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Abstract

In this thesis we study some extremal problems related to colorings and list colorings of graphs and
hypergraphs. One of the main problems that we study is: What is the minimum number of edges
in an r-uniform hypergraph that is not ¢-colorable ? This number is denoted by m(r,t). We study
it for general r-uniform hypergraphs and the corresponding parameter for simple hypergraphs. We
also study a version of this problem for conflict-free coloring of hypergraphs. Finally, we also look

into list coloring of complete graphs with some restrictions on the lists.

Let t be a positive integer and n = |logy t]|. Generalizing earlier known bounds, we prove that
there is a positive €(t) such that for sufficiently large r, every r-uniform hypergraph with maximum

edge degree at most

n

e(t) " <L> e

Inr

is t-colorable. The above expression is also a lower bound for m(r,t).

A hypergraph is b-simple if no two distinct edges share more than b vertices. Let m(r,t,g)
denote the minimum number of edges in an r-uniform non-t-colorable hypergraph of girth at least
g. Erdés and Lovész [10] proved that

t2(r—2)

£y >
m(r,t:3) 2 150y

and  m(r,t,g) < 42097139754 g=1)(r+1),

A result of Z. Szabé [30] improves the lower bound by a factor of 27 for sufficiently large r. We
improve the lower bound by another factor of r and extend the result to b-simple hypergraphs. We
also get a new lower bound for hypergraphs with a given girth. Our results imply that for fixed b, ¢
and e and sufficiently large r, every r-uniform b-simple hypergraph H with maximum edge-degree

at most ¢"r'~¢ is t-colorable. Some results hold for list coloring, as well.

We also study the same problem for conflict-free coloring. A coloring of the vertices of a
hypergraph H is called conflict-free if each edge e of H contains a vertex whose color does not get

repeated in e. The smallest number of colors required for such a coloring is called the conflict-free
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chromatic number of H and is denoted by xcr(H). Pach and Tardos studied this parameter for
graphs and hypergraphs. Among other things, they proved that for a (2r — 1)-uniform hypergraph
H with m edges, xor(H) has the order mY/"logm. They also asked whether the same result holds
for r-uniform hypergraphs. In this thesis we show that this is not necessarily true. Furthermore,
we provide lower and upper bounds on the minimum number of edges in an r-uniform simple

hypergraph that is not conflict-free k-colorable.

Another topic we study is ”choosability with separation” for complete graphs. For a graph G
and a positive integer ¢, let x;(G,¢) be the minimum value of k such that one can properly color
the vertices of G from any lists L(v) such that |L(v)| = k for all v € V(G) and |L(u) N L(v)| < ¢
for all uv € E(G). Kratochvil, Tuza and Voigt [24] asked to determine lim,, oo x;(Kn,¢)/+/cn, if
it exists. We prove that the limit exists and equals 1. We also find the exact value of x;(K,,c) for

infinitely many values of n.

Section 2 deals with coloring of general hypergraphs. It is a joint work with A. Kostochka and
V. Rodl and appears in [22]. Section 3 deals with coloring of simple hypergraphsa. It is a joint work
with A. Kostochka and appears in [20]. In Section 4, we study conflict-free coloring of hypergraphs
and it is a joint work with A. Kostochka and T. Luczak. It appears in [21]. Section 5 deals with
separated list coloring of complete graphs. It is a joint work with Z. Fiiredi and A. Kostochka and
appears in [14].
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Chapter 1

Introduction

1.1 Basic definitions for graphs and hypergraphs

In this section we review the basic terminology used throughout this thesis. For the most part we
follow the text of West [31].

For every x € R, |z| and [z] denote the largest integer not greater than x and the smallest

integer not less then x, respectively. We sometimes use [n] to denote the set {1,2,...,n}.

A graph G with n vertices and m edges consists of a vertex set V(G) and an edge set E(G),
where each edge e € E(G) consists of two (possibly equal) vertices called its endpoints. We write
uv for an edge {u,v}. We say that u and v are adjacent and that w and v are incident to e if

e =uv € E(G). When two vertices are adjacent, they are neighbors.

A loop is an edge whose endpoints are identical. Multiedges are edges with the same pair of

endpoints. A graph is simple if it has no loops or multiedges.

The set of neighbors of a vertex v in a graph G is the neighborhood of v, denoted by N¢(v) or
N(v). The number of edges incident to v is the degree of v, denoted by dg(v) or d(v). In other
words, |[Ng(v)| = dg(v). The minimum and maximum degree among the vertex degrees of G are
denoted by 0(G) and A(G), respectively. Graph G is regular if the degrees of all the vertices in G
are the same. G is d-regular if the degree of every vertex in G is d. The degree of an edge e is
the number of edges adjacent to e. Edge degree of G is the maximum of the degrees of the edges
among F(G), denoted D(G).

A path of length [ in a graph G is an alternating sequence vg, eg, v1, €1, V3, ..., €j_1, Vj_1 of distinct
vertices and edges in G such that v;,v;11 are incident to e;, for 0 < ¢ <[—1. The distance between
two vertices is the number of edges in a shortest path having them as endpoints. A cycle of length [
in a graph G is an alternating cyclic sequence v, gy, v1, €1, ..., €1, vy of distinct edges and vertices
in G such that v; is incident to e;_1,e; for 1 <4 <[ — 1 and vg incident to eg, e;_1. The girth of a

graph is the length of the smallest cycle in the graph.

A subgraph H of a graph G is a graph whose vertex set is a subset of V(G) and edge set is a
subset of E(G). A subgraph of G is an induced subgraph if it is obtained by undefining a set of

vertices. A complete graph on n vertices is a simple graph in which all vertices are pairwise adjacent.



The isomorphism class of which is denoted by K,,. An independent set of vertices in a graph G is
a set S C V(G) whose elements are pairwise non-adjacent. The size of a largest independent set of
G is denoted by a(G). A bipartite graph is a graph whose vertices can be partitioned into two sets
such that each edge has one endpoint in each of these two sets. A graph G is connected if it has a
u, v-path whenever u,v € V(G). The components of a graph are its maximal connected subgraphs.
A forest is a graph without cycles. A tree is a connected forest. A matching of size k is a forest

with k& components such that each component has two vertices.

A t-coloring of a graph is a labeling of its vertices from a set S of size . A proper t-coloring of a
graph is a t-coloring such that adjacent vertices are labeled by different elements. The elements of
S are called colors. The smallest ¢ for which a graph has a proper t-coloring is called the chromatic
number of G and is denoted by x(G).

Given a graph G, a list assignment L for G is an assignment of a set L(v) of colors for every
v € V(G). We say that G is L-colorable, if there exists a proper coloring f of the vertices of G
from L, i.e. if f(v) € L(v) for all v € V(G) and f(u) # f(v) for all wv € E(G). The list chromatic
number of G, denoted by x;(G), is the least k such that G is L-colorable whenever |L(v)| = k for

all v € V(G). It is also sometimes called the choice number or the choosability of G.

A hypergraph H is a pair (V, E), where V is a set of vertices, and E is a set of non-empty subsets
of V called edges. In other words, a hypergraph is a set-system. The notion of a hypergraph is
a generalization of that of a graph since an edge can be incident to any number of vertices. A

hypergraph is r-uniform if all edges have size r. A 2-uniform hypergraph is a graph.

A cycle of length [ in a hypergraph H is an alternating cyclic sequence v, €g, v1, €1, ..., €1_1, Vg
of distinct edges and vertices in ‘H such that v; € e;_1Ne; for 1 < ¢ <[ —1and vy € eg Neg_q.
The girth of a hypergraph is the length of its shortest cycle. A hypergraph is simple if its girth is

at least 3, in other words, if every two distinct edges share at most one vertex.

The degree of a vertex is number of edges containing it. The degree of an edge is the number
of edges intersecting it. The maximum degree of H is the maximum of the degree of the vertices
among V' (H), denoted A(H). Edge degree of H is the maximum of the degrees of the edges among

, . . v
E(H), denoted D(H). A complete r-uniform hypergraph is a hypergraph where all possible (|T,‘)
edges are present. An independent set is a set of vertices such that no edge is entirely contained in
that set.

A proper t-coloring of a hypergraph is a labeling of its vertices from a set S of size ¢ such that
every edge has vertices of at least two distinct colors. In other words, no edge is monochromatic
if the coloring is proper. The smallest ¢ for which a hypergraph can be properly ¢-colored is the
chromatic number of H, denoted by x(H). The list chromatic number for H is defined similary to
the list chromatic number of graphs. A rainbow coloring is a coloring of the vertices such that for

every edge the colors of all the vertices in that edge are distinct. In literature, rainbow coloring is



sometimes referred to as strong coloring. A rainbow coloring is clearly a proper coloring.

1.2 Main results

One of the well-studied problems in graph theory is that of graph coloring. A graph is ¢-colorable
if it has a proper t-coloring; it is ¢t-chromatic if x(G) = t.

When edges of a graph represent conflicts among its vertices, the chromatic number represents
the minimum number of conflict-free classes (called color classes) needed to partition the vertex
set. Consider the problem of finding the minimum number of time periods needed to schedule
examinations. In this problem each course can be considered as a set of students and these sets
having common members require different ‘time slots’, so we seek the chromatic number of the
intersection graph of these sets. Among other applications, one of the most famous problems in
graph coloring is determining the chromatic number of a planar graph. Given any planar map,
what is the smallest number of colors needed to color the countries so that countries with common
boundaries gets different colors ? This problem was open for about 120 years and was solved in

1976. It says that 4 colors suffice to properly color any planar graph.

In a proper coloring, each color class is an independent set. Therefore a graph is t-colorable
if and only if it is ¢t-partite. The 2-colorable graphs are precisely the graphs with no odd cycles
(bipartite graphs). Using breadth-first search it is easy to test in polynomial time if a graph is
2-colorable. For larger ¢ there is no such known characterization of ¢-chromatic graphs. In fact it

is known that even testing whether a graph is 3-colorable is an NP-complete problem.

Even though it is computationally hard to say whether a graph is ¢-colorable, estimates for the
chromatic number can be given as upper and lower bounds in terms of other graph parameters

such as maximum degree, degeneracy, clique number, independence number, etc.

Many famous problems are associated with graph coloring. We have already seen one above,
the Four-Color Problem. Stated in a slightly different way, it is equivalent to say (by Wagner’s
Theorem) that if a graph G is 5-chromatic, then G has a Ks-minor. This is a special case of
the more general conjecture of Hadwiger, which states that if a graph G is t-chromatic then it
has a K;-minor. Hadwiger’s conjecture is considered as one of the deepest unsolved problems in
modern graph theory. Many extremal problems have also been considered in connection with graph
coloring. Ramsey’s theorem on edge-coloring of graphs states that given a copy of a complete graph
K, there exists a copy of a large enough complete graph K, such that every edge coloring of K,
with two colors contains a monochromatic copy of K;. One is then interested in finding the smallest
n for which this holds.

Another extremal problem in connection with graph coloring arises from Turdn’s Theorem. To

understand the structure of ¢-chromatic graphs one might want to know beside other things the

smallest and the largest size of t-chromatic graphs on n vertices. For the largest size of t-chromatic



graphs on n vertices, it is easy to see it must be a complete multi partite graph with almost equal
parts (also called Turdn Graph). Turdn showed that in an n-vertex graph, if the number of edges
exceeds the size of Turan graph, then we are not only forced to use ¢t + 1 colors, but also have a
copy of K11 as a subgraph. For the minimum size, it is not too hard to see that any connected
graph with at most (;) +n —t — 1 edges is t-colorable. Without the restriction on n, the smallest
t-chromatic graph is K; and has (;) edges. The problem of finding the smallest size of a t-chromatic

hypergraph is more interesting.

A proper t-coloring of a hypergraph is defined similarly. It is a coloring of the vertices of the
hypergraph from a set of ¢ colors such that every edge has vertices of at least two distinct colors.
In other words, no edge is monochromatic. One of the very first results in this area was by Erd&s
about 50 years ago. Since then hypergraph coloring has been studied by various mathematicians.
Some of the major tools in combinatorics such as the Lovédsz Local Lemma and the semirandom
method have been developed to solve problems in this area. Most of this thesis revisits some

classical problems in this area. We consider the following problems:

1. One of the main questions that we consider in this thesis is: Given the number of colors used
(say t), what is the smallest number of edges in a hypergraph #H such that H is not ¢-colorable ?
Erdés was the first to study this problem. He defined m(r,t) to be the minimum number of edges
in an r-uniform hypergraph that is not t-colorable. For graphs (r = 2), as mentioned earlier
m(2,t) = (;) and is achieved by the complete graph K;. For hypergraphs it is not always the
case that the size of the complete r-uniform hypergraph is the smallest size of an r-uniform non
t-colorable hypergraph. For example, consider r = 3,f = 2. The smallest 3-uniform complete
hypergraph which is not 2-colorable has 10 edges, but the Fano plane has 7 edges and is not
2-colorable. Erdés [8, 9] proved that

or—1 < m(r,2) < r29r,

which was one of the first examples of the use of the Probabilistic Method in combinatorics. His

result extends for ¢ colors, i.e -l < m(r,t) < r2t". Erdés and Lovész had in fact proved more
general results regarding the minimum edge degree of an r-uniform hypergraph for which it is not

k-colorable; we denote this value by D(r,t). Erdds and Lovédsz showed that

1

1 <Drt) < 207371
This was done in their seminal paper [10] where they introduced the Local Lemma. The lower bound
was improved over the years by Beck, by Spencer and by Radhakrishnan and Srinivasan [28], who
showed that (for sufficiently large r,) D(r,2) > 0.17 - 2"/r/Inr. In this thesis, using Kostochka’s
earlier results from [19], we extend Radhakrishnan and Srinivasan’s results for general (but fixed)

t. Let t be a positive integer and n = [log,t|. We prove that there is an € = €(¢) > 0 such that for



sufficiently large r,
(N==,
D(r,t) > e(t)t" <—) .
() = ety (-
Erdés and Lovasz mentioned in their paper [10] that ”perhaps 2" is the correct order of magnitude

of m(2,r)”. Our result supports the intuition of Erdés and Lovész.

2. We also study the same problem for simple hypergraphs. One can define in general m(r,t, g)
to denote the minimum number of edges in an r-uniform non-t-colorable hypergraph of girth at

least g. For simple hypergraphs (g = 3), Erdds and Lovéasz proved that

22 < m(r,t,3) <1600 - r42r+1)
— < m(r T .

6r(r—1)2 - 777~
Szabé [30] improved the lower bound by a factor of r2~¢ for sufficiently large r. In this thesis we
improve his lower bound by another factor of r by establishing a slightly more general result. We
show that

tr(l—l—s)
m(r,t,2s +1) >

re ’

if r is large in comparison with ¢, s and 1/e. Simple hypergraphs can be generalized in yet another
way. We say a hypergraph is b-simple, if every two edges intersect in at most b vertices. Let f(r,t,b)
denote the minimum number of edges in an r-uniform non-t-colorable b-simple hypergraph. We

show that for fixed ¢, b, and € and sufficiently large r,

r(1+1/b) "y
e < fntb) < 40¢% (t"r?) :
The upper bound was obtained by using techniques of Erdds and Lovéasz. These results for simple

hypergraphs hold for list coloring as well.

3. We again consider the same extremal problem but now for conflict-free coloring. It is a
generalized version of proper coloring in which each edge has a vertex whose color occurs exactly
once in that edge. This kind of coloring was introduced by Even et al. [12] in a geometric setting
with applications in a frequency allocation problem. It is an intermediate coloring between proper
coloring and rainbow coloring. It turns out that conflict-free chromatic number of a hypergraph is
related to another parameter called the tree-depth of a graph G, denoted by td(G). The concept
of tree-depth was introduced by Nesetfil and Ossona de Mendez [25]. In simple terms, the tree-
depth of a graph G is the minimum height of a rooted forest F' such that G occurs as a subgraph
of closure of F', where the closure is defined in a certain way. NeSettil and Ossona de Mendez
showed that given a graph G, if H is the hypergraph with vertex set V(G) whose edges are the
vertex sets of connected subgraphs of G, then td(G) = xcr(H). Pach and Tardos [26] analyzed the
conflict-free chromatic number for graphs and hypergraphs and studied its relationship with the

number of edges. They proved that for a (2r — 1)-uniform hypergraph H with m edges, xcr(H)



is at most m!/" logm (Solving for the number of edges m in terms of the number of colors ¢ and
r gives us a lower bound on the minimum number of edges in a (2r — 1)-uniform hypergraph H
that is not t-colorable.) They also raised the question whether the same result holds for r-uniform
hypergraphs (i.e., can this lower bound be improved?). In this thesis, we show that this is not true.

We establish this by showing that there exists an r-uniform hypergraph H with m edges such that
xcr(H) > Com® 2 /log m.

Furthermore, we provide lower and upper bounds on the minimum number of edges of an r-uniform

simple hypergraph that is not conflict-free t-colorable. For the lower bound, we show that

if r <t/8 and m < {24—7,(%)”, then xop(#H) < t for every r-uniform simple hypergraph H

with m edges. Moreover, for the upper bound, we show that

if r < ¢, then there exists an r-uniform simple hypergraph H with (1 4 o(1))(4¢1n t)2(46:t)’"
edges such that xor(H) > t.

4. Finally we consider list colorings of complete graphs. It is easy to see that x;(K,) = x(K,) =
n, with lists of size n needed when the lists are identical; in other words, when the lists intersect a
lot. It is natural to ask what happens when the lists do not intersect too much. We say that a list
assignment L for a graph G is a (k,c)-list if |L(v)| = k for all v € V(G) and |L(u) N L(v)| < ¢ for
all uv € E(G), that is for every edge, the lists of its endpoints have at most ¢ colors in common.
Kratochvil et al. [24] introduced x;(G, ¢) to be the least k such that G is L-colorable from each
(k, c)-list L. Among other results, they showed that

1/% < xi1(Kp, ) < V2ecn.

Problem 1 in their paper asks whether lim,_,o x;(Kp,¢)/v/cn exists. Solving their problem, we
prove that the limit exists and is equal to 1. We also find the exact value of x;(K,, ¢) for infinitely
many values of n by showing that if ¢ is a prime power, ¢ < ¢ — 1 and ¢ divides ¢ — 1, then

9 Cc+3 2(c—1)

21 1
T yo2 -+ - ).

K,,c)= 1, Vne
Xi(Bn;0) = ¢ + " [ c c c+1q c+1




Chapter 2

Coloring hypergraphs with few edges

2.1 Introduction

Let ‘H be a hypergraph with vertex set V() and edge set E(H). Recall that H is called r-uniform
if all the edges of H have size r. Also recall that a mapping ¢ : V(H) — {1,2,3,...} of V(H) is a
proper coloring of ‘H if no edge of H is monochromatic. The minimum number of colors required

for such a coloring is called the chromatic number of H, and is denoted by x(H).

