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Abstract

In this thesis we develop inferential methods for time series models with weakly dependent errors in the
following three aspects. The first aspect concerns the issue of the size-distortion in the presence of strong
temporal dependence, which is well-known in the literature. There are recently proposed bandwidth-free
methods, which generally reduces the size-distortion compared to the traditional method. However, these
methods still suffer from severe size distortion when the temporal dependence in the error process is
strong. We propose to use the prewhitening to handle the strong temporal dependence so that the size
distortion is greatly reduced in the presence of strong temporal dependence in the error. This work is
presented as Chapter 2, in the context of time series regression with dynamic regressors and stationary
and weakly dependent errors. The second and third aspects are motivated by the recent surge of awareness
that the stationarity assumption for the error is often too restrictive for real data. Some macroeconomic
series are often observed to have heteroscedastic behavior. In Chapter 3, we introduce short-memory
nonstationary error framework that can accommodate a wide range of nonstationary linear processes or
modulated stationary processes in the context of trend assessment setting. We propose a method that can
handle both heteroscedastic behavior and the temporal dependence in the error process. In Chapter 4,
we further introduce a piecewise locally stationary framework for the error process that can cover a wide
range of linear and nonlinear processes that are short-memory nonstationary in the unit root setting. A

bootstrap-based method is proposed and its consistency is proved.
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Chapter 1

Introduction

In this thesis we consider inference for regression models in time series analysis. In time series literature,
error processes of regression models are often assumed to be stationary and weakly dependent. The
limiting distribution of the ordinary least squares (OLS) estimators under stationary error assumption
follows normal distribution, but the temporal dependence in the error makes the asymptotic variance
more complicated than the case with independent and identically distributed (iid) errors. We call this
asymptotic variance the long-run variance, because it contains autocovariances of the error process with
lags up to infinity, whereas in the iid case the asymptotic variance contains marginal variances only.

In the traditional inference approach, the heteroscedasticity and autocorrelation consistent (HAC) esti-
mation is often involved to consistently estimate the asymptotic covariance matrix of regression parameter
estimator, which is basically the kernel-based nonparametric estimator. Since the bandwidth parameter in
the HAC estimation is difficult to choose in practice, there has been a recent surge of interest in developing
bandwidth-free inference methods. There are two such new approaches. One is the KVB method Kiefer
et al. (2000) and the other is the self-normalized (SN) method (Lobato, 2001; Shao, 2010b). To avoid
the choice of the bandwidth parameters, the KVB and SN methods inconsistently estimate the long-run
variance. The limiting distribution is nonstandard but pivotal, and in their simulations, the finite sample
coverages or sizes are observed to be closer to the nominal level compared to the HAC method. However,
existing simulation studies show that these new methods still suffer from severe size distortion in the
presence of strong temporal dependence for a medium sample size. To remedy the problem, in Chapter
2! we propose to apply the prewhitening to the inconsistent long-run variance estimator in these meth-
ods to reduce the size distortion in the testing problem of regression parameters in time series regression

models with dynamic regressors and stationary errors. The asymptotic distribution of the prewhitened

IReprinted from Journal of Statistical Planning and Inference, Vol 143, Yeonwoo Rho and Xiaofeng Shao, “Improving the
bandwidth-free inference methods by prewhitening,” Pages 1912-1922, Copyright (2013), with permission from Elsevier.



Wald statistic is obtained and the general effectiveness of prewhitening is shown through simulations.

However, stationary assumption for the error process is often too ideal for the real data. For example,
it has been recently pointed out that some macroeconomic series may exhibit short-memory nonstationary
behavior such as nonconstant (unconditional) variances. Motivated by the need to assess the significance of
the trend in some macroeconomic series, in Chapter 32, we consider inference of parameters in parametric
trend functions when the errors exhibit certain degrees of nonstationarity with changing unconditional
variances. We adopt the SN approach to avoid the difficulty involved in the estimation of the asymptotic
variance of the ordinary least squares estimator. The limiting distribution of the SN quantity is non-
pivotal due to the nonstationarity, unlike the usual SN method in stationary setting. However, the self-
normalization does remove the part due to the temporal dependence in the limiting distribution so that the
limiting distribution can be consistently approximated by using the wild bootstrap. Numerical simulation
demonstrates favorable coverage properties of the proposed coupled method of the SN and wild bootstrap
in comparison with alternative ones. The U.S. nominal wages series is analyzed to illustrate the finite
sample performance.

Chapter 43 further generalizes the nonstationary framework in Chapter 3 in the context of unit root
testing. Unit root testing is a well-studied topic in Econometrics and Statistics. In most of the existing
works for unit root testing, the errors are assumed to be stationary. However, there has been a recent
surge of awareness that the stationary error assumption is too restrictive for real data, and new unit root
tests are needed to deal with nonstationary errors. Existing studies often assume similar error processes
as we used in Chapter 3, but these type of error process is still somewhat restrictive in the sense that, for
example, it basically only allows for heteroscedastic behavior in the error variance. In Chapter 4, we adopt
the piecewise locally stationary process as our error process, which allows for both smooth and abrupt
changes in second or higher order properties and accommodates the unconditional heteroscedasticity and
weak dependence. This kind of process covers a wide range of linear and nonlinear time series that are
short-memory nonstationary. Under this new framework, we derive the limiting null distributions of the
conventional unit root test statistics, which contain a number of unknown parameters that are difficult
to estimate. To facilitate the inference, we propose to use the dependent wild bootstrap to approximate

the non-pivotal limiting null distributions, and the bootstrap consistency is theoretically justified under

2 Accepted subject to minor changes for publication in Journal of Business and Economic Statistics.
3Submitted for publication in Econometric Theory.



both the null and alternative. Through finite sample simulations, we demonstrate the size accuracy of our

procedure as compared to the block bootstrap-based counterpart.



Chapter 2

Improving the bandwidth-free
inference methods by prewhitening

2.1 Introduction

Inference for a parameter in a stationary time series or a time series regression model is a well-studied
problem in econometrics and statistics. The traditional approach typically requires consistent estimation of
the asymptotic covariance matrix using the so-called HAC (heteroskedasticity autocorrelation consistent)
estimator. The HAC estimator involves a choice of the bandwidth or truncation lag which is a smoothing
parameter that balances bias and variance in estimation or size distortion and power loss in testing. See
Andrews (1991) and Newey and West (1987) for important early developments. Lately, there has been
some new developments on inference without using a bandwidth parameter. Kiefer et al. (2000) (KVB,
hereafter) can be considered to be the first one to propose an inconsistent estimator of the asymptotic
covariance matrix for the ordinary least squares (OLS) estimator in dynamic linear regression models.
The limiting distribution of their Wald statistic is nonstandard but pivotal and the critical values can be
obtained by simulations. In a similar spirit, Lobato (2001) developed a new bandwidth-free method to test
the nullity of the first k-lag autocorrelations for a weakly dependent stationary time series. Shao (2010b)
further generalized Lobato’s method to allow approximately linear statistic that has a non-differentiable
influence function in the context of confidence interval construction, and called it the “self-normalized”
(SN, hereafter) approach. The above-mentioned approaches share a common feature: to circumvent the
problem of choosing bandwidth parameters in the consistent covariance matrix estimation, inconsistent
estimators of asymptotic covariance matrix are used and the resulting test statistics have non-standard
but pivotal limiting distributions.

In finite samples the HAC-based tests can exhibit a large size distortion especially in the presence of

strong dependence; see Andrews (1991). This is mainly due to the difficulty involved with the spectral



density estimation. In the stationary time series setting, the long-run variance corresponds to the spectral
density at zero frequency up to a multiplicative constant. The HAC-based tests take advantage of this fact
and utilize the usual lag-window type spectral density estimators to consistently estimate the long-run
variance. If the data is close to the white noise, spectral density is flat so that the smoothing strategy
easily gives unbiased estimations. The difficulty rises when the temporal dependence is strong. The
spectral density becomes spiky, and the estimation using the smoothing technique, which is basically taking
averages on local neighborhoods, would yield heavily biased estimation. Prewhitening, or prefiltering, is
originally developed in the literature of spectral density estimation. Prewhitening helps reduce the bias
in the estimation by first flattening spectral density with a linear filter; the flattened density can now
be estimated with less bias, and transforming it back completes the estimation. See Priestley (1981) for
more details. Andrews and Monahan (1992) applied prewhitening to the HAC estimator using the vector
autoregression (VAR) filter to help reduce the bias, and in their Monte Carlo experiment, the bias and
size distortion become much less severe especially in the strongly dependent case.

The bandwidth-free approaches by KVB, Lobato, and Shao also aim to improve the size distortion
of the traditional HAC-based approach, but as shown in their simulation studies the size distortion is
still apparent when temporal dependence is strong for a given small/medium sample size. In this chapter
we consider the hypothesis testing problem in the time series regression setting. Our main goal is to
investigate if we can improve the size of the recently developed bandwidth-free inference approaches by
employing prewhitening. It is worth noting that the prewhitening method has been implemented in the
simulations of Kiefer and Vogelsang (2005) for the studentized mean under the fixed-b asymptotics, but no
rigorous theory seems provided. As Kiefer et al. (2000) and Shao (2010b) developed their methods under
different frameworks, we first extend the SN method to the regression setting to make them comparable.
We further demonstrate that the KVB and SN approaches are analytically different in finite samples and
apply the idea of prewhitening to both KVB’s and SN methods and prove their theoretical validity.

The rest of this chapter is organized as follows. Section 2.2 introduces the KVB method and its
prewhitened version with a theoretical justification. In Section 2.3 we extend the SN method to the
regression setting and make an analytical comparison with the KVB method. The prewhitened SN method
is also presented in Section 2.3. The finite sample size and power results are presented in Section 2.4.

Section 2.5 concludes and figures and tables are in Section 2.6. Technical details are gathered in Appendix



Throughout the chapter, we use “—,” for convergence in probability, “—p” for convergence in
distribution, and “=" for weak convergence in DI0, 1], the space of functions on [0,1] which are right
continuous and have left limits, endowed with the Skorokhod topology (Billingsley, 1968). The symbols
O,(1) and 0,(1) signify being bounded in probability and convergence to zero in probability, respectively.
If O,(1) and 0,(1) are used for matrices, they mean elementwise boundedness and convergence to zero in
probability. We use |a] to denote the integer part of a € R and By/(+) to denote a k-dimensional vector of

independent Brownian motions.

2.2 Prewhitening of the KVB method

In this section we present the KVB approach and its prewhitened version. Following Kiefer et al. (2000)

we consider the regression model
yt:X£6+ut7 t:1727"'7Ta (21)

where (8 is a k x 1 vector of regression parameters, X; is a k x 1 vector of stationary regressors, and u;
is a stationary error that satisfies F(u;|X;) = 0. Define v; = X;u; and let Q = Z;‘;_Oo E(vtvgﬂ-) be the
long-run variance of v;. Note that v; is stationary so that €2 does not depend on t. Let ¥ be the lower
triangular matrix from the Cholesky decomposition of €2, that is, ¥W¥’ = Q. Throughout the chapter, we
consider testing the null hypothesis

HO : RB = a, (22)

where R is an m X k matrix, a is an m x 1 vector, and the number of hypotheses is m. We assume m < k
and rank(R) = m. The extension of our prewhitening idea to nonlinear models with nonlinear hypotheses
can be done following the development in Bunzel et al. (2001), but we shall not pursue this generality here
for the sake of simplicity.

Consider the OLS estimator ET of 8. To obtain the limiting distribution of 7/ 2(BT —B), we introduce

the following two assumptions from Kiefer et al. (2000).

K1. T-/2 3 X, = WB(r) for all 7 € (0,1].



K2. 71 Z};le X X[ —, rQ for all r € (0,1] and Q™ exists.

These two conditions hold when {(X},u;)} is a stationary vector time series satisfying suitable weak de-
pendence and moment conditions. For example, Assumption K1 is satisfied if {X;u;} is weakly stationary,
strong mixing with mixing coeflicients decaying at certain rates, and has finite moments of order greater
than two; see Assumption 2.1 of Phillips (1987a). Assumption K2 holds by an application of law of large
numbers for stationary and weakly dependent sequences; see White (1984). Under K1 and K2, as shown

in Kiefer et al. (2000), we have
TY2(Br — B) —p Q 1UB(1) ~ N(0,V), (2.3)

where V = Q7'QQ ! = Q- '¥U'Q~!. Denote
1 —1
Uy, = Bm(l)’[/ (B (r) — 7B (1)) (B (r) — er(l))/dr} By (1)
0
for any m € N. Kiefer et al. (2000) proposed the following Wald-type test statistic

-1

GEVE = T(RBr — a)’ (RBr — a)

T
~ (1 N N N\~
R{QTl <T2 ZStKVBStKVB )QTl}RI

t=1

where é)\;l = (7 Z;‘-le XjXé)_l, SKVB — Z;:1 X;u; fort=1,---,T,and U; = y; — X]’-BAT are the OLS
residuals. Under the null hypothesis, they showed that G¥ VB s p Upn,.

While the traditional approach estimates 2 = Z;’ifoo E (v _ j) consistently using the HAC estimator,
the KVB method estimates 2 by its inconsistent sample counterpart Q=72 Zthl §tKVB§tKVB/7 which
corresponds to the usual HAC estimator with bandwidth equal to sample size and the Bartlett kernel
(Kiefer and Vogelsang, 2002). As seen from the simulation results in Kiefer et al. (2000), the size distortion
is still large when the dependence of v; is strong for a medium sample size. To alleviate the problem, we

propose to estimate 2 by a prewhitened version of Q. Following Andrews and Monahan (1992), we fit a

VAR(p) model to vy = X;u; with a fixed p

p
B=> AB+@, t=p+1,---,T, (24)
=1



and calculate the fitted residuals
p o~
At:i}\t_z li]\t—l; t:p+177T
=1

Here we do not require the underlying true model for v; or v; to be VAR(p). The parametric VAR(p)
model is expected to capture the second order dependence in 9; and the autocorrelations for the residuals
€; are expected to be weaker than those in ¢;. Here the use of VAR(p) prewhitening filter is out of techni-
cal/practical convenience. In practice, a suitable parametric model that captures the main autocorrelation
feature in {9:} can be used and some model selection procedures can be adopted to achieve a balance of
goodness-of-fit and model parsimony.

Define

T
PPN 1 ~ IO
VT{,(J‘D/VE = QTlDz’ ((T_p)Q Z StKVBStKVB >D;QT17
t=p+1
where SKVB — Zz':erl/E\j fort=p+1,---,T, and ﬁp =Te=Y7, A))~1. Here Iy, is the k x k identity
matrix. To show the theoretical validity of the prewhitened KVB method, we need the following two

assumptions in addition to K1 and K2.
PWI1. ﬁl — A; = 0p(1) for some A; € RF¥* foralll=1,---,p.
PW2. I, — >°7_, A; is non-singular.

Note that if we replace PW1 with a stronger assumption \/T(gl — A;) = 0,(1), then PW1 and PW2
are the same as Assumption D (i) and (ii) in Andrews and Monahan (1992). In general, the assumptions
PW1 and PW2 are not primitive. In the appendix, we present an example that demonstrates PW1 and
PW2 indeed hold provided that the OLS estimate is used in (2.4) and some other mild assumptions are
satisfied. Note that PW1 can easily be satisfied if MLE or Yule-Walker estimates are used for ﬁl as shown

in Taniguchi and Kakizawa (2000) and Liitkepohl (2005), although we need a separate proof.

THEOREM 2.2.1. If assumptions K1, K2, PW1, and PW2 are satisfied, then under the null hypothesis
(2.2), GEYE = T(RBr — o) (RVEEER) " (RBr — a) —p Un.

Thus the prewhitened Wald statistic admits the same limiting null distribution as its unprewhitened

counterpart, which is consistent with the results in Andrews and Monahan (1992). In the latter paper,

8



the bias reduction property of the prewhitened (consistent) long-run variance estimator has been shown
to be effective in reducing the size distortion associated with the unprewhitened counterpart. Here our
long-run variance estimators before or after prewhitening are both inconsistent, so it would be interesting

to see if prewhitening still works for the KVB method.

2.3 Extension of the SN method to the regression model and
its prewhitened version

As seen from Kiefer et al. (2000) and Shao (2010b), the KVB method and the SN method seem very
similar. They both use inconsistent estimates of asymptotic variance matrix without using a bandwidth
parameter and they have the same asymptotic distribution that only depends on the number of hypotheses
for a testing problem. However, since the SN method is formulated in the setting of univariate stationary
time series and the KVB method for regression models, it is unclear if the two methods deliver the same
finite sample performance. In this section we extend the SN method to the regression setting, compare
the KVB and SN methods, and investigate the prewhitening of the SN method.

We consider the same regression model (2.1) and the null hypothesis (2.2) as in Section 2.2. Let 0; be
the OLS estimate of § = 8 based on the first ¢ + k — 1 observations, {(y1, X{), -, (Yr+r—1, X[ 1)} for
t=1,---,N. These é\t’s are the same as Bt+k_1’s in Section 2.2. Let N =T — k + 1. Define the SN-based
Wald statistic as

GSN = N(Ry — o) (RWyR')" Ry — a),

where Wy = N2 Zivzl t2(§t - oAN)((Z - é\N)’. Define §£9N = t(é\t - 51\/) and Q; ' = (4 Z;Zl Xij’-)f1 for

t > k. We rewrite the partial sum process gtKVB from the KVB method as
t t R t t ~
SV =, = 3 i) = 3 ()
Jj=1 Jj=1 Jj=1 Jj=1
and S5V from the SN method as

t+k—1 -1 ,t+k—1 n
as Y ) ) A-1 QKVB
SN — 10, —t0y = t( ; XjX]’-> < > ijj> By = 7 Qe SEE (2.5)

j=1



fort=1,---,N. Since K2 implies

|rN|+k—1

T 1 1

E X;X; —p -rQ=Q forallr e (0,1]
r

=1

QUrNj+k-1 = m?

and K1 implies
T128KNP ) = U(BW(r) — rBy(1),

we have

SN _ N—1/2 |V ] A KVB

N_1/2SLTNJ  T-Y2 |rN|+k— le’“leJrkflT_l/QSLrNjJrkfl = Q7 'U(By(r) — rBi(1)).

The following theorem presents the limiting null distribution of the SN-based Wald statistic, which is a

direct consequence of the continuous mapping theorem.
THEOREM 2.3.1. Assume K1 and K2. Under the null hypothesis (2.2), we have G —p Up,.

REMARK 2.3.1. Therefore the KVB and the SN methods are asymptotically equivalent at the first order.
From our discussion preceding Theorem 2.3.1, we can see that the two Wald statistics (i.e. KVB versus
SN) differ in their forms, which leads to different finite sample performance. We can rewrite KVB’s and

SN statistics without prewhitening as

-1

T
-~ 1 N_1A -~ ro~_ ~
(KVB) T(ROy —a) R<T2 > QptSKVESEVE QT1>R’ (ROy — a)
t=1
and .
. _
~ 1 ~ o~ ~ ,~ ~
(SN) N(ROy —a)’ R<N2 > aiQy ' SKVESEVE Q;1> R'| (ROy —a),
t=k

where oy = (t—k+1)/tfort = k,--- ,T. The main difference between the SN method and the KVB method
is that in the SN method the recursive estimate @t is used in place of @T in the KVB formulation. In
other words, the KVB method applies recursive estimation not to the asymptotic variance V = Q~'QQ !
itself but only to the ‘meat’ part 2 of the sandwich expression. Simulation results in Section 2.4 show
that the SN method delivers much less size distortion in finite samples. It is not fully clear why the

SN method performs better, but it suggests that recursive estimate @t helps with the finite sample size.

10



Similar observations were made in Lee (2006), who proposed an SN-type test statistic in the M-estimation

context.

To apply the prewhitening to the SN-based Wald statistic, we note that the SN method introduced
above implicitly employs the setting of strictly stationary time series in Shao (2010b). Let Z; = {(y, X{), - -
(yt+k,1,Xt'+k_1)}’, F} be the marginal distribution function of Z;, and 8 = H(F) € R* where H is a
functional that corresponds to OLS estimation. Let 9At = BHk,l be the OLS estimator using the first
t+k — 1 observations {(y1,X1), -, (Ys+r—1, X{ ,_1)} as before. As in Shao (2010b), suppose we can do

the following expansion around the true coefficient 6 = j3,

F(Zy; Fy) + Ry, (2.6)

||
HMZ

where IF(z; Fy;) is the influence function of the functional H and Ry is the remainder term. The asymp-
totic variance V' in (2.3) is the long-run variance of IF(Z;; F}), which may involve unknown nuisance
parameters. Prewhitening can be applied to an estimate of the influence function, denoted as IF (Zy; Fy).

To motivate our estimate, we note that
b, =0+ ZIF SFy)+ R, and 6,4 _9+—ZIF 5 Fy) + R,
which imply that
IF, = IF(Z;; Fy) = t0y — (t — 1)6_1 — 0+ (t — 1)Ry_1 — tRy.

In general, we expect the remainder term (¢t — 1) R;—1 — tR; to be negligible, so the influence function can
be naturally estimated by
I/}\‘—‘t = I/}\’—‘(Zt,Fk,) = té\t - (t - 1)@_1 - é\N

Then we have Z;zl ﬁ'j = t(@ - tz)\N), which coincides with S5V in (2.5), suggesting that our choice of
the estimated influence function is consistent with the self-normalizer used in the SN method. It is worth

noting that there exist other choices of I/Z\T(Zt; Fy). For example, one may use

TF(Zy; Fr) = (N = 1)(0y — 0_y),



where §_t is the estimate based on the leave-one-out subsample (71, ,Z;_1, Zi41,- -+, Zn). It can be
motivated from the expression 0_, = 6 + ] >z 1F(Zj; Fy) + Ry and (2.6). However, this Jackknife-
based estimator did not work well in our simulation, so we shall not pursue further investigation along

this line.

Next we consider the prewhitening of the SN-based Wald statistic based on IF,. Again we fit a VAR(p)

model to {IF;} and get the fitted residuals

p
/E\t:IFt_ZAZIthla t=p+1,---,T.
=1

Here IF + may not be from a VAR(p) model. The choice of p can be based on an inspection of partial
autocorrelation function or a particular model selection algorithm like AIC. We can also choose p by testing
for zero coefficients or doing GLR tests for nested models as recommended in Liitkepohl (2005).

Define
N 1 Noo o\ -~
VSN —D § SS’NsSN D/,
N,PW P((N_p) ) t t p

where SSN = Z§:p+1€j fort=p+1,---,T, and ZA)p ==X, A)~L. The prewhitened SN-based

Wald test statistic is then
TN = N(ROy — a) (RVEYwR) " (ROy — a).

To establish its asymptotic distribution, we further assume

S1. N~Y2|rN| (§LTNJ —0) = ABy(r) for r € (0,1], where A is the lower triangular matrix from the

Cholesky decomposition of V' in (2.3).

REMARK 2.3.2. Assumption S1 follows from the functional central limit theorem for I F(Z;; F}), which
holds under suitable moment and mixing conditions on Z;, and the uniform negligibility of the remainder
terms {R;}Y ;. In the regression setting (2.1), if the OLS estimator is used, then K1 and K2 imply S1.
Specifically, since a]rNJ = (Ztﬁ” XtX{)’l(ZtL:fJ Xiut) + 6, we have that

N7Y2[rN|(O,n5) — 0) = QUBk(r)
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under Assumptions K1 and K2, i.e., S1 holds in view of the fact that V = Q7 10W'Q~1 = AA/.

THEOREM 2.3.2. Suppose {(yt, X})} is stationary. If assumptions S1, PW1, and PW2 are satisfied, then,

under the null hypothesis (2.2), T;\qf’]\{pw —p Un.

REMARK 2.3.3. Existence of El’s and A;’s that satisfy PW1 and PW2 can be shown following the argument
for the KVB approach in the appendix. PW1 holds with the same choices of A and A as provided in the
appendix by replacing v; with IF + and v; with I'F;. To derive the local asymptotic power, we can follow
exactly the same argument as in Kiefer et al. (2000). Since the limiting distributions (under the null and
alternative) are all the same for the KVB and SN methods as well as their prewhitened versions, there is

no difference in the asymptotic local power for the four methods. The details are omitted.

REMARK 2.3.4. In general, Lobato’s, KVB’s, and the SN methods yield slightly different test statistics,
but for the inference of the mean of a stationary time series, the three methods coincide and so do their
prewhitening versions. Note that testing the mean of a stationary time series can be recast as a special case
of the testing problem in the regression models. If we let X; in the regression model (2.1) be a constant
1,,, where m is the dimension of the time series, R = 1,,, and a = pug, where g is the hypothesized
mean under the null for the hypothesis (2.2), testing the regression parameter becomes the testing mean

problem. In this case, all three methods result in the following test statistic
n(yn - UO)/V;L_l(Yn - MO) —p Upn,

where n is the sample size, X,, denotes the sample mean, V,, =n=2> |, 5,5/, and S, = Z;Zl(Xj - X,).

2.4 Finite Sample Performance

In this section we compare finite sample size and power of the KVB and SN-based Wald test in the
regression setting. We also compare both tests with and without prewhitening to see if prewhitening
can help to reduce the size distortion. Following the simulation design in Kiefer et al. (2000), we repli-
cate the 6 data-generating processes in their paper. We consider the regression model (2.1) with k = 5,
one constant regressor and four stochastic regressors. The four stochastic regressors and the errors are

drawn independently from AR(1) homoskedastic processes (AR(1)-HOMO), AR(1) heteroskedastic pro-
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cesses (AR(1)-HET1 and AR(1)-HET2), MA(1) homoskedastic processes (MA(1)-HOMO), and MA(1)
heteroskedastic processes (MA(1)-HET1 and MA(1)-HET?2). Then the regressors are transformed so that
X'X = TI5. For details about this transformation, we refer to Andrews and Monahan (1992). Specifically,
errors and four stochastic regressors are drawn from n; = pn;_1 + e; where e; ~ N (0,1 — p?) for AR(1)
models. MA(1) models use n; = e; + 0e;—1 with ¢, ~ N(0,(1 + 62)~'). HET1 and HET2 models are
constructed with the same AR(1) or MA(1) process with e;’s replaced by |X;2|e; and |% Z?:z Xy ile,
respectively, where X, ; denotes the ith regressor at time ¢. For AR(1) models, we use p=-0.95,-0.9,-0.7,-
0.5,-0.3,0,0.3,0.5,0.7,0.9,0.95 and for MA(1) models, §=-0.99,-0.7,-0.5,-0.3,0,0.3,0.5,0.7,0.99. Our results
are based on 5,000 replications, sample size T' = 128, and nominal level is set to be 0.05. Table II in Kiefer

et al. (2000) is used for asymptotic critical values. Note that we need to divide our test statistics GEV 5,

G% VE  GIN, and GSN{VPW by the number of hypotheses m to use their critical values. Following Andrews
and Monahan (1992), we use VAR(1) as the prewhitening filter for all the cases. However, we do not
follow their singularity treatment for ﬁf ! because it does not affect the result much in our simulation. We
denote the KVB method without prewhitening by “K”, KVB with prewhitening by “K-PW”, SN without
prewhitening by “SN”, and SN with prewhitening by “SN-PW”.

Tables 2.1, 2.2, and 2.3 present empirical sizes for AR(1)-HOMO, AR(1)-HET1, and AR(1)-HET2,
respectively. It can be seen that prewhitening generally improves both KVB’s and SN methods in the
presence of strong temporal dependence. The stronger temporal dependence is associated with a better
correction of size distortion. However, when temporal dependence is weak and m = 4, prewhitening
becomes ineffective, falsely rejecting more true null hypotheses than the original methods. This may be
due to the relatively large m, weak dependence, and ineffectiveness of VAR(1) filter in this case. When
m = 4, the VAR(1) model contains too many parameters relative to the sample size T = 128 and a more
parsimonious model might be able to fit the data better and make the prewhitening effective. Similar
findings hold for MA(1) models, which are not reported here to save space. A comparison of the KVB
method and the SN method shows that the SN method usually does noticeably better than the KVB
method. In particular, size distortion of the SN method is almost as half as that of the KVB method
when temporal dependence is very strong, say p > 0.9. On the other hand, when temporal dependence is
weak or strongly negative, and when m = 3 or 4, the SN method performs slightly worse than the KVB

method after prewhitening. The prewhitened SN-based test still outperforms the prewhitened KVB test
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in most cases.

