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Abstract

My dissertation is mainly about various identities involving theta functions and analogues of theta functions.

In Chapter 2, we give a completely elementary proof of Ramanujan’s circular summation formula of
theta functions and its generalizations given by S. H. Chan and Z. -G. Liu, and J. M. Zhu, who used the
theory of elliptic functions. In contrast to all other proofs, our proofs are elementary. An application of this
summation formula is given.

In Chapter 3, we analyze various generalized two-dimensional lattice sums, one of which arose from the
solution to a certain Poisson equation. We evaluate certain lattice sums in closed form using results from
Ramanujan’s theory of theta functions, continued fractions and class invariants. Many nice explicit examples
are given.

In Chapter 4, we study one page in Ramanujan’s lost notebook that is devoted to claims about a certain
integral with two parameters. One claim gives an inversion formula for the integral that is similar to the
transformation formula for theta functions. Other claims are remindful of Gauss sums. In this chapter, we

prove all the claims made by Ramanujan about this integral.
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Chapter 1

Introduction

We might define a g-series to be one with summands containing expressions of the type
(a;9)n = (1—a)(1 —aq)--- (1 —ag"™™ "), n >0, (1.0.1)

where we interprete (a;¢)o = 1 and (a; ¢)oo := limy,—00(a;¢), when |g| < 1. However, this definition is not
completely satisfactory. The main reason is that, in the theory of g-series, we often let parameters in the
summands tend to 0 or to oo, and consequently, factors of the type (a;¢), may be no longer be contained
in the summands. Then theta functions frequently arise in the identities satisfied by series with (a;q), in

their summands. Dangling participle Ramanujan’s notation, we define the general theta function by

fla,b) = Y antrt2pnn=/2 - gh) < 1, (1.0.2)

n=—oo

The four most important special cases are defined by

o0

pl@) =flg0)= > ¢ = (~4:¢)%(¢* ) (1.0.3)
— 3y - n(n+1)/2 _ (QZ;QQ)OO

¥(q) :=1(g,4%) T;q T (1.0.4)

f(=q) =f(=¢,—¢*) = > (=1)"¢""" V" = (g5 ¢)c, (1.0.5)

X(@) :=(=4;4%)oo; (1.0.6)

where the first three product representations above are special cases of the Jacobi triple product identity

f(a,b) = (—a,ab)oo(—b, ab) o (ab, ab) s, (1.0.7)



the most useful theorem in the theory of theta functions that was first discovered by Gauss. The last equality
in (1.0.5) is called Euler’s pentagonal number theorem, which has its combinatorial interpretation in terms
of the partitions. Theta functions play a prominent role in the theory of elliptic functions, modular forms
and basic hypergeometric series. To learn how g-series articulate with theta functions and number theory,
in particular in the spirit of Ramanujan, refer to [9]. My dissertation is mainly about various identities

involving theta functions and analogues of theta functions, and applications of theta functions.

1.1 An elementary proof of Ramanujan’s circular summation
formula and its generalizations

In the history, several mathematicians, such as L. Euler, C.F. Gauss, E. Heine, F.H. Jackson, L.J. Rogers
and S. Ramanujan played leading role in the development of g-series. Ramanujan undoubtedly contributed
more to g-series than anyone either before or after his time. One of his most famous theorems is the 1
summation theorem [31, Chap. 16, Entry 17]. Another famous theorem is his circular summation formula
stated without proof in [33, p. 54]. In Chapter 2, I devise a completely elementary and neat proof of the
circular summation formula that perhaps reflects Ramanujan’s thinking more than previous proofs.
Ramanujan’s general theta function f(a, b) is defined by (1.0.2). We also introduce Jacobi theta functions

02(z|7) and O3(z|T)

Oa(zlr) = D gD, (1.1.1)
O3(2lr) = > qmenE, (1.1.2)
n=-—00

where ¢ = ¢™ and Im 7 > 0. On page 54 of his Lost Notebook [33], Ramanujan recorded a statement

which is now known as Ramanujan’s circular summation.

Theorem 1.1.1. For any positive integer n > 2, if

Ur — ar(r+1)/(2n)br(r71)/(2n) and Vr — ar(rfl)/(Qn)br(r+1)/(2n)7

then

n—1
Un+7‘ Vn—r
YUt = = H,(ab).
r=0 Urf ( UT’ 7 UT‘ ) f(a7b) ”(ab)



When n > 3,
H,(z) =1+ 2nz™ /2 4 ...

Ramanujan’s circular summation can be restated in terms of classical theta function 63(z|7) defined by

(1.1.2).

Theorem 1.1.2. For any positive integer n > 2,

n—1
Z qk262k”9§(z + knt|nT) = F,(7)03(2|T). (1.1.3)
k=0

When n > 3,
For)=1+2n¢" ' +---.

The first proof of Theorem 1.1.1 was given by S. S. Rangachari in [38]. He also discussed Ramanujan’s
explicit expressions of H, for n = 2,3,4,5 and 7. Rangachari proved these claims by using Mumford’s
theory of theta functions and some results on weight polynomials in coding theory. Theorem 1.1.1 was later
proved by Son [39] using a much more elementary but lengthier proof. We devise an completely elementary
and neat proof of the circular summation formula that perhaps reflects Ramanujan’s thinking more than
previous proofs.

With the theory of elliptic functions, H. H. Chan, Z. -G. Liu and S. T. Ng proved a dual form of the
Ramanujan circular summation formula in [22]. The authors of [17] proved an additive decomposition of
3. Zeng [47] then proved a general result which unifies the two results in [22] and [17]. Other studies on
Ramanujan’s circular summation can be found in [3], [24], [25], [34]. Motivated by [47], S. H. Chan and Z.

-G. Liu proved the following very general theta function identity using the theory of elliptic funtions in [23].

Theorem 1.1.3. Let m and n be any positive integers. Suppose yi,Ya, ..., Yn are n complex numbers such

that y1 +y2 + - - + yn = 0. Then we have

mn—1 n

km
Z H 03 <Z +y; + % 7'> = Gm,n(ylv Y2,. .. ,yn|7')93(m"2|m2”7')a (114)
k=0 j=1
where
oo
Gon (U1, Y2, ynl7) =mn > TR et (1.1.5)
T1,72..,Tn="—"00

ri+ro4-+r,=0
Applying the imaginary transformation formula for 03 to Theorem 1.1.3, the authors of [23] deduced the

following alternative version of Theorem 1.1.3.



Theorem 1.1.4. Let m and n be any positive integers. Suppose that yy,ys2, ..., Yn are n complex numbers

such that y1 +y2 + -+ -+ yn = 0. Then we have

mn—1 n
2 .
> ¢ e [ 0s(mz + (y; + km)x7im®n7) = Fpnn(y1, 42, -, yn|7)03(2|7), (1.1.6)
k=0 j=1
where
Fmﬂl(ylvaa s ayn|7—)
(_Z'T)(l_")/Q 71/%+y%+2---+y% Y17 Yol Yn T 1
= 2m<“n P - .
(m?2n)n/2 4 ™\ m2n’ m2n’ T m2n m2nrt
And also,

Fm,n(ylay27 e 7yn|7_)

mn—1 00
_ § : E : men(sf+s§+~~+si)—2(sly1+52y2+--<+snyn)—k2. (1.1.7)
k=0 S1,82,..-, Sp=—00

m(si+sat-+sn)=k

Here, we find (1.1.7) by equating the terms that are independent of z on both sides of (1.1.6). Our
formula for F,, in (1.1.7) corrects the corresponding formula in [23]. When y3 = y2 = -+ =y, = 0 and
m = 1, Theorem 1.1.4 reduces to Ramanujan’s circular summation formula, Theorem 1.1.3.

If we use Ramanujan’s notation, Theorem 1.1.4 is equivalent to

mn—1 n
> 0p T (222 e Loy o
j=1

= ; k k

— Fm,n(y17y27 ce ’yn)f(al/m,blﬁn)’

where
_ qme—Qimz’ Ulznn _ ak(k-i—l)/2bk(1<:—1)/27 Vkmn _ ak(k—l)/2bk(k+1)/2.

In [48], J. M. Zhu proved an alternating general circular summation formula.

Theorem 1.1.5. Suppose that mn is any even positive integer and y1,Ys2,-..,Yn are N complex numbers



such that y1 +y2 + -+ -+ yn = 0. Then we have

S (1)F 6 (z+yj

k=0 j=1

T> (1.1.8)

:Hm,n(yl, Y2, yn|7—)82 (mnz|m2n7'),

where

Hm,n(yla Y2, ... 7yn|7_)
o0
2 .
=mnq~ e g qrf+r§+"'+ri e2i(riy1trayattrayn) (1.1.9)

T1,72,...,Tn="—"00

ri+rettr,=mn/2

In Chapter 2, proofs will be given for Theorems 1.1.2, 1.1.3, 1.1.4 and 1.1.5. Although we can obtain
Theorem 1.1.4 by applying the imaginary transformation formula to Theorem 1.1.3, we can also prove it

directly in an elementary way. Some applications will be given.

1.2 The evaluation of two-dimensional lattice sums via
Ramanujan’s theta functions

In general, elementary evaluations are rare for higher-dimensional lattice-type sums. They have been stud-
ied for many years in the mathematical physics community. The most famous higher-dimensional sum is
Madelung’s constant from crystallography. In this paper, we analyze various generalized two-dimensional
lattice sums, one of which arose from the solution to a certain Poisson equation. We evaluate certain lattice
sums in closed form using results from Ramanujan’s theory of theta functions, continued fractions and class

invariants. For instance,

Z Z (D" Vem  (V2-1)-(VVEH1- VD)

Ve S B e R T (e (Va1 V)

In [15], Berndt, Lamb and Rogers evaluated in closed form the sum

m+n

Flan(a Z Z i e/, (1.2.1)

n=—o0 m=—0oo

for any positive rational value of z, and for certain values of (a,b) € N2. They used the notation Flap(z)

instead of F,3)(q). We use F4)(q) here so that we can state Theorem 3.2.3 more easily and clearly. The



authors of [15] first proved the following theorem.

Theorem 1.2.1. Suppose that a and b are integers with a > 2 and (a,b) = 1, and assume that Re x > 0.

Then
2 )
Flan(q) = ,i RRCIAOLE H WRIHLZMAT) (1 =212y (1.2.2)
az =
where w = €™/ and g = e/

Now, for any positive rational number x and positive integers a and b, in addition to (1.2.1), we consider

two new types of sums,

o0 oo

Glap(@) = Y Z az+b) (1.2.3)

n=—oo m=—oo

o0 oo )TL

Hap(@):= ) Z gy PR (1.2.4)

n=—oo0 m=—0oo

where ¢ = e/,

In analogy with Theorem 1.2.1 for F, ;) (q), we are able to prove results for G, (q) and H,p)(q) ,
respectively. Moreover, it can be shown that G, )(¢) can be recast in the theory of F{, ;y, which is proved
in Section 3.2. In Section 3.5, we study the theory of G'(4)(¢) with the aid of the results from F{, ;) and
derive many explicit examples afterwards.

The authors of [15] simplified Theorem 1.2.1 for a € {3,4,5,6} and b = 1 using classical results from
theta functions and g¢-series, and evaluated in closed form certain classes of double series. When a > 6,
the situation is much more complicated and we study the case for (a,b) = (8,1) in detail in Section 3.4
and derive an explicit example afterwards. The case a = 12 can be derived in a similar fashion. Similarly,
we can also derive the theory of H(, ), and more double series can be evaluated. Although the main
theorems of all these three types of sums are similar and not difficult to prove, the examination of special
cases of H, ) is quite different from those of Fi, ). In Section 3.3, we examine H(, ;) for the cases where
a € {3,4,5,6} and b = 1 . The resulting formulas are closely related to continued fractions including
the famous Rogers-Ramanujan continued fraction, Ramanujan’s cubic continued fraction, the Ramanujan-
Gollnitz-Gordon continued fraction and continued fractions of order 12. We are able to produce many
explicit examples from the values of these continued fractions. In these instances, we assume b = 1 without
loss of generality, because other possible values of the lattice sums can be easily recovered from the case
when b = 1.

Inspired by all the nice results from Fq4)(q), G(ap)(q) and Hqp)(q), we consider a generalization of



these lattice sums that is defined by

wzms ‘n'znt

T(apust)(a Z Z R (1.2.5)

n=—0o0 m=—0o0

where ¢ = e~™/%. In Section 3.2, we prove the main theorem for J(a,b,s,4)(q) in analogy with Theorem 1.2.1,
and the main theorems for G, ) (q) and H(q, ) (q) follow easily. We then specialize it in the case (a,b) = (2,1)
in Section 3.6. For certain s and ¢, we are able to obtain very nice evaluations. Ramanujan’s cubic continued

fraction plays an important role in determining explicit examples. For instance,

STI'Z’I’TL 37rin T ‘n'z/
Z Z 2m? + (2n + 1)2 4\@ ’

n=—00 Mm=—0o0

log 3.

Recently, Bailey, Borwein, Crandall and Zucker studied a class of lattice sums arising from solutions to
Poisson equation in [6]. In their paper, they determined some closed-form evaluations using Jacobi theta

functions for series ¥o(z,y) defined by

Vol y) = 1 Z cos (mmx) cos (nﬂ'y)

2 m?2 + n?
m,n even

As graphically illustrated in [26], 12(2x, y) is the ‘natural’ potential of the 2-dimensional jellium crystal, that

is, the solution to the Poisson equation of the physical model of the jellium, with the Poisson equation
V() =1- Y &*(r—-m
meZ2

where r = (7, y) and 62(r) = 6(x)d(y) is the Dirac delta-function, with the integral of this 62 over R? being
unity. The Dirac delta function is a non-traditional function which can only be defined by its action on

continuous functions.

[ 8110 = 0.

And the Laplacian operator can be written as

10 0
Vie-—(r=—|.
r or (T 3r>
One of the primary results in [6] is that for rational numbers x and y, the ‘natural’ potential ¥o(x,y) is

ﬁ log 8 where (3 is an algebraic number.