It is easy to see that if a hypergraph has very few edges, then one can properly color it with few
colors. On the other hand if a hypergraph has many edges then it becomes harder to color with
few colors. A natural question that arises is : Given the number of colors used (say t), what is
the smallest number of edges in a hypergraph H such that H is no longer t-colorable ? Erdds was
interested in studying this relationship between y(H) and the number of edges of H. Let m(r,t)
denote the minimum number of edges in an r-uniform hypergraph that is not t-colorable. The most
studied case is the case t = 2 (In literature this property of a hypergraph being 2-colorable has also
been referred to as Property B, where given a family of sets F, one partitions the ground set into
two sets X and Y in such a way that every set in F meets both X and Y'). Erdés [8, 9] proved that
2r=1 <'m(r,2) < r?2", which was one of the first examples of the use of the Probabilistic method
in Combinatorics. Then Beck [6] improved the lower bound to 27'/37¢ and Spencer [29] presented
a simpler proof of Beck’s bound based on random recoloring. Radhakrishnan and Srinivasan [28]

further improved it by proving the following.

Theorem 1. [28] For every c < 1/v/2, there exists an ro = ro(c) such that for every r > r,

m(r,2) > c2"\/r/Inr.

Erdés [9] and Erdds and Lovész [10] said that “perhaps, the order of magnitude of m(r,2) is r2"”.
Repeating the argument of Erdds [8, 9], one can see that for every ¢ > 2, there exists C = C(t)
such that "1 < m(r,t) < Cr2t".

Recall that A(H) is the maximum degree of vertices in ‘H and D(#) is the maximum of the
edge degrees over all the edges of H.

In Erdés and Lovész’s seminal paper [10] (where the Lovész Local Lemma appeared), they

7



proved the following bound.

Theorem 2 ([10]). Ift,r > 2, then every r-uniform hypergraph with D(H) < 3t" is t-colorable. In
particular, if A(H) < it’"r‘l, then H is t-colorable.

The proof works also for list coloring. A remarkable feature of this result is that it works for
all £, > 2, and in many cases the bound is rather close to the best possible. In particular, Erdds
and Lovéasz [10] showed that the bound cannot be significantly improved even if we consider only

hypergraphs with high girth. A corollary from one of their results is the following.

Theorem 3 ([10]). For each t,r,g > 2, there exists an r-uniform hypergraph of girth g with

mazimum edge degree at most 20r3t"~1 that is not t-colorable.
This last bound was recently slightly improved for ¢ < r by Kostochka and Rodl [23].

Theorem 4 ([23]). For each t,r,g > 2, there exists an r-uniform hypergraph of girth g with

mazimum edge degree at most r[rt"~1Int] that is not t-colorable.

Let us denote by D(r,t) the minimum D such that there exists an r-uniform non-t-colorable
hypergraph G with maximum edge degree D, then the above results can be summarized as follows.

1
Zt’" < D(r,t) < min{20r3" 1 #[rt" " nt]}.

Elaborating the proof of a lower bound on m(r,2), and using the Lovédsz Local Lemma, Radhakr-

ishnan and Srinivasan [28] improved the lower bound on D(r,t) for ¢ = 2 and large r.

Theorem 5 ([28]). If r is sufficiently large, then every r-uniform hypergraph with D(r,t) < 0.17 -

2"\/r/Inr is 2-colorable.

The main result of this chapter is the following extension of Theorem 5 for fixed ¢ and large r.

Theorem 6. For every integer t > 2, let € = €(t) = exp{—4t?} and n = n(t) = |logyt|. Then
for every sufficiently large r, every r-uniform hypergraph with mazimum edge degree at most D =
et” (%) n+1 s t-colorable. In other words,

nr

D(r,t) > et” (IL) =

nr

The proof of Theorem 6 heavily uses the proof of the following result by Kostochka [19].

Theorem 7 ([19]). For every positive integer t, let € = €(t) = exp{—4t2} and n = n(t) = |logy t].
Then for every r > exp{2¢~2},

n

T\ il
t) > et” <—> .
mir,t) 2 ¢ Inr



The proof also uses some ideas of Radhakrishnan and Srinivasan [28] and the Lovdsz Local
Lemma.

In Section 2.2, a semi-random procedure Evolution is described and some of its simple properties
are derived. In Section 2.3 we study the structure of so called cause trees arising in the analysis
of Evolution. In the next two sections we define some auxiliary “bad” events and estimate their
probabilities. Using the independence structure of these auxiliary events and the Lovasz Local
Lemma, in the final section we show that for hypergraphs satisfying the conditions of Theorem 6,
with positive probability Evolution gives a proper t-coloring. This means that such a coloring

exists.

This is a joint work with A. Kostochka and V. Rédl and appears in [22].

2.2 Coloring procedure Evolution and its properties

Let t,n and € be as in the statement of the theorem. Let r > exp{2¢~2("*1D1 Throughout the

chapter we will use the following notation: ¢ = —Ine = 4t?, z = |er/Inr|. Fix some 0 < p < 27",
Then there is the unique positive integer s such that sp < (732;)7, < (s+1)p. Let G =(V,E) be an

r-uniform hypergraph with maximum edge degree at most D = et” (ﬁ) =

The coloring procedure Evolution described below consists of n+ 1 stages, and every stage apart
from Stage 0 consists of s steps. For 1 <1 <mnand 1 <i <s, Step (I —1)s + 7 is the ith step in
Stage .

We also fix a linear order L on V(G). Now, the procedure works as follows.

Stage 0. Color every vertex v € V(G) randomly and independently, with a color ¢(v) €
{0,1,2,...,t—1} chosen uniformly in this set. Also for every v € V(G), define the random variable
I(v) with the values in {1,2,...,sn} U {oc} as follows:

Pr{I(v):x}:{p’ if z€{1,2,...,sn}; (2.1)

1—psn, if z=oc.

Each random variable I(v) is defined to be mutually independent of all other I(w).

Stagel, [=1,...,n.

STEP i+s(l—1), 1 <i < s. Following order L, for one by one vertex v € V(G), check whether
(C1) I(v) = (I —1)s+ i and
(C2) v belongs to an edge that was monochromatic, say, of color «, before Stage [, and still is
monochromatic at the current moment.
If both conditions (C1) and (C2) hold, then recolor v with color a + 2=! (modulo ¢). Otherwise,
do nothing with v.

Remark 1. By Condition (C1), each vertex can be recolored at most once.

9



Remark 2. As it follows from the description of the procedure, every step consists of |V (G)|

smaller steps (one per vertex).

Lemma 8. For every w,q > 1, every set W C V with |[W| = w, and every set Q C {1,2,...,sn}
with |Q| = q, the probability that for each vertex v € W, I(v) € Q is at most (qp)™.

PROOF. For every vertex v € V(G) andevery 1 <l <mnand1 <i<s, Pr{l(v) =s(l-1)+i} =
p. Therefore, the probability that I(v) € @ is at most gp. The mutual independence of all I(v)
yields the lemma. [ |

For an edge e € F and 1 <1 <mn,let M(e,l) ={vee: I(v) <sl}.
Lemma 9. For everye € E and 1 <1 <n,

Pr{|M(e,1)| > 2} < .
PROOF. It is enough to prove the lemma for [ = n. By Lemma 8, this probability is at most
r . _ser\# [ nlnr \~° nelnr \*
(e = (2) (Gr) = (F5)
Since r is large and z = |cr/InT]| > n,

nelnr elnr eln?r —06
< r 0.
zZ(n+1) —z4+17~ e ~

Thus nelnr \~* ]

<z(n - 1)) < (7,—0.6)(07“/ nr)-1 < o~ 08er _ 057 -
Lemma 10. If a vertex is of color a at the end of Stage I, | > 1, then at the end of Stage 0 it can
be colored only with colors a, « — 20,0 — 21,..., o — 271 (modulo t).

PROOF. By Remark 1, every vertex can be recolored at most once and by definition, a vertex

of color 3 can be recolored during Stage j only with color 8 + 2/~ (modulo t). [ |

Definition [Blaming edges]. If an edge ey becomes monochromatic of color o during Stage [,
then it must contain at the end of Stage 0 a vertex of color av — 2/=1. Suppose that at the end of
Stage 0 it contained vertices of colors o — b=l =2l where Iy =land ] <ly < ...<lp,.
Then for every 1 < j < h, there exists an edge e; and a vertex v; € eg N e; such that
(a) ej was monochromatic of color o — 21~1 at the end of Stage I; — 1;

(b) vj was recolored with « during Stage /; and it was the last vertex of this color in eg recolored
with a.

In this case we say that ey and v; [;-blame e;.

10



Remark 3. Since in every step of procedure Evolution the vertices of G are considered con-

secutively, every edge e can blame only an edge sharing exactly one vertex with e.

Remark 4. It might be that an edge ey can blame more than one edge containing the same

vertex v;. On the other hand, by definition, eg cannot blame an edge containing another vertex
v € eg with ¢(v) = ¢(vj).

Definition [Cause trees]|. If an edge ey is monochromatic of color « at the end of Stage [,
then a cause tree T = T(ep, v, 1) is a subset of edges of G defined by induction on [ as follows.
The set T always contains eg. If ey was monochromatic of color « already after Stage 0, then
T = {eg} for every . Suppose that at the end of Stage 0 edge ey contained vertices of colors
a—2=1  a—2n"1 wherel, =1l and [} <ly < ... <l,. Suppose further that for j =1,...,h,
edge eq lj-blames edge e;. Then

h
T =T(ey,a,l) ={ep} U U T(eja—2571 1 —1).
j=1

Remark 5. By Remark 4 and the definition of cause trees, it could be that in the same
outcome of Evolution for the same triple (eg,a,l), we can construct several distinct cause trees
T =T(ep, a,l).

Definition [Levels of edges]. If T = T'(eg,a,l) is defined as above, then we also say that
e1,€2,...,¢e, are the edges of level 1 of T', the edges blamed by the edges of level 1 are the edges of
level 2 of T', and so on. Thus, if an edge e of a cause tree has vertices of exactly ¢ distinct colors

at the end of Stage 0, then e blames either ¢ — 1 or ¢ other edges.

2.3 Structure of cause trees

Since each vertex can be recolored at most once, each edge at different stages of Evolution can
become monochromatic with at most two colors. Furthermore, if an edge e was monochromatic of
a color oy after Stage [; and becomes monochromatic of a color as # oy after Stage lo, then e has
to be monochromatic of color oy already after Stage 0 and all vertices of e change their color to
s = a1 + 2271 at Stage lo. In this case, each cause tree for e considered after Stage Iy has exactly
one edge of level 1.

In view of this, if an edge e becomes monochromatic exactly once during Evolution, then
the corresponding color « is called the main color of e and denoted by p(e), and if e becomes
monochromatic twice, then the main color of e, u(e), is the first of these two colors.

If e is monochromatic of some color « after some Stage [, then we say that e is an l-unlucky

edge.
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Lemma 11. If ey is an l-unlucky edge with a cause tree T', then the main colors of all the edges of

T are distinct.

PROOF. If e and €’ are edges of T, then there exist two sequences eg,eq,...,e, = e and
e) = ep, €, ... ,e;, = ¢’ such that e; I;-blames e;;1 for j =0,1,...,¢ — 1 and ¢} i’-blames €/ ; for
Jj=0,1,...,¢ — 1. Furthermore, lop > Iy > --- > l;_1, ig > i) > --- > i, 4, and the sequences
lo,11,...,1q and g, 4}, ..., iy are not identical. Thus, the numbers o=l pgh=1 4+ 4 ola-1-1
and 20~ 4 2n-1 4 4 9ty 17! are distinct and differ by less than ¢t. On the other hand, by
definition, the main color of e is o — 20—t —2h=1 _  _ 9la-1=1 and the main color of ¢ is
o—2-t _gh—l_ 9yt This proves the lemma. [ |

Lemma 12. Suppose that eg is an l-unlucky edge with a cause tree T. If e and €' are edges of T

and neither of them blames the other, then e and €' are disjoint.

PROOF. Assume that e and ¢ have a common vertex v and both belong to T. Then there
exist two sequences eq,eq,...,e, = € and € = e, €], .. .,e;, = ¢’ such that e; l;-blames e;; for

j=0,1,...,¢g—1 and eg- z';--blames eg-H for j =0,1,...,¢ — 1. Furthermore, lo > l; > --+ > l4_1,

!/

i >y > > .

Claim 1. I # i}, ;.

Proof of Claim. If [,_; = z':],_l, then e and €’ both were monochromatic at the end of Stage

lq—1 — 1. But by Lemma 11, their main colors differ. This proves the claim.

Thus below we can assume that [;_1 < i;,_l. It follows that e ceased to be monochromatic

before ¢’ did. In particular, v was recolored from p(e) to u(e’). This yields that
wu(e’) — p(e) (modulo t) is a power of 2. (2.2)

Claim 2. (') — p(e) = 2171 modulo t.

Proof of Claim. Recall that
p(e) — p(e) = (a— 200t —i=1 _  _ 2i;’*1_1) — (=27t _gh=1l _ _ola-i=ly

In this expression, a cancels out and every other summand apart from 2a-171 ig divisible by 2la-1,
Together with (2.2), this yields the claim.

Claim 2 implies that v was recolored during Stage ;1 and thus p(e’) = p(eg—1). This contra-
dicts Lemma 11. m
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Lemma 13. Let \(I) denote the maximal possible number of edges in a cause tree T for an unlucky
edge eq under the condition that pu(ey) — pu(ez) € {1,2,...,2"1Y (modulo t) for every pair of edges
(e1,e2) such that ey blames ea. Then for every | > 0, (1) < 2'. In particular, each cause tree has

at most 2™ < t edges.

PROOQOF. If e; [1-blames e; and ey lo-blames eg, then lo < I;. Thus, under conditions of the

lemma, for the root ey and an arbitrary edge e of the tree, we have
pleg) —pe) € {1,2,..., 2 4272 .. 41 = {1,2,...,2" —1}.

Now, Lemma 11 implies that T has at most 1 + (2! — 1) edges. ]

Below we will analyze which subsets of edges of G can form cause trees T'(e, a, ) for some values
of e, @ and . Lemma 12 implies that every cause tree T = T'(e,, 1) is an r-uniform hypergraph
tree in the ordinary sense rooted at e. Moreover, every vertex of such a tree belongs to at most two
edges of this tree. In connection with this, let us fix some notation. Everywhere below, when we
say ‘“r-tree”, we mean an r-uniform hypergraph tree in which every vertex belongs to at most two
edges of this tree. Often, we will consider rooted r-trees. The root of an r-tree will be an edge of
this r-tree, and not a vertex. By a sub-r-tree of G we mean an r-tree that is a subhypergraph of G.
Given an r-tree T with a root eq, the children of ey are the edges adjacent to e, and for e € E(T)
at distance d from eq (in T'), the children of e are the edges adjacent to e that are at distance d+ 1
from eg. Naturally, the descendants of an e € E(T') are its children, children of children and so on.
If e; is a descendant of ey, then ey is an ancestor of e;. For an r-tree T with a root ey and another
edge e; of T, by T'(e1) we denote the subtree of T' formed by e; and all its descendants. We will

use the following fact on sub-r-trees of r-uniform hypergraphs.

Lemma 14. Let H be an r-uniform hypergraph with mazximum edge degree at most D. Let ey €
E(H). Then eq belongs to at most (4D)Y~' sub-r-trees of H with y edges.

PROOF. Let T be a sub-r-tree of H containing ey with |E(T")| = y. Consider T as a rooted r-
tree with root ep. Order the edges of T' eg, e1, ..., e,—1 starting from ey using Breadth-First search.
We say that T" has type (ho, ..., hy—2) if for i =0,...,y — 2, edge e; has exactly h; children. Since
ho+...+hy_o = y— 1, the number of distinct types does not exceed the number of representation
of y — 1 as the sum of y — 1 of ordered nonnegative summands, which equals ((y_l)Jyr(_y;l)_l) < 4y~
When we know the type of T', then for every edge ¢;, i > 1, we know the immediate ancestor (father
edge). So, we can embed a tree T" of a given type, edge by edge into G. Furthermore, at each step
i, 7 > 1, we have at most D choices for our edge among the edges of G adjacent to its father edge.
Thus, eg belongs to at most DY~! r-trees of given type with y edges. Since the number of distinct

types is at most 4Y~1, this proves the lemma. [ |
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2.4 Auxiliary events

The goal of this section is to introduce auxiliary events that imply the “bad” events in Evolution
and are easier to control. In the next section we estimate probabilities of these auxiliary events.
Let e € E(G), a € [t], I € {1,...,n} and T be a sub-r-tree of G rooted at e. Then let
W (e, o, T,1) be the event that edge e is monochromatic of color « after Stage | of Evolution, and
a cause tree for this is 7. Also, let eq,...,e, be the edges of T of the first level, i.e., the edges of
T sharing a vertex with e. For j € [¢], let ene; = {v;}. Let Q@ = {vy,...,v4}.
If W(e,a,T,l) occurs, then the following properties hold.
(W1) For every v € e, ¢(v) € {a}U¢(Q) C {a,a — 2% a —21,... a — 271} (modulo t).

Proof: By the definition of cause trees and Lemma 10.

(W2) For j € [q], ¢(v;) # «, and for distinct j and j', ¢(vjr) # ¢(vj). In particular, if Aj =
Ajle,9) ={vee: ¢p(v) = d(vj)}, then all sets A; are disjoint subsets of e.
Proof: By the definition of cause trees, for each j € [g], v; is the last vertex of color ¢(v;) that

changed its color to «. This implies both statements.

(W3) I(v) <Is for each v € |Ji_; A;j. Moreover, for each j € [g], if v; becomes of color « at Stage
l;, then

(W) - o(v) = 2571

(W5) the event W (ej, ¢(v;),T(ej),l; — 1) occurs;

(W6) for every u € ej with I(u) > (I; —1)s, we have also I(u) > I(vj); and

(W7) for each u € Aj —wvj, (I; —1)s +1 < I(u) < I(vj).

Proof: Since each v € ngl A; has changed its color by Stage [, by condition (C1) in the
definition of Evolution, (W3) follows. Statement (W4) also follows from the definition of Evolution.
If e; were not monochromatic of color ¢(v;) after Stage [; — 1, then v; would not obtain color o
blaming e;. This yields (W5). If some v € e; would have (I; —1)s < I(u) < I(v;), then by the
definition of Evolution, it would mean that v did not change its color before Stage [;, and so it
should change its color at the moment I(u), i.e. earlier than v; did, in which case v; would not
blame e;. This contradiction proves (W6). Now (W7) follows from the facts that all vertices in A;
must change their colors in Stage I; (in order to change it from ¢(v;) to «) and that v; is the last

vertex in A; that changes its color.

(W8) If e was already monochromatic after Stage l —1, then for each v € e, I(v) ¢ [s(I—1)+1,sl].
Proof: If e were monochromatic after Stage [ — 1, and I(v) € [s(l — 1) + 1, sl] for some v € e,

then v would change its color, and so W (e, «, T,1) would not happen.

