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Abstract

Our first topic is the study of self-inversive polynomials. We establish sufficient conditions for self-inversive
polynomials to have all zeros on the unit circle. We examine how such polynomials are used to generate
further such polynomials. We also analyze the distribution of zeros of certain families of self-inversive
polynomials and evaluate their discriminants. Our second topic is the sum of distances between points on
the unit circle. We consider the sums over the vertices of the regular N-gon with some stretching factors.
We also consider the N vertices of a regular N-gon with charges on the unit circle and obtain the maximal
sum of squared distances from a point on the unit circle to the charged N-gon. For a certain set of charges,

we study the minimal polynomial of the maximum value and its generating function.
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Chapter 1

Introduction

A polynomial P(z) = ag + a1z + - -+ + an2™ is self-inversive if ay, = ( @, for 0 < k <n and |(| = 1. It is
easy to see that if a polynomial has all its zeros on the unit circle {z € C : |z| = 1} then it is self-inversive. In
fact, A. Cohn proved that a polynomial P(z) has all zeros on the unit circle if and only if it is self-inversive
and its derivative P’(z) has all its zeros in the closed unit disc {z € C: |z| < 1}.

In Chapter 3, we will establish sufficient conditions for self-inversive polynomials to have all zeros on the
unit circle. We will also examine how such polynomials may be used to generate further such polynomials.
Chapter 4 analyzes the distribution of zeros of certain families of self-inversive polynomials and evaluates
their discriminants.

A central problem in the study of root distribution is the distribution of the roots of P’(z) relative to
those of P(z). One approach is to consider for an arbitrary o € C how the distances from « to the roots
of P(z) compare on average with distances to the roots of P’(z). As the Gauss-Lucas theorem shows that
the roots of P’(z) are dominated by the roots of P(z) in the sense that the convex hull of the roots of P(z)
contains that of the roots of P’(z), a theorem of De Bruijn-Springer [5] shows a similar result about the
distances. In particular, it asserts that on average the distances to the roots of P(z) exceeds the distances
to the roots of P’(z). Now S. M. Malamud [18] has obtained very general results of the De Brujin-Springer
type by generalizing the concept of vector majorization to apply to complex vectors. In fact, his method also
yields majorization results for complex vectors of which the Gauss-Lucas theorem is a special case. Many
of these results were also proved independently by R. Pereira [22]. This is a motivation for the inclusion of
problems involving sums of distances between points. Another motivation is the problem maximizing the
discriminant of a monic polynomial all of whose roots lies on the unit circle. This is the same as maximizing
the product of all mutual (Z) distances and of course the answer is that they form a regular n-gon. But
what about the sums (or sums of powers) of mutual distances?

For the sum of Ath powers of such distances, the problem has a simple solution for A = 2: the center
of mass must be at the origin. For 0 < A < 2, the problems is non-degenerate. For 0 < A < 1, there is a

relatively elementary solution based on convexity [8], but for 1 < A < 2, the problem is very difficult and



was only solved recently using, among other techniques, the theory of orthogonal polynomials [4]. For an
appropriate normalization of the A — 0 case, this reduces to the discriminant maximization problem.

In this thesis, we examine perturbations in the radial direction (henceforth called stretchings) of the
vertices of the regular N-gon and try to determine their effect on the distance sums. For stretching parameters
{q®,--+ ,q*~}, we associate the vector {a1,--- ,an}. Then to a great extent whether the stretching a =
{a1, - ,an} gives a smaller distance sum than b = {b,--- ,by} depends upon whether or not a < b in the
sense of vector majorization, but the precise behavior is somewhat more subtle.

In Section 5.1, we consider the sums over the vertices of the regular N-gon with some stretching factors.
In Section 5.2, we consider the N vertices {p; }évzlof a regular N-gon with charges {c¢; }5\721 on the unit circle
and we obtain the maximum of Z;\Izl cj|ei9 — pj|2. For a certain set of charges, we study the minimal

polynomial of the maximum value and its generating function.



Chapter 2

Preliminaries

2.1 Hypergeometric Functions

In this section, we give the definition of the hypergeometric function and its important properties and

transformation formulas which we will use later.

Definition 2.1. The hypergeometric function o F(a,b; c;x) is defined by the series

(¢)pn!

oo
n b n
Z (a) ( ) "
n=0
for |x| < 1, and by analytic continuation elsewhere where (a), denotes the rising factorial defined by
(@)p, =ala+1)---(a+n—1) for n>0, (a)g=1.

When z = 1, we have the following theorem.

Theorem 2.2 (Gauss). For R(c —a —b) > 0, we have

a,b \ _ T(c)l'(c—a—0b)
A () = w e

The corollary below is the special case where one of the upper parameters is a negative integer, thereby

making the 5 F} a finite sum.

Corollary 2.3 (Chu-Vandermonde).
2 <n,a; 1) = le=an a)".

Next, we have linear and quadratic transformations.



Theorem 2.4.

a,b —a a,c—b =z
2F1( ,LL’) :(1—$) 2F1< ] 1) (Pfajj‘} (2 1)
a,b c—a—b c—a,c—b
oy x| =1 —2) Fy ;x| (Euler). (2.2)
c c
Theorem 2.5. For all x where the two series converge,
a,b _ a/2,(1+a)/2—-b —4x
F ; = (1 — a, F o/ ], 2.3
2 1(a—b—i—l x) (1=2)™% 1( a—b+1 (1—2x)? (23)
a,b 4z a,a+ 3% —b
Bl ——|=0+a)*F( 2% 2% 2.4
A () = e () (2.4

2.2 Classical Orthogonal Polynomials

In this section, we define Jacobi polynomials, ultraspherical polynomials, and Chebyshev polynomials and

give some of their properties.

Definition 2.6. The Jacobi polynomial of degree n is defined by

Pld) () = (04+Un2F1<—n,n+a+ﬁ+1_ 1—:5)'

n! a+1 T2
The Jacobi polynomials {Pfla’ﬂ) (x)} are orthogonal with respect to the weight function (1 —2)®(1 + x)?
on the interval [—1,1] for &« > —1 and § > —1. We can represent the Jacobi polynomials in terms of

hypergeometric functions:

PEd@) = PP(-)

B n(B+1), -n,n+a+B+1 1+

= (-1 ] 2 Fy B+1 5

(a4, (14+z\" 7 —n,—n—F x—-1

N n! 2 . a+1l ’‘z+1

m+a+B+1), [z—1\" -n,—n—a 2

= F; i — . 2.

n! 2 P _a-B-2m'1-x (25)

We will use the last hypergeometric function representation later.

The next theorem gives us the discriminant of the Jacobi polynomial P,(La’ﬁ )(I)



Theorem 2.7 (Theorem 8.5.3, [1]). The discriminant of the Jacobi polynomial Py(f"ﬁ)(x) is

onln— 1)1—[1 at ) B+
(a4 B+n+jmnti—2"

Define the Klein’s symbol by

0, if <0,
E(u) = < [u], if >0, wu non-integral,
u—1, if u=1,23,---.
The following theorem gives us the zero-distribution of the general Jacobi polynomials.

Theorem 2.8 (Stieltjes, [27]). Let o, 8 be arbitrary real values, and set

X=X(@8) = B(Menratstil-lal-1g+D).
Y=Y(o,8) = E<;(|2n+a+5+1|+a||ﬂ|+1)),
Z=27(a,pB) = E<;(—|2n+a+5+1|—a|+|ﬁ|+1)).

Then the numbers of the zeros of the general Jacobi polynomial P7(la,,3) ()in-1l<z<l, —0<zx< -1,

1 < z < oo, respectively, are

if (—1)n(nre) (n8
N Nya gy = JAETDA A T >0
2[X/2]+1 if (_1)71(7;;&) (n+6) <0,
i 2n+a+ﬁ n+p3
Na = Na(a, B) = A +1)/2) if ( ) ("HP) > 0,
2[Y/2] +1 if (2n+a+6) (n+ﬁ) <0,
2007 +1)/2] 1 2”+06+5 n+a 0,
N3 = N3(a,8) = (Z+1)/2) i ( ) (") >
22/2]+1 if (3"TorA) (o) <.

Some special cases of Jacobi polynomials are:
1. the ultraspherical polynomials, for a = 3,

2. the Chebyshev polynomials of the first kind, for « = 8 = —1/2,



3. the Chebyshev polynomials of the second kind, for « = 8 = 1/2.

Definition 2.9. The ultraspherical polynomials C)\(x) are defined by

Cp(x) = O i/, (fi)/"? T PPTIRATR) (), (2.6)

They are orthogonal with respect to the weight function (1—22)*~1/2 when A > —1/2 and their generating
function is

(1—2zz+ 2% = Z CMz)2".
n=0

There is another representation of Cy(x) [1, (2.6.4)]:

n! 1—n—X\ 22 (2.7)

Definition 2.10. The Chebyshev polynomials of the first and second kinds, denoted respectively by T, (z)
and U, (), are defined by
(2n)!

o ! 2n)!
Pé 1/2, 1/2)(30) _ 22n(n!)2T"(x) = 22(%71)!)2005 no

and
(2n +2)! (2n+2)!  sin(n+1)0

(1/2,1/2) _ _
B0 = ety o) T men )P s (28)

where x = cosf.

We also have explicit formulas for the Chebyshev polynomials:

(Ve -1+ (o — Va2 - 1) R (n+k+1)!
(Va2 -t — (o — Va2 -t PN e O LI
Un(z) = Wt —kzo( 2) = R)2h)] (1—-=xz)® (n>0). (2.9)
The three-term recurrence relations are given by
22T, (z) = Th41(z) + Tho1(z) and 22U, (x) = Upy1(x) + Up—1(2). (2.10)



The Chebyshev polynomials of the first and second kinds are related by the following equations:

Tuw) = 5(Un(e) ~ Uns(a),
Thii(z) = aT,(z)— (1 —2H)U,_1(2),
T.(z) = Up(z)—2aU,-1(x).

If we differentiate the Chebyshev polynomials in their trigonometric forms, it is easy to find their deriva-

tives:
dT,, (x
d(E( ) = nUn—l(m)7
dUn(z)  (n+ DT (x) — 2Us(x)
dx N 2 -1 '

Both the Chebyshev polynomials of the first and second kinds have extrema at the end points of the

interval [—1, 1], given by:
T.1)=1, T,(-1)=(-1)", U,(1)=n+1, and U,(-1)=(-1)"(n+1).

The following theorem helps us to find the distribution of zeros of families of polynomials in next chapter.

Theorem 2.11 (Theorem 5.4.1, [1]). Suppose {P,(z)} is a sequence of orthogonal polynomials with respect

to the distribution da(zx) on the interval [a,b]. Then P,(x) has n simple zeros in [a,b].