We are thus motivated to consider the class of sums when b= 0 in Ji, 3 ) (q), that is,

mims ,mint

e e
Jaosn(@) = Y, —5—— (1.2.6)

oz (xm)? + (an)?
(m,n)#(0,0)

Clearly,

Re{J(1,0.20,2y) (e )} = dm?p(z, y).

After we prove the main theorem for J(, 0 54)(q) in Section 3.2, we then examine J(4,0,5+)(¢) when a € {1,2}
in Section 3.7. While the authors of [6] are mainly interested in applying numerical methods to first deduce
the values of lattice sums, our rigorous determinations focus from the start on Ramanujan’s theory of theta
functions. We can not only derive all the evaluations of 15 (x, y) rigorously established in [6], but also produce

further nice results such as

3 cos (25™) cos (232) _ wlogQ—\/g
m2 +n? 6 3vV3

(m,n)#(0,0)

The explicit values of the two class invariants and Ramanujan’s cubic continued fractions are frequently

applied during the examinations.

1.3 Integral analogue of theta functions and Gauss sums

In Chapter 4, we examine an integral analogue of Gauss sums from one point of view or of theta functions
from another point of view. In two papers [35], [36], [37, pp. 59-67, 202-207], Ramanujan examined the

properties of two integrals

e t .2
bult) = /0 me—m da, (1.3.1)
Yu(t) ::/0 :;l}(:;z))e_“w“zdx, (1.3.2)

which can be regarded as continuous integral analogues of Gauss sums and theta functions. On Page 198 of

[33], Ramanujan records theorems, much in the spirit of those for ¢,,(t) and 1, (t), for the function

* sin(wtx) _ .2
Fy,(t) = ———~e " dx. 1.3.
®) /0 tanh(m:)6 v (1:33)

The formulas claimed by Ramanujan on page 198 without proofs are difficult to read. The objective of



this project is to prove them and to show that F,(t) is a beautiful continuous integral analogue of either

theta functions or Gauss sums. For instance, we have the following entry.

Entry 1.3.1. We have

) 2 .
Fo(t) = fﬁe*ﬂ S0 By (it Jw). (1.3.4)

This beautiful transformation formula shows that Fy,(t) is an integral analogue of theta functions.



Chapter 2

An elementary proof of Ramanujan’s

circular summation formula and its
generalizations

2.1 Main theorem

We will start this section by proving Theorem 1.1.2 in an elementary way.

Theorem. For any positive integer n > 2,

n—1
Z querizeg(z + knt|nt) = F,(7)03(2|T).
k=0
When n > 3,
Fo(r)=1+2ng""'+---

Proof. Let x = 2. In the notation (1.1.2), we find that (1.1.3) is equivalent to

n—1 , 0o , n 00 ,
qu 1'k< Z qm n+2kmxm) :Fn(T) Z qm ™.

k=0 m=—0oQ m=—oQ

Define F), ,,(7) by the following equation

n—1 , 0o , n 0o ,
qu xk( Z qm n+2kmxm> _ Z Fm,n(T)qm m.

k=0 m=—oo m=—o00

10

(2.1.1)

(2.1.2)



Then equating the coefficient of 2™ on both sides of (2.1.2), we find that

n—1 o]
2 2 2 2 2
_ n(mi+ms+---+m; )—2k(mi+mo+---+m,)+k°—m
Fpun(T) = E g mitma )—2k(mi+ms )
k=0 mi,ma,...,My=—00

mi+ma+-+mp=k—m
0o

n—1
=3 3 g mitma e ml) —(k—m)?

k=0 mi,ma,...,mp=—00
mi+me+-+mp=k—m

n—m—1 I
= E E qn(m%+m§+...+mi)7k/2
k'=—m mi,ma,...,M,=—00
mitmatetmn =k’
n—m-—1 s
= > > g m) = (et )?
k'=—m m1,ma2,...,My=—00

myi+maot-+mp=Fk'

(2.1.3)

Now we claim that F), ,,(7) = F,(7), i.e., Fy, ,, is independent of m. First, we show that for any 1 < s <m,

oo
Z qn(mf+m§+~~+mi)—(m1+m2+'~~+mn)2
mi,ma,...,My=—00
mit+ma+-tmy=—s
oo
_ § qn{(m1—1)2+(m2—1)2+~~+(mn—1)2}—(m1—1+m2—1+~-+mn—1)2
mi,ma,...,My=—00
mit+ma+-tmy=n—s
S
_ Z qn(mfﬂ-mg-i-'"+mi)_(m1+m2+”'+mn)2. (214)
my,mM2,...,Mp=—00

mytmayt e mg, =n—s
It we use (2.1.4) in (2.1.3), it follows that

n—m-—1 o)
Fonn(7) = Z Z g (miFmi+mi) = (mytma e 4m)

k'=—m mi,mz2,...,my=—00
’
mi+ma+-+my=k

n—1 e’}
— Z Z qn(mf+m§+--~+mi)7(m1+mz+---+mn)2

k=0 mi,mz2,...,mMp=—00
mi+ma+-+mp=Fk

Therefore, F, ,, is independent of m. It remains to show that F,(7) = 1+ 2ng" "' 4+ --- . An elementary

proof is given in [22]. This completes the proof of Theorem 1.1.2.

Now we give the proof of Theorem 1.1.3 here.

11



Theorem. Let m,n be any positive integers. Suppose y1,Ys,-..,Yn are n compler numbers such that y, +

Yo + -+ +yn = 0.Then we have

7'> = Gmn(y1,92,. .., yn|7')(mnz|m2m'),

k=0 j=1
where
oo
2 2 2 -
G (Y192, yalT) =mn > gt T Ry Ty ),
71,725, Tn="—00

ri+rot-+ry=0

Proof. From (1.1.2), we have

s=—00
2 s m?ns? 2imnsz
Os(mnzlmnr) = Z q e .
s=—00
If z = €2#, then (1.1.4) becomes

mn—1 n
Z H Z q 62%(9]-"— )xb_Gm,n(yhyzwnayan Z q ns? 2N
k=0 j=1s=—0o0 §=—00

This is equivalent to the identity to be proved. Equate the coefficients of 2 on both sides to obtain

mn—1
§ : § : q81+82+ 2 e2i51y1+2is272++- +2zsnyne2ik;f{f;’
k=0 81,82,...,8p,=—00

s1+so+Fsp,=N

N2
=Gmn(y1, Y2, YnlT)g ™
Define G n N (Y1, Y2, - - - Yn|T) by
mn—1
§ ’ § : q 85455+ +sne2zsly1+2wzyz+ A 2isnyn (20500
k=0 81,82,...,8p=—00
s1+82++s, =N
N2
=G, N(Y1,Y2, -, Yn|T)G T (2.1.5)

To prove (1.1.4), it suffices to show that Gy, N (Y1,Y2, - -, Yn|7T) is independent of N and has the repre-

sentation in (1.1.5).

12



Now we claim that

Gm,n,N(yla Y2,..., yn|T)

G (Y1, Y2, .-, Yn|T), if mn|N,

0, otherwise.

From (2.1.5), we have

Gm,’mN(yh Y2, .- ayn|T)

oS R mn—1
_ § : qsf-&-sg-&-w-i-si—NT622'811/1+2i82y2+~~+2isnyn § it (2.1.6)
81,82;...,8n=—00 k=0

s1+s2+-+s5p, =N

Since
mn—1 3
. mn, if mn|N,
E e mmn =
k=0 0, otherwise,
Gmn.NW1,Y2, .-, Yn|7) = 0 unless N is a multiple of mn. It follows that we only need to consider the case
T, ) ) )
when N =Imn, | € Z. So (2.1.6) becomes
Gm,n,N(ylv Y2, ... 7yn|T)
© 2 2
— mn } : qs§+s§+~-+si—l P p2is1y1+2is2y2+ - 2isnYn
§1,82,..,8p=—00
s1ts2t- s =lmn
> -
= mn z q(s'l+lm)2+(s'2+lm)2+--<+(s;+lm)2712m2n62is'1y1+2is'2y2+~~-+2is;yn
! ! !
87,89 ,.04,8, =—00
s1+sh+e+sl,=0
o0
= mn z qs'12+s'22+-~~+s'n2 e2i5'1y1+2is'2y2+~~-+2is;yn.
! !’ !
81,8 ,.00,8, =—00

sy+sh+-+sl,=0

Thus, G n, v is independent of N, and so if we set

Gm,n,N(y17y27 v ,yn|7—) = Gm,”(ylﬁy% B yn|7-)a

above, we deduce (1.1.5). This completes our proof.
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Now we also use only an elementary method to prove Theorem 1.1.4.

Theorem. Let m,n be any positive integers. Suppose that yi,vys, ..., Yyn are n complex numbers such that

y1+y2+ -+ yn =0. Then we have

mn—1 n
2 o
S e [ 0a(me + (5 + km)mrm®nt) = Foun(ys, 32, - 4l 7)03(217),
k=0 j=1
where
Fm,n(ylay% ey yn|7—)
_(= ir)(—m)/2 7WG YIT Yol yam | 1
(m2n)n/2 1 - A\ m2n’ m2n’ T m2n| m2nt )
And also,
Fm,n(yh Y2, 7yn|7—)
mn—1 00
- Z Z q7”2"(3§+3§+"‘+3i)—2(51211+S2y2+"-+snyn)—k2.
k=0 51,82,...,85,=—00
m(s1+sa+-+sn)=k
Proof. From (1.1.2), we have
oo
03(mz + (y; + km)rr|m?nT) = Z qm2"52ezimSZJr?iS(ijrkm)M
s=—00
If z = e%*Z, then (1.1.6) becomes
mn—1 . 00 ,
Z qk .’L‘k H Z m3ns? 216(y7+k7n)71'7' ms _ Fm,n(y17y2>~ . _,yn|7_) Z qs 5. (217)
j=1s=00 §=—00

Define Fp, . N (Y1, Y2, - - -, Yn|T) by

mn—1 n 00 o] ,
Z H Z m’ 228 yJ+km)TrTme = Fm,n,N(ylv Y2, ayn|7—) Z qs z°. (2]‘8)
k=0 =0

j=1s s=—00

14



Equate the coefficients of 2V on both sides to find that

Fm,n,N(yl,y27 oo 7yn)

mn—1 00
= q7N2 E qkz § qm2n(si+S§+"'+Si)+2km(51+S2+---+Sn)+2(5191+52y2+...+snyn)
k=0 51,82,..0,8,=—00
m(s1+s2+...4sn)+k=N
N—mn+1 (%)
= q—N2 j: Z qmzn(sf—&-sg—i-...+st)+2(N_k)k+(N_k)2+2(slyl+S2y2+m+3nyn)
k=N 81,82,-+,8p =—00
m(s1+s2+...+5n)=k
N—mn+1 00
= E § qm2n(sf+s§+...+si)7k2+2(sly1+32y2+“,+snyn)
k=N 81,82,.4,87,=—00
m(si+sa+...+sn)=k
_N o
= z : E men(S§+S§+”'+Si)*kz*2(51y1+52y2+...+snyn)
k=mn—N—1 51,82,...,8,=—00

m(s1+sa+...4+sn)=k

(2.1.9)
Now we write
Sm n(k) _ Z qmzn(s%+s§+.‘.+si)7k272(sly1+32y2+‘..+snyn).
m(ssll)f‘;g-iy-sn-lz-;sik
We claim that
mn—1 mn—N-—1
S Spa) = > Smalk). (2.1.10)
k'=0 k'=—N
It follows that
me,N(ylay% ) yn> = Fm;n(ylvaa cee ayn)
is independent of N and has the form in (1.1.7). To prove the claim, it suffices to show that
Smn(—k) = Smn(mn—Fk) for any 1 <k < N. (2.1.11)
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From (2.1.9) , we have

o0

Spn(—k) = § : qm2n(sf+s§+...+si)fk272(81y1+82y2+...+snyn)

§1,825:.+y8n="00
m(s1+sa+...+sn)=—Fk
[e%S)

_ § qm2n((sl71)2+(3271)2+~~+(3n71)2)7k272(51y1+32y2+~~~+Snyn)
§13825..49y8n="00
m(s1+s2+...4+8,)=mn—~k
oo
2 2 2 2 2
_ § q" n(sy+sy+...+s,)—(mn—k)*=2(s1y1+s2y2+...+5nYn)
51,52,...,Sn=—00

m(s1+s2+...4+8,)=mn—=k

Spn(mn — k).

The proof is complete.

We conclude this section by proving Theorem 1.1.5.