Unfortunately, events W (e, T, ,1) and W (e/,T",/, 1) can be dependent even if V(T”) is disjoint
from V(T). So, for each ey € E(G), each sub-r-tree T of G with root ¢y and |E(T)| < ¢, and each
color «, we will introduce the auxiliary event W(eo, a, T, 1) that contains the event W(ep, o, T\ 1),

and in addition essentially possesses properties (W1)-(W8) above, but does not depend on the

14



values of ¢(u) and I(u) for all u ¢ V(T). We define these events by induction on the number of
edges in T.

If E(T) = {eo}, then the event W (eo, o, T, 1) means that all of the following holds
(i) ¢(eo) is monochromatic of color «,

(i) | M (eo,n)| < z, and
(iii) I(v) > Is for every v € ey.

Suppose that the event W(eo, a, T, 1) is defined for all parameters eq, o, T, I such that |[E(T)| < y.
Let eg € E(G), a € [t], and T be any sub-r-tree T' of G with root eg and y edges. Let ey, ..., e, be
the edges of T" sharing a vertex with e. For j € [¢], let eNe; = {v;}. Let Q = {v1,...,v4}. We say
that W(eo,a,T,l) occurs, if either |M(e,n)| > z for at least one e € E(T) or all of the following
holds:

(W1) For every v € e, p(v) € {a} Ud(Q) C {a,ae — 20,0 — 21, a — 271} (modulo t).

(W2) For j € g, d(vj) # «, and for distinct j and j', ¢(vy) # ¢(vj). In particular, if
Aj=Aj(e,¢) ={vee: ¢p(v)=d(vy)}, then all sets A; are disjoint.

(WZ%) I(v) <ls for each v € U?:1 Aj. Moreover, for each j € [q], if (l; —1)s +1 < I(v;) < slj,

W) for each w € Aj —wvj;, (I; —1)s+1 < I(u) < I(vj).
(WS) If event W(eo,a,T,l — 1) occurs, then for each v € ey, I(v) ¢ [s(I — 1)+ 1, sl].

The following two lemmas justify the introduction of the events /va(e, a,T)l).

Lemma 15. Let ey € E(G), a € [t], 1 € {0,...,n} and T be a sub-r-tree of G with root ey. If the

event W (eg, o, T, 1) occurs, then the event W(eo,a,T,l) also occurs.

PROOF. Suppose that for some values of the parameters ey, T, I, and «, W (eqg, a, T, 1) occurs
but W(eo, a, T, 1) does not occur. We may choose this pair so that for all subtrees of T' this does
not happen, and that for given eg, T, a and for I’ < [, this does not happen.

Let us check which of the properties in the definition of W(eo, a, T, 1) may fail. Since (Wl) and
(W2) coincide with (W1) and (W2), respectively, they hold. For the same reason, properties (W4),
(W6), and (W7) hold. Property (W5) follows from (W5) and the minimality of our counterexample.
The property I(v) < Is for each v € {J;~ 4; (first line of (WZS)) follows from the fact that otherwise,

by the definition of Evolution, some vertex in U‘;Zl Aj would not change its color to .
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Assume finally that (WS) does not hold, in other words, that W(eo, a,T,l —1) occurs, and for
some v € ey, I(v) € [s(I — 1)+ 1,sl]. By (W8), this implies that W (eg, o, T,l — 1) does not occur,
i.e., after Stage [ — 1, eg is not monochromatic of color «. It follows that in order ey to become
monochromatic of color « after Stage [, we need I(u) € [s(l — 1) + 1, sl] for some u € U?:l A;. On
the other hand, by (W3) for the event W(eo, o, T, 1 —1), I(u) < (I—1)s for each u € | Jj_; A;. This

contradiction finishes the proof of the lemma. [

Lemma 16. Let ey € E(G), ag € [t], lp € {0,...,n}, and Ty be a sub-r-tree of G with root eq.
Then W(eo,ozo,To, lo) is independent of all events W(e,a,T, 1) such that V(T)NV(Ty) = 0.

PROOQOF. By definition, the events W(eo, g, To, lo, ¥ (eg)) are completely defined when we know
the values of ¢(v) and I(v) for all v € V(Tp). This yields the lemma. ]

2.5 Probabilities of auxiliary events

Lemma 17. Let D := et” (ﬁ)# and G be an r-uniform hypergraph with mazimum edge degree

at most D. Let e € E(G), a € [t], and 0 <1 <n. Let T be a rooted sub-r-tree of G with root e. If
T has y edges, then

n—1

Pr(W(e,o, T,1)) < eD™Y (ﬁ)m .

PROOF. We use induction on [. Consider first [ = 0. If W(e,a,T,O) occurs, then by (Wl),

¢(v) = a for each v € e. Thus, in this case

—~ I A =
Pr(W(e.a,T,0) =t = - <E) .
This proves the case [ = 0.

Now, suppose that the lemma holds for every I’ < [. Consider the event W(e, a, T, 1) for some
e € E(G), an r-tree T with y edges rooted at e, and « € [t]. Let X(T') denote the event that
M (€',n)| > z for at least one ¢’ € FE(T), and X (T') be its complement. Suppose that the event
/va(e, a,T,1) N X(T) occurs.

Let eyq,...,eq be all the edges of T that share a vertex with e. For j =1,...,¢q, let {v;} =enNe;
and let y; be the number of edges in T'(e;). Let Q = {v1,...,v4}. By (WZS), for each j € [q], there
exists an [; € [I] such that s({; —1) < I(v;) < sl;. Moreover, by (W4) and (W?2), all l; are distinct.

Let ©g = Oq(q,1) be the set of vectors (x1,...,x4) such that (a) z; € [I] for each j € [g], and

(b) all z1,...,z, are distinct. By the previous paragraph,

Wi(e,o,T,1) N X(T) = W(e,o, T,1) N X(T) N {(ju, .- - Jq) € Oo}- (2.3)

16



Let ©1(q,l) = O¢(g,l — 1), i.e. the set of (x1,...,24) € Op such that z; <1 —1 for all j € [g]. Let
@2 = 62((]7 l) = 60((]7 l) - @1(q7l) For i = 1727 let

Fi(eaa7T7l) = W(evaaT7l) ﬂX(T) n {(jla s 7jq) € @2}

By (2.3),

Wie,a,T,1) C X(T)U Fi(e, a0, T, 1) U Fa(e, e, T, 1). (2.4)
Our goal is to prove that for i = 1,2,

n—l
Pr(F(e,, T, 1)) < 0.4¢D7Y (i> B (2.5)
Inr
Since by Lemma 9, Pr(X(T)) < te®®" < 0.1eD~Y, (2.4) and (2.5) will imply the lemma.
Observe that the condition “z; <1 —1 for all j € [¢]” in the definition of ©;(«,!) implies that
if W(e,a,T, [) occurs, then all conditions (/Wv/l)f(WS) are satisfied for the event W(e, a, Tl —1).

By the induction assumption,

Pr(W(e,a,T,l —1)) <eD™¥

N ( r >(n—l+1)/("+1) . (2.6)

Inr

Let Z(e,l) be the event that for each v € e — M(e,l — 1), I(v) ¢ {s(l —1)+1,...,sl}. If
/va(e,oz,T, [) N X(T) holds, then by (/WV/S), Z(e,l) occurs. Since all random variables I(v) are

mutually independent,

— —Ips r—|M(e,l—1)|
Pr({Z(e,) | W(e,a, T, — 1)}) < <ﬁ> < (1 —ps)rIMel=Dl (27

Therefore,

Pr({Z(e.)) | W(e,a, T, = 1)}) < Y Pr{M = M(e,l - 1)}(1 —ps)" M.
McCe

By Lemma 9, Pr(|M(e,l — 1)| > z) < "5, Hence

S PH(M = M(e, = D}1—psy M < @4 3T Pr{M = M(e,l - D}(1 - psyM <
MCe MCe:|M|<z

< V5T 4 (1 —ps)" 7 < @O 4 exp{—psr(l — i)}

Inr
Since ps > (nli_{)r — p, by the definition of p and s,
c Inr c Inr c
—psr(l— —)} < - —pr)(1— —)} < - .
exp{—psr(1 — )} Sexp{=(_—5 —pr)(1 = =)} Sexpl— =5 + = +pr}
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Recall that ¢ = —Ine. Since p < 2787, pr < nj—l and hence

Inr n c
n+1 n+1

1

—1 —
+pr} < parte2d/ (0D < Zpagr

exp{—

a |

Recall that Inr > 2¢=2("+1D) and e = exp{—4t?}. So,

-1

-1 1 -1
17‘% < 1 (L) e < (L> . exp{—4t2} < 0.1 <1L> e

€ e \Inr Inr nr

By this and (2.6),

Pr(Fy(e,o,T,1)) < Pr(W(e,a,T,1 — 1) N X(T))Pr({Z(e,]) | W(e,a, T,1 — 1) N X(T)}) <

n—Ii+1_ 1

< 05" L 0.1eD7Y (L) R
Inr

Since "°"~! < 0.01D~! < 0.01D7Y, this implies (2.5) for i = 1.

Now we will prove (2.5) for i = 2. Suppose that Fy(e,«,T,l) occurs. Then there exists j* € [q]
such that [+ = [. Also, for every j € [g], there exists h; € [s] such that I(v;) = s(l; — 1) + h;.
By (/I/I75), for every j € [q], the event W(ej,oz - 211'_1,T(ej),lj — 1) occurs. For j € [q], let
Aj={vee: ¢(v) =¢(v)} and aj = |Aj] — 1. Let WG6(j,h) be the event that for every u € e;
with I(u) > (I; — 1)s, we have also I(u) > (I; — 1)s + h, and W?(j, h) be the event for each
ue Aj—vj, (;—1)s+1<I(u) <( —1)s+ h. By (W6) and (W7), for each j € [q], both
/W76(j, h;) and W?(j, h;) occur.

For a vector (I1,...,1;), let U(ly,...,l;) be the set of colorings ¢ of e such that all of the fol-
lowing holds:

(P1) ¥(vj) = a — 21~ for all j € [q].
(P2) ¢(v) € {¢p(v1),...,¥(vq),a} for all v € e.

Thus, in order Fy(e, o, T, 1) to occur, all of the following should happen:
(FO) X(T') occurs.

(F1) For some [y,...,l; € [l] and hq,..., hy € [s], I(v;) = s(l; — 1) + h; for all j € [q].

(F2) For/‘%lese li,....lg €[l] and hy,..., hq € [s], each of W(e]—,a —2li=1 T(e;),1; — 1) occurs
and each of W6(j, hj) occurs.

(F3) d(e) € U(ly,. .., 1)
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(F4) For each j € [q], W?(],h ) occurs.

So, we estimate
Pr(Fy(e,a,T,1)) <
< Z Z .Y Pr (ﬂ{[(vj) =s(l;—1) +hj}) X (2.8)
1=1hy=1  hg=1 j=1

(G )
q — —
) (Wiessa =251 T(ey), by = 1) N W6( hy)) |

ﬂ( (e, — 2571 T(e;), l; — )ﬂW6(],h)>})x (2.10)

X Z Pr ({qb(e) =
)

YeW(l1,...,lq
— q — —
x Pr({W70h) | {6(e) = 0} () Wiej o = 2571, T(ey), 1y = 1) N W6(G )} ). (211)
j=1
We first deal with (2.8). Since all I(v) are independent, by (2.1),
(2.12)

ﬁ I(vj) =s(lj — 1) + h;}) =

Since the vertex sets of T'(ej) for distinct j are disjoint and by Lemma 16, for every j the
-1)n W6(j,h ) depends only on the values of I(v) and ¢(v) for

event W(e],a — 2=t T(ej), 1,
CAS V( ( J))>

T'(j, h;) = Pr (ﬂ (”W(ej,a—#'—l T(e;),1; — 1) N W6(j, by ))) -
j=1

q
- [IPr (W(ej,a — 91 T(e;),1; — 1) N W6(j, hj)) .

If T'(ej) has y; edges, then by the induction assumption
—~ (n—1;41)/(n+1)
Pr(W(ej,a— 2571, T(e;),1; — 1)) < teD™% (ﬁ) ’ .

1,T(ej),lj — 1)}) Ifve €; — M(ej,lj —

Let us estimate v(j, h;) = Pr ({WG(]’, h;) | W(ej, a—2!
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1) — vj, then

1—p(l; —1)s —p(h; — 1)

Pr(I(v) > (l; —1)s + hj) = 1—p(l;—1)s

< 1—p(hj—1).

By the independence of I(v) for distinct v, similarly to (2.7) and the argument following (2.7), we
have

Y, hy) <Y Pr{M = M(e;,1; — 1)}(1 = p(h; — 1))~ MI71 < 0y
Mgej

+ > Pr{M =My - DH1 - p(hy - 1)< O 4 (1= p(hy - 1)
MCe:|M|<z

Since €257 < 0.1(1 — ps)” < 0.1(1 — p(hj — 1))"~*, we conclude that

r ) (n—1;+1)/(n+1)

T(j, hy) < ﬁ teD™Yi (— L1(1 — p(hy — 1)), (2.13)
j=1

Inr

Now we evaluate (2.10) and (2.11). Observe that each event W(e]—,a — 2671 T(e;),1; — 1) already

fixes the color of v; in ¢, but all other vertices of e are “free”. So, for each 1 € V(ly,...,l,),
q —_— —_—
Pr({¢(e) = | () W(eja— 2571 T(ey), l; — 1) NW6(j, hy)}) < 977 (2.14)
j=1

Next, observe that the event (_, W7(j, hj) does not depend on

q
W(ej,a — 2571 T(ej),l; — 1) N W6(4, hy),
7j=1

since it relates only to the values of I(u) for u € e — Q). For each j € [¢] and each u € A; — vj;, we
have Pr((l; —1)s +1 < I(u) < (I; — 1)s + h;) = ph;. Since each 1 € U(ly,...,l;) is completely
defined when we choose disjoint sets A; — vy, ..., A; — v, in e — @, the expression in the lines (2.10)
and (2.11) does not exceed

— T TN T e\ (r—q—a r—q—ay—...—a 2
BTy ST L 3 ( >< 1)( b q_1> [T ).
a1=0 a2=0 aq=0 ai a2 q j=1

(2.15)
Thus pugging (2.12), (2.13) and (2.15) into (2.8)—(2.11), we have that Pr(Fy(e,a,T,1)) does

not exceed
S S S r—q r—q—ai r—q—ai—...—Qqg—1

DD D D U W e > 97" % (2.16)

(I1,,1g)€O2 hi=1ho=1  hg=1a1=0 a2=0 ag=0



v ]i[l (pteD_yj (ﬁ)(n_”“)/ 10 =y — 1)) <;’1> <;’2> (C;) (phj)aa) C@17)

We now will simplify and estimate the expressions in (2.16) and (2.17). First observe that

(1 —p(h; —1))=% < (1 — p)r=2)(2=1) Thus since 0 < p < 27" and h; < s < p(rllnfq)r, we have

1.1(1 —p(hj —1)"7* < 1.1(1 - p)(r—z)(hj—l) <1.2(1— p)(r—z)hj‘

For j =¢q,q—1,...,1 (in this order), we can estimate

T

p i ’“‘q‘“li'_““ (;)1.2(1 —p)" M (hyp)® < 1.2p i A=p ), <;>(hjp)aj :

hj:1 aj:() hj:1 aj:()

s

S
<12p(1—p) = Y (1= p)™i (1 + hyp)" < 12pet=r S (1 —p)"(1+ hyp)” <
h;=1 h;=1
zlnr s c
< 1.2pe =207 Y " (1 — p)"™™i (1 4 p)™ < 1.2(ps)e =m0
hj=1

Since ps < %, n+1>2 and ¢ = 4t> = —Ine¢, we have

e Inr 2 Inr
1.2 TReFD < 12— V20-p) L o=38°/2___ 7~
(ps)ett= ~ T r(n+1) ‘ ¢ r(n+1)e

Thus,

q r 7L7lj+1 lnr
Pr(Fye,o,T,1) < > t"“D‘yl‘-"‘yq]_[(et2 (—) e e_3t2/27>. (2.18)

(11 1--slq) €O2 j=1 Inr r(n+1)e

Note that "
T DY = T DU < DY (L) B (2.19)

Inr
Recall that by the definition of ©9, there is j* such that [;« = [. For every other j, we estimate
n—l1l;+1

= 2
€t2 (L) n+1 6_3t2/2 Inr S t e_3t2/2 < 1 7 (220)
Inr r(n+1)e ~ n+1 n+1

but for j = j* we gain more. By (2.18), (2.19), and (2.20), we have

nflj* +1

Pr(Fy(e,a,T,1)) < Z <D_ye (L)#> e( " > e t2€—3t2/2h1774(n+ 1)t

(I15051q)EO2 Inr Inr re(n+1)
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Note that since [« = [, the summands in the last expression do not depend on the choice of
(l1,...,1y) € ©2. Since |O2] < (I+1)7 < (n+ 1)9, we have

n n—I+1
Pr(Fy(e,0, T,1)) < (D% (1) e () ™ o320
y Ly Ly = IHT 1117’ e
n—I1 n—I1
= 23 /2cpv <L> "< 0.4eD7Y (L> e
Inr Inr
This proves (2.5) for ¢ = 2 and thus the lemma. ]

Applying Lemma 17 for | = n, we get the following immediate consequence.

m

= Let T be a rooted sub-r-tree of G

Corollary 18. Let e € E(G) and o € [t]. Let D :=et” ({=)™
with root e. If T has y edges, then

2.6 Proof of Theorem 6

Recall the following version of the Lovasz Local Lemma.

Theorem 1 ([2]). Let Ay, Ag, ..., Ay be any events. Let S1,Sa, ..., Sy be subsets of [n] such that for
each i, A; is independent of the events {A; : j € ([N]—S;)}. If there exist numbers x1,2a,...,xN €

[0,1) such that for all i € [N], Pr[A;] < z; ]_{q (1 —z;), Then,
JES;

Pr[/\ A > H(l—a:,-)>0.

1€[N] i€[N]
Radhakrishnan and Srinivasan used it in the following form.

Lemma 19 ([28]). Let Ay, Aa, ..., An be any events. Let S1,So,...,Sn be subsets of [N] such that
for each i, A; is independent of the events {A; : j € ([N]—S;)}. If for all i € [N], Pr(A;) < 3 and
> Pr(4;) <1, then Pr[ A Aj] > 0.
jes; ie[N]

PROOF: We show that if the conditions of this lemma hold, then the conditions of Theorem 1
hold for z; = 2Pr(4;), i € [N]. Indeed, with so defined z;, inequality

JES;
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follows if ] (1 — ;) > % holds. Furthermore,

JES;
1
[[a-z)=1-> 2;=1-2) Pr(4;) > 5 (since 3° Pr(4;) < h.
JES; JES; JES; JES;
Hence by Theorem 1, we have the result. [ |

Lemma 20. Let 0 < e < 4744, If Pr(W(e,a,T, n)) < eD7Y for every «a € [t], every sub-r-tree T
of G with y < t edges and for every e € E(T), then with positive probability, none of these events

OCCUTsS.