Figure 2.1 presents size-adjusted power curves for the AR(1)-HOMO case. Size-adjusted powers are
calculated for m = 1, where the 95% quantile of 5,000 test statistics calculated with data generated under
the null hypothesis is used as the size-adjusted critical value. Percentages of true rejection (power) are
calculated with 1,000 replications for each of 19 £’s at 0.1,0.2,---,2. We present power curves for only six
p’s, p=—0.95-0.9,-0.7,0,0.9,0.95. Graphs for other values of p look very similar to that of p = 0, in
which all of the four methods have almost the same size-adjusted powers. When dependence is strongly
negative, power of the KVB method is slightly better than that of the SN method, and when dependence
is strongly positive, the SN method has slightly better power, but the difference is not too large in either
case. Overall, it seems that prewhitening does not have much impact on size-adjusted power for both
methods.

On the basis of limited simulation results we conclude that prewhitening filter, if properly chosen,
makes both KVB’s and SN methods less size-distorted without losing much power, especially in the
strongly dependent case. The SN method can substantially outperform the KVB method in size with
little power loss or even gain some power in some cases.

To explain why prewhitening helps to reduce the size distortion for both KVB’s and SN methods
theoretically, we need to derive the Edgeworth expansion of the distribution of the studentized estimator
in both cases. For studentized sample mean, Zhang and Shao (2013) recently provided such an expansion
result under the fixed-b asymptotics in the framework of the Gaussian location model. However, it seems
very challenging to generalize their result to the time series regression model adopted here. Nevertheless,
we expect the (high order) bias of the studentizer as an estimator of asymptotic variance will show up
in the leading error term of the expansion. The fact that prewhitening is capable of reducing the bias
for both consistent HAC (Andrews, 1991) estimator and inconsistent variance estimator used in the KVB
and SN methods explains the improvement in size. Similarly, the inferiority of the KVB method and its
prewhitening version relative to their SN counterparts, as seen from the simulation results in most cases,
can also be explained by deriving the Edgeworth expansions for these studentized estimators, although

this is beyond the scope of this article.
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2.5 Conclusion

In this chapter we investigate the effect of prewhitening when applied to the nontraditional bandwidth-free
inference methods proposed by Kiefer et al. (2000) and Shao (2010b) in the time series regression models.
The nontraditional methods differ from the traditional HAC-based tests by using inconsistent estimators
of the asymptotic covariance matrix, which lead to nonstandard but pivotal limiting distributions. All the
nontraditional methods with or without prewhitening have the same limiting distribution that only de-
pends on the number of hypotheses we are testing. Our simulation results demonstrate that prewhitening
often helps to reduce the size distortion. Improvement in size distortion by prewhitening using a VAR(1)
filter is seen to be substantial when the number of tests is smaller and temporal dependence is (positively)
strong. The VAR(1) prewhitening filter used in our simulation studies is a convenient one. In practice, we
recommend the practitioner to carefully examine the pattern of the autocorrelations/partial autocorrela-
tions of vy (ﬁ*"t) and select an appropriate prewhitening filter or use some well-justified model selection
algorithm to find a good parametric model to capture the dependence in ¥y (I/I\T ). As an important part
of this chapter, we present an extension of the SN method to the regression setup and make an analytical
comparison with the KVB method. Simulation studies show the SN-based test and its prewhitened version

tend to have better size than the KVB counterparts especially when temporal dependence is strong.

2.6 Tables and Figures
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Table 2.1: Finite sample rejection probabilities for OLS estimation of AR(1) models with homoskedastic-
tity, T=128, 5,000 replications, nominal level 0.05; Asymptotic critical values from Kiefer et al. (2000) are
used.

AR(1)-HOMO
m=1 m =2

p K K-PW SN SN-PW K K-PW SN SN-PW
-0.95 0.281 0.241 0.136 0.119 0.386 0.315 0.225 0.199
-0.9 0.163 0.139  0.088 0.078 0.234 0.189 0.155 0.131
-0.7 0.087 0.081 0.071 0.068 0.103 0.092 0.084 0.076
-0.5 0.070  0.065 0.056 0.053 0.073 0.068 0.070 0.066
-0.3 0.059 0.058  0.049 0.048 0.065 0.062 0.061 0.064
0 0.0564 0.053 0.046 0.048 0.060 0.061 0.052 0.056
0.3 0.064 0.063 0.049 0.047 0.070  0.065 0.055 0.055
0.5 0.063 0.059 0.048 0.043 0.084 0.074  0.060 0.061
0.7 0.087 0.078 0.055 0.048 0.118 0.099 0.070 0.057
0.9 0.184 0.156  0.064 0.051 0.246 0.198  0.088 0.072
0.95 0.287 0.239 0.070 0.058 0.395 0.315 0.114 0.094

m=3 m=4

P K K-PW SN SN-PW K K-PW SN SN-PW
-0.95 0.469 0.379 0.350 0.311 0.537 0.442 0.478 0.437
-0.9 0.298 0.234 0.240 0.208 0.355 0.278 0.318 0.280
-0.7 0.131 0.105 0.115 0.103 0.145 0.118 0.143 0.128
-0.5 0.086 0.081 0.083 0.082 0.098 0.086 0.103 0.106
-0.3 0.072  0.069 0.064 0.072 0.072  0.070  0.073 0.078
0 0.058 0.061  0.053 0.058 0.066  0.068 0.063 0.068
0.3 0.073 0.067 0.061 0.069 0.075 0.074  0.066 0.073
0.5 0.091 0.082 0.063 0.062 0.097 0.083 0.076 0.074
0.7 0.129 0.105 0.080 0.069 0.147 0.118 0.101 0.091
0.9 0.335 0.266 0.137 0.113 0.362 0.280 0.177 0.148
0.95 0.471 0.378 0.156 0.137 0.528 0.425 0.209 0.186
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Table 2.2: Finite sample rejection probabilities for OLS estimation of AR(1) models with heteroskedasticity
1, T=128, 5,000 replications, nominal level 0.05; Asymptotic critical values from Kiefer et al. (2000) are
used.

AR(1)-HET1
m=1 m =2
p K K-PW SN SN-PW K K-PW SN SN-PW
-0.95 0.310 0.268 0.165 0.151 0.390 0.328  0.249 0.229
-0.9 0.188 0.162 0.124 0.111 0.242 0.197 0.175 0.158
-0.7 0.094 0.090 0.084 0.080 0.122  0.107 0.105 0.101
-0.5 0.068 0.066 0.066 0.063 0.082  0.077 0.079 0.078
-0.3 0.069 0.067 0.066 0.067 0.066  0.063 0.069 0.067
0 0.062 0.060 0.062 0.062 0.064 0.062 0.064 0.067
0.3 0.069 0.066 0.062 0.064 0.071  0.071 0.071 0.070
0.5 0.077  0.073 0.068 0.067 0.085 0.078 0.075 0.071
0.7 0.109 0.099 0.079 0.075 0.132 0.115 0.096 0.088
0.9 0.208 0.187 0.109 0.100 0.256 0.211 0.119 0.107
0.95 0.302 0.266 0.114 0.104 0.380 0.321 0.139 0.123
m=3 m=4
P K K-PW SN SN-PW K K-PW SN SN-PW

-0.95 0.454 0.362 0.336 0.308 0.499 0.394 0.440 0.416
-0.9 0.282 0.228 0.236 0.212 0.312 0.239 0.303 0.274
-0.7 0.119 0.106 0.124 0.118 0.138 0.118 0.151 0.142
-0.5 0.090 0.081 0.090 0.092 0.084 0.077 0.104 0.107
-0.3 0.074 0.072 0.075 0.081 0.074 0.074  0.080 0.084
0 0.065 0.067 0.069 0.074 0.068 0.070 0.077 0.082
0.3 0.070  0.067 0.065 0.069 0.074 0.073 0.077 0.083
0.5 0.092 0.084 0.081 0.079 0.090 0.082 0.090 0.094
0.7 0.126  0.111  0.096 0.087 0.142 0.124 0.121 0.119
0.9 0.316 0.259  0.152 0.135 0.348 0.274 0.190 0.172
0.95 0.447 0.359 0.184 0.164 0.488 0.380 0.214 0.189
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Table 2.3: Finite sample rejection probabilities for OLS estimation of AR(1) models with heteroskedasticity
2, T=128, 5,000 replications, nominal level 0.05; Asymptotic critical values from Kiefer et al. (2000) are
used.

AR(1)-HET2
m=1 m =2

p K K-PW SN SN-PW K K-PW SN SN-PW
-0.95 0.283 0.255 0.135 0.119 0.387 0.332  0.226 0.209
-0.9 0.178 0.155 0.109 0.097 0.228 0.193 0.152 0.139
-0.7 0.095 0.089 0.079 0.075 0.109 0.095 0.097 0.089
-0.5 0.065 0.065 0.063 0.059 0.083 0.074  0.080 0.077
-0.3 0.067 0.064 0.064 0.066 0.070  0.066  0.068 0.069
0 0.055 0.058 0.054 0.055 0.055 0.055  0.057 0.056
0.3 0.064 0.063 0.052 0.052 0.072 0.070 0.062 0.063
0.5 0.064 0.060 0.049 0.047 0.079 0.074 0.065 0.069
0.7 0.093 0.084 0.065 0.061 0.118 0.107 0.084 0.080
0.9 0.193 0.175 0.079 0.067 0.248 0.208  0.099 0.090
0.95 0.290 0.256  0.078 0.067 0.386 0.328 0.119 0.102

m=3 m=4

P K K-PW SN SN-PW K K-PW SN SN-PW
-0.95 0.430 0.352 0.331 0.304 0.482 0.387 0.447 0.420
-0.9 0.281 0.225 0.234 0.214 0.312 0.254 0.302 0.279
-0.7 0.122 0.105 0.130 0.122 0.136  0.120  0.150 0.142
-0.5 0.080 0.074 0.087 0.087 0.085 0.082 0.105 0.107
-0.3 0.069 0.069 0.075 0.073 0.073 0.072 0.083 0.089
0 0.061 0.063 0.064 0.068 0.069 0.069 0.075 0.080
0.3 0.073 0.070 0.072 0.072 0.079 0.075 0.078 0.083
0.5 0.080 0.074 0.069 0.071 0.087 0.084 0.090 0.093
0.7 0.132 0.115  0.096 0.088 0.143 0.123 0.116 0.110
0.9 0.305 0.252  0.148 0.131 0.338 0.270  0.180 0.160
0.95 0.420 0.336 0.154 0.134 0.477 0.386  0.215 0.193

19



-0.95

-0.9

— KvB
--- KVB-PW
SN
‘== SN-PW
o o
T T T T T T T T T T
10 15 2.0
0
-
— KvB
--- KVB-PW
~ SN
‘== SN-PW
o
T T T T T T T T T T
0.0 05 1.0 15 2.0 0.0 05 10 15 2.0
0.9 0.95
- — -
o o -
T T T T T T T T T T
0.0 05 1.0 15 2.0 0.0 05 10 15 2.0
Figure 2.1:  Size-adjusted power for AR(1)-HOMO for m 1, T = 128,

look very similar to the case of p = 0.
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Chapter 3

Inference for Time Series Regression
Models with Nonstationary
Heteroscedastic Errors

3.1 Introduction

Consider the simple linear trend model,
Xin =001+ b2(t/n) + ugp, t=1,...,n. (3.1)

Inference of the linear trend coefficient b is an important problem in many fields such as econometrics,
statistics, and environmental sciences, and there is a rich literature. (Hamilton, 1994, Chapter 16) derived
the limiting distribution of the ordinary least squares (OLS) estimators of b; and by when the errors
are independent and identically distributed (iid) from a normal distribution. To account for possible
dependence in the error, {u;,} has often been assumed to be a stationary weakly dependent process.
For example, Sherman (1997) applied the subsampling approach when the errors are from a stationary
mixing process, and Zhou and Shao (2013) considered the M-estimation with stationary errors whose
weak dependence was characterized by physical dependence measures (Wu, 2005). Another popular way
in econometrics is to model the dependence in the error as an autoregressive (AR) process, and testing
procedures that are robust to serial correlation with possible unit root have been developed; see Canjels
and Watson (1997), Vogelsang (1998), Bunzel and Vogelsang (2005), and Harvey et al. (2007), among
others.

However, there is increasing evidence that many macroeconomic series exhibit heteroscedastic behavior.
For example, the U.S. gross domestic product series has been observed to have less variability since 1980s;
see Kim and Nelson (1999), McConnell and Perez-Quiros (2000), Busetti and Taylor (2003), and references
therein. In addition, Sensier and van Dijk (2004) argued that majority of the macroeconomic data in Stock

and Watson (1999) had abrupt changes in unconditional variances. The empirical evidence of nonstationary
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heteroscedastic errors can also be found from environmental time series; see Rao (2004), Zhou and Wu
(2009), and Zhang and Wu (2011) for their data illustrations using global temperature series. There
have been a number of papers on the inference of time series models with nonstationary heteroscedastic
errors. For example, Phillips and Xu (2006) and Xu and Phillips (2008) studied the inference on the AR
coefficients when the innovations are modulated stationary or heteroscedastic linear processes. Xu (2008)
focused on inference of polynomial trends with errors exhibiting nonstationary volatility. Zhao (2011)
and Zhao and Li (2013) explored inferences on the constant mean in the presence of modulated stationary
errors. Xu (2012) presented a statistic with a pivotal limiting distribution for the multivariate trend model
when the error process is generated from a stable vector AR process with heteroscedastic innovations.

Our framework generalizes the model (3.1) in two nontrivial aspects. For one, our trend function is
a finite linear combination of deterministic trends, each of which can contain finite number of breaks at
known points. Most studies in the literature are restricted to the linear or polynomial trend, but allowing
for break in intercept can be useful in practice. For example, if X, ,, = by + ba1(¢t > t5) + b3(t/n) + e p,
i.e., a linear trend model with a jump at a known intervention time ¢ g, then testing the significance of by
is of interest in assessing the significance of the jump at the intervention in the presence of a linear trend.
This kind of one break model was considered in the analysis of nominal wage series by Perron (1989),
and its inference is reinvestigated in Section 3.5. For the other, we allow two types of nonstationary
processes for the errors u;,. One type of nonstationary process is adapted from Cavaliere and Taylor
(2007, 2008a,b) and Xu and Phillips (2008). For this class of models, the error process is represented as a
linear process of independent but heteroscedastic innovations. This includes autoregressive moving average
(ARMA) models with independent but heteroscedastic innovations as a special case. The other type of
nonstationary process is the modulated stationary processes (Zhao, 2011; Zhao and Li, 2013), where a
stationary process is amplified by a (possibly periodic) deterministic function that only depends on the
relative location of an observation. The latter is a type of locally stationary processes (Priestley, 1965;
Dahlhaus, 1997), as pointed out in Zhao and Li (2013). Together, they cover a wide class of nonstationary
models with unconditional heteroscedasticity.

When the errors are nonstationary, the difficulty rises due to the complex form of the asymptotic vari-
ance of the OLS estimator. In this chapter, we apply the wild bootstrap (WB) (Wu, 1986) to approximate

the limiting behavior of the OLS estimator. However, simply applying the wild bootstrap to the unstu-
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dentized OLS estimator does not work because it cannot properly capture the terms in the asymptotic
variance that are due to temporal dependence in the error. To overcome this difficulty, we propose to adopt
the self-normalized (SN) method (Lobato, 2001; Shao, 2010b), which was mainly developed for stationary
time series. Due to the heteroscedasticity and the non-constant regressor, the limiting distribution of the
SN-based quantity is non-pivotal, unlike the existing SN-based methods. The advantage of using the SN
method, though, is that the limiting distribution of the studentized OLS estimator only depends on the
unknown heteroscedasticity, which can be captured by the wild bootstrap. Compared to the conventional
heteroscedasticity and autocorrelation consistent (HAC) method or block-based bootstrap methods that
are known to handle mildly nonstationary errors, the use of the SN method and the wild bootstrap are
practically convenient and are shown to lead to more accurate inference.

To summarize, we provide an inference procedure of trends in time series that is robust to smooth and
abrupt changes in unconditional variances of the temporally dependent error process, in a quite general
framework. Our assumptions on deterministic trends and nonstationary heteroscedastic errors are less
restrictive than those from most earlier works in the trend assessment literature. Besides, our inference
procedure is convenient to implement. Although our method is not entirely bandwidth-free, the finite-
sample performance is not overly sensitive to the choice of the trimming parameter ¢, and its choice is
accounted for in the first order limiting distribution and the bootstrap approximation. The work can
be regarded as the first extension of the SN method to the regression model with nonstationary errors.
One of the key theoretical contributions of the present chapter is to derive the functional central limit
theorem of the recursive OLS estimator, which leads to the weak convergence of the SN-based quantity.
At a methodological level, the self-normalization coupled with the wild bootstrap eliminates the need
to directly estimate the temporal dependence in the error process. Although some earlier works such
as Cavaliere and Taylor (2008b) and Zhao and Li (2013) applied the wild bootstrap for similar error
processes, it seems that they need to involve the choice of a block size or consistent estimation of a
nuisance parameter to make the wild bootstrap work. In our simulation, our method is demonstrated to
deliver more accurate finite-sample coverage compared to alternative methods, and thus inherits a key
property of the SN approach which was known to hold only for stationary time series (Shao, 2010b).
Recently, Zhou and Shao (2013) extended the SN method to the regression setting with fixed parametric

regressors, where the error is stationary and the response variable is only nonstationary in mean. The
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framework here is considerably more general in that the error is allowed to exhibit local stationarity or
unconditional heteroscedasticity and the response variable is nonstationary at all orders. On the other
hand, we only consider the inference based on the ordinary least squares (OLS) estimator, whereas the
M-estimation was considered in Zhou and Shao (2013).

The rest of the chapter is organized as follows. Section 3.2 presents the model, the OLS estimation,
and the limiting distribution of the OLS estimator. Section 3.3 contains a functional central limit theorem
for the recursive OLS estimators, which leads to the limiting distribution of the SN-based quantity. The
wild bootstrap is described and its consistency for the SN quantity is justified in Section 3.3. Section
4.4 presents some simulation results and Section 3.5 contains an application of our method to the U.S.
nominal wage data. Section 4.5 concludes and Section 3.7 presents tables and figures. Technical details
are relegated to Appendix B.

Throughout the chapter, we use Ly for convergence in distribution and = weak convergence in Dle, 1]
for some € € (0, 1), the space of functions on [¢,1] which are right continuous and have left limits, endowed
with Skorohod metric Billingsley (1968). The symbols O, (1) and o,(1) signify being bounded in probability
and convergence to zero in probability, respectively. If O,(1) and o,(1) are used for matrices, they mean
elementwise boundedness and convergence to zero in probability. We use |a| to denote the integer part of
a € R, B(-) a standard Brownian motion, and N(u, ) the (multivariate) normal distribution with mean
p and covariance matrix ¥. Denote by || X||, = (E|X|P)Y/P. For a p x ¢ matrix A = (a;j)i<p.j<q, let

AllF = (301 X9 af;)'/? be the Frobenius norm. Let &, = (X1, ..., Xn ) denote the data.

3.2 The Model and Estimation

Consider the model
Xt,n = Ftl,nﬁ + Ut.n = b1f1<t/n) + 4+ bpfp(t/n) + Ut n, t= 13 ey,

where X, is a univariate time series, n is the sample size, § = (b1,...,bp)" is the parameter of in-

P
Jj=1

terest, and the regressors Fy, = {fi(t/n),..., fp(t/n)}’ are non-random. The regressors {f;(t/n)}
are rescaled, thus increasing the sample size n means we have more data in a local window. We use
F(s) = {fi(s),..., fp(s)}, s € [0,1] to denote the regressors with relative location s, and we observe

F;, = F(t/n). Let N =n —p+ 1, where p is fixed.
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The error process {u.,} is assumed to be either one of the followings;

(A1) [Generalized Linear Process] The error process is defined as
Ut = D €jEr—jn = C(L)erm,
j=0
where €, = wyne; with e, iid (0,1), C(L) = E;io ¢;L7, and L is the lag operator. We further

assume

(i) Let w(s) = limy, 00 W{ns|,n be some deterministic, positive (cadlag) function on s € [0,1]. Let
w(s) be piecewise Lipschitz continuous with at most finite number of breaks. If ¢ < 0, let

wi p < w* for some 0 < w* < oo.
(ii) 0 <[C(1)] < o0, X272, lej| < oo

(iii) Eles|* < oo.
(A2) [Modulated Stationary Process] The error process is defined as

Ut n = Vint,

where {n;} is a mean zero strictly stationary process that can be expressed as 7y = G(F;) for some

measurable function G and F; = (..., €1, €;) where ¢ are iid (0,1). We further assume

(i) Let v(s) = limy o0 ¥|pns),n be some deterministic, positive (cadlag) function on s € [0, 1]. Let

v(s) be piecewise Lipschitz continuous with at most finite number of breaks.
(i) E(n;) =0, E(n?) =1, and E(ni*?) < oo for some § > 0.
(iii) For some x € (0,1), ||G(Fr) — G({F_1,€p, €1, ex})|la = O(x*) if k > 0 and 0 otherwise.
Here, {€,} is an iid copy of {e;}.
(iv) I'? > 0, where I'? = >"7° __cov(ne, me+n) is the long run variance of {n;}.
The key feature of the two settings above is that they allow both smooth and abrupt changes in the
unconditional variance and second order properties of wu;, through w(s) in (Al) (i) and v(s) in (A2)
(i), which depend only on the relative location s = ¢/n in a deterministic fashion. If this part should be

constant, then the two models correspond to the popular stationary models; the linear process for (A1) and

stationary causal process [see Wu (2005)] for (A2). The model (A1) is considered in, for example, Cavaliere
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(2005), Cavaliere and Taylor (2007, 2008a,b), and Xu and Phillips (2008). The assumptions (A1) (ii) is
popular in the linear process literature to ensure the central limit theorem and the invariance principle, and
(A1) (iii) implies the existence of the fourth moment of {u; ,,}. The model (A2) is adapted from Zhao (2011)
and Zhao and Li (2013) and is called the modulated stationary process, which were originally developed to
account for the seasonal change, or periodicity, observed in financial or environmental data. The condition
(A2) (i) is slightly stronger than the existence of the fourth moment, which is required in the proof of
the bootstrap consistency. (A2) (iii) implies that {u,,} is short-range dependent and the dependence
decays exponentially fast. These two classes of models are both nonstationary and nonparametric, which
represent extensions of stationary linear/nonlinear processes to nonstationary processes with unconditional

heteroscedasticity.

REMARK 3.2.1. Note that the model (Al) is a special case of Xu and Phillips (2008), but it can be made
as general as the framework of Xu and Phillips (2008), by letting e; be a martingale difference sequence
with its natural filtration & satisfying n= >"7" | E(e?|€_1) — C < oo for some positive constant C, rather
than an iid sequence. See Remark 1 of Cavaliere and Taylor (2008b). In this chapter we do not pursue
this generalization only for the simplicity in the proofs. For (A2), our framework for the modulation,
v(s) is more general than that of Zhao (2011). For example, the so-called “k-block asymptotically equal
cumulative variance condition” in Definition 1 in Zhao (2011) rules out a linear trend in the unconditional
variance. The model (A2) can be replaced with some mixing conditions for the stationary part, but the

details are omitted for simplicity.

In this article, we are interested in the inference of 5 = (b1,...,b,)’, based on the OLS estimator
B = iy FonF! ) MO0y FinXen). If the errors satisfy (A1) or (A2) and the fixed regressors F(s)
are piecewise Lipschitz continuous, then under certain regularity conditions, the OLS estimator is approx-

imately normally distributed, i.e., ~ D
n'?(By — B) — N(0,,¥), (3.2)

where the covariance matrix ¥ has the sandwich form Q7'VQ7!, Q; = fol F(s)F(s)'ds, and

C2(1) [y w2(s)F(s)F(s)'ds if (A1)
2 [ V%(s)F(s)F(s) ds if (A2)

The statement (3.2) is a direct consequence of Theorem 3.3.1 presented below. Notice that @1 can
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be consistently estimated by n~' > " | Fy ,F{,, but V depends on the nuisance parameters C(1), T,
and {w(s),v(s);s € [0,1]}. To perform hypothesis testing or construct a confidence region for 3, the
conventional approach is to consistently estimate the unknown matrix V' using, e.g., the HAC estimator in
Andrews (1991). The HAC estimator involves a bandwidth parameter, and the finite sample performance
critically depends on the choice of this bandwidth parameter. Moreover, the consistency of the HAC
estimator is shown under the assumption that the errors are stationary or approximately stationary (Newey
and West, 1987; Andrews, 1991). Alternatively, block-based resampling approaches [see Lahiri (2003)] such
as the moving block bootstrap and subsampling [see Politis et al. (1999)] are quite popular to deal with
the dependence in the error process, see Fitzenberger (1998), Sherman (1997), and Romano and Wolf
(2006) among others. However, these methods are designed for stationary processes with different blocks
having the same or approximately the same stochastic property. Note that Paparoditis and Politis (2002)
proposed the so-called local block bootstrap for the inference of the mean with locally stationary errors.
Their method involves two tuning parameters and no guidance on their choice seems provided.

There have been recently proposed alternative methods to the HAC-based inference for dynamic linear
regression models such as Kiefer et al. (2000) [KVB, hereafter]. KVB’s approach is closely related to the
SN method by Lobato (2001) and Shao (2010b). The KVB and SN methods share the same idea that by
using an inconsistent estimator of asymptotic variance, a bandwidth parameter can be avoided. In finite
samples this strategy is shown to achieve better coverage and size compared to the conventional HAC-
based inference. In a recent paper by Rho and Shao (2013) or in Chapter 2, the KVB method is shown
to differ from the SN method in the regression setting: the KVB method applies an inconsistent recursive
estimation of the “meat” part V' of the covariance matrix ¥ in (3.2) and consistently estimates the “bread”
part ()1, whereas the SN method involves the inconsistent recursive estimation for the whole covariance
matrix ¥. Although the KVB and SN methods have the same limiting distribution, Rho and Shao (2013)
have shown in their simulations that the SN method tends to have better finite sample performance than
the KVB method. For this reason, we adopt the SN method for our problem.

To apply the SN method, we need to define an inconsistent estimate of ¥ based upon recursive
estimates of 5. Consider the OLS estimator Bt = B\t, ~ of B using the first ¢ + p — 1 observations,
B, = (Zﬁii’_l Fz’,nF{,n)il (Efif_lFiynXm) ,forall t = 1,...,N. We only have N estimates of 3

because Zle F, nF/, is not invertible if ¥ < p. Then, following Shao (2010b), we construct the self-

t,n
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normalizer Qx (e) = N2 ZiV:LNd t2 (Bt—BN)(Bt—BN)’ using the recursive OLS estimators, where € € (0, 1)

is a trimming parameter. Define the SN quantity
Ty = N(Bn — B){Qn(e)} " (By — B). (3.3)

Here, Qn(€) is an estimate of ¥, but unlike the HAC method, the major role of this self-normalizer is to
remove nuisance parameters in the limiting distribution of the SN quantity T, rather than as a consistent
estimator of the true asymptotic variance ¥. With stationary errors, the same self-normalizer does this
job well, providing pivotal limiting distributions for T. However, under our framework of nonstationary
errors, the self-normalizer Qy(€) cannot completely get rid of the nuisance parameter in the limiting

distribution of Ty, as seen from the next section.

3.3 Inference

For the regressor F} ,, we impose the following assumptions.

(R1) Forallr € [e,1], @ = r~' [] F(s)F(s)'ds is well-defined and Q; " exists, and further, inf, ¢ [ 1) det(Qy)

> (0 and SUP,cle,1] [1Qr||F < 0.
(R2) For each j =1,...,p, f;(s) is piecewise Lipschitz continuous with at most finite number of breaks.

The assumptions (R1)-(R2) are satisfied by commonly used trend functions such as f;(s) = s7 for some
nonnegative integer 7, f;(s) = sin(27s) or cos(27s). The assumption inf,¢[c 1) det(Q,) > 0in (R1) excludes
the collinearity of fixed regressors and is basically equivalent to the assumption (C4) in Zhou and Shao
(2013), and the trimming parameter ¢ € (0,1) has to be chosen appropriately. The assumption (R1)
appears slightly weaker than Kiefer et al. (2000)’s Assumption 2, [nr| ™" ZtLZJ Fi o/, = Q+o0,(1) for
some p X p matrix @), which is identical for all » € (0,1]. Although, in general, Kiefer et al. (2000) allows
for dynamic stationary regressors whereas our framework targets for fixed regressors, our method can be
extended to allow for dynamic regressors by conditioning on the regressors. Since our work is motivated
by the trend assessment of macroeconomic series, it seems natural to assume the regressor is fixed. The

assumption (R2) allows for structural breaks in trend functions.