Theorem. Suppose that mn is any even positive integer and yi,¥yo, . - ., Yn are n complex numbers such that

")

:H’m,n(yh 927 e ayn|7—)92 (mnz|m2n7'),

Y1+ Y2+ +yn =0. Then we have

mn—1 n
> (=vF]]es (z +y;

k=0 j=1

where

Hm,n(y17y27 s 7yn|T)

oo
2 .
—mng™ 2T" }: gritTat A 2i(ryi oyt rayn)

T1,T2.03Tp,=—"00

ri+rottr,=mn/2

Proof. From (1.1.1) and (1.1.2), we have

oo
05 (z + ) S gt e,
s=—o00
R oo
3 2 )
02(mnz|m2n7_) _ qm4" § qm ns(s+1)e(25+l)zmnz'
s=—00

16



Similar to the proof of Theorem 1.1.3, we set x = €%*. And thus (1.1.8) becomes

mn—1 n 00 9 o)
2 9; 4 km m2n 2 mn
E (_l)k H § : q° etz = Hyn (Y1592, -, YnlT)q 1 § q" ns(st1)p 5" s +1)
k=0 j=1ls=—o0 §=—00
Equate the coefficients of ¥ on both sides to obtain
mn—1 0o
§ (_l)k § qs?+‘sg+'~~+si621'31y1+2i52y2+~~~+2isnyn 621' ky:;ibv
k=0 51,82,...,8p=—00

s1+s2+-+s, =N

N2

:Hm,n(yla Y2, ... ,yn|7')qT

Define Hyy N (Y1,Y2, - - -, Yn|T) by

mn—1 o)
E (_l)k § qs?+s§+---+si62isly1+2i52y2+---+2isnyn621' k;{flv
k=0 81,582,..,8n=—00

s1tset-tsp=N

N2

— m,n,N(y17y27"'7yn|T)q "o (2112)

Now it suffices to show that Hyp, n n(y1,Y2,--.,Yn|7) is independent of N and has the representation in
(1.1.9). From (2.1.12), we have

Hm,n,N(yh Yz, - .- 7yn‘7—)
> 2, .2 2 N2 o . . mn_1 2inN \ K
— Z giLTsat e = g2is1y1+2isayzto+ 2isnyn Z (—e‘mn ) . (2.1.13)
51,52,..0,87,=—00 k=0

s1t+s2t+-+s5p, =N

If mn is even, then we obtain

. 2imt N
mjnil 2ixN \ F 0, if eTmn £ —1,
(—e mmn ) —
k=0

mn, otherwise,

2N
mn

which implies that Hy, n,.n (Y1, Y2, - - -, Yn|7) = 0 unless is an odd integer. It follows that we only need
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to consider the case when N = (2] + 1)mn/2, I € Z. So (2.1.13) reduces to

Hm,n,N(ylvy% R yn|T)

oo

2 ) .
— Z qS%Jrngr...Jrsi—J\i—b62181y1+2152y2+~.-+218nyn
§1,82,...,8p="—00
s14s2+Fs,=(204+1)mn/2
o

=mn Z (1M +(s5Hm)? 4o (s, +m)? 1 mn 28] y1 + 2ispya++ 2isy, yn

’ ! !

87,85 ,.,85, =—00

si+sot-ts,=mn/2
o0 2
2 2 2 . . .
—mn Z qsll +s +---+S;z*LA;”62”’1?!1+215/2?‘/2+'"+215;zy".

o r_
87580,04,8, =—00

’ ’ r_

sy Fsytets, =mn/2

Therefore, Hp, n, N (Y1, Y2, - - -, Yn|7) is independent of N. If we set Hp, N (Y1, Y25 - - -, Ynl|T) = Hon (Y1, Y2, - - -

then the proof is completed.

2.2 Application

In [23], Chan and Liu defined the multiple theta series a(y1, y2|7) by

o0
a(y1, 92|7') _ Z q2rf+2r1r2+2r§ eZi(rl(2y1+y2)+r2(2y2+y1)). (221)

T1,T2=—0C

27mi

With w = e™5, the well-known cubic theta functions a(7),b(7) and ¢(7) are defined in [19] as

o0
a(T) _ Z q2rf+2r1r2+2r§ _ CL(0,0|T),

T1,72=—00

b(’]‘) — q2rf+2r1r2+2r§wr17r2 = a E 71
373

o(r) = Z q2(r1+1/3)2+2(T1+1/3)(T2+1/3)+2(r2+1/3)2 — (WT T

T1,T2=—00

A direct computation gives that Gy, 3 = 3ma(y1,y2|7). Thus Theorem 1.1.3 reduces to the following

corollary by taking n = 3 [23].

18
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Corollary 2.2.1. With a(y1,y2|7) defined above and y5 = —y1 — ya, we have

km km
T|Os( 24y2+ —| 7 )03 2 +ys+ —| 7
3m 3m

= 3ma(y1, y2|7)(3mz|3m?7). (2.2.2)

3m—1

km
Z O3\ 2 +y1 + —
3m

k=0

Letting m = 1, we have the identity

3a(y1, y2|7)03(32|37) = 03 (Z + y1|7') 03 <Z + y27'> 03 (2 + ys3|7)

™ ™
T>93<Z+y2+3 T>93(Z+y3+3

27
T) 03 <Z+y2+3

T
+05 <z+y1+3

)

27
T)93 <Z+y3+3

27
+93 Z+y1+?

T) . (2.2.3)

In [23], the authors proved that

_ 2n

o 1 3
b(T) = 1:[1 ((1 _qun))

by taking y; = ¥ and y2 = —% in (2.2.3). Now taking y1 = &F + % and yo = & — %, we have the following

corollary.

27i

Corollary 2.2.2. Withw =e3 ,

d(T) = E q2r§+2r1r2+27‘§+2r1+2r2wr177"2 — 0

T1,72=—0C

Proof. Putting y; = - + %, yo = &~ — T and 2 = 0 in (2.2.3), we have

3d(1)03(0|37) = 03 ( +5| T

T> . (2.2.4)
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By direct computation, we have

( 21T ) 1+q3 (71’7' )
93 — | T = T 93 T
3 1+q§ 3
2t T 1+q_%w T
0. — - - g 1
(5 +3) - (5
0 2rT 0w 1+ q_%w_le T
_2 D) = o
’ 3 3 1+q¢w \ 3
So (2.2.4) becomes
l4qg 3 14q3 1+q 3wt
ql + q1 ~ 1 1w 03 o T )03 E"'*
1+44¢q3 1—|—q§w‘1 14+ q3w 3 3
since
14¢ 3 1+q¢ 3w 1+q 3w?
T+ T I =
1+¢3 1+ qg3w1 1+ q3w

This completes our proof.
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Chapter 3

The evaluation of two-dimensional
lattice sums via Ramanujan’s theta
functions

3.1 Preliminary results

Let us recall the standard notation, as given in (1.0.1),

o0

(@;0)00 = [[(1 —ag™),  lal <1,

n=0

Let us also recall the Ramanujan’s general theta function f(a,b) and the famous Jacobi triple product

identity for f(a,b), as defined in (1.0.2) and (1.0.7), respectively. For |ab| < 1,

f(a,b) = Z @™ HD/2pn(n =12 — (_q ab) oo (—b, ab)so (ab, ab) .
Following Ramanujan’s notation for theta functions, as given in (1.0.3), (1.0.4), (1.0.5) and (1.0.6), we
have the definitions and product representations for ¢(q), ¥(q), f(—¢) and x(g). From Entry 24 in Chapter

16 of Ramanajan’s third Notebook [10, p. 39], we have

flo _ Y@ xta _ | e (3.1.1)

f(=9)  ¥(=q) x(—q) o(=q)’

and

x(@)x(—q) = x(—¢*). (3.1.2)

If n is any positive rational number and ¢ = exp(—m+/n), the two class invariants G,, and g,, are defined
by

Gn=2""4"12x(q) and g, =274\ (—q). (3.1.3)

In the notation of Weber [42], G,, = 27 1/4f(v/=n) and g, = 27'/4f;(v/—n). The term invariant is due to

Weber. From the definitions, it follows easily that G,, = G/, is equivalent to the following identity [10, p.
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43, Entry 27 (v)]
ey (em) = PPy (e7P), (3.1.4)

where o8 = 72.
There are four continued fractions that play important roles in this chapter. Their explicit values are
frequently used to deduce explicit examples of lattice sums. First of all, let us recall the famous Rogers-

Ramanujan continued fraction and its product representation

q1/5 q q2

R(qg) i=— = =—
W= 1 T
_ 15 (66°)x(0"6%)
(4%6°)00 (€% 4°)

, lq| < 1.

Ramanujan was interested in determining exact formulas for R(e=2"V™) and R(—e™v") for rational values
of n. For instance, he gave the values for R(e=2") and R(—e~™), which were first established by G. N.
Watson. Using modular equations, more precisely, eta-function identities discovered by Ramanujan, Berndt
and Chan established some particular values of R(q) in [12], [11, p. 20-30]. In another paper [13], Berndt,
Chan and Zhang also used Ramanujan’s eta-function identities to obtain general formulas for evaluating
R(e2™V™) and R(—e™") in terms of class invariants. More evaluations can be found in [7], [29], [40], [43]
and [44]. Comprehensive discussions can be found in [4, Chap. 2].
The second one is Ramanujan’s cubic continued fraction, which is defined by

1/3 2 2 4 3 6
q o+ P+ P +g
G(q) =

- 1. 1.
T+ 1 + 1 + 1 4.0 ld< (3:1.5)

From Ramanujan’s lost notebook, we have, as given in [4, p. 94, Eq. (3.3.1 a) ], [4, p. 95, Eq. (3.3.6)]

(©:6*)~ _ 13 X(=9)
Glg) = q'? =q"/ : 3.1.6
(¢% %)% X3 (=a%) (3.1.6)
In [14], Berndt, Chan and Zhang derived a general method for evaluating G(£¢). In Yi’s thesis [43], she
systematically exploited modular equations, in particular eta-function identities, to find 22 new values for
G(e~™"™) and G(e™™). Further evaluations can be found in [1], [2] and [8].

Thirdly, the Ramanujan-Géllnitz-Gordon continued fraction is defined as

1/2 2 4 6

q q q q
T(q) = ,
O e e S g

lq| < 1. (3.1.7)
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Ramanujan recorded a product representation of T'(q) on p. 229 of his second notebook [31], namely,

(4:4%)0 (¢ ¢%) o

T(q) = q2 . 3.1.8
@ (4% 6%) o0 (03 4%) o (3.18)
Chan and Huang evaluated explicitly T'(q) at ¢ = e~™V"/2 for various positive integers n in [21].
The last one is a continued fraction of order 12 defined by
d1-9) ¢1-¢)1-q¢") ¢Q-¢*)(1—q"
Ko =0 PO=d)=d) £0=)1=q") et 6519

=g + A=)+ ¢) + A-g)1+q?) +-

The continued fraction K (q) is a special case of one of the fascinating continued fraction identities recorded
by Ramanujan in his second notebooks [31] [10, Entry 12, p. 24]. Indeed, replacing ¢ by ¢* and letting a = ¢

and b = ¢? in [10, Entry 12, p. 24], we can obtain the product representation

S(=ai=a") _ (4:4%)(0", 4%
F=a® =) " (¢%0")(d7,0") 0

K(q)=q (3.1.10)

The addition formula for theta functions [10, p. 48, Entry 31] is stated below.

Lemma 3.1.1. Let U, = a"("TD/2pn(n=1/2 g V,, = "(n=D/2pn(n+1)/2 - Then, for each positive integer

n,

ULV = S U

Upir Vi
b
r=0 r

A ). (3.1.11)

We also need the following two lemmas [10, p. 36, Entry 20], [10, p. 45, Entry 29].

Lemma 3.1.2. If a3 = m, Re(a?) > 0, and n is any complex number, then
\/af(e—ozz-‘rnoz7 e—az—na) _ 8”2/4\/Bf(e_ﬂ2+m’8, e—ﬁz—inﬂ)_ (3.1.12)
Lemma 3.1.3. If ab = cd, then

(Z) f(av b)f(C, d) + f(faa 7b)f(70, 7d) = Qf(acv bd)f(adv bC),

(i) f(a,b)f(c,d) + f(—a,=b)f(—c,—d) = 2(1]‘(%7 gabcd)f(g, %abcd). (3.1.13)
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As special cases of the above lemma [10, p. 51, Example(iv)], we have

2

p(—q) + ¢(¢°) = fgj(qf), (3.1.14)
2 7

o(—0) — O{e?) = — 2’“1%). (3.1.15)

3.2 Main theorems

We begin this section by proving the main theorem for J, 5 5+)(¢) defined by (1.2.5).

Theorem 3.2.1. Suppose that a and b are integers with a > 2 and (a,b) =1, s and t are any real numbers

with at least one not being an even number, and Re x > 0. Then

Tap,s,t) (@) = - Zw 27+ |og H — WHttglmtsly (= (25 gl2mts]y

where Jqap.s,4)(q) is defined in (1.2.5), w = e™/% gnd ¢ = e/,

Proof. Suppose that N is a positive integer. Since the series is not absolutely convergent, we adopt the

convention = lmy o D yepen- Then we have

Trzms 7T’L7lt

Z Z + (an + b)?

—N<n<Nme Z

0

—N<n<N me Z

Now we may apply (3.1.12) with a = /7/(z/u), 8 = x\/um, and n = 7s/(x+/u) to deduce that

i m(m+s/2)2
emms—ﬂmzxzu _ § e 22u . (3.2.2)
> \f

me Z me 7

Using this standard form of theta inversion (3.2.2) and inverting the order of summation and integration
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twice by absolute convergence in (3.2.1), we obtain

Trzms 7Tl7lt

Z Z + (an + b)?

—N<n<Nme 7Z

o 2
_T § : Tint —7(an+b)?u § : —M du
= — e e e 22w
X 0 \/ﬂ

—N<n<N me 7Z

o0 . 2
ST Y e [Tt du
= — e (& zu .
x 0 Vu

me Z —N<n<N

Applying the elementary formula [28, p. 384, formula (3.471), no. 9] [19, p. 39]

S —27|Al| B]

/ e*‘n'(AQuﬁLBQ/u)diu _ € , (323)
0 Vu |A]
we have
Wzmsewznt eﬂ'intq|2m+s||an+b\

. 3.24
PO B e e D DD S P (3:24)

—N<n<N meg Z m€ Z —N<n<N

We now introduce a variable r and establish the following claim by comparing Taylor series coefficients in r

and letting N — oc.