PROOF: Consider the probability space of the outcomes of Evolution. Let the events Aq,..., Ay
be the events W(e,a,T,n) for all ¢ € E(G), all a € [t] and sub-r-trees T of G containing e
with at most t edges. It is enough to verify that the conditions of Lemma 19 hold for our events
Ay, ..., An. Each of the conditions Pr(W (e, a, T,n)) < 1/2 immediately follows from Corollary 18.
By Lemma 16, for the event A; = W(e,a,T, n), we we can take S; equal to the set of all events

W(e', o/, T",n) such that V(T") NV (T) # 0.
Now, fix an event A; = W(e,a,T,n), where T has y edges, and estimate ZS Pr(A;). Let
JES;
W(e’, o/, T',n) € S; and suppose that the size of T is 3y/. Then some edge €’ of T" intersects V (T')
(in particular, ¢’ can be an edge of T, too). The number of ways to choose an edge that intersects
V(T) is at most D + 1 if y = 1, and is at most yD, if y > 1. By Lemma 14, G contains at most
(4D)Y'~1 r-trees of size 3/ containing edge €”. In each of such trees, there are 3’ ways to choose a

root, €/, and t ways to choose the color o/. Since Pr(/WV/(e’, o/, T',n)) < eD7Y it follows that

t t
Z Pr(4;) < Z tD - (4D ~Yy/teD™Y = Z ey e < ¢tat e, (2.21)
y'=1

JES; y'=1

Since 0 < € < 47% %, the last expression in (2.21) is at most 1/4. Thus we are done by Lemma 19.
|

Now we are ready to complete the proof of Theorem 6. Indeed, let G be a hypergraph satisfying
the conditions of the theorem. Consider procedure Evolution. By Corollary 18, for each y-edge
r-tree T, each edge e € F(T) and each « € [t], Pr(W(e,a,T, n)) < eD7Y. For t > 2, we have € =
exp{—4t?} < 471, So, by Lemma 20, with positive probability none of the events W(e, a,T,n)
occurs. It follows that in some outcome of Evolution none of the events W(e, a,T,n) occurs. By
Lemma 15, in this outcome none of the events W (e, a, T, n) occurs. But then the resulting ¢-coloring

will be proper.
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Chapter 3

Coloring simple hypergraphs with few
edges

3.1 Introduction

We now turn our attention from coloring of general hypergraphs (discussed in the previous chapter)
to coloring of simple hypergraphs. Recall that a hypergraph is called simple if every two edges
intersect in at most one vertex. A hypergraph is simple if the girth is at least three. As before, one
can ask a similar question: Given the number of colors used (say t), what is the smallest number
of edges in a simple hypergraph H such that #H is no longer t-colorable 7 More generally, one
might also fix the girth of a hypergraph. Let m(r,¢,g) denote the smallest number of edges in an
r-uniform hypergraph with girth at least ¢ and chromatic number at least ¢ + 1. In their seminal

paper [10], Erdés and Lovész gave the upper bound

m(r,t,g) <4-20971p3975¢9= D0+ (3.1)
for all g and the lower bound
3 £ 3.2
t > .
M) > e (32

for simple hypergraphs. The ratio of the upper bound to the lower bound for simple hypergraphs

is only r7. The bound (3.2) was derived from the famous result stated in Theorem 2.

To derive the bound, they used an interesting trick of trimming. We discuss trimming in Subsec-
tion 3.3.1.

Szabé [30] refined the second part of the bound of Theorem 2 for simple hypergraphs as follows.

Theorem 21. Ift > 2 and ¢ > 0 are fixed and r is sufficiently large, then every r-uniform simple

—€

hypergraph H with maximum degree at most t"r=¢ is t-colorable.

Actually, Szabé proved the theorem only for ¢ = 2, since that was what he needed for his
applications, but the technique works for any fixed ¢t. Again, applying trimming and this theorem,
one easily gets that for fixed ¢t and € and large r,

2r

m(r,t,3) > e

(3.3)
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Here we consider simple and so called b-simple hypergraphs. A hypergraph H is b-simple if
leNe'| < b for every distinct e,e’ € E(H). Sometimes, b-simple hypergraphs are called partial
Steiner systems. A 1-simple hypergraph is a simple hypergraph.

The main result of this chapter (we state it in the next section) says that for fixed ¢ > 2
and € > 0 and sufficiently large r, if a simple r-uniform hypergraph H cannot be colored with ¢
colors, then either it has a vertex of degree greater than r¢", or there are “many” vertices of degree
greater than ¢"r~¢. This will improve the bound (3.3) by a factor of r. Our result also yields an

improvement of the edge-degree version of Theorem 2 for simple hypergraphs as follows.

Theorem 22. Ifb> 1,1t > 2 and € > 0 are fized and r is sufficiently large, then every r-uniform

b-simple hypergraph H with mazimum edge-degree at most t"r'~¢ is t-colorable.

The theorem holds also for list colorings. In order to keep proofs easier to read, we give the
proof for ordinary colorings and comment at the end of the chapter how to adapt the proofs to list
coloring.

Let f(r,t,b) denote the fewest possible number of edges in an r-uniform b-simple hypergraph
that is not t-colorable. From our main result we deduce that for fixed ¢,b and € > 0 and sufficiently
large r,

r(1+1/b)

fr,t,0) > (3.4)

TE
It turns out that in terms of r the bound cannot be improved by more than a polynomial factor.

Using the Erdés—Lovész technique [10] for proving (3.2), we show that for large r,

1+1/b

fr,t,b) < 40t* (£'17) (3.5)

We also use our main result and trimming to derive the following lower bounds on m(r,t, g) for

arbitrary fixed ¢ (in [10], the bound was only for g = 3):

tr(l—l—s)

m(r,t,2s +1) > , (3.6)

TE
if r is large in comparison with ¢, s and 1/e.

The structure of the rest of the chapter is as follows. In the next section we prove the main
result. In Section 3.3, lower bounds on the size of non-t-colorable hypergraphs are given. In
Section 3.4, bound (3.5) is derived. We conclude the chapter with some comments. In particular,

we comment on list colorings of hypergraphs.

This is a joint work with A. Kostochka and appears in [20].
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3.2 Coloring simple hypergraphs with bounded edge degrees

Szabd’s theorem says that for large r, every r-uniform simple hypergraph with the degree of each
vertex at most t"r~¢ is ¢-colorable. Our result extends the conclusion to r-uniform simple (and
b-simple) hypergraphs in which the degree of each edge is at most ¢"r!'~¢.

A vertex v of H is low, if deg(v) < ¢"r~¢ and high otherwise. For an edge e, let L(e) (respectively,
H(e)) be the set of low (respectively, high) vertices in e. An edge e is light, if |H(e)| < 0.5r and
heavy otherwise.

For a given € > 0, an r-uniform hypergraph H is (¢, €)-sparse if
A(H) <t"r, and (3.7)

every vertex of H is in at most t" /r¢ heavy edges. (3.8)
Our main result is the following.

Theorem 23. Ifb>1,t> 2 and € > 0 are fizred and r is sufficiently large, then every r-uniform
b-simple (t,€)-sparse hypergraph H is t-colorable.

In order to derive Theorem 22 from our main result, we observe that for sufficiently large r,
every not (t,0.5¢)-sparse hypergraph H has an edge of degree greater than t"r!=¢. This is trivial
if (3.7) does not hold. Suppose now that (3.8) does not hold, in particular that some edge e in H
is heavy. Then the sum of degrees of vertices in e is greater than 0.5rt"r!1=9%¢. Since every edge
¢/ # e contributes at most b to this sum, e itself contributes r, and r%?¢ > 4b, the degree of e in H

is greater than ¢"r'=¢. This proves Theorem 22 (modulo Theorem 23).

3.2.1 Szabd’s approach and the structure of the proof

We follow the ideas of Szabé [30]. He used the following lemma of Beck [6], who in turn used the

Lovasz Local Lemma.
Lemma 24 (Beck). Let X be a finite set and By,Bs,...,Bs be not necessarily distinct subsets of
X with |B;| > r. For every i, let f; : B; — {1,2,...,t} be a given t-coloring of B;. If

1 1
E 1 — 2)~IBily=IBil « = 3.9
i'pEB-( T) o ( )

for every p € X, then there exists a t-coloring f : X — {1,2,...,t} such that f|B, # fi-

Szabd’s idea of the proof is the following. Let H be an r-uniform simple hypergraph satisfying
the conditions of his theorem. Szabd starts from a t-coloring of vertices of H where each vertex

is colored with a color uniformly at random chosen from the set {1,...,¢} independently from all
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other vertices. He considers a special set of so called configurations that are pairs (B;, f;), where
B; CV(H) and f; is a given t-coloring of B;. The meaning of configurations, is that they are bad
situations that may cause some edges to become monochromatic after special recolorings in the
future. He proved that

(a) if f is any (not necessarily proper) t-coloring of V() and none of his configurations occurs,
then some vertices of H can be recolored so that the resulting t-coloring of H is proper;

(b) Inequality (3.9) holds for every p € V(H).

Together with Lemma 24, this yields that H has a proper t-coloring. Observe that each con-
figuration B C V(#) contributes to the sum in (3.9) the amount (1 — %)_‘B‘t_‘B‘, and we will
call this expression the contribution of B. To prove that (3.9) holds, for every “bad” configuration
B C V(H), Szabé estimated its contribution.

We will use the same scheme with somewhat changed rules of recoloring and somewhat different
configurations.

Another idea of Szabé is that in each edge e of H he chooses a subset R(e) such that later, if e
is monochromatic, then he tries to recolor only vertices in R(e) and does not touch other vertices.
This choice allows to decrease the number of “bad” configurations whose contributions we need
to estimate. The structure of our proof is the following. In the next subsection, we construct a
subset R(e) of each edge e. Later, if e becomes monochromatic, we will try to recolor only vertices
in R(e). In Subsection 3.2.3 we give the main proof assuming that we have some bounds on the
contributions of “bad” configurations. In Subsections 3.2.4 and 3.2.5 we prove these bounds on

contributions.

3.2.2 Choosing R(e)

Lemma 25. Let k < r/3. Then in every light edge e, we can choose a k-element set R(e) C L(e)

so that for each low vertex v,
| {e:v € R(e)} |< g (3.10)

Proof. Consider the bipartite graph G[X,Y], where X is the set of light edges in H, Y is the set
of low vertices in H, and zy € E(G) if and only if edge x contains vertex y in H. By the definition
of light edges, each vertex in X has degree in G at least r/2. By the definition of low vertices,
dg(v) < t"/r€ for every v € Y. Let G be the graph obtained from G by splitting every vertex
v €Y into [2dg(v)/r] vertices, each with degree at most [r/2].

Let G5 be obtained from G; by deleting some edges so that the degree of every vertex z € X
becomes [r/2]. By Konig’s theorem, there exists a proper edge-coloring ¢ of G with [r/2] colors.
Let G3 be the subgraph of Gy formed by the edges with colors {1,2,...k} in ¢. Finally, let G4 be
obtained from G3 by gluing back all the split vertices in Y. By construction, G4 is a spanning
subgraph of GG, and the degree of every vertex x € X in (G4 is exactly k. The degree in G4 of every
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vertex v € Y is at most o
k[2d <k|—-].
2d(0)/r < k| 52|
The last expression for large r does not exceed the RHS of (4.4).
For every edge e in H, let R(e) be the set of vertices adjacent to vertex e in G4. By the

properties of G4, the lemma holds for these R(e). O

Lemma 26. Let k <r/3. Then in every heavy edge e, we can choose a k-element set R(e) C H (e)
so that for each heavy vertex v,
{e:veREY < =2 (3.11)
re r
Proof. By (3.8), every vertex is in at most t" ¢ heavy edges. We essentially repeat the proof of
Lemma 25, only replacing light edges with heavy and low vertices with high ones. O

< N N O >
° 0 0 ° 0 O °
] D
EllE
iE e aE
o) o) c o) o) c e Color j+1
o o 1 m -
B : : B, . 5 5 o Color j
oColor j—1
o 0
NS ) @)
A11<Doooo|o o} (o o|ooooo>
A1m1<O o 0 oofo]of] |0 Az

Figure 3.1: An example of a Configuration of Type 1.

3.2.3 Configurations and the main proof

We start from a random t-coloring f of vertices of H where each vertex v is colored with a color

f(v) uniformly at random chosen from the set {1,...,¢} independently from all other vertices.
Configurations of Type 1: A configuration of Type 1, C(j,m,m',mq,...,my,), with parame-

ters j,m,m’',my,...,my, consists of 1 +m+m'+ (my + ...+ my,) (not necessarily distinct) edges

D,By,...,Bn,Ci,...,Cn,A11, ... s ALy, A215 - - - Amm,, arranged and colored so that:

(1) There are m’ distinct vertices by, ..., b,y in H(D) such that b; € R(B;) fori =1,...,m/.

(ag) There are m distinct vertices ¢q, ..., ¢y, in L(D) such that ¢; € R(C;) fori=1,...,m.
(ag) All By, ..., By, Ch,...,C,, are distinct.
(aq) All vertices in D — {by,...,byy,c1,...,cp} are colored with color j 4+ 1 (modulo t).
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(as) All vertices in By, ..., By, are colored with j.

(ag) For i = 1,...,m, H(C;) contains m; distinct vertices a1, ..., a;m,; such that a;» € R(A; ;)
forall i =1,...,m;.

(av7) Vertex @y i May coincide with a; 2l
Ay i) I ag, o1 # agy 4, then Ay # A;

(ag) For every i = 1,...,m all vertices in C; — {aj1,...,aim,} are colored with j.

when i1 # 49, in which case Ah,i’l should coincide with

A
2,29

(ag) All vertices in all Ay 1,..., A1 m,,A21,-.., Am m,, are colored with j — 1 (modulo t).

Comments. Since by,...,b,y € H(D), each of Bi,..., B, is a heavy edge. For the same
reason, each of Ay 1,...,A1m,,A21,-.., Amm,, is heavy. Similarly, each of C1,...,Cy, is a light
edge.

In a configuration of Type 1, edge D is called the leading edge, edges Bq,..., B, are type B
edges, edges C1,...,C,, are type C edges. Vertices by,...,b, and cq,..., ¢y, are special in C. The
size of a configuration is the cardinality of the union of its edges.

Let k = [%} In the next subsection, we will prove that for every vertex p in H, the total
contribution of configurations of Type 1 containing p such that at least one of m,m/,m1,...,my,
exceeds k is o(1/r).

Configurations of Type 2a: There is a heavy edge B such that for each vertex b € R(B)
there is a configuration C, of Type 1 with m = 0 and m’ < k such that b is special and B is an
edge of type B in Cp.

Configurations of Type 2b: There is a light edge C such that for each vertex ¢ € R(C) there
is a configuration C. of Type 1 with each of m’,m, m1,...,m,, at most k such that c is special and

C is an edge of type C in C..

N Y () e Color j
o) ° ° ° o [® o] Cl(l) oColor j—1
B oColor j+1
5) o o o®)
© < N e(le e @[e]) (0]e ¢ © ¢ o o )
o
o % % C(l()l) o @[e © © o o ﬂ)
o) (k) O
() o o o o Conthy 5
AWM © © o o o
1,1 o o
o/ NeY, o @jo o0 00 g
1) )
A Anm,n N NS gk N

Figure 3.2: An example of a Configuration of Type 2b.
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In Subsection 3.2.5 we prove that for every vertex p in H, the total contribution of configura-
tions of Types 2a and 2b containing p is o(1/r). These facts together with Lemma 24 yield that
there exists a t-coloring f’ avoiding configurations of Type 1 with at least one of m'm,m1,...,my,
exceeding k and also avoiding all configurations of Type 2a and 2b. This coloring f’ might have
monochromatic edges, but we shall see that we can recolor some of the vertices and get a proper

t-coloring.

First recoloring: Since configurations of Type 2a do not appear in f’, for every heavy
monochromatic edge B (say, of color j(B)), there exists a vertex b(B) € R(B) such that there
is no configurations of Type 1 with a leading heavy edge D such that b(B) is a special vertex in
D and B is a Type B edge in this configuration. For every monochromatic heavy edge B, recolor
b(B) with color j(B) 4+ 1 (modulo t). By the choice of b(B), we recolored only some high vertices.

We claim that the new coloring f” does not have monochromatic heavy edges. Indeed, suppose
that some heavy edge D is monochromatic of color j in f”. This means that it was not monochro-
matic of color j in f’) since in that case, a vertex of R(D) would be recolored to j+1. So, there are
vertices by, ..., b,y in H(D) that were recolored from color j — 1, and for each b;, there is a heavy
edge B; with b; € R(B;) that was monochromatic in f’ and b; = b(B;). So, we have a configuration
of Type 1 in f’ that contradicts the definition of the vertex b(Bj).

Second recoloring: Let C' be a monochromatic edge of color j(C) in the new coloring f”. By
above, it is a light edge, and in f’ C either was monochromatic of the same color, or some vertices
bi,..., by € H(C) were of color j(C)—1, and each b; was in R(B;) for some heavy monochromatic
edge B; and was recolored because of this edge. Suppose that for every ¢ € R(C), there is a
configuration of Type 1 in coloring f” with m; = my = ... = m,, = 0 = m/ and the leading
edge containing ¢ as a special vertex, where C is a Type C edge. Then each such configuration
in f” corresponds to some more general configuration of Type 1 in coloring f’. It follows that
we encounter a configuration of Type 2b in f’, a contradiction to the choice of f’. Thus, every
monochromatic edge C' in the new coloring f” contains a vertex ¢(C') € R(C) such that there is no
configuration of Type 1 in coloring f” with the leading edge containing c as a special vertex such
that my =mg =...=m,, = 0=m' and C is a Type C edge in this configuration.

For every monochromatic edge C in f”, recolor ¢(C') with color j(C') + 1. Observe that at this
second recoloring, we recolored only low vertices. Assume that some edge D is monochromatic in the
new coloring f (of color j(D)). If it was also monochromatic in f”, then D is light, and some vertex
of R(D) would be recolored; so this is not the case. Thus, there are vertices c1, ..., ¢y, in L(D) that
were recolored from color j(D)—1, and for each ¢;, there is a light edge C; with ¢; € R(C;) that was
monochromatic in f” of color j(D) — 1 and ¢; = ¢(C;). Furthermore, since C; was monochromatic
in f”, either it also was monochromatic in f’ or there are vertices a;1,...,a;m, € H(C) of color
J(D) — 2 that were recolored in the first stage. In this case, in f’ each a;; was in R(A; ;) for some

heavy monochromatic edge A;  and was recolored in first stage because of this edge. Some vertices
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bi,...,by in H(D) also could be recolored in the first stage. Thus, we have a configuration of
Type 1 in f’, a contradiction to the choice of ¢(C7). Since we recolored high vertices in the first
stage and low at the second, no vertex is recolored more than once.

Thus, the theorem will be proved when we show that for every vertex p in ‘H, the total contri-
bution of configurations of Type 1 containing p such that at least one of m,m’,mq,..., m! exceeds

k is o(1/r) and that the total contribution of configurations of Types 2a and 2b containing p is

o(1/r).