THEOREM 3.3.1. Assume (R1)-(R2).
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(i) Let the error process {us,} be generated from (Al). The recursive OLS estimator BLNTJ of B

converges weakly, i.e., s —~ .
N INT](B\nr] — B) = C(1)Q, " Bru(r), (3.4)

where Br,(r) = [§ F(s)w(s)dB(s).
(i1) Assume (A2) for the error process {u¢ n}. Then

N=YV2IN7|(Biney — B) = TQ; By, (r),

where B, (r) = [ v(s)F(s)dB(s).
(iii) Define Ty as in (3.8) and Bp(r) = Bp.(r) if (A1) and Bp(r) = Bp,(r) if (A2). It follows from

the continuous mapping theorem that
D ~ B i~
Tn — Lr = Br(1)Q7 {2} Q7' Br(1),

where Q(€) = f: {Q;lgp(r) - TQl_lgp(l)}{QfléF(r) - TQfléF(l)}/dT'

REMARK 3.3.1. For a technical reason, the above functional central limit theorem has been proved on
Dle, 1] for some € € (0,1) instead of on D[0,1]. For most of the trend functions that include polynomial
s with 7 > 1/2 or sin(27s), this € has to be strictly greater than 0. However, for some trend functions,
€ can be set as 0. In particular, when the trend function is a constant mean function, then @), = 1 for
r € (0,1], Bp(r) = for dB(s) = B(r), and Bp,(r) = for v(s)dB(s). Our proof goes through when e = 0.
In any case, the choice of trimming parameter € is captured by the first order limiting distribution in the

same spirit of the fixed-b approach (Kiefer and Vogelsang, 2005).

REMARK 3.3.2. If the trend function has breaks, the trimming parameter ¢ has to be rather carefully
chosen so that the condition (R1) can be satisfied. For example, if we use a linear trend function with
a jump in the mean, ie., X;, = by + b21(t > tp) + b3(t/n) + un, with a break point at ¢p, then
Qr =71 [y F(s)F(s)'ds is singular for r € [0,t5/n]. However, as long as we choose € > tp/n so that
Q. is invertible, the choice of trimming parameter does not seem to affect the finite sample performance

much, as we can see in the third simulation in Section 4.4.

The limiting distribution £ in Theorem 3.3.1 is not pivotal due to the heteroscedasticity of the error
process and non-constant nature of @,.. If the error process is stationary, then w(s) = w in (Al) and

v(s) = v in (A2) would be cancelled out, and the only unknown part in the limiting distribution is Q... If
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Q. = Q, r € [¢,1] for some pXxp matrix @, then Q would be cancelled out in the limiting distribution, which
occurs in the use of the SN method for stationary time series with a constant regressor; see Lobato (2001)
and Shao (2010b). In our case, the part that reflects the contribution from the temporal dependence,
C(1) or T', does cancel out. However, the heteroscedasticity remains even if Q. = @, and the limiting
distribution still depends on the unknown nuisance parameter {w(s),v(s);s € [0, 1]}.

Estimating unknown parameters in Lz seems quite challenging due to the estimation of w(s), v(s),
and integral of them over a Brownian motion. Instead of directly estimating the unknown parameters, we
approximate the limiting distribution £r using the wild bootstrap introduced in Wu (1986). Although
there has been some recent attempts to use the wild bootstrap to the trend assessment with nonstationary
errors (for example, Xu (2012) for the linear trend model and Zhao and Li (2013) for the constant mean
model), this article seems to be the first to apply the wild bootstrap to the SN-based quantity. The main
reason the wild bootstrap works for the SN method in such settings is that the part due to the temporal
dependence, which is difficult to capture with the wild bootstrap, no longer exist in the limiting distribution
L of the SN-based quantity so that £p can be consistently approximated by the wild bootstrap. In
contrast, without the self-normalization, the unknown nuisance parameter C(1) or I" still remains in the
limiting distribution, and thus, the wild bootstrap is not consistent in this case.

Let Uy p = Xy — Ft/nBN denote the residuals. We first generate the resampled residuals u;“n = U 2 W,
where W, is a sequence of external variables. Then we generate the bootstrap responses as

X}, =Fl By +ui, t=1...,n

Based on the bootstrap sample (F} ., X/, ){—;, we obtain the OLS estimator B}‘V = (Z?:l Ft,nF{’n)_l

(Z?Zl Ft’nX;n) . Then the sampling distribution of Nl/Q(BN — f3) is approximated by the conditional dis-
tribution of Nl/z(@*\, - BN) given the data &,,, and Lp can be approximated by its bootstrap counterpart.

We assume

(B1) {W;}7, are iid with E(W;) = 0 and var(W;) = 1, {W,;}}_, are independent of the data, and
E(W) < .

In practice, we can sample {W;}?; from the standard normal distribution with mean zero or use the
distribution recommended by Mammen (1993). Notice that there is no user-determined parameters, which

makes the wild bootstrap convenient to implement in practice.
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Let B\ENTJ =( tU:V{J et Ft,nF{,n)_l tU:V{J tpet F; o X[, be the OLS estimate using the first [ Nr] +

* \n

p— 1 of the bootstrapped sample (I ., X{,,)i—;. The following theorem states the consistency of the wild

bootstrap.

THEOREM 3.3.2. Assume (R1)-(R2) and (B1).
(i) If {usn} is generated from (A1), we have
N~Y2|Nr| (BfNrJ — BN) = Q, 'Brp.w(r) in probability, (3.5)
where Brp ., (r) = {D(1)}!/? fOTw(s)dB(s) and D(1) = Z;io c?.
(i) If {ugn} is generated from (A2), we have
N=Y2|Nv|(By, — Bv) = Q7 'Bru(r)  in probability, (3.6)
where Bp,(r) = [ v(s)dB(s).
(#ii) It follows from the continuous mapping theorem that
* D o * —1/%% ) D
Ty = N(By — Bn){Qn ()} By — Bn) — Lr
in probability, where Uy (e) = N—2 ZiV:LNEJ 2(Br — EI*V)(B\Z‘ - B\}k\,)’ and Lr as defined in Theorem 3.5.1.

REMARK 3.3.3. Notice that the wild bootstrap cannot successfully replicate the original distribution
without the normalization, unless C?(1) = D(1) or I' = 1, because the wild bootstrap cannot cap-
ture the temporal dependence of the original error series. However, in the limiting distribution of
N-Y2|Nr| (ELNTJ — f), the part that reflects the long run dependence, C(1) or I', can be separated
from the rest, for both data generating processes (Al) and (A2). This property makes it possible to
construct a self-normalized quantity, whose limiting distribution depends only on the heteroscedastic part

(captured by the wild bootstrap), not on the temporal dependence part.

REMARK 3.3.4. Hypothesis testing can be conducted following the argument in Zhou and Shao (2013).
Let the null hypothesis be Hy : R8 = A, where R is a k x p (k < p) matrix with rank k and A isa k x 1
vector. Under the null hypothesis Hy, we have

Tnr = N(By — B) R{RQN ()R} ' R(By — 8) = Lrr,
where Lrp = EF(1)’Q1_1R’{RQ(6)R’}*1RQ1_1EF(1), and the test can be formed by using the boot-

strapped critical values, owing to the fact that
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Tin = N(By — Bn) RARQN ()R} R(BY — By) = Lr.r
in probability under the assumptions of Theorem 3.3.2. For example, if we let k = 1, A = 0, and R
be a vector of 0’s except for the jth element being 1, we can construct a confidence interval or test
the significance of individual regression coeflicient b;. Let Ew- be the jth element of B\r The 100(1 —
a)% confidence interval for b; is constructed as BN,j + {CF’]-J,QN_3 Ziv:wej t2([§t,j — ENJ-)2}1/2 , where
Crji-a is the (1= a)th quantile of {T3\)}E |, TR = N3B! = Bu )2 /500 e 2B = BN, By

is the jth element of the OLS estimate of 8 using the ith bootstrapped sample, and B is the number of

bootstrap replications.

REMARK 3.3.5. Our method is developed in the same spirit of Xu (2012), who focused on the multivariate
trend inference under the assumption that the trend is linear and errors follow an VAR(p) model with
heteroscedastic innovations. In particular, Xu’s class 4 test used the studentizer first proposed in Kiefer
et al. (2000) and the wild bootstrap to capture the heteroscedasticity in the innovations. Since the KVB
method and the SN method are closely related (see Rho and Shao (2013) for a detailed comparison), it
seems that there are some overlap between our work and Xu (2012). However, our work differs from Xu’s

in at least three important aspects.

(1) The settings in these two papers are different. Xu (2012) allows for multivariate time series and
are interested in the inference of linear trends, whereas ours is restricted to univariate time series.
Our assumption on the form of the trend function and the error structure are considerably more
general. In particular, we allow for more complex trend functions as long as it is known up to a finite
dimensional parameter. In addition, the AR(p) model with heteroscedastic innovation used in Xu
(2012) is a special case of our (Al), i.e., linear process with heteroscedastic innovations. Also Xu’s
method does not seem directly applicable to the modulated stationary process (A2) we assumed for

the errors.

(2) The wild bootstrap is applied to different residuals. In Xu’s work, he assumed VAR(p) structure for
the error process with known p. He needs to estimate the VAR(p) model to obtain the residuals,
which are approximately independent but heteroscedastic. His wild bootstrap is applied to the
residuals from the VAR(p) model, and is expected to work due to the well-known ability of wild

bootstrap to capture heteroscedasticity. By contrast, we apply the wild bootstrap to OLS residuals
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from the regression model and our OLS residuals are both heteroscedastic and temporally dependent.
The wild bootstrap is not expected to capture/mimic temporal dependence, but since the part that
is due to temporal dependence is cancelled out in the limiting distribution of our self-normalized
quantity, the wild bootstrap successfully captures the remaining heteroscedasticity and provides a
consistent approximation of the limiting distribution. Note that our method works for errors of
both types, but it seems that Xu’s method would not work for the modulated stationary process as

assumed in (A2) without a nontrivial modification.

(3) Xu’s class 4 test without prewhitening is in a sense an extension of Kiefer et al. (2000) to the
linear trend model, whereas our method is regarded as an extension of SN method to the regression
setting. In time series regression framework, Rho and Shao (2013) showed that there is a difference
between the SN method and the KVB method; see Remark 3.3.1 therein and also Section 3.2 for
a detailed explanation. It is indeed possible to follow the KVB method in our framework and we
would expect the wild bootstrap to be consistent to approximate the limiting distribution of the

studentized quantity owing to the separate structure of the errors.

To save space, we do not present the details for the KVB studentizer in our setting. Finite sample

comparison between our method and Xu’s class 3 and 4 tests are provided in Section 3.4.2.

3.4 Simulations

In this section, we compare the finite sample performance of our method to other comparable methods in
Zhao (2011) and Xu (2012) for (i) constant mean models, (ii) linear trend models, and (iii) linear trend
models with a break in the intercept. For the constant mean models, Zhao’s method is applicable only
when the errors have periodic heteroscedasticity. On the other hand, Xu’s method can only be used for the
linear trend models when the errors are from an AR process. In the cases where neither Zhao’s nor Xu’s
methods can be directly applied, we compare our method to the conventional HAC method. Although it

has not been rigorously proven that the traditional HAC method works in our framework, we can construct
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a HAC-type estimator that consistently estimates V in (3.2). Define

(t1+l,—1)Vn

i t, —t t ta\’
=5 _ 1 — 2 ~ ~ 1 2
o 5 S (2 () (2).

t1=1to=(t1 —ln+1)Al "

where k(s) is a kernel function that is defined as 0 if |s| > 1 and 1 if s = 0, [,, is the bandwidth parameter,
and Uy, is the OLS residual, i.e., Uy, = X p — Ft',ﬁN This HAC-type estimate ‘A/n,ln can be shown to

be consistent for appropriately chosen [,,, and the inference is based on
TNAC = n(By - BY (Qx'Var, Q') ™ By = B), (3.7)

where @N =n! 2?21 Ft,nFt’m, and the y? approximation. In fact, in the linear trend testing context,

this statistic is almost identical to the Class 3 test without prewhitening in Xu (2012).

3.4.1 Constant Mean Models

Consider the linear model
Xt,n :H’_'_ut,n) t= 1,...,7’l, (38)

where p is an unknown constant. Without loss of generality, let © = 0. Note that for this constant mean
models our method is completely bandwidth free, since the trimming parameter can be set to be 0, as
mentioned in Remark 3.3.1.

We conduct two sets of simulations for different kinds of error processes. The first simulation follows
the data generating process in Zhao (2011), where the error process {u;} is modulated stationary and

has periodic heteroscedasticity. Consider the model (A2) with v(t/n) = cos(3wt/n) and
(M1) m = & — B(&), & = 0l&a| + (1= 6%, |o] <1,
(M2) = X% aser g a5 = (G +1)75/10, ¢ >1/2,

where, €; are independent standard normal variables in M1. We consider M2 with two different kinds
of innovations: M2-1 denotes M2 with standard normal innovations, and M2-2 stands for M2 with ¢-
distributed innovations with k = 3,4, 5 degrees of freedom. We used 10000 replications to get the coverage
and interval length with nominal level 95% and sample size n = 150. In each replication, 1000 pseudoseries

of iid N(0,1) W; are generated. The coverage rates and interval lengths of Zhao’s method (Zhao) and our
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method (SN) are reported in Table 3.1. Note that our method does not require any user-chosen number
in this particular example and m in the table is only for Zhao’s method. With our choice of v(t/n), Zhao’s
“k-block asymptotically equal cumulative variance condition” holds for m = 25,50, 75, ..., which means
that when m = 15 and 30 in M1 and M2-1, the conditions in Zhao (2011) are not satisfied. For the model
M2-2, m = 25 is used for Zhao’s method.

Zhao (2011) provided a comparison with some existing block-based bootstrap methods and showed that
his method tends to have more accurate coverage rates. Our method is comparable to Zhao’s based on
our simulation. For the nonlinear threshold autoregressive models M1, it seems that our method delivers
slightly less coverage especially when the dependence is strong and generally slightly wider confidence
intervals compared to Zhao’s method with correctly specified m. However, for the linear process models
M2, our method has better coverage and slightly narrower intervals when ( is small, i.e., when dependence

is too strong so that the short-range dependence condition (A2) (iii) does not hold.

In the second simulation, the errors u;, are generated from (Al) with an AR(1) model. Let e; be
generated from iid N(0,1). For (Al), usn = pur—1,n +w(t/n)es, t = 1,...,n, which satisfies the condition

(A1) (ii) and (iii), by letting ¢; = p?. For w(s), we consider the single volatility shift model
wi(s) =03 + (07 —ad)1(s > 7), s€[0,1], 7 €(0,1). (3.9)

We let the location of the break 7 € {0.2,0.8}, the initial variance 03 = 1, and the ratio § = oo/01 €
{1/3,3}. This kind of break model and the choice of parameters were used in Cavaliere and Taylor (2007,
2008a,b). Here, sample size n € {100,250} and the AR coefficient p € {0,0.5,0.8}, and 2000 replications
are used to get the coverage percentages and average interval lengths. For the wild bootstrap, {W;}}, are
generated from iid N(0, 1), and we use 1000 bootstrap replications. We also try the two-point distribution
in Mammen (1993) for the bootstrap and get similar simulation results (not reported).

Since this error structure do not show any periodicity, Zhao’s method is no longer applicable. We
use the HAC-type statistic introduced in (3.7) to make a comparison with our method. However, the
performance of the HAC-type quantity is sensitive to the user-chosen parameter [,,, the choice of which
is often difficult. For the purpose of our simulation, we choose the oracle optimal [,,, favoring the HAC
method. Specifically, since we know the true V, we choose [, such that [ = argminl”‘A/Mn — V%, where

|| - ||7 stands for the Frobenius norm. Note that this choice of I, is not feasible in practice. For the
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choice of the kernel, we use the Bartlett kernel, i.e., a(s) = (1 — [s])1(]s| < 1), which guarantees the
positive-definiteness of ‘A/mln.

The results are presented in Table 3.2. The columns under the HAC (I) represent the result using
the HAC-type quantity with [, 1 /2, and 20. When p = 0, the optimal bandwidths chosen for the HAC
estimators are | = 1, so we do not have any values for the column corresponding to [ /2.

If p = 0, all methods perform very well, which is expected because the error process is simply iid
with some heteroscedasticity. The wild bootstrap without the self-normalization is also consistent because
C(1) = 1. However, as the dependence increases, the performance of all methods gets worse. If p # 0, the
wild bootstrap without the self-normalization is no longer consistent and thus produce the worst coverage.
Of the three types of methods considered (SN-WB, WB, HAC), the SN method with the wild bootstrap
delivers the most accurate coverage probability. For the case of moderate dependence p = 0.5, the SN-
WB method still performs quite well, while the HAC-type method shows some undercoverage. When the
temporal dependence strengthens, i.e., p = 0.8, the SN-WB method delivers the best coverage. For the
HAC-type methods, note that the optimal bandwidth is chosen to minimize the distance from the true
covariance matrix. However, this choice of the bandwidth may not coincide with the bandwidth that
produces the best coverage; as can be seen for the cases (7,8) = (0.2,3) or (7,0) = (0.8,0.33), 2l tends to
produce better coverage than [. The interval lengths for the SN-WB method are somewhat longer than
those of HAC methods, but considering the gain in coverage accuracy, this increase of interval length seems

reasonable.

3.4.2 Linear Trend Models

In this subsection, we are interested in inference on the linear trend coefficient from a linear trend model

Xin =b1+bo(t/n) +urn, t=1,...,n. (3.10)

Without loss of generality, let by = 0 and by = 5. The error process {u;,} follows the same setting as in

the second simulation of Section 3.4.1, except that {u;,} is either generated from AR(1) or MA(1), i.e.,

AR(1) s wgn = put—1,n + €,
MA(1) : Utn = 02t—1,5 + Et,ns
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where €, , = w(t/n)e;, e, iid N(0,1), and w(s) as in (3.9).

For this setting, Xu (2012)’s methods can be used. In fact, Xu’s Class 3 test is almost identical to the
HAC-type statistic in (3.7). Xu’s Class 4 test is a fixed-b version of his Class 3 test, and it is closely related
to our method, as mentioned in Remark 3.3.5. For this reason, we compare our method with Xu’s Class 3
and 4 tests. In addition to his original statistics, Xu further applied the prewhitening. In our simulation,

we examine finite sample performance of the following methods;

“SN-WB(e) Our method with various values for the trimming parameter e,

“WB” Wild bootstrap without self-normalization,

“F3” Xu’s Class 3 test without prewhitening with y? limiting distribution,
“PW3” Xu’s prewhitened Class 3 test with x? limiting distribution,

“iid” Xu’s prewhitened Class 3 test with the iid bootstrap,

“WB” Xu’s prewhitened Class 3 test with the wild bootstrap,

“F4” Xu’s Class 4 test without prewhitening with the wild bootstrap,
“PW4” Xu’s prewhitened Class 4 test with the wild bootstrap.

For Xu’s Class 3 tests we need to choose the truncation parameter. Following Xu, we used Andrews
(1991)’s bandwidth selection for AR(1) or MA(1) model with Bartlett kernel. In the implementation of
the wild bootstrap for Xu’s method, we assumed the true order of the AR structure of the error process

is known.

REMARK 3.4.1. It should be noted that a direct comparison of our method and Xu’s methods is not
fair. We gave some advantages to Xu’s methods in two aspects. The first aspect is that we assume the
knowledge of the true error model, VAR(1), following Xu (2012), which may be unrealistic in practice.
Xu’s methods can take advantage of this knowledge of the true model; one advantage is their bootstrap
samples are generated following the correctly-specified data generating process, and the other advantage is
that his Class 3 tests can be based on the most (theoretically) efficient choice of the bandwidth parameters.
In contrast, our method does not rely on parametric assumption on the error structure, so knowing the
true data generating process does not provide useful information in the implementation of our method.
The second aspect is that some of Xu’s methods use another layer of correction, prewhitening. The
prewhitening can be highly effective when the true order is known. The only tests that our method is

directly comparable with are Xu’s original Class 3 test (F3) and Class 4 test (F4), for which the advantage
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from knowing the true model may still exist.

Table 3.3 presents the finite sample coverage rates of 95% confidence intervals of the linear trend
coefficient by of (3.10), along with the mean interval lengths in parentheses, for the AR(1) models. Com-
paring our method with the HAC method (Xu’s Class 3 test without prewhitening), our method always
have more accurate coverage rates regardless of the choice of the trimming parameter €. Not surprisingly,
prewhitening is very effective in bringing the coverage level closer to the nominal level. Xu’s Class 4 test
seems to provide the best coverage rates, for both prewhitened and nonprewhitened versions.

However, Xu’s methods and his prewhitening are based on the assumption that the errors are from
an AR model with a known lag. When the errors are not from an AR model, then the performance may
deteriorate. As can be seen from Table 3.4, where the errors are generated from an MA model, in some
cases Xu’s tests, except for his test 3, tend to provide over-coverage, especially when 6 = 3. On the
other hand, our SN-WB method tends to provide more stable results. Furthermore, in our unreported
simulations, when the order of the VAR model is misspecified, Xu’s methods can be sensitive to the form
of misspecification. Thus when the true model of the error process is not VAR or true order of the VAR
model is not known, Xu’s methods may not be advantageous.

In this linear trend assessment setting, we need to use € > 0 so that our method is theoretically valid.
As can be seen in Tables 3.3, if the dependence is weak or moderate (p = 0 or 0.5), the choice of ¢ does
not affect the coverage accuracy much, and € = 0.1 or above seems appropriate. However, the effect of € is
more apparent when the dependence is stronger, i.e., when p = 0.8. It seems that € € {0.2,0.3,0.4} are all
reasonable choices here, considering the amount of improvement in coverage percentage. Notice that even
when our choice of € is not optimal, the SN-WB method delivers more accurate coverage than the HAC
method. In terms of the interval length, there is a mild monotonic relationship between e and interval
length. The larger € is, the longer the interval tends to become. As a rule of thumb in practice, we can
use € € [0.2,0.4] if the temporal dependence in the data is likely to be strong, otherwise, we can also use

€ = 0.1, which was also recommended by Zhou and Shao (2013) under a different setting.
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3.4.3 Linear trend models with a break in intercept

This section concerns the linear trend models with a break in its mean level at a known point,

Xin =1 +b21(t/n > sp) + bs(t/n) +upn, t=1,...,n, (3.11)

where s, € (0,1) indicates the relative location for the intercept break, which is assumed to be known.
Without loss of generality, let s, = 0.3, by = 0, by = 2, and b3 = 5, which was modified from the model we
fit in the data illustration in Section 3.5. Our interest is on constructing confidence intervals for the the
break parameter be. For the error process {u¢,}, we use the AR(1) model, as introduced in the second
simulation of Section 3.4.1. Because of the general form of the trend function, neither Xu’s nor Zhao’s
methods work in this setting. Here we compare the HAC-type statistic defined in (3.7) with our SN-WB(e)
method, and the wild bootstrap alone. For the HAC-type method, the bandwidth parameter is chosen
following Andrews (1991)’s suggestion for the AR(1) model, so in a sense, this HAC-type method takes
some advantage of the knowledge of the true model.

Table 3.5 presents the empirical coverage rates for 95% confidence intervals of b. The mean interval
lengths are in parentheses. When there is no temporal dependence, i.e., p = 0, all methods work well. When
there is moderate (p = 0.5) or strong (p = 0.8) dependence, the wild bootstrap is no longer consistent.
In this case, the HAC method with Andrews’ bandwidth parameter choice also shows some departures
from the nominal level, converging to its limit much slower than our method. In this setting, our SN-WB
method provides the most accurate coverage rates. Even the worst coverage of our SN-WB method for a
range of €’s under examination seems to be more accurate than the HAC method in all simulation settings.
Notice that this kind of linear trend model with a break in the intercept, the trimming parameter € in
our method should be chosen so that € > s,. See Remark 3.3.2 for more details. In this simulation, since
sp = 0.3, we choose € to be 0.35, 0.4, 0.5, 0.6, and 0.7. The results does not seem to be sensitive to the

choice of this trimming parameter.

3.5 Data Analysis

In this section, we illustrate our method using the logarithm of the U.S. nominal wage data, which was

originally from Nelson and Plosser (1982) for the period 1900-1970 and has been intensively analyzed in
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econometrics literature, including Perron (1989). The latter author argued that this series has a fairly
stable linear trend with a sudden decrease in level between 1929 and 1930 (the Great Crash). In this
section we examine his assertion for an extended dataset for the period 1900-1988, provided by Koop and
Steel (1994). The left panel of Figure 3.1 presents the data fitted with the linear trend model with one

break in the intercept
Xipn = b1+ b21(t > 30) + bs(t/n) + ue n, t=1,...,n=289. (3.12)

Here the second regressor 1(¢ > 30) represents the break at year 1929. From the residual plot on the right
panel of Figure 3.1, the error appears to exhibit some degree of heteroscedasticity. Our inference method,
which is robust to this kind of heteroscedasticity and weak temporal dependence, is expected to be more
appropriate than other existing methods, the validity of which hinges on the stationarity of the errors.
Table 3.6 reports the 100(1-a)% confidence intervals with v = 0.01,0.05,0.1, for the three coefficients
using our method. For the wild bootstrap, we used 1000 pseudo series {W;}}_; drawn from iid N(0,1).
For the choice of the trimming parameter e, We use € = 0.4,0.5,0.6. Note that since there is a break in the
regressor at 30/89 = 0.34, e cannot be less than 0.34, see Remark 3.3.2. As can be seen in Table 3.6, the
resulting confidence intervals are not very sensitive to the choice of the trimming parameter €. In fact, the
confidence intervals unanimously suggest that the linear trend is significantly positive, i.e., the nominal
wage is linearly increasing at significance level 1% with a 99% confidence interval of about [3.6,6], and the

decrease at the Great Crash is significant at 5% level but not at 1% level.

3.6 Conclusion

In this chapter we study the estimation and inference of nonstationary time series regression models by
extending the SN method (Lobato, 2001; Shao, 2010b) to the regression setting with fixed parametric
regressors and nonstationary errors with unconditional heteroscedasticity. Due to the heteroscedasticity
and non-constant regressor, the limiting distribution of the SN quantity is no longer pivotal and contains
a number of nuisance parameters. To approximate the limiting distribution, we apply the wild bootstrap
(Wu, 1986) and rigorously justify its consistency. Simulation comparison demonstrates the advantage
of our method in comparison with HAC-based alternatives. The necessity of self-normalization is also

demonstrated in theory and finite samples.
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The two kinds of nonstationary models we consider in this article are natural generalizations of the
classical linear process and the stationary causal process to capture unconditional heteroscedasticity often
seen on the data. However, it is restricted only to the short-range dependence as seen from our condition
(A1) (ii) and (A2) (iii). When there is long-range dependence, it is not clear if the SN method is still
applicable. This can be an interesting topic for future research. Furthermore, the OLS is a convenient
but not an efficient estimator of the regression parameter when the errors exhibit autocorrelation and
heteroscedasticity. How to come up with a more efficient estimator and perform the SN-based inference is
worthy of a careful investigation. Finally, our method assumes a parametric form for the mean function so
it is easy to interpret and the prediction is straightforward. However, a potential drawback is that the result
may be biased if the parametric trend function is misspecified. We can avoid this misspecification problem
by pre-applying Zhang and Wu (2011)’s test to see if a parametric form fits the data well. The inferential

procedure developed here can be readily used provided that a suitable parametric form is specified.

3.7 Tables and Figures
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Table 3.1: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in the
parentheses) of the mean u in (3.8), where u is set to be zero. The error processes are from Zhao (2011)’s
setting with periodic heteroscedasticity. The method in Zhao (2011) and our method are compared. The
interval lengths of the confidence intervals are in the parentheses. The number of replications is 10,000,
and 1,000 pseudoseries with iid N (0, 1) are used for the wild bootstrap.