Chapter 3

Self Inversive Polynomials with All
Zeros on the Unit Circle

Definition 3.1. A polynomial P(z) = Y"}'_,arz" of degree n is self-inversive if
P(z) = (P*(2)
for some ¢ € C with |(| = 1, where
1
P*(z):=2z2"P <) for all z #0.
z

The zeros of a self-inversive polynomial either lie on the unit circle or occur in pairs conjugate to the
unit circle [24, Chap.7].

We will show that certain self-inversive polynomials have all their zeros on the unit circle U = {x € C:
|z| = 1} and examine how such polynomials may be used to generate further such polynomials. We call
them U -polynomials.

Our initial method is to take a polynomial with all zeros in the closed disc {z € C : |z| < 1} and
symmetrize it(Section 3.1).

Another procedure is to start with a self-inversive real polynomial P(z) = ag + a1z + - -+ + a,2", so
A = ag = a, for some A, and increase |A| to a sufficient extent. Recently there have been a number of
results in this direction. Lakatos [11] proved that all zeros of the self-reciprocal polynomial P(z) = >_;_ axz®

of degree n > 2 with real coefficients a, € R (i.e. a, # 0 and ay, = a,,— for all k =1,--- ,[n/2]) are on U if

n—1
|an| Z Z ‘ak - an|-
k=1

Schinzel [23] generalized this result for self-inversive polynomials: all zeros of the self-inversive polynomial

P(z) = > p_,arz” are on U if

lan| > inf Z lcar — d" *ay,|.
e deC.|d|=1 £



which can be deduced from our theorem (Theorem 3.5). For more results in this direction, see [12, 13, 14,
15, 17].
Next, if we start with a single self-inversive polynomial P(z) of even degree that has all its zeros on U,

the following two procedures will lead to further U-polynomials.

Procedure 1. Define

P P(— P(z) — P(—

P(o,s) - P@) T P) | P(@) — P(-a)
2 2

and choose |s| sufficiently close to 1. We can get the value of s from the set of the roots of the

discriminant of P(x,s) with respect to x.

Procedure 2. Take any self-inversive factor of the numerator of

Q) = - (+=P())

dxr

where n is the degree of P(x).

Procedure 2 is proved in [7] (Lemma 4.2.1).

In Section 3.2, we will show that in certain situations Procedure 1 and Procedure 2 are closely related.
One may also generate further such polynomials starting with two of them. One could simply multiply them
together. A more sophisticated approach would be to take their Schur-Szegd convolution product. The
methods could of course be combined with Procedure 1 and Procedure 2. In Section 3.3, we shall show
how this approach leads to 2 variable sums for a polynomial p(t) of a sort that do not seem to have been
studied previously. These have the form

mz""l c(k)tm+1_kp(t)k

1—kx
k=1

where the ¢(k) are constants. Note that if the terms are combined, the resulting denominator is a polynomial

generator for Stirling numbers of the first kind.

3.1 Symmetrization

A. Cohn’s theorem helps us determine whether a polynomial has all zeros on the unit circle.

Theorem 3.2 (Theorem 7.1.3, [24]). Suppose that the polynomial P(z) of degree n is self-inversive and let

T be the number of zeros of P(z) on the unit circle and v be the number of zeros of P'(z) in the closed disc

9



{ze€C:|z| <1}. Then
T=2v+1)—n.

A. Cohn’s theorem is the case v = n — 1.

Corollary 3.3 (A. Cohn). For a self-inversive polynomial P(z), all zeros of P(z) are on the unit circle if

and only if all zeros of P'(z) lies in {z : |z| < 1}.

To use A. Cohn’s theorem, we need to analyze the zero-distribution of the derivative P’(z). For example,
see [26]. In this section, we will give another method to determine whether all zeros are on the unit circle.
The following theorem (a generalization of Problem 1 in [24, p. 232]) shows that symmetrizing a poly-

nomial with all zeros in the closed disc {z € C: |z| < 1} will provide a U-polynomial.

Theorem 3.4. Let Q(z) be a polynomial of degree n with all zeros in {z € C : |z| < 1}. Then, for each ¢

on the unit circle and for all nonnegative integers N,
N *
27 Q(z) +¢CQ*(2)

has all its zeros on the unit circle.

Proof. Let 21,22, -+ , 2z, be zeros of Q(z). Then |z;| <1 for k=1, ---,n, and we have

ﬁz—zk ) and Q*( ﬁl—zkz

If |z =1 for all k = 0,--- ,n, then

Hence

N T Can .
200+ @) = () 9O

has all zeros on the unit circle since
Clr
n
an Hk:l (—2k)

Now, suppose that we have at least one zj, strictly inside the unit circle. Let 2V Q(z) + ¢Q*(z) = 0. We

=1

will show that x| = 1. If Q*(x) =0, || > 1 and N Q(z) = 0. Thus, x is on the unit circle. If Q*(z) # 0,

10



consider the following Blaschke product:

3k

CQz) a L
B(Z)iQ*(z)i nkl;[ll_%z'

We have |B(z)| < 1 for |z| < 1, |B(z)| = 1 for |2| = 1, and |B(z)| > 1 for |z| > 1. Since 2V Q(z)+(Q*(z) = 0,

Q(z) ¢
B = = ——
W= Q@ = e
If |z| <1,1> |B(z)| = |z|™N > 1. And, if |z| > 1, 1 < |B(z)| = |2|7" < 1. Therefore, |z| = 1. O

Note that any self-inversive polynomial can be represented as the form of 2V Q(z) + (Q*(z) for some
polynomial Q(z). One of these representations is the following:
From Definition 3.1, for the self-inversive polynomial P(z) = ag + a1z + -+ + a,2"™, we can show that

ar = Cap_g for 0 < k < n. If we let

N—1
S anynz” if n=2N —1,
Q) =4 " (3.1)
a4y ansrz® if n=2N,
k=1
then, for n = 2N — 1,
N-1 N-1
Q*(z) = Z annt =¢7! Z ap2”
k=0 k=0
and therefore
N-1 N—1
NQ(2) +¢Q*(2) = 2N Z an k2" + Z arz® = P(2).
k=0 k=0

Similarly, for n = 2N, we have that 2N Q(2) + (Q*(z) = P(z).
Then we have the theorem on the sufficient condition for a self-inversive polynomial to have all zeros on

the unit circle.

Theorem 3.5. Let P(z) = 2V Q(2) + (Q*(2) be a self-inversive polynomial. If Q(z) has all zeros in the

closed unit disc {z € C: |z| < 1}, then P(z) is a U-polynomial.

In [3], Chen proved a sufficient and necessary condition for a self-inversive polynomial to have all its

zeros on the unit circle.

Theorem 3.6 (Theorem 1, [3]). A necessary and sufficient condition for all the zeros of p(z) = > j_, arz"

with complex coefficients to lie on the unit circle is that there is a polynomial q,—;(z) with all its zeros in or

11



on the unit circle such that

pn(2) = zlqn,l(z) + eiequl(z)
for some nonnegative integer I and real 6.

It is the same as our result which is proved independently. The sufficient condition is Theorem 3.5. The
necessary condition is easy to prove by setting Q(z) = %P(z) We will now give applications of our theorem.
From known results on the maximum moduli of the zeros, we obtain some corollaries. We begin with

the theorem of Enestrom-Kakeya.

Theorem 3.7 (Enestrém-Kakeya, [19]). If all aj, are real and if ag > a1 > -+ > a, > 0, then' >, _ axz" # 0

for|z] < 1.

Our theorem together with the Enestrom-Kakeya Theorem provides a very large class of self-inversive

polynomials having roots on the unit circle with decreasing symmetric coefficients.

Corollary 3.8. (i) Forag>ay >ay>--->ayn >0,

ap + a1z + a2z2 + -+ aN_lzN_l + aNzN + aNzN+1 + aN_12N+2 +---F aoz2N+1
is a U-polynomial.
(ii) Forag> a1 > apz >---> % >0,
ap+ a1z + a2’ + - +an_ 12V T an2Y Fay 12V 4 F a2V

is a U-polynomial.

Proof. Set Q(z) = ay +an_12+an_222+ -+ apz". By the Enestrom-Kakeya theorem, all zeros of Q(z)

are in {z € C: |z| <1}. O

Example 3.9. From this corollary, the following families of polynomials have all their zeros on the unit

circle:
Z —a for a>0, and
= ()
GV 4V gV 22 gV N N N2 L 2 NS | N N for ¢>1.

Also, we can show that self-inversive polynomials with slow increasing coefficients have all their zeros on

the unit circle.

12



Corollary 3.10. If0<any —ay_1 <any_-1—an_2<- - <as—a; <a; —ag < ag, then

N-1 N+1 N+2+ 2N+1

P(z):ao—i—alz—l—ang—f—-u—i—aN,lz +anzN +ayz +an_12 st agz

is a U-polynomial.

Proof. Let Q(z) = (ax —an_1)+ (any_1 —an_2)z+---+ (a1 —ag)z™. Then it has all its zeros in the closed
disc by the Enestrom-Kakeya theorem. And it is easy to check (z — 1)P(z) = 2N *2Q(2) — Q*(z). Therefore

P(z) has all its zeros on the unit circle. O

Corollary 3.11. Let P(z) = z2NQ(2) + ¢CQ*(2) be a self-inversive polynomial with Q(z) = Z,ZCVZO apz®. If

2:01 lax| < |an|, then all zeros of P(z) are on the unit circle.

Proof. From the Gershgorin circle theorem [9], we know that if zg is a root of Q(z) then either |z9| < 1 or

N-1
[20] < 2o=o laxl/lan]. O

Corollary 3.12. Let P(z) = 2N Q(2) + CQ*(2) be a self-inversive polynomial with Q(z) = Ziv:o apz®. If

laog| < |ai| and 2|ag| < |agt1] for 1 <k < N —1, then all zeros of P(z) are on the unit circle.

Proof. Kojima [19, p. 107, Exercise 6] proved that all zeros of f(z) = ag+ a1z + -+ - + a, 2™ lie in the circle

|z| <7, r =max (|ag|/|a1], 2|ak/ak+1]) for k=1,3,--- ;n—1. O

Corollary 3.13. Let P(z) = 2N Q(2) + (Q*(2) be a self-inversive polynomial with Q(z) = ZQLO apz®. If

lao| + Z,JCV;OI |ak+1 — ak] < lan|, then all zeros of P(z) are on the unit circle.

Proof. From the result of Montel-Marty [19, p. 107, Exercise 8], we have that all zeros of the polynomial
f(z) =ag+a1z+---+ 2" lie in the circle |z| < max (L,Ll/("+1)) where L is the length of the polygonal
line joining in succession the points 0,ag, a1, ,an—1,1; i.e. L = |ag|+ a1 — aol + -+ + |apn—1 — an—2| +

|]. — Ap—1 | O
Last, we deduce the result of Schinzel from our theorem.