3.2.4 Handling configurations of Type 1

We will first consider some partial cases.

PN PN
<. [ J O [ J O [ J .>
D
1 lo ol ™~
O O
@) @) e Color j+1
o Color j
O O
B | © © | By
O O
N N
Figure 3.3: An example of a Configuration of Type 1la.
Configuration of Type la: This is a configuration of Type 1 in whichm; =me =... =m;;;, =0
and k<m+m' < TO0E -
For convenience of notation in handling configurations of Type la, define B,,,; = C; for

i=1,...,mand let M =m+m/. For ¢ =1,..., M, call edge B, determined if it intersects with
Ui<q—1DB; in at least b+ 1 vertices. Let p € V(H) and z be a non-negative integer. Then the total
contribution ¢14(p, M, z, D) of all configurations of Type la, containing p such that p € D and

exactly z edges in {Bj,..., By} are determined is estimated as follows:

(81) The number of candidates for D containing p is at most deg(p) < ¢"r.

(82) The number of ways to choose by,...,by in D is at most (161)

(B3) The number of choices of colors for vertices in D such that vertices by, ..., by are colored with
J

and other are colored with j 4 1 is ¢.
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(B4) The number of ways to choose which z edges B; will be determined is (]\j )
(B5) By Lemmas 25 and 26, the number of ways to choose a non-determined B; when we know
1" 4k

re r°

(Bs) Since every determined edge contains some (b+ 1)-tuple of vertices in the union of “previous”

the corresponding special vertex is at most

edges and these (b + 1)-tuples should be distinct for different edges, the number of ways to choose

2
a determined B; when we know the corresponding special vertex is at most (é‘ﬂ) < (bil) < 20t

(B7) Since

| O B U B > r —b, if B; is non-determined, (3.12)
=1 l =1 R Mb, if B; is determined, :

and Mb < r/10k, the size of each such configuration is at least 4+ (M — 2)(r — b) + z 3.

Hence

r M Akt M-z ) r r+(M—2)(r—b)+0.92r
< 47 z(b+1) ‘
stnnz <o (1) (1) (R2) 0 ()

) r4+(M—z)(r—b)+0.92r

Since (1\7;1) (AZ/I) <rM and (ﬁ < 31M the last expression is at most

31+M (4]€)M_Z tr+1+r(M—z)—r—(M—z)(r—b)—0.9zr 7,1+M—(M—z)(1+e)+2z(b+1) )

Denoting the last expression by v1,(M, z), we have

ViaM, 2+ 1) 1 ron—00r  (+0+204+1) _ L p—b-0.9r 234
V1a(M,2z) ~ 4k 4k ’

which is less than 1/4 for large r. Therefore,

M
> " ¢1a(p, M, 2, D) < 214(M,0) =
z=0
1+M M yr+14rM—r—M(r—b)  1+M—M(1+e) 12k 0\
= 31+ Ma(4)M ¢ r = 6tr . (3.13)
746

Since for large r, 12k t? < r¢/2, the last expression is less than 6t r1=0-5M¢  Since M > k > %,
this is less than 6t7~° = o(r~8). Thus, the total contribution ¢,(p, D) of all configurations of
Type la such that p € D is less than

Z 214 (M,0) < 7 -0(r~8) = 0(7“_7).

M=k
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Now we calculate the contribution of configurations of Type la containing p such that p ¢ D. In
this case fix an edge B; containing p in at most t"r ways. Then we can choose vertex b; € R(B;) in
at most k ways and the edge D containing B; in at most kt"r ways. To choose the remaining M —1
special vertices in D there are only ( 1\7—11) ways. Then using the same argument and almost the
same calculations as above we get that the total contribution here is at most &k r times greater than

> 1 2t14(M, 0). Hence the total contribution, ¢14(p) of all configurations of Type la containing

pis 0(%6).

Configuration of Type 1b: We need this structure to handle configurations of Type 1 in which
mi=mo=...=my; =0and m+m’ > ﬁ. But we consider a somewhat different situation: it is
a configuration of Type 1 in which my =mo =... =m,, = 0and m+m/ = | 1055 J» but non-special
vertices in D also allowed to be colored with color j (and not only with j + 1). We will estimate
the contributions of such new configurations.

As in case of Type la, define B,,y1; =C; for i =1,...,m and let M =m +m/.

For p € V(H) and an integer z, let ¢14(p, z, D) denote the total contribution of all configurations
of Type 1b, containing p such that p € D and exactly z edges among B; are determined. We repeat
the first half of the argument for Type la, replacing (83) by the following:

(85) The number of choices of colors for vertices in D such that vertices by, ..., by are colored with

j and other are colored with j or j + 1 is t2"—M,

Because of the extra factor of 2"~ instead of (3.13), we get

M M
12k tb

E ¢1b(p727D)<6757"< s > or—M

z=0

1-0.5Me Since

Again, for large r, 12kt® < r¥/2 and the last expression is at most 2"~ M6t r
M = | 1fm | this is o(r®).

Similarly to the argument for configurations of Type la, the contribution of configurations of
Type 1b containing p such that p ¢ D cannot exceed the last expression more than 72 times. Thus,

the total contribution ¢1,(p)+¢15(p) of all configurations of Types la and 1b containing p is o(r~%).

From now on, we consider only ¢-colorings of V(#H) such that no configurations of types la or

1b occur.

Configuration of Type 1c: This is a configuration of Type 1 in which k¥ <m +m’ < o
By (ag) and (ag) in the definition configurations of Type 1, for every i = 1,...,m, the set
C; U Ui, Ay with our coloring form a configuration of Type la or 1b if m; > k. Since such

configurations are forbidden, we assume that m; < k for every i. Similarly, if m’ > {5, then the
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set B1 U... B, UD with our coloring forms a configuration of Type 1b, and so we consider only

r
10bk *

In order to calculate carefully the contributions of configurations of Type 1c, let m; denote the

the case m’ <

number of edges in {A;1,..., A m, } that are distinct from all A; for all I < i.

Let p € V(H), k < m 4+ m' < g, and 2,2/,1,...,7,, be non-negative integers. Let
M = 1y + ...+ . Let ¢ro(p,m/,m, 1, ... 1, 2,2, D) denote the total contribution of all
configurations of Type 1c with parameters m’, m,mq, ..., m,, containing p such that p € D, exactly
z edges among By, ..., B,,,C1,...,C,, are determined, and exactly 2z’ other edges are determined.

We can estimate it as follows:

(71) The number of candidates for D containing p is at most deg(p) < t"r.

(72) The number of ways to choose by, ...,b, and ¢1,...,¢p in D is at most (mlm,) (m;ml)
(7v3) The number of choices of colors for vertices in D such that vertices by,...,b, and ¢1,...,¢p,

are colored with j and all others are colored with j + 1 is .

(74) The number of ways to choose which z edges among By, ..., B, Cy,...,Cy will be deter-
mined is (m/jm).
(75) By Lemmas 25 and 26, the number of ways to choose a non-determined B; when we know

b; € R(B;) or C; when we know ¢; € R(C;) is at most £k

(76) The number of ways to choose a determined edge B; when we know b; € R(B;) or C; when we

know ¢; € R(C;) is at most (")) < (bfl) < 242

(77) The number of ways to choose all vertices a; ;7 in Cq U ...C,, that will be colored with j — 1

is at most (ZKZ)

(78) The number of ways to choose which 2’ edges among A; ; will be determined is (J;/,[ )
(79) The number of ways to choose a non-determined A, ; when we know a; » € R(A,; ;) is at most
t" 4k

re o °

(710) The number of ways to choose a determined edge A;; when we know a;;, € R(A; ) is at
most (74) < (7)) < 12

(711) To estimate the size of such a configuration, recall that m’+m < zpp and that m; <m; < k-1
for each i. Therefore, m' +m + M < k(m' +m) < £5- Similarly to (3.12), when we add edges
one by one to the configuration, every non-determined edge adds at least r — b vertices and ev-
ery determined edge adds at least r — b(m/ +m + M) > r —r/5 = 4r /5 vertices to the union. It

follows that the size of each such configuration is at least 7+ (m-+m’+M —z—2')(r—b)+ (2 +2') L.

Hence ¢1.(p,m’,m, 1, ..., M, 2,2', D) is at most
/ / m Y
r m+m m +m T M
thr t R X
m+m' m z =\ 2!
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Akt mA+m/+M—z—2' i 2bi2) , r+(mA+m/ +M)(r—b)—(z42')(0.2r—b)
<r1+f> ' (t(r - 1>> |

Since ﬁ < 37 and

BT (69) IE

m-+m’ 2. .M vrz mA4m/+M+z+2'
( rM® <r )

r m+m')

! S S / :
d1c(p,m/ymy g, . M, 2,2, D) is at most
tr—i—1+r(m+m’+M—z—z’)—r—(m—l—m’—l—M)(r—b)+(z+z’)(0.2r—b) (4k)m+m’+M—z—z’ >
% 7,1+m+m’+1\2f+z+z’—(1+e)(m+m’+M—z—z’)+(z+z’)(2b+2) 31+m+m’+M _
_ t1+b(m+m’+M)—(z+z’)(0.8r+b) (4k)m+m’+M—z—z’7,,1—e(m—l—m’—l—M)—l—(z—l—z’)(2b+4+e) 31+m+m’+M

Denoting the last expression by ¢1.(m + m' + M .2+ 2'), we have

Vrelmtm' + M2+ 2 +1) 1 og apare

Yre(m+m/ + M, z+2) ~ 4k

which is less than 1/4r for large r. Therefore,

M
Z (ﬁlc(pamlamamlw-- 7mm7272/7D) < 2wlc(m+m/ +M7O) =

m’4+m

z=0 2'=0
12 ¢\ "
=6tr < > . (3.14)
TE
Observe that the last bound depends only on M and not on the values of particular Mmyq, ..., My,
Let
m—+m’+M
¢lc(p7m,7m7M7D) = Z Z qblc(pamlvmvmlv"'7mm7z7z/7D)'
(101 5. Ttm) : P14 AU =M Z+2'=0

Since the number of m-tuples (71, ..., 7y,) with my + ... + 1, = M is (m#_/ll_l) < 2m+M, for

large r, by (3.14),

746

! y 12k tb M m+M 1-0 56(m+m’+M)
¢16(p7m7m7M7D)§6t7‘ 2 §6t7" : .
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Since m +m' > k > 20 , the last expression is o(r=8). Since m’ < k, m < r/k and M < mk <,

the total contribution of all configurations of Type lc containing p such that p € D, is at most
o(r™®) k‘kr = o(r™9).

Similarly to the case of configurations of Type la, the total contribution of all configurations of
Type lc containing p such that p € B;, is at most 72 times greater than our bound above. The
bound for the total contribution of all configurations of Type 1lc containing p such that p is in a
light edge C; or in A; # is only k times greater than the bound above, since R(C;) and R(A; ;)
consist only of low vertices. Hence, the total contribution, ¢1.(p), of all configurations of Type 1lc

containing p is o(r—%).

Configuration of Type 1d: We need it to handle configurations of Type 1 in which m+m' > .
Since the situation with m’ > 1oer 18 covered by configurations of Type 1b, it is enough to consider
the following situation: Configuration of Type 1d is a configuration of Type 1 in which m = | 15 |
and m’ = 0 but non-special vertices in D also allowed to be colored with color j. We will estimate
the contributions of such configurations.

Let p € V(H), and z,2',mq,...,Mm, be non-negative integers. Let M = 1y + ... + Titm.
Let ¢14(p, M1, ..., 7m, 2, 2", D) denote the total contribution of all configurations of Type 1d with
parameters 1mq,...,M,;, containing p such that p € D, exactly z edges among C1,...,C), are
determined, and exactly 2z’ other edges are determined. The ingredients for an upper bound on
d1a(p, M, ... M, 2,2, D) are almost the same as for ¢1.(p, m',m, My, ..., My, 2,2, D) above with
m’ = 0; the only difference is that Item (y3) is replaced with
(74) The number of choices of colors for vertices in D such that vertices c1,. .., ¢, are colored with

7 and all others are colored either with j or with j + 11is t2"7™,

Thus, repeating the argument for configurations of Type lc, instead of (3.14), we will obtain

T

m M b\ m+M

12
ZZ (DM, T, 2,2, D) < 276t < Iit> . (3.15)
2=0 2/=0

Since m = | gz], the extra factor of 2"~™ does not hurt our upper bounds, and we essentially

repeat the argument from (3.14) above for configurations of Type lc.

Forbidding configurations of Types 1c and 1d forbids all configurations of Type 1 with m+m’ >
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3.2.5 Handling configurations of Type 2

Configuration of Type 2a: Let j € {1,2,...,t}. Suppose that there exist k configurations of
Type la (for the same j) with edge sets (for I =1,... k) {D(l),By), . ,Bff%),(l)} such that
G) BY =p® = . =BW,
(ii) all bgl), b§2)7 ... ,bgk) are distinct vertices, so that {bgl), b§2), e bgk)} = R(B%l))’
(iii) all edges DU and BZ-(l) are heavy.
Then the union of these k configurations is a configuration of Type 2a.
It is possible that DU = D) for | # I/, but in this case, (since both bgl) and bgll) are colored
with j) bgl) coincides with some bgl,) such that BZ-(l/) is distinct from B£1). Thus, in any case, there
O]

are at least k distinct edges among D and B;"”. On the other hand, since large configurations of
Type la are forbidden, m’ and each of m/(l) is at most k. So, the total number of involved edges
is at most (k + 1)2. Since we have so few edges, in calculations we will not care about determined
edges, our only concern will be repetitions of edges.

Given a configuration of Type 2a, let = denote the number of distinct D®. Order the edges of
our configuration so that first edge is B%l) followed by all of the D®| and then all the other edges.
With a given ordering, for all suitable [, let m(l) denote the number of corresponding edges that
do not appear earlier in the order. Let M = Zle m(l).

Let p € V(H). Let & = ¢2b(p,rh(1),...,m(k‘),az,Bil)) denote the total contribution of all
configurations of Type 2a with the corresponding given parameters containing p such that p € BF).

We can estimate ® as follows:

(61) The number of candidates for B%l) containing p is at most t"r.

(62) The number of partitions of R(Bfl)) into  non-empty sets is less than £*.

(03) The number of ways to choose for every of the x parts in the partition an edge containing this
class is at most (t"r~¢)", since the number of heavy edges containing any given vertex is at most
t"r~¢. These edges will be our edges DM, ..., D®*),

(64) The number of choices of color j is t.

(65) The number of ways to choose for every I € {1,...,k}, vertices bi(l),...,bs)(l) is at most
I (m?z)) < () < (k)™

(66) By Lemma 26, the number of ways to choose a Bi(l) when we know b;(l) € R(Bi(l)) is at most
17 4k

re r°

(87) To estimate the size of such a configuration, recall that in total we have at most (k+1)? edges.
Therefore, each edge has at most (k+ 1)2b vertices that are common with any other edge. It follows
that the size of each such configuration is at least (r — (k + 1)2b)(1 + 2 + M).

Hence M (r—(k+1)2b)(1 M)
k,t?“ v M 4]€tr T r=(kt+ et
< ¢ - - - <
bt r(”) ¢ (hr) <T1+E> <t(7”—1)> -
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< prTEMAM M | 1—ex+M—(1+e)M tr+rm+1+rM—(r—(k+1)2b)(1+m+M)31+x+M _

9 (k+1)2b 14+z+M
M M Lme(a+ M) (D2 M) gLt M gl <12k’ t(: ) ) _
.

The number of different presentations of M in the form M = Zle m(l) is at most (Mﬁ_l) <

2M+k=1 Therefore, the total contribution, ¢op(p, z, M, Bgl)), of all configurations of Type 2a with
)

given x and M containing p such that p € Bil for large r is at most

12k2t(k+1)2b

1+z+M
2M+k_1t7"1+6 ( - ) < 2k—mtr1+e—0.56(l+w+M).
r

By construction, M + x > k. Hence, since k > 20/e,
20 (p, x, M, B) < 284078 = o(»77).

Since x < k and M < k2, the total contribution of all configurations of Type 2a containing p such
that p € B%l) is also o(r~7). The total contribution of all configurations of Type 2a containing p
such that p € DO for some [ is estimated in practically the same steps and also is o(r~"). The same
O]

holds for the total contribution of all configurations of Type 2a containing p such that p € B;"” for

some [ and ¢. Thus the total contribution, ¢9,(p), of all configurations of Type 2a containing p is
o(r=9).

Configuration of Type 2b: Let j € {1,2,....,t}. Suppose that there exist k configurations of
Type lc (for the same j) with edge sets (for [ =1,...,k)

1 R O] (1) O] O] (1) O]
(08O, BY, el el Al Al A )
such that C}l) = C£2) =...= C£k> and all cgl), c&z), e ,c&k) are distinct vertices, so that
{cgl),c§2), . ,cgk)} = R(C’fl)). Then the union of these k configurations is a configuration of Type

2b. As in configurations of Type lc, some representative vertices can coincide, in which case the
corresponding edges also should coincide.
It is possible that DU = D) for | # 1, but in this case, (since both cgl) and cgl) are colored

with j) cgl) coincides with some cgl,) such that C’i(l,) is distinct from C’fl)

. Thus, in any case, there
are at least k distinct edges among D) and Ci(l). On the other hand, since large configurations
of Type lc are forbidden, each of m(l),m’(l),m;(l) is at most k. So, the total number of involved
edges is at most k(k + 1)2.

Given a configuration of Type 2b, let x denote the number of distinct D). Order the edges of
our configuration so that first is listed the edge Cfl), then all DW, then all BZ-(l) (in any order), then
all C’Z.(l), and then all other edges. With a given ordering, for all suitable ¢ and I, let m(1), (1),
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and m;(l) denote the number of corresponding edges that do not appear earlier in the order. Let

M = 370, ((l) + (1)) and .
M=) (). (3.16)
=1 i=1
Let p € V(H). Let

D = oy (p, (1), ..., (k), (1), ... k), 1 (1), ... 50 (k), ... (K), 2, C\D)

denote the total contribution of all configurations of Type 2b with the corresponding parameters

containing p such that p € Cfl).

We can estimate ® as follows:

(k1) The number of candidates for C’p) containing p is at most t"r.
(k2) The number of partitions of R(C}l)) into « non-empty sets is less than k.

(k3) The number of ways to choose for every of the x parts in the partition an edge containing this

(1)

T, since every vertex in R(C; ") is a low vertex. These edges will be our

class is at most (t"r™°)
edges DU ... D®)
(k4) The number of choices of color j is t.

(k5) The number of ways to choose for every | € {1,...,k}, vertices b1(l), ..., by ) (1) and

e2(l), s ey (1) in DO s at most [Ty (L (l))( (%rg; 0y,

(ke) By Lemmas 25 and 26, the number of ways to choose a B( ) when we know bi(l) € R(BZ.(I)) or
C; Y Wwhen we know ci(l) € R(C’i( )) is at most L 4

re r

(k7) The number of ways to choose all vertices a; (1) in UF_, UZZ({) Ci(l) that will be colored with

. . k2
j—1is at most (/).
(kg) The number of ways to choose an Al(ll), when we know a; (1) € R(A( ) /) is at most f,e 4Tk.