M1 m=15 m=25 m=30
0 0 0.2 0.5 0.8 0 02 05 08 0 02 05 08
SN 95.0 94.7 94.9 93.7
(0.29) (0.29) (0.32) (0.40)
Zhao 95.2 953 95.7 94.6 95.2 94.8 95.1 94.7 95.2 95.0 95.3 95.5
(0.25) (0.26) (0.28) (0.34) (0.28) (0.29) (0.31) (0.40) (0.30) (0.30) (0.33) (0.42)
M2-1 m=15 m=25 m=30
¢ 2.5 2.01 1.01 0.7 2.5 201 1.01 0.7 2.5 201 1.01 0.7
SN 94.5 939 94.2 95.7
(0.04) (0.04) (0.09) (0.15)
Zhao 95.2 94.3 94.1 95.5 94.7 94.2 95.9 97.2 95.1 95.2 96.4 97.8
(0.03) (0.04) (0.07) (0.13) (0.04) (0.04) (0.09) (0.17)  (0.04) (0.05) (0.10) (0.19)
M2-2 k=5 k=4 k=3
¢ 2.5 2.01 1.01 0.7 25 201 1.01 0.7 25 201 1.01 0.7
SN 94.3 94.0 94.0 96.1 94.6 939 94.1 96.2 94.2 934 94.2 96.0
(0.048) (0.06) (0.11) (0.19) (0.05) (0.06) (0.12) (0.20) (0.06) (0.07) (0.14) (0.24)
Zhao 95.0 949 956 97.3 95.1 94.5 959 974 94.8 94.7 95.7 97.6

(0.05) (0.06) (0.12) (0.22)

(0.05) (0.06) (0.13) (0.24)

(0.06) (0.07) (0.15) (0.29)
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Table 3.2: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in the
parentheses) of the mean p in (3.8), where p is set to be zero. The error processes exhibit nonperiodic
heteroscedasticity; (A1)-AR(1) with single volatility shift (3.9). The number of replications is 2000, and
1000 pseudoseries with iid N (0, 1) are used for the wild bootstrap.

Model SN-WB  WB o HACOH
no T ) P l /2 21
100 0.2 033 O 94.5(1.3)  94.5(1.1) 94.8(1.1) - 94.5(1.1) 1
100 0.2 3 0 94.8 (0.2) 94.8(0.2) 94.9(0.2) - 94.8(0.2) 1
100 0.8 033 0 94.8(0.7) 93.50.6) 93.6(0.6) - 93.9(06) 1
100 0.8 3 0 94.3 (0.4) 94.8(0.4) 95.0(0.4) - 94.5(0.3) 1
250 0.2 033 0 95.2(08) 94.7(0.7) 94.8(0.7) - 94.8(0.7) 1
250 0.2 3 0 95.0(0.1) 94.8(0.1) 94.8(0.1) - 95.000.1) 1
250 0.8 033 0 95.0(04) 94.9(04) 94.9(04) - 95.0(04) 1
250 0.8 3 0 94303 95.000.2) 95.2(0.2) - 94.8(0.2) 1
100 0.2 0.33 0.5 93.2(24) 70.8(1.2) 87.5(1.8) 84.5(1.6) 87.4(1.8) 6
100 0.2 3 0.5 94.8(0.5) 73.6(0.2) 89.0(0.3) 83.2(0.3) 90.5(0.4) 5
100 0.8 0.33 0.5 93.7(14) 72.5(0.7) 88.8(1.0) 81.7(0.9) 90.0(1.0) 5
100 0.8 3 0.5 93.5(0.8) 71.9(0.4) 88.7(0.6) 85.1(0.5) 88.4(0.6) 6
250 0.2 033 0.5 94.7(1.6) T74.2(0.8) 91.6(1.2) 88.7(1.1) 91.5(1.2) 8
250 0.2 3 0.5 95.0(0.3) 73.5(0.2) 91.1(0.2) 86.1(0.2) 92.3(0.2) 6
250 0.8 0.33 0.5 94.3(09) 74.00.5) 91.6(0.7) 87.6(0.6) 93.3(0.7) 6
250 0.8 3 0.5 93.5(0.5) 73.5(0.3) 91.6(0.4) 89.0(0.4) 91.8(0.4) 8
100 0.2 0.33 0.8 90.8(54) 45.1(1.7) 80.5(3.7) 75.1(3.2) 79.1(3.7) 13
100 0.2 3 0.8 92.2(1.1) 45.6(0.3) 82.6(0.7) 74.7(0.6) 84.1(0.8) 11
100 0.8 0.33 0.8 90.8(3.00 47.9(1.0) 83.8(2.1) 76.0(1.7) 84.2(2.1) 11
100 0.8 3 0.8 89.8(1.9) 45.6(0.6) 80.2(1.3) 75.1(1.1) 79.0(1.3) 13
250 0.2 033 0.8 93237 46.9(1.1) 87.3(2.7) 80.8(2.3) 87.9(2.8) 15
250 0.2 3 0.8 93.8(0.7) 48.8(0.2) 87.4(0.5) 80.6(0.4) 90.0(0.5) 15
250 0.8 0.33 0.8 93.0(2.1) 47.70.6) 89.3(1.5) 82.0(1.3) 90.5(1.6) 15
250 0.8 3 0.8 92.5(1.3) 47.9(0.4) 87.0(0.9) 80.8(0.8) 87.6(0.9) 15
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5), (A1)-AR(1), single volatility shifts.
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n 1T 6 p 0 01 02 03 05 0.7 F3 PW3 id WB F4 PW4
002055 0 gL ok 0T D8 0L R 0 02 2R 00 18 Ol o)

100 0.2 3 0
100 0.8 0.33 0
100 0.8 3 0
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250 0.80.33 0
250 0.8 3 O

100 0.2 0.33 0.5
100 0.2 3 0.5
100 0.8 0.33 0.5
100 0.8 3 0.5

250 0.2 0.33 0.5
250 0.2 3 0.5
250 0.8 0.33 0.5
250 0.8 3 0.5

100 0.2 0.33 0.8
100 0.2 3 0.8
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Table 3.3: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in the
parentheses) of the linear trend model with (b1, b2) = (0,
number of replications is 2000, and 1000 pseudoseries with iid N (0, 1) are used for the wild bootstrap.
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Table 3.4: Percentages of coverage of the 95% confidence intervals (mean lengths of the interval in the
parentheses) of the linear trend model with (b1,b2) = (0,
number of replications is 2000, and 1000 pseudoseries with iid N (0, 1) are used for the wild bootstrap.
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Table 3.5: Percentages of coverage of the 95% confidence intervals of by (mean lengths of the interval in
the parentheses) of the linear trend model with (b1, ba,b3) = (0,2,5), (A1)-AR(1), single volatility shifts.
The number of replications is 2000, and 1000 pseudoseries with iid N (0, 1) are used for the wild bootstrap.
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Figure 3.1: The nominal wage series fitted with a break at 1929 (the Great Crash) and the corresponding
residuals.
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Table 3.6: The 100(1-a)% confidence intervals for the parameters in the model (3.12) for the nominal
wage series. The estimated coefficients are shown in the parenthesis.

b1(5.91) b2(-0.63) b3(4.83)
« ¢ Lower Upper Lower Upper Lower Upper
0.4 545 6.37 -1.45 0.18 3.64 6.02
0.01 0.5 550 6.31 -1.48 0.21 3.62 6.04
0.6 557 6.25 -1.49 0.22 3.72 5.93

04 563 6.18 -1.10  -0.17 4.13  5.53
0.05 05 565 6.17 -1.14  -0.13 4.16  5.49
0.6 567 6.15 -1.12 -0.15 4.19 547

04 570 6.12 -1.03 -0.24 4.29 537
0.10 0.5 5.71 6.11 -1.04 -0.23 4.35 531
0.6 573 6.09 -1.04 -0.23 4.35 5.30
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Chapter 4

Bootstrap-Assisted Unit Root
Testing With Piecewise Locally
Stationary Errors

4.1 Introduction

Unit root testing has received intensive attention in econometrics since the seminal work by Dickey and
Fuller (1979, 1981). In their papers, the unit root tests were developed assuming independent and iden-
tically distributed (iid) error processes. When the error processes are stationary and weakly dependent,
many variants of Dickey-Fuller test have been proposed, but unit root tests in the literature more or less
rely on the two fundamental ways of approximating the weak dependence in the error. One is the Phillips-
Perron test (Phillips, 1987a; Phillips and Perron, 1988), where the longrun variance of the error process is
consistently estimated in a nonparametric way using the heteroscedasticity and autocorrelation consistent
estimators (Newey and West, 1987; Andrews, 1991). The other is the augmented Dickey-Fuller test (Said
and Dickey, 1984) which approximates the dependence structure in the error processes with an AR(p)
model, where p can grow with respect to the sample size. In addition to these two conventional methods
and their variants, bootstrap-based methods were also proposed. See Paparoditis and Politis (2002, 2003),
Chang and Park (2003), Cavaliere and Taylor (2009a), among others. For reviews and comparisons of
some of these bootstrap based methods, we refer to Paparoditis and Politis (2005) and Palm et al. (2008).

Recently, it has been argued in the literature that many macroeconomic series exhibit heteroscedastic
behavior in the error. For instance, the U.S. gross domestic product series is observed to have less variability
since 1980s; see Kim and Nelson (1999), McConnell and Perez-Quiros (2000), Busetti and Taylor (2003),
and references therein. Also, the majority of macroeconomic data in Stock and Watson (1999) exhibit
heteroscedasticity in unconditional variances as pointed out by Sensier and van Dijk (2004). If there
are breaks in the error structure, it is known that the traditional unit root tests such as Dickey and

Fuller (1979) are biased towards rejecting the stationarity assumption (Busetti and Taylor, 2003). For
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this reason, a number of unit root tests that are robust to the heteroscedasticity have been developed in
the literature, such as Busetti and Taylor (2003) and Cavaliere and Taylor (2007, 2008a,b, 2009a), which
allow for smooth and abrupt changes in the unconditional or conditional variance in the error processes.

Most of the existing methods handle heteroscedasticity by assuming their error processes to be linear

processes with heteroscedastic innovations, where the error process u; has the form
o0
U = E ciet—j, € = WiEs. (4.1)
§=0

Here, {£;} is assumed to be independent and identically distributed (iid) or martingale difference sequence,
and wys are a sequence of deterministic numbers that account for the heteroscedasticity. This process can
be considered as a generalization of the popular linear processes. Although this generalization allows for
some departures from stationarity, it is still restrictive in the following three aspects. First, this kind
of linear process cannot accommodate some popular nonlinear models in time series analysis, such as
threshold, bilinear models. Second, this error structure is somewhat special, and it seems that most of
existing methods developed to account for the heteroscedasticity in the error take advantage of this special
error structure. See Section 4.3 for more details. Third, this kind of heteroscedastic linear process only
allows heteroscedasticity in the error variance and and may not be appropriate in the case of changes in
other second order properties such as autocorrelations.

In this chapter we adapt a more general framework of nonstationarity to capture smooth and abrupt
changes in second or higher order properties of the error processes. The piecewise locally stationary (PLS)
process was recently proposed by Zhou (2013), as a generalization of the locally stationary process. The
locally stationary processes have received a lot of attention since the seminal work of Priestley (1965) and
Dahlhaus (1997). Local stationarity is a concept that can naturally expand the notion of stationarity by
allowing for smoothly changing second order properties of a time series; see Dahlhaus (1997), Mallat et al.
(1998), Giurcanu and Spokoiny (2004), and Zhou and Wu (2009), among others, for more related work.
However, locally stationary processes exclude abrupt changes in the second or higher order properties,
which is often observed in real data. To accommodate the abrupt changes, the PLS processes were
proposed to allow for a finite number of breaks in addition to the smooth changes. For example, Adak

(1998) proposed a PLS model in the frequency domain, generalizing Dahlhaus (1997)’s local stationary
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model. On the other hand, Zhou (2013) proposed another PLS model in the time domain as an extension
of the framework of Zhou and Wu (2009) and Draghicescu et al. (2009). This type of model allows for
both nonlinearity and local stationarity and covers a wide range of processes; see Wu (2005), Zhou and
Wu (2009), and Zhou (2013) for more discussions.

Under the general PLS framework for the errors, the limiting null distributions of the conventional
unit root test statistics are not pivotal; they depend on the local long-run variance of the PLS error and
some other nuisance parameters. A direct estimation of the unknown parameters in the limiting null
distributions is very involved, unlike the case of stationary errors (Phillips, 1987a). To overcome this
difficulty, we apply the dependent wild bootstrap (DWB) proposed in Shao (2010a) to approximate the
limiting null distributions and provide a rigorous theoretical justification by establishing the functional
central limit theorem for the partial sum process of the bootstrapped residuals. This seems to be the
first time the DWB is justified for the PLS processes and in the unit root setting, which suggests the
ability of the DWB to accommodate both piecewise local stationarity and weak dependence, and it can
be potentially used for other inference problems related to locally stationary processes.

The rest of the chapter is organized as follows. Section 4.2 presents the model, the statistics and their
limiting distributions under the null and local alternatives. In Section 4.3 the DWB is described and its
consistency is justified. The power behavior under the local alternatives of the DWB is also presented.
Section 4.4 presents some simulation results. Section 4.5 concludes. Section 4.6 presents tables and figures.
Technical details are relegated to Appendix C.

Throughout the chapter, we use L, for convergence in distribution and = weak convergence in D|0, 1],
the space of functions on [0,1] which are right continuous and have left limits, endowed with Skorohod
metric (Billingsley, 1968). Let a,, < ¢, indicates a,/c, — 1 as n — oo. The symbols O,(1) and op(1)
signify being bounded in probability and convergence to zero in probability, respectively. We use |a] to
denote the integer part of a € R, B(+) a standard Brownian motion, and N (u, ¥3) the (multivariate) normal
distribution with mean p and covariance matrix . Denote by ||X||, = (E|X|?)}/?. For a p x ¢ matrix
A = (aij)icpj<q et |[Allp = (3F_; 329, a2;)*/? be the Frobenius norm. Let 1(£) be the indicator

function, being 1 if the event £ occurs and 0 otherwise.
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4.2 The unit root test under piecewise locally stationary errors

Following the framework in Phillips and Xiao (1998), we assume that the data {y1 n, ..., ynn} is generated

from

Yen=Xin+B82zn t=0,1,...,n,
t t t (4.2)
Xt,n = pthl,n +ut,n7 t= 172a s, N

Here, 2, is a p x 1 vector of deterministic trend functions, and 8 is a p x 1 vector of corresponding

coefficients, which satisfies the following conditions.

(Z1) There exists a scaling matrix D,, and a piecewise continuous function Z(r) such that D, 1sz, | =

Z(r) as n — oo.
(Z2) fol Z(r)Z(r)'dr is positive definite.

These assumptions allow some popular choices for trend functions such as (p — 1)th order polynomial
trends and are quite standard in the literature; see Section 2.1 of Phillips and Xiao (1998) and Section 2
in Cavaliere and Taylor (2007). For initial conditions, we assume X, = 0 to simplify the argument. This
assumption can be relaxed to, for example, X ,, = Op(1), which does not alter our asymptotic results.
Following Zhou (2013)’s framework, the error process {usn}y_; is assumed to be mean zero piecewise
locally stationary with 7 break points, i.e., there exist constants 0 = by < b1 < ... < b; < by41 =1 and

some functions Gy, G1, ..., G, such that
Ut,p = Gj(st,]:t), if b]‘ <5 < bj+1,

where sy =t/n, Ft = (...,€0,...,6t-1,€¢), and &¢’s are i.i.d. random variables with mean 0 and variance

1. We assume

(Al) The process {u;} is piecewise stochastic Lipschitz continuous, i.e., for all j € {0,1,...,7} and
51,82 € [bj, bj11], 51 # s2,

1G(s1,Fo) — Gj(s2, Fo)ll2/]s1 — s2| < C

for some finite constant C.
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(A2) maxje(o,1,....r} SWPseb; ;441 1G5 (85 Fo)lla < oo

(A3) d4(k) = O(x*) for some x € (0,1) and §,(k) is the physical dependence measure defined as

6p(k) = max  sup ||G,(s, Fi) — Gi{s, (F_1,€0,€15- -, €k) Hlps

0<J=7b;<s<bjt
if k>0, and 6,(k) =0if k <O.

(A4) inf,epq)02(s) > 0, where 02(s) = > p—__¢;(s;h) is the long-run variance function, ¢;(s;h) =

COV{Gj(S,fQ),Gj(S,fh)} for s € [bj,bj+1), and 0'2(1) = hmsTl 0'2(3).

The assumption (A1) states that if ¢/n and ¢'/n are close and there is no break point in between, then
u¢,n, and uy ,, are expected to be stochastically close. In other words, the second or higher order property
of u; ,, should be smoothly changing, except for a finite number of break points. The physical dependence
measure in (A3) was introduced in Zhou and Wu (2009) as an extension of its stationary counterpart first
introduced by Wu (2005). The assumption (A3) implies that wu, is locally short-range dependent and
the dependence decays exponentially fast. When location s € [0, 1] is fixed, the process {G;(s, F;)}tez is
stationary for each j, and (A4) introduces the time varying longrun variance parameter o2(s). Note that
in the stationary error case, 02(s) is a constant. The assumptions (A1)-(A4) are similar to those of Zhou
and Wu (2009), Wu and Zhou (2011), and Zhou (2013). See (Zhou, 2013, Section 2) for more specific
examples. These assumptions are not the weakest possible but are satisfied by a wide class of time series
models.

Given the observations {y¢ n, 2t.n }1—1, We are interested in testing the unit root hypothesis
Hy: p=1 vs Hi: |p|<1.

Consider the OLS estimator p,, = (3, )?t,n)?t_l,n)/(z;?:l )A(E_Ln) of p, where X;, = yn — B,’lztn are
the OLS residuals of y; ,, regressed on z;,. Theorem 4.2.1 below states the limiting null distributions of

two test statistics that are popular in the literature.
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THEOREM 4.2.1. Assume (A1)-(A4) and (Z1)-(Z2). Under the null hypothesis p = 1,

n-l5" X— B, 2 2
T, = n(p, — 1) = " 2= Xo Lnftn Dy Ly = —{ 20)” ~ ou} (4.3)

_22 t 1,n 2‘/‘0 U\Z

and the t-statistic

(Cr X2 1) (e — 1) b {B,1z(1)? — 02}

o = (s2)17° T S [ B} (44
where
sp=(n =27 0 (Ko = PuXe-10)?.
on =limpeon™ 'Y Euf,,,
B, (r) = [, o(s)dB(s), and
By z(r) = By (1) — {fol B,(s)Z ds}{fo s5)'ds}~1Z(r) is the Hilbert projection of By (+) onto

the space orthogonal to Z(-).

As justified by Lemma C.0.12 (ii) in Appendix, o2, the limit of average marginal variance, can also be
written as fo c(s;0)ds, where c(s; h) = ¢j(s; h) for s € [b,bj+1) or s € [br, 1] with ¢;(s; h) defined in (A4).
If the error process is stationary, we have 02(s) = o2 for some constant o > 0 and o2 = E(u?). Thus if

there is no deterministic trend functions, i.e., 8 = 0, the limiting null distributions, Lt and L, reduce to

{B(1)* - 03/02} c,, - 2/edBa )2 —ou/o?}
2 [T B(r)2dr T T B(r)2dr}

T,0c —

respectively. These limiting null distributions contain only a couple of unknown parameters and coincide
with those in Phillips (1987a). To make the inference possible in this stationary error case, as Phillips
(1987a) and Phillips and Perron (1998) suggested, we can estimate the longrun variance o2 of the error
process consistently using the heteroscedasticity and autocorrelation consistent (HAC) estimators (Newey
and West, 1987; Andrews, 1991). The new statistics [see page 287 on Phillips (1987a)] adjusted using
consistent estimates of o and o, have pivotal limiting null distributions. However, in the piecewise lo-

cally stationary error case, the usual Phillips-Perron adjustment would not lead to pivotal limiting null
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distributions. Specifically, the HAC-based estimator of the nuisance parameter o(s), s € [0, 1], is not
known to be consistent in the PLS framework. The o2(s) is unknown at infinitely many points, and we
not only need to estimate o2(s) but also the integral of o(s) over a Brownian motion, which makes the

direct estimation of the unknown parameters in the limiting null distributions difficult.

In the unit root literature, local alternatives, p, = 1+ ¢/n, ¢ < 0, are often considered to examine
the behavior of the test when the true p is close to the unity. The Ornstein-Uhlenbeck process J.(r) =
for e("=%)¢dB(s) is usually involved in the limiting distributions of T,, and t,, for this near-integrated
case. Under our error assumptions, we define a similar process J; ,(r) = f07 e(r=%)¢g(s)dB(s), which is
generated by the stochastic differential equation dJ. ,(r) = ¢J. o (r)dr + o(s)dB(r) with initial condition
Je,o(0) = 0. Then the limiting distributions of the two test statistics under the local alternative can be

expressed as in the following theorem.

THEOREM 4.2.2. Assume (A1)-(A4) and (Z1)-(Z2). When p = p, =14¢/n, ¢ <0,
n_l/Q)/(\VLnTJyn = J670|Z(7‘), (4.5)

where Jo o 7(r) = Jeoo(1) — {fol Jeo(8)Z ds}{fo s)'ds}~1Z(r) is the Hilbert projection of J. »(-)

onto the space orthogonal to Z(-). Then limiting distributions of the two statistics are

1
Je o dB 2-1 r)dr — o2
T, B 0, = o To0OMB0) 22 My e Z o) (46)
fO c,o|Z )d

and . ) )

Jo o dB(r) + 271 rydr — o2} [y J2, 5 (r)dr}t/?
£, gﬁt,c: Jo Je.olz(r)a(r) )+ {fo T — 0y + {o i |Z( )dr} . (@7)

{o2 fo ca\z dr}1/2 o

Notice that when ¢ = 0, i.e., under the null hypothesis, we have .J. 5|7 (r) = B,z () so that fo olz(r)o(r)
dB(r) =2~ 1{Bng( ) — fol o?(r)dr}, which is due to the Itd’s formula.! so that the limiting distributions
Lt and L . are identical to the limiting null distributions £t and Ly, respectively. On the other hand,
when c is extremely negative, the limiting distributions take very negative values, in which case the unit

root null hypothesis would be rejected with high probability, implying nontrivial power under the (local)

Tt can be written as dBy(r) = o(r)dB(r). Using the Itd’s formula we derive B2(r) = B2(0) — [y 20(s)Bo(s)dB(s) +
271 [ 20%(s)ds, which leads to [ Bo(s)o(s)dB(s) =27 {B2(r) — [ o2(s)ds}.
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alternative. In the special case 5 = 0 and o(s) = o, i.e., when there is no deterministic trend and the
error is stationary, the two limiting distributions Lt . and Ly . reduce to those in Theorem 1 from Phillips

(1987b).

4.3 Bootstrap-assisted unit root test

To implement the (asymptotic) level « test in practice, we need to know the a-th quantiles of the limiting
null distributions L1 and L. However, as mentioned after Theorem 4.2.1, it is difficult to consistently
estimate the unknown parameters o(s) for all s € [0,1]. As a way out, we shall use a bootstrap method
to approximate the limiting null distributions. When the errors are stationary, it is well-known that the
Phillips-Perron test or augmented Dickey-Fuller tests have size distortions in finite samples, even though
they are justified to work asymptotically. Bootstrap-based methods have been proposed to improve the
finite sample performance. Psaradakis (2001), Chang and Park (2003), and Palm et al. (2008) used the
sieve bootstrap (Kreiss, 1988) assuming an infinite order AR structure for the error process. Paparoditis
and Politis (2003) applied the block bootstrap (Kiinsch, 1989), which randomly samples from overlapping
blocks of residuals. Swensen (2003) extended the stationary bootstrap (Politis and Romano, 1994) to the
unit root testing, where not only the overlapping blocks are randomly chosen, but also the block size is
chosen from a geometric distribution. Cavaliere and Taylor (2009a) applied the wild bootstrap (Wu, 1986)
for the unit root M tests (Perron and Ng, 1996), which are modifications of the Phillips-Perron test.

To further accommodate the heteroscedasticity in the error as well as the temporal dependence,
bootstrap-based methods have been developed by Cavaliere and Taylor (2008b, 2009b) and Smeekes and
Taylor (2012). In their papers, the error is assumed to be a linear process with heteroscedastic innova-
tions [see (4.1)], and the wild bootstrap (Wu, 1986) was used. However, these wild bootstrap-based tests
would not work for the PLS errors because the wild bootstrap can account for heteroscedasticity but not
the temporal dependence structure. The wild bootstrap works in the framework of (4.1) since the parts
from the limiting null distribution that are due to the temporal dependence in the error were removed
using Phillips-Perron adjustment (Cavaliere and Taylor, 2008b) or augmented Dickey-Fuller adjustment
(Smeekes and Taylor, 2012). This type of removal is only possible under the assumption that the error is a

heteroscedastic linear process, in which case the longrun variance o2(s) can be factored into two parts; one
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part is due to the heteroscedastic nature of the innovations w;, and the other part is due to the temporal
dependence Z;io ¢; in the error, as shown in Chapter 3. As a result, the limiting null distributions after
the two popular adjustments for the temporal dependence in the unit root test literature depend only on
the heteroscedasticity, which can be handled by the wild bootstrap. However, for the PLS error processes,
even after the Phillips-Perron or augmented Dickey-Fuller adjustment, the limiting null distributions still
depend on the part that is due to the temporal dependence in the error. Therefore the wild bootstrap is
not expected to work in our setting, both in theory and finite sample simulation; see Section 4.4 for some
numerical evidence.

To accommodate the nonstationarity and temporal dependence in the error, we propose to adopt the
so-called dependent wild bootstrap (DWB), which was first introduced by Shao (2010a) in the context of
stationary time series. It turns out that the DWB is capable of mimicking the local weak dependence in
the error process and provide a consistent approximation of the limiting null distributions of T,, and t,,.
Note that the DWB was developed for stationary time series and its applicability was only proved for the
smooth function model. This chapter seems to be the first to show the validity of the DWB in the PLS
framework and for the unit root testing. We expect that the local block bootstrap (Paparoditis and Politis,
2002), which involves two tuning parameters, also works here in terms of providing consistent distribution
approximation. However, since the DWB is capable of capturing weak dependence and piecewise local
stationarity simultaneously using only one tuning parameter, it may be preferred for practical reasons.

To implement the DWB, we generate pseudo-residuals by perturbing the original (OLS) residuals using
a set of external variables {W, ,,}7—;. The difference between the DWB and the original wild bootstrap is
that {W;,}7-; is made to be dependent in the DWB, whereas {W; ,}7_, is assumed to be independent

in the usual wild bootstrap. The following assumption on {W; ,}7-, are from Shao (2010a).

(Bl) {Wi,}ie, is a realization from a stationary time series with E(W;,) = 0 and var(W;,) = 1,
{Wi n}ieq are independent of the data, cov(Wy ,, Wy ) = a{(t —t')/1}, a(-) is a kernel function and
l =1, is a bandwidth parameter that satisfies | < C'n” for some 0 < k < 1/3. Assume that W, , is

I-dependent and E(W3t) < oco.

(B2) Assume that a : R — [0,1] is symmetric and has compact support on [-1,1], a(0) = 1, lim,_,o{1 —
a(x)}/]z|? = kq # 0 for some q € (0,2], and [ a(u)e”™*du > 0 for = € R.
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In practice, we can sample {W; ,}{—; from the multivariate normal distribution with mean zero and the
covariance function cov(Wy ,, Wy ) = a{(t—t')/l}. There are two user-determined parameters: the kernel
function a(-) and the bandwidth parameter . The kernel function affects the performance to a less degree
than the bandwidth parameter [, and the choice of [ will be discussed in Section 4.4. For the kernel
function, some commonly used kernels such as the Bartlett kernel satisfy (B2).

The DWB in the unit root testing can be performed as follows.
Step 1. Calculate the OLS estimates B\n of 8 by fitting y+ ,, on 2, and let )?tm =Yt.n — B\;ztn

Step 2. Let p,, be the OLS estimate of )A(t,n on Xt,l,n. Calculate the statistics T,, = n(p, — 1) and

tn = (55 2oy Xi1 ) "2 (0 — 1),
Step 3. Calculate the residuals U, = )/(\'t_,n — ﬁn)?t,l’n forallt=1,...,n.

