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Abstract

This thesis presents a systematic study of the model theory of probability algebras, random variable struc-
tures, and adapted structures, with an emphasis on their atomless counterparts.

In this thesis, the author uses a continuous version of first order logic that has been developed recently
and that is better suited for applications to metric structures than classical first order logic. The set of truth
values in continuous logic is the interval [0, 1] instead of the truth values {True, False} in classical logic.

The author studies axioms, type spaces, quantifier elimination, separable categoricity, saturated models,
stability, and d-finiteness for the theories of atomless probability algebras and atomless random variable
structures. Explicit formulas for the d*-metric between types in the theory of atomless random variable
structures are given. For the theory of atomless adapted structures, the author studies axioms, type spaces,

quantifier elimination, separably categoricity, and d-finiteness.
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Preface

This thesis is a systematic presentation of the model theory of probability algebras, random variable struc-
tures, and adapted structures, with an emphasis on their atomless counterparts.

The treatment of probability spaces and stochastic processes using ideas from model theory was started
by Keisler and his students. They developed an alternative framework to treat these structures, because
classical first order model theory does not apply adequately to these structures. They defined notions
of universality, homogeneity, and saturation for probability spaces, and proved many results about these
concepts. They also defined adapted distributions for stochastic processes. The book [13] is a survey of this
topic.

In this thesis, the author uses a continuous version of first order logic that has been developed recently
(see [4] and [6]) and that is better suited for applications to metric structures than classical first order logic.
The set of truth values in continuous logic is the interval [0, 1] instead of the truth values {True, False} in
classical logic. Continuous logic has improved the effectiveness of first order model theory for structures
from analysis; for instance, see [1], [2], [3] and [7].

Ben Yaacov [1] studied probability algebras in the setting of compact abstract theories. His work on
probability algebras was carried into continuous logic by Berenstein and Henson as part of the background
of their paper [7]. In [2], Ben Yaacov studied the theories of ([0,1]-valued) random variable structures
and their atomless counterparts. He axiomatized the theory of random variable structures by RV(BY) and
showed that the theory of probability algebras and the theory RV(BY) are biinterpretable. For the theory of
atomless random variable structures, he studied separable categoricity, type spaces, quantifier elimination,
stability, etc in [2].

In an early draft of [2] in 2006 with the title On the theory of random variables and adapted spaces, Ben
Yaacov initiated a study of adapted structures, which are random variable structures equipped with a T-
indexed family of conditional expectations, where T is a linear ordering. Ben Yaacov axiomatized the theory
of adapted structures with one conditional expectation. He also presented axioms for the theories of (totally

atomless) adapted structures with a T-indexed family of conditional expectations. He announced basic



model theoretic properties of the theory of totally atomless adapted structures with a T-indexed family of
conditional expectations; e.g., it admits quantifier elimination and it is the model-completion of the theory
of adapted structures with a T-indexed family of conditional expectations. In the case when T is finite,
he stated that the theory of totally atomless adapted structures with a T-indexed family of conditional
expectations is separably categorical; hence this theory is complete for arbitrary 7. Moreover, he pointed
out connections with work by Fajardo and Keisler [13]. He gave a detailed discussion of presentations of
canonical bases in atomless random variable structures. Further, he stated that the theory of totally atomless
adapted structures is the theory of beautiful tuples of random variable structures, and that model theoretic
independence for that theory can be recovered from the general theory of beautiful tuples. The content of
Ben Yaacov’s paper evolved rapidly after 2006 and later versions of [2] do not contain any discussion of
adapted structures.

In this thesis, the author studies the theory of adapted structures mainly using measure theoretic tools,
rather than the advanced model theoretic tools sketched by Ben Yaacov in his early versions of [2].

In the theory of atomless probability algebras, axiomatized by APr, we study notions of universality,
homogeneity and saturation in the setting of continuous logic, and connect them with analogous notions
studied by Keisler, Hoover, and Fajardo. Our main new result here is Theorem 3.4.2, which characterizes
the k-saturated models of APr for all infinite cardinals x. Our main tool in proving this result is Maharam’s
structure theory for measure algebras.

We axiomatize the theory of random variable structures by RV, which is different from but equivalent to
Ben Yaacov’s theory RV(BY). Our approach to axiomatizing the theory of random variable structures only
needs elementary measure theoretic probability theory, while Ben Yaacov’s axiomatization is based on the
completeness theorem for Lukasiewicz’s [0, 1]-valued propositional logic, which is somewhat difficult and not
widely known. We study the metric topology on types of the theory of atomless random variable structures
(axiomatized by ARV). An explicit formula for the d*-metric between types is given; see Theorem 5.3.9.
We also make some connections to Wasserstein distances in optimal transport. Theorem 5.5.3 describes
the k-saturated models of ARV for all infinite cardinals k£ and Theorem 5.7.3 characterizes the d-finite
tuples in models of ARV. We connect our result on d-finiteness in ARV with work due to Keisler, Hoover,
Fajardo, and Sun. Motivated by the correspondence between type spaces over () and Wasserstein spaces (see
Theorem 5.3.6), we define conditional Wasserstein spaces (see Definition 5.8.2). As an application of the
Ryll-Nardzewski theorem in continuous logic, we determine when two natural topologies on these spaces are
the same (see Theorem 5.8.7).

The theory of adapted structures provides the framework for a future study of stochastic processes. We
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discuss it in two steps. The first step is to consider the theory of adapted structures with one conditional
expectation, axiomatized by RVE, and the theory of totally atomless (for definition, see page 138) adapted
structures with one conditional expectation, axiomatized by ARVE. The second step is to consider the
theory of adapted structures with a T-indexed family of conditional expectations, axiomatized by RVEr,
and the theory of totally atomless adapted structures with a T-indexed family of conditional expectations,
axiomatized by ARVEt, where T is a linear ordering. The first step builds basic tools in a simpler setting,
which are applied in the second step for general T. In general, the theories ARVE and ARVEt behave
similarly when T is finite, but are quite different when 7' is infinite; e.g., ARVET is separably categorical iff
T is finite. For the theories ARVE and ARVE~, we give proofs of basic model theoretic properties. Our new
results are as follows. We investigate the type spaces of ARVET and make the connection between adapted
distributions of stochastic processes and types in ARVEy, and we characterize the d-finite tuples in models
of ARVE+ for finite T'.

The thesis is organized as follows:

In Chapter 1, we outline the continuous logic background that is needed in this thesis. Most of this
material is adapted from [4]. In Section 1.7, we present inductive theories, adapted from [29]. In Section 1.8,
we prove Lindstrom’s test for model completeness in continuous logic, which provides a sufficient condition
for model completeness. In Chapters 6 and 7, we use Lindstrom’s test to prove the theories ARVE and
ARVE+T are model complete.

In Chapter 2, we present the background from analysis that is necessary for this thesis. There are four
different topics. Section 2.1 provides the basics of measure theoretic probability theory. Section 2.2 presents
results about measure algebras from [14]. Section 2.3 discusses the symmetric rearrangement of a Borel set
and the symmetric-decreasing rearrangement of a Borel measurable function. Section 2.4 gives background
on Wasserstein distances in optimal transport. These are related to the type spaces of ARV and are used
in the proofs of Theorems 5.3.9 and 5.3.14, which give explicit formulas for the d-metric and the d*-metric
between types in ARV.

In Chapter 3, we investigate the theory of probability algebras, axiomatized by Pr, and the theory of
atomless probability algebras, axiomatized by APr. Section 3.1 presents material from [1] and [7] about the
axioms for these theories and their basic model theoretic properties. Section 3.2 presents the relationships
among several notions of universality. Section 3.3 discusses the relationships among several notions of
homogeneity. Section 3.4 characterizes the k-saturated models of APr for all infinite cardinals x and connects
continuous model theoretic saturation with Hoover-Keisler saturation. Section 3.5 gives the definition of d-

finiteness and presents a result from [5] that all finite tuples in APr are d-finite.
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In Chapter 4, we provide axioms for the theory of random variable structures. In Section 4.1, we
axiomatize the theory of random variable structures by RV and by ARV for its atomless counterpart. In
Section 4.2, we present Ben Yaacov’s axiomatizations given in [2], which are equivalent to ours. In Section
4.3, we consider the class of structures obtained by adding the multiplication function to random variable
structures. We axiomatize this class by RV(x) and it follows that RV(x) is an extension by definitions of
RV.

In Chapter 5, we investigate the theory of random variable structures and the theory of atomless random
variable structures. This chapter is the most important one of this thesis. In Section 5.1, we show how
to generate a natural random variable structure from a probability algebra. In Section 5.2, basic model
theoretic properties of ARV are presented with detailed proofs. In Section 5.3, we study the type spaces of
ARV. The main results are Theorem 5.3.9 and Theorem 5.3.14, which give explicit formulas for the d*-metric
between types in ARV. In Section 5.4, using some of the model theoretic results in the preceding section, we
give a new proof of Theorem 2.4.4, which gives a formula for the Wasserstein distance between probability
measures on the real line. In Section 5.5, we describe the x-saturated models of ARV for all infinite cardinals
k. In Section 5.6, we give a proof of a fact from Ben Yaacov [2] that ARV is w-stable and that its model
theoretic independence relation coincides with probabilistic independence. In Section 5.7, we characterize
the d-finite tuples in models of ARV. In Section 5.8, we define conditional Wasserstein spaces and prove
some results about these spaces.

In Chapters 6 and 7, we investigate the model theory of adapted structures, which are random variable
structures equipped with a T-indexed family of conditional expectations. In Chapter 6, we study the
theories of (totally atomless) adapted structures with only one conditional expectation. In Section 6.1, we
axiomatize the theory of adapted structures with one conditional expectation by RVE and the theory of
totally atomless adapted structures with one conditional expectation by ARVE. In Section 6.2, we prove
several model theoretic properties of ARVE. In Section 6.3, we characterize the d-finite tuples in models
of ARVE. In Chapter 7, we study the theories of (totally atomless) adapted structures with a T-indexed
family of conditional expectations, where T is a linear ordering, parallel to Chapter 6. In Section 7.1, we
axiomatize the theory of adapted structures with a T-indexed family of conditional expectations by RVErT,
and the theory of totally atomless adapted structures with a T-indexed family of conditional expectations by
ARVE~. In Section 7.2, we prove several model theoretic properties of ARVE~. In Section 7.3, we characterize

the d-finite tuples in models of ARVET when T is finite.
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Chapter 1

Basics of continuous logic

In this chapter, we follow the articles [4] and [6] to give the background for basics of continuous logic, which
provides the framework in Chapters 3, 4, 5, 6, and 7. Most of the notations, definitions and results are from

[4].

1.1 Metric structures and signatures

In this section, we present the definitions of metric structures and signatures. This material is taken from

[4].

Metric structures

Let (M, d) be a complete metric space. We say it is bounded if there is a B > 0 such that for all z,y € M, we
have d(z,y) < B. The smallest such number B is called the diameter of (M,d). Suppose (M;,d;) are metric
spaces for every i = 1,--- ,n. Unless otherwise specified, the metric on the product space My X --- x M, is
taken to be the maximum metric

d((xla e ,$n)7 (yla e 7yn)) = max dz(‘rla yz)

1<i<n

Another natural metric is defined as

n

d*((xla T ,.Tn), (ylv T ’yn)) = Z dt($l7y1)

i=1

This d* will be used mainly in Section 5.3. Note that these two metrics are equivalent to each other.
Let (M,dps) and (N,dy) be metric spaces, and suppose f: M — N is a function. We say A: (0,1] —

(0,1] is a modulus of uniform continuity for f if for each € € (0,1] and for all z,y € M we have

d1\4($7y) < A(e) = dN(f(x)vf(y)) <e



We say f is uniformly continuous if it has a modulus of uniform continuity.

Let (M,d) be a bounded complete metric space. A predicate on M is a uniformly continuous function
from M™ to a closed bounded interval in R (for some n € N) and a function on M is a uniformly continuous
function from M™ into M (for some n € N). When a predicate or function is defined on M™, we call it n-ary
and we say n is its arity.

A metric structure M based on a bounded metric space (M, d) consists of:
e a family (R; | i € I) of predicates on M;
e a family (F; | j € J) of functions on M;
e a family (ay | k € K) of distinguished elements of M.
where each of the sets I, J, K is possibly empty.

We often denote the metric structure M as

M= (M,R;,Fj,ax|i€l,je JkeK).

Signatures

For a metric structure M = (M, R, Fj,ap|iel,je ke K), the signature L associated to M consists

of:

e a family of predicate symbols (P; | ¢ € I) such that to each P; we associate an integer a(F;) which is
the arity of R;, a modulus of uniform continuity Ap, which is the same for R;, and a closed bounded

interval Ip, which is the same for R;. We denote R; by PZM for each 7 € I.

e a family of function symbols (f; | j € J) such that to each f; we associate an integer a(f;) which is
the arity of F; and a modulus of uniform continuity Ay, which is the same for F;. We denote Fj; by

f]M for each j € J.
e a family of constant symbols (ci, | k € K). We denote ay, by ci! for each k € K.
e the metric symbol d which is given by the metric on M. We use the same notation here for simplicity.
e a non-negative real number Dy, which is a bound on the diameter of (M, d).

Sometimes we let d™ denote the metric d given by M. Unless otherwise specified, D7, = 1 and Ip = [0, 1]

for every predicate symbol P in the signature.



1.2 Continuous logic: syntax and semantics

In this section, we introduce the syntax and semantics of continuous logic. Most of the presentation is taken

from [4]. We fix a signature L for metric structures as described in last section.

Syntax

The symbols of L consist of the nonlogical symbols of L, which are the predicate, function, and constant
symbols, and also the so-called logical symbols of L. The logical symbols include the symbol d for the
metric on the underlying metric space, an infinite set of variables which usually is countable, the connective
symbols, which are continuous functions from [0, 1] to [0, 1] for all n € N, and the quantifier symbols which
are sup and inf.

The cardinality of L, denoted by Card(L), is the least infinite cardinal > the cardinality of the set of
nonlogical symbols of L.

The L-terms are formed inductively as in first order logic. That is, every variable and every constant
symbol is an L-term; if f is an n-ary function symbol and ¢y, - , ¢, are L-terms, then f(¢1, - ,t,) is also
an L-term.

For an n-ary predicate P (including d when n = 2) and L-terms ¢y, -- ,t,, the expression of the form
P(t1,- - ,t,) is an atomic formula of L. (The logical symbol d for the metric is treated as a binary predicate
symbol just as the equality symbol = is treated in first order logic.)

Then using connective symbols and quantifier symbols, we construct L-formulas (or formulas of L)

inductively as in first order logic. More precisely:
1.2.1 Definition. The class of L-formulas is the smallest class satisfying the following:
(i) Atomic formulas of L are L-formulas.

(i) If u: [0,1]™ — [0,1] is continuous and @1, - ,@n are L-formulas, then u(p1,--- ,¢n) is also an L-

formula.
(iii) If ¢ is an L-formula and  is a variable, then sup, ¢ and inf, ¢ are also L-formulas.

A quantifier free L-formula is one constructed without using quantifiers sup or inf. An L-formula is called
an L-sentence if it has no free variables. For a term ¢ or a formula ¢, we write t(x1,--- ,2,) or @(x1, -, 2y,)

to indicate that its free variables are among x1,- - , T,.



Prestructures and structures

Let (Mo, dp) be a pseudometric space whose diameter is < Dy. An L-prestructure Mg based on (M, dp) is

a structure consisting of the following:

(i) for every predicate symbol P of L, a function PMo from M to Ip, which has Ap as a modulus of

uniform continuity, where n is the arity of P.

ii) for every function symbol f of L, a function f™o from MZ to My, which has A; as a modulus of
0 f

uniform continuity, where n is the arity of f.
(iii) for every constant symbol ¢ of L, an element cM° of M.

An L-prestructure M is an L-structure, if its underlying space is a complete metric space.
Starting from an L-prestructure Mg, there is a procedure to construct an L-structure associated to it.
First, we define its quotient prestructure M. Let (M, d) be the quotient metric space of (My,do) and let

w: My — M be the quotient map. Then we define the L-prestructure M as follows:

(i) for every predicate symbol P of L, define PM: M™ — Ip by PM(7(z1), - ,7(x,)) = PMo(xy, - 2,)

for all z1,---,x, € My, where n is the arity of P.

(ii) for every function symbol f of L, define fM: M™ — M by fM(n(xy), - ,7(x,)) = 7(fMo(2q,--- ,2,))

for all x1,--- ,x, € My, where n is the arity of f.
(iii) for every constant symbol c of L, define c™ := 7(cMo).

This makes M an L-prestructure.
Then we define an L-structure M by taking a completion of M. Let (M,d) be the completion of the
metric space (M, d). We define M as follow:

(i) for every predicate symbol P of L, define PM:M" = Ip to be the unique continuous extension of

PM, where n is the arity of P.

(ii) for every function symbol f of L, define fﬂ: M" — M to be the unique continuous extension of fM,

where 7 is the arity of f.

(iii) for every constant symbol c of L, define ¢ M,

=c

This makes M an L-structure.



Semantics

Let M be an L-prestructure and let A C M. By adding a new constant symbol ¢(a) to L for every a € A,
we extend L to L(A). Then by defining c(a)™ := a for every a € A, we extend M to an L(A)-prestructure
canonically, denoted by (M, a)gea-

Let t(x1,- -+ , o) be an L(M)-term. Then as in first order logic, the interpretation of ¢ in M is a function
tM: M™ — M. Next, for an L(M)-sentence o we define the value of o in M by induction. The value of &

is a real number in [0, 1] and is denoted by o™.
1.2.2 Definition. (i) (d(tl,tg))M = dM M, 1Y) for all terms t1 and to;

(ii) (P(tl, e ,tn))M = PM@M, .- M) for every n-ary predicate symbol P and terms ty, -+ ,t,;

(iii) for L(M)-sentences o1, -+ ,0, and every continuous function w: [0,1]™ — [0, 1],
M
(U(Uly"'agn)) :u(U{Vl?"WUr/LM);

(iv) for every L(M)-formula ¢(x),

M
(sup ()
is the supremum in [0,1] of the set {p(a)™ | a € M};

(v) for every L(M)-formula o(x),

(h;lf @(x))M
is the infimum in [0, 1] of the set {p(a)™ | a € M}.

Given an L(M)-formula @(x1,- -+ ,2.,) we let ™ denote the function from M™ to [0,1] defined by

eM(ar, - an) = (plar, -+ ,an))M,

for every (a1, - ,a,) € M™.
For every L-term ¢(x) and every L-formula o(z), the functions ™ and ¢™ are uniformly continuous
functions from M™ to [0,1] and the their moduli of continuity do not depend on the structure M but only

on the data given by the signature L; see [4, Theorem 3.5].

1.2.3 Theorem ([4, Theorem 3.7]). Let My be an L-prestructure with underlying pseudometric space

(Mo, dy); let M be its quotient L-prestructure with quotient map w: My — M and let N be the L-structure



coming from completing M (as explained on page /). Let t(x) be an L-term and p(z) be an L-formula.
Then:

(i) tM(m(ar), - ,m(an)) = tMo (a1, -+ ,an) for all ay, - ,a, € My;
(ii) tN(b) = t"M(b) for allbe M™;
(iii) eM(m(a1),- -+ ,7(an)) = eMo(ay,--- ,a,) for all ay,--- ,a, € My;
(iv) N (b) = ™M (b) for allb e M™. O

Two L-formulas ¢(z1,- -+ ,2,) and ¢¥(z1,- -+ ,x,) are logically equivalent if

SOM(ala"' 7an) = ¢M(a17"' 7an)

for every L-structure M and all ai,--- ,a, € M. The logical distance between ¢ and 1) is

sup{|e™(a) — v (a)| | M is an L-structure and a € M"}.

Since we consider all continuous functions from [0, 1]™ to [0, 1] as connectives, the set of all L-formulas is
very large. Indeed, only the size of a set of L-formulas that is dense in the set of all L-formulas with respect
to the logical distance really matters in continuous logic. The density character of a topological space is the
smallest cardinality of a dense subset of the space. In [4], it was shown that the density character of the set
of all L-formulas with respect to the logical distance is always < Card(L).

An L-condition is a formal expression of the form ¢ = 0, where ¢ is an L-formula. We call ¢ = 0 a closed
L-condition if ¢ is a sentence. If zq,---,x, are distinct variables, we write F(z1, - ,z,) to indicate an
L-condition ¢(x1,- - ,x,) = 0. Given an L(M)-condition E(z1,--- ,2,) of the form ¢(z1,---,2,) =0 and

ai, - ,an € M, we say E is true of ai,--- ,a, in M if p(ay,--- ,a,) = 0. We write M |= Elay,--- ,a,].
1.2.4 Remark. Here we give some useful abbreviations for L-conditions. Let ¢ and ¢ be L-formulas.

(i) @ =1 is an abbreviation for the L-condition |p — 1| = 0; here we are using the connective u: [0,1]? —

[0,1] defined by u(s,t) = |s —t|.

(i) ¢ = r is an abbreviation for the L-condition |p — r| = 0, where r € [0,1], and we are using the

connective u: [0,1] — [0,1] defined by u(t) = |t — r|.

(iii) ¢ < 9 and 1 > ¢ are abbreviations for the L-condition ¢ =~ = 0, where ~: [0,1]? — [0,1] is the

connective defined by =(s,t) = max(s —¢,0).



(iv) ¢ <r is an abbreviation for the L-condition ¢ = r = 0 where r € [0, 1].
1.2.5 Definition. Let ¢ be an L-formula.

1. We say that ¢ is an ¥V L-formula if for every e > 0 there is a formula o of the form sup, ¥ where ¥ is a

quantifier free formula, such that for every L-structure M and a € M™, one has |p™(a) —o™(a)| < e.

2. We say that ¢ is an V3 L-formula if for every e > 0 there is a formula o of the form sup,, inf, 1) where @
is a quantifier free formula, such that for every L-structure M and a € M™, one has |¢™(a)—o™M(a)| <

€.
1.2.6 Definition. Let E be an L(M)-condition.
1. We say that E is an ¥V L-condition if E is of the form p(x) = 0, where ¢(x) is an ¥V L-formula.

2. We say that E is an V3 L-condition if E is of the form o(x) = 0, where p(x) is an V3 L-formula.

Connectives

A system of connectives is a family F = (F), | n > 1) where each F,, is a set of connectives u: [0,1]™ — [0, 1].

We say that F is closed if it satisfies the following properties:

e For each n and each j = 1,--- ,n, the canonical projection 77 : [0,1]" — [0, 1] onto the 4t coordinate
is in F,.
e For each m and n, if u € F,, and vy, -+ ,v, € Fpp, then u(vy, -+ ,vy,) is in F,.

Let F denote the smallest closed system of connectives generated by the system F of connectives. We say
that F is full if for every e > 0 and every connective u: [0,1]" — [0, 1], there is a connective v € F,, such
that |u(t) — v(t)] < e for every t € [0, 1]™.

For a system F of connectives, the following collection of formulas, called F-restricted formulas, is defined

by induction:
e Atomic formulas are F-restricted formulas.
e Ifue F, and ¢y, ,p, are F-restricted formulas, then u(p1,- -, p,) is also an F-restricted formula.
o If o(x) is an F-restricted formula, then sup, ¢(z) and inf, ¢(x) are also F-restricted formulas.

If F is a full system of connectives, then the set of F-restricted formulas is dense in the set of all formulas

with respect to the logical distance between formulas; see [4, Theorem 6.3].



There is indeed a very simple full system of connectives. Let Fo = (F}, | n > 1) where F} = {0,1, £} (we
treat 0,1 as constant functions of one variable here), F; = {=}, and all the other F,,’s are empty. Then [4,

Proposition 6.3] shows that the system of connectives Fy is full.

1.3 Basic model theoretic concepts

In this section, we introduce several of the most basic model theoretic concepts and results including the
compactness theorem, taken from [4]. We fix a signature L for metric structures.
Let M and NV be L-structures. An embedding T from M into N is an isometric mapping of M into N

such that T" commutes with the interpretations of the functions and predicates of L in the following way:
° fN(T(al), e ,T(an)) = T(fM(al, e ,an)) for every n-ary function symbol f and all a1, - ,a, € M;
° PN(T(al)7 e 7T(ULn)) = PM(ay,--- ,a,) for every n-ary predicate symbol P and all a1, ,a, € M;
o N =T(cM) for every constant symbol c.

A surjective embedding is called an isomorphism. If there is an isomorphism between M and N, we
say that M and N are isomorphic, and write M = A/. An isomorphism between M and itself is called an
automorphism.

If M C N and the inclusion map from M into N is an embedding from M into N, we say M is a
substructure of N, and write M C N.

An L-theory T is a set of closed L-conditions. We call an L-structure M a model of T and write M = T if
M = E for every condition E in T. For an L-structure M, the theory of M is the set of closed L-conditions
that are true in M; it is denoted by Th(M). A theory is called complete if it is of the form Th(M) for some
structure M.

Let T be an L-theory. A closed L-condition E is called a logical consequence of T and is written as
T E E if M | E for every model M of T. We say that a set 3 of closed L-conditions aziomatizes T if
every closed L-condition in ¥ is a logical consequence of T and vice versa. We say that T is an V L-theory,
also called a universal L-theory, if there is a set X of V L-conditions such that ¥ axiomatizes T'. Similarly,
we say that T'is an V3 L-theory if there is a set ¥ of V3 L-conditions such that ¥ axiomatizes T

Given L-structures M and A, we say that M and N are elementarily equivalent, denoted by M = N/ if
Th(M) = Th(N). Equivalently, 0™ = oV for every L-sentence 0. A map F from a subset of M into N is

called an elementary map from M into N if for all L-formulas ¢(z1,--- ,x,) and aq,- - ,a, in the domain



of F', we have

SOM(alf" aan) = @N(F(al)v'” 7F(a’n))

An elementary map from M into N' whose domain is M is said to be an elementary embedding from M
into N'. Suppose M C N. We say that M is an elementary substructure of N, denoted by M < N, if the
inclusion map from M into N is an elementary embedding from M into N. We also call N" an elementary
extension of M in this case.

Let L' O L be another signature. If M’ is an L’-structure, then by ignoring the interpretations of the
symbols in L'\ L, we get an L-structure M. We call M a reduct of M’, denoted by M|, and call M’ an
expansion of M.

A set S of L-formulas is dense with respect to logical distance if for every L-formula ¢(z1,- - ,z,) and

every € > 0 there is ¥(z1,- - ,2,) € S such that the logical distance between ¢ and 1 is less than e.

1.3.1 Proposition (Tarski-Vaught Test for <, [4, Proposition 4.5]). Let S be a set of L-formulas which is

dense with respect to logical distance. For L-structures M and N with M C N, the following are equivalent:
(i) M=2N.

(ii) For every L-formula ¢(x1,--+ ,xn,y) €S and a1, ,a, € M, we have
: N _ N
lnf{go (a17~-~,an,b)|b€N}—lnf{ap (a17~-~,an,c)|c€M}.

O

1.3.2 Theorem (Compactness Theorem, [4, Theorem 5.8]). Let T' be an L-theory. If every finite subset of
T has a model, then T has a model. O

For a class C of L-structures, we say that C is axiomatizable in L if there is an L-theory T such that C is

the class of all models of T'. In this situation, we call T" a set of azioms for C in L.

1.4 Constructions of models

In this section, we list some results around constructions of models. Some of this material is taken from [4,
Chapter 7]. We fix a signature L for metric structures.
Let A be a linear ordering. A A-chain of L-structures is a family of L-structures (M, | A € A) such that

My € M,, whenever A < p. The union of the A-chain, denoted by (J,cp M, is the L-structure whose



underlying set is the completion of the metric space [ Jycy Mx. A A-chain is called an elementary chain if

My 2 M,, whenever A < p.

1.4.1 Proposition ([4, Proposition 7.2]). If (M | A € A) is an elementary chain, then My < Jycp M

for each X € A. O

1.4.2 Definition. Suppose that M is an L-structure. The atomic diagram of M is {¢(a) =7 | ¢ is
an atomic L-formula, r € [0,1], a € M™, and M = ¢(a) = r}. The elementary diagram of M is
{p(a) =1 | ¢ is an L-formula, r € [0,1], a € M™, and M |= ¢(a) = r}. We write Diag(M) and Diage (M)

for the atomic and elementary diagram of M, respectively.
For an atomic diagram and an elementary diagram, we have the following lemma:
1.4.3 Lemma. Let M be an L-structure. Suppose that N is an L(M)-structure.
(i) If N = Diag(M), then there is an L-embedding of M into N|.
(i1) If N |= Diage (M), then there is an elementary L-embedding of M into N|L.

Proof. The proof is similar to the first order case. See [25, Lemma 2.3.3]. O

1.4.4 Proposition (Downward Lowenheim-Skolem Theorem, [4, Proposition 7.3]). Let L be a signature for
metric structures and let k be an infinite cardinal such that Card(L) < k. Let M be an L-structure and let

A be a subset of M whose density character is < k. Then there is a substructure N of M satisfying:
(i) ACNCM;
(ii) N = M;
(#ii) the density character of N is < k. O

Let x be an infinite cardinal and let M be an L-structure. For a set I'(z) of L-conditions, we say that
T'(x) is satisfiable in M if there is a € M™ such that M |= TI'[a]. We say that M is k-saturated if the
following holds: for every subset A of M with cardinality < x and every set I'(x) of L(A)-conditions, if every

finite subset of I'(z) is satisfiable in (M, a)qca, then T'(z) is satisfiable in (M, a)aea.

1.4.5 Proposition ([4, Proposition 7.10]). Let M be an L-structure. Then for every infinite cardinal x,

the structure M has a k-saturated elementary extension. O

We say that M is strongly k-homogeneous if the following holds: for every subset A of M with Card(4) <
k and all f and g: A — M such that

(M, f(a))aca = (M, g(a))aca,
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we have

(M, f(a))aca = (M, g(a))aca-

1.4.6 Proposition. Let M be an L-structure. Then for every infinite cardinal k, the structure M has a

k-saturated elementary extension N that is strongly k-homogeneous.
Proof. This follows from [4, Proposition 7.12]. O

For a complete theory T in L, a k-universal domain for T (also called a monster model) is a k-saturated
and strongly k-homogeneous model of T'. Suppose that M is a k-universal domain for T'. For a subset A of

M, we say that A is small if Card(A) < k.

1.4.7 Proposition. For every complete theory T in L, there is a k-universal domain for T for every infinite

cardinal K.

Proof. This follows from Proposition 1.4.6. O

1.5 Spaces of types

We fix a signature L for metric structures and an L-theory 7. In this section, we introduce the spaces of
types. In particular, we define the logic topology on types and the metric topology on types, taken from [4].

Let M be a model of T and A a subset of M. Let M4 denote the L(A)-structure (M, a)q,eca and
let T4 denote the L(A)-theory of M 4. For b = (by, - ,b,) € M™, the n-type of b over A, denoted by
p = tpa(b/A), is the set of all L(A)-conditions E(z1,--- ,zy,) such that M4 = E[by, -+ ,by]. In this
situation, we also say that b realizes p in M. The set of all these kinds of n-types over A is denoted by

Sn(Ta) or ST(A) (or simply just by S, (A) if the context makes T clear).

The logic topology on types

Let T4 be as above. For an L(A)-formula ¢(z) and € > 0, we define [¢ < €] to be the set:
{p € Sp(T4) | the condition (¢ <) is in p for some 0 < § < €}.

The logic topology on S, (T4) is the topology generated by the following basic open sets. For every
p € Sp(Ta), the basic open neighborhoods of p are the sets of the form [ < €] where (¢ = 0) is in p and

€ > 0.

11



1.5.1 Proposition ([4, Proposition 8.6]). The type space Sp(T4) equipped with the logic topology is hausdorff

and compact for each n > 1. O

The metric topology on types

Let T4 be as above, and let M4 = (M, a)q,ca be a model of T4 in which every type in S, (T4) is realized.

Such a model exists by Proposition 1.4.7. For all p,q € S,,(T4), we define d(p, q) to be
inf{lrga<x d(bi,c;) | Ma = plbr, -+ ,by] and My = gler, -+, cnl}
Note that d(p,q) does not depend on M 4. The metric topology on S, (T4) is the topology induced by the

metric d between types. This metric d is also called the d-metric between types.

1.5.2 Proposition ([4, Proposition 8.7]). The metric topology is finer than the logic topology on S,(Ta)

for each n > 1. O

1.5.3 Proposition ([4, Proposition 8.8]). The metric space (S, (Ta),d) is complete for each n > 1. O

1.6 Definability in metric structures
This section presents the notion of definability in continuous first order model theory, taken from [4]. We

fix a signature L for metric structures.

Definable predicates, sets and functions

Let M be an L-structure and let A be a subset of M. For a predicate P: M™ — [0, 1], we say that P is
definable in M over A if there is a sequence {p(z)}ren of L(A)-formulas such that the predicates ¢i!(x)
converge to P(x) uniformly on M™; i.e.,

Ve > 03N >0Vk > N Vo€ M" (|Jpp'(z) — P(z)| < e).

Let M be an L-structure and D C M™. The predicate giving the distance to D in M™ is given by
i D) = inf .
dist(x, D) inf d(x,y)

Y

Recall that d(z,y) := maxj<;<n d(x;,y;) for tuples z,y € M™. The distance predicate dist(x, D) in model

12



theory for metric structures is important and is characterized by the following two axioms in continuous
logic.
Let L(P) be a signature obtained from L by adding a new predicate symbol P. Consider the following

two L(P)-conditions:
(E1) sup, inf, max(P(y),|P(x) - d(z,y)[) =0
(E2) sup, |P(z) — inf, min(P(y) + d(z,y),1))| =0

Note that for every nonempty D C M™, if F(z) is defined to be dist(x, D) in the L-structure M, then
the L(P)-structure (M, F') satisfies (F1) and (E3).

1.6.1 Theorem ([4, Theorem 9.12]). Let (M, F) be an L(P)-structure satisfying (E1) and (Ea). Let
D ={zx e M™ | F(z) = 0} be the zeroset of F'. Then D is nonempty and F(z) = dist(z, D) for every
xe M™. O

A subset D C M™ is called type-definable in M over A if there is a set I'(z) of L(A)-formulas such that
for every a € M™ we have a € D if and only if @™ (a) = 0 for every p(x) € T'(x). In this case, we also
say D is type-defined by T'(x). We say that D is a zeroset in M over A if there is a definable predicate
P: M™ —[0,1] over A such that D = {z € M™ | P(z) = 0}.

1.6.2 Proposition ([4, Proposition 9.14]). Let D be a subset of M™ and A C M. Then D is a zeroset in
M over A if and only if there is a sequence {@k(x)}ren of L(A)-formulas such that D is type-defined by
{or(@)}ren- 0

A closed subset D of M™ is called definable in M over A (or D is an A-definable set) if the distance
predicate dist(z, D) is definable in M over A. The following result shows an important property of a definable

set.

1.6.3 Theorem ([4, Theorem 9.17]). Let M be an L-structure and let A be a subset of M. Let D be a
closed subset of M™. Then D is definable in M over A if and only if the following holds: for every predicate
P: M™ x M™ — [0,1] which is definable in M over A, the predicate Q: M™ — [0, 1] defined by

Q(z) == inf{P(z,y) |y € D}

is definable in M over A. O
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1.6.4 Proposition ([4, Proposition 9.19]). Suppose P is a definable predicate in M over A. The zeroset D

of P is definable in M over A if and only if P satisfies the following statement:
Ve>036>0Ve e M (P(z) <6 = dist(z, D) <e).

O

A function f: M™ — M is called definable in M over A if the function d(f(x),y) is a definable predicate
in M over A.

1.6.5 Proposition ([4, Proposition 9.25]). Let M be an L-structure and let A be a subset of M. If
f: M™ — M is definable in M over A, then

(i) f N XM and A C N, then the restriction of f to N™ is into N and is definable in N over A.

(1) If N = M, then f can be extended to g: N™ — N which is definable in N over A. O

Extension by definitions

Let L be a signature for metric structures and let T be a consistent L-theory. Let L’ be a signature such
that L’ O L and let T’ be an L’-theory. We say that T is the restriction of T' to L (or T' is a conservative
extension of T) if for every closed L-condition E we have T' | F iff T = E.

For an L’-formula p(x), we say that ¢(z) is defined in T' over L if for every € > 0 there is an L-formula

1(x) such that
T' [ (sup lo(z) —9(@)]) < e

For an n-ary predicate symbol P € L', we say that P is defined in T" over L if the formula P(x) is defined
in T’ over L. For an n-ary function symbol f € L', we say that f is defined in T’ over L if the formula
d(f(z),y) is defined in T” over L. For a constant symbol ¢ in L', we say that c is defined in T" over L if the
formula d(c, z) is defined in T” over L.

For a conservative extension T” of T', we say that T” is an extension by definitions of T if every nonlogical

symbol in L’ is defined in T” over L.

1.6.6 Proposition ([4, Proposition 9.28]). Let L' O L. Let T be an L-theory and let T' be an L'-theory.

Suppose that T' is an extension by definitions of T. Then every L'-formula is defined in T’ over L. O

1.6.7 Corollary ([4, Corollary 9.31]). Let L', L, T, T be as in the above proposition. Then every model

of T has a (unique) expansion to a model of T". O
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The following theorem generalizes Beth’s Definability Theorem to continuous logic.

1.6.8 Theorem ([4, Theorem 9.32]). Let T be an L'-theory and L C L'. Let S be a nonlogical symbol in
L'. Suppose that S is implicitly defined in T' over L. That is, assume that if M and N are models of T"

for which M|y = N|p, then one always has S™M = SN Then S is defined in T' over L. O

1.6.9 Corollary ([4, Corollary 9.33]). Let L C L', let T be a consistent L-theory and let T be a consistent
L'-theory. Then T’ is an extension by definitions of T if and only if every model of T has a unique expansion

which is a model of T". O

Definable and algebraic closures

Let M be an L-structure and A C M. For a € M™, we say that a is definable in M over A (or A-definable in
M) if the singleton set {a} is definable in M over A. We say that a is algebraic in M over A (or A-algebraic
in M) if there is a compact set C' C M™ such that a € C and C is definable in M over A.

Let dclaq(A) denote the set of all A-definable elements of M; we call it the definable closure of A in M.

Similarly, the algebraic closure of A in M, denoted by aclp((A), is the set of all A-algebraic elements of M.
1.6.10 Proposition ([4]). Let M be an L-structure, a € M™, and A a subset of M. Then
e for every N = M
delp(A) = delpy(A) C acly(A) = acly (4).
e a is A-definable if and only if for every N' = M the only realization of tp(a/A) in N is a.

e a is A-algebraic if and only if for every N = M the set of realizations of tp(a/A) in N is compact.
Moreover, if N is k-saturated with k uncountable, then a is A-algebraic if and only if the set of

realizations of tp n((a/A) in N has density character < k.
Proof. See [4, Corollary 10.5, Exercise 10.7, and Exercise 10.8]. O

1.6.11 Proposition (Properties of del and acl, [4]). Let M be an L-structure and let A, B be subsets of
M. Then

(i) A Cdcl(A4) and A C acl(A).
(ii) If A C dcl(B), then dcl(A) C dcl(B); if A C acl(B), then acl(A) C acl(B).

(#ii) del(A) = del(del(A)) and acl(acl(A)) = acl(A).
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(Here we simply write dcl and acl for dclag and aclyg respectively.)

Proof. (i) and (ii) are [4, Exercise 10.10 and Proposition 10.11]. (i) follows from (¢) and (ii). O

1.7 Inductive theories

In this section, we give definitions and basic results about inductive theories, adapted from the thesis of K.

Schoretsanitis [29]. Let L be a signature for metric structures.

1.7.1 Definition. (i) Let A and B be L-structures and A C B. We say that A is existentially closed

(e.c.) in B, write A C.... B, if for every quantifier free L-formula ¢(x,y) and a € A™ we have

(inf p(, a))™* = (inf p(x, )",

(#i) Let K be a class of L-structures. For A € K, we say that A is e.c. in K if for every B € K such that
A C B, we have that A C.... B.

(iii) If K is the class of all models of an L-theory T, then we say that a model M of T is an e.c. model if
M is e.c.in K.

1.7.2 Definition. A class of L-structures K is called an inductive class if it satisfies the following:
(i) K is closed under isomorphism.
(i1) K is closed under unions of chains.
An L-theory T is inductive if the class K of all models of T' is inductive.

1.7.3 Theorem ([29, Theorem 4.9]). Let K be an inductive class of L-structures and let A € K. Then

there is an e.c. structure B € K such that A C B. O

1.7.4 Theorem ([29, Theorem 4.10]). Let T be an L-theory. Then T is inductive if and only if T is an V3

L-theory. O

For an L-theory, let Ty denote the set of all logical consequences E of T such that E is a closed V

L-condition.

1.7.5 Lemma ([29, Lemma 4.12]). Let T be an L-theory. If M |= Ty, then there is N |= T such that
MCN. O
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1.7.6 Theorem. Let T be an L-theory. Then T is a universal theory if and only if for every model M of

T one has that every L-substructure N' of M is a model of T

Proof. =: This is trivial.

<—: Use Lemma 1.7.5. O

1.7.7 Proposition ([29, Proposition 4.13]). Let T be an V3 theory and let M |=T. Then M is an e.c. model
of T if and only if M is an e.c. model of Ty. O

1.8 Model completeness

This section presents model completeness and Lindstrom’s test for model completeness in continuous logic.

Model completeness

Let L be a signature for metric structures. A theory is model complete if every embedding between its

models is elementary.

1.8.1 Proposition ([29, Proposition 4.16]). Let T be an L-theory. If T is model complete, then T is an V3

theory. O

Let k be an infinite cardinal. We say that an L-theory T is k-categorical if T has exactly one model with

density character x up to isomorphism.

1.8.2 Theorem (Lindstrom’s test for model completeness). Let T be an V3 L-theory which has no compact

models. If T is k-categorical for some cardinal k > Card(L), then T is model complete.
Toward the proof of Theorem 1.8.2, we need the following lemmas.

1.8.3 Lemma. Given L-structures A, B,C, suppose that A C C and A C.... B. Then there is an L-structure
D with an embedding f: B — D and an elementary embedding g: C — D such that f(a) = g(a) for every
a €A

Proof. We may assume that BNC = A. Let L(BUC') be the extension of L by adding to L constant symbols
d for every d € BUC. We will use Theorem 1.3.2 (Compactness Theorem) to show that Diag(B) UDiage(C)
is consistent. Take any finite subset I' of Diag(B) U Diage(C). We may assume that I' is {¢1(a1,b1) =
0, -, pr(ak,br) = 0,%1(c1) = 0,--- ,(¢;) = 0}, where 1, , ) are atomic L-formulas, ay,--- ,ax are

tuples in A, by,--- , by are tuples in B\ A, 11, ,¢; are L-formulas, and ¢q,--- , ¢ are tuples in C. Let
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¢ denote maxi<;<i ¢; and let ¢ denote max;<;<;{%;}. Then I is equivalent to max(y(b,a),?(c)) = 0 for
some tuples a in A, bin B\ A and ¢ in C. Since ¢ is quantifier free and A C. . B, for each ¢ > 0 there
is a tuple a. in A such that A = (ac,a) < e. Then because A C C and ¢ is quantifier free, we have
C = ¢(ae,a) < e for each € > 0. Hence there is an elementary extension C’ of C and a tuple ¥’ in C'\ C
such that ¢’ = ¢(b',a) = 0. In the L-structure C’, we interpret b as b’, interpret every f € B which is not
in AUb as arbitrary element in C’, and interpret every g € C as itself in C’. Then C’ is expanded to be an
L(B UC)-structure and C’ = max(ga(bcl, ac), w(ccl)). Hence T is satisfiable, whence Diag(B) U Diage (C) is
consistent. Let D be a model of Diag(B) UDiage (C). Then D is an Lpyc-structure. Since A = BNC, there
is an embedding f: B — D and an elementary embedding g: C — D such that f(a) = g(a) = aP for every
ac A O

1.8.4 Lemma. Given L-structures A and B with A C.... B, there is an L-structure C such that B C C and
A=XC.

Proof. By Lemma 1.8.3, there is an L-structure C with an embedding f: B — C and an elementary embedding
g: A — Csuch that f(a) = g(a) for every a € A. Therefore, f[B] C C and f[A] = g[A] < C. After identifying

B with its isomorphic copy f[B] in C, we have B C C and A < C. O

1.8.5 Lemma. Let T be an L-theory. If T is A-categorical for some infinite cardinal A and has an e.c. model

M with density character > A, then every model of T' with density character > X is e.c.

Proof. First, we show that the unique model A of T of density character A is e.c. By Theorem 1.4.4
(Downward Lowenheim-Skolem Theorem), we may assume that A < M. Then, A C.. M. Let B2 A
be a model of T. By Lemma 1.8.3, there is a C = T with an embedding f: M — C and an elementary
embedding g: B — C such that f(a) = g(a) for every a € A. Since M is an e.c. model and C = T', we have

fIM] Cee. C. Then for every quantifier free formula ¢ and every a € A, we have
(inf p(, a))* = (inf p(z,a)™ = (inf p(z, f(a)))® = (inf p(, 9(a)))® = (inf p(z,a))®,

which implies A4 C,... B.
Second, let N be a model of T with density character > X. Let B O A be a model of T. Consider
any quantifier free formula ¢(z,y) where y is n-ary, and any a € N™. By A-categoricity, we may assume

that a € A < N where A is the unique model of density character A\. Then as shown above, A C.. B,

whence (inf, ¢(z,a))? = (inf, p(z,a))*. Since (inf, ¢(z,a))* = (inf, p(z,a)), we have (inf, (z,a))? =

(inf p(ar, )" .
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Proof of Theorem 1.8.2. By Theorem 1.7.4 and Theorem 1.7.3, the theory T" has an e.c. model of density
character > k. Let M; and My be models of T" with density character > k such that M; C Ms. By
Lemma 1.8.5, we have M;, My are e.c. models, whence M; C.. Ms. By Lemma 1.8.4, there is M3 E T
such that My C M3 and M; < Mj3. Then by Lemma 1.8.5, My C.. Ms. Inductively, we get a chain

(M, | n € N) such that M,, < M, for every n € N. Therefore, M; C My < [JM,, and M; < JM,,
whence M; < M.