(kg) To estimate the size of such a configuration, recall that in total we have at most (k + 1)3
edges. Therefore, each edge has at most (k + 1)3b vertices that are common with any other edge.
It follows that the size of each such configuration is at least (r — (k + 1)3b)(1 4 2 + M + M).

Hence
o<t <kt> , Q( - )) <m(zz?:(gz'(z)> <;§\2;> <%>M+M )

, (r—(k+1)3b) (1+x+M-+M)
X .
()
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r—(k+1)3b)(1+x+M+M .
Since (ﬁy (o )§ gtz +M+M ond
r m(l) +m' (1) [k>r M 119 N
~ <
L oy ) (") Cor) =™
we have

P < rrM+3M 4M+M7,1—x5—5(M+]\7[)tr—i—rx-l—l-l—r(M-i—M)—(r—(k+1)3b)(l+:c+M+M)31+x+M+]\7[

b a+M+M
re >

MBI MV et M) (34 (k1) D) 1t MM e (12k3t(k+1
The last bound does not depend on values of m(l),7/(I) and m;(l), but only on x, M, and M’.
The number of different presentations of M in the form M = Zle(m(l) + m/(1)) is at most
(M +]\2/[k_1) < 2M+2k=1 " Similarly, the number of different presentations of M in the form (3.16) is

at most the number of different presentations of M as a sum of at most k2 nonnegative summands,

KN+ KN R :
BRI

g=1 4 q=1 q

which is at most

Therefore, the total contribution, ¢op(p, z, M, M, Cfl)), of all configurations of Type 2b with given
x, M, and M containing p such that p € C’p) is at most

12k3t(k+1)3b

1+a+M+M
oM+2k~1 2k2+]\7[ plte ( )
TE

32 (k+1)%b 1+z+M+M
< 2(k+1)2 Tl-i-e <12k t( +) )
7«-6

For large 7, this does not exceed 2(k+1)” plte=05e(l+a+M+M) - Ag ohserved above, z+M > k > 20/e.
Thus for large r, ¢2b(p,x,M,M,C£1)) = o(r~®). Since x < k, M < 2k%, and M < k3, the
total contribution, of all configurations of Type 2b containing p such that p € Cfl) is also o(r~8).
Similarly to the argument for configurations of Type 1c, the total contribution, of all configurations
of Type 2b containing p such that p € D(l), or p € B;(l), or p € C;(1), or p € A; (1) does not
exceed the obtained bound more than r2? times. Thus for large r, the total contribution, ¢g(p), of

all configurations of Type 2b containing p is o(r~9).

3.3 Lower bounds on the number of edges

3.3.1 Trimming

In order to get lower bound on the number of edges in an r-uniform (¢ + 1)-chromatic simple

hypergraph, Erdds and Lovédsz in [10] applied a simple but quite useful technique of trimming. A
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trimming of a hypergraph H is the hypergraph F(#) obtained from H by deleting from each edge a
vertex of maximum possible degree. Trimming has two useful properties: (a) if H is not ¢-colorable,
then F'(H) also is; and (b) if A is simple and F'() has a vertex of degree at least d, then H has at
least d + 1 vertices of degree at least d. We will somewhat elaborate upon the notion of trimming.

For positive integers x and D, an edge A of a hypergraph H is (x, D)-heavy, if at least = vertices
in A have degree at least D in H. An (z, D)-trimming of a hypergraph H is the hypergraph F, p(H)
obtained from H in two steps: first choose in each edge A a vertex a(A) that is contained in the
most (z, D)-heavy edges; then replace each edge A with A — a(A). The ordinary trimming above
can be considered as a (1, 1)-trimming.

Let F gg (H) denote the hypergraph obtained from H by applying (x, D)-trimming m times.

Lemma 27. Let b, x,y,d,s, and D be positive integers and H be a hypergraph.

(a) If H is b-simple, F:(Eb])j(?-l) has a vertex that belongs to at least d (x, D)-heavy edges and H has
y vertices that belong to at least d (x, D)-heavy edges each, then (‘Z) >d.

(b) If H has girth at least 2s +1, b < s, and Fu,gb])j(?[) has a vertex that belongs to at least d (z, D)-
heavy edges, then H has at least (d—1)° vertices at distance exactly b from v that belong to at least

d (z,D)-heavy edges each.

Proof. For convenience, denote F (02) (H) = H. By definition, every edge A € E(H) contains distinct

Zz,

vertices a(l)(A),...,a (A) such that for i =1,...,b,
E(ES),(H) = {A— {a™(4),...,a"(4)} : A€ B(H)}

and vertex a((A) is contained in the most of (z,D)-heavy edges of the hypergraph FSB”(’H)
among the vertices in AC~Y := A — {aM(A),...,at"D(A)}.

Suppose that H is b-simple and v is a vertex in F ébl))(H) that belongs to at least d (z, D)-heavy
edges. Suppose that the edges A(b), ... ,A[(ib) of Fég(?—[) contain v. By the definition of (z, D)-
trimming, each of the vertices a(®(4;),...,a® (Ay) is contained in at least d (z,D)-heavy edges

in FS’BD(’H) (otherwise, v would be the corresponding a® (A4;)). Similarly, each of the vertices

a®D(A),...,a"D(A,) is contained in at least d (z, D)-heavy edges in F:(Ef)[_f) (H), and so on.

Let Y be the set of vertices in H that are contained in at least d (z, D)-heavy edges. By the
previous paragraph, each of the vertices aU)(4;) fori =1,...,dand j = 1,...,bis in Y. Vertices
a9 (4;) and aU") (A;) may coincide for distinct i and 7/, but the sets {aM (4;),...,a® (4;)} should
be distinct for distinct ¢, since H is b-simple. Thus, the number of b-element subsets of Y is at least
d. This proves (a).

Suppose now that the girth of H is at least 2s + 1, b < s, and v is a vertex in Féb)D(”H) that
belongs to at least d (x, D)-heavy edges. Suppose that the edges Agb), . ,Ag’) of Féb)D(’H) contain
v. As above, each of the vertices a(® (4;),...,a® (A4,) is contained in at least d (z, D)-heavy edges

in Féfg 1)(7-[). Moreover, since the girth of H is at least three, all a®) (A4,),...,a(®)(A4,) are distinct

41



and each of them is a neighbor of v. Thus, each of a()(4;) is contained in some d (z, D)-heavy
edges Agf’l_l), e ,Agf’cl_l). If b =1, then we are done.

Suppose b > 2. Then the girth of H is at least five and for each 1 < i < d, exactly one edge among
Az(f’l_ 1), . ,Agf’d_ 2 (namely, Agb)) contains v, and all others are almost disjoint amongst them and are

disjoint from all other Ag»ljl_l), .. ,A;I’)d_l) for j # i. It follows that for all i1,i9 = 1,...,d such that

Ag);-;) # Ag)), all vertices a(b_l)(Agf;:)) are distinct and each such a(b_l)(Agf;;)) belongs to at least
d (z, D)-heavy edges Agf;i)l, ... ,Agf;i)d in Féfg?) (H) and is at distance 2 from v in H. In particular,

there are at least d(d—1) of them. Again, if b = 2, then we are done. Otherwise the girth of H is at
least seven and for all triples (i1, i2,43) such that Agf_lf)lg # Agf;-;), the sets Ag}_lf)lg - a(b_l)(Agf;;))
are disjoint from each other and from all edges (j1, jo, j3) for (ji,72) # (i1,12).

Continuing in this way, finally, we construct d(d — 1)*~1 distinct vertices a™ (4, 4, ;,) such
that each of them belongs to at least d (x, D)-heavy edges in F i% (H) and is at distance exactly b

from wv. O

3.3.2 Size of (¢t + 1)-chromatic b-simple hypergraphs

Theorem 28. Let t and b be positive integers, € > 0, and r be sufficiently large in comparison
with t,b and €. Let H be a (t + 1)-chromatic r-uniform b-simple hypergraph. Then H has at least
tr(+1/b) =€ edges.

Proof. Let x = [(r—b)/2] and D = [t"~%/r¢/3]. Let H; = Fl(bl) (H). By construction, H; is (r —b)-
uniform and b-simple. Since H is not t-colorable, H; is also not t-colorable. So, by Theorem 23,
either
(i) H1 has a vertex of degree at least t"~° (r — b), or
(ii) H1 has a vertex contained in at least D (z, D)-heavy edges.

If (i) holds, then by Lemma 27(a), H has at least (t"~°(r — b))'/® vertices of degree at least

"% (r — b). Hence the number of edges in H is at least

}(tr—b (r— b)) TV > a1
-

Suppose now that (ii) holds. Let Y be the set of vertices of degree at least D in H;. Each
(x, D)-heavy edge containing v interests Y — v in at least x — 1 vertices. No b-tuple of vertices of

Y — v is contained in more than one edge containing v. Therefore

Y] x—1
>D .
( b )= b
For large r, this implies |Y'|* > D(r/3)?, so that the number of edges in H; is at least

Lo ™o l(ib)l“/b < pr(1+1/b) ¢
r 37 3\re/3 - ’
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3.3.3 Size of (¢ + 1)-chromatic hypergraphs of girth 2s + 1 and 2s + 2

Theorem 29. Let t and s be positive integers, € > 0, and r be sufficiently large in comparison
with t,s and €. Let H be a (t + 1)-chromatic r-uniform hypergraph of girth at least 2s + 1. Then
H has at least t"3T9)r—¢ edges. Moreover, if the girth of H is at least 2s + 2, then H has at least
tr(+s)pl=¢ cdges.

Proof. Let @ = [(r—2s+1)/2] and D = [t 25+ /p/35]. Let #y = F{)(H) and Hy = Fp Y (Hy).
By construction, Hs is (r — 2s 4 1)-uniform. Since H is not ¢-colorable, Hs is also not ¢-colorable.
So, by Theorem 23, either
(i) Ho has a vertex of degree at least t"~25*! (r —2s + 1), or
(ii) Ho has a vertex contained in at least D (z, D)-heavy edges.

If (i) holds, then #H; also has a vertex of degree at least #"~2T! (r — 25 +1). By Lemma 27(b),
H has at least (t"~2571 (r — 25 + 1) — 1) vertices of degree at least t"~25*1 (r — 25 + 1). Hence the

number of edges in H is at least

%(tr_23+1 (r—2s+1)—1)""" > ¢+

Suppose now that (ii) holds. By Lemma 27(b), H; contains a set F(s,v) of at least (D — 1)~}
vertices at distance exactly s — 1 from v such that each of them is contained in at least D (z, D)-
heavy edges. Since the girth of #; is at least 2s + 1, each u € F(s,v) is contained in exactly one
edge M (u) on the unique shortest path from u to v. Also, if for u € F(s,v) an edge A(u) # M (u)
meets or coincides with any edge containing any vertex w at distance at most s — 1 from v, then
‘H, contains a cycle of length at most 2s, a contradiction.

Thus, we have a set F'(s,v) of at least (D — 1)° (x, D)-heavy edges such that each edge in
F'(s,v) contains exactly one of our (D —1)~! special vertices at distance s— 1 from v and no other
vertices at distance at most s — 1 from v. This means that each of the edges in F'(s,v) contains at
least = — 1 vertices of degree at least D that do not belong to any other edge in F’(s,v). Since x is
about r/2 and r is much larger than s and t, it follows that the number of edges in H; is at least
1 gr—2s+1

1 s+1 1 s+1 1+s r(1+s),.—€
(D — -1 > = > — >
LD -1y w12 1o » LTy s e

w

This proves the statement for girth 2s + 1.

Suppose that the girth of H is at least 2s+ 2. It (i) holds, then the statement is already proved
above. Suppose that (ii) holds. Then we construct F’(s,v) exactly as in the previous paragraph.
Consider an edge A € F'(s,v) and any vertex z € A of degree at least D that does not belong to

other edges in F’(s,v). If any of the at least D — 1 distinct from A edges containing z contains also
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a vertex from any other edge in F’(s,v), then H has a cycle of length 2s+ 1 or less. Thus all these

edges are distinct and the total number of them is at least

|F'(s,v)|(x —1)(D — 1) > _pDstl > —(

3.4 Upper bound on f(r,t,b)

The Erdds—Lovész [10] bound (3.1) can be easily extended to b-simple hypergraphs as follows.
Theorem 30. Ifb>1 andt > 2 are fixed and r is sufficiently large, then

Flrt,b) < 1062 (2t72) TV
Proof. We follow the lines of the proof of Theorem 1’ in [10] by Erdés and Lovész.
Let b
n= ’74t <2trr2(b+1)> -‘ and m = 4nt" ~ 8t (2257’7‘2)(6“)/6. (3.17)

We let Hp be the edgeless hypergraph with [V (Ho)| = tn and for i = 1,...,m will obtain H;
from H;_1 by adding an edge e; so that
(a) H; remains b-simple and
(b) z; < (1 — 1/4¢")x;—1, where x; is the number of n-element subsets of V(Hy) = V(H;) not
containing edges of H;.

As in [10], if we manage (a) and (b) until i = m, then

1\™ tn 1\ (te)" te\"
menog) =) 0-w) =T -(E)

Suppose that (a) and (b) hold for i = 0,1,...,j. Let S be an n-element subset of V(#;) not
containing any edge of H;. If an r-tuple R C S cannot be added to #; because (a) would fail, then

R has b+ 1 elements in common with some e;, i < j. The number of such R C S is at most

r n—b—1 mrbtl n rbtl mr2(b+1) n
J <b + 1) <7‘ —b— 1> ~— B+ <T> (n—b)*tL (b4 1)!(n — b)b+1 <r>

By (3.17), for fixed b and ¢ and for large r, we have

b b b
72(b+1) - e 27-2(b+1) - 4 272(b+1)
b+ 1)!(n — b)b+! (b+1)Inbt+l 21(4t)b2trr2(b+1)

<1
m —.
( —2

It follows that every n-element S C V(%;) not containing any edge of #; contains at least
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0.5(?) candidates for ej;1. Therefore, some r-element subset e;,1 of V(#;) is a candidate for at

zj-0.5 <Z> <t:> ! S 5 n(n — 12)(.]5.”.;71 —r+1)

n-element subsets of V(H,;) not containing any edge of H;. Since n > 872,

least

zjnn—1)...(n—r+1) S <n—7‘+1>r> T,

2(tn)" = 2t n atr

Thus, if we choose this ej41, then (a) and (b) hold for i = j + 1.

3.5 Comments

1. While all b,¢,s and € are considered fixed, they also can be viewed as very slowly growing
logloglogr

Toglogr for a small positive constant

functions of r. For example, it is possible to consider € = ¢

C.

2. Condition (3.7) in the definition of (, €)-sparse r-uniform hypergraphs can be weakened by any

polynomial factor of . The problem in sharpening our results is in (3.8).

3. The proofs of Theorems 23 and 22 and inequalities (4) and (5) can be adapted to list coloring.

In particular, the following statement holds (and implies the other results).

Theorem 31. Ifb>1,t > 2, and € > 0 are fired and r is sufficiently large, then every r-uniform
b-simple (t,€)-sparse hypergraph H is list t-colorable.
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Figure 3.4: Configuration of Type 1 for list colorings.
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We start from a random coloring f of vertices of H where each vertex v is colored with a color
f(v) uniformly at random chosen from its list List(v) independently from all other vertices. To
adapt the proof of Theorem 23, for each vertex v € V(#), fix any bijection v, of the list List(v)
onto itself with v,(«a) # « for each a € List(v). In all recolorings during the proof, each vertex
v of color j will be tried to be recolored (if at all) into the color v,(j) (instead of color j + 1, as
it was in the proof in Section 3.2). So, the Configuration of Type 1 in Figure 1 will look more
like in Figure 3.4. In this picture, if the “main color” of the edge D is j, then f(v) = v;1(j),
F(2) = v2G), F@) = v (F(2) = v 0 (), £(y) = v (F(2)) = v (v 1(7)), and s0 on. So,
the colors of vertices v and z (likewise, of z and y) can be different, but the structure remains
the same, and for each vertex, only one color is “dangerous” for the configuration. Similarly, we
define the other configurations. After these definitions and before any recoloring is done, all the

calculations will be the same as in Section 3.2, and the result follows.

46



Chapter 4

Conflict-free coloring of hypergraphs
with few edges

4.1 Introduction

Let ‘H be a hypergraph with vertex set V(H) and edge set E(#H). We recall that a coloring
c:V(H) = {1,2,3,...} of V(H) is a proper coloring of H if no edge of H is monochromatic. The
minimum number of colors required for such a coloring is called the chromatic number of ‘H, and
is denoted by x(#). A rainbow coloring of H is a proper coloring of #H such that for every edge e,
the colors of all vertices of e are distinct. The minimum number of colors required for a rainbow

coloring is called the rainbow chromatic number of H, and is denoted by xr(H).

Even, Lotker, Ron and Smorodinsky [12] introduced (in a geometric setting) the following
intermediate coloring. A proper coloring of H is conflict-free if for each edge e of H, some color
occurs on exactly one vertex of e. In other words, every edge has a color that does not get repeated
in that edge. The minimum number of colors required for a conflict-free coloring is called the
conflict-free chromatic number of H, and is denoted by xcr(#H). This concept was introduced in

connection with the following frequency assignment problem for cellular networks.

Consider a cellular network which has nodes as base stations (that act as servers). Clients are
connected to base stations; connections between clients and base stations are implemented by radio
links. Fixed frequencies are assigned to base stations to enable links to clients. Clients, on the
other hand, continuously scan frequencies in search of a base station with good reception. The
fundamental problem of frequency-assignment in cellular networks is to assign frequencies to base
stations so that every client, located within the receiving range of at least one station, can be
served by some base station, in the sense that the client is located within the range of the station
and no other station within its reception range has the same frequency. The goal is to minimize
the number of assigned frequencies since the frequency spectrum is limited and costly. In terms
of hypergraphs, if we form a hypergraph with vertices as base stations and edges correspond to
the sets of frequencies accessible to the clients, then the problem reduces to find the conflict-free

chromatic number of that hypergraph.

It turns out that conflict-free chromatic number of a hypergraph is related to another parameter
called the tree-depth of a graph G, denoted by td(G). The concept of tree-depth was introduced
by J. Nesetiil and Ossona de Mendez [25]. To define tree-depth, we need to introduce a few other
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concepts. A rooted forest is a disjoint union of rooted trees. The height of a vertex x in a rooted
forest F' is the number of vertices of a path from the root to x. The height of F' is the maximum
height of the vertices of F'. A vertex x is an ancestor of y in F' if x belongs to the path linking y
and the root of the tree of F' to which y belongs. The closure clos(F') of a rooted forest F' is the
graph with vertex set V(F) and edge set (z,y) : x is an ancestor of y in F. The tree-depth td(G)
of a graph G is the minimum height of a rooted forest F' such that G C clos(F'). They proved the

following:

Theorem 32 ([25]). Given a graph G if H be the hypergraph with vertex set being V(G) and the
edge set being the vertices of connected subgraphs of G, then td(G) = xcr(H).