Step 4. Randomly generate the I-dependent mean-zero stationary series {W; ,, }7-; satisfying condition (B1)-

(B2) and generate the perturbed residuals Uy, = Ut Wi

Step 5. Construct the bootstrapped sample y;,, using {u;,,} as if p = 1 is true;

(yz:n - B;LZLTL) - (y:—l,n - 6;Zt—1,n) + u;m

— * . ar *
t= 27 s 1y and yl,n - anl,n + ul,n'

Step 6. Calculate 3; by refitting y;,, on 2; , and X = Yin — (g;';)’ztn

t,n

Step 7. Calculate bootstrapped versions of p,, and s2, i.e., p& and s%?, based on {)?;n}?:l, and the boot-

strapped test statistics T = n(p% — 1) and t* = {s*? Z?Zl()?;‘_177l)2}’1/2(/’)2 —1).

Step 8. Repeat steps 2-7 B times, and record the bootstrapped test statistics {Tfl(l), ceey T;;(B)} and {t;;(l), ceey

5 %)}, The p-values are

B *(b B *(b
S HTY < Ty S 1 <t
B B ’

Notice that the null hypothesis is not enforced in Step 3, i.e., we are using the unrestricted residuals. There

is another way of constructing the bootstrap sample as discussed in Paparoditis and Politis (2003), where
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the null hypothesis is imposed in Step 3 and the corresponding residuals are referred as the restricted

residuals, i.e., Step 3 is replaced by the following;
Step 3’. Calculate the restricted residuals ﬂ;fn = )?t,n — Xt—l,n forallt=1,...,n.

Both procedures are consistent under the null hypothesis, but the DWB with unrestricted residuals delivers
higher power than the DWB with restricted residuals, as seen from our simulations. Similar observations
were made in Paparoditis and Politis (2003) for their residual block bootstrap.

The following theorem provides the core result in the proof of the consistency of the DWB in Theorem

4.3.2 and may be of independent interest.

THEOREM 4.3.1. Assume (A1)-(A4) and (B1)-(B2). Suppose there is no deterministic trends, i.e., 5 = 0.
Under the null and the alternative hypotheses, the partial sum process of the unrestricted bootstrap residual

converges, i.e.,
Lnr]

n~1/2 Z uy, = / o(s)dB(s) in probability.
t=1 0
Note that Theorem 4.3.1 holds not only under the null p = 1 but also under the alternative |p| < 1. This
property makes the DWB method (with unrestricted residual) more powerful because the bootstrapped
distributions correctly mimic the limiting null distributions under both the null and alternative. Although
the null hypothesis was not forced in Step 3, the DWB can still correctly approximate the limiting null

distribution, mainly because )?t* ,», are constructed assuming p = 1 in Step 5.
THEOREM 4.3.2 (Bootstrap consistency). Assume (A1)-(A4), (Z1)-(Z2), and (B1)-(B2). Under both the

null and the alternative hypotheses,

™ 2 L in probability, t; N Ly in probability.

n

Then Theorem 4.3.3 below follows immediately from Theorems 4.2.2 and 4.3.2, and the argument in

the proof of Theorem 5.1 in Paparoditis and Politis (2003).

THEOREM 4.3.3 (Power of the DWB statistics for Near-integrated processes). Assume (A1)-(A4), (Z1)-

(Z2), and (B1)-(B2). For any ¢ < 0,

P(T, <T; lp=1+c/n) =5 P(Ly, < L£3),
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Plty <t olp=1+c/n) 2> P(Lyo < L7),

where L . and Ly . are random variables with distribution Lt . and Ly ., respectively, which are defined
in Theorem 4.2.2. LT and L are the a-quantiles of the limiting null distributions, Lt and Ly, respec-
tively. We define T, , and t, , be the a-quantiles of {Tfl(l), cey TTL(B)} and {tfl(l), . ,tZ(B)} in Step 8,

n,o

respectively.

As noted after Theorem 4.2.2, when ¢ = 0, L . and Ly . are identical to the limiting null distributions,
which makes the probability of rejecting the null hypothesis, or the (asymptotic) size of the test, be exactly
the same as the level of the test. On the other hand, if ¢ is negative and very far from 0, the probability of
rejecting the null, or the asymptotic power of the test, will be close to 1, so the test is powerful if the true
p is far below the unity. If ¢ is not 0 but not too far from 0, Theorem 4.3.3 states that the probability of
rejecting the null is somewhere in the middle of the level of the test and 1. That is, the DWB unit root

tests have nontrivial power for the local alternatives.

REMARK 4.3.1. Notice that the DWB was originally developed for stationary time series (Shao, 2010). In
the construction of the DWB samples, {W; ,,}7— is generated as I-dependent stationary time series, so it is
natural to expect that DWB would work for stationary time series. However, it seems not straightforward
that this simple form of stationary time series would work in the case of locally stationary process with
unknown breaks. What Theorem 4.3.1 suggests is that the DWB is capable of capturing nonstationary
behaviors, without the need to specify any parametric forms of the error structures or to know the specific

form of nonstationarity such as location of breaks.

4.4 Simulations

In this section we compare our DWB method with the residual block bootstrap (RBB) (Paparoditis and
Politis, 2003). and investigate how the choice of the bandwidth parameter affect the size and power of the

two tests. we set 8 = 0 for simplicity so that we have )A(m = X; . Consider

Xt7n :pXt—l,n+ut7n7 t= 1,2,...,”
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where uy ., is generated from time-varying MA(1) model, u;, = €1, + ¢(t/n)et—14, t = 1,...,n, and
ern = w(t/n)ey, € are iid N(0,1). We consider the following models for the MA(1) coefficient ¢(s) and

the standard deviation of the innovations w(s), which are piecewise smooth functions.

(M1) Stationary uy,:
o(s) =0.5, w(s)=0.5, sel0,1].

(M2) Increasing ¢, and w(s):

o(s) =1.6s—0.8, w(s)=0.5s+0.1, s€]0,1]
(M3) Jump in ¢, , and increasing w(s) 1:

#(s) =0.240.61(s > 0.5), w(s)=0.5s+0.1, s€][0,1]

(M4) Jump in ¢, , and increasing w(s) 2:

¢(s) =0.240.61(s > 0.5), w(s)=0.554+0.5, s¢€0,1]

(M1) represents stationary case with moderate temporal dependence in which case, both the RBB and
DWB are consistent. (M2)-(M4) satisty the piecewise local stationarity assumption (A1)-(A4), but are
not stationary. The underlying assumption for the RBB to work is that the candidate blocks need to have
the same or roughly the same distribution, which is violated in the PLS case, so in theory the RBB is
expected to be inconsistent for the models (M2)-(M4).

To implement the DWB, we need to choose the bandwidth parameter . We propose to use the
minimum volatility (MV) method from Politis et al. (1999). The rationale behind the MV method is that
the approximation of the limiting distribution is stable when the bandwidth parameter [ is in a certain

range. We can find an optimal bandwidth I, which depends on the data {X; ,}, as follows:
1. Choose some candidate I’s; Iy, ..., [x.

2. For each [; (i =1,...,k), generate the bootstrap sample yz(i) (t=1,...,n) and calculate T

m
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3. Repeat B times so that we have (Tfl(l’i)7 e ,TZ(B’“) for each [;.

4. Let D, be the empirical distribution function of (TZ(M), e ,T;;(B’i)), ie., Di(z)=B™! Zle 1(T:§(j’i)
< z). Fori = 1,...,k — 1, calculate the Kolmogorov-Smirnov distance between D; and D;,1,

H; =sup,cp |Di(z) — Diy1(z)].

5. The optimal [ is [>, where Q= argmin,_; ,_H;.

yeeey

Although Paparoditis and Politis (2003) provided some guidance of choosing the block size in the RBB,
it seems that it still depends on some subjective choices. To make a fair comparison between the DWB
and RBB, we use the MV method for both bootstrap-based tests.

In our simulation, the sample size is n = 100 and the number of Monte-Carlo replications is 2000. For
the DWB, we generate B = 1000 bootstrap replications; in each replication, pseudoseries (W1y,...,W,,)’
are generated from iid N(0,,X), where ¥ is n by n matrix with its (i, j)th element being a{(t — t)/1}.
Here the Bartlett kernel is used, i.e., a(s) = (1 — |s])1(|s| < 1).

Tables 4.1 presents the empirical rejection percentage of the DWB and RBB unit root tests with
unrestricted residuals and restricted residuals at nominal level 5% using various I’s. The second to last
line of each part of the table represents the rejection rates when we choose [ from the set {1,4,7,...,49}
using the MV method in each replication, and the last line presents the average of the optimal Is over all
Monte Carlo replications. To save space, the results are only shown for ! in {1,7,13,...,49}, although
our simulation is based on a finer grid of {1,4,7,10,13,...,49}. Notice that the wild bootstrap, i.e., when
I = 1, is not consistent when serial correlation is present, which is expected in theory. In contrast, the
DWB and RBB with the bandwidth [ chosen by the MV method, however, seem to work reasonably well.
This justifies the use of the MV method in real data practice, not only for the DWB unit root test but
also for the RBB unit root test. In addition, Table 4.2 further investigates the case for n = 400 with
unrestricted residuals. As expected, the DWB generally produces better size than the case for n = 100,
but the RBB does not do any better or sometimes worse than that for n = 100.

For the stationary case (M1), all eight tests DWB-T,,, DWB-t,,, RBB-T,,, RBB-t,,, using unrestricted
and restricted residuals perform similarly well, all having the empirical rejection rates close to the nominal
level. The difference between the DWB and RBB shows up for the models (M2)-(M4). The RBB is not

consistent, rejecting substantially more frequently than the nominal level, while the DWB is consistent
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under (M2)-(M4) with finite sample rejection rates being pretty close to its nominal level in general. In
particular, for (M2) and (M3) when the innovation variance is relatively small, the empirical sizes of the
RBB test are about 10%, but the DWB still delivers an accurate size. The distinctions between T,, and
t, or using the restricted and unrestricted residuals are not as apparent, though, at least in terms of
empirical size.

Tables 4.3 presents the size adjusted powers when n = 100 using unrestricted and restricted residuals.
The local alternative with p = 1 — 0.15/n = 0.85 is considered. To make a fair power comparison,
we calculated size adjusted power following Dominguez and Lobato (2001). When the error process is
stationary, (M1), the DWB and RBB have almost identical power. For other nonstationary models (M2)-
(M4), the RBB tends to have slightly better power than the DWB. However, considering the size distortion
of the RBB test, the power loss is not too serious. In terms of power comparison of the unrestricted and
restricted residuals, using the restricted residuals result in substantial power loss, regardless of the model
or whether using T, and t,,. Thus using unrestricted residuals is strongly preferred in practice. In terms
of the choice between T,, and t,,, the former tends to be slightly more powerful for all models (M1)-(M4)
and for both unrestricted and restricted residuals. Thus in practice, T,, may be preferred.

To summarize, the RBB is not consistent in PLS setting, resulting in the large size distortion. By
contrast, the DWB delivers quite accurate size in all situations without much power loss. Between two
statistics T,, and t,, the former is slightly more powerful and thus may be preferred. Lastly, algorithm
using the unrestricted residuals in Section 4.2 is preferred to the one using the restricted residuals, due to

the significant increase in power, corresponding to the unrestricted residuals.

4.5 Conclusion

In this chapter we presented a new bootstrap-based unit root testing procedure that is robust to changing
second and higher order properties in the error process. The error process we adapted is the piecewise
locally stationary (PLS) framework, which is general enough to allow for not only the unconditional error
variance changes but also autocorrelation changes, and it seems that it is the first time this framework
is introduced to the unit root testing literature. Under the PLS framework, we derived the limiting null

distributions of two popular test statistics and proposed to approximate them using the dependent wild
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bootstrap (DWB). As an important theoretical contribution, we established the functional central limiting
theorem of the partial sum process of the DWB residuals and justified the bootstrap consistency under
both the null and the alternative hypotheses. Consequently, our test was shown to have nontrivial power
under the local alternatives both asymptotically and in finite samples. In the simulation, our DWB-based
method provided more accurate size with only slight power loss compared to the RBB-based counterpart
(Paparoditis and Politis, 2003). It is also worth noting that the DWB was originally proposed for stationary
time series. Thus this chapter has broadened the applicability of the dependent wild bootstrap, whose use

in the locally stationary context is worth further exploring.

4.6 Tables and Figures
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Table 4.1: Empirical rejection rates of DWB (D) and RBB (R) for models (M1)-(M4) using unrestricted
and restricted residuals (Step 3 and Step 3’, respectively, in Section 4.2). The last row in each part (lop¢)
reports the mean optimal bandwidths over 2000 Monte Carlo replications. The sample size is n = 100,

and the nominal level is 5%.

Unrestricted Residuals (Step 3)

ML) (M2 (M3)  (M4) (ML) (M2)  (M3)  (M4)
l D R D R D R D R D R D R D R D R
1 0.8 0.1 40 1.8 06 03 0.7 0.2 1.1 0.1 43 1.6 09 0.1 0.9 0.2
7 34 34 6.0 123 40 78 4.4 5.1 3.8 3.2 6.2 10.8 4.2 6.8 4.8 5.4
13 4.0 40 6.9 11.8 43 83 5159 3.9 3.8 68 10.5 43 7.2 4.6 5.3
19 44 50 7.8 12.3 5.1 92 52 6.2 4.2 42 7.1 10.8 4.6 80 4.8 5.3
25 45 5.3 6.8 12.2 46 10.2 49 7.3 4.3 4.7 6.3 10.6 4.4 88 48 6.2
31 5.0 5.5 7.7 13.2 53 11.0 6.2 7.6 48 48 7.1 11.1 52 94 5.6 6.0
37 56 6.9 81 144 54 119 6.4 89 5.1 6.2 78 13.2 55104 59 7.6
43 4.8 6.8 88 13.8 5.6 12.0 5.9 9.6 4.6 5.8 81 12.4 5.1 10.0 5.3 7.6
49 56 74 8.3 149 5.1 12.8 6.8 9.2 52 6.2 7.6 142 49 11.6 6.0 8.1

MV 5.25.7 6.9 12.0 5.410.0 6.07.0 5.55.5 6.612.0 5.2 86 5.6 7.0

lopg 28 19 28 20 31 20 28 18 27 19 27 20 31 20 28 19

Restricted Residuals (Step 3’)

T, ty,
ML) (M2) (M3) (M4 (M1) (M) (M3)  (M4)
l DR D R D R DR DR DR DR DR
1 0801 40 19 06 03 0702 1101 45 1.6 09 01 1.0 0.2
7 3531 6.2 130 50 83 4853 39 34 6.0 11.3 50 7.5 4.8 5.5
13 4539 73 128 6.1 92 5562 48 3.7 7.1 120 58 7.8 5.2 5.3
19 4849 85 139 6.7 103 59 6.7 4.7 42 75 120 6.3 88 5.1 5.5
25 5154 72 135 6.8 11.2 58 8.0 4.6 45 7.2 125 6.2 94 5.4 6.6
31 5753 86 135 84 116 7383 5148 80 122 73 9.8 64 7.0
37 6.6 6.6 9.0 16.0 88 136 7.9 9.6 6.2 6.2 9.0 145 81 11.3 7.5 8.2
43 6.2 66 98 156 88 128 7.6 88 5.6 53 93 141 86 11.2 7.1 7.3
49 6.9 73 10.1 16.1 9.5 139 8195 6459 89 148 9.0 12.0 7.6 8.2
MV 6.35.5 8.2 13.2 7.810.8 6.87.2 6.64.8 7.912.6 7.7 9.5 6.4 6.8

lopte 28 19 29 21 33 20 28 19 2719 29 21 32 20 28 19
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Table 4.2: Empirical rejection rates of DWB (D) and RBB (R) for models (M1)-(M4) using the unrestricted
residuals (Step 3 in Section 4.2). The last row reports the mean optimal bandwidths over 2000 Monte
Carlo replications. The sample size is n = 400, the nominal level is 5%.

T, tn

M) (M2) (M3) (M) (MD) (M) (M3)  (M4)
l D R D R D R D R D R D R D R D R
1 0.8 00 32 1.5 04 0.0 0.9 0.0 1.1 0.0 3.5 1.2 0.6 0.0 0.9 0.0
11 3.2 5.1 46 125 49 94 2.8 6.3 3.1 5.1 5.1 116 52 86 3.1 6.2
21 4.3 5.3 4.7 12.0 4.8 94 3.5 6.6 3.9 48 5.0 10.8 54 9.2 3.6 5.8
31 4.2 4.8 4.8 11.3 55 89 4.2 6.2 4.5 4.8 4.9 10.2 5.6 85 4.1 6.3
41 4.6 6.0 5.1 11.6 50 9.6 4.5 7.0 4.6 5.5 4.8 10.7 5.1 9.1 4.8 6.6
51 44 58 49 11.7 53 88 4.8 6.6 4.6 5.4 4.8 10.2 4.8 82 4.6 5.8
61 50 59 55 126 45 96 52 7.0 4.8 5.2 54 104 48 9.0 4.8 6.3
71 4.9 5.5 4.7 12.7 4.4 102 5.1 74 51 5.3 5.1 11.2 4.8 9.2 52 7.2
81 50 5.9 5.1 10.7 4.3 9.2 45 7.2 5.0 5.3 4.8 98 46 83 4.7 5.9
91 50 7.1 4.3 124 48 10.2 5.1 7.3 52 6.4 4.6 114 45 84 5.0 6.4
101 4.8 6.7 5.2 129 4.4 10.8 4.5 7.5 49 56 5.2 109 50 90 44 7.1
111 5.0 6.6 5.3 12.3 4.8 10.6 53 7.3 5.1 59 53 11.3 5.0 9.3 5.1 6.7
121 4.8 6.9 4.8 12.2 4.9 10.8 4.9 8.3 51 6.2 52 108 52 9.1 45 7.1
131 5.1 7.8 5.1 13.1 4.6 11.2 5.6 9.2 4.8 6.2 5.1 11.3 5.1 9.8 5.3 8.0
141 5.0 88 5.3 14.6 5.0 11.9 5.3 9.6 51 7.3 5.3 13.0 5.1 10.6 5.3 8.3
151 5.6 81 4.8 15.2 4.8 12.8 5.5 9.6 54 6.5 5.1 13.3 4.8 10.9 5.5 8.3
161 5.5 85 5.1 149 4.8 13.0 54 9.8 54 6.9 5.2 13.5 5.0 11.2 5.5 8.3
171 5.2 85 5.3 15.3 5.1 12.2 5.1 9.6 49 71 4.7 12.8 4.8 10.3 5.1 8.1
181 5.3 8.8 5.2 14.8 4.8 12.3 5.0 8.7 51 7.8 52 13.1 46 99 48 7.8
191 5.2 84 5.2 154 4.2 13.1 5.1 10.2 53 7.2 51 13.6 4.8 11.8 5.1 8.9

MV 5.07.0 4.6 12.6 4.6 10.4 4.8 7.8 5.16.0 5.111.2 4.6 9.3 5.07.0
lopt 121 81 120 89 127 84 120 82 122 82 120 87 127 86 121 80
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Table 4.3: The size adjusted powers for DWB (D) and RBB (R) for models (M1)-(M4) using the unre-
stricted and restricted residuals (Step 3 and Step 3’ respectively, in Section 4.2). The last row of each

part (lopt) reports the mean optimal bandwidths over 2000 Monte Carlo replications. The sample size is
n = 100, and the local alternative p = 0.85 is considered.

Unrestricted Residuals (Step 3)
T, tn
M) (M) (M3) (M4 (ML) (M2) (M3)  (M4)
l D R D R D R D R D R D R D R D R
1 96.6 96.7 60.5 59.8 71.9 72.0 87.1 86.4 934 93.8 59.1 57.7 68.8 68.2 83.5 83.2
7 89.5 89.2 555 58.9 68.3 65.2 77.8 789 858 8.1 53.5 56.1 64.6 61.8 76.1 76.8
13 88.1 87.5 53.4 58.8 63.8 63.0 759 77.1 83.5 83.6 51.0 56.0 61.3 59.2 73.8 74.0
19 86.6 85.4 53.2 60.0 62.3 626 73.8 75.9 81.5 81.2 51.4 57.5 59.7 59.2 71.4 73.0
25 857 85.2 54.1 59.2 62.5 64.1 73.5 75.8 81.0 81.0 52.0 57.8 59.2 60.0 T71.2 72.8
31 844 82.8 53.9 61.0 59.7 64.0 72.6 752 79.2 79.1 524 58.6 57.7 60.1 70.7 72.0
37 83.7 8.0 529 63.7 59.7 66.4 73.2 76.8 79.7 80.5 50.8 59.9 57.0 62.4 70.5 74.4
43  83.0 83.0 54.1 64.6 584 66.7 72.8 76.6 789 79.6 52.1 61.8 57.0 63.2 T1.0 73.8
49  83.8 81.2 52.8 65.5 58.6 66.8 72.7 76.1 78.6 78.6 50.6 63.2 55.4 629 69.3 73.0
MV 83.8 84.5 52.0 60.2 61.3 63.5 72.6 76.0 80.7 82.7 51.0 57.5 58.4 58.7 71.2 73.4

lopt 32 19 32 21 30 20 32 19 32 19 32 21 29 19 32 19

Restricted Residuals (Step 3’)
T7l t7l
M) (M) (M3) (M4 (ML) (M2) (M) (M4)
l D R D R D R D R D R D R D R D R
1 96.7 96.5 61.7 60.4 724 71.9 86.9 86.6 93.3 93.8 59.7 57.9 68.8 68.2 83.3 83.2
7 80.7 83.2 40.4 44.2 51.0 55.0 67.8 70.5 77.0 80.0 40.7 43.4 484 52.2 66.6 69.2
13 67.3 745 33.2 374 40.1 471 53.8 62.0 64.3 71.4 319 356 39.1 44.0 54.4 59.5
19 574 66.5 30.5 33.4 35.9 42.3 48.2 554 544 63.9 29.0 32.2 33.4 39.6 47.2 54.5
25 527 67.7 27.1 33.0 33.1 43.7 44.0 55.0 50.0 63.1 26.3 32.6 30.9 40.6 42.4 53.5
31 48.1 59.6 28.2 32.8 32.6 41.3 41.3 50.5 454 56.8 26.9 31.5 30.4 38.1 39.8 49.5
37 456 62.9 25.4 34.0 30.0 43.0 37.5 52.4  42.7 59.4 24.3 32.8 27.4 38.6 35.7 49.1
43  43.5 58.2 24.0 348 29.3 42.8 36.9 49.3 404 54.9 23.2 33.1 27.3 39.0 34.5 47.5
49 419 54.2 24.1 349 29.0 40.3 34.3 474  38.2 524 229 344 26.2 38.6 33.1 454
MV 47.5 66.1 24.3 32.6 30.2 44.0 40.1 55.0 44.1 63.9 24.9 32.9 28.9 41.7 39.0 53.8

lopt 33 20 34 22 33 20 33 20 32 20 33 21 32 19 32 19
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Appendix A

Technical Details for Chapter 2

Proof of Theorem 2.2.1. For r € (0,1], we rewrite (T — p)—1/2§f§¥j3 as

(T —p) V2SEYE = (@ —p) P (@ - Y Ar)

rT]  ~ LrT Al
= (T'-p)” UQ(ZJL p+1 7_ZJ pJ+1 Doy Ay (A1)
_ZJT:;{LI (Al Al)i}\j—l)-

Since T—1/2 Z]LT:Y;J v; = U(By(r) — rBi(1)) as proved in Kiefer et al. (2000) under K1 and K2, (T —

p)~1/? ZJLT:Z;JJFI Uj—1 = U(By(r)—rBy(1)) for each [, which implies that the last term in (A.l) is 0,(1) under

the assumption PW1. The first two terms can be rewritten as (7'—p)~1/2( ZLTTJ A ZLTTJ .
O0,(1)) = (T —p)~V2(I), = X1, A) Z "5, + 0,(1), so we have
(T —p) 2SEYP = D" W(B(r) — rBi(1)),
where D), = (I, — >_7_, A;)~'. By K2, PW1, and PW2, @;1 —p, Q7! and ﬁp —p Dy, so we have
(T —p)?RQ;' Dy S[L P = W(By(r) — rBi(1)),

where U = RQ~'V is an m x k matrix. Using the continuous mapping theorem, we have

RV PR —p @( /O (Bi(r) — rBx(1)) (Bi(r) — er(l))/dr) v,
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From (2.3), TY/2R(Br — ) —p UBy(1), and the continuous mapping theorem leads to
—1

GEVE —p B(1)W [ii/(/o (Bi(r) — rBi(1)) (Bi(r) — er(1))’dr) (17] UB(1). (A.2)

The limiting distribution in (A.2) is equivalent to U,, in distribution; see the proof of Theorem 1 of Kiefer

et al. (2000). The proof is then complete. &

Existence of A and A that satisfy PW1 and PW2:

Here we show PW1 and PW2 can be satisfied with the OLS estimates in (2.4). We consider p = 2 for
simplicity in the following proof, but it is straightforward to extend the result to the general p. Let El

and A, be the OLS estimates in (2.4) with p = 2. Consider (2.4) with 7; replaced by v; as
Ut:A/lUtfl—‘rAvQ’Utfz —i—a, t:3’...7T’

where ﬁl, ﬁz, and ¢; are the corresponding OLS estimators and residuals. Denote A = (A4}, A}), A=
(A}, ALY, and A = (A}, A,)', where A; and A, are defined in PW1. We define By = E(%2)(v} ),
By = E(?) v, §1 = % 23:3 (%:; )(ﬁ;,l o), EQ = % 23;3 (gﬁ:; ) o, , and El and BQ be the the same
as El and Eg with ?; replaced by v;. The OLS estimators A and A can be written as Eflég and Eflég,
respectively. Define A = B; ' Bs.

In what follows we present some primitive assumptions under which PW1 and PW2 hold. Let Y; =

(ut, X7) and X, ; be the jth component of Xj..

Al. B is invertible and I, — A; — A5 is nonsingular.

A2. {Y;} is stationary and a-mixing of size r/(r — 1), r > 1.

A3. E(X{uy) = 0, E|X; ju|""° < 00, and E|X7 | < oo for some § > 0, for j =1,--- , k.
AL B(Xy 5, Xt j, X—1,j, X¢—1,5,) < oo forall ji,---,ja=1,--- ,kand [ =0,1,2.

We assume Al to guarantee that A is well-defined so PW2 holds. A2 and A3 are to ensure that {v,}
is stationary and we can apply the law of large numbers (LLN) for stationary mixing random variables.

See Exercise 3.51 in White (1984).
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We claim that A — A = 0,(1) and A—A= 0p(1), which lead to A—A= 0p(1) and hence PW1
holds. To prove the first claim, observe that E(vv;_;) = E(vj41v]) for t =1+1,--- ,T and [ = 0,1,2
due to the stationarity assumption. By the LLN for weakly dependent stationary sequences, we have
T fvw) = E(vav})} = 0p(1) for I = 0,1,2. Tt is easy to see that A — A = 0,(1) by Slutsky’s

theorem.

To prove A — A = 0p(1), we need to show that
T
T (01— vvf_y) = 0p(1),  1=0,1,2. (A.3)

t=3

Once (A.3) is verified, we have Ej ,gj = 0,(1) for j = 1,2. Note that A—A= op(1) and B — B = op(1)

using the LLN. Then the desired result follows in view of the relation
By — By = BiA— BiA = By(A— A) + (B, — B)A.

To prove (A.3), note that for [ = 0,1, 2,
T T
S @ —vwp ) =Y Xe X[ (W1 — gty _y).

t=3 t=3

We can rewrite the latter part of the summands as
Uplip—y — ugpttp—y = (Up — wg) (Up—g — wp—g) + (U — we)up—g + (We—g — Us—g)Us.

It can be seen that 71! 23;3 X X, (0 —ug) (U —up—y), T71 Zf:g X X, (W —ug)ug—y, and T Zthg
X X{_,(W—1—us—;)uy are all o,(1), which are straightforward consequences of the LLN, \/T(B—ﬁ) = 0p(1),

and the assumptions A3 and A4. The proof is thus complete.

Proof of Theorem 2.3.2. Let §tSN =y I/F'j = t(@t - @\N) Under S1, we have

j=1

N 1
N7? ; §29N§tSNI —D A/o (Bi(r) — rBi(1)) (Bi(r) — er(l))/drA’.
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Using the similar argument as in (A.1) by replacing v; with IF, and T with N, we have

_ r _ rN T T T
(N —p) 1/25'5‘7_]]\(” = (N-p) 1/2 th‘:pil(IFj - Zf:l AIF;)

= (N=p) 2(Ie = X0, A)SEN, + 0p(1).