Now let M, and M5 be arbitrary models of T' with My C M. Because T has no compact models, there
is a model M3 of T with density character > k such that M; < Mgs, therefore M; C. . Mj3. By Lemma
1.8.3, there is My = T with an embedding f: M3 — M, and an elementary embedding g: Ms — M, such
that f(a) = g(a) for every a € M;. Note that M3 and My are models of T' with density character > k.
Then as proved above, we have f[M3] < My, whence g[M;] = f[M1] 2 My. Since g[Ms] X My, we have
g[Mi] = g[Mz], whereby M; < M. O

1.8.6 Remark. This proof of Theorem 1.8.2 follows C. Ward Henson’s unpublished manuscript, which is

similar to the first order case; e.g., see [17, Theorem 7.5.4).

1.9 Separable categoricity

Let L be a signature for metric structures which has only a countable number of nonlogical symbols. Let T
be a complete L-theory.

An L-theory is called separably categorical, if it has exactly one separable model up to isomorphism.
Since a theory might only have finite models, a separably categorical theory is not necessarily w-categorical.
A separably categorical theory is always complete. If it has a compact model, then by the downward
Loéwenheim-Skolem theorem, it has exactly one model up to isomorphism, and hence it is complete. If it has
no compact models, then it is complete by Vaught’s test. An w-categorical theory is complete if and only if
it has no finite models.

Let p € S, (T). We say p is principal if for every model M of T, the set of realizations of p in M, denoted
by p(M), is definable in M over (.

1.9.1 Proposition ([4, Proposition 12.4]). Letp € S,,(T'). Then p is principal if and only if p has the same

neighborhoods in the logic topology as in the metric topology. O

1.9.2 Theorem (Omitting Types Theorem, [4, Theorem 12.6]). Let T be a complete countable theory and

let p € S,(T). Then p is principal if and only if p is realized in every model of T. O

19



A model M of T is atomic if every type over the empty set realized in M is principal. A structure M
is approzimately Ng-saturated if for every n-tuple a in M, every type p(z,a) € S1(a), and every € > 0, there

is an n-tuple @’ in M such that d(a,a’) < € and the type p(x,a’) is realized in M.

1.9.3 Theorem (Ryll-Nardzewski Theorem). Let T be a complete countable theory. Then the following are

equivalent:
(i) T is separably categorical.
(i) Every n-type over the empty set is principal for all n € N.
(iii) Every model of T is approximately Ro-saturated.
(iv) The d-metric topology on S, (T) coincides with the logic topology for all n € N.
(v) The d-metric topology on S, (T) is compact for all n € N.
Proof. This is [5, Fact 1.14]. O

1.9.4 Corollary ([4, Corollary 12.11]). Suppose that T is a separably categorical theory and M is the
separable model of T. Then for all a,b € M™ and for every € > 0 there is an automorphism F of M such
that

d(F(a),b) < d(tp(a), tp(b)) + <.

O

1.9.5 Corollary ([4, Corollary 12.13]). Suppose L C L’ are countable signatures, T' is complete in L' and

T is its restriction to L. If T' is w-categorical, then so is T. O

1.9.6 Proposition. Let T' be a separably categorical theory and let M be a separable model of T. For
every closed subset X C M™, if F(X) = X for all F € Aut(M), then X is O-definable. In particular, a
(-type-definable set in M is O-definable.

Proof. Fix a closed set X C M™ such that F(X) = X for all F' € Aut(M). Define D(a) := dist(a, X) for all
a € M™. We will show that D is a (-definable predicate. For all a,b € M", if tp(a) = tp(b) then by Corollary
1.9.4, for all € > 0 there is an automorphism F' of M such that cl(F(a)7 b) < e. Since F fixes X setwise, we
have D(a) = D(F(a)). Consequently, we have ’D(a) —D(b)‘ < e for all e. Therefore, D(a) = D(b). Now, we
define D: S,,(T) — [0,1] by D(p) = D(a), where a € M™ is any realization of the type p € S,,(T). As shown
above, D is well-defined. Let C be the set {tp(z) | x € X }. Define ®(p) := dist(p, C) for all p € S,(T). It
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follows from the definition that ®(p) is d-continuous. Since T is separably categorical, the d-metric topology
coincides with the logic topology. So ®(p) is also continuous under the logic topology.

For every r € [0, 1] and every tp(a) in D=1([0,7]), we have D(a) < r which means dist(a, X) < r. Hence,
for all € > 0, there exists b € X such that d(a,b) < r+e. Then ®(tp(a)) = dist(tp(a), C) < d(tp(a), tp(b)) <
r+ e for all € > 0. So ®(tp(a)) < r. Therefore, D! ([0,7]) € @~1([0,7]).

Now for all tp(a) € ®~1([0,r]), we have ®(tp(a)) < r, which means dist(tp(a),C) < r. For all € > 0,
by Corollary 1.9.4 there exists ¢ € X such that d(a,c) < r + e. Therefore, we get D(tp(a)) = D(a) =
dist(a, X) < 7. Then we have ®~*([0,7]) C b’l([O,rD.

Overall, we get D1 ([0, r]) =¢! ([O, r]) for all r € [0,1]. Since ® is continuous with respect to the logic

topology, D is also continuous with respect to the logic topology. Hence D is a (-definable predicate. O

1.10 Quantifier elimination

Let L be a signature for metric structures and let T be an L-theory. An L-formula ¢(x) is approzimable in
T by quantifier free formulas if for every e > 0 there is a quantifier free formula v (z) such that for every

model M of T and every a € M™,

lp™M(a) —¢v™M(a)] < e

The theory T admits quantifier elimination if every L-formula is approximable in T by quantifier free

formulas.

1.10.1 Remark. (i) Let T be an L-theory and let L(C) be an extension of L by constants. If T admits
quantifier elimination in the signature L, then T also admits quantifier elimination in the signature

L(C).

(ii) Let T be an L-theory and let the L-theory T' 2 T. If T admits quantifier elimination, then T’ also

admits quantifier elimination.

1.10.2 Proposition ([4, Proposition 13.6]). Let T be an L-theory. Then T admits quantifier elimination if
and only if the following statement holds:

for all models M and N of T, every embedding of a substructure of M into N can be extended to an
embedding of M into an elementary extension of N.

Moreover, if Card(L) < k where K is an infinite cardinal, then it suffices to consider models of T with

density character < k in the above statement. O
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1.10.3 Definition ([6, Definition 4.15]). We say that an L-theory T has the back-and-forth property if
for all Ng-saturated models M and N of T, all n-tuples a € M™ and b € N™, and all c € M, if a and b have
the same quantifier free type (i.e., o™ (a) = @ (b) for all quantifier free formulas @), then there is d € N

such that (a,c) and (b,d) have the same quantifier free type.

1.10.4 Theorem. For an L-theory T, the following are equivalent:
(i) The theory T admits quantifier elimination.
(i) The theory T has the back-and-forth property.

(iii) Every type in Sy, (T) is determined by quantifier free formulas.

Proof. (i) < (ii): This is [6, Theorem 4.16].

(7) = (i4d): This is trivial.

(i13) = (i1): For all Ry-saturated models M and N of T, all n-tuples a € M™ and b € N, and all
¢ € M, if a and b have the same quantifier free type, then by assumption we have tp(a) = tp(b). Let
p(z,y) = tp(c,a). Then p(z,b) is consistent and is realized by some d € N by Ny-saturation. Hence, (a,c)

and (b, d) have the same quantifier free type. O

Model companion and model completion

Fix a signature L for metric structures. An L-theory T* is called a companion of an L-theory T if every
model of T can be embedded into a model of T* and vice versa. A model companion of a theory T is a
companion of T" that is model complete. A model completion for a theory T is a model companion T™ such

that for every model M of T, the theory T* U Diag(M) is complete.

1.10.5 Proposition. Suppose T™ is a model companion of T. Then T is a model completion of T if and

only if T* admits quantifier elimination.

Proof. Similar to the first order case; e.g., see [10, Proposition 3.5.19]. O

1.11 Stability and independence
We fix a signature L for metric structures and a complete L-theory T'. Throughout this section, x is an

infinite cardinal > Card(L) and A is an infinite cardinal.

1.11.1 Definition. o A theory T is \-stable with respect to the discrete metric if for every M =T

and every A C M of cardinality < X, the type space S1(T4) has cardinality < \. We say that T is
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stable with respect to the discrete metric if T is \-stable with respect to the discrete metric for

some A.

o A theory T is A-stable if for every M |=T and every A C M of cardinality < X, the type space S1(T)

under metric topology has density character < A. We say that T is stable if T is \-stable for some A.

1.11.2 Theorem ([4, Theorem 14.6]). A theory is stable if and only if it is stable with respect to the discrete

metric. O

1.11.3 Definition. Let M be a k-universal domain for T and let B,C C M be small subsets. Let p(X, B)
be a partial type over B where X could be infinite. We say that p(X, B) divides over C if there is a
C-indiscernible sequence {B;}ien in tp(B/C) such that | J;cy p(X, B;) is inconsistent with T'.

Moreover, if A, B,C C M are small such that tp(A/B U C) does not divide over C, then we say that A
is independent from B over C, denoted by AJ/CB,

We say a type tp(A/C) stationary if for every A’ such that tp(A4/C) = tp(A’/C), AJ/CB, and A’\LCB,
we have tp(A/BUC) =tp(A'/BUC).

1.11.4 Theorem ([4, Theorem 14.12]). Let M be a k-universal domain for T. Let A,B,--- C M be small

and let M <M be small. If T is stable, then the independence relation L satisfies the following properties:
(i) Invariance under automorphisms of M.
(ii) Symmetry: ALoB <= BLA.
(iii) Transitivity: ALo(BU D) if and only if ALoB and AL g D.
(iv) Finite character: AJ,CB if and only if aJ,CB for all finite tuples a from A.
(v) Extension: for all A, B,C, there is A" such that A'L B and tp(A/C) = tp(A’/C).
(vi) Local character: for every finite tuple a, there is B' C B of cardinality < |T| such that a,\LB,B.

(vii) Stationarity of types: if tp(A/M) = tp(A'/M), AL B, and A'"L B, then we have tp(A/BU M) =
tp(A’/BUM). O
1.11.5 Definition. A relation satisfying properties (i)—(vii) in the above theorem is called a stable inde-

pendence relation.

1.11.6 Theorem ([4, Theorem 14.14]). Let M be a rk-universal domain for T. If T is stable, then there is
precisely one stable independence relation on M. Moreover, if there is a stable independence relation on M

on M, then T is stable. O
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1.11.7 Theorem (Stability Spectrum Theorem, [4, Theorem 14.7]). Let T be a stable theory and let u(T)
be the first cardinal such that T is stable. Then there is a cardinal k = k(T) such that T is \-stable if and

only if A= p(T) + A<". O
1.11.8 Definition ([4, Definition 14.9]). A theory is superstable if k (defined in the above theorem) is Ny.

1.11.9 Proposition ([4, Proposition 14.10]). A theory T is superstable if and only if it is A-stable for all
A > 2lTl O

1.11.10 Proposition ([4, Corollary 14.17]). Suppose a theory T is stable. Then T is A-stable with respect
to the discrete metric for all X such that A = A7, O
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Chapter 2

Background from analysis

In this chapter, we present the background from analysis necessary for later chapters. In Section 2.1, we
discuss basic probability theory. Section 2.2 plays an essential role in the following chapters. In this section,
we introduce measure algebras and the property of one measure algebra being atomless over another one.
We also present Maharam’s Theorem about the decomposability of measure spaces. In Section 2.3, we
discuss the symmetric rearrangement of a Borel set and the symmetric-decreasing rearrangement of a Borel

measurable function. In Section 2.4, we give background on Wasserstein distances in optimal transport.

2.1 Basics of probability theory

In this section, we present some basic probability theory results. The book [12] is a good source for most of
them.

A probability space is a triple (Q, F, P), where  is a set of “outcomes”, F is a set of “events”, and
P: F —[0,1] is a function that assigns probabilities to events. Moreover, F is a o-algebra of subsets of
and P is a probability measure on F which means that P is o-additive and P(Q2) = 1. If Q is a countable
set, then the probability space (2, F, P) is called a discrete probability space. For any F' € F with positive
measure, if for every G € F, either P(FNG) =0 or P(FNG) = P(F), then F is called an atom in F. If
for every F' € F with positive measure there is an atom Fy € F such that Fy C F', then such a o-algebra F
is called atomic. Note that if (Q, F, P) is a discrete probability space, then F is atomic.

A real valued function X on  is called a random variable if for every Borel B C R, we have X ~1(B) € F.
A random variable X induces a natural probability measure on R, called its distribution and denoted by
dist(X); it is defined by setting dist(X)(B) = P(X~!(B)) = P(X € B) for all Borel B C R. Let A be a set
of random variables : Q@ — R. Let 0(A) denote the smallest o-algebra A C F such that all random variables
in A are A-measurable. When A only has one element X, we also call o(X) the o-algebra (of measurable

sets) generated by the random variable X. Let {X, }nen be a sequence of random variables on 2. We say
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that X,, converges almost surely if
P({w]| nhHH;O X, (w) exists }) = 1.

Two events A, B € F are independent if P(AN B) = P(A)P(B). Two random variables X,Y: Q@ — R
are independent if for all Borel C, D C R, the events X ~}(C) and Y ~}(D) are independent. Two o-algebras
A C F and B C F are independent if for all A € A and all B € B, the events A and B are independent.

Note that random variables X and Y are independent if and only if the o-algebras o(X) and o(Y") are.

2.1.1 Definition. Consider a probability space (2, Fo, P), a o-subalgebra F of Fo, and a random variable
X with [, |X|dP < co. The conditional expectation of X given F, denoted by E(X|F), is any random

variable Y satisfying the following two conditions:
e The random variable Y is F-measurable.
e For every A € F, we have [, XdP = [, YdP.

If X is a characteristic function, say X = 14 where A € Fy, then E(14|F) is called the conditional

probability of A given F, denoted also by P(A|F).

Any Y satisfies the above two conditions is said to be a version of E(X|F).
Given probability measures p and v on (2, F), we say that v is absolutely continuous with respect to p,
denoted by v < u, if for all A € F, we have v(A) = 0 whenever p(A) = 0.

The following theorem is well-known in probability theory.

2.1.2 Theorem (Radon-Nikodym Theorem). Let pu and v be probability measures on (Q,F). If v < p,
then there is a F-measurable function f such that for every A € F, fA fdu = v(A). Such f is called a

Radon-Nikodym derivative of v with respect to u, and is denoted by j—,’;. O

2.1.3 Remark. Given that fQ | X |dP < oo, the conditional expectation of X given F exists and is unique

up to =,.5.. The existence follows from the Radon-Nikodym Theorem.
Conditional expectations have the following properties:

2.1.4 Proposition. Consider a probability space (2, Fo, P) and a o-subalgebra F of Fo. Let X,Y,--- be
random variables : Q@ — R with [ |X|dP < oo, [, |Y]dP < oo, .

1. (Linearity) E(aX + bY|F) = aE(X|F) + bE(Y|F) for all a,b € R.
2. (Monotonicity) If X <Y, then E(X|F) <E(Y|F).
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3. (Monotone convergence theorem) If X,, > 0 for every n € N, the sequence { X, }nen is increasing, and
X, = X a.s. with [, XdP < oo, then {E(X,|F)}nen is increasing and E(X,|F) — E(X|F) a.s. as

n — oo.
4. If o: R = R is a convex function and [, | X|dP, [, |p(X)|[dP < oo, then ¢(E(X|F)) < E(p(X)|F).
5. [ B(X|F)dP = [, XdP.

6. (Transitivity) If Fo C Fy C Fy, then

E(E(X|F2)|F1) = E(E(X|F1)|F2) = E(X|F2).

Proof. See [12, pages 224-227]. O

Next, we give the definition for transformations between two probability spaces.
2.1.5 Definition ([33, Definition 1.1]). Let (1, F1, P1) and (Qa, Fa, P2) be probability spaces.
1. A transformation T: Qy — Qq is measurable if T~Y(Fy) C Fy; i.e., if F € Fy then T~1(F) € Fy.

2. A transformation T: Qy — Qo is measure-preserving if T is measurable and Py (T~ (F)) = Py(F)

for all F € Fs.

3. A transformation T: Q; — Qs is invertible measure-preserving if T is measure-preserving, bijec-

tive, and its inverse T~ is also measure-preserving.

2.2 Background for measure algebras

In this section, we give the background for measure algebras, adapted from the books [12] and [14].

Dynkin’s -\ theorem

In this subsection, we introduce Dynkin’s well-known 7-\ Theorem and then use it to get some results on
o-algebras.

Let (2, F, ) be a probability space. Let P and L be subsets of F. We say that P is a w-system if it is
closed under intersection; i.e., if A, B € P then AN B € P. We say that £ is a A-system if: (i) Q € L; (i)
If A,Be L and A C B then B\ A € L; (iii) If for all n € N one has A,, € £, and {A, }nen is an increasing

sequence so that |J,,cy An = A, then A € L.
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2.2.1 Theorem (m-A Theorem, [12, page 25]). If P is a w-system and L is a A-system that contains P,
then o(P) C L. O

Let % be a o-algebra. For every A C A, the o-subalgebra o-generated by A in A, denoted by o(A),
is the smallest o-subalgebra of % including A. For all o-subalgebras 7 and % of A, the o-subalgebra
o-generated by &/ and &% is denoted by & V <.

Let (2, F, ) be a probability space and let &/ C F be an atomic o-subalgebra. A set {a; | i € I} is
called a mazimal family of pairwise inequivalent atoms of </ if (i) a; is an atom of & for each i € I; (i7)

p(a; Naj) =0 whenever i # j € I; (iii) J;c; ai = .
2.2.2 Fact. Let (0, F, u) be a probability space.
(i) Every maximal family of pairwise inequivalent atoms is countable.
(i) Every atomic o-subalgebra of F has a mazimal family of pairwise inequivalent atoms.

(i1i) Let o/ C F be an atomic o-subalgebra. If {a; | i € I} is a mazimal family of pairwise inequivalent

atoms of o, then for every a € o there is b € o({a; | i € I}) such that u(alNb) = 0.

Proof. (i): This follows from the defining properties of maximal families of pairwise inequivalent atoms
because p is a probability measure.

(#4): Fix an atomic o-subalgebra o/ of F. For all atoms a,b of &7, we say a ~ b if u(a Nb) > 0. Since
a,b are atoms, it follows that pu(aAb) = 0. Note that ~ defines an equivalence relation on the set of atoms
of &. Let {I'; | i € I} denote the set of all ~ equivalence classes. Since p is a probability measure, we
know that I is a countable set. For each i € I, take s; € I';. Then s; is an atom for each 7 € I. Whenever
i #j €I, since s; and s; belong to different equivalence classes, we have u(s; Ns;) = 0. If p(lU;c;5:) # 1,
then since .« is atomic, there is an atom a C Q \ (U,c; 8:) in /. Then a € T'; for some j € I, and thus
p(a N s;) > 0, which contradicts the fact that a € Q\ (U,;¢; s:). Hence, pu(lU;c;s:) = 1. Take ig € I. Let
iy = Sig U (2\ (Ues 5i)) and a; = s; for all i # ig. Then {a; | i € I} is a maximum family of pairwise
inequivalent atoms of <.

(#it): Suppose {a; | i € I} is a maximal family of pairwise inequivalent atoms of «/. Then for every
a € o, let J denote the set {j | 7 € I, u(a;Na) > 0}. Since I is a countable set, J is also countable. Let b be
Ujesa;j- Then b € o({a; | i € I}). Since a;’s are atoms, for every j € J, we have that p(a;A(a; Na)) = 0.
Then it follows that u(a\b) = 0. O

2.2.3 Proposition. Let (2, €, 1) be a probability space and let &/, C € be o-algebras. Assume that <

contains the set of all sets of measure zero and B is atomic. Let {b; | i € I} be a mazimal family of pairwise
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inequivalent atoms of B, where I is a countable set. Then, we have

d\/f@:{Uaiﬁbi|ai6%f0refue7"yief}.
iel

Proof. Let £ denote the set {{J,.;a; Nb; | a; € & for every i € I'}. For the set £, we have

i€l
(i) Qe L.

ii) Let A1 = a; Nb; and Ay = al Nb; bein £. Then
(ii)

el el i

Ap\ Ag = J(ai \ a)) Nb; € L.

iel

(iii) Let {A; = U;cy @ij Nbi}jen be a sequence in £. Then

DAj: UUaijﬂbi:U(Uaij)ﬂbieﬁ.
j=1

j=1iel iel j=1

Therefore £ is a A-system. Let P be {c1Neca | c1,c0 € {b; | i € I} Uo7}, Since whenever i # i’ € I we have
w(b; Nb) =0, the set of all sets of measure zero is contained in o7, and o7 is closed under intersections, we
have that P is a m-system. By Theorem 2.2.1 (w-A Theorem), we have o(P) C L. Because &/ contains the

set of all sets of measure zero and Fact 2.2.2(4i7), we have that o7 V B =o0({b; | i € [} U). Hence,
INB=c({b|i€l}UA)Co(P)CLLo({b;|iel}Ud).
Therefore o7 V B = L. U

Measure algebras

In this subsection, we present the necessary background for measure algebras. Some properties of the relation
“atomless over” are given, which play an important role in the next chapters. Finally, we prove Theorem
2.2.21, which tells us how to extend a partial measure-preserving isomorphism between probability algebras

to a global one.

Basics of measure algebras

A boolean algebra B is o-complete if the supremum of every countable subset of B exists in B. A boolean

algebra B is complete if the supremum of every subset of B exists in B. Let A be a subset of a boolean
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algebra (resp. o-complete boolean algebra) B. Then the boolean subalgebra generated by A (resp. o-complete
boolean subalgebra o-generated by A) in B, denoted by (A) (resp.o(A)), is the smallest boolean subalgebra
(resp. o-complete boolean subalgebra) of B including A. For o-complete boolean subalgebras A; and As of a
o-complete algebra B, the o-complete boolean subalgebra o-generated by A; and A, is denoted by A; V As.
Note that a o-algebra is a o-complete boolean algebra.

A measure space is a triple (X, A, u) where X is a set, A is a o-algebra of subsets of X, and p: A — [0, 00)
is a countably additive finite-valued measure.

A measured algebra is a pair (A, u) where A is a o-complete boolean algebra and p: A — [0,00) is a
finite-valued function such that p(a) = 0 iff @ = 0, and p is countably additive, which means that if {a, nen

is a countable subset of A and a,, N a, = 0 whenever m # n, then

U(Z an) = Z plan).

neN neN

A boolean algebra A is said to be a measure algebra if there is a finite-valued p for which (A, u) is a
measured algebra. A measured algebra (A, u) is called a probability algebra if u(1) = 1. Let (A, u) be a

measured algebra. For all a,b € A, define
d(a,b) = p(alib),

where A is the symmetric difference of those two sets. In [15, Lemma 323F], it is shown that A is complete
under this metric.

Let A be a measure algebra. Let AT denote the set of nonzero elements in A. For every a € AT, if for
every b € A, either aNb =0 or aNb = a, then a is called an atom in A. If for every a € AT there is an
atom ag € AT such that ag C a, then such a measure algebra A is called atomic.

Let (X, A, ) be a measure space. For all a,b € A, we write a =, b if u(aAb) = 0. Note that =,
defines an equivalence relation. We denote the equivalence class of a under =, by [a],. Let A denote the
set {[a], | @ € A}. Then it is routine to verify that the operations of complement, union and intersection on
A induce operations on A\7 which make A a o-complete boolean algebra. Moreover, 1 induces a countably
additive, strictly positive measure on A. We call (121\7 1) the measured algebra associated to (X, A, p) and we
call A the measure algebra associated to (X, A, ). If the measure p on A is a probability measure, then we

call (A\7 u) the probability algebra associated to (X, A, ).

2.2.4 Definition ([33, Definition 2.1 and 2.2]). Let (X1, A1, 1) and (Xo, Ag, u2) be probability spaces.
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(i) Probability spaces (X1, A1, u1) and (Xa, Aa, pua) are said to be isomorphic if there are My € Ay, My €
As with py (M) = pe(Ms) =1, and an invertible measure-preserving transformation ¢: My — M. If
the probability space (X1, A1, u1) is the same as (Xa, Aa, o), then such an isomorphism is called an

automorphism.

(ii) Let (Ay, p1) and (As, pg) be the measured algebras associated to (X1, Ay, ) and (Xa, Ag, p2) respec-
tively. The measured algebras are isomorphic if there is a bijection ®: /All — /Alg which preserves
complements, countable unions and intersections and satisfies puy(®=1(b)) = pa(b) for all b € A,.
If the probability space (X1, A1, p1) is the same as (Xa, Aa, u2), then such an isomorphism is called
an automorphism. We say that the probability spaces are conjugate if their associated probability

algebras are isomorphic.

Since point maps induce set maps, we have that if two probability spaces are isomorphic, then they are
conjugate. The other direction is not true in general. For the case when set maps are always induced by

point maps for probability spaces, there is the following result.

2.2.5 Theorem ([33, Theorem 2.2]). Let X; and X2 be complete separable metric spaces, let B(X;1) and
B(X3) be their o-algebras of Borel subsets, and let uy and po be probability measures on B(X1) and B(X32)
respectively. Let ®: E(Xg) — E(Xl) be an isomorphism of probability algebras. Then there are M; €
B(X4),Ms € B(X3) with puy(My) = pe(Ms) = 1, and an invertible measure-preserving transformation
2 My — My such that ®([b],,) = [ (N M2)],, for every b € B(X2). If ¢ is any other isomorphism from
(X1, B(X1), 1) to (Xa, B(X2), ua) that induces ®, then

m({z € X1 | pla) # 6(@)}) = 0.

O

2.2.6 Theorem ([14, Theorem 2.6]). Let (A, u) be a measured algebra. Then there is a measure space
(X, B,v) such that (A, 1) = (B,v) as measured algebras. O

2.2.7 Proposition. Let A, B be o-complete subalgebras in a probability algebra (C, p). Suppose B is atomic.

Let {b; | i € I} be an enumeration of the atoms in B. Then

A\/B:{Uaimbi|(1i€Af07‘€1}eTyi€I}.
icl

Proof. By Theorem 2.2.6, there is a probability space (X,%,v) such that (C,pu) = (‘g, v) as probability
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algebras. Without loss of generality, we identify (C, ) with (%?, v). Thus, (C, ) is the probability algebra
associated to (X,%,v). As explained on page 30, there is a mapping 7 from the o-algebra € to the o-
complete boolean algebra 7(%) = ¢ = C. Let o/ denote 77 1(A). Then because A is a o-complete boolean
algebra and % is a o-algebra, it follows that o is a o-subalgebra of ¥ and &7 contains the set of all sets of
measure zero. Further, we know that (A, u) is the probability algebra associated to (2, <7, v). Let % denote
71(B). Then % is a o-subalgebra of 4. Since B is atomic, we have that 2 is also atomic. Since p is
finite-valued, B has at most countably many atoms, and thus I is a countable set. For each i € I, we have
that m—1(b;) is an equivalence class of measurable sets in 9. Take C; in the class 7~ 1(b;) for each i € I.
Then for each i € I we have C; C % is an atom, u(C;AC;) = 0 whenever i # j € I, and p(lU;¢; Ci) = 1.
Take ig € I. Let B;, = C;, U(Q\ (U,;¢; Ci)) and B = C; for all j # ig € I. Then {B; | i € I} is a maximal

family of pairwise inequivalent atoms of 2. The rest follows from Proposition 2.2.3. O

Let A be a boolean algebra and let AT denote the set of nonzero elements in A. For every a € AT, the
relative algebra of A on a, denoted by A | a, is the set {aNb | b € A}. Note that A | a is also a boolean
algebra, where a becomes the 1. For a subset X of a complete boolean algebra A, we say A is completely

generated by X if the smallest complete subalgebra of A containing X is A.

2.2.8 Definition. Let A be a complete boolean algebra. Then

(i) T(A) :=inf{|X|: X C A and A is completely generated by X }.

(ii) (T-homogeneous) We say that A is T-homogeneous if (A | a) = 7(A) for alla € AT.
(iii) (homogeneous) We say that A is homogeneous if A~ A ] a for alla € AT.

(iv) Suppose B is a complete subalgebra of A. For every a € A, we define

mp(a) :=inf{|X|: X C A and A | a is completely generated by {aNb|be X UB}}.

2.2.9 Remark. By [14, page 889, 2.2(h)], any o-complete subalgebra of a measure algebra is a complete

subalgebra. Therefore, when A is a measure algebra, we have
7(A) =inf{|X|: X C A and A is o-generated by X },

and

mp(a) =inf{|X|: X C A and A | a is o-generated by {aNb|be X UB}}.
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2.2.10 Theorem ([14, Theorem 3.5)). Let (A4, 1) and (B,v) be T-homogeneous measured algebras such that

T(A) =71 an = v(1). Then there is a measure-preserving isomorphism between A and B.
(A) (B) and p(1) (1). Then there i D ing i phism b A and B O

2.2.11 Proposition. Let A be a measure algebra. Then A is T-homogeneous if and only if A is homogeneous

as a boolean algebra.

Proof. [14, Corollary 3.6] shows that if A is 7-homogeneous then it is homogeneous. The other direction is

trivial. O

2.2.12 Theorem ([14, Theorem 3.13]). Let (A,pn) and (B,v) be measured algebras and C a o-complete
subalgebra of A. Let g: C — B be a measure-preserving homomorphism. Set k = min{T(B ['b)|be B"‘}.

Suppose 7(C') < k. Then we have:
(i) If T(A) < &, then there is a measure-preserving homomorphism f: A — B extending g.
(i) If A and B are both homogeneous and 7(A) = 7(B) = k, then f can be taken to be an isomorphism.

O

2.2.13 Corollary ([14, Corollary 3.19]). Let A be a homogeneous measured algebra, C C A be a o-complete
subalgebra with 7(C) < 7(A), and g: C — A be a o-complete monomorphism (i.e., it preserves countable

unions of elements in C'). Then g extends to an automorphism of A. O

Atomlessness

2.2.14 Definition. (i) A measure space (X, A, n) is atomless if for every a € A of positive measure,

there exists b € A such that b C a and 0 < u(b) < u(a).

(ii) Let (X, A, u) be a measure space and let B be a o-subalgebra of A. We say that A is atomless over B,

if for every a € A of positive measure, there exists b € A such that for all ¢ € B, we have aNb # aNe.

(iii) Let (X, A, ) be a measure space and let B be a o-subalgebra of A. Given an infinite cardinal r, we
say that A is k-atomless over B, if for every o-subalgebra B’, which is o-generated by BU S, where
S is a set of cardinality < k in A, we have that A is atomless over B'. When B is trivial and A is

k-atomless over B, we say simply that (X, A, u) is k-atomless.
Analogously, we define these notions of atomlessness for measure algebras.

2.2.15 Definition. (i) A measure algebra A is atomless if for every a € A", there exists b € AT such

that bNa="> and b # a.
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(ii) Let A be a measure algebra and let B be a o-complete subalgebra of A. We say that A is atomless

over B, if for every a € AT, there exists a’ € A such that for all b € B, we have ana’ # aNb.

(iii) Let A be a measure algebra and let B be a o-complete subalgebra of A. Given an infinite cardinal k,
we say that A is k-atomless over B, if for every o-complete subalgebra B’, which is o-generated by
BUS, where S is a set of cardinality < k in A, we have that A is atomless over B'. When B is trivial

and A is k-atomless over B, we say simply that A is k-atomless.

2.2.16 Lemma (Maharam’s Lemma). Let (X, A, 1) D (X, B, ;1) be measure spaces and let A and B be the

measure algebras associated to (X, A, ) and (X, B, u) respectively. Then the following are equivalent:
(i) The measure space (X, A, 1) is atomless over (X, B, ).

(i) For every a € A of positive measure and for every B-measurable function f: X — R such that 0 <

f <E(a| B), there is a set b € A such thatb C a and E(b | B) = f.

(iii) For every a € A of positive measure, there is a set b € A such that b C a and

£ 5y~ Bl )

(iv) For every a € A of positive measure and for all € > 0, there is a set b € A such that b C a and

e B) - 2P <o

(v) The measure algebra A is atomless over B.

Proof. (i) = (4i): This is [8, Theorem 1.3].
(i) = (i@): This is trivial.
(#i7) = (4v): This is trivial.

(iv) = (i): We need only prove that for every a € A with p(a) # 0, there is a set b € A such that

anNb#ancforall ce B. Fix a € A with u(a) > 0. Choose € so that 0 < € < “1(‘21). By (iv), there is a set
b € A such that b C ¢ and

E(a| B

e B) - 2P <o

If for some ¢ € B we have aNb=aNe¢, then b =anNb=aNc, whereby bNec = (aNc)Nec=aNc=>. Hence

/ E(a| B)dy = / Xadpt = panc) = ub).

C C
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Also

JEO 1Bl =p(erc) = ).

c

Then we have

[ 8- = B - 1)
Thus

M0 w5y - BB <o
Then

1O BB < k6| B - HE ) Bl < e+ ).

Hence @ < 3¢, contradicting the fact that € < % Therefore aNnb="b# ancforall c € B.

(v) = (i): Since A is atomless over B, for every a € A with pu(a) > 0, there exists b € A such that
[al, N [b], # [a], N [c], for all ¢ € B, whereby p((aNb)A(anc)) # 0 for all ¢ € B. Hence aNb # anc for
all ¢ € B, whereby (X, A, u) is atomless over (X, B, u).

(#i7) = (v): By (i), for every a € A with p(a) > 0, there exists b € A such that b C a and

E(a| B)

E(b| B) = ==

Hence, u(b) = “(2'1) > 0 and for all ¢ € B,

If [a], N [b], = [a],N]c], for some ¢ € B, then ([a],N[D],) N, = ([al,N]dL) Ne]y, and thus [(anb)Nd], =
[(ane)Nc],. Since b C a, we have [bN¢], = [aNd], = [aNb], = [b],, whereby p(bNc) = planc) = pu(b) > 0.

This contradicts the fact that

Therefore, A is atomless over B. O]

For the notion of “atomless over”, we have the following technical lemma:

2.2.17 Lemma. Let A D B be two probability algebras. If A is atomless over B, then tg(a) > w for all

a€ AT,

Proof. Suppose not. Then there exists a € AT such that A [a={anb|be o({by, - ,b,} UB)} for some
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b1, ,by, € A. Then by Proposition 2.2.7, one has

o({br,-- b} UB)={ |J OFn---nbyne) e, e € {+1,-1},cc € B}

1,7 s€n

where b;Ll = b; and b;l = b? for each i = 1,---,n. Since A is atomless over B and a € A", there exists
bo € o({b1,--- ,by} UB) such that aNby # aNc for all ¢ € B. Then for some €1, --- , €, € {+1,—1} (without

loss of generality, assume € = --- = ¢, = +1), one has p(anNbyN---Nb,) #0 and for all c€ B
aNbiNeNbyNby#aNbiN---Nby,Ne.

Since by € o({b1,-- ,bp} U B), one has that aNb; N---Nb,Nby=anbyN---Nb, Ncy for some ¢y € B,

which is a contradiction. O

2.2.18 Corollary. Let A O B be two probability algebras. Suppose that A is atomless over B. For alln € N,

let a,--- ,an be in A. Then A is atomless over o(BU {a1,--- ,an}). O
The following lemma gives more techniques for dealing with atomlessness.

2.2.19 Lemma ([19, Lemma 4.4]). Let M be a Polish space. Let (Q, F, P) be a probability space and let
A, B, EC C F be og-subalgebras.

(i) Suppose o/ C B and P is atomless over of. Let G be a conditional distribution over o/ on M;
i.e., for every Borel set U C M the function G(U): Q — [0,1] is o7 -measurable, G(0) = 0 almost
surely, G(M) = 1 almost surely, and if U = J;cn Ui, where Uy NU; = () whenever i # j € N, then
G(U) = > ;en G(Us) almost surely. Then there is a %-measurable function f: Q — M such that for
every Borel U C M,

E(feU|&)=GU) a.s.

(i) Suppose o/ and B are o-subalgebras of €. If B is atomless and of ;% are independent, then € is
atomless over o . O
Extending isomorphisms
We first give a lemma from Fremlin [14].

2.2.20 Lemma ([14]). Let (A4, ), (B,v) be measured algebras and C C A a o-complete subalgebra. Suppose

that f: C — B is a measure-preserving homomorphism such that B is atomless over f[C], the image of f.
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Then for every a € A there is a measure-preserving homomorphism g from o(C U {a}) to B which extends

f. Moreover, if b € B satisfies p(an f~1(d)) = v(bNd) for every d € f[C], then g can be taken to satisfy

g(a) =b.
Proof. The first part is [14, Lemma 3.4] and the second part is in the proof of it. O

The following theorem is an extension of Theorem 2.2.12.

2.2.21 Theorem. Let A and B be probability algebras and let C C A be a o-complete subalgebra. Let
f: C — B be a measure-preserving homomorphism. Suppose tc(a) = 74;c)(b) = k > w for all a € AT and
be Bt. Givenn < k, let (ac)cey € A and (bc)c<ny C B be two families. Let Cyy denote the o-complete
subalgebra o-generated by C U {a¢}c<y. If there is a measure-preserving homomorphism fo: Co — B such
that fo(ac) = be for all ¢ < n and fo extends f, then there is a measure-preserving isomorphism g: A — B

which extends fy.

Proof. Let (c¢)e<w € A and (dg)e< € B be two families such that A is o-generated by C' U {c¢}e<, and B
is o-generated by f[C]U{d¢}¢<,. We will use transfinite induction to define o-complete subalgebras C¢, D,

and measure-preserving isomorphisms g¢ for all £ < x, where for some families {c;}e<r € A, {d;}e< € B

to be determined later,
e the o-complete subalgebra C¢ of A is o-generated by {c,},<¢ U {c),}p<e UC U{ac}c<y-
e the o-complete subalgebra D¢ of B is o-generated by {d,},<c U{d},},<¢ U f[C]U {b¢}c<y-
e the measure-preserving isomorphism g¢ is from C¢ to De.

The family (ge)e<w will also satisfy: go = fo; g,, extends g,, whenever p; < p2 < k.
Zero case: Let Co = o(C U{ac}c<yn), Do = fo[Co], and go = fo.
Successor case: Suppose that C,, D,, and g, have been defined for all ordinals p < §. Also c; and d;

have been defined for all ordinals p < €.

(i) Let Cé be o(Ce U {ce}), a o-complete subalgebra of A. For every b € B, if B | b= D [ b, then
70 (b) = inf{|X|: X C B and D¢ | b is o-generated by {bNz |z € X U fIC]}} < [¢] + [£] + |n] < &.

This contradicts the fact that 7f;c1(b) = x. Therefore B [ b# {b-d|d € D¢}, and thus B is atomless
over D¢ = g¢[C¢]. By Lemma 2.2.20, there is a measure-preserving homomorphism g;: C¢ — B

extending g¢. Let di = gi(c¢), so that g¢[C¢] = Di = o(Dg U {dg}).
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(ii) Now ggl: D; — Cf is a measure-preserving isomorphism. For every a € AT, if A [ a = C{ | a, then
te(a) = inf{| X[ : X C A and Cf | a is o-generated by {a Nz |2z € X UC}} < [¢] + [¢] + |n] < k.

This contradicts the fact that 7¢(a) = k. Then by the same argument, there is a measure-preserving
homomorphism fe: Deyq — A extending gg_l, where Dey1 := o(Dg U {d¢}). Let ¢ = fe(de) and
Cer1 = 0(CeU{ce}). Then gep1 = fg_lz Cey1 — Deyq is a measure-preserving isomorphism extending

ge. This completes the inductive step to £ + 1.

Limit case: For a limit ordinal £ > 0, we consider

¢ = UG be= U Derge = U ge-
¢<g ¢<g ¢<g

Then Cg and D are subalgebras of A and B respectively, and g¢ is a measure-preserving isomorphism.
Moreover, g¢ preserves the metrics on Cg and Df. Therefore, g¢ has a unique extension to a measure-
preserving isomorphism g¢: C¢ = Cf — D¢ = Dig‘ This completes the inductive step to &.

This transfinite induction finishes at x, when C, = A, D, = B, and g = g.: A — B is the desired

measure-preserving isomorphism. O

2.2.22 Remark. This proof is a revision of the proof of [14, Theorem 3.5].

2.2.23 Corollary. Let A, B,C be countably o-generated probability algebras with C C A. Let f: C — B
be a measure-preserving homomorphism. Suppose A is atomless over C' and B is atomless over f[C]. Then

there is a measure-preserving isomorphism g: A — B extending f.
Proof. Use Lemma 2.2.17 and Theorem 2.2.21. [

The following result shows how to extend measure-preserving isomorphisms with a different assumption:

2.2.24 Proposition. Let A C B be countably o-generated probability algebras and let the o-complete sub-
algebra C C B be atomic. Suppose B is atomless over A. Let f: A — A be a measure-preserving auto-
morphism. If there is a measure-preserving homomorphism fo: c(AUC) — B extending f, then there is a

measure-preserving automorphism g: B — B extending fy.

Proof. Note that the o-complete subalgebra o(A U C) is also countably o-generated. By Corollary 2.2.23,

it suffices to show that B is atomless over fo[o(A U C)]. Let the set {¢; | ¢ € I} be an enumeration of the

38



atoms in C. Since C' C B is a probability algebra, I is a countable set. By Proposition 2.2.7,

c(AUC) = {Uaiﬂci | a; € A for every i € I'}.
icl
By Corollary 2.2.18, for each i € I, we know that B is atomless over o(A U ¢;). Since C' is atomic, for every

b € B, we have that b = |J,.; b N ¢;, whereby for some j € I we have bN¢; € BT. Since B is atomless

iel
over 0(A U ¢;), there is d € B such that dN(bN¢j) # d N(bN¢;) for all d € o(AUc¢;). By Proposition
2.2.7, we know that c(AUc¢;) = {(a1 N¢j) U (az N cg) | a1,a2 € A}. Hence, dN(bNc¢;) #d N(bNc;) for all
d' € 0(AUc;) is equivalent to dN (bN¢;) # an(bNe;) for all a € A. Suppose there is d” € o(AUC) so that
dNb=d"Nb. By Proposition 2.2.7, we may assume d” = | J,c; a; N ¢;, where a; € A for each i € I. Then

since {¢; | ¢ € I} is an enumeration of the atoms in C', we have (dNb)N¢; = (d"Nb)N¢; = ajNbNc¢;, which

contradicts the fact that dN (bN¢;) # an(bNe;) for all a € A. Therefore B is atomless over c(AUC). O

Maharam’s Theorem

In this subsection, we present Maharam’s celebrated theorem (Theorem 2.2.28), which characterizes the
structure of measure algebras.

If (Qn, Fin, pin) is a sequence of probability spaces and a;, > 0 for all n € N such that ) o, = 1, then
the (countable) convex combination (0, F,u) = @B, cn(Qn, Fn, @npin) is defined as follows: replacing €2, by
an isomorphic copy, we may assume that the sets ,, are pairwise disjoint. Let Q@ = @, .y U = U,en On-
A set B C Q is measurable (i.e., in F := @, . Fn) if BNQ, € F, for all n € N. For every B € F, we
define p(B) := @, cny Wntin(B) = 3, cn Wntin (B N Q). Clearly, u(2) = 1.

Analogously, a (countable) convex combination of probability algebras is defined.

Let (21\,/11) and (§7u2) be measured algebras associated to measure spaces (X1, A, u1) and (Xo, B, p2)
respectively. The free product of measured algebras (//1\7 u1) and (E, t2) is the measured algebra associated
to the product measure space (X1 x Xo, A X B, 1 X p2). We write (2,,&1)32(@,/1,2)7 or (A\QE,m;ug), for
this free product.

Let [0, 1] denote the product of k copies of [0,1] with Lebesgue measure and let p, be the product
measure on it. Let (A, u,;) denote the measured algebra associated to the product measure space ([0, 1]*, pi;).
For all subsets A D T of , let pr2: [0,1]2 — [0,1]F be the canonical projection mapping. We write simply

prp if A = k. The following proposition describes the Borel measurable subsets of [0, 1]*.

2.2.25 Proposition. Let k be an infinite ordinal and let (Ax, ) denote the measured algebra associated

to the product measure space ([0,1]%, ). Then
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(i) The set of Borel measurable subsets of [0,1]" is

B, = {prp (G) | T is a countable subset of k and G is a Borel subset of [0,1]" }.

(i) For all countable subsets T of k and all Borel subsets G of the product measure space ([0,1]", ur), we

have

1 (prp ' (G)) = pr(G).

(i1i) For every A € A, there is B € B, such that [B],, = A, where [B],, is the equivalence class of B

under =, .

Proof. (i) Note that By is a o-algebra and it contains the basic open sets in the product topological space
[0,1]". Hence By, is the set of Borel measurable subsets of the product measure space [0, 1]*.

(it) and (¢i7) follow from [14, Theorem 1.11]. O

2.2.26 Proposition ([14]). Let k be an infinite cardinal. Then
(i) (Ag, ) is homogeneous and 7(A,) = k.
(ii) If (A, ) is a homogeneous probability algebra with T7(A) = k, then il is isomorphic to the probability
algebra (Ag, tiy)-
Proof. (i) is [14, Proposition 3.7(b)].

(i) is [14, Corollary 3.8]. O

2.2.27 Theorem ([14, Proposition 3.11)). Let (A, u) be a probability algebra and let C' be a o-complete

subalgebra of A. Then

(i) Suppose K > max(w,Tc(l)). Let (CX Ay, v) be the free product of probability algebras C and A, and
let e: C — CX A, be the canonical measure-preserving homomorphism. Then there exists an extension

of e to a measure-preserving homomorphism f: A — CXA,..
(ii) If, in (i), 7c(a) =k for all a € AT, then f can be taken to be an isomorphism. O
Maharam’s Theorem [24] gives us the characterization of measure algebras.

2.2.28 Theorem (Maharam’s Theorem, [24, Theorem 2J; see also [14, Theorem 3.9]). For all atomless
probability spaces ), there is a countable set of distinct infinite cardinals S = {k; | i € I} such that the
measure algebra of  is isomorphic to a convex combination of the homogeneous probability algebras [0, 1]".

The set S is uniquely determined by 0 and is called the Maharam spectrum of €. O
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2.2.29 Remark. The Maharam spectrum of [0,1]" is {max(Rg, )}.

2.3 Rearrangements

In this section, we discuss the notion of symmetric rearrangement of a Borel set and symmetric-decreasing
rearrangement of a Borel measurable function. Then Lemma 2.3.3 is introduced, which is used in proving

Theorem 5.3.9.

2.3.1 Definition ([23, Chapter 3]). (i) For a Borel subset A C R of finite Lebesgue measure, A* is called
the symmetric rearrangement of the set A if it is the open interval centered at the origin whose

length is the measure of A. Hence,

A ={z| \x|<¥},

where X\ is the standard Lebesgue measure on R.