7r7lnt,,,,\an+b|

1 a—1 . . ‘
Z €|(mi+b| = wau”t)blog{(l WY (1 — o CitDp)Y, (3.2.5)
=0

—oo<n<oo

Indeed, we have

a—1
1 . , ,
- - E w™ @b Jog (1 — W Hip) (1 — w™ @)}

a “—
1 a—1 o 00 k k
_1 Z e_w Z r mk(2y+t)/a —7T7,k(2]+t)/a
a “ & k
=0 k=1
1 © L a—1 a—1
_ 1 Z | emit(k=b)/a Z 2mij(k=b)/a y  —mit(k+b)/a z: e—2mij(k+b)/a
a k - -
k=1 j=0 J=0
1 T,\na+b| ) 1 T‘”a*b‘ .
_ = Z ewznt a4+ = E —mint a
a Ina + b| a |na — bl
+b>1 —b21
na+b na+b
_ Z 7“| | ‘n'znt + Z T‘ ! wint
na+b na+b
na+b>1 I + ‘ na+b<—1 ‘ + |
o eﬂ'int,r|na+b|
o |na+b|

n=-—oo

where we used the fact that na + b # 0 since (a,b) = 1 in the last identity above. Note that if both s and ¢
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are even numbers, then we have log0 at m = 0 on the right-hand side of the above identity. Therefore we
exclude the case in the assumption of the theorem to ensure the convergence of the series. Similar to [15,

Eq. (2.5)], we use a crude error estimate to bound the terms where n > N and n < —N as follows:

emint.|antb| " —(2j+1)b 24t —(2j+t)
> = e gl - b (- @
—N<n<N 3=0

N

+0 ((1r1~)N) . (3.2.6)

To complete the proof, we substitute (3.2.6) into (3.2.4) and take the limit as N — oo.

Note that we have F,5)(q) = J(a,6,1,1)(2): Gap)(@) = J(a,,1,0)(9) and Ha)(9) = J(a,,0,1)(q). Thus we

have the following corollary.

Corollary 3.2.2. Suppose that a and b are integers with a > 2, (a,b) = 1, and assume that Re x > 0. Then

we have
o a—1 00
Gan(@) == > w ¥ log [[ (1 —w g™ )(1 —w g, (3.2.7)
7=0 m=0
. a—1
Hap(q) =— — Zw—(2j+1)blog H (1- w2j+1q2\m|)(1 _ W—2J—1q2|m\)7 (3.2.8)
j=0 me 7

where G,p)(q) and H,1)(q) are defined in (1.2.3) and (1.2.4), w = €™/ and g = e~ ™/°.
The following theorem shows that G'(4,4)(¢q) can be placed within the theory of Fq ).

Theorem 3.2.3. (i) Suppose that a and b are integers with a > 2 and (2a,b) = 1, and assume that Re
x> 0. Then

1 1
G(Qa,b) (Q) = QF(a,b) (Q) + §G(a,b) (Q) (329)

(i) If we further assume that a is any odd integer, then we have

Flan(—q) if bis even
(a,0)\—4), )
Gap)(9) = (3.2.10)

—Flap)(—q), if bis odd.

Proof. We begin with proving (3.2.10). Note that sin(2jbmw/a) does not appear in the summation below

since G(q,5)(q) is real-valued and the imaginary terms sum to 0. Now from (3.2.7), we have

a—1 . [e%s) .
2T 27bm 29T om m
Gaplq) = o coS . log H (1 —2cos TqQ o gimt2)
3=0 m=0

26



47r
- _ 1 _ 2m+1 4m+2 2m+1 2
) og H (1 2cos +q 1ogH
7=0
a—1
4 G — 24b i —2j
= 2N cos (a=2b)m log H (14 2cos (a=2j)m J>7Tq2m+1 + ¢*"*?)
ax 4 a a
7=0 m=0
+ =" log H 2m+1
m=0

4 2 —9 a—1 _ . a—2 a—1 _ .
_ IZCOS [a ( 3 ] log H +2COS ( 2 j)}ﬂ-q2m+1_’_q4m+2)

ar “
J

a—

a

+ 710g H 2m+1

1

4 1—0)+ (25 + 1)b N 2j +1
= IZCOS Gt )+ 2i+1) ]Wlog H(1+20057( 7+ )WquH + ¢*m?)
az a et a

+ L log H g2+

m=0

(oo}

275+ 1)b 2741
(—l)bCOS(]Z ) ﬂlOgH(1+2COS( ]Z )ﬂ-q2m+1+q4m+2)

§=0 m=0
+ — log H 2m+1
a—1 0
A E 27+ 1)b 25 +1
_ )bj cos( j+1) ﬂlogH(l—i—Qcos( J + )7rq2m+1+q47n+2)
ax 4 a a
7=0 m=0
2 ol 4 1)7h 2.921 1
)= log H COb )™ (1 + 2cos %q%ﬂ'l + q4m+2>

=(—=1)"F(o1)(—q).

This completes the proof of (3.2.10). It remains to prove (3.2.9) from (3.2.7). Now,

G(Qa,b (Q)
2a—1

s Tig Tig
0 = 1 1_ - 2m+1 1l—¢e a 2m+1
o TL0 ¥ - ¥gn)

a—1
s mib(2j+1) mi(2j+1) _ mi(2j+1)
{2 :e = log I | (1 e = q2m+1)(1 e - q2m+1)

al -
=0 m=0

<

a—1 00
wib(25) i(25) wi(2j
3 g [T (1 1 T ey

§=0 m=0

1

7F(a,b) (Q) +

1
2 7G(a7b) (q)

2
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To finish this section, we prove the main theorem for J(a,0, s,t), defined by (1.2.6).

Theorem 3.2.4. Suppose that a is a positive integer, s and t are any real numbers with at least one not

being an even number, and Re © > 0. Then

O Tims

™ i m+s —(25 m+s €
m=—00 m7#0

where Jq,0,5,0)(q) s defined in (1.2.6), w = e™ and q = e/,

Proof. The proof is similar to the proof of Theorem 3.2.1. The main difference is that the index (m,n) can

not be (0,0). Therefore, we need to separate the sum when n = 0 at the very beginning, and thus we have

emims pmint wint ,|2m-+s||lan|
Yoy e ny oy S .
—N<n<Nme Z me Z —N<n<N
n#0 N#0
Then we claim that for |r| < 1,
emint,. \na| 2_ )
A z j+t — W @i+t)
> el Zlog (1 —w 7). (3.2.12)

—1
12 . e
—= E log(1 — w2 tr) (1 — w™ )
a =
1 a—1 oo T'k T'k
i § 767rik(2j+t)/a + 7677rik(2j+t)/a
a 4 k k
7=0 k=1
1 0o ’I"k" a—1 a—1
—— T eﬂzkt/a § e27rz]k:/a + e—mkt/a E e—27mjk/a
a k . -
k=1 7=0 7=0
1 yInal plnel _
i e'rrznt a-+ = 2 mwint -a
a |nal |na|
na>1
| \nal
T T
_ § Tint 4 E eﬂznt
nal [nal
na>1 na<l

To finish the proof of Theorem 3.2.4, we use the same idea as in the proof of Theorem 3.2.1.
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3.3 Examinations of H(,; for a € {3,4,5,6} and explicit examples

Although the proofs of (3.2.8) and Theorem 1.2.1 are similar, the examinations of special cases of H, ;) are
quite different from those of F{, 3y, and they are actually more difficult, because we have even powers of ¢

instead of odd powers in the evaluation. In this section, we examine the cases where a € {3,4,5,6} and b = 1.

Let us prove a couple of lemmas before the examinations.

Lemma 3.3.1. For |q| < 1, we have

2m A4my Qf(_q32) f(_q4) 1 B 1
771L;[1(1 —V2¢*" +¢*) = =) \ F(=¢® ( T (V2+1)/T(q )) , (3.3.1)
2m A4my Qf(fq(ﬂ) f(7q4) 1 B
ngl(l V) = S ) (m +va-1) W‘)) : (3.3.2)
1-— \/§q2m +q4m B 1— (\/i—‘,— 1)T(q4)
721 1+ /2¢2m + g4m 1+ (ﬁ - 1)T(q4)’ (3.3.3)

where T(q) is the Ramanujan-Gollnitz-Gordon continued fraction, defined by (3.1.7).

Proof. The equality (3.3.3) can be easily derived from (3.3.1) and (3.3.2). Here we give the proof of (3.3.1)
only, as the proof of (3.3.2) is similar. Letting w = ¢™/* and using the Jacobi triple product identity (1.0.7)

for Ramanujan’s general theta function f(a,b), we have

[Ta=v2@™ +¢*™) = T] (1 = (w+w )™ +¢*™)

m>1 m>1

= [ -we™a-w e

m>1
= (Wg% ) oo (W% %) 0o

1 fl—w,—w™1¢?)
. T ) (3.3.4)

Applying the addition formula (3.1.11) with n =4, a = —w and b = —w~'¢?, we obtain
f(fwa 7"‘)71(]2) = (1 - w)f(quQa *QQO) + (w2 + wg)qu(fqzlv 7q28)'

It follows that
f(—w,—w1¢?) 12 20 2 4 28
= (0% =) — (V2 D f (' —¢*). (3.3.5)
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To complete the proof, we substitute (3.3.5) into (3.3.4), divide both the denominator and numerator by

V (=2, —¢%) f(—¢*, —¢®®), use the product representation of the Ramanujan-Géllnitz-Gordon continued

fraction (3.1.8), and manipulate theta products to deduce that

12 20\ g/ A, 28\ _ 2/ 32 f(—q4)
Lemma 3.3.2. For |q| < 1, we have
[T - V3™ +¢*) = Wu + (V3+1)J(¢%) + 2+ V3)K(¢%), (3.3.6)
- _ 30 _ 42
[T+ v3g™ +¢*) = W(l +(VB=1)J(%) + (2 — VB)K(¢®)), (3.3.7)
m>1

I L— V3@ +¢" 1 (VB+1)J(¢°) + 2+ V3)K(¢°) (33.8)
L+ V3¢ +g*m 14+ (V3= 1)J(¢%) + (2 — VB)K () -

m>1
where J(q) = ql/‘n’%’ﬂlig and K(q) = f(q7q7 is the continued fractions of order 12 defined by

f(—=a°,—q TF(=a*—a
(3.1.9).

Proof. The proof of Lemma 3.3.2 is similar to the proof of Lemma 3.3.1. Here we give the proof of (3.3.7)

only. Letting w = €™/% and using the Jacobi triple product identity (1.0.7) for Ramanujan’s general theta

function f(a,b), we have

H(1+\/§q2m+q4m H1+w+w )2m+q4m)
m>1

m>1

H 1+ w1+ w tg®™)
m21

= (0@ ") (v % )0
1 flw,w™1¢?)

T (@D)e  1tw (339)
Applying the addition formula (3.1.11) with n = 6, a = w and b = w~'¢?, we obtain
flw.w™¢?) = 1+ w)f(=¢, —¢") + (W = w”)g* f(=4"%, =) + (w* — ") f(=¢°, —¢").
It follows that
flowg) _ F(=4%, =) + (V3= 1)@ F(=4"*, —=¢"*) + (2 = V3)¢* f(—¢®, —¢*°). (3.3.10)

1+w
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Substituting (3.3.10) into (3.3.9) and dividing through by f(—¢*°, —¢*?), we obtain (3.3.7).

Theorem 3.3.3. Suppose that ¢ = e~ ™/*. Let G(q), T(q) and K(q) be the continued functions defined in
(3.1.5), (3.1.7), and (3.1.9), respectively. Let J(q) be the function defined in Lemma 3.3.2. Then

2 8(1+ G3(¢?))
= T og =2 ) 3.11
Hz)(9) = g log 5 — () (3.3.11)

m V2 -1-T(q")

H " 7 3.3.12
) == O B T () )
o 0 x(—q'?) s VBe(q®) — ¢(q)
His1)(q) = =—log2+ —1lo - log
o0 =5y 182 5 0SB Vela®) T ela)
_ ™ og (1 - a5R5(Q))( B5R5(q )) (3313)
5vBx (1= R (q))(1 - a®R3(¢?))’
1+ (V3 -1)J(¢") + (2= V3)K(¢)
H, log(2 + V3 : (3.3.14)
6)le) = \fx B )1+(f+1)( 6) + (2 + V3)K(¢%)
Proof. We begin by proving (3.3.11). If we set (a,b) = (3,1), then (3.2.8) immediately reduces to
Hs 1 (q)
2
=~ TN cos (2j+ lgH 1—2cos 2j+n gl gt
3z 4 3
j=0 mEL
=—g log H 1+ 2¢2Iml 4 g4lm|
B 1 1 H 1 _ q2m + q4m)2
3 4 ) 1 + 2q2m + q4m)
27 14 g™
= —log2— —1 3
3087 30 Ogngl (1+g2m)3
2T 2 (—qﬁ;qﬁ)oo
= —log2— —log —5—5—
30 57T 3 PR
21 2 - X3 (—4?)
= 2 og2 - L pg XV L 3.3.15
3z 8 3z o8 x(—¢°) ( )

Notice that we used x(—¢) = 1/(—¢;¢)c in the last equality above. To finish the calculation, let us take
a=1-¢*—q)/d*(q) and B =1 — ¢*(—¢>)/d*(¢®) so that 8 has degree 3 over « in the theory of modular

equations. Then using [10, p. 124, Entry 12],

X(—q) =2Y5(1 — &) /"2 (axq) =/,
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we have

13 x(=q) 13 (1- a)l/wﬁl/g X3(_q) 8 (1— a)1/451/24
R A e IR (O R

It is known that o and 3 admit birational parameterizations a = p(2+p)3/(1+2p)? and 3 = p3(2+p)/(1+2p)
[10, p. 230, Entry 5(vi)]. Thus we deduce that

178 _X(=4) p \"*

! /3x3(—q3) N <2(1 +p)> ’ (3.3.16)
Bl—q)  ( 20-p2 7
x(—=¢%) <(2 +p)(1+ 2p)> ' (3.3.17)

Now if v = ¢'/3x(—q)/x*(—¢*) = G(q), as given in (3.1.6), then we solve for p from (3.3.16) to obtain

1 —4v3 + V1 — 83
p:

g : (3.3.18)
and it follows that
Plq) 18\
=) =\ 173 (3.3.19)

by substituting (3.3.18) into (3.3.17). Replacing ¢ by ¢? and substituting (3.3.19) into (3.3.15) completes
the proof of (3.3.11).