This kind of coloring was referred as centered coloring in their paper. They used the concept of
centered coloring and tree depth to determine whether a particular kind of generalized chromatic

number is bounded for any proper minor closed class of graphs.

Clearly, x(H) < xcr(H) < xr(H) for every H with equalities when H is an ordinary graph.
Also for 3-uniform hypergraphs x(H) = xcr(H). However, for general hypergraphs, the behavior
of xor may significantly differ from that of x and of xr. For example, if we truncate an edge of
a hypergraph, then y cannot decrease, xr cannot increase, while ycr may increase, decrease, or
stay the same. As yet another example we mention that if # is a 10%-uniform hypergraph with 10
edges, then x(H) = 2 and ycop(H) can be 2, 3, or 4.

Recall that a hypergraph is called simple, if any two distinct edges share at most one vertex.
Also recall that the edge degree of an edge e in a hypergraph H is the number of other edges
intersecting e. The maximum of the edge degrees over all the edges of H is denoted by D(H).

Because of applications and interesting behavior, the parameter yor(H) attracted considerable
attention (see, e.g. [3, 4, 5, 7, 12, 16, 27, 26]). The chromatic number of hypergraphs is discussed in
many papers. Some of them discuss the bounds on the chromatic number of uniform hypergraph in
terms of their size or maximum (edge) degree as discussed in the previous sections. Pach and Tardos

[26] analyzed the conflict-free colorings for graphs and hypergraphs. They proved the following.

Theorem 33 ([26]). xcr(H) < 1/2 4+ \/2m+ 1/4, for every hypergraph H with m edges. This
bound is tight.

They also showed the following result.

Theorem 34 ([26]). Let H be a hypergraph with m edges such that the size of every edge is at least
2r — 1. Then xcr(H) < C,mY" logm, where C, is a positive constant depending only on r.

In fact, they proved that the same bound holds for hypergraphs # in which the size of every edge
is at least 2r — 1 and D(H) < m. They also posed the following question:
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Question: Is ycr(H) < C,m!" logm, when every edge has size at least r and intersects at most

m others 7
We show that this is not necessarily true.

The goal is to give reasonable upper bounds on xcp(H) for r-uniform hypergraphs H with
given number of edges or maximum edge degree. It will turn out that for a given m, the nature
of the bounds for r-uniform hypergraphs with m edges strongly depends on whether r is small
or large with respect to m. We also derive similar bound for r-uniform simple hypergraphs. It
turns out that for positive integers r, ¢ with » < ¢/8, both upper and lower bounds on the minimum
number of edges in an r-uniform simple hypergraph that have no conflict-free colorings with ¢ colors
are roughly squares of the corresponding bounds for hypergraphs without the restriction of being
simple.

In Section 4.2 we find how few edges may r-uniform hypergraphs have with yor equal to 2
or 3. In particular, for arbitrarily large r for r-uniform hypergraphs H with just 7 edges we have
Xcor(H) < 4 and this bound is attained for some hypergraphs. In Section 4.3, we find upper bounds
on xor(H) in terms of the size/maximum edge degree of H and present some constructions showing

that our bounds are reasonable. In Section 4.4, we do the same for simple r-uniform hypergraphs.

This is a joint work with A. Kostochka and T. Luczak and appears in [21].

4.2 Conflict-free coloring of hypergraphs with very few edges

We define the s-blow up of a graph G to be the hypergraph formed by replacing every vertex v of
G with an s element set B,. The set B, is called a blob. If wv is an edge in G, then B, U B, is an
edge in the blow-up.

Observation 35. For a hypergraph H, if either the degree of every vertex of H is at most 1, or if
there is a vertex contained in every edge of H, then xcp(H) = 2. O

Observation 36. Let r > 2. If H is an r-uniform hypergraph which is not conflict-free 2-colorable,
then it has at least 3 edges and the only such graph with 3 edges is the (r/2)-blow up of K.

Proof. By Observation 35, every hypergraph with 2 edges is conflict-free 2-colorable. Moreover, a
blow-up of K3 is not. Now assume that H is an r-uniform hypergraph with 3 edges eq, es, es which
is not conflict-free 2-colorable. If every vertex has degree at most 1 or if there is a vertex of degree
3, then by Observation 35 it is conflict-free 2-colorable. So assume that the maximum degree is 2.
Without loss of generality assume that v € e; N eo. If there exists u € e3 — e; — e2, then we color
v and u with color 1 and all the remaining vertices with color 2. This would give a conflict-free
2-coloring of H, a contradiction. Hence e3 C {e; —e2} U {e2 — e1}. Since H is r-uniform, we have

that es Q e1 and eg g eo. Thus, e; Neg # (0 and the above argument holds if v is replaced by a
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vertex w € es. Consequently, e; C {es —es} U {e3 — ea} and similarly eo C {e; —e3} U{es —e1}.

Moreover, since H is r-uniform, it must be the (r/2)- blow up of K3. In particular, r is even. [

Lemma 37. Let r > 3. If H is an r-uniform hypergraph with at most 6 edges, then it is always
conflict-free 3-colorable. Moreover, if 1 > 4 and r is divisible by 4, then there exists an r-uniform

hypergraph with 7 edges which is not conflict-free 3-colorable.

Proof. We first show that if H has at most 6 edges then xcr(#H) < 3. Let A(H) be the maximum
degree of H.

Case 1. A(H) > 4. Let v be a vertex of degree at least 4. We color v with color 1. By
Observation 36, there is a conflict-free coloring of H — v with colors 2 and 3. This gives a conflict-

free 3-coloring of H.

Case 2. A(H) < 2. Since xcr(G) < A(G) + 1 for every hypergraph G we can conflict-free
3-color H (see [26]).

Case 3. A(H) = 3. Let v be a vertex of degree 3 contained in the edges ej,es and es. If
H—{e1,ea,e3} = {eq,e5,€6} is conflict-free 2-colorable, then we color them conflict-free with colors
2 and 3, color v with color 1 and arbitrarily color the remaining vertices with colors 2 and 3. This
gives a conflict-free 3-coloring of H. If not, then by Observation 36, {e4, €5, eg} forms the (r/2)-blow
up of K3. We may assume that e;Ues Ueg = B4UBsU Bg, where By, Bs and Bg are the blobs esNeg,
esNeg and eq Nes, respectively. Now, suppose that there is a vertex u € (e4UesUeg) — (egUeaUes).
Without loss of generality assume that u € Bg. Let w be a vertex in Bs. We now color v and
u with color 1, w with color 2 and the rest of the vertices with color 3. This gives a conflict-free
3-coloring of H. Hence {e4UesUeg}t C {e3 UeaUes}. Thus every vertex in {eq Ues Ueg} has degree
3.

The above argument holds for each vertex u € eq U es U eg by replacing v with u and eq, ea, e3 with
the three edges containing u. Hence by symmetry, the degree of every vertex of H is 3. We also
know that deleting any vertex, leaves a copy of the (r/2)-blow up of Kj3. Moreover, since H is
r-uniform, H must be the (r/2)-blow up of K4. A blow-up of K, can be conflict-free 3-colored as
follows. In the first blob we color a vertex with color 1 and another with color 2 and the rest with
3. In the second blob we color one vertex with 2 and the rest with 3. In the third blob we color

one vertex with 1 and the rest with 3 and in the fourth blob we color everything with color 3.

Now to show that there exists a hypergraph H with 7 edges which is not 3-conflict-free colorable, we
consider the (r/4)-blow up of the Fano plane and take the complement of every edge. The resulting
hypergraph H has seven blobs By, Bs,...B7 and the following edges: e; = By U By U Bg U Br,
es = ByUB3UByUBy, e3=ByUB5;UBgUBy, eq = B1UByUByUBsg, es = B1 UB3U By U Bg,
eg = BoUB3U Bs U Bg, and e; = B; U B3 U Bs U B7. Suppose that there is a conflict-free 3-coloring
f of H with colors 1,2 and 3.
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Claim 1: No color can appear in exactly one blob.
Proof: Assume that a color, say 1, appears in exactly one blob. Consider the three edges e, e3, €4
not containing Bj. They must be conflict-free 2-colorable with colors 2,3. But they form the

(r/2)-blow up of K3 which is not conflict-free 2-colorable, a contradiction.

Claim 2: No color can appear in exactly two blobs.

Proof: Suppose that color 1 appears in exactly two blobs. Let Bp, Bo be the blobs containing
vertices of color 1. Consider the two edges ey, e4 containing both By and Bs and the edge e
containing neither By nor By. These three edges form the (r/2)-blow up of K3 with at least two
vertices of color 1 present in a single blob. All other vertices gets color 2 or 3. With these restrictions

there exists no conflict-free 3-coloring of the blow up of Ks.
Hence by the above claims, every color appears in at least three blobs.

Since f is a conflict-free 3-coloring of H which has seven edges, some color is unique for at least

three edges. Assume that this color is 1.

Claim 3: A vertex with color 1 cannot be unique for more than one edge.
Proof: If not, then without loss of generality, assume that a vertex with color 1 belonging to Bj is
unique for edges e4 and e5. Hence the blobs Bs, Bs, B4, Bs, Bg do not have any vertices of color 1.

So color 1 appears only in at most two blobs. This contradicts Claims 1 and 2.

Assume that a vertex of color 1 in B; is unique for e;. So the blobs By, Bg, By do not have
vertices of color 1. Again without loss of generality assume that a vertex of color 1 in Bj is
unique for the edge e2. So the blob By does not have any vertex of color 1. Now there must be
a vertex of color 1 in Bs which is unique for es. We now consider the edges ey, e5,¢e6. Fach of
these edges contains exactly two vertices of color 1. We delete these vertices and consider the new
edges €}, ef, eg. The hypergraph formed by these edges must be conflict-free 2-colorable with colors
2,3. The edges €, ef, ey form the ((r/2) — 1)-blow up of K3 which is not conflict-free 2-colorable,

a contradiction. O

4.3 Conflict-free coloring of hypergraphs with few edges

Having dealt with small cases, now we study the bounds for the conflict-free chromatic number for

a general case. We start with a simple probabilistic fact we shall use later on.

Lemma 38. Color a set T of q points, randomly, with s colors, so that each of s? colorings is
equally likely. Let pq s be the probability that no color appears exactly once on T and let pq s be the

probability that at most one color appears exactly once on T'. Then

Pas < (%q) o’ (4.1)
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and

R 8¢\ [(¢—1)/2]
pus < () . (4.2)

Proof. To prove (1), let us randomly color all elements of T, one by one. Note that if no color
appears exactly once we shall use at most |g/2] of them, and the set 7" of the elements that
are colored with a color which we have already used has at least [¢/2] elements. Thus, since the

number of ways to choose T” is at most 29, we get
g\ l4/21 2q\ 4/2]
<21 (—) < <—) .
Pas 2s “\s
In order to show (2), we again randomly color all elements of T" one by one. Note that we shall
use at most g colors. Furthermore, in this case the set T” of the elements that are colored with

a color which we have already used has at least [(¢ —1)/2] elements and the number of ways to

choose T’ is at most 29. Hence

Pas < 2q<%>f(q—1)/21 < <8_q) ((q—l)/m'

S

Now we can bound the xor(H) for a general r-uniform hypergraph with m edges.

Theorem 39. Let H be a r-uniform hypergraph with m edges and mazimum edge degree D(H).

(i) If D(H) < 27/2, and D(H) (and thus ) is large enough, then there exists a vertex coloring of
H with 120In D(H) colors such that each edge has at least one color appearing exactly once. In

particular,
xcr(H) <120In D(H) < 120Inm.

(ii) If m > 27/2, then xcr(H) < 4r(16m)?/("+2)

Proof. In order to show (i) we set p = 1.341In D(H)/r, choose a subset T of vertices of H indepen-
dently with probability p, and then color each vertex of T independently with one of s = 1201n D(H)

colors. Let A, be the event that no color appears exactly once in the edge e. Then, by Lemma 38,

Pr(4,) < g (:)pi(l —p)’"‘i(%yﬂ + i: <Z>pi(1 —p)

i=ip+1
d r 7 r—3 210 i/2 - r % r—i
<M (Z.)p(l—p) (?> + > <Z.>p(1—p) ,
=0 i=ig+1

where here and below iy = |2.5-1.34In D(H) .
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Since p < 1.34(r/2)(In2)/r < 0.47, for i > ip + 1 we have

(iil)pi-‘rl(l _p)r—i—l < r p < 1 1
Ot —pyr—  ~ i

< .
il—p— 25(1—p)  1.325

so the second sum can be bounded from above by a geometric series and consequently

T

™\ r—i r io+1 r—ig—1
1-— < 4.08 0 1-— 0,
> (Z.)p( p) "< <i0+1>p (1-p)

i=ig+1

Since (7) < ()7 and (1—p)"™7 < (1= p)" < (e77"/7) we have
29 r . io+1
g < 1 (5 ) (7 )

< exp(—0.76pr) + 4.08 exp ( — 0.79 - 1.341n D(H))
< D(H)"O +4.08D(H) 1% < 1/(4D(H))

for sufficiently large D(#). Consequently, D(H)Pr(A.) < 1/4 and by Lovész Local Lemma, there

exists a conflict-free coloring of H with s = 1201n D(H) colors, so (i) follows.

Now let s = 2r(16m)*(+2) and k = 2s. We shall show that H has a conflict-free coloring
with at most k& colors. Let v be a vertex of maximum degree in 7. Reserve a color ¢ for v and
delete v along with all the edges containing it. Repeat this procedure and reserve a different color
every time we delete a vertex of maximum degree in the remaining hypergraph. This procedure is
repeated k/2 times. Let H; denote hypergraph obtained by k/2 repetitions of this procedure. We

consider the following two cases.

Case 1. D(H1) < m"/"+2) " Color each vertex of H; by a color chosen randomly among s
colors. Let A. be the event that no color appears exactly once in the edge e. By Lemma 38,
Pr(A.) < (2r/s)"/?. Thus for r > 2,

4-D(Hy) - Pr(A) <4-m™ T2 (20 /s)7/? = 4. m™F2) (20 /27 (16m) 2/ H2)/2 < 1.

Hence by Lovasz Local Lemma, there exists a conflict-free coloring of 1 with k/2 colors. Together

with the other k/2 colors, we have a conflict-free coloring of H with k = 2s = 4r(16m)% ("*+2) colors.

Case 2. D(H;) > m™/("+2)_ Note that since each time we have deleted a vertex of maximum
degree in the remaining hypergraph, we have removed at least A(H;) > D(Zﬁ) > mr/irﬁ) edges k/2
times. Thus, m > km’/("*2) /(2r) which implies k& < 2rm? ("+2) | a contradiction. This completes
the proof of (ii). O
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It is not hard to see that the bound given by Theorem 39(i) is tight up to a constant factor.
Indeed, the following holds.

Proposition 40. For all m > 1 and for all even r > 2, there exists an r-uniform hypergraph H

with m edges such that xcp(H) > 1 logy m.

Proof. If 1 < m < 4, then %long < 1, and the statement follows. Let m > 5 and let n be
the largest integer such that (%) < m. Let ' be the (r/2)-blow up of K, where the blobs are
By, ..., B,. Consider the hypergraph H obtained from H' by adding m — (g) isolated edges. By
construction, H has m edges.

Let k = |logy n|. Suppose that H has a conflict-free coloring f with k colors. For i =1,...,n,
let S; be the set of colors that appear in the blob B;. Since there are 2¥ — 1 nonempty distinct
subsets of the set {1,...,k} and n > 2¥ — 1, there are some 1 < i < j < n with S; = S;. Then each
color occurs in the edge B; U B; an even number of times, a contradiction. So, xcr(H) > 1+ k.

Since m < (";rl) —-1= W < n?, we have log, m < 2logyn < 2(1 + k) < 2xor(H). O

To construct a matching bound for Theorem 39(ii), when m is much larger than r, is a harder
task. Pach and Tardos [26] showed that if H is a r-uniform hypergraph with m edges, then
xcr(H) < rm?/"+1) log m, and they ask whether xcr(H) < rm!/" logm. We answer their question
in the negative. More precisely, we show that if 7 is much smaller than m, then there exists r-uniform

hypergraph H such that xcr(H) > Crmz/(r+2)/log m. Let us start with a simple observation.

Observation 41. Given any coloring f of an n-element set with t colors, we can choose a family

Ay of t disjoint sets such that each set in Ay has size |n/2t| and is monochromatic.

Proof. Consider the color classes A1, As,...A;. For each color class A; we partition it into subclasses
B;; of size equal to [n/2t| until we cannot anymore. The last subclass say B, for each ¢ will have
size less than |n/2t]. Summing the sizes of these B; s we get at most n/2 vertices. The remaining
at least n/2 vertices give us a family of ¢ sets such that each set in Ay has size |n/2t] and is

monochromatic. O

Theorem 42. For each positive even fized v, there exists a constant ¢, < 4(8¢%/r)"/? such that
for every integer t > r/2, there exists an r-uniform hypergraph H with less than 1+ et 2/ 2 Jog t
edges such that xcp(H) > t.

Proof. Consider a vertex set V of size n, a multiple of 4¢. Let
m = ’74(862/7‘)7“/215(74_2)/2 log tw . (4.3)

We form a random r-uniform hypergraph H with m edges by choosing m subsets F1i, Fs, ..., F, of
V of size r randomly with equal probability and repetitions allowed. We will prove that with a

positive probability the conflict-free chromatic number of H is larger than t.
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Let f be any fixed t-coloring of V. By Observation 41, there exists a family Ay of k sets
{A1, As, ..., Ay} such that each of these sets has size |n/2t] and is monochromatic. So the probability
that edge F; has a conflict is bounded from below by the probability that it has exactly 2 or

0 vertices from each of the sets in Ay and no vertices outside Ay, which, in turn, is equal to

() (W57 (2) 7. Since

i t n en\t
<?) = (t) = (7) ’
e get ) t NT/2/, nZ\T/2/ 2 \T/2 r \7/2
Pr(edge F; has a conflict) > <m> (@> (W) = (@> .
Consequently,

r/2\ m
Pr(f is a conflict-free coloring of H) < (1 - <@) )

< exp ( — m(@yﬁ)

There are " distinct colorings of V(#), so

r/2
Pr(H is conflict-free colorable with ¢ colors) < t" exp < - m(@) )

< exp ( —m(@)r/z —|—nlogt> .

If n = 4t, then by (4.3) the probability that H is conflict-free colorable is strictly smaller than
1. Hence there exists an r-uniform hypergraph G with m edges such that ycr(G) > t. O

Remark: Solving (4.3) for t, we get t ~ C,m? ("*2) /log m, where C, is a function of r. Thus, The-

2/(r+2) /log m, there exists an r-uniform hypergraph

H with m edges such that xor(H) > Com? "+2) /log m.

orem 42 shows that for a given m and r < C,m

4.4 Conflict-free coloring of simple hypergraphs

Although one can show that there exist simple r-uniform hypergraphs H with m = C” such that
X(H) = O(r), the second part of Theorem 39(ii) can be improved in the case of simple hypergraphs.