(i) For a Borel measurable function f: R — R, vanishing at infinity, f* is the called the symmetric-

decreasing rearrangement of [ if

£ = [ g @

The rearrangement f* has a number of easy properties. See more on pages 80-81 in [23].

2.3.2 Fact. (i) f*(x) is nonnegative.

(i) f*(x) is radially symmetric and nonincreasing; i.e., f*(x) = f*(y) if |z| = |y| and f*(x) > f*(y) if

2| < [yl
(iii) f*(x) is lower semi-continuous.

(iv) For everyt >0,
{e] /(@) >t} ={z|If(@)] >t}

An easy, but important, consequence of this fact is that dist(f*(z)) = dist(|f(x)]).

2.3.3 Lemma (Nonexpansivity of rearrangement, [23, Theorem 3.5]). Let J: R — R be a nonnegative
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convex function such that J(0) = 0. Let f and g be nonnegative functions on R, vanishing at infinity. Then

‘/Ju%m—ywmwxgjﬂmﬂm—gu»Ma (2.1)
R

R
If we also assume that J is strictly convez, f = f*, and f is strictly decreasing, then equality in (2.1) implies
that g = g*. O

Here we also define the rearrangements of Borel functions from [0, 1] to [0, 1], which are used to give
a new proof of Theorem 2.4.4 in Section 5.4, which gives a formula for the Wasserstein distance between
probability measures on the real line.

For a Borel measurable function f: [0,1] — [0,1], we define f: R — R as follows:

fx)  zelo,]
fl@)=9 f(-2) ze[-1,0]

0 otherwise

Then the symmetric-decreasing rearrangement f * of f is as follows:

[e'e) 1
FW=A,mmW@W=AmeWW

Let f*(x) be f* M0,1]- Then f*(x) is from [0, 1] to [0,1]. We call f* the decreasing rearrangement of f. By
Fact 2.3.2, we get
fr@)  xel01]
frfl@)=94 f(-2) zel-1,0

0 otherwise

By Fact 2.3.2, we have the following.

2.3.4 Fact. Let f be a Borel measurable function from [0,1] to [0,1]. Let f* be the decreasing rearrangement

of f. Then

(i) f*(x) is nonincreasing and lower semi-continuous.

(i) dist(f*(z)) = dist(f(z)).

2.3.5 Corollary (Nonexpansivity of rearrangement). Let J: [0,1] — [0, 1] be a nonnegative convez function
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such that J(0) = 0. Let f,g: [0,1] — [0,1] be Borel. Then

1 1
[ 3@ =g @)de < [ 3(5(0) - gla))d.
0 0

Proof. This follows directly from Lemma 2.3.3. O

2.4 Wasserstein distances

In this section, we present the necessary background on Wasserstein distances, which is used in Section 5.3.
Historically, Wasserstein distance was introduced by various people and thus had several names. It was
suggested in Riischendorf [27] that it should be called the Gini-Dall’Aglio-Kantorovich-Vasershtein-Mallows
distance and the name “minimal L,-metric” was preferred in Riuschendorf’s survey [28]. In the rest of this

section, we will mostly follow the notions and results in Villani’s book [32, Chapter 6].

2.4.1 Definition (Wasserstein distance, [32, Definition 6.1]). Let (X,d) be a Polish metric space, and let
p € [1,00). For probability measures u,v on X, the Wasserstein distance of order p between p and v is

defined as follows:

W, (1, v) = ( inf /X d(x,y)l’dw(w))l/p = inf{[Ed(X, Y)P]7 | dist(X) = p, dist(Y) = V},

me€(p,v)

where II(u, v) denote the collection of all probability measures on X X X with marginals p and v on the first

and second factors respectively.

2.4.2 Definition (Wasserstein space, [32, Definition 6.4]). Let (X,d) be a Polish metric space, and let

p € [1,00). The Wasserstein space of order p is defined as
P,(X) :={p| p is a probability measure on X and / d(zo, )P p(dz) < +oo for some g € X}.
x

This space does not depend on the choice of the point zg and W), defines a (finite) complete metric on
P,(X). See [16, Propositions 2 and 6] for a proof.
In this thesis, a Wasserstein space is always equipped with the distance W), for corresponding p.

For p = 1, we have the following formula:

2.4.3 Theorem (Kantorovich-Rubinstein duality formula). Let (X, d) be a Polish metric space. Then for
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all p,v € P (X),
Wi(u,v) = sup {/de,u—/xwdu}, (2.2)

lllLip<1

where the Lipschitz norm of a real valued function ¢ on X is defined as

19| Lip := sup
TFY

Proof. See [32, (6.3)]. O

The following theorem gives an integral formula for the Wasserstein distance between probability distri-

butions on the line, which is used in the proof of Theorem 5.3.9.

2.4.4 Theorem. For all u,v € Pi(R), one has

+oo
Wi (1) = / |F(z) — G(x)|dz,

—0o0
where F' and G are distribution functions for p and v respectively.

Proof. For a proof using the Kantorovich-Rubinstein duality formula, see Proposition 20.11 in Dudley’s book

11l. O

2.4.5 Remark. Theorem 2.4.4 was discovered independently by the following people at least: Dall’Aglio
(1956) [9], Vallander (1973) [31], Szulga (1978) [30], and the author. Later, the author will revisit this

theorem and give his proof using rearrangements and model theoretic results; see Theorem 5.4.2.

Now we discuss convergence in Wasserstein spaces. The notation p; — p means that p; converges weakly

to p; d.e., [ @(x)pi(de) = [, o(x)u(dr) for all bounded continuous functions ¢: X — R.

2.4.6 Definition (Weak convergence in P,, [32, Definition 6.8]). Let (X,d) be a Polish metric space and
let p € [1,00). Let (1;)ien be a sequence in P,(X) and let p be in P,(X). Then we say (1;)icn converges

weakly in P,(X) if for some (and thus every) xo € X, one has p; — p and

/d(xo,x)pui(dx)%/ d(xo, x)Pp(dx).
X X

2.4.7 Theorem ([32, Theorem 6.9]). Let (X,d) be a Polish space and let p € [1,00). Then the topology
defined by the Wasserstein distance W, is the same as the topology of weak convergence in P,(X). In other
words, if (pi)ien is a sequence in P,(X) and u is in P,(X), then p; converges weakly in P,(X) to w if and

only if Wy (i, p) = 0. [

44



Chapter 3

Model theory of probability algebras

In this chapter, we discuss the model theory of probability algebras with an emphasis on atomless probability
algebras. The pioneering work in this general direction was done by Keisler, Hoover, and Fajardo in the 80s.
They did not work in an explicit model theoretic framework, but the results they proved were essentially
model theoretic; see [19], [18], and [13]. Recently, Ben Yaacov [1] studied (atomless) probability algebras
using his framework of compact abstract theories. Later his ideas were carried into continuous logic in
the background sections of Berenstein and Henson [7], where probability algebras were treated as metric
structures. Here we follow the work in [7].

In Section 3.1, we present background material for the theories Pr and APr. Our new results are given
in Sections 3.2-3.4. In Section 3.2, we discuss different notions of universality. In Section 3.3, we discuss
several notions of homogeneity. In Section 3.4, we describe the saturated models of APr; see Theorem 3.4.2,
one of our main results in this chapter. We also compare continuous model theoretic saturation with the
saturation property introduced by Hoover-Keisler [19]. In Section 3.5, we present material from Ben Yaacov

and Usvyatsov [5] about d-finite tuples in models of APr.

3.1 Basics of Pr and APr

In this section, we give axioms for the classes of (atomless) probability algebras and present basic model
theoretic properties of these theories. These results are adapted from [7], and some of them rely on [1].

Let the signature Lp, denote the set {0, 1, ~C, N, U, u}, where 0 and 1 are constant symbols, Lisa unary
function symbol, N and U are binary function symbols, and g is a unary predicate symbol. Among those
symbols, L and w are 1-Lipschitz, and N and U are 2-Lipschitz. The theory Pr consists of the following

axioms:
(i) Boolean algebra axioms:

sup,, sup,, (d(x Uy,y U :v)) =0; sup,sup, (d(x Ny,yN x)) =0

sup,, sup, sup, d(z U (yUz), (zUy) Uz) =0
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sup,, sup,, sup, yﬂz mﬁy)ﬁz) =0

d(n
Sup, Sup,, ( U(zny), ) Sup, sup,, ( N(zUy), -T) =0
sup,, sup, sup, d(z U (yNz),(zUy) N(zUz) =0
sup,, sup, sup, d(z N (yUz), (zNy) U (zNz)) =0

sup, d(z Ux%,1) = 0; sup, d(xﬂxD,O) =0

(ii) Measure axioms:

w(0) =0and p(l) =1

}u(wa)ﬂ-u(my) _ p@)+e@) | 0
2 2

sup,, sup,,
(iii) Connections between p and d:

sup,, supy}d(gc, y)—u(xAy)‘ = 0, where zAy denotes the symmetric difference: zAy = (xﬂyB)U(xBﬁy).

Recall the definitions on page 30. Let (2, F, u) be a probability space and let (]? , 1) be the probability
algebra associated to (2, F, ). Now we interpret F as an Lp,-structure M = (]?,0, 1, ~C,ﬂ,U7M,d). We
interpret 0 as (0], 1 as [Q],, the unary function L as the complement of equivalence classes of events, and
N,U as the intersection and union of equivalence classes of events. The predicate p is interpreted as the
measure of equivalence classes of events, and d, the metric on F , is defined as d(A4, B) := u(AAB) for all
A, Be F. Note that the interpretations of all function and predicate symbols satisfy the moduli of uniform
continuity of those symbols. Also (]?, d) is a complete metric space; see [15, Lemma 323F]. Hence M is an
Lp,-structure. A structure M as above is called a probability structure. More specifically, it is called the

probability structure associated to (2, F, ).

3.1.1 Theorem ([7]). Let M be an Lp,-structure. Then M is a model of Pr if and only if M is isomorphic

to the probability structure associated to (Q, F, u) for a probability space (Q, F, ).
Proof. This is [7, Theorem 5.2]. O

From the form of its axioms, the theory Pr is universal. It is not complete. For example, the closed
statement inf, |u(z) — %| = 0 is valid in some probability algebras but not all of them. To axiomatize the
theory of atomless probability algebras, we add the following axiom, which states that every event splits into

two disjoint events with approximately the same measure.
(iv) sup, infy|u(zNy) — plzNy®)| =0

Let APr denote the set of axioms in Pr together with Axiom (iv) above.
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3.1.2 Corollary ([7]). The models of APr are isomorphic to the probability structures associated to atomless

probability spaces.
Proof. This is [7, Corollary 6.1]. O
3.1.3 Theorem ([2] and [7]). Let M be a model of APr. Then:
(i) The theory APr is separably categorical and complete.
(ii) The theory APr admits quantifier elimination.
(iii) The universal part of APr is Pr, and APr is the model completion of Pr.
(iv) Let C C M. Then dcl(C) = acl(C) = the o-subalgebra of M o-generated by C.

(v) Assume that M is the probability structure associated to a probability space (2, F,u). Let C C M
and let C be the o-algebra o-generated by the events in C'. For any two n-tuples a,b € M™, we have

tp(a/C) = tp(b/C) if and only if P(a$ N---Nair|C) = P(b] N---NbEr|C) a.s. foralley, -+ e, € {—1,1}.
(vi) The theory APr is w-stable and its independence relation coincides with the probabilistic independence
relation. That is, if A, B,C are subsets of a model of APr, then

AL.B — P(anb|o(C)) =P(a]a(C))P(b]o(C)) a.s., foralla € o(A) and b € o(B).

Moreover, types over arbitrary sets of parameters are stationary.

Proof. (i) and (ii) are [7, Corollary 6.2].

(73) As noted above, Pr is a universal theory; APr is the model completion of Pr by (i), (i¢) and
Proposition 1.10.5.

(iv) This is [7, Lemma 6.7].

(v) This is [7, Lemma 6.5].

(vi) This is [2, Fact 2.10]. O

3.1.4 Remark. By [20, Proposition 6.6/, one also has
AL B = P(a|o(B)Va(C)) =P(a|o(C)) a.s., forallac o(A).

The following is a technical lemma that will be used in the following chapters.
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3.1.5 Lemma. Suppose (X, %, u) is an atomless probability space where X is a complete separable metric
space and B is the o-algebra of Borel subsets of X. For any two measurable partitions P, and Py of X where
Py = (Ap)nen and Py = (Bp)nen, if for every i € N we have u(A;) = u(B;), then there is an automorphism
o of (X, B, u) satisfying ¢(A;) = B; up to a null set for every i € N.

Proof. Since £ is atomless, | A; and B | B; are atomless for every i € N. By the fact that p(A;) = u(B;)

—

and using Theorem 3.1.3(i), there is an Lp,-isomorphism ®;: B | B; — £ | A; for every i € N.
We define ®: % — % as follows:

~

OB B

[Cly U ®;([C N B;),) for every C € A

€N

Then ®([B;],) = [A;], for every i € N and ® is an Lp,-automorphism of %. Then by Theorem 2.2.5, up to

a null set, there is an automorphism ¢ of (X, A, u) satistying ¢(A;) = B; for every i € N. O

3.2 Universality of probability spaces

In this section, we present the equivalence of several notions of universality.

3.2.1 Definition (Hoover-Keisler, [19]). Let X be a Polish metric space. A probability space Q is called
X -universal if for all X-valued random wvariables y on an arbitrary probability space T, there is an X-
valued random variable x on Q such that x and y have the same distribution. We call Q) universal if it is

X -universal for every Polish metric space X .

3.2.2 Theorem. For a probability space 2, the following are equivalent:
(i) Q is universal.
(i) Q is [0, 1]-universal.

(iii) Q is [0, 1)N-universal.

(iv) Q is atomless.

Proof. The equivalence (i) <= (iv) is [13, Theorem 1E.2].

The implications (i) = (i7) and (i) = (i4¢) are trivial.
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The implication (ii) = (iv) is easy. If {2 is not atomless, then it has at least one atom. Consequently, the
identity map from [0, 1] to [0, 1], which gives the uniform distribution, will not be realized by any [0, 1]-valued
random variable on ().

The implication (ii7) = (iv) is similar to the the implication (i7) = (iv). O

3.3 Homogeneous models of APr

In this section, we discuss several notions of homogeneity coming from measure theory and model theory.
Then we will show connections between those notions.

First, let us recall some notions from Fremlin’s book [14]; also see Section 2.2 for more details.

3.3.1 Definition. Let A be a complete boolean algebra and T(A) := rnin{|X| : A completely generated by X}.
o (T-homogeneous) We say that A is T-homogeneous if T(A | a) = 7(A) for alla € AT.
e (homogeneous) We say that A is homogeneous if A= A | a for alla € AT.

3.3.2 Remark. When A is a measure algebra, 7(A) = min{|X|: A is o-generated by X }.

3.3.3 Proposition. Let (M, u,d) be a probability structure. Then (M) + Rg = ||M|| + Ro where |M|| is

the density character of M.

Proof. This is trivial when M is finite. Assume M is infinite, so 7(M) and ||M|| are both infinite.

Let X be a subset of M such that M is o-generated by X. Then consider the smallest boolean algebra
A containing X. Since X is infinite, |X| = |A|. Note that A is a dense subset of M. Thus | M| < |4| = |X]|,
whereby [|[M|| < 7(M). Let Y be a dense subset of M. Since the o-complete subalgebra o(Y") is a measure
algebra, it is complete under the metric d(a, b) = u(a/\b). Hence, we have o(Y) 2 Y = M. Thus 7(M) < |Y],
whereby 7(M) < ||M]|. Therefore, 7(M) = || M]. O

Recall that model theoretic homogeneity is defined on page 10. The following result shows the connection

among several notions of homogeneity.

3.3.4 Proposition. Let A = (A, i, d) be an atomless probability structure. Then the following are equivalent:
(i) A is T-homogeneous as a complete boolean algebra.
(i) A is homogeneous as a complete boolean algebra.

(iii) A is strongly || A||-homogeneous as an Lp,-structure.
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(iv) A is strongly w-homogeneous as an Lp,-structure.

Proof. The implication (i) = (i7) is Proposition 2.2.11.

For (ii) = (i14), there are two cases.

(a) When ||A]| = 7(A) = N, the proof is easy, since the o-subalgebra o-generated by a finite set is still
finite.

(b) Suppose |A|| = 7(A) > Ng. For a subset C' of A with Xy < Card(C) < ||A]|, let o(C) be the
o-subalgebra o-generated by elements in C. Then we know 7(c(C)) = ||o(C)]| < ||A||. By Corollary 2.2.13,
we get an automorphism of A fixing ¢(C) pointwise, which shows that A is strongly || A|-homogeneous.

The implication (7i7) = (iv) is trivial.

We complete the proof by showing (iv) = (i). We argue as follows:

(1) For all a,b € A", if u(a) = w(b), then there exists an automorphism f sending a to b. Hence
T(Ala)=7(A]D).

(2) The function 7 is an increasing function with respect to the measures, that is if p(a) < wp(b), then
T(A T a) <T(A D). Because there always exists b’ € A such that a C b and p(d’) = p(b), then by the
above Fact (1), we have 7(A [ b)) = 7(A | b). Since a C b, we have 7(A [ a) < 7(A [ V). Then we get
T(Ala)<7(A]D).

(3) Ifanb=0, then 7(A | (aUb)) < 7(A ] a)+7(A]b) =max(r(A [ a),7(A [ b)), when 7(A | a) and
7(A | b) are both infinite. Since A is atomless, for all a € AT we have that 7(A | a) is infinite, which

is actually a special case of Lemma 2.2.17.

From Facts (1), (2), and (3), we get that 7(A | a) has a constant value for all a € A*. Hence we have

proved that A is 7-homogeneous. O

By Proposition 2.2.26, for a homogeneous probability algebra (A, i), one has (A, u) = (Ag, x) where
Kk =T1(A).

3.3.5 Remark. Let (A, p,d) be an infinite probability structure. Then
(i) If A is T-homogeneous as a complete boolean algebra, then A is atomless.

(i) The fact that A is strongly w-homogeneous does not necessarily imply that A is atomless.
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3.4 Saturated models of APr

In this section, we describe the x-saturated models of APr for each infinite cardinal x and then we show that

for atomless probability spaces, Ni-saturation is equivalent to Hoover-Keisler saturation.

3.4.1 Definition. Let k be an infinite cardinal. A probability space Q is k-saturated if its probability algebra

is k-saturated as an Lp.-structure.
The following theorem is the main result of this chapter.

3.4.2 Theorem. If Q) is an atomless probability space and k is an infinite cardinal, then the following are

equivalent:

(i) Q is k-saturated.
(i) Ewery cardinal in the Maharam spectrum of ) is > k.
(iii) Q is k-atomless.

Proof. (i) = (ii): Let (%, ) be the probability algebra associated to €2; hence % |= APr. Suppose the
least cardinal A in the Maharam spectrum of 4 is less than k. By Theorem 2.2.28 (Maharam’s Theorem),

/

can be decomposed into two parts: (%, n) = (Ax, auy) ® (#', 1) where (Ay, py) is the probability algebra
of ([0,1]*, uy), every cardinal in the Maharam spectrum of %’ is > A, the real number a € (0, 1], and
1 (lg) =1—a. Note that Ay as a metric space with the metric dy(a,b) := px(a/Ab) has a dense subset
of cardinality A. Let {a, | ¥ € A} be such a dense subset. Without loss of generality, let ag be [0,1]*. Let

p(x/{ay, ® 0z | v € A}) consist of the following conditions:

o u(zN(ay®0g)) = p(x)ulay 04 ) for all y € A
We consider the probability algebra of ([0,1]* x [0,1], aux x u1) @ ([0,1], (1 — a)u1). It is a model of
APr. Let a, := (ay x [0,1]) @ 0jg,1) and a := ([0,1]* x [0, 5]) @ Ojg,3j. Then we have that tp(al, : v € A) =
tp(a, © 0jp,1) : v € A) and a realizes p(z/{a, : v € A\}). Hence, p(z/{a, © 0z | v € A}) is consistent. Since
A is r-saturated, p(x/{ay, ® 04 | v € A}) is realized by an element a in . Say a = A® B, with A € Ay
and B € #'. Then
p((A® B)N(ay ®0gz)) = u(A® B)u(a, ®0g),Vy € A

Thus p((ANay) @ (0%)) = (apr(A) + 1/ (B))aps(ay). Then, we get

apr(ANay) = (apr(A) + ¢/ (B))aps(ay), Yy € A
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Letting v = 0 and recalling ag = [0, 1], we have auy(A) = (auxr(A) + 1/ (B))a. Therefore, u(A ® B) =
apx(A) + 1/ (B) = pr(A). Also (A @ B) = p(a) = 3, whence pux(A) = 5. Then

apr(ANay) = pa(A)apr(ay),Vy € A,

whereby

pA(ANay) = px(A)pa(ay), vy € A.

Note that the set {C' € Ay | pA(ANC) = pr(A)ua(C)} is a closed subset in (Ay,dy). Since {a, | v € A}
is dense in (Ay,dy), we have ux(ANC) = ur(A)pr(C) for all C € Ax. Then since A € Ay, we have
pa(A) = pr(A)% Hence pux(A) =0 or 1, which contradicts the fact that p(A4) = 1.

(#9) == (4i1): First, consider the case where (A, u) = (Ax, pa) for some A > k, where (Ax, uy) is the
measured algebra of the product measure space ([0, 1]*, ). Since € is atomless, by Lemma 2.2.17 we know
that Q is Np-atomless. Suppose & is uncountable. Take A C % with |A4| < &, and let & = o(A4). We will
show that 2 is atomless over «/. Let By denote the set of Borel subsets of the measure space ([0, 1]*, uy). By

Proposition 2.2.25, for each a € A, there is ¢(a) € By of the form prp'(cr(a)) such that [c(a)],, = a, where

A
I' C \is countable, cr(a) is a Borel subset of [0, 1]F, and pr: [0,1]* — [0, 1]* is the canonical projection. We
define Supp(c(a)) :=T'. Let C denote the o-algebra o-generated by {c(a) | a € A} in B). Note that & and </
are probability algebras associated to ([0, 1]*, By, ux) and ([0,1]*,C, uy) respectively. By Lemma 2.2.16(v),
to show 4 is atomless over .7, it suffices to show B} is atomless over C. Define Supp(C) := J,c 4 Supp(c(a)).
Since |Supp(c(a))| < Ng for each a € A, we know that Supp(C) is of cardinality |A| x Rg < k < A. Take
any v € A\Supp(C). Let B denote the set of Borel subsets of [0,1]{7} =[0,1]. Then pr{_,yl} (B) is an atomless
o-subalgebra of B). Since elements in C only depend on the coordinates in Supp(C) and elements in pr{_,yl} (B)
only depend on the coordinate v which is not in Supp(C), we know that pr{_wl} (B) and C are independent.
By Lemma 2.2.19, B, is atomless over C.

For the general case, by Theorem 2.2.28 (Maharam’s Theorem) 48 is isomorphic to a convex combination
of probability algebras (A, )nen, where {k, | n € N} is the Maharam spectrum of Q. Let p,: B — A,
be the canonical projection map for each n € N. Take A C # with |A| < k, and let & = o(A). As shown
above, for each £, in the Maharam spectrum of , we have that A, is atomless over p,(&). Let B € 7.
Then for some n € N, we have p,(B) € A} . Since A, is atomless over p,(«/), there is C, € A, such
that p,(B) N C,y, # pn(B) N D, for all D,, € p, (7). Hence there is C € & such that BN C # BN D for all

D € &/, whereby £ is atomless over 7.

(14i) = (i): Fix A C £ with |A| < k; let & := 0(A). By assumption, & is atomless over «7. Let p(z)
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be any type in S1(A). By Theorem 3.1.3(v), for all a,b in any elementary extension of %, we have that

tp(a/A) = tp(b/4) <= P(a| ) =P | ) and P(al | o) = P(IC | ).

If p(z) is realized by a in some elementary extension of %, then P(a | &) and P(al | &) are o/-measurable

functions. By Lemma 2.2.16 (Maharam’s Lemma), there exists b € % such that

P(a| /) = P(b | /) and P(al | &) = P(C | o).

Therefore tp(b/A) = tp(a/A) = p(x), which means that p(z) is realized in A. O

The following definition is due to Hoover and Keisler [19].

3.4.3 Definition (Hoover-Keisler, [19]). o LetQ and I be probability spaces and let X' be a Polish metric
space. Let x,y: I' — X be random variables. The probability space 2 is said to have the saturation
property for dist(x,y) if for every random variable x': Q — X with dist(z) = dist(z’), there is a

random variable y': Q — X such that dist(x,y) = dist(2’, y').

o A probability space Q is said to be Hoover-Keisler saturated if for any two random variables
z,y: I' — X, where I' is an arbitrary probability space and X is an arbitrary Polish metric space,

Q has the saturation property of dist(x,y).
Here we show the relation between their definitions and ours.

3.4.4 Corollary. An atomless probability space is Hoover-Keisler saturated if and only if it is Ny -saturated.

Proof. By [13, Theorem 3B.7], an atomless probability space §2 is Hoover-Keisler saturated if and only if
every cardinal in its Maharam spectrum is uncountable. By Theorem 3.4, Q is Ny saturated if and only if

every cardinal in its Maharam spectrum is uncountable. O

3.4.5 Theorem. For all infinite cardinals k, the probability algebra of [0,1]% is strongly k-homogeneous and

k-saturated. Moreover, it is the unique model of APr of density character k with these properties.

Proof. The first part follows directly from Proposition 3.3.4, Theorem 2.2.28 (Maharam’s Theorem) and
Theorem 3.4.2. The uniqueness follows from the following argument: for a complete theory T and xk >
Card(T), by a standard back-and-forth argument, any two k-saturated models of T' of density character x

are isomorphic to each other. O
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3.5 On d-finite tuples in APr

Many first order model theory results fail in the context of continuous logic. This is partly because finite
tuples in continuous logic may behave like infinite tuples in first order model theory. The notion of d-finite
tuple was defined by Ben Yaacov and Usvyatsov in [5] to capture some aspects of finite tuples in first order
model theory. Many results in first order model theory mentioning finite tuples will still hold in continuous
logic after replacing finite tuples with d-finite tuples. Roughly speaking, d-finite tuples in continuous logic

behave like finite tuples in first order model theory. See more details in [5].

3.5.1 Definition ([5]). Let a and ¢ be tuples and let p = tp(a/c). Then a is called d-finite over c,
equivalently, the type p is called d-finite, if for every tuple b and every € > 0, there is § = 5;: > 0 such that
whenever a’ =. a and d(a,a’) < 8, there is b’ such that d(b,b') < € and o't =. ab. If c =0, we omit ¢ from

the notation.

For the definition when a or ¢ is infinite, see [5].
Let L be a countable signature. For a separably categorical L-theory T, the following theorem, which

will be used in later chapters, characterizes the d-finite tuples in models of T'.

3.5.2 Theorem ([5]). Let T be a separably categorical L-theory for a countable signature L. Let M =T
and let f be a finite tuple in M. We let T(f) denote the theory Th(M, f). Then f is d-finite if and only if

the theory T(f) is separably categorical.

Proof. This is [5, Proposition 2.9]. O
The following theorem identifies the d-finite tuples in models of APr.

3.5.3 Theorem ([5]). Every finite tuple in a model of APr is d-finite.

Proof. This is [5, Example 2.13]. O
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Chapter 4

Axioms for the theory of random
variable structures

The study of [0, 1]-valued (atomless) random variable structures was initiated by Ben Yaacov [2], where
he axiomatized the theory of random variable structures by RV(BY) via propositional continuous logic, and
proved some model theoretic properties of the theory (see Theorem 5.2.3 in the next chapter). In this chapter,
we axiomatize the theory of random variable structures with a different approach. In Section 4.1, using only
basic measure theoretic probability theory, we provide an elementary approach to axiomatizing the theory
of random variable structures by RV and the theory of atomless random variable structures by ARV. In the
next chapter, we make a further study of ARV. In Section 4.2, we present Ben Yaacov’s axiomatizations. In
Section 4.3, we consider the class of structures obtained by adding the multiplication function to all models
of RV. Ben Yaacov [2] showed that the multiplication function is uniformly definable in models of RV and
it follows from the general theory of extensions by definitions that this class of expansions of models of RV

is axiomatizable. We axiomatize this class explicitly by RV(x).

4.1 Axioms for RV and ARV

In this section, we define the (atomless) random variable structures. Then we present an elementary approach
to axiomatizing these structures. Only basic measure theoretic probability theory is required. The main
result is Theorem 4.1.10.

Let (2, F, 1) be a probability space. Consider the set of all F-measurable functions f: Q — [0, 1]. Define
the L'-metric di(f,g) := fQ | f—g|du for all F-measurable f,g: Q — [0, 1]. The set of such functions together
with d; forms a pseudometric space, which is denoted by £ ((Q, F,un), 0, 1]), or simply by £!(u,[0,1]). For
all f,g € LY(u,[0,1]), we say that f is equal to g almost surely, and write f =, g (or f =g a.s.), if f is
equal to g up to a null set. We denote the equivalence class of f under =, 5. by [f]s.s.. A random variable

in [f]a.s. is called a version of the class. For each F' € F, let xr denote the characteristic function of F', and
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let 15 denote [xp|a.s.. Note that N :={f | [,|fldu=0} ={f | f=0 a.s.}. Then the quotient space
LH(Q, 7, ), [0,1]) = £1((2, F, o), [0,1]) /N

is a metric space with the L'-metric dy, called an L'-space. It is well known that L' ((Q, F, p), [0, 1]) with the
L'-metric d; is a complete metric space. When the underlying probability space is clear, L' ((Q7 F,um), [0, 1])
is often abbreviated as L'(p,[0,1]), or just L'(F,[0,1]) when the underlying set 2 and the probability
measure j are clear. We write L! ((Q, F, ), {0, 1}) for the set of equivalence classes of characteristic functions
in El((Q,}", ), [0, 1]) Let D denote the dyadic numbers in [0,1]. We write Ll((Q,]-', u),]D) for the set of

equivalence classes of D-valued simple functions in £! ((Q, F, ), [0, 1}) Clearly,
LY((9,F,1),{0,1}) € L' (2, F, u),D) C L' ((2, F, ), [0,1]).

Moreover, we have that L' ((€2, F, p),{0,1}) is closed in L' ((Q, F, 1), [0,1]), and L' ((Q, F, ), D) is dense
in L'((Q,F,1),[0,1]). Let A be a subset of L*((€, F, u),[0,1]). Let o(A) C F denote the o-subalgebra
of F-measurable sets generated by the random variables in the equivalence classes in A. We call o(A) the
o-algebra generated by A.

The elements in Ll((Q,}" , 1), 0, 1]) are not JF-measurable functions, but equivalence classes of them.
In probability theory, most useful functions, relations, and maps (such as continuous functions, integrals,
inequality relations, conditional expectations) on measurable functions are well-defined on the equivalence

classes of those functions. For example, for all f,g € L* ((Q, F,un),[0, 1]), we define the following;:
©([fla.s.) == [¢(f)]a.s. for all continuous functions ¢: [0,1] — [0,1]

(p([f]a,s,, [g]a.s,) := [o(f, 9)]a.s. for all continuous functions ¢: [0,1]* — [0, 1]

[ o= [ ga

[flas. < [glas. T f<g a.s.
E([flas. | &) = [E(f | &)]a.s. for all o-subalgebras &7 C F.

The readers can check that these definitions are well-defined. Therefore, it causes no harm (and is more

readable) to denote an equivalence class in L* ((Q, F, ), [0, 1]) by a member of the class. For example, when
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we say

“Take f,g € L*(,[0,1]) with the same distribution”,

what we really mean is
“Take [f]a.s., [9]a.s. € L*(11,[0,1]), where f,g € L£'(u,[0,1]) have the same distribution”.

A ([0,1]-valued) random variable structure is based on a set of the form M = L ((€, F, p), [0,1]), where
(Q, F, ) is a probability space. It is called an atomless random variable structure, if its underlying probability
space is atomless. We use the setting of continuous logic [4] to discuss the model theory of random variable
structures. Here we consider the signature Lgy = {0, -, =, %, I}, where 0 is a constant symbol, = is a binary
function symbol, = and % are unary function symbols, and [ is a unary predicate symbol. Recall that on
M™, we take the maximum metric. Among those symbols, — is 1-Lipschitz, % is %—Lipschitz, ~ is 2-Lipschitz
and I is 1-Lipschitz.

We interpret the symbols of Lgy in M as follows:
e OM(w)=0forallw e Q

o -M(fy=1—fforall fe M

(=)M(f,9) = f~ g =max(f —g,0) for all f,g e M

(IOMf=f/2forall feM

IM(f) = [ fdp for all fe M

o dM(f,9) = [o|f — gldp for all f,g € M

Then M = (Ll((QJ-', ), [0, 1]), 0,—, -, %, I, d) is an Lgy-structure and is denoted by L' ((Q,]—", ), [0, 1})
Note that (ﬁl ((Q7 F, ), 0, 1]), 0,—, ~, %, 1, d) is an Lgy-prestructure whose associated (quotient) Lgry-
structure is (Ll ((Q, F, ), [0, 1]) ,0,7, = %, 1, d). Let RV denote the class of all random variable structures
as Lry-structures and let ARV denote the class of all atomless random variable structures as Lgry-structures.
We will show that the classes RV and ARV are elementary.

In the signature Lgry, we will also use the following symbols as shorthand for expressions built from

symbols in Lry:

zty=-(-z=y)
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tAy == (x=y)

xVy=-(-xzA-y)

By induction on n, we define
x

5.7 foralln eN,

1
===
22n

2n 2n

vy FagtFay = (o Faa o o) g,
TI AT AN ANxp = (1 AT A ANTp_1) A Ty,

and

1V V-V, =@ VaaV - VE,_1)V,.

Let D denote the set of dyadic numbers in [0,1]. Consider » € D. Suppose r = i, where m,n € N,

0 <m < 2" and 2tm. We define
T L840
re = — O A
2n - 2n 2n

m times

When r = 0 or 1, we write Ox for 0 and 1x for x.

The theory RV consists of the following axioms:

(E1) sup, inf, max([(y Ay,

I(x A —x) —d(x,y)’) =0

(E2) sup,

I(z A —zx) —inf, (I(y A —y) + d(z, y))‘ =0

(APPR) sup, infy, ... yon (d(x, Q%yl + %yg 4. F %yz) + maxi<;<on I(y; A —\yl)) - Qi =0 VneN
(ADD) sup, sup, 3|I(z) — (I(x =y)+I(y Az))| =0

(C) sup, I(0 ~x)=0; sup,d(z=0,2)=0; [[(1)—1=0

(H1) sup, sup,d(*5%, 2 = %) =0

(H2) sup, sup, d((5+§) = 5,4)=0; sup,d(5+35,2)=0
(H3) sup, sup, d(% Ve, %(x Vv y)) =0

(H4) sup, sup, I((32 Ay) = (zAy)) =0

[SIES]
+
ol
N—
Il
=8
+
NS

(H5) sup, sup,, %(
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(MET) sup, sup,, 3|d(z,y) — (I(z = y) + I(y = x))| =0

(N) d(=1,0) =0; sup,sup,d(z ~y,~y~-z)=0

(P1) sup,, sup,, sup,, sup,, d(z1 Fy1, w0 Fy2) (d(xh z2) +d(y1, yz)) =0
(P2) sup, sup, (d(m +y,zVy) = max(I(zA-z),I(y A ﬁy))) =0
(P3) sup, sup, sup, d((z+y)+z2+y+2)=0

(S1) sup, sup, sup, d((zVy) =z, (z=z)Vy) = I(xAy) =0

(S2) sup, sup, sup, I(((:B Fy)nz) = ((xAz)+ YA z))) =0

(L1) sup,sup,d(zVy,yVz)=0; sup,sup,d(zAy,yAz)=0
(L2) sup, sup, sup, d(zV (yVz),(zVy)Vz) =0

(L3) sup, sup, sup, d(z A (y A z), (@ Ay)Az) =0

(L4) sup, sup, d(a: V(z Ay), x) =0; sup,sup, d(a: A(zVy), x) =0
(L5) sup, sup, sup, d(zV (yAz),(zVy)A(zVz) =0

(L6) sup, sup, sup, d(z A (yV z), (@ Ay) V (x Az)) =0

Axioms (L1) to (L6) are the axioms for distributive lattices.

Let ARV be RV together with the following axiom:
(NA) sup, inf, (max(I(y A —y), |I(y ANx)— @ |)) =0

L 1,d) is a model of RV. Further,

4.1.1 Proposition. Every random variable structure M = (M,0,-, =, 3,

if M is an atomless random variable structure, then it is a model of ARV.

Proof. Assume M = Ll((Q,]-', ), [0, 1]) for some probability space (€2, F, ). By Theorem 1.2.3, it suffices
to consider axioms in the Lgry-prestructure My = El((Q,}", w), [0, 1]) Note that f A g = min(f,g) and
fVg=max(f,g) for all f,g € My. We will check the axioms one by one.

(E1) and (E2): We consider

X ={f € My | f is a characteristic function}.
For all f € My, we have

|f(w) = X213 (W) < |f(w) = xa(w)| for all A € F and all w € €,
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whereby dist(f, X) = d(f,X(s>1;). Also we note that

A xirzp) = [ 1 =xipapldis= [ 1720 = Dldu= 1407 A=),
whereby dist(f, X) = I™(f A —f). Then to verify Axioms (E1) and (E2), we need only check that

sup inf max (dist(y, X), |dist(a:, X) —d(z, y)‘) =0
x Y

and

sup|dist(z, X) — iI;f(diSt(% X) +d(z,y))| = 0.

Both are clear here.
(APPR): This axiom is an approximation result from real analysis. For all n € N and f € My, let
9i = X{fzizty for every 1 <4 < 2™. Then

on
1 . 1 1 1 2 2"
2791 4. F 279271, = Z%gz = 27X{0§f<2%} + 27X{2%§f<2ln} + -+ 2—nx{2n_1§f}.

i
i=1

Then

on

1 1 2 i
d(f,2ng1++2n92")d(f7212,,1X{72711§f<21n})/S'2|f212nX{12n1§f<21n}|dlu

on

1 1 1
= /Sz ; 27X{ i2711<f§2%}d“ = 27:“(9) = on

Also note that I(g; A —g;) = 0 for every 1 <i < 2". Consequently, (APPR) is true in M.

(ADD): For all a,b € [0,1], we have ¢ = max(a — b,0) + min(a, b), i.e.,a=a=b+aAb.
(C): For all a € [0,1], we have 0 ~a =0 and a =~ 0 = 0.

(H1): For all a,b € [0,1], we have M = max(% — £,0)

(H2): For all a,b € [0,1], we have (§ + 2) =4 =(¢+5)-¢=band 2+ §=2+%=a
(H3): For all a,b € [0,1], we have max(%,2) = %(ab)

(H4): For all a,b € [0,1], we have § Ab<aAb.

(H5): For all a,b € [0,1], we have $ + 2 =%+ L and $+2 =9+ ¢

(MET): For all f,g € My, we have f~g+g—=f = |f—g|. Hence IMo(f=g)+IMo(g=f) =IMo(|f—g|) =

Jo If = gldp.
(N): For all a,b € [0, 1], we have a—b = (1—-b)—(1—a) = —b——a, and thus max(a—b,0) = max(—b—-a,0).
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(P1): Let f1,f2,91,92 € My. Since d(f1, f2) + d(g1,92) = min(1,d(f1, f2) + d(g1,92)) and d(f1 +
91, f2 + g2) <1, to show d(f1 + g1, f2 + g2) < d(f1, f2) + d(g1, g2), it suffices to show d(f1 + g1, f2 + g2) <
d(f1, f2)+d(g1, 92). Then it suffices to show for all a,b, ¢,d € [0,1], we have |(a+b)— (c+d)| < |a—c|+|b—d].
Without loss of generality, we may assume a+b > c+d. If c+d = 1 then a4b = 1, and thus |(a+b)— (c+d)| =
0 < |a—c|+|b—d|. Otherwise, c+d = c¢+d. Then |(a+b) —(c+d)| = [(a+b)—(c+d)| < |(a+b)—(c+d)| <
la —c[ 4+ |b—d|.

(P2): We will show |(a + b) — (a V b)| < max(a A —a,b A —b), for all a,b € [0,1]. Then it follows that
Jo l(f+9) = (f Vg)ldu <max([,, f A—fdu, [o 9 A —gdu), for all f,g € My. Without loss of generality, we
may assume a A —a < b A —b.

Suppose b A b = b, and thus b < Since a A —a < bA—-b =0, either a < bor =a<b Ifa<b<

1 1
2 2
then a+b<1and aVb="b. Hence, [(a+b)—(aVbd)|=]la+b—0b=a<b If na<b,then a+b>1 and
thus a > b, since b < 3. Hence, |(a+b) — (aVb)| = |1 —a| = —a < b.

Suppose b A —=b = =b, and thus —=b < 5. Since a A —~a < bA —b = —b, either a < =b or =a < =b. If a < —b,

1
then a + b < 1, and thus a < b, since =b < 1. Hence, |[(a +b) — (aVb)| = |a+b—b] = a < =b. If =a < b,
then a > b. Since =b < 1, we have a + b > 1. Hence, |(a +b) — (a V b)| = |1 — a| = —a < —b.

(P3): For all a,b, c € [0,1], we have (a4 b) + ¢ = min(a + b, 1) 4+ ¢ = min(min(a + b, 1) 4 ¢, 1). Similarly,
a+ (b4 ¢) =min(a + min(b+ ¢, 1),1).

Ifa4+b=1,then (a+b)+c=1and a+min(b+c¢,1) >a+b>1, and thusa+ (b+c¢) = 1.

Ifb4+c=1,thena+ (b+c¢)=1and min(a+b,1) + ¢ >b+c>1, and thus (a +b) +c=1.

Otherwise (i.e., a+b < 1 and b+ ¢ < 1), we have (a +b) + ¢ = min(a+b+¢,1) and a + (b+¢) =
min(a + b+ ¢, 1).

Overall, we have (a+b)+c=a+ (b+ ¢).

(S1): It suffices to show |[(¢Vb) = a] — [(c = a) VD]| <aAb for all a,b,c € [0,1].

Suppose a < b. Then aAb=a and ¢V b > a. Thus (¢Vd) ~a = (cVb) —a. Suppose ¢ < a <b. Then

(c=a)Vb=b, and thus
l[(cvb)=a]l—[(c=a)Vb]|=]|(b—a)—b =a=aAbd.
Suppose ¢ > a. Then (¢ ~a) Vb= (c—a)Vb. If c—a > b, then ¢ > b, and thus
l[(evb)=~a]l—[(c=a)Vb]|=]|(c—a)—(c—a)]=0<aAbd.

If c—a < b, then |[[(cVbd) ~a] = [(c=a) V]| =]|[(cVbd) —a] —b| = |a+b—cVD|. Since c —a < b, we have
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a+b>c and thusa+b>cVb Hence [a+b—cVb =a+b—cVb<a=aAb,since b<cVb.

Suppose @ > b. Then a Ab =b. If ¢ < a, then (¢ =a) Vb = b, and (cVb) ~a = 0, since a > b.
Hence, [[(cVD) ~a] = [(c=a)VD]|=|0—-b =b=aAb. Ifc>a >, then (c=a)Vb=(c—a)Vband
(cvVb)~a=c=a=c—a. Hence, |[(cVD)~a]—[(c=a)Vb]|=|(c—a)—(c—a) VD <b=aAb.

(S2): It suffices to show (a +b) Ac<(aAc)+ (b+c) for all a,b,c € [0,1]. Suppose (a +b) Ac=a+b.
Then ¢ > a and ¢ > b. Hence (a Ac)+ (bAc) =a+b, and thus (a+0) Aec < (aAc)+ (b+c). Suppose
(a+b)Ac = c. Note that (aAc)+(b+c) has four possibilities a+b, a+c¢, c+b, and c+c. Since (a+b)Ac=c¢,
we see that c is smaller than each of them. Hence, ¢ < (aAc¢)+ (b+¢), and thus (a+b)Ac < (aAe)+ (b+c).

(L1)—(L6): It is clear that all numbers in [0, 1] satisfy the axioms for distributive lattices. Then it follows
that all elements in My will satisfy these axioms.

When (9, F, u) is atomless, it is clear that (Ll((Q,}', ), [0, 1]), 0,—, -, %, 1, d) satisfies (NA). Hence it
is a model of ARV. O

Indeed, RV also axiomatizes the class RV (see Theorem 4.1.10) and then ARV axiomatizes the class
ARV (see Corollary 4.1.13), which are the main results from this section. Toward the proof of Theorem
4.1.10, we will prove the following results about the models of RV. In the following arguments, we will
interpret symbols of Lry in a given model M of RV without putting M explicitly into the notations, for

easier readability.

4.1.2 Fact. Let M be a model of RV. For all x,y € M, we have the following properties:
(i) I(x) =0 if and only if x = 0.
(ii) 0=z =0andxz~1=0.
(i) ~x =1+x and =~z = z.
(iv) tA0=0 and x N1 =zx.
(v) zV0O=2 andxVvV1=1.
(vi) x =z =0.
(vii) I(—x) =1—I(x).
(viii) 18 = 1(2).
(i) x +y=y+a.

() d(5, %) = 3d(z,y).
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(i) 1+z=2+1=1and0+2x=2+0=1=z.
i T ] _ 1 _
(zii) If § + 4 = 3, then x = —y.

Proof. (i) By (C), we have 0 = 0 =0 and 0 = I(0 - 0) = I(0). For the converse, suppose I(z) = 0. Using
(MET) and (C), we have d(z,0) = I(z = 0)+ I(0 - z) = I(x) + I(0) = I(x) = 0, and thus z = 0.

(#) By (4) and (C), we have 0 — x = 0 for all z. In particular, 0 ~ -z = 0, so using (N), we have
z=-1=-1=--2=0=--2=0.

(#7) By (N) and (C), we have 1 - x = -z = -1 = -z = 0 = —z. Using (L1), (i7) and (C), we get
——x=1=(1l-z)=1Az=zAl=z=(x=1)==z.

(iv) By (L1) and (i), we have A0 =0Az =0= (0= z) = 0. By (i) and (C), we get x A1 =
r=(z=1)=z=0=uz.

(v) Using (iv) and (i), we have

xVO0==(-xzA-0)==(-xzAl)=~(-z)==zx.