Notice that if (a,b) = (4,1), then (3.2.8) becomes

2+ 1 2+ 1
—- £ cos <(Jz)”> tog T (1 908 (W) 2l 4 q4m|)

mEZ

I ] Lo V2
g 1+ \/§q2|m| + q4‘m|

1— \/§q2m + q4m
=— " log | (vV2-1)
T ’rgl 1+ \/§q2m + q4m

Using (3.3.3), we are led to the closed form

Vor, o V2-1-T(q)
20 P14 (V2o DT(qY)

Hpy = -
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We set o = 2cos 27 = 1*2‘@, and 3 = 2cos tm = 1+2\@_ With (a,b) = (5,1) in (3.2.8), we have
Hs,1)(q)
4
27+1 27 +1
_ 51 3 cos (W) tog ] <1 N Qcos(y)qzw N q4|m)
r j=0 meZ
T g [T (o ) g gl
5z (1 + g2ml)2

V5
og I <1 a1 q4|m|>

5z S (14 ¢2ml)3
J5
. 1({V5-1 T X)) 1— g™ +¢*"
:7710 — filo _ 10 —_— 3320
(77) EeiER- G LR e

Factorizations of certain theta-function identities of degree 5 are given by [4, p. 30, Entry 1.7.2 (i),(ii) ]

(14+V5)f(=¢*)
+V50(¢%) =
()O(q) Qp(q ) H (1 +aqn +q2n H 1 _ﬂqn +q2n)
—V50(q%) = (1 \f)f( )
#(0) 2(@”) IT G=aq"+¢) J] ( 1+ 84" + ")
from which we deduce that
1—Bq™ + ¢*™ L+ag™ + ¢ (V54 1)(V5e(d®) — ¢(9))
L e WL mGme = s vowy 0%

m even

Now we use the formulas of the factorizations of two of the most important formulas for the Rogers-

Ramanujan continued fraction from Ramanujan’s lost notebook [4, p. 21-22, Entry 1.4.1],

1)° o
(\/E> _< 1/2 };[1 1+aq +q2")
1)° o
(ﬁ) _( - 1/2 L[l e +q2n)
to obtain
L+ Bg" 4 a*" (1= a®R3(g)(1 — BPR5(g?)
ml_o[dd 1+agm+¢*m \/(1 — B°R5(q))(1 — a®R5(¢q?))’ (3.3.22)

To complete the proof of (3.3.13), we substitute (3.3.21) and (3.3.22) into (3.3.20).
Now if (a,b) = (6,1), then we can easily prove (3.3.14) by applying Lemma 3.3.2. From (3.2.8), we
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have

5 . .
T 274+ 1) 274+ 1) m m
Higy(a) =~ =3 cos ((36)) tog [ (1 90 ((36)) Al 4 g )
7=0

mEZ

VR L g
= e 8 L1532l ¢ gt

T 1 4 \/§q2m +q4m
= log(2 + V3 ) 3.3.23
T 08 )};[1 R (3.3.23)

Applying (3.3.8), we are led to the closed form (3.3.14). This completes our proof.

Next we consider explicit examples of H, ;)(q) from Theorem 3.3.3. We first derive examples for H(sz 1)(q)
from (3.3.11). It is clear that the formulas for G(g) can also be used to evaluate Hz1)(q). When z = 1/v/2

we appeal to [4, p. 100, Eq. (3.4.4)]. We have

-2 6
Gle V¥) = %ﬁ (3.3.24)
Thus we obtain
I
log(4 + 2
n_z_oom; sz 3n+ g og(4+2V6).
Similarly, set = = 3v/2. We use the fact from [4, p. 100, Eq. (3.4.5)] to find that
-2 6
G3e™V2m/3) = %f. (3.3.25)

Therefore we have

)" _ Ve
Z Z 18m2+ 3n+1) 27 log(44 + 18/6).

n=—00 Mm=——0o0

As another example, when x = 1 we appeal to [4, p. 100, Eq. (3.4.3)] to find that

G(e™2™) = ~(1+3)+V6v3
4 )
and thus
_ VI, VB(BYVZ - 2V3 4+ VE)
”—Z-W; TE T (2-V2v3)(3+v3)

Now we derive explicit examples from (3.3.12), which include the Ramanujan-Gollnitz-Gordon continued
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fraction on the right-hand side. When x = 8 we appeal to [21, p. 84, Eq. (4.2)] to find that

T ™?) =\/V2+1- V2,

which yields

> i Cor e (V2o (VVEEL- )
B BP0 T8 ey (VB - 92)

When z = %\/g we appeal to [21, p. 86]. We have

T(e’”\/‘g’/z):\/\@+\/§+1—\/\/6+\/§,

and hence

oo

Z Z (8m)? +34n+1)

n=—o0 m=—0o0

¢&l(ﬁ—1(¢f+f+h¢f+f)
8 (Vo) (Vo Ve - VB E)

We can find further evaluations for H, 1)(q) by applying other formulas in [21, p. 84, Eq. (4.3), (4.4)] and
[21, p. 86, Examples].

™

Now we examine the more difficult case of Hg ;). We consider x = 6, which yields q® = e~™. We appeal

to [30, Theorem 5.1] to find that
(6v3 —9)1/* -1
(6v3—9)1/4+1

K(e™™) = (3.3.26)

We still need to examine J(e~ ™). We apply [30, Lemma 3.1] first to obtain

J(g) = 2q1/3x(q)1/)(—;13).

o(q) +»(g®

So we can evaluate J(e~™) from formulas for ¢(e™™), p(e™3™), ¥(—e~3™) and x(e™™). We appeal to [45,
Lemma 5.1, Theorem 5.5], [46, Theorem 5.6] and [11, p. 326, Entry 2 (viii)] respectively. We have for
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a=7"Y4T(3/4),

@(eiﬂ) =a,

@(e™¥™) = a271373/8/V3 41,
11)(76737[-) — 0273/4371/26371-/8(2\/57 3)1/4’

X(e—ﬂ) — e—w/2421/4.

Simplify the resulting quotient to obtain

V2(2 - V3)1/4

J(e™) = .
33/8 4 2-1/4/\/3 4+ 1

(3.3.27)

To finish the calculation, we just need to insert (3.3.26) and (3.3.27) into (3.3.14) and simplify. Therefore

we have

)/I'L
Z Z + (6n + 1)2

n=—o0 m=—oo

6\7;310g<2+f(5f+f35/4 m(1+¢§+¢§33/4))).

3.4 Simplification of F(g;) and F{i5;) and explicit example

Theorem 3.4.1. Suppose that ¢ = e~™/*. Then we have

Flon(@ = ——=\/2+ V2 log (A(Q) — 1+ ZayCT0) - mqm)

(8.1) 4 Alg) + \/H_ifq\/i+\/:q\/7

£ o s (MO v D)
~ V2 log

x B(q) + \/:QF \/ﬁq\/i

(3.4.1)
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where

_ p(=¢*) 2 V(=¢*)
Alq) = =) +v2¢ G
_p(=¢*) 1 0(=¢%)
B(q) = b(—q10) \/iq 1/J(—q16)’

Proof. 1If (a,b) = (8,1), then (1.2.2) reduces to

F(8 1)(Q)

7 o '
0 25+ )m (25 + DT omi1 . amao2
- 43320 < )1 H(l—?cosgq tq
j=

m=0

o ﬁ — 2cos Eq2m+1 4 gl 2o §
 dx 1+ 2cos gg>m+1 4 gim+2
(3.4.2)

1 — 2cos 3Zg2mt1 4 g4m+2 2 cos 32
8
(1 + 2cos 3iq2m+1 + q4m+2)

— 2cos 7q2m+1 + q4m+2)(1 _ q2m+2) 2cos §
= — 71 0g H < 1+ 2COS 2m+1 + q4m+2)(1 _ q2m+2)>

3w

(1 — 2cos BT g2m+1 4 gdm+2)(] — g2m+2) 2 cos 3%
(1 + 2cos BEg2m+1 | gim+2)(1 — g2m+2) :

Letting &€ = €™/% and using the Jacobi triple product identity (1.0.7), we find that

F(q) == 77!_:[0(1 + 2c05 8 2m+1 4 q4m+2)(1 - q2m+2)
(—€436%) oo (—€a: 4% (0% 4 0
— Z fanLQ

n=—oo

[ee]
_ Z (—1)" |:q(8n +€q8n+1 + €% (8n+2)2 +_'_+£7q(8n+7)2}'

n=—oo

Note that F(q) is real-valued, so the imaginary terms above sum to 0. Therefore we only need to consider
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the real parts. First, we have

Re( Z (_1)n(£2q(8n+2)2 +£6q(8n+6)2)> —2Re< Z (_1)n£2q(8n+2)2>

n=—oo n=—oo

:\/5 Z (_1)nq4(4n+1)2

n=-—oo
oo
7\[ 2 ( n 4 4n+1 § n 4 4n+3
n=0 n=0

_\[Z n(n+1)/2 4(2n+1)

=V2¢"¥(—¢*).

Now we consider

n=—oo
oo
— Re (5 Z [ (8n+1)2 q(8n+7)2}>
= 2cos (g) n;i:m(—1)"q(8”+1)2
= 2cos (g) q i )" g onntl)
:2(:08(7;) qf(—q'%3, —¢'%?)
2cos (”) VO=a®)lp(a™) + (¢,

where we apply (3.1.14) in the last identity. If we apply (3.1.15), then we can find that

Re( i (-n" [53(1(8"*3)2 +£5q(8"+5)2]> \@COS< >\/w 7'%) — (¢*?)].

n=—oo

Combining the results above, we are led to the closed form

F(q) = p(—4") + V20" (~4") + V2eos (£ ) /B (=) [e(d"®) + $(g™)]

(3.4.3)
+v2cos ( ) Q\/w 7'%) — »(q*?)].
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Similarly, we can derive a formula for the other factor in the denominator of (3.4.2). Thus,

H 1+QCOS 2m+1 +q4m+2)(1 7q2m+2)

m=0

= o(—¢*") = V2" (—¢*) + V2 cos ( ) V(=" p(¢'%) + 0(¢%?)] (3.44)

Qcos< )q\/zﬂ q'%) — p(¢*?)].

To complete the proof, we just need to apply (3.4.3), (3.4.4) and the facts that

COS(I)_M o COS<37T)_2—¢5
8) 2 8 2 ’

The formula for a = 12 can be deduced in a similar fashion. However, the formula is more complicated

and thus we give the theorem without rigorous proof here.

Theorem 3.4.2. Suppose that ¢ = e~™/*. Then we have

F(12,1)(Q) = _6150
X{ 2+ v3 log 20 g") = V20(=¢") + V3¢* f(=0"°) + ¢*p(=¢**) — V2 + V3X(¢*') — V2 - V3Y (¢*)
P(—q') + V20(=q™) + V3¢ F(=4%%) + ¢*2p(—¢*%%) + V2 + V3X (¢?4) + V2 - V3Y (¢*)

96)_,'_(132()0 288 /2+ X 24 /2—\/§Y(q24)

N 2_\/§log<p( q") + V29(—¢™) — V3¢ f (=
(—q

q
(—q14) — V20 (—q™2) — V3 f(— q%) + ¢32p(—q288) + \/TX 24) 2 — V3V (¢?4)
o P40 = qu(— ®)
+V2log e(—q') + vV2q1(—¢®) }
where
_ [ F(=a®)e(@®)x(=4°) + F(=a*)p(—¢*)x(—¢°)
Xla)= \/ 2x(—4?) ’
_ [ f(=a%)e(@®)x(=¢°) — f(=a*)p(—a*)x(—¢?)
Y(q) = \/ (=07

We first obtain the following identity from Theorem 1.2.1.

f(*GBTri/lQ(], 76757ri/12q)
f(e57ri/12q’ e—57ri/12q)

71'1/4 _—mi/4
+v2log = c Q)}.

( 71-1,/4q7 e 7rz/4q)

5
+2 cos —W log

. T f(feﬂ-i/12q, 767771’/12(])
Fazn(q) = x{?cos 12 log Flemi/12q, e=mi/12g)
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We also need to obtain the following formulas similar to (3.1.14) and (3.1.15), namely,

5 | f(=a%)e(@)x(=¢5) + f(=a®) (=) x(—¢*)
fla®,q") = \/ (=) :

—g6 3 —_
o) - \/f( ¢*)e(¢*)x(~4 2q>X( (q

?)e(—q®)x(—¢%)
) .

(3.4.5)

(3.4.6)

For the proof of (3.4.5) and (3.4.6), we apply Lemma 3.1.13 (i) and (ii) with a = ¢%, b = ¢* and ¢ = d = ¢°.

We conclude this section by proving a formula for Fig 1y from (3.4.1). In principle, these calculations

are straightforward exercises if the values of ¢(q), ©(¢?), v(—¢?), p(—q*), ¥(—q) and (-

However, (3.4.1) is a long equation, so in practice, we only identify one instance where ¢'¢

q?) are known.

is reasonably

simple, that is when ¢'® = e~™. We appeal to [45, Theorem 5.5, Theorem 5.7] and [46, Theorem 5.6,

Theorem 5.7], respectively. We have for a = 7=1/4/T'(3/4),

ple™™) =a,

p(e™®) = a27'(V2+2)'/2,
p(—e7?) = a2715,
o(—e=™) = a2~ 7/16(\/2 4 1)1/2,
Y(—e ™) = a273/4em/8,

1/)(_6—271') _ a2—15/16€7r/4(\/§ _ 1)1/4.
After simplification, we obtain

A(e—ﬂ') — 215/166—7r/8{(\/§_’_ 1)1/4 + (\/5_ 1)1/4}’
B(efrr) — 215/166777/8{(\/5_'_ 1)1/4 _ (\/5_ 1)1/4}7
C(e—ﬂ') — 6—71'/8(23/4 + (\/5_’_ 1)1/2)7

D) = 3@ — (Va4 1)),
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With all the calculations above, we have

oo o0 m+n

n_z_:oom; 16m + (8n+1)2
. V2a — /2 +V2e— 2 —2d
Ve e Ve v
™ V2b = /2 = \2e+ V2 + V2d
~ ! Q_ﬁ)log\/ib+\/2—x/§c—\/2+\/§d’

where

a =21/160(\/2 £ 1)V* 4 (V2 —1)1/4Y,
b :215/16{(\/§+ 1)1/4 _ (\/5_ 1)1/4},
c =284+ (V2+1)1/2,

23/4 (\/>+ 1)1/2

Curiously, v/2 + /2 is the connective constant of the honeycomb lattice, see [27].