Let us start with the following simple consequence of Lemma 38.

Lemma 43. Let r < t/8 and let H be an r-uniform hypergraph. If D(H) < %(%)[(“1)/2], then
there exists a vertex coloring of H with t colors such that each edge has at least two colors appearing

ezxactly once.
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Proof. Consider a random t-coloring of H and let A, be the event that the edge e has at most one
color appearing exactly once. By Lemma 38, the probability of A., Pr(A.) < (%)[(’"_1)/ 2], Now
note that for a given edge e, the event A, is independent of all but at most D(H) other events A..
Thus, for D(H) < +(£)/"=D/21 we have 4 - Pr(A.) - D(H) < 1, and so by Lovész Local Lemma
there exists a coloring where none of the events A, occur. Consequently, there exists a coloring of

‘H with ¢ colors such that every edge has at least two colors appearing exactly once. O

Remark. By Lemma 40, for a given m, even if r is arbitrarily large (but even), there is an
r-uniform hypergraph H with m edges and xcp(H) > 0.5logy m. There is no similar statement
for simple hypergraphs. Indeed, if the maximum edge degree of a simple r-uniform hypergraph H
is less than r, then we can choose in each edge e a vertex v, that belongs only to e. Then we color
each v, with 1, and every other vertex with 2. So, such a hypergraph has a conflict-free coloring

with just 2 colors.

Theorem 44. Let r < t/8 and let H be an r-uniform simple hypergraph with m edges. If m <
m(ﬁ)r_2, th@’fl XCF(H) S t.

Proof. Assume that xycp(H) > t. Let H; be the hypergraph obtained from H by truncating
each edge e by a vertex v, of maximum degree. Observe that H; is an (r — 1)-uniform simple
hypergraph and if f is a k-coloring of H1, then there exists an edge of H; which has at most one
color appearing exactly once, otherwise H would be conflict-free t-colorable. Now by Lemma 43,
D(H,) > %(8(Til))((r_2)/2]. Furthermore, H; has a vertex of degree at least D(H1)/(r — 1). If
‘H1 has a vertex v of degree at least d, then every edge e in H; containing v must have a vertex

v, whose degree in H is at least d. Moreover, since H is simple, all these d vertices are distinct.
Hence H has at least D(H1)/(r —1) vertices of degree at least D(H1)/(r—1). So by the degree-sum

formula,

r—2
m > D(H)2/r(r —1)% > 16r(r1— 1)2< t )> .

O

1
16r(r—1)2 (8(7“—1)
C’,’,ml/ (r=2) 5o, for large r, the upper bound for the conflict-free chromatic number for simple

)r—2

Note that if we solve the equation m = with respect to t we get t ~

hypergraphs provided by Theorem 44 is roughly a square of the bound given by Theorem 39 for
the general case. The following result shows that, at least for large r, this estimate is not very far

from being optimal.

Lemma 45. Let r <t. Then, there exists an r-uniform simple hypergraph H with
1+ o0(1)(4tInt)2(42)" edges such that xor(H) > t.
T

Proof. We first construct an auxiliary 4t-uniform simple hypergraph H; as follows. Let ¢ be a

prime which will be chosen later. The vertex set of Hq is S = 57 U... U Sy where all S; are disjoint
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copies of GF(q) = {0,1,...,g — 1}. The edges of H; are 4t-tuples (x1,...,24¢) € S1 X ... X Sy that

are solutions of the system of linear equations
4t
> iz =0, j=0,1,..,4t — 3, (4.4)
i=1

over GF(q).

For any fixed pair of variables in (4.4), we have a (4t — 2) x (4t — 2) system of linear equations
with Vandermond’s determinant which has a unique solution over GF'(q). This means that H; is
4t-uniform simple hypergraph with 4tq vertices in which each vertex is contained in ¢ edges, so
[E(H1)| = ¢°.

Now from each edge e of H; we choose an r-subset A, randomly and independently. Let H be
the r-uniform simple hypergraph obtained from H; by taking the subsets A, as its edges. Our goal
is to show that with a positive probability the conflict-free chromatic number of H is large.

To this end, fix a coloring f. Let B, denote the event that the edge e has a conflict in the
coloring f, and p = Pr(B.). Arguing as in the proof of Theorem 42, one can show that

ro\T/2
r=(5m)
Since the edges of H were chosen independently, the probability that f is a conflict-free coloring of
His (1 — p)qQ. Moreover, the total number of colorings is t4/9, so the probability that there exists
a conflict-free coloring of H with ¢ colors is at most t4% - (1 — p)?°. This probability is less than 1,
provided
tha et < 1,
which holds whenever
4t Int

q> .
p

Now if we take the smallest prime ¢ such that ¢ > ¢o = 4tIn t(seT%)”/ 2 then we have an r-uniform

simple hypergraph with ¢% edges and xcr(H) > t. It is known (see, for instance, [17]) that one
can take ¢ = (14 o(1))qo. Hence

o (82T

[EH)] = (1+o()(tmt)?(==) .

O

Remark: Finally, let us remark that if we take t = r, then we get a simple r-uniform hypergraph
H with m = 290" edges such that y(#H) > r = Q(Inm), so Theorem 39(i) cannot be significantly

improved in the case of simple hypergraphs, at least when m grows exponentially with r.

o7



Chapter 5

Choosability with separation in
complete graphs

5.1 Introduction

List coloring of graphs is a generalized version of the ordinary vertex coloring problem. As in
ordinary vertex coloring, we pick a single color for each vertex, but the sets of colors available at
different vertices may be different. This model was introduced independently by Vizing [32] and
Erdés-Rubin-Taylor [11].

Given a graph G(V, E), a list L for G is an assignment to every v € V(G) of a set L(v) of colors that
may be used for the coloring of v. We say that G is L-colorable, if there exists a proper coloring f
of the vertices of G from L, i.e. if f(v) € L(v) for all v € V(G) and f(u) # f(v) for all uv € E. An

extensively studied parameter is the list chromatic number of G, x;(G), which is the least k such
that G is L-colorable, whenever |L(v)| = k for all v € V(G). It is also sometimes called by choice

number, or choosability of G.

It is easy to see that x;(G) > x(G). Moreover, the list chromatic number for an n-vertex graph
can be as large as n, namely for complete graphs K, when the lists are identical. It is natural to

ask what happens when the lists do not intersect too much.

We say that a list L for a graph G is a (k, ¢)-list if |L(v)| = k for all v € V(G) and |L(u) N L(v)| < ¢
for all uv € E(G), that is for every edge, the lists of its end points have at most ¢ colors in common.
Kratochvil, Tuza and Voigt [24] introduced x;(G, ¢), the least k such that G is L-colorable from
each (k,c)-list L. Among other results, they showed the following.

Theorem 46. [24] /S < xi(Ky,c) < V2ecen.
They also asked the following problem.
Problem: Does lim,,_, x1(Kp,c)/+/cn exist ?

We prove that the limit exists and is equal to 1. We also find the exact value of y;(Kp,c) for

infinitely many values of n.

This is a joint work with Z. Fiiredi and A. Kostochka and appears in [14].
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5.2 Upper Bound

We start by citing two known facts.

For the complete graph K, and a list L, the vertez-color adjacency graph, F = F(V(K,),Ur), is
the bipartite graph whose partite sets are V(Ky) and U, = U,y (k,,) L(v) with u € V(Ky) being
adjacent to a € Uy, if and only if a € L(u).

Observation 47 (Vizing). [32] For every list assignment L for K,, K, has an L-coloring if and
only if the vertex-color adjacency graph F(V(K,),Ur) has a matching saturating V (K,,).

Lemma 48 (Johnson’s bound). [18] Let E,...Ey, be sets such that |E;| > k and |E; N E;| < c.

k2
Then |U7, 1E| = m?j—k c’
The following lemma is a slight improvement of Lemma 48 when m = ¢+ 2 and k = q.
Lemma 49. Letc > 1. If L(V, E) is a g-uniform hypergraph such that |E| = q+2 and |ene’| < ¢—1,
2(c—1
then |V| > = (q + if{’ (;_1)).

Proof. Let d, be the degree of vertex v, then we have

Z(‘l;) S |eﬂe/|§(c—1)<q—g2>. (5.1)

v e,e’€E

Zd” —Z\el (g +2)q (5.2)

Let t > 2 be an integer. We multiply (5.1) by (_—t%, (5.2) by 2 7 and sum them up. We also note the
2
fact that 2d— L(g) <1lwhente€{2,3,..} and d € {1,2,...}. We now choose t = c+1 and we have

()

2(c—1)
1 (d, 2 1 ¢+2) _CH e o
1> - z yilet2) - -1 '
Z Zc+1 (0'51)<2>_c—|—1Q(q+ ) (6—51)(6 )< 2 > (&
Hence V| > 1(¢* + zﬁ 2(;—11))' .

Lemma 50. Let L be a list assignment such that |L(v )] >q+1 and |L(vy) N L(ve)| < ¢. Then
F(V(K,),UL) has a matching saturating V (K,) if n < 1(¢* + if{’ %)

Proof. We need to show that Hall’s condition holds in F, that is, |S| < |[N(S)|, for all S C V. For
this we consider the subgraph Fg induced by vertices of S and N(.5).

Case 1 : degp,(a) < g+ 1, for all @ € N(S5).

Counting edges in Fs we have
1100+ 1) = Xyes 1L(0)| = Sen(s) degry (@) < IN(S)|(g + 1),
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which implies |S| < |N(S5)].

Case 2: degp,(a) > g+ 2, for some o € N(S).

Suppose a € L(v1) N L(vg) N...N L(vg+2), where vy, ..., v442 € S. Consider the sets L, = L(v;)\{a}.
Then |L;| > g and |L; N L] <c—1, for all 1 <i,j < q+2,i# j. We now consider a hypergraph
L with L as its edges. By Lemma 49,

2(c—1
Ui L(v))]| > 1+ (g% + &3¢ — 21,

Now if Hall’s condition fails to hold, then |S| > |N(S)|, and thus

1 c+3  2c—1)
> |S N(S)| > |uU;, L(v)| > 1+ - 2 — ,
w2 181> INS)| 2 U )] 2 14 1 (2 + S0 - H L)

which is a contradiction.

O
Remark: One could also use Lemma 48 in Case 2 of the Lemma 50 to obtain a slightly weaker
upper bound of ‘g Sf$2)1

Observation 47 and Lemma 50 now yield the following Proposition.

Proposition 51. y;(K,,c) <qg+1 forn < %(q + 2ﬁq — 2(0;11)).

5.3 Lower Bound

In this section we will obtain a lower bound on x;(K,, c¢) and then use it to yield the main theorem
stated below

Theorem 52. Let ¢ > 1, then

() limy—s 00 X1 (Kn, €) /v/en = 1.

(zz)]f q is a prime power, ¢ < q — 1 and ¢ divides q — 1, then x;(K,,c) = q+ 1, for all n €
2(c—1)

3 —
(L7142, 1(? + &3g — 2oy,
To obtain a lower bound, we need to show that there is a particular (k,c) list assignment for K,
for which it is not list-colorable. This particular list assignment will come from an auxiliary hyper-

graph. The construction of this hypergraph is based on [13] and is shown below.

Let ¢ be a prime power and ¢ an integer such that ¢ < ¢ — 1 and ¢ divides ¢ — 1. Let F
be the g-element finite field GF(q) and let h be an element of order ¢ in the multiplicative
group F\{0}. Set H = {1,h,h?,..,h¢"'}. Then H is a c-element subgroup of F\{0}. Let
(a,b),(a’, V) € F x F\{(0,0)}. We say that (a,b) ~ (a’,V'), if there exists h* € H such that
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a' = h%a and b’ = h®b. Note that ~ is an equivalence relation and each equivalence class is a col-
lection of ¢ elements in F x F\{(0,0)}. Hence there are qu_l equivalence classes. The equivalence

class containing (a,b) will be denoted by (a,b).

Consider the set L{a,b) = {(z,y) : ax + by € H}. Since H is a group, ax + by € H implies
(Wa)x + (Wb)y € H, for all k' € H. Hence L{a,b) is well-defined.

Claim 1: Let (a,b),(a/,t’) € F x F\{(0,0)}. Then |L(a,b)| = q. Moreover, if (a,b) = (a’,b"), then
either |L{a,b) N L{a’,b')| = ¢ or |L{a,b) N L{da’, V)| = 0.

Proof: Let (a,b) € F x F\{(0,0)}. By symmetry we assume b # 0. Then for any given = and h®,
there is a unique solution of ax + by = h®. Hence there are exactly gc solutions. These solutions
come in equivalence classes and hence |L{a,b)| = q.

Now consider (a,b) = (a/,b"). Then for given a and g, if the system of equations

ar + by = h®
dx+by=h
a b

has a solution, then it has a unique solution, since det( Y ) # 0. Hence for ¢® values of
a

a and B there are ¢? possible solutions. Since the solutions come in equivalence classes, either
|L{a,b) N L{a’,b')| = ¢ or |L{a,b) N L{(a’,b')| = 0.

Applying Claim 1 we obtain the following theorem.

Theorem 53 (Fiiredi). [13] Let L(V, E) be a hypergraph with the vertex set V- = {(a,b) : a,b €
F, (a,b) # (0,0)} and the edge set E = {L{a,b) : a,b € F,(a,b) # (0,0)}. Then L

(i) is a g-uniform hypergraph,

(ii) has Lc_l vertices,

(it) has ‘127_1 edges such that every two edges intersect in at most ¢ vertices.

We use the construction given in Theorem 53 to obtain another hypergraph which we shall use to

get our desired lower bound.

Claim 2: If V,, = {(x,y) : y = ma}, then |V,,| = &2 and |V;, N L{a,b)| < 1, for each (a,b) € V.

c
Proof: Given m, y = ma has ¢ solutions in F x F. Since the solutions come in equivalence classes
y = mx has % solutions in V', where V is the vertex set of the hypergraph £ from Theorem 53.
To prove the next claim, we might see the hypergraph £ arising out of the affine plane geometry
AG(2,q) by combining ¢ parallel lines of the form ax + by = h® for ¢ values of a to get the set
L{a,b). Now in AG(2,q) every two lines intersect in at most 1 point in F x F. Hence for each « the
line ax + by = h® meets the line y = mz in at most 1 point in V(£) and thus |V;,, N L{a,b)| < 1. O
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Consider the hypergraph H(V’, E') with

V=V U{z}, wherez ¢ V
and ' = FU{{z} UV UVLU ..UV {2} UVeiq1 U Ve U...U Vo, ...},

where V, E,V;s sets considered in Claim 2. By Claim 2 and Theorem 53, [{z} UV, UVoU...UV,| =

1+ c% = g and every two edges intersect in at most ¢ vertices.

Thus H(V’, E') is a g-uniform hypergraph such that [V’| = ©=2 4+ 1 and |E’| > V| such that
lene| <cforevery e, e € E'.

Proposition 54. Let q be a pm’me power Ifc < q—1 and ¢ divides q — 1, then x;(Kp,c) > q¢+1
forn>q L 49, that is x;(K. >4/e(n—2)+1+1.

Proof. Let n = £— _1 + 2. Consider the hypergraph H constructed above. Let f : V(K,) — E’ be
a bijective mapping. For every v € V(K,) we let its list be L(v) = f(v). Then L is a (g, c)-list
assignment in which the total number of colors |V’| < n. Hence there is no proper coloring of K,
with this list assignment. Hence x;(K,,c) > g+ 1 for n = qu_l + 2 and thus y;(K,,c) > ¢+ 1 for
n> o 0

We shall use the following lemma to give a general lower bound for any n.

Lemma 55. [17] Let ¢ > 1, n be sufficiently large. Then the interval
[Veln —2) +14+1—n'3\/e(n —2) + 1 + 1] contains a prime q such that ¢ divides q — 1.

Proposition 56. Let ¢ > 1. Then for every sufficiently large positive integer n,
Xi(Kn,¢) > [Veln —2) + 141 —nl/3,

Proof. Given a sufficiently large n, consider the interval [y/c(n — 2) + 1+1—n'/3, \/c(n — 2) + 1+1].

2_
By Lemma 55, this interval contains a prime g such that ¢ divides ¢ — 1. Let n’ = (q—cl) + 2. By

Proposition 54, x;(K,/,c) > y/c(n — 1+1=¢q+ 1. Hence

Xi(Kny€) > xi(Kuryc) > g+ 1> [eln—2) + 1+ 1] —nl/3,

Propositions 51, 56 and 54 now imply Theorem 52.

For a fixed ¢ > 1, one might be interested in knowing what is the maximum value of x;(G, ¢) over
all n-vertex graphs G. Note that if H is an induced subgraph of G, then x;(H,c) < x;(G,¢), but
this may not hold true for non-induced subgraphs. Below are two examples of hypergraphs that

illustrate this fact for hypergraphs (We do not know of any examples for graphs yet).
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Example 1: Let the graph H = K397, where V(H) = AU B, with |A| = 3,|B| = 27. Consider the
hypergraph G = H U B. Note that x(H, 1) > 4 (consider disjoint lists of size 3 on each vertex in A
and all the 27 transversals of size 3 on the vertices in Bj; this gives a improper coloring). Now to
show that (G, 1) < 3. For that we see that if the lists of vertices in A, then one can give a proper
coloring by choosing two colors on A such that there is always a third color present in the lists of
vertices in B. Finally, if the lists of vertices in the A are disjoint, then a bad coloring can arise only
if all 27 transversals occur on the vertices in B. But then it is not a 1-separated list assignment

(since B forms an edge in G).

Example 2: The above example had edges of size 2 and one big edge. One might want the
hypergraph to be more uniform. For that we consider the graph H as above, and let B = By U Bs,
where |B;| = 25,|B2| = 2. Consider the hypergraph G = K397 U 25 edges of size 3 formed by
taking one vertex from B; and the two vertices of Ba. Now to show that x(G,1) < 3.

Case 1: If the lists of vertices in the A are disjoint and all 27 transversals occur on the vertices
in B: Lists in By can have at most one intersection with lists in Bs. This make it impossible to

assign all the 27 lists to vertices in B.

Case 2: If the lists of vertices in the A are disjoint and not all 27 transversals occur on the vertices
in B: We then color the vertices of A with one of the missing lists. The vertices in Bs since they
are in an edge have at least 5 distinct colors in the union of their lists. Taking away the colors used

on A leaves at least two distinct colors in their union and can thus be properly colored.

Case 3: If the lists of vertices in the A are not disjoint: then one can give a coloring by choosing
two colors on A such that there is always a third color present in the lists of vertices in B. More-
over, with argument similar to case 2, vertices of By can be colored with distinct colors, giving G

a proper coloring.

One might still suspect that in the case of graphs, the complete graph requires the most number

of colors. We have the following conjecture.

Conjecture 57. If ¢,n > 1 and G is an n-vertex graph, then x;(G,c) < xi1(Ky,c).
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