Using (N) and (iv), we have

zV1=-(-zA-1)==(-zA0)=-0=1.

(vi) Setting = y in (MET), we have I(x = x) + I(x — x) = 0; this yields 2 — x = 0 using (¢).
(vii) By (C), (ADD), (4i%), and (iv), we have 1 = I(1) = I(1 ~ x) + I(x A1) = I(—z) + I(z), whereby
I(—z)=1-I(z).

(viii) By (H2), we have x = § = (5 + §) = § = §. Then by (ADD) and (L1), we have

[NIES]

xT

I(z)=I(z = 5

)+I<g Az) = 1(%) +I(z A g) = I(g) +I(z = (x= §>) - I(g) +I(z - g) = I(g) + I(g).

(iz) To show = 4y = y + =, it suffices to show —(—x + y) = =(—y = z), which follows from (N) and (ii3).
(z) By (MET), (H1), and (viii), we have

A W G A R L A :I(Jc*y)JrI(y;x) _ I(x;y) N I(y;z) B d(g’y)

(zi) By (N) and (éi), we have 1 + z = =(-1 = 2) = =(0 = ) = =0 = 1. Then by (iz), we have
x+1=1+z=1.

By (#i),0+z=—-(-0+z) =—(1+-2) =-—-a=2x. By (iz), we have x + 0 =0+ 2 = x.
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(zii) By (H2), we have 2 = £ = (£ 4

e

) =% = 4. Then by (H1), we have 1 =z = y, whereby z = —y

[SIES]

by (ii4). 0

4.1.3 Proposition. Let M be a model of RV. Let D = {z € M | I(x A —x)} = 0. For all x,y € D,
define 2% := —x, xNy:=2 Ay, 2Uy =z Vy, and w(x) = I(xz). Then D is a uniformly definable set and
(D,0,1, ~C,ﬂ,U,u) is a model of Pr. Moreover, if M is of the form Ll((Q,]-", ), [0, 1]) for the probability
space (Q, F, u), then D is Ll((Q,F, ), {0, 1})

Proof. Let M be a model of RV and let D = {y € M | I(y A —~y) = 0}. By Fact 4.1.2(i), we know
D ={ye€ M |yA—-y=0}. By Theorem 1.6.1, (E1), and (E2), we know that I(z A —z) = dist(z, D). Hence,
D is a uniformly definable set in M.

First, we want to show that D is closed under =, A,V and also 0,1 € D. For all x,y € D, we have
xA-x=yA-y=0. Since =z =z and z A ~x = —x Az, we get ~x A =(—z) = 0, whence -z € D. To
show z Ay € D, it suffices to show (z Ay) A ~(z Ay) = (x Ay) A (—z V —y) = 0. By the fact that vV and A
satisfy the distributive lattice axioms, we need only show that ((m AY) A ﬁm) \Y ((a? Ay) A ﬁy) = 0, which
is true since x A =z = y A -y = 0. Then since x V y = —=(—z A —y), we know z Vy € D as well. By Fact
4.1.2(iv), we know 0 A =0 = 0, and thus 0 € D. Hence, 1 = =0 € D.

Second, for all z,y € D, define xNy := zAy, zUy := xVy, and 20 = —z. We show that (D,0,1, -C, N, U, 1)
is a model of Pr. For all x € D, we have A =z = 0, and then —(z A —=z) = =0 = 1. Then by Fact 4.1.2(4i)
and (L1), we have 1 = =(z A ~x) = ~x V -~z = -2 V& = 2 V —z. Because A,V also satisfy the axioms for
distributive lattices, we see that (D, 0,1, -C, U, N) satisfies all boolean algebra axioms in Pr.

For all x € D, define u(z) := I(x). By Fact 4.1.2(3) and (vii), we have (4(0) = 0 and u(1) = 1. For all
z,y € D, we have I(z Vy) = I(~(-z A —y)) = 1 — I(-~z A —y), by Fact 4.1.2(vii). By (ADD) and (N), we
have I(—y) = I(-y = —~x) + [(—z A ~y) = I(x = y) + I(—x A —y), and thus I(—x A —y) = I(-y) — I(z = y).
Hence, I(xVy) =1—I(-~xA-y) =1—(I(—y) — I(x ~y)), whence I(x Vy) = I(y) + I(x = y) by Fact
4.1.2 (vii). By (ADD), we have I(x) = I(x = y) + I(y A ). Then by eliminating the term I(x = y), we get
IxVvy)+I(yAnz)=1I(x)+I(y), whence I(xUy) +I(zNy) = I(x)+ I(y). Therefore p(x Uy) + pu(zNy) =
1(z) + p(y). Consequently, (D,0,1,-E N, U, 1) satisfies the measure axioms in Pr.

Next, for all z,y € D, by (P2) we know d(z+y,xVy) = 0, and thus z+y = zVy. Since (z+y) = = (-z+y),
by Fact 4.1.2(4i7) we have x =~y = —(—-x+y). Then by Fact 4.1.2(ii), we have -y = =(—z+y) = = (-aVy) =

-z A -y =2z A-y. By (MET), we have

d(z,y) =z ~y) + Iy~ a) = I(x Ay) + Iy A -z) = plzNy®) + uly Uab) = p(ziy).

64



Hence, (D, 0,1, -C, N, U, ) satisfies Axiom (4i7) in Pr. Since d is a complete metric on M and D is a zeroset

(thus it is closed), the metric d is complete on D.

Since 2€ = =z for all # € D and — is 1-Lipschitz, we get - is 1-Lipschitz. By (P2) and Fact 4.1.2(iii),

for all z,y € D, we have

rNy=xNy= —\—‘(—|—|§c A —\—|y) = —|(—|SC \Y —\y) = —‘(—MZZ + —\y) = —‘—|(—|—\aj - —\y) =T = Y.

Since — is 1-Lipschitz and = is 2-Lipschitz, we have that N is 2-Lipschitz. Since x Uy = (z N y)E for all

x,y € D, we know that U is 2-Lipschitz. Since pu(x) = I(z) for all x € D and I is 1-Lipschitz, we know that

u is 1-Lipschitz. Hence, (D, 0, —, LN, U, ) is an Lp,-structure. Therefore, (D, 0, -, L n,u, @) is a model of

Pr.

Suppose M is of the form Ll((Q,]—", u), [0, 1]), where (2, F, u) is a probability space. Then for every

f € LY((Q,F,1),{0,1}), there is A € F, such that f = [xalas.. Thus f A—~f = 0, whereby f € D. For

the converse, take € D with I(x A —z) = 0. Suppose & = [f],.s. for an F-measurable f: Q — [0,1]. Then

Jomin(f,1 — f)du = 0, whereby f is a.s. a characteristic function. Hence z € L'((Q, F,u),{0,1}), and

thus D = L'((Q, F, 1), {0,1}).
The following lemmas will be used in the proofs of Proposition 4.1.7 and Theorem 4.1.10.

4.1.4 Lemma. Let M |=RV. Then:

(i) For allm,n € N and all 21, ,x, € M, we have
1 x . L Tpy  T1 . Ty
2(2m +2m)_2m+1+ +2m+1'
(i) For allm,n € N and all 1, ,Tm, Y1, ,Yn € M, we have

(114 Fam) FtFy) ma o+

(i4i) For alln € N and all x € M, we have
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(iv) For allm,n € N and all 21,--- ,2, € M, we have

1 T T
27m($1\/...\/$n):27m\/...\/2%.

Proof. (i): Use induction on n and (H5).
(44): Use induction on n and (P3).
(497): Use induction on n, (i), and (H2).

(iv): Use induction on n and (H3). O

4.1.5 Lemma. Let M =RV and let x,y,z € M be such that t ANy =yAz=zAxz =0. Then for alln € N,

all xo, 1, ,xn € M such that x; Ax; =0 when 0 <i# j <n, and all r,s,t,79,71,- -+ ,75 €D, we have:
(i) re A sy =0.
(i) re =~ sy =rx.
(iti) rx + sy =rx V sy.
(iv) (roxo + -+ rm1Zn-1) ATz, = 0.
(W) rzy 4 F T, =TTV VT,
(vi) I(rixy + -+ rpxn) = I(rz) + -+ Lrpxy).

Proof. (i): By (H4), Fact 4.1.2(i), and induction, we have 57 Ay = 0 for all n € N. Then for all ny,n2 € N,

by (S2), Fact 4.1.2(¢, zi), and (C), we have

0= (o + 5) A0) = (g A+ (o A9)) = (o + 5) AB) = 0= (i + 5) A
By induction, we have for all k € N and all ny,--- ,n; € N,
T . LT
(2n1+...+27k)/\y:0,

Hence for all » € D, we have ra Ay = 0. By (L1), we have y A rz = 0. Then by what we just proved, we
have sy A rz = 0, and thus by (L1), rz A sy = 0, for all s € D.
(#4): By (i), for all v, s € D, we have raAsy = 0; i.e., rz=(rz=sy) = 0. Then by (ADD) and Fact 4.1.2(3),

we have I(rxz) = I(rx = sy) + I(rx A sy) = I(rz = sy). Then by (MET), the fact that ro = (rz = sy) = 0,
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(ADD), (L1), (C), and the fact that I(rz) = I(rz = sy), we have

d(re = sy,rz) = I((re = sy) = rz) + I(ra = (ro = sy)) = I((rz = sy) = ra)
=I(rz = sy) — I((re = sy) Arx) = I(rz = sy) — I(rz A (rz = sy))
=I(rz = sy) — I(rz = (ra = (ro = sy))) = I(re = sy) — I(rz = 0)

= I(rz) — I(rz) = 0.

Hence rz ~ sy = rx.

(#ii): Note that ra + sy = —(=(rz) =~ sy) and rz V sy = =(=(ra) A —(sy)). To show rz + sy = ra V sy,
by Fact 4.1.2(¢i7) it suffices to show —(rz) = sy = =(rz) A =(sy). By (N) and (i), we have —(rz) A =(sy) =
—(ra) = (2(rz) = =(sy)) = =(rz) = (sy = rz) = =(rz) = sy.

(iv): We use induction on n. When n = 1, this follows from (¢). When n = 2, by (i), (L1), (L6), (¢),
and Fact 4.1.2(v) we have

(7’01’0+T‘1I1)/\T‘2£€2: (T()IO\/TlIl)/\TQIQ: (ToonTgﬁg)V(TlilArgxz):0\/0:0.

Suppose the conclusion holds for all 2 < m < n. By the induction assumption for m = n — 1, we have
(rozo+-+rn_oTn_o)ATn_1 = (rov0+" - +7n_2Tn_2) Az, = 0. By assumption, we also have x,,_1 Az, = 0.

Then by the induction assumption for m = 2, we have
(rozo + -+ rp—1n—1) Arn@yn = ((rozo + -+ + rp—2@n_2) + rn124-1) Arpa, =0.
(v): We use induction on n. When n = 1, this is trivial. Suppose the conclusion holds for all m < n. By

(iv), we have (rixz1+- -+ rn_12p_1) Arpz, = 0. Then by (4i7) and the induction assumption for m =n—1,

we have
(rizr + - Froc1@p_1) F iz, = (mer + - F rpc1@p_1) Ve, = (Mo Ve - Vrp_1Tpo1) V rply,

whereby rizy + -+ rpz, =T Ve Vo,

(vi): We use induction on n. When n = 1, this is trivial. When n = 2, by (i), Fact 4.1.2(vii), (L1),
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(ADD), (N), and (#i) we have

I(T‘l.’El -I— ’1"21'2) = I(rlxl vV 7“2.’52) = I<—|(—\(r1x1) A _|(T2£C2))) =1- I("(T’ll'l) AN _|(7’2£L'2))
=1—I(=(rez2) A=(r1z1)) =1 = (I(=(r121)) — I(=(r1z1) = = (rea2)))

=1- (1 — I(lel) — I(T’Ql‘g - rlxl)) = I(Tlxl) + I(’I"QIQ - 7'1171) = I(lel) + I(T’Ql‘g).

Suppose the conclusion holds for all 2 < m < n. By (i), we have (rix1 + -+ +rn_1Tn_1) ATphz, = 0. By

the induction assumption for m = 2 and m =n — 1, we have

I(razy + - Frpxn) =I((rmay+ - Fro—12n-1) Frpzn) = I0mzr + - Frp12n-1) + I(razn)

=1I(riz1) + -+ 1(rn12n-1) + I(raan).

O

4.1.6 Lemma. Let M =RV and let D = {x € M | I(x A —x) = 0}. Then for allr,s €D, all z € M, and

all a,a1,--- ,ar € D, where k € N and a; A a; =0 if i # j, we have
(ii) ra+ sa = (r+ s)a.
(i11) —(ra) = (-r)a + —a.
(iv) ra = sa = (r = s)a.
(v) r(ay + -+ +ar) =ray + - + rag.
(vi) ra A sa = (r A s)a.
(vii) I(ra) =rI(a), and thus ra = 0 if and only if r =0 or a = 0.

Proof. We assume familiarity with Fact 4.1.2.

(¢): If r = 0 or 1, this is trivial. Suppose r = &, where m,n € N, 0 < m < 2" and 2 { m. Then

re = 2% +---4 2% By (H5), Lemma 4.1.4(4), we have

m times

re 1, x . . xr . R m r
= —x.

+'”+ﬁ):2nﬁ+'”+2nﬁ_2nﬁx:2

m times m times
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(#4): If r or s is zero, then this follows from Fact 4.1.2(zi). If r or s is 1, then by Fact 4.1.2(ix) it suffices
to show a + ta = a for all t € D. Since a € D, by Fact 4.1.2(i) we have a A ~a = 0. By Lemma 4.1.5(i), we

have ta A —ma = 0. By Fact 4.1.2(v), (L1), (S1), Fact 4.1.2(4¢), and Fact 4.1.2(4i7), we have

a+ta=-(-a=ta) =-((0V-a)=ta) =—((0=ta) V-a) = —(-a) = a.

mq
271

s = 22 where ny,ne € N, 0 < my < 2™, 0 < mg < 2", and n; < ny. By

Next, suppose r = S s

Lemma 4.1.4(iii), we have

a - a . . a
2n1_2n2+”'+2n2'
_—

22711 times

Then by Lemma 4.1.4(i¢) and induction, we have

_a ., . a _,a . @, ., . . 4. @ . . a
ra = o +...+2n1 7(2n2 4.4 2n2)+...+(2n2 4.0 2n2)7 Sma +'”+272’
m1 times 2m2="1 times 2m2 - "1 times m2n2— "1
m1 times
and thus
. ,a . . oa,.,a . . o4, a . . a
m—l—sa—(zTQ-i----—i- 2712)—1-(2712 +--F an)— e T T
mi2n2 "1 ma m12"2 7 "1 4+mg
Suppose 7+ s < 1. If 24 m12"27™ + my, then
a . .a m12™27"™ 4 my .
gt Tt T a=(r+s)a.
| S ————
m12™2 7 "1 +mg
Otherwise, say W = 52, where ng € N and 0 < m3 < 2". Then by Lemma 4.1.4(i4,ii7) and
induction, we have
a . .oa a Loa
o +- 4+ o —273+"'+273—(T+8)a.
m12n2 "1 4mg ms times

Hence ra +sa= (r+s)aifr+s< 1.

which was already showed.

(#it): Since a € D, by Proposition 4.1.3 we have a A —a = 0 and a V —a = 1. By Lemma 4.1.5(¢47), (H3)
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and (i), we have

(rat-a_(wavua_(wae,a_-r e _or e @)
2 2 2 2 2 2 2 2

Then by (7), Equation (4.1), (P3), (i4), Lemma 4.1.5(¢¢), (H3), and the fact that a V —a = 1, we have

ra . (-r)at-a v . or o -a. T . or . -a
5 5 —2a+(2a+2)—(2a+2a)+2
_(r_i_ﬁr) +ﬁa_1 _i_ﬁa_a -a
T TRy TRl TV

1

:ﬁ(a\/_‘a)zg

By Fact 4.1.2(zi7), we have =(ra) = (-r)a + —a.

(iv): Note that =(t1 = to) = =ty + 2 for all t1,¢5 € [0,1]. Then by (ii¢) and (ii), we have
=((r = s)a) = (-r+ s)a + —a = ((-r)a + sa) + —a.
By Fact 4.1.2(iz), (P3), (i), and Fact 4.1.2(i4i), we have
((-r)a+ sa) + ~a = ((-r)a + —a) + sa = =(ra) + sa = =(==(ra) = sa) = =(ra = sa),

and thus =((r = s)a) = =(ra = sa). Hence, by Fact 4.1.2(iii), ra = sa = (r = s)a.
(v): If r = 0 or 1, this is trivial. Suppose r = &, where n € N, 0 < m < 2", and 2 { m. Then by Lemma

4.1.5(v), Lemma 4.1.4(iv), (P3), Fact 4.1.2(iz), and induction, we have

. . 1 . . . o1 . .
r(a1+...+ak):7(a1+..._~_ak)_|_..._|_7(a1+...+ak)

2n A
m times
1 . 1 1 1 . 1 1
:%(al\/...\/ak)+...+%(al\/...\/ak):(ﬁal\/...\/27nak)+...+(27a1\/...\/ﬁak)
m times m times
1 . 1 . -1 . 1 1 . 1 . .1 . 1
_(270,1‘1‘"‘27”0419)“!‘+(27a1++27ak):(27041++2701)++(27ak++27ak)
m times m times m times

=ra; + - +rag.

(vi): Since ra A sa = ra ~ (ra ~ sa), this follows from (iv).

(vii): If r = 0 or r = 1, this follows directly. Suppose r = 57, where m,n € N, 0 <m < 2", and 2 {m.
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We claim that I(4sa) = #51(a) for all 1 < k < 2". We use induction on k. When k = 1, by Fact

4.1.2(viii) and induction we have I(5-a) = 12(:). Suppose our claim holds for all k¥ < [ < 2". By (ADD),

(iv), (vi) and the induction assumption for k =1 — 1, we have

l -1 .1 -1 .1 1 -1 .1 1
Hora) = 1((5 + g0)a) = (o + gn)a = go) + 1 F5)an 570)
-1 1 -1 1 l
=17 I(—a)= I —I(a) = —1(a).
Cota 1 = ) + e d(0) = 410
Hence, I(£-a) = 251(a) for all 1 < k < 2", and thus I(ra) = r1(a). O

4.1.7 Proposition. Let M be a model of RV and let D = {x € M | x A -~z = 0}. Let My C M be
the smallest Lry-prestructure containing D. Then My is the set {riay + -+ rar | k € Nyrq, -+ ,7p €
D,a1,---,ar € D, and a; Na; =0 if i # j}. Moreover, every nonzero element in My has a unique decom-

position riay + - - - + ryay, where

o ke Ny
® Ty, ,TkE]D)U]Z.thO<T1<...<Tk;
® aj, - ,a €D such that a; # 0 for each i, and a; A\ aj = 0 whenever i # j.

Proof. By Proposition 4.1.3, (D,0,1,—,A, V) is a boolean algebra. Let S denote the set {ria; +---+rray |
keNry, - ,rp €Day,---,a, € D, and a; Aaj = 0ifi # j}. Clearly, S € My. We will show that
(S,0,—, =, %, I,d) is an Lgy-prestructure. Taking k =1, r; = 0, and a; = 0 in the definition of membership
shows that 0 € S. By Fact 4.1.2(i4i), for all z,y € M we have x =y = —(—-x +y). Hence, we need only show
that S is closed under -, +, and 1.

Take ¢ = ra1 + -+ + rpar € S, where r1,--- ,ry € D, a1, -+ ,ap € D, and a; Aa; = 0if i # j. By
Lemma 4.1.5(v), we have z = r1a; V -+ V riar. Then by Lemma 4.1.4(iv), Lemma 4.1.6(¢), and Lemma
4.1.5(v), we have

r1a1 Trag 1

T TLk 1 . . Tk
i e YA, = g V-V —qp = — RO . S.
27 9 2 5 g Mk T At Ak €

Hence, S is closed under % Let y = (-r1)ay + -+ + (—ri)ar + =(a1 V- -+ V ag). Because D is a boolean
algebra and a; A a; = 0 if i # j, we know y € S. We will show y = —z. Similar to the calculation of 3,

we have § = “fLay +--- 4+ FEap + w Then by (P3), Fact 4.1.2(iz), induction, Lemma 4.1.6(i%),
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Lemma 4.1.5(v), Lemma 4.1.4(iv), and the fact that (D,0,1,-,A,V) is a boolean algebra, we have

Ty LTk LT Lk (@ Ve Vag)
2"‘2*(2@1"' +2ak)+(2a1+ + 2ak+—2 )
o rp o, . TR . TR . =(ar Ve Vag)
—(2+2)a1—|— +(2+2)ak+ )
1 -1 =(ap V- Vag)
—2a1+ +2a;€+ 5
1 1 ﬁ(al\/---\/ak)
=g V.- V= B St e 74
2@1 VQCLkV B)
1
:i(al\/---\/ak\/ﬁ(al\%-'\/ak))
1 1
:71:7'
2 2

Hence by Fact 4.1.2(xii), we have -x = y € S. That is, S is closed under —.

Take x = ria1+- - -+rpap, y = s1b1+---+sb, € S, wherery,--+ ,rg, 51, - ,s €D, ay, -+ ,ax, b1, - ,b €
D,a;Nay =0if 1 < i # i <k, and bj Abjy =0if 1 < j # 7 < 1. Let agp be (a1 V---V ay)
and let by be —(by V --- V b;). Since (D,0,1,—,A,V) is a boolean algebra, we have that {ag,--- ,ax} and
{bg, -+ ,b;} are two partitions of 1. Then there is a finer partition {c1, - ¢} of 1 satisfying (a) for
all 0 < @ < k, there is a subset P(i) C {1,---,m} such that a; = V,cp(;)cp; (b) for all 0 < j < [,

there is a subset Q(j) € {1,---,m} such that b, = \/ Then by Lemma 4.1.6(v), (P3), Fact

9€Q () ‘o
4.1.2(iz), and induction, we may assume that x = ric; + -+ 7/ ¢, and y = sje; + -+ + s),¢m, where
e, S, sk, € D (could be 0), ¢1,--- ,¢m € D, and ¢; Acj = 0 if i # j. Then by Lemma 4.1.6,
we have x +y = (r] + sy)er + -+ (v}, + s),)em, € S. Thus S is closed under +. Therefore, S is an
Lgy-prestructure, and thus S O My. Hence, S = My, the smallest Lgry-prestructure containing D in M.
Consider a nonzero element x in My. Then z has a decomposition z = t1¢q +- - - +tpcy, where t1,- -+ ¢, €
D, c1,...,cx € D, and ¢; Acj = 0 if i # j. Suppose k is the smallest integer for such decomposition. By
(P3), Fact 4.1.2(iz), and induction, we may reorder those terms such that x = ria; + -+ + rra, where
r1 <rg < <rpye€Danday, - ,ar €D, and a; Aa; =01if i # 5. If r; = ;41 for some ¢ and j, by
Lemma 4.1.6(v) we have r;a; + ;110,41 = ri(a; + a;11). Then it contradicts the fact that k is the smallest
integer for such decomposition. So we have t; < to < -+ < tr. By Fact 4.1.2(xi), if r;, = 0 or a; = 0
for some 7, we may delete the term r;a;. Then it also contradicts the fact that k£ is the smallest integer
for such decomposition. So we have 0 < r; < --- < 1, and a; # 0 for each 1 < i < k. We will show
that this decomposition is unique. Suppose z has another decomposition s1by + - - - + s;b;, where | € N,
s1,- - ,s1 €D with0 <3 < -+ <, b1, ,bp € D, bj #0 for each 1 < j <, and b; A by = 0 whenever

1<j#j <l Foreveryl <i<k ifaAb; =0foralll <j <]l then by Lemma 4.1.5, we have
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(riar +---Frrag) ANbj = (r1a1 V- -V rgag) Abj = (riar Abj) V-V (rpar Abj) = 0. But by Lemmas 4.1.5
and 4.1.6, we also have (s1b1 + -+ s;b;) Abj = (s1b1 V -+ -V s1b;) ANbj = s;b; Abj = s;b; # 0, whereby there

is j such that a; A b; # 0. Since a;s A (a; Abj) = 0 for all i/ # ¢, by Lemmas 4.1.5 and 4.1.6 we have

(riar + -+ Freag) A (a; Abj) = (r1ar V- - Vrgag) A (a; Abj) = ra; A (a; Abj)
= Ti((ai A\ bj> V (ai N _\bj)) A\ (ai A\ bj) = ri((ai A\ b]) + (ai A _\bj)) A\ (ai A b])
= (Ti((li A bj) + 7"1‘((11‘ A ﬁbj)) A (ai A b]) = (7"7;((11‘ A b]) V 'ri(ai A ﬁbj)) A (al- A bj)

= ri(ai A bj) A\ (ai A\ bj) = ri(ai A bj)

Similarly, (s1b1 + - + sb;) A (a; A bj) = sj(a; Abj). Thus, ri(a; Abj) = s;j(a; Abj). By Lemma 4.1.6(vii)
and a; A bj # 0, we have r; = s;. Since s; # s; if j # j', we get that there is exactly one 1 < j <[
such that r; = s;. Also, we have a; A bjy = 0 if j # j'. Therefore, {ry,---,rx} C {s1,---,s}, and
thus k& < I. By symmetry, [ < k, whereby k& = I. Since for every ¢ there is j such that r; = s;, and
0<r; < <71, 0< 81 <-++ < 8 = s, we also get that r; = s1,--+ , 7% = sk. Now, we need only show
a; = b; for every 1 <14 < k. We already know that a;Ab; # 0 but a;Ab; = 0if¢ # j. Then forevery 1 <i <k,
by Lemmas 4.1.5 and 4.1.6 we have (r1a; +- - -+rrar) Ab; = ra; Ab; = ri((a; Aby) A(a; A=b;))Ab; = 1;(a; Ab;),
also (r1by +--- +rgbg) Ab; = r;b;, and thus r;(a; Ab;) = r;b;. Similarly, we have r;(b; Aa;) = r;a;. Therefore
for every m € N, we have

ri(ag ANbi) - Frilai Ab) = riby - F iy

m times m times

By Lemma 4.1.6, we have (r; +--- 4+ r;)(a; Ab;) = (r; + -+ -+ 1r;)b;. Take alarge m, we get r; +---+r; =1,
——— —— ——

m times m times m times

and thus a; A b; = b;. Similarly, we get b; A a; = a;, whereby a; = b;. O

4.1.8 Proposition. Let M be a model of RV and let D = {x € M |  A—x = 0}. Let My C M be the small-
est Lry-prestructure containing D. Then My is the set {ria1+---F+rpan | n € Nyry, -+ vy, €Dyay, -+ ,a, €
D, and a; A aj = 0 ifi # j}. Moreover, every Lp.-isomorphism ¢: D — L'((Q,F,u),{0,1}), where
(Q, F,un) is a probability space, can be uniquely extended to an Lry-embedding ®: My — Ll((QJ-', ,u)JDD)
which is defined by

D(riar + -+ rpan) =riglar) + - F raglan),

wheren €N, r; €D anda; € D forall1<i<n, anda; Na; =0 forall1 <i# j <n.

73



Proof. Suppose ¢ can be extended to an Lry-embedding ®: My — L! ((Q7 Fy ), ID)). Then
CI)(7"1041 +oF 7”nan) = qu)(al) o F an)(an)v

where n € N, r; e Dand a; € D for all 1 <4 <n,and a; Aa; =0 forall 1 <i# j <n. Since ® is an
extension of ¢, we have

®(ria1 + -+ rpan) =ridlar) + - - F rpo(an).

Hence such an extension @ is uniquely determined by ¢.

Let D = {x € M | I(x A —z)} = 0. By Proposition 4.1.3, we know that (D, 0,-,-6,N,U, 1) is a model
of Pr. By Theorem 3.1.1, we know that there is a probability space (€2, F,u) such that D as an Lp,-
structure is isomorphic to F. Let N = (Ll((&}', ),[0,1]),0, =, =, %,I,d). By Proposition 4.1.1, we have
N E RV. Let X denote L'((Q, F, ut),{0,1}). By Proposition 4.1.3, we have (X,0,1,—,A,V, i) = Pr and it
is isomorphic to F. Hence, D is Lp,-isomorphic to X. We call this isomorphism ¢: D — X. Then for all
2,y € D, we have that ¢(z = y) = 6(z) = 6(y), 6(0) = 0, 6(1) = 1, f, d(@)d = IV (6(x)) = I(x), and
d(z,y) = dN(ng(:z:)7 cz)(y)) Let Mg be the smallest Lgy-prestructure containing D. By Proposition 4.1.7, we
know that every nonzero element z € My has a unique decomposition of the form = = ria; + -+ + rpay,

wheren e N, 0 < < <1, €D, a1, - ,an € D, a; # 0 for each 4, and a; A a; = 0 whenever ¢ # j. We

extend ¢: D — X to a mapping ®: My — N, by defining
(riar + -+ rpan) =ridar) + -+ radlan),

wheren e N, O <r; <---<r, €D, a1, ,a, € D, a; # 0 for each ¢, and a; A a; = 0 whenever i # j.
Clearly, ® is uniquely determined by ¢.
Next, we will check that ® preserves 0,1, —, %7 +,T and d. We already know that ®(0) = 0 and ®(1) = 1.

To show that ® preserves —, %, +, we need the following claim:

4.1.9 Claim. Take any nonzero x € My. Suppose x has the form ria; + -+ + rpa,, where n € N,

O<rm<---<rp€D,ai, - ,an €D, a; # 0 for each i, and a; A a; = 0 whenever i # j. Suppose x has
another form s1by + -+ + s;,by,, where m € N, s1,--+ ,8,, €D, by,--+ ,b,, € D, and by A by = 0 whenever
k#1. Then

O(z) =rP(ar) + - -+ rn®(an) = 51P2(b1) + -+ + 57 P(bin)-

Proof of Claim 4.1.9: By definition, we know that ®(z) = r;®(ay) + -+ + 7, ®(an). Then because

®: D — X C N = L'Yu,[0,1]) is an Lp,-isomorphism, we know that ®(a;) A ®(a;) = 0 whenever i # j.
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Hence, ®(z) = r®(a1) + -+ rn®(an) = r1®(ar) + - - + rn®(ay).

By (P3), Fact 4.1.2(ix) and induction, after reordering, we may assume that s; < --- < s,,,. Note
that during the reordering process, s1®(b1) + - -+ + $m®(bin) is not changed; let C' denote this sum. Since
x # 0, by Fact 4.1.2(xi) we know that these s;’s can not all be 0. Then there is a k& < m such that
s; = 0iff I < k. Then by Fact 4.1.2(xi), we have x = s1by + -+ + sibm = spbp + -+ + Smbm. Also
C=51P0b1)+ - +5mP(bp) = sxP(br) + -+ 5mP(bp,). Let Z C{k,--- ,m} be such that b =0 iff | € Z.
Let p = {k,--- ,m}\ Z| and let {m(1),--- ,m(p)} = {k,--- ,m}\ Z, where 0 < m(1) <--- < m(p). Then
by Lemma 4.1.6(vii) and Fact 4.1.2(xi), we have x = spby + -+ 4 smbm = Sim@)bm) + -+ F Sinp) bin(p)-
Also C = s, ®@(bg) + - + 5 P(bm) = 5m)P(Om1)) + - + Smp)P(bm(p)), since &(0) = 0. Let ¢ =
H{Sm(1)> " »Sm(p)}| and let {t;,---,t,} denote the set {sp,(1),"**,Sm(p)}, Where 0 < t; < --- < t,. For
all 1 <1 < g, let f(I) be the first number h such that t; = s,y and let g(I) be the last number A such
that t; = sy, Clearly, g(I) +1 = f(I41) for all 1 <1 < ¢, f(1) = 1, and g(q) = p. Let ¢; denote
brn(f)) V-V gy for all 1 <1 < g. Clearly, ¢; # 0 for all 1 <1 < ¢. By Lemma 4.1.5(v), we know that
e = b)) VoV b)) = bmera)) + 0 F bmggay), for all 1 <1 < g. Also, since ®: D — X C N is an

L p,-isomorphism, we have
O(cr) = P(bm(r)) + -+ F Lbm(g)) = POm(r)) + -+ + (bm(g())-
Then by Lemma 4.1.6(v), for all 1 <1 < ¢, we have
Sm(f)Om(rm) - F Smig)bm(g) = Ubm(rw) + -+ F tibm(gy) = t1(bm(rw) -+ + bm(gy)) = ticr-
Also for all 1 <1 < g, we have
Sm(f ) POm(r1)) + -+ + 8m(a) POm(g)) = t(P(Om(r@y)) + - -+ P(bm(gy))) = ti®(cr)-
Therefore by (P3) and induction we have

T = Sm)bm) + -+ F Smp)bm(p)
= (Smrnbmray T F Smg)bmgn) + -+ F (Smp@nbmir@) + -+ Smig(@)bmia(a))

:t101 + +tch~

(0]



Also

C= sm(l)q)(b(ml)) +-- 4+ Sm(p)@(b(mp))
= (Sm(r ) 2(Om(r)) + -+ + Sm(e(1) 2(bm(g(1))) + -+ + (Sm(£(@) POmp@)) T F Sm(9(a) P(Omig(a)))

= t1(I>(cl) + -4 tq(b(cq).

Since D is a boolean algebra and by A b; = 0 whenever k # [, we have ¢; A ¢; = 0 whenever 1 <14 # j <g.
Hence, we have x = t1¢q + -+ 4 t4cq such that 0 < ¢; < -+ <t, ¢; #0foralll1 <i<gqg,and ¢; Ac; =0
whenever 1 < i # j < q. By Proposition 4.1.7, every nonzero x has a unique such decomposition. Thus
g=mn,t =r;foralll <i<n,and ¢; = a; for all 1 < i < n. Hence, C = t1P(c1) + - + t,P(cq) =
r1®(a1) + -+ + r,®(an). This completes the proof of Claim 4.1.9.

Next, we will show that ® preserves %, -, and +. Take any nonzero x € My. Suppose z has the form
rai + -+ rpa,, wheren e N,0<ry <---<r, €D, a1, - ,a, € D, a; # 0 for each i, and a; Aa; =0
whenever i # j. As shown in the proof of Proposition 4.1.7, we know that § = Za; 4 --- + %-a,, and
—x = -riay + -+ rpan + (a1 V- Vay). By Claim 4.1.9, we have ®(3) = 5-®(a1) + - + 2 ®(a,) =

2(r®(ar) + -+ r,®(an)) = $®(z); i.e.,  preserves 3. Also

O(—z) = ®(-ria1 + -+ rpan + (a1 V- Vay)) = ®(ar) F -+ ®(an) + P(-(ar V- Vay)).

Then because ®(ay,), -, ®(a1), ®(=(a1 V-V ay)) are in L'(,[0,1]), a; Aaj =0if i # j, and &: D — X

is an Lp,-isomorphism, we have that

—r1®(ar) + - + 1 ®(a,) + @(—=(a1 V- Vay))
=1 —r)®(a)+ -+ 1 —ry)P(a,) + (1 —®(ar) — - — ®(ay,))
=1-r®(a1) — - —r®(an) = 2(M®(a1) + -+, P(ay))

==(r®(a) + -+ r®(an)).

Hence, ®(—z) = ~®(z); i.e., ¢ preserves —.

Take any nonzero x,y € My. Suppose they have the form x = ria; +- -+ +rgar and y = s1by + - - - + sby,
where k,l e N O<ri < - - <rp, €D, 0<s1 <+ <8 €D, ay, - ,a5,b1,---,by € D, a; # 0 for all
1<i<k bj#0forall<j<I a Aay =0 whenever 1 < i # ¢ <k, and b; A bjy = 0 whenever

1<j#j4 <l Let ap be =(ay V---Vax) and let by be =(by V-V b;). Since (D,0,1,-,A,V) is a boolean
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algebra, we have ag Va1 V---Var =by Vb V--- Vb =1,a;Aay =0forall 0 <i#1i <k,and b; Abjs =0
for all 0 < j #£ j/ < 1. That is, {ag, - ,ax} and {bg, - ,b;} are two partitions of 1. Then there is a finer
partition {c1,---,cm} of 1 satisfying (a) for all 0 < i < k, there is a subset P(#) C {1,---,m} such that

a; = Vpep(i v (D) for all 0 < j <[, there is a subset Q(j) € {1, -+, m} such that b; =/ Then

9€Q () ‘@
by Lemma 4.1.6(v), (P3), Fact 4.1.2(iz), and induction, we may assume that x = rjc; + - + ], ¢ and
y = sher + -+ s, ¢m, where v, 1l 8, -+, sl € D (could be 0), ¢1,-++ ,¢n € D, and ¢; Ac; = 0 if

rtmo

i # j. Then by Lemma 4.1.6, we have z +y = (r] + s})er + -+ + (v],, + s},,)cm. Hence

(x4 y) = (r} +51)P(c1) + -+ (r, + 5,)P(cm)
= (r®(c1) + -+ 1y,) F (51P(cr) + - + 57, P(em))

=0(z) + 2(y).

Thus, ® preserves +.

Now, we will prove ® preserves I and d. Take a nonzero x € My. Suppose x has the form ria; +- - -47,an,
wheren e N, 0O <r; <--- <7, €D, a1, - ,a, € D, a; # 0 for each i, and a; A a; = 0 whenever ¢ # j.
Since ®: D — X is an isomorphism, we have ®(a;) A ®(a;) = 0 whenever i # j. For all f € N, we have

IN(f) = [, fdu. Therefore,

IN(<I>(:E)):/th(x)d,u:/Q(r1<I>(a1)—i—---—i-rn<I>(an))du

:rl/Q(al)du+-~-+rn/ D(ay,)du
Q

Q

= rlfN(CI)(al)) +---+ TnIN((I)(an))

=ril(ay) + -+ rod(an).

By Lemma 4.1.6(vii), we have IV (®(z)) = I(r1a1)+- - -+ 1(rpay,). Then by Lemma 4.1.5, we have I(ria;)+

oo I(rpay) = I(riay + -+ +rpa,) = I(z), and thus I(z) = IV (®(x)). That is, ® preserves I. Since

d(z,y) =I(x = y)+I(y = z) for all z,y € M and ® preserves I and =, it follows that ® preserves d.
Therefore, ® is an Lgry-embedding from Mgy to N. O

4.1.10 Theorem. Let M be a model of RV. Then M is isomorphic to <L1 ((Q,}', w), [0, 1]), 0,—, -, %,I, d)

for some probability space (U, F, ).

Proof. Let D = {x € M | I(x A —z)} = 0. By Proposition 4.1.3, we know that (D,0,-,-C.n,U, p) is a

model of Pr. By Theorem 3.1.1, we know that there is a probability space (2, F,u) such that D as an
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Lp,-structure is isomorphic to F. Let N = (Ll((QJ:, u),[0,1]),0, -, =, ;I d) By Proposition 4.1.1, we
have N' = RV. Let X denote L'((, F,u),{0,1}). By Proposition 4.1.3, we have (X,0,1,-,A,V, i) = Pr
and it is isomorphic to F. Hence, D is Lp,-isomorphic to X'. We call this isomorphism ¢: D — X. Then by
Proposition 4.1.8, we extend ¢: D — X to an Lry-embedding ®: My — N.

Let (M’,d) be the completion of (My,d) in M. Because ® is isometric, we know that ® is extended
uniquely to an embedding ® from M’ to /. Note that dyadic number valued simple functions are dense
in N. Hence ® is a surjective embedding; that is, ® is an isomorphism between Lgy-structures M’ and N
Then we will show M’ is M.

For every x € M and n € N, using (APPR), there are elements y;,- -+ ,yan € M such that
max; I(y; A—y;) < 2% and d(z, 5 Lo+ & 5 Ljon) < 5. Forevery 1 < i <27, since I(y; A—y;) = dist(ys, D),
there is z; € D such that d(y;, z;) < 5. Then by (P1),

1 1 1 1 1

1 1 .
d(—=— _ b —zon) < d s d o
(2ny1+ +2ny2 sona b grze) S d(gpyn oo o d(Gyen, 5oz

1
= on (d(ylazl) +- +d(y2"7z2"))
1
< < —
< max d(yiz) < 5
where the equality is by Fact 4.1.2 (iz). Then
1 . 1 1 . 1 1 1 . 1
d(z. — e —2om ..7ndi — Yon, — v —2om
(13,2n21+ +2nZ2 ) ( 1+ +2ny2 )+ ( y1+ 2ny2 ,2n21+ +2nz2 )
1 1 1
< 7_;'_7 =

on on on—1 '

Since %zl +. 4 2%,2271 € My, it follows that M is dense in M, whereby M’ = M. Therefore ® is an

isomorphism from M to N. O

Although from the form of its axioms, the theory RV is not directly a universal theory, it is in fact

universal by the following lemma:

4.1.11 Lemma ([2, Lemma 2.14]). Let M |= RV be of the form L*((Q,F,p),[0,1]) where (Q,F, p) is a
probability space. Suppose N is an Lry-substructure in M. Then N = Ll((Q,a(N), w), [0, 1]), where o(N)

is the o-algebra of measurable sets generated by the elements in N.

Proof. Obviously, N C L'((Q,0(N),u),[0,1]). We show that N contains a dense subset of the space
L'((Q,0(N), 1), [0,1]). Then by the fact that N is a Lgy-structure, we know that it is a complete metric

space. Therefore, N = L'((Q,0(N), 1), [0,1]).
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Let D denote the dyadic numbers in [0,1]. For every ¢ € D, we have that {1 € N and note that it is a
constant function with value ¢. For all [f],s. € N and all ¢t € D, we have g; = [fla.s. = t1 € N. Let gi(m)

denote g; + - -+ + g;. Note that
—_—

m

lim g:(m) = [X{r>t})a.s.

m—r oo

where the limit is the almost sure pointwise limit of random variables. By the dominated convergence
theorem, the limit of (g;(1))men in the sense of the metric of M (i.e., L*-metric) is [X{f>¢})a.s.. Since N is
an Lgy-structure (and thus its underlying space is a complete metric space), we have that g;(m) € N and
limy, o0 9:(M) = [X{f>t}]a.s. € N. Let A= {{f > t}|[flas. € N,t € D}. Note that o(N) = (A) and for
every B € o(A), we have [xpla.s. € N. Hence, every function in L*((€2, 5(A), 1), D) is in N. Since the set
L'((Q,0(A), 1), D) is a dense subset in L' ((Q2,0(N), 1), [0,1]), we have N = L' ((Q,0(N), p), [0,1]). O

4.1.12 Corollary. The theory RV is a universal theory.
Proof. Use Lemma 4.1.11 and Theorem 1.7.6. [

4.1.13 Corollary. Let M be an Lry-structure. Then M is a model of ARV if and only if M is isomorphic
0 (L1 ((Q, F, ), [0, 1]),0, -, =, %7 1, d) for some atomless probability space (0, F, ).

Proof. By Proposition 4.1.1, we know that (Ll (2, F,p),[0,1]),0,—, =, 3.1, d), where (Q, F, 1) is an atom-

less probability space, is a model of ARV.

For the other direction, by Theorem 4.1.10, M as a model of RV is isomorphic to (Ll ((Q, F,u),[0, 1}),
0,—, -, %, 1, d) for a probability space (Q, F, ). Let D denote Ll((Q,]-', ), {0, 1}) By Proposition 4.1.3,
D is a model of Pr and D is Lp,-isomorphic to F. Forall z € D, using (NA) we know that for every
€ > 0, there is y. such that dist(y., D) < € and |[I(y A x) — @} < e. Then there is y € D such that
[I(y Azx)— @| < 2e. Thus D as a Lp,-structure satisfies Axiom (7v) in APr, whereby D is a model of APr.

By Theorem 3.1.2, (Q, F, u) is atomless. O

4.2 Ben Yaacov’s axiomatizations

The theory of the class RV was first studied by Ben Yaacov in [2]. He axiomatized the class via propositional
continuous logic, after Rose, Rosser and Church. However, the axiomatizations given in the preceding section
only use basic measure theoretic probability theory. We follow the notation from the last section. Ben

Yaacov’s axioms [2] for the theory of the class RV consist of the following conditions; we let RV(BY) denote
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the set of these axioms to distinguish them from our axioms given in the preceding section. (Ben Yaacov

denoted his axioms in [2] by RV.)

(RV1) sup, sup, §|1(z) — (I(x =y)+I(yAx))| =0

(RV2) [I(1)—1]=0

(RV3) sup, sup, §|d(z,y) — (I(x = y) + I(y = 2))| =0
(RV4.1) sup, sup, d((z = y) = 2,0) = 0

(RV4.2) sup, sup, sup, d(((z = 2) = (v = y)) = (y = 2),0) =0
(RV4.3) sup, sup, d((z Ay) = (yAx),0) =0

(RV4.4) sup, sup, d((z =y) = (-y = —z),0) =0

(RVA.5) sup, d(3 = (x=3),0) =0

(RV4.6) sup, d((z = %) = 2,0) =0

From the form of its axioms, the theory RV(BY) is universal. The theory ARV (BY) is obtained by adding

the following axiom to RV(BY):
(NA) sup, inf, max(I(y A —y), |I(y ANx) — @D =0

Ben Yaacov proved the following result:

4.2.1 Proposition ([2]). Let M be an Lry-structure. Then M is a model of RV(BY) if and only if M is
isomorphic to (Ll((Q,]-', ), [0, 1]),0,ﬂ, -, %,I,d) for some probability space (0, F,u). Moreover, M is a
model of ARV(BY) if and only if (2, F, u) is an atomless probability space.

Proof. This is [2, Corollary 2.8]. O
4.2.2 Corollary. The theory RV (resp. ARV ) is equivalent to the theory RV(BY) (resp. ARV(BY)).

Proof. Use Theorem 4.1.10, Corollary 4.1.13 and Proposition 4.2.1. O
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4.3 Extension of the theory by multiplication

Multiplication between random variables is a basic and useful operation. Thus it is convenient if we have
the multiplication function in the signature. Let Lry(x) denote the signature consisting of Lry and a new
binary function symbol “x”, whose modulus of uniform continuity is Ay (e) := § for every e € (0,1]. We
often omit the symbol “x” when no confusion will occur; e.g., we often write xy instead of x x y. Every
model of RV has a natural expansion to an Lry(x)-structure, obtained by interpreting “x” as multiplication
between random variables. Ben Yaacov showed [2, Lemma 2.13] that the multiplication function is uniformly
definable in every model of his theory RV(BY), and hence the same is true in every model of our theory RV.
By Corollary 1.6.9, the class of expansions discussed above is axiomatizable, and its theory is an extension
by definitions of the Lgy-theory RV.