Under PW1 and PW2, it follows from the continuous mapping theorem that
1
RVRYWR —p RA(/ (Bi(r) — rBi(1)) (Bi(r) — er(l))’dr)A’R/.
0

Define an m x k matrix A = RA. Under the assumption S1, NY/2(8y — 6) —p AB(1), which implies

N1/2R(§N —0) —p ﬁBk(l). Thus, by the continuous mapping theorem, we have
G5y —p Bu(1) A [A(/ (Br(r) = rBr(1)) (Bi(r) = rBy(1)) dr) A’} AB,(1) 2 U,
0

The proof is complete. &
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Appendix B

Technical Details for Chapter 3

Denote by P*, E*,var* the probability, expectation, and variance, respectively, conditional on data A,.
Let 2 indicate the equality in distribution. For a vector z = (z1,..., ), let ||z|| = (3F_, 22)!/2 be the
Euclidian norm. If A is a p x p symmetric nonnegative definite matrix with A = PAP’, PP’ = I,,, where
I, is the p x p identity matrix, and A = diag(A1,...,A,) is a diagonal matrix with A; > ... > A, > 0, we
define the root of A as A2 = PAY2P’ where A'/? = diag(A}/Q, . .,)\11,/2). We write Y, = oj(1) if for
any € > 0, P*{|Y,| > €} — 0 in probability, and Y,, = O, (1) if there exists a constant M > 0 such that
for all large n, P*{|Y,| > M} < € with probability arbitrarily close to one, as defined in Chang and Park
(2003). Define Qn(r) = [Nr| =2 TP~ B(t/n)F(t/n) and By p(r) = N~V2 SNt g
Define @ = max{w”,sup,¢p 1y w(r)} and ¥ = sup,¢joq¥(r). Notice that since w(r) and v(r) have only
finitely many breaks on [0,1] interval, @ < co by (A1) (i) and 7 < oo. In the following argument, all sup,.
indicates supremum over {r € [¢, 1]}. The positive constant C is generic and may vary from place to place.
We use Z; or Iy ; for j =1,2,... in different proofs to indicate different objects in a simple way.

The following lemmas contain some key results needed in the proofs of Theorems 3.3.1 and 3.3.2 and

they may be of independent interest.

LEMMA B.0.1. Let A, = (apj)ij<p and By = (by ;)i j<p be p X p matrices with p = 1,2,... and let
Cp = max; j{az ;;,02 ;. }. Then
{det(4,) — det(By)}? < (2p°Cp)P |4y — Byl[7- (B.1)

Proof of Lemma B.0.1. Let A, ;; be the (p—1) x (p—1) matrix of A, with ith row and jth column deleted.
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If p =1, it is trivial. If (B.1) holds for p, then

|det(Apy1) — det(Bpya)[* = [ X051 (1) {ap11,15det(Apya1;) = bpr11;det(Bpiai) H?
< a2y {det(Ap ) — det(Bppa1)}? + X0 (apg115 — bpar1y)? {det(Bpya,1)))?
< (202 Cpi)P " H{Cpir 051 (| Aps1,15 — Bprrjll3 + 11 Aps1 — B |3 051 1B sl 3}
< (2p3cp+1)p_1{cp+l(p + D[ Ap+1 — Bp+1||% +|[Ap+1 — Bp+1||%(p + 1>p20p+1}
<{2(p+ 1)3Cp+1}p”‘4p+1 - B;D-H”%'
By induction, (B.1) holds for all p. &
LEMMA B.0.2. Assume (R1)-(R2).
(i) sup,cie 1 [1Qn(r) = QrllF = O(n™1)
(“’) Supre[e,l] ||Qr_1||F < 00 and Supre[e,l] HQN(T)_lHF <0 fO’f’ all N.
(iii) supcpe ) [|QN ()~ = @ H|[F = O(n™?)

Proof of Lemma B.0.2. (i) Our goal is to show that, for all ,5 =1,...,p,

[nr]/n Lnr)
sl [ 50 — ()3 e/ /)| = O (B2)
r t=1
Once (B.2) is shown, we have sup,.c(. 11 [|Qn (1) — Qr||r < {Zingp(Cnfl)Q}l/Q =pCn~t = O(n™ 1) so

that the part (i) of this lemma is complete.

Now we prove (B.2). For each ¢ = 1,...,p and r € [¢, 1], define S,,;,, = {s : s = t/n for some t =
1,...,|[nr], or s is a break point on s € [0, [nr]/n]}. Let {sg}r=1,..m,, denote the elements of S, ; , in
ascending order, where m;, is the number of elements in S,, ;.. Let so = 0. For each i, define a step
function f, ;(s) on s € [0,1] such that f,(s) = fi(sg) for s € [sx—1,8%), k =1,...,m;1, and f, (1) =
fi(1). Then this step function is very close to fi(s) in the sense that sup (o 1) [fi(s) = fn.i(s)] < Cn~", due
to the piecewise Lipschitz continuity of f;(s). Then, for all ¢,j = 1,...,p, |fi(s)f;(s) — fn,i(8)fn,;(s)] <
Lfi()I1f5(8) = fnj(8)] + 1fi(8) = fn,i(8)]|fn,;(s)| and the boundedness of f;(s) and f, ;(s) imply that

lnr]/n lnr|/n
/ fi(s) 5 (s)ds — 11 / Foi(8)Fu g (8)ds| = O(n ). (B.3)
0 0

sup
réefe,1]
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Also, notice that sup,. | >, fr.i(sk) — ZL"” fi(t/n)] = O(1), since the number of breaks of f;(s) is finite.

Similarly, for all 4,5 = 1,...,p, sup, | 027" fri(sk) fag(s5) = S fi(t/n) f5(t/n)] = O(1), where m, .,

is the number of elements in S,, ;- |J Sy, j,-- Thus we have

Mg, j,r \.nrj

sup |(nr) ™1 > fai(sk) fui(sk) — Zfz (t/n)f;(t/n)| = O(n"). (B.4)
k=1

rele,1]

Since r~! fOLmJ /n Fri(8) fnj(8)ds = (nr) 232000 £ (k) fn.j(Sk), by the triangular inequality, (B.3) and

(B.4) imply (B.2). This completes the proof.

(ii) Let Qi be the (p—1) x (p—1) matrix is a submatrix of @, with ith row and jth column deleted. The
(i,7) cofactor of @, is defined as cof(Q,, i, j) = (—1)""/det(Q, ;;), which is a function of (p— 1) product of

r=t [y fi(s)ds}i<i<p. Thus we can write cof (Qy,4,7) = =P~ ["-- ["hi ;{F(s1),...,F(sp—1)}dsy -
spor P {F (s1),

dsy—1 for a piecewise continuous function h; ; with at most finite breaks. Let h; j = sup,,

.. F(sp—1)} and h = max; ; h; j. The (i,)th element of @, ! can be written as

{det(Q, —(= 1)/ / ”{F $1), F(sp—1 }d31 ~dsp_1,

using the same h; ; above, and since h is bounded due to the piecewise Lipschitz continuity of f;’s, we
have ||Q; Y |F < {det(Q,)} 1hp so that sup, ||Q;||F < Epsup,.e[€71]{det(QT)}_1, which is bounded due

o (R1). Similarly, the (i,j)th element of Qx(r)~! can be written as
|[N7|+p—1

[det{Qn ()}~ [Nr)~"™D ST by {Ft1/n), ... Ftp—1/n)}

t1,..tp—1

so that ||Qn (r) Y| r < [det{Qn (r)}] " hp.

Now we need to show sup, [det{Qx(7)}]7! < co. By Lemma B.0.1, we have |det{Qx(r)} — det(Q,)| <
CllQn(r) — Qr||F, where C is bounded if all elements of Qn(r) and @, are bounded, which follow
from (R1) and Lemma B.0.2 (i). In fact, the inequality holds uniformly over r € [e, 1], thus we have
sup,. |det{Qn(r)} — det(Q,)| = o(1) by Lemma B.0.2 (i). It follows from (R1) and Lemma B.0.2 (i) that
sup, |[det{Qn (r)}] 7! — {det(Qr)} 7| < [det{Qn (1)} — det(Qr)[|det{Qn (r)}[~"|det(Qr)| ™! = o(1). Thus
sup, [det{Qn(r)}] 7! < sup,{det(Q,)} ! + 1 < 0o for N > Ny for some Np.

(iii) Note that for any p x p matrices A and B, we have A~! — B~! = A=Y(B — A)B~!. Due to the
sub-multiplicative property of the Frobenius norm, we have ||Qn (7)™ — Q. Y |r < [|Qn(r) 7| F||QN(r) —

Q|r||Q |- By Lemma B.0.2 (i) and (ii), sup, ||@n(r) "' — Q|| < Cn~!, which completes the proof.
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REMARK B.0.1. Notice that the proof of Lemma B.0.2 (i) only works for |nr] > 1, which means this
proof does not go through in general if we work on r € [0,1]. For some special cases, e.g., p = 1 and

f1(s) = ¢ with constant ¢, then the uniformness can be relaxed to be over [0,1].

In the following proof of the invariance principle of the error process when the linear process (Al) is
assumed, we use the BN decomposition (Beveridge and Nelson, 1981) technique introduced in Phillips and

Solo (1992). The BN decomposition is
C(L) = C(1) - (1 - L)C(L),

where C(L) = Yol e = E;O:jﬂ ¢k. Then the original error process can be decomposed into

Ut n = C(L)gt,n - C(]-)Et,n + gtfl,n - gt,na (B5)
where &; ,, = (NJ(L)em = Z;‘;O Ci€t—jn-

LEMMA B.0.3. Recall that By p(r) = N=Y/2S W2 =L g o, . Assume (R1)-(R2). Then there ea-
ist 1id standard mormal random wariables Vi,...,V, and a centered Gaussian process EN’F such that

{Bn r(|Ne|]/N), -+ ,Bn.r(N/N)} have the same distribution as {By r(|Ne|/N), -+, By r(N/N)}, and

sup |[Biv.e(r) = B (1) | = (1),
rele,l

where By p(r) = CA)N V2SN =1 o, Vi if (A1) and By p(r) = TN-V2 SN =1 g
if (A2).

Proof of Lemma B.0.3. We first prove for (Al). If p=1 and F(-) = 1, from the BN decomposition (B.5),

we have Ztlij u, = C(1) tLZJ €t;n + E0,n — E|nr|,n SO that

y [N7]+p-1 , [N7]+p—1 Bom|  SWree) E Ve ip1nl
sup |N~1/2 —C(1)N—1/2 < =on S R B.6
i V2 e mCONTE 3w < Wi (B3)
Our goal is to show that the left-hand side of (B.6) is o0,(1), which holds if
Eon = 0p(1) (B.7)
and
max n~Y/2|g,.,| 0. (B.8)

1<k<n
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Notice that Y772 [¢;|* < oo for any & > 1 by (A1) (ii) and Lemma 2.1 of Phillips and Solo (1992). Since
EE,) = 220w, < 0?2, < oo, (B.7) holds using the Markov inequality. For (B.8), by
Minkowski’s inequality, sup; <<, Elgpnlt < SuP1§k§n(Z;io ||Ciwk—jmer—jlla)* < Cw‘*(zj‘;o le;)?* < .

Then for any M > 0,

P(maxi<k<n [Eenl > n'2M) = P(Uyi{Eknl > n'/?M}) < 350, P([Eka| > n'/2M)
< (VPM)T Y BlEkal = O(nh)

by Markov inequality, and (B.8) follows.

Also, since e; are iid (0,1) with finite fourth moment, there exist iid N(0,1) random variables {V7, ..., V,,}

on a richer probability space such that for any M > 0,
k k
P >nl2M y <CYAM)™EY T Ele* -1 B.
{1311?3(” n C(n ; les* =O0(n™1) (B.9)

Z Wt n€t — Z Wt, Vi
using, for example, Lemma 2 of Csorgd et al. (2003). Then by (B.6), (B.7), (B.8), and (B.9), the result
g7 p b) g y b) ) b )

t=1

follows for (A1) with p =1 and F(:) =
For a general p and F\(-), notice that f;(-) is piecewise Lipschitz continuous for each j = 1,...,p. If

We,n is replaced with wy , f;(t/n), the same proof goes through for all j =1,...,p, and we have

sup, ||B,r(r) — CON~V2 NP7 Bt /n)w, o Vil = 0,(1).

For (A2), if p =1 and F(-) = 1, our model is a special case of Zhou (2013)’s setting and the result
follows by Proposition 5 of Zhou (2013). For a general p and F(-), the same proof works for vy ,, f;(t/n),

in place of v, for all j =1,...,p, which completes the proof. &

Proof of Theorem 8.8.1. We first prove for (Al). Define a step function w,(s) = w(t/n) for s € [t/n, (t +
1)/n) for each t = 0,...,n — 1 if w(s) has no break in the interval. If w(s) has k break points s, ..., s
in an interval (t/n,(t + 1)/n), ie., so == t/n < s1 < ... < s < Sp41 = (t + 1)/n, then define
wn(s) = w(s;) for s € [si,8:41] and ¢ = 0,...,k. Let wy(1) = w(1l). Similarly, for all i = 1,...,p,
define step functions f,;(s) from f;(s), and let F,(s) = {fnl(s),...,fn,p(s)}’. Let BNFCW(T) =

1) fO(LNer*l)/n Fo(s)wn(s)dB(s), By, rcw(r) = C(1) [l F, (s)dB(s), and Bp,cu(r) = C(1) [y
F(s)w(s)dB(s).

Due to the triangular inequality of the sup norm, sup,. || By r.c.w () —Br.c.o(r)|| < sup, ||Bx.r.c.w(r)—

(0]



By . r.c.o()|[4+sup, || BN.F.c.w(r)—Br.c.w(r)|| = T1+Z:. We have Z; = sup, ||By r.c.w(r)—By r.c.w(r)|| =
0p(1) because sup, |r — (|[Nr] +p —1)/n| < p/n and sup, || f(rLNerq)/n Fo(s)wn(s)dB(s)|| < C(p +
Dsup;_y ... , |B(t/n) — B{(t = 1)/n}| = 0p(1). Due to the way wy(s) is defined in the beginning of this
proof, we have sup,. |wy, (1) —w(r)| = o(1) so that sup,. ||Fy(r)w,(r) — F(r)w(r)|| = o(1) is implied by (R1).
Therefore, Ty = sup,. || BN (1) — Brw(r)|| = 0,(1) holds by Proposition 5.19 of Kurtz (2001). Then we

have .
sup 1BN.F.c.w(r) = Bro.w(r)|l = 0p(1). (B.10)
rele,l
Note that sup,cp 1) | fi(s)w(s)| < C for some constant C' which does not depend on i so that we have

sup, ||Br,cu(r)||> < C(1)2YF_, sup, {for f}(s)w(s)dB(s)}2 = O,(1). By the triangular inequality of the
Euclidean norm and the sub-multiplicative property of the Frobenius norm, we have ||Qy(r) ' B N,F.Cw(r)—
Q' Brewl < 11Qn ()" = QM IrlIBrew ) + 1Qn (1) HIFlBy,r.cw(r) — Brow(r)||. Thus by
(B.10) and Lemma B.0.2 (ii) and (iii), we have

sup |Qn(r) ' By rew(r) = Q7' Brew(r)l| = 0y(1). (B.11)
re€le,1]
From Lemma B.0.3, there exist iid standard normal random variables V7, ...,V,, and a centered Gaussian

process By r such that {By ¢ (| Ne|/N),

--+, By, r(N/N)} have the same distribution as { By, r(|N¢|/N), -, Bx,r(N/N)}, and sup,.(c 1) || Bn,#(r)
—§N7F(r)|| = 0,(1), where EN)F(T) =C(1)N~1/2 ZtU:V{J -l F; nwt Vi Thus we have from Lemma B.0.2
(i)

s |@n ) Br.r(r) = () Bur(r)|| = 0,(1). (B.12)
Notice that
|Nr)+p—1 !
{Bnr(Mi—c 2 CQA) Y Flt/nw(t/n)[Bt/n) - B{E-1)/m} ¢ 2 {Byrow®)}._,.

T=€

(B.13)
By (B.11) and (B.13), QN(’I“)_léN,F(T) = Q. 'Bp,c.w(r). Then (3.4) follows from (B.12) and the fact
that {Qn(r) ™' Bn,r(r)}i_. z {Qn(r)"'Bn,p(r)}i_.. The proof is complete for (A1).

The same proof goes for (A2) by replacing w(s) with v(s) and C(1) with T O

Now we prove the bootstrap consistency of the SN quantity. The following lemmas present some key

steps.

LEMMA B.0.4. If {u;n} are generated from (A1),
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|nr] r
sup |n~? Zutn - / w?(s)ds| = 0,(1),
0

rele,1]

where D(1) = 372 c3,

Proof of Lemma B.0.4. We define some notations first. Let D;(L) = Y32, crcrj L¥ = Yoy dju L for
j=0,1,..., where dj, = cicrj. Define ﬁj(L) from D;(L) for each j in the same way as we define C(L)
from C(L), i.e., D;(L) = 32, d;x L* and djj, = > oeit1Djs = D aepiq CsCstj. Denote by D(L) = Do(L),
which is consistent with the above definition for D(1). Let ¢, ,, = Z;’il D;(1)et—jn, Uat,n = ﬁO(L)E?)n,
and Upt p = Zjoil ﬁj(L)st’nst,j’n. Using the BN decomposition argument of (Phillips and Solo, 1992, pp.
978-9), we can write

ui, =D(1)e7, — (1= L)Uat,n + 260n84 1 5 — 2(1 = L)tipen

and n—1 ZLWJ tn = D(1)n~! Z}nrlj Et n—" l(ﬂa[nrj —Tg0)+2n "1 Zttnrlj &t nEtD 1 n—2n_1(ﬂbmrj —Upp) =

Iy +Io + I3 + Zy. Our goal is to show that

sup |1 — D(1) / W (s)ds| = op(1) (B.14)
rele,1] 0
and
sSup |IJ| = OP(l)v ] = 27334' (B15)
rele,1]

To prove (B.14), we need to show
Lnr]
sup [~ Z )l = 0p(1).
rele,1]
Since {e¢,, }7, are independent, using Kolmogorov’s inequality, P(maxi<p<n | Zle(sf’n—wfynﬂ >nM) <
(nM)=2 3y var(eg ,, —wi ) = (RM) 72370 wi (Eej — 1) = O(n"). Thus (B.14) holds.
Now we show (B.15). For j = 2, observe that E|]~)0(L)sf,n|2 =E|Y ., glvoksf_k7n|2 => 1o Jngsf_k7n+
D kot %kglka/Eef_k)nEsf_k,)n < {3, 42, + (O dor)?} < oo, where the last inequality is due to
(A1) (ii) and Lemma 2.1 of Phillips and Solo (1992). Then for any M > 0, P(sup,¢ 1 In™ g ) ] >
M) < P(maxi<i<n |[Do(L)e?, | > nM) < i, P(|Do(L)e3, | > nM) < (nM)™2 37, E[Do(L)e? [ =
O(n~1), which proves (B.15) for j = 2.
For j = 3, notice that {e;nef .} is a martingale difference sequence with respect to {€;}, where

& = o(er,ei—1,...) is the sigma field generated by {e;}

j=—00"

which implies that E(Y",", ernef )% =

n D2 _ D : :
> E(etneilq,,)? = O(n) because &, and ¢;”; ,, are independent and have finite second moments,
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Le., B(ef,)? = EQC;2 Dj(Der—jn)? < CY72, Dj(1)? < oo due to (A1) (ii), (iii) and Lemma 3.6 of
Phillips and Solo (1992). Then by Doob’s martingale inequality, for any M > 0, P{maxy, | Zle EtmEr 10| >
nM} < (nM) 2B ernelly,)? = O(n).

For j = 4, P(sup, [Up|nr|n| > nM) < (nM)™231 ) EUg, = O(n™!) if sup, <<, B3, ,, < 00, which
holds by the same argument used in the proof of Lemma 5.9 of Phillips and Solo (1992).

Thus (B.15) holds and the proof is complete. &

LEMMA B.0.5. Assume (B1). Fizr € [e,1]. If {uyn} are generated from (A1),
Lnr) Lnr) r
n 2N Weur =072y WiC(L)er 4 N (O,D(l) / wQ(S)ds>
t=1 t=1 0
in probability and if (A2),
[nr] [nr]

WS W =02 S Wi 25 3 (0, [ 126005)
0

=1 t=1
in probability.

Proof of Lemma B.0.5. We first prove for (A1), which is complete once we show the Lindeberg condition

*1213*{ 2ud  1([Wog | > nt/?8)} = 0,(1) (B.16)

and the uniform consistency of the condltlonal variance
[nr] r
sup [vart [ 23" Wy, | - D(l)/ W (s)ds| = 0, (1), (B.17)
rele,1] 0

Notice that uf,, = Op(1) since for any ¢ = 1,...,n, by Minkowski’s inequality, E(uf ,,) = E(Z;’;O cj€t—jn)t
< (720 llejer—jnlla)* <@ (Eed) (X252 es)* < oo, which is due to (A1) (i) and (iii). Thenn~' Y7i, E*{
Wiug L[ Weuen| > n'/28)} < (n0) 72 320 E*{Witui , 1( V20)} < (nd) 72 iy BT (Witut ) <
(né)"2C' 31— ut,, = Op(n~") so that the Lindeberg condition (B.16) holds. The uniform consistency of

the conditional variance (B.17) follows from Lemma B.0.4 because var*(n~'/2 ZtLZTIJ Wiue ) =nt ZLWJ ?n
Thus the proof is complete for (Al).
Now we prove for (A2). Notice that E(uf,) = E(v},n}) < 7'E(n}) = 7*E(n§) < oo holds uniformly

over all ¢, since 7 = sup,.c[g,1) ¥(s) < o0 and 7, is stationary with finite fourth moment. Thus by using the

same argument as above, the Lindeberg condition (B.16) follows. Now we show the uniform consistency

rele,1]

of the variance Ln7) r
sup |var* [ n=1/2 Z Wivenme | — / v2(s)ds| = o,(1). (B.18)
t=1 0
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Since var*(n=2 S Wy, ) = nt o1 vz, (B.18) follows if
Lnr]
sup |n~1/? Z vy = o0,(1) (B.19)
rele,1]
is shown. Notice that max; 17, < 7* so we can ignore v, part in (B.19). Define Sj, = Zle(nf —1) and
Si = maxi<i<k |S;|2. Let d be a smallest positive integer such that n < 2% and ¢ = 2+ /2 wit § > 0
as in (A2) (ii). For some m; < mg, by Minkowski’s inequality, || >} mlJrl( — D]y <> a4l l|(n? —
|y < C(ma — my) since ||(n3 — 1)||; < oo due to (A2) (ii). Thus we have, by Proposition 1(i) in
W (2007), B(maxicien |5 0 — DD < S5allE < (50 (S20 I SS2 0 a0 O — DI} <
C’{Zz 0(247725)1/4}9 = (d+1)72¢ = O{(logn)9n}. Thus, for any M > 0, P(sup,.¢c 1] |ZtmJ (n? —1)| >
n'/2M) < n=92 M~ B(maxi<pen | Yoy (7 — DI)? = Of(logn)n' =92} = O{(log n)*+*/2n=2/4} = o(1).
Now (B.19) is proved, which completes the proof for (A2). O

LEMMA B.0.6. Assume (B1). If {uyn} are generated from (A1) or (A2), then fore <r; <ry <1 and
n > ng for some positive integer ng,

E* |n71/2 Z Wit n| < C(X){(ra —11)? + 0" (re — 1)},
t=|nri]+1

where C(X,,) = Op(1).

Proof of Lemma B.0.6. Notice that W}’s are iid (0,1),

4 —o lnra . 4, o [lnra) . 2)?
w2 B Wt 02 {0 EAE Wit}

Cn~? Ztmrﬁbjnj-f-l “t n (Zttniiiu_,_l Uy n) =1 + 1.

Since B(Ty) = Cn 2 /"2 | Bul, < Co*Befn=2(|nrs) — |nr1]) = O()n~L(ry — 1) and B(T,/?) =

n=t Zﬁﬁiﬂl”l Eu%n < Cw'n=Y(|nre] — |nr1]) = O(1)(ry — 1), we have T; + I, = Op(L)n=(ra — 1) +

IN

n—2F* Zflﬁmﬂ Wit

IN

O,(1)(r2 — r1)?. Thus the proof is complete.

<

LeEMMA B.0.7. Assume (R1)-(R2) and (B1).

(I) Assume (A1). Then

|nr| |nr]
n~1/2 Z WiFy puy n = n~1/2 Z Wi F, ,C(L)ey = {D(l)}l/QBF,w(r) in probability
t=1 t=1

(II) Assume (A2). Then
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|nr] [nr)
n~1/2 Z WiFy nuen = n=1/2 Z Wi Fy v e = Br (1) in probability.

t=1 t=1
Proof of Lemma C.0.15. First we show
[nr]

n2N T Wiy, = / w(s)dB(s)  in probability, (B.20)
t=1 0
where w(s) = {D(1)}/2w(s) for (A1) and w(s) = v(s) for (A2). The finite-dimensional convergence of
(B.20),

n~l/? LZI:J Witigny - . ,n1/? Lij Wity n 2 {/0”1 w(s)dB(s),. .., /OT’“ w(s)dB(s)}
t=1 t=1
for any k € N and rq, ..., rg, follows from a similar argument presented in Lemma B.0.5 and the Cramér-
Wold device in Dle, 1] space (see Theorem 29.16 of Davidson (1994)). The tightness follows from Lemma
B.0.6 and the argument of Theorem 2.1 in Shao and Yu (1996). This completes the proof of (B.20).
Since f;(s) are piecewise Lipschitz continuous, the above argument works if w(s) is replaced by w(s) f;(s)
for (A1) and v(s) is replaced by v(s)f;(s) for (A2), respectively, for all j = 1,...,p. Then using the

Cramér-Wold device, the proof is now complete. &

Proof of Theorem 3.3.2. Define Qn w (r) = N~1/2 ZtU:Vpr_l FynF| Wy, Bro(r) = [ F(s)w@(s)dB(s),
and w(s) = {D(1)}/2w(s) if (A1) and w(s) = v(s) if (A2), as defined in the above proof for Lemma

C.0.15. Observe that 12 ~ —~
NTEINT (BN = Bn) = Ina(r) + Ina(r), (B.21)

where Iy 1 (r) = {Qn(r)} L (N"Y2 XTI By s W) and Ty o(r) = {Qn (1)} Quw (7)(8 — By).

From Lemma C.0.15 and Lemma B.0.1 (i), we have
Inai(r) = Q, 'Brw(r)  in probability. (B.22)

Let Q?{,{W(r) =N—1/2 ZtU:VlrJ Wi be the (4, 7)th component of Q n w (r), where Wy ;; = fi(t/n)f;(t/n)W;.

Define Sy, ;; = Ele W, ij and S}, = maxi<p, |S.ij|°. Let d be a smallest positive integer such that n < 27,

By Proposition 1(i) in Wu (2007) and the fact that W ,; is an iid process, we have Emaxy<, S7 ;; <

195013 < Ao (S om 15 1y 41 Weisl B)1/22 < C(d + 1)22¢ < C(logn)?n, where the constant
2

C' does not depend on i or j. Thus we have supre[e,l]{Qi\’,];W(r)}z = N~ 'maxy<, Sy ;; = Op{(logn)?}

uniformly on ¢ and j, which leads to

sup 1Qnw (r)l|F = Op{(logn)*}. (B.23)
reE|e,
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Then by the sub-multiplicativity of the Frobenius norm, Lemma B.0.2 (ii), (B.23), and Theorem 3.3.1, we

have

sup [[Zn2(r)ll < sup [1Qn ()M lr sup [|Qnw (r)lx]18 = Bull = Opf(logn)*n ="/} = 0j(1). (B.24)

rEle,1] rele,1] rele,1]

Then (3.5) and (3.6) are proved in view of (B.21), (B.22), and (B.24). The proof is therefore complete.
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Appendix C

Technical Details for Chapter 4

Denote by P*, E*,var* the probability, expectation, and variance, respectively, conditional on data A,.
For notational simplicity, we often suppress the dependence of X ,,, ut, and W;, on n and write them
as X;, ug, and Wy, respectively. For a sequence of random variables {Y,,}, we write Y,, = 0;(1) if for any
€ >0, P*{|Y,| > €} — 0 in probability, and Y,, = O (1) if there exists a constant M > 0 such that for all
large n, P*{]Y,,| > M} < e with probability arbitrarily close to one as n — oo, as defined in Chang and
Park (2003). We define Sy, = Zzzl u; n, which is often denoted S;. The positive constant C is generic
and may vary from place to place. We often use Z; in different proofs to indicate different objects. For
notational simplicity, we often write G(s, F;) := G, (s, F¢) and c(s; h) := c¢,(s; h), omitting the subscript
(s, where (5, = j such that s € [b;,b;41) and (; = 7 if s = 1. We define ;,(r fo s;h)ds. Notice that
by definition, (1) = o2, which are interchangeably used in the proofs.