Corollary 3.14 (Schinzel, [23]). All zeros of the self-inversive polynomial P(z) = > ,_, axz" are on the

unit circle if
n

lan| > inf > ear — d"Fay).
¢,deC,|d|=1 =

Proof. Let d =1 and P(z) = (P*(z) for some ¢ € C with || = 1. Then

(@p—g=ay for k=0,1,--- n. (3.2)

13



Set Q(z) as in (3.1). For n = 2N — 1, we have the following inequality:

N—-1

lan|+ Y lan+k — anir-1]
k=1

N-—1 N-—1

1 ) .

D) <|GN|+|CGN| + ) lanek — anseo1l+ Y CanTE —CaN+k1|> since |¢| =1
k=1 k=1

N-1 N-1
<|GN| +lan-al+ Y lanik —anira| + Y lax — ak—1|> by (3.2)
k=1 k=1

IN
N =
(7=
=
=

I

S

ES
B

IN
N | =
T
[
S
e
\
‘D
3

k=1 k=
n
a 1
- S - -2 b2
c 2 c c
k=0
a 1 a a
< l—*(’Cﬁ—fn—kan—l)
c 2 c c
< an|

for any nonzero ¢ € C. Similarly, we have the same inequality for the case when n = 2N. By Corollary 3.13,

P(z) has all zeros on the unit circle. Since |d| = 1, P(dz) has all its zeros on the unit circle. O

3.2 Procedure 1 and Procedure 2

We begin with P, (t) = Zilo t* which clearly has all zeros on the unit circle. Its generating function is

> 1+tx
Py(t)a" = —rr -
— (1—-2)(1—1t2x)
Theorem 3.15. Form =1,2,---, let
S 1+ tx
P,(Lm)(t)x" = .
7;) (1—2)™(1 —t2z)™

Then P,(Lm) (t) is a U-polynomial. Also, Pffff”(t) is the result of applying Procedure 2 to P,(Lm)(t).
Proof. Replace z by z/t to get

oo
1+
t7 P (1) = : .
nz_% (1—=%)m(1 —ta)™

14



By taking the derivative with respect to t, we have

N - mx(l—l—x)(l—t%)
(t PMn) o = (1— 2)m (1 — taymtt

&.‘Q‘

Replacing = by zt and multiplying by % will give us

—n m n+l_n—1 1+$t 1
(t i ))t R (1—;)m+1(i(—t2x)2n+l

Q.‘&

>

n=1

2-1) ) P (t)a
n=0

Hence, it follows that
d

—n (m) n+l _ (m+1)
dt(t P ())t m(t2 — 1)P Y.

ie. Pffffl)(t) is the result of applying Procedure 2 to P,(Lm)(t). Therefore, Py(lm)(t) has all zeros on the

unit circle. O

Now, the generating function for the polynomials defined in this setting by Procedure 1, namely

Hp(s,t) =14+ +t4+ -+ 2" + st + 83+ + 271, is

> n 1+ stz
ZHn(s,t)a? Rl

Theorem 3.16. Form =1,2,---, let

= 1+ stx
E H™ (s, t)a" =

n ’ _ _ 42
o (1—z)m(1—t2x)™

Then the generating function of Hﬁm)(l + %, —t) is

E H,(Lm) (1 + mn ,—t) "t =m(1 —t)? E PT(LmH)(t)x”
n
n=1 n=0

and hence ezxactly the result of Procedure 2.

Proof. Let

S ) (1) — 1
nz:%h" " = T = oy

15



Then H{™ (s, t) = i (t) + st hgﬁ)l (t) for n =1,2,---. By differentiating with respect to x, we obtain

> 1412 — 2t
Z n h{M (t)z" = (1 _n;()ynt1(1 _ t2§))m+1'
n=0
Now, when s =1+ 2m = 17 we have
= 2m — 1 - 2m — 1
> H™ (1 + ,t) T n {h;m(t) - <1 + ) t hfl"j)l(t)} g1
n=1 n n=1 n
o om(1—tx)(14t* — 2t%x) 2mit
(1 —z)mT(1 - 2g)mtt (1 —2)m(1 — t2z)™
1+t
= m(l—1t)? R

(1 —z)m+1(1 — t2g)m+!
o0
= m(l—1t)? Z P (1),
n=0
O
Thus, there is a strong connection between Procedure 1 and Procedure 2 in this case. The connection
is somewhat weaker for polynomials such as

443t + 262 + 3+ 262 +3t° + 448

which, by Theorem 3.5, have all their zeros on the unit circle. Here the generating function is

1 — 48222 4+ 26223 + 2t423 — t4a?
(1 —2)2(1 —tx)(1 — t2x)2

= ) Ly(t)z"
n=0

= 1+ Q2+t+2t)r+ (3 +2t+7+265 + 3t + -+ .

L(t,x) =

In this case, examples show that Procedure 1 and Procedure 2 give different results. Procedure 2
applied to

Ly(t) = 5+ 4t + 3t + 2% + ¢* + 2t° + 3t° + 44" + 5¢8

gives, by removing the 2(¢> — 1) from the numerator,

p1(t) = 10 + 6t + 137 + 7¢3 + 13t* + 6¢° + 10¢".

16



For Procedure 1, we evaluate the discriminant with respect to t of

54+ 362+ t* + 3t2 + 5t° + s(4t + 263 + 265 + 4t7),

which is

—6400(—17 4 125)(17 + 125) (178605 + 477775 + 4985s* + 32005°)2.

The result of Procedure 1 with s = —17/12 and the (1 — t)?/6 factor removed is

pa(t) = 30 + 26t + 40> + 37> + 40t* + 26> + 30¢°.

Hence, pi1(t) # po(t). However, pi(t) and pa(t) both have roots near —.139 + .990¢ that are remarkably
close, and for L, (t) for n large, the zeros of the two different polynomials produced by Procedure 1 and

Procedure 2 appear to be remarkably close.

3.3 Combined Procedure

In our use of Procedure 1 or Procedure 2, we always reduce the degree of the polynomial by 2. We

now consider Procedure 2 in the case in which the polynomial P(z) is first multiplied by a self-inversive

degree
2

quadratic polynomial before introducing the factor ¢t~ and differentiating. Thus, we will generate a

sequence of polynomials of the same degree.

Example 3.17. Start with Pg(l)(t) =14+t+t24+t34+t* + 15+ 1% Do Procedure 2 with premultiplication

by (1 + at +t2). Let the resulting sequences of sizth degree polynomials be QS’) (t) with Q(()g) (t) = Pél)(t).

% (t’4P3(1)(t)(1 +at+ t2)> - % (t*i”Pg(”(t)(t*1 ta+ t))

3PV (— 2+ 1)+t~ )PP (O +att).

5

t
Multiplying by 21 gives us

o d
2 —1dt

®)(4) = (t*‘*PS(”(t)(l tat+ t?)) - {Pél)(t) + PP +at + t2)} .

17



Similarly, we have the following:

5 d

Q@ (—ap(2) 232\ _ 2 (2) (3) 2
2 —1dt (t P (t)(1+at+t)> 2(1+at +t ){Pg )+ P () (1 +at +t )},
P A (ap 23\ _ 212 { p(3) (4) 2
t2—1§(t P (t)(1+at+t)) = 3(l+at+17) {P1 (t) + B (t)(1+at+t)},
t° d -4 p(4) 2\4 _ 2\3
tz_lg(t P (t)(1+at+t)> = 4(14at+t%)°
Hence,
oW (1) = iiQ(S)(t)
2 T2 —1dt !
_ o @ 2 )
= tzfla{Ps (t) + Py (t)(1+at+t)}(1+at+t)
_ P do 2y 1 pl2) 22
= T 1@ {P3 () (1 +at +t2) + Py7 (t)(1 + at + t°) }
- {P?fl)(t) + PP M)A +at+ t2)} +2(1+at +12) {PQ(Q)(t) + PO+ at + t2)}
= PV + QA+ 2P (61 +at + %) + 2P (1)1 + at + 12)?
and
3 o d
) = m @0
t° d

= t2_1%{ng(l)(t)+3P2(2)(t)(1+at+t2)+2P1(3)(t)(1+at+t2)2}(1+at+t2)

= PM@) + 7P (4)(1+ at + %) + 12PP (£)(1 + at + t2)? + 6(1 + at + 2)3.

If we consider the generating function

3 QW (1)a,
n=0

then
QP (1) = ana PV (1) + ana P (1) (1 + at +2) + an s PP (1) (1 + at +12)? + a4 (1 + at + %)
where ay 1, An,2, Gn,3, and ay 4 can be founded by the recurrence relations:
an1 =1, Gn2 = an_11 + 20n-1,2, On3 = 20n_12 + 30n_1,3, aNd Gp.4 = 30p_1,3 + 4an_1,4

sothat an1 =1, anp=1-2"-1, ap3=1-3"-2-2"4+1, and apsa =1-4"—-3-3"4+3-2" —1. We note

18



that there are binomial coefficients involved. Therefore, we obtain the generating function:

o 1
S 1" = 1_£{P§1)() P2(2)(t)(1+at+t2)+P1(3)(t)(1+at+t2)2—(1+at+t2)3}
n=0
1
o {P@)( )1+ at + %) — 2P (1)(1 + at + £2)? + 3(1 +at+t2)3}
1 (3) 242 23} 213
— P 1 —3(1 1
+1_3x{ )1+ at +¢°)° — 3(1 + at +t°%) +1_4x( + at + t%)
(14 2a+d®—-a®)t? N (=2 = 2a + 3a®)t2(1 + at + t?)
N 1—x 12z
(1 —3a)t(1 +at+t3)? (1 +at+t?)>3
1—3x 1—4x

With similar computation, we can get the generating function for the combined procedure of the polynomial

PO =14t 4 +15

i QD (e = (1+2a —3a® — a® + a*)t3 n (=2 + 6a + 3a® — 4a®)t3(1 + at + t?)
o 1—2z 1-2z
(=3 —3a+6a®)t?(1+at + 1) (1 —4a)t(l +at+t3)> (1 +at+t3)?
+ +
1-3x 1—4x 1—-5z

In general, we have
9] l i
0 i+ 2 i—k
HEZOQn " E T k+1 E P )1 +at+t7) ‘(—1) (k) (3.3)

k=0

Conjecture 3.18. Let

k
L= DR (L + at 4 2RI /g

C(l)(a,x,t) = Z

P 1-(1+k)x
where l
_ Ik 1\l—[3/2] l‘U/ﬂ) I G LN TR SRR
Rl(a)_jgoa’ ( 1) ! ( U/zJ _Oz—ﬂ(a @ B +ﬁ)
with
a++Va?—4 a—+Va?—4
a=——a and ﬂ:72 .