In this section, we give an explicit set of axioms, denoted by RV(x), for the theory of this class of

expansions. The Lgy(x)-theory RV(x) consist of the axioms in RV together with the following axioms:
(M1) sup, sup, sup, d((x ~y)z,xz = yz) =0

(M2) sup, d(%,% xz)=0; sup,d(lxaz,z)=0

(M3) sup,, sup, d(zy = (z Ay),0) =0

(M4) sup, sup, d(zy,yr) =0

(M5) sup, sup, sup, d((x Vy)z,xz V yz) =0

(M6) sup, sup, sup, d((z xy) x z,z x (yx2)) =0

Throughout this section, we will interpret symbols of Lry(x) in a given model M of RV(x) without
putting M explicitly into the notations, for easier readability. Also note that RV(x) 2 RV, so for a
statement without “x”, Theorem 4.1.10 provides a powerful tool to justify whether the statement holds or

not.

4.3.1 Fact. Let M be a model of RV(x). For all x,y,z € M, we have the following properties:
(i) 0xxz=xx0=0.
(i) xy ~x =2y ~y=0.

(iii) (x ANy)z =xz Ayz.

(iv) xVay =z and x A\ xy = xy.
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Proof. (i) By Fact 4.1.2(vi), we have  — z = 0. By (M1), we have 0 x z = (z = x) X © = za ~ za, which is
0 by Fact 4.1.2(vi). Then by (M4), we have 2 x 0 = 0.

(it) By Fact 4.1.2(i3), we have z =1 = y =1 = 0. Then by (M1) and (¢), we have zy ~ 1y = zy ~ 21 = 0.
By (M2) and (M4), we have 1y = y and 21 = 1z = z, and thus a2y ~y = zy ~ 2 = 0.

(i4i) By (M1), we have (z Ay)z = (z = (z = y))z = 2z = (32 =~ y2) = x2 A yz.

(iv) By (M2), (M4), Fact 4.1.2(v) and (M5), we have z =l =21 =2(1Vy) =z1Vay =z V zy.

By Fact 4.1.2(iv), (L1), (i), (M4), and (M2), we have

zy=z(yANl)=z(1Ay)=z1lAzy=1x Axy =z A xy.

4.3.2 Lemma. Let M be a model of RV(x). For every x € M, the following are equivalent:
(i) zx = z.
(i) © x ~x =0.
(iii) x A —x = 0.
(iv) zV -z =1.

Proof. (iii) < (iv): Since “x” is not involved in the statements and (iii) < (iv) holds in models of RV, we
know that it also holds in all models of RV(x).

(i) = (it): By (MET), zz = z implies x = zo = 0. Hence by Fact 4.1.2(¢ii) and (M1), we have
zx—z=z(l+z)=x=zx=0.

(it) = (vit): By Fact 4.3.1(i%) and Fact 4.1.2(iv), we have z(zA—x) = zzA(zx—z) = zzA0 = 0. By (M4),
-z xx =xx-x =0. Then by Fact 4.3.1(¢) and Fact 4.1.2(iv), we have ~z(z A—z) = (mz x 2) A (-x)(—x) =
0 A (mx)(—x) = 0. Hence, z(z A -z) = —z(zx A —z) = 0. Then by (M5) and Fact 4.1.2(v), we have
(zV-2) x (xA—z) =z(x A-z)V-z(zA-z) =0V 0=0. Note that RV |= d(3 = (z V -z),0) = 0. Since
RV(x) = RV, we have 1 = (z V —z) = 0. Multiplying = (z V —2) = 0 by (z A =z) from the right hand

side, by (M1) we have 3 x (z A =z) = (z V —z) X (z A ~z) = 0, whence 3 x (z A —z) = 0 by Fact 4.3.1()

and (C). Then by (H2), (M2) and Fact 4.1.2(z7), we have that

1 1 1 1 .
1:/\wvz§(:n/\—|x)+§(x/\—|x):§x(x/\—\ac)—l—Ex(x/\—\x):O—l—O:O.
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(#it) = (i): By (M3), we have (x X —z) = (x A —z) = 0, whence z x =2 = 0 by (C). Then by (M2), (M1),
Fact 4.1.2(4i4), and (M4), we have z ~ 2o = 1z ~ 22 = (1 ~ z)x = - X ¢ = z X =@ = 0. By Fact 4.3.1(i7),
zx =z = 0. Then by (MET), we have zz = x. O

4.3.3 Remark. Let M be a model of RV(x). By Theorem 4.1.10, we may assume that M is of the form
LY(u,[0,1]) for the probability space (2, F,p). Then the set Xy = {x € M | x A ~x = 0} is the set of

characteristic functions in M. Lemma 4.3.2 implies that Xpy = {x € M | zx = z}.

4.3.4 Lemma. Let M be a model of RV(x) and let x,y be elements in M. If zx = = and yy = y, then

TXY=xNYy.

Proof. By (M4), Fact 4.3.1(4i1) and (iv), we have that x(z A y) = zx Axy = z A zy = xy. By Lemma 4.3.2,
xx = x implies & x —z = 0, whence by (M4), =z x = 0. Then by (M4), Fact 4.3.1(i7) and Fact 4.1.2(iv),
we have ~z(x Ay) = (—z x ) A (mx X y) = OA (—z x y) = 0. Then by (M5) and Fact 4.1.2(v), we have
(xV-z)x (xAy)=z(xAy)V-z(zAy) =2yV0=zy. By Lemma 4.3.2, zx = z implies zV -z = 1. Then

by (M2), (zV—-2)x (zAy)=1x (xAy)=xAy. Hence zy = x A y. O

Let M be a model of RV(x). By Theorem 4.1.10, we may assume that M is of the form L'(y,[0,1])
for the probability space (92, F, ). Throughout this section, let X; denote the set {x € M | xz = z}. By
Lemma 4.3.2, we know that X, is the set of characteristic functions in M. Lemma 4.3.4 tells us that “x”
defines multiplication between characteristic functions in M. Next, we will extend this fact to all random
variables. For all z,y € X); with x x y = 0, by Lemma 4.3.4 we have x X y = x Ay = 0. Hence, z and y

correspond two disjoint measurable sets.
4.3.5 Lemma. Let M be a model of RV(x).
(i) For allm € N and all x € M, we have é%zzinxx.
(i) If zz = z, then for all x,y € M, we have (z +y)z = zz + yz.
(iii) If xx = x, then for all v € D, we have rx = (rl) X x.
(iv) For all r,s € D, we have r1 x s1 = (rs)1.

(v) If xx = x and yy =y, then for all r,s € D, we have (rx) x (sy) = (rs)(z X y).

Proof. (i): We use induction on n. When n = 1, this is (M2). Suppose the conclusion holds for all m < n.

Then by (M2), (M6) and the induction assumption, we have



(i4): By Lemma 4.3.2 and (M2), it suffices to show (2 V =2) x ((z +y)z) = (2 V =z) x (zz + yz). Then
by (M5), it suffices to show z x ((z +y)z) = z X (zz + yz) and —z x ((z +y)z) =~z x (v2 + y2).
By (M4), (M6), Fact 4.1.2(¢4), (M1), and (M2), we have

zx ((xFy)z) = ((x+y)2) x 2= (x+y) x (22) = (¢ +y)z = (-(-z = y))z
= (1 = ((1=2) —y))z =1z = ((1z = zz) = y2)

=z=((z = x2) = yz).
By Fact 4.1.2(ii4), (M4), (M1), (M2), and (M6), we have

zx (wz+yz) =z x (-(-(z2) ~y2)) = (L= (L~ z2) ~yz2)) x 2
=1z~ ((1z - zzz) ~yzz)

=z= ((z - xz2) - yz2).

Hence, z x ((z 4+ y)2) = z x (w2 + y2).
By Lemma 4.3.2, zz = z implies z X =z = 0. Then by (M4), (M6), and Fact 4.3.1(7), we have

—zx ((@+y)z) = ((x+y)z) x z=(x+y) x (zx2z)=(z+y) x0=0.
By Fact 4.1.2(ii), (M4), (M1), (M2), (M6), Fact 4.3.1(¢), (C), and Fact 4.1.2(vi), we have

—z % (zz+yz) = 2 x (2(=(zz) = yz)) = (1= (1 = x2) = yz)) x 7z
=1-z = ((1nz = (z2)-z2) = (y2)—z) = =z = ((-z = 2(2 X =2)) = y(z x —2))

=-z=((mz=2x0)=yx0)=-z=((nz+0)=0)=-z=-2=0.

Hence, =z x ((z 4 y)z) = =z x (zz + y2).
(éi1): If r = 0 or 1, by Fact 4.3.1(¢) and (M2) this is trivial. Suppose 7 = 3, where n € N, 0 <m < 27,
and 2 tm. Then by (i) and (i), we have
T S

1 : 1 1 . 1
rm:27+~~~+ﬁ:2—n><:E+~~+2—nxx:(27+~~+2—n)x:(r1)><x.

m times m times m times

1v): If either r or s is 0 or 1, by Fact 4.3.1(3) and (M2) this is trivial. Suppose r = 22+, s = 222 where
(iv) y

2n1 2m2

84



ny,ne €N, 0 <my <2™, 0 < mg <2, 2{mq, and 21 my. By (i) and (H5), we have

i |

(r1) x (s1) = r(s1) = r( oma +- 1t o )
| -
mo times
1,1 1. 1,1 1
= 2n1(2n2 4. 4 2712)4_..._'_2”1(2”2 _|_..._|_2m)
— —_—
mo times mso times
my times
1 . . 1 mimso
T 9nitns oot onitng — 9nitng T (’I“S)]..

mimso times

(v): By (M6) and (M4), we have (z X y) X (x x y) = (zz) X (yy) =  x y. Then by (iii), (M6), (M4),

and (iv), we have
(rz) x (sy) = ((rl) X 1:) X ((51) X y) = ((rl) X (81)) X (x xy) = ((rs)l) x (zy) = (rs)(z X y).

O

4.3.6 Lemma. Let M be a model of RV(x) and let x,y € M. If xx = x and xy = 0, then (rz +y)z =
(rz)z+yz, for all z € M and all r € D.

Proof. By Lemma 4.3.2 and (M2), it suffices to show (zV —z) x ((ra+y)z) = (zV—-z) x ((rz)z+yz). Then
by (M5), it suffices to show @ x ((rz 4+ y)z) = 2 x ((rz)z + y2) and =z x ((re + yz) =~z x ((re)z + yz).

First, we will show z x ((rz +y)z) = z x ((rz)z + yz) = (rz)z. By Fact 4.1.2(44), (M1), (M2), and
(M6), we have

T X ((rx + y)z) =z X ((—\(—\(rx) - y))z) =1z X ((1 = (L =rzx) = y))z)
— o x (12 (L2 = (r2)2) = y2) = 2 % (2 = (2 = (r2)2) = y2))

=zz = ((zz = 2((rz)z2)) = 2(yz)) = 2z = ((v2 = (x x (rz))z) = (2y)z).

Then by zz = =, Lemma 4.3.5(v), xy = 0, Fact 4.3.1(¢), (C), Lemma 4.3.5(47%), (M6), and Fact 4.3.1(iv),

85



we have

Tz~ ((xz = (z x (rz))z) - (:cy)z) =xz = ((:cz = (rz)z) - Oz) =gz = ((xz = (rz)z) - 0)
=zz = ((xz = (re)2)) = (z2) A (rz)z = (z2) A ((rl) x @)z

= (zz) A ((r1)(z2)) = (r1)(z2) = (r1 x x)z = (rz)=.

Thus, z x ((rz 4+ y)z) = (rz)z.
Next, let us show = x ((rz)z + yz) = (rz)z. By Fact 4.1.2(44¢), (M1), (M4), (M2), and (M6), we have

x X ((rx)z +yz) =x x (—\(—\((rx)z) - yz))
=1z X (1 = (1= (ra)z) = yz))
=21 = ((21 = z((rz)z)) = z(yz))

=z = ((z = (2 x (rz))z) = (vy)2)

Then by zz = x, Lemma 4.3.5(v), zy = 0, Fact 4.3.1(¢), (C), Lemma 4.3.5(¢i7), (M6), (M4), and Fact

4.3.1(iv), we have

= ((z= (zx (rz)z) = (zy)z) =z = ((z = (rz)z) = 0z) =z = ((z = (rz)z) = 0)
=z = (v=(rz)z) =z A(rl x z)z

=zA(zx(rl)xz)=ax (rl) x z = (rl x z)z = (rz)z.

Therefore, we have z x ((rz +y)z) =z x ((re)z + yz) = (rz)2.
Second, we will show =z x ((rz + yz) = = x ((rz)z + yz) = (-z)(yz). By Fact 4.1.2(iii), (M1), (M2),

and (M6), we have

() x ((re +)2) = (2) % ((~(2(r2) = ) 2) = (72) x (1= (1= r2) = y))2)
= () x (12 = (12 = (r0)2) = y2) = (~2) x (2= (2 = (r2)2) = y2))
= (~2)z = (((~2)z = (~a)(r2)2)) = (o) (y2))
= (m2)z = (((m2)z = (=) x (r2))2) = (o) (y2)).

By Lemma 4.3.2, x2 = z implies X =z = 0. Then by zx = z, Lemma 4.3.5(ii7), (M6), (M4), and Fact
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4.3.1(#), we have
(mz) x (rz) = (-2) X (rl x z) = (-~ x r1) x & = (rl) x ((-z) x ) = (r1) x 0 =0. (4.2)
Then by Equation (4.2), Fact 4.3.1(¢), (C), (M6), (M4), and Fact 4.3.1(iv), we have

()2 = ((72)z = ((2) x (r2))2) = (-2)(y2)) = (-2)2 = (((-z)z = 02) = (-7)(y2))
= (@)z = (((72)2 = 0) = (~z)(y2)) = (-2)z = ((-2)2 = (—2)(y2))
= (~z)z A () (y2) = (-2)2 A ((-2)2)y = ((-2)2)y = (-2)(y2)-

Thus, (-z) x ((rz 4+ y)z) = (-z)(yz).

Next, let us show (—z) x ((rz)z + yz) = (-z)(yz). By Fact 4.1.2(4i7), (M1), (M4), (M2), (M6), we have

(-) x ((r2)z +y2) = (~2) x (~(=((r2)2) = y2))
= (ma) x (1= (1= (r)2) = y2))
= ()1 = (F)1 = (=) (r2)2)) = (~2)(42))
= () = (((~2) = (=) x (r2))2) = (~2)(y2))

Then by Equation (4.2), Fact 4.3.1(7), (C), Lemma 4.3.5(3¢7), (M6), (M4), and Fact 4.3.1(iv), we have

(=) = (((~z) = (=) x (r2))2) = (72)(yz)) = (~z) = ((-~2) = 02) = (=2)(yz))
= (mz) = (((m2) = 0) = (~2)(y2)) = (-@) = ((-z) = (~2)(y2))

= (72) A (m2)(yz) = (-2)(y2).

Therefore, we have (—z) x ((rz +y)z) = (-z) x ((rz)z + y2) = (-z)(y2). O

4.3.7 Lemma. Let M be a model of RV(x). For allmn € N, all r1,--- ,r, €D, and all x1,--- ,z,,y € M

satisfying x;x; = x; for all 1 <1 <n and z;x; =0 for all 1 <4 # j <n, we have
(rizy + - Frazn)y = ri(vy) + - F ra(Tny).

Proof. We use induction on n. When n = 1, by Lemma 4.3.5(¢4¢) and (M6) we have (r1z1)y = (mlxx)y =

(r11) X (z1y) = r(x1y). Suppose the conclusion holds for all m < n—1. By (M4), the induction assumption,
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Lemma 4.1.6(vit), and Fact 4.1.2(x4), we have

Tp(rzr+ - Frpo1tn-1) = (mazr+ - Froc1zn-1)Tn = ri(zizy) F oo F o1 (@n—12n)

=r04+--F7r, 10=0+---+0=0.

Then by (P3), Fact 4.1.2(iz), Lemma 4.3.6 and the induction assumption, we have

(o + - Frazn)y = (rpzn + (mo 4+ Froc1zp1))y = (rezn)y + (Mo + - Frpizn 1)y
= Tn(ﬂﬁny) + (7”1(x1y) +-F Tn—l(xn—ly))
= (ri(z1y) + - F rac1(@n—1y)) F ra(zny)
= Tl(xly) .-+ Tn(xny)
O]

4.3.8 Lemma. Let M be a model of RV(x). Let x = (x1, - ,&m) and y = (y1, - ,Yyn) be tuples in M.
Suppose x and y are partitions of 1. That is, z;x; = x; for all 1 < i < m, y;y; =y; for all 1 < j < n,
iXay =y; xyyp=0foralll<i#i¢ <m,1<j#j <n,andxi+ - +am =01+ +y,=1. Then

forallry, - ;Tm, $1, + ,$n €D, we have

(7’11'1 4.4 rmxm) X (31y1 +---4 Snyn)

= (ris)(@iyn) + -+ (rsn) (@1yn) + -+ (1) (@my1) + - F (Pmsn) (Zmyn)-

On the right hand side of the equation, there are mn many terms, being of the forms (r;s;)(z;y;) for all

1<i<mandl1<j<n.

Proof. For all 1 <i <m, by (M4) and Lemma 4.3.7 we have

(riws) X (s1y1 -+ F spyn) = (5191 + -+ F 50yn) X (razs) = s1(yr(rizs)) + -+ sn(yn(rizs)).

For all 1 < j < n, by Lemma 4.3.5(iii), (v), (M2), and (M4) we have

sj(yj(rizi)) = (s51) x (y; % (riwi)) = (s;1) % (riy; x ;) = (s;7:)(1 % (y; X x3)) = (ri8;)(@iy;).
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Hence,

(rizi) X (s1y1 + -+ F snyn) = (ris1)(@iys) + -+ + (risn) (Tiyn)-
The rest follows from Lemma 4.3.7, Lemma 4.1.4(i4) and induction. O

4.3.9 Theorem. Let M be a model of RV(x). Then M is Lry(x)-isomorphic to

(Ll(;h 0,1]),0, -, =, % w1, d),

where (Q, F, 1) is a probability space.

Proof. By Theorem 4.1.10, we may assume M = L*(u,[0,1]), where (Q,F,u) is a probability space. By
Lemmas 4.3.4 and 4.3.8, we know that “x” on M is multiplication for all D-valued simple functions. From
real analysis, we know that the set of all D-valued simple functions is dense in M = L!(y, [0, 1]). Because
“x” and the usual multiplication function on M are continuous, we know that “x” on M is exactly the

multiplication function between random variables. O

Let ARV(x) denote the theory consisting of axioms in RV(x) together with Axiom (NA) in ARV.

4.3.10 Corollary. Let M be a model of ARV(x). Then M is Lry(x)-isomorphic to

(Ll(;h 0,1]),0, -, =, % w1, d),

where (Q, F, 1) is an atomless probability space.
Proof. This follows from Theorem 4.3.9 and Corollary 4.1.13. O

4.3.11 Remark. By Beth’s Definability Theorem (Theorem 1.6.8), Theorem 4.53.9 and Corollary 4.3.10,
“x” is defined over Lry in both RV(x) and ARV(x). Thus, RV(x) (resp. ARV(x)) is an extension by
definitions of RV (resp. ARV ). The fact that “x" is uniformly definable was showed in Ben Yaacov [2,
Lemma 2.18] in every model of his theory RV(BY), and hence the same is true in every model of our theory
RV. By Corollary 1.6.9, the class of Lry(x)-expansions of models of RV is axiomatizable, and its theory is
an extension by definitions of the Lry-theory RV. But here, we give an explicit set of axioms for the theory

of this class of expansions.
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Chapter 5

Model theory of random variable
structures

This chapter is a continuation of Chapter 4. In this chapter, we make a comprehensive study of the model
theory of random variable structures, which was initiated by Ben Yaacov in [2]. It is the most important
chapter of this thesis. In Section 5.1, Theorem 5.1.1 shows how to generate a natural random variable
structure from a probability algebra. In Section 5.2, we give a detailed proof of Theorem 5.2.3 from [2],
which presents basic properties of ARV. In Section 5.3, we study the type spaces of ARV. Our main results
are two explicit formulas for the d*-metric between types in ARV; see Theorems 5.3.9 and 5.3.14. A new
proof of an integral formula for the Wasserstein distance between probability measures on the real line is
given in Section 5.4. In Section 5.5, we characterize the saturated models of ARV. In Section 5.6, we
give a proof of a result from Ben Yaacov [2] that ARV is w-stable and that describes its model theoretic
independence notion in probabilistic terms. In Section 5.7, we characterize the d-finite tuples in ARV and give
some applications. In Section 5.8, we define conditional Wasserstein distances. Our definition of conditional

Wasserstein distances generalizes the definition of Wasserstein distances.

5.1 Probability algebras and random variable structures

In this section, we will prove that every probability algebra determines a unique random variable structure
up to isomorphism.

Let (&7, 1) be the probability algebra associated to the probability space (€2, F, ). Then for all a € 7,
there exists F' € F such that a = [F],. Let D denote the set of the dyadic numbers in [0,1] and let
Lt ((Q, F, 1), ID)) denote the set of equivalence classes of D-valued simple functions in £! ((Q7 Fou), ID)). Note

that L'((€, F, u),D) is an Lry-prestructure which is dense in the Lgy-structure L*((2, F, 1), [0, 1]).

5.1.1 Theorem. Let (o7, pu) and (&, ') be probability algebras associated to probability spaces (Q, F, )

and (', F', 1) respectively. Every Lp,-isomorphism ¢ : o/ — <f' induces an Lgry-isomorphism
R(): LH(Q, F, ), [0,1]) = LM, F', ), [0, 1]).
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On the other hand, every Lgry-isomorphism
U L'((Q,F, 1), [0,1]) = L' (Y, F', 1), [0,1])

induces an Lp,-isomorphism P(U): o — &/'. Moreover, R(P(¥)) = U and P(R(y))) = .

Proof. We define 7: & — L'((Q,F,1),{0,1}) by n([al,) = [Xala.s. for all [a], € &/, where a € F. It
is clear that 7 is well-defined and injective. For each equivalence class [f],.s. of a characteristic function
f: & — [0,1], there exists F' € F such that f = xr, whereby 7([F],) = [XFla.s. = [fla.s.. Therefore =
defines a bijective mapping from &/ to L' ((Q,f, ), {0, 1}) By Proposition 4.1.3, we know that 7 is an
Lp,-isomorphism. Similarly, the mapping 7': &' — Ll((Q’,}",u’), {0, 1}) defined by 7'('/([@/]”) = [Xa']a.s.

for all [a'], € &', where a’ € F', is also an Lp,-isomorphism.

Then for every Lp,-isomorphism v : &/ — /', there is the following Lp,-isomorphism
pi=n"opon tt L'((Q,F,p),{0,1}) = L' (2, F, '), {0,1}).

Note that

n
LY((Q,F, 1), D) = {>_ di[xrJas. | n €N,d; €D and F; € F for each i, u(F; N Fy) = 0 whenever i # j}.

=1

We define
Wo: L'((Q,F, p), D) — L' (Y, F', 1), D)

by Uo(f) := >, di([XFi]a.s.), where f =37  di[XF,]as, n €N, d; € D and F; € F for all 1 <i < n,
and p(F; N F;) =0 for all 1 < i # j < n. By Proposition 4.1.8, ¥y is an Lgry-embedding. Since ¢ is an Lp,-
isomorphism, we have that U is surjective, whereby it is an Lgry-isomorphism between Lgy-prestructures.
Since L*((€, F, 1), D) and L ((', F', /), D) are dense in L*((€2, F, p), [0,1]) and L*((Y, F, '), [0,1]) re-
spectively, ¥y induces an Lgy-isomorphism W: L'((Q, F, p),[0,1]) — L*((Q', F',1'),[0,1]). Then ¥ is our
desired R(1)). Note that ¥ is uniquely determined by ¢.

On the other hand, for all Lgry-isomorphisms
: L'((Q,F, p),[0,1]) = L' (Y, F', 1), [0,1]),

we write ¢ for the restriction of ¥ to L'((Q,F,u),{0,1}). Then note that L'((Q,F,u),{0,1}) and
LY (Y, F,1),{0,1}) are zeroset of I(z A —z) = 0 in L*((Q, F,p),[0,1]) and L' (', F, 1), [0,1]) re-
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spectively, so we have that
@: L'((Q, F,p1),{0,1}) — L' (2, F', '), {0,1})
is a bijection. By Proposition 4.1.3, we know that
(L' (9, F,1),{0,1}),0,1, =, A, V, )
and

(LM, F', 1),{0,1}),0,1, =, A, V, 1)

are models of Pr. Since W is an Lgy-isomorphism, we have that ¢ is an Lp,-isomorphism and it is uniquely
determined by ¥. We define ¢: & — &’ by 9 := m~! o p o m. Because ¥ is an Lgry-isomorphism, ¢ is
an Lgy-isomorphism, and 7,7’ are Lp,-isomorphism, we have that 1 is an Lp,-isomorphism, which is our
desired P(7).

From the construction of R(¢)) and P(¥), we see that
p=n"opor ' L'((Q,F,p),{0,1}) = L' ((, F,1),{0,1})
uniquely determines W: L' ((€, F, p), [0,1]) — L* (¥, F', i), [0,1]) and vice versa, and thus P(R(¢)) = ¢
and R(P(1)) = 0. O

5.1.2 Remark. Let (o7, p) be the probability algebra associated to the probability space (Q, F,u). By Theo-
rem 5.1.1, the Lry-structure L' ((Q, F, p), [0,1]) is determined by the probability algebra (<, 1) up to Lry-

isomorphism. We define L*(<7,[0,1]) to be the Lry-structure L*((Q, F, 1), [0,1]).

5.2 Basic model theoretic properties of RV and ARV

In this section, we prove basic properties of the theory of atomless random variable structures that are taken

from Ben Yaacov [2].

5.2.1 Lemma ([2]). For all continuous functions ¢: [0,1]" — [0,1], there is a sequence of Lry-terms
(tk(x))keN such that for all models M of RV, we have that t)'(z) uniformly converges to o™ (z), where

M M™ —[0,1] is defined by o™ (f) = o(f) for all f € M™.

Proof. This follows from [2, Lemma 2.13]. O
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5.2.2 Lemma ([2]). Let M be a model of RV and f,g € M™. Then tp%l(f) = tp?&(g) if and only if f and

g have the same joint distribution as random variables.
Proof. This is [2, Lemma 2.15]. O

The following theorem includes basic properties of the theory ARV.

5.2.3 Theorem ([2, Theorem 2.17]). Let M = L'((Q, F, 1), [0,1]) be a model of ARV. Then
(i) The theory ARV is complete and separably categorical.
(ii) The theory ARV admits quantifier elimination.

(iii) The universal part of ARV is RV, and ARV is the model completion of RV.

(iv) If A C M, then dcl(A) = acl(A) = L*((Q,0(A),pn),[0,1]) € M, where o(A) is the o-algebra of

measurable sets generated by the random variables in A.

(v) Two tuples f and g in M™ have the same type over a set A C M if and only if they have the same

joint conditional distribution over o(A).

Proof. (i) Let M’ = L*((V, F',1/),[0,1]) and M = L'((Q, F, 1), [0, 1]) be separable models of ARV. Let F
and F be the probability algebras associated to the probability spaces (€', F/, i) and (Q, F, i) respectively.
Then 7’ and F are separable models of APr. By Theorem 3.1.3 (4), Fis Lp,-isomorphic to F. By Theorem
5.1.1, we have that M is Lry-isomorphic to M’. Hence ARV is separably categorical, whereby complete.
(i) Let f and g be n-tuples in a k-universal domain M for ARV for an uncountable cardinal x, and
assume tpif(f) = tpf(g). Suppose that M = L! ((Q,}', w), [0, 1]) By Lemma 5.2.1, for all continuous
¥:[0,1]™ — [0,1], we have I(¢(f)) = I(¢(g)), whereby f and g have the same joint distribution. Let
D denote the set of the dyadic numbers in [0,1]. Let D x n denote the set {(r,i) | r € D,1 < i < n}.
We write a,; for the event {f; < r} and b, for the event {g; < r}, where (r,4) € D x n. Since f and
g have the same joint distribution, tpAPr’qf({ar,i}(r,i)EDxn) = tpAP"qf({br7¢}(7.7i)emxn). By Theorem 3.1.3,

APr({br,i}(r,i)eDXn)- Since M is a

the theory APr eliminates quantifiers. Thus, tpAPr({ar,i}(r,i)eDXn) =tp
r-universal domain and F is a uniformly definable subset by Proposition 4.1.3, we know that Fis a k-
universal domain for APr. Because x is uncountable, there is ¢ € Aut(]? ) such that ¢(a, ;) = b, for every
(r,i) € D x n. By Theorem 5.1.1, ¢ induces an Lry-isomorphism ® € Aut(M) such that 1,4) = ®(14)
for every A € F. Then for every (r,i) € D x n, we know that ®(1,, ;) = 1p,,; i.e., ®(1if,<r}) = lig,<r}-

By the definition of the Lebesgue integral, we have that [, |®(f;) — gildu = 0 for each i < n. Thus
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d(®(f),g) = maxi<i<n d(®(fi),9:) = 0, whereby ®(f) = g. Hence tp(f) = tp(g). Then by Theorem 1.10.4,
ARV admits quantifier elimination.

(#i7) By Corollary 4.1.12, we know that RV is a universal theory. By Theorem 4.1.10 and Corollary
4.1.13, we have that the RV-substructures of models of ARV are precisely the models of RV. Therefore the
theory RV is the universal part of the theory ARV. Then by (ii) and Proposition 1.10.5, we know that ARV
is the model completion of RV.

(iv) By Lemma 5.2.1, one has that for every n € N and every continuous ¢: [0,1]" — [0,1], there

is a sequence of Lry-terms (tx,,)ken such that tﬁv uniformly converges to cpM. For all ay, - ,an, € A
and all k£ € N, note that d(x,tg (a1, - ,a,)) is an Lry(A)-formula. Since tma(al, “++,ap) converges to
©oM(ay,- -+ ,ay), we have that d™(z, tmo(al, -+, ay,)) uniformly converges to d™ (z, (a1, - ,ay)). That

is d(z,p(a1, -+ ,ay)) is definable over A. Hence, p(ai,- - ,a,) is in dcl(A). Therefore
{p(ar, - ,a,) | neN,peC(]0,1]",]0,1]),a1, - ,an, € A} C dcl(A).

Then by Proposition 1.6.11, one has dcl({¢(a1, -+ ,a,) | n € N, € C([0,1]",[0,1]),a1,- - ,an, € A}) C
dcl(A). Since the set {¢(a1,---,a,) | n € Nyp € C([0,1]™,[0,1]),a1,--- ,an, € A} is dense in the space

L'((2,0(A), 1), [0,1]), one has
dCl({@(alv e 7an) ‘ n e N7C,0 € C([Oa 1]nv [Oa 1])’(11’ Tty 0n € A}) 2 L' ((QvJ(A)vM)’ [Oa 1])7

whereby L' ((Q,0(A), 1), [0,1]) C dcl(A) C acl(A).

Let f be in acl(A). As shown above, L' ((Q,0(f), 1), [0,1]) C dcl(f) C del(acl(A)). For every B € o(f),
one has 1p € dcl(acl(4)). By Proposition 1.6.11, one has acl(4) C dcl(acl(A)) C acl(acl(4)) = acl(A),
whereby 15 € acl(A4). Suppose that B is not in o(A). Consider a k-universal domain & = APr where s
is uncountable, o(A) is small, and o(A) < B. Let Aut(Z | 0(A)) denote the set of all Lp,-automorphisms
of A that fix o(A) pointwise. By Theorem 3.1.3 and Proposition 1.6.10, one has that the orbit set {®(B) |
O € Aut(# | 0(A))} has density character > k. Every ® € Aut(# | 0(A)) induces an Lgy-automorphism
of L'(4,10,1]) that fixes A pointwise. Let Aut(L'(2,[0,1]) | A) denote those induced Lgy-automorphism.
Then the orbit set {¢(15) | ¥ € Aut(L*(%,[0,1]) | A)} also has density character > x. Consequently, this
orbit set is not compact in L'(4, [0, 1]), whereby the realization of tp(15/A) is not compact in L*(4%, [0, 1]).

Hence 1p is not A-algebraic; i.e., 15 ¢ acl(A), which is a contradiction. Therefore, B € o(A) for every
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B € o(f), whereby f is 0(A)-measurable. Hence
acl(A) € L' ((Q,0(A),p),[0,1]) C del(A) C acl(A).

(v) By (iv), one has tp(h/A) = tp(h/o(A)) for every h € M™. When o(A) is finite, say o(A4) =
{Bi1, -, Bm}. Let dist(h | 0(A)) denote the joint conditional distribution of h over o(A) for h € M™. Then
dist(f | o(A)) = dist(g | o(A)) if and only if dist(f,1p,, - ,1p, ) = dist(g,1p,, -+ ,1p,, ). By Lemma
5.2.2 and (i), one has dist(f,1p,,---,1p,,) = dist(g,1p,, - ,1p,,) if and only if tp(f,15,,- - ,1B, ) =
tp(¢9,1B,,- -+ ,1p,,), which is equivalent to tp(f/A) = tp(g/A). In the case when o(A) is infinite, we
consider the set of all finite subalgebras of o(A), denoted by {<% | t € T} where T is an index set. One
has that tp(f/o(A4)) = tp(g/o(A)) if and only if tp(f/%) = tp(g/<%) for all t € T. We just proved that
tp(f/ %) = tp(g/<%) if and only if dist(f | «%) = dist(g | %). Also one has dist(f | 0(A4)) = dist(g | o(A))
if and only if dist(f | «%) = dist(g | #%) for all t € T. Hence tp(f/o(A)) = tp(g/o(A)) if and only if
dist(f | o(A)) = dist(g | o(A)). O

5.2.4 Remark. We follow [2] for the detailed proofs of (3), (i), (#ii), and (v), while our proof for (iv) is

different.
For all t = (t1,--- ,t,) € [0,1]", define By :=[0,¢1) X -+ X [0, ).

5.2.5 Lemma. Let M7 and My be models of RV and let V: M, — My be an Lgry-embedding. Then for all

n € N and all a € M]*, we have
(Z) \I/(]-aeBt) = 1\I/(a)€B,~, fO?” allt € [O, 1]“
(ii) U(p(a)) = o(¥(a)) for all continuous p: [0,1]™ — [0,1].

Proof. (i): For all t = (t1,--- ,t,) € [0,1]", and all variables x = (x1,--- ,x,), define g*(z) to be min{t;1

Ty, sty =1, ). Let gf (x) denote g'(x) +--- + g'(x) for all m € N. Then g¢, () is an Lgy-term. Note

m times

that for every model M of RV and a = (a1, -+ ,a,) € M™, we have

: t _ _
im g, (a) = Lay <ty an<ta) = lacB,

where the limit is the almost sure pointwise limit of random variables. Then by the dominated convergence

theorem, the limit of (g, (a))men in the sense of the metric of M (i.e., L'-metric) is 1,ep,.
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Since ¥ is an Lgry-embedding, we have ¥(g!,(a)) = gt,(¥(a)) for all t € [0,1]", all m € N and all a € M}".
Since ¥ is continuous, we have W(lim, o0 g5, (a)) = limp, oo g, (¥(a)), whereby ¥(leep,) = ly(a)esn, for
all t € [0,1]™ and all a € M7".

(i4): By Lemma 5.2.1, we know that for every continuous ¢: [0,1]" — [0,1], there is a sequence of
Lry-terms (t,)ren such that tm/) uniformly converges to @™ for all models M of RV. Since V¥ is an
Lry-embedding, for every continuous ¢: [0,1]" — [0,1] and every k € N, we have d(¥(b),tr (¥ (a))) =
d(b,tg,,(a)) for all @ € M7 and all b € M;. Letting k go to oo, we have d(¥(b), p(¥(a))) = d(b, ¢(a)), and
thus ¥U(p(a)) = ¢(¥(a)) for all a € M. O

5.3 On type spaces of ARV

In this section we investigate the type spaces of ARV. First, we present the results from [3] about the logic
topology on the type spaces of ARV. Then, we study the metric topology on types. Our main results are
Theorems 5.3.9 and 5.3.14.

The logic topology on types

Here, we introduce the results from [3] to connect the logic topology with the topology of weak conver-
gence. We begin by defining some notions of convergence of distributions from probability theory, e.g., weak

convergence and strong convergence. We follow the definitions in [8].

5.3.1 Definition. Let &7 be a probability algebra. An n-dimensional conditional distribution over </,

u, is an L (42{, [0, 1])—valued Borel probability measure on R™. More precisely, it satisfies the following:
e u(B) >0 a.s. for all Borel sets B C R™.
o 4(R™) =1 a.s.
o (U2 Bi) = >0y 1(By) a.s. for all disjoint Borel sets By, By, - -+ C R™.

Let Drn (&) denote the space of all n-dimensional conditional distributions over <. For every Borel set
B C R"™, we denote by Dp() the space of all n-dimensional conditional distributions over &/ which, as

measures, are supported by B.

Note that the n-dimensional conditional distributions over ) are exactly the n-dimensional distributions.
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Let f be an n-tuple of real-valued random variables. The (joint) conditional distribution of f over o,

denoted here by p = dist(f | &), is the n-dimensional conditional distribution over & given by
w(B) =P(f € B| &) for all Borel sets B C R".

A net (f;)ier € L*(#,[0,1]) converges weakly to f if for every g € L>(<,[0,1]), we have E(fig) —
E(fg). We say the net (f;);cr converges strongly to f if it converges in L!.

Now we introduce the definitions of weak and strong convergence of conditional distributions.

5.3.2 Definition. Let p, (u;)ien be n-dimensional conditional distributions over o7. We say the sequence
(11i)icn converges weakly (resp. strongly) to p if for every x with p({z}) = 0, we have p;((—o0,z])

converges weakly (resp. strongly) to p((—oo,z]).

5.3.3 Theorem ([3]). Let f be an n-tuple in a model M of ARV and let A be a subset of M. Let </ denote
a(A), the o-algebra of measurable sets generated by the random wvariables in A. Then the joint conditional

distribution dist(f | &) only depends on tp(f/A). Moreover, the mapping

C: Sn(A) = Do ayn ()

tp(f/A) = dist(f | &)

is a homeomorphism between Sy, (A) equipped with the logic topology and Do 1» () equipped with the topology

of weak convergence.
Proof. This is [3, Theorem 4.3]. O

From now on, because of the above theorem, we may use ¢ to identify S,,(A4), the set of n-types over A

with D 1)» (0(A)), the set of n-dimensional conditional distributions over o(A).

5.3.4 Theorem ([3]). Let A be a set of parameters, and identify S, (A) with Do 1jn (c(A)). Then the metric

topology on types and the topology of strong convergence of conditional distributions agree.

Proof. This is [3, Theorem 4.9]. O

The metric topology on types

Here, we study the d-metric and the d*-metric between types with connections to Wasserstein distances.
The main results are two explicit formulas for the d-metric and the d*-metric between types. Theorem 5.3.9

is for a special case and Theorem 5.3.14 is for the most general case.
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We first show a theorem concerning the relation between Wasserstein spaces and type spaces of ARV.
Fix a signature L for metric structures and an consistent L-theory T'. Let M be a model of T'and A C M.

Denote the L(A)-structure (M, a)qeca by Ma, and set Ty to be the L(A)-theory of M 4.

5.3.5 Definition. For each n > 1, let a = (a1, -+ ,an) and b = (by,--- ,b,) be in a metric structure M™,
we define d*(a,b) to be Y1, d(ai,b;). Let Ta be as above and let Ma = (M, a)qeca be any model of Ta in

which every type in S, (Ta) is realized. For all p,q € S,,(Ta), we define d*(p, q) to be
inf{z d(bi,c;) | Ma Ep[b1, -+ ,by] and M4 E qlc1, - ,cn]}.
i=1

Note that d(a,b) < d*(a,b) < nd(a,b) and d(p,q) < d*(p,q) < nd(p,q). This new metric therefore defines
the same topology on type spaces as the usual metric. Model theoretic results such as the Ryll-Nardzewski
Theorem for metric structures only depend on the metric topology on type spaces, so this new metric is

adequate for model theoretic purposes. The reason for us to prefer this metric is the following:

5.3.6 Theorem. Let f be an n-tuple in a model M of ARV. Suppose M = L' (u, [0, 1]) for the atomless

probability space (Q, F,u). Then dist(f) is a probability measure on [0,1]". Moreover, the mapping

Mn: Sn(ARV) — Pl([O, 1]")

tp(f) = dist(f)

s an isometric isomorphism between (Sn(ARV), d*) and (Pl([O, 1]"),W1), where the metric on which the
definition of W1 depends is defined by

diy 1y (a,0) = > |a; = b|, for all a,b € [0,1]".
i=1
Proof. By Theorem 5.3.3, we know that 7, is well-defined and bijective. Let f and g be n-tuples in M.

W, (dist(f), dist(g)) = inf{E(Z 1X; — V3) : dist(X) = dist(f), dist(Y) = dist(g)}

i=1

_ mf{z E(|X; — Vi) : dist(X) = dist(f), dist(Y) = dist(g)}
=1

= d* (tp(f),tp(g)).
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5.3.7 Corollary. Let f be an n-tuple in a model M of ARV. Suppose M = L' (u, [0, 1]) for the atomless

probability space (Q, F,u). Then dist(f) is a probability measure on [0,1]". Moreover, the mapping

Mn: Sn(ARV) — Pl([O, 1]”)

tp(f) — dist(f)

is bijective and bi-Lipschitz between (S,(ARV),d) and (Pl([O, 1]”),W1), where the metric on which the
definition of W1 depends is defined by

djo,1ym(a,b) = max la; — bi|, for all a,b € [0,1]".

In particular, when n =1, 1 is an isometry.

Proof. This follows from Theorem 5.3.6 and the fact that d(p, ¢) < d*(p,q) < nd(p, q) for all p,q € S,,(ARV).
O]

Now we apply model theory to prove the following result, which will be used in the proof of Theorem

5.3.9.

5.3.8 Proposition. Let (Q, F, 1) be an atomless probability space and let f,g: Q — [0,1] be random vari-
ables. Suppose ﬂ(supp(f)) < M(supp(g)).
(i) There are random variables f,g: Q — [0,1] such that dist(f) = dist(f), dist(§) = dist(g), and d(f,§) =

Wy (dist(f),dist(g)). Moreover, for any such random variables f and §, one has supp(f) C supp(g)

up to a null set.

(it) Let A C B be in F with p(A) = p(supp(f)) and p(B) = p(supp(g)). Then there are f',g": Q@ — [0,1]
satisfying:
e supp(f’) = A and supp(g') = B;
o dist(f) = dist(f’) and dist(g) = dist(¢’);
o d(f',g') = Wi (dist(f'),dist(g")).
Proof. (i): By Theorem 5.2.3, the theory ARV is separably categorical. Hence there are f.g:Q — [0,1]

such that tp(f) = tp(f), tp(g) = tp(§), and d(f,§) = d(tp(f),tp(g)). Then by Theorem 5.2.3 and Theorem
5.3.6, one has that dist(f) = dist(f), dist(§) = dist(g), and d(f,§) = d*(f,§) = Wi (dist(f), dist(g))-
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Suppose supp(f) is not contained in supp(j) up to a null set. Let D = supp(f)\supp(g), so u(D) > 0.

Since dist(f) = dist(f) and dist(g) = dist(g), one has that u(supp(f)) = p(supp(f)) < w(supp(g)) =
pu(supp(g)). Because Q is atomless, there is a measurable set C' C supp(g)\supp(f) such that u(C) = u(D).
Let Q¢ and Qp denote the probability spaces (C,F [ C, i) and (D,F | D, i) respectively, where i =

#("C) = u(lb)' Then f | D € L'(Qp,[0,1]). By Theorem 5.2.3, the theory ARV is separably categorical, so
all types in S,,(ARV') are realized in any model of ARV. Thus tp(f I D) is realized in L*(Q2¢, [0, 1]), say by
h: C = [0,1]. Then by Theorem 5.2.3, dist(h) = dist(f | D). We define f': Q — [0,1] as follows:

hMw) wel
fllwy=40 weD

f(w) elsewhere

Then dist(f) = dist(f"), since u(C) = u(D) and dist(h) = dist(f | D). Furthermore,

d(f/,z;):/ |f/—§|du:/ |f’—g|du+/ |f'—g|du+/ '~ gldu
Q Q\(CuD) c D
=/ If—s?\du+/|h—§ldu+/ 10— gldu
Q\(CuD) c D
</ If—é\du+/(h+§)du+0
Q\(CuD) c
=/ If—é\du+/§du+/ fdu
Q\(CuD) c D

_ i gld F—Gld F—Gld
/Q\(Cw)lf gl u+/clf gl u+/D\f gldu
- /Q 1 = Gldu = d(f, §) = Wi (dist(f), dist(g)).

By Corollary 5.3.7, this contradicts the fact that dist(f’) = dist(f) and dist(g) = dist(g).

(i3): By (i), there are random variables f,§: Q — [0,1] such that dist(f) = dist(f), dist(§) = dist(g),
and d(f, g) =W (dist(f),dist(g)). Moreover, supp(f) C supp(g) up to a null set. Let C = supp(f)7
D = supp(g), and assume that C' C D. Then, one has that u(C) = u(A) and p(D) = pu(B). Since F is
atomless, there is an atomless and countably o-generated o-subalgebra Fy of F which contains A, B,C, D.
Let A = o(C U D) be the o-subalgebra o-generated by C' and D in Fy. Then we define ¢: A — Fy
by ¢(C) = A and p(D) = B. Since Fy is atomless and countably o-generated, Fy is a homogeneous
probability algebra. By Corollary 2.2.13, ¢ extends to an Lp,-automorphism ® of Fy. Naturally, ® induces
an Lgy-automorphism of L' ((€2, Fo, p), [0,1]); we still call it ®. Let f' = ®(f) and ¢’ = ®(§). Then

dist(f') = dist(f)7 dist(g’) = dist(g), and d(f',¢') = d(f, J)- Moreover, supp(f’) = A and supp(¢’) = B. O
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Next, for a special case, we prove an explicit formula for the d-metric between types.