3.5 Examinations of G(,; and explicit examples

The authors of [15] examined F{, ;) for the cases where a € {3,4,5,6}, and we just examined the case a = 8
in the previous section. Applying Theorem 3.2.3, we can easily examine G, ) for a € {3,5,6,10,12} in

terms of F{4). Moreover, it can easily be derived from (3.2.7) that

2m+1)
G1)(g) = —710g H 1 +q2m+1
2m (q;q )oo 2r . x(—q)
= Dog BT ) 2T , 3.5.1
PR G T x(q) (8:5-1)

where x(q) is defined in (1.0.6). Combining (3.2.9), (3.5.1) and the fact that F{5 1) = 0, we can examine

the case when a = 4. Indeed, we have

Ga(g) = —= log X)E(_q(;). (3.5.2)

By iterating, we can now examine the cases where a € {8, 16}.
Now we produce explicit examples for G, 4)(q). We first consider the simple case when (a,b) = (3,1).
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We appeal to [15, Eq. (3.3)] to obtain

27 1+ G3(—q)
Fs)(9) = —g- 108 7=y 3G g) (3.5.3)

where G(q) is Ramanujan’s cubic continued fraction given in (3.1.5). Applying (3.5.3) and (3.2.10), we can

easily derive that
27 1+ G3(q)

Galg) = 0z 08 T-8G3(q)’ (3.5.4)

We can use formulas for G(g) to evaluate G(31)(q). When z = 1/v/2 we appeal to (3.3.24). After simplifi-

cation, it follows from (3.5.4) that

— - (—1)™ _Ver o 2446
2. 2 I oG E)E 9 BT

n=—oo m=—oo

Similarly, when = = v/3, we appeal to [4, p. 105] to find that

i V3-1

After simplification, we have

i i (-1)™ _ 2 5433
32+ (Bnt+ 12 9v3 . 2

n=—00 Mm=——0o0

Now we examine G 1)(¢q) from (3.2.9). It follows from [15, Eq. (3.3)] and (3.5.4) that

o (1+v3)(1 —8u?)
Gonla) = 9z log (1 —8v3)(1 +u?)’

where u = G(—¢) and v = G(g). When x = 1 we appeal to [23, p. 350, Eq. (4.1) and Eq. (4.2)] to find that

13
T2

1+V3)(—(1+v3) + V6V3)
1 ;

G(_e—‘ﬂ') , G(e—‘n') — (

which yield

i i &*Elo (V3 —1)(21 — 12/2 314 4 13/3 — 7v/2 33/4)

n—=—o0 m=——0o0
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Next we consider G'(4,1)(¢) and then G g 1y(q). Recall from (3.5.2) that

T X () ()
Gl = -1 @ PR 22 8 ) (3.5.5)

The formulas for ¢(q) and 1(q) can be used to evaluate G(4,1). For example, many explicit evaluations can

be found in [11, p. 325], [45] and [46]. Set 2 = 4. By [11, Entry 1, p. 325], we have for a = 7'/4/T'(3/4),

ple™™h) =a(1+ 271/,

p(—e ™M) = a(1 - 2714,

It follows from (3.5.5) that

)m V2 +1
Z Z = Zlog ek : (3.5.6)
L L 16m2 4n—|—1) 8 °Va—1
Using (3.2.9), we can obtain the formula for G g 1)(e~™/*) from F(y 1)(e™™/*) and G(41)(e"™/*). We first
evaluate F(41)(¢q) at x = 4 from [15, Eq. (3.4)]. Similar to the evaluation of [15, Eq. (3.18)], we appeal to
[11, Examples 9.4] to find that ay = (v/2 — 1)*, and thus

m+n

T 14+ vVV2
Z Z 16m2 4n+1) 4\/1 \/5_1

n=—o0 m=—0o0

(3.5.7)

Substituting (3.5.6) and (3.5.7) into (3.2.9) leads to

0, + 0 .
Bn+r1)2 16 °Y2—1 82 °1_vz_1

Z Z )m 7T1 €/§+1 Vs 1 1+\/\/§—1
16m2+

n=—00 Mm=——00

3.6 Examinations of Jy;,(q) and explicit examples

Simplifications of J, 4 ) (¢) are difficult and complicated when (s,t) # (1,0),(0,1) or (1,1). However, we

can get several nice evaluations in the case when (a,b) = (2,1).

Theorem 3.6.1. Assume that s and t are any real numbers with at least one not being an even number and
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Re x > 0. With ¢ =e /", we have

e & wzms ‘n'znt

Z Z + (2n + 1)?

n=—0o0 Mm=—0o0

__T — 208 (5)g*™ " + ¢ *) (1 — 208 (5)* 270 4 g (3.6.1)
T (1 + 2cos (E)g?mts 4 ¢4 +s) (1 + 2 cos (5 )g>mH2—s + gAmta=2s)” o
Proof. The proof is straightforward. We apply (3.6.1) with ¢ =2 and b = 1. Then we obtain
o 0 Trzme 7r1,71t
n_z_m m_z_m R
1 _ e"” q|2m+s|)(1 e i q|2m+s|)
) ety (L+ e gy (14 e 5 glom )
™ _ mit
= — — 2
2x
g H (1 . 6:” q2m+5)(1 — e~ :2: q—(2m+s))(1 _ ew 2m+2 5) 1 — e :q—(2m+2—s))
S0 (1+€ > q2m+s)(1+e*7q—(2m+s))( +e™2 2m+2 5) 1—|—€ =t q—(2m+2—s))
™ _ mit ] H (1 — 2cos (%)qu—l-s + q4m+2s)(1 — 2cos (%)q2m+2—s + q4m+4—2s)
= — —€ 2 Og T us m —5 m —2s) "’
2r 0 (1+2COS(7)q2m+s+q4m+2s)(1_~_2005(7t) 2m+2-s 4 gim+4-2s)
This completes the proof.
Theorem 3.6.2. With Re x > 0 and ¢ = e~ ™/*, we have
Tin . — 3
Z Z 63 _ Ee_% log TP(Q)w( q3)7 (362)
e @2n+1)2 2 U(=q)¥(q?)
Tim , 2 win i G -1/3 3
Z Z 63 63 _ 1677 log (_ (q )w(Q)T/J(q ) > , (363)
W T +(2n+1)2 2z G(=¢"3) (=) (—4%)
7Tlm Tn 2 2
eh T i ¢ (—q%)
= —e 3 log—————, (3.6.4)
n_z,:oo m;oo (2n+1)2 22 p(—a%)p(—4°)
where G(q) is Ramanujan’s cubic continued fraction defined by (3.1.5).
Proof. If we set t = 2, then (3.6.1) immediately reduces to
e & ﬂ"L’n’LSe37T’LTl
Ew& P
1 _ 2m+s 4m+2s 1— 2m—+2—s 4m+4—2s
S H q +q )1 —g¢ +q )
o (1 + q2m+9 + q4m+2e)(1 + q2m+2 s + q4m+4 29)
) . 2—s. 2 _ 3s. .6 _,6—3s. .6
e T F g (¢°:q );o(q ,Qci)oog( it )go( Vi 7q6)oo (3.6.5)
2 (=% 6%) oo (—0° %1 ¢%) 0 (4°5 4°) 00 (4°72°5 4% o
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We begin by proving (3.6.2). If s = 1, then (3.6.5) becomes

oo oo

mesTin T 1 (G ) (-0 0
n_z_:oo m;oo +(2n+1)? P (—=%4%)50 (%1 ¢%)
= T % o XX )
x x(=a)x(¢*)
T 5 g POVD)
x U(=q)¥(e®)’

where we applied (3.1.1) in the last identity.

Next, we prove (3.6.3). Notice that if we set s = %, then (3.6.5) becomes

oo o0
eswzmesﬂ'zn

Z Z (xm)2 + (2n+ 1)2

n=—oo m=—oQ

i 1/3. .2 5/3. 2 e 40 _ 5.6
T % log (g el );o(q ,5613)002( %4q )go( qs,qﬁ)oo. (3.6.6)
2 (=a*3;4%) e (—0°73;42) 00 (45 4%) 5 (0% 4%)

To manipulate the g-products on the right side of (3.6.6), we first replace q by ¢* to obtain

(4:4°) 50 (6% 0%) 00 (—0%; 4"%) 0o (—0"%; ¢"%)
(=4 45) o0 (— q5'q6) (q3'q18) (4%;4"®)
_ (36*)(=0%4%)3 (¢ 0"
(=4 6%) oo (4%45)2. (=% %) o
_ X=X (@)x(=¢")
x(@x*(—=¢*)x(¢®)

We recall from (3.1.6) that

G(—q) = - x(@)/X°(@®),  G@) = x(—a)/x°(—d). (3.6.7)

After replacing ¢ by ¢'/3 in the above identity and simplifying, we have

wzm 7r1,n 16_% o B G( 1/3)w(q)w(q3)
Z Z 1 g( ¢(—q3)) '

Now it remains to prove (3.6.4). Similar to the proof of (3.6.3), we set t = 2 in (3.6.5), manipulate the

resulting g-products and simplify to obtain

o0 o0
e 3 TI'Z’HLe 3 Tin

T (=) (=¢*)
n_z_:oomz +@2n+1)2 2z to F(=a*3) f(=q®)x(—¢?*/3)x(—¢°)
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Finally, we use (3.1.2) to complete the proof.

Now we derive some explicit examples from Theorem 3.6.2. All of our identities follow from well-known
g-series evaluations. We first examine an example from (3.6.2). This case is relatively easy to evaluate.

When = = 1 we appeal to [46, Theorem 5.6, Theorem 5.7]. We have for a = 7—1/4/T'(3/4),

Y(—e ™) = a273/4em/8, (3.6.8)

Y(e™™) = a27%/8em/8, (3.6.9)

Y(—e37) = a273/4371/2e37/8(2/3 — 3)1/4, (3.6.10)

37/8
W(e™?) = ac . (3.6.11)
21/833/8\/1 + V293 + V3
With all the evaluations above, we have, from (3.6.2),
min . 1 2 4
Z Z meSTn iy log 1+ V2V3+ V3, (3.6.12)
m2 2n +1)2 V2(1++/3)

n—=—0o0 m=——0o0

If we equate the real and imaginary parts of (3.6.12), then lattice sums involving sine and cosine functions

can be evaluated. We obtain, respectively,

(oo} o0 (

C08271'1’L)_7T 1+V2vV3+3
2. 2 wr@iir 2% aievE)

n=—00 Mm—=——0o0

and

™ gin 27m)_ V3r 1+v2¥3+ V3
Z Z m2+ 2n—|?—)1) 2 log V2(1+V3)

n=—o0 m=—0o0

Similarly, when z = 1/+/3, we have [46, Theorem 4.7 (iii), Theorem 4.10 (x)]

(e~ V3") _ 31/4,—V3r/a_ VO V3

G Vi-1

and

(e Vo) _ 31/4,—3r/4 3151 — VB4 V3VA)P .

¢(e—3\/§ﬂ) 2L/12(/2 — 1)2/3(1 + /3)1/6
Thus we obtain

min 3 ; 1-+3 3v/4
Z Z 2 mes £71'6_’”/3 log 4\[—4_@{ (3.6.13)
= = om +3 (2n +1)2 9 V2(V/3 + 1)1/

To calculate further examples from (3.6.2), we rewrite the ¥-quotient on the right-hand side of (3.6.2) in
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terms of Ramanujan’s cubic continued fraction. We appeal to (3.1.1), (3.6.7) and [11, p. 330, Eq. (4.6)] to
deduce that

1/4
ela) (1 +8q§((q?)> (1 - 8qGH (=) ",

and therefore we can rewrite (3.6.2) as

megmin T _x 1—8G3(—q)
—e 3 log ———=. .6.14
Z Z 2n+1) T8 TP 83 (g (3.6.14)

n=—o0 m=—0oQ

Besides (3.6.12) and (3.6.13), we can derive more examples from (3.6.2) by applying formulas for G(q)
and G(—q). For instance, when & = 3, we have [4, p. 105] and [16, Corollary 4.6]

1/3
G(—e 3)=— <1 +4\/§> ; (3.6.15)
o\ 1/3
s -3 (1-(357)) e e- i 36,16

and thus we obtain

2min T = \/3+2\/§<1+\/3+2\/§)

Y s Bt T T s

n=—0o0 m=—0oQ

9m2 + 2n +1)2 T 12

(3.6.17)

Now we examine (3.6.3). Similarly, when z = 1, we have the evaluations for ¢ (—e~™), (e™™), Y(—e~37),
Y(e3™), G(—e~5) and G(e™5) as in the previous example, namely, (3.6.8), (3.6.9), (3.6.10), (3.6.11),
(3.6.15) and (3.6.16). By a direct computation, we obtain

3 Tim 3 TI"LTL

Z Z m2+ (2n +1)2

n=—00 Mm=—0o0

B gei%logﬁ(%ﬂ/g)% <M+ 1) (1+\/§<7§+ \/5)7%.

After further simplification, we obtain the very neat and nice formula

oo o0
3 Tim 3 Trzn

DN D e T En 1 = Ze ™/ log(2 + V). (3.6.18)

n=—oo m=—oQ
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Equate the real and imaginary parts of the above identity to obtain

cos 37rm+ 27n) o
Z Z Y @n+1)? g los(2+V3),

n=—oo m=—oo

Z Z sin (37m + 7r”):_\/gﬁlog(Q—&-\/g)-

m2+ (2n+1)2 8

n=—0o0 m=—0oQ

Next, we examine (3.6.4). Theoretically, the calculation is also straightforward if the values of these
p-functions on the right side are known. In practice, it is actually difficult to simultaneously obtain the
values of p(—¢*/?), p(—¢?) and p(—¢%). However, we can rewrite the right side in terms of cubic continued

fractions. From Ramanujan’s Lost Notebook, we have [4, p. 96, Eq. (3.3.10)]

o(—q*/?)