For —2 < a < 2, the polynomials generated by C(a, x,t) have all their zeros on the unit circle.

We claim that C))(a, z,t) is the generating function of lel)(t)7 ie.,

C(a,z,t) ZQZ)"

n=0

19



If we could verify the equation

l

l .
(i+1) a 2Vi(_ 1y _ 41 k(1) Ti/20 1—1T15/2]
SR et (-1 =t D) (A

then it would follow by induction that

! ; k k
(i+1) 2\i ik (1) _ u—xd R(a) (1)
;:k P ()1 4+ at +t7)'(—1) <k;> =t TaF r for k> 0.

Hence, from (3.3), we can show that C'!)(a, z,t) would be the generating function of Qg,l)(t) and this would

prove Conjecture 3.18.

3.4 Related Generating Functions
The following is a generalization of Theorem 3.15.
Theorem 3.19. For any real number p > 0, the polynomials generated by

1+tx
(1—2z)P(1 —t2z)P

K(p,t,z) =

are U -polynomials.

Proof. By using the binomial theorem, we can expand K(p,t,x) as follow:

K(p,t,x) = (1+tx)(1—z)"P(1—t%z)7?

= (1+ta) f: (‘?) (—z)? f: (_p> (—2)

j=o \J N
= (1+tx) %‘B(_m)n %<n—pk> (—kp) (2
= (1+ta) ;::0 (7;)!” " kz::O k'él_ﬁ);(f)s)kt%
= (1+t );(p)," "2F1(1 Z’fn,ﬁ)




which is

n! l-p—n 1422

+ ((f;)_n_lilt(l + LR <(1 — 7;)121;(3 ; ”)/2; (1_2;;2)2) by (2.3) and (2.1)

. 1+t 1+ ¢
- rfa () ea (0] wen

_ tn{(Qp)nP(pu2,p1/2)<1+t2>+ (2p)n—1 plp=1/2,p-1/2) (th>} by (2.6)
p+1/2), " 2t (p+1/2n " 2

(2p)n—1(=1)" (p—1/2,p—1 1+ (p—1/2,p—1/2) 142
= 2=k 7 ) (2 — 1) pp=1/2,p=1/2) [ _ _ —1/2)p? P _

where P{*? )(:z:) is a Jacobi polynomial. Recall an identity for Jacobi polynomials((6.4.21), [1]):
@n+a+ B+ 1P (@) = (n+a+ B+ DR (2) - (n+ 8P (@),

From this, we have that the polynomial generated by K(p,t,x) is

(2p)n71 (p—1/2,p—3 1 1
_Anl g p(p=1/20-3/2) [ Z (¢4 Z ) ).
(p + 1/2)n—1 " 2 t

For p > 0, the Jacobi polynomial has all zeros in the interval [—1,1]. Hence, P,(lp_l/Q’p_?’/Q)(%(t +1/t)) has
all zeros on the unit circle because 1 (t+1/2) € [-1,2] < |t| = 1. Therefore, they have all zeros on the unit

circle. O
The following conjectures are related to Theorem 3.19.

Conjecture 3.20. Ifp > r > 1, then the polynomials generated by

1+tx
(1—2z)P(1 —t2x)"

have all zeros t satisfying |t| > 1. If r > p > 1, all zeros t satisfy |t| < 1.

Conjecture 3.21. For any integer p > 1, the function K (p,t,x)? generates U-polynomials.

21



Chapter 4

The Root Distribution of Families of
Polynomials

In this chapter, we analyze the root distributions of certain families of polynomials. We also evaluate their
discriminants and related resultants. We connect them with classical orthogonal polynomials such as Jacobi

polynomials, and Chebyshev polynomials of the first and second kind.

4.1 The U-Polynomials G(n,d, )

Two extreme U-polynomials are u; () = (z —1)?" and ua(z) = (z+ 1)?". We can imagine all roots of u; (z)
separating away from each other and away from their initial value of 1 with half moving along the unit circle
above the z-axis and half below until all roots again get closer together and finally coincide at x = —1. This
gives a transition from u; to uy. We shall show there is a simply described family of U-polynomials whose
coefficients depend on a single parameter d such that as d goes from —1/2 to oo the polynomial goes from
a constant multiple of u; to a constant multiple of us with the value ZiZO 2* when d = n. See Figure 4.1.
In general, the coefficients of these polynomials, after the highest power of (z — 1) has been factored out,
increase in magnitude as the central term is approached, so considerations of the sort used in Corollary 3.8
are not applicable. Our proof is based on properties of Jacobi polynomials. One might expect that the roots
are most evenly spread apart on the unit circle when d = n. However, a very natural measure of spread (see
the discussion after Theorem 4.6) indicates that the spread is maximal for values of d asymptotic to m

For d > f%, let
n

T(d+1—HTA+145)
G(n,d,x)::z ( (n_Jij))!(TE+j)! j)x(Jr)

j=—n

1
Note that as d goes from —1/2 to oo, the G(n,d, x) goes from &m(x) to mug(a:) with G(n,n,x) =
2n
> 2
k=0

Theorem 4.1. If d >n — %, G(n,d,z) is a U-polynomial.
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Figure 4.1: The root distribution of G(50,d, x)
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Proof. We can rewrite G(n,d, x) as follows:

n

Ld+1=)0d+1+47) i

Gln,d,z) = ; (n— )l (n+5)! v

= Dd+1—j+n)ld+1+j—n)

= Z; (2n — j)lj! v

_ D@+ 1l-—ml@d+1l+n) o (—2nd+l-n,

= 2n)! 2 1( ~d—n ’$>

_ rm+1—mrm+1+ma_wynF(—m—d—uz —m:) by (2.3
(2n)! I —d-n T(1-2)? '

_ TA+1-nT(d+1)  opntard—d) (L[ 1

- a2, O ((=+3)) wes

_ 11
If —n+d+3 > -1, pitt ) (3(z + 1)) has all zeros in the interval [—1,1]. Since (z+1/z) € [-2,2] &

|z| =1, G(n,d, z) has all zeros on the unit circle. O

Lemma 4.2. Fork=0,1,--- ,n—1,

Proof. By Euler’s transform (2.2), we have that

2 k+%—n ek n—k+ 1 —2k
2F1< —k—i—%z—n ;$>:(1—$)2( )2F1( 2 ;x).

Hence, we obtain

T(k+5—n)T(k+3+n) —2n,k+3—n
G(n,k—i,x) = @2n)! 2 1( kel
1 1 1
_ rk+35— (nQ)F)('k +5+n) (1— 2200, (n fkk:;rli, 2k;x)
n)! — 5—n
1 1
_ F(k+§—n)F(k+§+n)(1_$>2(n_k) (2k)! Gl —1/2,7)
(2n)! T(n+i-KTn+i+k) ’

! L_p
I

1
Theorem 4.3. G(n,k — i,x) is a U-polynomial for k=0,1,---.

Proof. If k —1/2 > n — 3/2, the result follows from the previous theorem. Let k¥ < n — 1. By Lemma 4.2,
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we have

1 (2k)I0(k + 3 —n) 1
G(n,k — =, x) = 2 1—2)2=RGk,n — =, z).
k=5 = Gy L m " (o= 500)
Since n — 1/2 > k — 3/2, G(k,n — §,z) has all its zeros on the unit circle by Theorem 4.1. O
We have analyzed the root distribution of G(n,d,x) for d > n — % ord=Fk— % for k=0,1,--- ,n— 1.

There remains the case d < n — 3 with d +1/2 ¢ ZT. Since we have shown that

G(n,d,z) = I'(d+ l(I/Z;:(d +1) (—q)n P (; (x n i))

in the proof of Theorem 4.1, we can use the root distribution of the general Jacobi polynomials.

Theorem 4.4. Letn —3/2—k<d<n—1/2—k fork e Z*. If1 <k <n — 1, the number of zeros of
G(n,d,x) on the unit circle is 2(n-k).

Proof. In the Stieltjes’ Theorem (Theorem 2.8), for

G, d,z) = I'(d + 1(;/7;))71:(d +1) (—gyn plTHED) <; (x n i)) ’

we have

X = E(;(|2n—n+d+1/2—1/2+1|—|—n—|—d+1/2|—|—1/2|+1))
= B(d+1)

= [d]

sincen—3/2—k<d<n-—1/2—kfor k=1,2,--- ,n— 1. Here,

(_Un(n—?&;a) (nl—ﬂ) _ (_1)n<d +n1/2> (n —n1/2> .
< (-1)*"(d+1/2)---(d—n+3/24+k)(d—n+1/2+k)---(d—n+1/2+1)>0

& (1) so.

—-k—-1+1
If (-1)""* > 0, n—kiseven. Forn—k—3/2 <d<n—k—1, X =n—k—1sothat Ny =2 {nz—i—]

—k+1
n—k And,forn—k—-1<d<n—k—1/2, X =n—k so that Ny =2 [nZ—’—} = n — k. Similarly, if
(—=1)"** < 0, we can get N1 = n — k. Therefore, there are (n — k) zeros of Pr(fnﬂH%’f%) (3 (z+ 1)) in the
interval [—1,1] which implies that there are 2(n — k) zeros of G(n,d, x) on the unit circle. O
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In the next theorem, we can obtain the discriminant of G(n,d,x) when it has all zeros on the unit circle.

Recall that the discriminant of the polynomial f(z) of degree n is defined by

Azf(lﬂ):( )nn 1/2 2n 21_[ 77.k

i<k
where a,, is the leading coefficient of f(z) and {r;} is the set of roots of f(z).