5.3.9 Theorem. Let x be an uncountable cardinal. Let M = ARV be a r-universal domain of the form
(Ll(u, [0,1]), -, %, ° ;,I), where (2, F, ) is an atomless probability space. Suppose C C M = L'(u,[0,1])
is a small subset; let C be the o-algebra of measurable sets generated by the random wvariables in C. Let
a=(ai, - ,a,) € M" andb= (b1, -+ ,b,) € M" be disjointly supported; i.e., they satisfy a;-a; = b;-b; =0

whenever i # j and 1 <i,5 <n. Then

d(tp(a/C),tp(b/C)) = 1rila<x / HIP’ a; >t|C)—P(b; >t C)Hldt, (5.1)

where || - ||1 is the L'-norm.

Proof. Case 1: We first consider the case in which C = (). By definition,

d(tp(a), tp(b)) = inf{lrg%xnfﬂxi —y|) 12,y € M,z = tp(a), and y = tp(b) }.

Then

d(tp(a), tp(b)) = inf{lrél%xnlﬂzi —yi]) @,y € M,z |=tp(a), and y = tp(b) }

> 1Ii1za<xnmf{l(|a:Z yil) : @,y € M,z |= tp(a), and y = tp(b) }

1
_ 1%%}{“/0 s > £) — pu(bs > £)]dt.

So we need only show that

1<z<n

d(tp(a),tp max / ’u (a; > t) — pu(b; > t)|dt.

Let ([0, 1], 4, /\) be the standard Lebesgue space. Let f := (f1,---,fn) and g := (g1, - ,gn) Whose
coordinates are elements of L'(X,[0,1]), such that dist(f) = dist(a) and dist(g) = dist(b). Let A; be the
support set for f; and B; for g;, for every ¢ < n. Reordering the indices if necessary, we may assume that
there is | < n such that p(A;) > p(B;) iff i < 1. Let A} be the closed interval [ZKi w(4;), ngiﬂ(Aj)] for
i <n. Fori <l let B} := [qu#(Aj)ijqH(A ) + u(B;)]. Thus, B, C A, for i <I. Since a1, ,an
are disjointly supported and the same for by, --- ,b,, we know that fi,---, f,, are disjointly supported and
the same for g1, -+ ,g,. For each | < i < n, let B! be a union of closed intervals satisfying, B, 2O A},

A(Bj) = pu(B;), and Bj is disjoint from B for all j # . For every i < n, by Proposition 5.3.8 there are
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1.g::[0,1] — [0, 1] satisfying the following:
o dist(f!) = dist(f;) = dist(a;), dist(g;) = dist(g;) = dist(b;);
e The support set of f/ and g, are A, and B;, respectively;
o d(f],g;) = d(tp(ai), tp(bi))-

By Corollary 5.3.7 and Theorem 2.4.4, we have:

A(f!.9}) = d(tp(ar). ¢ / las > £) — (b > 1)t

Let f/:=(f{,---,f)and ¢ := (g7, - , g,,)- Note that dist(f’) = dist(f) = dist(a) and dist(¢") = dist(g) =
dist(b) by the fact that they are disjointly supported. By Theorem 5.2.3, we have tp(f’) = tp(f) = tp(a)
and tp(g’) = tp(g) = tp(b). Then,

< = , ,
d(tp(a), tp(b)) Jmax d(fi,g 113?<Xn/ ‘u a; >t) — p(b; > t)’dt
Case 2: We next consider the case in which C is finite with atoms C1,---,C,. Let a;; = a; - x¢, and
bij = bi - xc,, for every 1 < j < m and every 1 <i < n. Also for every 1 < j < m, let a; = (ayj, - ,an;)
and b; = (by,--- ,bn;). For each 1 < j < m, by Proposition 5.3.8 there are a; = (al;,--- ,aj},;) and
by = (by;,- - ,b},;), whose coordinates are supported in C; such that tp(a}) = tp(a;), tp(b}) = tp(b;), and
d(aj;, bj;) = Wi (dist(aj;), dist(b;)) for all 1 <i < n. Then by Corollary 5.3.7,

d(aj;, bi;) = d(tp(aj; / [u(ai; > t) — p(by; > t)|dt for all i < n.
Let a;:Z] 1 a;; and b; = Z;n:lb;j. Let ' = (a},--- ,al,) and b’ = (b},--- ,b),). For each 1 < j < m,

iua”>t

j=1

Thus we have dist(a; | 0(C)) = dist(a; | 0(C)) and dist(b; | 0(C)) = dist(b; | ¢(C)). Then by Theorem
5.2.3(v), we have tp(a;/C) = tp(a}/C) and tp(b;/C) = tp(b;/C). By the fact that the coordinates of

a', v, and b are disjointly supported, we have tp(a/C) = tp(a’/C) and tp(b/C) = tp(b'/C), since
dist(a | o(C)) = dist(a’ | o(C)) and dist(b | 0(C)) = dist (b’ | o(C)). For all 1 < i < n, we have

m 1
(az,b;)_/ |al — b}|dt = Z/ |al, — b|dt = Z/ al; b;j|dt:2/0 la}; — b;|dt = Zd al;,bl;)
j=1

102



By the fact that d(a fo \u(aj; > t) — p(by; > t)]dt, and dist(a | o(C)) = dist(a’ | o(C)) and

U’ zg ’Lj

dist(b | o(C)) = dist (v' | o(C)), we have
d(a;, ) = " d(al;, bi;) / \u(al; > t) — p(b]; >t)\dt=Z/0 \n(aij > t) — p(biy > t)]dt.  (5.2)

j=1

For all f,g € M with tp(f/C) = tp(a/C) and tp(g/C) = tp(b/C), we have that for each 1 <14 <n,

fmgz Zd flj7gl] Zd tp fzy tp gzy Z/ |M fl] > t (gij > t)’dt
j=1 j=1
= Z/ u(ai; > t) — p(bij > t)|dt,
j=1"0

where fi; = fi - xc, and gi; = gi - xo;. By Equation (5.2), we have d(f,g) > d(a’,b"), whereby d(a’,b") =
d(tp(a/C),tp(b/C)). Then by

™ u(a; >t
Pla; >t|C) = ZH 4 ,

Jj=1
we have m
[Ba; >t ) ~B(bi > 1| C)], = /Q\Z(M(“w > 1) = wlb > ) gy e
i > t bz >t
—Z/ ulaig _)( >0y, (5.3)
Cj
= 3 sy > ) = (b > 1)
Jj=1
By Equations (5.2) and (5.3), we have
d(aj, b)) / [P(ai > t]C) —P(b; > t| C)|| dt,
whereby
d(tp(a/C), tp(b/C)) = d(a’,V') = 1rgg<xn/ [B(ai > ] €) = B(bi > £ O)] dt.

Case 3: Finally, suppose C is an infinite o-algebra. Let {C; | j € J} be the family of all finite subalgebras
of C. Then C = U,csC;. Since all measurable functions are approximated by simple functions, P(a; > t |

C) =supjc; Pla; > t|Cj) a.s. and P(b; >t | C) =sup,c;P(b; > t|Cj) a.s. for each 1 < i < n. Further,

HP(CLz >t | C) —P(bl >t | C)Hl = SlellfJ)H]P(CLZ >t ‘ C]) —P(bi >t | CJ)Hl
J
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By the compactness theorem 1.3.2, we know that
d(tp(a/C),tp(b/C)) = sugd(tp(a/cj),tp(b/cj))
JjE
Thus, by Case 2 we have

d(tp(a/C), tp(b/C)) = max/ IP(a; > ¢ C) — B(b; > t | C)|]dt.

<i<

O

5.3.10 Remark. (i) In Case 3, one has d(tp(a/C),tp(b/C)) = sup,c, d(tp(a/C;),tp(b/C;)) holds in

general and does not need assumptions on a and b in the lemma.

(ii) If a and b are just elements of M, then Theorem 5.3.9 yields the following formula:

d(tp(a/C), tp(b/C)) /HIP’a>t|C B(b > 1[C)| dt.

(iwi) It follows from the proof of Theorem 5.3.9 that
d* (tp(a/C), tp(b/C)) Z/ [P(a; > t|C) — P(b; > t[C)||,dt,

for all disjointly supported a = (a1, - ,a,),b = (b1, -+ ,by) € M™. Indeed, every occurrence of

maxi<i<n N the proof can be replaced by Z;L:l.

5.3.11 Question. We see that by Theorem 5.3.9, for a,b € M™, being disjointly supported is a sufficient
condition for Equation (5.1). Does Equation (5.1) hold for a more general class of a,b € M™? We know that
Equation (5.1) does not hold for all a,b € M™, since in general the joint distributions of a and b are not
determined by the individual distributions of their coordinates, while the right hand side of Equation (5.1)

only depends on the distributions of a and b’s coordinates.

Now we give some results that will be used to prove Theorem 5.3.14, which considers arbitrary n-types

over parameters in ARV. The following lemma is needed for Proposition 5.3.13.

5.3.12 Lemma. Let M |= ARV be of the form M = L' (y,[0,1]) where (Q, F, p1) is an atomless probability
space, and let C' be a subset of M. Let C denote the o-algebra of measurable sets generated by the random

variables in C. Suppose C is finite with atoms Cq,--- ,Cy,. Let a = (a1, ,a,) and b = (by, -+ ,by,) be
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tuples in M. Then

N, LX) XN, LX) >

where a;; = a; - Xco; and bij = b; - xc, for all1 <i<nand1<j<m.

Proof. We need only show from right to left. For all Borel B C [0, 1]", we have

P((ar, -+ an) € B| C) = p(Cr N {(a;(-c-;),an) €BY 4 G0 {(a;,(.c;.),an) €8 .
= (a1, M(C”T;l) € B)XC1 4+t p((@1m, ,u(c:a';m) € B)XCm
N((bllf" abnl) €B) /Jf((blma 7bnm) GB)
- p(Ch) Yooty #(Cm) e
~u(Cin{(by,--- ,b,) € BY) u(Co N {(by, - ,by) € BY)
- w(C1) ety w(Co) e

=P((b1,--- ,bs) € B| C).

Then by Theorem 5.3.3, we know tp((al, e 7an)/C') = tp((bl, e ,bn)/C').

The following proposition will be used in the proof of Theorem 5.3.14.

5.3.13 Proposition. Let M | ARV be an Rg-universal domain and let C be a subset of M. Suppose

that M = L*(u,[0,1]) for the atomless probability space (2, F, ). Let C denote the o-algebra of measurable

sets generated by all the random wvariables in C. Suppose C is finite with atoms Cq,--- ,Cy,. For all n-
tuples a = (ay,--- ,an) in M, define a;; := a; - xo; for all 1 < i < n and 1 < j < m. The mn-tuple
(@11, yQ1my " 5 Anly - Anm) 18 denoted by ({aij}lgign,lgg‘gm)- Then the mapping

Oc: Su(ARVE) = Spn(ARV)

tp(a/C) — tp(({aij}lgign,lsjim)>

is isometric from (Sp(ARVe),d*) into (Spmn(ARV),d*).

Proof. By Lemma 5.3.12, 0¢ is well-defined. We will show that 6¢ is isometric. Let a = (a1, -+ ,a,) and
b= (b1, -+ ,by) be n-tuples in M. We define a;; = a;-xc, and b;; = b;- x¢, forall 1 <i <nand1<j<m.
Since Cq, - ,Cy, are the atoms of C, for all 1 <i < n we have a; = a;1 + -+ aim, b; = bj1 + -+ bym, and
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d* (ai, bl) = Z;nzl d* (aij7 b”) Then
d*(a,b) =YY d*(aij,bij) = d° (({aijhsl‘sﬂ,lgjgm)v ({bij}1§i3n,1sJ‘§m))-
i=1 =1

By Lemma 5.3.12, we get

d*(tp(a/C), tp(b/C)) = d* (tp({aij}lggn,lggm% tp({bij}lsz‘Sn,lga‘Sm)) ;

whereby
d*(p,q) = d*(0c(p),0c(q)) for all p,q € S, (ARVc).

O

Now, we use Theorem 2.4.3 (the Kantorovich-Rubinstein duality formula) to give a formula for the

d*-metric between n-types over parameters in the most general situation,

5.3.14 Theorem. Let £ be an uncountable cardinal. Let M = ARV be a k-universal domain of the form
(Ll(u, [0,1]), %, . ;,I), where (2, F, ) is an atomless probability space. Suppose C C M = L'(u,[0,1])
is a small subset; let C be the o-algebra of measurable sets generated by the random variables in C. Let
{Cj | j € J} be the family of all finite subalgebras of C. Then C = U;csC;. For all p,q € S,(ARVc) and for
all j € J, let p; and q; be the restriction of p and q in S,(ARVe,) respectively. Then let v; = 1yn o Oc, (p))

and & = Nmn © Oc,;(q;), where Ny and Oc are from Theorem 5.8.6 and Proposition 5.3.13. Then

lYllLip<iied ~J[0,1]mn [0,1]mn

where ||| Lip < 1 means

mn

|’(/)(])) - ¢(y)\ S Z |J;z - y1|7 fOT all v = (xla e 7xmn)ay = (yh e 7ymn) € [07 1]mn

i=1

Proof. Let j € J. By Proposition 5.3.13, we have d*(p;,q;) = d* (Ocj (py),0c, (qj)). By Theorem 5.3.6, we

have d* (¢, (p;),0c,(a;)) = Wi (1hmn © ¢, (Dj), hmn © bc,(q;)) = Wi(v;,&;). By Theorem 2.4.3, we have

Wi(vj, &) =  sup {/ Ydv; —/ ¢d£j},
Il Lip<1 “J[0,1]mn [0,1]mn

where ||¢)]|Lip < 1 means |¢(z) — ¥(y)| < D |wi — yil, for all z = (x1, -+, Zpn) and y = (Y1, , Ymn) €
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[0, 1]™".
Then, by Remark 5.3.10(i) we have

d*(p,q) = supd*(p;,q;) = sup sup{/ dfd’/j*/ wdfj}-
jeJ [0,1]mn [0,1]mn

ldllLip<1 €T

5.4 A new proof of an integral formula for the Wasserstein
distance

In this section, using rearrangements and model theoretic results from Section 5.3, we give a new proof of
Theorem 2.4.4 (see Theorem 5.4.2 below).

First, we need the following lemma, which is interesting in itself.

5.4.1 Lemma. Let f,g be simple, nonincreasing, right-continuous functions from the standard Lebesgue

space ([O, 1},%’,)\) to [0,1]. Then
/ yf(a:)—g(x)wx:/ IA(f > 1) — Mg > t)]dt.
0 0
Proof. Let D be the set
{(z,y) | 2,y €[0,1], f(z) <y < g(x) or g(z) <y < f(z)},
and let I(D) be the set
I(D) = {(z,y) | 2,y € [0,1], f(z) <y < g(z) or g(z) <y < f(2)}.

Since f, g are simple, nonincreasing, right-continuous functions, we know that I(D) C D, and there is a set
S, which is a finite union of rectangles, such that I(D) and D are equal to S up to null sets. Therefore,

(AxAN)(D)=(AxN) (I(D)) Hence,
/0 ‘f(x) —g(ac)|dx =(AxA)(D)=(AxA)(I(D)).

Note that A(f > s) and A(g > s) are also simple, nonincreasing, right-continuous functions. Let D’ be the
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set

{(s,t) | s,t € [0,1,A(f >s) St < Mg >s)or Mg >s) <t<Af>s)},

and let I(D') be the set
I(D") ={(s,t) | s,t € [0,1],A(f > s) <t <A(g>s)or Mg >s)<t<Af>s)}

Since A(f > s) and A(g > s) are simple, nonincreasing, right-continuous functions, we know that I(D’) C D',
and there is a set S’, which is a finite union of rectangles, such that I(D’) and D’ are equal to S’ up to null

sets. Therefore, (A x A\)(D’) = (A x A)(I(D’)). Hence
1
/0 IS >1) = A(g > t)|dt = (A x A\) (D) = (Ax A)(I(D")).

We will show that if (z,y) € I(D) then (y,z) € D', and if (s,t) € I(D’) then (¢,s) € D.
If (z,y) € I(D), then f(x) < y < g(x) or g(x) < y < f(x). For all u,v € [0,1] and all simple,

nonincreasing, right-continuous functions h: [0, 1] — [0, 1], elementary arguments yield the following facts:
A(h > v) < wif and only if h(u) < v; (5.4)

A(h > v) > w if and only if A(u) > v. (5.5)

Suppose f(z) < y < g(x). Then, by (5.4), A(f > y) < x; by (5.5), A(g > y) > x. Hence A\(f > y) <z <
Mg > y), whereby (y,z) € D'. If g(x) < y < f(z), then by (5.4), A(g > y) < z; by (5.5), A\(f > y) > =.
Hence, A(g > y) < x < A(f > y), whereby (y,x) € D'. Therefore, I(D) C D'.

If (s,t) € I(D'), then \(f > s) <t < Ag > s)or A(g > s) <t < A(f > s). Suppose A\(f > s) <
t < Mg > s). By (5.4), f(t) < s and by (5.5), g(t) > s. Hence, f(t) < s < g(t), whereby (¢,s) € D. If
Mg > s) <t < A(f > s), then by (5.4), g(t) < s and by (5.5), f(t) > s. Hence, g(t) < s < f(t), whereby
(t,s) € D. Therefore, I(D') C D.

Hence (A x A)(I(D)) < (Ax A)(D') and (A x X)(I(D’)) < (Ax A)(D). Since (A x A)(D) = (A x \)(I(D))
and (A x A)(D') = (A x A)(I(D")), we have (A x A)(D) = (X x A)(D'), whereby

1 1
/ ’f(x)fg(:v)|d:r:/ IMf > t) = Mg > t)|dt.
0 0
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Now we are ready to prove:

5.4.2 Theorem (Theorem 2.4.4 revisited). For all u,v € P,(R), one has

+oo
memz/‘|ﬂm—Guwn (5.6)

—0o0
where F' and G are distribution functions for p and v respectively.

Proof. Case 1: We consider the case in which u,v € Pi([0,1]) C P;(R). Let ([0,1], %, A) be the standard
Lebesgue space. Let f,g: [0,1] — [0,1] be measurable functions such that dist(f) = p and dist(g) = v.
Then by Theorem 5.3.6, W1(u,v) = d(tp(f),tp(g)). By Proposition 5.3.8, we may further assume that
d(f,9) = d(tp(f),tp(9)) = I(If = gl) = Jy |f(2) — g(x)|dw. Let F(t) = A(f < t) and G(t) = Mg < t).

First, suppose f and g are simple functions. We consider the decreasing rearrangement f* of f and
the decreasing rearrangement g* of g from [0, 1] to [0, 1]; for the definition, see Section 2.3. By Fact 2.3.4,
dist(f*) = dist(f), dist(g*) = dist(g), and f* and ¢g* are nonincreasing and lower semi-continuous. Because
f and g are simple and dist(f) = dist(f*), dist(g) = dist(g*), we have f* and ¢g* are also simple. Thus, by
Fact 2.3.4 we have that f* and ¢g* are simple, nonincreasing and lower semi-continuous, whereby they are

right-continuous. Since J(x) = |z| is a nonnegative convex function with J(0) = 0, by Corollary 2.3.5 we

/

Since dist(f*) = dist(f) = p and dist(g*) = dist(g) = v, we have Wi(u,v) < I(|f* — g*|), whereby

have

f%m—g%mmng|ﬂm—gwmm:d@Mﬁmmmy

I(If*—g*) = d(tp(f),tp(g)) = Wi(u,v). Therefore, Equation (5.6) holds by Lemma 5.4.1.

Second, we consider general [0, 1]-valued random variables f and g. For all hy, hy € L* ([O7 1], [0, 1]),
1
W (dist(h), dist(h)) < d(hy, hy) — / Iha () — ha(2)|dz.
0

Since the set of simple functions is dense in L'(),[0,1]), one has that the set S = {dist(h) | h: [0,1] —
[0,1] is a simple function} is dense in (P; ([0, 1]), W1). In the product space P ([0, 1]) x P; ([0, 1]), we consider
the maximum metric induced by W;. Then the set of pairs (i, v) satisfying Equation (5.6) is a closed subset
of P;([0,1]) x P1(]0,1]). We already know that all pairs in S x S satisfy Equation (5.6). Then by the fact
that S is dense in (Py([0,1]), W1), we know that for all p, v in P ([0, 1]), Equation (5.6) holds.

Case 2: We consider the case in which p,v € Pi([-n,n]) C Pi(R) for some n € N. We define a

function p: R — R by ¢(z) = Z2. This function ¢ induces ®: Pi([-n,n]) — P1([0,1]) by defining

2n

D(u)(A) = pu(p~1(A)), where u is in Pi([-n,n]) and A is a Lebesgue measurable subset of [0,1]. Let f
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and g be any two random variables with dist(f) = p and dist(g) = v. Then dist(¢ o f) = dist(P(u))
and dist(p o g) = dist(®(v)). Also ||f — gll1 = 2n|j¢ o f — ¢ o g|l1. Hence 2nW1(®(p), ®(v)) < Wi(u,v).
Similarly, one has 2nW1(®(u), ®(v)) > Wi(y,v), whereby 2nWi(®(u), (v)) = Wi(p,v). Let ®(F) and
®(G) denote the distribution functions for ®(u) and ®(v) respectively. Then ®(F)(z) = ®(u)((—o0,z]) =
(e~ (—o00,x]) = p((—o0,2nx — n]) = F(2nx — n) for x € R. Similarly, ®(G)(z) = G(2nz — n). Then by
substitution, one has

/ IF — Gldz = 2n/ B(F) — (G)|dz.
R R

By Case 1, one has
Wi(@(0). 8(0)) = [ [9(F) = 8(G)ds

Therefore, Equation (5.6) holds for p and v.

Case 3: The most general case. Let T denote |, .y P1([—n,n]). Then T is dense in (P;(R), W1). In the

neN
product space P;(R) x P;(R), we consider the maximum metric induced by W;. Then the set of pairs (p, v)
satisfying Equation (5.6) is a closed subset of P;(R) x P;(R). By Case 2, we know that all pairs in T x T
satisfy Equation (5.6). Then by the fact that T is dense in (P;(R), W1), we know that for all u, v in P;(R),

Equation (5.6) holds. O

5.5 Saturated models of ARV

In this section, we characterize the saturated models of ARV.
The theory ARV is a separably categorical theory, then by Theorem 1.9.3 (Ryll-Nardzewski Theorem),
we know that the unique separable model of ARV is approximately Ng-saturated. However, the following

theorem shows that it is not Rg-saturated.

5.5.1 Theorem. No separable model of ARV is Rg-saturated.

Proof. By Theorem 5.2.3, the theory ARV is Ny-categorical. We may assume the separable model M is
of the form L'(),[0,1]), where ([0,1],%,)) is the standard Lebesgue space. Then (€, F,p) = ([0,1] x
{0,1}, 2 @ P({0,1}),A ® po) is also a separable probability space, where o ({0}) = po({1}) = 3 and
P({0,1}) is the power set of {0,1}. Let {C, | n € N} be a countable open basis for % and let o be
a measure-preserving isomorphism between probability spaces [, cx({0, 1}, P({0,1}), o) and ([0, 1], %, A).
Define f: [0,1] — [0, 1] as follows:

7t = a((xes (0, xca ), -+ xe, (8),-++) ) for all t € [0,1].
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Then we know f € L(), [0, 1]). Now we define functions f’, ¢’ from Q to [0, 1] by f’(¢,4) = f(t) and ¢'(t,i) = i
for all (t,i) € 2 =[0,1] x {0,1}. Clearly, they are both in L'(X, [0,1]). Note that dist(f’) = dist(f), which
implies tp(f’) = tp(f) by Theorem 5.2.3. Let po(z,y) stand for tp(f’, ¢'). Since tp(f’) = tp(f), we get that
po(f,y) is consistent. If po(f,y) is realized in M by g, then because ¢’ = ¢, I(¢') = 3 and tp(g) = tp(g'),
we have g = xp for some D € # and A\(D) = 1. For all n € N, let D,, be the set {z € {0,1}" | z(n) = 1}.
Then a(D,,) € #. Now we have

W(f €alDn)ig =1) = p((t,i) €Q |t € Coyi=1) = %)\(C’n) — MD)A(C,)

=A(f €a(Dn);g=1) = MDNCy).

Therefore D is independent from C,, for all n € N. Similarly, we get that for all finite J C N, the set D
is independent from (;.;C;. Then by [12, page 26|, D is independent from o({Cp}nen) = #. Hence,

MD N D) = A(D)?. Consequently, A(D) = 0 or 1, which contradicts A\(D) = 3. O
5.5.2 Remark. This proof borrows ideas from [13, Theorem 3B.1].

5.5.3 Theorem. Let M be a model of ARV. Suppose M = L' (,u, [0, 1]) for the atomless probability space
(Q, B, 1). For every uncountable cardinal k, the structure M = ARV is k-saturated if and only if 2 is a

k-saturated probability algebra.

Proof. =>: Suppose M is k-saturated. We want to show that £ is also k-saturated. For all A C £
with |A| < &, and all p(z) = tp(z/A) € SAP(A), let A := {y, | a € A} C M. Then |A| < x. Now, let
P(@) = tp(Z/A) such that 72 = Z. If ¢(x, A) € p(z), then ¢(Z, A) € p(). By the assumption, we know
that p(Z) € SARV(A) is realized in M by a. As a® = a, we know that a is an characteristic function for a
measurable set C' € 4, that is x¢ = a. Then it is clear that C' = tp(z/A). Hence, 4 is rk-saturated.

<=: Let A C M with |A| < x and tp(z/A) € SPRV(A). Suppose tp(x/A) is realized by f in N, which
is an elementary extension of M. For every t € [0,1], the conditional probability P(f > ¢ | o(A)) is a
o(A)-measurable function. Since & is uncountable, o(A) is o-generated by Ry + |A| < k¥ many elements. By
Theorem 3.4.2, A is k-atomless, therefore it is atomless over o(A). Thus by Lemma 2.2.19, there exists a

P-measurable random variable g:  — [0, 1] such that for every ¢ € [0, 1],
P(g>t|o(A) =P(f >t|o(A)) almost surely.

By Theorem 5.2.3, tp(f/A) = tp(g/A). Therefore, tp(x/A) = tp(f/A) is realized by g in M. O
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5.5.4 Theorem. Let M = L' (p,[0,1]) = ARV, where (Q, B, 1) is an atomless probability space. Then the

following are equivalent:
(i) Q is Hoover-Keisler saturated.
(ii) € is Nq-saturated.
(iii) Ewvery cardinal in the Maharam spectrum of Q0 is uncountable.
(iv) M is Ry-saturated.
(v) M is Ro-saturated.
(vi) For all elements a,b,c € M with tp(a) = tp(b), there exists d € M such that tp(a,c) = tp(b, d).

Proof. The equivalence (i) <= (i¢) is Corollary 3.4.4.
The equivalence (ii) <= (i4i) is Theorem 3.4.2.
The equivalence (i) <= (iv) is Theorem 5.5.3.
The implication (iv) = (v) is trivial.
(v) = (vi): Let p(z,y) be tp(a, ¢); it is in S3(ARV'). Then tp(a) = tp(b) implies that p(b, y) is consistent.
Since M is Wg-saturated, p(b, y) is realized in M by some element, say d. Then tp(b,d) = tp(a,c) = p(x,y).

(vi) = (i4i): Suppose not, then by Theorem 2.2.28 (Maharam’s Theorem), 2 has a decomposition
(Qv*@v N’) =r- ([07 1]7£7>‘) @ (1 - T) ' (leﬁla/‘/) for some r € (O’ 1]a

where ([0,1], £, ) is the standard Lebesgue space, (2, %', ') is a probability space, and every cardinal
in the Maharam spectrum of the probability space €2’ is uncountable. Take a countable open basis for
[0,1], denoted by {C,, | n € N}, and let a be a measure-preserving isomorphism between probability spaces
[1,en({0,1}, P({0,1}), o) and ([0, 1], #, A). Define f: Q = [0,1]UQ" — [0,1] by f(w') = 0 for all w’ € ' and
ft) =al(xe, (), xc, (), , xc, (t),-++)) for all t € [0,1]. Then we know that f € L'(u,[0,1]). Now define
(Q,12) as (2, p) x ({0, 1}, po) where p19({0}) = po({1}) = 3. Then define functions f, g’ from Q = Q x {0,1}
to [0,1] by f/(w,i) = f(w) and ¢'(w,i) = i for all (w,i) € Q x {0,1}. They are in L'(ji,[0,1]). Note that
dist(f’) = dist(f), which implies tp(f’) = tp(f) by Theorem 5.2.3. Let p(x,y) stand for tp(f’,¢’). By
Theorem 5.2.3, the theory ARV is separably categorical. Therefore p(z,y) is realized in M, say by (f”,¢").
Then tp(f”) = tp(f). By the assumption of (vi), we know that p(f,y) is realized in M by an element g,

whence tp(f, g) = tp(f’,¢'). Because ¢”> = ¢/, I(g') = %, and tp(g) = tp(¢’), we have that g = xp for some
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D € % and u(D) = 3. Say D = Dy U D' with Dy C [0,1] and D’ € Q. For all n € N, let D,, be the set
{z € {0,1}Y | 2(n) = 1}. Then a(D,,) is a measurable subset of [0, 1]. Thus we have

B(f €a(Dy);g =1)=a((t,i) e At e Cpi=1) = %N(Cn) = u(D)u(Cy)

= pu(f € a(Dn);g=1) = (DN Cy).

Therefore D is independent from C,, for all n € N. Similarly, we get that for all finite J C N, the set D is
independent from mje] C;. Then by [12, page 26], the set D is independent from o({C,}nen). Therefore
D is independent from Dy. Hence, u(D N Dy) = p(Dy) = u(D)p(Dy). Since u(D) # 0, we have p(Dy) = 0.

Thus we have f-g =0, but f’- ¢’ # 0, which is a contradiction to tp(f, g) = tp(f’,¢). O

5.5.5 Theorem. For every uncountable cardinal k, we have that L*(([0,1]%, Ax, p1c), [0,1]) = ARV is k-
saturated and strongly k-homogeneous. Moreover, it is the unique model of ARV of density character k with

these properties.

Proof. The first part follows from Theorem 3.4.5 and Theorem 5.5.3. The uniqueness follows from the
following argument: for a complete theory T and x > Card(T'), by the standard back-and-forth argument

any two k-saturated models of T' of density character s are isomorphic to each other. O

5.6 Stability and independence

In this section, we prove the theory ARV is w-stable and then characterize its model theoretic independence
relation in familiar probabilistic terms. These results were proved by Ben Yaacov [2], using the analogous

properties of APr via biinterpretability.

5.6.1 Theorem ([2, Theorem 2.17 (vi)]). The theory ARV is w-stable, independence coinciding with prob-
ARV APr
abilistic independence. More specifically, ALy C if and only if U(A)J,U(B)O(C). Moreover, types over

arbitrary sets are stationary.

Proof. First, we prove that ARV is w-stable. Let C' be a countable subset of a model of ARV. By the
Downward Lowenheim-Skolem Theorem (Proposition 1.4.4), there is a separable submodel containing C.
By Theorem 5.2.3, ARV is separably categorical. So we may assume that C is contained in N/ = ARV
of the form N = L'(([0,1]%,p7 " (%), A x A),[0,1]), where p;: [0,1]* — [0,1] is defined by pi(z,y) = =
for all (z,y) € [0,1]%, and ([0,1], 4, \) is the standard Lebesgue space. Let M = ARV be of the form
M = L'(([0,1]?, 2 x B, x A),[0,1]). Then N is a submodel of M. Note that & x 2 is atomless over
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p; ' (%). Consider a p(z/C) € S1(C). Then p(z/C) is realized by f in some elementary extension of A
Then dist(f | o(C)) is a conditional distribution over o(C). By Lemma 2.2.19, there exists ¢ € M such
that dist(g | o(C)) = dist(f | o(C)). Then by Theorem 5.2.3, we have tp(g/C) = tp(f/C) = p(z/C). Since
p(z/C) is chosen arbitrarily, we know that all types in S;(C) are realized in M. Because (M, d) is separable,
S1(C) is separable with respect to the d-metric. Hence ARV is w-stable.

Second, we show the characterization of the stable independence relation for ARV. The stable indepen-
dence relation J/Apr for APr is defined in Theorem 3.1.3. For simplicity, we will use L to denote LAPr.

Let M be a s-universal domain for ARV with x uncountable. Assume M is of the form L' (u, [0, 1]) for

the atomless probability space (Q,F, ). Define a relation L by AL 5C if (T(A)\Lg(Pé)O'(C), for all small

A, B,C C M. We will show that L is a stable independence relation for ARV. Then by Theorem 1.11.6,
L= J/ARV
In the following, the subsets A, B,C,--- C M are all small.

(i) Invariance under automorphisms of M.

By Theorem 5.1.1, every Lgry-automorphism of M induces an Lp,automorphism of the probability

algebra F and L is invariant under automorphisms of F.
(i) Symmetry: AL B <= BLA.

This follows directly from the symmetry of L
(iii) Transitivity: AL ,(BUD) <= Al B and AL 5 D.

Note that o(A4; U A3) = o(0(A1) Uo(As)) for all subsets A;, Ao € M and
Bl\L*BQBS S U(Bl)\L;(BQ)O—(B3),
for all g-subalgebras Bi, Bs, Bs. Then

AL (BUD) o(A) Lo (BUD) = o(A) L o(B)Ua(D)

o(A) L cyo(B) and o(A) L, 5000 (D)

o(A) Lo cyo(B) and o(A) L, pucyo(D)

rrt11e

ALCB and A\J-’BUCD'

(iv) Finite character: AL, B iff al B for all finite tuples a from A.

This follows directly from the finite character property of L
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(v)

(vii)

Extension: For all A, B, C, there is A’ such that A’L B and tp(4/C) = tp(4’/C).

Assume A D C. There is a o-subalgebra D C F such that DJ,Z(C)U(B) and tpAP"(D/o(C)) =
tp"Pr(a(A)/o(C)). Then there is an Lp,-elementary mapping i: o(A) — D over ¢(C). Further, this
mapping i induces a subset A’ C M such that o(A’) = D and tpARV(4’/C) = tp"RV(4/C). By
J(A/)J./Z(C)O'(B), we have A'L - B.

Local character: For finite tuple a, there is B’ C B of cardinality < |T'| such that aJ,B,B.

Note that the space E(dcl(a) | o(B)) is separable. Let B’ be a countable dense subset of the space

E(dcl(a) | 0(B)). Then |B’| = Ry = |ARV|. For all C' € o(a), one has
P(C|o(B)Va(B") =P(C|o(B)),

whereby CLZ(B,)J(B) by Theorem 3.1.3. Hence a(a)J_,Z(B,)J(B), whereby al 5 B.

Stationarity of types over arbitrary sets: If tp(A4/C) = tp(4’/C), ALB, and A’L B, then we have
tp(A/BUC) =tp(A’/BUC).

By the finite character property, it suffices to show the stationarity of types for finite A and A’. Assume
that A =a and A’ = a’ € M"™. Let D be a Borel subset of [0,1]". Then tp(a/C) = tp(a’/C) implies
P(a € D | 6(C)) = P(a’ € D | 0(C)) by Theorem 5.2.3. Since aloB iff U(Q)J_/Z(C)O'(B)7 one has
P(a € D|o(C)Vo(B)) =P(a€ D|o(C)), by Theorem 3.1.3. Similarly,

P(d € D|o(C)Va(B) =P € D|a(C)).

Hence P(a € D | o(C) V o(B)) =P(a’ € D | 0(C) V o(B)), whereby we have P(a € D | c(BUC)) =
P(a’ € D | 0(BUCQ)); i.c., a and a’ have the same joint conditional distribution over o(BUC). Hence

tp(a/BUC) = tp(a’/BUC), by Theorem 5.2.3.

5.6.2 Remark. By Remark 3.1.4, one has

ALYYB = E(f|0(BUC)) =E(f | 0(C)) as. for all f € L'(a(A),[0,1]).

5.7 On d-finite tuples in ARV

In this section, we study the d-finite tuples in models of ARV and then show some applications.
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At the beginning, we recall the definition of d-finite tuples.

5.7.1 Definition ([5]). Let a and c be tuples and let p = tp(a/c). Then a is called d-finite over c,
equivalently, the type p is called d-finite, if for every tuple b and every € > 0, there is § = 6;’; > 0 such that
whenever o' =. a and d(a,a’) <6, there is V' such that d(b,b') < € and a’b' =, ab. If c =0, we omit ¢ from

the notation.

Characterization of the d-finite tuples in ARV

Now, we characterize the d-finite tuples in models of ARV. We know that the theory ARV is an Ng-categorical
theory, by Theorem 5.2.3. By Theorem 1.9.3 (Ryll-Nardzewski Theorem), its unique separable model is ap-
proximately Rg-saturated, but it is not Ng-saturated by Theorem 5.5.1. For any approximately Ng-saturated

model, Ben Yaacov and Usvyatsov [5] proved the following;:

5.7.2 Proposition ([5]). If M is an approzimately Ro-saturated model of T and a € M is d-finite, then

every type over a in at most countably many variables is realized in M.
Proof. This is [5, Corollary 2.5]. O

Let M = ARV. For tuple f = (f1,---, fn) € M™, let ARV(f) denote Th(M, f). By Theorem 3.5.2; one
has that f is d-finite (over 0)) if and only if ARV(f) is Rg-categorical. We use this result to characterize the

d-finite tuples in M.

5.7.3 Theorem. Let M = ARV and f = (f1, -, fn) € M™. Then f is d-finite if and only if f; is a

discrete random variable for every 1 <i < n.

Proof. <=: Let N' = L'()\,[0,1]) &= ARV, where ([0,1],£, ) is the standard Lebesgue space. To show
ARV(f) is Rg-categorical, we need only show that for all g,h € N™ such that tp(f) = tp(g) = tp(h), there
exists p € Aut(N) such that ¢(g) = h.

Let g = (g1, ,gn) € N™ such that tp(f) = tp(g). Since all f;’s are discrete random variables, all g;’s

are also discrete. Therefore, we can write g;’s as g; = Z;il rijXa,; foralli=1,--- n, where all r;; € [0,1]
and (A;1,- -+, Ain, -+ ) is a measurable partition of [0,1]. Then {A1;, NAg;, N+ -NAy;, | Vi, io, - ,in € N}
also forms a partition of [0,1], although some might be null sets. Take any other h = (hy,---,h,) € N"

such that tp(f) = tp(g) = tp(h). Then for every i« = 1,--- ,n, every h; can be written as Z;’il TijX B,
such that (Bj1,---,Bin,---) is a measurable partition of [0,1] with u(A;;) = w(Bi;) for all j € N and
M(Aul n Agiz n---N Anzn) = /«L(Blil N B2i2 n---N ann) for all il,iz, ce ,in € N. Then by Lemma 3].57

there is an automorphism ¢ of ([0,1], £, A) such that ¢(A1;, N A9, N+~ N Ay ) = By, N Baj, N+~ N By,
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(up to null sets) for all iy, o, - ,4, € N. We then extend ¢ to an automorphism @ of A/ such that @(g) = h.
Hence f is d-finite.

=: Assume that f is a d-finite element in A" = L1(), [0,1]) = ARV, where ([0, 1], £, \) is the standard
Lebesgue space. Then for all g € N such that tp(f) = tp(g), there is a ¢ € Aut(N) satisfying o(f) = g.
Suppose f is not a discrete random variable, then f has a decomposition into two parts, one is a discrete
random variable f;, and the other is a nonzero continuous random variable f.. We write f = f; + f.; note
that f4- fo = 0. By Theorem 5.2.3, f. € dcl(f) and ARV(f) is separably categorical. Therefore, ARV(f,f,)
is also separably categorical, whereby ARV(f.) is separably categorical by Proposition 1.9.5. Hence f. is
d-finite, by Theorem 3.5.2.

Define F(t) = A f. < ¢) for all t € [0,1]. Because f. is nonzero, F(t) is continuous and strictly
increasing. Thus, the inverse function F~1(t) exists; we write g(t) = F~1(¢) for all ¢t € [0,1]. Because
F(t): [0,1] — [0,1] is continuous and strictly increasing, we have that o(g) is the set % of all Borel sets
in [0,1]. Also, note that dist(g) = dist(f.), whereby tp(g) = tp(f.) by Theorem 5.2.3. We know that
L'(([0,1],£,)),[0,1]) is isomorphic to L*(([0,1]%, £ x £,X x X),[0,1]), since ARV is separably categorical
by Theorem 5.2.3. Let a be such an isomorphism. Let g1 = a(g). Because o(g) is the set of all Borel sets
in [0,1], we know that L'(([0,1],0(g), ), [0,1]) = L'(([0,1], £, \),[0,1]). By Theorem 5.2.3, we have that

del(g) = LY((]0,1], £, X), [0,1]). Since « is an isomorphism and a(g) = g1, we know that
del(g1) = L' (([0,1]%, 0(g1), A x 1), [0,1]) = LH(([0,1]%, £ x £, X x A), [0,1]).

We define go(t, s) := g(t) for all t,s € [0,1]. Then we know that dist(g2) = dist(g), which implies tp(gs) =
tp(g) by Theorem 5.2.3. But clearly, the completion of o(g2) is not £ x £. Thus, dcl(g2) < dcl(g1). If there
is an automorphism ® of L' (([0, 12, L x L, X x ), [0, 1}) sending g1 to ga. Then ®(dcl(g1)) = dcl(ga). Since
del(g1) = Ll(([O, 12, £ x L,\ x \), [0, 1]), we have that ®(dcl(g1)) = dcl(g1), and thus dcl(g2) = dcl(g1),
which contradicts the fact that dcl(gs) € dcl(gy).

Therefore ARV(f) is not Ry-categorical, which contradicts the fact that f. is d-finite. Hence, f is a discrete
random variable.

If f=(f1, -+, fn) is a d-finite tuple, then by definition of d-finiteness, f; is d-finite for every i = 1,--- ,n.

Thus we know that f; is a discrete random variable for every ¢ = 1,--- , n. O

Let M = ARV. If f is not a d-finite tuple in M, then ARV(f) is not Wg-categorical. But how many

separable models would it have?

5.7.4 Proposition. Let M |= ARV and let f be a tuple in M. Then
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(i) If f is d-finite, then ARV(f) has a unique separable model up to isomorphism.
(ii) If f is not d-finite, then ARV(f) has continuum many non-isomorphic separable models.

Proof. (i): This is Theorem 3.5.2.

(i4): Without loss of generality, we may assume that M = L* (), [0,1]), where ([0, 1], £, \)) is the standard
Lebesgue space, and f is a finite tuple in M, which is not d-finite. By Theorem 5.7.3, f = (f1, -+, fn) is
not a discrete random variable on [0, 1]™. Since o(f) is countably o-generated, there exists g € M such that
o(g) = o(f). Then g is not discrete and hence g has a decomposition into two parts: g = g.+ g4, where g, is
a nonzero continuous random variable, g4 is a discrete random variable, and g. - g4 = 0. For all , s € [0, 1],
let B([r, s]) denote the set of all the Borel sets in [r, s]. Then £ = %([0,1]). In [0,1] x [0, 1], define A, as
o({A1 x [0,1], A3 x Az : A1 € B([0,7]), A € B([r,1]), A3 € B}). Then A, is just the set of all the Borel
sets in [0, 1] x [0,1]. Without loss of generality, we may assume that o(gqs) = Z([0,¢]) for some ¢ € (0,1)
and let %, denote o(g) = o(gc) V o(ga)-

For ([0,1] x [0,1], %, ), there is a natural probability measure A, satisfying:
o \.(A; x[0,1]) = A(A4;) for all Ay € B([0,7]).
o \.(Az x As) = A(A2)A\(A3) for all Ax € B([r,1]) and all A3 € A.

Let £, denote the completion of %, under A,.. Define M, := L*(([0,1]x[0,1], £,, \;), [0,1]). Then M, = ARV
and it is separable. Define g,: [0,1] x [0,1] — [0,1] by g,(s,t) = g(s) for s,t € [0,1]. Note that dist(g,) =
dist(g) = dist(f), which implies tp(g.) = tp(g) = tp(f) by Theorem 5.2.3. Therefore, (M, g,) = ARV(f) for
all » € [0,1]. Since o(g) = B, we have 0(g,) = B, x [0,1] :={B x [0,1] : B € %,}.

Now we show for distinct » < ¢, those models are not isomorphic to each other. For all r,rs € [0, t] with
ry > ro, suppose (M., gr,) = (M,,, gr,); let a be such isomorphism, then «(g,,) = g»,. Note that « induces
an isomorphism 3 between (%,,,0(gr, ), Ar,) and (Br,,0(gr,), Ar,) such that 5(B,,) = By, Blo(gr,)) =
o(gr,), and f3 preserves the measure. Since o (g, ) = 0(gr,) = B4 x [0, 1], we have B(A, x [0,1]) = B, x [0, 1].
For any two measure algebras @) C %, an element A € o% is called an atom over &7 if for every B € /)
there exists C' € & such that AN B = AN C. Note that [0,7] x [0,1] € %, is an atom over %, x [0, 1]
for all r € [0,t]. Also A\.([0,7] x [0,1]) = 7 and it has the largest measure among atoms over %, x [0, 1] in
2AB,. Because [ is an isomorphism, 5([0,71] % [0,1]) is also an atom over 3(%, x [0,1]) = %, x [0,1]. But
Ary (B([0,71] X [0,1])) = A, ([0,71] X [0,1]) = 71 > 9. This contradicts the fact that each atom in %, over
By % [0,1] has measure at most 7.

Therefore, ARV(f) has continuum many separable models. O
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Applications

Now, we connect d-finite tuples with work by Keisler, Hoover, Fajardo, and Sun. Starting in the 80s, Keisler,
Hoover, Fajardo, and Sun published several papers concerning model theoretic results about probability

spaces. The d-finiteness in ARV would give some of their results a more precise view.

5.7.5 Theorem ([13]). No ordinary probability space is saturated.
Proof. This is [13, Theorem 3B.1]. O

Since no ordinary probability space is saturated, they proved the following weak saturation property for

atomless probability spaces.

5.7.6 Proposition ([13]). Let Q be an atomless probability space and let T' be another probability space.
Let M and N be Polish spaces. Then for every simple M -valued random variable x on ) and every pair
of random variables T,§ on T' with values in M and N such that dist(z) = dist(x), there exists a random

variable y on Q such that dist(z,y) = dist(Z, 7).

Proof. This is [13, Proposition 3B.3]. O
Now, in the continuous model theory setting, those two results correspond to the following:

5.7.7 Theorem. No separable model of ARV is Rg-saturated.

Proof. This is Theorem 5.5.1. O

5.7.8 Proposition. Let M = ARV. Then for any d-finite tuple f in M and any type p(f,y) in S1(f), there

is g € M realizing p(f,y).
Proof. This is Proposition 5.7.2. O

5.7.9 Remark. By Proposition 5.7.8 and Theorem 5.7.3, Proposition 5.7.6 is strengthened so the conclusion

is true for discrete random variables (in place of simple ones).

