (—n) and obtain (E, F,$) which itself is represented by a
complex I* := [V ® Ox(—n) — F| such that E =V ® Ox(—n) for V a C"-vector space. Now use
[18] (Page 185) and identify the complex I*® with an object (F,V, ¢y ) of type (3,7) in By. Now one
needs the following lemma:

Lemma 18.6. The highly frozen triple (E, F,¢,1) is 7-limit-stable if and only if the associated

(F,V,0v) of type (B,r) is T-semistable.

Proof. 1. 7-limit-stability=- 7-semistability:
One proves the claim by contradiction. Suppose (F,V, ¢y ) is not 7-semistable. Then there exists

a subobject (F’,V, ¢|,), a quotient object (Q,0,0) and an exact sequence
0— (F,av7¢§/) - (Fa‘/aQSV) - (Q,0,0) - Oa

such that 7(F',V,¢{,) = 1 and 7(Q,0,0) = 0. Now use the identification of (F,V,¢y) and
(F',V,¢|,) with the complexes I* :=V ® Ox(—n) — F and I'* := V ® Ox(—n) — F' respectively

[18] (Page 185) and consider the following commutative diagram:

0 0

l l

0% (—n) F’
=] [
Ox(—n) F
l l

0 Q

l l

0 0

(18.1)
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From the right vertical short exact sequence in diagram (18.1) it is seen that P(F’) = P(F)— P(Q)

and rk(F') = rk(F) — rk(Q). Note that F and @ are both objects in 4, and since A, is an
abelian category it contains kernels and hence p(F’) = p. Hence we obtain a contradiction with

7-limit-stability of (E, F, ¢,).

2. T-semistability=- 7-limit-stability:

Similarly suppose (E, F, ¢,1) is not 7-limit-stable. Then there exists a proper nonzero subsheaf
F' C F such that ¢ factors through F’ and p(F’) = p(F) = p. Now obtain the diagram in (18.1) and
consider the right vertical short exact sequence. By the same reasoning as above p(Q) = p. Hence
@ € A, and the complex 0 — () represents an object in B, given by (Q,0,0) with 7(Q,0,0) = 0.

Hence (F,V, ¢y ) is not 7-semistable which contradicts the assumption.

(Pgr) (B,7)

Now in order to show that 91, ji1.(7) is a principal GL,(C) bundle over Mg, s (Fa.rin) (")

(7) replace M gpp

and 93?(%{’”) (7") in proof of Proposition 3.6 with Sﬁgﬁg%(%) and smgi’f)

S Ss

(7) respectively. This fin-
ishes the proof of Lemma 18.6 as well as Theorem 18.5. O
r)

s (PﬁvT) ( 77")
FT

denote Behrend’s constructible function on M jipr (7). Let vy

denote Behrend’s constructible function on smgi ’728(7:). By Theorem 18.5 the following identity

Remark 18.7. Let yg:ﬁ
H

p,ss

holds true:

v = (1) (D)) (18.2)

MypT

T is defined as in Theorem 18.5.

where the map 72

Assuming that there exists a well-defined deformation-obstruction theory over mtg’if’;%(%) then the

identity (18.2) provides one with a way to relate the invariants of 7-limit-stable frozen triples to
invariants of 7-semistable objects in B,,.

As we showed in Section 2.1, a 7/-limit-stable highly frozen triple is thought of as higher rank
analog of a PT stable pair [28] while a 7-limit-stable highly frozen triple is thought of as a higher
rank analog of Joyce-Song stable pair [18] (Chapter 5). We constructed a well-behaved deformation
obstruction theory for higher rank PT pairs in Chapter 6 and our constructions depend heavily on

the properties of 7/-limit stability. Our methods in Chapter 6 only hold true for PT-stability, hence
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we do not know if there exists any well-behaved deformation obstruction theory for higher rank JS
pairs (i.e 7-limit-stable highly frozen triples). Hence the remaining statements in this chapter are
all conjectural:

Definition 18.8. Define the invariant of 7-limit-stable highly frozen triples of rank r as follows:

~ Pg,r) , o Pg,r
HFT(X, Py, 7, 7) = (Mt (7), v ). (18.3)

Corollary 18.9. By Definition 18.3 and (18.2):

HFT(X, Py, 7) = XG0 (7). vhynd) = (= 1) (G (7). v ) = (~1) By (X, 8,1, 7),
(18.4)

where B’ (X, 3,r,7) denotes the invariant of 7-semistable objects of type (3,7) in By.

Remark 18.10. Assuming that there exists a well-behaved deformation obstruction theory for

Dﬁgl?{’lf% (7), then it follows that the invariants defined in 18.8 are deformation invariants.

Corollary 18.11. Let r = 2. By Corollary 18.9 the invariants of rank 2 7-limit-stable highly frozen

triples can be expressed in terms of generalized Donaldson-Thomas invariants.
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