Recall that F; = (..., et—1,&¢) with e; iid (0,1), and {e}} is an iid copy of {e;}. Following Wu (2005),
for I C Z, define F; 1 be the same as F; except that €;s are replaced by 5;-s for j € I. In particular, for
i <t Frgiy = (-5 €i-1,€,€ix1,- -+, 6). Denote F'; = Fy (rezk<i}-

To keep the proofs concise, we present the case with no deterministic trend functions, i.e., 3 = 0. The
statements in the main theorem hold by replacing B, (r) with B,|z(r) and X; with X;.

The following four lemmas prove some basic properties of {u;} and {X;} that are useful in the subse-

quent proofs.
LEMMA C.0.8. Assume (A1)-(A4). Fiz j €{0,1,...,7}.
(i) For any t,t’ € [bjn,bj11n), |cov(uy, up) — c;(t/n; |t — )| < C(|t — t'|/n).
(ii) For any s # s' € [bj,bj11], ’cj(s;h) — cj(s';h)| < C|s — §'| uniformly over h € N.

(iti) For any p >0, SUpep, b,,,] 12 o |hPci(s,h)| < C Y pe o hPX" < o0.

js
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i) s o) o)l _ .

b]‘SS;éS/<b]‘+1 ‘S_SI|(_10g|S_S/|+1) N ‘

In addition, if j = 7, (i) and (iv) also hold for all t,t" € [brn,n] or for supremum over {b, < s # s <1}.

Proof of Lemma C.0.8. (i) For all t,t' € [bjn,bjy1n), it can be written as cov(ug,upy) = c¢;(t/n;[t —
) — cov{G;(t/n, F),G;(t/n, Fy) — G;(t' /n, Fy) }. From the Cauchy-Schwartz inequality and (A1), we
have [cov{Gy(t/n, F2), Gy (3 /m, Fur) — Gyt /s Fu)}| < 1G4/, Folz 1G5 (¢, For) — Gt s Follz <
C(Jt — t'|/n), which completes the proof. If j = 7, the same argument holds for all ¢,¢' € [b,n,n].

(ii) It follows from the triangular inequality, Cauchy-Schwartz inequality, and (A1) that for any s #
5 € by byl Loy (55 R) — (/5] < 116 (s Fo)l 216 . Fa) = G(s', Flla + 116 (5", Fo)l 1G5 o) —
G,(s', Fo)}||2 < C|s — | holds uniformly over h € N.

(iii) It is a straightforward consequence of Lemma A.l in Shao and Wu (2007), Theorem 1 in Wu
(2005), and our assumption (A3).

(iv) It follows from (A3) that |c;(s;h) — ¢j(s';h)| < 20x" for all h € N and s,s" € [bj,bj41). Let
m be the smallest positive integer such that ™ < |s — s’|. Then using (ii) we have |o(s) — o(s')| <
S5 lei(5ih) — (R € O emen 15 — 51+ Siam ¥ < Clmls — o] + (1 — 071} <
Cls—s'|(=logx)~(—log|s — s'|) + C(1 - x)"1|s — s'| < C|s — s'|(—log|s — s'| + 1). Notice that constant
(C’s do not depend on s or s’. Thus the proof is complete. If j = 7, the same argument holds for

s, s’ € [br,1]. ¢

LEMMA C.0.9. Under the conditions (A2)-(A3), for anyi=1,...,n—h, h=0,...,n—1,
|E(uiuivn)| < CX",

where C' is a constant that does not depend on h, i, or n.

Proof of Lemma C.0.9. By the definition, F; and F},, ; are independent. Thus E{G(i/n,F;)G((i +

h)/n, Fi )} = 0 so that we can write

Bluwisn) = B [GGi/n, FHG(i+h)/n, Firn) = G(( +0)/m. Fin )]
+E [Gi/n, )G+ b)/m, Figngiy) = GG+ h)/n, Fiip )]

83



Then by the Cauchy-Schwartz inequality,

[E(uiuien)l < [[GG/n, F)llol|G(G+ h) /0, Fign) = G((0 4+ h) /n, Fign giy)ll2
GG /n, F)llo[|G(G+ h) /s Fin iy) = GG+ ) /n, Fi )2

By (A2), we have ||G(i/n, F;)||2 < C < oo, and by (A3) ||G((i +h)/n, Fiyn) — G((i +h)/n, Fipn i)z <
[|G((i + h)/n, Fign) — G((i + k) /n, Fiyn iy)|]la < Cx™. Thus the first term is bounded by Cx", where C
does not depend on h, i, or n.

Now the proof is done once we show that
IG((i + ) /1, Fipn,gay) — GG+ h)/n, Fiyp )lla < Ox".

Define 7}, iy ., = Fitn,a, where A={k € Z: k <i—m—1}{i}. In particular, if m =0, F, o =

s Then |GG+ h)/m, Finay) = G+ h)/m, Frop Ml = 115000 G+ B)/n, oy iy.m) — G+
W)/, Fen gl < o o G +R) /1 i iy ) =GR 10, Fy iyl < €300y b
= Ox"*1/(1 — x) < Ox", where the last C' does not depend on h, i, or n. Thus the proof is complete. <

Let cum(Yp, Y7, Ys,Y3) denote the fourth order cumulant. When EY; = 0, ¢ = 0,1,2,3, we often use
the relation (see page 36 in Rosenblatt (1985), for example)
COV(YQH, }/2}/3) = E(YO}/Q)E(Ylyz),) + E(Y0Y3)E(Y1}/2) + Cum(Yb, Y17 }/2, Yg) (Cl)

LEMMA C.0.10. Assume (A1)-(A4). Then

ta—t1)/3
sup |Cum(Ut1,Ut2,Ut3,Ut4)| < CX( a=t)/ s
1<t1 <...<ts<n

where x as in (A3).

Proof of Lemma C.0.10. Let F{ = Ff if t > 0, and F{ = F; if t < 0. Define F{,, = F; (rez:—m<k<0}
for m > 0 and ¢ > 0. The argument is similar to the proof of Proposition 2 in Wu and Shao (2004). Let

1<t <...<ty <n,and my = ty41 — ¢ for k € {1,2,3}. Since for a fixed s € [0,1], the process
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{G(s, F¢)}+ is stationary, we can write

cum(Us, , Ugy, Uy, Uty )
=  cum{G(t1/n, Fs,),G(t2/n, Fi,), G(ts/n, F,), G(ta/n, Fi,)}
= cum{G(t1/n, Fe,—+,), G(ta/n, Fry—1, ), G(ts/n, Fis—t.), Gta/n, Fr,—t,) }
= cum{G(t1/n, Fi,—1,), Gt2/n, Fi, ) — G(t2/n, Fi, 1), G(ts/n, Fiy—s,.), G(ta/n, Foy—t,) }
+eum{G(t1/n, Fi, ), G(t2/n, Fy, 4, ), —G(tz/n, Fi,_y,), G(ta/n, Fry—t,)}
(ta/m, Fromr,) — G(ta/n, Fi,_4,)}
(ta/m, F{, 1)}

—~  ~—

t3/na ‘th—tk

G( )
+eum{G(t1/n, Fi, ), G(ta/n, Fy, 4, ), G(ts/n, Fi, 4, ),
G( )

Q @

—|—cum{G(t1/n, ‘Ftl_tk)? G(tQ/TL, féz—tk% t3/na ‘Ftlg—tk ;

= Iy + 1y + 13+ 1y,

with the third equality due to the additive property of cumulants [the property (iii) on page 35 in Rosenblatt

(1985)]. First we claim that Zy = 0. If k = 1, F;, _¢, = Fo is independent from F; Fio ey Fti_t,» 5O

2—t1?

T, = 0 using the property (ii) on page 35 in Rosenblatt (1985). If & = 2, notice that F/, , = F; = Fo

by definition, and F;,_;, and Fy are independent from Fj F{,_t,» which leads to 7, = 0. Similarly,

3—t2?

it k=3, Foytg, Fi = Fi,—ts, and Fy are independent from F Thus we have Z, = 0 for all

2—t3 a—t3"

k =1,2,3. Also, notice that since F; = F; if t <0, we have Z; = 0if k=2and Z; =Z, =0 if k = 3.
Thus the proof is done if we show that for each k = 1,2, 3,

| < Oy .
k%?gxs IZi < Cx (C.2)

Once (C.2) is shown, we have for each k = 1,2, 3, |cum(us, , tt,, Uty, tt, )] < Cx™*. Taking minimum over
k for both sides yields |cum (uy, , Uy, Uty, ug, )| < Cming—y o3 x™ = Cxma¥k=123mr < Oy (t4=11)/3 " gince
ta—t1 =Y o(t; —tj—1) < 3maxj_p34(t; —t;_1) = 3maxy_1 .23 M.

Now we show (C.2). For each k = 1,2,3, fix any j = k+ 1,...,4. Let Yo = G(t;/n, Ft,—1,) —
G(tj/n, ]-'t’j _¢,) and Y1, Y5, and Y3 be the other variables in Z;_; so that we can write Z; 1 = cum(Yp, Y1, Y2, Y3).
Since ||[Yo|la < [{G(t;/n, Fe,—,)=G(t;/n, Fy, oy o) Hlat3 0o NG /0, Fr_yy ) =G (t5/10 FY 1) Hla
S C{xtimte 437 xtiTtetmAly < Oyt ~te holds by the triangular inequality and (A3), we have

[1Yolla < O, (C.3)
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where C'is a constant that does not depend on ¢}, j, or n. Observe that due to (C.1),Z;_1 = E(YY1Y2Y3)—
E(YoY1)E(YaY3) — E(YoYa)E(Y1Y3) — E(YoYs)E(Y1Ys). By Holder’s inequality, (C.3), and (A2), we have
B(YoY1Y3Y3)| < [[YollalliYaYallays < COxt— and [E(YaY:)| < [[YollallVill2 < Cxb~". Thus we have
|Z;—1] < Cxb~* < Cx™* and (C.2) is proved. &

LEMMA C.0.11. Assume (A1)-(A4). In the following statements, C is a positive constant that does not

depend on n.
(i) Under the null hypothesis p =1, sup, <, {E(X})/t*} < C.
(it) Under the alternative hypothesis |p| <1, sup,_, _, E(X}) < C.

Proof of Lemma C.0.11. (i) Suppose 1 < i3 < iy < i3 < iy < t for some ¢ = 1,...,n. Due to
(C.1), we can write E(u; uititi,) = E(ugwiy)B(uigt,) + E(ugwig) B(uiu,) + Elugug, ) E(ui,uig) +
cum(u;, , iy, Uiy, uiy). Since Lemma C.0.9 implies that E(u;,u;,) < Cx/ =% for any j,k =1,...,4, and

Lemma C.0.10 implies that cum(u;, , ws, , Ui, , us,) < Cx™~1)/3 we have E(ug, wi,ui,ui,) < Cx2 1yt~ 4

pletes the proof.
(ii) Observe that under the alternative, X; = Si_, p'~*u;. Thus E(X}) = E(XL_, o' fu)* =
> B ) S O 10 = OO ) = {1

i1,i2,03,5a=1 P i1,d2,43,0a=1

Ip|t) /(1 —|p])}* < C, where C is a constant that does not depend on t. Thus (ii) follows. O

The following lemmas contain some key results needed in the proof of Theorem 4.3.1 and Theorem

4.3.2 and they may be of independent interest.
LEMMA C.0.12. Assume (A1)-(A4).
(i) Y28y =02y = B (r) = [T o(5)dB(s).

(ii) For a fizedr € (0,1] and a fized integer b > 0, [n= SN 0 — 4 ()] = 0,(1). Recall that

(1) = [y cc.(s;h)ds, where (s = j such that s € [bj, bj41).
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Proof of Lemma C.0.12. (i) Define a step function o,,(s) = o(t/n) for s € [t/n, (t+1)/n) andt =0,1,...,n
and ,(1) = o(1). Let B o(r) = [/ 6,(s)dB(s) and B, ,(r) = [T 0,(s)dB(s). Recall that B,(r) =
Jo o(s)dB(s).

By the triangular inequality, sup,.cp 1 |Bp.o (1)—B,(r)| < SUP,.¢[0,1] |Bn7U(T)—Bn,g(7’)|+Supr6[071] |By.o—
B, (r)| =: Ti+Z2. WehaveZ; = o0,(1), because sup,.¢(o ] [r—[nr]/n| < 1/nand sup,.cp 1 | f{nﬂ/n on(s)dB(s)|
< Csupy_y,. , |B(t/n)—B((t—1)/n)| = 0p(1). Notice that by Lemma C.0.8 (iv), sup,.c(o 1] |on(r)—0o(r)| =
WPy SUPy a1, 100(5) — 0(5)] = SUPzr SUDy <oc, , [o([n5)/m) — o(8)] < (7 + 1)C]ns) n —
s|(—log||ns]/n — s| +1) = O(n"tlogn) = o(1). Thus Zo = 0,(1) holds by (Kurtz, 2001, Proposition
5.19). It follows that

Zl[t)pl] |Bn,U(T) — By (r)| = 0p(1). (C4)

From Proposition 5 in Zhou (2013), on a richer probability space, there exist iid standard normal random

variables Vi, ..., V, such that

sup |n_1/QSLmJ — Bng(r)\ = 0,(1), (C.5)
ref0,1]
where B, ,(r) = n= /2 521" (i /n)V;. Since { By o (1) }repo] = {1 a(t/n)[B(t/n)—B{(t=1)/n}]}reion
D ~
= {Bn,o(r)}re[o,l]a

Byo(r) = By(r) (C.6)
y (C.4). Then (i) follows from (C.5) and (C.6).

(ii) We first define Y; = Y;,, = wiuiyn — E(u;uiyp) and claim that [n=? ZLWM(" hy; Yinl = 0,(1).
Observe that by (C.1), we can write for i > i/, F(Y;Y;) = cov(wjtjsn, upwyn) = E(ujuy ) E(wipntin) +
E(Uiuz"-i-h)E(Ui+hui’)+cum(ui,Ui+hauz",ui/+h) < CX2|z;i"+C,X|i7¢’,h|+\i+h7i’|+CX|i+h7i'|/3 < CX\ifi'|/3’
where the first inequality is due to Lemmas C.0.9 and C.0.10. Then, by Chebyshev’s inequality, for any

nr n—h nr n—~h) nr n—nh)
5> 0, PN YL > nd) < (n0) 2B Y )2 < (n8) 2 R B(YWYe ) <
C(nd) =2 I \li=71/3 < (n§)=2Cn = o(1). Thus we have [n~' S0 {uuirn — E(ujuiyn)}| =
op(1).
Now it remains to show that |n=! Z}ZM("_}L) E(uguirn) — yn(r)| = o(1). For r € (0,1], let B, = {i :

i/n < b;j < (i + h)/n for some b;, and 1 < i < |nr] A (n—h)} and 7, be the number of break points in
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(0,7). Since n~ ' SN Bluugyy) =t Sign, Bluirn) + 07 Y E(uuirn) = Tiy + Io,p, it

suffices to show that

sup |71, —(r)|=0(1) and sup |Za,r| = o(1). (C.7)
re(0,1] re(0,1]
For T,, part in (C.7), [Ty, — n~! S Lrmdnte=h) ¢, (@/m;h)| < 07t Yo | Buiuiey — e, (i/n; R)| +

n1 ZiEBT |c<i/n (i/n;h)] < Ch/n holds for C that does not depend on r, by Lemma C.0.8 (i). For Z .,
SUpP,¢o,1) |Za,r| < SUP,¢o,1) Ct.h/n < Cth/n = O(h/n). Thus (C.7) holds, and the proof is complete. <

LEMMA C.0.13. Assume (A1)-(A4). Let Sy = Zl 1 Uin. The following statements hold jointly.
(i) For any r € (0,1], n=2 ZtLZJ sz, 2 Jo B2(s)ds.
(ii) For any r € (0,1], n=! ZtLZJ Sy qup 25271 {BZ(r) — yo(r)}.
(iii) For any r € (0,1], n~! ZLMM "M S upen Dy 9-1 {B2(r) —yo(r)} — ZZ=1 v (r) for any fized
integer h > 1.
(iv) For any r € (0,1], n=3/? Zti? Spq 2 for B, (s)ds.

Proof of Lemma C.0.13. (i) *2ZLMJ S2, = ZLMJ f(tt/nl )/ (10 n=Y28 )2 dr = fOL"”/n(nfl/?SLmJ)st
N Jo B2(s)ds by the continuous mapping theorem and Lemma C.0.12 (i).

(i) Observe that 25; ju; = S — S2 ; —u? for all t = 1,...,n. Then by Lemma C.0.12 (i) and (ii),
nT LS S = (20)7H(SE,, — S8 — S ud) > 2 H{BA(r) — 20 (r)}

(iii) Observe that for a fixed integer h > 1, Sf - St2+h71 = U (Sean + Stan—1) = wrn(2S-1 +

2 h—1 2
22 o Upti + Ugrp) SO that 2ugypSi—1 = St+h SPn_1 — 2upyn Zk—o Uk — Ui, ,. Thus we have

for r € (0,1}, 712}”““” & UrynSi—1 = (2n)7! (Sfm-JA(n—h) QZk =0 thgM(n_h) Ut4-h Utk —
knedntn=h) g2y Py 9= B2(r) — 230, k(1) — ~0(r)} by Lemma C.0.12 (i) and (ii).
(iv) =32 S 8y = S [0 Y2 s = [ (07128 g )ds s [ Bo(s)ds by the
continuous mapping theorem and Lemma C.0.12 (i). O

LEMMA C.0.14. Assume (A1)-(A4). Under the null hypothesis p =1,
si = (n - 2)_1 Z(Xt - ﬁnXt71)2 L ’Yo(l) = Ji.
t=1
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Proof of Lemma C.0.14. s2 = (n —2)7' 30 (Xt — pnXy—1)? = (n—2)7 30 juf + (n—2)"H(pn —
P XE 4 2(n—2) " p—pa) X0y Xequy i= Ty + Ty + Ts. Here Ty — 4(1) by Lemma C.0.12
(ii). For Zy, under the null hypothesis p = 1, notice that S; = X; = >.'_, ;. By Lemma C.0.13 (i) and
(ii), pn — p = Op(n~1) and >°} | X2 | = O,(n?) so that I, = Opy(n~'). Under the null, we also have
S Xe—1up = O,(n*/2) by the Cauchy-Schwartz inequality, which leads to Z3 = O,(n~%/2). Thus the

proof is complete. %

Proof of Theorem 4.2.1. Notice that under the null hypothesis p = 1, X; = Sy = Z:f:l u;. Then (4.3)
and (4.4) are direct consequences of Lemma C.0.13 (i), (ii), the continuous mapping theorem, and Lemma

C.0.14. &

Proof of Theorem 4.2.2. First observe that e®/™ = 1 + ¢/n + O(n™?) so that p, = e/™ + O(n~2). Then
X, is asymptotically equivalent to Z;=1 et=0e/my; ie, X, = Z;Zl phiu; = Xy = Z;zl e(t=ie/ny,; +

O(n=2) Z§'=1 uj = Z;Zl et=0e/my; + 0, (n=3/2). Following the argument in Phillips (1987b), page 539,

and using Lemma C.0.12 (i), we obtain n~/2 Z]LZZJ et=0e/my; = J. ,(r), which implies
n71/2X|_m‘J = JCJ(T).

Then we have, by the same argument as in Lemma C.0.13 (i) and using (4.5),

[nr] r
n=2 Z X2, 2, / JZ2 ,(s)ds. (C.8)
t=1 0

Now we are going to show

n 1 1
n" ;Xt_lut 2, /O Jeo (o (r)dB(r) + 2~ { /0 o (r)dr—au}. (C.9)

By taking square of (4.2), we have X? = (14+ cn™1)2X7 | +u? +2(1 + en™ ') X, 1w so that > | X7 =
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(1+2en H >0 XZ 1+ > ui +2> 1 Xy—qup + Op(1). Thus

07 Y Xy = 0TI XR = 2en 7200 XE - T uf + Op(nTY)
2, JZ,(1) —2cf0 2 (r)dr — o2,
1
— 2 fo Je.o(T)o(r)dB(r) + {fo r)dr — o2},

which implies (C.9). Here, the last equality is due to

2 = 10'2T 'S C ' 2 T)ar ' co\T)o\r 'S
qu)—/o (r)dr +2 / J2 (1) +2/0 Jeo (Mo (r)dB(r),

which follows from It6’s formula.! Now that (C.9) is shown, we have by the continuous mapping theorem

and (C.8),
I Jeo (r)o(r)dB(r) +2- 1{]‘0 dr—aQ}.

fo CO’

The statement for T, is complete by observing that T,, = n(p, —1) = n(p, —p) —n(1—p) = n(pn—p)+c.

~ D
n(pn — p) —

For t,,, notice that the proof for Lemma C.0.14 goes through for p = 1+ ¢/n, ¢ < 0. Thus by Slutsky’s

theorem, (4.7) follows. &

Now we prove the bootstrap consistency. The proof can be done using the large-block small-block
argument as presented in the proof of Theorem 3.1 in Shao (2010a). Let L, = |(n/l,)/?] be the length
of a large-block and I,, be that of a small-block. Note that L,, — oo and [,, = o(L,,). Our goal is to assign
points t € {1,2,...,|nr]|} to alternating large and small blocks. Let K,, = K, = | |nr|(L, +1,)7] be
the number of the large (small) blocks. Define the kth large-block L = {j e N: (k—1)(L,+1,)+1<j <
k(l,+Ly)—1,} for 1 <k < K,, and the kth small-block Sy = {j e N: k(L,+1,,)—1l,+1 < j <k(l,+L,)}
for 1<k<K,—-land Sk, ={jeN: K, (L, +1,) =1, +1<j<|nr]}

Let U = Z]eﬁk Wiu; and Vi = > Wiuj, k =1,...,K,. Define By, = {k : L contains a break

JESK

point b; for some j =0,...,7} and Bg = {k : Sy contains a break point b; for some j =0,...,7}. Notice

that there are only finitely many (less than 7) elements in By, and Bg.

1Recall that Je o (r) is defined as dJc,o(r) = cJe,o(r)dr + o(s)dB(r). Using Ité’s formula, we can derive J(?’G(T) =
2,(0)+ [o 2¢J2 ,(s)ds + [ 20(s)Jc,0(s)dB(s) + [; 0(s)ds, which leads to the desired result.
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LEMMA C.0.15. Assume (A1)-(A4) and (B1)-(B2). Then

sup |n 12 Z cov(uj,uj)a{(j —j3')/ln} — / o(1). (C.10)

rel0,1] k=17,7'€ L

Proof of Lemma C.0.15. Suppose k ¢ By. We first show that

sup |n Z Z cov(uj,uj)a{(j — 3" )/ln} — / o(1). (C.11)
r€[0,1] keBL j.j EL

Recall that (s = j such that s € [b;,b;11) and (1 = 7, and ¢(s; h) = c¢,(s; k). Since a(-) = 0 outside of its
support [-1,1], by Lemma C.0.8 (i) and (ii), we have L ! > igrecy cov(ug,ug)a{(j—3")/ln} = c(k/Kn; 0)+
O(Lnfn) + 2500, (1= h/La)a(h/la){c(k/Knih) + O(Lfn)} = 025/ Ky) — 25305, duelb/ Ko h) +
O(l,Ly/n), where dp, = 1—(1—h/Ly)a(h/l,) it 0 < h <, and 1if h > [,,. Following from (B2) and Lemma
C.0.8 (iii), we have Y _p° | dpe(k/Ky; h) < CLy9{kg+0(1)} Y pey hic(k/Kyn; h)+CaLl,t Y0 | he(k/ Ky h)
< C(l,"+ L, ") = o(1), where @ = sup,¢[_; jja(s) and C is a constant that does not depend on k or r.

Thus we have

sup |L;* Z cov(uj,uj)a{(j —3')/ln} — o*(k/K,)| < C{l,9+ L'} = o(1) (C.12)
keBr J.g' €Lk

so that sup,.c( 1] In~t Zkg_rBL ZjJ'eﬁk cov(uj, uj)a{(j —5')/ln} —n~" Zkgzsb o?(k/Ky)Ln| = o(1). Since

_ kK .
SUp,.c(o,1] |7 1 ZkaBL 02(k/Kn)Lank¢BL kcl)/Kn o%(s)ds| = o(1) by Lemma C.0.8 (iv) and SUP,.¢[,1] |
> kB, f(];/fi;/K s)ds — [, 02(s)ds| = o(1), we have (C.11) proved. If k € By, we have, due to (A2),
Y covlusualli — /1Y = O I2) = of1). (.13
kEBL j.j €LK
Thus (C.10) follows from (C.11) and (C.13). &

LEMMA C.0.16. Assume (A1)-(A4) and (B1)-(B2). Fiz r € (0,1]. Then we have

[nr] r
n—1/2 Z Wi, L N(O,/ 02(s)ds> in probability. (C.14)
t=1 0
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Proof of Lemma C.0.16. The left-hand side of (C.14) can be decomposed into large- and small-block parts
as n 2 Wi, = 01250 Uy 4 0 1/2 0K Vi Note that E*(Uy) = 0 for all k = 1, ..., K,, and
since W;’s are l,-dependent, Ui, ..., Uk, are independent random variables conditional on &,,. The same
property holds for Vi, ..., Vg, .

We first show that the large-block part converges to the limit in (C.14), i.e.,

K, r
n—1/2 Z U, 2 N (07/ 02(3)d5> in probability. (C.15)
k=1 0

Using the same argument as in the equation (A.3) in Shao (2010a) and Hoélder’s inequality, we have

Ky Kn
D EU S CRLY D gl (C.16)
k=1

k=1j€Ly

Shao (2010a)’s argument works here because everything is conditional on X,,, and the property of W;
remains the same. From (A2), we have Elu;|* < C for j = 1,...,n so that Zsz"l diery luj|* <
Z?Zl luj|* = Op(n). Thus we have Zsz"l E*|U|* = O,(12L,n) = 0,{(nl,)%/?}. Since for any e > 0,
E{UL(|Ux| > n'/%¢)} < (n1/2e)_2E*{|Uk|41(|Uk| > n/2e)} < n~te 2E*|Ui|* holds for all k, we have
USSR BH{URL(|U| > n'/2e)} = 0, {(13 n)'/?y = 0p(1). Then (C.15) follows from Lemma C.0.15.

Next we show that the contribution from small-blocks n~1/2 ZkK:”l Vi is negligible, i.e.,
K,
nfl/QZVk = o0, (1). (C.17)
k=1

For k ¢ Bg, by Lemma C.0.8 (i) and (iii), we have E{E*(V?)} = E[Zj,j’esk wjuja{(j — j')/ln}] =
S ey Vg, w3 )a{ (G — )/} < ln S els/ K b) + Clln/m)}a(h/ln) < Cly. For k = Ko, using
a similar argument, we have E{E*(V{ )} < CL,. For k € Bs and k # K,,, E{E*(V{ )} < C7l2. Since
T < 00, we have Y0, E{E*(V2)} < C(Kul, + 2 + L,) = o(n). Then (C.17) follows from the Markov
inequality, independence of Vj’s, and linearity of expectation. The proof is completed in view of (C.15)

and (C.17). ¢
Before we prove Theorem 4.3.1, we first show the following two lemmas.