In [22], Keisler and Sun proved the following theorem, which gives a local sufficient condition for the

saturation property to hold.

5.7.10 Theorem ([22]). Let f,g be random variables with values in Polish spaces X,Y respectively and
assume that dist(f) is atomless. Suppose (Q, F, 1) has the saturation property for dist(f, g) but the standard

Lebesgue unit interval ([0,1], £, X) does not. Then (Q, F, u) is Hoover-Keisler saturated.

Proof. This is [22, Theorem 2.7]. O
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In the continuous model theory setting, the preceding theorem corresponds the following:

5.7.11 Theorem. Let M be L'(),[0,1]), where ([0,1], £, \) is the standard Lebesgue space. For every non-
d-finite tuple f in M, there is a type p(x,y) in ARV and an f’ in M with tp(f') = tp(f), such that p(f',y)
is not realized in M. For every model N of ARV, if for every f' in N with tp(f’) = tp(f), the type p(f',y)

is realized in N, then N is Ng-saturated.

5.7.12 Remark. By Theorem 5.7.8, Theorem 5.7.10 is strengthened so the conclusion is true for non-atomic

distributions dist(f) (in place of atomless ones).

5.8 Conditional Wasserstein distances

By Theorem 5.3.3, the mapping

¢: SQRV(A) — Dio,1)n ()

tp(f/A) = dist(f | &)

is a homeomorphism between the type space SARV(A) equipped with the logic topology and the space
Djo,1» (&) of conditional distributions over </ equipped with the topology of weak convergence. If we

consider the d*-metric on the type spaces over () in ARV, then by Theorem 5.3.6, the mapping

Mn - Sn(ARV) — @[0’1}71,

tp(f) = dist(f)

is an isometric isomorphism between the type space (Sn(ARV), d*) and the Wasserstein space (D(g,1j, W1).
In model theory, types over parameters are as important as types over (), so it is natural and potentially
valuable to define a new distance on Do 1j» (%7) which generalizes the Wasserstein distance between distri-
butions, so that ( becomes an isometric isomorphism. In this section, we will discuss this new metric, called
conditional Wasserstein distance, and define conditional Wasserstein spaces.

Let (2, F,m) be a k-saturated probability space, where k is an uncountable cardinal. Let < be a o-
subalgebra of F that is small with respect to k. For a Polish metric space X, an n-dimensional conditional
distribution over &/ on X, say u, is an Ll((Q, o/, m), |0, 1])—Va1ued Borel probability measure on X. More

precisely, it satisfies the following:
e u(B) >0 a.s. for all Borel sets B C X.
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o u(X)=1as.
o (U2 Bi) = >0, u(B;) aus.for all disjoint Borel sets By, By, --- C X.

Every random variable f from Q to X’ determines a conditional distribution over &, denoted by dist(f | &).
It is defined by dist(f | &)(B) := P(f € B | &) for every Borel set B C X, where P(- | &) is the
conditional probability. Let D x(<7) denote the set of all conditional distributions over &/ on X. For every
Borel set B C X, we denote by D p() the set of all conditional distributions over o/ which, as measures,

are supported by B.

5.8.1 Definition (Conditional Wasserstein distance). Let (Q, F,m) be a k-saturated probability space for
an uncountable cardinal k and let & be a small o-subalgebra of F. Let (X,d) be a Polish metric space and
letp € [1,00). For conditional distributions p and v over &/ on X, we define the conditional Wasserstein

distance of order p over < as follows:
W, (1, v) = mf{ [Bd(f,9)P]" | f,g: Q@ — X, dist(f | ) = p,dist(g | ) = y}.

In the definition, we need Q to be k-saturated with x > |&7|. Otherwise, for some y € Dy (&), it is
possible that no f: Q — X satisfies dist(f | &) = u. For example, (2, F,m) is the standard Lebesgue space
([0,1], £, ). In the proof of Theorem 5.5.1, f € M = L'(),[0,1]) and po(z,y) € S2(ARV) are defined such
that the type po(f,y) is not realized in M. Therefore there exists a type p(y) in S1(f) such that it is not
realized in M. By Theorem 5.2.3, the type p(y) corresponds p € Djg 1 (O’(f)) such that no g € M satisfies
dist(g | o(f)) = .

Nonetheless, there is an alternative approach to the definition as follows:

5.8.2 Definition. Let (X,d) be a Polish metric space and let o/ be a probability algebra. Let p € [1,00).

For p,v € Dx (), the conditional Wasserstein distance of order p over < is defined as

— p1d
Wy(u,v) := inf {[Ed(f,9)"]"}
where the infimum is over all probability spaces (0, F, u) with &/ C F and all random variables f,g: Q@ — X
such that dist(f | &) = p and dist(g | &) = v.

5.8.3 Remark. These two definitions are equivalent to each other. Let Wz? denote the distance defined in

Definition 5.8.1 and let W, denote the one defined in Definition 5.8.2. Clearly, for all u,v € Dx (&), one

=

has Wy (p,v) < W(p,v). For all € > 0, by definition there are f,g such that Wy(u,v) + € > [Ed(f, g)?]
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Since Q in Definition 5.8.1 is k-saturated for some large cardinal k and & is small, there are f',g': Q — X
such that dist((f',¢') | @) = dist((f,g) | ). Therefore, dist(f' | &) = dist(f | &), dist(¢' | &) = dist(g |
o), and [Ed(f, g)p]% = []Ed(f’,g’)p]%. Consequently, Wy(p,v) + € > [Ed(f’,g’)p]% > Wik(pu,v). Hence
Wy (s v) = Wy (s, v).

5.8.4 Definition (Conditional Wasserstein space). Let (2, F,m), &7, (X,d), p be as above. For every
x € X, let ¢, denote the constant function from Q2 to X whose value is x. The conditional Wasserstein

space of order p over < is defined as
Py(X, o) = {p€Dx () | Wy(p,dist(cq, | &)) < 0o for some xg € X}.

Suppose X = [0,1]" with the distance defined by d((a1, -+ ,an), (b1, -+ ,bn)) = Y., d(a;,b;) for all
(@i, -+ ,an), (b1, -+ ,by) €[0,1]". Then P,([0,1]",.%7) = D9 q)»(2/). Now we connect conditional Wasser-

stein spaces to types spaces over set of parameters.

5.8.5 Theorem. Let M be a model of ARV of the form L(u,[0,1]) for the atomless probability space
(Q, F, ). Suppose M is a k-universal domain for an uncountable cardinal k. Let A be a small subset of M
and let of = o(A) be the o-algebra of measurable sets generated by the random variables in A. Let f be an

n-tuple in M. Then dist(f | &) is a conditional distribution over o on [0,1]™. Moreover, the mapping

ni: Sn(A) = P([0,1]", <)

tp(f/A) = dist(f | &)

s an isometric isomorphism between (Sn(A),d*) and (Pl([O, 1™, o), Wl), where the metric on which the

definition of W1 depends is defined by
dio,1»(a,b) = Z |a; — b;|, for all a,be [0, 1]".
i=1

Proof. This follows from Theorem 5.3.3 and the definition of conditional Wasserstein distances. O

If B C &, then we define mg: Dx () — Dx(H) as follows: for all Borel B C X, define mg(p)(B) =
E(u(B) | ) for all p € Dx ().

5.8.6 Proposition. Let </ be a probability algebra and let p,v € Do 1yn (7). Then

Wi(p,v) = gﬁgg{{Wl (ra(n), 7z(v)) | B is a finite subalgebra of o }.
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Proof. Let M be a k-universal domain for ARV with x > |./|. Assume M is of the form L' ((Q, F,m), [0,1])
such that &/ C F. By Remark 5.3.10(¢), for all f,g € M™, we have

d(tp(f/A),tp(g/A)) = ;gg{{d(tp(f/%’),tp(g/%)) | % is a finite subalgebra of < }.
By Theorem 5.8.5, we have
Wi (dist(f | «),dist(g | &)) = ;g]z{{Wl (dist(f | ), dist(g | #) | 2 is a finite subalgebra of < }.
Hence,
Wi (dist(f | &), dist(g | &)) = ;Lgl};{Wl (re(dist(f | &), mz(dist(g | &))) | 4 is finite subalgebra}.

Since (2, F,u) is s-saturated and &/ is small, for all p,v € Dy qn (&), there are f,g € M such that
dist(f | &) = p and dist(g | &) = v. The rest follows. O

5.8.7 Theorem. Let (Q, 97, m) be a probability space, where <7 is countably o-generated. Then the topology
defined using the conditional Wasserstein distance W1 on D11 (/) is the same as the topology of weak

convergence if and only if (Q, 2/, m) is a discrete probability space.

Proof. Suppose o/ = o(f) for some random variable f: Q — [0, 1]. Then by Theorem 5.7.3 and Proposition
5.7.4, ARV(f) is separably categorical if and only if f is discrete. Then by Theorem 1.9.3 (Ryll-Nardzewski
Theorem), we get that in S, (ARV(f)) the metric topology and the logic topology coincide if and only if f

is discrete. The rest follows from Theorem 5.3.3 and Theorem 5.8.5. O

5.8.8 Remark. Comparing the preceding theorem with Theorem 2.4.7, we see the difference between condi-

tional Wasserstein spaces over non-atomic </ and Wasserstein spaces.

5.8.9 Theorem. Let (Q, 7, m) be a probability space. Suppose that <7 is o-generated by a subset A of
Ll((Q,;zf,m), [0,1]). Then the conditional Wasserstein space (9[0,1]"@%)7”/1) has density character <
|A] 4+ No.

Proof. By Theorem 5.8.5, we know that there is an isometric isomorphism between (S,(A),d*) and
(Djo,17» (&), W1). Since ARV is w-stable, we have that (S, (A),d*) has density character < |A|+ Ro. Hence,
(Djo,17» (), W1) has density character < |A| + No. O
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Chapter 6

Model theory of adapted structures
with one conditional expectation

In this chapter and next chapter, we study the model theory of adapted structures. The theory of adapted
structures provides the framework for a future study of stochastic processes.
Let T be a linear ordering throughout this chapter. An adapted structure with a T-indexed family of

conditional expectations is of the form (L'((, 4, 1), [0,1]), (E(- | #4)) , where (2, 4, i) is a probability

rer)
space, (< )ier is an increasing family of o-subalgebras of 4, and E(- | <) is the conditional expectation
with respect to @ for each t € T. It is called a totally atomless adapted structure with a T-indexed family
of conditional expectations if for each ¢ € T, the o-algebra < is atomless over previous ones (if there is a
minimal element 0 in T, then o is atomless), and Z is atomless over «7%. It follows from the definition
of atomlessness that # and each % are atomless. When T only contains one element, a (totally atomless)
adapted structure with a T-indexed family of conditional expectations is called a (totally atomless) adapted
structure with one conditional expectation.

In an early draft of [2] in 2006, Ben Yaacov augmented Lgry, the signature of [0, 1]-valued random
variable structures, with a T-indexed family of new 1-Lipschitz unary function symbols to the signature
Lrve,o = Lry U{E; }1er. For each t € T', the function symbol E; is interpreted as a conditional expectation
of random variables. Then he also axiomatized the theories of (totally atomless) adapted structures with
a T-indexed family of conditional expectations. Ben Yaacov announced that the theory of totally atomless
adapted structures with a T-indexed family of conditional expectations admits quantifier elimination, is
separably categorical when T is finite, and is the model completion of the theory of adapted structures.
Moreover, he pointed out connections with work by Fajardo and Keisler [13]. He gave a detailed discussion
of presentations of canonical bases in atomless random variable structures. Further, he stated that the theory
of totally atomless adapted structures is the theory of beautiful tuples of random variable structures, and
that the model theoretic independence for that theory can be recovered from the general theory of beautiful
tuples. The content of Ben Yaacov’s paper evolved rapidly after 2006 and later versions of [2] did not contain
any discussion of adapted structures.

In Chapter 6, we study the theories of (totally atomless) adapted structures with one conditional expec-
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tation. In Chapter 7, we study the theories of (totally atomless) adapted structures with a T-indexed family
of conditional expectations. Chapter 7 is parallel to Chapter 6.

In Section 6.1, we axiomatize the theory of adapted structures with one conditional expectation by RVE,
and axiomatize the theory of totally atomless adapted structures with one conditional expectation by ARVE.
In Section 6.2, we prove basic model theoretic properties of ARVE such as separable categoricity, quantifier

elimination etc. In Section 6.3, we characterize the d-finite tuples in models of ARVE.

6.1 Axioms for RVE and ARVE

In this section, we axiomatize the theory of adapted structures with one conditional expectation by RVE,
and axiomatize the theory of totally atomless adapted structures with one conditional expectation by ARVE.
We consider the signature Lrve as Lry(x) U {E}, where E is a new 1-Lipschitz unary function symbol.

The theory RVE consists of RV(x) together with the following axioms:
(B1) sup, sup, d(E(z) + E(y), E(E(z) + E(y)) ) =0
(E2) sup, d(E(—z),~E(z)) =0

(13) sup, d(E(35), 55) =0

(E4) sup, sup, [[[zE(y)] — I[E(z)E(y)]] = 0

In the following arguments, we will interpret symbols of Lgye in a given model M of RVE without
putting M explicitly into the notations, for easier readability. The following fact is some observations of

those axioms.
6.1.1 Fact. Let M be a model of RVE.
(i) E(0)=0.
(i) E(E(z)) = E(x) for every x € M.
(iti)) E(M)={x € M | E(x) =xz}. Hence E(M) is closed.

Proof. (i) Using (E3).
(#4) In (E1), let y = 0 and then use (7).

(743i) For all z € E(M), there is y € M such that z = E(y). By (i), E(z) = E(E(y)) = E(y) = =. O

6.1.2 Proposition. Let M be an Lrye-structure. Then M is a model of RVE if and only if M is isomorphic

to an adapted structure with one conditional expectation.
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Proof. <—=: If M = L' ((Q, B, 1), |0, 1]), where (0, 8, 1) is a probability space and &7 C Z is a o-subalgebra,
then it is easy to see that (M,E(- | «)) satisfies (E1)—(E4).

= If (M, E) |= RVE, then we have M {= RV(x). We may assume M is of the form L'((Q, %, ), [0,1])
for some probability space (Q, %, ). Let N be E(M). Then by Fact 6.1.1(¢ii), we know that N is a
closed subset. Then by the first 3 axioms of RVE, we know that N is an Lgy(x)-substructure of M. By
Lemma 4.1.11, we know N = L' ((€, /, p), [0,1]), where & = ¢(N) C 4 is a o-subalgebra. For all a € «,
we have 1, = [Xqla.s. € N = E(M). By Fact 6.1.1(iii), E(1,) = 1,. For all f € M, by (E4) we have
HFE(L) = IE(HELL)]. As B(L) = 1,, we have I(f1,) = I(E(f)La), that is [, fdu = [, E(f)dp.
Since E(f) € N = L'((, <, 1), [0,1]), we have E(f) = E(f | &), as required. O

The theory ARVE consists of the theory RVE together with the following two axioms:
(A1) sup, inf, max([(y A (), d(E(y Ax), %)) =0

(A2) sup, inf, max(1(E(y) A (~E(y))),

I(B(y) A B(@) = 1) = 0

6.1.3 Theorem. Let M be an Lryg-structure. Then M is a model of ARVE if and only if M is isomorphic

to a totally atomless adapted structure with one conditional expectation.

Proof. <=: Let M be the totally atomless adapted structure of the form (Ll((Q,%, 1), [0,1]), E(- | 42%)),
where (Q, &, 1) is a probability space, the o-subalgebra &7 C % is atomless, and £ is atomless over 7. By
Proposition 6.1.2, we need only show that (Al) and (A2) hold in M. By Lemma 2.2.16(é¢) and (vi), (A1)
holds. Since & is atomless, (A2) holds. Hence M is a model of ARVE.

=—: By Proposition 6.1.2, we know M is isomorphic to an adapted structure. Suppose it is of the form
(Ll((Q, B, 1), [0, 1]),IE(- | ,527)), where (€, %, 1) is a probability space and &7 is a o-subalgebra of %. By
(A2), we know that &7 is atomless. So we only need show that % is atomless over &7. For every A € % and

for every € > 0, by Lemma 2.2.16(iv) (Maharam’s Lemma) we want to find B € & such that B C A and

E(lA) <e.

||E(]'B)_ 9 Hl =

Let = denote 14. By (A1), there exists y. € M such that I(y€ A (—|y€)) < e, and

Let D be the set Ll((Q, B, 1), {0, 1}) in M. By Proposition 4.1.3, we get that dist(f, D) = I(f A (—f)), for
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all f € M. By this fact, there exists B. € Z such that d(y., xp.) < Let z. denote 15,_. Then

£
3¢

d(E(yer), B(zex)) = /Q |Byer — ze0)ldp < /Q E(Jye — 7ll])du

< [ By = zdide = [ Iy = sl = dtve ) < 5
Thus
a(B(zr), ) < a(uen). B0 1 a(B (@), Be) < e

Let B= B.N A. Then

E(lA) <ee.

) - 20a)) <

Hence, % is atomless over <. O

6.2 Basics of ARVE

In this section, we prove some basic model theoretic properties of ARVE. We prove that ARVE is separably
categorical and admits quantifier elimination. Also we investigate the type spaces of ARVE and definable
closure in models of ARVE.

We first give the following lemma.

6.2.1 Lemma. Let M be a model of RVE of the form (L'((Q, %, p),[0,1]),E(- | &)), where (Q, 5B, p) is a
probability space and &/ is a o-subalgebra of B. Suppose ® is an Lry-automorphism of Ll((Q, B, 1), |0, 1])
such that the restriction of ® to L'((Q, <, 1), [0,1]) is an Lry-automorphism of L' ((Q, <, ), [0,1]). Then

® is an Lrye-automorphism of M.

Proof. Since ¥ is an Lry-automorphism of L' ((€2, 8, 1), [0,1]) and RV(x) is an extension by definitions of
RV, we know that ¥ is also an Lgy(x)-automorphism. We need only show that E(¥(f)) = W(E(f)), where
E(-) is the conditional expectation E(- | &), for all f € M. For all f,g € M, by (E4) and the facts that
UY(E(g)) € L' (2, #, 1), [0,1]) and ¥ is an Lgy-automorphism, we have

I(B(Y(f)E(9) = I(¥(f)E(g)) =I(f- ¥ (E(9) = I(E() VT (E(9)) = I(¥(E()E(9)).

Hence for all A € o and all f € M, we have [ E(¥(f) | @)1ladp = [, W(E(f | &/))1adp. Since the
restriction of ¥ to L'((2, <, 1),[0,1]) is an automorphism, W(E(f | &/)) is «/-measurable. Therefore,
U(E(f | o)) =EV(f) | &) for all f € M, whereby E(U(f)) = U(E(f)). O
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Consider a probability algebra (%, u) and a o-complete subalgebra o of Z. Suppose (%, p) is the
probability algebra associated to the probability space (€2, G, ). As explained on page 30, there is a mapping
7 from the o-algebra G to the o-complete boolean algebra 7(G) := G = %. Let F denote 771(a/). Then
because o/ is a o-complete boolean algebra and G is a o-algebra, it is routine to check that F is a o-
subalgebra of G. Further, we know that (<, ) is the probability algebra associated to (2, F,u). The
conditional expectation E(- | F) with respect to F is defined from L' ((€2, G, ), [0,1]) to L' ((Q, F, ), [0, 1]).
Therefore, E(- | F) is defined from L'(%,p) := L'((Q,G,1),[0,1]) to L*(/, ) = L*((,F, w),[0,1]),
denoted by E(- | &).

By Theorem 5.1.1, we see that a probability algebra (%, u) and a o-complete subalgebra o/ of %A de-
termine an adapted structure with one conditional expectation, denoted by (Ll(%, [0,1]),E(- | & )), up to

Lrve-isomorphism.

Separable categoricity
In his early draft of [2], Ben Yaacov announced that the theory ARVE is separably categorical.

6.2.2 Proposition. Let (%;, u;) be a probability algebra and let <y C %; be a o-complete subalgebra for each
i=1,2. Suppose (o, p;) is atomless, (B;, u;) is atomless over (o, i), and L*(%;,[0,1]) is separable, for

each i = 1,2. For every Lry-isomorphism o: L'(<7,[0,1]) — L'(%#, [0,1]), there is an Lryg-isomorphism
: (Ll(gla [Oa 1])7E( | Ml)) - (Ll(ﬂ% [Oa 1])vE( | %))

extending .

Proof. Let (A, p,,) be the probability algebra associated to ([0, 1]“, ). Note that (A, p,) is separable
and atomless. The free product of (A, p,) and (A, u,) is denoted by (A,XA,,v). For each i = 1,2,
since L'(%;,[0,1]) is separable, we have that %; and . are both separable atomless probability alge-
bras. By Theorem 3.1.3, APr is separably categorical. Hence there is a measure-preserving isomorphism
Yo: (o, u2) = (A, pw). By Theorem 5.1.1, ¢ induces a natural measure-preserving isomorphism ¢ from
(e, p1) to (Hh,pe). Let ¥y be 19 0 ¢. Then 11 is a measure-preserving isomorphism from (&4, 1) to
(Au, ttw). Define aq: [0,1]¥ — [0,1]¥ x [0,1]* by a(A) := A x [0,1]“ for all measurable A C [0,1]¥, and
define ay: [0,1]“ — [0,1]¥ x [0,1]“ by a(A) := [0,1]* x A for all measurable A C [0, 1]“. Then «; induces a
measure-preserving homomorphism ¢;: (A, fte,) — (Ay X A, v) for each i = 1,2. Since the image of a; only
depends on the first coordinate and the image of as only depends on the second coordinate, we know that the

image of a; and the image of as are independent. Then by Lemma 2.2.19(ii), we know that [0, 1]¥ x [0, 1]«
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is atomless over the image of ;. Then by Lemma 2.2.16, we have A, XA, is atomless over ¢q [Ay]. Then
e = ui: (i, u;) — (AwQAw,u) is a measure-preserving homomorphism for each ¢ = 1,2. Note that
ei[] = 11[Ay] for each i = 1,2. We have that %; is atomless over <7, and L'(%;,[0,1]) is separable for
each i = 1,2. By Lemma 2.2.17, 74, (b1) = Tug (b2) = w for all by € % and all by € %5 . By Theorem
2.2.27, e; can be extended to an isomorphism f;: (%;, ui) — (AMQAM, v) for each i = 1,2. By Theorem
5.1.1, f; induces a natural Lgy-isomorphism f; from L (%:,10,1]) to L'(A,xA,,,[0,1]), and e; induces a
natural Lgry-isomorphism ¢&; from L!(e7,[0,1]) to L'(:1[AL],[0,1]), for each i = 1,2. Moreover, we have
€xo@ = €31. Since f; extends e; for each ¢ = 1,2, we have that ﬁ extends é;. Then by Lemma 6.2.1, we know

that f; is an Lgye-isomorphism from (LY (%;,[0,1)),E(- | @%)) to (L' (A,X Ay, [0,1]),E(- | 11[A,])). Then

~—1

fo o fl is our desired ®. O
6.2.3 Corollary. The theory ARVE is separably categorical, and hence it is complete. [
6.2.4 Proposition. The theory ARVE is model complete.

Proof. From the form of its axioms, ARVE is an V3 theory. Then by Theorem 1.8.2 (Lindstrom’s test for

model completeness) and Corollary 6.2.3 (ARVE is separably categorical), ARVE is model complete. O

Definable closures

Let M be a model of ARVE and let A be a subset. Here, we use the notation dcl”(A) for dcl}y 'F(A) and

the notation dcl(A) for delf¥ (A).
6.2.5 Proposition. Let M = ARVE and let A be a subset of M. Then dcl”(A) D del(E(dcl(A)) U A).

Proof. For any subset B of M, if a € M is definable over B in the reduct of M to Lgy, then a is also
definable over B in the Lgyg-structure M. Hence dcl(B) C dcl? (B) for any subset B C M. Then by
Proposition 1.6.11,

del”(A) C del(del?(A)) C del”(del”(A)) = del”(A),

whereby dcl(dcl”(A4)) = del”(A). Note that dcl”(4) 2 A and E(dcl”(A)) C del”(del”(A)) = dcl”(A).
Then E(dcl(4))UA C del”(A) = del(dcl”(A)), whence by del(del”(A)) = del”(A) and Proposition 1.6.11,

del(E(dcl(A) U A)) C del(del”(A)) = del”(A).

6.2.6 Question. Is it true that dcl”(A) = del(E(dcl(A)) U A) ?
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Type spaces
Our main results are Theorems 6.2.8 and 6.2.9.

6.2.7 Lemma. Let M | ARVE be of the form (Ll((Q,%’,,u),[O, 1]),E(- | ,QV)), where (Q, B, 1) is a
probability space, the o-subalgebra o C A is atomless, and A is atomless over of. Suppose o/ is the

o-algebra generated by the random variables in A C M. For all a,b € M™ and C C M, we have:
tpRV(a/C U A) = tp™V(b/C U A) = tp"RVE(a/C) = tp"RVE(b/ ).

Proof. Let N = ARV(x) be a k-universal domain for an uncountable cardinal x. Without loss of generality,
we may assume that N is of the form L! ((Q7 €, 1,0, 1]) where & C A C € and o/, & are small. Then by
interpreting E as E(- | /) in N, the Lgy(x)-structure N is expanded to become an Lgrye-structure. Since
o is small, by Theorems 3.4.2 and 5.5.3 we know that ¥ is also atomless over .2/, whence A is a model of
ARVE. Note that M C N. Then by Proposition 6.2.4 (ARVE is model complete), we have that M < N.
Since C and A are small and tp*RV(a/C U A) = tp”RV(b/C U A), there is ® € Autry (L' ((Q, %, 1), [0,1]))
such that ®(a) = b and @ fixes C'U A pointwise. Since ® fixes A and 0(A4) = o7, we have ® [11((Q,0,1),[0,1]) €
Autry (L*((Q, 7, 11),[0,1])). Then by Lemma 6.2.1, ® € Autrye (Ll((Q,%,u), [0,1]), E(- | ﬂ%)) such that
®(a) = b and ® fixes C. Therefore tp"RVE(a/C) = tp RVE(b/C). O

For all t = (t1,--- ,t,) € [0,1]™, define By :=[0,¢1) X -+ x [0, ).

6.2.8 Theorem. Let M = ARVE be a k-universal domain where k > 2¢. Assume that M is of the form
(Ll((Q, B, 1),[0,1]),E(- | ,;zf)), where (Q, B, 1) is a probability space, the o-subalgebra of C R is atomless,
and B is atomless over of . Then for all a,b € M™, we have tp(a) = tp(b) if and only if

dlSt(E(dE Btl |.Q{), 7]}3(@6 Btm ‘%)) :dlst(E(bE Btl |Jj)7 7]E(b€ Btm |Jy))

for allm € N and for all t,--- t™ € [0, 1]™.

Proof. =: Since M is a k-universal domain and tp(a) = tp(b), there is an automorphism ® of M such

that ®(a) = b. By Lemma 5.2.5, we have that

tp(laeBt1 PR 1a€Bmz) = tp(leBtl 3Ty 1b€Bml)
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for all m € N and all t,--- ,#™ € [0,1]", and thus
tp(E(a S Btl), e ,E(a S Bt"")) = tp(E(b S Btl), e 7.E(b S Btm))'

Then use Theorem 5.2.3(v).

<=: Note that E(f) = E(f | &) for all f € M. By assumption, we know that
dist(E(a € Bp),--- , E(a € Bpm)) = dist(E(b € Bp),--- ,E(b € Bym)).
Then by Theorem 5.2.3(v), for all t1,--- ™ € [0, 1]" we have that
tp"V(E(a € Bn), - ,E(a € Bym)) = tp"*V(E(b € By), -+, E(b € Bym)).

Thus, we have

tp"V ({E(a € Bi)}epoagn) = tp"V ({E®b € By)}epoagn)-

Let A be a cardinal > 2%, Let N’ = ARV(x) be a A-universal domain and we may assume that A is of
the form L'((©, %, p), [0,1]) where &/ C 2 C ¢ and ./, % are small. Since & is small, by Theorems 3.4.2
and 5.5.3 we have that % is also atomless over «/. By interpreting F as E(- | &) in NV, we expand N to
a model of ARVE. Note that M C N. By Proposition 6.2.4, we have M < N. Since M is a k-universal
domain, L'((Q, %, 1), [0,1]) and L' ((Q, <, u), [0, 1]) are x-universal domains for ARV(x). Hence there is an
automorphism @ of the Lry(x)-structure L'((Q,.#7, n), [0, 1]) such that ®(E(a € B;)) = E(b € By) for every
t € [0,1]™. Then by the fact that A/ as a model of ARV(x) is a A-universal domain with A > 2!%l > 2l</|,
there is an automorphism W of the Lgy(x)-structure LY((9,%,1),[0,1]) extending ®. Since ¥ extends ®,
by Lemma 6.2.1 we know that ¥ is an automorphism of the Lgryg-structure N.

Let @’ = ¥(a). By Lemma 5.2.5, we have W(1s¢cp,) = ly(f)ep, for all t € [0,1]" and all f € N™. Then

because ¥ is an automorphism of the Lgyg-structure N, we have
E(a" € By) = E(Ly(ayes,) = E(¥(leen,)) = ¥(E(Llaen,)) = ¥(E(a € By)),

for every t € [0, 1]". Therefore, E(a’ € By) = E(b € B,) for every t € [0,1]™. That is, a’ and b have the same

ARVE (a/) ARVE(b)

conditional distribution over «/. By Theorem 5.2.3(v) and Lemma 6.2.7, we have tp =tp
= tpARVE(p). O

)

whence tpARVE(q)

6.2.9 Theorem. Let M = ARVE be a k-universal domain where k > 2¥. Assume that M is of the form
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(Ll((Q, P, ), 0, 1]),IE(- | ;27)), where (2, B, p) is a probability space, the o-subalgebra of C A is atomless,

and B is atomless over &/. For all a,b € M™, we have tp(a) = tp(b) if and only if
dist(E(p1(a) | &), E(pm(a) | o)) = dist(E(p1(b) | &), E(pm(b) | #)),

for all m € N and all continuous @1,-+- , pm: [0,1]™ — [0, 1].

Proof. The proof is a revision of the proof of Theorem 6.2.8.

=—: Since M is a k-universal domain and tp(a) = tp(b), there is an automorphism ® of M such
that ®(a) = b. By Lemma 5.2.5, we have that tp(pi(a), -+, om(a)) = tp(p1(b), -, pm(b)) for all m €
N and for all continuous @1, ,@m: [0,1]* — [0,1], and thus we have tp(E(p1(a)), -, E(pm(a))) =
tp(E(p1(D)), -+, E(¢om/(b))). Then use Theorem 5.2.3(v).

<=: Note that E(f) = E(f | &) for all f € M. By assumption, for all m € N and all continuous

©1, ,om: 0,1 — [0,1], we have that

dist (E(Sﬁl(a))’ e 7E(90m(a))) = dist (E(@l(b))’ e 7E(<pm(b)))

Then by Theorem 5.2.3(v), for all m € N and all continuous ¢y, -+, @m: [0,1]" — [0, 1], we have that

tp*V (E(¢1(a)), -, E(om(a))) = tp*V(E(p1(b), -, E(om(D))).

Thus, we have
tp" ({E(¢(a)) | ¢: [0,1] — [0,1] is continuous}) = tp*RY ({E(p(b)) | ¢: [0,1] — [0, 1] is continuous}).

Let A be a cardinal > 2%, Let N/ = ARV(x) be a A-universal domain and we may assume that A is of
the form Ll((Q,‘g,u), [0, 1}) where & C # C % and &/, % are small. Since & is small, by Theorems 3.4.2
and 5.5.3 we have that % is also atomless over «7. By interpreting F as E(- | &) in N, we expand N to
a model of ARVE. Note that M C N. By Proposition 6.2.4, we have M < N. Since M is a k-universal
domain, L'((2, 8, u),[0,1]) and L'((Q, <7, 1),[0,1]) are k-universal domains for ARV(x). Hence there is
an automorphism @ of the Lgy(x)-structure L'((Q,.«7, ), [0,1]) such that ®(E(¢(a))) = E(p(b)) for all
continuous ¢: [0,1]" — [0,1]. Then by the fact that A as a model of ARV(X) is a A-universal domain with
A > 2% > 21| there is an automorphism ¥ of the Lgy(x)-structure LY((9, 4, 1), [0,1]) extending ®. Since

U extends ®, by Lemma 6.2.1 we know that ¥ is an automorphism of the Lgyg-structure N.
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Let o' = ¥(a). By Lemma 5.2.5, we have that ¥(¢(a)) = ¢(¥(a)) = ¢(a’) for all continuous ¢: [0,1]" —
[0,1]. Because ¥ extends @, for all continuous ¢: [0,1]" — [0,1] we have ¥(E(p(a))) = E(p(b)). Thus
E(¥(p(a))) = Y(E(p(a))) = E(p(b)), since ¥ is an automorphism of the Lryg-structure A”. Then by the
fact that ¥(p(a)) = ¢(¥(a)) = ¢(a'), we have E(p(a’)) = E(p(b)) for all continuous ¢: [0,1]" — [0, 1].
Using Lusin’s theorem and the dominated convergence theorem, we have that F(a’ € B) = E(b € B) for
all Borel B C [0,1]™. That is, a’ and b determine the same conditional distribution over /. By Theorem

5.2.3(v) and Lemma 6.2.7, we have tpARVE(a') = tpARVE(h), whence tpARVE(a) = tpARVE(b). O

6.2.10 Corollary. Let M = ARVE be a k-universal domain where k > 2%. Assume that M is of the form
(Ll((Q, P, ), 0, 1]),IE(- | sz)), where (Q, B, p) is a probability space, the o-subalgebra of C P is atomless,
and B is atomless over of . For all a,b € M™ and small C C M, the following are equivalent:

(i) tp(a/C) = tp(b/C).

(ii) For all k,1 € N, all t*,--- ,t* € [0,1]"!, and all ¢1,--- ,¢; € C, one has

dist(E((a,cl,~~~ ,¢1) € B |szf), ,E((a,cl,~~~ ,C1) € By |szi)>

:dist<E((b,cl,~-- ,c)) € By | ), ,E((b,c1,- - 1) € By |d)).

(i) For all k,1 € N, all continuous ¢1,--- ,x: [0,1]"F —[0,1], and all c1,--- ,¢; € C, one has

dist(]E(gal(a7ch~-~ ,Cl) |.5z%), 7E(cpk(a7cl,~-~ ,cr) | ;zf))

:diSt(E(wl(lLle” 7Cl) I‘Q{)a 7E(@k(baclv"' acl) ‘ e52{))

Proof. (i) = (it) and (i) = (4i%): Since tp(a/C) = tp(b/C), we have tp(a,cy1, -+ ,¢;) = tp(b,c1,- -+ ,¢) for
alll e Nand all ¢1,--- ,¢ € C. Then use Theorem 6.2.8 and Theorem 6.2.9 respectively.

(#9) = (i): By Theorem 6.2.8, tp(a,c1, -+ ,¢;) = tp(b,c1,--- ,¢) for all I € N and all ¢1,---,¢ € C.
Therefore tp(a/C) = tp(b/C).

(#it) = (i): By Theorem 6.2.9, tp(a,c1, - ,¢) = tp(b,c1,-++ ,¢) for all I € N and all ¢1,---,¢ € C.
Therefore tp(a/C) = tp(b/C). O

Quantifier Elimination

6.2.11 Theorem. The theory ARVE admits quantifier elimination.
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Proof. Let M |= ARVE. Let a,b € M"™ with tpARVE«af(q) = tpARVE.af(p). By Lemma 5.2.1, for all m € N and
all continuous @1, - -, @m: [0,1]™ — [0, 1], there are sequences of n-ary Lry-terms (tx o, )ken, - - (tk,p,, )keN
such that for each j = 1,--- , m, we have that tﬁj‘% uniformly converges to gof", where cpf" : M™ —[0,1] is de-
fined by <p§\/l (f) = @;(f) forall f € M™. Then for every quantifier free Lrye-formula F'(z) where z is a tuple of
m variables, by the fact that F* and E™ are continuous, we have that F (EM (t{;’tw1 ), -, EM (tﬁjtvm ()

converges to FM(EM(p1(f)), - EM(om(f))) for all f € M™. Then because F(E(typ,),  , E(tre,.))

ARVE,qf (a) ARVE,qf(b)

is a quantifier free Lryg-formula for each k£ € N and tp , we have that

FM(EM(p1(a)), -+ EM(pm(a)) = FM(EM(p1(0), -, EM (0m (D))

Hence,
tp"RVEN (E(p1(a)), -+, Elpm(a)) = tp"VEI(E(1 (), -+, E(pm (D)),
and thus
tp VI (E(p1(a), -+, E(om(a)) = tp"VI(E(p1(D)), -+ E(om (b)),
for all m € N and all continuous ¢1, -+ ,¢m: [0,1]™ — [0,1]. By Theorem 5.2.3, we have that
dist(E(p1()), -+, B(pm(a)) = dist(E@@1 (1), -  E(om (b)),
for all m € N and all continuous @1, -+ , @, : [0,1]" — [0,1]. By Theorem 6.2.9, we know that tp"RVE(a) =
tp"RVE(b). Then by Theorem 1.10.4, we have that ARVE admits quantifier elimination. O

6.2.12 Proposition. The universal part of ARVE is RVE, and ARVE is the model completion of RVE.

Proof. By Corollary 4.1.12, we know that RV is a universal theory. Then from the form of the axioms in
RVE \ RV (see page 81 for RV(x) \ RV and page 125 for RVE \ RV(x)), we know that RVE is a universal
theory. By Proposition 6.1.2 and Theorem 6.1.3, we have that the Lgryg-substructures of models of ARVE
are precisely the models of RVE. Therefore the theory RVE is the universal part of the theory ARVE. Then

by Theorem 6.2.11 and Proposition 1.10.5, we know that ARVE is the model completion of RVE. O

6.3 On d-finite tuples in ARVE

In this section, we characterize the d-finite tuples in models of ARVE.

Let M = ARVE. For a tuple f = (f1, -+, fn) € M™, let ARVE(f) denote the theory Th(M, f). By
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Corollary 6.2.3 (ARVE is separably categorical) and Theorem 3.5.2, f is d-finite (over @) if and only if

ARVE(f) is Np-categorical. We will use this result to characterize the d-finite tuples in M.

6.3.1 Theorem. Let M |= ARVE and f = (f1,---, fn) € M". Let F denote L*(co(f),[0,1]), where o(f) is
the o-algebra generated by f. Then f is a d-finite tuple in M if and only if the o-algebras o(f) and O’(E(]:))

are atomic.

Proof. =: If f is d-finite, then ARVE(f) is w-categorical. By Corollary 1.9.5, ARV(f) is w-categorical.
Then by Theorem 5.7.3, we have that f; is a discrete random variable for every 1 < ¢ < n. Therefore o(f)
is atomic. By the fact that ARVE(f) is w-categorical, we know that for every g € dclARVE(f), the theory
ARVE(f, g) is also w-categorical. By Corollary 1.9.5 and Theorem 5.7.3, we have that g is discrete. By
Theorem 5.2.3(iv), dc*V (E(F)) = L' (o(E(F)),[0,1]). Since o(f) is atomic, there is h € de**V(E(F)) =
L'(o(E(F)),[0,1]) such that o(h) = o(E(F)) up to a set of sets of measure zero. By Proposition 6.2.5,
de*®V(E(F)) C de*RVE(f). Hence h is discrete, whereby o(E(F)) = o(h) is atomic.

<=: Let ([0, 1], £, A) be the standard Lebesgue space and let ([0,1] x [0,1], £ x £, A x A) be the product
space. Define 7: [0,1] x [0,1] — [0,1] by w(x,y) := z for all (z,y) € [0,1] x [0,1]. Let & denote L x L.
Then 7~ 1(L£) is atomless and 4 is atomless over 7~ (L). Let o/ C % be the smallest o-algebra containing
7~1(L) and the set of all sets of measure zero in %. Then we also have &/ is atomless and % is atomless over
/. Hence, (Ll(([O7 1] x [0,1], B, X x A), [0, 1]),IE(~ | ,527)) is a model of ARVE. Suppose M is a separable
model. By Corollary 6.2.3, M is isomorphic to (L1 (([0,1] x [0,1], 2, A x ), [0,1]), E(- | 42%)) Without loss
of generality, we may identify M with (Ll(([O7 1] x [0,1], 2, X x A),[0,1]),E(- | ,saf))

For g € M™ with (M, f) = (M, g), we will show there exists ¢y € Autarye(M) such that ¥(f) = g.
Then ARVE(f) is separably categorical. By Theorem 3.5.2, f is d-finite. Let G denote L' (o (g), [0,1]). Note
that 7, G are Lry(x)-structures. For every Lry(x)-term t, define ¢o(E(t(f))) = E(t(g)). Since tp"RVE(f) =
ARVE (

tp g), we have that ¢q is well-defined and is an Lgy(x)-elementary map in M from a subset of E(F)

into E(G); i.e., for all Lry(x)-formulas 7 and all Lgy(x)-terms ¢y, - -, tx, we have

PMB( (), B () = T (E(9), - Bltn9) = 7 (60(B@ (), o0 (Bt(£))-

Then by the fact that {E(t(f)) |t is an Lry(x)-term} and {E(t(g)) | t is an Lry(x)-term} are dense in £(F)
and E(G) respectively, and tpARVE(f) = tpRVE(g), we have that ¢y is extended to an Lgy(x)-elementary

map ¢: E(F) — E(G) in M, which is distance preserving and bijective. Then because

Lt (c(E(F)),[0,1]) = {t(ar, - ,ar) | k €N,a1,- -+ ,ax € E(F),t is an Lry(x)-term}
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and

Lt (J(E(g)), [0, 1]) = {t(b1, -~ ,bx) | k € N,by,--- by € E(G),t is an Lgry(x)-term},

we have that ¢ is extended to an Lgy(x)-isomorphism ¢: L' (o(E(F)),[0,1]) — L'(o(E(G)),[0,1]). Then
by the fact that o(E(F)) is atomic, we know that o(E(G)) is also atomic. By Fact 2.2.2, there is a maximal
family {P; | j € J} of pairwise inequivalent atoms of o(FE(F)), where J is a countable set. Since ¢ is an
Lry(x)-isomorphism, for each j € J we have that é(lpj) = 1q, for some Q; € U(E(g)), for each 57 € J we
have Q; is an atom in o (E(G)), whenever j # j' € J we have (Q; NQj/) = 0, and p(P;) = u(Q;) for each
j € J. Therefore ZjeJu(Qj) = 1. After adding the complement of UjeJ Q; to one of the atoms, we may
assume that {Q; | j € J} is a maximal family of pairwise inequivalent atoms of 0 (E(G)). By Lemma 3.1.5,
there is a measure-preserving automorphism ®: & — &/ such that ®(P;) = Q; up to a set of measure zero
for each j € J. By Theorem 5.1.1, ® determines an Lgy(x)-automorphism ¢: L'(<7,[0,1]) — L*(«, [0,1]),
which extends q~5

Since tpARVE(f) = tpARVE(g), we have tpARV(f) = tp"RV(g). By Theorem 5.2.3(v), we have dist(f) =
dist(g). Therefore, the fact that o(f) is atomic implies that (g) is atomic, and thus f and g are both discrete
random variables. Moreover, by Fact 2.2.2, there is a maximal family {F; | ¢ € I} of pairwise inequivalent
atoms of o(f), where I is a countable set. Then for each i € I, we have a sequence of Lry(x)-terms th
such that 1p, = limy o t¥(f). Since tpRVOI(f) = tpARV()(g) and limy o0 tF(f)? = limg_ o0 tF(f) for
each i € I, we have that limy_, tf(g)2 = limg_ 0o tf(g), and thus limy_, oo tf(g) = 1q, for some G, € A.
Moreover, whenever i # i’ € I we have u(G; N Gy) = 0, and for all ¢ € I we have p(F;) = p(G;) and
f(x) = g(y) for almost all x € F;,y € G;. Thus, >, ., u(Gi) = >,y u(F;) = 1. Then by the fact that
dist(f) = dist(g), we have that G; is an atom in o(g) for each i € I. After adding the complement of | J;.; G;
to one of the atoms, we may assume that {G; | i € I} is a maximal family of pairwise inequivalent atoms of
o(g). Further, for all ¢ € I, by the definition of ¢ we have

S(E(1r,)) = ¢(E(lim t{(f))) = lim ¢(E(t;(f)) = lim E(t;(g)) = BE(lim t{(9)) = E(1c,).

k—o0 k—o0 k—o0

Hence, o(E(1F,)) = ¢(E(1F,)) = E(1g,) for alli € I. For all s € I and all A € o7, we have
pAnF) = [ tndi= [ BQr)du= [ o(EQm)di= [ B@a)dn=u(®(4)0G)
A A B(A)

®(4)

Since A is atomless over o, by Lemma 2.2.20 we may assume there is a measure-preserving homomorphism
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®;: o(o/ U{F;}) = % which extends ® such that ®;(F;) = G;. By Proposition 2.2.3,

AV o(f)={JAiNF | A € o for each i € I},
el

and

A Va(g)={|JANGi| A€ o for each i € T}.
i€l

We define ®": 7 V o(f) = &V o(g) by ®(U,e; Ai N Fi) = U;e;r ®i(Ai N Fi) = U,er ®(A4:) N Gy, where
A; € & for every i € I. Because ®; is a measure-preserving homomorphism for each i € I, we have that
@’ is a measure-preserving homomorphism from & V o(f) to &/ V o(g). Since ® is surjective, we know that
@’ is also surjective. Then @’ is a measure-preserving isomorphism that extends ®. Since o(f) is atomic,
by Proposition 2.2.24 there is a measure-preserving automorphism O: B — B extending ®’. Therefore, by
Lemma 6.2.1 we know that ® induces an Lryg-automorphism @: M — M extending ¢. Then because for

all i € I we have ®(F;) = G; and f(z) = g(y) for almost all = € F;,y € G;, we have that ¢(f) = g. O
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Chapter 7

Model theory of adapted structures
with 7T-indexed conditional
expectations

Let T be a linear ordering throughout this chapter. An adapted structure with a T-indexed family of

conditional expectations is of the form (L'((, A, 1), [0,1]), (E(- | #4)),_,.), where (2, %, 1) is a probability

teT
space, (& )ier is an increasing family of o-subalgebras of 4, and E(- | &%) is the conditional expectation
with respect to & for each t € T. It is called a totally atomless adapted structure with a T-indexed family
of conditional expectations if for each ¢ € T, the o-algebra < is atomless over previous ones (if there is a
minimal element 0 in 7', then ) is atomless), and £ is atomless over <. It follows from the definition
of atomlessness that % and each % are atomless. When T only contains one element, a (totally atomless)
adapted structure with a T-indexed family of conditional expectations is called a (totally atomless) adapted
structure with one conditional expectation.