Theorem 4.5. The discriminant of G(n,d,x) for d >n—3/2 is

A,G(n,dz) = 2"nh) {F(d+1(—2:))!l“(d+1)} i Hjj

H (d+ 7)2"=D(2d — 2n + 25 + 1)¥ 1,

Proof. Since d > n — 3/2, the set of zeros of G(n,d, z) is {ay,@;}}_; with [a;[ = 1. So, the discriminant of

G(n,d,z) is

AGlndz) = (_1)2n<2n1>/2{F(d+1—z‘2>;(!d+1+”>} ) [Tt - m)?

x| [ (a; = an)(e; —ax) (@ — ar) (@ — %)

j<k

n
First, we compute the first product [] (o; — @5)*:
j=1

n n
[ - = J[@iSqa)?
j=1 j=1

_ (_1nH4{1_ (Raj)?}  since |aj] =1
Jj=1

n

= (1) ﬁ(z — 2Ra;) [[ (2 + 2Ray).

j=1 j=1
Since
_ Td+1-n)'(d+1+n) =2n,d+1—n
G(n,d,x) = 2n)! o “demn [T
DA+ 1-n)I(d+1+n) 1 _
= 2n)! ’ (z —aj)(z — @),

j=1
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by using the Chu-Vandermonde theorem (Theorem 2.3) and (2.3), we get

H(Q—Q?RO&J‘) = 2F1(—2n7d+1—n;1> = (Z2d = Dan

j=1 —d—n (—=d —n)ay
and
Jf[l(z +2Ra;) = oF (anj; 2* . 1>
_ g ( n, — —1/271> _22n( n+1/2),
—d—mn (=d—n),
Hence,

2. (-d-12),
Iltos — ey ==

Jj=1

For the second product, from
(o — i) (e — ap) (@ — an) (@ — ax) = 4(Ray — Raw)?,

we get

[T () — ar)e; — @)@ — on) (@ — ax) = 2"~ T (Ra; — R

i<k j<k

Since

Gln,d,z) = 0+ 1&/;;:” U (pynpmrithd) (; (m 4 i)) ,

—n i1 . . . .
{Ra;}7_, is the set of zeros of pit 2)(33). Recall Theorem 2.7: the discriminant of the Jacobi

(v, 5)( )

polynomial P, is

Qn(n 1)Hj +]j 1(6+.7)j !
(a+B+n+jnti=2"

Thus

n - B 1 B i j—1
[T(es - aV(a — o) — A — 92n(n—1) H I —1/2) " (d—n+j+1/2)
j<k(aj ey = e — ey ) =2 j=1 (d+ j)nti—2
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Therefore, the discriminant of G(n,d, ) is

4n—2 2n
A,G(n,dz) = 20D {F(d“ é:;f(dﬂ)} 117

< [J(d+ 3" (2d — 2n + 25 + 1)1,

Lastly, consider sums of squared distances between zeros of G(n,d, z).

Theorem 4.6. For fized n, let Ry be the set of zeros of G(n,d,x). Then, ford > n—% ord—1/2=0,1,---,

the sum of squared distances between zeros of G(n,d,x) and zeros of G(n,d + k, x) is

- 2d+1+Ek)(2n—1)
2 X sl = Ty

T€ERG SERG+k

Proof. For d >n — % ord—1/2=0,1,---, all zeros of G(n,d,x) are on the unit circle by Theorem 4.1 and
Theorem 4.3. Since G(n,d, z) is self-inversive, the set of zeros of G(n,d, ) is Rq = {aa,j, @a;}}—; where

|ag ;| = 1. Hence, we have

n n

S Ir=sP = 2> (lowi — aarrl® + loai — daregl?)

r€ERG SERq 1k =17

Il
o

= 8

M=

I
-

(1 - §ROZd,i§)%4d+k,J')

=1y

n n
= n -2 (Z Q%Ozdﬂ‘) 22%05‘“’9’3'
i=1 j=1

n

= (Z Qi + dyi ) Z(adJrk,j + Xdvk,j)
=1

j=1

Since
n

> (Qai+aa:) = -

=1

2n(d+1—n)
d+n

)

the sum of squared distances between zeros of G(n,d, z) and zeros of G(n,d + k,x) is

drm)dtktn) O Tdritrkdtn)

S Y rospPosn? o geldtlondrktlon o ,@dt 14 k)20 1)

T€ERG SERG+k
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We get the maximal sum when d is asymptotic to (=14 +/2n — 1)/2. We expect that the zeros are most
evenly spread apart on the unit circle when d = n so that the maximal sum occurs for this case. But, for
d <n-—3/2, G(n,d, z) has all zeros on the unit circle when d is k — 1/2 where k is nonnegative integer. As
k increases from 0 to n — 1, 2k zeros are moving close to z = —1 with 2(n — k) zeros at z = 1 so that we

could not get the maximal sum from the case when zeros are well distributed on the unit circle.

4.2 A Family of Salem Polynomials

A self-inversive polynomial is called self-reciprocal if it has only real coefficients. Then the zeros of self-
reciprocal polynomials are symmetric with respect to the unit circle and the real line. A monic reciprocal
polynomial with integer coeflicients having exactly one zero of multiplicity 1 outside the unit circle is called
a Salem polynomial [2]. Hence a Salem polynomial provides a Salem number which is a real algebraic integer
a > 1 of degree > 4, all of whose conjugates, apart form a and a~!, lie on the unit circle. In this section,
we discuss a family of Salem polynomials. Consider the polynomials with increasing odd coefficients
n
R, (z) = Z(Qk‘ + 1)z*.
k=0
Let
Sp(z) = Ry(2?) 4+ 2> R, (1/2%).

Then S, (x) are the self-reciprocal polynomial of degree 2n + 1 with all odd coefficients. For example,
Se(x) = 1+ 13z + 32 + 112 4+ 52? + 925 + 725 + 727 + 92% + 52° 4+ 1120 4 32" + 13212 + 213

Since S, (—1)=0 for all n, replace S, (z) by Sp(z)/(x + 1). It is easy to show that

B 22 14 2(n+ V(2?2 — 1) + (2n + 3)2%(2®" - 1)

with generating function

1_(1—$)2t—x2t2_°° :
(1—0)2(1 —ta2)? T;)Sn(x)t )

Theorem 4.7. S, (z) has all zeros on the unit circle except exactly two. i.e. Sy(z) is a Salem polynomial.
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Proof. From (4.1), we can write S, (z) as the sum of hypergeometric functions as follows:

22— 1 4 2(n + Da(2?2 — 1) + (2n + 3)22 (22" — 1)

1+ 2?)8, =
(1 +2%)8, () —"
n+1 n n—1
= Z 22 4+ (2n + 2)1'2:1:21 + (2n + 3)2? Z z?
1=0 1=0 1=0
-n—1,1 —n, 1 — 1,1
= 2F1< —nn—i ;9:2> +(2n+2)x2F1( _n;l ;x2> +(2n+3)x22F1< 117;_’1 ;952)
—n—1,-n—-3/2 4z
— 1 2n+2F n ’ .
(1+2) 2 1( —2n—3 "(1+2)?
-n,-n—1/2 4z
2n + 2)z(1 + z)?" o F ’ f———
20+ 2)a(1 + 2)" ( o ,(Hx)g)
_ —n+1,—n+1/2 4x
o+ 3)22(1 4+ 2)" 2R (L ) by (24).
+(2n + 3)2*(1 + )" 2, 1< Cont1 g2 y (2.4)
VaT—1
By the change of variable x — H+, we have
T+Va?—4 - T +Va2—4 -n—1,-n—3/2 2
— | Su|/——— ] = (@+2)":RA /?4
2 2 —on -3 1— (—z/2)
—n,—n—1/2 2
2n + 2 2)" L ’ j—————
Fen+ D@ +" 1( —n—1 ’1—(—x/2)>
_ -n+1,-n+1/2 2
M+ 3)(z+ 2" LE ).
)@ +2)" 1< —on+1 ’1(z/2))

By using (2.5), (2.8), and U,(—z) = (—1)"U,(z), we can represent these hypergeometric functions as

Chebyshev polynomials of the second kind:

—-n

(x + 2)"2F1< L;::ll/z, 1_(2_11/2)) = (-1)"U, (fg> =U, (g)

so that

(“ V2””2_4>_ s, <x+ V;Q _4> - xiz {Unﬂ (g) +(2n+2)U, (g) 4 (204 3)Up_, (g)}

Lastly, use the recurrence relation of the Chebyshev polynomials of the second kind (2.10) to get

(n+1)Un1 (5)

(4.2)

S <1:+ \/3:2—4> B <x+\/az2—4>n(§+n+1)Un(
" 2 B 2

30



Since (=1 +n+ 1)U, (F) + (n+1)Up—1 (F) =0

is a polynomial of degree n, and (£ +n+ 1)U, (%) + (n+ 1)U,—1 (%) has only real roots since

z U, (% U1 (2
(2+n+1) (i)+(n+ Wn-1(5) — det(A— 21)
241
where
~(2n+2) VZn+2 0 0 - 0 0
Van+2 0 -1 0 - 0 0
0 -1 0 -1 0
A= 0 0 -1 0
0 0 0 -1
0 0 0 -1 0

which is real symmetric.

For x =14 u with v > 0 and n > 2, from (2.9), we have

Upr1(1+w) +2(n+ DU (1 +u)+ (2n 4+ 3)Up—1(1 +u)

n+1 n
(n+2+Fk)! (n+1+Fk)!
2 G T ek 2 L e oy

n—-1 ) (n+k)!
+(2n + 3) ;Oﬂu)" (n—1-— k)!()Qk + 1

For 0 < k < n — 1, the coefficient of u* is

k+1(p !
(n +21 —(k)!gll?:L myi {F° = n(@n+3)k+2(n + 1)} > 0.

The coefficient of u™ is 2""3(n + 1) > 0 and the coefficient of u™*! is 271 > 0. Hence,

Ups1(1+u) +2(n+ DU, (1 +u) + 2n + 3)Up—1(1 + u)

has all positive coefficients. By Decartes’s rule of signs, there is no root > 1. Similarly, for x = —1 — u with
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u >0,

Ups1(—1 —uw) +2(n+ 1)Up (-1 —u) + 2n 4+ 3)Up—1(—1 — u)

n+1 n

_ et (n+2+k)! 2+ 1)(—1)" n+1+k)
Z CFSE ST Z Ik + 1)

=0

(n+k)!
(n—1-=k)!(2k+ 1)

+(=1)""1(2n +3) i(m)k
k=0

For 0 < k < n — 1, the coefficient of u*

N 2%(n + k)! k 4
(=) (n+1-k)!(2k+1)12n -1 {k(n+2+2n—1)}'

The coefficient of u™ is 0 and the coefficient of u"*! is (—1)"T12"+! > 0. By Decartes’s rule of signs, there
is exactly one root < —1. Therefore, Uy 41(2/2) + 2(n 4+ 1)U, (2/2) + (2n + 3)Up—1(z/2) has all its zeros in
the interval [—2,2] except one. From (4.2), we can conclude that S, (x) has all its zeros on the unit circle

except exactly two. O

We found above a family of self-reciprocal polynomials of odd degree with increasing positive coeflicients
ask that have all zeros on the unit circle except two. We have the following conjecture for polynomials with

those properties.

Conjecture 4.8. Let P(z) = ap + a1x + asx® + -+ anx™. Suppose 0 < ag < a1 < --- < an. Then
P(2?) + 2®" 1 P(1/2%) = ap + apx + a12% + ap_12° + az + - + a2 + a, 2" + apz? !

has all zeros on the unit circle except two.

If we consider P(22?)+x2"~N P(1/2?) for any nonnegative integer N, by Theorem 3.5 and the Enestrém-
Kakeya Theorem (Theorem 3.7), we will have all zeros on the unit circle. However, for the case N = —1,

there seem to be two exceptions.