LeMMA C.0.17. Assume (A1)-(A4) and (B1)-(B2). Then for 0 < r < ry <1 and n > ng for some
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positive integer ng, conditional on the data X,

< C(X){(ra = m1)* + 07" (rs —11)}, (C.18)
t=|nri]+1

for some p1 > 0, C(X,,) that does not depend on r1 or ra, and C(X,) = O,(1). Furthermore,

[N7]
n~1/?2 Z Wiuy = By(r)  in probability. (C.19)

t=1
Proof of Lemma C.0.17. First we prove (C.18). We again use the large-block small-block argument. Re-
call that Uy = > ., Wju; and Vi = > .5 Wyuy for k = 1,..., Kp, L = |(n/1,)Y?], and K, , =
O(||nr](Ly +1,)71]). Let Ky = K, ,, and K2 = K,,,, for convenience. Define p, = (1 — 3k)/2 > 0
and ps = kq, where k and ¢ are from (B1) and (B2), respectively. Denote by p1 = min(ps,p3). By the

Cr-inequality,

[nra] 4 Ko Ko 4 Ko 4 K> 4
E* Z Wous| = E* Z Up + Z Vi <23<E* Z Uel + E* Z Vi )
t=|nry|+1 k=K;+1 k=K;+1 k=Ki+1 k=Ki+1

Since Uy and V}, are independent conditional on the data and have mean 0, the following inequality holds

for Uy,
K> 4 K> K> Ko 2
ELN U = Y EUh+ Y B UiE) < Y E*(U,;*)+{ 3 E*(U,f)}
k=Ki+1 k=Ki+1 k#k’ k=Ki+1 k=Ki+1

as well as for V.

For the large-block part, from (C.16) and (A2),

K2 K2
n=?2 Z E*U <n?CI2L, Z Z luj|* < CL(X)n P2 (ry —11), (C.20)
k=Ki+1 k=K1+1j€Ls

where C1(X,,) = Op(1). Following from (C.10), (C.12), and (C.13), for any 0 < 71 < rp < 1, we have

E|n~! Z?ZZKIH E*UE—["? 0%(s)ds| < C{l;9+L;*} < C(n~P*4n~P2) < Cn~P'. Note that the constant

T1
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C does not depend on 71 or 5. Thus we have

Ko 2
TL_2< Z E*U]?> < CQ(Xn)(TQ —7’1)24-03(.)(”)71_;01(7‘2 —’1“1)7 (021)
k=Ki+1

where ¢ = {sup¢ (o1 0°(5)}* < 00 is a finite constant, Cy(X,,) and C3(X;,) = Op(1).
For the small block part, note that Ko — K7 < Cn(rg—r1)/L, = C(ra— 7’1)(nln)1/2 from the definition
of K1, K, and Ly, and E*V} = O,(I2) by (A2) and (B1). Thus we have
Ko

2 N BV = 0p{n T (K — K1)} = Ca(Xy) (I3 /n)n P (ry — 1), (C.22)
k=Ki1+1

where Cy(X,) = O,(1). Also, it has been shown that n~! ZkKiKH-l E*VZ = 0,{(Ky — K1)l/n} =

Op(1)n~P2(rg — 1), which implies

K 2
<n_1 Z E*V,f) = Cs(Xu)n P2 (ry — 1r1)?, (C.23)

k=K,+1
where C5(X,) = O,(1). It is worth noting that C;(X,)’s j =1,...,5in (C.20), (C.21), (C.22), and (C.23)
do not depend on 7y or 9. Therefore an upper bound for the left-hand side of (C.18) is
23 [{CQ(Xn) + C5(Xn)’n,_2p2}(7“2 - 7“1)2 + {Cl(Xn) + Cg(Xn) + C’4(Xn)(li/n)}n_pl (7“2 — 7“1)] 5
so that (C.18) holds for large enough n with C(X,,) = 23 max{Cy(X,,), C1(X,) + C3(X,)} + 1.
Now we prove (C.19). The finite-dimensional convergence,

[nr] (7]

1 Tk
n-1/2 Z Wy, ... n~ 12 Z Wiy | 25 {/ o(s)dB(s),. .. ,/ a(s)dB(s)}
=1 t=1 0 0

in probability for any k € N, and ry,...,r; follows from a similar argument presented in Lemma C.0.16
and the Cramér-Wold device. The tightness follows from (C.18) and the argument of Theorem 2.1 in Shao

and Yu (1996). Thus the proof is now complete. &
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LEMMA C.0.18. Under the conditions (A1)-(A4) and (B1)-(B2),

[nr]
n~1/? Z X aWi(p—pn) =0 in probability
t=1

both under the null hypothesis p = 1 and the alternative hypothesis |p| < 1.

Proof of Lemma C.0.18. The proof is done once the following two statements are shown both under the

null and alternative hypotheses.

Lnr]

Tfl/Q(P — Pn) Z X1 Wi = 0,(1) for any r € [0, 1] (C.24)
t=1
[nra] 4 o
E 250 S XeaW| <O — )2+ n P (s — )} (C:25)
t=|nr1]+1

for some p; > 0, C(&,) does not depend on r; or r2, and C(&,) = O,(1). Note that p — p,, = Op(n~1)
under the null by Theorem 2.1, and p — p,, = O,(n~'/2?) under the alternative.

We first show (C.24) for r = 1. By Chebyshev’s inequality, P*(| Y7 Xy 1 Wy > X) < A 2E* |30 | Xy
Wi2 = CA 230 S0 X 1 Xyynoaa(h/l,). Observe that E|X; 1 X;yn 1| < ||Xe 1|2l Xisn |l <
C(t+ h) by Lemma C.0.11 (i) under the null and FE|X;_1X; 11| < C by Lemma C.0.11 (ii) under the
alternative. Then under the null, E{P*(|n=3/23" 1" | X, 1W;| > 6)} < Cn=367231, Zﬁfzo(t +h) <
Cn=3(n%l,) = O(n"*l,) = o(1) for any 6 > 0, and under the alternative, E{P*(|n~"!' Y1 | X;1Wi| >
< Cn26237 Elhn:o 1 < Cn=2(nl,) = O(n~,) = o(1) for any § > 0. A similar proof works for
general r € (0,1]. Thus (C.24) is proved.

Now we show (C.25). We first define indices for large and small blocks Sy, and £y, as before. Decompose
Sl X, W, = SR U4+ V), into large and small blocks. Recall that Ky, = | |07 | (Ln+1n)
is the number of large and small blocks, L,, = |(n/1)!/?] is the length of the large block, and 1,, < Cn~*
with x € (0,1/3). Let K1 = K, ,, and Ko = K, ., .

Following the same argument as in the proof of (C.18), we need to examine the upper bounds of
ZkKiKlﬂ E*(U3}), Z?iKlH E*(U3), Zli{:zK1+l E*(V3}), and ZfﬁKlH E*(V3%). In the subsequent argu-
ment, C(&,), C1(X,), Ca(X,), C3(Xy,), and Cy(X,) are all Oy(1) that do not depend on ry or ri. In
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particular, C'(X,,) may have different values in different places.

First, consider when the null hypothesis is true. Following the same argument as in (22) or Shao
) K2 * K2 nr .
(2010a)’s (A.3), we have Y42 o E*(Uf) < C2L, 3120 S icp |X 1|t < C(X)I2 Ly, Ejl,:@jm“f
< C(X) 2 Ly(|nre? — [nr1]3) < C(X,)I2L,n3(r2 — r1), where the second inequality is due to Lemma

C.0.11 (i). Since, I2L,n=3 = 13/2n=5/2 = O(n=#+5)/2) letting p; = (3k + 5)/2, we have

Ko
no Z E*(U3) < C1(X)n P (ry —ry). (C.26)
k=Ky+1

For the next object, notice that by Lemma C.0.11 (i), E{E*(U})} = E{E*(3 e, Xi-1Wi)*} < 2>, p,
Yheo B(Xeo1 Xi—ni1)a(h/1) < CFyep, Spmgt so that 3232 1 B{E*(U})} < Cly(|nra)? — [nr1)?) <

Cl,n?(ry —r1) and

K> 2
n=0 { Z E*(Ui)} < Pn2C9(X,) (reg — 1) (C.27)

k=Ki+1
Now consider when the alternative hypothesis is true. The proof is similar to the null case. Note that
* K 2
SR ko1 BH(UR) < Ly S0 1 e, X5t < CE)BLL T2 1< C(X)E Ly ([nrs ] —
|nr1]) < C(X,)I2L,n(re — r1) due to Lemma C.0.11 (ii), so that
K>

Tt N EY(UR) < C(X)n P (ry — ). (C.28)
k=K,+1

Also, E{E*(U3)} = E{E* (X ep, Xe-1Wi)?} <23 cp, ZZ:O E(Xi-1Xi—ny1)a(h/1) <C3 2 p, Ziznzo 1
by Lemma C.0.11 (ii) so that ZkKiKH_l E{E*(U32)} < Cly(|nr2) — [nr1]) < Clyn(re — 1) and
Ko 2
n~4 ( Z E*(Uk)2> < Pn72C4(X,) (rg — 1) (C.29)

k=Ki+1

The same arguments work for small blocks replacing Uy, in (C.26), (C.27), (C.28), and (C.29) with V.

Thus the proof is complete. &
Now we are ready to prove Theorem 4.3.1.

Proof of Theorem 4.3.1. Observe that n= /231" yx — p=1/2 5 lmtl gy, — 1250l x5 x, )
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Wy = n= 20Xy 3 4w — pu X)Wy = {”_1/2 S Xt—lVVt} (p = ) +n V2 Why =:
T1, + Iy, Since we have Z; , = 0 in probability by Lemma C.0.18 and Z;, = B,(r) in probability by

Lemma C.0.17, the proof is complete. &

Proof of Theorem 4.3.2. We claim that under both the null and alternative,

n”! Z{ up)? — E*(u})?} = 05(1), and (C.30)

n S E ()~ ul) = o0,(1). (C.31)
t=1

Once (C.30) and (C.31) are shown, we have n=*>°" | {(uf)* — uf} = 0}(1). Then using the similar
argument as in the proof of Lemma C.0.13 (i) and (ii), Theorem 4.3.2 follows from the continuous mapping
theorem, Theorem 4.3.1, and the fact that n=* Y} | u? N o2, which is due to Lemma C.0.12 (ii).
We first prove (C.31). It can be written as n= 'Y 7 {E*(u})? —u?} = n~ 'Y (W —u}) =
n T {4 (0 = p) X1} —wf] = (p— Pu)®n P XXy + 200 = pa)n T X Xymrue = Ty + Do
Here, Zj, = Op(n™1) for all k = 1,2 under both the null and the alternative, since (p — p,) = Op(n™1),
n~13 X2, =0,(n), and n™! Y Xy quy = Op(1) under the null, and (p—py,) = Op(n~2),n 1S X2 | =
0,(1), and n=1 3" X;_1u; = Op(n~'/2) under the alternative. Thus (C.31) is complete.
Now we prove (C.30). Observe that Y, {(u})* — E*(u;)?*} = > i, uZ(W2 — 1). For any § > 0,
PSS, BV — 1)] > 08} < (n8) 2B (X0, W — DI < (n) 2C{Y0, by @02, ,}, and our

goal is to show Y )" | Zh o Uity ), = op(n?). Since Uy = us + (p — pn)Xi—1, it can be written as

ln  ~2-2 _ ln 2 2
Zt 124h=0 Yt Uyn = Zt 1 2sh=0 Ut Uiyh

+2(p — ) Srs S o{ufwn Xepno1 + U2y pus Xo—1 }
+(p = Pn)? it T {ud X2 + 03 Xy + dwugpnXo 1 Xoon1}
+2(p = Pn)® Yy Somo{ten X2 Xepno + wX? ) Xeoa}
+(p— Pn) Zt 1Zh 0 Xi— 1Xt2+h—1
= D +Io+1I3+1s+Is.

We claim that 7; = op(n2) for all j =1,...,5 under both the null and the alternative hypotheses.
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First, under the alternative |p| < 1, note that due to the Cauchy-Schwartz inequality, (A2), and Lemma
C.0.11 (ii), we have sup,, ,, Eluf uf,| < C, supy, 1, 1. Eluf w, Xy, | < O, supy, 4, 4o, Elue, u, Xo, Xy, | < O,
Supy, 1,4, Elue, X2, X4,| < C, and sup,, ,, E|X}? X7| < C. Since p — p, = Op(n~'/?), we have Z; =
0,(nB=N/21,) = 0,(n?) for all j = 1,...,5.

Now it is enough to show that Z; = o,(n?) for j = 2,...,5, under the null p = 1. Recall that
p — pn = Op(n~') under the null.

We write Zy =: Ty 1 4+ Z2,2. Observe that
1/2

2
n 1 2 l’Vl
Ty =Y, (Zz_oxt+h_1ut+h)s{z;“_lu;%}/{ iy (S Xernoues)

_ 1/2 [—n In In 1/2
= {Op(”)} Zt:1 Zh:o Zh/zo Xipn—1Ugph Xppn/ —1Up

by Hélder’s inequality. Since E| Xy p—1teqnXepn—1tgns | < | Xepn—1vesn 2| Xegn 1w |2 < (X2 1 ll2
a2 |2l | X2 a2l U ||2)2 < C{(t+ h — 1)(t+ K —1)}1/2 by Hélder’s inequality, (A2), and Lemma
C.0.11 (i), we have E(3 7y Yoio Yoiieo XepnortesnXepnw 1t in]) < C0 {(t+ 1,)%/2 — #3/2)2 =
O(2n? +15). Thus Zo1 = Op{n~'n'/2(12n2 +-18)Y/2} = O,(n'/?1,, + n=1/213) = 0,(n?). Similarly, we can
show that Zs 5 = 0,(n?), which leads to Zo = 0,(n?). For Z3, Z,, and Zs, the arguments are done using
Hoélder’s inequality, (A2), and Lemma C.0.11 (i) for all summands. For T =: 731 + T3 2 + Z3 3, observe

that for any t1,t2,t3,t4 € {1,...,n},
E|ut1ut2Xt3Xt4| < ||ut1ut2||2||Xt3Xt4||2 < {E(u?l)E(U?Q)E(X;lg)E(Xii)}l/él < Cn.
Thus Z5 = Op(nfznnln) = op(n). For Ty =: Zy 1 + Za 2, observe that for any t1,ts,t3 € {1,...,n}

8/3 +-4/3 8/3 4/3
e, [[al| X7, Xy |lays < CLE(XP X034 < OIX 2 |3 o1 X0 2 |1)/4

2

Blug, X7, Xy

A

IN

C{(EX})?B(EXE)Y3Y/4 = C(EXE)V2(EXE)Y* < Ctoty < On?.

Thus Z, = Op(n*n*nl,) = op(n). For Is, notice that E(X7 X7, 1) < [| X2 ]2l X2 1llz =
{E(XL)EXL, )2 < Ct—1)(t+h—1) < Cn® Thus Is = Oy(n~*nnl,) = o,(n?), which

completes the proof. &

98



References

Adak, S. (1998). Time-dependent spectral analysis of nonstationary time series. Journal of the American
Statistical Association 93(444), 1488-1501.

Andrews, D. W. K. (1991). Heteroskedasticity and autocorrelation consistent covariance matrix estimation.
Econometrica 59(3), 817-858.

Andrews, D. W. K. and J. C. Monahan (1992). An improved heteroskedasticity and autocorrelation
consistent covariance matrix estimator. Econometrica 60(4), 953-966.

Beveridge, S. and C. R. Nelson (1981). A new approach to decomposition of economic time series into
permanent and transitory components with particular attention to measurement of the ‘business cycle’.
Journal of Monetary Economics 7(2), 151-174.

Billingsley, P. (1968). Convergence of Probability Measures. New York: Wiley.

Bunzel, H., N. M. Kiefer, and T. Vogelsang (2001). Simple robust testing of hypotheses in nonlinear
models. Journal of the American Statistical Association 96, 1088—1096.

Bunzel, H. and T. Vogelsang (2005). Powerful trend function tests that are robust to strong serial cor-
relation, with an application to the prebisch-singer hypothesis. Journal of Business and FEconomic
Statistics 23, 381-394.

Busetti, F. and R. Taylor (2003). Variance shifts, structural breaks, and stationarity tests. Journal of
Business and Economic Statistics 21(4), 510-531.

Canjels, E. and M. W. Watson (1997). Estimating deterministic trends in the presence of serially correlated
errors. The Review of Economics and Statistics 79(2), 184-200.

Cavaliere, G. (2005). Unit root tests under time-varying variances. Econometric Reviews 23(3), 259-292.

Cavaliere, G. and A. M. R. Taylor (2007). Testing for unit roots in time series models with non-stationary
volatility. Journal of Econometrics 140(2), 919-947.

Cavaliere, G. and A. M. R. Taylor (2008a). Time-transformed unit root tests for models with non-stationary
volatility. Journal of Time Series Analysis 29(2), 300-330.

Cavaliere, G. and A. M. R. Taylor (2009a). Bootstrap M unit root tests. Econometric Reviews 28(5),
393-421.

Cavaliere, G. and A. M. R. Taylor (2009b). Heteroskedastic time series with a unit root. Econometric
Theory 25(5), 1228-1276.

99



Cavaliere, G. and A. R. Taylor (2008b). Bootstrap unit root tests for time series with nonstationary
volatility. Econometric Theory 24 (1), 43-71.

Chang, Y. and J. Y. Park (2003). A sieve bootstrap for the test of a unit root. Journal of Time Series
Analysis 24(4), 379-400.

Csorgd, M., B. Szyszkowicz, and Q. Wang (2003). Donsker’s theorem for self-normalized partial sums
processes. The Annals of Probability 31(3), 1228-1240.

Dahlhaus, R. (1997). Fitting time series models to nonstationary processes. The Annals of Statistics 25(1),
1-37.

Davidson, J. E. H. (1994). Stochastic Limit Theory: An Introduction for Econometricians. Oxford Uni-
versity Press.

Dickey, D. A. and W. A. Fuller (1979). Distribution of the estimators for autoregressive time series with
a unit root. Journal of the American Statistical Association 74(366), 427-431.

Dickey, D. A. and W. A. Fuller (1981). Likelihood ratio statistics for autoregressive time series with a unit
root. Econometrica 49(4), 1057-1072.

Dominguez, M. A. and I. N. Lobato (2001). Size corrected power for bootstrap tests. Working Papers 102,
Centro de Investigacion Economica, ITAM.

Draghicescu, D., S. Guillas, and W. B. Wu (2009). Quantile curve estimation and visualization for
nonstationary time series. Journal of Computational and Graphical Statistics 18(1), 1-20.

Fitzenberger, B. (1998). The moving blocks bootstrap and robust inference for linear least squares and
quantile regressions. Journal of Econometrics 82(2), 235-287.

Giurcanu, M. and V. Spokoiny (2004). Confidence estimation of the covariance function of stationary and
locally stationary processes. Statistics and Decisions 22(4), 283-300.

Hamilton, J. D. (1994). Time Series Analysis. Princeton University Press.

Harvey, D. 1., S. J. Leybourne, and A. M. R. Taylor (2007). A simple, robust and powerful test of the
trend hypothesis. Journal of Econometrics 141(2), 1302-1330.

Kiefer, N. M. and T. Vogelsang (2002). Heteroskedasticity-autocorrelation robust standard errors using
the bartlett kernel without truncation. Econometrica 70(5), 2093-2095.

Kiefer, N. M. and T. Vogelsang (2005). A new asymptotic theory for heteroskedasticity-autocorrelation
robust tests. Econometric Theory 21(6), 1130-1164.

Kiefer, N. M., T. Vogelsang, and H. Bunzel (2000). Simple robust testing of regression hypotheses.
Econometrica 68(3), 695-714.

Kim, C.-J. and C. R. Nelson (1999). Has the U.S. economy become more stable? A Bayesian approach
based on a Markov-switching model of the business cycle. The Review of Economics and Statistics 81(4),
608-616.

Koop, G. and M. Steel (1994). A decision-theoretic analysis of the unit-root hypothesis using mixtures of
elliptical models. Journal of Business and Economic Statistics 12(1), 95-107.

100



Kreiss, J.-P. (1988). Asymptotic statistical inference for a class of stochastic processes. Habilitationsschrift,
Universitdt Hamburg.

Kinsch, H. R. (1989). The jackknife and the bootstrap for general stationary observations. The Annals
of Statistics 17(3), 1217-1241.

Kurtz, T. G. (2001). Lectures on Stochastic Analysis. University of Wisconsin-Madison: available at
http://www.math.wisc.edu/ kurtz/735/main735.pdf.

Lahiri, S. N. (2003). Resampling Methods for Dependent Data. Springer.

Lee, W.-M. (2006). Robust tests of hypotheses in models with M-estimation. Working paper, National
Chung Cheng University.

Lobato, I. N. (2001). Testing that a dependent process is uncorrelated. Journal of the American Statistical
Association 96(455), 1066—-1076.

Liitkepohl, H. (2005). New Introduction to Multiple Time Series Analysis. New York: Springer-Verlag.

Mallat, S., G. Papanicolaou, and Z. Zhang (1998). Adaptive covariance estimation of locally stationary
processes. The Annals of Statistics 26 (1), 1-47.

Mammen, E. (1993). Bootstrap and wild bootstrap for high dimensional linear models. The Annals of
Statistics 21(1), 255-285.

McConnell, M. M. and G. Perez-Quiros (2000). Output fluctuations in the united states: What has
changed since the early 1980’s? American Economic Review 90(5), 1464—-1476.

Nelson, C. R. and C. I. Plosser (1982). Trends and random walks in macroeconmic time series : Some
evidence and implications. Journal of Monetary Economics 10(2), 139-162.

Newey, W. and K. D. West (1987). A simple, positive semi-definite, heteroskedasticity and autocorrelation
consistent covariance matrix. Econometrica 55(3), 703-708.

Palm, F. C., S. Smeekes, and J.-P. Urbain (2008). Bootstrap unit-root tests: Comparison and extensions.
Journal of Time Series Analysis 29(2), 371-401.

Paparoditis, E. and D. N. Politis (2002). Local block bootstrap. Comptes Rendus Mathematique 335(11),
959-962.

Paparoditis, E. and D. N. Politis (2003). Residual-based block bootstrap for unit root testing. Economet-
rica 71(3), 813-855.

Paparoditis, E. and D. N. Politis (2005). Bootstrapping unit root tests for autoregressive time series.
Journal of the American Statistical Association 100(470), 545-553.

Perron, P. (1989). The Great Crash, the oil price shock, and the unit root hypothesis. Econometrica 57(6),
1361-1401.

Perron, P. and S. Ng (1996). Useful modifications to some unit root tests with dependent errors and their
local asymptotic properties. Review of Economic Studies 63(3), 435—463.

Phillips, P. C. B. (1987a). Time series regression with a unit root. Econometrica 55(2), 277-301.

101



Phillips, P. C. B. (1987b). Towards a unified asymptotic theory for autoregression. Biometrika 74(3),
535-547.

Phillips, P. C. B. and P. Perron (1988). Testing for a unit root in time series regression. Biometrika 75(2).

Phillips, P. C. B. and V. Solo (1992). Asymptotics for linear processes. The Annals of Statistics 20(2),
971-1001.

Phillips, P. C. B. and Z. Xiao (1998). A primer on unit root testing. Journal of Economic Surveys 12(5),
423-469.

Phillips, P. C. B. and K.-L. Xu (2006). Inference in autoregression under heteroskedasticity. Journal of
Time Series Analysis 27(2), 289-308.

Politis, D. N. and J. P. Romano (1994). The stationary bootstrap. Journal of the American Statistical
Association 89(428), 1303-1313.

Politis, D. N., J. P. Romano, and M. Wolf (1999). Subsampling. New York: Springer.

Priestley, M. B. (1965). Evolutionary spectra and non-stationary processes. Journal of the Royal Statistical
Society: Series B 27(2), 204-237.

Priestley, M. B. (1981). Spectral Analysis and Time Series, Volume 1. New York: Academic Press.

Psaradakis, Z. (2001). Bootstrap tests for an autoregressive unit root in the presence of weakly dependent
errors. Journal of Time Series Analysis 22(5), 577-594.

Rao, S. S. (2004). On multiple regression models with nonstationary correlated errors. Biometrika 91(3),
645-659.

Rho, Y. and X. Shao (2013). Improving the bandwidth-free inference methods by prewhitening. Journal
of Statistical Planning and Inference 143(11), 1912-1922.

Romano, J. P. and M. Wolf (2006). Improved nonparametric confidence intervals in time series regressions.
Journal of Nonparametric Statistics 18(2), 199-214.

Rosenblatt, M. (1985). Stationary Squences and Random Fields. Birkhuser.

Said, S. E. and D. A. Dickey (1984). Testing for unit roots in autoregressive-moving average models of
unknown order. Biometrika 71(3), 599-607.

Sensier, M. and D. van Dijk (2004). Testing for volatility changes in U.S. macroeconomic time series. The
Review of Economics and Statistics 86(3), 833-839.

Shao, Q.-M. and H. Yu (1996). Weak convergence for weighted empirical processes of dependent sequences.
The Annals of Probability 24(4), 2098-2127.

Shao, X. (2010a). The dependent wild bootstrap. Journal of the American Statistical Association 105(489),
218-235.

Shao, X. (2010b). A self-normalized approach to confidence interval construction in time series. Journal
of the Royal Statistical Society: Series B 72(3), 343-366.

Shao, X. and W. B. Wu (2007). Asymptotic spectral theory for nonlinear time series. The Annals of
Statistics 35(4), 1773-1801.

102



Sherman, M. (1997). Subseries methods in regression. Journal of the American Statistical Associa-
tion 92(439), 1041-1048.

Smeekes, S. and R. Taylor (2012). Bootstrap union tests for unit roots in the presence of nonstationary
volatility. Econometric Theory 28(2), 422—-456.

Stock, J. and M. Watson (1999). A comparison of linear and nonlinear univariate models for forecasting
macroeconomic time series. In R. Engle and H. White (Eds.), Cointegration, Causality and Forecasting:
A Festschrift for Clive W.J. Granger, pp. 1-44. Oxford: Oxford University Press.

Swensen, A. R. (2003). Bootstrapping unit root tests for integrated processes. Journal of Time Series
Analysis 24 (1), 99-126.

Taniguchi, M. and Y. Kakizawa (2000). Asymptotic Theory of Statistical Inference for Time Series. New
York: Springer.

Vogelsang, T. (1998). Trend function hypothesis testing in the presence of serial correlation. Economet-
rica 66(1), 123-148.

White, H. (1984). Asymptotic Theory for Econometricians. New York: Academic Press.

Wu, C. F. J. (1986). Jackknife, bootstrap and other resampling methods in regression analysis (with
discussion). The Annals of Statistics 14(4), 1261-1350.

Wu, W. B. (2005). Nonlinear system theory: Another look at dependence. Proceedings of the National
Academy of Sciences of the United States of America 102(40), 14150-14154.

Wu, W. B. (2007). Strong invariance principles for dependent random variables. The Annals of Probabil-
ity 35(6), 2294-2320.

Wu, W. B. and X. Shao (2004). Limit theorems for iterated random functions. Journal of Applied
Probability 41(2), 425-436.

Wu, W. B. and Z. Zhou (2011). Gaussian approximations for non-stationary multiple time series. Statistica
Sininca 21(3), 1397-1413.

Xu, K.-L. (2008). Bootstrapping autoregression under non-stationary volatility. Econometrics Jour-
nal 11(1), 1-26.

Xu, K.-L. (2012). Robustifying multivariate trend tests to nonstationary volatility. Journal of Economet-
rics 169(2), 147-154.

Xu, K.-L. and P. C. Phillips (2008). Adaptive estimation of autoregressive models with time-varying
variances. Journal of Econometrics 142(1), 265-280.

Zhang, T. and W. B. Wu (2011). Testing parametric assumptions of trends of a nonstationary time series.
Biometrika 98(3), 599-614.

Zhang, X. and X. Shao (2013). Fixed-smoothing asymptotics for time series. The Annals of Statistics 41(3),
1329-1349.

Zhao, Z. (2011). A self-normalized confidence interval for the mean of a class of nonstationary processes.
Biometrika 98(1), 81-90.

Zhao, Z. and X. Li (2013). Inference for modulated stationary processes. Bernoulli 19(1), 205-227.

103



Zhou, Z. (2013). Heteroscedasticity and autocorrelation robust structural change detection. Journal of
the American Statistical Association 108(502), 726-740.

Zhou, Z. and X. Shao (2013). Inference for linear models with dependent errors. Journal of the Royal
Statistical Society: Series B 75(2), 323-343.

Zhou, Z. and W. B. Wu (2009). Local linear quantile estimation for nonstationary time series. The Annals
of Statistics 37(5B), 2696-2729.

104