In this chapter we study the theories of (totally atomless) adapted structures with a T-indexed family
of conditional expectations, whereas Chapter 6 studies the theories of (totally atomless) adapted structures
with one conditional expectation. Chapter 7 is parallel to Chapter 6. In Section 7.1, we axiomatize the
theory of adapted structures with a T-indexed family of conditional expectations by RVEt, and the theory
of totally atomless adapted structures with a T-indexed family of conditional expectations by ARVEt. In
Section 7.2, we consider basic model theoretic properties of ARVEy. For instance, we prove that ARVEr is
separably categorical if and only if 7" is a finite linear ordering and show that ARVEt has continuum many

non-isomorphic separable models when T is infinite. In Section 7.3, we characterize the d-finite tuples in

models of ARVET when T is finite.

7.1 Axioms for RVEtT and ARVE+

Fix a linear ordering (7', <). Let Lrve, denote Lry(x)U{E; : t € T}, where every E; is a 1-Lipschitz unary
function symbol. Let RVE; denote the theory of adapted structure with one conditional expectation where
the conditional expectation symbol is E;. The theory RVET is the theory consisting of [ J,., RVE; and the

following closed conditions:
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(RVEs<t)  sup, max (d(Es[Ey(z)], Ey[Es(2)]), d(Ey[Es(2)], Es(2))) = 0 for all s <€ T.

7.1.1 Proposition. Let M be an Lryg,-structure. Then M is a model of RVEt if and only if M is

isomorphic to an adapted structure with a T-indexed family of conditional expectations.

Proof. <=: By Proposition 6.1.2 and the transitivity property of conditional expectations, this is clear.
= Since M = RV(x), we may assume that M is L'((£2, %, 1), [0, 1]) for the probability space (€2, %, 11).
Let N; denote Ey(M) for every t € T. By (RVEs<t), we have Ny C N, for all s < ¢ € T. Since M | RVE;
for every t € T, as shown in the proof of Proposition 6.1.2, there is a o-subalgebra o, C % such that E;
is Ei(- | @) for every t € T. Then because Ny C N; for all s <t € T, we know that every «7;-measurable
function is also «-measurable. Hence we have «7; C o whenever s < t. Therefore, M is isomorphic to the

adapted structure (L*((Q, %, n), [0,1]), (E(- | <)) O

wer):

The theory ARVET consists of the theory RVET together with the following conditions:

(ARVE.¢) sup, inf, max(I(Et(y) A (=Ey(y))), d(Es(Ei(y) A Ey(z)), Esz(w))) =0forall s<teT;

(ARVEy) sup, inf, max (I(y A (=), d(E(y A ), EtQ(I))) =0 for all t € T}

if (T, <) has a minimal element 0, then we add:
(ARVEy) sup, inf, max(1(Fo(y) A (~Fo(y))), d(I(Fo(y) A Eo(x)), §2) ) = 0.

Let M be an adapted structure with a T-indexed family of conditional expectations of the form

(L1(<Qv<@a .u)? [07 1])5 (E( | "Q‘(t))teT)’

where (Q, %, 1) is a probability space and (% ):cr is an increasing family of o-subalgebras of %. By
Proposition 7.1.1, we have that M is a model of RVEy. For all s,t € T with s < ¢, Axiom (ARVEs<¢) holds
in M if and only if o4 is atomless over «%. For all t € T, Axiom (ARVEy) holds in M if and only if 2
is atomless over 4. When T has a minimal element 0, Axiom (ARVEy) holds in M if and only if < is

atomless.

7.1.2 Theorem. Let M be an Lrye, -structure. Then M is a model of ARVE~ if and only if M is isomorphic

to a totally atomless adapted structure with a T-indexed family of conditional expectations.

Proof. <=: Suppose that M is of the form (L'((€, %, pu),[0,1]), (E(- | <)) where (Q,%,u) is a

ver);
probability space, (@ )ter is an increasing family of o-subalgebras of £, for each t € T' the o-algebra 7 is

atomless over all previous ones (if 7" has a minimal element 0 then 4% is atomless), and 2 is atomless over
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o for each t. By Proposition 7.1.1, we have that M is a model of RVEt. By Lemma 2.2.16 (Maharam’s
Lemma), the axioms (ARVE;<(), (ARVE), and (ARVEy) follow. Hence M is a model of ARVEr.

—: Let M = ARVEy. Then M is also a model of RVEt. By Proposition 7.1.1, M is Lryg,-isomorphic
to (L}((92, %, ), 0, 1)), (E(- | 4))
family of o-subalgebras of #. For all s <t € T, by (ARVE,<) we sce that (L'(#,[0,1]),E(- | #%)) =

teT)’ where (2, 8, 1) is a probability space and (#):er is an increasing
ARVE. Hence « is atomless over 7. For all t € T, by (ARVE;) we see that (L'(%,[0,1]),E(- | #)) |=
ARVE, whereby £ is atomless over «%. Also when T has a minimal element 0, by (ARVE,) we see that
LY (,[0,1]) = ARV, whereby < is atomless. O

7.1.3 Remark. If 7" is a subset of T, then ARVEt |= ARVEt.. (If T' has a minimum element O that is
not the minimum element of T, then ARVET, contains the aziom (ARVEq) which is not explicitly an aziom
of ARVEt. However, it follows from Theorem 7.1.2 that ARVET |= (ARVEy), and hence ARVET = ARVE+..
Otherwise, ARVET: is a subset of ARVET.)

7.2 Basics of ARVET

In this section, we prove basic model theoretic properties of ARVEtT. We prove that ARVE+T is separably
categorical if and only if T is finite and ARVEt admits quantifier elimination for all 7. Also we investigate
the type spaces of ARVEr.

First, we prove the following lemma.

7.2.1 Lemma. Let (Q, %, u) be a probability space and let (<4)teT be an increasing family of o-subalgebras
of B. Let M be a model of RVEr of the form (L'((©, %, p),[0,1]), (E(- | #))ier). Suppose that ® is
an Lgy-automorphism of L'((Q,%,1),[0,1]) such that the restriction of ® to L'((Q, 4, p),[0,1]) is an
Lry-automorphism of L' ((Q, oty 1), [0, 1]) for each t € T. Then ® is an Lrye,-automorphism of M.

Proof. By Lemma 6.2.1, we have that ® is an Lryg,-automorphism of M for each ¢ € T'. Then it follows

that ® is an Lryg,-automorphism of M. O

Consider a probability algebra (%, ) and an increasing T-indexed family of o-complete subalgebras
(A )ter of B. Suppose (%, ) is the probability algebra associated to the probability space (2, G, u).
As explained on page 30, there is a mapping 7 from the o-algebra G to the o-complete boolean algebra
7(G) := G = A. Forall t € T, let F; denote 7~(«%). Then because % is a o-complete boolean algebra
and G is a o-algebra, it is routine to check that F; is a o-subalgebra of G. Further, we know that (%%, u)

is the probability algebra associated to (€2, F¢, ) for all t € T. The conditional expectation E(- | F;) with
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respect to JF; is defined from L' ((Q,G, n), [0,1]) to L'((Q, Fy, n), [0,1]) for all t € T. Therefore, E(- | ;) is
defined from L*(%, p) := L'((Q,G, 1), [0,1]) to L* (e, p) := L*((2, Fy, p), [0,1]), denoted by E(- | ), for
allt e T.

By Theorem 5.1.1, we see that a probability algebra (%, ) and an increasing T-indexed family of o-
complete subalgebras (&7 )icr of # determine an adapted structure with a T-indexed family of conditional

expectations, denoted by (L*(4,[0,1]), (E(- | #))ier), up to Lrve,-isomorphism.

Separable categoricity

7.2.2 Theorem. If T is a finite linear ordering, then ARVET has a unique separable model. Hence ARVET

is complete for all T.

Proof. By induction on |T'|, we show that ARVE~ is separably categorical. When |T'| = 1, this is Corollary
6.2.3. Suppose the conclusion holds for |T'| = k — 1. Consider |T| = k. Let 0 be the minimal element in 7T
For each i = 1,2, let M; be a separable model of ARVEr of the form (L'((°, %#°, 1), [0,1]), (E(- | %4")), 1)
where (¢, %', ') is a probability space, (@ )ier is an increasing family of o-subalgebras of %°, for each
t € T the o-algebra 7 is atomless over all previous ones, &/ is atomless, and %' is atomless over &7 for
each t. Suppose S is the maximal element in 7. Let T denote the set {t € T |t < S}. Then |T'| =k — 1.
By induction, there is an Lgyve,,-isomorphism ¢ between (L'((Q',«d,u'),[0,1]), (E(- | ')
(LA (@2, 2, 52, 0,1), (E(- | 2))
(LYY, 2, 1t),[0,1]), (E(- | #4)) and (L'((Q2, 2%, 14%),[0,1]), (E(- | #/2)) extending ¢. Then because

teT,) and

teT')' By Proposition 6.2.2, there is an Lgyg-isomorphism ® between
® extends ¢, we know that for each t € T the restriction of ® to L((Q}, &, ut),[0,1]) is an Lgry-
isomorphism between L!((Q', &, '), [0,1]) and L'((Q2%, &2, 1u?),[0,1]). Then by Lemma 7.2.1, there is
an Lryg,-isomorphism ® between M; and Msy. Hence ARVErT is separably categorical, whereby it is a
complete theory.

Consider any (possibly infinite) linear ordering T'. Let M = ARVE~. For every closed Larye,-condition
P in Th(M), there is a finite subset 7" of T such that P is an Larve,,-condition. As shown above, ARVET/
is complete and M = ARVE+/, so ARVET, |= P. Since ARVET = ARVE+/, we have ARVET |= P, whereby
ARVET = Th(M). Hence, ARVET is complete. O

When T is infinite, ARVET is no longer separably categorical.

7.2.3 Theorem. Let T be a countable infinite linear ordering. Then ARVET has continuum many non-

isomorphic separable models.
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Proof. An infinite linear ordering 7' contains either an infinite strictly increasing sequence or an infinite
strictly decreasing sequence. In the following two cases, we define T = T U {Tp} for some T, such that
T =T U{Ty}UT,, where for all s € T_ and all t € T, we have s < Ty < t. In Case la, Ty € T, but in
Case 1b and Case 2, Ty ¢ T is a new element.

Case 1: T contains an infinite strictly increasing sequence (t;);cn. Let T— be the subset of T' containing
all ¢ € T such that ¢ < t; for some i € N. Case la: if T\T_ has a minimum element, then we call it Ty. Let
T be T\({Tp}UT_) and let T = T. Case 1b: if T\T_ has no minimum element, then let T, = T\T_. We
insert a new element Ty into T such that for allt € T_ and all s € Ty, one has t < Ty < s. Let T = TU{T,}.
Then T is also a linear ordering. Note that 7'y may be the empty set.

Case 2: T contains an infinite strictly decreasing sequence (t;);en so that ¢; < ¢; whenever ¢ > j. Let
T, be the subset of T that contains all ¢ € T such that ¢ > ¢; for all ¢ € N. Let T_ = T\T}. We insert a
new element 7Tp into T such that for all t € T_ and all s € T, one has t < Tp < s. Let T =T U {Ty}. Then
T is also a linear ordering. Note that 7_ may be the empty set.

Now, we will construct adapted structures with a T-indexed family of conditional expectations and

1
’ 2

then consider their reducts to Lrve;. For all r € (0, 3), let (I'y, G, i) denote the probability space
({0,1},P({0,1}), ) where p,.({0}) = r and p,.({1}) = 1 —r. For any linear ordering S, let ([0,1]°, Lg, \3)
denote the product of S copies of the standard Lebesgue space ([0,1],£,\). Let (2., F",v,) denote the
product of ([0,1]7-,Lr_, ), (T, Gy, i) and ([0, 1]T+,£T+,)\T+), where Q, = [0,1]7- x ', x [0,1]7+,
F'' =Ly xG.xLr,,and v, = Ap_ X pip X A, . For an element in €., we write (w(t)),c7, where w(t) € [0,1]
when ¢ # Ty, and w(Ty) € G,. For every t € T, let F| be the filtration such that (w(t)),c7, (W' (£)),c7 € Qr
belong to the same sets in F} if and only if w(s) = w'(s) whenever s < ¢. Then we have that F, C F/
whenever s < t. Let M, = (L' (v, [0,1]), (E(- | 7))ter). Then M, = ARVEr. Since T is countable, we
know that M, is separable.

Let F7 denote the smallest o-subalgebra containing F{ for all ¢ € T_ and let F7 denote ﬂteﬁ Fi. For
r#r € (0, %)7 if M, is Lrye,-isomorphic to M, , then F] = .7:{'/ for all t € T, whereby F” = F"' and
FI = .7-1/. In Case 1, Fp, = ﬂteT\T_ Fi,and in Case 2, Fp, = F} for all r € (0, %) Hence, in both cases,
we have Fr = .7-'}; Note that F7, is not atomless over 7 and the largest atom in F7, over F_ is of the

measure 1 — r for every r € (0, %) Because of this fact, M, 2 M, whenever r # r’. Therefore ARVET has

continuum many non-isomorphic separable models. O
7.2.4 Proposition. The theory ARVET is model complete.

Proof. From the form of its axioms, ARVEy is an V3-theory. When T is finite, by Theorem 7.2.2 (ARVEt
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is separably categorical, when T is finite) and Theorem 1.8.2 (Lindstréom’s test for model completeness) we
have that ARVE~ is model complete.

Now we consider the case in which T is infinite. For any finite 77 C T', we just proved that ARVEt is
model complete. Let M C A be models of ARVEt. For any finite 7" C T, since ARVET |= ARVET, we have
that M and N are also models of ARVEt:. For any Lgryg,-formula ¢(x1,- -+, z,), only finitely many ¢t € T
are involved in ¢. Let T(¢) denote the set of those t’s. Then ¢ is an Lrve,,,-formula. Since ARVEq(,
is model complete, for all ay,--- ,a, € M, we have o (a1,--- ,a,) = ¢V (a1, -+ ,a,). Hence, M < N,

whereby ARVE~ is model complete. O

Type spaces

In [18], Hoover introduced the notion of adapted function (AF) and based on it, he defined adapted distri-

butions.

7.2.5 Definition ([13]). o Let ¥ = (z4)ier be a stochastic process defined on an adapted space Q@ =
(Q{Fitier, ) (i.e., x is Fy-measurable for each t € T). The set AF of adapted functions
(resp. AF([0,1]) of [0,1]-adapted functions) is the family of expressions obtained by applying the follow-
ing rules (i)-(iii) finitely many times. The value of an adapted function (resp.|0,1]-adapted function)

at (x,Q) is an R-valued (resp. |0, 1]-valued) random variable on Q, which is also given by those rules.

(i) (Basis Step) If ¢ € C,(R™,R) (resp. C(R™,[0,1])) and t = (t1,--- ,t,) € T™, then the expression
o5 is in AF (resp. AF([0,1])). Its value at  is the random variable

o) : Q2 = R,

defined by ¢pp(z)(w) = (x4, (W), - - -, @, (W)).
(ii) (Composition Step) If € Cp(R™,R) (resp. C(R™,[0,1])) and f1, -+, fn € AF (resp. AF([0,1])),
then the expression ¥ (f1, -+, fn) is in AF (resp. AF([0,1])). If the value of f; at x is f;(x), then

the value of W (f1,---, fn) at x is the random variable

’(/}(flf" 7fﬂ)<x)Q_>R7

defined by Y(fi,-- -, fn)(@)(w) = D(fr(2) (W), - -+, fu(@)(W))-

(iii) (Conditional Expectation Step) If f is in AF (resp. AF([0,1])) and t € T, then the expression
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E(f |t) is in AF (resp. AF([0,1])). Its value at x is the random variable
E(f|t)(z): Q= R,

defined by E(f | t)(x)(w) = E(f(2) | Fi)(w).

o Let x,y be stochastic processes on adapted spaces (Q, p), (T, v) respectively, then we say x and y have

the same adapted distribution if for all f in AF we have [, f(x)dp =[5 f(y)dv.

7.2.6 Remark. By scaling all the bounded functions appearing in the Basic Step and Composition Step

of f in AF, we see that to say x and y have the same adapted distribution, it suffices to consider all f in
AF([0,1]).

7.2.7 Proposition. Let M = RVEt be of the form (L'((Q, %, 1), [0,1]), (E(- | #4)) where (Q, B, 1)

ver)
is a probability space and (& )ier is an increasing family of o-subalgebras of B. Let x = (x¢)ter and

y = (yt)teT be stochastic processes, where xy and y; are in L' (<#,[0,1]) for each t € T. Then:
tpd(z) = tpi(y) <= =z and y have the same adapted distribution.

Proof. Foralln e N, all { = (t1,--- ,tn) € T™ and all Lryve,-terms ¢ with n variables, define pi((at)ier) =
o(ag,, - ,a,). We call op a T-Lryg, -term.

In Lgrye,, there is only one predicate symbol I. Thus, tp%f(z) = tp% (y) if and only if for all T-Lgyg,-terms
¢ where £ € T™, one has I(pH(z)) = I(pHy)).

<=: For every (t1,--- ,tn) € T™ and every Lrve,-term ¢, there is f in AF such that p(z) = f(z). That
is to say, every T-Lgye-term is in AF.

= From the definition of AF(]0,1]), we see that in each step, every expression in AF([0,1]) is in the
uniform limit of the set of all T-Lryg,-terms. Hence, if T (gp;(x)) =71 (@;(y)) for all T-Lgrye,-terms @7, we
have I(f(x)) = I(f(y)) for all f in AF([0,1]). O

Next, we show how types in ARVEt are determined. Our treatment is analogous to what we did in

Section 6.2 for types in ARVE. Our main results are Theorems 7.2.9 and 7.2.11.

7.2.8 Lemma. Let M |= ARVEy be of the form (L*((2, 8, 1),[0,1]), (E(- | %)) where (2, B, 1) is a

rer);
probability space, (24)ier is an increasing family of o-subalgebras of B, each algebra < is atomless over
all previous ones (if T has a minimal element 0, then o is atomless), and B is atomless over o, for each

t. Let o, denote the smallest o-subalgebra of B that contains <, for allt € T. Suppose that s is the
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o-algebra generated by the random variables in Aow € M. For all a,b € M™ and C C M, we have:
tpARV(a/C U Ay) = tp"RV(b/C U Ay) = tp"RVET (a/C) = tp"RVET(b/0).

Proof. Let N' = ARV(x) be a r-universal domain for an uncountable cardinal . Without loss of generality,
we may assume that A is of the form L! ((Q, €, n),0, 1]) where o7, C B C € and <7, % are small for each
t € T. Hence, A is also small. Then by interpreting E; as E(- | <4) in N for each t € T, the Lgy(x)-
structure N is expanded to become an Lrye,-structure. Since 7 is small for each ¢ € T, by Theorems 3.4.2
and 5.5.3 we know that € is also atomless over 7, whence A is a model of ARVET. Note that M C N.
Then by Proposition 7.2.4 (ARVET is model complete), we have that M < N. Since C' and A, are small
and tpARY(a/C U As) = tp"RV(b/C U Aw), there is ® € Autry (L'((R2,%, 1), [0,1])) such that ®(a) = b
and ¢ fixes C'U A, pointwise. Since ® fixes Ao and 0(As) = Foo, We have @ [11((q,,,0),[0,17) 1S in
Autry (L*((Q, 4, 1), [0,1])) for each t € T. By Lemma 7.2.1, we have that ® is an Lryg,-automorphism
of (Ll((Q,%,p), [0,1]), (E(- | ,;a/t))te;p). Then since ®(a) = b and ® fixes C, we have tp*RVET(a/C) =
tpARVET (b/C). O

For all r = (r1,--- ,7,) € [0,1]", define B, :=[0,71) X « - X [0, 74,).

7.2.9 Theorem. Let M = ARVET be a k-universal domain where k > 217!, Assume M is of the form

(L' (2, B, 1),[0,1]), (E(- | #4)),_.), where (U, B, ) is a probability space, (4, )icr is an increasing family

teT
of o-subalgebras of B, each algebra <, is atomless over all previous ones (if T has a minimal element 0, then
o is atomless), and B is atomless over <7 for eacht. For eacht € T, let T'(t) denote the set{s € T | s < t}.

For all a,b € M"™, we have tp"RVET (a) = tpARVET () if and only if
(RVETO (B(a € Byr | o4), -+ E(a € B | o)) = tp"RVE (B(b € Byr | ), -+ E(b € Bun | ),

forallt € T, allm € N and all v*,--- ,r™ € [0,1]". (When T(t) = 0, the theory ARVE1(y, is defined to be
ARV(x).)

Proof. The proof is a revision of the proof of Theorem 6.2.8.
= Since M is a s-universal domain and tp"RVET(a) = tpARVET(b), there is an automorphism ® of M

such that ®(a) = b. By Lemma 5.2.5, we have that

tpARVET(laEBrl R ]-aGBTm) — tpARVET(leBT] e 1b€Brm)
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for all m € N and all rt,--- 7™ € [0,1]", and thus for all t € T, we have

tpARVET(t) (Et(ltIGB,‘l )a T 7Et(1a€Brm )) = tpARVET(t) (Et(leB,‘l )a T 7Et(1b€Brm ))

<=: For each t € T, let E;(f) denote E(f | @) for every f € M. First, we show that tpARVEr (a) =
tpARVEY (b) for any finite 77 C T. Without loss of generality, we may assume that T is finite. We use
induction on |T'|. When |T'| = 1, this is Theorem 6.2.8. Suppose it holds when |T'| = k — 1. We will prove
it holds when |T| = k. Suppose T = {1,2,--- ,k} and let 77 be {1,2,--- ,k — 1}. By assumption, for all

rloormoe (0,17,
tp"*VE (B (a € By), -+, Ex(a € Bym)) = tp*"RVE (Ei(b € Bya), -+, E(b € Bym)).

Therefore

tp"VEY ({Ey(a € By)}repon) = tp"RVE" ({Ek(b € Br)}reoagn)-

Let A be a cardinal > 2%l Let N = ARV(x) be a A-universal domain and we may assume that A is
of the form Ll((Q,%,u), [0, 1}) where 4 C ¢ and 4 is small. Since ., is small, by Theorems 3.4.2 and
5.5.3 we have that € is also atomless over 4. By interpreting E; as E(- | &) for each | < k in N, we
expand N to a model of ARVEt. Note that M C N. By Proposition 7.2.4, we have M < N. Since M is
a k-universal domain, we get that L' ((Q7 oty 1), [0, 1], {E(- | ,;afg)}leTf) is a k-universal domain for ARVE.
Then there is an Lgyg,,-automorphism ® of the Lrye,,-structure Ll((Q, ey 1), [0, 1], {E(- | «Qﬁ)}leT/) such
that ®(Ex(a € B,)) = Ex(b € B,) for every r € [0,1]". Then by the fact that A" as a model of ARV(x) is a
A-universal domain with A > 2/%! > 2|7 we know that there is an Lry(x)-automorphism ¥ of the Lry(x)-
structure L1((2,%, 1), [0,1]) extending ®. Let ¢ be the induced automorphism of 4. Then () =
and ¢~ 1(a) = o for each | € T, since ¥ extends ®. By Lemma 7.2.1, ¥ is an Lryg,-automorphism of the
LRy, -structure N

Let o' = ¥(a). By Lemma 5.2.5, we have that W(1;cp,) = Ly(s)ep, for all r € [0,1]" and all f € N™.

Then because ¥ is an automorphism of the Lryg,-structure N, we have
Ex(d’ € By) = Ex(Ly(ayes,) = Ex(¥(laen,)) = Y(Ex(laen,)) = ¥(Ex(a € B,)),

for every r € [0,1]™. Therefore Ey(a’ € B,) = Ei(b € B,) for every r € [0,1]", whereby a’ and b
determine the same conditional distribution over 7. By Theorem 5.2.3(v) and Lemma 7.2.8, we have

tpARVET (a/) — tpARVET (b)7 Whereby tpARVET (&) — tpARVET (b)
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Second, for any Lgrye,-formula ¢, only finitely many ¢ € T' are involved in the formula. Let T'(¢) denote
the set of those t’s. Then we just proved tp*RVET«) (a) = tpARVET(o) (). Since ¢ is an Lrve,,,-formula, we

have oM (a) = @™ (b). Then because ¢ is arbitrarily chosen, we have tpARVET (a) = tpARVET(p). O

7.2.10 Remark. In the proof, we see that if T has a mazximum element s, then for all a,b € M™, we have

that tp"RVET (a) = tpARVET () if and only if
tp"*VE O (E(a € B | ), ,E(a € Bpm | 5)) = tp"VETO (E(b € By | ), ,E(b € Bom | ),

for allm € N and for all v*,--- ,v™ € [0,1]™.

7.2.11 Theorem. Let M |= ARVET be a k-universal domain where > 2/7!. Assume M is of the form

(LY((Q, B, 1), [0,1]), (E(- | 44)) where (2)ter is an increasing family of o-subalgebras of B, each

rer);
algebra <7, is atomless over all previous ones (if T has a minimal element 0, then < is atomless), and
P is atomless over o for each t. For each t € T, let T(t) denote the set {s € T | s < t}. For all
a,b € M™, we have tp"RVET (a) = tpARVET(b) if and only if for all t € T, all m € N, and all continuous

©1, yom: [0,1]" = [0,1], one has
tp*RVETO (E(p1(a) | #4), -+, Elpm(a) | #4)) = tp"RVETO (B(1(b) | #4), -+, E(pm(b) | ).

(When T'(t) =0, the theory ARVEr ) is defined to be ARV(x).)

Proof. The proof is a revision of the proofs of Theorems 7.2.9 and 6.2.9.
= Since M is a r-universal domain and tp"RVET (a) = tpARVET(b), there is an automorphism ® of M

such that ®(a) = b. By Lemma 5.2.5, we have that

tpARVET(%(G)’ o 7<pm(a)) _ tpARVET(Spl(b%... 7spm(b))

for all m € N and all continuous ¢1, -+, @m: [0,1]™ — [0, 1], and thus for all ¢ € T, we have

pNVEO (By(p1(a), -, Belom(a)) = 0" V5O (By(01(b)), -, Ee(om (D))

<=: For each t € T, let E;(f) denote E(f | o) for every f € M. First, we show that tpARVEr (a) =

tpARVEr (b) for any finite 77 C T. Without loss of generality, we may assume that T is finite. We use

induction on |T'|. When |T'| = 1, this is Theorem 6.2.9. Suppose it holds when |T'| = k — 1. We will prove
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it holds when |T| = k. Suppose T = {1,2,--- ,k} and let 77 be {1,2,--- ,k — 1}. By assumption, for all

rloormoe 0,17,
tp*RVE (E(a € Ba), -+, Ex(a € Bym)) = tp"V5 (E(b € Bya), -+, Ex(b € Bym)).

Therefore

tp"RVET ({Ej(a € B)}eeoapn) = tp"RVEr ({Ek(b € Br)}refor)-

Let A be a cardinal > 2%l Let N' = ARV(x) be a A\-universal domain and we may assume that A is
of the form L' ((€2,%, 1), [0,1]) where Z C ¢ and £ is small. Since @ is small, by Theorems 3.4.2 and
5.5.3 we have that % is also atomless over . By interpreting E; as E(- | &) for each I < k in N, we
expand N to a model of ARVEt. Note that M C N. By Proposition 7.2.4, we have M < A. Since M is
a k-universal domain, we get that L' ((Q, #;, n), [0,1], {E(- | &) }ie7) is a k-universal domain for ARVE.
Then there is an Lryg,,-automorphism @ of the Lryg,,-structure Ll((Q, G, 1), [0, 1], {E(- | M)}leT/) such
that ®(Ex(a € B,)) = Ex(b € B,) for every r € [0,1]™. Then by the fact that N as a model of ARV(x) is a
A-universal domain with A > 21%1 > 2l9| we know that there is an Lry(x)-automorphism ¥ of the Lry(x)-
structure L'((Q,%, 1), [0,1]) extending ®. Let ¢ be the induced automorphism of ¢. Then () =
and ¢~ 1(a]) = o for each | € T, since ¥ extends ®. By Lemma 7.2.1, ¥ is an Lryg,-automorphism of the
Lrye,-structure N.

Let o/ = ¥(a). By Lemma 5.2.5, we have that ¥(¢(a)) = ¢(¥(a)) = ¢(a’) for all continuous ¢: [0,1]" —
[0,1]. Because ¥ extends @, for all continuous ¢: [0,1]™ — [0,1] we have U(E(p(a))) = Ex(¢(b)). Thus
Er(Y(p(a))) = ¥(Er(p(a))) = Ex(p(b)), since ¥ is an automorphism of the Lryg,-structure A. Then by
the fact that ¥(p(a)) = ¢(¥(a)) = ¢(a’), we have Ex(p(a’)) = Ex(¢(b)) for all continuous ¢: [0,1]™ — [0, 1].
Using Lusin’s theorem and the dominated convergence theorem, we have that Ej(a’ € B) = Ex(b € B) for
all Borel B C [0,1]". That is, ' and b determine the same conditional distribution over @%. By Theorem
5.2.3(v) and Lemma 7.2.8, we have tp"RVET (a/) = tpARVET(b), whereby tpARVET(a) = tpARVET(p).

Second, for any Lrye,-formula ¢, only finitely many ¢ € T are involved in the formula. Let T'(¢) denote
the set of those t’s. Then we just proved tp*RVET) (a) = tpARVET(») (b). Since ¢ is an Lrveq,,-formula, we

have o (a) = ¢™(b). Then because ¢ is arbitrarily chosen, we have tpARVET (a) = tpARVET(p). O

7.2.12 Remark. In the proof, we see that if T has a mazimum element s, then for all a,b € M™, we have

that tp"RVET (a) = tpARVET () if and only if

tpAVEO (E(p1(a) | ), Elpm(a) | ) = tp*VETO (E(p1(b) | ), Elpm(b) | ),
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for allm € N and all continuous @1, -+ ,@m: [0,1]" — [0,1].

7.2.13 Corollary. Let M |= ARVET be a k-universal domain where k > 2|71, Assume M is of the form
(LY (2, B, 1), [0,1]), (E(- | mft))teT), where (2, B, 1) is a probability space, (% )icT 18 an increasing family
of o-subalgebras of B, each algebra <, is atomless over all previous ones (if T has a minimal element 0, then
o is atomless), and B is atomless over 7, for eacht. For eacht € T, let T(t) denote the set {s € T | s < t}.

For all a,b € M™ and small C C M, the following are equivalent:
(i) tpARVET(a/C) = tp"RVET (b/C).

(ii) For allt € T, allk,l €N, allrt,--- vk € [0,1]"*!, and all ¢1,--- ,c; € C, one has

tpARVET(t) (E((a,cl,~-- ,c1) € B |£¢t)’ ,E((a,cl,--~ ,¢1) € By ‘(Qyt))

:tpARVET(t> (E((b)Ch' o acl) € BTl | %)7 7E((b7cl7"' ,Cl) € B’rk | JZf"«))

(iii) For allt € T, all k,1 € N, all continuous @1,--- ,pp: [0,1]"* — [0,1], and all ¢1,--- ,¢; € C, one has

{pARVET() (E(<p1(a,c1,--- ca) | ), E(gr(aser, ) | ﬂt))

:tpARVET(t) <E(<p1(b, e, ya) | %)’ ’E(%(b, c1y ) | %))

(When T(t) = 0, the theory ARVEx) is defined to be ARV(x).)

Proof. (i) = (ii) and (i) = (i4i): Since tp(a/C) = tp(b/C), we have tp(a,c1,--- ,¢) = tp(b,c1, -+ ,¢) for
alll e N and all ¢1,--- ,¢; € C. Then use Theorem 7.2.9 and Theorem 7.2.11 respectively.

(it) = (i): By Theorem 7.2.9, tp(a,c1, - ,¢) = tp(b,er,--- ,¢) for all I € N and all ¢1,--- ,¢ € C.
Therefore tp(a/C) = tp(b/C).

(#i7) = (i): By Theorem 7.2.11, tp(a,cy, -+ ,¢) = tp(b,c1,-+- ,¢) for all I € N and all ¢1,--- ,¢ € C.
Therefore tp(a/C) = tp(b/C). O

7.2.14 Remark. Using Remarks 7.2.10 and 7.2.12, if T has a mazimum element s, then for all a,b € M™

and small C C M, the following are equivalent:

(i) tpARVET (a/C) = tpARVET (b/C).
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(ii) For all k,1 € N, all r*,--- 7% € [0,1]"*, and all ¢1,--- ,¢; € C, one has

tpARVET(S) (E((Chcla"' ,Cl) € B ‘ %)a 7E((aaclv"' 7Cl) € Byx | M))

:tpARVET(S> (E((b7cl7"' acl) € B'l“l ‘ %)7 7]E((b7 Ci,- >Cl) € Brk ‘ eQ{if))

(iii) For all k,1 € N, all continuous ¢1,--- ,x: [0,1]"* —[0,1], and all ¢1,--- ,¢; € C, one has

tpARVET(S) (E(sm(a,ch“' ,cl) |@%t)’ ,E(@k(a7617'-~ ,Cl) |4yt))

:tpARVET(S) (E(@l(b,Cl,"' 7cl) ‘ JZ{t)a ,E(@k(b,Cl,"' 7cl) ‘ JZ{:‘,))

Quantifier Elimination

7.2.15 Theorem. The theory ARVET admits quantifier elimination.

Proof. First, suppose that T is finite. We use induction on |T|. When |T| = 0, we know that ARVET is
ARV. Hence, this is Theorem 5.2.3(3i). When |T'| = 1, this is Theorem 6.2.11. Suppose ARVET admits
quantifier elimination when |T'| < k — 1, where k > 2. We prove that ARVEt admits quantifier elimination
when |T| = k. For every t € T, let T(t) denote the set {s € T | s < t}. Then |T(t)] < k — 1 for all

teT. Let M = (L'((Q, B, 1),[0,1]), (E(- | #4)) be a k-universal domain for ARVET, where (< )ier is

er)

an increasing family of o-subalgebras of 2. Let a,b € M™ with tpARVET:af(g) = tpARVET.af(p). By Lemma

5.2.1, for all m € N and all continuous @1, -, @m: [0,1]" — [0, 1], there are sequences of n-ary Lgry-terms
(th, o1 )ken, - -« s (tk o Jken such that for each j = 1,---,m, we have that tﬁfwj uniformly converges to <p§/l,

where apj\": M™ — [0,1] is defined by gof/[(f) = @;(f) for all f € M™. Then for every t € T and every quan-
tifier free Lrver, -formula F'(z) where z is a tuple of m variables, by the fact that F’ M and EtM are continu-
ous, we have that FM (E{Vl(tﬁf‘wl (), ,Et“\’t(tﬁ’wm(f))) converges to FM(EM(o1(f)), -+, EM(om(f)))
for all f € M™. Then because F(Ey(typ,), -, Ei(tr,.)) is a quantifier free Lgyg,-formula for all k € N

and tpARVETaf (q) = tpARVET.af(1) we have that
FM(EM(01(a), - B (om(a)) = FM(EM(p1(0), - B (om (D))

Hence,

tpARVETO S (B (p1(a)), - Be(pm(a))) = o VEO S (B (01(b)), -+, Ee(pm (D)),

for all t € T, all m € N, and all continuous functions ¢1,---,@m,: [0,1]* — [0,1]. By the induction
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hypothesis, we know that ARVE~(;) admits quantifier elimination. Hence

tpARVET(t) (Et (301(0‘))7 e ’Et (90m (a))) = tpARVET(t) (Et (@1(5))7 e 7Et (@m(b)))a

for all ¢ € T, for all m € N, and for all continuous @1, - ,@m: [0,1]" — [0,1]. By Theorem 7.2.11,
tpARVET (@) = tpARVET(b). By Theorem 1.10.4, ARVET admits quantifier elimination.

Second, we give the proof for arbitrary T. We just proved that for any finite 7" C T, the theory ARVET/
admits quantifier elimination. Clearly, ARVET = ARVEy/. For every Lrye,-formula (z), there is a finite
subset T'(p) C T such that ¢ is an Lrve,,,-formula. Since ARVEz(,) admits quantifier elimination, for

every € > 0 there is a quantifier free Lrye,,,-formula 1(z) such that ARVEt(,) [= sup, |[¢(z) — ¢ (2)] < e.

Therefore, ARVET |= sup, |p(x) — ¢(z)| < e. Hence, ARVET admits quantifier elimination. O
7.2.16 Proposition. The universal part of ARVET is RVET, and ARVE~ is the model completion of RVE+.

Proof. By Proposition 6.2.12, we know that RVE is a universal theory. Therefore, | J,., RVE; is a universal
theory. Then from the form of the axioms in RVEt \ |J,c RVE; (see page 139), RVET is a universal theory.
By Proposition 7.1.1 and Theorem 7.1.2; we have that the RVEt-substructures of models of ARVEt are
precisely the models of RVEt. Therefore the theory RVET is the universal part of the theory ARVE+. Then

by Theorem 7.2.15 and Proposition 1.10.5, we know that ARVE~ is the model completion of RVE~. O

7.3 On d-finite tuples in ARVEt

In this section, we give the characterization of d-finite tuples in models of ARVET when T is finite.

We may assume that T is finite. Then the theory ARVET is separably categorical, by Theorem 7.2.2.
Let M | ARVEt. For an n-tuple f = (f1,---, fn) € M™. Let ARVE1(f) denote the theory Th(M, f). By
Theorem 3.5.2, f is d-finite (over ) if and only if ARVET(f) is separably categorical. We use this result to

characterize the d-finite tuples in M.

7.3.1 Theorem. Assume T = {1,---,m} for some m € N. Let M = ARVEr and f = (f1, -, fn) € M™.
Let F denote L* (o(f),[0,1]), where o(f) is the o-algebra generated by f. Then f is a d-finite tuple in M if
and only if the o-algebras o(f),o(E1(F)), -+ ,0(En(F)) are all atomic.

Proof. = If f is d-finite, then the theory ARVE+(f) is separably categorical. For each 1 < j < m, consider

the signature Lrvg, U {f} where the only expectation symbol is £;. Let ARVE;(f) denote the restriction of
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ARVE+(f) to Lrvg, U {f}. By Corollary 1.9.5, ARVE;(f) is separably categorical. Then by Theorem 6.3.1,
o(f) and o(E;(F)) are both atomic.

<=: We use the induction on |T| = m. When m = 1, this is Theorem 6.3.1. Suppose it holds for
|T| = m — 1. We will show it holds for |T| = m. Let 7" denote {1,--- ,m — 1}.

Let ([0,1],£,\) denote the standard Lebesgue space. For all n € N, let ([0,1]™, L™, \") denote the
product space of n copies of ([0, 1], £, ). For alln > [ € N, define 7,,;: [0,1]" — [0, 1] by 7, 1 (21, -+, 2p) i=
(z1,---,ap) for all (z1,---,x,) € [0,1]". Then for all 1 < n < m, we have that ', (£") is atomless over
all previous ones (7T;L,11(£) is atomless), and L™ is atomless over m,, (L™). For all n < m, let &, C L™ be
the smallest o-algebra containing w;}n(ﬁn) and the set of all sets of measure zero in £™. Then we also have
oy, is atomless over all previous ones (7 is atomless), and £™ is atomless over 7, for all n < m. Hence,
(Ll(([(), 1™, £m Ay, [0,1)),E(- | @4), -+ E(- | dm)) is a model of ARVET. Suppose M is a separable
model. By Corollary 7.2.2, M is isomorphic to (Ll(([o, 1™, £m, ™), [0,1)), E(- | ), ,E(- | ,efm)).
Without loss of generality, we may identify M with (Ll(([O7 ™, Lm,am),[0,1]),E(- | «4),- - ,E(- | ﬁfm)>

For g € M™ with (M, f) = (M, g), we will show there exists 1 € Autarve; (M) such that ¥(f) = g.
Then ARVET(f) is separably categorical. Let G denote L* (o(g), [0,1]), where o(g) is the o-algebra generated
by g. For every Lry(x)-term t, define ¢o(En, (t(f))) = En(t(g)). Since tp"RVET(f) = tpARVET(g), we have
that ¢g is well-defined and is an Lgy(x)-elementary map in M from a subset of E,,(F) into E,,(G); i.e., for

all Lry(x)-formulas 7 and all Lry(x)-terms ¢, -+ 1, we have

TM (Em(tl (f))’ e 7Em(tk<f))) = TM (Em(tl(g))7 e ’Em(tk<g)>)

= (60 (Em(t1(1)) -+ 60 (Em(ta(£)))-

Then by the fact that {E,,(t(f)) | t is an Lry(x)-term} and {E,,(t(g)) | t is an Lry(x)-term} are dense in
E(F) and E,,(G) respectively, and tp*RVET(f) = tpARVET(g), we have that ¢ is extended to an Lry(x)-

elementary map ¢: E,,(F) — E,,(G) in M, which is distance preserving and bijective. Then because

LY (0(Em(F)),[0,1]) = {t(ar, - ,ax) | k €N,a1, - ,a, € Ep(F),t is an Lry(x)-term}

and

L' (0(Em(G)),[0,1]) = {t(b1, -~ ,bk) | k € N,by, -+ , b, € Ey(G),t is an Lry(x)-term},

we have that ¢ is extended to an Lgy(x)-isomorphism ¢: L!(o(E,(F)),[0,1]) — L'(c(En(G)),[0,1]).

Then by the fact that o(E,(F)) is atomic, we know that o(E,,(G)) is also atomic. Since o(Ep,(F)) is
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atomic, there is a discrete u € L'(0(Ep,(F)),[0,1]) such that o(u) = o(En(F)) up to a set of sets of
measure zero. Let v denote ¢(u). Then o(v) = o(Em(G)) up to a set of sets of measure zero. Consider
M = (Ll(([o, 1™, g, A, [0, 1)), E(- | ), -+, E(- | ﬂm,l)). Then M’ = ARVEy. Also u,v € M’ and
(M’ u) = (M’,v). For each 1 < j < m —1, one has E;(L'(c(u),[0,1])) C E;(F) and E;(L'(c(v),[0,1])) C
E;(G). Hence, o(u) and o(E;(L'(c(u),[0,1]))) for each j = 1,--- ,m — 1 are all atomic. Therefore by
the induction step we see that w is d-finite in M’; so is v. Thus there is ¢ € Autarve,, (M) extending ¢
such that ¢(u) = v. Define the measure-preserving automorphism ®: «7,, — 7, by ®(A4) = ¢(14) for all
A€ oy, Then & 1(o7j) = of; for each 1 < j < m.

Since tpARVET(f) = tpARVET(g), we have tp"RV(f) = tp*RV(g). By Theorem 5.2.3(v), we have dist(f) =
dist(g). Therefore, the fact that o(f) is atomic implies that o(g) is atomic, and thus f and g are both discrete
random variables. Moreover, by Fact 2.2.2; there is a maximal family {F; | i € I} of pairwise inequivalent
atoms of o(f), where I is a countable set. Then for each i € I, we have a sequence of Lry(x)-terms th
such that 1p, = limy_ o tF(f). Since tpRVOI(f) = tpARV) (g) and limy oo tF(f)? = limg oo t¥(f) for
each i € I, we have that limy_,.. t¥(g)? = limj_ t¥(g), and thus limy_, t¥(g) = 1¢, for some G; € L™.
Moreover, whenever i # i' € I we have u(G; N Gy) = 0, and for all i € T we have u(F;) = pu(G;) and
f(x) = g(y) for almost all x € Fi,y € G;. Thus, > ., u(Gi) = > ,c; u(F;) = 1. Then by the fact that
dist(f) = dist(g), we have that G; is an atom in o(g) for each i € I. After adding the complement of | J;; G;
to one of the atoms, we may assume that {G; | i € I'} is a maximal family of pairwise inequivalent atoms of
o(g). Further, for all ¢ € I, by the definition of ¢ we have

S(En(15,)) = 6(En( lim () = lim 6(En(th(£)) = lim Bn(th(9)) = Bn(lim t4(9)) = En(ic,).

k—o0 k—oo k—o0

Hence, o(En(1r,)) = ¢(En(1r,)) = En(lg,) for all i € I. For all i € I and all A € 47, we have

pAnF) = [ tnde= [ Bundi= [  PEn ()= / ) Bnlie)dn = p(@(A) NG

Since L™ is atomless over &7,,, by Lemma 2.2.20 we may assume there is a measure-preserving homomorphism

D;: o(y U{F;}) — L™ which extends ® such that ®;(F;) = G;. By Proposition 2.2.3,
Gy Vo(f)= {UAiﬂFi | A; € o, for each i € T},
il

and

GV o(g) = {UAl NG, | A; € o, for each i € I}.
iel

153



We define ®': o7, V o(f) = 4 V o(g) by ®'(U;c; A N Fi) == U, ®i(Ai N Fy) = U, P(As) N Gy, where
A; € ,, for every i € I. Because ®; is a measure-preserving homomorphism for each ¢ € I, we have that &’
is a measure-preserving homomorphism from <7, V o(f) to #, V o(g). Since ® is surjective, we know that
®’ is also surjective. Then @’ is a measure-preserving isomorphism that extends ®. Since o(f) is atomic,
by Proposition 2.2.24 there is a measure-preserving automorphism o: L — L™ extending ®’. Therefore,
by Lemma 7.2.1 we know that ® induces an Lryg,-automorphism ¢: M — M extending ¢. Because for all

i € I we have ®(F;) = G; and f(z) = g(y) for almost all z € F;,y € G;, we have 3(f) = g. O

When T is infinite, ARVET is no longer separably categorical, by Theorem 7.2.3. Therefore, Theorem

3.5.2 can no longer be used to characterize the d-finite tuples in models of ARVEr.

7.3.2 Question. Let M |= ARVEy and let f = (f1, -+, fn) € M™. Let F denote L*(o(f),[0,1]), where
o(f) is the o-algebra generated by f. Is it true that f is a d-finite tuple in M if and only if the o-algebras
o(f),{o(Ei(F)) her are all atomic?
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