) 2Gta)-

In [45, Theorem 4.3], J. Yi proved that for P = ¢(q)/¢(¢%) and Q = »(¢3)/¢(q°),

Q\° 3
<P) = PQ + PO 3. (3.6.19)

Now we apply (3.6.19) with P = p(—¢*3)/0(—¢?) and Q = ¢(—4¢?)/¢(—¢°) to find that

% _ P po = £ 26(4%).

o(—q%)o(—q%)’ — o(—qb)

To evaluate /P, we only need to know the value of the relative cubic continued fraction. We give a couple
of examples here. If we set = v/2, then G(¢2) = G(e~V2™) = (=1 +/6)/2, as given in (3.3.24). It follows
that PQ = 3 — /6. Applying (3.6.19), we have

2 7\/571'

(e ) V3
=3, 3.6.20
Pl VB ) p(—=3VEm) i

which implies
2

Tl'lm TI'l"'L s _7‘-2/31 3 3 6 21
Z Z T F@enr12  ahmt B (3.6.21)

n=—0oo0 m=

If we equate the real and imaginary parts of (3.6.21), then we obtain, respectively,

> 2. cos( 7rm+7m)_7r13
Z Z 2m? + (2n 4+ 1)2 _8\/§Og’

n=—00 Mm=—00
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and

Z Zsm 2rm + 7m)_ \fw 23,
3y =

S 2m (2n+1)2 8[

When z = 1 we appeal to [4, p. 100, Eq. (3.4.5)] to find that

Lo —(1+V3)+ V63
G(@ )* 4 b

which yields

P P e B EVBEVEVE
) p(meom) T E T

Substituting this last result into (3.6.19) and simplifying, we deduce that

@(—ei’g/;@(ﬂ—)e‘ﬁ”) =3 (36:22)

Thus we obtain

L1 Tin

m— T e=mi/3 10 3. 3.6.23
Z Z Y (2n+12 8¢ 8 (3.6.23)

n=—0o0 m=—0oQ

Again, if we equate the real parts and imaginary parts of (3.6.23), then we obtain, respectively,

oo o0

cos 7rm+ 7TTL) s
Z Z + (2n+1)2 _T610g3’

n=—00 Mm=—0o0

and

> sin (27rm + 27n) NEL

Sy R
m? 4+ (2n + 1)2 16

n=—o0 m=—0oQ

3.7 Examinations of J(a,0,s,t) and explicit examples

Now we examine J(a,0, s, t) from Theorem 3.2.4 in two cases: a = 1 and a = 2. From calculation, it easily

follows that

mims ,mint Tims

S e X g T T (12w @) @
m,ne Z m##0 m=—00
(m,n)#(0,0)
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and

e‘/rims eﬂ'i’ﬂt efrims T
X GuEr@E - X
(m.n)#(0,0)

x log H <1 — 2cos <7;> gl 4 q25+2m) <1 + 2cos (g) gl 4 q2|s+2m|> . (3.7.2)

m=—0o0

Before we derive explicit examples from (3.7.1) and (3.7.2), let us recall the definition of the Weber-
Ramanujan class invariants G,, and g,, as defined in (3.1.3). The table at the end of Weber’s book [42, p.
721-726] contains the values of 105 class invariants. Without the knowledge of class field theory, Ramanujan
calculated class invariants independently for different reasons. His table of 46 class invariants in his paper
does not contain any values that are in Weber’s book. As G. N. Watson [41] remarked, “For reasons which
had commended themselves to Weber and Ramanujan independently, it is customary to determine G,, for
odd values of n; and g,, for even values of n.” With the help of the properties of x, i.e., (3.1.1), (3.1.2) and
(3.1.4), we can calculate many values of x functions using the values of class invariants in the table [42; p.

721-726][11, p. 189-204]. For instance,

X(e—ﬂ') — 21/4€_ﬂ/24G1 — 6—71'/2421/47

X(—e~2) = 9U/Ap=m/12g, _ o=7/1293/8

X(efi’m) — 21/46771'/8G9 _ 6771'/821/12(1 + \/?;)1/3’

1/3
x(—e 07y = 2V~ g — = m/491/8 (2 +V3+1/9+ 6\/§> )

X<e—7r/3) — eﬂ'/gx(e—Sﬂ') — e—n/7221/12(1 + \/§)1/3’

—27 —27
X(efﬂ'/Q) _ 637r/48X(6727r) _ 63W/481/’(€ Ix(—e™*") _ 677r/4821/16(\/§_’_ 1)1/4'

Y(—e27)
Example 3.7.1.
(-1t
— _1log?2 3.7.3
o0 m2 + n2 mlog 4, ( )
(71)m+n T
—— = — —log(4 2 7.4
( %ﬁ:(o 0) (2m)? + n? 4 og(4+3v2), (8.74)
(-1)" T 4+4+3V2
= " log ’ (3.7.5)
(m,n)z;é:(o,o) m? +(2n)? 4 2

(=1)mtn ___T o -1/3 . 2/3
(m,n)z#:(op) 3m? 4 Tn? \/ﬁl & (2 (V7= V3B +VT) ) ’ (3.7.6)
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cos (%) cos (L?)”) o
e = 3 log(2+ V3), (3.7.7)
(m,n)#(0,0)
2mm 2mn _
cos ( 2)Jfosz( ) _ %10g2 fﬁ (3.7.8)
(m.m)£(0,0) meEn 3v3
cos (2 cos (%) n
=— log 3, (3.7.9)
2 2
(o0~ 2tn 2v2
Ccos (2%) Ccos (Q’TT”) 7 243
> T (@0 5 108 =37 (3.7.10)

Note that (3.7.3) is the classical lattice evaluation [19, Eq. (9.2.4)]. By interchanging the order of m

and n and using the special values of the cosine function, we very easily see that

1)™ cos ("5~ —1)™ cos (5*
3 M _ oy EUes(®)

2 2 2
(m.m)#(0,0) R e BTN
_ ¥ cos ("5*) cos () _ 1 3 (=ymt T oga,
m?2 + n? m?2 4 n? 4
(m.m)#(0,0) (m.n)#(0,0)

Identities (3.7.3), (3.7.4), (3.7.5), (3.7.7) and (3.7.8) can be found in [6, Ex. 18] and [6, Appendix C].
However, they can only rigorously establish (3.7.3), (3.7.4), (3.7.5) and (3.7.7). The authors of [6] obtain

(3.7.8) experimentally, and moreover, they have a misprint in their evaluation. They have % log (2?[‘3/5)

instead of T log (2 f) on the right-hand side of (3.7.8). Using (3.7.1) and (3.7.2), we can derive all these

N

identities from well-known g-series evaluations.
We derive some explicit formulas from (3.7.1) first. If we set s =¢ = 1, then (3.7.1) immediately reduces

to

e,
L, Gmpa s @ o

m#O

Note that 3, o(=1)"/m* = —m?/6. When x = 1, then x(¢q) = x(e™™) = e~™/2421/4 and therefore we
have (3.7.3). Similarly, when x = 2, we have x(q) = x(e~™/?) = e~™/4821/16(\/2 4+ 1)1/, Thus we obtain
(3.7.4). We can obtain many additional formulas using the explicit values of the class invariants G,, and g,.
For instance, when 2 = v/3/1/7, we have Gr/s = 2-13(\T — /343 + T)Y/6[11, p. 341]. This completes
the evaluation of (3.7.6).

If we set s =t =1/3 and then s = 1/3, t = —1/3, we obtain

eTrim/Seﬂ'in/?) eﬂim/3e—7ri7b/3 T X2 (q) eﬂ'im/3

E ——— = E € ¢ L T X9
2 2 2. 2 8 13\ (3
(mmzoo) T mmz00 VTR 7 x(¢'?)x(¢?)

o1



Equate the real parts of each side to find that

ol (PR K
m?2 4 n2 m2 4+ n? x qt/3)x
(m,n)#(0,0) (m,n)#(0,0)

Therefore we also have

s e () s o)
2 2 - 1/3 3 2
(mmz0e TR 7X@ X)) e (am)
When x = 1, we have
x*(9) _ XP(e™™) — /1897133 _ 1)2/3,

x(@/3)x(g®)  x(e=™/3)x(e=37)

Note that =, costmm/3) — 72 /18. The last two identities lead to (3.7.7).

m2

Now we examine a more complicated case when s = ¢ = 2/3. Similar to the previous case, we find that

cos (25™) cos (352) e cos (22m)
(m,n)z;é:(QO) (xm)2 + n?2 - - 10g f(_qz/g)f(_qﬁ) + 7;?60 (xm)2 . (3711)

To calculate the theta function quotient on the right side above, we first apply (3.1.1) to obtain

P ) X P)x(=4°)
F=?B)f(=d%)  o(=*3)p(=a®)  x*(=¢*)

Consider the case x = 1. Recall that we have (3.6.22) for the @-quotient. So it remains to calculate the

X-quotient

_42/3 _ 6 _2/3 2 6
M ;1(2(_);(2() ) _ xle )zg(((_;))’(( <) _ G () x(—d*)x(—d%).

We appeal to [4, p. 39, Eq. (3.3.9)], (3.6.15) and (3.6.16) to find that

G(e™2/%) = —Ge™/)G(—e ™/3) = 2753 (V3 - )V3(\/2v3 + 3 - 1),

which yields

_,—27/3 _ ,—6m
M PO mjog-1/6(y/3 - 1)1 (2 1 VB)12. (3.7.12)
X*(—e=?m)
Notice that 3, w = —m2/9. Substituting all these results into (3.7.11) and simplifying, we

complete the proof of (3.7.8). Smililarly, when x = v/2, we first appeal to [11, p. 200] and (3.3.25) to find
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that
1

0 =1 g5 =(V2+ V8" and GV =

(V34 VB,

and therefore,

X(—e™ V23X (e V2T)
X2 (—eV2m)

_ e\/iw/QG(e—\/§w/3)x(_e—\/§w>x(_e—3\/§W) _ e—ﬁw/lS_

Substituting (3.6.20) and the result above into (3.7.11), and simplifying, we complete the proof of (3.7.9).
We conclude this section by deriving (3.7.10) from (3.7.2). If we set s =t = 2/3, then (3.7.2) reduces

to

oo (#5™) cos (%57)
2 2
oz ™+

_ T (=) x(=¢**)x(—¢°) cos (25™)
BT (f(—q2/3)f(—q6) ) ) t2
2

_ " 9*(=¢*) X(=¢**)x(=4¢°) cos (23)
T g(so(—qQ/?’)sO(—qﬁ) ( x2(—¢?) ) +m#0 7

Set = 1. Substituting (3.6.22) and (3.7.12) into the identity above, and simplifying, we obtain (3.7.10).
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Chapter 4

Integral analogues of theta functions
and (GGauss sums

4.1 Introduction

In two papers [35], [36], [37, pp. 59—67, 202-207], Ramanujan examined the properties of two integrals defined
by (1.3.1) and (1.3.2), that is,

D (t) = / cos(mtz) eiﬂﬂ)ﬁdx,
0

cosh(rz)

u(t) = / sin(mtx) e gy
0

sinh(7x)

which can be regarded as continuous integral analogues of Gauss sums from one point of view or of theta
functions from another point of view. These integrals are also briefly discussed in a two-page fragment
copied by G. N. Watson from Ramanujan’s “loose papers” and published with Ramanujan’s lost notebook
[33, pp. 221-222]. A thorough discussion of this two-page fragment can be found in the fourth book by
G. E. Andrews and B. C. Berndt on Ramanujan’s lost notebook [5].

Page 198 of [33] is an isolated page that is actually part of the original lost notebook, and its contents
are related to the two aforementioned papers by Ramanujan and the fragment on pages 221-222 of [33]. On
this page, Ramanujan records theorems, much in the spirit of those for ¢,,(t) and ,,(¢), for the function

ot = [ S0) g,
o tanh(mz)

as given in (1.3.3). The formulas claimed by Ramanujan on page 198 without proofs are difficult to read,
partly because the original page was perhaps a thin, colored piece of paper, for example, a piece of blue
airmail stationery, that was difficult for the photographers of [33] to photocopy. Since Ramanujan never
discussed the results on page 198 in any of his papers and since no one else has apparently ever discussed
them as well, it is the objective of this chapter to prove them and to also convince readers that F,(t) is a

beautiful continuous integral analogue of either theta functions or Gauss sums.
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4.2 Some theorems about ¢,(t) and ,(?)

Recall that ¢, (t) and ., (t) are defined by (1.3.1) and (1.3.2), respectively. We first note that

¢w(t) = ¢w(_t) and ww(t) = _ww(_t)' (4'2'1)

In this brief section we recall some of Ramanujan’s theorems for these two functions from [35] and [36]. More

detailed proofs can be found in [5].

Theorem 4.2.1. [37, p. 202, eq. (1)] For w > 0,

1

2 .
Puw(t) = ﬁeiﬂt /(4w)¢l/w(lt/w)' (4.2.2)
Theorem 4.2.2. [37, p. 202] We have
1
em e/ (Aw) g (4 4 ) = et/ (4w) (2 + ww(t)> : (4.2.3)

Theorem 4.2.3. [37, p. 203, eq. (/)] We have

1 N Lgmmyawy f L L
2+ww(t+z)—ﬁe 5~ Vw | T (4.2.4)

Theorem 4.2.4. [37, p. 203, eq. (5)] We have

1
Dt +1) + bu(t — i) = ﬁe—”z/(“w). (4.2.5)
Theorem 4.2.5. [37, p. 203, eq. (8)] We have
m(t+w)?/(dw) [ 1 _ n(t—w)?/(dw) [ 1
¢ 5ttt w)p=e 5t —w) (4.2.6)

Theorem 4.2.6. [37, p. 203, eq. (10)] If n is any positive integer,

n—1
Z o~ m(t+(2k+1)i)?/ (4w) (4.2.7)

Y (t) — Py (t + 2ni) = —#
k=0

Observe that Theorem 4.2.6 indicates that the function 1, (t) possesses a “quasi-period” 2i, and that

the right-hand side of (4.2.7) is an analogue of a Gauss sum.
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4.3 The claims on Page 198 in the Lost Notebook

We note immediately from the definition (1.3.3) that
Eu(t) = *Fw(*t)' (431)

Entry 4.3.1. We have
Fo(t) = —Lwe—”’"/ o) By (it ). (4.3.2)

The beautiful transformation formula (4.3.2) shows that F,(¢) is an integral analogue of theta functions.