4.3 The Procedure 1 Polynomials vy,(p, x)

Consider the following example:
va(p,x) =1+ px 4+ 2% + pz® + 2 + pr® + 25 + pa” + 8.
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By studying its discriminant

Agvg(p, ) = (5 — 4p) (5 + 4p) (400 + 204p* + 93p* + 32p°)2,

we can see that for [p| < 5/4 all its zeros are on the unit circle and for |p| > 5/4 there is exactly one pair

not on the unit circle. These root distributions are true in general for

Vo (p, ) i= (1 4+ 2%+ -+ 2°") + pr(1 + 2% + --- + 22" 72).

Theorem 4.9. vo,(p, ) has all zeros on the unit circle for |p| <

1
unit circle for |p| > i
n

n+1
+ and has exactly one pair not on the
n

Proof. First, va,(p,x) can be written as a linear combination of two successive Chebyshev polynomials of

the second kind:

van(pyx) = (T2 4 +2®) +pr(l+a2° + - +2°"7?)
_ m2(n+1) -1 wZn -1
o 2 -1 P 2 -1
wnJrl o xf(nJrl) T —
= z"( — +p _1)
T —x T —x

Let

Un (p, x) = Up(z) + pUp—1(x).

Consider uy, (1 + ) for z > 0. By (2.9), we can analyze its coefficients:

n —

n+k+1 (n+k)!
1 = .
n(p,1+7) ZO 12k 1 1)) kz =k —1)2k + 1)

For 0 < k < n — 1, the coefficient of z*

2F(n + k)!
(n—k)(2k + 1)!

{n+k+1)+pn—k)}

n+1 n+1
which is positive for p > — and negative for p < —i. And the coefficient of z™ is 2 > 0. By
n

1
and exactly one root > 1 for p < ,L

1
Similarly, by considering u,(p, —1 — z) for > 0, we can show that wu, (p, z) has no root < —1 for p < i
n

n+1
Decartes’s rule of signs, uy,(p, z) has no root > 1 for p > — +
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n+1
and has exactly one root < —1 for p > i Therefore, va,(p,z) has all zeros on the unit circle for
n

n+1 .. . n+1
and all zeros on the unit circle except one pair for |p| >

since [z =1<«= -1<z<1

Ip| <

when z = $(z + ). O

By Corollary 3.1 in [6], the discriminant of v, (p, x) with respect to z is
Ay (van(p ) = (=1)" {(n+1)* = n*p*} an_1(p)*,

where

_ 2n + 1)"p" n+ 1+ np? n+1+np?
n— = 2n(n 1 —1 n(— Un T T L AN Un_ T (9 1 1\
an—1(p) (-1 (n+ 1) — n2p? 2n+ 1)p +p 1 (2n+ 1)p

is an even polynomial in k of degree 2n — 2 with positive integer coefficients. By Theorem 4 in [6],
Ag(uy) = 2" Va, 4 (p).

Hence, A,va,/(Azuy,)? has only simple factors, namely

n (Tl + 1)2 — n2p2
(_1) 922n(n—1)

Now, we consider similar properties for Chebyshev polynomials of the first kind. Let
tn(p, 1') = Tn(x) + anfl(x)
We want to find a sequence of polynomials @, (z) such that for

32n(pa Jf) = Qn(l‘Q) +prn—1(x2)7

we have the following two properties:
1. All zeros of @, (x) are on the unit circle and
2. Auson(p,x)/(Astn(p,x))? has only simple factors.
Let

t+14+vVE2+t+1)"+(t+1—-VEE+t+1)"
5 :

Qn(t) =
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Then we can easily see that

Qn(tQ) = tnTn(t + 1/t)

with generating function

o0
1+t—ta
n(t)z" = .
;Q O = TG e - 12

From Q,(t?) = t"T,(t + 1/t), we have the first property: Q,(x) has all roots on the unit circle since
Chebyshev polynomials have all zeros on the interval [—1,1] and —1 < ¢+ 1/t < 1= |t/ = 1. And we have

more information on the distribution of roots: the real parts of the roots are < —1/2 since
i0 inf/2 4
Qn(e’)=¢ Tn(20059):O:>—1§2cos§§1:>Re(ac)§—1/2.

Let son(p, ) := Qu(2?) + prQ,_1(2?). ie. son(p, ) = 2", (p,x + 1/2). We evaluate the discriminant of

tn(p, ) which is not done in either [6] or [10].

Theorem 4.10. The discriminant of t,(p,x) with respect to x is

and the discriminant of son(p, x) with respect to x is

Az (s2n(p, ) = (—1)"s20(p, 1)s2n(p, —1) (Ar(tn(p, x)))Q

where

82n(pa 1) =

[{(2+ V3) 4 (2 \/5)”} +p{(2+ V3" + (2 - \/g)nH

N | =

and

Son(p, —1) = % [{(2 +V3)" (2 - \/§)”} —p{(2 +V3)" (2 - \/3)”}] .

To prove Theorem 4.10, we need some properties of resultants and discriminants. Let

f@) = apz" +az" 4t a1z + an,
g(z) = box™ + biz™ 4 b1+ by,
be two given polynomials. And suppose that the zeros of f and g are oy, -+ , ., and By, - - , B, respectively.
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Then we define the resultant of f and g by

Res(f,g) = ag bSHH

i=1j=1
The most important properties are
Res(f,g) = ag’' Hg (cvi), (4.3)
R€S<f7g) = (_1)nmRes(gaf)7 (44)
Res(f,pq) = Res(f,p)Res(f,q) (4.5)
where p and ¢ are polynomials, and
Res(g, f) = by "' Res(g,r) (4.6)

if we can write f(x) = ¢(x)g(x) 4+ r(x) with polynomials ¢ and r, and degr = I.

We also need the resultant of two homogeneous polynomials

F(z,y) = apz" +az" 'y+ - +an_12y" "+ any",

G(l’,y) = boxm + bll‘mfly + -+ bm_lxym’l + bmym

Then their resultant with respect to x and y, denoted by Res; ,(F,G), is defined by the Sylvester determi-

nant:
fO fl fn
fo fi
Res, (F,G) = 0 !
go gl DY DY gn
go gl DY ... gn
go g1 - < Gn

The basic properties are analogous to those of Res(f,g). We will use the following chain rule for resultants

of homogeneous polynomials.

Lemma 4.11 (McKay and Wang, [21]). Let F(x,y), G(z,y), H(u,v), and K(u,v) be homogeneous polyno-
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mials of degree at least 1, and suppose that deg H = deg K. Then
Resy o (F(H,K),G(H, K)) = [Res, ,(F,G)]*¢ " [Res,, . (H, K)|*# 7 4€¢
Proof of Theorem 4.10. Since the discriminant A, f(z) of a polynomial f = Y, _a,z® can be given in

terms of a resultant of f and f’ by

_1\n(n—-1)/2
A i) = T pes(r ),

n

begin by considering

(=) tapa) = (1= 22) (U1 (@) + p(n — DUy (o)}

—{nz +pn — D} tu(p,2) + {p(2n — Dz + p*(n — 1) + n} T 1 (2).

This with (4.5) and (4.6) gives

Ress (talp.a). (1= ) ot 0. )
= 2" 'Res, (tu(p, ), {p(2n — 1)z +p*(n—1)+ n} Tn-1(x))

= 2" 'Res, (ta(p,z),p(2n — 1)z + p*(n — 1) 4+ n) Res, (tn(p,z), Tn-1(z)) . (4.7

The first resultant on the right side above can be computed by using (4.3),

p?(n—1)+ n)

Res, (tn(p,x),p(2n — )z 4+ p*(n — 1) + n) = (—1)"p(2n — 1)t, (p, T p2n—1)

In [10], Theorem 3.1 shows that

s (T (o) HAT, 2 (2) Tooa (@1 a(o) = (17002t snsye | (A2 g, (121

where T,,(z) are the Chebyshev polynomials of the first kind. So, the second resultant on the right-hand

side of (4.7) is
Resy (tn(p, ), To_y1(x)) = 20~ D=2 (_q)n(n=1)/2,
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On the other hand, we have

Res, (tn(p, x), (1 — xQ)%tn(p, x)) = Res, <tn(p, x), %tn(p, x)) Res, (tn(p,:c), (1- x2)) by (4.3)
= {02 A (a2 {12 (=120 Dt (p, ~1))
= (DTE N4 )L - DA, (ta(p. 1))
Therefore,
7)) = on—1)(n—2) p"(2n—1)" pPn—=1)+n pPn—=1)+n
Rellalpr) =2 e (i) e ()

d
For the discriminant of s, (p, x), consider d—SQH(p, x) as before;
x

d
x5, (p, ©) = nsan(p, ) + znflﬁtn (p,x+1/x) (z2 —1).

From (4.5) and (4.6), we can get

d
Res, (SQn(p,w),QTSQn(p,fv)) = Res,

d
- $20 (), 1520 (,) + 2"ty (3 + 1) (2 1))

dx

= Res,

dx

(
(

= Res, (san(p,z), (z° — 1)) Res, <52n(p, x),z”flitn (p,x+ 1/x)>

San(p, x),x"_litn (p,x+1/z) (2% - 1))

dzr
. d
= Son(p,1)sa,(p, —1)Res, (SQ,L(p, x),x" 1%% (p,x + 1/3:)) )

To examine Res, (szn(p, x), x"‘lﬁtn (p,x + 1/x))7 set
fw) =ty (w) = fow" + fro" "+ + [

and

g(w) == f'(w) = gow™ ' + grw" "+ + gn1.

Then define the homogeneous functions F' and G by

z"f<22:1> = fo(Z+ )"+ A+ D" e+ [z = F(22 4 1,2)
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and

2241
Zn—lg< . ) 290(22 +1)n—1 +g1(22+1)"_22+-~-+gn712"_1 _ G(22+1,Z>

And let H(z,u) = 2% +u? and K(z,u) = zu. Then, by Lemma 4.11, we have

Res. (F(:2+1,2),G(:* + 1,2),) = Res., (F(H,K),G(H,K))
= [Resuy (F(a,y),Cx,y)]* [Ressu (H(z,u), K (z,u)] """
= [Res, (F(z,1),G(z,1))]* [Res. (H(z,1), K (2, 1))]"" "V
= (12" Agtalp, @) (-1

= 22D [Am(tn(p,x))f.