Proof. Write

* sin(nt h war
Fult) :/ sm(zx})lcos (Wx)e_”“zdx
0 inh(7x)

_ /°° sin(mtx) Cos(mx)e_m”?dx
0

sinh(7x)
_1 / sin(t + z)7r:£ + sin(t — Z)er*m“ﬁdx
2 Jo sinh(7x)
1 . .
= 5 Wult+9) +u(t = 1)}, (4.3.3)
by (1.3.2). Recall from (4.2.4) that
1 N Lm0 L
5 + Uy (t+1) = \/Ee 5 (o " +il . (4.3.4)
Since ¥(t) is odd, we find from (4.3.4) that
! P P S L vy
5 + Yyt —17) = 5 Y (—t+1) = \/1716 5 V1w " +ilp. (4.3.5)
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Hence, from (4.3.3)—(4.3.5),

N = N =

Fy(t) {;—H/Jw(t—ki)—;-ki/fw(t—i)}

by f 1 it
<\/’LT)6 {2 wl/w w +1

et/ 1 L

e S e

Vw {2 w

= ﬁe_ﬂ—tz/(élw) (_wl/w <Z +Z) +w1/w <_Z +Z>)
) —at? /(4w it . it .

= —me 7/ (4w) <¢1/w <’U) +'L) +¢1/w (’U) — Z)>

= 7L67ﬂt2/(4w)F1/w (it/w)v
w

by (4.3.3), and this completes the proof.

Entry 4.3.2. If n is any positive integer, then

Fo(t) — Fu(t + 2n4) Z m(t4271)*/ (4w) (4.3.6)

where the prime I on the summation sign indicates that the terms with j = 0,n are to be multiplied by %

Entry 4.3.2 is an analogue of Theorem 4.2.6 and demonstrates that F,,(¢) has a quasi-period 2i.

Proof. Recall from (4.3.3) that
1
Fw(t) = 5{%;(75 + Z) + djw(t - Z)}, (437)

and so

Fo(t) — Fy(t + 2ni)

1 . . 1 ) ,
= St ) = Bt + 20+ 1D} + 5 {Pult — 1) — Yult+ (20— D).
Applying Entry 4.2.6 on the right side above, we see that

F,( w(t + 2ni)

_ . n—1
72 7 (t+(2k+2)7)? / (4w) Zzeﬂ(t+2ki)2/(4w)}
{ f - VUi

72 —m(t+241) /(4w).
e

l\D\’—‘
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This concludes the proof.

Entry 4.3.3. If n is a positive integer, then
n !/
Fw(t) _ eﬂn(t+nqu)Fw(t + 2nw) _ _e—n—tz/(4w)z err(t+2ju;)2/(4w)’ (438)
j=0

where the prime on the summation sign has the same meaning as in Entry 4.3.2.

Observe that Entry 4.3.3 indicates that 2w is a quasi-period for Fy,(t). The functions ¢, (t) and ), (t)

also possess the same quasi-period.

Proof. Replacing t by ¢ + ¢ and ¢t — ¢ in Theorem 4.2.5, we deduce, respectively, that
eﬂ'(t+i+w)2/4w,¢)w(t 4+ w) + 67T(t+i7w)2/4w”(/)w(t +i— U)) _ %(e‘n(t+i+w)2/4w . e7r(t+i7w)2/4w), (439)
and

67T(t7i+w)2/4w'l/)w(t — i+ w) + efr(tfifw)z/élwww(t - w) _ %(eﬂ(t7i+w)2/4w _ ew(tfifw)2/4w). (4310)

Now observe that edmi(t+w)/4w — gdmit—w)/4w We multiply e™(*=i+©)*/4w i its two appearances in (4.3.10)

by edmilttw)/4v and we multiply e™t=i=%)*/4v iy its two appearances in (4.3.10) by ei™i(t=w)/4w  Thyg,

(4.3.10) can be recast in the form
67T(t+i+w)2/4www(t — i+ w) + eﬂ—(t+i7w)2/4w’l/)w(t — G- ,w) _ %(eﬂ(t+i+w)2/4w _ ew(t+i7w)2/4w). (4311)
Using (4.3.7) and (4.3.11), we find that

er W [0 B (4 4 ) 4 er (i) () )
1 » :
= AT R (¢ i w) T (i)
em g, () 4 T Ay ()
1

2(67r(t+z'+w)2/4w . 67r(t+i—w)2/4w). (4.3.12)

We now apply (4.3.12) with ¢ successively replaced by ¢ +w, t + 3w, ..., t + (2n — 1)w to deduce the n
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equations

ew(t+i+2w)2/(4w)Fw (t + 2w) + ew(t+i)2/(4w)Fw (t)

}(ew(t+i+zw)2/(4w) _ el (4w))
2 )

e7r(t+i+4w)2/(4w)Fw(t + 4’11}) + e7r(t+i+2w)2/(4w)Fw(t + 2w)

= Lertirany?/w) _ r(erivaw?(aw))
2 ?

(t+z+2nw) /4w (t—|—27’L’LU) + e 7 (t+i+(2n—2)w)? /(4w) (t—l— (2n_ 2)w)

_ }(ew(t+i+2nw)2/(4w) _ em(titn—2yu)?/(dw))
2

Alternately adding and subtracting the identities above, we conclude that

n !
ew(t+z‘)2/(4w)Fw(t) + (—1)n+16ﬂ'(t+i+2nw)2/(4w)Fw(t + 2nw) = Z (71)%16”(””2@)2/(4@7
j=0
that is to say,
Fw(t) B ewn(t+nw)Fw(t + 2nw) et /(4w)Z m(t+2jw)? 4w)

which completes our proof.

Entry 4.3.4. Let s = t + 2myymw + 2mani, where n? = n2 = 1, and where m and n are positive integers.

Then
1 2 - j 2
Fo(s) + (=1)m—lem2™mmEH B () = e /(47”)2 em(s=2imw)”/ (4w)
§=0
. 1 m !
L Samm(s+t) —m (t4+2n254)° / (4w)
—&—772(—1)7”“76 ymmim(s+ e , (4.3.13)
7 2.

where the prime on the summation signs has the same meaning as in the two previous entries.

Proof. If we examine the proof of Entry 4.3.3, we see that we can similarly obtain an expression for
Fu(t) — e-™E=rw) B (+ — 2nw), but with the right-hand side multiplied by —1 and the exponents j in
the summands being replaced by —j. Thus, we shall apply Entry 4.3.3 and its just described analogue with

n replaced by m and ¢ replaced by t + 2nyni. Note that the right-hand side will be multiplied by 7;, and so
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we obtain

F,(t+ Qngni)—e”"lm(t+2n2ni+"1mw)Fw (t 4 2n9ni + 2nymw)

m /!

_ 771677r(t+2772ni)2/(4w) Z e7r(t+2172ni+27]1jw)2/(4w) )

Jj=0

Using the definition of s, we can reformulate the foregoing equality as

Fy(t + 2mani) — e™mms—mmw) (s

m !
= — nlefﬂ(sf2n1mw)2/(4w)z e (s—=2mmuw+2n1 jw)? / (4w)
7=0

m /!

1e—w(s—2mmw)2/(4w)z e (s=2mjw)?/(4w)

Jj=0

=—-1n

If we examine the proof of Entry 4.3.2 with n replaced by —n, we see that the identity still holds except
that the right-hand side must now be multiplied by —1. Since in the present notation n > 0, then if we

apply Entry 4.3.2 to F,,(t + 2noni) above, we must multiply the right-hand side by 72. Hence,

Fw (t) _ eﬂnlm(sfﬂlmw)Fw (s)

m ! .on /!

w(s—zmmw>2/(4w>z o (s=2m1jm)* /(4w) QLZ o~ (t42n25i)? / (4w)

Jj=0

= — 7716_

Upon multiplying both sides above by e~™n"(s=mmw) and simplifying, we find that

m !
Fw(s) + (71)mn716—%ﬂ7]1m(s+t)Fw(t) _ 77]1677TS2/(41U)Z 677(5723'77110)2/(471;)
§=0
. 1 n !
+n2(_1)anef§wmm(s+t)Z e7r(t+2n2ji)2/(4w)7

Vo 2

where we used the fact that

1
(_1)mnef§7rn1m(s+t) _ e*ﬂ’!h’ﬁ’b(S*’l’hTﬂw).

This completes our proof.
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4.4 Examples

If we set s =t in Entry 4.3.4, it follows that w = —(n2ni)/(n1m). If we further suppose that both m and n

are odd, then (4.3.13) reduces to the identity

m /!

. n !
(1 + 677rn1mt)Fw(t) _ nlefﬂt2/4wz eﬂ'(t72j7]1w)2/(4w) o nziefwnlmtz 677r(t+27]2j7,')2/(4w).
J=0 \/E J=0

In the identity above, first let ; = 1,72 = —1 and multiply both sides by e™¢. Secondly, let n; = —1,75 = 1

and multiply both sides by e~™¢. Replace t by 2¢/7 in each identity. We then respectively obtain the two

identities
°° sin(2t mna?
QCosh(mt)/ Me‘ mtdx (4.4.1)
o tanh(mz)
_ lemt +e(mf2)t+’;—:i +e(m74)t+%i N lefmtJrTrmni
m lefmtJr(';thr%)i+e(%—1)mt+[(%—1)%+%}i_|_“_+lemt—&-[(%—nz)%—&-%]i
n |2 2
and

°° sin(2t mna?
QCosh(mt)/ Me_Tzdx (4.4.2)
o tanh(mwz)
1 oy .y 1 ,
_ _iefmt _ 6(27m)t+71 _ 6(47m)t+471 4o 7€mt+ﬂ'mnz
_ \/ﬁ{lemt+("ﬁ+l)i+e(1—i)mt+[(fz—1)’22"+l]i - 1€—mt+[(;22—n2)2’”+2]i}.
n |2 2

Next add (4.4.1) and (4.4.2), divide both sides by 2, and equate the real and imaginary parts on both sides

to obtain the two identities

> sin(2t 2
2cosh(mt)/ sin(2tz) cos 7% gy
0

tanh(mx) m

1 4
=3 sinh{mt} + sinh{(m — 2)t} cos ™5 sinh{(m — 4)t} cos -
m m

1
N 3 sinh{—mt} cos(mmn)

[m (1 t2 2 2
+ 7:{2 sinh{—mt} cos (ﬂ;n + Z) + sinh { (n - 1) mt} cos ( <7r2 — 1> % + Z)

oot %sinh{mt}cos ( (f; - n2) mm D} (4.4.3)

n
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and

[e'e] . 2
— 2 cosh(mt) / sin(24z) sin 2 gz
o tanh(mz) m

4 1
= sinh{(m — 2)t}sin % + sinh{(m — 4)t} sin % +tot g sinh{—mt} sin(rmn)

m( 1 . (mt? 7w . 2 . t? ™
+ \/; ismh{—mt}sm (m + 4) —|—smh{(n - 1) mt} sin ( (71-2 - 1) —t 4)

1 t2
4+ 4 3 sinh{mt} sin ( <7r2 - n2) ? + Z) } (4.4.4)

Using (4.4.3) and (4.4.4), we can evaluate several definite integrals. For example, if we set m =n =1 in

(4.4.3) and (4.4.4), we find that, respectively,

°° sin(2tx) 9 sinh ¢ 2 7
SoeR) do — 1— o4t
/0 tanh(7z) cos(ma”)da 2cosht “os\7t1))

and

 sin(2 inh 2
/ sin(2tr) sin(rx?)dz = sinh f in (t + ﬂ) .
0 ™

tanh(7x) 2cosht 4

These evaluations can be found in [28, p. 542, formulas 3.991, nos. 1, 2], respectively. No further cases of

(4.4.3) and (4.4.4) can be found in [28].

4.5 One further integral

There is one further integral, namely,

[ sin(Ttx) .2
Gult) '_/0 coth(mv)e dz,

which can be placed in the theory of ¢, (t), ¥, (t), and Fy,(t). First,

[ sin(ntx)sinh(7z) 00
Gult) 7/0 cosh(rmz) ¢ de

0o L
_ —i/ sin(wtx) sm(ma:)e_ﬂwxzdx
0 cosh(mx)
i /OO cos{ma(t +1i)} —cos{mz(t — i)} __ .2
— e dz
2 Jo cosh(mz)

= 5{0u(t +1) = du(t —9)}, (4.5.1)
by (1.3.1). The formula (4.5.1) should be compared with (4.2.5).
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The next result shows that the theory of G,,(t) can be recast in the theory of vy, (t).

Theorem 4.5.1. If w' :=1/w, then

i 2 _
Go(t) = T /@0y (—itw').

Proof. Using, in order, (4.5.1), Theorem 4.2.1, (4.2.1), Theorem 4.2.2, and (4.2.1), we find that

Gult) = ——emm ) (Z’t 1) _ #e—m—i)?/uw)@/w (“ N 1)
w

w w w w

2v/w
i —r(t?— w —4T w it 1 T w it 1
— g {e Vg, <_w n w) _eimtfw g, <w N w)}

i —n(t2-1)/(4w —7 /(4w 1 it —7 /(4w 1 it
- 5o (t2-1)/( >{e /( )<2+¢1/w(w>)6 /( ><2+¢1/w u

¢ —7t? w . .
=g (W (—itw) — s i)
= e Wy (—itw),

w

which completes the proof.
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