On the other hand,

2
Res. (F(* +1,2),G(z +1,2)) = Res. <s2n<p, 9ty <p, — 1)> ‘

Hence,

d
Resy (Szn(p, z), 820 (P, x)) = 520 (P, 1)s2n(p, —1)2°" ™D (A (tn(p, 7))

Since

d d
Res, (szn(p,z),x@n(p, x)) = Res, <52n(p, x), dmsm(p,x)> Res (s20(p, ), 7)

dx
= <_1)n2(n_1)Aw(s2n(p’x))a
we can represent the determinant of so,(p, ) in terms of the determinant of ¢, (p, x):
Ag(s2n(p, @) = (=1)"s2n(1)s20(—1) (Az(tn(p, x)))Z .

Here,

[{(2+ V3) 4 (2 \/§)”} +p{(2+ V3" + (2 - \/g)nH

N | =

82"(pa 1) =

and

san(p, —1) = % {e+var+e-var}-p{e+va)+@-var}|.
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Chapter 5

Distance Sums for Points on the Unit
Circle

5.1 Sums for the Vertices of the Stretched N-gon

Let {p1,--- ,pn} be the vertices of a regular N-gon with center at 0, i.e. p; = iR for j =1,---, N. Define
stretching factors {¢%', ¢®,--- ,¢*~ } where ¢ > 0 is a real number and the a; are nonnegative integers such
that a1 +as + -+ +ay = N. The stretched N-gon is the N-gon with vertices {¢*'p1,¢*?p2, - ,q" PN }-

This also can be considered as the g-analogue of a regular N-gon. For the stretched N-gon and A > 0, let

Salg{a;}l) = > la%p —a" ol
1<j<k<N

We consider the question of when the smallest sums occur and when the largest sums occur in a neighborhood
of ¢ = 1. Naturally, we can conjecture that the smallest sum occurs for {aj}j-vzl ={1,1,---,1} and the
largest sum occurs for {a;}.; = {N,0,---,0}.

If we consider this question for the regular simplex, then we have the complete answer from the theory

of majorization. We begin with the definition of majorization and a theorem.

Definition 5.1. Let a = (a;)* and b = (b;)* be two real sequences. Let a and b be these sequences,

reordered to be decreasing. If

then a is majorized by b. This is denoted by a < b.

Theorem 5.2 (4.B.1 [20]). Let a,b € R™. The inequality

> flag) <> F(by)

j=1 j=1

holds for all continuous convex function f: R — R if and only if a < b.
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From this theorem, we have the complete answer for sums of squared distances between vertices on the

stretched regular simplex in RYV.

Theorem 5.3. Let {v;}Y be the vertices of a reqular N — 1 dimensional simplez in RN where v; is the
jth row of the identity matriz Iy. Consider the stretched reqular simplex {q* vy, ¢*2vg, -+ ,q*N vn } with the

stretching parameters a € RN and ¢ € R. If a < b for a,b € RN, then

Z g% v; — ¢y |* < Z ¢ v; — " op .
i<k i<k

Proof. For a € RV, the sum of squared distances between the vertices of a stretched regular simplex is

D g — g™ uel* = > (*Y + ™)

i<k j<k

N
(N=1)> q¢*.
j=1

Since f(z) = ¢** is convex on R for ¢ € R, by Theorem 5.2,

D olav; — g™ u <Yl — ¢Ptu? it a<b,

i<k j<k
O
N
In addition, if we have ) a; = N, then the stretching factor {N,0,---,0} gives the largest sum and
j=1
the stretching factor {1,1,---,1} gives the smallest sum. However, for the regular N-gon, majorization

cannot give the full answer. The main reason is lack of full symmetry in the mutual distances. The
theory of majorization is invariant under permutations. However, the sum of distances between vertices on
the stretched regular N-gon is affected by permutations of the stretching factors. Consider the following

example.

Example 5.4. Consider the vertices of the square {1,i,—1,—i} on the unit circle. Then we have the

following inequalities for the stretching factor {2,11/10,9/10,0} > {2,1,1,0}:

SQ(q’ {27 9/107 11/103 O}) 2 52((17 {27 ]-a 13 O})

Vv

52(¢,{2,11/10,9/10,0})

v

Sy(q,{2,11/10,0,9/10}) > S(q, {2,1,0,1}).
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The sum of squared distances S2(g,{a;}¥) on the stretched N-gon is

N N
Sa(g {a;} ) = N 2 — |3 quel ™
j=1 j=1

The first sum can be handled with majorization theory since f(x) = ¢** is convex on R. However, for the
second sum, we need to consider the permutations. If ¢ is close to 1 and N is large, then the first sum is
much larger than the second sum. Hence, we can expect that majorization still can give the solution for
some special cases provided that the majorization is sufficiently large. We shall give specific results rather
than a quantification of majorization in this context.

Our results are as follows. In Section 5.1.1, for A = 2, we will find the smallest and the largest sum for
some stretching factors. For example, when N = 23 we consider Ag = {1,--- ,1}, 41 = {2,0,2,0,2,0,2,0},
Ay ={22,0,0,0,22,0,0,0}, and A3 = {23,0,---,0} for {aj}fil. Then we obtain Sa(q, Ag) < Sa(q, A1) <
Sa(q, A2) < S2(gq, As). And, for a fixed {aj}j-vzl, the closer the center of mass of {qa/lpl, q®2po, - - ,qa,NpN}
is from the origin where {a}} is a permutation of {a;}, the larger the sum is. From this, we have
Sa(q,{4,4,0,---,0}) < S3(¢,{4,0,4,0,---,0}) < Sa2(q,{4,0,0,4,0,---,0}) < Sa(g, Az). Next, we prove
that Sa(q, A1) < Sa(q, {4,4,0,---,0}). Hence we can list the stretching factors in the order of larger sums.

In Section 5.1.2, we will prove that for any A > 0, the difference between sums of any two stretching factors

{a;} and {a}} is O((q — 1)*) as [¢ — 1| = 0.

5.1.1 The Sums for Some Special Stretching Factors

In this section, we will consider the case when A is 2, i.e. Sa(q, {aj}j-vzl).

N

Lemma 5.5. Let {a;}}, be fized. For any permutation o of {j}i,

N
Sa(q, {ao(j)};\r:l) < quzaj-

j=1

N
Also the center of mass of {q%p; é\]:l is at the origin, i.e. Y q®p; =0, if and only if
j=1

N
Sa(q,{a; L) = N Y ¢**.
j=1
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Proof. Use |p —q|*> = |p|*> + |q|*> — 2(p, q), where p,q € R? and (-,-) is the inner product in R?, to get

SQ (Qa {aj }j\’:1)

Hence, for a permutation o,

1 NN 2mj ok |2
3 Z Z qUel N — gt el
j=1k=1
1 N X g omj ok
222(61‘”6’ |+ g ‘2<Q“16’N,q“kez”>>
j=1k=1
N N
NY @ =)D (q9e' ™ g ~)
j=1 j=1k=1
N N N
NY @ — (3 quel ™, quel )
j=1 j=1 k=1
N N 2
qu%j _ ana‘eﬁfv
j=1 j=1

2
N

N
Sa(q: {ao(n}iey) = NZQQ%”) - an”“)eﬁ%
=1

=1
2

N N v
- qu%j _ anameir“%
j=1 j=1
N
NZ q>% .
J=1

IN

N
Also the center of mass of {¢%p; }évzl is at the origin, i.e. ) ¢%p; =0, if and only if

Let N = b" for some integer b > 2. For [ =0, --

where

7j=1

N
Sa(g, {aj}j'v:l) = qu2aj-
j=1

b, ifj=1 mod ¥,
ai; =
0, otherwise.
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b

,n, we consider the following sequences A? = {a; ;} ie1



Theorem 5.6. For g > 0,

Proof. Since the center of mass is at the origin for [ =0,1,--- ,n — 1, by (5.2), we have
b . 2a; N oy N 50 N? 26! l
Sg(q,Al):NZq K :N{blq v+ <N—blq i )} = (q +b —1). (5.3)
j=1

And, for [ = n, from (5.1),

Sa(q, Ay) = (N = 1)¢*N +2¢™ + (N* = N —1).

Hence, for [ =0,--- ,n — 2, the difference between Sg(q,A?H) and Ss(q, AY) is

S2(q, A1) = S2(a, A7) = b]lVTi (" o+t —1) - %2 (2 +4 —1)
_ b]l\fTi (qzbl“ _ qubl b 1)
_ bJIVTi (qzbl _ 1) (q2b‘(b—1) +q2bl(b—2) +.._+q2bl 41— b) >0
and the last difference is
N? n-1
Sa(g AL) = Salg ALy) = (N =1)g* +4¥ + 2N = N —1) = o (¢ 477 - 1)

_ (bn _ 1)q2b" + 2qb" _ b7l+1q2b"71 + (b _ 1)b7l -1 Z 0.

Theorem 5.7. Forl=0,--- ,n—2,

Sa(q, A7) < Sa(q, {a;};11)

where a; =+ = ayn—1-1 = b and ayn1-1,, =+ =ay =0.
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Proof. By Lemma 5.5 and (5.3),

Sa(q, {aj};v:l) — Sa(q, A?)

2
N? N | NZ
<q2bl+1 4ot 1) . anjez% A (qzbl +p— 1)
j=1

= il Bl
e 2
N2 (o 261 (b—1)  2b'(b—2) 2b! 2b! " 12l - 125l
j:l j*b”*l*1+1
2
N2 eiWﬂ §—27_
= (¢ =1) (4?0 g 1) - | (¢ 1) (1 )
1—e'%
_ ( 20! _1>2 ]\i ( 26 (b-2) 4 9,2 (b-3) e (b—2) 20! +(b—1)) _(sing 2
q 71 \4 q q sin = .
. T T T
SIHCGOSWSNSE,

: s 2 T 2
S 3751 < (T
sin & - 2 ’
N N

From this with ¢2'(*=2) 42¢20'(0=3) 4 ... 4 (b —2)¢®' + (b—1) > b—1 > 1, it follows that

O

Theorem 5.6 and Theorem 5.7 show that if a < a’ then S3(g,a) < Si(g,a’) when we consider the

stretching factors a and a’ consisting of b or 0.

5.1.2  Si(q,{a;}¥,) — Si(g, {a’} L)) = O((g — 1)?)

Theorem 5.8. For any A > 0 and any pair {a;}.; and {a}}_, where ay+---+ay = N and af+- - -+ay =
N, we have

Sx(g.{a;}721) — Sa(a. {aj}iL)) = O((a - 1)?).
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Moreover,

S)\ (qv {aj }j\]:l)
2)\/2 Z

1<j<k<N

n(j— k)"

N

sin

n—1 7Tl A
+ {/\2”21\7 > (Sin N) } (¢—1)+0((g—1)%
=1

where the constant term and the coefficient of (¢ — 1) are independent of the choice of {aj}j-vzl
To prove the theorem, we need the following proposition.

Proposition 5.9. Let [ be a function and {a;}}_, be a sequence. If f(—m) = f(m) and f(N —m) = f(m),

then
N—

iif a]+ak—2§::f ﬁ:

j=1k=1

;-.

Proof. Here either j —k=1or j —k=1— N or j = k. Call these terms of the Ist, 2nd, and 3rd kind. The

sum over terms of the 8rd kind is clearly 2f(0) ZN

j=1a;. For the terms of the st kind, we have the summand

f(D)(aks; +ag) where j =k +1sol1 <k <N -1
For the terms of the 2nd kind, we have the summand
f(l—N)(agyi—n +ay) where j=k+1—NsoN+1—-1<k<N.
Since f(—m) = f(m) and f(N —m) = f(m), f(l—=N) = f(N —1) = f(I) so that the terms of st kind are
{ar4+1,a142, -+ yan} and {a1, a9, -+ ;an—_i} (5.4)
while those of the 2nd kind are
{ai,a9, - ,a;} and {any1-1,ant2-1, - ,an}. (5.5)

Since each a; occurs exactly twice in (5.4) and (5.5), we obtain
N—1

N N N
DD =R +a) =23 f)
1=0 j=1

j=1k=1 =
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Proof of Theorem 5.8. For any {a;}}_,, we have

Sx(g {a;}jl1) = Z g% v; — ¢
1<j<k<N
. A/2
C Y e ZU0)
1<j<k<N

so that, for ¢ = 1, it follows that

o — k) M2 SEPANPY
SXRIDIOENDY {2 - 2”("N)} =27 > sin”(jN)]
1<j<k<N 1<j<k<N
Since the derivative of Si(1, {a; };VZI) with respect to ¢ is
09y (N A S o g 270 =RV
TQ(Qa {aj}j:1) = 3 Z {q U 4 = — 2T cos ~

1<j<k<N

) 2w(j — k
X {Zajqzjl + 2a,.¢** 1 — 2(a; + ay)q™ T cos 77“‘7]\7 ) } ,

aS 2 (j — k)| M2
—A(l,{aj}évzl) = A2t Z {1—cos7r(‘7N)} (a; + ak)

1<j<k<N

= a2 N

1<j,k<N

(aj + ak).

If we let f(I) = |sin%l /\, then it satisfies f(—!) = f(I) and f(N —1) = f(I). By Proposition 5.9, we obtain

9Sx N A2 -
Tq(l’{aj}j:1) = A27772 Z
1=0

AN N-1 I\
Zak = \2MIN Z (sin N) .
k=1 1=1

.ol
sin —
N

Hence, for any {aj}f[:l such that a; + -+ -+ any = N, the expansion of Sy (g, {aj}é-vzl) about ¢ =1 is

V)

sin
N

Sa(g,{a;}3L,) =222 Z

1<j<k<N

A N-—1 xl A
+ {AzHN > (sin N) } (g—1)+O0((g—1)*)
=0

and therefore, for any pair {a;}7_, and {a}}}L, such that a; +--- +ay = N and @} +---+a)y = N,

Sxlg, {a;}521) = Sx(a. {aj}i2)) = O((a — 1)?).
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Remark 5.10. For A = 2, we have the simpler expression
S2(q.{a;};21) = N* +2N?(q — 1) + O((q — 1)*).

for any {aj};-vzl where a1 + -+ ay = N.

5.2 Squared Distance Sum

In [25], Stolarsky studied the sum of the distances to N points on a sphere with the following question: if

p1,--- ,pn be points on the unit sphere S™~1 for what p € S™ 1 is
N
Z|p—pj\’\, 0<A<2
j=1

maximal? When is the sum minimal? By introducing the concept of uniform power maxima, he determined
the maximum or minimum for a regular m-dimensional octahedron, cube, simplex, and a regular N-gon on
the unit circle. We generalize the latter as follows. Let {p; };VZI be the N vertices of a regular N-gon with
vertex charges {c; }jvzl on the unit circle. We will obtain the maximum of Z;\;l cjle?® —p;|?. For a certain

set of charges, we study the minimal polynomial of the maximum value and its generating function.

5.2.1 On the Set of Charged Vertices on the Regular N-gon

Consider {p1,--- ,pn}, the vertices of a regular N-gon on the unit circle, i.e. p; = ¢RI for j=1,--- N.
Let ¢; be a charge on the p;. We define

N
2mi

SN {eh iy, ) =) ele® — TP

Jj=1

to be the sum of squared distances from a point on the unit circle to charged vertices on the regular N-gon.

Then it is easy to show that

N N N
. 2 2
S(N,{cj}évzl,ew):JEZlcj—2cost9 g cjcos—ﬂj—2sin9 E cjsinﬁﬁj.

Jj=1 Jj=1
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By considering g—g = 0, we have that the maximal sum of squared distances is

M(N{e;})) = max SV, {e; 1y, )

N N

E ) E R ]
¢+ cje’ N

Jj=1 Jj=1

where
N 27
Z] 1CjCOS 57 j

‘Z] 1 6€ R

N . o7 -
Z]‘:l Cj s 7]

N 2%
Zj 1Ge' N

sinf = + and cosf =

The case when N =2nand ¢ =1for 1 <j<n,c;=—-1forn+1<j5<2n

In this case, it is easy to see that

N N ,
iQ—"j 21
Cj = 0 and c;€e NS = =
Z Z N i
= = e’V sin &
Thus, the maximum squared distance sum is

(3n+ Dm

M(2n, {cj}?’zll) =4ecsc % where 6= o

If n is odd, the maximal value M(2n,{c;}32,) is the root of an irreducible monic polynomial of degree
¢(n)/2 since 2sin (2r%) is an algebraic integer of degree ¢(1)/2 or ¢(I) according as [ is or is not a multiple

of 4 by Lehmer’s Theorem [16]. Now, we determine the minimal polynomial of this maximal value.
Lemma 5.11. Letn =2m+1 and

(—=1)k4™ cos((m + 1) sec™t )
cos™(sec™1 &) cos( sec™! L)’
(=1)k4™sin((m + §)sec™! L)

cos™(sec—1 &

Pm(t) =

L)sin(3sec=1 1)’

then P, (M( (2m + 1), {c]}2(2m+1 )) =0 form > 1, AP (t) = 2D (2m + 1)1, and

oo

(14 tx)(1 — 8t — t22?) o B
Pt = 1T 51— t4x4 Z Py, where  deg Py (t) = m.

Proof. The degree of P,,(t) is m and its leading coeflicient is 1. Now, consider the case when m = 2k — 1,
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k>1.For j=0,---,m—1,

4 —k+1 1 21y
P (4ese 2U—RFDHITN ) 2T
2m+1 2 2m+1
m 2j+1)7
_ CDMmeos(m+ ) B
cos™ GLERT cos(3 GrT)

Similarly, when m = 2k and k > 1, P,, (4 csc %g) —0forj=0,---,m— 1. Therefore,

m—1

4(j—m/2])+ 1w
7=0
. 202m+1)y\ _ T _
In particular, P, (M(?(?m + 1), {c;};51 )) =P, (4 csc m) =0 form > 1.

Next, we compute AP, (t) by using the following formula for the discriminant:

_1\n(n—-1)/2
aef@) = T st 1)

n

where the degree of f is n and a, is its leading coefficient. When m is even, m = 2k, the derivatives of

P,,(t) at its roots are, for j = 1,--- ,m,
2my _1)k+ig2m—3(9 1
Pl (dsec —0 ) = (=1) @m+D)
2m +1 cos™—2 ( 2] ) sin ( o ) sin ( ] )

2m—+1

Thus, we get the discriminant of P, (t), namely

APy(t) = (~1)"m V2T P, (4560 2m”i 1) =23 (2m 4+ )™

j=1

by using

N-1 -
H sin N =92l-NN and cos N =
k=1 k=1

Similarly, for the case when m is odd, we will obtain A;P,,(t) = 23™(m=1(2m 4 1)™~1,

By considering P,,,(4sec ), we have the following recurrence relation:

Po(t) = (2t — 64) Py _o(t) — t*Ppy_4(t), m >4
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with the initial conditions
Py(t) =1, Pi(t)=t—8, Py(t)=1>—8t—64, and P3(t) =3 — 16t> — 64t + 512.
From this recurrence relation, we obtain the generating function of Py, (t):

P(z,t) = ZPm(t)xm

m=0
3 o)
= Y Pu(t)a™+ > {27 = 64)Ppo(t) — t* Pr_u(t)} 2™
m=0 =4

= (1+ta)(1 -8z —t*2%) + {(2t* — 64)2> — t*z*} P(,1).

(14 tz)(1 — 8t — t22?%)

. O
14 (64 — 2t2)x? 4 t4a*

Hence, P(x,t) =

By Lemma 5.11, the minimal polynomial ¥, (¢) of M (2n, {c }2(2m+1)) is a divisor of P, (t). Often Py, (t)

is reducible. However, when 2m + 1 is prime, P, (t) is irreducible so that the minimal polynomial is Py, (¢).
£2m+1

In fact, P,,(t) has the same factorization pattern as — -7 follows: let

Pl (t) = Jl_[ <t4cscwg>.

Here, all P! (t) are irreducible since 2 sin %) is an algebraic integer of degree ¢ ((2m + 1)/1) /2. Then

= ] P.) and W, (t)=PL(®).
l|(2m+1)
5.2.2 With the Charged Point on the Unit Circle

We consider the sum of squared distances from a charged point to charged vertices on the regular N-gon as

follows:
N
. . )
S(N, {c]}J 1. me') = Zcﬂmew —e N2
j=1
Then
(N {C] J= 17m) = maXS(N {C]}j 17mei9)
N N
o
= (m*+ I)ch +2m chelﬁj .
j=1 j=1

o1



The case when N =2n+1 and cy,41 =0, ¢pp1 = —1 , and ¢; = 1 for the other j’s
Since
N

N
;2T g ;T
E ¢; = (2n —2) and E cje'TnATd = 2" — 1,
j=1 j=1

n ™
M(2n+ 1, {c;}521" m) = 2(m* + 1)(n — 1) + 2m, /5 + 4.cos 1

Let o, 11(x) be the minimal polynomial of 4 cos ﬁ ie.

we have

n .
m
Uopii1(z) = H (m — 4cos 2nj—|— 1) .

Then the degree of Wy, 11(x) is ¢(2n + 1)/2. Define
Hu(p,y) = (=)D 2000 10(=5 — y/p).
It is a polynomial of p and y, deg, H,,(p,y) = deg, H,(p,y) = #(2n + 1)/2, and
H, (—4m2, (M(2n+1, {cj}?lfl, m) —2(m* + 1)(n — 1))2> =0.

Finally, H,(p,y) has positive coefficients since

i, _ . é(2nt1)/2 4 Jm '
(p.y)=p J];[l u/p+ 5+ deos

(j,2n+1)=1
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